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ABSTRACT

A description of rolling contact failure modes is given
and the variablez affecting the life of a rolling contact are
identified., A mathematical mode) of subsurface and surface
crack propsgation is pregented. The 1ife to fallure of volume
elements in the vieinity of a defect is formulated. A term
"geverity® of a wicrodefect has beea defin2d. The model is
characterized by the inclusion of bulk material parameters,
defect cherscteristics and parameters of geometry, stress,
lubrication and surface tapography. A statistical expression
for the life of &n entixe rolling body is based on the defect
life fermula, The new model inciudes cucrent standard bearing
life prediction formulas as a special cage, To assist im inter-
pretation of the model, the stressged volume in a Hertzian ellip-~
tical stress field has begn determined from the computed contours
of equal reversing shear stress. A stress analysis has been

conducted on the stresses near interscting asperxities and around
a suriace defect (furrow).
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EVALUATIOR

1. Ths present technique for predicting ihe life of & group of rolling clement
bearings does not conaider the mesny factors known to affeeci beaoring lif, end
Tor largs bearings tha technlgue is cleerly inedequate. This coniract is the
first part of B two pert effort to dovelop a practical engineeriang tocol for the
determination of the expected life of any group of beerings. This first conuract
vas ©o consider all the varimbles that affect hearing 1life snd the poesible
feilure machanisms involved, end then 10 dsvelop equations which would contein
parsmetera to account for those veriables known to affect beering 1ife. These
ogbjectives have been accomplished and the results of this contract have pro-
vidad a number of equations containing perameters characterizing material,
geometry, load, defect severity, end environmental varisbles.

2. Tae dbeve mentioned eguatlons contain constants and function signs which
m1st be evaluated and dstermined from test and field date before the technique
con be uged as an engineering tool. Thig 1s to be accomplished in the second
effort. Ths results of these efforts will be included in a mechanicel rell-
ability handbook and should provide an improved prediction technigua.

YILLTAH J. BOCCHI
Mechanical Engineering Ssction

Developwsnt Bngineering Dranch
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INTBODUCTION ARD SUHRARY

This is the Finasl Beport issued in fulfilliment of Bore
Aiy Development Cenier Contract o, F30602-67-C-0147 on

. "Development of Heghemuticn! Hodels Predicting Life of Large
Roller B arings®,

The ebjective of this woerk ig to determine ihe verinables
which cause the 1ife of (large) rolling bearings to vary {rom
the 1life predlected by the exlating design methods; to determine
the effects of those varisbles on the life of rolling bearings

and to formulaste sam improved mathematical model for the predic-
tien of relling bearing life.

St ol o T

The preseat study covers the first year of this effort and 3
hags led ¢0 a general mode} of bearing feilure, A subsequent {
effort 15 currently underway (RADC Coniract Ro. F30602-68-C-0147)

to cover future develepment of the model and to make the formulas
sufficiently specific faor enginesring use.

This report is divided in several sections summarized as
follows:

wmiwnmwmmnmmmmmmmummmmmmmm\nmn\nnMnﬂnmmmmmnmmmmmmmm

Section II is a description of the principal concepis devel-
oped in this Comtraci. Using the curreuntly accepied formula as a
starting point, thils section brings together all the new concepts
generated in this study and explores the usefulness of the new
medel. An outlook on future resemrch is given,

Sectien III presents a synopsis of the curreatly sccepied
Lundberg-Falmgren bearing fatigue life theory which ferms the
basis of the ASA standard for bearing rating anrd is the starting
point for the present gtudy. This section is included in recog-
nition of the fact that the fundemental work of Lundberg and
Palmgren may net be easily accessible to all readers.

Scchion IV extracts from recent literature, the priaciples
of fatigue fajlure theory required for thls study, as follows;

1. A Survey of rolling contact feilure identities among
which 18 spalling faflure. This (nilure mode 18 the
subjeet af the preseani siudy.

2.

A tigving 18 gliven of vaviasbles affectiag contact
fatigue 1:1fe, These variables are grouped ianto four

main cetegories. viz, material variables, surface

=
=
=




microgeomctiry verishles, degign vavrishles asnd oepersting
verisbles,

3. Ar evalustion Is presented of the laterdepeddencs of
the varighles ard their effent on subsurface and surface
igitieved spelling eccurrences.

4. A model 1g offered of fatigue fallures. Subsurface
and surfsce initiasted fatigue failures, ave distisguished
whieh compete to promote spallimg failures in rolling
contact. In both subsurface anmd suvrface failures, the
fatigue process is described as a sequence of phagses of
fatigue crack generation, propagation sad final fracture,
{i,e., spslling) st a "most critical®™ cvack iam the
rolling eloment. GCrack gemeration in rolling coatact
is postulated to result from localized plastic strsin
concentration srvound stress raisers,

Seciien Y crvers the foraulstion of an expresgsgioan for the
crack growth ret as a function of streagih and siress parameters.
ducgility, and p. 1stic micre-strain. .

Thig comeept is applied to a situation where defects of
known “severity” exist im a uniform matrix, te yield & formnla
for the fatigue 1ife of a defect,

Saction ¥I gives a stacistical theery of failure for aa
entire volling body, bssed upon the relatiomship between life
and defect severity developed in Section V., 1Im this medel, =
xolling body is cencefived as being built up of a large number
of ssall cells easch 07 which containsg exactly one defesct
(ipcluding "defects™ of no iafivence at all), The severity af
the defect present ir amy coll is s remdoe voriable., The
distribution of life over identicaslly locsiedeells in &
population ef relling bedies similarly =sde and operated, is
feund threugh ¢ trensformatien of distributioms between severity
and life,

The digtribution of relling body life is expressed ass =a
compound of the individual cell life distributions, The asyap-
totic digtributien ¢f shortost cell life is derived for the case
where all cell lives are commenly dissributed,

Section VII cevers s required stress andlysis in a Hevizian
contaci. The micro-straln vange in the highly stressed volume
{or surface) 18 calculated,

G

|
I

i

1



Bectlen VIIY presents 8 specislized elesitic stress anelysais

fer determinatien of the =sximus shear atress near ar ideallzed
surface asperity.

, Secticn IX presents g stress analysls for the determipstien
of maximum shear stress hementh a furvew-shaped surface dofepi.

. Bnalytiesl detatls are supplied in seyeral Appecdices.
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SECTION 11

PRINCIPAL CONCEPTS

A mathemaiice® model! of rolling coniact fatigue is a complex
subjeet. Numerous aspects of matallurgicsl, mechanical, and
statistical nature have t¢ be considered in iis develepment. At
the present stage of the developmenat, many of these detajls are
atill open. Others have been covered in quite some depth. The
present report i3 a Summary of the studles to date. It will take
up the several aspects of the problem in tura, at whaiever depth
is currently accesgible. There is the poesibility with this pre-
sentation that the reader may be diverted from the principal
underlying concepis by the complexity of detail. In order to
prevent this ard to fgcilitate evaluation of wosk accomplished
from the point of view of the engineer, who will ultimately use
the theory for practical l1ife predictions, s review of the principal
concepts is offeved in the present Section. No proofs or references
will be cited: these are either given in the subsequeant Seciions or
referenced there. ’

1. THE PRINCIPLE OF ROLLING BEARING LIFE PREDICTION

Rolling bearing life is defined here ag fatigue 1ife. Cguses
of fallnure other than fatigue are coasidersd avoidable and are,
therefore, eliminosted from 1ife prediction. Faiigue 1i ¢ is pre~
dicted on the basils of a cumulative damage concept, i.e. that with
repeated application of cyclic stresses, irreversible material
changes toke plasce which ultimately resvlt im fgilure. Thisg con-
cept, with its statigtical implications, was fivst applied ts6
rolling contact life prediction by Lundberg and Pgimgren. The
Lundberg-Paimgren concept, univergaily used today, revelves around
& phenomenological squation af the following form, between numbers
of cycles 1o fallure, and macroscopic wecihanical variables:

| S , .1)
IOQW N @p(Tg,20) V¥ (2.1
where S(N) = the probability of survival to N cycles

To = maxiwue shear stress aquplitude
2y = depth co-ordinate 6ef Ty

V = gtressed volum.

© = function sign

e = constant
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Thils equatios sxplieitly cesteims thke mumber 6% syelss, 8
meximrus shear stress aad its devih ce-srdinste, amd the "giresged
volump” which latiter, however, ies mever expressed im shsalute
teres, oBly asz a fscior 6f preportiemsiity,

Tee Lundberg~Felmgren 1ife prediction theory comsists of the
epplication of Egqusties (2.1) 2o ths required wide variety of geo-

metrieel =sd Eimematie cemditions whiech charseierize & cemplex

esseably sueh ss & relling besring.

Physicelly, Equatien {2.1) teachez that the cumulative preb-
ability of survivel decreanses with inmcreasing number f cycles R,
aed witk lsercszsisg size of the reilisg contuct gystesm (stressed
volusme), The speecifis choles of the fumctien @ (9, =) was made
by Lusdberg eand Palmgres once =28d foy 2ll, gnd is gives inm
Equatier (2.2) '

® (fo, 20) = Ttz " (2.2)

g, B: cometanmts > O

This equetionr sistos thai the survival probebility decresses
with inereasisg skesr strsss remage, but imcreesses for groster
valuesg of the depthk co-ordirate of the maximum shear giress raage.

By applylnrg slastiec emglysis to the ¢ontact situavien,
Lundberg =znd Palsgren derived dotalled siatementes rega:diag the
effeet of the pertisest Bseré-geomeiry parameters ianflusmncing
nermal suxfate pressurss is the comiast, the subsurface sheer
gtregses resuliieg frem those pressures and the kimsmatic pars-
maters detsraining numbers ef eycles in terms of bearing ring
revelutioss. Eguetierm (2,1) ig veadily medified to iske account
ef time-varisble or spase-varigble leadiamg by uvseirg the "Palmgren-
Biger hypethesie® of damsge sccumuliaties, stating that fatigus
desage sccumulates at a rate depending eBly on lcad comditienms at
the current time, g0 tbBgt Equatien (2.1) cas8 be writtem in the form:

log =be o [ [[ & (To. 2) av]® av (2.3)

The phemomemological mgture of Egquatioms (2.1) threugh (2.3)
resulte in an iopesee if oBe nitompis te imcorporate imio life
prediction, mewly ascquired kERowledge regerdisg iks sffect of
perasetors other than comtaet geometry sad Einematics, sines
these ecaquations ofler A6 clwe as to the proper rele of suck para-
metsrs ip defiming 1ife, For thiec vegsen, past sttempis at
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refining the Lusdberyg-Palmgrens theory have relied on the fsaet
thet Equatiens (2.1) and (2.3) are proportionalities, i.e. they
tontain a freely gvailable constant multiplier relating the
absolute magnitude of 1ife to the probsbility of survival, This
multiplier 35 intended by Lundberg and Palmgren as the materisl
constent, but khzs, from time to time, been uged in in orporate sa
variety of correetion factors.

L.

T s

The limitationso7 this approsch sre obvious, end it has = ]
therefore been decided in ithe present study of improved life pre-
diction mcthods to sbandos astiempis st modifying the basic
Lundberg-Palmgren equation. Bather, it was decided to generate

novel equations from which the Lundberg-Palmgren equations can be
obtained as a specisl cage.

The new equations were derived using a more detaiied physicsl
model of fatigue failure rather than as puvely phenomenclogical
equations. It is recognized that the uge of sueh s model has
many pitfalls, ihe most ebvious Dbeing that {ts details may not be
verifiable, However, the drewbacks are more than compensated by
the heuristic value of a deteiled model and cam be reandered harm-
less by ingisiing that moa-veriiiable detgils of the model should
not enter inte the final engineering formula for life prediction.
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Before leaving this brief review ¢f Lundberg-Palmgren theory,
it is noted that Equation (2.1) is equivalemt to:

H(N) =1 - S(N) =1 - exp [-(%é)e] (2.4)

wiiere N® = constant "scale psrameter” of the 1life
digeribution
H(N) = cumulative probabilicy of failure
within N cyecies

i.e. fallures sre distributed accordiag te & Weibull distribution
with zern lower beound, characteristic 1ife N® and dispersion
exporent e. This distribution eappears in the Lundberg~Palmgren
formulgtion &8 a result of deliberate choice, as a useful distri-
bution for the description of fatigue phenomena, and its

appearance doeg BOt gstem from exireme value considerations. This
pocint will be of interest later.
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2. FRINCIPAL YVABRIABLES OF FATIGUE FAILUZE

Section IV gives & deteiled reviss ¢f the variablies govern-
. ing a fatigue feilure situsiion. There, 1t iz deduced that ths
T i variables fall im feur mails cetegories: matevriel variables, sur-

- face miereogeometry veriebles, desigs variables, ard epersting
variables.

: Eaterial variables =re tacse irnfluemciag ihe "strength" of

- the rolling system. Currert fatigue Investigatiems (chiefly of
the nom-rolling type) eonmsider yield siremgth smd ductility aof
the matgriagl ag des=inent bulk (or matrix) stremsgth varlghlss.
Bodifying these sre residugl stresses and work hardening effects,
sequired, i part, durlsg the soursgse ¢f fstigue life. 1Im rolliag
conteect, the materials used are of high hardhess, amd sueh
matoriale do met reset with thelr metrix strength. Rather, rolling
contaci life appears to be detormired by the strength of the
material ia the vieimity of imevitabls =aterial impeorfections

such a@s inclusioss in the metrix or micvocracks. Thus, the nature
of these imperfections is g domimasai variable.

=

Surface microgeometry variables determine the detailed nature g

6f theo contsct threugh which loasds ave iransmitied te the material. i§§§
The generalized rvoughucss of the surface determires the topography ;%SE
6f the contectiasg gurface elements, the plastic behkavior of the . =
materisl immediately adjaecent to the gurface, 2ad interacts with =
lubrication, as will be seen presentily. y

There sre lecalized iepsrfectionrs em suvfgces, mestly 1m the
form of sharp depressions ("furvows™) which form stress raisers
nesr thelr edges srd sve irfluentisl in failure. OF eourse, ithors
can be many ethet typos ©f surfeecs varisgbles, s9me ef them arti-
ficisl as indueed by costimg, specizl iresiment ef the surface, ete.

Gl

The desigs vaviables of the rolling eomtget are deslt with
esitensively by tke Lamdberg-Palmgres theery, and they ere, there-
fore, quite familiar. Track lemgth, cosformity betweem reiliag
elewents, dimenslioEs and sumber of these elementa, comtact amgles,
parsmeters defining the precise eross track geemetry and many
others are influestial, primarily betause they determine the
macresecopic (Hevtzian) stresg field gnd the mumber 6f cycles as a
functien of bearimg ring rotaticn, TEey also dertermine the
magnitude of the highly stiressed volume.
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Oporeiling variables oncospess tho extermal szaviremment e
which the relling conteset system must omdurs, imeludimg lead,
speed, lubricatien, temperature, snd av=espheriec comditlems. The
influezce of load in determiming the stress fleld is obvious, asnd
g0 i3 thet of speed in determining the Bumber ¢f cyeles per unmit
time. However, these twd varisbles also interact with the lubri-
cent te determine tho hydrodymamics of the often~-preseit pressure=-
begring elastohydrodynemie (EHD) lubrizent film i the centact,
whiek redistributes strogszes and has lmpertant effeets en the
micrebehavior of the cortact area (asperity interactiomn). Tempor-
ature ¢nters by iafluencing both the materisl strerngth aad the
lubrication, sad atmospheric comditioes cam be of congequence if
they i8fluence lubricemt behavior or cange corregive effectis.

Thig 1ist ef influential paremeters deters the theorist by
its multipliesity. The omly prscticeble approach te the develop-
ment 0f & life prediction fermula in the presemcs of juch a
multitude 8f varfables is to find a flexible, simple coRcept
describing failure mechasigs, aud thes selve the problem of imtre-
ducing esch vgrigble by defining iis impact ¢m thaet mechamisa.
Success 6f such am attempt depends er the proper cholce of the
meshanism and will Recessarily be limited. There will always be
variables that the model camnet acconmodate, aad as tide pesses,
the influence of these will becosme more and more recogrized, lead-
ing uwltimately to the aberdonment of the model. However, the
model will serve well in the interxim 1f it permits aeccount te be
taken of the most imporiakt parameters recogrized teo dete. In what
follows, such 8 medel will be outlimed. It appesrs st the present
stege of the study to have the regquired flexibility gad to accom~
modete mamy of the most impoerteRt paraleters, imcluding all these
which the Luadberg~Palmgrea theory utilizes. It will remslas fer
further study te develep the spocific formuletions for the imeor-~
poratier 0f mevy pargmeiers into this medel gad te show whether it
ig suffieiently free from inmhersnt cortradictieoms to be practically
used., This further effort ig currently underwsy.

3, TRE FATIGUE FAILURE RODEL

Our failure model vigusliges failgue damege es the growth eof
g creek. There are plestic flow eccurrences, carbeon migraties,
and, of course, first of all, dislocation motione la the metrix as
a result of ecyclic stressing, which preceds or are comcurreni with
crack formation. However, for wodeling purposes, these subtler
occurrences are met helpful in fixiag ideas of fagigue dsemsge
hecaugse ne way iz Euows 10 measure ihe dogree te which they ere
shorteming life expectsney. The effect of a crack on 1ife s
intuitively clesr:; when the erack has become large enough a pisce
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Ps 6f material will separate frem the surface, formlag the fatigue

: spall defined ig relling cemtact technology es fatigue failure.
Creck growth is visuglized o8 lrreversible, 8o that s sultable
measure 6f creck gize satisfies the concept of “damage™ &s
ivreversible progress towavxds failure. The fatigune phenomenon
starts,uccorvdingly,with the iritliation of 8 erack, znd procoeds
T threugh stages ¢f its grew.h umtil the crack has become large

) ; erough to ferm & spa’l. Feiigue 1ife, as determined by the crack
in guestion, beginsg tith the onset of evecling and termimates when
the spall forms. OFf course, 3t cae be argued thet & rolling con-
raet sysiem may be fumectiomgl im the presence of a spall of
toleraeble gize. There 18 renm 0 sccommodate this argument in
the model,8s will be poimted eut ister, but the current descrip-
tion of the fallure termimates with £iwgti spalling,
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It 1g convenleri to Gdescribe fallure generation in three
phases:

Phase 1 begiss immediately upen the onsetof cyclic stressinmg,
8§ € is consumed by the formation and growth of a microcrack, A
definition of 3 =icrocrgck will be given below. Frem the poing
of view of the model, it is charscterized by the fact thas it is

small encugh met to imtersct with othner microeracks that may be
present ia the relling olomemt.

Ia Phase IX, the crack grows macroscopically watil, at the )
ead of this phese, it hes reamched a3 critical size, defined by

the £gci that it is mBow large emough te csuse the imitiation of
precipitous crack growth (in Phase I1II). )

Phase 111 i eccupied by procipitous c¢rock growth at a rste
greatly in excess of Phaze 11 grewth. This precipiteus ¢racking
forws ike spall itself. This Phgse maey be virtuslly imstdntzmseus
67 corsune subastential length of time, dopsomding er whstRew sme
specifies a2 Bielsus spall gige, which is sccopted s a failurve,and
dopording on g variety of material snd operating comditiens.

The objeetive of a mathematical 1ife formula is to deseribe
crack growih through the gbeve three phases. Ia srder te

descwibe ecrack growth, ome selecis s measure of crack size A
aid formulates am eguaticm of the form:

A =45 (N, X)) - (2.3)
where A = erack sigze
H fr = fusctlan sign
o X, = undefinsdparameters
ok . N =

num@ber of stress cycles

10
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At the present gtate of the study, it seems begt to select a
form of Equation (2.5) commea in current fatigue theory, viz, ane
defining the first derivailve of crack size (the crack growth
rate) inm terms of the relevagnt variasbles:

d
where f: = furction gigan

4A - s (N, A, X)) (2.6)

1

Life prediction i8 then accomplished by determining from Equatiom
(2.6) tkat value of ihe number of cycles Ny which cerresponds to
a critical crack size Ay, causing immediate gpalling, i.e.

NL = falAg.e Xg) (2.7)

where N = life at failure
A. = critieal crack size at spalling

Many curreat theories of fatigue failure use the erack
growth Equstion (2.6) in the following simple form:
dA

i Meg, D) 2 A (e¢ (M), D(N) ) (2.8)

St s
S A TR
R haat e bR e R

where A = fumction siga
blasiic straln at the propagating crack front

ductility

€e
B

Wunu

According to Equation (2.8), the enly variables eitering the
crack propsgation equation srea plastic strain (measured at the
propagating crack froant) and a measure of material ductility.
Speeific definitions of these two variables in terms ef weasurable
physiecal qugatiiies ere opes at this peint, both because appro-
nriate definitions for the rolling comta~t situation have not
previously been determimed, amd alse because the plastic strain
¢, 18 a microparameier which is not divectly measurgble. RNotie
that Equation (2,8), for all its simplicity, contains many
gssumptions. Only the first derivative of c¢rack size appears
explicisly. (The crack size itself enters by waey of its influence
oB eg.) Only variagbles measurable 8t the location of the prupa-
geting erack front appear, and these only with their values
sgsumed st the time of the N-th stress cycle. (0f course, the
equatiosn is competible with a dependeuce e (N) and D(N), amd the
specific¢ form of this dependence deternines whether this formula
satisfies the Palmgren-Hiner hypothesis.) There is hardly room
for concern abouti regirictivemcess at this point, however, since
even Eguations (2.8) is much teo gemeral to be practieally
applicable,

11
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Ia srder is edd defisiiion

te Equsties (2.8), the coneeps of
“doloeis™ is istreducad,

A defsct is 8 lscstion in the =atsvial
8% 8t theo surfses, st wmhich thers is g tordescy of erack gemesra-
tlen, It will be sssumed thst this tendency menifest: itself in
Equation (2.8) by seme property o7 the defset causing s. te be .
higher at the defeect than elsewhers in ks vicinity,

A simple fovm of this relationsghip cam be sritien by sssumlisg

! that ong car select (us in uniaxial tension) . eritical 8calar gg ‘
: 6f the totsl (elastie plus plastic) Hacroscopic strain field ns it
! Fould oxist at the defect locatlon, i7 the shssnece of the defect,

such that € depends only on €s+ 60 dofect severliy snd on the
yield strengtih Oy 6f the matrix, i.e.

sc = f 18, ¢, gyl (2.9)

i i am
| wbere ec = plastie strain at defeet ,%g
H € = e¢ritical "undisturbed" total (elastic =
g Plus plastic) straia $§
! = daefect soverity measure =
; Oy = (micro) yisid strength of the mstrix ;§§
; f = funetion gign 5%%

The defeci severity facior © is deficed a3z s "strain redgiag® E

fgctor characteristic of the defect.
for gll yeal defects with gtrain rsising properiies, but glse foar .

a8 "iaeffective defect™ with mo severity at ell, i.¢. one which .
: d0es ROt raise the mggritude 0f the streim. For purposes of

ststigtical treatment, it is €onvenient te define such "ineffoctive”

defocts as the limiting cezo of defecis witch real siress reisiag .
prepertiss,

Convenlently, © is defined

O A

E vt an .

Imtroducing Fquation (2.9) imte Equation (2.8), one has

%% = A (8 &, ay, D) (2.10)

1t is coavenisent ¢o §6parate the variables isfluemtial in
era6k growes iate the twe groups: variables related to defects,
esd metrix varishles. Ia Equatien (2.10), @ is the variabie
rsigted to defects, whereas eg, 9y. s8d D are related o0 the

sBatrix, Feor simplicity, the matrig 6ffects arc conselidated
isto a simgle fumction vy, i.e,

%% =AL8, ¥ ¥ =¥ (e, ag, B) (2.11) 1
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The new sssusptilons usderlylag Equeiiens (2.9) throngh (2,11}
are thai there ls a8 sealsr ¢ o6f ihe macresirsim field whieh,
glone, smony sirals fleld characieristies, detsrmines e,, and
that gll mstrix parameters exert thelr {afluenes om cruck grewth
vig a single quantity y. WNeither of these szszumptions iz essen-
tigl in erder to srrive at & workable model, bBut are made here
in the sbsence of a Rere refined undersizmding ef the sgetual
‘physical situation, to arrive at a relatively simple formulatioesn.

Further development of Equation (2.11) rvequires use of s
further restirictive concept guch ag the hypothesis of muitipli-
cative effects or fatlgue life., This “onrcept, 8lso used by
Lundberg and Paglmgren, asserts that the rate of fatigue damsge

(erack growih) cea be expressed as a product ¢f g musber of
ladgpendent isciers, i.e.

dA _
rri ? ( @‘a‘ ) (2.12)

where @ =~ umspssified 1adependent faciors
I = muliiplication operster
8y = cohstarts

Applying this concept to Equatien (2.11), ome may, by suit-
able definition of the functiions @ and Y, absovrb ir thea the
functioa A, mad write

A _ o |

T ® - v (2.13)
He will proceed now to the examingtion of the matrix facter
Y znd the defect facter G.

4. THE BATRIX FACTOR v

From the definition of vy given in Equatien (2.11), it is a
furction of a criticgl total macrostrain scalar at the lecatiaon

of the growing crack fromt, aBd of & yleld stremagth and a dsctility
neasure.

The yield gtrength measure oy wiil be a microylield siress,
since small scale plastlc occurrence: are gt {gsue im roliing
contgct fatigue. It must be tskemn with its velue at the time

of ihe N-th siress cyele, i0o account for work hardemimg er werk
softenlng of the matrix,

i3
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The ductilicy is defised in stotle tssslle tesis s8 the radue-
tion imw cres3 sectionsl ares At fractuve. It is nmet ebvisus that
thig simple defiaitien will apply under the coundiiioms of cemiact
fatigue, but is is imrultively convincing thet ene sheuld imclude
in the furmula & materiel ductility property msasuxing the amguat
0f plaatie strain the =atrix csr abserb befere it cragcks. A i
veriety ef metgllurgical parssetsors, but glsoc s50=e opereiisg
conditions, will determine ductility. The most laportgat eperat-
ing conditiom is hydrostatic compregsive sivesa. It is generslly
believed thut the high hydrosstatiic compresgion sempamcnt existiag
in most of the Herizian contaci siresg fleld retards c¢rack ferma-
tiern. This fact will manifest itself i a point-wise varyiag
velue of the duetiilty parsseter D when exeminiag saterial
alements located gt differcat points withim the Hertzizm stress
fleid. Inasmueh @3 it may depend 08B work hardeming, ductility caem :
be g funciion of N. Thus, the ductility parameter is mireasdy Emowm !
0 depend on materiel comstanis, or a parameter of the stress
field, amd can depend ou N. It may slso be related to other oper-
ational parsmeters, o.¢g. 10 c¢yeling rate. These veliationships are
sy=bolized by the fellowimg equatios:

v s e e w e e e

D = D(H4, oy, N, @) (2.14)
wheve H = mgterial varisbles %
o = hydrostatic compressive sireoss ;

® = operegting fgctors

Tureisg t0 the critical macresiraln paramster g, it iz
vbvieusly dependent on the variables of i¢ad ¥, contact
geemetry p, pesition umder the comtasct X, and elastie medulmns E,
defining betyeen thom the elastic Hertz stress field, Hith g
gugsi-elastic assumpiion, these parsmeters give a relationship
0of the form

€ =8¢ (¥, E. ¥, p) (2.1%)
yhere § = load
E = elgstic modulus
¥ = positien vector
p = goRtact geempiry parsseters

The “quasi-elastic”™ assumptierm gperates os the scale of the
whele Hertzlan stress field gnd disvegards the vicinmity er defects.
it postulates tkat the macroscopic totel sirels e; €gs be calcu-
lated frow the elastic (lierizian) stress fisid ef the velliamg
contact., This is8 the cezse 1f tho loads are sufficlenily low that,
ai @mosi, very small amounts of macroscopie plagtie fley take
slacs g0 thet the plaustic componsent of totgl astraim is megligible
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and that plastic flew does not result in & sigriflesnt redigiribu-~
tion of elastic gtresses, Except fer the generetion of regidual
stresses due to cyelic stressimg, thig is g roesomable assumptiien
in gll practiecal rolling contact fatigue situatieas. The questior
of residual stresses will require separate examination, Gemerzlly,
they are handled by assuming that, after a small number eof cycles,
the residusal stresses kave “"shakenm desn”™ to 2 censtamt value.
Thea, they sct as a superimposad static stress field and ~ombine
with the evelic egtresses. The resulting time~variable stress
field i3, of courge, different from that existing without residual
stresses, and agesumptionrs must be made regarding the effect of
this difference on crack propagatioa.

A commos sggssumpiion ia fatigue theory is ithsat superpositien
of a stetlc stregs field does m@ot alter the plastic straim ¢
influencing crack growth reste. However, the hydrostatic compres-

sior component 6f the residusl siress field may modify the
ductility D,

Everything said above gboui quasi-elastiic beligrior is restriced
to the matrix at locations remote from defects. Due to the
stress ralsing effect of defecits, it ig, of coeurse, pessible that
localized plaestic occurrerces take place in small volumes in
their vicimity., Such mieroplasticity is, in fact, the corditioa
of cracking im the proposed model.

For any given defeci G, amd given matrix sivengih (o ), it is
pessible to delineaie that povtion of the Hertziesn stress field
within which the macrosirgin e; i3 high enough te cause plastiec
microsirais o, For a givem pepulationm of defects, there will be
8 "reglistic” maximum severity 8. One carn dolimeate a highly
stressed area in the Hertz stress field within which gll micxo-
plastic occurremces scecasioned by defectis of "realistic” severity
will be cemfined. This defiunltion of s "highly stressed zone™ will
be adopted in whkat follows, and the cross sectlsmal ares of ithis

highly siresseod sene, im a plane perpendicular te the rolliag
direction, will be designatied by s,

3. THE DEFECT SEVERITY FACTOR &

The offect 6f a "defeci” im generating plastic strainm in its
vicinity is manifestly very complex., A simple relationship for ©
will be proposed as follews:

8(N) = 8 (4, AN}, ) (2.16)

15

o LAV Ay

0 0

g

g S

Hnlim|||ﬂ||unm1||wmmmmmmmrmnu|mmmmnmmmmmnmnnum||mmmnﬁnmmnnﬂmnml|mmmnﬂmmnmmnmmmmmwﬁmmunmmmmml




where d
&
s

initiagl defe -t ssverity
A(N), crack size amfiter N eyclss
slze of the highly stresgasd zoue

i

The veriagbles of ® are: 8, the severity ef the dafegt gt the
onget of cyelic sivessing; A(N), the craek gsize at the tisme ef ihke

N-th stress cyecle; and S5, the cross sectionsl aren of the highly
gstregsed zone IR the Hertz centact.

As mentioned bgfore, crack propagation czn bs envisloned as
oeccurring ia thres phases., The firgi phase, microcrgck propaga-
tion, can he defined using Equation (2,.16) hy posiulating that
the craek i1s =0 small that, by coemparizon, the sizs of thRe highly
strossed zese cgh be comsidersd infinite, se that fer Phase I1:

e; =0 [a, AN]: A= A (2.17)
whers A = self-prepagatinmg crack size st
the end of Phese 1

Pligse 11, on the other kend, cas be deflaad s8 extemding
from that polmt im time where the crack has grownm sufficiently
large t0 ouiweigh, ia lts effect on prepageties rate, the eriglasl
defect. Such g (rack does not require the defect to propagate, it
is "gself-prepagetiag”. For s e~wck of this size, or larger, the

size #f the highly strogsed B0w.. can n0 longer be comsidered
iafinite, 80 that ome has:

81y = eII(A(N). 5); A, = A< A, (2.18)
wvhory Ae s gritiesl erack gize

Here, A, is the crack size at the termimatiom polimt of Phase IIl.
This sise crvack i ‘gumed t0 lead ©0 & spail “"instantasnecusly” by
a precipitons frsctv.e Bechanigm., This does met suggest that the
rellisg costect systee bocomes inoperaiive lmmodistely, altheugh
tsis eay be the case., However, there 18 & "catastrophic™ greawth
sitep botweem tse e¢rsck of gize A, sud the completsd spall, i.e.

44

-5 ® for A = A (2.19)
dnN e

Ons cgn agssume that the critical ersck size is relatsd te the szize
6f the highly stregsed =vae, or, lm its simplest form:

Ag = k35 (2.20)

where k; = ecomstgnt
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6. PREDICTION OF THE LIFE AT A DEFECT

Substituting Equetions (2.17) gnd (2.18) vespectively, inte
Equetien (2.13), one ebtairs the following formulas fer crack
propagatior rate durimg Phases 1 srd II:

C%é Yi(go, Ty D) - @IEd' A(N)]; A = & (2.21e)

p

[

-
(ﬁ?) =Y. (&g, g,y D} - 8, (A(N), S); A< A s A (2.21b)
dN/qgp” Trgteor Yy 11 v 970 Ay ¢

where subscripts I znd I1 apply to Phases I gnd 11 respectively.

Using the previeusly explained multiplicstive hypoilesis on
she fumctien &, these squations may be rewritien as fellows:

dAy . . C Tid)s 2
(EQ)I = vyleo, o, D) ¢ fiCA) ¢ TC@): A S Ay (2.22a)

dA s iaseY - s (RY. 2
(dﬁ 114 Yiyleoe Oy D) - fa(A/8) © f3(A); Ap ASA (2.22p)

In Equation (2.22b), twe functions f; and j3 are shown, one
representing the effect of relative craeck gize by comparisonr o
the glze 0f the highly stressed zone, and the other any remginiag
dizwct effect of ahsolvie crack size (gs hypethdsized e.g. by
Lundberg snd Pglagron when intreducing the effect of the depth
ca~ordinate z, of the waximuw shear stress range.) Note that
in Equetien (2.22b), the ovigingl defect severity d does moti sppesr.
Therefsre, this equnation comtuing orly macrestirainm anRd matrix
verigbles, and 1s indepondent of ihe original defect populatien.
In Egustion (2.223), ¢n the otber Band, [(d) is different for each

individual defect., and the equation 18, therefeore, dependert on
the defect population.

Tntegration of the differential Equationms (2.22g) and (2.22h)
ieadg to the followlag forms:

Ty M) =N vy T (6) (2.23a)

fiy C Ay A/5 ) = N vqg (2.23)
Substituting Ag inte Equation (2.238) yields a value Ny, the life
h

8¢t the end of ase I. Substitution of A, into the Equation
(2.23b) yields a value Nyj, the duration of Phase 1I life,
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o The 1ife Ny fros itho beginaning ef cyclimg through the erd of =
Co Phage 11 1ife is tHsm obtalned ag the sum of these t1w0 phase-lives »%
i Ny, = Ny + Nyt. Phage I1I life may or may not be O, deperdisg on =
i the defimition of fatlure as discussed abeve. . I3
: 2
i Igs primciple, them, it ilg possible ie ¢htein g predicticn of =
o 11fe to failure ai g psrticular defect with sgveritiy 4, fro= a
; - Fguatlons (2.233) ead 2.23Bb). : g
, It ig moted that the gppavent arbitrarimess ia the selectlion ?;
0f the self-pronegsting crack size A, will mot iafluence the total §
life ¥y = N3 + Nygy if the hypotheses outlirsd previsusly gre - |
¢orvsct, becguse the Egquatiems (1.232) end (2.23b) weve both =
ohtained from Egusatiem (2.16) by meglecting, fer Equstien (2.23a), ;%
the iBfluenee A, und for Egquatien (2.23b) the imfluesce eof d. I |
ingsauch e3 these gpproximations ars velid, thke twe eguations fg
merely describe twe poritlems of the geme fumction A(R), amd their };
domains of velidity overlap so thagt the selection of RP ig, within ‘3
limits, discrvetlenary. é%
Selving Egquations (2.23e) asd (2.23B) fer N, amd substituting 5%
2z described sheve, one obtaims the fellowing exprossionms for life {%
to fsiluve N (et the emd of Phase 1) ?%
L E
Ny = i1 (Ap) (2.248) . 2
vy Ha) ,?g
| s
Hygy= f;ﬁ (Ags Ag/3) (2,.24b) v %
Y 12
I1 I
By = HI * oy (2.24c¢)

A————————— T

Ope must sctile o a suiisbls valus of A  cid determRime that value
of A./S st which the erack becoses critical. Asguming these
deciszions cem be rescked gemerally, v, and [(d) remsim, in
Eguation (2.24g),a8 functions of eoxteraal pavamcters ard 5 asnd vy

in Equationms (2.24b). All psrsmeters of thase rvemalmisg funrctions
are @bgervable.
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THE 5, ATISTICS OF LIFE FOR AN ENTIRE RCLLING BODY

l

In determining the 1ife of & finite-size volling hody., ane
ste¥ris with Equaiiomne (2.24) for life in ths vielnlty of & givesn
defect, snd uses statisticel theory te obtain 1ife for g volumse
of materie! conteluolsg 3 Rultitude of dafects.

|

Failure of ¢he rolilag body will ocecur througk "competition”
between a multitude of poctential defecis amcting as fallure muclei,
Accovding to the definition of Phase 1 fatigue, mierocraeks grow
g8t & multitude of defects, gt differing rates, srd lndepeaderily
0f each other. Ose of thase microcvracks, or several, will reach
the beginning of Phase 11, withis the 1ife of the part. These
will ther proceed %6 sccumulaie Phase 11 1ife until such a time
as one of them has (Gemerated g crack of criticul gize A, at which
a8 spall forms, whereupor the rolling body is conslidered failed.
Al]l other defects which have emtered Phase 11 show, at the time
of failure, cracks of less thaenm criticegl size. Im the proposed
model, varlationg .m origimal meirix strength withir g rolling

body are considered small emough to be reglected (thig posgitien
can be revised lgter if necessary).

This leaves two malim sources
of variabiliey:

the uystemstlic pelni-wize variability of the macvo-
strain field in the contget zone (and the consequent varigbility of
work hardening amrd residugl stiregses) and g randem variability eof
defect severity and locatiem with reference te the coniact zome.

It is the effeci of these variables on the life caleculated from
Equations (2.243) and (2.24b) that determire ilie euicome of the

competiiion gmong defects for the generation of the crack leadiag
to failure.

Hmmmmwmmsmmwmwmmﬁmmwmwww\
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A statistical treatment which can be used t0 describe this :
competition will be iliustrated for Phase I. :

Phase I1 1ife will be considered & deterministle quantity,

calculghle for each point in the rolling bedy, from the ksowledgs
of macroscopic streim gud matrix psrameters alone.

To express the sigtigiics of Phase I 1ife, congider the
highly stressed zome 10 be composed of clememtary "cells" of
uaiform size, selocted swall eanough to centain erly one defeci,
bug large =nough for a crzek of slze Ay to be wholly corafined
wlethin the cell. Then, Phase I fatigue demsge., originated within
8 e2ll, will remgia coufined within it. Fatigue damage sxisting
in one cell will not influence the beliavior of adjacent cells.

Om this assumptiion, Phase I life of each cell ig iRdependent of
the life of gll other cells,

AT




defasts of varying severities d fer esch cell, i.e. thers iz g

i
i
] Assume mew that thers is & kaewn probeblility distribution of
1
; baows cumulsgtive digiributien fusetion F{d) such that im amy eoll

‘f; Preb (4, £ d) = F(&)

(2.25)
i@ where F = cumulagtive distributior fumctien of &
Y .
ST, Ther, Equation (2.248), <siabllshing 8 fumectional relatienship
»ﬁ_;f betweed 4 grd Ny, permlits detarsinetion of g tramsfersed
o probability distributiea G(N) suwea that
=
‘ Preb ( Ny S By J) =6 ( 87| ¥) (2.26)

A

where & = cusulative distributios funmetien of NI
X = positien vector

ia tbe genmeral case whers the fumciioss f., V), asd [ im
Equgtion (2.24s) vary fres poilst te peimt i= zge rolling bedy
beesuss 6f the rRen-umiforsity of the mecrestrais fleld, or for
ary other reases, the distvibutiom 6(Ny) will depead om the
positios vector X showa in Equation (2.26).

Equeation (2.26) states the (eg;ulative) probability that
tke ¢ell with pesitier co-erdimate X will reach the eud of
Phase I 1ife inm Ny eycles or less.

=

l

——
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From Equatiom (2.206), statesents cus be made regarding the
prebebilicy ef failure of the eniire rollisg bedy. The rellirg
body will £ail if exeetly e8¢ of its celis fail. It iz, there-
fore, raaqulired te gxpress the probsbilicy distributior of (he

1ife s8f ¢bat sell im the rvelling bedy which fails first of gll
cells.

1f the fatigue phesomens is cech eoll ave imdepeademt as

a
DR S T

wBere H =

assumed, the prebebiliiy that the rellisg bedy surviveg 1s ibe
preduet ef the survivel prebaebilities 6f g1l eells im it, 1.6,
the 1ife disctributios of an emtive rollinmg body is: {
, i
H (Rg) =1 -0 [ 1 -8 (N (2.27)

cumulative distribution functien of NI for the
entire vralling body
[: multiplicatien operater

Equatien (2.27) follews frvem Equatiem (2.26) Dy observirg that the

proebability 6f gurvival iz obisined by subtrscting the probebility
8f failure from umity.
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Equation (2.27) is gemeral. A special cese ls that for vhieh
gll 6, sve identical. Thig !5 3 simple approximsiiosn ef the case
6f s thrust loaded bearing ring (the Heviz stress fiald is
indepsndent of centact position) im which there is & simgle defect
distributien throughout the ring snd the defects are infrequent se
that & "enll™ can be represerted by & short "sliee” of rimg
between twe closely spaced crogs-sections. In this si=ple esase,

- Equatien (2.27) reduces to the fulleowing:
B =101 -6 mpI° (2.28)
where m = number of cells in the rolling body
As is shown in a later section of this report for certain

general classes of distributions G6(N;),end for increasing nm,
Equation (2.28) approaches the form of a Weibull distribution:

-k
Ny - No
A (Ny) =1 - exp ( - {—iws———j ) (2.29)
where N® . m-1/k

]

a “"characteristic 1ife" or
gcale parameter

kE = constant dispersion exponent
Np = minimum life, (Ng 5 0)

The censtsnmis are determined by the specifics of the disiri-
butiom furctien 6(R;). Ny, the minimum Phaese I 1ife, canr be coi-
sidered zero, siBkce a crack of gsize A_ may pre-eoxist im the mairix.
Equation (2.29) emorges from gemeral gheoreﬁs on the asymptetic

properties oy extreme vslue distribuiions snd is not a seperate
kypethesis.

In the model preeented, the (Phese 1) life distribution ¢f g
rellirg bedy is met merely ebsorved s3 a phemomemolegical fact, it
is relsted ©o ihe physically meanmingful distrlbutieon of defecis.
The relatienghip between the distributions F(d) iw Equatiem (2.25)
sad G6(Nj) im Equetion (2.26) permits iaferemces from onre distri-
butien to the other, thereby identifying suisgble measures ef
defect severity. Az showm ia subsequent sections, it is pessible
to conjecinure appropriate defect severity distributions and test

these conjectures by the effect they have on the life distribution
of the part.

Equation (2.29) contains a volume effect om Phase I life.
For cells of fixed size, their numbexr m is proportional to the
stressed volume. Thevrefore

e o v 1/E (2.30)
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i.9. the acele parasmeter of the Weibull lifte distribuiien is am

inverss fumnction of the s°ressed velums ss im the Luadberg-
Pgimgrea iheory.

The observable 1ife Ky, of am entive relliag body is, sccord-
ing to Equetior (2.24c), the sum of Phase I snd Phase II llves sat
the defect wheve Ry will be shortest. This esm be calculastied

" simply., only uBdeY 086 0L the rollowing twoe corditions for Phgse II

1ife lez
{8) NII << Nz, [+ By
(1) Njypey "OBBtERT

For either condition, the shortest Np will coiscide with the
shoriest Ny, so that Ny cea be taken fros Equetion (2.27), (2.28)
er (2.29). Nyjy i1s them calculated frum Equetion (2.24b) fer the
® gt which the shortest Ny occurred and the two are added.

If neither uf the abheve comditions for Nygy ig satisfied, them
the (determimisiic) verigties of Nyy with X may cause the shortest
Bp. For this case, the statigtical treatment must include WNyjy and
this Eay lead te difficulties in satisgfying the assumption of
independerce of all feilures rvequired for Equstien (2.27).

8. APPLICATION OF THE LIFE EQUATIONS

Equgtions (2.248), (2.24h), aad (2.24¢), and the statistical
isterpretation contaimed im Equatioms (2.25) ve (2,29, represent
tbe Yremework of ibhe proposed fatigue 1ife prediciion moedel.
orde~s t¢ 8pply ithis model, it is mecessary 16 make specific sssump~
tioss feor all fumctioms., This work will be pursued im the mewt
preject year. It is imstructive, however, to illustrate the
gpproaches that can be tsken towards gpplicaiion ef the moedsl by
cossidering s fow special examples at this time.

in

a. The Lundberg-Falmgzen Case

Tbke f£olljecwing is am ezaspie of one of seversl possible metliods
by whiek the Lusdberg-Pslmgreu formulas caa De cbteined as a
special case of the proposed model.

I1f, in Equaticms (2.241), (2.24b), and (2.24¢), oae
essumes that [(d) is a materisl constamt, Yy depends only on
the muxieus shear stress vande T, Ay 12 preporxrtional %o a
ligear dimension of the higkly stressed cross section,

say,
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the depih co-ordinaste z, of the maximum shesr stvess rerge sad
R.y = 0, then osge ohteains :

Ny ~ 71 (29) o5 NL ¥ (75) fl°2(zg) = goRmst,
v (793

(2.31)

1{ sne uses power fumetions fLar vy and Fie then:

o : NLE c/e

T = coRst.
57 (2.32)
za

The designatien of the constent expounents ls thet used in
Equations (2.1) and (2.,2). Eqguatiosn (2,.32) siates that the iife
digstribution of esch dofeuct and consequenily that of the emtire
rolliag body, is scaled by the maximum altermatiag shear stress To =
and its depth co-ordinate z, exactly as spscified by the %g
Lundberg-Palmgren theory. Equatiom (2.30) states that the %

=

stressed volume 18 another scale factor for life. Equatiosns

(2.29) and (2.32) are equiveleat te Equatiess (2.1), (2.2), avd
(2.4). Thug, the Lundberg-Palmgren formula appears as & speeisal
cgse of the mew madel. §

b. Deviations from the Lundberg~Palmgrens Type ;
Weibull Distribution =

It has been found experimentally that theve i8 a uon~-gero
- migimum 1ife prior to which there is no fimite probabllity ef
begring failure. This fact is not explicablse by the Lumdberg-
Palmgren theery. Hewever, it ls immediately obvious if Equatien
> (2.24b) s sssumed to give a nom-gero value for Ry;. ¥n this
cese, Ny may still be distributed sccording te & Welbull distri-
butien with Ny = 0, Egquation 2.29), but the tetal life te failure
ﬁL will have a positive minimum value.

¢. EBEffcet of Haterial Cleamness (Inciusion Centent)

Agsume that there are two materials, ome "clsamer”™, the
other of lesser clegnness, l.e. posggssing different imclusion
severity distributiens F(d) per Equation (2.25), but otherwise
ideatical. The probsbility of encountering iaclusions of great
goverity is higher for the material of lesser cleanneas. One can
then oxpect a larger mumber of effecilve stress raisers im a&xy
glver rolling bedy maede of the less clesn material. Accerdiag
to Equation (2,243), the relationship between Phese 1 1ife Ny
gad defect geverity ls inverse. Comsequently, the distributien
of 1ives G(N) im Equatiean (2.26) wiil show shorter lives with
Bigher prebability for the stesl ¢f lower clesuness.

e




i Tho digiributien of cell 1ife will be serled te lowe. values. The
gecele paramster N® i Equatien (2,29) will be s smaller mRumber,
i.e. typlesl rolling body 1ife will be redused.

d. Tye Competing Failure EHodss

Azsume thers is mot one family of defects (s.g. imclusiens)
i . but two femilies (e.g. inmelusions amd surface defects). ASsume

' thet these two families 6f defectes epergte iandependsatly ef cach
other snd oaseck kas a 3evevity distributiom., It i3 pessible w0
define cells such that they have either ene or tho other type eof
defeect, bui nsot both, This state of affairs is roalistie:
feilurc in rollimyg cemtact has beem shown to occur either sub-
surface {(s.g. fros imclusioms) or to start at the roiling surface
{dus te surfece defecis). Cells with imclusiens gre volume
elements Bot¢ extemding te the surxface, c¢ells with surfaceo defoects
gre surface aress underlaid by 8 thim “"skin” of meterisl. The
distribution of the twe iypes ef defects is imdepemdesnt,

AT T MG O o Pt 11 g o

N

One ebteire twe cell life distributions of the type of
Equstion (2.26): ome for imclusions arnd the ather for surface
deforts:

P RESuy L V)
I, i i

Prab (Hy = Npoy) =Gy U‘%Il X o Yo 2) (2.33a) {
Freb (N S Ni.g? = Gg (Np| x.p (2.33b) .

Equation (2.33s) applies fto subsurface volumes {(taree . i
eo-ardinates), and Eaquatien (2.33b) applies 10 surface areas o
(two co-ordinates). ;

The probabllity of relliing bedy failure css be obteimed
by censiderimg they survival 67 ths rolling bedy necesgitatsas
survival of g1 oglils Zvem both pepulationrs. Accerdimgly, im
aBalegy to Equatiem (2,27) '

BN =1 (5 1 - 6y () 3 W= 65 () 1) (2.3

or substitrting from Equatien (2.28)

, o .
BR) =1 =( [1=6 (817 [1=6 ()18 ) (2,35

A T W1 o L A

wbore B, = BuBber ¢f c¢ells with imclusions
mg = musber of cells with surface defects )




T

— . cecesmamesrosmosao =1 <
- e e e L e e -
————— e = J U -

One car determise whether the resgulting ssyaptetic distri-
bution for g large number of rells 1g g Heibull distribution by
comparing the haracteristics of the cell 1ife digtributicrns Gy

and G6g. H(N}) will he Beibull only if G, and 6 sre sufficiently
gimilar,

iR s
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€., The Effezt of Residual Compressive Stresses in
° the Haterial

If there sre residual stresses in the highly siressed
zone, taeir hydrostatic pressure component can he expected to
influence ductility. Aeccordingly, vy and/orx vyyr will change.
This may hsve am effect on crack initiastien (Phase 1), or only
on crack propagastion (Phase II). Depending on experimemtal

evidence, apprepriate modificaiions cam be introduced in the first
or the seconrd of Equstions (2.24),.
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It ig nisoe possible to aecount for the effect ef the ron-
hydrogtatic componeat of residual stresses if a reasonable E]
assumption can be made regarding the effeet of a §teiic stress
component on the micreplastic strain ¢; , As said earlier, many
fatigue theorics assume that this effect is mnil.

f. Effect of Hardness

duie vt B

E—

Three pargmeters: €o, Oy &nd D enter the matrix strengtih %%

’ fuaction ¥ ,Equatien (2.11). Clearly, the assumption made by E—
Luadberg snd Palmgren that the enly siress-variables iafluencing I

life pre the maximum gliernating elastic shear siress and its depth . =

° co-ordinagte, 18 tenable only if the materisl is kept a consiamt =

so that oy and D do not vary. For differeni materials, vy .

will deperd on the excess of elasiic siress above the microyield
gtress Oy , which ig kaown i@ be vreluted, although not equivalent,
te indeatgilor hardness., Thus, & gemergl cxpressienm for y will
contaln a materigl stiromngth pavrameter 0f the type of hardness.

g. Nen=liertzian Comtacts
Practlieal contacts are Ron-liertzian in two respectis:
Roeller t¢ race comtasis are macroscopically non-Hertzian

because roller profiles are Ret correctly approximated by second
ovder surfaces (reller erowming, edge effects.)

All contzcts are mierescopicglly nes-Hevrizian because of
whiich will be discussed later.

v the presence of surface agperities,
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Ho Hertzlise sssumptien is inkevsat I any ef the derivs-
rioes givea abovs. Previded that the tetal strasim eas be defined
polrt-yise in tho ¢cestact, it is pessible 28 calculate esll 1ifsg
gAd bente rellisg bedy lifs, vsing the prepesed sedsl.

B, Lubricatlien Effacts

The @anst thorsughly explorad lubrvicatier offscts te daie.

ere thkose 0f elestehydredysamic lubricetien, i.e. the trasmsmitta?
6f coBtact pressure via 8 pressurized viscous fils of lubricant,
The effocts of suek g film em 1ife can be troated o twa levels:
the macrescopic vedistributies ¢f pressure brought about by ths
clasitohydrodyageic film ses be used ts correct the =aeroscopic
gtreln fleld s the matrix which deflmes the fumetiem Y,
Bisrescepically, it ia pessiblo to describe the influsace of o
pertial clastobydredysamic fiim om sspsrity imteractiems. The
regsult lg g =medificatiern vf the micvosiress field in the vicimity
¢{ the surfsce, and s mew digtribution of cell 1ife in the pepula-
ties ef cells contaisimg surfscs defects, I8 priasiple, it is

thus pessible te caleulste these slastohydredynamic effects on
rellisg bedy 1ife.

i. 8ize Effeets

Bgoauszse the prescet siudy is uliimately simed at improve-
Bents ie rgdar antemes bearimgs, 2md radar artemms bearimgs are
ameBg tho largest =ade, sise offecis are ef great ispartemes.
The medel proseBtad offers soverel clues te size offecis.

The sslf-prepagating crack size A_ 1z doflned ss the
ssellegt erack which pregrosses 8t & rafes ?zdapeadaat 3% the
erigisal defect. Clesvly, the magreitude of this creck musi depend
68 the "effsctive radius™ ef the mesti severe orlgimal defect, i.a.
i¢ Bust be velated te the volume withis which the stress rsoising
effeet 6f the defect is felt. This volume sleost sertsisly is
proportiensl te defoct diameter. Accerdimgly, &_. depends oa the
size distributicn of the origisasl defectis. Sineé A, onters inmte
tke determingtien s8f the Phase I 1ife of s defsei, ?t praeduces s
gige effect or this 1ife. Absolute beoariang sise will smter inte
this effect ingsouch as it lafivences stoscl processing practices,
end theoreby the gize disiribution of defects.

The other Phase I size offect comceras the cell size
igtreduced in cemacctiorn with Equatism (2.285). Sinee cells sghould
cestale 98ly oBe defect, tBslr size is5 related te the defest
speeieg. This specimg is, sgeis, influeaced by abseluts btearisg
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8igs tRBrough the correlstiss hotwees rodwetlea 15 cyess gectiensl
erea umndorgens by the gteel durieyg rellimg or ferging and defect
digtribustion., Cell gize iadirectly emters EHguetles (2.28)
beeesuse the sumber of eolls pressut ia a glver rvelliag bedy depends
¢R theilr size. OF eceurse, the distributioex

else doperds @a esll size se thut the effect i8 met a gimple 6RO,

Given g defoect size distribuiisa agud a cell size, the

‘stresged volume vf the rollimg bedy, is terms of multiples eof
unit cell voluae,

intreduess the velume effget o6f life, repre-
semted By FEquation (2.30).
Tuxaing now to sizc effect on Phage II 1ife, Equatien
(2.24b) shows twe sige effrcts,

One i3 represonied by A,
Tt ig the (Bypethetical) eifect of absolute cvack size or

propegstior vate. The sther, more obvious eifeect, is represemted
by the ratio Ag/5 sad vepreseats the fact that a crack must grew
to o coriain slige with referencte to ithe gize of the highly
strsgsed zeme beforo & spall can form (the crack Bust propagate
from the depth of maximum shear <tress ieo the surface, oy vice
versa, sinmce spells are typlcall of s deopth cemparable 1o that
of the lecatior of @maxisum shear sir'ssos). Thig effect is
related io absolute bearimg size through 5.

There are, of course, numerous size offecis implied in

Eguatioen (2.15) relating tetal macvostirasln to extermsgl load amd
contact geosetry. Host of these effects are accounted for in
the Lurdberg-Palsgrea theery., Steel processiag effects are alse
implied in Egquasties (2.15) threughk the faet that the yield
sirengis oy =8y well depend on the absolute size of the part.
The same applies to theo ductility pavameter D imr Equation (2.14).
Clearly, the propescd madel effors ample reoem for the explorstion
0f slige offecis, providieg, ef course, that ithe necessary experi-
meatgl evideomce ean bs secuxed.

9. THE STRESS-STRAIN RELATIONSHIP

The velationsklips between extersal lead,
gtregses, estal straia So
plastic siraia 8¢
the zoedel.

rosulting elastic
defined im Equatlon (2.15) aand micro-

dofined in Equatiomr (2.9) gre key elements of
In the present state of the wovrk, 86 cholce has been
made among ihe possible approgehes by which £, cam be related ta
a calculateuw stregs {ield. Hewever, it scoms obvieus that high
plastic strains will be assoeclated with higa shoar stresses, and
eonsiderakle offort wae gpont ip ldentifying sources of high
shear stress uader mere gereral eenditions tham previously aveil-

able. Three siress analyses, described in subsequent sectioms,
are of impertames.

A R T

F{d) iv Equation (2.25)
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Conteurs of Equal Sheer S5tress Ranrge 1m Elliptical
Hertz Conteacs

The propesed moedal venuires g definition of 5, the highly
strsssed zeme. A leogleal definmitien may be thse zansg bouaded 1in
eack cross section by 3 sultably gelected 1ine of equal shest
siress rahge, and sxtending sreund the rvellisg body. 3Since caleu-
latlerns for such lises are sot svsilable from the literature,
they hmve beem co8puted ard gre shows in this report. Numerical
eqguations amd graphical relatiemshlips heve bhesa developed from
wsich svress S, bounded by seloscied eemicurs ef equal shear
stress re.qge, cam be obtaimed., Une way In which these contours
mgy be ugsed is by ohserving that the distoerved tubulay arnulus
betweeB s8y Swu¢ contours {5 a8 zonme of roughly equal shear gtress
range. 8nd thevefore presumsbly equal total macrestrair €p.

I¢ is, therefore, as sves im whicr the fumctions Vg1 aAd vt

of Equations (2,24a8) amd (2,.24d) csn be congidered ccnstant (with,
perbeps, & secendary imfluence of the vagriahle hydrostatic com-
pressien on duct.li®y.) A cerrect way of eveluating Eguatlen
(2.27) to ebtein rolling body life migkt be to corsider the die-
tribution fusctions 6 j (Ny)idemtiecal for cells withinm each of
ihese amauli of equel sheer stress rumge;to apply Equation

(2.28) te one znrular get of cells at a time, and then tc¢ compute
H(N, Y from Equa.ion (2,.27) by wmuliiplyiag the survivel probsbility
fuactions for each anaulus.

b. Nesar-Surface Siresses Due te Agperities

A =8jor resuli 0i reseerch into rolling econtact faifgus,
reforeaced later ia ihis report, hos been the vecognlition thsat
degstructive spalling fatigue fallure of rolling bearings is
ofien proeceded aed procipitated by "surface fatigue”, 8 gsoquence
57 evedt? stariing with plastic flow i the immediste subsurigee
layexg vi woterial, follewed by profuse microcraoeiing st the
1ayface, ard svestually lesding te spgl)l fermaetiom for surface
erigl.gtod evacks. This serios 6f plenomena was found to be
Tubricwtiaow velated g8d has beer asssocisted with the thickngss of
vae elegird drpdynazic lubricagnat film, comEpered to trne roughaess
6y fhe cer!;.tlng suvrigess. Uamstil recemtiy, it was thought that
slageebydrarraamie 2ilms pvevernt surfece fatigue by reducing
tragetive {ieagestig!) forces st the surfaces whkiech, ir the sbh.eonce
af % full _lastmpydrodynamic fi1la, ere transmitied between cen-
taetlry L.guvsities. DBeCsute the magnitude of these hypothetical
tract/ 12vees esunét bg deotermieed genmera:ly, and because

everes glecesg - restradletory evideace couid mot be accommodaied,
matke=at) '+ modsling of gurfzce arviginared fatigue was at g stamagtill,
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Is ths 188:% =eBths, 1% &es bedr propossd thaet surfacs fatigus
e6eceurrencog beo sxplaised by purely mermal Hertzlam pregsuve,
gcting la assperity dimensicms. The rele of the elastehycredynamiec
£ila i1s, 'a this view, that it proverts 2Bsvrp prossuse gradiemtes
from ar’sing =2t ssech sepsrstse asperity, wkeress these prossurs
gredles.s do oceur wheRever iwe sgperitics come iaio comRisct
through 2 boumdsry lubricegat film. This Bypoethesgis, 1f proven
£oEYect, £88 8erve a3 & baesls o6f mathematical wmodeling fer sur-
faces, T0 eoxplore lts workabilicy, stress smelysies was conductsa
orn 2 model ssperity, represented by a prisgmatie ridge tepped by s
small vadiug., It {5 shown ian subsequeut Seoctions of this report
thnt Blgh meavy-surfece ehsar stresges srise under the modsl
sspority whes 1% is pressed agsinst a flg8t surfgce (or eoppesing
asperity), anrd that the magnituds 0f this shoar stress depends on
t¥6 paramoters: the degree oi depression of the asperity (in
partipl elastehydredyngmic coniqct tuls 135 deievmimed by the film
thickness to roughmEess ratie) and by the typleal slope of the
asperity side. Experlamentglly, 1t wss sghown that asperities on
relatively rough, o.g. ss~grouad, surimces have sicep slopes of
the ordexr of 30°, asperitics on fiuely honed surfaces have otly
slopas ef the erder of 4°, whoreas the finest schievable lapped
surfaces of bearirg balls have asperiiy siopes of less than 1°.
Caieculation shows that the shear siresses umnder ground aspericies
reach the yield strendtih of hard steel for relatively little
asperliity depression, thege urder asporiiies of honed surfaces
break iato the plesiic ramge at substential depressien values
(low fiim thicknesses) ealy, whersas thess oR lapped surimces
should ot beceme plastic under zny cenditions.

Is principle, ii ghould be possible, based ow this
gnglysis, te caleulave the 1i1Je of calls lmmedliatoly adjascent to
& rough surfece. bssed en Equations (2.%4a) to (2,24},

The seguescs of oveonis lesdiag to surface origimated
feilure is thig: Noar-surfsee plasticity ocours under eontactiag
ssperiiles, #8d evenivally csuses smicrocrecks at the surfsee to &
ghallew dopth of several bumdred micreinches. The 1ife priex te
the formation of tBese orucks eam be cgleulated frem Equatiens
(2.244) to (2.24b). TBe forsstdou of surigce fatigus ecracks (mot
t6 be confused with decp cracks which wmsgy erigisgte at the suvface
g8d will be discussed subsequently) represemtr a fallure phass
prisy t8 Fhase I. Experimemtally, it is a distiasct phase both
B6ve wldespread and mere rapld of progressien tham the gubseguesnt
epelling. The surface equipped with microeracks can be trested
85 & sourse of Phase I crack genergtion because the micrecwrsacks
are 86 smnl) 2md shallow thst they do0 mol shew uR apparsutl tsHdesey
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te imterset, The mear~surface velume of =a@ierial thus geguires
! 8 large pepulatier eof mew defecis, viz. the surimece fariaue (vaeks,
! OBe 688 thus ester Equatiens (2.24a) te (2.24a) agminm sad eslcu-
: lete spalling fevigue 1ife o7 this populaticn of defecis.

O | P

P

¢. OStresgses Dnder & Surface Imperfectiss

Agide frem the generalized reughmess of ihe gurfeea, :

theore sre localiged imperfecticnms, geserally af ths scrnich eF :
S furrog type, em every practical bearing suxface. It has been :

recsgsized receatly that sueh furrows sre points of srigls forx i
spells. They veprosemt g second population of defscets (slluded }
te previously) which esspetes with the subsurface defects of 1
the lnclusien type to gamerate gpalling felluregs., Hacveas the ;
Luadborg-Pelagres theery is capable of predieting 1ife xorF
feilures eviginating at imelusgiens by uslsg the macreseopi. shesr
strees ramge im lieu of the total sivair perameter €g o amd by 3
essusing thst tho stvess relsing preoperiies ef the imclusieons
(their soverity) are » ssterial comstamt, the asme approach isg
Bo%t foasible for surface origimeted failures becsuse there is ne
Righ shear strvess @t the surfece of ¢ Hertziam somiec: beiween
ideclly secoth surfsecs in the absesce of trscties., This diffi- ;
culiy disappesss, Bowever, ¢ it cam be shows thai high shear f
stresnes wvise im the vicisity of localized surface lmperfeciions ;
vhea they eamter the Hevtsige semtsct sres. The stress gnalysis P
given in o later seotien of this voper: bes sbowa that this is s
the cage, The surfece stress field was calculsted umder 8 furrew
type imperfecticn, rFepresented by a lemg prismstile depragglon im ;
8 pleBs, The dsprossien Bas tye rounded gdges and sufficlent . E
depth te prevesat contaet et the bottem belew the reuaded eiges.
Highk sEear stresses were foumd umder the reusdad edges, gmd their -
relatienshin ieo the gesmetric parsmetevrs of the defoct Hers :
dotornized. This oanleulgtien persits tie wesigracBs 6f g Jcverity
velde t8 g surfaee Zurrov.

8, Flastie Bevamic Dotormissties

Aecorvding to Eduetien (2.8), the pPlestic gtraim physieally
relevent te eveek prepagetiea ratis is €a. thBe strela ot the site
ef the erseck frest. It is eeavemious smd sizple o visuglize thin
8ereis as the reswls ef & pre-ezisting tetal strais 8y d8 the
sadigturbed matrin o8 whieh cporailss the strais vraisieg effeet of '
the defest, Thisc deceriptien Lss bees used irn the preseding dig- P
euggien. Hoewever, the oritical (maziazum) plestiec strgim zotuglly
existiag a8t & erask frost dees anet, in goseral, deopead 68 a slagle
strals sealar of the maarescepis sivels fleld,
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ihe actusl straim field In the viecimity o6f ga lmpeviee~
tlen 18 guite complex and, evemn 1fi the mecrestirsle In the vicinity
of the lmclusion cas be considered wniform, depends em all three
pric.ipel strales. Thus, gemerally

8, = f (8100 dys Biuo) (2.36)

with different defect severity fesctors applicable along each
princip.l stralin axicg,

The preceding paragraphs contain two examples for the
calculation of a defeci~induced maximum shear gtress, beassd oa
defect geometry (1.,e. severltiy) and assuming s gimpls macrostresy
field. Given thls maximum shear stress st the delfeci, 1t may be

pessible io put forih a simple model of plagiiec flew at the
defect, yieldlng e,

Bhother it will be necesgary for the application of the
medel to proceed fo the actual determinmation of the plastic straim
magnitude at dofgets, 0y wheiber €slculation of s maxlmum ghear
giress, attached to known defects, is a suificient refinemcnt of
the Lundberg-Palmgren macroshesr siress crlterlen io accommodate
currently available oxpoerimenial evidence ls a subjeet for
future invesiigatien.

10, OUTLOOK

A mathematical model for the prediction 6f the 1life of
volling contect3s hes boen proposed, based om a concept of crack
propagstior from pre-existing defects. Numerous parameters
characiterizing the materiel and geometry of the comtact and the
operating comditicns are incorporated iIn ithe wmodel, imcluding

load, lubricetlion, metrixz sirvengtili, defect population, sad
defect severity,

Furtber wotk now usderway 1ls aimed gt cleser definition of
58 many oY the imflueniial varisbles ss fessible, corsidering
eurreBtly avallable informatieon., Sitarting wiih the Lundberg-
Palmgren predictien of bearinmg life, the iuncorporation of
experimentally documented effects not previecugly sccounted for,

will be attempled, anmd predictliow wiil be correlated with 1ife
test rosults.
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Bhile g8 zllclscliusive srd completely verified life predicti
f@séala ig met 1s sight, 1t appesrs likely that e E@?ﬁéﬁé?ie °F
?pra?eaaaz ever pagt prsdicilo=z metbods ese be asshileved fev
i ;aééé design, =sBufsciuring, sad spereting cemditiens eof relling
serings vhere superigental dsis guffice f£6y the determinastien :
8f psremeier velusgs rewnlred in the fermuls, |
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SECTION IIX

SYNOPESIS OF LUNUSERG-PALEGREN THEORY

L e

The {irgt successful syst :matie atiempt $0 trest relliag
beering fetigue 14fe enolysfec.:lly was made by G. Lundherg and
A, Palwgrenm %8s 1947, undsr sponzorship of AR & S F, Gothenburg,
Sweden (1)*®. This work was further pursuel with 8 special view

townrds roller bearimg fatigue life and reporved ia (2).

This wo+k of Luadherg and Palmgren 12 Che basls for the
1ife prediction wethod standardized by the Aati-Friction Bearing
Masnufacturers Assocletion (AFBEA) (2), the AS3 74) and LSO (5) [
for computing rolling bearing life, i

1. FATLURE PROBABILITY DISTRIBUTION

The following is Lundberg-Peimgran’s developm:nt of the
probabllity S{(L) that o bearing viag will survive €0 1ife L.
Sa in goday’s pavlance is terwmed & rellability funsztion. Its
arithmeiic complement F(L) = 1 - S(L) is the cumdlative Zorm
of 8 faillure probability funeiion,

Let A(N) be a hypethetical function which describes the
fatlgue “comdition”™ of a differenctial volume 4V of s ring or
rolling olemout material st & depth 2 below the rolliag suvriace
after N cyeles of strosg are emdured by that volume. Let AA(N)

. vepresent the change 1a the material fatique conditlon within a
smail numbsr of sdditviomal cyclss AN,

o The probability that the velume develops a "fallure™ (i.s., &
crack) in the lntervel (N, N+AN ) {g taken o be

7O A(N) ). an(N) - aV (3.1)

The pwobabiliey of not developing s fallure (crack) in this
interval 18 the ariihmetic complement, of Equation (3.1), i.e.

1o~ f( A )eaninN) 4V

SNumbers lénparéﬁiBeSE@ refer to the Referances at the end of
this report
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1€ AS(R) demoies the prebabliiigy thet the volume alaagai
ondures K evelss without crackiasg, then by the product lsy of
probabllicy thaory.

AS(H+aN) = AS(E)«[ '1 - pa(HIIAL(N] - AY ] €3.2)

Dividing by AN ard ze-arramglag gives

AS(N+aAN) - AS(N)
Al

@;(N)
aR

Teking limite as AN=Q gives, by defianition of the derivative,

—LA—&L_E)@ = - H 'M " Av
pS(F) an PN 2 (3. 4)

-~ _8aS(H)_ -8  jgq -1 one has:
0r since TNAS(N) am 0% FEm

%N (“gAS%H)j =av- 7(A04)) géﬁ') (3.5)

Integrating hoth sides from 0 to N and romsmbering that
45(0) = i gives:

lag

ﬁ) = pY .'} FOA(N)) %‘QN = AV G{AIN)) (3.6)
A
(<}

vhere

G(me)) = f:f(x(ﬂ))’%éﬁ_l’ al

The probsbility that the e¢miire velume V will amdure N eyecles
is, (sssuming ludependenee of the volume slements), the product of
the probability thot the lundividual glementss wil] sndure.

In squetion form,

84(N) = AS!(N)g Agg(ﬁ) e o o Aﬁ)(ﬂ) (3.7)
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(3.8)
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Usiag'ﬁquation (3 6) gives:

10g-tee = Z e:(;(ﬁ)),w

S(N) (3.9)
A5 AV—=0 tho summation becomes an iitegral and one has .
I ay A {
toogy LG(A(F@)}:W (3100 !

Changes in the material comndition e: a depthi gz are takem ©¢
depsnd an

e e

i

a) macrosivess T(N) which is most damgerous from the poiat
of view of materisl fatigue. This stress is, bosed on
obserxvations, tuken to be the alternating shedr SRre8s
in ihe diveciion parallel to rolling,

k) the material condition v(N),

mnnmnmmﬂmmnnmm|nmwmnﬂ|ﬁ||}\rnmuﬂm1hmummmmnmnﬁ%Mﬂmm i
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¢) ihe depih =z

Thus the ehamge in material conditlom dA(N) for a smell
aumber of load cyeles dN may be wriltien:

da(R)

A =g (a0, T, s )

(3.11)

The reliability fumetien S(L) is unbquely detezmined from
Equations (3.10) amd (3.11) 1f the fumctlons G and J 8re EhOWh.

It i3 pestulated ithat ithese functlons are power functions
as follows:

T «;(x(N)) = k(k(N)) ¢

(3.12)

)

S 3, w0, z) = () k(v 2)

Yhere g anl J are consianis.

(3.13)
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From Equatlions (3.11) end (3.13}

§
(me)) arn(N) = E(x(R), 2 )aN 3. 14)

From Equatiors (3,10) and (3.12
roquires shas im0t 6 ), the condition S(N

I}

9) =1

integration of Equagiom (3.14) be t i £
ehoretors oiven: tween the 1limlis of O and N

S :
) (M) N \
hoeeeey, = K T(N), N
i____)_“! fo ( 2 )d (3.15)
Introducing J+l = g glves:
N a8
vy =] 8 KCen, 2 an]T
L@ fo o2 dN {8 (3.16)

Using Equations (3.12) and (3.16) im Equation (3.10) gives:

: ° N e
17 = 2 ] T * 2
YTy «() fv{(fog('(m“> an ) ]d"’ (3.17)

If the ampli (N 3 %
o0 omes £ plitude T(N) is independemt of N, equation (3.17)

log =Loe . NOL &9(7,2Y av
(N qu ! ) (3,10)

Ia 8 Hsriz g¢tvess fleld 6f ¢ 8

. ! ; glven geometry, the value of «(z,%)
?2 :gpih ;1§advg§0rdiﬁata position % maasu?edaperpeadiculaf "
] a ¥ ag vresilon from the midpoint of i

ellipse i3 glver by: d ¢ the comiace

¥ = ?G’f(‘g' )

e

v

@ (3.19)
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whezxe Ty and 2g represent the maximum shssr Btvess ampli-

tude aad # {8 ths half axls of the contact ellipse in the
divssction nscross ¢he racagay.

i

o o

Using Equatien (3.19) in Equstlon (3.18) gives:

log ﬁ!ﬁ ¥~ Ns.g"g;f: xe(%f(.’év -g-o)az)dxdzdy

AT AT T T P

where 1g 18 the length of the ruceway

Introducing the change of varinbles B = % vV o= 20
*

gives : Ig@(-;,z) dv = a-zo-lo-fp(vo.zo) (3.20)
v

T

where

& =
¢(Tg 347 = L) f_@ x° of (u,v), 24V du dv

4 i

TR

Using Equation (3.20) lr (3.18) gives s

1 e 3
100erme -~ Noa-30lg@(7g,2q)
S ereTTore (3.21)

Tho relationship log g%ﬁT oF :

.
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©
FIN) = 1=8(N) = 1me:¢pa(-%) ;

defines the probabiliey distribution of beariag lives whew wmany
idemiical bearings are operated undsr idemtiecal conditioms. This

diseribution is today Lkaown 088 a (iwo pavemeter) Weibull distri-
butlom.

It i8 postulated ithat

¢_ ~=h
ro(T 2 = 79 .3
1 (10,20) = 7975, (3.22)
where ¢ and h are unknowR poslitive comstanmis which satisfy
the IRtuitively reasonable rolatiouship that:

S(N) =1 1f 79 =0 or 25 = =,
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Usimg Baqustien (3.223) im Equegioa (3.21) givesy

€851
., J N8
ZGQg(N Z@EJ {3.23)

At thiz point im the development, the quamtiiles To and 24

L ere relatved, through Hertz’s equations for the eomtact of elastic

- : " bodies, to the boeriag geometry (rolling body dismeter D8, raseway
. . diemeter Dn and vreceway curyvaiure im & plamec perpemdicular te the
=- rolling directlon) che elastic comstanis of the material {Young's
- modulus and Poisson’s ratio) and the coemcaetr force {. The contact
force is here assnmed comstan: eond ledopesdsae of position om the
risg. The motivum of am equivalent loasd is lataer introduced %o
segouns for those cofes (e.g. the stationery outer vimg of @
vadielly loaded bearing) where loed veries wiih rimg position.

Also introdused is the numbey of ecatact cycles per revolu-
tion u dofined threugh the relatienship,

N = ul (3.24)
where L is beoring 1ife in millions of revolutions,
Fcr polmt comtacte tho hsli-wldth of the seniact cllipse is

roplaced by iis exzpression im terms of load from ithe Heriziem
equatioes,

1a the 1947 treatment, she helf-widih & <for line ceomntast
is tskem equasl

t0 three quarters of the roller length, The
1952 exvtension of the work deals specifieally with roller beeriags
anpd introdsees

goller lengih.

For paliat eortect, theose substituctions lead (for the eomtset .
st aither beerisg ring) tas

g8+h=3 gl
tog &~ 0B OTETT- 0 F -L®

(3.28)
where & contslnz boariss geometrics)l parsmeters 0 powers
whieh are limear sombimstioss of the exposonis &, h end s. Ths
rolling body dicmetexr appears,ia the fuastion &, omly im the
fors Da/dm, where dm 28 the pitch dlemetor of the roiling elements.
The esurvival prxebability given by Eauastior (3.28) ds thsat of the

rizsg-rolliny olewent somtset. Both the rimg and the xollimg element
ere sensidered eyuslly likely to fail.

©

<
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e 48 defimsa $0 bs the wlug lozd 0 for which the 1ife
for the fixed value § = 0.9 iz ore wmillion vevolutioms,

The 1ife Ljg for the same survivel probebllity umder &
laad § ias found frem:

g+l
=R+l e gmatl
Q 2 Lyjp T Q. ®
gég: ’ \p
" “10 :(%g) :(%Q‘ (3.26)

The rolling element load Q is prcportional o the beering
load F, and hence, Ci or Co the dynamis ecapaclty of ihe (ianer oxr
outer ©ing) comtact.defined &8 the beaxiug load for wiich the
ring will endure ome million revolutiomns with a survival probabi-
lity of 0.90, i3 proporcional to0 Qc. AcecOrdingly. from Equation

(3.26);
Lig = (%)p

2. EQUIVALENT LOAD

From Equation (3.25) the logarvithm of the yociprocal of the
survival probability i¢ propertiomal zo QY, where W = ﬁi%Lé

and @ may vary with anguler poesitien ¢ on the beariag ving, i.e.
0 = Q(y),

In view of Equation (3.23), the summing over tlie complete ring,
0f probabilieles that iandlvidual ving segmenis of angular lengtih
will survive gives vise to;

o ) W e
tog § ~ [ Q"CL 2n dy = Qp oL (3.20)
whervein , . BT K-
0 = (Al 9¥(ay) {3.29)
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) Qe i5 thus the equivelent cowstant ring load for which the

ring contact survivel probebility Is ihe same rs :f is

nnder the
spatially varlable louding,

N WIlmwulmWﬂ(wlmmmtwtﬁﬂwutmwmmmuuluﬁwunumu!uuumummuuuuﬂ\fu\uuumumummmuunmsu\mumnnmmnmm\mu

A continuous load disitribution, the cemponentis of which
integrate to equal the applied redial and axial lesé, is intro-
duced as an approximaiion of the discontinuous rolling element
loadg amd the lnitegral of Equation (3.29) is evaluated as a -
funciion of the ratio of radial and axial load.

3. CAPACITY OF A CUBPLETE BEARING

The probabilivies 5j und 5, that the bearing inner and outer

= ring cemfacts, respectively, wil)l endure beyond 1 life L under a
T beariang load F are given by :

10@ —SL = k, FwLe
F4

{3.30)
i
log _1 = w e :
L ko FIL .
0 (3.31) i

where ki and k, are constants of proportionality.
The probability S that the complete bearing survives to i ;
life I. 15 the product of S, and §4 heunce . .
1 _ W o, e
tog 5 = Chyv k) PO L (3.32)

By definition wher in Equations (3.30) to (3.32) ihe
survival probsbllity is takem eanwnl to 0.9 and the 1ife L - 1

the lomds will be equul to the respective dynamic capacities.
Thus,

1l LN W o W
1045 = kyCl = kgCy = (kg +kp )-C

from which it is found that .

L1
= +—4 3.33) )
& cy o ¢

40




TS 0 LT SO 2 s

2 IS

.

4., DETHAMINATION OF COPSTANTS IN THE LIFE FOHREULA
a, Point Contact

Takiag logarithms of Equation (5.25) gives 1lag log é ~ elog L
plus terms not comvaining L, e s ithe parameter charactevizing
the dispervsion of 1ives L of & sample of Identlcal bearings oper-
ated under identical ccnditions. e is today genexally designated

~as the "HWelbull slope® of the 1ife distribution. Bearing life

test results yleld an estimate of e as the slope of ine straight
l1{ne which is obtnined when the percentage of unfalled bearings is
plotied against 1ife on paper s0 rvuled that the ordinate is propor-
tional to log log é, and the abscissa to log L {such a diagram {is
called a WHeibull plot).
- c=h+?

From Eduation (3.27) it 15 seen that the expcnent p = “ge— may
be determined from tests conductied under verious loads F as the
slope of the line obtained when L. and F are plotted oa log=log
paper.

+h-o
Finally, from Equatior {3.28) the expolent %éﬁ-ﬁ=, may be found

&
as the slope of the line on logarithmic coordinates of the value of
Qc {or C) plotied agalnst voller diameter Da, The tests must, in

view of the fact¢ that Da/dm appesrs in the function &, be rum for

constant values of Da/dm.

The resulits of these three test series are then solved
simultaneously to give ¢, h and e.

5. Line Contaret

The treatment of the line coniact problem given in the 1947
work (1) is amplified amnd vevised in the 1952 publiecarion, (2)
whieh ig devoted exclusively i¢ roller bearings., 1In this treat-
ment- ¢he contact 1oad is <eoksn to be proporti~-~»' to the 1.1
pow.r -’ *hy deformation; im tue oarlier work « li.ear relation-
ship waz agssumed for line contacis.

It was found thsg for line contaectf the exponent § in the load-
life relationship 4s 4 rather than 3 as in the point contact case.

it is possible for some roller besrings {0 have point comtact
within one rangs 0f loads snd line contact within amother, It is
even possible, under some conditions in a roller bearing, for the
roller to mske line contact wiih one raceway and point contact
with the other,
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As 4 compromise imade for sinplicity’'s sake a conservai
compremise exponent of p -- 10/3 Is assumed. The copacity 13
ihereby modified by a factor which i5 calculated so that
yhen line contact prevalls at both contocis the exror in
using the exponent '0/3 rather *han 4 is made as small as
possible over the most frequenitiry used life range.

ve

In computing the capacity of rolter bearings, a reduction
factor{A<l)is introduced as an attempt to account fer the
5tress conceniration which may occur at riller ends as well
as the effect of inexactly aligned rollers.

Anoiher rveducti.1 factor 1<l &3 introduced for thrust
loaded bearings to account for the effect of the ygreater
slilding undergone by the rolllag bodies. 1In thrust lcaded
bearings, roller loading I8 not cyclic, but 1emains virtually

constant, exacerbatling the problem of rolling element sliding
and *=action forces.

5. FACTORS OWITTED FROH LUNDBERG-PALMGREN THEORY

Lundberg ard Palmgren, in thelr preface, acknowledge the
absence,from their development,of several factors known to affect

endursnce life. Specifically cited as dreas for future investiga-
tion are:

a) Effect of stress history
b) Work harvdeaniag

€) Lubricant effect on stress distribution

d) Effect of vesidusl siresses (set up inm the rilugs by
interference fits)

e) Effect of edge loading in line comtact.(2)

£)

Effect of redinl load on contact augle im ball bearings.

@) Effect of iadexing of ihe ball rotetional axis which,
since any glven paint om the ball ie eyclically stressed
for only part of the bearing life., voesults in a8 leszer
Rumber of failures initiating im the ball material thanm
ioa the ring material

) Effect of surface traction (im thrust loaded bearings)

1} Effect of geometrical imperfections on load distribution.

Bary other 1ife factorg are, of course, sbsent frcm the

Lurndberg and Palmgren treatment without having been specifically
enunersied by these authois,
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SECTION 1V

VARIARLES AND HECHARISH OF ROLLIRG CCNTAT. FATIGYUZ

1, FAILUBE HECHANISHMS (GENERAL)

The definition of fnnctional failure in solling bearings
depends on the application, EXxcept in instrumeat bearings in
which torque is oftena the =aln critorion in definiug *failure?,
the most common definitions of funciionai failure invoelve visible
damage to the rolling tract, As an example of specific juterest,
the failure of many lsrge radar antenna pedestal bearings has
been found to fail under this definition involving smearing,
spalling and surface distress in the rolling track. Fror these
broad concepts of failure, scecveral groups of reasonably well

defined changes i1 the rolling bearings can be identified which
represent failure modes (6}).

The failure of a pariicular bearing is a consequence of
several competing modes of failures clasgified in Teble 1, Arong
the modes of begring failure, the pregent study pertains to the
prediction of contact fatigne life (mode 3 of Table 1), Tnis is
Justified since wear and plastic flow (failure modeg 1 and 2 aof
Table 1l)ecan be eliminated in most rolling beariags by suitable
design and operation controls whereas cracking {failure mcde
No, 4) is not, specifically, a rolling contact failure. On the

other hand, all loaded rolling contacis are eveaiually subject
to fatigue failure,

The funetionaul feilure due to contact fgtigue is character~-
ized by the emergence of a fatigue crack cauging removal of a
cizable piece £ metal from ihe rolliu, surface (spalling),
The spalling itself is preceded by the initigtion and propaga-
ticn of one crack out oi possibly several, which arise in the
roliing element through siress vycling.

The preseut study considers that the faiigue process in
rolling cortact is agsociated with the generation and propaga-
tion of fatigue cracks in the bearing msterial and the fatique
1§fe i3 taken as the number of cycles at which fracture ({spalling)
occurs., This is a concept taken from numerous fatigue siudies
most of which are not for rolling contacts, Fatigue theories
related to faiigue crack behavior in materials can be divided
into two distinct approaches; one is the so-called "engineering®
(or "phenomenological®) epproech (e,g., Hanson (7), Coffin (8)
and Morrow (9) on low cycle fatigue and Dugdele (10), Paris (11)
on sheet specimens) which 1s interested in gquantitative greatment
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Table 1

FAILURE HODES OF ROLLING CONTACTS

1, Wear type fallures 1.1

1.2

2, Plastic fleow 2.1

3. Ceontact fatigue 3.1

4, Bulk failurcs 1.1

44

Surface rrmoval

1.1.1 P.aoval of loose
particias ( 'Wear’)

1.1.2 Cueaicegl or electricai
surface removal

Cumulative material tvansfer
between surfaces (“Smearing”.

Loss of contact geometry
due to cold flow

Destruction by material selt-
ening due to unstable over-
heating

Spalling

Surface distress

Overlead cvracking

Overheai crackirg

Bulk fatigue

Fretting of fitted surfaces

Permanent dimensional
changes
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of macrnscopiy varsanles; and the other Jjg the metallurgical
{ce microscoplic) approech (e.g, Laird (12}, #Houd (13) arnd
.osskrveutz (14)) which dealg with the Lasic microscepic
theuomenn guch as disgiocatiuns, elipbawds and micxocrack
teittation ia material under cyclic strain,

Both approaches teach ithat plastic vccurrcnces, either
macroscopic (B8uch as in low cycle fatiqgue) or micre-copic (in
high cycle fatigue (19}) are a source ol cr-ack generation aad
propacaticn under {atique load:ing.

Hany attempts have been made Lo relate quantitstively the
fetigus life toa the maynitude of cyclic plastic strsin, In
publiished literaturc, quanvitive trcatment hos been made by
Banson 2t, al. regarding crack gereration and propagstion in
notched sprcimens (15} without takiing into accou i fhe micre-
scopls plastic behavior. The prcdiction of the i1ife for a
compleie machine component has been found very difficult he-
cause of the complexiitles Iin geometry and loading, Peterson
in (14) hes studied quantitatively tihe fatigue problem in
turbine componeats usgsociaied with cracking due to thermal
cycling by detexmining cyelic plagiic strain Coicc8pOuding 9
the condition of operstioen, taking account of siress concen-
trations, Rice and Brown (4i) have attempted to interpret the
fatigue fracture of loaded structural elements in terms of
fatigue crack propagation snd to foarmulate the fundamentals
of a statisgtical theory in these terms.

Grantitative trecatment as described above has to2 rely
oiR many &ssumptions and phenomonelogical conclusions from
specimen testing, The basic physical mechanisms of crack
generation and propagastion in materials under fatigue loading
is of course a subjeci of much fundamentsl research in
metallurgy, Rore speelifically, cracking &t mon-meitsilic
tnclusiops has been & subjoct of considerable ifnterest in
bssic metailurgical studics but quantiteiive treastment correla-

ting various wmacroscopic quantities has noi beemn avmilable
for engineering desigpn application.

From the reviowed literature, the following can be
gleaned:

In spite of the great physical complexity involved in
the process of crack initiation from inclusions, it is well
recognized thal non-metalliic inclusions are gtress (or sitrain)
rai‘sers and poteatiel sites of plastic deformation. The above
described literature pointsto a close ascocialion bezween
favigue 1ife aand the magnitude of the cyclic plastic strsia.
it may be possible to Luild a fatigue life model by predictlng
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the number of stress cycles needed to gemnerate a self-
propagating crack =zs & fuaction of the magnritude of (cyclic)
plagtic straiu at the stress raisers. The plastiec sirain is,
in turn, dependent on the macro-strain field and the inkerent
characterigiics of the stresgs raiser., Such an engineering
aprroach has been used hy Henson & Hirachberg (13) and by

Peterzon (16) to velate crack initiation life to the gtress
concentration factor at a noich.

The quantitative dependence of fatigue life om fatigue
ductiiity and plastic strain cen be described as follcws:

Coffin (B) and ¥anson (2¢) has investigated the fatigue
behavior In a wide range of materinis by strain ecyecling at
censtant straln amplitude alaut zero megn strain. In the low
cycle region where fatlure eccurs in 10¥ c¢ycles or less, the
fatiguc 11fe ls found to be related t9o ihe plastic sirain
amplitude by an squation of the fol owing form for all materials:

de =8 (20 ) (4.1)
where aep = $o0tal plasiic straim amplitude
Nf = number of cycles 2o failurs
g and z = comrsiants

Banson {15) has exteanded the rreatment of strain cyclinag
dats to cover the emtire range of fatigue liveg, from the loy
cyele region where strains ave predomiaanily plastic to the
high cycle reqions where sesuaws ¢ predowinaniiy elastic,
Hangon®s equation relasamg total sirein asaplitude and cycles
to feilure is given bys

bey =& + AZ = W (28 e LNt

b4 f (4.2)

i

where deq total strain amplitude

Atp = plastic strain amplitude
4¥%= = be, = olestic sirain smplitude
B and =z = the ssme consianig given in Equation (4,1)

i. = a constant, (sece Figure 33)
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Figure 33, Plestic, Elastic snd total Strain vs.
Fatigue Life
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where E Young?s modulus

1l

and y a constant, (see Figure 33)

This general equstion covering the entire rarnge of cycling
lives is shown in Figure 33 and represents a curve which can be
expressed as the sum of the two straight line comporents, The
steeper compenent to the left represents the plastic strain component
while the elastic siraln component is represented by the line with
shallow slope.

The fatiqgue behavior of a material can therefcre bhe charac-

terized by the four constants of Equation (4.2) i.e, ¥, 2z, L,:
and w,

The plastie poriion of the curve reflecis ihe matrvrix
properties of the material while the fact that the elastic
portion of the curve slopes st all is dues to the presence of
defeets, This latter corclusion follows whern one considers
that, in purely elastic reversals of strain, sothing changes
in the metal to cause failures. Since failure does occur in the
nominally elastic stiress range, it musi be due to localized
yielding, probably in the viciniiy of defectis,

Thus, faillures ir the 2lasiic region sre defeci dominated,
The plastie region of the curve, however, is derived f{rom tests
where large plastic straing develop throughout the bulk material.
Bhile it is true that defects will exert some influence on this
portion 0f the curve, properties of the matrix, e.g., strain
hardening and duectillty, will tend to domingte the resulis, The
predominance of matrix properties in the plasgtic region has been
confirmed by mairix properties in the plastic region and has
beesn coufirmed by Rorrow (49). He siates that little, if any,
difference can be fcund betwe=n clean amd dirty steels of
similar processing and composition when tested in the plastic
sirain region.

Tnus the plastic poriion of ithe curve is suited to describe
ihe ductility properties of candidate materials., The intercept
of the plastic strain line at 2N¢ =1 (H of Equation (4.2)) and
the slope of the line (z) are considered fundamental fatiigque
properties by Hanson and Horrow, They have been given the names
Ptagigue duciility coeificient™ and “"fatigue ductility exponment"
by Horrow (16).

1t 18 opparent from imspection of Figure3d3d that an increase
in the intercept value (H), for a fixed sglope (z), will trang-
late the line upwards, giving increazed fatigue lives. Similarly
g decyease in the slope ai a fixed igtercept will rotate the line
upwavds with the same effect on life,
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2. VARIARLES AFFECTING FATISLE IN ROLLING CONTACT

Hany wvariables have been found to
rolling heerings, Based on
tion,

affocy fatigue llie of
the curreat kaowledge of the opera—
lubrication, meiallurgy and theory of fatigue fracture

of rollling bhearinge, Teble 2 presents an exiensive lisi of
"external™ variable-

rolling contrct.
ag shown below:

witivi coni:ial

..... the fatigue life of a
These variables can be grouped into caiegories

a, Eaterial Varilabler

1) Factors ihat effect the material yield streagth
aud ductilityy material analysis, hardness,
stitunents {retained austenite,
size, alloy segregation.

soit con=
ferrite, bainlte), grain

2) Faciors that modify the applied stress field:
residual stresses originating from heast treaiment,
grinding and plastic flow during operations.

3) Haterial imperfections acting =8 stress raisers
such as non-metallic inclusions or imbedded micro-cracks.
(Lenticular carbides which develop cduring bearing opera-
tion may also serve as localized stress raisers.)

4) HBodulus of elsciicity and Poisson ratio, as they

affect materi~l rigidity and control the maximum stress
level,

b, Surface Hicro-Geometry Variables

1) Burface imperfections such as grinding furrows,
scratches and dents which serve as surface stress raisers,

2) General! surface ronghness ag iaduced by methods
such as grinding, homning and lapping, and ss characievlazed
by a} amplitude, e,g., the composite r.m.s, surface rough-
ness deiined as the square root of the sum of the squares
of the r.m.s. roughnesses of two surfaces rolling togethker

aad b) a plesiicity parameter of the asperities, such as
thedir typicel slope.

3)

Compositional aad hardmess properilesg of the
surface,

4) Surfece coatings,
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c. DBealgn Variebles Bslated io Besignr Dimensians

1) Bolling body desiys such as roliing trsck length
{piick diameter), groove econfnrmity, bsli {(roller) diametier
angd number of rnlling elements, contact angle, roller
length and crownlng and }i1ending radii, accuracy psrameters
influencing load distribuviion, dimenslicns controliing sliding,
etc. Thee=s verlebhles affect siress dlstribution, siressed
vozume and number of givess cyeclesg,

2) Cage aand auxiliary par s design ss it affects
rolling elemenl farces,

4, Operating variabi-s suzh 53:

1) Loed magnitude and direction as {t affects strees
level and stressed volume. !

2) Speed, as 1t affectis lubrication (e.g., EHD filam
tirtlckness),

3) Temperature, as 1t affwcis lubricsiion and wmaterial
strength,

4) Lubricant properiies, a) rheological properiies,
2.g. (1) visccsity and (2) boundary lubricatiny ability
{chemistry, additives, etc.)

5) Aimospheric conditicns, contaminants, ete,

The above listed variables are belleved to be uppliceble
for rolling bearings of all types aund sizes, including large
radar ontenna pedestal bearings.

3. MECHANISMS OF FAILURE IN ROLLING CONTACT

The preseny Btudy is based on the concept that there are
two compoting fotigue mochonlisms opersting to promote spelling
fatlure in rclling cortact, namely, sub-surface initiated
failure and surface initisted failure, In the former
the cracks are generated frxom highly stressed sub-surface veglioas,
wherees in the latier, fatigue cracks are gonerated from the
xo.llng surface. BRBecent findirgs of metallurgicval inveatigations
(6, 17, 18) support this elassification of failure mechanisms,

Structursl changes have heen observed in bearing material under
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cpeated iomning (17, 18)., These strwetural changes encompeas-
1} plastic deformation around sub-surface weak points {(e.g.,
butierflics™), which lud castes that the micro-defecis act as
stress raisers, (2) the formetiom of plasiie deformation bands
("white etching areas™) in the sub-surface high sheor ciress
2one signifying the existence of a regicn within which the yield
limit is exceeded for seme voiumes pad (3) ncar—surfiace micro-
plastic cccurrences ot ssperities and at sucface defects.

F )

Among the struciural changes degcribed, the formation of
Dbutterflies”™ msround {mclusions has loag been closely associated
wlth sub-surface crack gemeration (1, 18), A similar associa-
fion betroon structural chanjes and crecking has recently been
demonstrated for the nesr surface changes (3 sbove) and witn
some indirection, for the generalized changes (2 above),

The following summarizes current knowledge of the two
fstiyue faliure mechanlgms described:

8, Subesurface Failure

The concept of sub-surface failure is well coversd in
the Lundherg-Palmgren theory (1) in which the fatigue
cvack is asgsumed to stari from wesk points, e.g., slag
inclusions, In cuxrent termirology, these weak points
give rise to the local stress concentrations and plastic
flow in the surrouading matrix material, Accordiag to
Lundberg-FPalmgren the site of crack generation is the
zone of high sheasr stress im the sub-surface region of
a rolling element, Fatigue cracks sre found to siart at
weak volumes and to grow under repesied losds until an
adveiced stage of fstigue cracking is reached. This stage
is characterized by the distortion of the macroscopic
stress fjeld due to the cracks., Eventually the destruc-
tive process of spalling sets in &t one (o6r more) loca-
tions causing vemoval of @ sizeabls plece of motsl from
the surface.

It 15 recognized that the formation of locallzed
plastic deformation arouad inclusions (i.e., the
"Butterfly® structure) ig stress dependert, In (1),
Lundberg and Palmgron hypothesized that the actual
stresseg at sub-surface “woak® points ~f the matorial
are proportionsl to the magnituds of the macroscopic
stress and are modified by factors dependent on the size
ind microscopic shape of each of the "weak poianta®
.iaclugions), Receat meitallurgica! investigation has
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supported this hypoihesis, e.g,, Litiman snd Hidnsr (18)
poinrted out that each non-metallic incluslon fhas it own
sicess concentration factor which depends on the size,
shape, physical end mechanical properties of the inclusinng
Hartin and Eberhardt (17) have showa fhat “Butterfly"®
gtructure can eccur 8t locetlons where the cslcuiated
"mecro® stress s are belcw the threshold level of plastic
flow indicating that inclusions are stress raisers.

b. Surface Distress and Surface Initisted Fatigue

The sbove deseribed sub-surface fsilure wil! occur for
any lubrication and for smooth surfaces {thick clasio-
hydrodyramic films)., Under such conditiong, 1ife to failure
aypears to be indepeadent of both lubricant and surface
texture, There is, however, an altogether different mode
of rolling contact fatigue referred to as surface disiress
(6, 20), Although surface distress does not imply raceway
destruction, i% 1s a precursor and often a precipitator of
spalling failure, apparently by generating severe svrface~
sdjacent defects (about 100 pin, depih} which then gerve
as crack initiation points (6). Metallurgical evidence
has shown that this ".urface distress™ involves a type of
plastic working tnd subsequent fatigue microcrackiang of
the immediate surface-adjacent layers of the metal, The
occurrences of near-surface plastic deformation are of the
following two kinds:

a) Wide=spread microplastic flow at surface asgperities
caused by asperity interaction;

p) localized plastic flow at surface imporfectiions,
such as grinding furrows, scratches end debrig dents.

Bagarding the occurrence of ncar-suvface plastic defor=
mation, Taellian (6) has suggested that it is controlled by
the elasiohydrodynamic lubricant fil® and by surfaece rough.
negs parumeters, e.g., the composite surfgce roughness r.m.s,
end o typical asperity slope angle. ZIn (6) it is hypothe-
sized that the near surface plastic O0CCUFYGRCEE GFKE B CONSE= .
quence of severe interaction of asperitics, The approach of
the conrtacting aspevities depends on the wesn EHD film thick-
ness defined as the distance between the mean line of the two
aspority profiles. The degree of approach determines the
severity of the plasticity in the agperity.

It has also been reported, based onm recenti investiga-
tions of failled bearimgs (17), thet for rolling besrings
mode of improved ¢lean stesl {obtainable by the vacuum
maeltiag process), a larger fraction of feilures ig found to
be asgocleted with the surface defects, This is because of
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fewer and smaller subsurface non-metnllic imclusions being
avallable te fnitlete fatigue cracks in clean steel; thug
the role of surface defects becomes more important,

4, FAILUBE PROCESS DIAGBAN (ROLLING CONTACT)

Taking inte account the previously described failure
veriables and failure mechamnisms, it is possible to draw a
diagram of the rolling contaci fallure process, Figure 1
shows this diagrem which depicis the interdependence of the
variables and their effects on subsurface and surface initiated
spalling occurreaces, This chart is a brief, self-ecxplanatory,
iJlugtration of ihe previously described faflure process,

The interscting effects of ihe variables are shows in captiiens
enclosed in the rectangular blecks of Figure 1. The arrows wmounied
en the lines signify an effect.

The “terminatiens” of this flow chart, shown on the right
hand side of Figure 1, represent 1) subsurface spalling occur-
rences controlled by subsurface crack tnittistien within a
stressed volume and 2) subsurface spalling occurrences con-
trolled by the surface crock initiatien within s stressed area.

The stressed area gnd volume are determinced from the
quasi-elastic subsurface and surface etress field, Subsurface
{or surface) crack initistion is affected by subsurface (or
suriace) weak polats snd the magnitude of subsurface (or
surface) plastic sirainThis, in turn, dependents on the
quasi-elastic stress field and the material yleld strength

which have ¢he effect of controlling the smoumt of plastic
deformotion for a given stress field,

Bactility is believed to have the ability t6 suppress

crack inttintion amd propagation in & materisl matrix under
g given cyclic macrostraln field., It is, of course, & matrix
parameter,

In Figure 1, the variables listed on the lefi side comslst
of two kinds, i,e.,

1) material impurities and surface imper-~
fectivns acting a8 weak poiasts and

2) the variehles affecting
ihe macrosiress fleld ia the material,

The following describes the external vsriables which affect
the macrostress field in bearing materiai:
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a, The effect of design variables (dimenslens), elastic
modulug, and losd on ihe elastic mascrostress field has beecn
well covered in the Lundberg-Palagren theory (1) based on the
application of Hertzian theory (32).

b, Residual stregs serves ags 8 stress moadifier,

¢. The lubricant properties, speed and temperature 4t

the rolling contacts gre parameisis which have beem found
in recently developed clastohydrodynamic theory to affect
EHD film thickness., Bolling contact experiments have
ghown (46) that the EHD film thickness and surface fiaish
(characterized by surface roughnezs EHS and asperit; slope
sngle) have significant influence on the ocgcuxrrence of
surface disyress or nsar-surface micro=plasticity (6,44

d, The effect of speed i.e. strain rate (or the time

a material element is under siress) and temperature in the
highly stressed volume (or surface) on material strength

is hypoihesized on ithe basis of non-rolling centact experience.
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FOABULAS F0R FATIGUE GBACK GRONETH

Both sub-surface and surfece fallure mechanismsg reculre a
crack {nltiation phsse followed ky & erack propagatiom phase ¢o

reach the point of a fumcslenal fallure (spalling) of = rolling
element (6],

The crack iaftiastion in material under cycling stressiag is,
in general (except in sierply notched specimsas), 8 process re-
quiring many cycles of stregaiag. The uaecessary conanditions for
¢crack inpligiation are geserated by plastic deformation srousd
materisl inrhomogemeitics or stress raisers ss a result of eyeliec
stressing. The crack initistios phase can be defined as that
involving the formatior of erecks os the microescopic scale., It
iz usuasl to consider that this phase is caded when 5 self-propa=
geitive crack cmerges at the site of crack injtiation, i.,e., vme
which propagates without further iaflueace of the original

An snslysis by Eanson amd Hirschberg (15) postulates thet
the time to the imltistiocm of a fatigue crasck depends om the
megnitude of tke cyclic plastic sirain at the stxsinm reiser.
The straln ralser considered in (15) is & macroscopic one, {.e.,
8 notch ia a specimea, A8 usual, the fatigue process is divided
into twe stages, i.e., ¢rack lnftiation ard crack propagatios,

A ceriain crack size, called “englnecering size®, is uged to
demarcate the two stsges,

It wss found thet whea an “eagineeriag
size® crsck emerges,

at the notch the comtrolling strain fov
further crack growth no louger depends oa the strain cedcentra-

tion factor at the notch bul os the nomimel straid in the speci-
men, Because the sirela renge is relatively high st the soteh,
the role of micro-deifecis can be neglecied. The comecep: ia
this analysis is wseful in undermtsnding crack iaitietica in
rolling contact, although it is reslized that im rolliag contact
material the strsin resisers are actually all mieroscopic.
In roiling contact the micro-defects can be treated, for
coavenicace, gg straias reisers., Little is known shout the
eyclic strain conceatration Aesr a microstress xalger, that §s,
for @ given real inclusion, there 12 no adequate means t0 know
either by observation or by amalysis the straim raisimg factor,
Betallurgical experience (3J) has showa that the size
clusios kas 8 large effect om crack imitistien life;
variabies such as shepe and conteont may alse have an
crack inttiation, The slze srd shape of the defects
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s =ny volume of metal are siochastie quastities, This calls
for a sratisticel trostmest ia whieh the cyclic strein raising
factor or severity (desigamzied as d) of a defeci, es 8 funcilon
cf its glze, shape and coatent, 15 introduced as a random variable.

In formuiatiag mathemstical models of rolling contact fatigue
for the surface 4ad sub—surface failure mechanisms, it is hypo-

thesized that the fatlgue cracks in both mecharisms initiste from
micro-defects or “weak points®, In the sub-surface failure mecha=

nlsms, the micro-defecis are embedded i the mairix material

wkereas ia surface 7milures pre-existiag surface micre-defectis

and surface fatigue cracks are coasideged as the weak poimts of

g surfsce element, Thig “pre—existing micro-defect hypothesis®

is postulated, of courge, only for hard steels as used 1a besrifgs.

Curreat coacepis of metsl fatigue ssgsezt (22) thai the
coatrelling parsmeters of fatigue 1ife are the applied eyclic
strain gnd material ductility ss they jaflueace crack growth,

The rate of growth of a erack is denoted by dA/dN where A is

tie irptamtameous crsck aree and N is the number of stress cycles.
It is hypotheslized ihstthe growth rate dA/dR of & crack is depea-
dent oz the plagitic wicresiraiam €; and ductility, B, prevailiag

in the vielalty of a “defect® conmsisting of a®pre-exisiing
origisgl”® defect aad 0 She c¢rack initiated therefrom,

Thus,

-s;é = A (
dn 8¢ (5.1)

The ductliity B has beeun defimed im seatic test as (21):

1
D = leglAo/AF) = l9¢ TTER, 5.2)
where Ay s8d Ay sre the isitisl ard fimsl sres of the {racture

croge gectlios in the temsile tost, amd BE.A. is the conveniionsl
reduction is ares.,

However, thore sxist other ductility releted quantities
which can be defisned from fstigue gests. It was shewn by Coffia
{8) that & stralght lise results when pleotiting the legaritha of
cyclos te failluxe against the logarieha of eyclic reversing
plastic gersim s specimen fatigue tests, i.e,.,

7 (5.3
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where Aep: the reversed cyellec plastic siraila
N7 : number of cycies 0 failure
B : 8 material consiant ealled the istigue ductdlizy
coefficient (9)
” z ¢ 8 comstant

G L A 2 e s

A b TTON et W

Thusg, B and z gre ductility related constants which cas be E
- .determined from specimen tests of material, The sbhove intro- :
duced quesntiiy D can he considered as a function of % asmd z.

It i5 kaown {(23) that imcreassging hydrostatic comprescio0s
increases materiagl duevility. 1In the asbove formula, (Ecua-
tion 5.1), the bereficial effect of compresslive hydrastatic
giress can be taken imtoe secount by the use of the ductility
D exigiiag under the givea sivese conditions,

The aypothesls expresacd im Equatios (5.,1) tskes sccount
of the fscis that (1) microplastic deformation is a criterics
for fetigue crack gereration; aad for a givenm duciility, the
crack genersgtion rate imcreases wiih the magmitude of nyeclic
plastic sirain awplitude at the stress caiser and (2) ihe
geseration or the growth of a crack is controlled by the
magerial ductilizy, i.e,, highly ductile material cracks
less rapidly.

It is assumed that there exisis s macroscopic sirain ¢, @t
the location of the defect if the defect were sbsent 50
that & quantity calied "defect severity® caa be defined as
the strain ralsing factor operating oaeg t9 glve the strain st
the {sub-gurface or surface) defeci. 68, the severity of s
combined defeci aad crack is hypothesized &8s a function of %he
original defecy severity, d, the iustantaneous crack area
A and the size of ihe siressed volume (for sub-surface fatigue)
0y area (ior surface fatigue) §, i.e.:

e = gl d,A(N), 5 ) (5.4)

The sevoriiy of Roegslized plastic siraim comcentration
ground the defect (ss demonsirated e.g. by "Buiterfly"®
structure) is depesdsnrt om: 1) the sirsim raising propergies
of the defect, @ 2) ihe mscrostrain e¢_ mssuming the strain
roiger ig absent and 3) tie yield stirength Oy i the matrix
ssterigl, i, e,

o e, = 8, (eg,g. a)
e " e 09y ® (5.5)
I . ® ey 18 defined =8 £0vel (elastic plus plasiic) macrostraim.
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Intvoducing Equations (5.4) and (5.5) iato Equation (5.1) onpe
hasg:

dA
dn

}
yo ™ (5.6)

= A (e,gg,o
Iz ig convenient to separate the varishles imfluential 1n crack
growthk into two groups: varliables related ito defectis and
matrix variables., 1Ia Equation (5.6), €15 the variable related
to defectes whereaseg,0y and D are releted to the matrix. For
gimpliciiy, the mastirix effecis are conmsgolidated into g single
fuaciion Y'i,e,;

< 5l

= legrioye D) (5.7)

Aggume thai iRhe erack growihk rste dA/dN cam be expressed as a
product of ke severiiy fuasctlon sud the matriz fuaction, i.e.:

dd _
= = B.v ~

Using this designstion, the defect fumction plays the role of
& “proporiionality congtani® between the crack rate and the
matrix fumcilon of the macrosirainm e, the ductility D anmd the
micro-yield strengith oy . This proporrionality constant is,
of course, an inheremt quadity of e givenm defect.

Ia the crack inmltliaiion phase, ithe effeci oi sireesed
area 5 oa © ecan be neglected. The fumciiom 8y caa be
written as & produci of s fumcilon of 4 designated by I'(d)
8 function of A, designated by fj(A)., Thus one has:

oy = f7(8).T(d) (5.9)

ard dA _ e
:;F; = fl(ﬂ.)',[(d)- Y1 (dy,D,eQ)

In the crack initiation period, the matrix material para-
megers @y,D and mascro—-sgirain €g canm be consldered to bhe
cengtanis with cycliag., Lewiing vy be indepemdeni of R,
Eqiation (5.9) ceas be further writtean as follows after inte-
gratieon with resgpnet teo R

Cy (5.10)
£L(A) = My r(a)

60

00000 Aot c e o s




(= —— —— . "

1
.=*s—_..NI
N

A
!
=

]

SEVERITY
}
[

dl?d?d"

w K 7 Crack Generation
w
- d/ d g
(&)
< j; e /’f
Iz} y ~
-&S/ —_
NUMBER OF CYCLES, N
Figuve 2,

Cracks

51

Schematic Represeatation of Growih of Hicro-

il

1l
(i

i

M

==

==
B |
=
==

Bl

=
==
=
- =
=
E|
=
===
==
=




A quantity fy representing the numbe: of siress ecycles
reguired to rvreaeh & crack slze Ap may be defined from:

fi(P‘p) = Ni Yzl’(d)

where f; represents a fumnction.

Since A,, the self propasgating crack size, is a
censtant, Equaiiom (5,10) implies that for & yliven defect with
severity “d" exlsting in the highly siresssd volume, there is
a corregponding 1ife Ny tec crack gererstion in numhers of

cyzles, associcted with this Gefect. 7Thus Equation (5.6) csn
be solved for Nj:

flgAp)
1~ v I(d) (5.12)

The function (d) can be assumed to be &n increasing
functien of d, thus increesing d correspends te decreasing
Ni. Equaiion (5.12) implies that every defect has a life
associated with iis defect severity for & given matrix
fscior vy. Figure 2 shows a schematic representation of
growih of micro-cracks from defects of various severities

~and the dependence of cycies to self-propageting crack geners-

tion, on eriginal defect severity d gs defined ir Equatioen
(5.12), provided that the matrix parameter is the same for
cach case, The graph shows thst increasing d cerresponds

to increasing slopes of the curves plotting A against N
(i.e., the crack rete) and shorter life to crack generation,

The degree aof concentrstion of the plastic sirain around
an original defect diminishes the distance from the original
defect. One can define a macroscoplic size of the crack beyoad
which the crack propepgsitien rate is dependent orly on the
plastiec strain at the crack tip and o loager om the plastic
sirain sround the original defect. (An analogy of this case
is given in Hansgon®s fatigue life snalysis of noiched speci-
mens in (15)), Thus, for large A, it cen be sssumed that ithe
severity of a "defect after N cycles™ is dejeadenti on the
instantaneous crack area A and the applied sirain &g but is
independent of the origingl defect severiiy d., The propaga-
tion of a crack of this size constitutes Phase II of the
fotigue process., For s large crack area, an increasing ratio
A/5 corresponds to en increasze of stress concentration at the
creck tip, For such cracks dA/éR increases with A/S. Tsking
into account thig slze effect, we assume that the severity
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functlon By ip Phasge II is 2 preduct of & funetionm &f A

and s funciien of é g8 fellawe:
i<}
A . o
e T 8 (AS)hvgp e b)) (5.13)
8y1 = FolA/S)-£, (1) (5.14)

where the use of the funcilon Yy denotes the fact thet thls
.unction may he different for the sropegstion and initiastion
piiases,

Integrating Equatien (5.13) gives:

f" dA = f
a, TUT G757 RIS (5.15)

whera N j oW represeats the number o3 cycles measured from
the starting time when A = Ap, HSquation (5.15) becomes upon
integration.

f (A, A/S) = Yﬂﬁ

b {(5.16)
Th crack ares reaches criiical size A; after Nyj cycles
in Phase 11 where, from Equation (5.16) :

Niyp = fr1 (A,4c/8)/v1g (5.17)

The tetal nuimber of cycles NL reguired to produce a
crevk of size A, is:

SRR I (5.18)

Heglecting any edditlional eycling requires im Phase III for a
crack to grow from size A, to produce failure, Ky represents
the 1ife in cycles associated with a defeect of severity d. It
iz not yei known whether the amount of 1ife thus neglected may
bhe appreciable,




w

I

Yeilng Fquetions (5.123), (2.17), Egquatien (5.18) becomes

B f!(ﬁgz

= e, =<

il:lﬁ(AC'Ac/A,B)
ylvr(ci) Yi

L (5.19)

Egquatleon (5.1i9) 1s purely deterministic in nature, thatv is,

if the funciions are 2l) knovn and the ductility snd stressed
area are prescribed, then Egquation (3.19) will jyield ths
numher of cycles thet elapse untll a erack emengting from a
defect of designated severity d eltusted in ths siress fisld
g0 88 10 be subjected to a sirain ¢,, achieves the ares A¢ .

It has been ghowa in non-rolling fatigue testing (22)
that the erack initiatien phase has higher dependence on applied
stresg (or strelin) thau the crack propagstion phase, which implies
that the lncreese of stress level will shorten the crack initia-
tion phase more rapidly then the crack propagation phase ( (24),

§25)). Thus the Phase I/Phase II ratio decifesses with increasing
stress .evel,

The formation of 3 spall from a critical sized crack is
considevred a rapid process sssccigted with cieavage and dimple
rupture (27)., It is reecognized (26) that final fracture iz a
complex subject in ltself, especlially, when large plastic strain
is involved., It ils sssumed that the critlcal crack size A, is

related to the size of the siressed arca S5 in a rolling element
€ross sections

A, = k8 k, = const, {5.20)
It is assumed that after resching e critical crack size

the frgeture enters a new phase, i.e., Phase TII, which invelves

a rtolatively rapild crackiag €spulling) process, vesuliting in a
visible spall or relling surface.
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SECTION VI

STATESTICAL THEQRY OF ROLLIRG
SELERENT FAILUHE

1. GCGERERAL

Figure 29 {llustrate. more i(ully the mesning that attaches te

some of the terms iatroduced previocusly anrd vequired in the subse-
quent davelepsent,

View A in Figurs 29 is an arbitrary crosgs section through =
ralling body shewin@g the area 5 of the highly stressed volume

defined t6 be the volumeo within which the stress critical fer
fatigque exceeds a designaied megnitude,

The highly stressed zone is divided ints 8 large number of
cublcal cells ef small volume. The volume is so selecied ihat
within it can be contained sn "engireering size” crack as it exists

at the end of failuve Phase I. Esgch ¢f these cells iIs considered to
contain & defeet from which a crack mey initiate.

Defect severiiy, as defined ln Sectien V,

is a function sf
a defecti's size, shape and compositien.

In effect, under this moedel, the ring ls asswumed to be built
solely of cells c6ntaining defecis, each having different severity.
Naturally for clesn steels a large preoportion of the cells will he

eccupied by defocts kaving a severity close to unity, (i,e, with no
effect on the sivain at ihe cell). ‘

View B of Figure 20 is s side view of the rolling bedy
stretched out into s rectsngle, The length denoted by ls is the
clrcumference at the noutral axis of the rolling body cress
section. View B alge shews how the sitregsed area S varies with
the ceordinate ¥ for & general leading condities,

Equation (5.12) of Sectiom V states thai esch cell in the
highly stressed 26me of the rolling bedy has gssociated with it a
number of stress cycles required for s crack originsting in thet
cell to beceme of eritical size. Equation (5.17) defines an addi-

tienal life imcrement Njyj fer a cell's crack to grow to critical
size,
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The lives Ny in any set of cells are statistically indepasndent.

The Phaese II cell lives Nyy sre not nocesserily indepsndsent
of each other. It feg Righly llkely that the Wyy life of one cell
will be eltered if s crack inm & nesrby cell cespletes its Fhase I
14fe aad the crack extends beyend the inftisl eell beundaries.

Hitheut the independence assumptien the preblem ef findiang the
probability distribution of the rolling body life is quite cemplex.

The treatment which fellows will fecus on Phase I 1{fe under
the assumptlon that Phase II 1ife {3 either i) negligible compared
to Phase I life or i4) constant fer every cell,

The Phase I life predicted by equatfon (5.12) iz s deteraia-
istic function of ihe defect severity and the operasting variabies.

Stochastic considerations enter when @ne considers tRat the
defeets in a steel matrix vary in their severity.

Every defeet in o rolling body has @ potentisl FPhase I life,
The rolling body life is the smallest ef these. The defects im any
one rolling bedy constitute a sample from s populatlien of defects
with varying severities, The defect producing the smallest Phase I
1ife will thus vary randomly beiween relling bodies s0 that the
1ife of a randemly selected rolling bedy Is a randow verleble.

Ye soek the probability distribution of relling hody Phase I
life ever the population of rolling bedies which are sublect to
identical material, geometrical and environmental condltions. At
this stage in itheery, we ignore the (relatively small) variability
betweer and within compensnts, of the matrix preperties such as
yield sirength, and ascribe the veriastfon in 13fe beiween rolling
bedies to the varisbility in defect sewerity.

2. DEFECT SEVERITY DISTRIBUTION

The severity of the defect, slituated at coerdinates x, y and
2,15 assumed tv be @ continuous rendos varisble independent
of the defect locatien coerdinates, Thst i3, a defect having given
severity is not predisposed toe be located nesr sny particular

set of x, y and z coordinates (group of velume elements in the
rélliag bedy).
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Let F(d) denote the cumulative distributfen functien for
defect severity. TRem the prebsbility that the severity d, of the
defect lecated et esordinstes x. y end z iz less than a value d s .
Glven by the continuous functien F(d),

Prob [d, <d|(w.y,z)]= £(d) i dx 1 (6.1)

=0 1 d< )

Bhere dy fépreseﬁt§ 8 realfzed value of severity and where the
left hend side in the above stetement {3 resd: "the prebability

1"

of d;<d given 3 set ef values %, y, 8Ad 2 I8 .e000 o

The fact thait the given coordinates x, y and z deo noi appesar
as parsgmeters in the expression for F(d) giates whgti was said abeove
sbout the independence of the severity distribution from ithe defect
ceordinates,

Surface, as opposed to subsurfgce, defects poese no special
problem at this point., They simply represent the special case z2=0,
where the cells on the surface degernerate inte square platielets
of negligible depth. HNe informatien presently exists
cencerning the functiensl feorm for F(d), Two ferms will be advarced
in Appendix VI whieh satisfy some plausible general conditions that
any defect severity distribuiien must possess. Other distributiens
just as plausible may be found hewever, and experimental infermation
is ultimately required t® choose between candidate severity disivibu- .
tiens, HNonothelessg, valusble insight cen be gsined regarding the sts=
tisticg of possible failure, without precise knowledge of this distri-
bugtion, The digcussion will thervefore proceed in terms of a general,
unspecified, severity distribution F({d), \

3, DISTRIBUTION OF "DEFECT LIFE"

From Equation (5,12) oene may find the relationship between
a defect's severity d and its phese I 1ife Ny as follows:

-1 g
d = ¢ ( E ) (6.2)

where

oLz 1
) [~ denstes the inverse of the functien [ (d) defined in Section V,
fj(ég) -

is a nen-randem quantity depending en A_, ¢ ., and D,
YI P g, ¥

1]




Equatien (6,2) mey be ussd to transfers the distributien ef
defect seveviiy inte e distribution of 14fe sssocieted with th-
defsct populatien. ’

1

Assuming that the funciden | 15 & single valued and menctoni-
cally f{ncreasing funcilon of d, one may write:
i
( Nx*] (6.3)

=1
G(Nylx,y,2) = Prob [raﬁ:n[] = Pfab[dl>r

= LePr@b[ dlfr”'( % )]
From equatfen (6.1) ¢

G(Ny| x,y,2) = ‘“F[F -ngl}]

Equatien (6.4) is the distributien of 1ife at coordinate
pesition %, y and z egsecisted with the populatien of defects
having the severity disiribution of Equatien (6.1).

(6.4)

Of course in eny given rolling body,the velume element at
X, ¥, %z mill have a specific defeci severity and hence s determided
life calculable from Equsiioen (5.12), It is when one conslders the
varying values of the severity of the defect thst can occupy
the cell lecated at cocrdinates x, y and z in different relling

bodies from the popuiation of such bodies, thet a distribution of
cell 1ife resulis.

Every cell has, asseciated with ¢,
the form of Equatien (6.4),
pend o D, eg,

a distribution fumctiien of
wherein the paremeters (sfince they do-
and $) will depend upen the locatiom of the cell,

The 1ife of & cosplete rolling element is f{dentical (o the

fife of that cell whick, of all the cells, hes the shortest Phase
I 1ife according te Equatien (5.12).

Froo probability theery., the probability that at lesst one
cell produces failure before NI cycles is the cemplement of the
probability that all cellg survive beyond Ny cycles,

Assuming independence of the cell lives, (as gme may,
for Phase I 1ife considered here, based on the zheice of cell
gize to include cempletely 8 crasck of "engineering size"),

the
probability that all cells survive is the product of the
probabiliity that each survives. Thus H (Nj) is gliven bhy:
#(Np) = 1-0 [!=G, “’4;’] (6,5)
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where G, denotes the distribuildcn of Equatien (6,4) =2t the {-th
cell in the sirmcture. The sysbe®l w, denatee that the teras

evplueated st esch cell in the structure including the surfaeo
cells are to be multiplied 18getiher,

Equatfen (6.5) is of great genersliiy snd could be eveinated
numerically for mny generel shspe and leading conditien if the

functions in Equatien (6,5 and the severity distribution ef Equatien
(6.1) were known,

Thege fuaciienrs are net presently kaowR however, and @ay
AGt be praciically determinable inm the nesr future. One has as 3

recourse the optien of making plasusible assumptions 6f the wnkaowan
fuactien forms.

In view of the uwncertainiy with which say functien can be
assused, it 1s preferable in this regard ie limit the aumber and
restrictiveness of such asgsumpiions, Ins psrticslar it i< preferred
to sssume, if possible, only the asymptotic behavier ©f a
given funciion rathor thae its specific form simce this merely
timits the pessihle functions 16 an admissible class,

At the preseni state of theeéry, we will restrict the discussien

te applicsatiens whereln the distributions G4{(Ny) may be cemsidered
identical fav all values of i.

This corvesponds te the Lundberg-Pslmgren assumpiien en fallurs
lecstiens fer the csse ef thrust ]leaded besrings. The Lundberg-
Palagren assumption ig, breadly, that all peints imside a highly
sivessed zene ars equally 1ikely e rfail sad no peint
eutside this zene will fall. For a thrust loaded pearing, the

highly stressed aves is ihe seme in gll ereoss sectivons, sad thus
ihe abeve stated caege epplies.

4, ASYBPTOTIC DISTRIBUTION 0! SRALLEST BEFECT LIFE IN A ROLLING
BODY '

If & vandem sasplie ¢f sige m is drswn from a distvibutien
baving a distribution functien F(x) the ordered values x;, 5,
o o« o Rg (Where 23, < %g, <, . . xy) are thesgelves random
varigbles having o distribution, over repeated sgmples, of & fors

which depends upen order number i, sasple size m and parent dis-
tribution F(X),

[{i]
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s particular fex { = 1, that ‘sz for ths smalless =membsr ef
the ssaple, the distriburien F){X;) is given by, (45):

Fo(x.) [1 F{ 3}2
b4 = 1= ~FiR
1 1 (6.6)

As the sample size m imcresses, the distributios F {X;)
“wader :sther gemeral corditiems converges to 3 specific Form. Ia
the casas where it does coaverge, it will coavarge to eae of three
distributiongl i1rmsg, dependiag uwpc the behavior of the parenmt

distributien F(x) in the vicinfty of the gmallest admissible
value for % (See Gumbel, (47) p. 162).

The ¥Weibull dis.rivbutien is ene suck limiting form fer the
dlgiribution of gmsllest raluwes and it is appliceble te parest
digtributions whiek have finise admissible velues. In erder feor
the distvibuiion ef X,, 19 ceaverge to the Weibulil distributien,
the pzreat digtribution F{x) musi behave like a power fuanctiew is x

in the vicinity of the minimum sdmissible value , that is:

Flx) —= Blx-xg)¥ (6.7}
K==Xg

Yhere B and k are posliive censtanis and xg lg ihe smallest
admissible valwne, 1f Equstion (G.7) is5 saiisfied, it wes been shown
(Epsteis (2)) thet for x<x,, Fy (%;) nas the follewing fovm:

. ) - .
Fl(xl) = l-exp [»EB(Rl-Ko) 2 (6.8)
Thus the distriboilen of relling bedy llves (shortest defect
lives) wiil be Weibull disiributed if the pareni vigtributiem ef
cell Phese I 1ife G(N3) satisfies ithe cendirien ef Equailen (6.7)

wherein the minimum Phase I life correspending to infinite
defect severity isaw ©.

- k&
lim G{Ng) = iim {1:5’ Y B ]: N
N=N, > Ne=Ng e H%] BN

If Equgtien (6.9) is satisfled for the sctually eppliecoble functiens
F and I, the distrihution 8@ (Ni) becemes, hy Equastion (6.8):

My ¥
H(Ng) = l-exp [aﬁa(ﬂllk] = I-exp%=(§: ] (6.10)

)
whaere HN® = 1/@B) /e

(6.9)

Sample sige » 45 the tetasl nusbher of deiects (cells ian u rollinag
bedy.
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Bensting the numbev ef defectsz per snii velume by T, ene B8sg

. B = 781, = qV (6.11)

Subgtituting (6,11) in (6.10) gives

N1
H(N; = l-exp-~ ((an)_ y (6.12) )

Equatien (6.12) ghows ihe stressed velume appearing as a
scale onvametey of the Heibull disivributien. This 1z the volume
effect af the Lundherg-Paimgren formula, which is believed te be
in geed egrecment with existing bsll besriang faetigue data.

He have now shewn that the Lundberg-Palmgren formule is
cempatible with the fatigue failure medel develeped absve under
the restrictions ~n the twe fumctiens I and F embodied iw Equeiien
(6.9) abeve.
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SECTIOH VII

HACBOSLOPIC S5TRES3 TALCULATION VOR THE HIGHLY

S5TREESSED YOLUESS
IN A HERTZIAN COMNTACT

Ia rollliag cemtsci, ithere exigts a “reverslwug shesy sivess”
{1) whieh has long been regavded as ithe besti criterion of volling
coniact fatigue sivengih, usually onm the ground that its range of
vaviatien !5 alwasys equal i0 or greater than that of ithe mazimum
shear strese and that there is some evideuace guggesting that totsl
ampli tude of shear sivess cgorrelates with 1ife (1,29, 43). Tais
assumption was used by Lumdberg and Palmgrer (1) who stated that
most subsurface fatigue cracks are gemerated at u depth equsl to

that of the reversing shear (ai ihe centiral circumferential plane).

Later, Greenmeri (28), ia tesilag itoroids of varlous curvaiures,
foumd that the reversiamg sheoar range gives good correlation with
fatigae life. 1Im available 1lierature, ithe shear siress has

heen determised only for the central circumierenmtial plane of 2
vnlliag elemeat oa which ihe maximum shear rauge s equal to that
of orthogomal shear siress (Ty,). Since the fatigue 1ife is
¢losely related to ihe highly siressed yolume, ii is mecessary io
krow the volume of maierisl subject io a eerisin level of sheer
ranmge for ¢ givem applied Hertziam load., The determimation of

this volume requires & kaowledge of the stress distvibuiion
nader a Hertiziaeam load,

A cesputaiion of (reversimg) shear strese ramge in a
Hertvrian elliptieal siress field has beer performed. Previous
workers have studied the maximum alieriating shear stiress
o8 the cesier plams of a comatect x = 0,.(see Figure 3). At
X = 0, the she&r siress is maximgum im g plame &t a krown distance
belew the surface amd parsllzl io the XY plame. As-'shown bslow,
the alieorsatisg sheav stress foxr niher plames, (x #0) is maximua

on plaaes imnclined i0 the XY- plame, and therefore is net oriho-
goaszl.

The computatlon presemicd here is & peneralissilos of
Lumdbsrg’s sslution which was coafiaed t0 a cenmiral cireumferen-
tial plaag oaly. The prosent soluiion provides s mesns 10 deier-
mire the siressed voelume ai various siress leovels, coasidering
ths shear ramge as the criiicel siresz.

The bazlic mathematical formulation for the subsurface
gireosses at all locavioms in a Herisiem stress fleld is presented

in Appomdix I. These formulas werr developed by Lundbery aad
Sj6vall is 19251 (34).
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The eurremt computsiion isvolves the determimstion, for =AY
polant is & cross ssction (perpemdiculer to rolllng direciion) of
therange of maximum shear stress ( Tg) acting {6 the direciion
of rolling at @ certaln value of y (where y 15 the distsnce from
the central plane of symmetry im the dlrvecifon of ralling) but
on amy plane lnaclined to the suvrface (with an angle a,).

T

The
determinastion of the values of y amd Oy, &t which 7y is maximunm,
requires an iieretivemaximizution precess.

The followlag siress amalysis was conducted:

| 2y

and minor axis of a contsct ellipse).

Since both 74y and Tzy are odd functions of y, Tg 15 also
ga odd funcitiom of y. Both 7 and T;y vanish whea y = 0.
Furihermoro, glhice Txyy = 0 for all y whes x =0, the amp.itude
ef Tgfa equal to that of Thy 2t the cemtiral plaine in the direciion
of rollling (where x = 0). %his justifies Lundberg's aralysis

(1) of setting the amplitude of T,y equal to the maximum shear
ampligsude for x = 0.

Based on the equiiibrium of stresses acting on a sub- ;
= surface elemant showa in Figure 3, the shear stress
=’ acting ot an arbitrarily inclined plane cam be expressed i
z as the combination of two Oorthogonael shesar gtresses 3%%
Tpy 800 T, doe. g,%
B
T = 1 €038 +17 8 :
¢ zy xy sin @ (7.1) g
: 3
s B
whare T2y and Tyy can be computed from formulae available inm %gg
(34) for givem values of X, y, 2z and a/b (the ratio of msjor axis §§§
o=

]

e

b) For givem values of x and z the maximum value of Ty
eaa he found by setting:
3% -
50 T Tgy o €08 8 - Tup.5in 6 =0 (7.2) =
and
67g

- d Q =
>3 -% (TZy) cagt+ q (Txy),éiﬁ 6 0 {(7.3)

y ¥

These twoe differemiial equations can be reduced to:
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which impligs that when Tgy + 7%5 is meximum, Tp is mlso g
aaxleus,

Thereficre, & value of yj. corresponding to muximum
T + 7 cap be fourd from the Stress calculatiom snd using
the veluez of Yy, snd Tzy 81 y = y3¢ the value 0 = 831 for whien
T, i8 meximum, c¢&n be derived from Equation (7.2)

i.0. tar 8y ( 75§y/sz)y=yl (1.4)

The meximus shear varge Ty 18 esqusal t£o;

= )
2(?9 )max. 2 ( T9 ¥=Y1

Using the velues of @) and ¥; thus obtained, the maximum

value of Tq cas be obtalsed fros Eguatioa (7.1) after substii-
tuglon.

Using 3 digitsl computer, numerical computation has been

made for values of Tye, Tzy and Tg (in terms of the maximum

contact pressure pg ) as funetioms of y/a sad 8.

Figure 4 plete, from these computstioms,; the variation of
7g 85 & fusetlon of % ard = fer a comtact with a/b = 10,

The vaviation of 85 as s fumction of x and 3z 1s showm by dotted
curves ia Figure 4,

At 8 = a, all of theTy and Oy curves very mearly imter-

sget. This imdicotes that o8t %/a = 1.0 the maximum stress

renge is equel to 0.04p, independent 0f depth z for the z values
shown in Figure 4, Further, the plase o whiek the maximum oeceurs
is defined by €3 = 35° independent of z.

Figure 5 shows the variation of + and T with v at a
fixed locatiom im the ring cross section, i,e. z x = 8b and

z = 0.6b, Figure 4:czhows thet for a givem depth z, the shear
BtT8BR reRge T, kKeaches a maximum &t x =

0 and decreases mono-
tericglly with =x.

Usieg the method described above, the contours of equal shesr
rgnge @R g ring cross—gectien for & given major axis./ minor axis
ratio {charecterizing tho contact ellipse) can be draws based om the
velues of shear rangs compuied for & large rumber of grid peinis
equelly speced in the highly stressed zone of & ring cross sectien,

Figure 6 shows contours of equal shkeax range for the ecten—
triclty ratieo a/b=10 repressnting o typlesl ballergce comtact of
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g decp gvoeve bsll besring. These coiriours sre draws based

on & SO0 grid peolat systes in 2 quadraai 0f the x-=z plame
contalning the malor axis of the comtact ellipse, I: is noticed
that the shear resage aslerg X = 0 is very close to thet ia s coa-
tact of twe fafiniiely leasg c¢ylinders,

& limitiang case for s8/b = » has been de:uced from formulas in
(34) whieh correspoads te an infinitely sarrow cestact ellipse
(see Appeadix II.) Ia this csse, the stress distributicm ia the
central circumferentisl pleme (8 = o) is identical to &the plame
gtreis solutioan for a Hevrziaa two-dizensicsal coatacti. Using the
resules of the limiting caese, it is possible to plot the values
of shaer rsnge ea s plame with coordisstos x/s asd z/b.

Figure 7 ebows the coatours of equsl shear raage for s/b =@
1,0, an infipitely marrow comtact ellipse with its ssjor axis
lyiag on the X-axis, perpemdicular to the directioa of rolling.,
By comparison with Fjigure 6, i¢ is sees that the comtours of
equal shear rasge for the two cases are acarly idemtical except
thet ia the case a/b =®, the level of 7z lies slightly deeper
under the surfsece thaa for a/b = 10.

Comvours of equal shear raage <7, for the case a/b = 7.5
Bave als. been obtained and these are showa in Figure O,

Figure 9 plots the area § expressed as muliiples of ab aad eqa-
clesed by coatours of egqual g s 8 fuactionm of /Py . feér values
of a/b = 7.5, 10, and =, The poirts whore these curves lmtorseet
tke abscisse corresperd ¢o the maximuam vaiues of 7 througheus
the sctrossed regien, i.e, 2 Yoo It i3 noted that whé curves lie
very close t¢ sach ether, The three curves coiscide svem aore
clessly 1f onc plets S§/azg vs 75/2?0. by sultiplylag the vertlecal
coerdinate of Figure 9 by b/zo and the herizeatal coordimate by
Bugue/ 55, WheEe 2, is the depth of tho peint bolow thoe surface
which 1s subject to the maximum shear stress reage 27,. Ike
values of b/zy sed p__ /7, as fuactions of a/b sre obtained
from (34) aad are tabifated im Table 3. Figure 10 is a plot of
S/ezO vs 75/2? and shows that the curves having parameters
e/b = 7,5, 10 aad ® Boarly coinmcide, This means that the stroszed
saree S at say gives T, value is propevtional to the product of
8 ead 3, ghere a8 1is the semi-major sxis and z_ i3 the depth
legatics coordimate of e TRis appreximate rolatioaship asppears
to be valid for 7.5: a/b< ® ; s rsage encempassing the ussal
dimengions of a ball-rzmeceway coatact ellipse, iacludiag line
centect, This fiadiag supporis Lundberg-Palagres®s analysis
{1} 1a whieck the stressed ares in the ridg cresec-gection i5 sg=
sumsd wve be propertiessl to 8%
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A sslectiorn of the values ¢c¢ ne uged in defiping the
stressed ares can be mude by setting Ty equal te a threshold
gtress lsvel for plastle defermatlon for the glver meterial
cospaglition and hardress, IY geolecgied ia thls marmer, 7
i8 & econstent fer & givesn material, For future usgs, i¢ is
more eenavenlent t0 plot S/&z ez s fumeties of 27g/% shewn
23 dotted line in Figure 10,°

Thiz curve shows that plasiically siressed (macroscopie)

sres exists only for 2v,/ty >1. The size of the plastically

stregged area eer be approximsted by :

) 0.75
S . a.z,.| 2l T8 (7.5)
TR

This formule shows that the sares encloszed by t1he comtour
of equal T, can be expressed approximstely as a fuastiea of
Tg. It 12 also of iaterest to kmow ihe average shesr range,
(7g)ave . in the stiressed eres, S, encloszcd by tho comtouxr of
equal Tp, Appendix IV giveg the details of the zemputatien

using Edquation (7.5)., The rvesult yields the follozing apprexi-
metion:

(7 "avel |
£ = -6.45]— el I 12.9 (1.6)
aza

where (vg)goye = sversge magaitude of a maxlimus reversing shesr
range ins 8 closed comiour of equsl e

s = ares encloged by the closed consour of equal Ty
g = ge 1ajor axis ef the coutsct ellipse
te = gaximums roversing shenr 8t¥ess
2, = depih wiere «, existy
86
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BETERBINATION OF SHEAR STRESS NEAR ASPERITIES

To demonstrate g poseible mechanism for the geueration ef
plastic deformeilion ia agperities, an sligstic snalysgiz lg presens-
ed below Ffor the stross distributliocs iR a cortacting ssperity
using usn idealized esperity profile, The result of this analysis
may enable oRs %o predlici the locatlon and severity eof a plastic :
sccurrence and take into account the relevaant verlables such a&s !
X lubricanmt film zhickaness and suxface roughness. Ei should also he
oy noted that in the following analysis the frictien 8t tne
2 contact surfasce is neglected,

Figure 11 shows the distribution of slopes for threg .
typlical, abrasively finished surfaces, From these disiribu=
tioms, 1t is seen that tle tvypical slope of abrasively f{inished
hard steel surfaces varies widely., For & ground surface, the
93th percenille slope is ©95 = 29°; for s much smoother homod
surfasce, the 95th percentile is 995 = 3.8°% while for the stil)
smoother, lapped surface, it is only @95 = 0.7°, The RHS
surface roughness vealues of these three surface finishes wers
found te he ¢ = 13, 1.8 and 0,4 pin, respeciively.
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Quantitative insight into the plastle occurrences at
. gsporities, a8 a functior ofi parameters listed above, cam be
eczleved by inmtroducing a simple mathemeaiical model in which
the contact of = single asperity having am ldealized profile
° with an elastic half plane is cousidexed., This model contalnsms
no assumption regarding the height distribution of a population
of asperities.

Figure 12 gshows an idealized t¢wo diwmemsional asperity shapo,
similar %0 what one would expect to fimd on ground, honed, or
lappbed surf¥aces, formed by e multituds of cuts by sharp anud
siraight-edged abrasive grains, The ssperity is & plane-sided
ridge with a curved tip of redius B, The slops angle of the
sides 15 @ which varies with the process of surface fimishiag
and i3 avcessible to experimenial determination (6),

The plaune coniact problem with ihe abeve descrihed profile
and 8 straight-edged half plane can be solved based on
Hugkhelishvili®s method of gingular integral equations (36),
provided that tlere exist no sharp curves or corners along the
entire profile. The derivatior of the solution for this con=
tact problem is given in deteil in Appendix III.
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& mumseviczl compuratisn eof surfecs pressure wss perfermed
end is shows ir Flgure 12, bassd onm the cese a = 3b whereln ihe
widik of ¢he comrtsey region is equal to twice the widsh of &the

curved bsse, Computatlon for otmer values of a/b is equally
feasible,

B PR ELs Tt T it KL LAY

The surface prossuvre disiribution plotted in Figure 12
: wes computed bamed oa e closed form solution derived from (38).
' Hosever, for the sub-surfgce stress digstribution there is ne
closed form solution gvsilable for computation ssd & numerical
techaigue 1s requived te ehtalm the sub-surfgece stresses,
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Flgure 13 sheows the conteurs 6f egusl ogishsdral rRhear
8%1rg88® in terxmsg of ihks product of Youmg®s mednles gad asperity
slepe, 88 iB the cross sestior =t the plamg of the comtael do-
plesed im Figure 12, It cas be seen that ths dopth where the
mazimuz velue of netekedral shasr s%res8s ocgurs is sbout 0,93
of the half-width of tho asperity contzct reagiom on the surfaca,
For & typical sspsrity somtoct width oa a fisely fisished surfsce
(1 u in, BMS) (6), ghis dopth is of tke order of tems %0

kundreds of microinches. Thus, Bigh sheer stresses sre indeed
goenerated eclose £ the surface.

Ikhe followiag rolatlionship has been derived for the magai-

tude ef the shesr stress slong the axis of » symmetry:(Appesdix
II1)

Tyges T u%ég-f- .[ g - taﬁi(y.ggn v) - v{w/2 -u)] (6.1}
where g =2/a
y = g/ (1 +g3)1/g
aad v = cos '(b/a)
Figure 14 skows 3 plot of the maximum value of Tq50

computed from Equstion (6.1) ageinst b/s. The mezimua value
of 74543 seern to be proportiomal to O and is a fumetion of the
ratio a/b. When b/a—» 0, 1.s., when the comzact area is wide

inp comparison with the esperity tip width, tho followiag
limi¢ing case exists:

(= D). _—=E'® /q°
450 Bax 4 (8.,2)
zsax = 0.904 v ab (8.3)
$Theg @gggggdrgg ghsar strsss is defined as Tg.; = (E; - gg) B+

(gg ~ 05)°+{0y - 0,)° /3, where 0;, c3, Oy 8F@ the threo
principal stresses, whereas the Ven Mises yiold stress isg

oD = 32 750¢/2 Hoeke that Tgey 8cis on one of the faces of 2
regular ectzhedren with vertices on the axes X, Y snd &,
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These relationshius imply the following interestiag
facts whes b/a—» 0, 1.8, the elastic deformetion of an asgpexity
is large in compsarisern with 1ts tip zidek {(for exsapie, iz ths
cass 6f 2 gharply tipped asperisy or heavy slastic depressios
of us asperityl., This is the csse Jor low k/u (ihe minimua
ElD film thickness/tempesite surface roughness BES ratial
values:

1, The maximum shesr stross,Tpgx . 9pproschee 2 comstand
valus prepertiomal to the asperity slepe smgls, but irdepeadsnti
of the lead,

2. The depth, ¥gan., of the polat at which Tgey ©GCCuUrs
incresses with the 1/2-th power of the seai-widih "a® of the
esperity contact,

3. The load carrvied by the irdividual ssperitiy comisect is
proportienal to the comtuct width “s® and the argle 8. This
single asperity moedel yields, asymptoticslly, & proporticealiiy
between P gad a, 1n agroement with the Archard®s postulate (35},
which states that ia dry coatact the reel epsperity coatact wres
ingroeses limearly with the load.

0f course, there must be cases in whick the degrew of
indeatation or 8/b is not large., This cecurs, gomerally, vwhen
8) there is s thick lubricant film separatinmg the twe reugh
suriaces, i.e, B/cis large or, specifically, wkes
b) the tip radius of the assperity oa real suvfacss is largs
in comparisom with the asperity speeiamg 8.

The followlieg presgents a simple medel for ssperity laserxe
action for tho purpozs of relating nesr-surface plastle sccurw
renges to the minimum BHD filw thickaess amd surisce roughaess
paraseters,

Figure 15 (A) shows ihe iwo dimemsional contact of & sinmgle
asperity nssumed to be rigld, with am elestic straight edgeod Lalf
plane; the degree of spproach of the two bodies 18 controlled
by the EHD micimum fils thkickaess h. For comvemiemce, the
vertical distance betweer the outer lime of tae asperity profile
aad the esperity tip is sat 2quel to gwhere o is the BHS value
of the asperity profile and is of en acceptable order of magai-
tude approximation for resl prefiles, For the hypothetical
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prefile, the ggssopiles is srbltrary becanse the velleys of
the sgperii; are met deiismed.

The vertical dlstgmce beiwees the ssperity tip and the

ceatact odge 8 is obtajimsd from gthe geemeiry eof Figsre 15,
ghiek is

é = ée 4 fa“b) géﬁ 9 (Beé;
where 8§, = R (1-c:sg), the depth of the msperity tip amd

b = B gia: § €8.8)

Oue mey consider a multitude of rough surfaces with
asperities of the chope showm ia Figure 15 wich differeant
velues of ¢ « A ressoneble sssumptioa for the degree ef
their rouading ot the tip is thet 8= Ao where A §5 & coustari,
preporticasl to B, i.e, that the roumdiag occupies s constasd

Iractien of the aspority belght beiweem tip and prefile seater-
lias,

Frea Eguaties (8,5) oac obgains , usiag 8g = Ao

B = pg-(1-cos 6" 8.5)
b= Ao-sin ©(1-ces 8} (8.1

To¢ deiormecd profile of the elastic half plame iz coatast
vieh ths rigid aspefiiy is giqeﬁ by the follswiag formuls (4)

vl(x) = % Lﬁ’ I £1{s) di a=

Za (t"g)g Q‘at‘a

‘8 (x) @&.8)
= 1 £{x) 28-8% aw a:
w J;a ﬁsg;_t‘@ J;
where  ¢'(g) = /8 fel < b
= b/B, beltl <a
ox vixl/a = e/B-7(x/a, b/a) (8.9)

The sboye foramuje caas be integrated sfier expamding the
iatagresd ya®-x5/€t-x) into an ascendlmg power series im a/x. The
cesputed disensionless deformation outside the comtact regien

is plotted sgeimst %/e ia Figure 16 using the ratio b/s s
the parametor.
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i Figure 16, Varistism ef Surface Deformation
! Ourtgide the Ceatact Zoas of the
i Siaple Asperity HNedel
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Ia cgs89 67 8 resl esperiiy comimct beiyassn two staesl
sarisses, the aspsrity 1s me: rigld., Iz kBas the gams algsstic
pregertiss a8 tke balf plams, In addltion, both surfeses Bave
gepsvities. Por (39), = coavealar: approximatier eof the come
tect phesecmoma is arrived at by comsidering one surfiace hevinag
a roughemess prefile squal to the cempesite oY the two mceusl
surface roughmesses, whlle the ether surface is fiat, (37) shews
Eow the cempesite roughness cer be cslculated fer nadsfevrmed
asperities (among othasr formulas, one fiads 0¥ = % + gg°
88 queoted before). Assuming That the same composite fermlag
precedure 1s asccepisble fr: deformation calcunlations, Flgure
15 {A) reprosests as aspe ity of lhe composite roughmess., In
avder to calenlases defisciisa, iRls compesiie asperiily musi
be ceasidersd slastic and ihe smooth half plare rigid.

Assuminsg ley slepez grd large vadli for ithe assperiiy, the

dsflectioens shewa ia Figure 15 fer ike elastic hali-plaae

will 53ill spply bat BIst 86w be measured separsiely fyvom

the nndefozmed asperity prefile, 1la order 1o be able 0o do

g9, horizental reference 1imes must be established oa the de=

fermaed halif plase {ithe eartirs suriace of the ialiaiie heali

plase im eostsget is, stvictly spoakiang., defermed amd ihe magni-

nuds 9 the defleciion dees mot genverge)., A reasonable vefer= ;

eaee ligs is gtk herigoatal lime drawa througld twe symssetwvissl ;
peiats ea the prefile a2t o distazes of &/a from ths lime of
sy=Rliry 64 the ssparity, whereo 8 is the asgpavisy spaciag.

. Sofermation ef the sarfase beyond thess poiats is thes o bs
seglegted, Fer g symaetrical asperity prefile, the prefile
neiats st =m distsace of §/s from ihke asperiity tip lis em the

. profile oeateviira., The use er these pelnts as o dorfermsiien
refavorse implies thut all aspevity doflectliom occurs is the
portiass ftea the cesterlims to the tip,

e

i =

658 1 ATty

Hith theose vafevrence polints csisblished, one ebzeins itha
deformad shepe of t3s asgbeviiy by subirsetiag tha shaded ares
frea 1gs umdesevmed shspe. (See Figurs 15 (B).)

The avsrage EHD fils thickasss, B, botwecas twe rough
sarfases Bs3 besa dafised {(37) es the distmace beiwesm sheir
profile genaterliass., If the cowposite roughress profile is
used, thea a is the disismes boiween {is cownterliae gmrd ihe

snoeth referemcs surface. By this defirition one obimims
Zrom Figure 10:

h+8 +v(8/8) =3¢ (8,13)

! where 3¢ 18 the undeformed sspsrity heoight from the profils
. certerline to the tip,
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Is digensionless fovm, this oquatlonm ger Be grietren by
meauz of Egustiens (8.4} and (B,.7) a3

|

a

1

3 - 6/a - v(8/2}) /¢

i

3 - &/¢ - (g-b) tan 8/3 - v(5/2) /e

=3 = 3 - A (a/boi) (l+coed) Jcosp ~ v(S/2)/6  (@g.11)

The known function v(x)in Equavion (8.9) can he rearrsig-
ed in the fallcsiun., form:

OO 26 oY (6.12)

By mears of Equavtior (68.3) esnd (6,6) ore has
]
v(5/2)/0 = Ai+cos9) - (8) s( 5 B B) (8.13)

For given velues ofA.® ard 0 , one can detsrmia- h/o

s8 u fumetion of a/b (or vice-verss) by using Equat Jas
(8.11) and (6,.13).

Couputation ofh/o Rag a'so bown performed fov ithe Gase
that @%351, i.e. the region of contuct of the asperity falls
within #he curved tip without touching the straight sides of
vhe asgperiiy profile, This case ccocurg only wWhen h/o is
r+lativeiy large bui less tham 3, (It 1s noted ihket inm tke
preseni mudel, there is no asperity eomisct for ﬁ/62§3).

Figvres 17, 16 aad 19 plot, for the ground, honed aad
1apied surfecs finlshes discussed sbove, a/b as a fuzetigs of
W/r ., Ths o urametsr fur ©ach cuxve is the relutive tip
width, @which s n functics of the ©ip raedius B.

The curves show the genevai trend thai b/s decregses
Aen dsareucing N/¢ ,8isce %b® is @ constant, decreasiag
h'a mears saevepuisg the conmtact widih ®a®, Since the maxi-
mu= s¥e.: stresge incieasts with increaslig °:z° (or decremsing
nrs), o8¢ giss racs viet for & givem asperity profile the

megnimum k-3 strves ln the asperity imcreases &ith decressiug
h/e

x
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ASYMPTOTIC VALUE
o 274 ¥ 10° P8I

10 i GROUND SURFACE 8-29°

S {2.5x10°
A+0.08

8}

7 -

6l 2.4
a’b Trax
8 | Ib /1ad
23
4l
\\\i:oeo 2.2
y
3} 0
A =0.50
2 -

O - . i .
1] 0.5 1.0 1.8 2.0 2.5 30

h/o
FILM THICKNESS /COMPOSITE SURFACE ROUGHNESES RMS

Figure 17, Verietion of 7 and a/b with
h/e fer 8 Ground Shrface
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ASYEPTOTIC VALUE
=3.8516% 08

16
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Figure 18, Varintion of vgyo, and a/b with h/g
for a Honed Surface
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Figure 19, Variatien of =
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It i alsc skews iam Pigures 17 - 19 that for s givea kh/0
valus, decressisg velues of )\ or B (sharper tipped ssperities)
cerresposd tc¢ imereesiag a/b or the coataset width ‘a' saé
ehear stress T,,. . Hogever, it ig recglisd thst for large
7eluaes of °a’ ( or b/2a0) ,75ax will resckh am ssymptotic
value imdopeadsst of &, The velauticmship between b/a
aad Tyax for the three surface fialshes discuseed herwe is
plotted irn Figure 20, whick permits tho scaliag of ike grdi-
n2es of Figures 17-19 ia terms of "max, in sddicion %o b/a.
Teis hes bess dope by showlisg & noulimesr ordiaste scele on
these plovs.

From the sbove rosults hesed oca & simple plane aspevity
interactios model, it is possible to relats the maximun NEA&T
surfgee shear stress io three parameters oxplleltly given fer
8 gives lubrlcation condition =nd surface fimish, memely B/0, ©

and B/6 whkere h = minimum fila thickness, 9 = combined surfacs

roughness {(rems), & = agperity =lepe 1mrgle and B = asperity tip
vradius,

I% can be seen from Figure 17 thut for ground surfaces
with a typical asperity slope ergle @ = 299, the maximum skear
stroos level is quite high, i.e. 2t b/g =2 and A=0,3, the
sexiguy shear atress iz ~ 10° psl whieh 12 coemsiderably kigher
than iho magnitude of maxlmum Hertizien shear giregs ususgl in
ralling centects, It is sxpectsd that plastic filow will oeceur
cavsing n “blunting® of tke asperity tip. For a smeether surs.
fage finish, o.g9., & honed surface with © =3,8° aud g = 1.0 pin.,
it can be goer from Figurse 1§ thet the maxisus shear stress is
congidexably lewer tham that of & ground suriace., Fov exsgapls,
gt /0 = 2 gnd k& = 0.5, the maximum shear 8%ress ~ 1.5 ¥ 108
pei, which 15 of the seme order of magnitudse of mazimus Hevtzlan

sheer stress, Thus gevere plastic deformatien lg noi expected
ip the geperley. ’

It ig Been (by using Flguvs 19) that 3till lower meximum
sheer s%vess will oceur in lapped suvface, e.g., at B/o = 2.0,
the wexiwum shear stress ia this csse ig only 3 = 104 psi
(which ig lower thaa the yvield strengih of hard steel) amd no
plestic deformation (or surisce distress) should egeur,
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. DETERHINATION OF SHEAR STRESS BENEATH A FURROE

& ts0 dimensisnsgl, explerstory aralysis of the coentact

strass of hodles containing an fdeslized surface micro-defect
ss showm 4n Figure 21 hes been conductod,

The defect in Figure 21 is a iwo dimenslional “depression”,

infinitely leng und Figure 2i showg ftvs cross-sectien, the .
rims of which are formed by twe radii, tangential te the suvrreund-
ing (eriginal) surfece at points 2c¢ apart, The Herta area is %a
wide where a > ¢,

i.e.

apd the contgct does noit extend clogey

1@ the %
bottom of the defeci but rather, there is a free surfacs of ]
width 2b ia the defect, whereby ¢ > b > o, i,2. the free sur- }1
fece st the bottom of the defect is free, its shape iy lrrelsvent i
proevided thet it is suificiently depressed not te contact Las 2 T
opposite body, i =

iE
In gdaditien, the proefile is assumed famootk, having wvadil : Bm

of curvature 8t all poinis econsiderably greater thanm the cher-

acterigzic dimensions of the defect. The contact region conuslsts
of twe portions due io the presence of the epen cavity., ceveriny
the cress-sectional co-ordinstes b < x < A and -8 < X < -b

where the velues of a snd b (<Lc) are determined by the defect
guometry parameters, i.s. r asnd ¢, and by the laad,

es

sl %

This contact problem can be solved by applying the
Huskhelishviii theory of complex variables to the mixed boundary

value preblew of an elasgtic half plane with multi-centaci zones
(36),

In rolling elemants, the surfaece defecis are smell such that
ithe charscteristic dimensions, ¢ and r, s{ the defectis are #¢f a8
smeller ovder than the linesxr diwensions of the rolling elomenty,
Therefere, 1t 1s jJustifiod to consider 8 limlting cease wheraia
¢/B=0 and v/R=0, Using this assumption, tho preblem veduces te
the compression of two siraight-edged bodies, one of which con-
tains a shellow gsurface defect, as shown in Figure 22, Frictions!
traction on the surface is neglected. The conmtact prossuve

et the interface when the defect 18 abzent is assumed to be pg.
In the pregence of & defect, the contsct pressure at points

roemoved from tho defect is expacted to approach assymptetically
the undisioried velue pgy &8s x approaches infinity,

R TR T TR

i
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1, COSPUIATION OF CONTACY PRESSURE REAR A SUBFACE BEFECT
A clesed fors solutien hag bees devived ls Bppesdix IV fer
teis limitisg case., The expressiom for the gentzat prosssre i
gg £alleys:

S p(x) = (B'/2n%0) [ 100 = 1 ()] .1

: >EE6?@ ‘ —
160 = (e tog [{E Rt |

-1
agd E' = f(1=v3g)/wil + (1@\%5)/WEQ] the roduced Youug®s medulus

{Fer steels, E' = 51.8 1h/1a®)

i
i = tan (0.5-ces

nﬂu'
v

The value of b is determined from the followiag formula:

leg (YeP-1 + w) MeuB_jm = Cq (%.2)

where &= o/b

sad €, = wPp, r/cE', u dimensionless parsmeter.

Figure 23 plots the relatiocnship betwesr ¢ agd g,
Simee Gy 08e b computed frem the knews veriagblesPe sad /o,
it iy pessible te ebgain b = c/e® where ®wis obigimed fov & gives
valus af Gg frex Figurs 23,

4 sumevienl exzemple hgs hoon computsd lor the digiribution
ef ocontast prossuve oM ithe surfase, essumimg o/b = 1.20, corres-
poudiag 26 G, = 0,069. The values cam be ohtaimed by sattiag
(1} x/s = 1,8 esdp, = 2x109 pai or (2) v/o = 0,9 snd pg = 4 x 10%psi,
Figure 24 pletes tke dimsssiorless pEGSSMfSP/Pe g5 @ functioa of x,
The resules shaow that there is ® pressure rise in the viodiaigy of
the defeet edpe, resohing € velue vf J.06, i.e. there is a sigai~
filenat oempentretien of presgsure at the defeoi edge,
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Figure 25 shews the distaace xg of the pressuce peak arising
ae 2 result of the defect ns meeasured {rem the defeci ceni2r #nd
the magaiiude of the maxlamum contaci pre~sure in torms 2f  py
pletted us s fun-tion of c/b. The result shows the high pressure
peaks ocLur within the arca of radius v. Based on Flgures 24 oand
25, Figure 26 plois the variation of P .. a5 3 funciion Qf r/c -
for sieel, using four veiues of Pg.i.e., 1 x 149, 2 x 107, 3 x 10V
and 4 x 109 psi ns peresmeters. Lt can he readily seen that the
maximum contact pressure increascs with decreasing values of r/c¢.

Iy can be seen from Figurc 20 thai

nll the curves approach
cutstant values

of Pyax./Pol*2.5Ywhen r/c 15 greatexr than 2. It
can be concluded that for all values of v relstively small com-
pared with the rolling element size and Py <4 x 109 psi, we

have pmax,/po.>'g'5°

\
8.5~

Prad Po
754 \

by ® 1%10% Ib/int
0,22 x10° 1o/in

5.0~

2.9

po* 4 x10° Ib/in®

> ol T = B A e peae
8 0.8 1.0 1.8 2.0
Dafaet Cornsr Radiue / Semi Defect Width ¢/r

Figure 26, Variation of Haximum Contsct Pressure as a funcfion

of Desect Geoometric Perameter r/c and Homimal
Pressure p,
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SUBSURFACE STRESS NISTRIRUTION IN THE VICINITY OF A SURFACE
BEFECT

It i35 of interest to Lmow the stiresses exisiing neer the
Righ pressure pesk at x # 0, The sub-surfoce stress diztribu-~
tien con 86 compuiaed using 2 numericel Integrailon techaique
bnged on the soluticn for the stress fisld

on a half plane uader
8 concentrated normal load,

The numerical method yequires that
the reglon of surfece loading be finlte in width along the X
axig, Thiz can be arranged by resolvinmg the surface presgure
into ome component w'ich occuples e finite width and s unifora

pressuyre geting on the surface of the entire half plane ss
shown in Figure 27,

Figure 28 piots the contours of equal von HMiges yisld
5:re88 Op ior 8 typical surfsce defect with pavameters ¢/b = 1,2
correspondirg to r/c = 0.9 for p, = 4 x 109 psi or r/c = 1.8
for p, = 2 x 109 psi in steel, It can be seen that the maximum
valus 957@ci0f octahedral shear stress occurs umder tite location
of maximum surface pressurs. Thuzs ( op Jmax, 1s about 1,36 p,
whieh i35 considerably higher than 0.7 p, %curring at the axis
of syemetiry (x = o) shown in Figure 28, Furthermore, as shown
in Figure 28, the depth of (op Jyyy 18 ~ 0.13 ¢ which is con-

sidorably smaller then 0.9 ¢ which occurs aloag x = O,

In the above defect originated stress analysis, the deter~-
mining parsmsters arec found 2o be the vratio of dofect width 2¢
and coraer radius r and the undisturbed surface pressure pg.

The degree of siress concentrationr at the shoulder increasges

Witk lacressing defect width anrd decressing defect shoulder
radiug, Although subsurface maximum shesr stress has not heen
computed fox « wade vange of Z yalues, on oxample lias beern com-
puted, corresponding te a typ§091 realistic defeoct gsize. The
result ghews that th - eortact pressure reacheg g pegk valug of
3.1 times p_ wheress the mexlimum value of the aquantity giving the
vein=HEises ygeld criterion 15 1.3 p, (comparsa with 0.32 p, iu

the Hertzian contsct,) It i1s expected that significant plastic
deformation will oecur at the defect shoulder,

Surface plastic deformation has heen observed at asperities
(on ground emd at times on honed gurfasces) st low B/c values,
st msany surfsce deifect shoulders, It 1s belioved thatr this is
dues te the kigh sbenr stress predicied above four both of thesze
Burfgca fgilure origination points, In the cases of gevere
agperity inmterastlion the plsstic deformation oceurs at the tip
gausginy s decresase 0 asperlty slope,

and

in the case of surfaca
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daefects sharp corner radii

(compared with defect widih) have been
observed in new susfaces.

Afier many cvcles of rolliang, i3 has
uien observed by eurface Lrgcing that the corner rac.vs lncreases
considerably 4s 8 result of “rounding off%,

It is plausible to assume that the surface profile of as-
perities and dofecy shoulders stabilizes, i.e, the plastic defor-
mation ceases to grow afier a certsin number of str-s8s cycles,

Tnis is a kind of “shakedown®™ process nn the microscopic scale.

Eldredge and Tabor (38) and Johnsoa (32)

in studying macroscopic
shakedown

of ball tracks have concluded that after &8 certain
shakedown Is reached the material will behave slastically. In
spite of the large difference in scale, the basic mechanism
involving shakedown in bearing rolling tracks ¢ d/or asperity
tips (or defect shoulders) can be similar., Using this argument
i. may be sssumed that the assperity tip snd Jefect shoulder will
beheve elastically after a stabilized surface is achieved., Bssed
on Figures 17 - 19 and 25 it is seen that 8 run-in asperity (or
defect surface) having scquired 2 smaller asperity slope (or a
larger defert corner radius) suffers a lewer degree of stress
conrcentration than when it is new, From this fact it can be said
ihat surface plastic deformavion flows in the direction required
to reduce the degree of stress concentration,
hardening is5  high and the amount of deformgtion at ®snakedown"
will be limited., It is possible that the rua~in shape of asperity

tips and defect shoulders will continue to hsve gome siress con—
centration,

In herd steel, work
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APPENIXTY

FORMULAS FOR STHEBRFSIN A HERTZIAN STRESS FIELD

The siresses at an arbitrary poini below the surface of 2 beoring ring induced Dy
contact of a hall or roller are compuisd under the agsumption that arcar of the ring and
roiling bedy ave large enough compared to the size of the contaciing area that the con-
tacting bodies may be counsidered infintio in extent,

In the viciulty of the centact the suriaces are assumed o be describable by second
degree polynomiais,

ANl of the siresses concerncd arce reierved o a rvectangular Cariesian coordinate
gystem with the xy-plane fixed on the | oundary suriace of the semi~infinite body with
the z -~ axis direcied into the body. The xz and yz planes coincide with the symmetry
planes of the contact ¢llipge, the equailon of which is,

Xz 2
- +=!f =1 (A1-1)
a b
where a 15 the major semi-axis lying on the x-axis and b the minor semi-axis lying

on the y axis.
The atresses are given by (34).

2 ZM M
LX X z
—Q/ ) + (1-2V) N_-2 {(i-¢) + 2p _
% \ a2, 12 X L L (A1~2)
G 2 AN ZM
y LY y
.....:Q( ) + (1-20) N -2 (1= ) === + 2V
o 1.2 y L (A1-3)
6Z _Q( 7 )2
o, L (Al-4)
Txy X \/ LY
-Q =-==-=g) “"“g) - (1-2V) N (A1-5)
%o \af.y L
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}

2 2 =

T A® s 1, {A1-6)

%
=
. =
e, QY 2
9o 1+4, (A1-7) ’ =
=
in which %
A=2 x-X .Y g2 |
b, b, b, b (A1-82) =
E]
E-
-3p =
g = E |
0 2mah {A1-8D) i
and P is the totnl load

L is the largest positive root of the following equation

2
z .2 . 2" z°1 (A1-8¢)
A%+ 1+1° L
1
,/(A c1h e 1h ( _LX>2 +(.,=yf_,>z (_Z_>2
A2, L2 L. 2 L (A1-8d)
-
& ! arciarn X Azal .
= y==== arcian | — 0 e
A° 1 1+ L ,L;Z, fia? + 13 (1 + 1% (A1-8¢)
Va2
\;r,==%z=*1=‘= arctanh 3 ;A = —
A -1 A+L+ \/(A + 1, (1+L) (A1-8f)
A o
N=—— X&-YV¥) (A1-8g)
A1
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o \
r Y
I‘JX: ’é;/x"m <l—'—_‘]" 1; L ";" - },Gu’ ”'K‘l’ , (AlhBh)
A1 oA T v /
e —
’ 2 2
R b /A% TR L xdf) (A1-81)
Y AT Y [
™o
Mx: L (9_ E)
A1 (£1-8))
2 2

A fia%1%) q+n (A1-8K)

L1
i o= A [ 5 - LE
% AS+ L (A1-81)

where F and E are the ordina.y elliptic integrals of the firat and second kind, re-

spectively, with modulus k =/1 -LE and argument 8 = arctan-%- i Vs
A
Poisaon's railo, assumed to be 0.3 in all of the numerical calculatons,
For points in the contact, i.e. Z =0, the largesi positive root L is zero. It

iollows from equation {Al-8c) that

z_ [ £
A Ay - ¥
0

5

A (A1-9)

[l

-

Using this relation, the siress formulas can easily be obtained from equations (Al1-2)
through (Al-7) as follows:

© / XZ

X 2

— = (]~ + 12
(1-2v) N Zy\ 1 5 Y

0 A (A1-10)

2
2

Yy
T g2n N v f1-55 -¥
e ¥ A (A1-11)




Iy S SU
Uo AZ
= = {1-2¥) N
GO
~ =O
Xz
Tyz=0
/ 2
where Nx==%= \;-% 13%- —YZ-Y ¢~xw>
A -1 A
N = ;‘ (A /1-=x% - -1+Y9 +X!IJ>
Y a‘-1 A
N = nA Xe - YV)
A -1 .
\/ 2,,
&= 5 arctan *—Lé-—;——"—‘l
A" -1 1+A 1-3_;2_; _ I
AZ -
‘/ 2
- 3
b = % arctaah X A? =
A -1 A2+A l—'x=z' “Yz
A

4, X and ¥ are

88 deilned in equations (Al-8a).

(A1-12)

(A1-13)

(A1-14)

{A1-18)

(A1-16a)

(A1-16b)

(Al-16¢)

(A1-16d)

(Al-16e€)
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FORMULAS FOR STHESSES CORRESPONDING TO AN INFINITELY
NARROW CONTACT ELLIPSE (N A HERTZIAN STRESS FIELD

in the Hmiiing case, A= @ or Acl =0, the formulas in Appendix ! must he modi-
fied befora they can be used in numerical calculations. The following approximaiions
musi be made 1n deriving the siregs formulas,

it is proper that, bofore worklug on the atrass formulas, attentlon be direcied
to the modifications of squations (Al-8). Designsiing

1 X X
X I emem TTem=s
A a

Bquation {Al-8¢) becomes

2 ¥ 2

4 Z
xl L 2 4 -—Z= - 1 (Az-l)
1+L L
Twus L is the largest positive root satiafylng equation (A2-1). Since
lim A =1
A-w a2+ L2
it is evidont that
-2 L . L
= e
L\/1+Lz ( LY)z (z)?’
T2 \T
1+1L,
Fliminating ¥ by means of cijuation {A2-1), this can furither be roduced to
Z Vi+ L2
® T 2 2 Z 2
L (1-X") +{=—
( ) (L> (A2-23)
As A - ©, both @ and ¥ approach zero. Thus
N2X 4 -xe=0 A2-2b
A ( - )

g 1 T i v R TR
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(L2-2¢)

&~

,
N = S R I NS,

y L T2 AT L Z (A2-24)

For the alliptic integrals ths modelus k will approach unlty while the argument

B will bs closs to T/ 2. Therefore, it can bas sesn that (40)

im F(8/K lim 2 _ lim 2
A-e 2 == g KT, KUK
. lim 2 4
2 k=0 k lnk,
iim 2 2
= k=0 k' Ink' =0
andlim E = 1, whera k' = lakz.
A-o
1t then follows
?&X:O (A2-29)
M_=1I L
vy 7 i+ LE . . (AZ-2f)
2
M, 3/1+1°-L (A2-2g)

Thus the siress formulas