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LY

»

‘The work in this report was initiated under Contract DA-OI 021
AMC-11536(Z) for exploratory development of propellants for mxssﬂes
and rockets, and completed under Contract DAAHO0L-67-C=0947 for
exploratory development of solid propulsion technology. Both: conre

tracts were under the technical cogmza.nce of Army Propulszcn

La.bora.tory and Ceiiter, Research and Development Directorate,
U. S: Army Missile Comrnhand.,

The application of finite-element thethods to-heat-conduction
problems is an important way station tothe successful zpplication of
these méthods to . more complex time=~dependent situations— specif-
ically, to viscoelastic problems of solid propellants and solid~
propellant rocket motors., .

The work described'here has immmediate application to propel-
lant grains and rocket nozzles, But this method has general applica-
tion beyond solid-propulsion technology, -Accordingly, with the view
that broader distribution will ultimately be authorized, the body of
the report contains no allusion to propellants or rockets.
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ABSTRAGT

A new numerical method for the solution of heat conduumn
problems in thermally anisotropic, nonhomogeneous bodies of cOmplex
geometry was dévised which isbased on'a discretization coacept de~=
; veloped.in the matiix analysis of structures. This discretization
f ‘ method, commonly referred-toas the finite element method, reduces.
the problem formulation to the solution of a matrix equation fgt ‘the
b nodal point temperatures of the assembly of finite elements, “The
‘4 resulting rnatrix equation is stable for any time step, The method
is extremely fiexible and easy to-apply. The method was applied. by

1 writing a. computér program for the solution of heat conduction
?* problems in plane, thermally anisotropic, nonhomogeneous bodies,
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Section I, INTRODUCTION
The approximate analysis of heat conduction and other dif-
fusion phenomena in bodies of complex geometry has generally
been accomplished by using various finit: difference téchniques,
e.g., [1]. These methods suffer from a number of limitations
or restrictions which depend on the type of formulation. Expiicit

finite difference methods, for example, have stability critefia that.

often make the time incremeni . :quirements excessively small,
which in tarn make computation time excessively large. Regular
grid arrays, which yield simple finite difference operators are
difficult to adapt to complex boundaries, This problem is com-
pounded when raulti-material bodies are ccnsidered, since each
material interface must be treated as a bounrdary,

Other types of solution are becoming more common; espe-
cially those approximate methods based on variational principles
[2]. This fact, coupled with experience and ideas developed in
applying variational methods to the matrix anaiysis of structures,
has led to the present development., From this previous experi-
ence it was expected that the use of finite element methods would
make multi-material bodies and bodies of complex ge smetry more
amenable to solution, as well as providing a compatible nodal point
system for coupled usage with numerical stress analysis prece=
dures based on similar concepts.

The present work applies a variational method, along with
a discretization concept developed in the matrix analysis of struc-
tures, to numerical analysis of heat conduction in thermally anigo-
tropic, nonhomogeneous bodies. ! This discretization method,
commonly referred to as the finite element method, reduces the
problem form.ulation to the solution of a matrix equation for the
nodal-point temperatures of the assembly of finite elements,

First, a functional of the temperature field and of itg first
time derivative is iniroduced. Then it is shown that when the
functional is an extremum, it satisfies the heat conduction equation
throughout the body and satisfies general flux boundary conditions
over the part of the boundary where the temperature is not speci-
fied, Under the assumption of a piecewise linear temperature dis=
tribution in a small quadrilateral element which is made up of
four triangular elements with linear temperature distributions, the

lAiter the initiation of this work, a similar approach ¢o this
problem was published by Nickell and Wilson [ 3],
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[ENESRY

'variational principle is used to establish a matrix equation for the

element in terms of its corner, or nodal-point, temperatures and
its boundary conditions, Since this is done in a matrix formula~
tion, the resulting equations for the assemblage of finite elements
constitutifig the'body of interest are easily assembled by methods
of matrix algebra.

The resulting matrix equation is stable for any time step,
thus offering potentidl advantages over the explicit finite difference
methods in computer running time. Each quadrilateral element
in the assemblage may have distinct and anisotropic thermal pro-
perties, Complex geometries can be approximated as closely as
desired with a piecewise linear boundary.

Although the development is done in general terms, the com-
puter program written to demonstrate the method ig limited.to a
plane, norhomogenéous body whose axes of anisotropy must be in
the sameé Cartesian frame over the body, Internal heat generation
is neglected,but adiabatic, constant flux, convective, and tempera-
ture boundary conditions may be applied, Extension of the program
to general anisotropy, internal heat generation, and axially syme
metrit bodies can be easily accomplishéd, Extension to three-
dimensional geometries is straightforward in.concept but will in-
volve extension of present programming concepts.,
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Section II, FORMULATION OF THE VARIATIONAL PRINCIPLE? ¥
4
Let I, a functional of the temperature field Ulx, vy, z) and ;
the first time derivative of the temperature field U(x, y, z), be : i
defined by (1), i
' ]
. , * F:
(U, U) = S {% U,.k.U,, + pcUU = QU} av X
‘ 1.1 ) 3
. v o3
‘ ] ;
- S ni-qi U ds ) (1) 3 ;{
S
where s{:
v = volume of the region, i f
S =" boundary of the region, ’ “};
kij = kij(x’ y,2) = thez;ma.l-éonductivity tensor, ’j
c = c{x,v, z) = specific heat, g
p = p(x,y,2) = density, ' E?
Q = internal heat-source density, “%
q; = heat flux véctor across a boundary, and
n, = unit normal vector.,

A comma denotes differentiation with respect to the following subw
script,and repeated subscripts imply summation., The guantities
k, c. and p are assumed to be temperature and time independent,
Q and q are specified functions of time, and S and V, characteri-
zing the regzon, do not change.

The variation of [1(U, U) with respect to U (with U held con-
stant) is given by

OI(U *+ e, U) ,
g€ K

§ll =

where € is a small parameter and A is any one of a family of
functions that is 0 on the portions of $ on which temperature, 18
specified and arbitrary elsewhere, An extremum of the functlon
I is sought, which implies that 8II(U, U) must be zexo, i.e.,

A similar variational principle for isotropic inaterials
is given in [4].
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S(U + &1, ) -0 S
g€ €0 .
Starting with 2
(U + e, I'J) = SI{%(U + eit),i kij‘_(U + «s?t),j -k
+ pclU+ e - QU +-eh)} av
.- Ssniqi(u re) ds (2
there results
AU+ e, U ‘ L
5e = Sv{[ (U+ e).),iki JJL] '3 kij(U + eA),J.iA ;
+ palT - QA dV-SniqihdS’. 3 -
S
The volume integral
S (U,.k.A),. dv o
y 1 E ]
can be transformed ir*-~ a surface integral
.S;,(U" i My ¥ = { nge U, 0 e
S i NS R :
s t
which gives, when (3) is evaluated at € = 0,
1) U;’:""m = S (+k, U, +pel - Q) 2 av
&=0 v ¥ B
3
»
(. . s
+ S nikijU,j Adg -~ 3 n.q Adg =0, (4
S S ,
The vanishing of 8l requirss then, thatin V' b
ks Uy = 02U - Q : 7 (5) .|
and on S :
3
. »
) : — : Sl
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Bq. (5) is the Fourier-heat cquntion and (8) dofinas tho heat flus A
. q at the eurface of the body, Thoroford a funsticn U which givos an
extremum of the functional defined Ly (1) eatisficn beth the ficld j

equation and boundazy equaticna 6¢ t:amiant heat cammctien in an
znisotfopic body. 3
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Soction I, DISCRETIZATION OF THE FAOBLEM

In the preceding davelopment, (U, 0) s & fuse . « 5f 2dy
funccdons U.and U which will eatiafy tho boundary g@aéiﬁcas’ 2 G
However, if the cholce of U and U is restrictod such that their enly
arbitrariness is in cortain constants in thoir formulation, tho funge
tional I beccmes a realevalucd functicn. Ia pasticulsy, 16400 eeds.
stants are the vector of nodal-point valucs?, yand s of U *
and U, Il becomes H(y, ). Finding an citremum of this reale
valued function is cquivalent to satisfying the following,

o1, 1)
aui

=0, A {7

In the following, the body will be coneidozsd to bs divided in-
to 2 number of tetrahedral or planc triangular clements. Thosa are,
in some sense, small with respect 4o the temporature gradicnt and
boundary contours such that the temperature distribution and boungary
can be represented by a piecewise linear approximation, The noial
points for the nurnerical analysis will be the vertices of the clemonts,

it o

Let the temperature field in an elemnient be given by

Ulx, y,2,t) = ¢(x,y,2) sult) (8)

and the time rate of temperature change in the element be ziven by

e, y,2,8) = Y(xy,2) BEE® | (%)

wheze ¢ and ¢ are vectors which specify the spatial dependence of U
and U and g and { are the vectors of nodal point values.* The matrices
of constants, Q. and %, are defined by the above relationships.,

The temperature gradient U,, in the element can be expressed
in terms of the nodal-point temperature+ by

[o.,
y | = Boduegau. (10

Z

AU

U,
U,

3The notation 4 indicates the matrix A, and g the vector u.

| 41t should be noted that throughout this development, the fieldé

U and U have beon taken to be independent, In the computer program,

‘ however, ¢ and ¢, and therefore % and B, were takentobethe same.

6
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VW riting 11 in terms of nodal point guantities, ’ Q _
SO G PO Py P § : ‘.
o= § (857" e 0 f
T,T.T . T,T T -
+pc%é?£§l‘£-2 A" ¢ Q}dV >
T,T T 4 '
IR RILE I o
S '
Taking the first variation with respect to-u (i. C., -g»g) and setting
it equal to zero, there results ‘ 3. R |
;- Q% 4. Co g ; ¥
o = ky-Q% +Qhegh=0 , 12 g
where T T y
K =S TSl YYD (13) b
=] =] 1~ <]
\'
T.T
G =S;,pc§ pyBav ., (19 i
* = Sv QaTy” av : (19)-
and
T, T
g¥* = S A" ¢ ngds . (16)
~ ~ ~ N
S !
Boundary conditions of four types will now be congidered: §
(1) Specified temperature, u, = constant (boundary segment H
S1),
(2) Specified flux, g = q (boundary segment'S,), )
(3) Convective, g = h{u,-ug), where h is a film coefficient
and uy is the environmental temperatuze (boundary seg-
ment S3), and ‘
(4) Adiabatic, q = 0 (boundary segment §,).
The boundary integral (16) now becomes
g = g4 Hy- bt , (17 ‘
v '~ ~ ~ >
7
e e —reT . ¢
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74 ; | T ‘ . A
3 -h( afsTonas (¥9) S
I . ] ~ . T
.§ x‘f v; R
to i B [} ~ 4
’ i and o ° :
» : T T
:’oé » ,}3,‘* = huo b gv ¢ ds . (20)
¢ o ] ; $3 » ) < ”.
. ' N
The integral over S, is zero since the variation of the functional was ’ §
3. ; specified as zero over that portion of the boundary, and the integral I
& over S¢ is zero eince thexre is no heat flow acroes the boundary. I
% ¥ ,
% \ §
. - Lo 2% B
. ; To assure the extremum of the functional II, it is necessdry 1
. then to find the nodal-point temperatyres y which satisfy the fonowing .
& matrix equation. K
5, % ‘ i
| (K-H)u+ GCh=q¥-Q¥%+ h*=0 , (21) ;
‘. ~ N o~ oo~ ~ ~ ~ )
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D« Seciion IV, SOLUTION OF THE GOVERNING MATRIX EQUATION 1.
o} g IE

i 1.  Solution Method

RIS To solve (21), note that 3 and i are functions of time and @%, G

s : g* and h* are given functions of tirne. Let the time variable be ze~

=3 - strictad-to the following set of variables, -

;‘i g t=tat, i=0,1,2,...

f% ¢ Subscripts "i!" in the subsequent development indicate that 1

3 the subscripted guantities are evaluatedat t = t., )

Y e E ‘\

o ¥ Let (21) be written as =

L ; o ,

<f gl Ko, +Guy=4§ : (22)

= where

58 ! K= kKk-H
3 t ~1 ~ N
[ 4 and .

9 | g b
] §§ . if 4 is assumed constant for t, St $~ti 1 then gi 4
[ f [&i 41" &i]/ At and from Taylor'!s expansion ibout t= ¢t E "

- ;\5} ) 3 . .

. §’ 3 A :

=4 gi Sip1 =8 + Aty Y :

. i "
[ - :
14 =u, + At {1 +-'-Z~[Bi+1 51] ¢
Py :

ep = 2t ore - L
). b =g+ g+ . (23) e
bl ‘ R

. é § 1 Egs. (22) and (23) now are sufficient to determine u, +1 and fi,, +1 .

- % B in terms of u, and ii.. Solving (23) for &, . yields 1 t
. E f& ; ~1 ~1 ~it1 } : :
& 4 2 , 4 P

] ;,Q} 9 = — - {1, - U . e 3
i o Gt ar W -l - § (24) 0

AP B *: ;'8 .
£ by ' :
b Substituting this value into (22) gives
é ; . - f ‘ P

R (5 * At S) G A tY A Y Bi] -, &) :
b, " _ :
E ; ’ “u 0‘
A i
CE 5
’ "I? p
G
el
Ca : ", ¢ .
L CaRR— e T S — el O
ot - : ‘i
£ E
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Also from (22),

-1
Y=gT5-C kY .

Substituting (26) into-(25) results in

K + & = [& Cw b f b
(§ t A 8) Y41 © (At‘ g '%‘) G thy (27

A simpler computation results by rewriting (27) as

2 2 4 y
(K"'At g)~il (K+'5€ g) %t AT gy+h+ig (28)

or
. ‘ ( +
2 (514»1"”91)_ 2 (*& b4
(}f‘"m S) z /" at SHHNTE (29

where u,, . is found from the auxiliary calculation®

~itl
. z(i.t.l._’“_ii_) u
~itl ~ 2 ~

(28

(30)

For the solution of the heat flow in a multi-element body, it is nec-
essary to assemble the elumant matrix equations (29) into a single
matrix equation. This assembly is a complex task which can be
performed in an efficient manner by a computer. The general method
of assembly for matrix equations is given in [5], Section 7.2,

2. Stability of Solution Technigue

To study the stability of the solution technique defined above
by (27), i.e., the effect on the numerical solution of an error intro-
duced at some step, consider the vector 8, which satmﬁes exactly
the relatmn

2
+ +{K o — =f + s

SAls0 note that if At iz very latge (29) reduces to Kos=£,
the steady-state form. Thus the steady-state solution carbe obtamed
in one iteration from the computer program simply by making the sine

gle time increment very large,
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§ Suppoge that, at some step (i+1) in the calculation of i3, an erzor . ¥
;2 (say round-off error) is introduced in the calculation.(31), which r
P can be rewritton in terms of the incorrect value u* as Iy
3 @‘*“E‘Q)“’*‘ +~(K--7f~g:)u*=£+£ 5 (32)
! ot & 8 TRTH Y T 4Tan
Ao It
%g Then subtracting (31) from (32) results in a recursive relation (33) :
| for the error in u at step N. (N> i+1). Let enT Uy - u‘N ; then k.
i ¥
3 i o'
% 1 - -3 . !
: i Qd At 3) -] + (§ At g) ~n'1 < ! N - i+1, ‘i"'Z, soee (33) :
1 . |
1l Solving (33) for 8 Tesults in |
b
j t
4 -3 - 3
£ N = (gH'At @ (K+ Slena = dena i
;; It follows inductively that | ;
! ’ n
= =N - §
i ) en=f e, n=N-(i+) ;
; where g is the error introduced at n = 0, Let A% be the absolute valie F,r
LI of the largest element of the mxm matrix A.. Then
i (e = AN .
iR \ﬁ
% Consider solutions of the form
bl . ¢
Q{i ey = (mh*)Ns =A% , a=N - {i+l) (34) 1
4
£ .
gj where A is a positive constant, The error so defined is greater 43
§f’ "than or egnal to the true error, Substituting (34) into (33), °'
{ 2 5
i Eié'l"&: g) k'i'(KS‘ZE' gi] e=0 , S
i '
Ly or, rearranging things slightly, ’
b o
‘% i - -%— - - . ) .
L m(h +1) = ¢ ‘1 Mle=¢ . (35) ;
L Defining ' ;
.
. .
3 -
i C% .
i :
I 11
4] :
F :
1
5 *
T ————— :
F
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,
R e e oAl e "‘-.A»’ g,,,,.g‘, v

B B
L PR N ot B

o = 2 (.L.L) )

At 142
' (35) can be written:

Eﬁ-@%]s=2 o o (3¢6)

If C is 2 positive definite matrix, then according to Viilkinson [ 6, p.
34 the eigenvalues » are all positive. This, in tura, requircs that
~ |A|€ 1. 1t follows from (34) that the error will docreass as N ine
creases, Since |A| < 1 for any value of 4t >0, the solution schema
is unconditionally stable if G is positive definite. This propezty of‘g
is dependent onthé assumed?orms for g, which, as indicated in Section
V.1, give a positive definite g for the forms assumod in the preaent

development.
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Section V. FORMULATION OF ELEMENT CONDUGTIVITY, SPECIFIC .

HEAT, AND OTHER MATRIGES

? 1, Triaoaular Plemont Matrices | I
% In the sequel, specizlization vo-a plane Cartesian ,giatem svill :
g , be made in which case the field relations expressed by (6) and (9) "‘.;
redice to : : : {

1 Ulx, y.t) = @, y) Ault) - B
q and B~ ~ , |
4 Ulx,y,t) = '\f{(x, v) g ‘.i‘(t) . ' . (38) ° 4
»4! %
s In the absence of other motivations, it iz convenient to iet f
i _ . i
] Q(x: y) = g(x, y) = {l»xr Yi o \ (39) .. :
ey) = 9 = (g o 1) (40) |

E 2 4 Y bl pt 1] Y - . o o 1 ’ ‘ , é
4 and
AzB .

~ ~ ﬁ

' Using the nomenclature of Fig. 1, I

f *
Y - ' Y Y ¢
:
4 Lo e :.
{ - X
y \
9, FIG. 1. -PLANE TRIANGULAR ELEMENT ' -
; . :
J0s ;
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the matrix 4, from its definition in (37) and (39), can be fov d o be | IR

’ =X jbk."akb j 0 ‘ 0 : ‘ o f " ) o (:

1 | R 1

A = s beb, b, «b, | (41) I, -

8 a jbk-akbj J Tk k J o S g%

»‘ a, "3 -a Q, . ; ”{

k™% k% 7 ‘ ‘- L

Eqs. (37)-(41) are sufficient to define a linear, spatial, temperature C T B

field and a linear, spatial, temperaturé-rate field in terms of the ' T:

nodal point values of the temperature and temperature rate, respece ° £

, ‘ r:

tively. 1

Since A and g’( are constant over the element, (13)«(16) may be ‘ ‘ ‘T

written i S g:‘

_ AT T s &

k=4 9 ko' AA (42)

C = pcAT Toa| a (43) - F

= = p Q ) . X

A b &

Q*= QAT S o (49) %

~ b

d g SRR §
an o ,

g*= a7 ¢Tngas . (45)
S *

if X, pcs and Q are also taken as constant in an element,

These integrals are easily evaluated iu terr-s of the first and
second moments of area,
The boundary integrals in (18)=(20) also simplify to w
u* _ T T - 'Z;
g ‘§y922d5' , () l
S2 , M
H = hA® Toas| » (47) :
& ® 5 f@ 9 5 ! ' .
and ‘
‘ T T . ;
B = hug A S’ $°as . ‘ {48) - |
S3 ‘
!
14 &
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{ The coefficient matrices appearing in (29) may now be written ; i%
M \ T,6 T T T N
A = ! - - B PN
Lk xeg"pppan-ns’ [ o] I
; 21 . Sy “ T
% 0 T, T . T | 1
TR - e e gn-n oo [ 2 ) .
P Rl M g 8 |m =~ vg | = , . v
¢ 3 57
: % T T y o ‘1«
’ %0 g = pc ;;i [j‘ Q 9 dA] \g s (59) ¥
G A >
REN and ¢
5§ i S :[
2380 TC,T.., T , T = T T, 3
e A Sz, 53
F T T P
5 ? = A [QSQTdA*bSQnst-huoS‘ ¢ ds | .(51) 1
S i " A Sz =
;3 In the developmeunt of the computer program ¢ was taken in the linear ‘ o
T form w
53 %i E",
5.3 ) gley) = {Lxy} , -
, g4 ] 3t
W gl and ‘a
O 1 0 b, Y
EEE I 916 =l ¢ 1] ' i
3 ‘« in this case; for a triangular element, (50) becomes (”:
& -
oy A 211 e
s ENt C =282 |21 3
A . = 12 5
Nt 112
Li which is positive definite as required for stability in Section IV., 2, L
. i . &
4 i 2. Quadrilateral Element Matrices L
Lo R ' &
3 o
e It is convenient in terms of programming logic to work with a 7
1 % quadrilateral element, For this purpose a quadrilateral element com~ o
& 1 posed of four triangular elements, as shown in Fig. 2, was used in i
o , the present computer program. The four trianples are determined I
3 by defining the coordinates of the common point to be the average of
2:»25 b the coordinates of the o’her four points. The common point is elimi= .
. nated from explicit representation by the following procedure. ' o
v '
O‘i f’; o
! if :‘w? 15 <
N - - -
g
o il '
- A ke
s o —— o - . .
\'7;: ﬁ o 7
¥ .
. el
‘ ’ . ‘f”[f
; e 4
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FIG..2. .QUADRILATERAL ELEMENT

The matrix equation for this'quadrilateral element can be
expressed by assembling the matrix equations for each triangular
element by addition of terms at each nodal point in the manner
used in the direct stiffness method of structural a.na‘lysis.a Eq.
(22) for a quadrilateral element takes the form

. e,

e
¢

R AT S s

&

vyl esnhing
.

L

Ky Kp Ky Ky

Ko Koz K3 K
Kiy Ksz K33 Kae

o Kqi- Koo Kdﬁ K\ol‘A

Ks; Ksp Ks K
. ‘

Kis
Kas
Kas
Kys

Kss |

-

-

n

-

uy
v2.
u |+
Ug

r‘.(311 Cpr Cis 0 Cg
Gzt Cuu 0 Caz Cys
Cs3 0 Cs3 Cyy
0 Cu Cu Cu

_Csx Cg Cg3 Cis

-’

E

u3

4z
iy
iy
ity

(52)

TtSee [5], Section 7.2 for a description of this assembly method,
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b= g e i z 7
o ? o K
oo o z} z i = :
fe i1 N T
':Ei.x~ '\\"i T
X3 % :
SR Rewriting this, there results 5
&}y g
[ : ‘
A S ' . . Co
ix,1 (g, ]| Lol [to,d fe,d Al -
éi i ® iJ Ki , : o+ 3 is “ ' ,.itjzl.-er;:é >
P oo N r s I L
G R REEY [INECR | &
A I - ' )
: : ;j ‘ where [K 1 and. [v g repres¢nt the 4X 4 submatrices of the com= ‘
¢ - plete ma.trgces in (59) and {bw} and[K_r, .] are column and row vec~ )
o 3 tors., The subscripts i,jnow re resent nodal pomts, instéad of
| J 1%
Sy time increments. Eq.{53) can then be written 28 two equations, ,
3 i A -
g e 3 N . .
‘:\9: Lo e K. 2 &, ! - - *ccnc ‘U (3 + ‘co ' }e =Lk 1' 3 - 54 - A
4 E [k e + (8w + [C]la] + [Clos=[e] (59 é
3 - and i
beg‘ ,‘
i g * p [ "
) b [Ksj][uj] + Kesus + L,C.Sju}l:j]' + Cgsus=15 . {58)
ib-t 1 él“ . . . B
fds & The interiot rodal point quantities us and {i5 cannot be elimi~
& 5, nated from (54) by use of (55) as it stands. However, if the specific
, g’:, heat matrix C(5 X 5) is approximated by lumping the heat capacities
3 B, at the four eXternal nodal points, C becomes a diagonal matrix® with
1 Css = 0 and (54) can be written
‘3 g R » ' re ’ . A S
g : K..lfu.] + LK. C. J =L£.4 g
1 (K] + [Kglus + [0 T4 = [£] (=) |
. ;
6 hc ' and - ‘ N ‘
! [Ksj] [uj] +Kpus=f5 < (57) <
% i | ) ‘ : ;
l fé %’ in which [C,.] is now the (4 X 4) submatrix of the diagonalelumped
ﬁ { specific heat matrix.
; b
cﬁ Solving (57) for us aud substituting into (56), there results :
§ It WS 27 Clial =g '
> f:‘ or
o {L5,4] - (K 1Ko [ gyl} [ ] +[C, 1 [] =8 ~ (K 1 Kas 25 . (59) ?
b -
g
¥ { <
1 TT7is form of the specific-heat matrix is also positive ,
‘4 g defiuite, - Co
+ ,\% H
R
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logous to (22) except
1 vector.

X

-~ if an
T oA

ac
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.eq}
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Section VI, COMPUTER PROGRAMS -
1. . Descrigtion

The organization and: codmg of the present computer pro-
grams rely heavily on concepts developed prev;ously in finite
element structural analysis programs, particularlythose described
in[5]. Two programs are described bélow, AMGO42 is the ‘heate
conduction program,and AMG042P i3 an. asso;nated‘ plot program

which may be used to aid in reducmg the output data to gra.p!ural
form.

Program AMGO042, which has béen written to effect the solu~
tion of the matrix equations formulated in Section V', is somewhat
more restricted than that developmient, Although the stéps necessaty
to generalize the program are obvicus, these-are not necessarily
trivial, Presently the directions afanisotropy of conductivity of each
element must all lie in the same Cartesian frame, Likewise there
is no provision for internal heat generation. However the matenal
properties may vary from element to élement.

The development has, in general, been apphcable to bod:.es
of fairly arbitrary shape. However the necessity of employing a for-
mal solution method consistent with minimum effoit in data input
has resulted in some restraints. in the computer program.. The néte
work of quadrilaterals needed for solution was regularized with a
two~dimensional nodal-point identification array. which then pro-
vided a systematic framework for solution of the matrix equation.
This grid method was first developed for stress- analysis purposes,
and, although it is described in some detail ia Section VI.2, a more
comprehensive treatment is given in[ 6], Aside from the require-
ments on zrid network, some further restrictions are imposed by
the boundiury condition subroutines which are described below.

In setting up the program logic, it became obvious that in=
cluding completely general time-dependent boundary~-condition op-
tions for arbitrary geometry would be extremely difficult, There=-
fore, it was decided to handle the boundary conditions by separate
short routines to be prepared for each class of problems., The
boundary condition subroutines included in this report are writtea
to apply only to a rectangular nodal-point identification array., This
does not imply that the program in its present form is limited to a
rectangular region.

i
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The sequence of operations of AMGO042 is given by the flow
chart shown in Fig. 3, The coefficients of the complete matrix
equation are assembled from the coefficients of each quadrﬂate;ai
in a manner analogous to the direct stiffness method of structural
analysis. See[6], p. 28, for a3 more detailéd description of the
assembly process. Modifications for boundazy conditmns aré made
in a similar manner.

2. Mesh Layout and Generation

The requirement of closely approximating the contours of
complex regions, together with the desirability of a fine mesh size
and its attendant high accuracy, makes the use of a large number of
nodal points desirable, The program allows the asér to employ a
maximum of 496 quadrilateral nodal points. OWbviously the layout and
speclfmatmn for the program of the locations of such a aumber of
points is a tedious and t1me—consum1ng job in which the probability
of human error is high. To minimize this effort and to preserve as.
muck general utility as possible, a scheme for the internal {to the
program) generation of much of the required data has keen incorpo-
rated in the program. This same schere has been used previcusly
in stress analysis programs [ 6] .. Certain restrictions are imposed
on the layout of the nodal points, but the reduction in the effort re-
quired to effect the solution of a given problem adequately compen=
sates for these restrictions.

To lay out a nodal-point system: for the body to be analyzed,
the region of the %~y plane constituting the body is covered (insofar
as any curved boundaries will permit) with an array of convex quadri-
laterals.® Each vertex of a quadrilatéral is called a nodal point or
node. Each nodal point is identified by an ordered pair of positive
integers, denoted by (I,J). The nodes may thus be thought of as a
subset of the lattice points in the I-J plane. Nodes with common
second member J are said to lie in the same row, although this
implies nothing about their location in the x=y planeo

The scheme for mesh gencration may be thought of as
representing a one~-to-one mapping from the I-J plane into the x-y
plane. Fig. 4 illustrates this mapping. The points in the I-J plane

*The use of a quadrilateral element with a vertex angle
greater than 180° may result in erroneous calculitions for that
element, A vertex angle of 180°, which is acceptable, gives the
quadrilateral the appearance of a triangle.
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aré shown in Fig, 44 and their image points in the x~y plane are shown

in Fig, 4b. It can be seen that the inverse images of the quadrilat=
erals in the x-y plane are squares in thé I-J plane. Each quadrilatefal
{or continuum element)is identified by the §,J coordinates of the:node
whose inverse image lies at the lower left<hand vertex of the inversge
image of tue quadrilateral. Thus the nodes which ate vertices of
element (I,J) are the nodes {1, 1). (I+1,J), (1, J+1), ana {1, Jhi),
It may be noted that not every boundary node need have an element -
associated with it, In Fig., 4, circles represent nodes agsoc;iatgad;
with elements and squares those which are not associated with.any -
element, The unfilled circles represent nodes whose coordinates
were generated by the program. .
¥

An important restriction, which is due tothe jb;m!:':keeping
procedure used in the program toassemble the element stiffness into
the stiffness for the entire structure, may be phrased thus: if, in
any given row, IMIN and IMAX are respectively the least and greatest
value of I for which there is a node, then there must be a node in:
that row for each I such that IMIN =1 < IMAX. For the present
program IMAX =< 16 and JMAX = 31, The limiting values of IMAX
and JMAX may be va.ied by changing the appropriate dimensions in -
the COMMON statements so as to stay within the capacity of the com-
puter,. All nodal points that define the boundary must have their
coordinates specified,and any other nodal points may either be
specified or calculated by the internal generation scheme.,

The mesh generation is accomplished in the following manner.
A data card containing the values of I, J and the x, ¥ coordinates is
input to the computer for each node whose coordinates are to be
specified. Such nodes must include at least all nodes on the bound~
ary of the region of interest, as well as on any interfaces between
regions of different materials. As many other nodes as the user
may desire may have their coordinates specified, but no others are
necessary, As the data cards are read, a list is corvpiled of the
minimum and maximum values of I for each J, and each node for
whick coordinates have been input is identified and the coordinates
are stored.

An option is included to permit the input of straight-line
segments, corresponding to I = constant or J = constant, which
are to be divided into equal increments, The I, J corresponding to
the smallest I (or smallest J) is input in the first position on the
card, with the I,J corresponding to the largest I (or largest J) being
input in the second position,. Corresponding x,y coordinates are in=-
put into the first and second coordinate positions, The line segmeut

23

B

s Koo,

o
e




v :.-“ - - ,‘ ¢: RP3T 4 :": ; B
i U A
e T
§ is internaily divideu and assigned cqually spaced podal pofats, Nete = = - -~ |
o, that TYPE, BCCODE, and LICODE (doseribed dn AppondizA,la) ° 7 777K
. must be the same for ail-nodal points, If only a sinple code is to Be N
| | input, the second.l and J positions and the second coordinate positions T
L are left blank, A polat-coordinate input option is also provided. o
R ‘ ] > . b
B | After all the desired nodal point cards have been input, the T
- coordinates for all unspecified nodes wkich have I in the interval (
k- IMIN < J < IMAX for the proper J, are calculated for all J, The T T
Fo calculation, or mapping, of the coordinates ir achieved by solviag T -
- twice the finite~difference analogue of Laplace!s equation on the : o
kot & 3
i } lattice points if the I~J plane. First, the x coordinates of the bounds Y ¢
b | ary points are used as boundary values of thé unknown harmonic :
£ function, and the functional values obtained on the interior points are S ‘4
Lo taken as the x~coordinates of the corresponding image points inithe R
g | x~y plane. A similar procedure yields the y~coordinates of the un- ' 1k
P specified nodes, It shouldbe noted that, in generai, this method tends .
é to yield nodal points with uniform spacing. Ifthis is not deemed T
i desirable, some nodal points interior to the region may have their R |
i coordinates specified to control the distribution of the remaining i
g pbint8¢ 7
g
; .
- k
E 1
E ' . 4
i i
ﬁ s :
|
; ' 1%
3 ¢
‘ {
? zg
D H 4
ok
;o
‘; ;5:.~ ~» r
bl ; E :;3
P9 24 . . ,\Jg
. {
TR T T T TR Y ST W e . - o - — “
4 + > H




TR N e e et e iAo e e S ke = e o = P L X7 B AL 7.l £ 3 e = S P2 =y AR k3 X A

N
b

R |

JCTR
RS )
LoH
o ,
A Section VII, ILLUSTRATIVE PROBLEMS
A > . .

\»‘: . Several probiems to ﬁlustrate the utility and accuracy of

g’j 2 the program have beeh solved and, when possible, corapared with
O~ formal solutions. Since these are of the form of iliustrations, the

¥ o problems are posed in dimeénsionless form wherein any consistent

X . set of units may be inferred., Unless otherwme stated, X, p, and
SO c were taken to be unity,
%’,{, ; 1., Spe'cifi’ed Boundaty Texrg)éx?a.tures
, To demonstrate the accuracy of the solution technique, thg
4 3 problem of an isotropic, homogeneous 2X 2 square initiallyat a uni=
Li. i form temperature of 1 with boundaries aeld at 0 was solved. For
- 3 a one-quarter symmetric section of tLe square, a 14X. 14 grid was
i A o used, The resulting temperature distributions along three c¢onstant
S coordinate lines are shown in Fig. 5 and compared with theoretical
! results from Carslaw and Jaeger [7]. Agreement is quite good.

2. Convective Boundary Condition

y The problem of a hollow, circular cylinder with convective
2 . ~ boundary conditions was run, Because of the assumed symmetry

it was only necessary to run a sector=shape geometry with adiabatic
boundary conditions on the straight sides and convective conditions

. on the inner and outer boundaries, A 45° gector was used, with an
inner radius of 0,25 and outer radius of 1. The convective boundary
conditions h (T~T ) used were 35,0 on the inner booudary and 70,0
on the outer boundary, Initial temperature was zero, and the enviroe
ment temperature was 1,

Four s

bl

S S <
i ATk L i Fevs ran? vt eaeBini oo o

Fig, 6 illustrates the comparison with the results from a
finite~difference program [8]. As can be.seen, agreement is
essentially perfect, For this particular run, the time increment
for the finite element solution was taken as 0,001 while the time
increment was 0,000125 for the finite difference solution. When
the time increment for the finite element solution was taken 10 times
larger, 0.01, the oscillations shown in Fig. 7 occurred, Note that
the boundary temperature, as indicated from results with smaller
time increments, should have reached over 90% of its total tempera=
ture change during the first time increment of 0,01, Despite this

(RSN

%

= armane

R A mmm*m ot

L i o

;
4 - crudeness and the resulting oscillations near the boundary, the
Pooa solution near the center of the slab is fairly accurate for all times
Lo and the solution near the boundaries becomeés more accurate for

5 . increasing time as the oscillation dies away. This is illustrated
e
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in Fig. 8 in which the temperatuzeat v = 0. 25, r = 060, :.m&
= 1,0 ase plotted versus time,

3. F:lux.B oundary C onaition

-

The behavior of constant~flux boundzry conditions were ine

vestigated for a rectangular slab with a constant ﬂuxan&su‘ophedatﬁwov

-opposite faces while the other two faces were a.dz,aba.txc. The slab
wag initially at a temperature of zerd, The results arc illust_ra.ted
in Pig. 9. Only one~half of the slab is illustrated. The center is

on the left of the figure, The lines are f:com the senes solution of
Carslaw and Jaeger [.7]. *

4, Nonhomogeneous Properties’

An axisymmetric cylinder with conductivity and specific
heat which vary inversely with radius was studied. Ipitial tempera~
ture of the cylinder was given 28 zerq.and the internal and external
boundary were subjected to a temperature of I at time t = 0, The
results are compared in Fig. 10 with the formal solution, '

K= -Isrﬂ— and pc = 235-9- , then for an axisymmetric cylinder
the heat-conduction equation becomes

-l. -é- r K o= du = pC 9-2

r dr dar | “P°&

which reduces to

du du
Kg == = peco @t
dr?

which is the equation for a homogeneous slab, This solution was
obtained from [ 7, p. 101] to plot in Fig. 10. Ko was taken to be
unity and the product pycs was taken to be 5, Agreement with the
formal solution is very good despite the crude mesh of nine radial
increments,

5, Anisotropic Conductivity -

The quadrilateral shown in Fig, 11, with the conductivity in
the x-direction equal to 4 times the conductivity in the y=-direction,
was used to check the anisotropic fsatures of the program, This
can be checked with an isotropic body by the following analogy,

Let kx, ky, %, and y represent the conductivity, and coordinates
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If we define 2 new ceoordinate n® = %, the equation may be written as

i

5,
Y

2 2 :
k[:""'"-'au -%-"‘""'au zpc% .
8 8y

Thus, the solution of an isotropic problem in X,y coordinates with
isotropic conductivity k_ gives a temperature field simdlar fo an
anisotropic problem with k_= aky and x = fix.

For the present problem, the quadrilateral is, in fact, a
square with the x coordinate doubled, and with k= 4 ky,. For initial
conditions of T = 0 with the boundaries held at ¥ = 1, the transient=
cuuduction problem wzs worked for both.the isotropic square and the
anisotropic quadrilateral, The temperature calculated in the two
probiems agreed to five significant figures, Temperature contonrs
for the quadrilateral are shown in Fig, 11 for time t = 0, 05, k = 4,
ky = 1.0, pc= 0.16, A mesh of 16 x 31 was used,

6. Complex Geometry

4As an example of the utility of the program, an example is
given in Figs, 12 through 15 which demonstrates its use on a one-
sizth symmetric section of a cylinder with a star-shaped perfora=-

tion subjected to severe convective cooling conditions, The geomstry

with the internally generated finite element grid is shown in Fig,
12, The initial temperature of the body was T; and the environment
temperature To‘ Results are presented in ¢ nensionless quantities,
Isctherms are demonstrated in Fig. 13, and in Figs. 14 and 15,
temperature profiles are compared with those of Willoughby [9}
Willoughby' s solution is shown in solid lines, Willoughby used a
combiration of conformal mapping and finite diffierences to obtain
his solution.
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APPENDI¥ ' y

PROGRAM OPERATING INSTRUCTIONS

1, Finite Element Heat Conduction Program AMG042

Qe Ingut Data

Iritial temperatures must be specified at every
point by an appropriateily coded subroutin.. The present subroutine
is only usable for a uniform initial temperature in the body,

Constant temperature, constant flux, convection, ¢
or adiabatic ccnditions may be specified at any of the boundary
points, Subrcutines BCTEMP (constant temperature}, BCCOND
(constant flux}, BCCONV (convection) for applying a boundary condi-
tion on any of four sides -f a rectangular nodal point array are listed
in this report, The adiabatic condition 1is imposed by the absence
of other boundary conditions, ' |

In the present program, as many as twenty sets of ;
material properties may be specified and assigned to arbitrary st
elements,

An element is identified by the smallest] and smallest
J associated with the nodal points which are its vertices and is said
to be associated with the node which is also identified by this I and J. {
The kind of element associated with a nodal point is specified by a f
three-digit symboiic word TYPE (see Table I)., The laat two digits :
specify the set of thermal properties for the slement. The first )
digit indicates wheiher or not the ccordinates of the nodal peint are
specified and il an element is asasociated with that rodal poiat. ;

Two additional codes are used for each noaal point
tog - pertinent information welating to each element, BCCODE

(see .. _.e Il) branches the program to the correct boundary~

condition subroutine. IJCODE (seé Table III) indicates the nodal- ,
point line sagment to which the boundary condition applies. Only’ -~ 10
one segment pey nodal poi may b~ specified, The words TYPE,

BCCODE, and IJCODE are combined interzally into a single word, \

CODE, to counserve storage locations,  OF." is cutput, for chackiag
purpoges, with the coordinates of that node, The first three digits
of CODE are TYPE, the fourth digit is BCCODE and the {ifth digit iz
1JCODE,

R
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Table I Value and Meaning of Symbolic Word TYPE

Value

L

Meaning

%01, X02,.,.,X20

Idenfiﬁes the particular set of matorial
properties to be associated withthe elo=
ment. Type X00 is eguivalent to X01,

0XX Coordinates of nodal points are not speci~
fied,

1XX Coordinates of nndal pointe are specified,

2XX No element is associated with the cors
responding nodal point.

Table II Value and Meaning of Symbolic Word BCCODE

Value Meaning
0 Adiabatic (or no boundary condition
specified)
1 Temperature specified
2 Flux ;peciﬁed
3 Convection specified

Table III Value and Meaning of Symbolic Word IJCODE

Value Meaning
1 Bounda:y coadition is applied on ssgment
2 (£, J+1)
: (141,3) @ (1+1,7)
4 Q1.
(x,3-1)

s a2 seiniicamal
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card format iz given bolow.

Card 1
"Col

Card 2
Col

Card 3
Col

Card 4
Col

Card 5
Col

TITLE (1246}

1-72

Axny alphanumeric siatement

Initial~-Tsmperature Card (F10, 5)

1=10

Initial Temperature

Boundary-Temperature Card {(4F10, 5)

The input data dsck ia shown in Fig, 16, and tho

i -

1
1-10 Ternperature for Side I = IMIN Input for specis
: _ ‘ fied temperature
11-20 Tempera.‘ture for Side I = IMAX s boundary condi=
21-30 Temperature for Side J = 1 tion. Zero
31-40 Temperature for Side J = JMAXJ atherwige.
Boundary-Flux Card (4F10. 5)
1-10 Flux for Side I = IMIN Input for speci~
11«20 Flux for Side I = IMAX fied boundary
. flux,’ Zero
21-30 Flux for Side J =1 otherwise.
31-40 Flux for Side J = JMAX
Boundary~Convection Card (8F10. 5)
. . s N

1-10 Film coefficient } Side I=IMIN iz:;;x:fefct:f
11-20 Environment temperature tive
21-30 Film coefficient Side I=IMAX boundary
31-40  Envi £t t condition,

- avironment temperature Zero
41-50 Film coefficient 1 Side J=1 ::;il;e:-
51-60 Environment temperature / *
61-70  Film coefficient Side J=IMAX
71~-80 Environment temperature
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ELEMENT-PROPERTY CARDS ~ \ ¥ ,

BOUNDARY-CONVECTION CARD -

BOUNDARY-FLUX CARD -’l .
BOUNDARY-TEMPERATURE CARD — .
INITIAL- TEMPERATURE CARD —

TITLE CARD —

.

8]

{

FIG. 16. DATA DECK FOR AMG042 f
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4 Cards 6 Elumont Propesty Cards (5%, I8, 3710, 5)
o Col 1«5  Blank ‘ ' u
: 4 A . . ’
o 6=-10  Identifying numbee for data scts Dosgeds from :
i‘g - - to 20, 0 is intezpreted internclly-as 1, P ‘
g 11-20 Gonductivity in x direction, ’
P 21-30  Conductivity in y direction,
i ,
; 31-40  Product of density and specific beat.
é Card 7 Blank Card ,
: Cards 8 Nodal-Point Cards {A5, 12, I3, 12, I3, 4F10,5, 3I5)
‘ ‘Col 1-5 Word = POLAR for polar coordinates, blank
3 otherwise. .o
X 6=7 11
{ 8-10 n } loweet I (or J) for line segment,
% k-2 12 largest I (or J) for line segment,
4 13-15 J2 Zero if only 4 point is input,
£ (v -
) 16-25 X1 (or R1) coordinates for luwest I (or J), ’
r 26-35 Y1 (or 61)

*

36-45 X2 (or R2)
46-55 Y2 (or 62)
5¢ 60 TYPE (see Table I).

61-65 BCCODE (see Table I).
: 65-70 IJCODE (see Table Ii).

coordinates for largest I (or J),

: - Card 9  End Card (15)
: Col  1-3 END

Cards 16 Time Cards (F10.3, F5,0, F5,0)
Col 1-10 TMAX,
10«15 Number of time steps from T to TMAX,
- 15-20 TOUT (Prinis temperaturcs of T = TOUT),
Card ll Blank Card,
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Program AMGO042 outputs in printed form lus cpore i
dipates of each nodal point, the word CODE. for each nodal poiut,
the value of the boundary condition and nodal points for each type of
boundary condition, element property data, and the temperature at
each nodal point for each time requested, Tape Unit 6 prepares a
tape which can be used as input to Program AMGO42P, )
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2. Plot Program AMGO042P

To agsist in interpreting the output from program AMG042,
a subsidiary program AMGO042P was devised., This plot program
used a magnetic tape prepared hy AMGO042, along with conventional
card data input, to perform the following functions.

(1) The array of nodal point temperatures is scanned,
and the coordinates of points on selected temperature contours
are determined by linear inverse interpolation. The coordinates
are printed and also put on tape for use with the plotter,

(2) The values of temperature along any specified coor-
dinate line are calculated and printed and also put on a tape for use
with the plotter,

The user has the option of obtainingall of the above information
in printed form and/or having these plotted by the Electronic
Associates, Inc., 3440 Dataplotter., The title is written at.the bottom
of the plot sheet (30-in. x 30-in,) beginning four letter heights from
the bottom. Allowance must be made for this in specifying the board
and data offsets on the plotter control card (Card 2}.. Each plot re-
quires a separate sheet,

There are some items on the plotter control card (Card 2),
such as board offset and data offset, which are difficult to explain
briefly. Those who use this plotter will find sufficient explanation
in the plotter literature, Those who have another plotter availuble
can adapt this program to their particular needs., If no plotter is
available, the tape-writing instructions should be removed from the
program and the printed output can be used for manual plotting,
Only IPRINT need be specified on Card 2 if a plotter is unavailable,

2e Input Data

The following input data must be included along with
the tape created by logical unit 6 in the temperature~calculation
program AMGO042, AMGO042P uses legical unit 11 to read the input
tape and writes an output tape on logical unit 12,

The input data deck setup is shown in Fig. 17 and
the card format is given below,
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Card 1
Col
Card 2
Col

Card 3
Col

Card 4
Col

TITLE (1zZA6)
i.72 Any alphameric statement

Plotter Control Card (4F5.2, 3F10.5, 15)

1.5 SCLX
6.10 SCLY
11.15 BOFFX
16.20 BOFFY
21.30 DOFFX
31.40 DOFFY

41.50 SL
ing is desired),

51.55 IPRNT
print,

Time Control Card {1A5, 9ES8.1)
1.5 W1 NTIME=Y

6-13 TIME(1) | Time values, Only TIME(l) may be
zero. A large positive value of
time will skip to the next problem.
seceseeol A negative value nf TIME(1) will end
70-77 TIME(9) | the program and rewind tapes.

Temperature Contour and Coordinate Card (1A5, 9ES8.1)

14.21  TIME(2)

1.5 w2
6-13  TEMP(1) or COORDINATE(1) )
14.21 TEMP(2) or COORDINATE(2)

€ 0 060 400000000 s000000sR0r0e

70.77 TEMP(9) or COORDINATE(9)

87

Size factor in x direction,
Size factor in y direction.
Board offset in x direction,
Board offset in y direction,
Data offset in x direction,
Data offset in y direction.

Letter height in inches (0 if no letter.

Print control., 0 = print, 1 = no

b
a9

DT NS

ot e Rl S

TR

TEMP=, X=, Y=,
R=, Z=, or T=,
(TEMP= for tem.
perature contours,
}Xz, Y=, R=, Z=, or
T= for temperature
on congtant coor.
dinate.) Must have
a Card 5 if coordi.

nate is given,
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Card 5

Col

Coordinate Scale Card (25 10.5)

(Use this card only when W2 is X=, Y=, R=, Z=, or
T=,) '

1.10 TNORM Normalizing value for temperatures

(Height of temperature scale in inches) =

10 X (SIZE T) X (max. temp.)

COORDINATE SCALE CARD

TEMPERATURE CONTOUR AND
COORDINATE CARD

TIIE CONTROL CARD

PLOTTER CONTROL CARD

TITLE CARD

FIG, '7. DATA DECK FOR AMG042P -
88
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15, ABSTRACT

A new numerical method for the solution of heat conduction problems in
thermally anisotropic, nonhomogeneous bodies of complex geometry was
devised which is based on a discretization concept developed ir the matrix
analysis of structures. This discretization method, commonly referred to
as the {inite element method, reduces the problem formuiation to the solution
of a matrix equation for the nodal point temperatures of the assembly of
finite elements. The resulting matrix equation is stable for any time step.
The method is extremely flexible and easy to apply. The method was applied
by writing a computer program for the solution of heat conduction problems
in plane, thermally anisotropic, nonhomogeneous bodies,
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