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1 - 

t VT 4 ►. 

It 1. ..suwd in thi. report th.t .U treJ.ctori.s are baa«! upon an 

object bain, launch«! with an initial yelooity at a apaoirio launch angla. 

There is no powered flight. The earth i. asauned to be .[herleal and non- 

rotating with a vacuum etmoapher«. 

F.r any desired earth range there is an infinite family of trajectory 

paths which will give that range. The main parameter chosen to describe 

those different paths is the eccentricity of the elliptical trajectory. In 

the curves showing the trajectory results the eccentricity is chosen as the 

independent variable. The following trajectory parameters are plotted as a 

function of range and eccentricity» 

(a) initial launch velocity 

(b) initial launch angle 

(c) time of flight 

(tÍ) Snß**?Ueit0 an err0r ^ the initlal "»grutude 0f the velocity when the launch angle is held fixed. 

(e) error in range due to an error in the velocity which is perpen- 
!Î^îWh!! ^itUl wloc^J direction when the velocity^ 
magnitude is held fixed.(I 7 

Curves are shown for earth ranges extending from 5400 nautical ailea 

to 21,600 nautical miles. 

2 - SZ-Ppcls and nomenolatuyff 

The following symbols, some of which are illustrated in figures 1, 2, 

3, and 4 were used throughout* 

T * the distance from the earth's center (focus of elliptical tra¬ 
jectory) to the object. ^ 

= GM, where G is the universal gravitational constant and M is 
the mass of the earth. 
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J, 
s angular monentuni per unit Dass 

Vo s initial magnitude of launch velocity 

06 3 íngle íth® •«'«i« between the velocity vector and the launch horlsont&l) 

^ S U*r“'î.r0',ntîie ""«• “R1* Oh. «El. b.tw,en th. 
launch position vector and the iapnct position vector) 

R * radius of the earth 

0 3 obJeîtbetWeen th* mi°T ^18 and th* position vactcr of the 

" Mis?1121* b®tw*en th* elliP8® '8 “J01, «is and the reference 

À * seai-latus rectum of the ellipse. 

€ a eccentricity of the ellipse 

t = total energy of the object per unit mase 

E 
potential energy kinetic energy ^ 
unit mass ’ + nnit * “•^r + *ir ^ 

3 - 

unit mass ’ unit mass ~ T 2” 

Y = angle between the position vector and the velocity vector 

<1 - semi-major axis of the ellipse 

T s time of flight, launch to impnct 

= tb* «ccentric anomaly at the launch site 

E2 s hbs eccentric anomaly at the impact point 

Blg£Ui»ql9P 

An elliptical trajectory can be described in two ways. One way is in 

geometrical terms and the other way is in energy terns (ref. 1). in this 

report both forms are used to derive equations for velocity, launch angle, and 

miss coefficients. 

The geometrical form ia given by 

-J: = -t-ecosfs-e^] O) 
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Th# «nerg/ fora is given by 

+f*rW C0S&-&°î] . (2) 

It osn be seen that by equating equal parte in equation, (l) and (2) 

. ^ 

and 

e=imn?. 

(3) 

(4) 

The go metrical Zoning of & , &0 t K f and J are shown in Figure 1. 

At a given launch eite it i. po.eibl. to send an object into any kind 

of doeired trajectory by the proper choice of velocity nagnitude, <l£ , and 

launch angle, OC , In Figure 2 are shown three possible trajectories. Tra¬ 

jectory (a) is an elliptical path which gives a earth range of 2ttR nautical 

■Ues, if R i. expressed in nautical ail... Trajectory (b) takes an object 

three-fourths of the way around the earth having a range of -|-rrR nautical miles. 

Trajectory (c) Indicates an elliptical path which has an earth range of TrR 

nautical miles. 

D.fln. > a. the earth'. g.oo.ntrl« rang, angle trot If net to lapeot. 

The earth rang. th.„ .q„.i. . The r.lationahl, between ^ !. gl„n b/ 

00 = - 180° . 

£.î™n^ÏÎ* t0 “P”SS th* *—trl“1 »Ulp« « a function of the 
(5) 

or 

i _ I + e cos(e +180°-*) 

r R[/te costeo0-Vi)] 

-1- ireCcosecos^ + smesmik) 
r ^[l-€COS^] 

(6) 

(7) 
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3.1 - Privation of th> V^loeUy 

The launch velocity can be expressed as a function of range angle, , 

and eccentricity, £ . Equating equal parte of equations (2) and (7) one 

gets 

Al= R[j-e cosk] 
* (8) 

and 

fi+lÇèt cos(e-GL) - e(-cos0cos]jí¡-sin&sm)¡,), (9) 

Equation (8) can also be expressed as 

A- - ^ sm y _ Rr,.€cos^7 
^ ^ L 

(10) 

where Y is the angle between the launch velocity vector and the launch 

position vector. Solving for/t£lS/K)V, equation (10) gives 

^ZSinV 005^] 
(11) 

Now using equations (4) 

= i + íl£ s I + 
(12) 

i 
and solving for /1^ ¿119 T1 one obtains 

;lsmV = f'j1'*2! t ■ 
2^R-nclR 

at: 
(13) 
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Fron equetione (11) and (13) one finally obtains an expression for /t^ as a 

function of C and ^ . 

3,2 “ Bggiytjon of the Launch Angle Eouatlofl 

The launch angle, OL, is related to V by the expression 

X 9o -y. 

Fron equation (ll) we get 

i-ecos 
s n ' R L /trj ' 

and since 

s//? V * sin(qo-oc) - cos ol 

we obtain 

C05ZöC - ^ f-~e CQS^ ] . 

-or the launch angle we have 

a - COS 11& '[ï %(¡-ecos\) 
'K J 

(14) 

(15) 

(16) 

(17) 

(IB) 

(19) 

* 0»M A 
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3.3 - Derivation of th. d(g>Vd^ 

The change in range, cUftVï, caused by a change in velocity, d^, when 

tb, launch angle, * , l8 held fixed can now be derived starting with equation 

(U). 

Solving for COS A in equation (14) give« 

Cos ~ = — 

Note that from equations (12) and (17) one obtaine 

e*, i - QjL^I^^cos2* 

(20) 

>/ 
(21) 

Solving for (2^-^) in equations (21) and substituting into equation 

(20) one obtains 

COS A. = Y [ * " 
(22) 

Expressing the eoc.ntricity, , .e giren in equation (21) one finally gets 

an expression for COS ^ as a function of AT, alone, 

Cos A = 1 

t/7- (¿ % 1R^cos k 

By differentiation of equation (23) one can obtain 

(23) 

d(EM _ _4£ 

dATe ~ 

*ft.r th. .llj.ln.tion of th. COS at t.rM by ua. of .,notion (18). 
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If H U given In feet, m (feet)3 / (..„ond)*, end la f^/ 

second, U will be necessary t» Include e «Itlplying factor of ( 4õ4rT ) 

to give the .1.» coefficient d(RX)/dVa In neutle^ «Uee/feet/eecond. 

3-A - Rstlvatlcn cf the Hie. Cclf1clent. 

An Intermediate ei.s coefficient d(RAV<*l can be derived fro» .,u.. 

tlon (23) by dlfferentletlcn. Ihl. nine coefficient «n be converted t. 

d(R>VdVl*,lch give, the change In rang, oauaed by a change In the velocity 

perpendicular to the launoh Telocity vector. See Figure 3. 

laaediately after differentiating equation (23) one can obtain 

dm 2/te^R ° JtoSÇJ (25) 

Using 

SinZoL 

and 

= cos^)] (26) 

^ * ' R(l-ecos%) 

one can obtain the simpler fora 

dUX) = -2] 

di. l-ecos^ 

Nov referring again to Figure 3, it can be seen that 

áígjl = dm ton'¿où) ^ dATx du dvi dT'^ JSL 
“• ÛATj. d9- A A4 

(27) 

(28) 
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for . For convenience was chosen as 1 foot/second. The 

■das coefficient becomesj 

dlKX) _ -2] 

d,o:- ^o(i-e cos^y 

If R 1» gi»n In nautical tíl.., dWAVd-Ui uiU be In units of 

nautical ■iles/feiit/seoonds« 

3.5 ■ gaiBrmiQn for Tiæ of Fii^t 

The tine of flight is given by the expression 

(29) 

where 

T = Ej-C.-efsinC.-smEA 

W 
t4- « gL'-e 
’’Z l.el 

(30) 

(31) 

and 

Sin Ez z - 8 SlO-fa , $m P - -BsinVz 
(32) 

See Figure 4 for the description of angles Ei and E2. 

Expreßning the tine of flighJ in terns of £ , , and /1¼ gives 

to. cur«. Ann in Figur.. 5 threugh 12 »hm, th. tmJ.ctorj F.r.a.t.r. 

and nlss ooeffioi,ni, plotUd .. a function of Mcntricitj for .paclfl. 
ranges. 
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5 - REFERKNChS 

^ ng“ J» L. Synge and B.A. Griffith 

McGraw-4liIl Book Co., Inc., New fork, 1942 

5»2 Note on Minium pp^rgy Orbita 

Th. »ini»«», energy orbit, have no prwtlcU »ignlfloance for 

rang.. ..ceding 10.800 o. »1. Th. .ini™, anergy orbit for th... 

groater rang.. 1. circuiar, ,= o. For oireulu- orbit, th. mi., 

coefficiente are infinite. 

» 0»V A . IT 
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Ballistic THîAjErTnPvF^ 
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