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g ABSTRACT

-~

This volume treats three special bearing types selected for study because of
their favorable stability characteristics and, hence, their potential for use
in high speed rotating machinery applications. The three bearing types ars:

8. The Three Lobe Journal Bearing

b. The Floating Sleeve Bearing with an Incompressible Lubricant

¢. The Fioating Sleeve Bearing with a Compressible Lubricant,

ok : In the floating sleeve bearings. the ring is prevented from rocating but is
otherwise free to move. The ring is floated by pressurizing the outer film
of the bearing. In the case of a compressible lubricant, the inner film is
pressurized as well.

r‘”“w The volume gives extensive design data in form of charts and tables from which
R - the bearing dimensions can be obtained for a given application. Data are given

. for bearing flow, friction power loss and the speed at which hydrodynamic

’ instability sets in. In addition, two computer programs sccompany the volume,

ff"“ and instructions and listings of the programs are included. The programs may
. be used to obtain data for cases not covered by the presented design data.
= This document is subject tu special export controls
jiff and each transmittal to foreign governments or
?%—’ foreign nationals may be made only with prfor approval
%?nf of the Air Force Aero Propulsion Laboratory (AFFL),
fi:i‘ Wright-Patterson Air Force Base, Ohio 45433.
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SYMBOLS

Orifice radius (or radius of laminar restrictor tube), inch
Demping coefficient, lbs.sec/inch ;“/l
Damping coefficient for outer film, lbs.sec/inch -//
Damping coefficients for bearing, lbs.sec/inch
Damping coefficients for beaering, lbs.sec/inch
Dimensionless effective bearing film damping
Radial clearance, inch

Radial clearance for outer film, inch

Discharge coefficient or vena contracta coefficient

Coefficient of friction

Journal diameter, inchea
Dismeter of outer bearing, inch
Feeder hole diameter, inch

Journal center eccentricity, iach

Eccentricity of journal center with respect to bearing

center, inch
Journal center eccentricity, steady-state, inch ;
Friction force, lbs. ;

[*

Radial and tangential components of bearing force, lbs.

Vertical and horizontal components of bearing force, lbs.

Static components of Fx and Fy, 1bs.
- Ft/SW (Appendix I) or = Fr/PaLD (Appendix V)
- rt/sw (Appendix I) or = Ft/P.LD (Appendix v)

Turbulent flow coefficients, see Ref. 1
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) ¢ = G,/6, .
€9+6,+6, Defined by Eq.(A-19), Appendix I "
GO,GI.Gz Defined through Eqs.(E-17) to (E-19), Appendix V
./ " - h3/2 ¢ 1/2 '
7 x
ﬂo,ﬂl,ﬂz Defined by Eq. (A-18), Appendix I
BI,HZ Defined by Eq. (C-56), Appendix III

b Pila thickness, inch
: h - E/c, digensioniesa film thickness o
SR . ) \/:I- )
;m: i 1,3 " Finite diffefence indices, Appendix I i
 ?' 3 = \[:I: Appendix‘V
K Spring coefficienf, 1bs/inch )
‘b Spring coefficient for outer film, lbs/inch . =
e - ‘xx’xiy"yx"yy Spring coefficients for bearing, lbs/inch ) .
K. oK oK oK, Spring coefficients for bearing, lbs/inch !
EB Dimensionless effective bearing fiim stiffness “7—
5 Stiffness of shafﬁ, 1bs/inch
Keff Effective bearing film stiffness, lbs/inch —A
B L Bearing length, inch s
— Lo Length of outer bearing, inch ‘ ;{;
L L, Distance between admission planes, inch
Lz =L - L, inch
4 Length of feeder hole, inch

Journal mass (half rotor mass for rigid rotor), lbs.seczlinch

Mass flow into bearing from one feeder hole, lbs.sec/inch

o:‘ui‘ x

Mass flow through feeder hole orifice, lbs.sec/inch
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Total besring mass flow, lbs.sec/inch

Mass of rotor disc, 1bo.lec2/1nch

Dimensionless mass flow (Eq. (C-13), App. IITor Eq. (E-31),
App.v)

Number of finite difference increments

Rotor speed, rps |

Rotor speed, rpm

Number of feeder holes

Number of finite difference increments on half bearing length
Film pressure, psi

Dimensionless film pressure

Supply pressure, psi

Ambient pressure, psi

Film pressure st rim of feeder hole, psi

Bearing flow, 1nch3/sec

Flow in circumferential directionm, 1nch3/aec.

Side flow, 1nch3/sec.

Dimensionless flow (Eq. (C-47), App.IlXor Eq. (E-40), App. V)
Journal radius, inch

Radius of outer bearing, inch

= pRuC/u, Reynolds number for bearing

= p!d;/u = hke, local Reynolds number for film

Gas constant, 1nch2/gec2 ‘n

Distance of lobe centers from bearing center, 3 lobe bearing,

inch
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Distance of lobe center from bearing center, inch

2
- uNDL(%) /¥, Soumerfeld number

Total temperature of film, “F.
Time, seconds

Static load on bearing, lbs

- P./P., supply pressure ratio
Feeder hole volume

Journal center amplitudes, inch

Axial coordinate, inch

- i , frequency ratio

- azldc, inherent compensation factor

r/C, preload

= rp/c, preload for lobe p

= ¢/C, eccentricity ratio

- eB/C, eccentricity ratio for bearing
Eccentricity ratio for lobe p
Eccentricity ratio, steady-state

= z/R

Angular coordinate, radians

Angular coordinates for leading and trailing edges of lobe,

radians

Angle from load vector to leading edge of lobe, radians

Angle from load vector to trailing edge of lobe, radians

2
= 6uw(%) /Pa’ compressibility number
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Restrictor coefficient for incompressible flow, defined by
Eq. (C-12), App.III For compressible flow, defined by Eq.
(B-33), App.v

Spacing factor (pressure correction factor), Eqs. (E-49)and
(E-50), App.V

Lubricant viscosity, lbs.lecllnchz

Frequency, radians/sec

- L1/D

= LZ/D

Mass density of lubricant, lbs.aeczlinch4

Squeeze number (Eg. (C-8), App.III or Eq. (E-10), App.V)
Dimensionles{ time

Attitude angle, radians

Attitude angle for bearing, radians

Attitude angle, steady-state, radians

Angle between load vector and preload direction for lobe p,
radians

= PH, Appendix I

Defined by Eq. (C-39), Appendix III

Perturbations of ¢y = PH, Appendix I

Defined by Eqs. (E-41) and (E-42), Appendix V

Defined by Eqs. (E-60) and (E-61), Appendix V

Angular speed of rotor, radians/sec.
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Subscripts

Steady-state or static condiéion
Outer film or outer bearing

Lobe number

Conditions in bearing film at rim
In x-divection

In y-direction

Finite difference coordinates

of feeder hole
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: INTRODUCTION

The current treand towards high-speed rotating machinery in many applications ;

has focused attention on the bearings supporting the rotor. Most conventional )
bearings are limited to relatively low speeds for a variety of reasoas such as

operating iifa, high friction power loss and stability, and at the present time
- there is no universal bearing which will eliminate all the problem areas,

The present volume analyzes three special journal bearing types which are ‘ '
- capable of insuring stable rotor operation to rather high speeds. As conéeived, N
the bearings assume low viscosity lubricaants such as a gas or & low viscosity 7 t. ;
fluid (£inst. a liquid metal) in order to hold the friction power loss to an a
acceptable level. The three bearings are intended to provide the designer

of high speed machinery with a greater variety of bearing types to choose from,
a choice which at present is mostly limited to the tilting pad journal bearing.

The volume gives extensive design data in form of charts and tables from which
the dimensions and performance data of the bearings can be obtained. Several
numerical examples are included to illustrate the actual use of the data in i
making & design. Furthermore, two computer programs accompany the volume,

and instructions for uting the programs and listings of the programs are given.

The bearing considered first i. the three lobe bearing which is shown schemat-
ically in fig. 1. This bearing has been used for many years because of its
known ability to suppress instability, but up to this time, no information
has been available on its actual stability limit. Also, data has been lacking

on the iriction power loss and flow of the bearing. The influence on tue
bearing performance of turbulence in the bearing film is included in the
investigation to cover lubricants such as liquid metals which are frequently

used in space power plants or in machinery for nuclear reactors.

The major advantages of the three lobe bearing are that it is relatively simple
in construction, it has no moving parts like a tilting pad bearing or a floating

-1~




. ' . -

sleeve bearing, it can be designed to operate stable at rather high speeds and it

is also able to run with a vertical rotor or a rotor in s zero-g fleld which is

oot possible with conventional cylindrical bearings. The limitations of the bearing
are its inability to accommodate any appreciable shaft misalignment unless
specially mounted, and its relatively high friction power loss,

The second bearing type is of tha floating sleeve variety aand is shown in Pigure

2, It s givcn the name of the hydrodynamic-hydrostatic ring bearing. The ring
inserted between the journal and the outer bearing is prevented from rotating but

is othervise unrestrained. The ring is floated by pressurizing the outer film
through feeder holes in the outer wall., By proper selection of bearing dimensions
and operating parameters, this bearing can be designed to have a very high stability
limit (theoretically, the bearing can be inherently stable if the mass of the

sleeve is ignored). Furthermore, because of its construction the bearing can
accommodate more shaft misalignmeat than the three lobe bearing. It is found, on
the other hand, that to achieve the improved stability it is necessary to have a
relatively big clearance in the outer film which means that the flow requirements

of the bearing are quite high compared to non-pressurized bearings. Also, the
friction power loss of the bearing becomes prohibitive at speeds considerably

lower than the speed at which the bearing would otherwise become unstable such -
that the bearings high speed potential cannot be utilized fully. Even so, the
bearing is a more truly high-speed bearing than the three lobe bearing.

The third bearing type is also a floating sleeve bearing and quite similar to the
one considered above except that both the inner film and the outer film are
pressurized and the lubricant is a gas instead of a liquid. The bearing is called
the hybrid-hydrostatic ring bearing aand is shown in fig. 3. It has the same
desirable stability characteristics as in the previous case and because of the
gaseous lubricant, the friction power loss is not nearly as serious, Heance,

the hybrid-hydrostatic bearing can operate at very high speeds, say 100,000 rpm
or more, depending on the application. The bearing, however, requires somewhat
tighter clearances than the liquid lubricated ring bearing which means that its

ability to accommodate misalignment is more restricted.

————— .
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In the following, each of the three bearing types are trested in separate
sections. The sections are devoted to & detailed discussion of the design pro~
cedure for the bearings and explain the use of the desiga charts contained {n
figs. 4 to 53. In addition, complete numerical examples have been worked out
for each bearing type. The theoretical analyses from which the data have

been obtained, are given for reference in § appendices in back of the volume.
Two computer programs have beea written, one for the three lobe bearing which
also applies to the inner film of the hydrodynamic-hydrostatic ring bearing, and
one for the hybrid-hydrostatic ring bearing. Msiuals for the programs are
given in Appendices VII and VIII.
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THE THREE LOBE JOURNAL BEARING

The geometry of the 3 lobe bearing is shown schematically i{n figure 1. The
bearing is composed of 3 circular arcewose centers of curvature are removed
from the center of the bearing by the distance r. Thus, even when the journal
is centered in the bearing, the pads are loaded. Ia this way, the stability
threshold of the bearing is raised and even a vertical rotor, or srotor
operating in a "zero-g field," can rua stably which is oot possibie with a
conventional full circular bearing. However, the improwved stability threshold
is paid for by an increase in frictioa power loss and a smaller operating
ninimum film thickness which makes the bearing more sensitive to impurities in

the lubricant,

The journal diameter is D, its radius is R and the bearing length is L. The
lobes are separated by axial grooves with an arc width of 20 Jegrees. The

machined radial clearance of the lobes, common to all three lobes, is C such
that the radius of curvature of the lobes is R + C. The preload is defined

as:
Preload: 5 = % (1

Thus, when & = O, the bearing becomes cylindrical and when 3 = 1, the

journal touches all three lobes.

The preload is an important design parameter for the 3 lobe bearing. It
strongly influences the stability threshold and the friction power loss of
the bearing.

The other design parameters are the length-to-~-diameter ratio % , the Socmerfeld

number S and the Reynolds number ke:

2
. 5 = BNDL (R
Sommerfeld Number. S W (c) (2)
Reynolds Number: ne = 2/ :NC- (3)
-5-
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where:

W = bearing load, lbs
R = potor speed, rps
4 » lubricant viscosity, lba.uc/i.nt:h2

2
y = lubricant mass density, lbs.sec /i.nchl‘

For s given bearing geometry (i.e. for known values of % and 8) and for a given

operating condition (f.e. for known values of S and le), the bearing performance

can be calculated as shown in the analyses in Appendices I and 1. The actual

calculations are carried out on & computer by means of the program described in
Appendix VIlwhere a listing and the instructions £or using the program are given.

Por known values of the four parameters, the bearing performance is defined by a

set of dimensionless quantities:

wvhere:

the bearing eccentricity ratio: € = e_B (%)
c
the bearing attitude angle: 93 (5)
flow parameter: Sg (6)
RDLC _
R F
the friction factor: c £ T ()
w 2

the stability mass parameter: v (8)
v

the instability frequency ratio: ar - ® (9

the dimensionless spring coefficients: cxxx ’ cxxz ’CKE ’an s (10)
w w w W

the dimensionless damping coefficients: mxx, gDBxy, QDByx ,mmyy 11)
w w w W

ey = the distance between the bearing center and the journal center, inch

Q‘ = the total hydrodynamic leakage flow, 1nch3/sec

F_ = the total friction force, lbs

£
M o the mass of the journal, lbs.seczlinch

o = 2N N, the angular speed of rotation, radians/sec

V = the whirl frequency at onset of instability, radiaus/sec

——— Dt o cens ——




‘xx’ ny, ny, ‘yy = spring coefficients, lbs/inch
- Bxx’ Bxy’ Byx' nyy = damping coefficients, 1lbs.sec/inch

The x-y-coordinate system has its origin in the steady-state position of the
journal center with the x-axis in the direction of the appliad static load:

Bearing Center ¢

‘ / ) Ce Journal center, steady-state
! % y position

L]
’4
x
Under dynamic load, the journal center motion is described by the amplitudes

[ O U
Y

x and y. Then the dynamic forces acting on the journal are:

.
t et S

s - — - dx _ - dy L
Fx ‘xxx Bxx dt xxy y Bxy dt
: - g dx_ -3 & (12)
l'y- nyx Byx at vy y Byy at

2
[Pt

The 8 dynamic coefficients are used to represent the bearing ia & rotor response

calculation as described in Volume 5 (see also reference 3). |

The hydrodynamic leakage flow, Qz » 18 the sum of the end leskage flows from
the lobes and also includes any net excess flow into the grooves (see Appendix
VII.) To get the flow in gallons per minute (gpm), multiply Q’ by 60 and divide
by 231.

Usually, the lubricant is supplied to the bearing under some pressure, The
flow induced in this way (the so called "zero speed flow'") must be added to the
hydrodynamic leakage flow to obtain the total bearing flow.




L B - R
J - PP A A

The friction power loss can be calculated from the friction force, Ff as:
Friction power loss = f’:g HP (13)
6600
If it is assumed that all of the heat generated by the friction power loss goes
ianto the lubricant film, the corresponding temperature rise of the lubricant can
be calculated based on the obtained flow, With this temperature the operating
viscosity of the lubricant can be determined.

The eccentricity ratio ¢, and the attitude angle ch defines the steady-state

B
position of the journal center relstive to the bearing center and the static
load line (the x-axis). From this the minimum film thickness in the bearing
can be determined (see Appendix II). Under almost all conditions, the minimum

film thickness occurs at the bottom lobe (see fig. 1) in which case:

ClI-Veg+6+2 ey o5y |

Minioum Film Thickness, inch = min. of

Cl+as(230® tu“(g?'—.ﬁ;‘ £ 3426, s

The minimum film thickness gives a relative measure of haw heavily the bearing is
loaded., The acceptable lower value for the minimum film thickness depends on the
condition of the lubricant.

The threshold of instability is defined through the stability mass parameter in
eq. (8). It applies to a rigid rotor with total mass 2M supported in two similar
bearings, and the parameter defines that mass the rotor must havé in order for
the rotor -bearing system to be on the threshold of instability for the specified
operating condition. If the actual rotoxr mass is bigger, the bearing is unstable.
At the threshold of instability the steady-state equilibrium position of the
journal is neutrally stable and the journal center whirls in an infinitessimdl
small closed orbit with a8 frequency V, given through the whirl frequency ratio =

v
{ "o
The stability mass parameter can also be used to determine the threshold of
instability for a flexible rotor:. Let the rotor consist of a shaft with stiffrmess




:. on which {s mounted a ‘cantrs’l disc with mass Zul 5 sad "l are defined
ouch that the natural frequoncy of the motur simply supported at.the buring
centerlines is equal to vx./n‘. mn the thruhold of stability is defined

by the parameter:

A

: 2
Stability Mass Parameter for Flexible Rotor: g-%@- o 7 +“:{ z M] [Og;_]

2

where 9—:’3— and* have the values obtained fbr the rigid wotor, It is seen

that the flexibility of the ratar: lowers the threshold of fnstability.

1f the rotor i{s not aymatrié, the computer program described in Volume 5 can
be used to calculate the speed at onset of instability, In this calculstion,
the bearing is represented by the 8 dynamic coefficients as obtained above.

The performance of the 3 lobe bearing with a preload of: & = 0.5, and for two
values of the length-t:o—diamet;r ratio: L/D = 0,5 and 1, 1is given in Table
The columns of the table give the values of the parameters defined above.

For those conditions where no valuesis given for the instsbility frequency
ratio or the stability mass parameter, the belting. is atablge.

The table contains two additional quantities, namely Q,/NDLC which is the
dimensionless circumferential flow (i.e. the sug of the flows entering the
three lobes from the grooves), and CMW/uDL ( %) which is another dimensionless
form of the stability mass parameter (it is equal to /410 23).

The most significant results are plotted in figs. 8 to 15. Figs. 8 and 9 give
the stability mass parameter. Figs. 10 and 11 show the friction factor, figs.
12 and 13 give the minimum film thickness normalized with respect to C, and
figs 14 and 15 give the flow parameter. The abcissa is in all cases the
Sommerfeld number S, and each graph contains four curves corresponding to
Reynolds mubers of O, 2000, 10000 and 30,000, The curves for xe-o apply to
laminar flow (i.e. when le< 2,000). ’




The use of the graphs is best {illustrated by an exsmple. Lat & rigid, symmetric
rotor of 200 lbs, be supported in two similar 3 lobe bearings with & length-to-

dismster ratio of 1/2. The lubricant is liquid potassium at 500°7. The data are:

bearing dismster: D = 3 inch

bearing length; L = 1.5 inch

radial clearance: C = 0,002 inch

preload: & = 0,5

bearing load: W = 100 lbs,

Journal mass: M = 100/386 = 0,259 lbs.lcczliich

lubricant viscosity: u = 3.85‘10'a l.ln.uc:/i.m:h2

lubricant mass density: ¢ = 7.3'10'5 lbl.oeczlincha
Denote the rotor speed in rpm as x, Thent,

WAIIF 050002 . N _ npan it
. = * - ‘.,. o N
e 3.5 10°¢ bo 0.555 N -

L 35wt ls [0S VN _ oy
s - (mz N =250 N

;“;z—' 00002'00257 (nn)z - 5.“.l°—' 'N't

w oo 60

Q = 3.4%:10”° -g%'_f) N gpm

friction power loss = 3.17'10.6(“5 ) N HP
cw

With these relationships the bearing performance can be obtained from figs.
10, 12 and 14:

From From From

fig, 10 fig.12 fig.l4
Eotor speed 2 R f_f Ratn Qx Power loss Flow Min. Film
N, rpm e S cC w c NDLC HP gpm _ Thickness, inch
5,000 2,980 0.0812 5.8 0.2 1.66 0.092 0.32 0.0004
10,000 5,960 0.1625 14 0.33> 0.84 0.44 0.33 0.00067
15,000 8,940 0.2438 31 0.4 0.59 1.48 0.34 0.0008
18,000 10,710 0.292> 47 0.428 0.51 2,08 0.30 0.00086

-10-
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To determine the threshold of instability, plot the stability limit for the
rotor in fig, 8:

2
R N, rpn 8 Qw&'
- — —
2,000 3,300 0.0546 (stable)
10,000 16,800 0.273 17.9
30,000 50,400 0.819 - 81.5
2 2

The operating line of the rotor is given by: c::“ = 215+8" which is a straight
line with a slope of 2 in fig. 8 because of the logarithmic scales., The
operating line intersects the stability limit curve at < " 19 from which

the speed at onset of instability is found to be 18,300 rpm. For comparison,
the instability speed of a plain cylindrical bearing can be determined from
Table 3 as:

10,700 rpm for C = 0,002
Plain Cylindrical Bearing 14,260 rpm for C = 0.001

This gives an indication of the stability improvement obtainable with a three
: lobe bearing.

If the rotor instead of being rigid is flexible and consists of a shaft on
which is mounted a central disc, the threshold speed will be lowered. Let
the disc weigh 200 1bs and let the shaft have a stiffness of 106 1bs/inch,
n- The natural frequency of the rotor simply supported is:

Natural frequency = V;og(}gsg - vis-g%",m = 1,390 5—'-%’-221 = 13,300 rpm

- The shaft stiffness to be used in eq. (15) is: K, = 500,000 1bs/inch and the
half disc mags is: Hl = 100/386 = 0.259 lbl.seczlinch. Hence: :

CK, , 0002 - 500,000 _ ;o

W 100
2
Q" o 215,82
w

-1l-




The flexidle rotor has the same operating line as the rigid rotor since the mass
is unchanged. The stability limit, however, is lowered. From eq. (15)

g ot
e w10 W

, o
10 + (0.5)° W

where the instability frequency ratio has been set equal to 0.5 (for a more accurate

LB

value, use Table 2), Hence, by using fig. 8:

_ o’ aye®
l‘ N, rpm 8 W (from fig. 8) w
2,000 3,360 0.0546 (stable) (stable)
10,000 16,800 0.273 17.9 , 12,35
30,000 50,400 0.819 81.5 26.35

2
The operating line intersects the stability cuxve at Q‘llm = 12 to which corresponds

a threshold speed of 14,500 rpm. v

When the rotor is vertical or operates in a "zero g field", the bearing is un-
loaded, i.e. W= 0, Hence, the eccentricity ratio €5 is zero, and the Sommerfeld
pumber 'becomes infinite and can no longer be employed as a parameter. In this
case the performance parameters of eqs. (7), (8), (10) and (11) are redefined.

Vertical Rotor F
£ £ R ™ Leh 16
riction factor: G u-NDL(E) ,- S C W (16)
: 1 2
e ee B 2 2 .
stability mass parameter: pDL(-z-) = 4TS W 7
cxxx 1 CKxx
dimensionless spring coefficients: uNDL('bz "5 W (18)
_?_’ﬁm__ 1 B
dimensionless damping coefficients: pND!..(%)?' -3 W (19

and similarly for K., K _, K _, B _, B _and B . It should be noted that for a

Xy~ yx' yy xy° ¥yx yy

vertical rotor:
K =K
Yy xx

-]12-




‘yx-.—‘xy

B =38
vy xx

B = -8
yx xy

Calculated performance data are given in Table 1 for a 3 lobe bearing with

% - % and 1, and for 4 VYalues of the Reynolds number.b preloads are considered,
The stability mass parameter and the friction factor are plotted-in figs, 4

to 7 as a function of the preload, Hence, for a given applicatidn the preload
requirad to ensurc stable operation is readily determined. Td' illustrate,
consider the same rigid .rotoras in the previous example. Fri'»m the given

rotor and bearing data:
R, = 0.59- N

CMN__ _ MN 0.259
#OLEY ™ 2ul GP ~ 234510715 (3257 60

friction power loss = 5.15° IO'“(‘C& NSL( )) N2 HpP

IZI

08810 N

Thus, by using figs. 4 and 6:

From Fig. 6
_ —O8 . prom Fig4 R ————
R, N, rpm um,@‘z Preload: 5 C uNDL(-:')z Power Loss, HP
2,000 3,360  0.297 0.358 54 0.03
10,000 16,800  1.49 0.52 156 2.27
30,000 50,400  4.40 0.575 360 47.1

Hence, the rotor can operate stably at 50,000 rpm if the preload is approxi-
mately 0.6 but the friction power loss is then close to 50 HP.

It is seen that the threshold speed for the vertical yotor with a beating.pre-
load of 0.5 is approximately 16,000 rpm which is a slight. reduction of the speed
determined for a horizontal rotor where the bearing is loaded.




T

THE HYDRODYNAMIC-HYDROSTATIC RING BEARING
The bearing is shown schematically in figure 2, It actually consists of two
bearings (two lubrication films) separated by a floating ring. The .ring 1is
rcat;‘incd from rotating by a pin but is otherwise free to move. In the
inner film, pressures are developed by the hydrodynamic action from the
rotating journal. The outer film, which ies a hydrostatic bearing, is supplied
with pressurized lubricant through restricted feeder holes, In this way the
bearing can be designed such that the-damping from the outer film stabilizes
the inner bearing thereby raising the stability limit of the bearing signi-
ficantly. - Furthermore, by this construction the bearings ability to accommodate
misalignment is appreciably improved. On the other hand, the flow requirements
of the bearigg are large as discussed in the following.,
The detailed analysis of the bearing is givgn in Appendices III and.1lV.. The
computer program described in Appendix VI .ig used to calculate the performance
characteristics of the inner film and some typical data are given in Table 3.

The stability characteti;tics of the bearing are given by figures 16 to 21.
The length-to-diameter ratio is equal to 1, based on the journal diameter.

The charts are based on a given outer film stiffness, l s and the curves give
the stability mass parameter cnu /W as a function of the damping, B , of the
outer film. The curves are plotted for several values of the Sommetfeld
number S of the inner film, and two Reynolds numbers are considered: 0 and
30,000.

The outer film stiffness and damping are used in the dimensionless forms:

for outer film stiffness: Efg (20)
w
for outer film damping: OmBo (21)
W

where:

C = radial clearance of inner film, inch




W = bearing load, lbs

® = angular speed of rotation, radians/sec

!5 = outer film spring coefficient, lbs/inch

B, = outer film damping coefficient, lhs.sec/inch
The stability mass parameter has been defined and discussed in the previous section
on the three lobe bearing (see eq., (8)). It applies to a rigid, symmetric rotor
with mass 2M,
The charts, figs. 16 to 21, show that for & certain range of the outer film damping,
the bearing is inherently stable. This "corridor' of inhereat stability is seen
to have a slope of 2 in the charts, Since the charts employ logarithmic scales,
this means that for the bearing to overate in the corridor the ratio (g;fg)z/

~ is constant, This ratio is independent of speed.

In designing the bearing, the objective. is to select the outer film stiffness
and damping such that the bearing operates in the stable corridor. The outer

film coefficients are given by the charts in figs. 22 to 25, 1In these charts

the coefficients have the dimensionless form:

2

Dimensjonless stiffness: li%—:z coxb 52
14+= 5 PLD
3 s 0o

. CoBo

Dimensionless damping: “LonBCEEDZ
o
(note: subscript '"o" is left out on the charts) .
where:

Qo = pearing diameter, inch
L° = bearing length, inch
Ro = bearing radius, inch
Co = radial clearance of outer film, inch
Kb = gpring coefficient, 1bs/inch
Bo = damping coefficient, lbs,sec/inch

P_ = lubricant supply pressure, psig

i = lubricant viscosity, '1bs.sec/inch2

-16-
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The feeder holes of the bearing may either be in the centerplane of the bearing,
called "single plane sdmission”, or arranged in two planes symmetric with
respect to the centerplane, called "double plane admission." If the distance

between the admission planes is Ll' define:

(22)

Hence, for single plane admission, 51-0 and 52-L°/D°, whezreas for double
plane admission the above definitions apply.

The fiow restriction may be provided by orifices or by the feeder holes them-

selves
Flow in

3«-:‘:.1 Wall

Bmuﬁh’ film

lc,T

1f there is no orifice and the feeder hole acts as a narrow tupe, the bearing
is said to be laminar restricted. When the predominant flow restriction is in
the orifice, the bearing is orifice restricted. Finally, the flow may be
restricted in the '"curtain" area formed between the rim of the feeder hole

and the surface of the ring. This is called "inherent compensation.” The

inherent compensation factor:

2
& = =

dc
o

(24)

gives the ratio between the orifice area and the curtain area. When 5=0,
the feeder hole 1s purely orifice restricted, and when 5=0, the flow restric-
tion takes place in the curtain area only. For intermediate values of &,

both restrictors are acting. For the laminar restrictor, set &5=0.

-17-




The ;picing factor A\ sccounts for the effect of the spacing of the feeder holes.
Let there be n feeder holes in total (i.e. for double plane admission there
crc'g holes per plane). Then A\ is given dby:

Ae 1l +-:-£;- log, (;33) (25)

where n_is the number of holes per admission plane (nP = n or mp --% n.) PFor
more accurate expressions, see eqs. (C-28), (C-29), (C-33) and (C-34), Appendix III.
A typical value 1s: A\ = 1.5,

In the charts, figs. 16 to 21, the abcissa is the restrictor coefficient A’ which
gives the ratio between the flow resistance of the bearing film and the feeder
holes. It is defined as:

2

JuCpna A, (Orifice restriction +
Restrictor Coefficient: A'= C°3 gl" 1+3 inherent compensation)
3 n‘A A (Laminar restriction)
8 63 2
. B
o
where:
c, = discharge coefficient (CD1' 0.6)

a = radius of orifice or feeder hole, inch
'9 = mass density of lubricant, lbs-seczlinch4

£ = length of feeder hole, inch
and the other symbols have been defined above. It 1is seen that the bearing is

optimizad with respect to stiffness when Ah = 1.

The charts assume that the bearing is operating with no eccentricity. This assump-
tion 18 valid in most cases., Furthermore, the load displacement characteristic

is close to being linear such that:

~ .
VG K (27
where:
W = bearing load, 1lbs.
€& " bearing eccentricity ratio

-18-
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This relationship is valid for eccentricities up to: e ¥ 0.4 to 0.5.

The bearing flow can be determined from fig. 26 where the ordinate is the dimen-
sionless flow:

29

PC

s o0

Here:

Q= flow, 1nch3/lec.
The chart i{s valid for both single plane admission and double plane admission,

and for any length-to-diameter ratio.

The use of the design charts is best illustrated by an example. First, it is
seen from eq. (27) that:

C K
()

-1
w eo
or:
C c‘o ’
T "%W (28)
o

€0 should not exceed 0.4 in order for the bearirg to have some load margin.

Hence, the dimensionless stiffness Eg should bé chosen as large as possible
w

in order for (':o not to become too large which would lead to unreasonable flow
requirements. On the other hand, the stability corridor narrows down with
increasing outer film stiffness and eventually disappears. Thus, a compromise
is necessary. In the present case, choose the largest dimensionless stiffness
value given in the charts, namely CK /W = 0.7, which means that figs. 16 and
19 apply. To operate in the stability corridor, set CwB /W = 0.6 for

CMw /w = 1 whereby the rotor will operate along a straight line with a slope
of 2 in the chart., Hence:

. CuB /W
B "C - 0 = 0,6 = 0.6 (29)
o — T — ——
(CH.DZ/W)"J vl

Let the rotor be rigid and symmetric with a weight of 200 1lbs. The data for

the rotor and its two bearings are:

-19-
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bearing diameter: D= 3 inch

bearing length: L = 3 inch

outer diameter of ring: Do - 3.5-:nch )

lubricent viscosity: u = 3,85°10 = lbs-sec/inch
" lubricant mass density:, = 7.3:10 1bs°sec2/1nch
bearing load: W = 100 1lbs.

journal mass: M = 100/386 = 0,259 lbs‘uczlinch

-5 4

The lubricant is liquid potassium at 500°F.

The outer bearing is chosen as a hydrostatic bearing with single plane admission

and laminar restricted feeder holes. Hence, fig. 24 applies where the dimension-

less damping is:

cono - B - 1 "m 9.6
R 4 R 3 R 7 c ’ ﬁ

.. 0 o} [=}
MLDy () Wl ) A, ()
<] ¢} o

or:

g 3
Co) =_1 o 6
cc: 2uL° c u.LODoL_)

Now, from eq.(28) it is seen that C/C°< 0.4°0.7 = 0,28, i.e. even if it is
desired to have a small value of Co to keep the flow down, Co cannot be too
small if C shall have a practical value. Set C = 0.0007 inch and try with a

dimensionless damping value of & (corresﬁonds to As = 0.25). Hence, from eq.

(31):
R 3 8
(_9) = ___ 0.6 . \[0.259-100 /4.0 = 1.25-10
%o 2-3.85-10"%.3 0.0007
or:
Ro = 5102
c
Qo

-20-
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1'.‘

C, = 3332 = 0.0035 tnch - e

Since clc = 0. 0007/0 0035 = 0.2 < 0. 28, this vlluc of c can bc lcccpud. The

chosen dimnuonleu damping corresponds to & rutrictor cocfﬂcicn: of.,
A. = 0,25. Thus, from fig. 22:

co‘o "52 - 0,28

P.LODO
Now:
%o ng, =% w__ a, oo
PLD ¢ FID, W
or:
P =% w a, K 1 (32)
s onnn  em— 2 —— e,
¢ LD, W 0.28

Here: § , = L /D and A shall be set equal to 1.5. Thus:

0.0035 100 .3 1.
’s ®0.0007 3.3.5 ° 1.5 3.5 ° 0'7--0.28 150 psig.

which establishes the required supply pressure.

From the definition of the restrictor coefficient:

4
3 na
A, =0.25=3 3 M,

Col

or:
na® =8 (0.0035)3 = 8.89.100% -
L 3 1.5°3/3.3

Let the feeder hole have a diameter: d = 2a = 0,020 inch and let the number
of holes be: n = 10 whereby:

2 = 1,125 inch
Check the spacing factor:

2

A=14+

2 log =1+ d . log (35 e 167
nf, Be 'nd’ " 10-3/3'5 ° "%e !To-0.02) " ™




which is close enough to the estimated value of 1.5. It should be noted that if
the obtained fedder hole dimensions sre not acceptable for various reasons, the

‘ bilring car be made orifice restricted instead or a different Ai-value can be

chosen which would have little influence on the selection of C and Co. Going to
8 velue of A\ = 0.5 would reduce the required feeder hole length to 2 = 0.56 inch,
the supply pressure would become P' = 105 psig whereas the outer film clearance
only would change from 0.0035 inch to 0.0034 inch. In other words, it is very
important to select the proper value of the outer film clearance but the bearing
is not too sensitive to even quite lerger changes in the other parameters. This
is quitc resdily deduced from eq. (31) where, for a given rotor weight, lubricant
viscosity and cverall beering dimensions, the clearance c° is pretty well defined
once it is required that the bearing must operate in the stable corridor. Thus,
eq. (31) can be coneidered to be the governing design equation with eq. (28) as

a necessary condition.

From fig. 26 the dimensionless flow is found to be 0.2. Hence, the flow becomes:

3 L
Q= *PC 0.2~ 2-150:(0.0035)3- . 0.2 = 27.2 inch> = 7.1 gpm .
rg, 3-3.85-107%.1,5:3/3.5 sec :

This is seen to be 20 times the flow required for the three lobe bearing for the

- sama application. However, whereas the three lobe bearing becomes unstable at

18,000 rpm, the hydrodynamic-hydrostatic bearing is stable to much higher speeds.

The actual stiffness of the hydrostatic bearing is calculated to be:

X 150-3-3.5

> ™ ~0.6035 — + 0.28 = 126,000 ibs/inch

The damping coefficient becomes:

8 2

3 = 3.85°10 °-3°3.5 ( 1.75 *4.0 = 116 1bs.sec
o 0.0035 * 10.0035 inch

Assuming & linear load-displacement relationship, the eccentricity ratio becomes:

«22-




‘ 100 e
= O.0035-126000 - %27 . . L.

o0
which is considerably less than 0.4. Hence, the bearing should be able to with-
stand dynamic loads of at least the same mnhnitude as the static load.

From Table 3, the stability mass parameter of the inner film i{s found to be
approximately equal to 6 with a whirl frequency ratio of 0.5. Now, the onset

of instability can be likened to a resonance where:

M o .- » .
where K, ¢ TePresents the effective stiffness of the inner film. Hence:

100

2 . .
CMy W 2
——— (0.5)" - 6 - 0.0007 © 214,000 .1bs/inch

. -
W [
The ring has an inner diameter of 3 inches and an outer diameter of 3.5 inches.

2
v
Keee ™ v - o

Hence, its mass is:

2

2(3.5%-3%) . 3 0.283 = 2.17 1bs = 0.0056 Ibs*sec’/inch

The natural frequency of the ring is:

radians

sec = 75,000 rpm

214,000 + 126,000 - .
-
V 0.0056 7,800

With an estimated instability frequency ratio of 0.5, the ring may become un-
stabie at 150,000 rpm. This, then should be considered the top speed of the

rotor to be on the safe side.

Making use of Table 3, the ftiction power loss of the bearing can be computed:

Rotor Speed R Power Loss
rpm e S HP
20,000 4,200 5.35 9.7
40,000 8,300 10.7 64.4

60,000 12,500 16.1 195

80,000 16,700 21.4 432




Thus, even if the besring is stable up to at least 150,000 rpm, the power loss
becomes prohibitive at half that speed because of turbulence in the film.

In susmery, the calculated bearing dimensions and the bearing performance data are:

journal dismeter:
outer diameter of ring:
bearing length:
radial clesrance of inner film:
radial clearance of outer film:
aumber of feeder holes for hydrostatic bearing:
feeder hole diameter:
feeder hole length:
supply pressure for hydfostatic bearing:
bearing flow:
maximum stable speed (conservative estimate):
friction power loss: at 70,000 rpm
at 40,000 rpm
at 60,000 rpm
at 80,000 rpm
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D= 3 inch

D° = 3,5 inch
L= 3 inch

C = 0,0007 inch
c° = 0.0035 inch
n= 10

d = 0.020 inch
£ = 1.25 inch
P. = 150 psig
Q=7.1gpm
150,000 rpm

9.7 HP

64.4 HP

195 HP

432 HP




THE HYBRID-HYDROSTATIC RING BEARING

The bearing is shown schematically in figure 3, It differs from the previously
considered hydrodynamic-hydrostatic ring bearing by employing a gas as s
lubricant instead of a 1liquid. Parthermore, both the inner and the outer film
are pressurized thereby enhancing the load carrying capacity which would other-
wise be ruther limited with gas as a lubricant, The ring separating the fnner
and the outer film, is restrained from rotating but is otherwise free to.,
follow the motions of the journal. As shown in £ig, 3, the inner film is
supplied with pressurized gas through feeder holes in the centerplane of the
riag. The load carrying capacity of the inner film is then produced by both
hydrostatic and hydrodynamic action which is known as a hybrid bearing. The
outer film is purely hydrostatic and, as shown in fig. 3, consists of two
bearings supplied with pressurized gas through feeaer holes in a central plane.
The ends of the bearings are vented to atmosphere. Figure 3 is only iatended
to show one possible arrangement and other designs would be. possible.

The major objective of this type of bearing design is to improve the stability
limit of the bearing. Furthermore, the bearing offers the advantage of being
able to accommodate a larger amount of misalignment than more coaventional

beariang types.

The analysis of the bearing is given in Appendices V and VI. Furthermore, a
computer program for calculating the bearihg has been written, and the
instructions for using the program and a listing of the program are given
in Appendix VIII.

The stability characteristics of the bearing are given by the charts in figs.
27 to 44. Three values of tne supply pressure for the inner film have beea -

considered:

Ps
= = 2,5 and 10.
P
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where!

P' = supply pressure for inner film, psia

!. = ambieat pressure, psias
Furthermore, three values of the stiffness of the outer film are considered. In
dimensionless form:

x,
?P.—-T’:)-L-f = 0,24, 0.18 and 0.09 (33)
whare:

D =» journal diameter, inch
L = bearing length, inch
C = radial clearance of inner film, inch
‘b = gtiffness of outer film, lbs/inch
Curves are given for 7 values of the compressibility number A:

2
Ae22 (%) =0.3, 1, 2, 5, 10, 30 and 100 (34)
a

where:
u = gas viscosity, lbvaec/inchz
© = angular speed of journal, radians/sec

The charts, figs. 27, 29, 31 --- 43, give the value of the stability mass para-
meter: sz A
Stability Mass Parameter: (Ps-Pa)LD (35)

as a function of the dimensionless damping of the outer film:
CoB
P

2 (36)

"5

where:

M = journal mass (half the rotor mass), lbs-seczlinch

BO- damping coefficient of outer film, lbs-sec/inch
As in the case of the hydrodynamic-hydrostatic ring bearing, it is seen that for
a certain range of the outer film damping the bearing is inherently stable. The
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objective when designing the bearing is to select the bearing dimensions such 2
that the bearing operates in the "stability corridor" established by the -

charts.

The charts, figs. 28, 30, 37,--44, give the whirl frequency ratio:

Whirl frequeancy ratio: ¥V 37)
®

as & function of the stability mass parameter, Here:
V = whirl frequency at onset of ianstability, radians/sec
These charts are used in calculating the stiffness and damping of the outer

film as discussed later,

All the charts, figs. 27 to 44, are based on the following data:

length-to-diameter ratio: L =1
D

restrictor coefficient: Ah = 0,7

Inherent compensation factor: 5 = 1000

spacing factor: A = 1.5

eccentricity ratio: € = 0,02
For AS = 0.7, the bearing is optimized with respect to the hydrostatic stiffness.
The bearing is inherently compensated (i.e. there are no orifices) to eliminate
the possibility 4f pneumatic hammer instability. The journal is assumed to [
operate essentially in its concentric position but since the load is reason- )
ably linear with displacement, the charts should be valid up to an eccentricity

ratio of approximately 0.4 which covers the acceptable design range.

Figures 45 to 52 give the dimensionless stiffness and dimensionless damping

of the hydrostatic outer film in the form:

cCKk
c 9
Dimensionless Stiffness: ® P LD {38)
8 a'0oo0o
B
Dimensionless Damping: —-%E-—ﬁy—- (39
nL —°')
o
-27-
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(Pote: in the chaerts, subscript "o'" has been left vut),

The abcissa in the charts is the Squeeze number o:
2

R
8queeze Number: g = -1;1—7393 (-69') (40)
20 °

The symbols are:
D e« outer diameter of ring, inch

[-)

R = outer radius of ring, inch

o

L = length of outer bearing, inch

(-}

co = radial clearance of outer film, inch

(P')° = supply pressure for outer film, psia

(P.)° = ambient pressure for ou;er £film, psia

u = gas viscosity, lbs°sec/inch

V = vibratory frequency, radians/sec

K, = spring coeffictent of outer film, 1lbs/inch

Bo = damping coefficient of outer film, lbs‘°sec/inch
The charts are valid for a single admission plane of feeder holes in the center-
plane of the bearing. The feeder holes are inherently compensated (5=1000) to
avoid pneumatic hammer and the spacing factor is M1l.5. The length-to-diameter
ratio is 0.4 and four supply pressure ratios have been considered: Ps/P‘-l.ZS,
2, 5 and 10. A vide range of the restrictor coefficieat is covered:
A552'°°°1- 9.02, 0.05, 0.1, 0.2, 0.5 and 1. The restrictor coefficient is defined
as:

A= ng I (inherent compensation) (41)

s P
80 ©

where:

number of feeder holes

feeder hole diemeter, inch

= gas constant, 1nch2/sec2 °r

s D™ a b

)
total temperature, R

The gas flow of the outer film is given in dimensionless form in the chart, fig.

53: 6p R D I'o
Z. 3 (42)
%P [ D
80 ‘o o
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wherae:
M = nass flow, lbs+sec/inch
The chart is actually valid for all length-to-diameter ratios, for both single
and double plane admission, and for both orifice restriction and inhereat '
compensation. Hence, _I:g is replaced by _"_‘2_ - gz and the restrictor coefficient
Do D

is given in its general form (see AppendixV),

The use of the charts is best illustrated by an exsmple. The  or is assumed
to be rigid and symmetric and it weighs: 90 lbs. The given data re:
bearing load: W = 45 lbs, ‘
journal mass: M = 45/386 = 0,117 lba'seczlinch
journal diasmeter: D = 3 ‘inch
bearing length: L = 3 inch
radial clearance, inner £ilm: C = 0,0015 inch
outer diameter of ring: Do = 3,75 inch
length of one outer bearing: Lo = 1,25 inch p
ambient pressure: 1’a = 14,7 psia
gas viscosity (air at 12001'): TR 2.8'10°9 lba'seclinchz
gas constant (air): € = 2.472'105 :I.m:l'nzlaecz2 °2
total temperature: 120 + 460 = 580°R
Hence:
RT = 1.434'108 inc:hz/sec2 1‘
or: |
m = 1.198'104 inch/sec
The load on the bearing is 45 lbs and the bearing ares is: L*D = 3°3 = 9 1nch2.
The load per square inch is then 5 psi which requires that the available

pressure across the bearing be at least 20 psi and preferably more, i.e.:

P -P >20
8 a
or B > 2.4

P
a
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The stability charts have the dimensionless support stiffness in the form:
CIb/(P.-P.)LD. The eccentricity ratio of the outer film is determined from the
relatioaship: '

‘ cO'O‘O L - (43)
from which: '
‘? P )
%" %‘i - (rw-r YLD % ::; - (44)
o0 s A& [+ [+

<, should be small and shouldnot exceed 0.4. Thus, in order to keep the clearance
ratio arocund 1, the dimensionless outer film stiffness should be chosen as large
as possible and the supply pressure should also be kept high. Choose the largest
value of the dimensionless support stiffness in tie charts, namely:

c‘b = 0,24

(P.-P.)LD

Estimate thct.c/cggf 1 and set €" 0.2 to get:

= 100 psi (45)

1

1] ¢ W
(BB = ¢ c 1w 0.2

o

P. = 120 psia
which means:

&.Eg.‘;’ 8
P‘ 14.7

The stability charts to use for this case are then fig. 33 and fig. 39. To
operate in the stability corridor it is found from the charts that the dimension-
less outer film damping should be:

—_
P LD : (P -P )LD
a s 4

For constant support damping, the rotor will operate along a straight line with
a slope of 2 in the charts as the speed increases. The corresponding damping

caa be found from the relationship:
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From figs. 50 to 53 it is seen that the dimealionlcuu outer film daaping will
be around 1., 8et:

By

R )
o, (2)

o

=1

Since there are two outer film bearings, the damping per bearing is half the
required damping given in eq. (46). The damping per bearing can be expressed
by means of eq, (46) as:

o m1m=1 ‘a , .2
R 2 R o, F) (T
o b s @& 1
“I‘o(c )3 KL, (c )
[+ [+ B
or:
r\3 P
(_g_)-;_ a . HD .2 l=1__ 147 .1(011733 .2.1
. c,| 7 Ve T 1 258100 1.0 10 (120-14.7) Tt
. 7
Set C = 0.0015 inch whereby:
3
(‘_o_) = 10.8410°
c
0. .
or:
R, = 2.21°103
g
(o]
i.e.
-3

c = 1,875 . 10
2.21

Eq. (47) (together with eqs. (44 or (45) ) must be considered the key design
equation. For a given rotor-bearing system, the clearance of the outer film

= 0,00085 inch

can only vary within a very limited range if the rotor is to cperate within
the stability corridor. Hence, Co is the critical design dimension whereas

the other design parameters can vary appreciably without having serious effects.

e —— g i s e o e < b4 s e
. o




To check the estimated outer film damping, the following relationship is readily

deduced; 9 B -
P _ -8 % e
F)LD 72 3 TRYS
s a " L(r.-r.)(c)
Here:
o 2
a - 11 “(14.7)% = 10.21
WL -p) (-‘-)5 (2.8:10°9% .3+ (120-14.7) >
s a’\C * (00015
whareby:
av? = 0.142:A°
@, _Fow

From the dcfinition of Aand @ (eql. (34) and (40) ) it is seen that:
c-2---A o : _ (49)

Making use of these relationships, figs. 34 and 40 can i:e employed to set up the
following table:

30"_0 B, ~» oo

© Qw? v ! Ty L

A (P.'P.)LD . [43) o [4+} o
2 0.567 0-5 2.0 0.5 200
5 3.54 0.202  2.02 0.31 3
10 14,2 0.105 2.10 0.185 3.7
30 128 0.036 2.16 0.075 4,5
10¢ 1420 0.0112 2.24 0.0245 4,9

In this table, %13 the instability frequency ratio obtained by interpolation
between figs. 34 and 40. As seen from figs. 33 and 39, the stability corridor
passes between two regions of instability, and the instability frequency is
different for the two regions as shown by-figs. 34 and 40. The left hand
region is identified. in figs. 34 and 40 as the region where Bo-' C, and the
right hand region is identified as the region where B O-VOO.

At the onset of instability, the journal whirls inclosed orbit with frequency
V., Hence, Y becomes the vibratory frequency as seen by the outer film and the

-32-
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stiffness and damping of the outer film must, therefore, be svaluated at the
corresponding values of the Squeeze number gg given in the tsble. Since the
outer film decreases with increasing . squeeze number it is oaly necessary to
consider the Squeeze number corresponding to the left hand instability region
(BO-DO).

The charts, figs. 33 and 39, are based on a dimensionless support stiffness of
0.24, Hence:

g = (Q20:=18.7373°3 _ 15 600 1bs/inch

° 0.0015
Since there are two bearings, the required stiffness per besring is:

(K’ per bearing = 79,800 1bs./inch
Asruming a restrictor coefficieant value such that:
Ak, = 0.05

the dimensionless stiffness per bearing is found by interpolation between
figs. 47 and 48 as (0X2.2):

co‘o = 0.15
(Ps‘Pa)oLoDo
or:
0.00085+75, 800
- - _-.‘-———L—— -
(®yBdo ™ 1.25.3.75-0.15 ~ oL:6
therefore: .
P, = 106.3 psia = 120 psia
whereby:
(),
Pa o

Thus, boin films have the same supply pressure.

At thibs calculated pressure ratio, with Aaﬁz = 0.05 and o = 2.2 the dimension-
less damping per bearing is found from figs. 51 and 52 to be equal to the
earlier assumed value of 1. Hence, the assumed value of A{, = 0.05 is correct.

Now:

Wl

-33-

Bikafii a4
. A




(Mote: even if the charts, figs. 45 to 52, are based on gz-o.a, the dimension-
less stiffness and damping are not too sensitive to variations in 52 and the charts
nsy, therefors, also be used for 52 = 1). BHence: '

' 3

A} = 0,05°3 = 0.15
From the definition of A5 in eq. (41):

I'.o"oz 120 (0.00085) 2. 0.15
nd = ———— = = = = 0,0646 inch
6u YR T 6°2.8°10 "+1,198-10 ‘
set:
n =10
Q
whereby:

do = 0.0065 inch

The spacingfactor becomes:
D

Aml+ “z—gz log, (;:-do) - 3.4
which is higher than the value of 1.5 for which the charts are valid. This, Low-
ever, has only very minor influence on the damping but the stiffness is somewhat
reduced. On the other hand, che supply pressure has been set 14 psi larger than
actually required which should offset the reduction due to the spacing factor.

Even 80, the calculated feeder hole diameter is small and should preferably be
larger (0.01 to 0.02 inches) although the obtained value can be used as is.

The moss of the ring is:

% (3.75° - 3.0%°3:0.283 = 3.38 1bs = 0.00875> 1bs*sec/inch

1f the ring was rigidly supported, figs. 33 and 39 give:
2
M

e = 1.4
(P )iD

at B =e@0 :
o

v
The corresponding frequency ratio is: =" 0.5. Define an effective stiffness

of the inner film by:

v, Keff
M
or: 2 2

CX [0 48]

eff _(!) e m 0,25°1.4 = 0,35
@ 29 W/ (B R)LD

s a
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vhereby:

(120 - 14.7)°3°3 '
Kogs ™ ™ 0 00L5 0.35 = 221,000 1bsfinch

with a total outer film stiffness of: ‘o = 151,600 lbs/inch, the natursl
frequency of the ring 1is:

Natural frequency of ringe V%O%;;-—l—-‘—m = 6,530 radians/sec =
‘ | 62,400 rpm
Assuming an instability frequency ratio of 0.5, the ring may become unstable by
itself at ‘125,000 rpm, This is a conservative estimate but to be safe, this
speed should be considered the maximum speed for the bearing.

with A}Eg = 0,05, the dimensionless flow: for the outer fi{lm is found from
fig. 53 to be 0.034, Hence, the flow per bearing becomes:

- . 20 3 - . -

i o 20200 0.00083) 034 = 1.172°107% 1RE88S 4 5p.197¢ 208
6+2.8°107°-1,434°10%.0.33

= 0,33 scfm

For the two outer bearings, the flow is 0.0009 lbs/sec = 0.66 scfm.

Por the inner film, A {, = 0.7.. Since’§, -.1,’1¥P-JO.7 or:

2
nd = 120-€0.0015 . C.7 = 0.938

6°2.8°10"2-1.198-10"
Set n = 12 whereby:
d = 0,076 ianch
The corresponding spacing factor is: A = 1,22 which i3 close to the value cf
A = 1.5 on which the charts are based.

The dimensionless flow for the inner film is determined from fig. 53 to b=
0.39. Hence, the flow becomes:

~  x.(120)2.(0.0015)3 10.39 = 2.475°107> 1b8:8eC _ g 55.10°3 1D8 51 sctm
M= -y 3 inch sec
6:2.8°10"°+1.434°10

The calculated bearing dimensions and performance data are summariged below:
total rotor weight: ‘ 2W = 90 lba,
journal diameter: D= 3 iach




outer dimmater of ring:

length of ring:

length of one ocuter bearing:

radial clearance of inner film:

radial clearance of outer film:

number of feeder holes for inner film:
dismeter of feeder holes for inner film:
number of feeder holes for one outer bearing:
diameter of feader holes for outer bearing:
supply pressure for both films:

flow for inner film:

flow for two outer bearings: _

maximum stable speed (conservative estimate):

-3

qo = 3,75 inch
L = 3 inch

L~ 1,25 inch .
C = 0.0015 inch
co = 0,00085 inch
n= 12

d =» 0,076 inch
a, = 10 )
d, = 0.0065 inch
P. = 120 psia
7.1 scim

0.66 scfm
125,000 rpm
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3 LOBE SRARING, VERTICAL ROTOR

P

L
D 2

306.3

21.11
47.48
139.6
317.7

24,66
50.77
145.8
329.7

29,74
55.38
154.0
345.2

41.48
66.00
170.72
376.2

52.27
75.92
189.6
401.0
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X cx Cu_  Cub
SW 8w s ]
am CRyy - CKyx CuB CuB
-
uDLé% SW W -
01503 .1499 1.585 3.184 -.00577
.02122 ,2150 2.536 5.090 -.0139
04833 .4893 6.179 12,39 -.0300
1011 1.027 13.24 26,56 -.0678
.07009 .6783 2,542 5.152 -.00912
.09369 .9174 3,815 7.703 -.0207
2039  2.004 8.983 18,10 -.0432
4206  4.143 18.96 38.18 -,0992
1935 1.832 3.986 8.159 -.0171
2464 2,367 5.732 11.66 -.0307
5111 4.952 17.98 26,28 -.0635
1.038 10.08 27.11 54,84 -.1413
.5339  4.905 6.912 14.35 ~-.0301
6456  6.067 9.391 19.29 -.0497
1.258 12.02 20.22 41.19 -.1015
2,501 24,01 41.66 84.65 -,2183
2,521 21.78 17.61 37.69 -.1025
2.836 25.44 22.29 46,80 -,1032
4,876  45.61 44.57 91.68 -,2351
9.264 87.73 88.79 181.5 -~.4849
6.646 54,63 32.89 72.13 -.1817
7.1Y8  62.01 40.07 85.86 -.2182
11.27  104.1 76.51 158.3 ~.4248
20.58 194.2 150.1 307.5 -.8336
MTI-3134
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JABLE 1 (Continued) .

BE BRARING, VERTICAL ROTOR S
5o
x., CX CuB_  CuB
SW T sw SW SW
R 7 N X cK CuB CuB
i/ B & ) TR = X W -_yx
C SW NDILC NDIC w WDL(Z) SW SW SW SW
18.04 .0434 4,318 .4968  .02665 .2584 3.343 6.729 .00256
44.55 .0500 4.323 .4976  .03991 .3912 5.788 11.63 -,00230
133.8 .0549 4.326 .4979  .09622 .9486 14.89 29,90 -.0141
306.3 ,0567 4.328 .4980  .2059 2.035 32.47 65.21 -.0389
21.12 ,1054 3.718 .4908  ,1230 1.171 5.194 10.58 -.00222
47.50 ,1209 3.730 .4930  .1732 1.667 8.496 17.23 -,00881
139.7 ,1338  3.740 .4942  .4003 3.875 21.20 42.90 -,03069
317.8 .1386 3,744 .4945  .8447 8.186 45.79 92.59 -.0619 ]
24.67 ,1533 3,207 .4840  .3358 3.110 7.985 16.50 -,0115 )
50.84 .1747 3.226 .4882 4469 4.214 12.35 25.29 -,0200
146.0 .1953 3,242 .4906  .9847 9.381 29.92 60.99 -.0477 o
330.1 .2031 3.248 .4913 2,054 19.63 04.01 130.3 -.1217
29.85 .1960 2.682 .4747  .9105 8.112 13.22 27.85 -,02706
55.57 .2219 2.708 .4816 1,140 10.45 19.37 40.23 -.0374
154.4 .2512 2,731 .4866 2,362 22.13 45.23 92.96 -.09€S
346.2 .2628 2,740 .4880  4.833 45.54 95.89 196.5 -.1957
41.89 .2405 1.954 .4560  4.141 34.01 31.05 68.09 -.0670
66.61 .2691 1.985 .4676  4.741 40.96 41.92 89.65 -.083Y
172.2 ;3122 2,017 .4807 8,586 78.42 92.94 193.3 -,1821
379.5 .3308 2.031 .4846  16.82 156.1 193.7 399.9 -,4056
53.07 .2545 1.576 .4414  10.58 81.38 54.72 124.0 -.03635
77.07  .2824 1.605 .4554  11.57 94.80 71.23 156.4 -.1660
187.4 .3336 1.638 ,4776  18.75 169.0 152.7 319.8 -.3023
407.2 .3573 1.653 .4848 35,18 326.7 315.0 649.7 -.6616
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30,000
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0.0907
0.1578
0.2902
0.4149
0.5138
0.5995
0.6777
0.8182

0.0369
0.1680
0.3075
0.4366
0.5365
0.6213
0.6977
0.8314

0.1013
0.1756
0.3209
0.4541
0.5560
0.6414
0.7170
0.8470

0.1028
0.1783
0.3257
0.4604
0.5632
0.6492
0.7243
0.8532

TABLE 3

PLAIN CYLINDRICAL BEARING

L 1
D2

2L

S c W
4,778 94.74
2.654 53.14
1.278 26.50
0.7377 16.19
0.4791 11.23
0.3198 8.111
0.2107 5.884
0.07786 2.884
2.878 148.7
1.609 83.47
0.7835 41.24
0.4610 24.84
0.3061 16.97
0.2091 12.00
0.1415 8.493
0.05618 3.899
1.149 180.3
0.6440 101.3
0.3165 50.26
0.1891 30.48
0.1277 20.95
0.08900 14,91
0.06171 10.61
0.02595 4.830
0.5313 181.5
0.2979 107.6
0.1469 53.46
0.08818 32.52
0.05992 22,43
0.04204 16.02
0.02941 11.45
0.01269 5.270

Csz

w €
7.202 0.0964
7.039 0.1672
6.719 0.3068
6.483 0.4366
6.701 0.5379
7.592 0.6246
10.75 0.7017
- - 0.8365
6.318 0.1019
6.190 0.1766
5.968 0.3230
5.846 0.4578
6.058 0.5617
7.222 0.6495
9.920 0.7266
- - 0.8562
5.785 0.1058
5.667 0.1833
5.469 0.3346
5.381 0.4727
5.549 0.5780
6.464 0.6562
8.053 0.7430
- - 0.8714
5.664 0.1072
5.493 0.1857
5.302 0.3388
5.213 0.4781
5.357 0.5840
6.183 0.6723
7.458 0. 7488
- - 0.8754
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p-t
BB
S cC W

1.353 26,88
0.7594 15.29
0.3757 7.937
0.2267 5.168
0.1549 3.850
0.1095 3,009
0.07730 2.388
0.03433 1.466
0.7948 41.13
0.4458 23.21
0.2202 11.72
0.1327 7.331
0.09076 5,238
0.06441 3.921
0.04583 2.982
0.02139 1.699
0.3133 49.20
0.1759 27.75
0.08720 13.98
0.05279 8.684
0.03624 0.146
0.02579 4.535
0.01836 3.377
0.00851 1.791
0.1442 51.98
0.08102 29.33
0.04021 14,77
0.02441 9.174
0.01679 6.486
0.01197 4,777
0.008535 3.544
0.003933 1.83¢%

5.288
5.197
4.952
4.714
4.532
4.676
5.031

5.144
5.056
$.799
4.543
4.369
4.314
4.271
4.648
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10°1 10° R = JOURNAL RADIUS
C = RADIAL CLEARANCE
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Figure 1, The 3 Lobe Bearing, Schematic
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! Figure 2, The Hydrodyramic-Hydrostatic Ring Bearing, Schematic
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Figure 5. 3 Lobe Bearing, Vertical Rotor, %- 1, Stability Map
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. APPENDIX I: The Static and Dynamic Performance of a Partial Arc Bearing with
Turbulent Film

To calculate ths load carrying capacity, the friction, the flow and the dynamic
coefficients of a turbulent lubricant f£ilm it is necessary to solve Reynolds
equation. This is done numerically as described in this appendix. '

In & turbuleat lubricant film Reynolds equation is given by (see reference 1):

h_ JP R oPT_ 1 4+ Oh
Rde “It/&Rae] az[zn,.az] ER"’Rae ot o (a-1)

where P is the film preasure, ,/R is the lubricant viscosity,R is the journal
radius, W 1is the angular spead of the journal, © is the angular coordinate, )
(see fig. 54 ), 2 is the axial coordinate, t is time, Gx and'Gz are turbulent
flow coefficients and h is the local film - thickness:

. " h = C+ecse (A-2)

Here, C is the radial clearance (the difference between the radius of curvature
of the bearing surface, and the radius of the journal, see fig. 54) and e
is the eccentricity (the distance between the journal center and the center of

.
SO MPRINCPNEIIR T A E g R S S I 43

curvature of the bearing).

P tmet S =

Reynolds equation, eq. (A-1), is made dimensionless by setting:

.2 )

[=3 (a-3)
T=owt ‘ (A-4) i
h= E"’ =l+g ose (A=5) 4

v é:é- . (A-6)
pw(BF ~ M5 W/LD (a-7) ';
' -95- :
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wvhere W is the load carried by the bearing, L 1s the bearing length, D
is the journal dismeter and:

w

(X 1s the journal speed in rps, i.e. W=2TN)

2 -
Sommerfeld Number: S= #—NLL’(g) (A-8)

Substituting eqs. (A-3) to (A-7) into eq. (A-1l) yields Reynolds equation in dimen-
sionless form: :

&[6-5'5‘5]*3;‘[&?%%632%% | (a-9)

The dimensionless turbulent flow coefficients Gx and G g ATe functions of the local
Raynolds number P.h:

R, = hRe | (A-10)

Reynolds Number: R. = g'g}%& | | (A-11)

gis the mass density of the lubricant.

The actual functional relationships between Gx' G, and R, are given in reference 1.
When comparinyg with ref. 1, however, it should be noted that Gx and Gz a8 used in
the prusent analysis are larger than the values given in ref. 1 by a factor of 12
such that for laminar flow (Rb - R. = 0), Gx and Gz ars equal to unity rather than
1/12 as in ref, 1.

From eq. (A-10) it is seen, that for a given Reynolds number Re R Gx and Gz are

functions of @ only (since they are functions of h) and do not depend on the
axial coordinate [ .

-96-
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. Before solving eq. (A-9) it is convenient to give it anmother form. Introduce
. the new variables: _ :
4
G= é: (A-12)
H= h"“G,% @) 1
Y=PH= PA*G:' (A-14) !

vhereby eq. (A-9) can be written: I
) SY _ 1 dH., I h.,0h])
§g+6§?¥ ﬁé’?‘f"ﬁ[bﬁ*mgﬁ} (A-15)

Asgsume that the journal operates under static conditions with an eccentricity

ratio £, and an attitude angle ql where, in the present analysis, the attitude
angle ¢ is the angle from a fixed x-axis to the line connecting the center of
the bearing with the center of the journal:

|
.r“‘
v
X
) Figure 54: Geometry of Partial Arc Bearing
-97-
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The static equilibrium position ( g, ,% ) is perturbed by giving the journal center
4 suall amplitude motion with axplitudes ( g,, @, ) and corresponding velocities

( t, 2 ﬁ ) vwhere "dot" refers to d? . Hencs, the instantaneous position of the
journal center is defined by:

£ = £° + e.
(A-16)

P-4

vhere §,4K¢, and (P. << (p. . This motion causes similar perturbations
in the film pressure and the film thickness such that:

Y=Y teY+e QUL Y+l (A-17)

H=H,+eH,+eQ H, (a-18)
G= G, 1€,G, 1], G, (A-19)
h = |+g,c050+£,Cas0 +£,§, sine = h,+ €, cose +€,, sine (A-20)

Substitution of eqs. (A-17) to (A-20) into eq. (A-15) yields 5 equations to determine
the static pressurs and its four perturbation components:

d ’w 1 BH, 6 Qhy . _ bsi
LRI AR SRR A ) a-21)
o ) & SH, _ H, &H,

', I 6 .. h
%;l ~H, 36 Y, E(?’?— i 3-9-;)?% G. o E(Smo+s: %;‘) (A-22)
o%

'3 2 ﬁ4 a
%%'*Q o ";"{%‘K%(%% ;%3‘55')7% Gzazz ]:L("“” ‘Eza"') (A-23)

3 > | &H, ., - lRcose
%£?+€.3%“p:3—ef %N (=20
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2 az I 2 N
3_;{5 +6, ..d_;fg -5 %.ti;m = 131—9'_"." (a-25)

Comparing eqs. (A-21) and (A-25), it is seen that:

Y=-16 (A-26)

The boundary conditions are that the pressure is ambient (i.e. zerc) along the
peripheri of the film. Hence, at the sides of the bearing, P=0 or:

=2 F (22%}): y=0

Since there is symmetry with respect to ;=0 , this condition can alsc be

written:

I=5: V=0 LYY= Y =m0 (a-27)

(A-28)

o g L% % 0% W
- o7 AT S S 1 A 1

If the film is complets over the entire beariang surface, the two remaining boundary
conditions are that the pressure is zaero at the leading edge and at the trailing

edge of the bearing arc:

o 36,

P Y=0 So Y=Y =%=Y =1, =0 (a-29)

No film rupture

-9
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On the other hand, the film is frequently not complete. If any portion of the
bearing arc is in the diverging part of the film (i.e. 180 < @ £ 360, see fig.
A-1), Reynolds equation predicts subambient film pressures in this region. These
subambient pressuras cannot, in general, exist unleas the bearing is submerged
completely in its own lubricant. Instead, the film contracts such that it does
not taks up the full length of the bearing, and the pressure in the contracted
film is zero. Thia is called film rupture. On the boundary between the complete
film and the contracted f£ilm, the pressure is zero (i.e. eq. (A-29) is valid

wvhen & and O, are adjusted to give the angular location of the boundary).

In addition, a second conditon is:

| F _ P _
t. 69- ;—0

or since Y =0 on the boundary:

WV _ v _
5o = St=0

Let a point on the boundary have the coordinates (o,}‘ ), 1.e.:
on free boundary: Y(s,3)=0 %‘Lx"‘ ‘g;l ; (A-30)

Under static conditions the boundary has the coordinates (& ,Z. ). For small

scale motion of the journal the boundary is pevturbed such that:

e=9,+de

{=1,+41

(A-31)

where do and 5; are small quantities. This results in a similar perturbation
of the pressurse variable 'lr

Y=Y, +8y (A-32)

-100-




Expand 'ly in a Taylor series from a point on the boundery:

Yo ])= Yo L)+ 3¢ so+ 3] 53 =0

1 :
vhere terms of order O have been ignored. Iatroducs sq. (A-32) to get:

Yiol)= Uylo, ) + 5Y(0, L)+ 5] 5o+ ]85 =0 (-39

with ‘%(ew{o)g '3'?']08 %%L:o as the given boundsry condition, this equation

results in:

Yle,,1,)=0 (A-34)

Comparing eq. (A-32) with eq. (A-17) it is seen that:

sy =[ahrepuriradn ],

Since €, J ?, ) E., and ?, are independent variables, each of the four
pressure perturbations must vanish independently on the same free boundary as
obtained under static conditions. Hence, the complets boundary conditions at the

free boundary becomes:

on_'"zero order” %‘—' %em' = %%" =0 (A-35)
free boundary 'l}', =Y,= Y, = 1}’4 =0 (A-36)

Hence, the location of the free boundary 13 determined from ths solution of %
(i.e. the steady-state solution). Orce the boundary has been establisbed, the
perturbations ¥, ¥ ,1}’, and 1& are to be solved over the same domain such
that they vanish along the peripheri of the domain.

To determine the coordinatasz of the fres boundary, substitution of eq. (A-35) into
eq. (A-21) yields:

-191-
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on sree boundary: ;%‘% ‘l"G.'%% = ‘& 'g'z"

Let the fres buundary have the coordinates (@,[ ) where @ is considered a

function of { :

%=¥

Ty

The inward directed normal to the boundary is h

»6

(A-37)

Since all derivatives along the

boundary are zero, Y, can be expanded in a Taylor series from a point on the

boundary as:

%= 4 9 (anf

From the above figurse:

(an)= o[ 1+ (jg)‘] = ¢(I+ tan'p)

(A~38)

(A-39)

®
By a coordinate transformation, g, can be found from eq. (A-37) as:

S luiprc inple L'eq

{ ]
an? de?
Combining eqs. (A-38) to (A-40) yields:
dh, +tan?

Hy de  (osp+ G, sintf of =Y, =0

-102~
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. or since CT'S'p =z ’+fan‘ld=' 1+ (j?)z:

3 gh [+ rg’p‘l’ .
Hy do "*Gc(;) 6-%=0 ‘

This equation must be solved together with eq. (A-21) as described later.

(A-42)

Equations (A-21) to (A-25) are solved by finite differesce methods. A finite
difference grid is introduced with i-axis along the [ -direction and | ~axis

R ¥

along the @ -~direction:

j0 1 2 3 - = - — = — — = — = - m |
by /1 L ; v i
o o | g
AN SRR SO N AU U -
f 1" f T T 1 - 3
TN A D D O
: : oo _: :' [—free boundamy ;
. SR S R N R R
1 M 4
° n L1 . 1 1.1 1 1 . i
B«\rm’ ¢ ;
‘rotation !

Yigure 55! Finite Difference Grid

There are h increments in the ; ~direction such that the length of an ' j

increment becomes:

(A~43)

al=+ +

In the © -direction, the arc length of the bearing pad is subdivided into equal

increments of length A© .

In order to write eqs. (A-21) to (A-25) as finite difference equatiocns, conaider

the grid point (1,3):

-103~




1 f%o,‘

Figure 56: Finite Difference Grid Lines

‘H

Here, dw
Mo . p- ]

the free boundary Hence, for most points o =& = = , and only

for ths ) — 8rid lines closest to the boundaries do d“’ d or /31 differ

from 1.

and /3, are introduced to taks into account the location of

Eqs. (A-21) to (A-25) ceu be writtem in the general form:

 } ]
g-;( +G,-3-;§ +¢,g:=rz+r,v;+g%-§? (amtdy
wvhere: ’
f=- I'E %':..‘; as3)

and where (z ) f, and ﬂ are only functions of © which can be determined
by comparing eq. (A-44) with any one of eqs. (A-21) to (A-25). Thus, ﬂ“ﬂ =0

for 1”1’.,,% and Y,

 Referring to fig. 56. eq. (A-44) can be writtem in finito difference form as:

T,Pi)";!'?}{-,w +[ﬁl-m ; i}’hf'; + +/!,)AI %l

+d;”(d.‘“’+24.‘"',60" b ¥ «(;"'(4;"'+zd.~‘“’)ne' Ygn = | e

£t 06~ g5 6 1%, + 4, 63,??)2? [ 70, +(%)‘.ﬂ",] ,.
-104~ ]




. Introduce ths n-dimensional vector (P’-‘
%
R
¢, 1.’ A-47)
X
Yo
vhereby eq. (A-46) can be written as:
]
AO+8,8.,4G8, =F o |
[
J
Here, 15 is an n-dimensional vector whosn elemsuts ars given by the right j
hand side of eq. (A-46), A; is an nxn - matrix, and B, and G, are /‘
nxn - diagonal matrices. Noting that UYp) =0 and 1""’113 ‘"’._,‘, "from the given ;
boundary conditions, the elements of the matrix A, become (first index gives ;
row number, second index gives column number):
: 2 2Gy, !
- - -— é t é
- (Aj){" "1‘ d"“)d"‘.’ Ael Pj AI? '—‘—h ;
L] ZG . 3]
(Al)c' i = p-(n/s-;“' £(< i
s ) 2 ‘J. . (A-49) 4‘
(A) s _ZC_.J_z 12 4n-1
37,in (H/’;)AI

All other elements are zero such that A, isa tri-diagonal matzrix. The elemeots
of the B, -matrix and C, -matrix are:

= Li&
(B,)h Ll al) st 14i&n
' (A-50) :
2 1€(4n

<C ) 0 e, (]
J li J" (d;""(; )AQ’
All other elements are zero.

To solvs eq. (A-&B)I define an nxn-matrix, D, , and an n-dimensicnal vector E;

~-105-
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such that:

G-y =D &, +E,, (A-51)

Substitution of this expression into eq. (A-48), ylelds the following recurrence
relationships:

D=~(A+8D.)¢=~ G ¢ | (A-52)

EJ s (AJ'P3J Dj )" (S-B) E}_,): G] (6-8’ Ej-l) (A'53)

In figure 55, the points on the free boundary should be at j=0 and j=m. Since
Y=0 on the boundary, the boundary condition becomes:

¢. = ¢n. =0 (A-54)

HBence, from eq. (A-51):
D=E,=0
after vhich eqs. (A-52) and (A-53) can be ured to calculate D; and EJ step by

step, starting with j = 1, until § = m-1, Then eq. (A-51) is employed, letting
jgofromj=m , wvhera Pp =0 , to 3= 2.

In this way the solution for 1}’ kas been obtained. It should be noted, that since
Aj’ Bj and cj are the same for all the Y/ -equations (i.e. eq. (A-21) to (A-
25)), then the D -matrice and the G,-matrices are also the ssme. Thus, Dj and GJ
con be stored in the first V—calcuhtiou and used unchanged in all the remaining

w -calculations.
In order to avoid a singularity when §,=0 , it is most convenient to solve for

Yy first from e . (A-25). With Y,=~3 &Yy from eq. (A-26), the equa-
tion to determine the free boundary,eq. (A-42), becomec:

-106-




ine I+ 10k 2
(‘SH- ) 5+G.(l§)f1 o' =l =0 U-55)

To solve this equation it is necessary to have a first estimate of the ‘%
distribution available. PFor this purposes eqs. (A-52) and (A-53) are used directly
such that j=0 corresponds to the leading edge of the bearing arc and j = m
corresponds to the trailing edge of the arc. Ian the "back-sweep”, employing
eq. (A-51), any negative value in a ¢J ~vactor is set equal to zero before
computing the next ¢} ~vector. Based on the '% ~distribution determined in
this way, eq. (A-55) is solvad step by step, letting i go from i=n to i=l. At
ien, j‘g =0 such that eq. (A-55) is d:uduy solved for the cotrﬁponding

© -value. At subsequent i-values, ;-? can be expressed in terms of O
and the previous & -values, allowing the complste boundary to be establishad.

Once the free boundary is knowm, d{’) ) d,(" and ﬁ) can be found for use in

the finite difference equations (see f£ig. . 55), a new 1(;, ~distribution can

be computsd and the correspouding new bouidary can be found. This process is
repeated until the relative differance between two subsequent boundaries is

smaller than some preassignad error limit. When the final boundary has been « .
sstablished, the solutions for "h ) 1}': and '% are obtained simply by matrix
multiplications. -

The film forces have two components acting in the journal center: a radial
component Fr directed towards the bearing center and a tangential component
positive in the direction of rotation, (see fig. 34). These forces are obtained

by integration of ths film pressuraes P:

L
K ¢ ei (- cose
2 P Rdedz (A-56)
8, $ing

Ft (+]

~-107--
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or by substitution fr u eqs. (A-3), (A-7) and (A-8):

3 £

ATl R P
SW T uNDL(EY ( _ %r_ Jp{coso}doq
(R LR 5 L, (sine
tSW T ,uumj!» X
Combining eqs. (A-14), (A-17) and (A-18):
P ¥ = B+ B B e[S g Bee

At the same time, ﬁ. and Q can be expanded as:

e’ {r -
f,:,,.-rg—if -a——s,qi.-i- 9"5_‘*2‘%&4’.

and similarly for ﬁ . Thus, nublt:l.tuting oq (A—SS) into eq. (A-57)
and comparing with eq. (A—59) results in:

gf.. Lo 4 .
[ 3 T S [" }& H :% {-COSG}JGd
s — - [
3{‘ } 5 ) Y [ o Ho H"] 5ing
A o
s.orqv . T F“ﬁ-g:}” { - }dodf
{':a-l; % Jo a ° Sing
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(A-57)

6.? (A-58)

(A-59)

(A-60)

(A-61)

¢!
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- —————

o ——

: b oo
~-Co
2 —7,:'- % de dT (A-62)
')—‘,! D Ho { sire
de 9 ‘e,

4 5 (% G
=@se
“ - —11—- % do d; {A-63)
f L : '
t%‘é; D ‘% J ~ LSine
a4,
fro L, 6,00
=36 (A-64)
‘to f:%%

For convenience in combining sevcral bearing lobes and also to eliminate the changing
polar coordinate system (i.ae. ?p changes with applied atatic load) a fixed
cartesiac in x-y-coordinate system is introduced as shown in fig. 54. The

following coordinate transformations ars resdily deduced:

“F = fRas@tFsing, (A-65)
-F‘, =Fsin@,—F¢ s Po (A-66)
). -
i £ cosP (A-67)

-109~
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-

Sw

g e e B

from which:

% Tgsing

)

5_:. - .C!. (OS¢° 3% - "'t_{o Sin ?9
o _ ¢ _ |

a‘j C SM(PO a_‘;f = EE. cosq)'

Thus, from eqs. (A-65) and (A-66):

Fe
CL(KX --%(Sw)— (di €vs (P+ Sm%)(osq) (5—‘@ (05% 5—‘5‘-? Smﬂ)&n%

C_ny :_Q( F ) (c)fr C°5%+ : gin@)sin%ﬂ-(é{r (osﬁ +E%§p$c'nq’°)(05%

tap

CKy =—§_(f!_) :(%Sin(}’, - cos(V)(os(P ( 6.0 5 Sinf, = 60?(05(/&)5.»@

QK;;.;-%(.& ): (d& sin), = (oslp)Son(P,, (E 09 sinf), -&0?(05%)(‘05%

w()(g-t Sw

Sw

C Jk
‘,;';dé-}’)(SW) ( -+ sm?) smq’+(@?( osf)+ 5‘"?)“’54’
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(A-68)

(A-69)

(A-70)

(A-71)

(A-72)

(A-73)

(A-74)

(A-75)




© N
Cw By =---J—-}(5w) s.n(p, 3t (os(P)sm¢+ qa?s'nﬂ":—d%(“ﬂ)“”%

'g{;’ = £ wsf, + &, sin,

0

- -S_V&V— = ., s5in{), =k, o5,

The forces acting cn the journal can, therefore be written:

- dx
E‘F;o"'Kxxx"Bxxﬁ'

E

y Ero"“’w""&;xﬁ

The static load on the bearing pad 1

(.‘3‘)(5%\7)( sinfy~ 9 csp s - (c,'fqnW

Kay 4 = By 0F
‘K‘w?'B‘ﬂﬁ%

8 W wheres:
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(A-76)

(A-77)

(A-78)

(A-79)

(A-80)

(A-81)

(A-82)
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(% Ty

or, with the definition of ﬁ. and f% from eq. (A-57): .

_ |

The friction forcs F‘ acting on the journal is determined by integrating the

i shear stress over the wetted area of the journal. The shear gtress is:

== , ~ uRw 17 P -
e T=4RC T tzh ke . (A-84)

i where C; is the turbulent friction coefficient. In laminar flow with R =0,

% % R,. C; =] . For details, see reference 1.

_,:.f The total friction force then becomes:
— F= Zg S T Rde dz
oty
: ° e
- = ’ .
== Introducing T from eq. (A-84) and making the equation dimensionless by means .3
== of eqs. (A-3), (A-5), (A-7) and (A-8) results in:
s

’ g | - {9:. A o %.‘ 3 .
T E——LSW =7T) FRC, 1l do +2 “;‘SSI—.B;dedf (A-85)

: D

T e

where R~F‘ is the total friction tcrquz. The last integral in this equation

can be reduced as follows:

LY b & 6
(g de = [ har =hP]°'-S P Joda = & Pino do
L]

9, ®, & 9,
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wvhersby eq. (A-85) becomes:

[
_C‘sw =M} T—dot+ FTh

R _F j "#RCe
(A-86)

Turning next to the flow, the volume flow per inch in the circumferential direction

is: 6P

CiRaf -G 2
2 Roe
The volume flow per inch in the axial direction is:

__ . k9P
% = T Ru Jz

The total flow is found by integration which, in dimensionless form bacomes:

[oe "{

NDLC ledml,e

:
h*%@h’f] 98 47 4-87)
Do

b
G fr, o _r 31[“9_5 ]
[NDLC ],m, edse [2 h = 7z Geh 15 , 98 df oze, (a-88)
e,
Q. } T | -,(aP
[NDLC sides - 4 IBL Gz"ﬁ d; F%de (A-89)

whera Q, 1s the total side flow (i.e. for both sides of the bearing). For flow
continuity:

+(Q,)

( O")lud.d” = (O") sides (A-90)

trail.edge
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1f there is film rupture at either the leading edge, at the trailing edge or at
both edges, the intsgrals in eqs. (A-87) and/or (A-88) are zero, and the remaining

tarm, g h must be integratad along the boundary.

Huving described the calculation of the dynamic coefficients, the load carrying
capacity, the friction force and the flow, it remains to determine ths various

functions in the basic eqs. (A-21) to (A-25). With:
hy, = 1€, 050

the derivatives of Ho become:

H, de H, dho de
Lol o dbe gy 1 gl dy
H, det ~ H, dh, de ' H, dk, \de

Expansion of H vields:

H=H,+ gTH‘(A'h,) = H,+¢, g%cose +69, :—:L:-’sfne

or, by comparison with eq. (A-18):
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(A-92)

(A-93)

(A-94)

(A-95)

(A-96)

(A~97)
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from which:

|
o )(osego an (A-98)

| a! ! l’ ! d .| dﬁ%
n-o—-g_* z=$ine A, ‘;L% + [:"r?, sing+2 ‘%’(ose]n". i—% + (;g')s:ne‘jlm (A-99)

These equations contain the first three derivatives of Ho with respect to ho‘

The derivatives are found from Eq. (A-94):

LdHp_ 31 11 dé
H, dh, ~ 2 h, ' 7 &G, dh, (A-10M
2 4
LdH, 31 .31 1d6 _ 171 dGg\ 11 dG
Ho&?:'z'ﬁf"'zh.a,ﬂf 4(6,, dh,)"'zc.,,d;,: (A-101)
M 30 9L dG 9L dGy, 31 db)
o dii= " TR T ERG dh, Sh,(G,JT,:)+l(G,d,)
30 de i d 301 d% 11 d
4 Gy dh, Gy dh.’*ﬂ.&,&'é*za,,m (A-102)
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where
I (s R (_L d_c_s)
GX d’!o ¢ GX dkh
) dz y . pdf|d JtG
G o - R (GG

1 dGy R (L a’a.)
G 7 Rl T8

Since Gx is a given function of the local Reynolds number Rh’ ‘the three derivatives

of Gx are known. For laminar flow, these derivativer are zero.

Similarly, eq. (A-12) can be expanded:

G=G,+ ‘;il%: (h-h,) = G, +¢, ‘;'—%: cose + &0, %,% 5ing (A-104)
where:
- (1%
<, (;; (A-105)

(A-~106)
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In this way, all rthe coefficients in eqs. (A-..) to (A~25) can be evaluated and

the equations can be solved as previously discussed.
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APPENDIX 1I: The Static and Dynamic Performance of the Three Lobe Bearing with
Turbulent Film

The three lobe bearing is made up of Lhiree arcs:

Figure 57: Three Lobe Bearing

The centers of curvature of the arcs do not coincide with the center of the bearing. -
Instead, the centers lie on a small circle with radius r. In this way the lobes

are pre-loaded.

For the purpose of generality, assume that each lobe has its own pre-load radius
r=r . Introduce a cartesisn x- y - coordinate system with origin in the bearing

center and the x-axial ia the direction of the applied static lcad:

Bearing center
—=

Lobe center of curvaturc
€
r

P
1 4

(4

% Journal center

)

¥x
Figure 58: Geometry of Single Lobe
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The journal radius is R and the lobes have the common radius of curvature:

R+C, where C is the radial clearance. The center of the lobe is removed from

the bearing center by a distance rp, and the angle between the x-axis and the

line connecting the two centers is q@ . The distance between the journal center
and the lobe center is the lobe eccentricity €p , and fi is the angle between
the x-axis and the line connecting the two centers. With respect to the bearing

center, the journal center has the eccentricity € and the attitude angle ¢% .

From fis. 58.
CgosPy = ep 05GP + 1y cosfp
(8-1)
ey Sinf) = €y sin(fp +rp sin ',
Introduce the eccentricity ratios:
e
: €= =2
Cl ]
¢ (8-2)
A= - SL
e S35 and the preload:
r
- £
B $= ¢ (3
- »,, !
";ﬂi. whereby eq. (B-1) becomes:
s ff
. & (os% =& (os% -5, cos'(}’,
(B-4)
Hence:
J( . . 2y )2
&= E,(os(P,—J,(asIr;)z+ (€y5in )~ 4, sinlp) (B-5)
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(P =tan™ [&, SinQs — Jp“"’Vp]
P

E, Cos ?& - ’;r Ccos VP (8-6)

Thus, for given coordinates of the journal center with respect to the bearing
center, the corresponding lobe ecceatricity ratio and attitude angle can be deter-
mined. The angles from the lina of cencers to the beginning and the and of the
lobe become:

8= é%gh "q}

(8-7)

2
S RN AR ST 53 7 T T W Tk P Al A o 0 P g

!'_‘ ‘f &= St — P

Thereby all the data raquired for caiculating the lobe are known. The calculation
is described in Appendix I.. Performing calculations for each of the B

lobes making up the bearing, the properties of the composite bearing are obtained
by a simple summation over the lobes:

= 1B <&

.‘ -ﬂNDLIRC)z

‘ Fyo S Fe
i ot = 4 (5]

’P¢1:

T | R _Fk < 7 _
| ¢ aworeEr - 2 (8a) 10 :
i NDLC % (NDLc)p (B-13)

-121~

B s s ——




R o

-,;g:i' CKx - < CKex
| Rl = 2 (5w) . @12

l »
o Cw B:x - Z (Cwax)
R - q = e t—— _
i
L and similarly for the 6 remaining dynamic coefficients.
K The total hydrodynamic bearing flow is the side flow Qz. To this should be added,
o

however, any "surplus" flow from the grooves between the lobes. To illustrate,

the circunferential flow from lobe p into the groove separating lobe p and lobe

e (p+l), is (Qx)p,trnil.cdge (see Appendix I, eq. (A-88)). Similarly, the cir-
cunferential flow out of the groove is (Qx)p+1, lead, adge. if (Qx)p,:rail.edge

is greatesr than (Q‘)p+1, lead. edge’ the difference should be added to Qz. Other-

wise, there is no surplus flow. .

- 1f in eqs. (B-8) to (B-13), the x-direction is considered to be the direction of
the applied load W, thea for static equilibrium:

F{,, =0 (B-14)
—Fo=W (B-15)

This condition is satisfied by performing the calculations with a fixed value of

s (os(fg and vary &y 5in ¢B until eq. (B-14) 1s fulfilled. Then,
combining eqs. (B-15) and (B-8):
5= ANDL (R (_ e )“
w \c/ T\ uNDL(B) (B-16) .
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where S is the Sommerfeld number for the bearing, Theresfter the bearing

friction and the dynamic coefficients can be given in a different dimensionless
form than in eqs. (B-10), (B-12) aad (B-13): ' ‘

R F R k

cw=9 (f/«NDLig)') (3-17)
WS ) (/A_—W’NDL )) (8-18)

Cwa, - ) Cwat

W (,uNDL(E)z) e-19)

and similarly for the 6 remaining coefficients. This latter form is to be
preferred except when the bearing is unloaded in which case the original cxbr-ssions

are employed.

In order to express the stability properties of the bearing, a symmetrical, rigid
rotor with a mass of 2M is considered. The rotor is supported in two identical
bearings. Assuming the tramslatcry critical speed to be the lowest (corresponds ‘
approximately to requiring that tbe trangsverse radius of gyration of the rotor
is less than half the bearing span which is normally the case), the motions of

the two journals in their bearings wiili be in phase and be the same. Hencs, the

mags of the rotor can be divided in two equal parts, each of mass M, and lumped

NI A

at the journals. Hence, the equations of motion for a journal become:

dx d S
M P = =Ko X = Bulf =Koy y = By It | - -
(B-20) =
4
dy _ o dx -
M dit = ‘K,xx B‘l'dt -&7‘1 -B'jjj? e o222

-t

=123-




At the threshold of instability, x and y are pure harmonic motions with frequency
v » 1.0,

X 2 X, cos(vt) = x, sin(vt) = (xaix,)ebt (B-21)

and similarly for y where:
L= V-'T (B-22)
Hence, eq. (B-20) can be written:

(K= My*+iv8s) (K,,,HvB,,,) X

(B-23)

]
o

(K’g +(y B,x) (K”-MV"H:VB;") '1

These two aquations only have a non-trivial solutian when the determinant is zero.
Equating the real part and the imaginary part of the determinant to zero results

in:

Kxg K - 7 -
My2 = By + ""fg:: + gz'&"-'ﬁ"ﬁl" (B-24)

yi= (Kﬂ'MV‘>(M”MV‘)—kx§K’x
Bxx BI,’ - Bx, B,x

(B-25)

Computing eq. (B-24) first, Mwv' can be substituted into eq. (B-25) whereby the
instability frequency V 1is determined. Thereafter the corresponding journal mass
M is readily obtained.

The results ave most conveniently represented in dimensionless form. For this

=124~
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purpose, eqs. (B-24) and (B-25) are written:

Clar . Gabyy 4 Gl Clnbr Chey. G Cex Cally

CMN 2 SW SW SW Sw  Sw  Sw
XY =
4T 8y (&) Carbr , CuoBig
SwW Sw (5=26)

™~

o (5ot Ol S - w66 G

w CwBo CwbByy _ CwB wgg
W Sw SVV (B-27)

where the 8 bearing coefficiente are in dimensionless form as defined by equations
(B-12) and (B-13).

The ratio £ between the instability frequency and the rotational speed is known
as the frequency ratic. Under most conditioms, £ =z {‘ . The instability
mass can either be expressed in the form given by eq. (B-26) or inm the form:

CMot CMN

W 41ts ZaDL(BF (B-28)
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APPENDIX 1II:The Stiffness and the Damping of a Hydrost tic Bearing with an
Incomprussible Lubricant

In the hydrodynamic-hydrostatic ring bearing where the lubricant is a liquid
(incompressible), the outer bearing is a purely hydrostatic bearing. This
appendix describes the analysis for calculating the flow, the stiffness and the

damping of a hydrostatic bearing.

The basic equation governing the flow through the bearing film is Reynolds equation
in which there is no contribution from journal rotation:

*3 .= =3 -
Egzll?“/:ga—i)]+fz—[l§h;g]=%:_ (c-1)

. Here, P 1s the film prassure, M is the lubricant viscosaity, t is time, R ia
journal radius ( outer radius of ring), © 1is the angular coordinate, 2 is the
axial coordinate and h 1is the film thickness: '

h = C+ecose (c-2)

where C is the radial clearance and e is the eccentricity between the bearing

center and the journal center.

To make Reynolds equation dimensionless, set:

(C-3)

-
"
wol~o4

(C-4)

.
]
(1> o]

(c-5)

—
n
AN
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T=wt B (c-6)

Thereby eq. (C-i) becomes:

3 4P 3
B+ R E)=0 2

(c-7)

where:

Ps is the supply pressure of the lubricant to the bearing and v is the frequency

of the motion of the journal,

The flow is supplied to the bearing through n restricted feeder holes. The flow
restriction may sither be accomplished by an orifice or by a thin tube, the lstter
method demted as the laminar restrictor. In the case of an orifice the mass
flow through the feeder hole 1is given by: A

Ve F -
Orifice Restrictor M, =(, Ta® T (c-9)
T Vi (g

where My 1s the mass flow im lbs.sec/inch, Cp is a discharge coefficient, a is
the radius of the orifice, 9 is the mass density of the lubricant, F‘: is the
pressure downstream of the feeder hole at the inlet to the bearing film, h is the
dimensionless film thickness at the feeder hole and & 1is the inherent

compensation facter:
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d 1is the diameter of the feeding hole.
both through the orifice and through the '"curtain' area between the rim of the
_ When d20 , the flow restriction
takes place only in the orifice whereas d 400 mesns that the curtain arsa

Thus eq. (C-9) assumes a pressurs drop
feeder hole and the journal surface..
dominates as the restricting mechaunism.

It is also possible to restrict the fiow by simply relying on the feeder hole

The viscous drag in the hole causes a drop in
The relationship is given by:

itself to provide the restriction.

pressure as the flow passes through.

Laminar Restrictor (C-10)

B ;/a[ (Ps"E')

where £ 1s the length of the feader hola, a is the radius of the feeder hole

and the other syubols are defined above.

The two restrictor equations can be written in dimensionless form as:

%ngf;’:LAg‘ =dsm (c-11)
where:
‘E‘B%D—nﬁ—_?‘ A%, Orifice Restvictor
A= (c-12)
na’ _
8 Afz Laminar Restrictor

-129-




?—b —'—--;
(AR 4
rwatii

(__N-R Ovifice Restrictor

v('_"’(ﬁp/(hé‘)

m= 9 (c-13)

(1-p/) Laminar Restrictor

.

Here, Pé - F:/P vhich defines the pressure ratio across the feesder hole. The
symbols A and s; will be defined later.

Jﬂg is known as the restrictor coefficient and it is the governing parameter for
the performance of the hydrostatic bearing. It defines the ratio between the flow
resistance of the bearing film and the flow resistance of the feeder holes.

To calculate the bsaring performance, Reynolds equation, eq. (C-7), must be solved
together with the feeder hola flow equation, eq. (C-~11). The present solution will

be based on the fact that the journal in a hydrostatic bearing normally operates close .

to 1its concentric position. This means that the journal center sccentricity e
is small compared to the radial clearance C, or in terms of the eccentricity ratio
£ :
€
E=C (C-14)

€ 415 much smaller than 1 (in practice the solution is a valid approximation for
£« values as large as 0.4 to 0.5). Thuas, the dimensionless pressure can be

written as:

P= R+eR+£P (c-15)
where:
:_de _ | de
€E=2r T Cv dt (C-16)
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The dimensionless film thickness is found from eqs. (C-2) and (C-4) as:
h= |+ £cose (c-17)

Substitute eqs. (C-15) and (C-17) into eq. (C~7) and collect terms according

to the perturbation variables:

3 2

P
gﬁ + 3}‘: =0 (c-18)
b1 i R
5; + 3—;-‘, = -3sine Jo (C-19)
IP 11
—3—;‘, + %{3 T dg(ose (c-20)

Consider first eq. (C~18) which gives the solution for the pressure in the film
when the journal is concentric in the bearing. Under that condition each feeder
hole has the same flow and in the analysis it is only necessary to consider an

axial strip belonging to ons feeder hole:

4©

d_ (r«w hole o fer
=\ . n
X

e 7 &

i

Figure 59: Axial Strip

The atrip extends over the length Lz of the bearing and its width is z"“?h.

Hence, the ranges of the coordinates are:
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or dimensionless:

(C-21)

wvhare:

§,=

. c,“:‘

(C-22)

and D = 2R is the diameter of the bearing.

The boundary conditions are that the pressure is ambient, (i.e. it is zero) at the

ends of the bearing and there is no flow across the sides of the strip:

for 51‘1;2 H . E,=0
(c-23)
"or 6=1’g! 3%30

The solution of eq. (C-18) 1s then the solution of the potential equation for a

rectangle with a source in the center.

If the source strength in E, the solution
becomes:

hin§,(2k+1)) =)
=‘é ( [ cosh(nt; ] (c-24)

G:sh(({ﬂkf,)n) ~¢os(ne)
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(see reference 2). To determine the source strength,the flow out of the strip
which, of course, is the same as the flow HBO through the faeder hole, can be

computed:

) -
4", S _2R
My, = J'J S —Rm (——{L’“"
(]
3,&,_1.” ¢ - ’ ok - 3 sinh((T+ D) dne) _ 7 = '
gCh i J (a‘)w‘do i %C‘z_:.( N Losb(({ﬂkf.)n)'(osw =2C 29
Hence:

- 3
%C = E%MT:‘ (C-26)

The pressure P;c at which the flow enters the film, is taken at a point on the
rim of the feeder hole with the coordinates I‘-’OI 9"/ D where d is the feeder
hole digmeter. Thus, from eq. (C-24):

’ ~ 3un
P, =3Chif, = iLC’%“”' (c-27)

§
where:
. Z cosh {nf, (2k)) = ] |
A= ik ) (1) log [ bl _ i
hfs - ) Cosh (2knf,) —Cos(n§) (¢-28)
d Single Plane Admission
Since D << | , eq. (C-28) can be written with good approximation as:
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~ | @5‘\("2)" -~ 2 D
AT @.log !-_(osi(_n?] = l+';-f;'°,('—'2) (c-29)

Single Plane Admission

If there are two admission planes, there are two feeder holes per axial strip and
£43.59 1s modified to:

- feeder holes

TR  SRRPUTAUR (N DU TR DU ¢ T

Pigure 60: Axial Strip

With a total of n feeder holes, thare are 1/2n holes per admission plane. The
length between admission planes is Ll’ and the total bearing length is:

L=l
The ranges of the dimensionless coordinates for the strip are:

~(5+5)< T4 (545

1 + L2 such that L2 becomes the combined length outside the admission planes.

(C-30)
4. e
Zn‘ £ £ 'y
where:
5= bL" (c-31)

-134-




The solution for the pressure distribution is found from the method of sources
and sinks to be:

(c-32)

=Sty [[osh(3Es2Eer)) -1 ] [cosh (D5, 425 +2EED) -1 ]
R=C Z( I loy [ [cosh (3(5-F 42k rE)) ~ces (o) cosh (3 (T, #2k (§;#;)) =05 (Re)

Defining the ptcuuru, P'c dowastream of the feeder hole to be the pressure at:

(I 0 19D ) ) 4% (C-27) can be employed with:

l) I[cush(i(faek(ﬁ&)) =1 J{cesh(} (§+2§+zkﬁ))..| ] J
‘01 [COS h (hk (fa’fx» (05 ) 1 [ (OS‘I(H (54- k@fﬁ))—(oﬂgg )1

Double Plane Admission

‘Nm

(C-33)

y=2
ng L

nd
In practice, 2D << whereby an approximate expression for A becomes:

=i lo

(C-34)

[[a:sh(?ﬁ) -1 ] [cos(R (g +2EN) -1 J] =1+2 (@_
["'COS(%)HCosk(nf. ~cos(26)] nf, 27\ nd

The perturbation of the film pressure defined by eq. (C-15) causes a similar
perturbaticn in the flow. From eq. (C-13):

mzm,-r&[(d,,'Zl"'f'(ﬁ"-),foso] té (g'%)g: (c-35)
Y I1-P, Orifice Kestrictor

mo = (c-36)
|- a: L aminar Restrictor
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vhersby eq. (C-35) can be written:

memetel (oo 2 URI-E E VA

In solving eqs. (C-18) to (C-20), only for the first equation is an exact solution
readily obtained as shown by eqs. (C-24) and (C-32).
equations it is necessary to perturb the source strength.

Qritice Restrictor

n rictor

Orifice Restrictor

Laminar Restrictor

analysis this will be done by an approximate method.

In the present

(C-37)

(c-38)

(C-39)

(C~40)

To solve the two remaining

Assume that there are infinitely many feeder holes. Thereby, the febeder holes

form a continuous lins faad from which the flow 1is purely axial.

per inch of circumference becomes:
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9P _ oF = in Mp
1%,% & ¥ ]z,ﬂ‘ 2NR -4
vhere Zp= T - 1/2 Ll. In dimensionless form: w
— P_ ] _3unMs | Ay m )
[ aq - o ];,;, TWRCR AR R (c-4n)
wvhere:
s . [, = % = [-§ | | (Cc-43) /
Substitute from eqs. (C-lS),. (C-17) and (C-40) :l.nt? eq. (C-42) to get:
R _ OB ] -
Al RENES AR C - .
P _ IR . I+ §Jt . I~ o

Iz 15 7)
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a -
[3? - %?JN.: 2 (C-46)

whers:

C A | BunMa
= " fCR (c-47)

and J 1s defined to be zero for the laminar restrictor. Making use of eqs.
(C-47) and (C-37), eq. (C-39) becomes:

2
A )
1,3 Wﬂ . Qg&gs_kgt_;i_gt_oz. (C-48)
A Laminar Restrictor ’

f

With the assumption of a line feed instead of discrete feeder holas, there is no
variation circumferentially in the prassure when the journal ia concentric in the

bearing. Therefors:

(C-49)

¥
i
o

Hence, the solution for P can be found directly from egs. (C-18) and (C-44) as:

9(5-T,) 041,46, Gr:F£T4(15))

(C~-50)

45, 0£T4E_ .

oV
]
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e
e . The pressure at the line feed is:

Poc= 45 = Aim (c-51)

Comparing eqs. (C-51) and (C-27):

P.: = Asmo= AR, (c-52)

which gives the actual pressurs downstream of tha feeder holes in terms of the
approximate line feed pressurs. Inserting eq.(Q36) into eq. (C-52), the feeder
hole downstream pressure is found to be:

e [ * 'AS [. ./L,+ m ] Orifice Restrictor

. ! | (c-53)

T . Lsminar Restrictor

Then:

8-0

(C-54)

-
]
-

Thus, the exact solution for Po’ eaq. (C-24) or eq. (C-32) cen be replaced by the

wvhich means that only in the immediate neighborhood of the feeder holes is there
any significant difference betwsen the two solutions. This localized affect can
be ignored in computing the load carrying capacity of the bearing.
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approximate solution of eq. (C-50). The total flow is the seme in the two cases
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'Turning to the solution of the perturbed pressures, it is again assumed that the

feeder holes can be represented by a line feed but with a correction introduced

for the pressure downstream of the feeder holes to insure a correct flow. Actually,
this correction factor must be determined from a perturbation of the source strength
in eqs. (C-24) and (C-32). However, in the present analysis it shall be assumed
that the same correction factor as derived for Po’ namely A , also applies to
the perturbed pressure. In other words, it is assumed that:

’
Re = Afe (C-55)
Be=)B,
The solutions are taken in the form:
P = H, cose
(C-56)
P,=&H, cose

vhere Hy and H, are functions of I only. Thereby eqs. (C-19), (C-20), (C-45)
and (C-46) become:

Z—a’ - H, =0 (c-57)

a1t (c-58)
i _ dhy g BES
[dl dl, L:f.- ¥ lvgt ~¥He (c-59)
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[SA‘%- j—';:]kf,: ~YHee

(c-60)

vhere eqs. (C-59) and (C-60) serve as boundary conditions to eqs. (C-57) and

(C-58). The other boundary conditions are:

-0 : dH, _ dH, _
a =0 ¢ d“ﬁt-o

ﬁ_t_;szz_(;ifaﬁzli H,=H,=0

The solutions are obtained directly as:

[ H, o D&TSF_

¢ cosh,

H, =1

inh (§,~T,
He B peper

[(Hect1) S8 = Degsg,

LLIET inh
 (Hyet) S20B0) 4 S ) gepeg,
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(C-62)

(C-63)

(C-64)
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wvhere:

N o= 3 41?-‘ sinh§,
1¢. 7 coshf, + [+ 1aah§, ] sinhf; (c-65)

- ws_"""‘fz +
Foct 12 Cosh§, + [ +tanh§, ] sinhf, (c-56)

The force P exertsd on the journal by the film is found by integrating the pressure
P in the film:

SPE B 4
F= "j ] P ose Rde dz (c-67)

Making use of eqs. (C-3), (C-5), (C-22), (C-31) and (C-15), eq. (C~67) becomes:
€5 on .
F=*2R2P,} [ (P+€P+£€P)cose do d (C-58)

0 (]

With Po given by eq. (C-50), it is seen that L of course, gives no contribution

to the force, i.e. F, = 0. Substituting for Pl and P, from eq. (C-56) yields:

(Fi152)

F= -zer'P,I (eH,+£H,) d] (c-69)
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Since the solution has been linearized, the force can be expressed in temms of

a spring coefficient K and a damping coefficient B:

F= e+ 35§=CK5+CvBé (c-70)

where e is the displacement (the eccentricity) of the journal center, see eqs.
(C-14) and (C-16). Comparing eqs. (C-69) and (C-70):

5+h
CK = -Zﬂ’R'ES H, df (c-71)
®
A4 2
CvB = -27R'R, dI H, dT (c-72)
0

In dimensionless form:

C Ly
K S {H dl (c-73)

(LL)DR &+

56,

CB _ _ ém
MLALID(F) T T, LH df (C-74)
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With substitution from eqs. (C-63) and (C-65), eq. (C-73) yields:

H'J' CK /\"' 3n gA
ks (LitLy)DR 2(5,+5)  CoshE, + [+ tanh§]sin

IY; [cosh§, = 1+ sinhf, fanhE kc-75)
P}

In this form, the dimensionless stiifness is a function of three parameters omly:

A'S ) f, and fz . The factor: Qxfz depends on J{s

only (see egs.

(C-53) and (C-54) and the parameter sz , therefore, is also a function of

only (see eq. (C-48))
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