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NOTATION

pDlameter of body

Length of body

Total resistance coefficient
Frictional resistance cgoefficient
Residual resistance coefficient
Wave resistance coefficient

Froude number

Hypothetical critical value of F

Froude number referred to depth of immersion
Critical value of F!

Wave resistance

Total resistance

Half length of body
Radius of body

Depth of immersion
Taylor's tangent value
Speed of advance

Critical speed of advance
Wave length

Dimensioniess longitudinal coordinate
Prismatic coefficient

Immersion parameter
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TESTS ON WAVE RESIST:NCE OF IMMERSED BODIES
OF REVOLUTION

OBJECT OF INVESTIGATION

It is known that the airplane and the submarine submerged at great
depth present identical problems from a hydrodynamic standpoint; their mo-
tions are investigated by methods developed for bodies moving in an unbounded
medium.

The normal ship floating on the water purface is hydrodynamicelly a
more complicated problem than the airplane and the submarine and considerable
difficulties can arise when the laws valid for bodies moving in an unbounded
liquid are applied directly to ships. Figure 1 shows a body which moves
fully submerged but is too near to the surface to apsume practically infinite
submergence, This'applies, for example, to torpedoes and, under sgpecial con-
ditions, to submarines. In such cases the wave resigtance will not disappear.
The problem illustrated by Figure 1 has also some bearing on an important ex-
periment: In determining the "separation" resistance of submerged bodies,
the question arises, how far the model should be submerged to justify neglect-
ing of the wave resistance. This problem was not considered at times and con-
sequently, errors were committed which invalidate some frequently used
results.

More exhaustive theoretical studies, showing s series of remarkable
results’ induced the first author to approach the subject. Tests were made
at the "Preussische Versuchsanstalt fur Wasserbau und Schiffbeu" Berlin with
the idea to check calculated results representing the wave resistance as a
function of the form of the body, depth of immersion and Froude number. It

is not intended to discuss in this report technical applirations, but only to
sxplain some physical phenomena.

RESULTS OF THEORETICAL REASONING

The choice of simple shapes such as bodies of revolution appeared
to be necessary from a practical as well as theoretical viewpcint, The basic
principles were published by Havelock® in a series of papers, from which a
wave resistance formula for bodies of revolution can be immediately derived.
Assumptions on which the theory is based are essential: The most important
limitation consists in the fact that the depth of immersion f is large enough
compared with the diameter of the body 2b. Havelock has shown that in the
case of a circular cylinder (generating line horizontal, normal to the di-
rection of motion) at f = 2b the difference between the first approximaticn

TNumbers indicate references on page 9.




and a second one is quite considerable; however, it can be expected that
elongated bodies of revolution present, more favorable conditions. Within
this paper even such a low value as f = b is admitted with the purpose of
obtaining a practical limit for the application of the theory.

We refer to a few results mentioned in Reference 1. There opti-
mum contours of bodies of revolution have been calculated to a first approx-
imation for different Froude numbers and depths of immersion. Among other
results, it was found that the smallest wave resistance (f = 2b) corresponds

v
1) For F = = 0.408 to a very full bod
T ry y
2) For F = 0.354 to a body somewhat fuller than an ellipsoid, and

3) For smaller F to a fine body with hollow ends cof the sectional
area curve.

These results seemed to be so interesting that they were used as a starting
point for the tests in question. Unfortunately the optimum models could not
be made, but accidentally, two bodies of revolution were avaiiable, left
over from a test made by W. Amtsberg.’ The first of these models (Model No.
1257) was relatively full, the second moael (Model No. 1242) had a small
prismatic coefficient and a tangent value of the sectional area curve t = O,
An ellipsoid of revolution (Model No. 1286) was built anew as a third model.
The contours of the bodies of revolution and the sectional area curves are
shown in Figure 2. The calculated resistance for £ = 2b and f = 4b are shown
in Figure 3; it is emphasized that the shape of the curves can be somewhat
arbitrary, as the number of calculated points is not sufficient. However,
the accuracy is satisfactory for the requirements under consideration.,

The most important data on models are summarized in Table 1.

For further details, refererce is made to the paper by Amtsberg.>

The computation of the wave resistance of bodies of revolution sub-
merged at finite depth is similar in various respects to the procedure used
for the wave resistance of surface ships. Many simplifications are given by
axial symmetry; new complications arise by the additional dependency upon the
depth of immersion. Results of previous and present investigations are sum-
marized as follows:

1. The wave resistance R of a body of revolution immersed at finite

depth is a function of tne equation of the surface, the depth of immersion
and the velocity; the last two values are written in a non-dimensional form:

S v __v
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2. F¥ithin the limits of theory (radius b small compared to the depth
of immersion) the wave resistance R, independently of the Froude number, is
found to be closely proporticnal to the fourth power of the radius of the
body, R~b% For surface ships according to Michell's theory,4 R is approx-
imately proportional to B%H? only at very high F; the exponent of H is con-
siderably smaller than 2 at medium and small F.

3. The humps and hollows of tne resistance curves are even more pro-
nounced than for surface ships. The ordinates of the resistance curve out-
side of the first hump decrease quickly when the depth of immersion is in-
creased. For example, the wave resistance of Model No. 1242 (see Figure 3)
attains a considerable value at f = 2b within the range of the first hump,
wheress the second hump can be nearly neglected. The very pronounced hollows
and humps in the resistance curve especially in fuller forms, explain why
forms of least resistance vary more rapidly with Froude number than for sur-
face ships. While in surface ships tne optimum of the prismatic coefficient
increases almost monotonically within the range 0.3 £ F £0.50 and then re-
mains approximately constant, (@= 0.64) there exists for deeply immersed
bodies a region between F= 0.37 and 0.45, where extremely high prismatics
present great advantages. This difficult behavior can be formally explained
by the presence of one function in the integrand of the resistance.

Due to the unusually large variety of possible forms, results should
be generalized with caution, a fact which will nave to be considered specially
later when discussing resistance curves.

4. Considerable interest is conrected with the problem of the limiting
depth of immersion fo, below which the wave resistance can be practically ne-
glected. 1In the fira&ﬂg%ace, this value has ta be a function of th~ length
of the free wave A = corresponding to the velocity v. Expressea in terms
of the Froude number, &\ = 2nF2L,

The amplitude of a free two-dimensional wave is negligible at
f = 0.75A, its value being about 1 percent of the surface amplitude., There-
fore, it can be expegted that no noticeable wave resistance occurs at a Froude
number of 0.30 when — = 0.4. This is actually even the case for the fullest
model, No. 1257. Hence, the free wavelength can be used as an approximate
criteria for £ . However, if a more accurate limit is desired, generally the
form of the body must be considered. For Model No. 1242, for example, an
iomersion of f = 4b at F below ~ 0.31 is equivai=nt to practically infinite

immersion.

5. From investigations on tne circular cylinder and the sphere v =1{E;
appears to be the critical velocity producing the maximum resistance. ith
elongated bodies of revolution, however, this value is not decisive. The
Froude number based on f

F' = - becomes
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for v = fg. The normal Froude number with L = 2a is in this case

v

S S "I 3
k= 20g " VIZ 4f2a  (2a
f

Using the table

r —
s 1 2 4

¥
2

f
= 1/16 1/8 1/4

Fk 0.25 0.35 0.50

a pronounced maximum could be expected for all bodies at F, = 0.35 and a depth
of immersion f = 2b. It can be seen from the curves in Figure 3 that such a
maximum does not exist; the speed v = YIg does not indicate a peculiar point
in the wave resistance curve of elongated bodies. The longitudinal distribu-
tion of displacement becomes decisive. Therefore, one musat be cautious when
generalizing results based on such simple forms as spheres and cylinders.

6. Curves of wave resistance R for F = constant are shown in Figure 4
plotted on f/b as abscissas. Because of the small number of points the form
of the curves is somewhat arbitrary. However, in agreement with Points 3 and
4 the following corclusions can be derived, The wave resistance decreases
rapidly with increasing depth of immersion especially for lower Froude numbers
(compare e.g. the intersecting curves for F = 0.408 and F = 0.316 Model No.

1257). Occasionally, these investigations should be extended to higher im-
mersicns f/b.

7. Figure 3 shows how basically different the tiuree models behave at
identical depths of immersion (f = 2b and f = 4b). The first hump is very
pronounced in all cases, while the second is only pronounced in Model No. 1257,
and is hardly noticeable in Model No. 1242. Although the models used differ
widely from optimum forms obtained by cualculation, the conclusions as to the
best prismatic coefficients (see page 2) are supported by our experiments:

F = 0.408—optimum model 1257, F = 0.354—optimum model 1286, F = 0,316—
below optimum model 1242.
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TEST RESULTS

The experimental methods are described in a paper by Graff.? Ac-
cording to the given depth of immersion, either one of the two apparatuses
developed at the Berlin Tank was used. Corresponding calculations, vhe val-
ues f = b, 2b, 4b, were chosen for all modela. In addition, tests at the
depth of immersion f = 6b were available® for the Models No. 1242 and 1257;
this immersion can be considered as infinitely large for medium Froude num-
bers. The ellipsoid was also towed at a depth of £ = 3b, and to finish the
picture, the series was completed by tests of all models on the surface. In
this case, the draft at the middle section was T = b and the displaced vol-
ume was one-half of the entire volume of the body of revolution.

The results are plotted as absolute values and as coefficients of
the total resistance. At first, the absolute values will be discussed; see
Figures 5, 6, and 7. In addition to the experimental points, for comparison,
the sum of the calculated wave resistance and the viscous resistance measured
&t infinite depth of immersion has been plotted. The viscous resistance co-
incides with the curve f = 6b for mean Froude numbers. There is a consider-
able phage lag between the theoretically and the experimentally determined
curves. We treat the case f = 2b. In the range of the first hump, the phase
displacement sgrees with our experiences with surface ships. However, within
the region of the second hump the experimental curve precedes the theoretical
or, otherwise expressed, the theory lags contrary to results found for sur-
face shipys. Havelck jgave a plausible explanation for the latter case, point-
ing out that the wake increases the wave-making length &nd, therefore, actu-
ally decreases the Froude number. First, the explanation is attempted that
the small depth of immersion equal to one diameter caused the peculiar phase
displacement. This fact is also sustained by the different position of the
second hump at a larger depth of immersion f = 4b, and by the good agreement
found in this case between measurement and calculation—as far as such an
agreement can still be stated for so smell values of the wave resistance.
However, it is not impossible, that in view of the observations just men-
tioned on Model No. 1257 which are apparently also confirmed by measurements
of the ellipsoid model No. 1286, it will be necessary under certain condi-
tions to check Havelock's hypothesis.

The trace of the measured-wave-resistance curve agrees satisfactor-
ily with theory in spite of the phase lag, as soon as f 2b, i.e., if theory
is really applicable. However, even in the case f = b, the calculation fails
completely only for the full model No. 1257; for the other two models the
order of magnituge is reproduced correctly. The figures show how the merit
of different bodies varies with Froude numbers, entirely in agreement with
theoretical deductions. For example, at F = 0.36, the total resistance of
the finest model No. 1242 is larger than the total resistance of Model No.
1257 although the latter has a much higher displacement. From theoretical
reasoning it follows that this relationship is reversed at higher Froude num-
bers (F2 ~ 0.45, see Figure 3). Experimental results for this case are not
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available since the towing velocity was restricted by the relatively large
size of the models. Although it is desirable to attaiu much higher Froude
numbers this is not absolutely necessary for the present purpose since it
can be deduced, from the results so far obtained, that the theory reproduces
facts which are basically correct.

The reason for the excessive second hump in the resistance curve of
the fullest model No. 1257 is obviously the high prismatic coefficient. The
same explanation applies to a moael test oy Graff.s Rt

The curves of the coefficients of the total resistance Ct =-¢5;5‘
(see Figures 8 to 13) show the oscillating character still more clenrlgz Tge
selection of the wetted surface can be justified by the fact that at large
depths of immersion C, differs very little from the friction coefficient C, ,
although the wetted surface is by no means characteristic for the wave-
resistance. The ratio S/vz/3 does not differ too much for the three models.

Figures 8 to 12 show the meusured resistance values for f = 0, and
for the asymmetrical combination 1242 + 1257 (or 1257 + 1242 when run astern)
for which no elaborate theoretical computations have been made.

The C, curves show some surprising results. Let us begin with Fig-
ure 8, Model No. 1242. On the surface this body is not particularly unfavor-
able. Although the coefficient ct(f=o) increases at first contrary to the

fully subtmerged condition Ct(f=2b)’ at’Froude numbers of about 0.33, Ct(f=o)
becomes more favorable than Ct(f-2b) i.e.; the resistance of the surface ship
(displacement :9 is less than one-half the resistance of the body of revolu-
tion (immersed to f = 2b) having the volume V. For the immersion f = b,

gigher Ct(f=b) are obtained than ct(f=o) over the entire towing range. At

first, this result seems to contradict completely the good rule of thumb; by
increasing the immersion of a given volume the wave resistance is reduced.
However, this paradox is only apparent, as the mentioned rule applies only to
a constant volume, By doubling the displacement of surface ships, keeping
the shape of the area curve and L = constant, we increase the wave resistance

more than twice, actually four times at high Froude numbers.
We note:

3 1
Vig=o)® Y(£=p) T 2 Ste=0)} S(e=b) =2

In the limiting case, of extreme Froude numbers it follows from theory that

R(£=0)* ®(g=) ;%
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and the ratic of the coefficients of tne wave resistance

=1
Cr(e=o) * Cm(e=p) =2

Only if the coefficient CR were smaller than 1/2 C would a real

(f=0)
R(f=0) R(f=b)"°

The results for the full model No. 1257 are not less instructive
(see Figure 9). On this full model we can prove the mentioned result de-
duced theoretically, that the optimum sectional area curves with respect
to wave making may be totally different for a surface ship and for an im-
mersed body of revolution. While the shape of the body No. 1257 is very un-
favorable when moving on the surface, especially for medium Froude numbers
(0.30), it becomes advantageous when totally submerged. The values C

R(£=b)

paradox exist. Actually C always remains larger than 1/2 C

R(f=b)
o [ .
at F& 0.35 amounie to only about 40 percent of CR(f=o) and CR(f=2‘:,) is less
= = h £fi
than 0 05CR(f=o) The curves of the coefficients Ct(f=b) and Ct(f=2b) still

show the "third hump." For the ellipsoid (Figure 10) high values of the co-
efficient CR(f=o) are obtained at lower speeds, probably due to the high tan-

gent value t = 2 of the sectional area curve. H. Amtsberg has suggested tow-
ing tests on the surface with fixed trim, as in the immersed condition. The
C. curve for the ellipsoid obtained in this way lies considerably below the
curve shown in Figure 10. Because of some doubts as to its accuracy this
curve has not been reprcduced. It is important to continue these investiga-
tions.

Finally, reference is made to the combined model No. 1242 + No.
1257, the forebody of which represents half of the model No. 1242 and the
afterbody of which represents half of the model No. 1257. The prismatic co-
efficient of the combined boay is nearly equal to the prismatic coefficient

of the ellipsoid. Neglecting the difference in t values, similar CR(f-Zb)

va'ues as for the ellipsoid should be expected, increased by an amount due

to the strong asymmetry of the fore- and afterbody. Theoretically, the co-
= - hould b ‘Or-

efficients CR(f=2b) = Cf(f:zb) Cf(f:éb) shou e the same when moving for

ward (ses Figure 11) and astern (see Figure 12), if the viscosity can be ne-
glected.

Figurea 11 and 12 furnish a nice confirmation of this fundamental
theoretical conclusion.

For a better survey, the coefficients of all three models are sum-
marized once more in Figure 13. Figures 17 - 30 prepared by Mr. Gertler
present the residual-resistance coefficiencs.

As only s few reports of towing tests with bodies of revolution on
the surface have been published, several photographs are shown in Figure 14.
The reason for superiority of the model No. 1242 at smaller and medium




velocities over the other models can easily be seen; likewise, the heavy trim
at 2.5 m/sec indicates a considerabls increase of resistance. Model 1257 is
characterized by its large bow wave. The towing apparatus can easily be
recognized.

Turning to Figure 15 (depth of immersion f = b), we remark that the
back of the models is already set free at relatively small velocities. There-
fore, the wetted surface as a reference magnitude has only a conventional
value.

Finally reference is made to Figure 16 (f = 2b) which showa how
considerable the wave formation is.

SUMMARY

From the theory of wave resistance various deductions can be made
on the resistance of bodies of revolution immersed at finite depth; especial-
ly, favorable "optimum" forms can be developed for given Froude numbers.

By testing three models it is shown that theoretical results agree
well, qualitatively and even quantitetively with the experimental results,
if a "phase displacement" is ignored. The theory can be used up to minimum
immersions of £ = 2b for a length/diameter ratio L : B=a : b =8; for a
first orientation even £ = b can be admitted as long as full and short bodies
are excluded.
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Model 1257, F = 0.40

Figure 14 - Wave Photographs of Models 1242 and 1257, f = O
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Model 1257, F = 0.256

Figure 15 - Wave Photographs of Models 1242 and 1257, £ = Db

Figure 16 - Wave Photographs of Models 1242 and 1257, f = 2b
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(The values were obtained by subtracting the Schoenherr frictional-
resistance coefficients froun the tctal-resistance coefficients of
Figure 8.)
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Figure 19 - Residual-Resistance Coefficient versus Froude
Number for Model 1286

(The values were obtained by subtracting the Schoenherr frictional-
resistance coefficients from the total-resistance coefficients of
Figure 10.)
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