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FOREWORD

This technical report "A Grating Lobe Suppressior. Technique for Linear
Frequency-Stepped Pulse Trains' Las been prepared under Technical Objec-
tive and Plans project 6040 Space Object Surveillance by The MITRE Corpora-
ticn under Air Force Contract No. AF 19(628)5165. The cognizant Electronic
Systeras Division was the Strategic Forces Systems Planning Division of the
Directorate of Planning and Technology.

REVIEW AND APPROVAL

Publication of this technical report does not constitute Air Force approval of
the report's findings or conclusions. It is published only for the exchange
and stimulation of ideas.

Lo

SAMUEL S. HUMPHREY
1t Colonel, USAF
Surveillance and Warning Systems Project Officer
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: ABSTRACT ]
f Linear frequency-stepped pulse trains, periodic in both time

and frequency, have ambiguity functions which are periodic in both

1
H

delay and doppler. One way of suppressing rhese ambiguities or
grating lobes is time and frequency staggering of sub-pulses in
the train, smearingz out the grating lobes into a delay/doppler
residue level. However this works well only with a large number
of sub-pulses and a small pulse train duty factor. Another
approach, described here, is to chirp code each sub-pulse, filling
in the pulse train signal in the frequency domain. This suppresses
ambiguities in a strip parallel to the delay axis, giving an
unambiguous time response with some doppler tolerance. The
technique appears to produce acceptable time responses with either
a small or large number of sub-pulses and with various pulse train
duty factors. The doppler tolerance, however, depends strongly

g upon the ducy factor.
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SECTION I

INTRODUCTION

Synthesis of radar signais with large time-bandwidth
oroducts is conveniently accomplished with linear frequeacy-
stepped fulse trains. Since both the pulse train time duration
and the total frequency band covered are proportional to the
number of pulses, N, the time-bandwidth product of the pulse
train is proportic-al to Nz. The discrete nature of the signal
makes it amenable to ''digital" generation and processing techniques--
in particular, the transmitted frequencies can be locked ¢o a set
of stable reference oscillators, which can alsc be used as heter-
odyning frequencies in a crosscorrelation veceiver, There are
some practical advantages in using frequency-stepped pulse train

signals with a wideband SOI radar.

These advantages are offset by the range and doppler
ambiguities of the signal which arise because the waveform is
periodic in both time and frequency, and greatly restrict the use
of this signal in multiple target enviromments. One way in
which these ambiguities can be partly suppressed is by staggering
of the pulse position and/or frequency, smearing out the ambiguities.

However, it is difficult to obtain low range and doppler residues
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by this method, which is analogous to non-uniform spacirg of
elements in an array antenna, unless a very large number of pulses
are available, Another way, which is proposed and discussed in
this paper, is to code each sub-pulse with a chirp signal, whose
time~bandwidth product is much smaller than the overall pulse
train time-bandwidth product, "filling in" the frequency spectrum

of the pulse train, In this way, vange ambiguities can be

\ETr

suppressed in a limited strip of the range/doppler plane, parallel
to the range axis., A target space which is extended in range,
but bounded in doppler, typical of many radar applications, can be

accommodated with such an ambiguity urface, :
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SECTION II

SIGNAL DESIGN CONSIDERATIONS

The time response of a matched filter to a doppler shifted
*
signal is , ven by Woodward's ambiguity function. The ambiguity
function of a linear frequency-stepped pulse train nhas been

calculated by Rihaczek [1] as
N-1

|x¢r,v) == Z Ix (t-m T,v - oF)| (1)
] P
m=-(N-1)

sin®n[N-{m| JTTV-F (1-nT) ]

«in®*n{TV-F(7-nT) ]

vwhere N is the number of pulses in the train; T is the pulse
repetition period; F is the frequency step between pulses; and
|Xp('r,\))|2 is the ambiguity function of a single pulse.

The signal waveform is illustrated in figure 1(a). A
burst or train of W coherent sub-pulses is transmitted

sequentially. After the entire burst is over, the receiver is

Restrictions on the use of the ambiguity fuanction for very
large time-bandwidth products, as well as the physical inter-
pretation of the results in terms of the receiver parameters,
are discussed in Section IV.
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turned on to receive the echo of the entire pulse burst, and
stays on until the next burst. No attempt is made to receive
in the time intervals between sub-pulses, so that the minimwa
range is determined by the pulse burst time duration, NT.
The ambiguity function, with 2N-1 major ambiguities, is sketched
in figure 1(b}. In most applications, the frequency step, F,
is much larger than the doppler spread of the target space, so
that only the central ambiguity (m=0) is of importance. The
fine structure of this central ambiguity is sketched in figure
1(c). One sees that the delay/doppler ridge ambiguities
will allow interference between tarzet returns, unless all
targets are confined to a spread of less than 1/F in delay
and less than 1/T in doppler. Since the former condition
is often not achieved in practical situations, some way must
be found to suppress at least the time delay ambiguities.

With monotone sub-pulses, the ambiguities, or grating

lobes, along the time delay axis can be suppressed by making

the sub-pulse time duration, T', less than the grating lobe spacing,

1/F, as shown in figure 2(a). This condition is derived
from the ambiguity function of a single monotone pulse, given

by Cook and Bexnfeld [ 2], as

T TR RS e
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|XP(T,V)|Q = <1 - l%i‘jf sin oV '(1-|7[/T") Jrl< T
mr' (1-frl/rh)
=0, |1 =2 T' (2)

The first grating lobe along the dopplar axis cannot be
suppresse:l, however, since the first doppler null in tke mono-
tone pulse ambiguity function occurs at y = 1/T', and one cannot
set 1/T' equal to 1/T and still have a pulse train signal.

Thus, an unambiguous time response can only be achieved for a
limited span of doppler shifts, encompassing the 'clear" region
shown in figure 2(b).

The attainable time-bandwidth product of the pulse train is

limited under these conditions. If we dafine § = T'/T as the

*
duty factor of the pulse train, then the overall] time-bandwidth

product, (BT)overall’ is given by
NFT' N°
BT, verall = N°FT = T < ; » N> 1 (3)

The overall radar duty factor is much less than §, since
time must be allowed %o receive signals from each pulse train
or burst. Thus values of § approaching unity are possible
without requiring simultaneous transmission and reception.

7

e BN

B e




PP P IR - - ' "
e et A Ty o Pk S £

Thus, large (B'r)overall can only be achieved with a large number

of pulses or with a small duty factor, which limits the trans-
mitted pulse snergy.

The waveform illustrated in figure 3(a) offers more
fleribility to the radar designer. Linear frequency modulation
is imposed on each sub-pulse in the train, giving a pulse train of
"chirp" sub-pulses, with starting frequencies stepped by F
cycles per second. The ambiguity function of a single chirp

pulse is also given in reference [3] as

|XP(T ,V) I2

Golghy [
T (bT-mw)(T*-|7])

0, |r] =1 (4)

where b/m is the slope of the linear FM in cycle/sec.® We now
inquire into how this slope should be chosen to provide suppression
of the grating lobes along the delay axis.

The oscillatory term in equation (1) reduces to
sin® TNFT/sin® nFT, for points along the dclay axis, whire m=0
and v=0, so that the grating lobes occur at equally spaced

intervals of 1/F along the delay axis. If the zeroes of the

chirp sub-pulse could be made te occur at the same peints as

&
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shown in figure 3(b), maximum suppressior of the grating lobes

would occur. This would require that

|x (T o)la = <} - JlJ.:f sin br(T'-17D]? Y
p ! Tl .

b7 (T -l-rl)

(5)

which in turn requires that

stnbr (T'-|7]) | = 0 ¢6)
T

el =

But this cannot be achieved, in general. However, if the
chirp pulse has a moderately large time-handwidth product, the
first few nulls can meet this condition. That is, if
|7| = |n|/F <<T', which implies that |n| << PT', where FT'

is the time-bandwidth product of the chirp sub-pulse, then

nb T' _

$in br (T'-|7])| = sin br T' | = sin !
=B U "
F F
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which immediately gives the result that

Ao
i
3im

' (8)

in order to make the first few nulls of the chirp sub-pulse
coincide with the grating lobes. Physically, this means that
the chirp sub-pulge should have a slope such that it covers
the entire interpulse frequency step in the sub-pulse tinme
duration, giving contiguous coverage of the frequency band,
as illustrated in figure 3(a). The constraint, |n| << FT',
means that the number of chirp sub-pulse nulls which coincide
with grating lobes increases as the sub-pulse time-bandwidth
product, FT', increases. Eventually, as Inl increases, some
grating lobes will coincide with sidelobes of the chirp sub-
pulse, but if |n| is large, the amplitude of the sidelobes will
be small enough to provide suppression of the grating lobes.
Avay from the delay (zero-doppler) axis, some of the
grating lobes begin to reappear, as shown in figure 4. This is
due to the difference in slopes t.tween the delay/doppler grating
lobe ridges and the delay/doppler ridge of the chirp sub-pulse.
Because of this difference in slopes, the nulls of the chirp
signal response can coincide with the grating lobes of the pulse
train response only at or near some particular value of doppler

11
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shift. Thus, an unambiguous range response (the "ciear"
region of figure 4) is obtzined only in a strip of the delay/
doppler plane parallel to the delay axis, as was the case for
the monotone sub-pulse. The width of the strip depends upon
the pulse train ‘luty factor, § = T'/T. If & is near unity,
the two slopes in question are nearly the same and the clear
region is fairly wide in doppler. If & is small, on the
other hand, the two sets of delay/doppler ridges rapidly
divevrge and the clear region is very narrow in doppler.

The advantage of using the chirp sub-pulse as opposed

to a monotone sub-pulse lies in the larger time-bandwidth

products it makes available. We can write an equation analogous

to equation (3) for the chirp case as

2rm i
o w2 _ N°FT
overall ~ N°FT )

(BT) (BT

1%,

\
‘sub-pulse (9

Thus, we have an extra degree of freedom in designing
the radar signal. A very large time-bandwidth product might
be synthesized with a small number of sub-pulses, each havir-
a large time-bandwidth product; with a large number of sub-

pulses, each having a moderate time-bandwidth product; or

various cases in between. 1In addition, it is practical to operate

13




with large pulse train duty factors, obtaining a large signal

energy with limited peak power.
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SECTION IXX

COMPUTED AMBIGUITY FUNCTICNS

To make the preceding discussion more concrete, a number
of representative ambiguity functions have been calculated

on the IBM 7030 digital computer and plotted with the

Benson-Lehner plotter. These plots have been normalized to
make clear the fundamental parameters involved. By appropriate
manipulations of equations (1), (4), and (8), the four para-
meters F, T, T', and N may be reduced to the three more

fundamental parameters, (BT) N, and §, used in the

overall’

following equations:

sin® TN [v'-7']

2 2
ix(T',v'|m=o = F]izl xp('r',v')l (10)

sin® m [v'-7")

, |sinT (r'-6v")(1 - -};—'l)la
' Ix (T',v'>|‘*=(1-1{£‘) — | slrl<x
P ' ']
mr'=vI)(L - )

(11)
=0, |t 2K
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The new variables, t' = F1 and V'= Tv, are normalized so
that the ridge ambiguities intersect botl the delay and doppler
axes at unit intervals,

All the cases presented assumed a pulse train time-band-

width product, (BT) of 100,000. The first group of

overall
cases considered a train of N= 10 pulses, with duty factors,d,
of 0.1, 0.5, and 0.9, to obtain an idea of how the duty factor
affects the doppler tolerance of rhe waveform. A second

group of cases compares trains of 3, 10, and 30 pulses, all
with a duty factor of 0.5, to see how the structure of the
ambiguity function depends upon the number of pulses.

As a basis of comparison for the other cases, the
ambiguity function for a lU pulse, 507 duty factor train of
monotone sub-pulses was computed from equation (1) and {2),
after normalizing them in the seme way as we did the equations
for chirp coded sub-pulses. This is shown in figure 5. Only
one cut st zero doppler is given, as all the doppler cuts are
very nearly alike in shape, being merely translated in delay.

One sees the characteristic pericdic grating lobe structure,

16
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resulting from the line spectrum of the pulse train.

F.yure 6 is the ambiguity function of a 10 pulse train
of chirp sub-pulses, with a 10% duty factor. Parts (a) through
(e) are cuts at increments of 0.C5 (5% of the distance to the
first doppler ambiguity at 1/T) in V', the normalized doppler
shift, starting at zero. Since ‘X(T‘,v‘)\zhas symmetry about
the origin, only cuts for positive doppler are shown, Figure 7
shows the ambiguity function for a 10 pulse train of chirp
sub-pulses with a 507% duty factor, for the same cuts as in
figure 6. We see that the larger duty factor gives better suppressiocn
of the grating lobes, for both zero and non-zero incremental
doppler. The better suppression at zero-doppler is probably
due to the larger time-bandwidth product of ezch sub-pulse,
which makes its zeroes more nearly equelly spaced. The better
doppler tolerance is due to the more "filled in" character
of the signal in the time domain. When the duty factor is
increased to 90%, as shown in figure 8, the zero-doppler response
improves only slightly, but the doppler tolerance becomes
much better, again due to more filling in of the signal in the
time domain,

One might inquire about how well grating lobes are
suppressed for larger values of incremental delay than are

plotted. Figure 6(a) appears to be a suspicious case in this

17
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regard. since the third grating lobe (-29.5db) is larger than the
second (~30.4 db). However, the next six grating lobes, starting
with the fourth, are -28.0 db, -26.9 db, -26.4 db, -26.8 db,
-28.9 db, and -34.0 db respectively, so that the farther out
grating lobes never get very high, being suppressed by the fall
off of the chirp sub-pulse delay sidelobes.

The ambiguity function for a train of three chirp sub-pulses
with a 50% duty factor is shown in figure 9. In this case, the
doppler cuts are spaced at normalized doppler intervals, Av'=l/6,

which is 10/3 as far apart as in the 10 pulse case. However, if

equal time duration signals were used in the two cases, T would

o

also be 10/3 great in the three pulse case, so that in both cases
the cuts represent the same amount of actual doppler shift, for

equal time duration signals. Comparing the zero-doppler response,

kg v o

figure 9(a), with the corresponding 10 pulse case, figure 7(a),

we see that the 3 pulse case is slightly better. This is probably

due to the fact that the sub-pulse time-bandwidth product is 10/3

larger, making its zeroces more nearly equally spaced. However,

the 3 pulse response deteriorates more rapidly with increasing -

doppler shift than does the 10 pulse response. In particular,

ik a0

the first grating lobe to the left of the main lobe is inccmpletely
suppressed. This seems to be due to the closer spacing of the

grating lobes relative to their width.

Yo
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Finally, a tvain of 30 chirp sub-pulses with a 507% duty
factor was considered. Because of plotter limitatiens, the

arbiguity functions are in twoc parts. Figure 10 contains the

positive values of delay and figure ll1 the negative values
of delay. The doppler cuts have a spacing AV' = 1/60, which,
by the argument used previously, is the same spacing in absolute

doppler as used for the 3 and 10 pulse cases, for equal signal

A

durations. We see that the grating lobe ambiguities along

the delay axis are suppressed, although not as well as for the

3 and 10 pulse cases. However, the doppler tolerance 1s better
than for 3 or 10 pulses. Again, as in figure 6(a) the

é grating lobes shown increase in amplitude. The first, second,

and third grating lobes along the delay axis (figure 10a), are

-32.4 db, -28.7 db, and -25.7 db respectively. The next six

grating lobes, not plotted, are -24.1 db, -24.0 db, -26.5 db,
-35.7 db, -34.8 db, and ~29.1 db, so that they dc not rise
too high before being suppressed by the fall off of the chirp
sub-pulse delay sidelobes.

To summarize, it appears from the limited number of cases
considered that grating lobes along the delay axis can be
suppressed by this technique for either a small or large number
of pulses i» =2 train. The suppression along the delay axis

works somewhat better for small numbers of sub-pulses, but the

27
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number is not critical. The suppression along the delay axis

also improves with duty factor, but this is not critical

either. The doppler tolerance - -the range of doppler shifts

over which the time response remains substantially undistorted--
is strongly dependent upon the duty factor, on the other hand,
becoming much larger as the duty factor of the pulse train
incrzases. The dopplesr tolerance slso increases as the rmber
of pulses increases, but the dependence is not as strong as

upon the duty factor.
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SECTION IV

VALIDITY OF THE RESQLUTIOW CRITERION

In using Woodward's ambiguity functicn as a resolution
criterion, one is limited by two assumptions implieit in Jjt.
These are:

1) Range acceleration and higher derivatives are
assumed to have negligible effect upon the signal.

2) The doppler effect is approximated as a carrier
frequency translation, with no distortion of the signal
modulation function.

Ine first assumption introduces no problems. I1f we
assume as a worst case a one millisecond signal time duration

and 100 g's acceleration, then from

At? (13)

one obtains a ranrge change during the signal duration due to

- radial scceleration of only .0016 feet which is negligible at
microwave wavelengths. The second assumption, however, limits
the range of doppler shifts for which the calculation is

valid as a resolution criterion. Rihaczek [3] has derived

- e e

an equation which gives the maximum range rate for which
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assumption (2) holds as

R g LC (14)
(87

overall

which may be expressed in terms of doppler shift as

2R Q (18)

overall

Using the fact that the overall time duration of the signal
is NT, defining vy to be the fractional bandwidth of the
signal, and substituting V' = Tv, equation (15) may be

transformed to

ytog 22 (16)

This restriction was observed, with an assumed 10 per cent
bandwidth, in computing the ambiguity functicns shown in
_Seetion III, One should interprct the doppler shift in these
ambiguity functions not as the total target doppler shift,

but as the difference between the targer doppler shift and the
38
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doppler shift to which the receiver is matched. Furthermore,
for these ambiguity funciions to represent a valid resolution
criterion, it is necessary that the receiver be matched not to
the transmitted signal, but to the expected received signal.
That is, the receiver (matched filter) must be compensated not
only for the expzcted doppler shift of the carrier frequency,

. but for the time dilation or spectrum spreading distortion of the

signal modulation function corresponding to the expected doppler
shift. Thus, the modulatioa function distortion which is
considered negligible in these calculations is that due to

the incremental doppler shift of the target, not that due to

the total doppler shift.
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SECTION V

CONCLUSIONS

By chirp coding each sub-pulse in the train, the utility
of a linear frequency-stepped pulse train is greatly enhanced.
The overall time-bandwidth product which can be used, subject
to the condition of an unambiguous time respons-, is inc-eased
by a factor equal to the sub-pulse time-bandwidth product.
Furthermore, acceptable time recponses can be obtained with
either a small or large number of sub-pulses, and with small
or large pulse t' 'in duty factors. The doppler tolerance of the
signal waveform, however,depends strongly upon the intra-train
duty factor, increasing as duty factor increases. These
design characteristics sre quite different from those encountered
with time and frequency staggered pulse trains, which require
large numbers of sub-pulsas and smell ducy factors to obtain
low time sidelobes, and have little doppler tolerance.

The ampiguity functions illustrated have moderately high
sidelobe levels, which are undesirable in some applications.
Lower sidelobes might be obtsined by applying well-known
amplitude weighting techniques to these waveforms. The close-
in time sidelobes, which aow fall off as sin Nx/sin x, could be
greatly reduced by weighting each pulse in the train according

to a Taylor weighting fun.tion, for exsmple. The magnitude »f
40
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the partially suppressed grating lobes might be reduced by
lowering the time sidelobe level of the chirp sub-pulse response.
This can be done by amplitude weighting the chirp signal in

time or frequency, as is well known. However, one should be
careful to select a weighting function which gives equally

or nearly equally spaced zeroes along the delay axis, in

order to properly suppress the grating lobes.
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APPENDIX - DERIVATION OF AMBIGUITY FUNCTIOM

All the results obtained in this paper depend upon the
ambiguity function of the linear frequency-stepped pulse
train given in equation {1). Although this has already been
aer.v2d in Reference [ 1), we will derive it heve also, in
order to make clear what assumptions and/or approximations
are used in extending this equation to a situation where
chirp coding is used on each pulse.

The general expression for the ambiguity function is

1 ,? * jamvt
x(1,v) =55 ultis (e-T)e dt (A-1)
2E ]
- B
where
E = total signal energy
u(e) = complex modulation function of the signal
T = incremental time delay
\Y = 1incremental doppler shift

Assume a train of N equally spaced pulses, with identical
amplicude modulation, but pulse-to~pulse variation of the

phase modulation

42
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Nl jen(t - nT)
u(t) = ;‘ a{t-nT)e (A-2)

-

n=0

where a(t) amplitude modulation of all pulses

phase modulation of the nth pulse

en(t)

T

repetition intervai

Substituting (A-2) in (A-1) gives

N-1 N-1
X(7,V) = Z ) Fy o) (A-3)

4=0 n=0

. M (e-LT)
FL’n(T,V) =% -J; a(t-L0)e a(t~-7-nT)

-j¢pn(t-7-nT) j2nrve
e o dt (A-4)

The summation in equation (A-3) can be broken up into
three summations, the purpese of which will become clear

as we proceed.

x(7,V) = 5; +85; + 83 (A-5)
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(£-6)

(A-7)

S, = F (7,%) (A-8)

If one vegards the double sum in equation +A-3} as a matrix,

then §; contains the terms cn the wmain diagonal, S, contains

the terms above the main diagonal, and S3 the terms below

the main disgonal. The indices n and m run along and

across diagonals, respecetively, :ither than along rows and

columns.

By making the substitutions, t - ol = t'

in §; and S,

and t - (n+ m)T = t' in §,, one can obtain

N- .
1 V} 127aTyv
S, = 3 L e xn,n{7,Vv) (A-9)
n={
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G jgn + m(t )
a{te a(t' -7 + mT)

E)

(T:V) =

-

1
Xn + m,n 2E1

-]

~jen(t'-7 + wl) jorve’
e e de ! (A-14)

The total signal énergy, E, has been replaced by NE,, where

E; is the energy of each pulse., If we let @.(t) = v(t)-a,2I'Ft,

where a, 1is an integer between 0 and N-) and {an] is the

frequency shifting code, we can rewrite equations (A-9)

through (A-14) as

v
-

1 1 j2nnTVv -jZWanFT
S = N }: e

e XP(T,V) (A-15)
n=Q
. N-1 N‘-_-_l-m S2mapy
Sy L) e
m=1 n=0
-j2ﬂan+m?(7+nm)
r, - -

e Xp(T“H’(ﬂ' WV o+ (a0 an:[F) (A-16)
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1 ontt’) -§on(t'-T) jamvel
xn,n(T,v) = 5% J a(t')e a(t'-T)e e dt
(A-10)
. N-1 N.\Z,l'“‘ j2nnTv
= - =1
S2 = { L € Xa,n + m(T*V) (A-11)
m=1 n=90

-0 (t'-7-nl) j2rvt'
e O e at! (A-12)

N-1 N-1-m

1 j2ri(n -+ m)TV
Sy = N 2 z e X+ m,n('r,\l) (A-13)
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- Nil Nil'm j2m{n+m)TV
e

m=1 n=0

wn
w
L
AT

-j2nanF(T-MT)
e XP(T—mT,V-[an_Hn~an}F) (A-17)

® jece) -jo(t-7) j2nve
I a(t)e a(t-T)e e dt

I XP(T,V) = El

-®

(A-18)

where the function xp(f,v) is the ambiguity function of a
single component pulse.

Now specialize the frequency code to a linear frequency
step, letting a = n, and perform the summations over n by

using an identity given by Guillemin { %]

; k-1
_Jkx — :
- 1 ei" = Z e JOX (A-19)
1-e°" ~0

to obtain the following expressions.
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j2N{TV-F~ ]

rou e

[

4

X (1,V) - e
S = y ' 1 3o TV-F1 ] (A-20)
e
N-1 j2n{NemJ[TV-F (7T+n) ]
1 l-e
527§ Z Xp(T + ml,V + uF) J2rLTV-F (T9a) ]
m=1 l-e
(A-21)
- j2rmF (T4nil)
‘e
N-1 . j2n{N-m]{TV-F (T-nT) ]
1 -2
S; = = X (T-mT,v-mF)
PN Zl P 32A0TV-F (T-al) ]
m= l-e
j2raTv
. e (A-22)

By making suitable menipulations of the exponential terms,
replacing m by -m in Sz, and substituting in equation (A-5),

one obtains
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N-1
x(T,Vv) = 1 Ej x_{7-mT ,v-nF) sin {8~ |m| L TV-F (7-mT) ]
4 N p* ’ ), j .
=-(N-1) sin 7[TV-F(T-mT) ]
snldm-1Jtv - - jniN-m- 1 F(7-mT ]
‘€ e (A-23)
N-1 N-1
. 1 %
= -l ,V-mF -nT ,V-nF)
job oh T L v

=-(N-1)n=-(N-1)

sin w{N-|m| LTV-F(T-mx)] . sin niN-{n| {TV-F(1-nT) ]
sia T[TV-F(1-nT) ) sin T{TV-F(1-nT) ]

!

im(m-n)TV  JA[N-1{m-nFT  j7(m-n)F{7<m-n )T ]

e e e (A-24)

Up to this poiut, the derivation has been completely
general, with no restrictions on the ambiguity function of a
component pulse, xp(T,V), or on the time and frequency steps,
T and F. However, in order to reduce equation (A-24) to the

desired form, equation (1), it i3 necessary to impose the condition
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xp(To0l v nF)X, (T-nl,V-nF) 5mn"‘p“ ol ,V-mF) | (A-25)

where 6mn is the Kronecker delta.

=0, m#n (A-26)

This means that there must be no overlap between the
functions, xp(T-mT,v-mF), for different m's. 1If one refers
again to figure 1{b), which shows these periodically shifted
functions (major ambiguities) it can be seen that complete }i
absence of overlap is achieved if XP(T,V) is either delay

limited to an interval (-T/2,T/2) or doppler limited to an interval

(-F/2,F/2).

For the case of monotone sub-pulses, the former condition
will be obtained if the sub-pulse length, T', is less than

T/2, which can bte seen from equation (2). This requires the

pulse train duty factor, &, to be less than or equal te 0.5. When

6 is greater than 0.5, time overiap betwzen shifted x_ funccions

P

can occur. However, i1f F>1/T, which is true for the monotone

sub-pulsa cases we have computed, a doppler overlap will take place

U s i

50




oy T s ot

RO PRI

only in the far out sideleobes, and equation (1) will still be
a gow- approximation,

Wich chirp coding on each sub-pulse, the sub-pulse
ambiguity function, xp(T,V) is also delay limited to an
interval {(-T',T'), as seen from equation {4), so if T's T/2(¥$<0.5)
no overlap of the shifted xp functions occuis. For
T' >T/2(6 > 0.5) the shifted xp functions overlap in delay
and also in doppler. Because xp(T,v) is extended in doppler
(along the delay/doppler ridge) for a chirp signal, overlap
betwean xp functions of different orders can take place in
the near doppler sidelobes. 1In particular, sidelobes of
xp(T + T,v + F) may occur along the zero doppler axis and partly
inhibit the suppression of grating lobes by \p(f,v). For the
8 = 0.9 case we have computed, note however that the results
are exact for the region in which they are computed,|7|<0.1 T.

To summarize, the method of computation used in this
paper vbtains the ambiguity function exactly Ifor & =< 0.5. When
larger duty factors are considered, 0.5 < § < 1.0, the method
is approximate. For monotone sub-pulses, the degree of
approximation is very good, provided FT >>1, For chirp sub-
pulses, the approximation is rougher and, if large duty factors
are to be seriously considered in an actual appiication, a
more exact calculation, using equation (A-24) instead of

equation (1), should be made.
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