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OPTINUM SYSTEMS CHOICE POR STRATEQIC RETALIATION:
AN APPLICATION OF MAX-MIN TIECRY :

In cormoction with Naval Ordmance Labdoratory studies of possible future
geebased ocandidate aystems for strategic retaliation, as reported for example
in the first draft of SINBAD ONE, Undersea Leng-Renge Missile {ULM) Systems,
Submerged Intercontinsntsl Ballistic Deterrent (U), Vols. 1 and 2, KOL(¥%0),
1 Maroh 1967, the nsed emerged for determining objective msthods of
quantitatively comparing the survivability and cost/effactiveneas of different A
strategic systems in the etrike-second role. The present study, undertaken :
under Task No. MAT 03L GOO/P099 01 O1 Prob 00X, reports initial rssults in an j
unclassified manner.

K. I, SCHREITER
Gaptain, USN
Commander
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1. INTRODUCTICN

The present report describes & simplified wathematical model of sirategic
retalistion vherain opponent #1 sesks to meximize by suiteble cholce of wanpons
systena his expected survivable strike-sescond capebility, which opponsnt #2
sesks to minimize by s:triking firet with weapons sysisms optimally chosen for
the purpose. Doth opponents are constrained in sysiems choice andl procurement
only by tatal expenditure limits. Both are fully aware of their mutual systems
options. ‘

This type of mathematical prodlem is a "game" only in special instances.
More generally it is a "max-min" problem, as defined in reference (a). The
pariiouiar model employed here is the one described in Chaptar V of raference
(a).
shall heve be concerned not with 'its mathematical intersst but with the insights

Although it 48 1llustrative of a wider class of mathematicsl models, we

it can offer soncerning retelistery systems cholce,

We shall review the main features of the mathematicul wmodel, diaeuaw'para-
moter evaluation, and go on 1o describe the resulis of sume semi-realistic
sample calculatiorsaend their implications. Appendix A summarizes ihe muin

featurss of the mathematical solution.

2. VULNERABILITY CHARACTERISTICS OF STRATEGIC FORCES

The model must ba introduced by & few qualitative remarks sbout vulner-
ability. All military systems are in scue degree actually or potentially
vulrarable to pre-emptive countermeasures. It is this circurstunce that gives
rise to psrennisl concern sbout the tasing of strategic forces. For prewent
purposes {3 will be coavenient to distinguish with respect to basing vulner-
ability two idealized claases of systems, which we shall term “Mricalh
vulnerable" {NV) end "percentage vulnarable" (FV). Humerisally wvulneradble

systems are those liks fixed ICBM silos thet foras no-search e¢ffort on the
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blunting-minded oppoment tut may force him to considersdle destructive effort,

vhile the reverse 1é true of peruentsge vuinergble, syetems. The terminology
reflects the definition that for a £ixed lavel of attackar {nvestment
dnspeaning leve;

an increasing mmber) of the PV systams come undur sttack; vhereas an approxi- .

rately {ired number of the NV systems (hunce a denreasing parcantage) come um;ez;
attack. This is true because the PV mystems c&ractaris tically rec}ulx;eA saaréh,
waich subjects any newly-prosured PV unit to the same proﬁaﬁﬂity of detcotion/
destruction as any previously-deployed unit. NV units_, as we shall 7509, find
safety in numbers, so that a newly p;ocured NV unit is on the average alightly

safer than any of its predecessors were., NV units have to be procured in wumbers,

. , . -
A B ah ekt ————— TS O AMS  omtme b peabuati M

otherwise they are not safe; while the firat PV unit is as safe as the

Kundredth. - ~
Yo real strategic system exactly fiis eitber of these two idesiilzed wul-

nerability categorios. Thet is, there is no system thai when searched for A

bt st st o 800

and found requires zero additional effort to destroy, sand no system that raauirad
zero search effort. However, a system like MINUTEMAR resuirss alwost zero
search effort, and a system 1ike POLARIS requires negligible Joat-to-destroy
relative to cost-to-find. In fact the great mejority of strategic striking
systens thus far prooured or proposed fall very nearly irtc ore of these two
categories or the othar.

There are, however, iwo important types of systems tfu;t qu not ;fit we‘.}l .

R AR

into either category. These obey a iaw of vulnami:ijii;ty that a'gpmximates
that of PV systeme at lov levels of b:nntingvog,;oaﬂi_cn; but ‘dep&rts from this

13
i o ket
ar et vt

At the higher levels. The first of these 1s typified byva mobile/conusaled

sty

oo
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systen deployed in em cperating sres {éggv, Montans, the Qret{t Lekes, sts.) so
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cont'ined that it may become poasibly subject %o saturation atteck by Ara PRTs
Iaga of H-bombs, Arsa attack obviates sgarch. The fractionsi wulnarability
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of the system is simply equal to the fracﬂon of the deplioyment area that ean be
sovered by H-bomb kill padterns.

that are concealed ‘amohg a large number of deccys or false tergets. The iruo tcr;
ge'cs mist Yo gemxinsiy indistinguishable from the false ones. If this cozvlitim
is sa%isﬁed the wonrld-be blunter waﬁ indiscrizeinataly a%aa - the-entire
systen of decoys und tn:e targets. A3 2n the case of ares barrage his militery
raturn for 3o doing, the expac;bed mnfabex; of true targets killed, ‘s L;ngaru oRQ-
porticnel to blurting procurevent investment, ur to aatima‘l;ion {2008 ku15 of the
~iatggetfp1ua«dacfsy gystem. Such striking systems — xfxmely, those vuinerau’s to area
~ barrage and those concesled am;ng, large nvmbers cf decoys — may be termed "linearly
vuZnerable"., It lox levels of countertor e~ ovposition they car be treated as KW
sys‘f‘:eme , and will be go troated here, The modsl prerecsted here considers only PV

and WY systems. To trest linearly vulnersble gygtens more acourctely tne mod.l

ghould be expandsd. -

3. MATHEMATICAL MODEL :

‘et C, designate the total resources of opponent #1 (the s:ecoud-striker) -
eyaﬂ:able for atra\tegi@ ratalistory oystems procur.ment, measured ir billions cf
dollurs, Cp the’c;rresponding blunting resources of the firg.-siriker. Let Xy
reprosant the umecunt (billicns) invested by #i in retaliatory system 1, where i
ruGs through the 1ist of percentsge vulnerable candidate systems (4.q., those
invoiving mcbility/conceslnment)., It is assumed thset the various PV aystems are
"diversified” in the senze that ccuntermeasures inveatments ageinst cne are not
effective egainst the others, In téz'a absence of ccuntermeasures (i.e., on first
strike) 1t is asouned that the. 1 system cen deliver Vy Xy millicn 1bs. of m-

elesy ﬁthmv we:&ghtp" whers V; is an ef’scﬁvws&ﬁmm ”“f’é«'swzv%am 1“‘@‘ (say )

SN L AT s ML EAT AN et ST S bon G S0

“The secpné example of a system not exaeily suited to the NV, PV ca%ég&’iea» -
is one which consiafs of a emall nuxber of striking units, either fixed or_m‘aile,
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eillions of 1bs. of throw weight per;billion dollars ia.vstedi. [In ganera’ vi hag &
different numerical value for esch of the svailable candfdute zyatems. Alter attack
i bg\opponant #2 the frection of #1's striking power survivi:y i3 of tbe form m:»p ('Aiyi)’
_ where ¥i-i§ the amouat o resources allceatsd by #2 to blunting the 1M system snd Aq
:is - parameterzmeasuring the vulnerability of the gth gystom to countermessures. This
3y béAéeam from the well-known lew of rendom sesrch (reference (h)), which is of
exponential form, with Airi a measure of seurch affort against the g system. fara-
héter eva;uation will be discussed in the nex! seciion. The survivable “hrow weight
for all of #1's systems is
‘ zi 7Vi;xi e Aifs s
surmation being extended cwer all candidate PV sysiems.
Similerly for numerically vulneralble systems UJXJ is the number of millions of
1bz. of throw weight deliverable by ready units on first strike snd the surviving
fraction after blunting is again of exponential form. If we consider the exponential
as representing the probability that sny particular "silo" survives, then the quantity
in the exponent is the negative of the expected number of hits, proporticnmal to the
number of H-bombs {or other units of destruction) ullocated by the attucker

per silo. The latter number is proportional to the rati- (YJ/XJ) of #2's to #1's

resources allocated to the jth system. That is, the totel survivable throw weight is

Z -BjYJ/'XJ
i ijj e ’

summation being extended over all candidate NV systems. The total survivable throw
veight for sll systems, a "payoff" locsely related to the degree to which #1 cen
deter #2, is whe sum of the two summations just noted. I% is to be maximized by
#1's optimum (maximizing) choice of the X;» following #2's optimum (minimizing)
choice of the ¥y,
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subjest to total rascurce limitations,
ZiY *ZJYJ = Gy
X 2.0, ¥, 20, X, 20, ¥, 20
fer all 1, j.
Note tha% euch gystem 18 characterizad by only two paraweters, a cost index and ‘
an invulnersbility index.
The mathematical solution of this problem, involving & sort of mxdificatira

of the Lagrange multiplier technique, has been given in detail by Danskin (ref-
erence (a)), and is summarized in Appendix A.

4. FORMIJLAS FOR PARAMETER EVALUATION

A model pitched on the level of generality characteristic of max-min theory
requires a certain amount of Intermediate-grade theorizing tc evaluate the para-
metors involved. In particular it will be recalled that each system is charac-
terized by two numbers, sne measuring effectiveness/cost, the other weasuring
vulnerability. These must be made accessible to practical evaluation.

The effectiveness/cost parameters, Vi, Uj, may be defined, for example, as

(firat strike) ready throw weight (millions of 1lbs.) per billion dollars total
invesiment in the system. In the numerical examples given in this report we
shall arbitrarily consider only ready (30-min..e delay) throw weight, not inven-
tory, mobilizable, or eventual throw weight. Similarly we shall consider

' 10-year total system costs, excluding R&D costs or pro~-rating them to procure-
nent. It is obviocus that such definitions are arbitrary and may be discrimin-
atory. (For evample eystems of 20-year lifetime are not fairly compared with
those of 10-year lifetims, if all are amortized over a 10-year period.)

o WMWmmc-”»ﬂm By e S
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Yo now axenine tha vﬁlzférabﬂity indices. Por purposes of simplifying our
11lustrative examples we hypothssize s first-striker's oapability for the mid-
1970%3 and later that dspends on a single type of offensive wespcn, variously
appligd to biunt the sscond-striker's systems of whatever nature. This sasumed
allspurpose threat 1s a ballistic missile, oapable of 1lifting heavy payloads,
which consist of a number of fairly lom-yleld separate nuclsar warheads. It is
sosumed that the laiter can be scattered around at random cr placed in a pattern
near the aim point. If such a concept wure technically realizsble without heavy
weight peaaities, the result would be a substantial improvement in arsa coverage
over what could be achieved by the same throw weight devoted to & single high-
yield nuclear weapon. Thus, this type of weapon might conceivaebly becoms a threat
to limited-area PV systems as well as NV systems in the time frame in question.
It would recommend itself to a first-striker because of its ocbvious adapiability

to surpriss attack.

For PV systems subject 1o area barrage attack of the kind just described,
the formila

A'Mset
Ay =a, 0 - (2)

is useful for evaluating the parameter A, that 'a?peérg in the exponeniial of

Bg. {1). Here A%, a function of target hardness, is the incapacitation (missfon
abort) area ageinsh one deployed unit of the retalistory systss per effsctive
individual boad, o is the fraction of individual bonbs effesiive, A, i3 ths
aysten mmtin.g area, M 15 the minber of fndividusl boubs per missile, and

c is tha attacker's coa'hper miasile 1n pilifons ¢f doliars.

I §3 assuncd thm no tsetica e svailzdie to the atiackey t&gt would repe

it apfprcu:im loealization of tbe sgemsd-atrikar's PV unite. Tims, the entive

. opemﬁng araa ﬂg m;s* be snbjessa:i to Lurzage. I the imividual waﬁwaés are
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lobked in at random or directed with CEP's comparable to or grester than the
mean ssparstica of burat points, _the consequent lew of rendom destruction is

the Poisson law of Eq. (1) (first terw), identical to th law of random ssaral,
In this case Eq. (1) applles rigorcusiy and the gystem under attsck is truly per-

‘
B A Y

aantage-vuirerable, as w2 have defined the term.,
If the individusl bombs (or cther weapons) are capable of being turst in a
gaocrvatzical patitern that gives uniform ares coversge, if they ere 1008 relisble,
and 1f we ignore dcubts about tho state of human Imowledge of wespon kill radii,
then the expomeatial of Bg. (1) must be expauded
~As¥y

O = 1. - A‘Y,c 4+ o020
& - [}

and only ths linear term retained, so that the force requirement for 100%
coverage of the operating area bscomes
c
o I{}' ) %ﬁc :
For blunting expenditures ¥y leas than this amount, the surviving frastion (
of tha second-striker's retaliatory eystem is 1-A;¥;. Thig is the case of "linear
vulnerability" previcusly mentioned. It represents an idealized cass, strictly
valid only when o{=l (all missiles reliable). The PV and linesr cagee coincide
except at heavy levels of attack. Cur model will lere be applied to linearly-
vilnersble a8 well as trus P7 systems, with the vnderstending that whenever it
prediots & spali guryivipz fraction of a limeariy-vuinsrable system that fractiom
ie gyer- ‘wadad. i
b. fand
For randor sz2ach by ensury ASY units o formuls sizilar to Bg. (2) applies,

R
e
S Fu sl i v

A e

T arrne

with A’ voplaced Yy area assarctsd cut per ssarch unid within A, during gome
tadiically significant ti%d- interval before or et H-hour and C, rcplsesd by
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. intsrvel oust prozumebly be short enough to evoid giving strategic warming of
. the atteoker's. intent.

lkmrledgo or predictability of the locatioms of NV system units permites the

i‘mz-atriker to "enginegr® his attack.

'k

Evaluetion cf the vulnorability index B j in Bq. (1) for NV systems subject

10 qur previcusly-dsseribed vailistic misaile attack proseeds from the well-known
formule (refevense (8)) for survival probability q of a point target subject to
attack by k independenily-aimed weapons, .
- log 2 (§)2k x
g=e : )
where R = individusl bomb incapacitation radius and C = CEP, If A’, as before,

iz tha incapacitation area per bomb, dhan B? = Al /. The perameter k is egual to
the vatio of total mumbsr of effactive bombs exployed againat the Jth NV systen,

-y

mmyd » t0 the number of fixed point-targets ("silos") comprising the WV system

in qusstion--nanely,U X J/w » whore ¥ is the ready muelosr throw wei@dlit dsliseradle
per silo. Thus the surviving frasticn of siles is

B ¥ /X
i 3 Y b ot L
q=exp{- log2 M Lw J ] : 8 ,

-

%c2 Cn ﬂsf?} ' | 1]

whence B j 13 evaluated as

o

~

P

QYT

B, o 0.221 ASLM#
K w.az—rn:—-—-—n A
C %o Ty (3)

This expression shows ths gain in invulnerability (B 3'1) with inoreasing effective-

ngss/cost paramster U g+ It is this that gives NV syetemz their previcusly-men-

timed ahamqteristic of finding "safety in nurbers.” Rquation (3} is valid
m thcm ecnditim are violated th.a rasulting farm&as in gensral gugr~
%ha si‘feeﬁvma of the at%ak.
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Suppose that coms true tmrgets erz hidden arong & large number Nd of false
tergets or decoys from vhich they are indistinguishsble. We now show thst thu

(1inearly wulnersbie) system so ccacealed is approximstely peresntage vulnerable.

mg lg " iten T

rhas et

- vhetber it he fixed or mobile. The firgt-airiker's syetem 1s as before.

P nsbar

If X ie the average number of bombs placed in s pattern such as to cover

5
N

L ]
{4

*
e RO

the eren accessivle ¢2 the individual target (i.e., sufficlent to cover eny
area of target pnsition uncertsinty csused by target date dslays) sad othsr

quantitisa are 18 before, then the expected number of targats (true iargets
plus decoys) destroyed by the surprise attack 1is .Lmi/xc o+ and the surviving

fraction of gll targets, equel to the surviving fraction of true iargets, is

approximately 3
ey ALY

. .6} A 111 !

M Yi ol wa -

- o~ G = @ i

KGN f:

whence “
by = EM (4} -

xcmu 2 {?

Thus, a PV typs of vulnersbility formuls applies to the decoy problem, provided ;
F‘G iz much greater than the number of true targets. As in the csse of pattern

e

coay
FONE SN S

barrage, we make the approximztion of replacing a linear expression bty an ax-
ponentiel, e procedurs that causes underesiimation of the effectiveness of a

-~

very heevy sttack. The foregoing applies only to the case of pre-existing de-
coys. If decoys are purchased in fixed ratioc to trus targzts, the system is KV

e R N

i

o
JACTTVG

¥y

unlese mobdile or concssled.
5. QUALTIZATIVE RESULTS TR TER 10DEL

Some qualitetive results of thz max-min model will now be examined. PFirst,

>
e

Densicin proves c6 & theosem that the optimuim allosstion of #1's rescurces for

gurviestie striking pover wiil {nvolve in genersl the purchese of st most one
- X7 cgstes, Taio.tesult 13 zot surprising, since we noted that HV eystems fid
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gafety in numbers, and any system that fails tc sarn top sscore in the retsliatory
bangs-par-buck competition can for given rescurces be procursd cnly in fewer num-
bers than the winning system. Hence ite $a3lusion in & wmix would, by reducing total
nupbers, detract from the safety of all.

The faect that a few PV units are us safe 48 a grest many, on the other hand,
means that no bomus results in genersl from excessive procurgment of any particu-
lar PV gystem. In fact, over-procurement merely rewards the opponent®s existing
countermeasures investment. This is true whether that investment is for search

effort, for weapons of the kind discussed above, or for any other form of blunting

capability. For example, 1f #1 buys a certain numbter of retalistory systems and
pute them in operating area A, and #2 tuys enough nuclesr area-destruction cap-
ability to cover A completely, then if #1 proceeds to put any more systems similar
to the original ones (mobile or not) into A his investment is completely wested,
for he is merely rewarding his opponent's prior investiment by increasing his ex-
pected kills per doilar. Thus one would anticipste that among PV systems in gen-~
eral no single system should be over-procured, but that additional investment

should go toward diversifying the threat by buying modest numbers of each of a

’ vy K R
s . .. L
A :
Lt
VROV AN SIURCY. ¥ SN RN VORI

number of non-triviglly different systems couprising a pix.

This elementary expectation is confirmed by the matihematics. It is shown in
Appendix A thet for given values of the totsl investments, cl, C2, and of the frac-
tion of ¥1's resources devoted to PV gystems, there exists a number n such that the

firgt n of the candidste PV sygtems, rank-ordered by strike-first bangs-per-buck,
vy, Vo »V3, gvn’ ghould be included in an optimum mix, and no others, More
significantly, the amount cf funds devoted o prosursment of eny one of these
chosen systems should be directly proportional to its mvulnerabil:lty,indéx ’
I/Ai, and should bve completely independent of its effectivensss/ecat parsmeter,
Vi. Titug cost enters only in determining admissibility or non-sdmissibility o

the mix. OJnce admission is granted, the proper procuremernt level is datermined

soiel:,r by proporticnslity to system irvulnerability. This {s psrheps the most

10
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arresting asingle resuli of the model.

The model f£ails to give any comparsbly simple and gomsral answer %o the qusstion
cf optimum balance between investment in the mix of PV systems and the (at most) cas
RV system. It 18 necersary to examirs limiting cassa. If cl>>c2, which represeris
the case of Goliath retalistimg against Little David'a surprise atiack, Goliath's
optimumApolicy tends tc favor heavy procurement of the NV system, provided the umit
coét ie very low, 8o that overwhelming xuébors can be dought. If the roles are
~gversed, cz>>cl, go that Little David strikes second against Coliath, the model
indlcatas tha@ for resliectic magnitules of cz (though not in the hypothetical limit
324>oo David must buy only PV systems amd no NV syastem at 4ll. This becones all the
pore trues the amgller David's rescurcea are. Moreover, as those rescurcss shrimk in
genersl flw nunter n of cemiicate s§§iams admissible to his optinum nix dces not de-
creage. Ia other words, divareification of retoliastory PV systems is not a luxury
of the rg@; bs 2 ned@sdity of the poor. ’

This point has been widsly missed or misundersgiood in the U.S., whee the
mcgeetion tc diversify strategic forces is oftsn met by the observation, "We can't
affcxa 1.7 The max-min model results make it clear that the shye is oa the other
f30t:  omly the very rich (Goliath--the big spender ix our Yirsi exampla) cam afford
aut tc diversify. Amother implication for nationsl policy may be woirth actiag: 1
ths internatiomal amucloar arme race ever ives way to ar srms coxtrol mode of aus-
terity, the max-min nodel imdicates that the U.S. will be forsed towsid a nix of
diversified systens, mo ome of which is heavily procured. Giver s low total budget

and ax oppomrent who may chest, that is the omly path of ocredible survivebility.

6. SAMPLE QUANTITATIVE RESULTS
Sample calculstiomns have baes made with the ald of a computer progrem based cm
tha model. For these we have deliburately chosasa hypothetical parameter values and

sy;%%ﬁ charscteristics in order to keep the dincussion unclassified. Whex more

11
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realisti¢ candidste eystem parameter values ars employed more meaningful results w
will become availuble. Because of the observed tendenoy of the quantitative to

take precedenss over ths qualitative (1.8., for numbsrs to exclude reason), it is

i W

Ty

eg~emtial that the reader approach the results to be discuesed with s clear under-

m oweadd s

standing that they concern only semi-rasiistic systems.

2
T

fim

The systems considered are of the iwo types previously discussed, numerically

PR

vulnerable and percentage vulusrabla. All are considered to ba subject to the most
dameging type of surprise attsck that opponent #2, the first striker, can procurs
with his limited budget, 02. A simplification is assumed at the catset: that this
nost damaging attack is of the type discussed in Section 4. Thie is certainly
plausible for the NV (fixed) targets, and also appears to be true for PV targets
deployed in linited areas. For simplicity we have ascumed that the first striker
(opponent #2} can achieve a CEP of 0.1 n.mi. when needed and that he can deliver

M = 100 individus) bombs sach of 100 KT yield, with 100% reliability (o= 1), for

a total cost of 315 million per large missile. (Such numbers ooviocusly exaggerate

the atiacker's capabilities.) All systems of opnonent #1 are considered subject

to this same basic attack, modified for eptimum pattern barrage against PV systems :

K Y
.

and for point-target attack against NV systems. No conmsideraticn is given to the

effect of AICBM's on either side. {This could be roughly taken into accouat by

v, .
[ 2 Tk ]

raising the esffective costs of all baliistie missile aystems.)

> ettt

The candidate retaliatory systems considered are listed in Teble 6.1. The -

R
W
v 4

characteristics aseribed to them Zn tbat table lead,by “he formulas of Section 4, .

e
R e

to the parameter values listed in Table 6.2, These were used in cbtaining the re-

sults tc bte desoribed. All parameters of Section 4 have been siscussed except ¥,

S
CS

TR
s WS
P

A e

tie throw wsight per silc of opponent #1's ssndidste NV systens., This was asgsumed

1o be 7000 1b. Sines sil weights in Equation {3) of Section 4 are expressed in
millions of 1b,, the value of W used In that equation {s W = 7 x 1075,

12
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Pable 6. <. Vulnerebility and cost chsractsristics of hypothetical candicate
gysiems considered in sample max-mvin caleulstions.
Systen aost Ares of systen Ares of
‘ ($ vidldems) to vulnerability mobility
- Syaten obtain 4-willion to 100 X7 (eg. n. oi.)
1b, raeady throw optimum turst
weight capability (9. n. mi.)
B A
(*Super-usrdensd 20 0.00196% —
£ized-vase")
NV #2 . l
("Bargain fixed- 4 C.0L7Eu w—
base®,
PV #1
: ("Lsnd-nobile, 20 16 3 x 10°
goft") %
v #2 t
("Great Lakes 23 16 ' 9 x 104
cabzarsible”)
v 43 ﬂ }
("CeS offshore 24 16 1.8210
subzersibls")
PV AL 7
{("Porrari-deployed 40 16 1,2 x 10
Subzaring® ,
PV #5 8
(“Aii-ccean €0 16 1.2 x i0
sabzarine”)
L
# Hapdsned to su~yive 50.yd. miss of 100 XT.
wammm to survive 170-yd. misg of 100 XT.

T
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Two types of numerically-velnasable candidate systems sre hypothesized, first :

8 super-hardensd fized-besed aystem in the continentel U. S. (CCNUS), capable of L

remsining opsrationsl after & 50-yard miss distance by a 100-KT bomb, and offered
at the comparatively low price of $20 B 10-yvar cost for 4 million 1lb. ¥ ready,

unoppossd throw weight (on first strike). The second WV systam considered 1s a
fairly hard veraion of the same thing (150- yard survival dzstaneé) capable of

R s

delivering the ssms throw weight for a bargein 10<year price of $4 B.
‘ The psreentage~-vulnsrable systems considorad in Table 6.1. were for simpli-
city all assumsd to have a 100-KT incapacitation vulnerable ares of 16 sq. n. mi.

IR IR

Obviously =ors or less hardening of particular systems would atrcagly affect this
important paramoter. The first system considered is a mobile, land-based, soft
{3 pat vulnerability criterion or less) system, costing $20 B for 4 million 1b.
unoppossed throw weight, deployed with uniform probability density in an ares
equivalent to thrae average-sized western U. S. states. The second PV system

i e

consists of rathsr costly (at $23 B for the sems throw weight) sutmersibles ia
the Great Lakes, The third system is techmically similar but deployed in 1.8 2
pillion 3. n. mi. of CONUS offshore waters (0.25 million sq. n. mi. of vhich ia

cantinerital shelf). It ia arbitrsrily priced sumewhat higher at $24 B. Tha

et AL 4 X

fourth PV sy-ce:: resembles POLARIS in being forward-deployed in 12 nillfon 8q.

5. mil. of oczan, but is priced al an unrealistically low $40 B for the same throw
weight capability as above. Finally, a hypothetical submarine system costing $40 ;
B for tho sxme throw weight is considered as PV system #3. This system i3 suppos=d Q
to be equipped with an 11,000-n ni. rarge missile capable of reaching targets from
the antipodes snd to bt deployed in &ll oceans.

Svch are the competitors, and the queation is, which one or onss to buy?
To angwer this qﬁsatiom ths max-min modsl requires ons more datum: the total
blunting investpent C, by the first-striker. This inforsstion ie not readily
Lorthooming fecausa of its speculative nature. Ths blunting inveatment must




3
L s
ey
B et L 1

L ‘ HOLTR 67-59

u
M4
Lot o el ¢

Teble 6.3, Sencedsetriker's.max-nin optimuw sllccation poliefes for spending

et XL

8 3320 B 40 mexinize survivablo throu weighte egainst opponents of
r?azt*ms degrees of "icughriess" (various: C,-values). Figures given

A a?e “in billions, C, rogions as shown. 1:1 E‘igu,m 6.1, Syctems are
'&hoao 1dantiried in Table 6.1,

AT

%

R T

mp———
2

U i 2o 3 B U Lo At s

- of Blwating Total Inveatment C, by First-Striker. .

Region 1 Region 2 Region 3 Regioa 4 :
System 55 & $1 B 8iB< C,&$11 8 | $11 B<C,<$60B | ¢,>3608B

el

NV-#1 - - - -
NV #2 20 - - -
PV #1 N N 2.7 #® *
B 42 .- 0.8 * *
PV 43 | - 16.4 2.5 .
FV #4 - - ) 16.9 1.8

0 * OO LI RIT
BGPTSR

PR S

Lt

AT Ky
PSRN 2 O

PV #5 - . - - 17.9

v

©rad

#0ptimum sclution calls for an amount less than $0.5 B,

A

R LTCH I S o A AV P

H
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tharefore be parameterized. All answers will be traeated as funstions of éZ, Powx

< the parumeter valuss listad in Table 6.2,, the max-min model gives the results in-

,
: &
L
N N A2
PRI AN ¥ ORI DO A % § SRS

dicated in Figure 6.1, a;nd Table 6.3. Throughouti all present calc‘mi&ti\.ons it is

o aam&é that the seaonﬁ-strike; comnits a ffixed total invesiment, Gl o $20 v1lion.

- This; %00, cculd he paremeterized in a more extensive study. -
- Ths data érs obeervégi to fall into x‘m;r separate reg}ons determined by values
of the purameter C,, as shown in Figure &.1. In each reg:[\on a given optimum mix
eompos{tion preval 5. If the first-striker's biunting expenditure 1s less than
abeut $1 B (Region 1), NV Syetem #2, the ckeap fixed-base system, shouid be pro-
cured grclusively. For blunting in the 1-11 bi.llion’ dollar range (Region 2) NV
synjbafnf ¢ being oo vulnerable to the assumed attack, drop out sniirely in favor
of PV /syst_ems , primariiy #2, the CONUS offshore system, end a litils of the land-
robile gystem, with & token procuremnent of a few missiles for the (rsat Lakes.
In 2 tougher environment represented by 11-80 billion dollar blunting a small
apount of the CONUS offshore system survives in the optimum mix, tut the major
investmont should be in ths POLARIS~type syatem, or one deployed in an operating

area of cowparable size. Finally, in the extremaly adverse environment of over

44y

o0 biliion~doliar bilunting, excellent residuzi siarvivable capsbility of ths order
of 1 million 1b. throw weight up to and Yeyond 3 cz-value equal to the GNP of
any single nation is offered by the "all-ponan sulmarins" system.

The siow decrease of survivable force over thrae decades di‘ a logaritimic
écale in Figure 6.1, is testimony to the inherent "to:ghness" of PV systems in
genvral and geabased sysisms ia particular. To be sure, specific ASW counter-
- m@agures have not been considsred in the present caloulations; but this is not

duo %o oversight, It reflecis the f{sct thev in the sbsence of some now unfore-

séen ASY breskthrough ike type of ballistic missiie attack comsidersd here appsars

. by far the surest and most cost/sffective form of surprise blunting of submer-

. Bible systems.
o 18
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‘Cne gystem is conspicuous by its abssnce from Pigure 6.1. end Table 6.3: the 3

]

"super-herdensd fixed-bssa® system (NV #1). This candidets fs the only one consijersd
hare that falla io make the grade in ary circumstancez. At iow levels of opposition

it 12 besten ovt by iﬁg_ cheaper, lesa-hardened scunterpart, WV #2; ﬁhi_le ﬁ_ﬁz high ) ,F:
levels of bluuting it 13 bestex cut by the PV Aystems. From this FQMicator, nardening
wouid appear %o be at a dead end.

The region Yourderies and optimum mix omﬁositions showa 1n Fig'gra 6.1, and i
Teble 6.1. will ﬁe altered wien tore realistic paramster values are ussd, mut it
ig believed *hni otherwise miny of the qualitasive features of the present uypoj-
the‘tiaal exsuple may ba preserved. The model can b2 improved upon, as will be :l.x;—
dicated in the nexl -<~tion, but even {n its present crude form 1t;o££'era some quide
to intuition. Its shortcomings kave to be compunsated by judgment, ss is true of all
reductions of expaﬁenee tc mmbaré. If the need for such compensation is clearly
undarstood, .ﬁ; would appear that the max-min type of model can be of somo assis-

tance to desision-mskers comeernmed with stretegic systems choise.

e

7. PARAMETEC SENSITIVITY
The seneitivity of results to parrveter variations eould most profiiably be
explored ‘n the content of wore realistic parameter values than thoss ccmeidered
hera. Therefore, we confine ourselves to iadicaéing the type of results that might
emerge frém a more weaningful study. . :
Figure 7.1 chows the result of picking a particular systeuw (PV #3, the CONUS

Tm vz o e e

offchore cabmeraible) and varying its cost ame vulnersbility perameters. Iu will

B i

be cbesrved that, for ths case of a blunting investment of Cag$203,_ neither (&)

oA ENY

reducing system 10-year cost from $24 B to $17 B, wxr (b) dcubling the sysian

operating area, has much effect on the oapabilities of the mix._,_ But ‘ﬁij Vbeﬁ“i@o )

ARG ) oot Y

provaments are wade logether the expected survivable throw weigh*; increasJs by
& aubstartisl 45%. This iz typical of ithe non-cbvicus results thtt can emarge

.

i 19
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from detailed quentitatlve awds . Tablas 7.1, 7.2, 7.3 list 2hs ortlcum allcen~

ions ‘ascocia‘zad with the dotmﬂ cnwcse of Figure 7.1. - —

F’:gur@ ’I 2 shaﬁs “ghe 3ffact of ebangiw the mix ocxposition by introducing
auo*tlwr ¥ system candidets, a clandestins surface "Q-" ship that ie sssumed in-
distinguishable from 3000 other ships to be found at sex on the average at sny
given tims. The assumpticn is made that the disguise of these ships iz so effec-
tive that no elternative remsins to the would-ba tlunter but %o atteck 21l 9000
gkips, or what fraction he can, at an agmumsd eost of $\3 M per ship iiwapacitafte;}.

(The resilting value of A, fros Ez. (4) §59.037.) It is furiher assuped hat the

i
eurface ship system is rather cheap, at $16 B LO-year cost for 4 M 1b. unopposed
thm:s‘weight. A3 alwaye, w8 ris the gocond-striker's investment st $20 B,
Other systems snd parameters are as in Tabie 5.2, except that the CONUS offshore
subnersible system is priced at $17 B for 4 M 1b. uncppssud throw weight end is
assumed deployed in a 3.6 M sq. n. mi. operating ares, implying patrecis to about
600 n. mi. offshors. .

Comparison with the correspuading dashed curve of Figare 7.1 shows that in-

elusion of an extrs system in the mix in mcst eases produces a worthwhile izmprove-

ment. For instance, for the cgss of first-siriker's bdlunting Investmemt 02 = $20 B,

a 308 increasa in expected survivable throw weight from 2.7 M 1b. t6 3.5 M 1b.,
results. The optimum mix composition for the case corresponding %o Plgure 7.2 ia
shown Sn Table 7.4.

it is of some Interest to inquire what the mex-min model {mplies about the
optimum sllocation of the first-striker's casources to bluating the various systems

that compose aa opt:fm rawsiiatory mix. The answer depsnds, of course, on both
3 and cz, as vsll a3 ths nature of the. mix in question, ‘I‘o take a speeific sxemple,

suppose Joliath. with 122 = $100 B %0 spund on blunting, w:lshea %o atts;... mr &;@*o,

who has only © By = $20 B 2o sp@nd Table 7.5 ahrré @ss cpﬁ;m ;@;Mﬂa xhw:%;,ms
on both gidee. Most of the sacand- 2.TiA0L'E resouUToss (63§) should L9 epsxt on the
21 - '
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.\:;-?bié;:'?.l. Effact of parameter variation: CONU, offshore submereible deploysd
v in 3.6 x 106 89, n, mi,, system ccst assumad $24 B for 4 M 1b, un-~
oppozed throy welght. Socond-striker's max-min optimum allocation
- policies shomm for expenditure of Clm $20 B to maximize survivable
tarow weights agasinst opponents of various dagrees of "ioughneas”,
Figurss in dilliona.
Lange of Blunting Investment C, by Firat-Striker. )
Rogion 1 Region 2 fisgion 3 Region 4
System $,< 1B} 1B < C, <3208 $20 3 <G, <. 290 Gy, > $90 B
NV #1
{"Super- —— - ——— e
hardened
fixed~
Lase") _
NV #2
{"Bsrgain 20 — r— ——— ‘
fized=- ‘
baas”) - : .
PV £ : ' :
{"Land-mobilg --- § 1.5 » » ®
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BV 42 ] :
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HOLTR 67-59

least-vulnerabls syatem admitted to the mix, in sccordance with the prineiple
disoussed in Ssotion 5. Yet the remaining 37% of his investment draws 71% of

the attacksr's countermeasure :lnvea*rmnt-_ In et‘fa‘tsc*aL Goliath gives up on tha i

ISR N -

toughssf a’]a%& in e &g m&, b@iag B zzmp@? ?:a!.lg, %a*a up an t&a %&ﬁ%ﬁ B A
. systems. Por all his efforts, though, Figure 7.2 shows that an axpected 1.56M 1b.
of retaliatory throw weight survi a8, 7

Thege resulte clarify the signit‘icancai of tke mix coacept: systens admitted
to the mix in even small amounts perform a vitai function in "drawing fire" (or
countsrveasures ragcurces) away from ths prineipal system (s} in the mix. Thus
nm?szal support is the koy concapt responsible for success of the optimum mix, as

= cén%;‘aﬂ%aa:‘gi?h soy 8irgle "optimun" system.

Unopposad on first strike, the second-striker's mix in Table 7.5 could
deliver 3.01 M 1b. of ready throw weight, as shown by the fourth column. After
$100 B-worth of optimalliy-applied countermeasures, 52% of this survives.

This might suggest that a mix of this kind would constitute z sound deterrent
to & ratiomal .vwonent, since 48f attrition does not look iike very good retwrn
on &8 $200 B investment. To cuantify the advantage of a mix, Teble 7.5 includes
in ths right-hand column information on the survivable ihrow weight if each of
the piz syatems wsre bought alons at the total investment lavel of $20 B, and
if each wers suvject to the entire £100 B-worth of blunting. {Note that the
) numhers in the right-hand columa are nom-additive.) The best survival, of course,
. . 28 ehown by 38 "tmxghéat“ gyster: in the mix, BV #4. Dut this survivel amounts
fr; oniy G.f1 M 1b, ot\ sccord-strike thfov; welighi, a8 coniraatsd with 1.56M 1b.
for the mix, That is, thy optimum mix sﬁows 1.92 timss better "survivadbility!
t \an the bost singla component systew in it.
It is of in&eres’z to observe in Table 7.5 the ratio of blunting dollars to
procursment dollars for optimum allocrtions on both asides. These ratioz egesed

the over-all spending ratio of 5:2 for sach of thae lesssr-~procured PV systems.
2”
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This suggeste that sven ratherAslightiyuproeured °r wo.nor systems components of
a mix often more than "zulil uheir weight" in terms of the countermeasure =xpendi.

) uurgs uhsv force on the att&qfagﬁ Vvaﬂ ﬁza nigy‘ursg LikesAéygtem} worh onLy

\/\ ~ N

$G 1B of procuvcment poney {which caulu buy only a few nails ) weeld appear to ray

for itsgif on this basis. Wkere a mix philosophy is being appl*ed, it would seem,
the enemy seldom gets a free ride -- a few units oppoese him in even the unlike-
liegt plagses. But the main dictum of optimum PV system procurement policy remains:
don't over-procure any single component system beyond what ite invulnerability
werranis. a

Table %.5 illustrates in its last two columns another characteristic faesture
of a PV systems mix: the aurviving/percenzage of the sy.tem in each case is
greater if the system 12 bought s part of & mix than if it i3 bought alone.

This means that any given PV unit is that much ssfer in the mix. By sharing the
countermeasuras turden, all ccuponent systems profit in survivability.

Finally, in view of the dominant infiuence of costs on much of the thinking
about systems choice, an investigation was made of the benefits that might ensue
from really substuntial cost reductions. While all other parameters were held
the same as for Figure 7.2, the surface Q-ship cost for 4M 1b. unopposeid throw
weight wes arbitrarily reduced to $9B, and the CONUS offshore submersivle systen
cost to $103., Since these two competitors thus 1em&in on about an aqusl footing,
they continue to chare tha honors of mein procuremsnt over a wide range of blarting
investments. Cost reduction produces a motable cuantitative increase in surviv-
sble striring power over most of tha range. At 420B biunting, 6M 1b. of second-
strike throw weight survives, givem ocur usual 208 investment vy the sscond-

striker. Thas in purely quantitat¢ve terms  engt-reduction paye uff"ha“éaomaly.
Thid is shcan in Figura 7.3 ﬂnd ~able 7 b. However, the rather stesp rata ¢ fal“
of the survivability curve, Figurs 7.3, batween blunting investments of $iOB and
29
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ROLYR 67-59

$100B snggests . disquieting feature of the cost-reduction approsch: the steeper
the rete of fail of this curve, the mors reward the first-striker receives for
additionel blunting i;vestments, and the more ho is presumably tempted to engage
in en arms race. Those who helisve in "spending our opponents to destih" g a
profitable U. S. nationsl policy will approve of ateep survivability curves, while
those %ho dislike a nuclear arms race will disapprpve. The max-min model ..s neu~
tral c1 such subjects, because it is conceined merely with meximum survivability
of blu~ting, not with ieeper questions of deterrént stability. Having thus en-
countered a weskness of the max-min model, we might appropriately turn now to a

more genersl consideration of its limitatioms.-

8. LIMITATIONS OF THE MCDEL :

The following are some of tue shortco.ings of the max-min model as a descrip-
tion of reality or jool for decisicﬂ-makiﬁé.

(1) 1t is a static, expected-value model only, bastd on average weight of re-
talistion sz gdle figure of werit. tonfijence levels are readily celculated from
a knowledge of expocted values and of the zlovant probability .aw (Poisson),
but they &ve not a feature of the mcdel iiself.

(2) For thia reasor and the fact “hat it 1§ave§.time eutirely out of coneidera-
tion, the model has little directly tc 4 wizh caterrence. Waay subtla bat impor-
tant consiisvaiions are lgnored by 1it. Foé sxeple, the abiiity to react non-
‘saicidaily tc sirategic warning might generate a requirement for an overtly and
rapldiy mebilizable forece componént in the mix. If‘so; the model is unaware of
the facgt. 3imilsrly a system's abillty to zurvive more than 3C minutes and to ex-
hibit'étaying power for a long wa: against & dug-in ~oppunent mizhi be uggful, but

@2rns no bonus from the wodcl. - ) -

{3) For simller resscns the model, a8 noted in Section 7, gives no evtra

ergdit for armg-race reductioﬂAEO thosa systems Least susceptivle to tinnting

31
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KOLTR 67-59 .

countermeasures, no credit for drawing fire from the homeland {which all seabased
systems under & ballié;ic missile attack of the type described in Seation 4 would
do), ete.
) {4} The model gives no coneiderstion to protection against technical “"bresk-
throughs" in coumvermoasures against a single systeme the reason most eammoniy
sdvaneed in favor of a "mix",

(5) R & D costs are naglscied or subsumed in system procurement costs. This
i3 ¢ significant weakness, since it casts legitimate doubt on the desiradiiity of
procuring any ¢ those systems that the model golutioa says siould “e procured in

very small amounts. Where the optimum-soiution procursment cost gets "lost in the

1 X D noise", it is probable that procurement shcald be made oniy iun spseial cir-

curstences - g.g., if the sysiem can "ride piggybsck" on scme othsr sysiem ascheduled

for substantial procurement. (For exsmple, s Great lLakes system, if such were &
rvenligiic candidate might use the seme hardware as a CONUS offshore submersidle
gyxtom, wms eliminating ssperate R & D costs).

i&; At-izrget (ABM) countermessurss are ignored or a;bsumed in effectiveness/
coct parameters. Only blunting countermeasures are considered directly. Thus the
first-striker's problem of ophimum alloeation between the two types of counter-
meagures it passed over entirely in favor of a sub-optimization.

(7) Tée umodel, as presently constituted, fails to maich exactly the wulner-
abkility characteristics of such systems as msy be approuximately "linearly vuiner-
eble", in the term:nology of Section 2. Th- spproximation of trsating euch sys-
tens as percentage-vuinarabls‘Eraaks down at heavy levels of attack. Thls de-
ficiency would require changes in the zathematical formulstion. This ig not con~
sidered worthwhile st present veceese "linear vulﬁerspili%y" is itseif sn idesl-
iz&tica +het ignotes realistic fa-dors;such st wezpon unrellisdility, which ast o
foree ibe agﬁual course of sarfare cack toward the Polason rendom protess sssumad .
in the zcdel. -' - '
] o - 33 :
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(Q)\The sssuration that the PV candidate systems are "diversified” (in the

sense that no two of them are simultsnsously vulssrable to the seme countermeasure:

s ¢S
O BATEAL R pbhent

(i

iz notNaluaya realistic. An example of ainnltenasue vulnerability would be thst =

e

inourrad by a forwardedsployed submarine gyster if its unite tramsited through the
operating ares of a CONUS offshore submersible systenm. :

(9) In _eneral the omission of all judgmenta  factors, a characteriatic of
sny mathsmatical moa.l, implies that max-min thecry can never provide more than .
8 partial, qualitative guida to decision making.

The sub-optimization mentioned in (6), above, appears at first glance to be

the major weskness of the model. However, there is & question of philosophy
jnvolved. There are vwo ways an enemy can allocate his resources for minimizing
the effactive survivevility of cur retaliatory missiles. OUne of these ways
(blunting) can be very damsging to us, the cther {ABM) doss us no direct damage.
To split off the biunting pari, as our modnl does, ani ‘nok only &b that mosie
damsging-io-us part is obviously not loocking at the whole problem. On the other
hand, to lock at the whole problem on the gasumption that ocur opponent fellows ,f
the optimum course of self'-preasrveiion for himself is hardly & conservative view
for us %0 taks. Our enemy might elest instead to foliuw ‘the most damaging course
for ua. And it is this we must wated oul for. 7That is, the course of self-
pfesagving behavior for ue does not necessarily conaisi in the assumption of
self-preserving behsvior by cur ensmies. :
7o give a conerete example: suppose we assumed selfi-preserving behavior by
our eéemy, and auppose the effeciiveness of ABM's vers such fhat his optimm ¥

ellceasion policy butwsen blunting end ABM's, on the criiericn of minimizing our ,

i
e

wiubsr of deliversble warheeds, would be 1o buy all ABM's and no blunting.

™
LTS

Suppose our theorizing were based on the gsgurption tha’ our opponent did just

Biry
Shnids it

thet. Then, since we sssume that hs buys no bluniing forces, we have nothing

n

PR R4

t0 morry ebout in the aves of blunting survivabilily, and are f'res i buy the

LB

Qi Cay

‘most velnessble systess. I we acted on $hils sasumpiion, though, it could prove

$ B
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1o be wreng, Ouwr eneny might be lsss interssied ia sslf-preservation tan we
thought and more interested in damaging us. In ghort, ne wignt have misjudged
his valuss. In this cass cur dscieion to buy vulnerable systeme would actuslly
encouvage degensrative tendencies iz tha value system of cur opponent, by re-
warding blunting offorts with 8 wore visible payoff.

For this resson, i1t ia not &% all incorrect in principle to look separately
at the most-damaging-to-us part of ithe problem, as the pressnt model does.
When the two parts of the groblem, blunting and ARM, are linked togethL.r by &n
eazumption of “optimus" bshavior on the part of the opponent, the linkags ie
always weak and questionstle, besauss the optimizing of hehavior musi bte defined
relative to human valunes, Values may or may not bs kncen for one's own aide, but
can never censsrvatively be mssumed lmown for an enswy. This circumstsnce provides
2 pitfall for attempts to bulld sll-encompassing gauwslike models of atrategic

bohavior. Superoptimizing can bs more fallaciocus ihan suboptimizing.

9. GONCLUSICNS

(1) Despite numercus minor shoricomings the max-min model dfscuesed herein
provides = ureful frame of refsr<nos in which to place the selention of stratsgic
systeny for coredivie survivability.

(2) Untll realistic effectivensss/cost end vulnesability parameter velues ave
available on & comparabie basis for ail caundidste reteliatory systems it is pre-
pature o liscuss specific conclusions. The follosing must therafore be conzidersd
gubJect to ravision in fthe light of experisnes,

(3) hgainst realistic levels of opposition the so-calied pussricallye
velnsradle (fixed-dass) ayatems appear noca-competitive with pereentsge~vulnersble
{moblle and/or coscenled) aysiens.

{4) The laiter sre in genersl best procursd ss components of & "mix." Cost

featurss fmportantly in detevmining ¢he sinisaldbility of e syetem t0 the cpiimus
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mix; tat once sdmission is granted the optimum procurament allocati.m to sach
syetenm 18 determined solely by ita degree of invaluersbiididy,

(5) Invulnersbility depends msccndarily on target hardness, primarily on
area of mobility/conceslment or number of dscoy/false-targets.

(6) For this reascn seabased systems compete well not only for admizsion to

an optimum mix but for a major share of prosurement ailocations within the mix,

36
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APPENDIX A

REVIEW OF THE MATHEMATICAL BOLUTION
A-l., Preliminary Remark

The mathematics of max-min theory is presented thoroughly
by J. M. Danskin in hin book, "7ne Theory of May-Min,"
Springer, Berlin, 1967. Even the non-mathemaztician interested
in weapons choice, allocaticn and related problems will profit
from examining the original text. However, as with other
classics such as von Neumann's bocks, the original is apt to
be more honored than read. Hence we deveote this ggction to
giving a sort of layman's birds-eye-view of thosa:aspects of
the theory that relate to the proklem in hand, treated in
Chapter V of the book. In so doing we shall ninimize plagi-
arism by doing deliberate violence to the niceties ,cia"f real-
variabvle theory.

A-2. The Gibbz Lemma

The theory begins with what Danskir calls the "Gibbs ‘
Lenma , * characterized‘by him as "the fundamental lerma of
mathematical operations research." It has obvious ana]céues‘
in calculus cf variations and Lagrahge muitiplier theory. K
Gibbs Lemma. If the set (xl°, X% sees :in°) maximizes | t

2
zy fj ‘(xi) for differentiable functions'fi, subject to

side conditions Ei Xy = constant, Xy 20,1 =1, 2, ‘;;' n, '

PR

then there exists a A such that R .
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£ (x,°) =\ £ x> 0
SNiEx'= 0,
The word "maximizes®™, above, may be replaced by "minimizes,"
if fi (x,°) is reélaced by -f' (xg).
Proof. Suppose x; > 0. Let x; > ¢ 2 0 and put

Pole) =g, (x]-e) +£, (x34ek O

P Q
j o5 ¥ %)

for some j # L. 7%he set of n~arquments thus modifisd still
gatisfies the side conditions Z 4x; = constant, Xy 20, P
is a differentiable functicn of ¢ . 8ince F (f) iz by the
hypothesis of the lerma a maximum at ¢e= 0, the sloée of
F (¢) there is either zero or negative, F' (0) < O.
Performing the differentiation, we have .

£ (x) 2 £ (.,
The only hypothesis used in rggching this conclusion was
x; > 0. If now.x; > 0 as well, the reverse of the above

inequality holds, and equality may be inferred. It'folicwa
that all fi (xi) with xi > 0 ‘have a commén value, which nay

cannot ke reversed (namely, those that vanish) are of ccurse °

thore foxr wﬁioh it-ho;ds,

£, () sx 2 £ (x§) 1£x§ =0, .
The sign raversal of f; (xg) takes care of the case in Q@i&h
“minimum”replécas *maximam, ® witﬁ_?’(o) 2
" The lemma cannot be used in practice until % is known
“;3§hat the pxoblam>does indeed puspess a maximizing (or

A-2 - ~

e

be taken equal to M. Those xj for which the above inequality
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mininizing) set of indppendent variables x;. However, this
can  wsually be determined by common sense from the nature
of the problem or proven from considerations of concavity and
convexity of tha functicns fi (xi). Once its applicability
is establighed, the lemma permits simultancous determination
of which x;’are non-vanishing and of what the values of
these favored x; ) O are in the optimun (maximizing or mini-
mizing) case. In simple problems the xg can often he
determined ky solving for them explicitly in the equatiors

£5 (x5) = 2,
Thi:. yields the x{ as functionsg of i&. The numerical value
¢f M&s in more general Layrange multiplier.prdblems, muet
be evaluated from the side condition,

zy x; (A} = constant,

Since one needs to know A in vrder to know which x; are -
_vaniahing, and vic?.uersa, there are subtletiesn lurking in
£he procedure just sketched, but in most practical problems
with eoﬁe help from a computer one can get quite rapidly to
the desired answer.
| Danskin pointz out that this lemma is useful not sniy
in operations research ﬁut aisé in sconcmica, where it -
gepreseats the marginal utility prisciple. Its continuous .
- analogue hag been appilied by Koopsss in search théorg. Th;
".breadth of its applicability dexives in parc from the féct

that the functions fﬁ naed mwot dep. & on tha,xi‘aq;ﬁhair only .
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arguments, but may involve other independent variables yi,'
zg, ota., with respect to which reapplications of the lemma
myy be possible. Thus simultaneouzs maximizings with respecé
to some of the variables and minimizings »+ith respect to
others become feasible. This circumstance gives its nane .
to “max-min theorv"” and r»e¢ .als it as being in a sense the
extended study of the implications of the Gibbs lemma.
About the connection with game theory, Danskin has this
to sayt

"Max~Min theory is not a part of game theory in

the usually understood sense. If in a two-gstep

. problem Max~Min = Min-Max, the pure=sgtratagy

solution of gane theory is the solution to the

Max-Min problem. But if Max~Min { Min-Max, there

is no pure-strategy solution. In this case game

theory moves on to mixed strategies. These have

no meaning for us. The first player cannot hide

his move, and the second obviousliy need not mix.™

There 18, of course, one sticky point abov’ the max-
min ttsory in applications to. styatsgic allocation problems:
the first player, to act intelligently, nseds to know the
total ragourceg the second player will commit, though not : .
the &etailsd ailocation Qf thoge resources, - Thus one of
the elementa that iB suppcsed to b;”;kﬁown" (the tota1~,.l

resource constant in, the Gibbs lemma) is in fact not known. j' .
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In general the first player must parameterize thiz quantity
and study it as a variable in reaching wﬁat rust f£inally ke
a judgmental i1ather than a deteminiséic choice of moves.

a=3. Jﬁrateqic rataliation model

The mathematical problem,in slightly different notation
from that of the tert, is to solve

. Max Min F (x, ¥),

1

where

-ay; Y -h., ¥ .
F (x, yiv® 2 v, Xy e 174, Zu e 3 j/J (2)
) 1 : 1 %3 %3 '
subject to the resource constraint equaticns,
g, +2x. =0
i 3 1
i . (3)
2y, +%x, . =¢C
T
0, > 0, 20, y. 2
xg 2 Yy 2 xj yJ 0 (4)
for all 1, 3,

We now preoceed to sketch a method of solution. The first
term in (2) reopresents thu ém:viving’ Yretaliatory strémgth:

for any numerically vulnerable system(s} the second-s;:rlker ' T

{opponent #1, the x-piayer} may ‘brodure, .. The reader can R ¥

:;ather eagilg gom,rﬂ,nce himself by elementary ~ons.’«.der<ztions
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~

is a maximum, where c1 reprasents the toﬁa} resources avail-
able to the second-strier and c, representé the corxresponding

gum availlable to the first-striyer for blunting. In this way

the effective vulnerabilicy parameter, (bj/bl), is minimized,

and this turns out to be the dominant consideration. Thus -
the second-strilkter should buy no mcre than one NV system.

We attempt no proof of this assertion, but refer the

interested reader to Dangkin's book. (The result gheuld be

rather obvioug, since when Xy ig made small, through an

attempt to buy more than one NV system, the second term in

(2) becomes small in two ways—-first because of the factor

xj in front of the exponential and secondly because of the

xj in the.denominator of the negative exponent-~hence the

x-player can only lose by subdividing his NV system invest-

ment.) The wvirtue of Danskin's rather deep methods is that

they permit him to conclude that these results remain vwalid

also in the case in which both terms are present in EBq. (2).

That ig, wlen the sispectrum of choice includes both percentage-
vulnerable and numerically, vulnerable gystems, the second-
xéﬁg@gg; lﬁhpuld sti%}ﬁgyoid,buftng‘mgtagihan‘a single . A -
"Yoptimum* NV system. ﬁfﬁis is plausible but not obvious. The

same NV system that is the "winner® in the competition among -
Nviéystema alone need not wﬁ@lﬁpt over all other NV systems
when both Nf'ané.Pv types are available candidates. This
follows fxom'éie fact that when only portions, Xgy: Vyys ©of

4 . B L . . . - '.I& e
o . . r - Ahs’ . L .
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the rezources of each opponent are allocated to the NV

system the criterion quantity i
Kyny @ ) xNV) Ywv
- uj NV

may 10 cnger e ¢ wntaxt for the same system that maximizes

thig quantity whoy % Cye In practice, however,

[ =
sx T P Yy
this veini proves to be academic, since in most realistic

cases, if any AV system is to be bought at all, that system

furas oit to be the clears winner over 211 competitovs, both

ors

XV and PV, and thus the criterion (A) applies. This of course

happens oaly when c, As uufficiently emall. 7
Rorlying the Gikbs lemma to (2) for minimizution wiith

raspuct to Yy« and omitzinc superscript zeros dépoting optde

mizstion, we have

Y - a,y
9E_ o if4 .
- ayi via g e u if vy > 0
{5)
= u if y; < 0,
Similarly for y. provided X5 > 0,
of
~b.y./x.
) S 5 Y i I

A

K > 0, -
if Xy 0 Yy = 0

Note thac the same » appeare in (5) and {(6), since simul~
taneous minimizing with cespect %o both the y; and yj ig being
performed., Of cocrse if Xj = & the left-land side of (6)

vanishes {or the coxrespording term is absent in (2)), so

27
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0 = M if Xy = 0,—yj >0

(7)
0= 0, y,. =0 ,
» if xj = yj
From (3) zome X§ or Xy is poaitive:; hence from (5) or (6)
B > @. From {7) it follows that Xy = 0 implles Yy = 0,
and from (5) that Xy = 0 dmplies y; = 0. The solution may
therefore be expressed as
1 Vyag%y
y; = iy log " A8 ViagXy > gy
{a}
. = O otherwige,
. b,
*3 %3573 )
Yj ’ bj log ; JAE ujbj > u,
(9)

U

0 otherwisge ,

. By the result mentioned above, xJ aﬂélgj are non-vanishing
‘for at most a single j-value. We mav therefore introduce new
variableg § = xi/cl’ Ho= yj/cz, to.represent the fraction of

each opponent's rescources that he devotes to the uptimum NV

system ot to ite blunting. Thus (9) becomes

b
CIS uj i 3
D= EZE; log-*77"~,¢f ujbj > M,
“ (10}
= f) otherwise .
We zhall treat S as an indejendent variakle in what
follows, and study the result of letting it range over
0 <8 £1. Our payoff Ffunction {(2) becomes
-=bh.C.D
T may¥y . 2 1
[ V¥ e viC;S e C;§ {1
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Qanoﬁtzg tha Maw of éhis guantity with regpect to xi~variation
as § {8}, we now tura our attentiosn to the study of H (3),
traatiny 8 in@ti&lly as a fixed parameter.

Applying the «ibbs lamm: te (11), thiz time fFor

muximlization with rezpect to the %; . we have

) g—g:&'vie"aiyia NiE xg >0 s
12)
= N A€ Xy =0
C WAtK the ﬁelg of (58) thir may be re-written as
, ) » -
azx, R Viai#i z ok
vy = Mif 0 < ViagXs $ u o (13

The results (8), (13}, (13), along with the side conditions,
y ]
i* =11 -8 Sy

z
iyim(l-n) CZ'

(14)

essentially comprise the solution of the problam. %t remains
to work 1t out more explicitly.

By {13} it s clear that whethex systerm i ghould be
bought or not depends orn the magnitude of ics éffectivéness/
vogt parameter vy relative to some critaricn level A . Those
éyatams having vy > A will De “i;f, those with Vi< A wii® be

"sut*. (The case vy = & requiyes special treatwent. but may




be ignored for the moment.} It io therefore convanieni to
arrangs the avetem nuslering sc thas
. g o 34
VIR Va2 Vg2 e Y, {15)
where n is the nunber of -andidata PV systems. For simpliciﬁf
we shall here suppose that degeneracises cxn be removed, seo

that strict inequalities hold in (15). This permits {14} to

be wriltien more sxplleitiy as

xy = (1 -~ 8) ¢y (16)

' D

1
- where n is an Implicit function of \= Ag and 3, such that

n_ is the greatest integer satisfying

8
xs & n | (17)
By some manipulation of the foregoing sqguations we obtain
Yor i € n_ { ) o
or i Sn, {x, < vy), ¥y o
o
1 Vi
: ¥y = 7= leg =
i &y Ay
for L = n_, givenv. =A_: %, ==
: s 9 n st *L T IR (18)
8 i7s
yi e ()

Fmri>nsa Rimyifb .

Por the momasnt, we shall ignore o cuse Vo T hge Then

8
frem (18)
T ow ‘ -
u
ST f e (1~ 8) ¢ {19)
~. i=l “p%1 )
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Similaxly From {14) and (i8}

n vy
L jsg =~ = (1 - D) ¢, {20
$e=y B4 8 '
et ng
& i
w,om ) - {21}
b iél ai .
Prow {19),
I -2} 0
pow B ( et {22}
¥
From (10} and {22),
.b
D Clﬁ . u:! jws iF b S )\S (}. bt s) Q. (23)
< _g,:aq 7 " £ " . - . !
czbj g {1~ 8} Cy 33 Vg
From {20} and {23).
ho C8
> %~ log Vg =W log »_ = C, ~ bl log {1uzbg?sc
CIS
‘ + T.‘:? log ')\s ,
or /n
s§ Tk C, 8 u i v
i v 4. . ] - . 37 Bats A
,g\m;l 2 log v C2 4+ ; log (1"“‘“‘)‘““"~ SN }
A= | = at PPN
8 'i Cls . !
- w————— + W
s

Bgs. {17} and {24) may be raganded as two simuitaneous condicions
fox the avaluation of ks and Ty The As, n, val xon thus
cbtained may ba used, with the heiy of (1&), (20), and {22},

o avziuate the optimux allocstionz for the twe opponants,
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if:‘% {l b gl
%, = —
i a, ng .
D M
iwl “i imli 2; a9 ey i’ls
yy = 5 log —- (25)
. R ai A
nB A4
\_ 1} % - m-;- .-:?.".. lOg ..a.é. {263
€y {51 2y A

Thaese relations are valid without modification through
most of the range of 8-~values. Near the ends of the S-range
and in certain intermediate reglons sgpacial considerations
apply. In Eq. (10) the condition D = 0 if “jbj s ¢ translates
inte

ujbj = “ ¢

or (27}

w
BA
s
H
Oi =
by

By {23}, D must vanigh at 5 = 0. If the right~hundl side of

{27} is negative at S = 0, the inaquality canant be satisfiaed
+and consaquently D cannot vanisgh for & > 0, Dansk!n shows
that boch D and )zs are noen~dacreasing functions ef g. If

the right-hard side of {27). avalvated at § = 0, is positive,

nanely
= BIS<JRX
373
G = 3 - - > 0,
oA
1 a2
{28}
whare n
o
Yo T3 L.
f=3 8% .
A=12

X .

A e Y &5 ’ >
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and, from (24} for s = 0,

ng, 1 _
Ao = exp 5?: zzlogvi)-cz

Yo
n, being .he greatest integer satisfying
s
Ao =V, (30)

Danskin shows that D vanishes on the closad interval 0<§<G.
On this interval, by (26}, rretalns tte constant walue X\ o

and ng the constant value n,. More generzlly, wherever D is
constant, A g and n g 2Yre also constant and equal to thely values
at the left-hand (mirimum-8} end of tha constant-D intervai.

With the help of (5} and {18), the pavoff function i (S)

of Bq. {11} may be re-written az

3 o . A Y : $ae .
B {8) A, (3 - 8) ¢y *+ vy C, Se i . (31)
Conssquently on the initial S-interval where D vanighes (if
&nv}, we have
A - £ 4
H{s) = X, (I-8) ¢+ vyCiS . (32}

Thus in the interval 0< §58; = G the payoff is just a linear
funetion of 8§, which has i¢s maximum at edther § = 0 er § = 8
In prasctice G genarally turns out to be negztive, =zo the
"interval® O< 858, is ©of zerc leryth.

At the right-hand {8 —1} end of the interval 7<8%:
similar coaditions prevail. Obwiocusly D = 33’,}/'::2 can be noc

graater than 1, yet by formula {23} the logarithm to which

&-~13
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D is proportional becomes infinite as 8-—1. Beyond a critical
value 8 = 8, (vhich always exists in the open interval 0<:82<:1)
D becomes equal to the total resources of the first-strikter,
'c2, and remains equal to this value for 8,< §<1. From (23},

Sz is given by

0

18,9 ; ujbﬁwsﬂ

¢.5, 99 % -
279 8, (1 sz) ¢y

1= {33}

To evaluate this we need to know something about the
behavior of AS. As € increases AS rises from xo > 0, given
by (29). This rize is steady., in accowdance with (24), as
long as the strict ineguality in (17) is satisfied. At each

of the vy values, however, L =1, 2, .... n_, where As hecomes

o
equal to v,y . Danskin shows that there is a finite S-interval
cver which xs must remain constant, equal to vy berore
veginning to rise again. The indication that this occurs

is +hat AS, straightforwardly calculated from (24}, drops

ip valuc with increasing S. This happens because cne comes

to a point at which it becomes natural, in conformity with

(17}, to 3rop a terr out of the sum Wge Buch a drop in Wy
causes A, to drop discontinuously. {To verify this possibility,
congsider c, in 24} very la +e.) Daunskin has shown that this
must not be allowed .., happen. Ly. {29) is temporarily inval-

idated, and As. n W and D al' :>1d theilr values congtent

sl’
over a limited S~interval. As S increases further, x_, as
caloulated from (24) for the decreased nswvalue, rises again

to the v, lavel. At this point (24) is reinstated. It remains

A-14
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valid for increasing 8 until kg risee to the next (larger)
; vy value;‘at which g@ip& the above conziderations reapply.
The optimua solution, tsﬂrapeat, requires that whenever N
Mgt caloulated by {(24), seeks to decrease for increusing S, .
> - which occurs at successive values Ag = v,, Bg. {24) must be
! sot aside and both Xs and W, must mainta'n the constant
valucs they had at the lstt-hand end of the S-interval thus
encountered., Proaaeeding from left to right in this fashion
through decreasing subscripts 1 in vy, We come £inally to
the region where ks, obedient to (17), has increased through

2ll v, values axcept the greatest, vy Qur point § = S2

i
ig precisaly the point at whica ka = ksz = v, for the firat
time, for 8 incrsasing from zZero. To the right of 8 = S,
on & ploet of xs ve. 8, 1. e., for 8,<8 <1, AS must hold
itz constant value of Vye By (17), S can never exceed vy

the greatest of tha v's. Since all but the most cost-

affective of the PV gystems (system #1) have dropped out by
the time S reaches §,, the sum in Eg. (21) is reduced to a

gingle texrm, w, k2 = l/&l, and this w-value holds throughout

8
SZS 8 <1, Uginz these valuas of ,\'32 and wsz in (33), we
1 have E&Ei
. 0182 .
(L - 8,)e = 13 (34)
. 2 CiayVy

eg a transcaendental sguation whose unique root bstween € and
i determines S,. For Szﬁ 8351 the payoff function from (31) 3

haz the vaiue
A-15
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bj c,
s cy
H(8) = cy vl(l ~ 8) * ¢y uy S e ’ (35}
inasmuch as D = 1, Xs = v, on this interval.
In the intsymediate recinn, By £ 8§ Sy, the payoff
funetion may with the help of (31) and (26) be writtan as
A(8) = Xs(l - s)cl (36)
Dg
bj v
———— - At -—L
*uy €y S exp ¢, S Cz“*Eai“gxs .
i = 1

In caloulations using this formula, as previously explained,
1% is essantial to instruct the computer to use a non-
decrsasiny sequence of Aa-v&lues as S8 increases.

‘Wa now have all information needed for pletting H(S)
S.

\2: Ingpection of this curve will show where the

maximum payeff H lies. In most practical problems it
liss at one end of the range cr the othery that is, € = 0

or § = 1, All agonizing about the nature of the intermediate

v \]

curve goes for naugnt in $9% of the realistic cases.

Having done the wosk of pletting H(8) vs. S for one
j-valua (one HV system arbitrarily selected), we must by
brute strength repeat the chore for each other j-value and
cempare sll results to find the highest attalpable H-value.
Ho theorem is avallable to eliminate g priozxi all but a
single XV contender. That regrettable fact poses no
practical problem in vhis day of high-gpeed computers,

unless the number of BV contenders is very large-—-an unlikely

case.
A-16
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%~4, Summary of Results

The mathematical solution may proceed as follows:

(1) An arbitrary j-value (NV agystem) is selected from
among the NV candidates. . It 1s treated as tha only NV system
in the competition. 7

(2) The P7 gystems are numbered in rank order of
effectiveness/cost according to Eq. (15).

(3) The parameters Ao and n  are evaluated by
simultanecus golution of Eqe. (29) and (30'. .

(4) The quantity G in (28) is calculated. If G<Z0O,

the gquantity Sl is put equal to zero. If G>U, then S, = G.

1
(5) A quantity 82 ls evaluated by numerical solution
of the transcendent:cl equation (34).
(6) The quantity H(O) is evaluated (from Zg. (32)) as
H(0) = clxo. The quantity H(Sl) is evaluated from /[32).
On a plot of H(S) vs. S the points H(0} aand H(Sl) are
connected by a stralght line for 0< S <8, (Bgq. (32) is

the equation of this line.) The interval 0<S <8, wiil be

1
termed "Region One."”

(7) Divide "Region Two," §4< 8<8,, into a number of

2t
small sub-intervals. At each interval, working from left

to right (small to large 8), calculate RS and n, from

Egs. (24) and (17). Fnsure that As is a non~decreasing
function by maintaining As and ng constant at the values
they had at the left-hand end point of any interval in which

the galeulated value of )6 decreases below any previously-

A-17
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calculated value. With Xs thus determined, calculate H(8)

I P i ae

£rom (36) and plot against S in Region Two.

(8} Inm 5Region Three." 8,< 851, use (35) to complete
‘fhe plot~;f H(8) vs. é. If plotting is not desirad, have
the computer record:the maximiin alue Hy encountered in

the above calculations, and the value of S = Sy at which

this maximum occcurs. Otherwist Getermine Hy and Sy by

inspection of the cuxves or data.

P .
L 2y
s v Tt » St o

(9) Repeat the above for each of the other j-values. _A
Evaluate HM, sM for each j and determine which j-value yields '
the maximum HM. This determinga the NV gystem that should
be bought. If the highesat value of H, occurs for 5y, = 0,

a commonly encountered case, no NV system should be bought.

(10) with the proper j-value (if any) thus determired,
and the maximum HM' SM known, evaluate the optimum mix compo-
git.-n as follows:

(a) 1f 055,<8,, 1. e., the maximum lies in

Region One, (usually 8, = 0) then

E xi n « g
S & ,
Tl a a = X g
S
y; = log :
i ay Ka ]

X, =y = 0 for L > n,e

ipi L
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The vanishing of D implies that in this region, even if $> 0 (Sy being
the optimun fraction of the second-siriker's resources devoiled 1o
procurement f the NV system), the firet striker should not attempt to

blunt the NV system.

’ (b) If S)<Sy<S;y, the maximm 1ies in Region Two. Let Ajy and

m, represent the velues of \g and ng &t S = Sy. Then

cy (1 -~ 8y)

Xy =
(! :
13, |
1=1 for i = 1,2,o.o,nbl (38) !
Wl |
Yy = ay log -
Ay

Xy =Vy3 =0 for 1 > ny.

n
R |
D=1-7, ‘ﬁ"‘%log_‘_’}_
1 ‘=t Am
Iy
Cy S b
= ok M109; Y JZ i

LXM (1-8y) ©C

These two alternative expressions for D, obtained from (23) and (26),
provide a useful check on the computer program.

(e) If st Sy S1, the maximum lies in Region Three. Actually,
heoauge of comcaviiy of fumetion, Eq. (35), Hy cannoi be at en iatsrier
poind of Regicn Three, but (as in Regiun (me and in the other intervels

of constant D and};) must 1ie on the “oundery. If it lles at S = 1, then

A-19
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Xy =¥y ¢ C for all PV systems, and only the opiinum-] ¥V syetsm should

bs bought., If 1t llea at Sy = 5;, then, as previocusly digeuassed, only a

slzgle PV =y=tem, #1, should be bought, and

}

5 xl - Cl (1 -SM) R "
g :,’1 :O (39)

I Xy =y4 =G for i>1. .

In either case D = 1, so the first striker concentrztes all his blunting
on the NV gystem, ignoring ihe PY system, if any.
This completas ocur description of a sitraightforward &nd uninspired

way of handiing the probiem. For further inquiry into the mathematics,

treated in both more rigorous and elegant fashion, and for alternative

. expressions of man7 of quantities that may serve as cross-checks, Danskin's
took must be cousulted. For practical nmumerical results, based on

the eolution described above, a computer tape programmed in BASIC is
available from NOi. on request. It provides adequate computational

.

accuracy for practieal purposes.

a .

4

T b s
VAR R A
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