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FOREWORD

The research effort reported herein was performed by the Testing
Division of Wyle Laboratories, Huntsville, Alabama, under AF Contract
F33(615)-67-C-1287. This contract was initiated under Project No. 1471,
"Aero-Acoustic Problems" and Task No. 147102, "Prediction and Control of
Noise" of the Air Force System Command's exploratory development program.
The work was administered under the direction of the Air Force Flight
Dynamics Laboratory. Mr. D. L. Smith was the project engineer.

This report covers work performed during the period of December 1966
to January 1968. The manuscript of this report was released by the
author in January 1968 for publication as an AFFDL Technical Report.
Wyle Laboratories Report No. WR 67-15 has also been assigned to this report.

The work to be performed under Contract F33(615)-67-C-1287 concerns
the design of aircraft fuselage soundproofing systems. This report covers
a portion of this work. It is concerned with predicting the character-
istics of the noise generated in turbulent boundary layers. A separate
report, AFFDL-TR-68-2, entitled, "Structural Acoustic Response, Noise

_• Transmission Losses and Interior Noise Levels of an Aircraft Fuselage
Excited by Random Pressure Fields" will contain the complete results of

the contracted research.

This report has been reviewed and is approved.

HOWARD A. MAG TH

Chief, Vehicle Dynamics Division
AF Flight Dynamics Laboratory
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ABSTRACT

The pressure fluctuations beneath equilibrium boundary layers at subsonic and supersonic
speeds are reviewed. Empirical formulae are presented for the intensity, spectra, and
cross spectra of the fluctuations. The formulae are intended for direct use in structural
resporse calculations. A simple theoretical model to predict intensities at supersonic
speeds is put forward, and the effects of nonequilibrium boundary layers are discussed in
general terms. An appendix gives theoretical justification for negative exponential

correlation curves at large spacings.
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SECTION I

INTRODUCTION

The pressure fluctuations occurring beneath a turbulent boundary layer on an aircraft
In flight have two important results. Firstly, they are ihe source of cabin internal
noise which can disrupt pilot communication and irritate passengers. Secondly,
they can cause fatigue failure of the aircraft structure. There is, therefore, consider-
able interest in accurate prediction of this phenomenon.

Over a considerable portion of the aircraft onlyi the attached boundary layer sources
are significant, and these are the only sources considered in this report. Even
under this limitation the effects of fuselage geometry and flight condition can still
cause significant variation in the observed characteristics. However, little systematic
data exists on these effects so that it is usually necessary to assume that the boundary
layer is close to the equilibrium condition.

The information required to compute the fuselage response, and thereby the internal
noise field, may be classified under three headings.

i) The Overall Level

ii) The Power-Spectrum

iii) The Cross-Spectral Density as a Function of Position.

Thus, in describing the characteristics of the attached boundary layer each of the
above features will be discussed separately.

The basic philosophy underlying the prediction methods put forward here is as follows:
First of all, the basic mechanisms underlying the phenomenon are studied. These
mechanisms are used to suggest nondimensional parameters for collapsing the avail-
able data. Where alternatives exist the simplest and most direct method has been
preferred. Thus, for example, attached boundary layer pressure fluctuation data
has been collapsed using boundary layer thickness (8) as a typical dimension,
because this parameter is both simpler to predict and more related to the flow mech-
anisms than the displacement or momentum thickness of the boundary layer.

Considerable data has now been accumulated on the subsonic problem, so that the
pressure fluctuations occurring in this case can be predicted quite well. However,
data for the supersonic problem is far from complete, and predictions for this super-
sonic case rely more on extrapolations from the better understood subsonic case.
Naturally, less confidence can be felt in the supersonic predictions made in this
report.

.. ..... . . ...
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SECTION II

PRESSURE FLUCTUATIONS IN THE ATTACHED TURBULENT BOUNDARY LAYER

I. OVERALL LEVEL

Experimental and theoretical information on the overall level, particularly at super-
sonic speeds, is fragmentary and not in particularly good agreement. However,
reasonably good correlation has been found using Prms/q as a parameter (Reference
1), where Prms is the root mean square pressure fluctuation, and q is the dynamic
head (0.5 p U2 ). The accuracy of this prediction is reduced at supersonic speeds.
Theory (Reference 2) suggests that pr s/-w would be a suitable nondimensional-
ized parameter, where rw is the walM shear stress, but this theoretical prediction
is dependent on the similarity of the boundary layer velocity profiles. Neither the
effects on pressure fluctuations of roughness (Reference 3) nor those of pressure
gradient (Reference 4) are found to be predicted on a w basis. Thus, use of w
increases the complexity of prediction without offering any advantages in increased
applicability.

Figure 1 shows a comparison of data under the two schemes. The scatter is apparent.
An advantage of using r is that Tw = 3.0 does give a line which is approxi-
mately a mean of the various results at both subsonic and supersonic speeds (Figure 1b).
However, there is every reason to expect that Prms would be a function of Mach
number, so that a graph of Pr /q versus M would be an acceptable predictor if
the data could be shown to collapse.

The basic mechanism underlying the production of the surface pressure fluctuations
beneath turbulent boundary layer, at least in subsonic flows, appears to be two-fold.
Firstly, there is a component associated with the eddies at the edge of the laminar
sublayer, tentatively associated with the laminar sublayer "eruption" process (Refer-
ence 5). This component is relatively intense, is typically of high frequency,
(, 6/UO > 10) and has a convection speed of about 0.5 - 0.6 of the free-tream
velocity. The second component is associated with the eddies in the outer inter-
mittent parts of the boundary layer. The intensity of this component appears to be
markedly affected by upstream conditions such as roughness or protuberances, is
typically of low frequency (w 6/U o ,- 1 .0), and has a convection speed of about
0.8 of the of the free-stream velocity. The experimental data which shows these
effects in the clearest manner is that of Bull (Reference 6). The relative effectiveness
of these two mechanisms at supersonic speeds is not known, but Black, In unpublished
work, has been able to collapse subsonic and supersonic data by using arguments
based on the above physical picture. Furthermore, the anti-correlation between
temperature and velocity fluctuations in a supersonic boundary layer (Reference 7) j
suggests that the eruption of hot, low velocity eddies from the wall is still an
Important feature In that case.

2
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At subsonic speeds the wall layer is generally the most effective source of fluctuating
pressures. The assumption that this will be true at supersonic speeds leads to an inter-
esting result for the intensity. At subsonic speeds the avaiiable data suggests that the
fluctuating pressure intensity is given approximately by

s= 0.006 x (0.5 po U2 ) (1)SPrms

where 0.5 p U2 is the dynamic head (q) with p0 the free-stream density and U
the velocity. 0 Assuming that the wall layer is the principal source of fluctuating

k pressure at supersonic speeds suggests the following universal formula

Prms = 0.006 x (0.5 pI U2 ) (2)

where p1 is the density near the wall at the site of the most intense eddies. Main-
taining U as the free-stream velocity implies the subsidiary assumption that the
turbulent velocities are always proportional to U, and that there is no change of
relative scale. This feature agrees with arguments put forward by Morkovin (Refer-
ence 7). Since the temperature increases and the density decreases near the wall,
Equation (2) suggests a reduction in the value of prms/q at supersonic speeds.
This observation has been the subject of unpublished work by both Eldred and
Houbolt.

Now

P, T
0

for constant static pressure through the boundary, thus:

Prms=/q 0.006 To/TI (3)

For an adiabatic (nonconducting) wall

aT 1+ I+R 2 (4)

Where, for a typical turbulent boundary layer, the recovery factor R m 0.9
(Reference 8, Page 1123).

Then, using the Crocco equation for the temperature velocity relation, which
applies to a flow with a Prandtl number of unity, (Reference 8, Equation 26.12),

_ ~3 _
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T TT + 2 U (5)
0 00 0 0 0

and substituting from (4) assuming an adiabatic wall

= ~ U 1+ - )(R + U1 ) v )M (6)

0 
-U

Now suppose that the principal source of the pressure fluctuation occurs at

U, 0.5 U (the edge of the laminar sublayer), then

TI

T 1 + 0.14 M2  (7)
T--

assuming R = 0.9, y = 1.4. Thus, Equations 3 and 7 suggest

2

Prms/q= 0.006/(1 + 0.14 M2) (8)

as an empirical curve for the fluctuating pressure intensity beneath an attached

turbulent boundary layer. This curve is plotted in Figure Ia, and can be seen

to be a fairly' good, slightly conservative fit to the available data. Thus,

Equation 8 is recommended for prediction.

It may be noted that the data of Kistler and Chen (Reference 9) does not appear on

Figure la. These were the first measurements made for the supersonic case, and

have been used by many authors. However, their results are much above later

experiments, and furthermore, their spectra have a much larger high frequency

content than later investigations (Reference 10). Possibly wind tunnel noise, or

a nonequilibrium boundary layer was the cause of this discrepancy. The later

data now available, particularly Reference 11, suggests that these initial results

of Kistler and Chen be discarded. However it should be pointed out that the

results from Speaker and Ailman (Reference 11) have been interpolated (on a

constant Re9 basis) from quite widely varying data points at each Mach number.

Figures la and lb show that there is reasonable agreement between the prediction

curve suggested here and that using Prms/Tr = 3.0, using Bies' methods for

predicting rw (Reference 10). Bies' method for predicting "rYV again uses the

heating of the layer near the wall as the key effect although in this case the

temperature affects the result through the viscosity rather than the density. Thus,

the agreement between the two curves results basically from the same temperature

4
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effect, although the analytical result of the present method is thought to be somewhat
simpler to apply. If the wall is heated or cooled then the wall layer will change in
density and a change in pressure fluctuation intensity would be predicted. Calculations
of the effect have been made from the Formula

T 0.5 (Tw/T+ 1)+ 0.1 M2 (0.9 T /T +0.5) (9)

T w w w aw 9
0

This is derived directly from the equations above after putting y = 1 .4, R 0.9.
Twisis the actual wall temperature. In practice the wall will always be cooled, and
it is unlikely that Tw/Taw will be less than 0.8. A graph of the predicted effect
on prms/q is shown in Figure 2, and the effect con be seen to amount to about one
dB. It therefore seems unlikely that this effect can Justify inclusion in a general
calculation.

The empirical formula, Equation 8, can be rewritten as

0.0042 p0  (
prms M- 2 + 0.14

where po is the free stream static pressure. Thus, as M becomes very iprge

Prms-n-- 0.03 po. Use of a formula such as (1) would suggest intensities several
orders of magnitude greater than this. Physically it does seem reasonable that the
limiting intensity of the fluctuating pressure sour s opertional to the
static pressure. This general conclusion may so apply to othe fluctuating pressure
sources at high Mach numbers.

2. SPECTRAL DISTRIBUTION

The frequency spectra of attached turbulent bournday layer pressure fluctuations are
found to 3cale on a Stroiohal number basis; that is the frequency is nondimensional-
ized by multiplying a typical length and dividing by a typical velocity. However,
choice of correct typical lengths and velocities is far from easy. Free-stream velocity
is generally used for the nondimensionalized velocity, although the use of the typical
eddy convection velocity, itself a function of frequency, would correspond more closely
wlth the physical situction. For simplicity, free stream velocity will be used here.

Definition of a typical length is more difficult. Boundary layer thickness (6) dis-
placement thickness (6*), and momentum thickness (0) have all been used by various
authors. For subsonic boundary layers most results have been taken for equilibrium
flows with a similar ratio of these characteristic lengths, so that nondimensional-
ization using any of these gives very similar collapse. In supersonic flows the typical
lengths do vary widely with Mach number, but no final conclusion can be drawn on

S. . . ... .
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the relative merits of the collapse against any particular length. Perhaps the most
generally used typical length is 6%, the displacement thickness. However, in this
report the boundary layer thickness 6 will be used for three reasons: firstly, it is
easier to predict; secondly, it is related to a physical characteristic of the flow,
the size of the largest eddies; and thirdly, it gives a slightly improved collapse of
the only available supersonic data. It should be noted that Black (Reference 12)
has achieved a reasonably good collapse of a widely varying spectra by using
• i(Wv/U )as a nondimensional frequency, where w is the circular frequency, v
the kinematic viscosity, and U,. shear velocity. The use of this parameter was
suggested by the idea that laminar sublayer eruption was a leading source of the
pressure fluctuations (see also Reference 5). The success of the above parameter is
somewhat surprising at first sight, but writing

W V _____a _(WY ) u.
w ay 0

shows that it is equivalent to the nondimensionalizing the frequency by the slope
of the velocity profile at the wall. This seems not unreasonable physically, even
if the original sublayer eruption hypothesis is not true. This nondimensionalization
scheme has not been used in this report since it is complex to apply and does not
give good collapse over either the high or low frequency parts of the spectrum,
although it ;s successful over the region of maximum power production.

The principal problem in predicting subsonic spectra under any scheme is estimation
at the low frequencies. Experiment, both in flight and in wind tunnels, shows con-
siderable low frequency scatter from the very low values reported by Hodgson (Refer-
ence 13) for a glider to the high values reported by Gibson (Reference 14) and
Maestrello (Reference 15) for full scale aircraft, although Hodgson's res..lts were
taken at low Reynolds numbers on a far from equilibrium boundary layer and should
probably be discounted. It is extremely difficult to define any single curve from
the avuilable data. Bies has recently published a detailed review of spectral mea-
surements in a wind tunnel and in flight (Reference 10) and suggested the curves
shown in Figure 3 as means through the data. The scatter about these curves is about
± 5 dB. The curves in Figure 3 have been converted to the present basis by assuming
that the wind tunnel results were taken at typical Mach number of 0.5 and a typical
Reynolds number of le while the flight results were typified by the values M= 0.8,
Re = 106 . Values of the boundary layer parameters were estimated from the curves
given by Bies, using the above figures.

Since it is desired to apply the empirical results from the present study to the super-
sonic case, and there are, at present, no reliable in-flight supersonic measurements,
the supersonic wind tunnel data of Speaker and Ailman (Reference 11) has been
reviewed carefully. This is essentially the sole source of detailed information on
the supersonic case once the data of Kistler and Chen (Reference 9) is rejected

"6.
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(see Section II. 1). Figure 4 shows a replot of the Speaker and Ailman data on
the present basis. Overall level has been nondimensionalized by dividing by
q/(] + 0.14 M2 ), and the Strouhal number is based on free-stream velocity and
boundary layer thickness. The curves have collapsed moderately well, certainly
better than the results obtained by using displacement" thickness for nondimensional-
ization, and possibly slightly better than a collapse based on momentum thickness.
Curves based on these other parameters are given in Reforence 11. Speaker and
Ailman also use -r for their vertical ordinate collapse, but this change is of little
significance, as might be expected from Figure 1.

An empirical curve was sought which, firstly, lay close to the mean empirical
curves derived from Bies' resultsfor the flight and wind tunnel cases and, secondly,
was a fair representation of the data of Speaker and Ailman for the supersonic cases.
The curve shown in Figures 3 and 4 has been chosen. It corresponds to the formula

F (w) (I + 0 .14 M1)+ .0 )2  /
' )(0.006
q' 0

I where the typical frequency w has been put equal to 8 U/S. This curve has the
advantage of being analytic, which may simplify theoretical work, and also matches
the data well, particularly considering the wide scatter. As can be seen, the curve
is probabiy conservative at the high frequencies for the highest Mach numbers. The
large scatter of the data at low frequencies suggests that external effects are occurring,
which can not at present be predicted.

There is a definite trend noticeable in Figure 4, which was also pointed out by
Speaker and Ailman. The slope of the high frequency portion of the curves for
M > 0.8 is greater than that of the lower Mach number spectra. Furthermore the
curve for M = 0.42 agrees closely with that of Bull (Reference 6) in the high
frequency region. Typically low Mach number wind tunnel spectra decay at 20 dB
per decade at high frequencies, while the present high Mach spectra decay o• 40 dB
per decade. Little independent data is available to substantiate this trend, although
Maestrello's results (Reference 15) taken at 0.63< M<0.78 do show some increase
in decay rate. Since the trend to increased rates of decay above a Mach number of
about 0.8 cannot be conclusively verified it seems desirable to exercise some caution
in making predictions, and this is reflected in the empirical curve in Figure 4. It
may be not6d that while the empirical curve does lie below the low speed wind
tunnel data at high frequencies, it appears to match the subsonic flight data well
(see Figure 3). It is thought that the empirical curve may be used with some confi-
dence for aircraft predictions unless extraneous low frequency effects are present.

Use of the above formulae requires a knowledge of boundary layer thickness. The
empirical formula suggested by Bies (Reference 10) is recommended

7

1.i- '~' i .fla.ii..ia -- _-

S• . . . . ! .. .l I~ l " "" ' ' "• ' 1.. .. . . . .• 11 1 ' ' ... . . . • ITi~ l • " Il I q i" " . . . rIJ • • I I I l . . '• • :; •" r . ..' - = _ l lJ1e



AFF DL- TR-67-167

8 /Re\ 0.1
••-- = 0.37 Re-0.2

x-- •i_ ix 2.9 x 10e

where x is the distance from the front of the body and Rex = Ux/v where v is
the kinematic viscosity.

3. CROSS-SPECTRAL DENSITY

The final requirement in determining the characteristics of the fluctuating pressure 4

field is to define the cross-spectral density over the surface. Measurements by
many investigators (see Table 1) have shown that the cross-spectral density function
has the form

• •pp (1 ,A w) = (,Iwcos (1

where t and ri are the longitudinal and lateral separations, W is the circular
frequency, and U the convection velocity. Uc is also a function of both
and w. For convenience in subsequent mathematics it is usually assumed that the
function A is separable so that

A( Q , w) A• Q•w A (r~)(12)

It is of interest to study the implications of this. Anticipating a future result, both
A• and A are found to have a negative exponential form, so that

A YI, w, Uc) =exp (-aow &Uc) exp (-bwrI/Uc)= exp (-(a t + b n)w/Uc).

Thus, the assumed separable form leads to the prediction that the magnitude of A
is constant along straight lines on the surface, forming a diamond pattern surrounding
the origin. This characteristic seems physically unreasonable. A more likely form
for the lines of constant amplitude would be elliptic corresponding (say) to

A (e, i, , Uc) = exp - (at)' + (b r)' Ia/Uc]

The ratio of areas of the two forms is w/2, suggesting that the usual separable
solution underestimates the correlation area by this factor. In fact the lines of
constant broadband correlation coefficient usually swell out away from either the
lateral or longitudinal directions (References 5 and 11). On the other hand, Bull
(Reference 5) and Serafini (Reference 16) have found their results for the amplitude
of the narrow-band cross spectrum at an angle to the flow to agree reasonably well

8I
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with the separable form, at least at small spacings. Since the use of a separable
form provides a distinct analytic simplification for the response calculutions, it
will be used here. However, in view of the arguments above it is suggested that
integrations of the formula containing it be multiplied by a factor w/2 to allow
for its probable underestimate of the correlation area at any frequency.

In the present work the cross power-spectrum is defined following Equations 11
and 12 . Furthermore the function A is nondimensionalized to unity at the origin
by dividing by the value of the power spectrum at the relevant frequency. In more
general studies the cross power-spectrum would be defined in terms of its amplitude
and phase, which are related to the coherence function and convection velocity
respectively. However, using the form of Equation 11 introduces the convection
velocity simply as a nondimensionalizing parameter.

a. Convection Velocity

The convection velocity is found to be a function of both frequency and spatial
separation. This variation with frequency is due to the varying speed of the
different size eddies in the boundary layer. The variation with spatial separation
is thought to be due primarily to the typical accelerated eddy trajectories in the
boundary layer (Reference 5) together with the effects of the varying coherence
lengths of eddies moving at different speeds (Reference 6).

There are many problems even in defining a proper convection velocity (Reference
17) but the definit~on used here will be based on methods commonly used in deriving
the data; that is, the convection velocity is given by dividing the spacing of two
locations by the time delay required to give maximum narrow-band correlation of
the signals from the locations. Bull (Reference 5) gives a complete discussion.

Although results on convection velocity from one boundary layer tend to be con-
sistent, results from different workers do tend to differ. The results of Bull (Reference
5) have been used to generate a set of empirical curves, and these are compared to
other results. We have no way of knowing which set of results will be more
realistic in the flight case.

!r

Empirical curves through Bull's data are shown in Figures 5 and 6. They correspond
to formula

c = 0.075 + 0.3 exp 0.11 " -U 0.25 exp (-I .2

U0

where the broadband convection velocity curves correspond to w V/Uo 8,
giving

9
4 |
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U
C

- 0.8- 0.25 exp(-1.2 •/8)
0

An alternative empirical curve based on Bies' empirical formula for the effect of
frequency (Reference 10) corresponds to

U 8 U° •i

U - 0.8 - 0.25 exp(-]..2 /6) ( 6
This reduces to Bies' formula, which ignores spacing, at ) /6 0.75.

The present empirical curves fit Bull's data quite well at longitudinal spacings less
than about two boundary layer thicknesses, but may be somewhat low at the very -

highest spacings. This will not usually be significant as all but the lowest frequency
components will have lost all coherence at high spacings. It should be noted that
no attempt has been made to integrate the empirical curve over the spectrum to derive +

a broadband result, but it is assumed that the results of such a procedure would give
a reasonable result since the result at the maximum power point is consistent.

In Figure 5 the present empirical curve for broadband convection velocity is compared

with results from other investigators. It has been usual to nondimensionalize the
spacing (t) by dividing by the displacement thickness (8*). In the present work,
boundary layer thickness (6) has been used. This is consistent with the rest of the
report, but also corresponds to the dimension of the largest eddies, a physical scale
which would be expected to be important. Comparison of the two scale parameters
does.not show either to be plainly better. Speaker and Ailman's supersonic data
(Reference 11) agrees better with that of Bull (Reference 5) under the present scheme,
but better with that of Willmarth and Wooldridge (Reference 18) and Serafini (Refer-
ence 16) using the 6" scheme. The scatter apparent in Figure 5 shows that the
physical features underlying convection velocity are not known at present.

One important conclusion may be drawn from Figure 5. The typical eddy convection
speed in a boundary layer is often quoted as being 0.8 of the free stream velocity.
This is the asymptotic value at large spacings and refers essentially to the low fre-
quency components in the flow. In particular, this value does not refer to the
typical convection velocity of eddies past a single microphone. This latter velocity
Is given by the asymptotic value of the convection velocity at zero spacing. The
typical value of this is about 0.5 U., and this is the value which should be used in
correction of microphone size efficts and similar calculations (References 19 - 22).
The predicted value of microphone correction is very sensitive to small changes of
convection velocity. Careful experiments using very small microphones to determine
the asymptotic value of convection velocity as a function of frequency seem very
worthwhile. It should be noted that the various authors applied their own correction

I.10 __ _ __
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for microphone size and no further adjustment has been made for data presented in
this report.

Kistler and Chen (Reference 9) presented data indicating that the broadband con-
vection velocity was a function of Mach number. A new plot of their data is also
shown on Figure 5. It will be noted that their data was taken at very low values
of spacing q) to boundary layer thickness (8), and that, within the scatter, it is
completely consistent with the subsonic data. Indeed Kistler and Chen took several
results at different spacings at the same Mach number arid found the predicted rise
in convection velocity with increasing ý /6 in the majority of cases. It may also

[ be noted that their flat plate data, taken under a thinner boundary layer (not plotted
on their original curve), is also consistent with the present trend. It is concluded
that the effect of Mach number on convection velocity given by Kistler and Chen
is spurious and results from the increasingly thin boundary layer used in their high
Mach number experiments. Thus, the present empirical curves for convection velocity
are thought to apply equally well at high and low Mach numbers.

Speaker and Ailman's results (Reference 11) for a supersonic case were shown on
Figure 5. In fact the graph of -'opt versus t given in their report suggests that
the value of Uc/Uo at large spacings would be about 0.95. This would be con-
sistent with the physical picture that the outer parts of the boundary layer, moving
supersonically with respect to the wall, would be more significant at supersonic
speeds. Since there is no further data to substantiate this point the effect has not
been includeci here, but it seems worthy of further research.

Inclusion of these convection velocity effects in response calculations is difficult,
and will probably require computer evaluation of the joint acceptance. It seems
very desirable to perform such computations to evaluate the effect of convection
velocity, and to derive simplified methods of including its variation in resoonse
studies.

b. Empirical Determination of Cross-Spectral Density

If a separable form for the cross-spectral density is assumed (see Section II .3.) then

A , , )Acos;
and we need to determine t and *1, separately.-

The early workers (References 13, 18) used a narrow band correlation at zero time
delay to determine the longitudinal and lateral cross spectra, and found that the
longitudinal cross spectrum corresponded to

11
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= A Cos

Thus, the cross spectra were found to collapse on a Strouhal number based on
spacing and convection velocity. Also it was found

although there is no real basis, other than convenience, for introducing Uc in the
denominator here. Accurate determination of A (i /Uc) is only possible when
Cos (Wt/Uc) is near unity. Furthermore the use of non-ideal filters can cause
errors. Consequently, Bull (Reference 6) and Corcos (Reference 23) proposed to
measure the value of A• from the maximum amplitude of the narrow-band space-
time correlations and showed that this introduced no error into the result, even
using non-ideal filters. Note that A is the amplitude of the cross-spectral density
and is also known as the coherence function, although sometimes the square of this
amplitude is referred to as the coherence function.

The most complete results to date were taken by Bull, and are shown in Figure 7.
Other workers had recognized that the assumption that the amplitude of the cross
spectrum was a function only of (wt/Uc) must break down at the lowest frequencies
since very large correlation lengths would be implied. Bull's data showed that this
was indeed true and that the low frequency curves fell off comparatively faster.
Alternatively this same effect may be observed on the curves of constant t in the
data which do not tend to unity for large • . The effect is due to the finite thickness
of the boundary layer. Bull found that the lower frequency eddies lost coherence
essentially as a group, in c way which was not a function of frequency.

Many workers have observed that the functional form of the amplitude broadband or
"narrow-band correlation curves can be represented well by a negative exponential.
A theoretical justification, of this is presented ;n the Appendix. Bull gives the follow-
ing approximation for his data at high frequencies

At = exp (-0.1 wt/Uc) (13)

In addition Bull gives results showing that the asymptotic value of his curves for
constant Z is given by

JAtj 0  exp (- 0.27 ý/6) (14)

An empirical formula which seems to match the complete data well is

12
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(A)hexp (-{0.1 Qt/U.)2 + 0.7/6)2} 0.5](5

I This is shown in Figure 7,

An alternative method is to use formula 13 for (w 6/Uc) > 2.7 and formula 14 for
W 8/Uc< 2.7. This will tend to overestimate the correlations between, roughly,
2<u8/Uc<8, but is simpler to apply. Note that in the present case the over-
estimate referred to above is balanced by an underestimate of the overall curve

S ~(spe Figure 7) so the total error is expected to be small. Bull's data is the only
evidence available on the low frequency cross-spectral effects. However, many
investigators have reported higher frequency data. Table I gives a listing of the
results, and gives the typical value of the constant in the negative experimental
data required to put a curve of this form through their data. Study of Table I
suggests that the value of 0.1 in the longitudinal negative exponent may be slightly
low. However, no change has been made in the present formulae.

The form of the lateral cross-spectral density is found to be a simple decay curve.,
Bull's data corresponds well to the curve

A = exp(-0.72urq/Uc) (16)

As in the longitudinal case, the low frequency results show a faster decay, and

the asymptotic form for the lateral case corresponds approximately to

A = exp (-1.95 rn/8) (17)

It should be noted that this form somewhat underestimates the values at the largest
spacings compared to Bull's results, but it doeý correspond to the same criterion
wS/Uc r- 2.7 as the longitudinal case. This is consistent with the physical picture
that the same group of eddies in the boundary layer are responsible for the departure
from both longitudinal and lateral Strouhal similarity of the cross spectra. A form
similar to (15) could be used for the lateral cross spectra but, for simplicity, the
use of Equations 16 and 17 above and below w S/Uc = 2.7 respectively is
recommended.

Table I also shows the results of fitting exponential curves to the lateral cross spectra A
of other workers. There is rather more scatter in the results here, but there seems to be
no justification in changing the value of the exponent derived from Bull's data In a
typical case. Additional comment. relevant to this point are made in the following
section.

13
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SECTION III

NONEQUILIBRIUM BOUNDARY LAYERS

The empirical formulae given in the preceding section refer to the pressure fluc-
tuations occurring beneath an equilibrium boundary layer, that is, one which is
fully established at a suffic*iently, high Reynolds number, and is unperturbed by
effects such as pressure gradients or protuberances. In most modern aircraft designs
the boundary layer should be near the equilibrium condition over much of the cabin,
but invariably non-equilibrium boundary layers will be encountered.

The only published work on the effects of pressure gradient is due to Schloemer
(Reference 4) and even his results were taken only for a single favorable and a
single unfavorable pressure gradient. As might be expected the favorable pressure
gradient reduced, and the unfavorable increased, the intensity of the pressure
fluctuations. The direct effect of pressure gradient is to increase both low and high
frequency components for the unfavorable case, and to substantially reduce the low
frequency component while increasing the high for the favorable case. This latter
effect is essentially due to the thinner boundary layer for the favorable pressure
gradient. Comparing the spectra using a Strouhal number based on actual boundary
layer thickness shows that the low Strouhal number components (<0.3) are increased
by about 5 dB for the unfavorable pressure gradient and reduced by the same amount
for the favorable case. However, at the higher Strouhal numbers (>5.0) both
favorable and unfavorable pressure gradients showed a reduction in intensity com-
pared to the equilibrium values.

It is extremely difficult to find a single "figure of merit" for a given pressure gradient,
and even if this could be defined there is not sufficient data to define the effects of
this on pressure fluctuations. The general discussion above indicates the complexity
of the problems, and represents the state of knowledge at the present time. Physically
one .•night also expect variations in correlation area in non-equilibrium flow, although
Schloemer's data shows little effect, at least at the higher frequencies (See Table I).

It is equally difficult to define in any general way the effects of protuberances or
roughness on the pressure fluctuations. It is found that the protuberances do add
intensity at the low frequencies up to 20 dB at a Strouhal number near unity. Data
on this was given by Jorgensen (Reference 24) and by Willmarth and Wooldridge
(Reference 3). Again definition of a single roughness parameter and correlation of
this with the pressure fluctuations is not, at present, feasible.

Efforts were made during the present work to correlate the frequency spectra with the
physical picture of the wall and wake boundary layer components advanced by Coles
(Reference 2,6). This is attractive since the wall component would be expected to
give rise to the high frequencies while the wake component generated the low fre-
quencies. Some success was achieved with this approach, but not enough data is
available to allow numerical predictions to be made.

14
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An alternative physical picture of these effects is provided by the hypothesis that

periodic eruptions of the wall layer are responsible for the major part of the observed
pressure field (References 5, 12). Recently Shraub and Kline (Reference 26) have
studied the effects of pressure gradient on the eruption mechanism. Their data is
somewhat scattered, but they do show a cessation of the eruption process for a suffi-
ciently favorable pressure gradient. This would suggest that the high frequency
components of the pressure fluctuation would be markedly reduced under these
conditions. It seems that a study of the pressure fluctuations under systematically
varied nonequilibrium boundary layers could provide valuable information which
would enable improved predictions to be made.

Perturbed supersonic flow gives rise to very many additional problems such as the
effects of separated flow and oscillating shocks, or of shock-turbulence interaction.
Complete examination of these effects requires a separate report. Methods for pre-
dicting the gross features of the fluctuation pressure beneath various flows are given
in Reference 27, while data on the effects of typical aircraft type protuberances are
given in References 11 and 28.

15 I
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SECTION IV

CONCLUSIONS

The pressure fluctuations occurring beneath equilibrium boundaiy layers at subsonic
and supersonic speeds have been reviewed. Empirical formuiae have been put
forward to describe the intensity, spectra, and cross spectra of the fluctuations.
These formulae are sufficient to define the statistical characteristics of the fluc-
tuating pressures required for structural response calculations. The objectives of
the empirical methods were: (1) simplicity, (2) relaton to the physical parameters
of the flow and (3) good agreement with the available data. It is thought that each
oi these objectives has been acheived. The formulae arc summarized below.

Intensity

Prms/q= 0.006/(1 + 0.14 M2 )

Spectrum

p2 (u) = 0.006 12 1

q2 1 + 0.14 M2  w 0 + u2/W2 3/2

where

8o=8U6 .7R -0.2 1 I'ex \2 0. 1
=o 8 u!8, - = 0.37 1 i+ ' 0.9 x i10!

Cross Spectrum

1ýp l w)= w/2 t (, W) 41* (r , W)

where

w ,U) = exp (-0.1 w t/U) Cos (uW /Uc), W /Uc> 2.7

= exp(-0.27 t/8) cos (w t/Uc), w8/Uc< 2.7

w(rIu) = exp(-0.72 wr1/Uc), 6/Uc>2.7

exp (- 1.95 r1/6), wS/Uc < 2.7

16
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Convection Velocity

S- 0.075 + 0.3 exp ( 2) -0.25 exp(1 )

-- •U Uop
•* O

Several alternative forms for these formulae are given in the text.

The following conclusions have also been drawn as a result of the present work:

1. The change in fluctuation level with Mach number may be
attributed directly to the reduced density of the wall layer.

2. Compressibility (M > 0.8) seems to increase the rate of decay
of the high frequency part of the fluctuating pressure spectrum.
(These facts have not been accounted for in the present formulae).

3. Convection velocity is not a direct function of Mach number.

4. Use of an exponentially decaying correlation or coherence
function seems to have theoretical justification at large
spacings (see the Appendix).

5. Separation of variables in the cross spectrum function leads to
physically unreasonable results.

The use of the above results in structural response calculations should be compara-
tively straightforward, except for the convection velocity term. The variation of
convection velocity with spacing does complicate joint acceptance calculation.
It is recommended that joint acceptance results be computed with convection velocity
as a function of spacing to determine the significance of the effect in structural
response.

The resulft are probably reliable at subsonic speeds but are based on very limited
data for supersonic or non-equilibrium boundary layers. Further sources of data
are urgently required, but at the present time the formulae given represent the
best available estimate.
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APPENDIX

THE BOUNDARY LAYER AS A MARKOV PROCESS

It is of interest to attempt to describe the correlation functions using theoretical arguments.
Those presented below are based on work by Priestley (Reference 29).

Consider signals x ' x22 x3 recorded at three points spaced 4 apart as shown

1 2 3

Assume a homogeneous stationary process so that we can define

x 1 x 2  x2 x 3  x- I-_3

S - R (),also R (24)
x x x!

Also define

S2= R() x + x2

so that x21 is the part of x2 which is uncorrelated with x1 . Similarly, put

x= R(t)x 2 + x32

and x3 = R (2t) xI + x31

combining these equations

R (2k) x1 + x31  (R ) x1 + R () X21 +X

Multiplying'through by x and taking means

R (2t) = R 2 (t) + x /x2i x32 I

where the remaining double suffix terms drop out because they are uncorrelated with x. If

X32 X1 =0 (together with similar terms) then the process may be repeated indefinitely for

successive stations giving
ni

R (nt) = Rn Q)

21
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The solution to this functional equation can be shown tu be

R ) exp(at)

where a is a negative number in order for the correlation to reach a maximum at zero.

In fact, if x32 x1 etc.,= 0 then the process is a Morkov chain and the negative exponential

correlation function form has been proved by other writers in a rigorous manner (Reference 30).

Thus we predict an exponential decay for the amplitude of the broad-band or narrow-band spatial
correlation unless there is some mechanism by which pressure patterns at 1 can be recorded
at 3 without passing 2. This would be the case if coherent pa;terns were carried around by
an eddy so that they were close to 3 but away from 2. This will tend not to occur for large
spacings and high frequencies, but may occur at small spacings and low frequencies.

Thus it appears that there is theoretical justification for assuming an exponential form for the
amplitude of correlation functions for boundary layer pressure fluctuations at large spacings.
The arguments also show how the exponential form could not be expected to apply at small
spacings.

22
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TABLE I

"CROSS POWER SPECTRA FROM VARIOUS SOURCES

Note: Numbers given are approximate negative exponential coefficients required to fit the
data. Since an exponential curve is not usually an exact fit the numbers given are accurate
at best to about + 10 percent in general.

Longitudinal Lateral Remarks
Investigator Cross PSD Cross PSD

Bull (6) 0.1 0.72 M 0.3 and 0.5

Wilmarth and 0.11 0.7 w8*/U - 0.62
Wooldridge (18) 0.11 0.5 S*!/U°0 5.3

Bakewell (31) 0.11

I Maestrello (i5) 0.1 1.5

Schloemer (4) 0.11 0.9 Zero Pressure Gradient
0.1 0.9 Favorable Pressure Gradient
0.15 0.8 Adverse Pressure Gradient

Hodgson (13) 0.14 Small Wind Tunnel

Shattuck (32) 0.11 Based on 400 cps at M = 0.81. Other
measurements adversely affected by
engine noise or microphone resolution.

SJorgensen (24) 0.14 U = 50 fps
" 0.7i9 U 0 =100 fps Based on 1st Peak
0.22 U°0 200 fps

1.3xIU w/U 2.8
2.Ox UU r /U° =0.63

Priestley (29) 0.25 Typical Atmospheric Boundary Layer
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Figure 3. Comparison of Empirical Curve with Data from Bies (Reference 10)
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