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ABSTRACT

The use of fused-silica Debye-Sears light modulators in
electro-optical array-antenna processing is investigated
theoretically and experimentally, with the result that a
significant gain in signal-processing capacity, over that
which can be achieved with liquid light-modulators, is shown
to be possible. It is shown that fused-silica light-modula-
tors would enable electro-optical processors to be applied
to square arrays consisting of more than 30,000 elements re-
ceiving signals with bandwidths in excess of 150 MHz,

The operation of the fused-silica light-modulator in
the neighborhood of 80 MHz is investigated. Tra sfer char-
acteristics between electrical excitation and spatial modu-
lation of light wave fiont are found to be linear, first-or-
der light-intensity distributions are measured and found to
be nea ly ideal, and measirements of bandpass characteris-
tics show that light-modulator bandwidths which are 50 per
cent of resonant transducer frequency are easily achieved.
The effects of internal refraction on the electro-optical
processor are determined. For any given set of operating
conditions, a unique lower bound on transducer depth is es-
tablished which minimizes these effects. The effects of
cross coupling on closely spaced light-modulator channels
are also investigated experimentally and results are found

to be consistent with evaluations of signal-processing capa-
city.

Large aperture-bandwidth array-antenna processing is
shown to result in non-separable optical transmission func-
tions for which the diffraction patterns are determined here
for the first tine. Evaluation is also made of signal to
noise degradation which would occur in this case, It is
shown that this degradation would not be a limiting factor
in the electro-optical processor.

-iii-
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I. INTRODUCTION

1.1  RESEARCH OBJECTIVES AND RESULTS

The object of the research for this thesis has been
to investigate the operation of wideband fused-silica Debye-
Sears light modulators and to consider their zpplication to
electro-optical array-antenna processing,

The use of liquid Debye ‘Sears light modulators in
electro-optical array antenna processing has alreacy b=aen
investigated. Electro-optical processors using liquid media
have been synthesized, and it has been shown that this me-
thod of array-antenna processing results in significant ad-
vantages over purely <ulectronic signal processing schemes
employing phare shifting networks or delay lines, The rea-
son for considering the use of fused silica is that, beczuse
of its lower acoustic attenuation, this medium will pericit
operation at significantly higher frequencies than are pos-
sible in liquids. Por a given optical aperture size, the
capacity of this electro-optical array-antenna processor is
limited by the high-frequency capability of the Debye-Sears
light modulator, and it will be shown that the use of fused
silica would permit electro-optical processors to be applied
to array antennas 'ith aperture-bandwidth products more than
ten times larger than those which could be processed with
the use of liquids,

1.2 INVESTIGATIONS AND CONTRIBUTIONS

This conclusion, concerning the increase in process-
ing capacity which could be obtained with the use of fused
silica, has been drawn from the following theoretical and
experimental results.
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1, Thue transfer characteristics, relating electri~
cal excitation with the resulting spatial phase modulation
of the light wave front, were derived for a general amor-
phous-solid Debye-Sears light modulator for both shear and
compression modes, The derivations included the effect of
the light polarization on the operation of the light modu-
lator which must be considered because of stress birefring-
ence. This result exhibits the differences between solid
and liquid light modulators, since in liquids only compres-
sion waves are possible and the operation is independent
of the light polarization. The relevant erpe~iments in this
case were concerned with verifying that, for both modes of
sonic propagation, the relationship between electrical ex-
citation and phase modulation is linear.

2. FPirst-order light intensity distributions re-
sulting from diffraction of light by ultrasonic waves in
fused silica were measured and found to be nearly ideal,.
Since degradations in optical quality resulting from imper-
fections such as residual internal stresses and surface ir-
regularities will cause distortion ir diffraction patterns,
these measurements also serve to establish the general fea-
sibility of the use of fused silica in electro-optical pro-
cessing,

3. Light-modulator bandwidths were measured for
both shear and compression modes. It was found that light-
modulator bandwidths which are 50 per cent of the resonant
ultrasonic transducer frequency can be obtained in fused
silica without additional transducer loading.
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b, The effect of internal refraction was consid-
ered, For any given set of operating conditions a unique
lower bound on transducer depth was established, theoreti-

' cally, for minimizing this effect. This result was veri-
fied experimentally,

5. Experiments related to the necessary transducer
spaciry in a multi-channel light-modulator configuration
were performed. The results were found to be consistent
with evaluations of processing capacity.

On the basis of these theoretical and experi-
mental results, the design of the electro-optice. array-an-

tenna processor using a fused-silica light modulator was

i optimized with regard to maximizing the processing capac-
ity. The analysis assumed a square planar array and a max-
irum optical aperture width of 6 in,

Two separate cases were considered. In the
first, the uve of piezoelectric quartz crystal transducers
was assumed for which an improvement of a factor of 10 in
processing capacity over that which could be obtained with
liquids was shown to be possible. In this case the im-
provement was limited by the maximum transducer frequency
and did not represent the limits which could be achieved
¥ with the fused-silica medium,

A second case was considered in which the trans-
ducer limitations were removed. It was found that, ideally,
an improvement of a factor of 30 would represent the maxi-
mum which could be achieved with thls medium. In this an-
alysis the maximum frequency was in the neighborhocd of §50
MHz which, although no experiments were performed, would
theoretically be possible with the use of evaporated thin
film transducers,

i

»
(8]
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In the optimization of the design of the light
modulator it was necessary to consider the relationship be-
tween processing capacity and the mode of ultrasonic propa-~
gation. It was found that:

6. Por any fixed frequency the mode with the lower
sonic velocity will result in a greater processing capacity.
However, although the sonic velocity of compression waves
is greater than that of shear waves, the compression mode
will permit operation at sigaificantly higher frequencies.
It was found in fact that the extent of the difference in
high-frequency capability for the two modes was such that
a larger processing capacity could be obtained with the
use of compression waves. Thus in this application the
compression mode is optimal.

It was also necessary to consider the problem
of the extraction of information in this electro-optical
processor under large aperture-bandwidth conditions. With
regard to the specific results:

it A non-separable complex optical tronsmission
function was shown to occur under large aperture-bandwidth
conditions. 7The diffraction patterns which would occur in
this case were determined and their proper interpretation,
with regard to the extraction of angle information, was es-
tablished.

8. A degradation in peak signa'-to-noise ratio was
shown to occur in large aperture-bandwidth processing. This
degradation was evaluated by first deriving a mathematical
model describing the light intensity patterns produced by
random ultrasonic disturbances. It was found that this
model was consistent with the operation of the electro-op-
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tical processor as a spectrum analyzer. On the basis of
this analysis the degradation of peak signal-to-noise ra-
tio was evaluated. It was found that this degradation
would not be a limiting factor for either the planar-ar-
ray or the time-multiplexed linear-array configurations;
the use of spatial multiplexing in linear-array process-
ing however could introduce significant degradation in
the large? aperture-bandwidth case,

In all cases, the results concerning asplications to
electro-cptical processing of array antennas considered a
processor configuration which has already been established
for the electro-optical processors which have been synthe-
sized. For reference purposes therefore, it was necessary
to i{nclude some previously established results. The sec-
tions which contain such material, which does not represent
original contributions of this research, will be indicated
in the introductions to the chapters in which they appear,
It is also noted that Appendices A and B do not present new
recults but are included for completeness.

The following two chapters present a review of elec-
tro-optical array-antenna processing and the results of a
literature search of the topics relevant to this research.
In Chap. X the transfer characteristics of fused-silica
light modulators are derived, The optimization of the de-
sign of the electro-optical array-antenna processor and
the evaluation of {ts processing capacity is dealt with in
Chap. 5. A summary of these results in concise form, pre-
senting relationships between the important system param-
etuors, is also {ncluded as a special appendix (D). Chap-
ter 6 deals with the extraction of information in large
aperture-bandwidth electro-optical array-antenna process-
ing, and representative examples of the experimental data
which were obtained in this research are presented in Chap.7.
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2. BEVIEM OF ELECTRO-OPTICAY, PROCESSING
FOR ARBAY ANTENNAS

This section presents a review of the eleciro-optical .
processors employing Dibye-Sears light modulstors (Debye and
Sears 1932) which have been synthesized (Lambert 1965). In-
cluded is a description of the basic slectro-optical config-
uration an¢ the neceesary rodifications which have heen de-
veloped to provide for signal processing of array antennas
(Lambert, Arm, Aimette 1965).

2.1

The electro-optical processors for array antennas
wvhich have been synthesized make use of the Debye-Sears ef-
fect in a liquid. In the Debye-Sears effsct 2 heam of light
is spatially phase modulated by an ultraso.. = disturbance
in a transparent medium. In this application, by means of
the spatial-multiplexing and time-multiplexing processes,
an ensemble of ultrasonic signals is formed in the Debye-

Jears light modulator which is located in the object plane ’
of a coherent optical configuration (Pig. 2.1-1). Thus
the ultrasonic signal ensemble serves as the complex opti- .

cal transmission function (Cheatham 1954, Cutrona 1960) of
the coherent configuration and, for a light source produc-
ing a plane wave of constant asplitude over the optical ap-
erture, the light distribution in the image plane is given
by (Born and Wolf 1964),

6'(u,v) » K ff‘r(x,y) IV (X.y) d2rux -j2evy o dy (2.1-1)
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where :
K = a complex constant

g T(x,y) ejw(x’Y) = the complex optical transmission func-
tion formed by the ultrasonic signals, -

and integration is performed over the entire optical aperture,
whose spatial variables are x and y. :

The oytput variables in the image plane are given by:

where x and y are spatial variables with the same units
as x and y, and:

A = light wavelength
F = focal length of integrating lens

It is sometimes convenient to include the optical ap-
erture dimensions in the amplitude of the transmission func-
tion, T(x,y). In addition, it will be seen that the rela-
tive spatial light distribution, which can be defined as:

G'(u,v)

G(u,v) = = ' . ﬁ

is the qua ity of interest in this methcd of signal processing. E
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Thus, Eq. 2,1-1 can also be written :

G(u,v) = fﬂiELXl - j' j'T(x,y) IV (x,y) o~ J2mux o-J2mvy dx ay
- (2.1-2)

Consider a single channel liquid light modulator (Fig.
2.1-2). The piezoelectric transducer, which has been cut
to vibrate in the longitudinal (comprcssional) mode, will,
when excited by an electrical signal, gererate a traveling
pressure wave in the liquid medium with characteristic speed
S. For a sinusoidal input of frequency fi it can be
shown (Raman and Nath 1936, Phariseau 1956) that the rres-
sure vuve will cause spatial perturbations of refractive in-
dex sn that, at some instant of time, the index of refrac-
tion n(x) can be written:

. WS fix
n(x) = n, - T sin 2r = (2.1-3)

where:

n, = equilibrium value of .index of refraction

n = th
V. = peak voltage of electrical signal at ultrasonic
transducer

k = constant

In this electro-optical processor conditions are such
that, to a first approximation, a ray of light normal to the
surface of the light modulator will experience a uniform in-
dex of refraction in propagating through the medium (Ramarn
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and Nath 1936). Thus in this case, if the incident light 4s
a plane wave, the emerging wave front will have a sinusocidal

spatial phase variation with the peak phase deviation given
by (Raman and Nath 1936):

and

A = light wavelength, -

L = length of light path
(depth of ultrasonic transducer)

It is seen therefore that for an aperture of ler.gth D (dimen-
sion in the direction of sonic propagation) and width b, the
complex transmission function at some instant of time is:

By} eji’(x,y) o (%) e'Wmsm 2 fx rect(%) (2.1-4)
where
1 1z(< 2
rect (% ) =
0 otherwise
b

f = 1% = spatial frequency (cycles per meter)

Now in this electro-optical processor measurement of
the light distribution is done by means of photodetectors.
Therefore the output light intensity, | G(u,v) |2, is actu-
ally what is observed, In addition, the relationship:

-]1]-~
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Df D> 1 will always hold. Hence, making use of the identity: .

jv_sin 2mex £
o Vi i 5 Jp(wm).jenzax :

p:—oo

where Jp(wm) is the pth order Bessel function with argument
Wm, it is easily shown that:

| G(u,v) |2-<-b_.m>2 5 (Jp(wm) D sin ”D(“‘Pfi>2 (2.1-5)

Thv p= -0 mD(u-pf

Thus the sinusoidal phase modulation of the light wave f
front gives rise to an infinite number of poaitive and nega- |
tive diffraction fringes. It will be seen however that ;
only the first-order light intensity is of interest and, in
fact, it is desirable to suppress all higher orders. Consid-
ering the function Jp(wh) s it is well known that for small

[
~ _'m . - ~'m
V2 Jq(wm) oy 29q, s, and therefore: J, <~ 1, J oz ??,

Jaitzg— etc, Hence, using this relationship, it has been

shown (Lambert 1962) that if ¢h's,.2 all diffraction orders

for p > 1 can be neglected and the relative output light ; LRy
intensity becomes:

| G(u,v) |2.(b sin nbv> y (D adi 7I’Du> 2 H

Tbhv mDu

] 2 #/ 2 2 2
o <é sin mbv m (D sin nD(u-f£) + (D sin 7D(u+f) |
Tbv 4 mD(u~£) mD(u+£)

(2,1-6) -
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For small =z, ejz ~ 1 4 jz. Thus, because of the con- :
straint (¢h1< .2)  on peak phase deviation, Eq. 2.1-4 can
be written:

; j2rfx ~j2mfx
o(x,y) eIV(%:¥) _ rect(s) rect(£)[1 + ilé“'l (eJ -e ) (2.1-7)

2
and the positive first order light intensity, | Gl(u,v)l ;
which in this case is

2 Vp° b sin 7b \ 2 D sin nD( f)) 4
i v sin u-
le, (u,v) | s — ( = ) ( (et , (2.1-8)

is seen to result from a complex optical transmission func-
tion given by:

v (x,y) ¥ jerfx
1 = 7? rect (5) e rect (

) (2.1-9)

oix
to g [V

Tl(x,y) e

2.2 LINEAR ARRAY ANTENNA: SPATIAL MULTIPLEXING

A plane wave incident at an angle 6 on a linear ar-
ray antenna whose elements are separated by a distance 5§
will cause signals to appear at the antenna-element outputs
with incremental time delay between adjacent outputs given
by (Fig. 2.2-1):
;= 5 sin 06

c

AT

where c¢ = the vélocity of electromagnetic propagation, and

I angle'information is contained in the incremental time delay
At. For a signal of duration T, if the aperture bandwidth
product is small then:

T >> Nj|AT| (2.2-1)

max
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where N is the number of elements in the array., Under these
conditions, the displacement in pulse amplitudes can be ig-
nored to a good appriximation (Lambert, Arm, Aimette 1965,
Lambert 1965),and the angle information can be considered to
be contained in the incremental phase shift between adjacent
crrriers which is given by:

ad = 2nf AT (2.2-2)

where :

fr = carrier frequency of received signal = £y fd

fc = carrier frequency of transmitted signal

f, = Doppler frequency

d
After amplification and heterodyning, these signals
are used to excite the piezoelectric transducers of an
N-chanriel Debye-Sears light modulator (Fig. 2.2-2) which is
located in the aperture of a coherent optical configuration
(Fig. 2.1-1).

In the light modulator the spatial frequency of the
ultrasonic signals is:

f = Té (cycles per meter)

where

fi = frequency of electrical signals
exciting piezoelectric transducers

S = gonic velocity

-15-
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£, = £, + fd
f'o = intermediate frequency,

Since the in.remental displacement in pulse amplitides
is ignored in this approximation, the N spatially multi-
plexed signals can be assumad, at some instant of time, to
appear as shown in Fig, 2.,2-3, It is seen that the ultra-
sonic signals are assumed to be aligned, and form a rectangu-
lar pattern in the light moduiator whose length, given by

D = ST ,

is equal to the ultrasonic pulse length. Note that since the
quantity A¢ undergoes no change in heterodyning, the phase
increment between adjacent ultrasonic signals is given by

Eq. (2.2-2).

As shown in the previous section, the ensemble of ul-
trasonic signals imposes a spatial phase modulation on the
wave front of the incident light. The resulting positive
first order light intensity can be shown to be:

2 sin rr!(Bv-Q.gi) 2
|G (u,v)|?= B (PM) ' 2m D sin m:h:-f)) 2
AN M

nbv A® mD(u-£)
sin 7(Bv- -é—;)
i . (2.2-3)
The function (—L"i%‘—’jm imposes a negligible amplitude

weighting on the first order intensity and can be ignored
(Lambert 1965).

Thus it is seen that the information concerning
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Doppler shift and angle of arrival of the electromagnetic en-
ergy at the array antenna is transformed into the location
of peak first-order light intensity which occurs in the image
plane at the point: 4

uw= f
-0
V= om

The acturl msasurement procedires in this case, as well
ay for the time-multiplexwd linear array and the planar array,
will be dealt with in more detail in Chap. 6 which considers
the extractivan of angle information under large and small ap-
erture-bandwidth conditjions,

2.3 il 3

A second method of electro-optical processing of linear-
array sigrals involves time multiplexing the antenna-element
outputs and then passing the resulting time sequence into a
single-channel light modulator.

The time-multiplexing procedure is diagrammed in
Fig, 2.3~1. Each antenna output is passed through a fixed
delay elemant, the delay for the ath element, 'rn, l-3ing
such that; i

L (2.3-1)

where &n is fixed.

The quantity 'fn is the time separation between any
two adjacent. pulses for a boresight signal. Hence, if the
pulse duration {s T, it is necessary to choose the
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delay time such that

TD?_ T+|AT Imax (2'_3-2)
where

, 6 sin| 6| _
R c == (2.3-3)

and le'max is the maximum off-boresight angle that the an-
tenna is required to cover, ’

In general, for some arbitrary value of 6, the time
separation, Ts, between adjacent antenna outputs will be
given by:

T, =Tp + AT (2.3-4)

As in Sec, 2.2, the signals are assumed to be heterodyned
to an intermediate frequency and, after time multiplex-
ing, the input to the light modulator can be shown tc be
of the form:

n=+(f5%)

v(t) = T v (t) (2.3-5)
SRS |
n.-\q'é'_)
where
vplt) = v (t - nTy - ny) (2.3-6)

v = (fc-fo) AT

-21-
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and, at some instant of time, the ultrasonic pulses in the

light modulator will appear as shown in Fig. (2.3-2) in which
the separation between ultrasonic signals is:

| d' - STs

and the ultrasonic signal length is:
d = ST,

In a manner similar to that of Sec, 2,2, the resulting
first-order light intensity in the image plane can be shown
to be:

| 6 (u,v) |2 = ip_ril b sin 7bv \? (li sin md(u-f£) \ 2 <sin ‘rrN(ud'+'y) -]
MR i Tbv “d(u-£) sin w(ud_+v)
(2,3-7)

Note that in this case since Doppier information is contained

in the peik of the amplitude-weighting function:

! d sin md(u-£)\>
| nd(u-f£)
it cannot be recovered because peak first-order iritensity is
determined by
(-in nN(ud. + -y)>2
sin n(ud"+y)

independent of any Doppler shift. Thus only angle informa-
tion can be obtained from the time-multiplexed linear-array

configuration.
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2.4 PLANAR ARRAY ANTENNA

Consider a plane wave incident on a planar array an-
tenna with M rows and N columns (Fig. 2,4-1), The angles be- |
tween the wave normal and the rows and columns of the ar- 5
ray will be, respectively, 90-9Y and 90-6,, which will re- ’
sult in incremental time delays between adjacent outputs in
any of the rows of the array gi.en by:

4 6 sin 6
ar. w_¥ y . (2.4-1)
b 4 c
and between adjacent outputs in the columns of the array giv- ‘é
en by: i
;
5, 8in 6
AT, = X X (2.4-2)

¥ c
The planar array therefore permits two-dimensional an-
gle information to be extracted from the incident wave,

In order to form a complex optical transmission func-
tion from the planar-array signals it is now neéessary to em-

ploy a combinatior. of the time-multiplexing and spatial-mul- — i
tiplexing processes which have been described in the previ-
ous sections, More specifically, the M signals from each of .

the N columns of tne array are time multiplexed as shown in
Fig, (2,4-2) such that, in a manner similar to Sec. 2.3, the
fixed delay TD given by:

Ty = Ty, - Tg (2.4-3)

is such that

Ty > T4 AT, |

-2
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and the time separation between pulses is:
TS = TD + AT*
Hence, atter amplification and heterodyning, the out-

put of the pth
which can be written:

column of array elements is a time function

)
v (t) = bD vpn(t)

n=-(431)

and which serves the input to the pth channel of the N-chan-
nel light modulator. 1In this way the complex transmission
function consists of N spatially-multiplexed sequences of M
time-rmultiplexed signals. As in Sec., 2-2, the aperture-rand-
width product is assumed to be small enough so that incremen-
tal displacements of pulse amplitudes between signals in any
row of the array can be ignored. Thus, for any row of the

array, the amplitudes of the corresponding ultrasonic signals
are aligned across the width of the optical aperture (Fig,
i 2.4-3) and the signal ensemble is rectangular,

The resulting light-diffraction pattern for this con-
figuration has been deteriiined and it has been shown that
two-dimensional angle information can be obtained from the
location of peak first-order light intensity,

L A —— T .
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3. LITERATURE SEARCH

3.1 ELECTRO-OPTICAL AND ELECTRONIC PROCESSING
FOR ARRAY ANTENNAS

Because the array antenna is a stationary structure in
which the beam is steered electronically, it can produce a
narrow beam, capable of high angular resolution, which can ra-
pidly obsarve large volumes of the sky (Allen 1962). It is
seen that a mechanically-steered dish with the same capabil-
ity would need to possess a huge inertial mass and, at the
same time, high maneuverability. Thus the array antenna is
at present of great engineering interest (Allen 196% Kraus 1958).

Although electronic scanning permits the antenna beam
direction to be changed very rapidly there are also require-
ments which make it necessary for the antenna to form multi-
ple beams to provide for simultaneous coverage of many angle
resolution cells (Allen 1962). Under these conditions it is
necessary to employ many sets of phase-shifting networks,
each set having its own incremental phase shift correspond-
ing to a given angle-rezolution cell, which permit the an-
tenna to be pointed in many directions simultaneously
(Schnitkin 1960, 1961). It is easily shown however that, for
an angle resolution of one degree,* approximately 10°® phase-
shifting networks would be necessary in order to provide for
+ 60 deg angular coverage, In addition, purely electronic
signal-processing schemes may become nore complex under large-
aperture bandwidth conditions in which case it becomes neces-
sary to employ delay lines rather than phase-shifting net-
works (Allen 1964, Sklar 1960, Payne 196%).

* There are at present requirements calling for much nar-
i rower beamwidths than this (Allen 1964).

. -29-
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One approach to this probles (Lasbert 1965) which ap- a
pears to be a method of realizing the potential of the array
antenna without necessitating simai-processing sethods of
t00 great complexity employs a coherent electro-optical coe- &
tiguration (Cutrona 1960). The mathematical relationship
between the light distribution in the object and image planes
of the cohearent optical configuration (Cutrona 1960, Boram
and Wolf 196A) is identical to that which relates the 3ig-
nals at the eisments of an azray antenns to thes resulting
far-field radiation pattern (Schelkunoff 1989, Silver 1949).
This relationship is made use of in the electro-optical pro-
cessor for array antennas,vhich produces an optical analog
of the antenna pattern and is capable therefore of forming,
| simultaneously, a continuum of all possible antenna beams
without introducing angle-quantizing error (Allea 1959)
which normally results from the use of phase-shifting net-
works.

As & result of the research which has been applied
~0 electro-optical signal processing, electro-optical pro-
cessors for array antennas have been synthasized (Lambdert,
Arm, Aimette 1965) and it has been showm that a single elec-
t ro-optical processor would be realistically capsble of pro-
cessing an array antenna in which the equivalent electronic
processcr would require approximately 200,000,000 phase
shifting networks.

In the electro-optical array-antenna processor, the
signals at the outputs of the antenna elements are combined
by means of time multiplexing and spatial multiplexing to
form a complex optical transmission function (Cutrona 1960.
Cheatham 1968) consisting of ultrasonic signals in the De-

!
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bye-Sears light modulator, On the assumption that the trans-
formation from electrical to acoustic energy is linea~-, the ‘
ensemble of ultrasonic signals in the light modulator is an
exact replica of the electric signals which appeared at the
antenna elemsnts.

The signal-processing capacity of the electro-optical
processcr has been defined in terms of the maximum nusber
of antenna ¢lemen.s and the maximun bandwidth signal which
can bs processed. Large bandwidth and high-frequency oper-
ation are, however, interrelated for these signal processors.
It has heen shown (Liben 1960, Mason 1948) that it is possi-
ble to maintain an acoustic bandwidth in the Debye-Sears
light sodulator that ie approximately 50 per cent of the
ultrasonic eignal frequency by properly matching the piezo-
electric crystal to its i_ud. In asddition . the bandwidth,
it has also been shown that the maximum num.-r of antenna
elements which can be processed will als¢ depend on freguency.
Thus (t is necessary to consider the factors which limit
hi,.-frequency operation in Debye-Sears light modulators,

3.2.1 ACOUSTIC ATTENUATION

The amplitude of an ultrasonic wave will undergo an
exponential attenuation in propagation (Parthasarathy 1954,
1957, Klein 1963) and the amount of decay will depend upon
the characteristic acoustic attenuation of the medium. This
quant ity is generally frequency dependent and, in liquids,
has beer found (Richardson and fait 1957, McSkinin 1957) to
be projpu-tional to the square of the ultrasonic frequency
for any given value of ‘emperature., Aside from the actual
loss in ultrasonic energy, the exponential decay in a light
modulator has been found (Gopal 1963, Lambert 1965) to cause a
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broadening of the observed diffraction fringes, Since angle
information is contained in the optical diffriction pattern,
the net result of acoustic attenuation is to gdagrade angular
resolution, Hence, operation at excessively high frequencies ﬁ
will destroy the signal processor's ability to determine an-
gle information satisfactorily.

3.2.2 INTERNAL REFRACTION

The theory of Raman and Nath (Raman and Nath 1936 (I))
assumes that a ray of light normal to the surface of the Debye-
Sears light modulator experiences a uniform index of re-
fraction in propagating th .ugh the ultrasonic disturbance.
This assumption is actually an approximation since the ligh+
rays in regions of relatively low refractive inde: tend
to be bent towards regions where the index of refraction is
greater. It has been found (Willard 1949, Lucas and Biguard
1932) that the effect will Lecome more severe with an increase
in the frequency of electrical excitation, strength of the ul-
trasonic disturbance, and the depth of the acoustic wave (di-
mension along direction of light propagation). ?

Exact mathematical solutions of internal-refraction ef-
fects on lighi-diffraction patterns have been obtained (Bhatia
and Noble 1953, Mertens 1950, Phariseau 1959) and all serve to .
extend the theory of Raman and Nath, In addition to the above
solutions, a first-ordex theory of Rao and Murty (Rao and
Murty 1958) which, while not applicable under conditions of
abnormal diffraction (Willard 1949), serves to predict the
effects of internal refraction on the positive and negative
first-order fringes under certain specific conditicns. It
has been shown (Rao and Murty 1958) that the more extensive
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treatments (Bhatia and Noble 1953) reduce to the soluticn of
Rao and Murty if these conditions are assumed, and it is pos-
sible that this theory may be especially zpplicable to this
research since the operating conditions in these electro-op-
tical processors ure such that the assumptions of Rao and
Murty are valid, At present, in the electrc-optical proucac-
sors which have been synthesized, internal--refraction effects
are negligible (Hargrove ani Achyutha- 1965).

3.2.3 TRANSDUCER LIMITATIONS

The thickness of a piezoele :tric quartz crystal is
inversely proportional to its resonant freguency (Mason 1948),
As a result present fabricatior techniques limit the high
frequency of light modulators employing piezoelectric quartz
crystals to approximately 300 MHz,* It is possible that
this limitation may be extended in the future to approximately
1000 MHz with the use of evaporated thin-film ftransducers
(Foster 1965, DeKlerk and Kelly 1065),

3.2.4 ULTRASONIC BEAi BROADENING AND CROSS-CHANNEL COUPLING

In addition to frequency limitations it is evident
that the gignal-processing capacity of the electro-optical
array-ant2nna processor will also be limited by the aperture
size. At present len:-fabrication techniques limit the
largest possible aperture dimension to 6 inches. Thus3, in
order to marimize the signal-processing capacity, it is neces-
sary to be able to fit as ma.ay light-modulator channels as
possible into a given aperture size. 1In this case the lim-
iting faci:ors are cross talk due to ultrasonic diffraction,

—

* Private communication with Valpey Co.
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and electromechani .l cross coupling be‘ween adjacent trans-
ducers, With regard to ultrasonic diffractic., it has been
shown (Vigoreux 1951, Seki 1956, Freedman 1962) that, for lon-
gitudinal (compression) waves, ultrasonic propagation follows ‘
tLe same laws as electromagnetic propagation in space. Thus
the ultrasonic beam passes through a Fresnel region, in which
it is approximately collimated, and into the Fraunhofer region
where spreading takes place. It has been shown (Lambert 1965)
that, in considering these effects, satisfactory criteria

for determining the minimum transducer width and interelec-
trode spacing can be obtained in order to maximize ‘he num-
ber of light-modu'ator channels which may be fitted into a
given opt.cal aperture,

3.3 ULTRASONIC DIFFRACTION OF LIGHT IN SOLID MEDIA

The electro-optical array-antenna processors which
have been synthesized employ a liquid light-modulator medium
and in this case it has been found that the high-frequency
limitation is imposed by acoustic attenuation. Thus, in or-
der to extend the signal-processing capacity, it is neces-
sary to employ a light-modulator medium with a lower acous-
tic loss. This leads to consideration of solid light modu-
lators since, although acoustic absbrption in solids will
also increase with frequency (Lamb, Redwood, Shteinshleifer
1959), the loss in many solids has been found (ibid) to be
significantly lower than that of the optimal liquid medium,

The particular solid chosen for this research was fused
silica. 1In addition to its low acoustic loss (Lamb, Redwood,
Shteinschleifer 1959, Mason 1964), fused silica has been used
extensively in the manufacture of acoustic delay lines and is
known to be a suitable medium for ultrasonic propagation

-34-




A T I R DA e e

COLUMB'A UNIVERSITY ~ELECTRONICS RESEARCH LABORATORIES

(Hammond 1962, Mason 1964). Its bandwidth properties have
been investigated and it has been found (Konig, Lambert,
Schilling 1961) that acoustic bandwidths which are 50 per
cent of the resonant transducer frequency are relatively eas-
ily obtained. Finally, it is especially suitable as a light-
modulator medium because it is a transparent substance which
can be polished to a high degree of optical flatness,

The operation of light modulators using solid media
is, however, considerably more complicated than it is for a
liquid, 1In a liquid, spatial phase modulation of a light wave
front can be explained directly in terms of ultrasonic pres-
sure variations which have been shown (Raman 1936, Phariseau
1956) to be proportional to the input electrical excitation.
In a solid, however, it is necessary to consider how the
mechanical vibrations generated by the ultrasonic transducer
will alter the material's dielectric structure. This in
turn can be related to spatial variation of refractive index
by means of the theory of photoelasticity (Mueller 1935, 1938,
Coker and Filon 1957). Thus the transfer characteristics
of the fused-silica light modulator will be obtained by com-
biring photoelastic theory (ibid) with the electromechanical
coupling characteristics of piezoelectric quartz transducers.

In addition to the mechanics of electro-acoustic trans-
fer, the use of a solid light modulator necessitates a num-
ber of considerations which do not arise with the use of 1li-
quids, These will be discussed below,

3.3.1 BIREFRINGENCE AND LIGHT POLARIZATION

A solid subjected to a mechanical stress becomes
birefringent, that is, the index of refraction becomes a
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function cf the polarization of the incident light (Neumann
1841, Ha::grove and Achyuthan 1965), It will be necessary,
therefore, to determine the effects of this phenomenon on
electro-optical pProcessing, particularly with regard to the
transfer between input electrical excitation and the phase
deviation of the light wave front.

3.3.2 SHEAR AND COMPRESSION MODES

One of the characteristics which distinguishes liquids
from solids is the ability of a solid to support shear; thus
diffraction of light in a fused-silica light modulator can
be accomplished by transverse as well as longitudinal ultra-
sonic waves (Schaefer and Bergman 1934, Hiedemann 1935, Mc-
Skimin 1962)., The sonic velocity and acoustic attenuation
for these two modes of propagation in fused silica, as well
as in all amorphous solids, are not the same and, as a re-
sult, it can be shown that the frequency-limiting charac-

teristics of solid light modulators is a function of the
ultrasonic mode. Thus, in considering the use of a fused-

silica light modulator, it will be necessary to determine
how the signal-processing capacity of the electro-optical
array-antenna processor can be maximized with regard to
the mode of ultrasonic propugation.

3.4 LARGE APERTURE — BANDWIDTH ARRAY-ANTENNA PROCESSING

Consider a linear array antenna used for reception,
As the aperture-bandwidth product becomes large the duration
of the received signal becomes comparable to the time neces-
sary for electromagnetic energy to traverse the antenna aper-

ture, This condition will cause problems to arise in elec-
tronic as well as electro-optical processing. 1In electronic
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processing under these conditions it has been ghown that
the more commonly used methods whicl. employ phase-shifting
networks (Ogg 1961, Allen 1964) will result in a degrada-
tion of signal-to-noise ratio (Sklar 1961), and the use of
true time delay elements becomes necessary,

The equivalent problem in electro-optical processing
concerns extraction of the desired angle information as
well as signal to noise ratio degradation. It has l.een
shown (Lambert 1965) that when the aperture bandwidth pro-
duct is not large the complex transmission function is sep-
arable in terms of the spatial variables in the optical ap-
erture. The diffraction patterns obtained in this case
have been determined and it haé been shown that angle in-
formation can be extracted from the light distribution in
the image plane. When the aperture-bandwidth product is
large, however, the transmission function will be a non-
separable function and the resulting light-diffraction pat-
terns produced under these conditions have not been deter-
mined. Thus, aside from evaluating the signal-to-noise
degradation, it will also be necessary to determine the im-
age-plane light distribution produced by nonseparable trans-
mission functions in order to provide for proper i..terpre-
tation of the diffraction patterns produced under large ap-
erture-bandwidth conditions.
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4. ULTRASONIC DIFFRACTION OF I.IGHT IN AMORPHOUS SOLID MEDIA

Ultrasonic diffraction results from a spatial phase
modulation which is imposed on a light wavefront when it pas-
sec through a transparent medium in which there is an ul :ra-
sonic disturbance., The phase modulation occurs because the
ultrasonic waves, which are generated by exciting a piezoe-
lectric transducer suitably placed with respect to the light-
modulator medium, can cause a spatial variation in the index
of refraction of the medium,

In a liquid the propagation of an ultrasonic disturb-
ance can be accomplished only by means of compression waves
since an ideal liquid cannot support shear; hence the vari-
ations in index of refraction can be thought of as result-
ing directly from the accompanying spatial variations in li-
quid density. The process is more complicated in a solid,
however, since both shear and compression waves are possible;
further, it will be seen that the way in which the ultrasonic
disturbance alters the solid's Gielectric structure will ne-
cessitate consideration of the polariza“ion of the incident

light,

The expressions representing the transfer from elec-
trical excitation of the piezoelectric trarsducer to varia-
tions of index of refraction will he derived for amorphous
solids using the theory of pPhotoelasticity. It will be shown
that, if the ultrasonic transducer is aexcited by a sinusoid
of amplitude Vh and frequency fi’ then, for ultrasonic prop-
avation in the x direction, the index of refraction at some
instant of time can be written:

n(x) = n, - n sin 2mfx (4-1)
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where
n = th
k = constant
n, = equilibrium value cf refractive index
[l £,

f = -§}- = gpatial frequency (cycles per meter)
S = velocity of ultrasonic propagation

It will also be shown that the behavior of liquids as
light-modulator media can be explained in terms of a degener-
ate case of these results,

] 4.1 BEHAVIOR OF ELECTROMAGNETIC PLANE WAVES IN HOMOGENE-
k OUS ANISOTROPIC MEDIA

The behavior of light in an optically anisotropic me-
dium, such as a crystal, can be described in terms of the vec-
tor components of the electromagnetic wave. 1In Appendix A it
is shown that:

. (1) In a crystal there is an orthogonal set of prin-
cipal dielectric =xes and three principal dielectric constants:

€ € and €,

x’ Y

(ii) For a given energy density w = QWé, where
! Wy = electric energy density, at each point in the crystal
the D field of the propagating electromagnetic wave will

obey the relationship:

r
P p2 p2 p2
% _§+—-¥.+_E'87TW
i x Sy €z
kL -39~
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where x, y and z are the principal dielectric axes,

.’ .
(1ii) This relationship for the D field defires the
"ellipsoid of wave normals":

2 2 2
X + ¥ 4+ % .
€ €

in the coordinate system defined by the principal axes, When
light propagates through the crystal it is in general split
into two separate beams, For a given crystal, the velocity
and polarization characteristics of these two beams are func-
tions of the direction of the unit wave normal (the unit vec-
tor perpendicular to the wave front), and can be described,

exactly, in terms of the following geometrical construction:

Through the origin construct a plane parallel to the
wave front (perpendicular to the unit wave normal), The in-
tersection of this plane with the ellipsoid of wave normals
is an ellipse £, Each of the two beams will be linearly po-
larized with mutually perpendicular directions of polariza-
tion along the major and minor axes of & s and with veloci-
ties of propagation which are inversely proportional to the
lengths of the semi-major and minor axes, More precisely,
the lengths of the semi-major and minor axes, r' and r"!
are given by:

rv.B_" r'! = 2
n v
where n' and n'' are the indices of refraction for light

linearly polarized along the major and minor axes and u is
the magnetic permeability,

It will be seen that, in a solid, phase modulation of
a light beam is accomplished by causing the shape of & to
vary with the spatial variable along the direction of ultra-
sonic propagation,
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4,2 OTRESS AND STRA NCE :
THE STRAIN-OPTIC CONSTANTS

The ultrasonic wave in the solid results in the occur-
ence of a system of strains (and broportional stresses). The
relationship between these stcrains (strelles) and the shape
and orientation of the ellipsoid of wave normals will be dealt
with in this sectaion, Thus, for a given direction of light
propagation, the shape and orientation of &€ will be a func-

tion of the uitrasonic disturbance, and therefore of the piez-
oelectric vibrations,

* * *

The theory of photoelasticity {Mueller 1935, 1938,
Coker and Filon 1957) assumes that the ellipsoid of wave nor-

mals for a transparent solid, given by:

2 2 2
X ¥ 2 P
€ €
X Yy z
is transformed,when the solid is subjected to mechanical stres-

ses, into a different ellipsoid given by:

axxx2 i ayyy2 i azzz2 + 2ayzyz t 23, xz 4+ 2axyxy =1
(4. 2-1)
For the purposes of obtaining these two quadratic
forms, the dielectric tensors for the unstressed and stressed
case may be represented symbolically in matrix form as follows:

- -

re - -

€x 0] 0 Ay axy a .,
1

0 a a a
€Y G Xy YY Yz

1
_0 0 €, A%z ayz azzJ

unstressed stressed
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It is further assumed in photoclaltic‘thoory that the
changes in the dielectric tensor are linear functions of the
strains (stresses)., This assumption is expressed in the fol-
lewing set cf linear relationships:

i
a - Q
0 "€, T PuiSkx * P Sy B S, + Prafyz * Piofea + P Sy

1
a - e
Yy €, pezsxx + peesyy = peaszz + p24syz & passxz t paanY

<

a__ - = p

+pP S _ +p §
zz s1%xx ¥ P Sy Pas“ez * Py ,Syp + P By, + PyeSxy

iy
N

= +
= p‘lsxx p4esYY + p4aszz N p“syz & p4ssxz + p4est

+
axz pszsxx + Fszsyy psaszz & p54syz % psssxz + psost

axy'-vp

alsxx + poasyy + peaszz * pe4syz + pessxz 4 poosxy
, (4.2-2)
where the Py 's are referred to as the strain-optic con-
stants (Hargrove and Achyuthan 1965), and the strain compo-
nent Sij(a Sji i, = %,y,2) is a m:;sure of the displace-
ment in the jth direction of the i face of an infinites-
imal cube, an equivalent set of equations may be written in
terms of the stress-optic constants qij and the stresses
Tij‘ The pij's (and qij's) are physical constants depend-
ing on the material, Thus, by the geometrical construction
described in the beginning of this section (rule (iii)), ve-
locity and polarization of light in a stressed transparent
medium may be determined, since the ellipsoid of wave normals
¥esulting from the strains (Eq. (4.2-1)) is completely deter-

mined by Eqs, (4,2-2),
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¥
&

These equations (Eq. (4,2-2)) become simplified if the
medium under consideration exhibits symmatries in its crystal-
line structure, In particular, in the case of a cubic wystem

B e el

R Rt
e iy r—"’ﬂ

g8

T

which has three equivalent principal axes and is therefore op-

tically isotropic (i.e., €x = Ey, "€, = €), the array of
strain-optic constants considered as a matrix P = [pij] be-

comes (see Appendix B):

pll pla p12 0 0 °
p1.2 pll p12 0 0 0
p].2 plz pll = ] 9
P =
0 0 o p, 0 O
0 0 0 o p, O
K 0 0 °© o0 p,

In most crystals . J 1 and the index of refraction
for a cubic system will be a constant given by:

n, -\}u,e e
Thus Egs. (4.2-2) become:

P S

+p 12 z2z

o
i
i

o

S +
12 YY

g

v
!

1leY ¥ plaszz

2z PoSkx + P Sy *

S
o”ml"' osm|"‘ o’ml-"‘
]
3
o
1]
&
Lo

P .S,z (4.2-3)
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aYz 3 p44syz
%z ™ p44sxz
axY = p4ast (4.2-3)

In addition, if the material is amorphous (i.e., fused silica,
most glasses)it is found that:

P -p
P, = —ii§-£3 (Appendix B)..

4.3 RELATIONSHIP BETWEEN PJEZOELECTRIC TRANSDUCER VIBRATION
AND SPATIAL VARIATION OF INDEX OF REFRACTION

FOR _AMORPHOUS MEDIA

The relationship between the voltage applied at the
piezoelectric transducer and spatial variation of index of re-
fraction will be derived in this section for normal light in-
cidence. It will be seen that either longitudinal or trans-
verse vibrations of the transducer will rause these variations,
and that, for the transverse mode, only one direction of vi-
bration need be considered.

The configuration shown in Fig. 4.3~1 will apply to
the three cases which will be considered. For all cases the
incident light will be assumed to be traveling along the z
(optic) axis, perpendicular to the xy plane.

4.3.1 TRANSVERSE VIBRATIONS AIONG OPTIC AXIS

In this case the only nonzero strain component is

S,, - Eas. (4.2-3) become:
1 1 1
Ay 2Tz =5, 3,="5, a,=p S
XX~ nZ YY nZ ®z  nZ Xz 44 XZ

.
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ayz - p44SYz
axz = p4,4sxz

= [ -
xy T PoiSxy (.2-3)

In addition, if the material is amorphous (i.e., fused silica,
most glasses)it is found that:

P..-P
S PULC T -
P,, > (Appendix B).
l+3 RELATIONSHIP BETWEEN PIEZOELECTRIC TRANSDUCER VIBRATION

AND SPATIAL VARIATION OF INDEX OF REFRACTION
FOX._AMORPHOUS MEDIA

Tho relationship between the voltage applied at the
piezoelectric transducer and spatial variation of index of re-
fraction will be derived in this section for normal light in-
cidence. It will be seen that either longitudinal or trans-
verse vibrations of the transducer will cause these variations,
and that, for the transverse mode, only one direction of vi-

bration need be considered.

The configuration shown in Fig, 4,3-1 will apply to
the three cases which will be considered. For all cases the
incident light will be assumed to be traveling along the 2z
(optic) axis, perpendicular to the xy plane.

4.3.1 TRANSVERSE VIBRATIONS ALONG OPTIC AXIS

In this case the only nonzero strain component is

5., - Eds. (4.2-3) become:
1 -...._l... s'-;— =
qex 52 7 3yy ThE’ %2z TnZ 0 3%z " P, Sy
fo) (o} (o}
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and the ellipsoid of wave normals is:

2 2 2
X y z
=+ L+ 4+ 20 5 xz =]
n® n2 p2 Pia’xz
o o o

The plane through the origin perpendicular to the unit
wave normal is defined by z = 0. Hence, by rule (iii) of
Sec. 4, the ellipse & becoies:

N

+

:’l“<

on
"
[

x2
n2
[¢]

It is seen that &€ has degenerated into a circle of
radius n, independent of sz » and the index of refraction
is therefore a constant, independent of x, for light propa-
gating in this direction. Thus transverse vibrations paral-
lel to the direction of light propagation have no effect,

4 3,2 TRANSVERSE VIBRATIONS NORMAL TO OPTIC AXIS

The nonzero shear-strain component is now Sxy’ the
ellipsoid of wave normals is:

2 2 2
X Yy z z _
;5 + ;E + ;E + ap44sxyxy = 1
(o) o (o)

and setting z = 0 gives the ellipse & :

L SN 2p S i
P AN, X =
Ef ng p44 Xy ¥
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& =

a, x4 a3 y2 +2a;5%y =1

Ly T

+ Y

It is easily shown that, in general, an ellipse of

the form
2 2
a x° + a + 2 be 1
11 zzy a12 Yy =

is inclined to the vy axis at an angle 6 defined by:

2a
tan 20 = a2
a -a
22 11
In this case,
1 1
a =, — a = - a = S
11 n2 ’ 22 ng ! 12 p44 Xy
(o)

and

6 = 45° for S, > O

6 = -45° for s, < O
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independent of the magnitude of § + thus, for transverse
vibrations, the semi-major and minor axes of -€' will always
be inclined at either p'us or minus 45° to the y axis,

The voltage exciting the piezoelectric transducer is
assumed to be sinusoidal, Hence, because of the direction of
the transducer vibrations, a sinusoidal ultrasonic traveling
wave, in the shear mode, propagates in the x direction. At
a given instant of time, therefore, the wave shape 18 a sinu-
soid, and infinitesimally thin layers of the medium are dis-
placed in the 4 Y direction from their rest position, caus-
ing a corresponding sinusoidal variation with x of the shear
strain, Sxy » as shown, 1In Fig, (4,3.2-1) it is shown that:

(1) Because of the variations in S_ (x), the zhape
of 5, which can be written as €Yx) » Will vary proportion-
ately,

(1) Since the index of refraction for light polar-
ized at plus or minus 45° to the Y axis varies with x as
does the length of the corresponding axis of €(x), then, by
rule (iii) of Sec. 4, the index of refraction variation is
also proportional to Sxy(x).

(iii) 1f nl(x) and nz(x) are the indices of re-
fraction for light polarized at plus and minus 45° respectively,
then nl(x) and na(x) exhibit variations about n,, and
nl(x) is 180° out of phase with nz(x).

In crder to establish these conclusions more precisely,
consider &€(x) for some value of x at a given instant of
time as shown in the following sketch:
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Variables other than x and y (e.g., £ and 1)
are now used in the graph of the ellipse, since &€(x), in
which x is now a parameter, serves only as a geometrical
description of index of refraction for each point x, but
does not actually occupy physical space in the light modula-
tor (x,y plane). The ¢ and 1 axes are assumed parallel
to the x and y axes respectively,

In general, &(x) can be written as:
2 2
alle + a_n + 2a12§n = 1

In the (£', 1') coordinates, the equation of the el-
lipse will contain no cross term, and will be of the form:
Alﬁ'z + Azn'z = 1, In order to determine A and A use
the linear transformations:
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3 bllg b12n ¢ = bne £ b2lq
f + 1 !
L b21& b22q n= blzg + b22q
where
b = b = cos 6
22
b = b = gin 60
12

Substituting £' for € and 7' for 1n in the
equation:

2 2,
allg 22" 2a12gn =1,
and equating coefficients gives:

A =a b® +a b2 +2a b b
1 g2l 4 22" 12 12 11 12

A =a b +a b2 +2a b b
2 11 21 22 22 12 21 22

O=2a b b +2a b b +2a [b
11 11 22 22 12 22 12

]

+
11 22 12 21

In this example:

b = Db = b = =b s—l—
11 22 21 12 f3
1
all ﬂ a22 n2
o
a12 = p44SxY

Thus as a function of x:
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1
A (x) = 3 P, Sxy(¥)
1
A0 =05 v B 8 (x) (4.3.2-1)

and it is seen that the shape of &(x) will vary with Sxy(x)‘

But for light polarized at plus or minus 45 deg, the
indices of refraction n (x) and na(x) are given by (rule
(iii) and Appendix A):

1
n (x) = —=—on for + 45°
i \/Azfxs
n (x) = e for = 45°

Then from Eq, (4,3.2-1):

1 i . . o
i "n-é_(‘x—)' = -p“Sxy(x) for light polarized at + 45
o 1
L1 . p S8  (x) for light polarized at - 45°
n?  n3(x) 14 XY
o 2
Now let nl(x) ol nl(x) , and n2(x) =n, - na(x) ’

where n_  is constant and ﬁl(x) and ﬁa(x) represent small

perturbations of index of refraction with magnitudes given by:

| nl( )mallx- n, =n_. Since n_ > (nl, n2) then:
2 -t \
ol <& [y o5 ™
n2 nZ =
'[XJ o nn nﬂ
2
By A TR S | n_(x)
= —';; —_— - 1 +2
ng n (x) n” n,
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and
nSp
Ro(x) = —44 (x) = -n_(x)
1 2 Xy 2
hence
= - 3 _44
nl(x) n, - n’ xy(x) T
- 3 44
nz(x) =n_ +nd—5 xy(x)

(x)

This appears to be a general result with sinusoidal Sxy

being a particular case.

nl(x) and nz(x) <-an now be expressed in terms of
the transducer voltage. The shear strain can be written
(Sokolnikoff 1956) :

08
xy(®) = LT (0
where
Txy(x) = shear stress
o= modulus of rigidity
In the sinusoidal case, T_ (x) =| T | sin 2nfx where f
XY Imax

Xy
is the spatial frequency (cycles per meter), But the maximum

shear stress,' T » can be shown to be directly propor-

xY.max
tional to the amplitude of the voltage at the transducer (Arm,
Konig, Lambert, Weissman 1962). Thus (at a given instant of

time):
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a
2 nop“ 1, o
(nl(x), nz(x)) = n_ 5 " gV, sin 2mfx

where ks is the electromechanical coupling coefficient of
the vltrasonic shear transducer, This expresrion is seen
to be of the same form as Eq. (4-1) with:

b
= _ O44 - ¥
D, = " ksvm = -n, (4.3.2-3)

4.3.3 LONGITUDINAL VIDZATIONS

In this case the transducer vibrates, pis on-like,
along the x axis which produces a compression wave. Under
the assumption that a plane wave is generated, the oinly non-
zero strain component is Syx and Eq. (4.2-3) thus becomes:

.- 1 4 1
axx_pllsxx+?1-§’ ayy=p_sxx+n§, azz-plasxx+n§

The ellipsoid of wave normals is:
P S.. +2)x2 + p S +-35 yv2 +(p s +~33 zZ = 1
11 XX ng 12°XX ° ng 12°Xx ° n°

and the ellipse £ becomes:

L) 2 1 \y2 u =
(Pus.»x + n§> x2 + (pmsxx + né)y 1 (%.3.3-1)

It is seen that the major and minor axes of € are now
always aligned with either the x or v axis and the cor-
responding indices of refraction will apply to vertically
and horizontally polarized light, Fig. 4,3.3-1 shows the
variations of €. with s__ (assuming that P, > pla).
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DIRECTION OF PROPAGATION
OF ULTRASONIC WAVE

DIRECTION OF VIBRATION
OF ULTRASONIC WAVE

LIGHT MODULATOR
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FIG. 4.3.3 -1 DIAGRAM SHOWING EFFECT OF COMPRESSIONAL STRAIN ON

ELLIPSOID OF WAVE NORMALS
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If nl(x) and nz(x) are the indices of refraction
for vertically and horizontally polarized 1ight then, as be-~
fore (Eq. 4.3.2-1 et, seq.):

(4.3.3-2)

and

nl(x) =n -

(4.3.3-3)

nz(x) =n, -

In this case, under the assumption that the ultrasonic
pro;agation is accomplished by plane waves,
1 !
Sex(X) = 2 Tyex (X)

where
C =B + %-u, B = bulk modulus, ; = modulus of rigidity

Thus for a sinusoidal excitation:

n
n (x) =n_ -~ —%Eii k .V, 8in 2mfx
' ° ) (.3.3-4)

n3p

o 12
nz(x) = n, -~ k_V, sin 2mfx

where kc is the elnctromechanical coupling coefficient of
the compression transducer,
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A photoelastic interpretation of ultrasonic diffrac-
tion in a liquid for longitudinal transducer vibrations now
follows directly,

The fact that transverse vibrations of the piezoelec-
tric transducer have no effect on the index of refraction
of a liquid can be demonstrated by setting p equal to
zero (see Eq.(4.3.2-2)). Since a liquid is a;‘amcrphous me-

P . -P
dium, and p =+ 12
44 2

Hence from Eq, (4.3.3 1) for longitudinal vibrations:

L\ 2 1\ 2
(pllsxx ! ni) x= ¥ (pllsxx * n2> y- =1

it follows that =
! p11 p12 ‘

Thus, for liquids, §£(x) degenerates into a circle whose
radius varies with Sxx(x). For each value of x the cor-
responding circle can be looked at as a degenerate form of
an ellipse with infinitely many major and minor axes, Hence
it follows from rule (iii) of Sec. 4 that all polarizations
of the incident light are equally affected by ultrasonic
diffraction in liquids. This interpretation is symbolized
in Fig, 4.,3.3-2.

-

4.y OPTIMUM LIGHT POLARIZATION AS A FUNCTION OF MODE
OF PROPAGATION

It is shown in Appendix B that in amorphous media the
P - P
selationship: p = —ii—ﬁ——ig holds. These strain-op-
44

tic constants are usually expressed in terms of Neumann's
p,q4 constants (Mueller 1937, Neumann 1841) where:
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DIRECTION OF PROPAGATION
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FIG. 4 3.3-2 PHOTOEL.\STIC INTERPRETATION OF ULTRASONIC DIFFRACTION
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2q
P ®n

2p
BT e
n

(o

p12
9P

p“ n

(o

Thus, in che case of sinusoidal excitation, the expressions
for index of refraction become:

(i) Shear mode:
nola-e) 1 i ligh larized at 45°
nl(x) =n, -~ — 7 kv sin 2mfx — light polarized a 5
nZ(q-p) 1 . . _ -
na(x) =n, +—p— m k V sin 2rfx — light polarized at -45
(4.4-1)
(ii) Compression mode:
ngq
nl(x) =n, -~ k_V sin 2rfx — light polarized along x axis
ngp
ne(x) =n - —5 k_V sin 2rfx — light polarized along vy axis

(4.4-2)
It has been shown (Raman and Nath 1936) that the rela-
tive peak first-order light amplitude in the image plane

of the electro-optical processor is egual to "—;i-l-' , where:

n = maximum variation of refractive index

L = length of light path in light modulator
(depth of transducer)

A = light wavelength
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Now consider the effect of light polarization on the peak
first-order light amplitude, Since the coherent light
sources used in the electro-optical processor produce line-
arly polarized light (Fox and Li 1961, Schachter 1964), this

will assumed to be the case with the angle of polarization
arbitrary,

4. 4,1 SHEAR MODE i

Consider a beam of linearly polarized light whose elec-
e

tric field vector E :is inclined at an arbitrary angle 6 as
shown

let: .

I = unit vector in x direction

-
j = unit vector in y direction

o
le|=1

The components along f 45° will be, respectively, co-(G--%)
and ain(9-%) which can be written vectorially as:

60~
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> 1 > -»
121 -\-/-5— cos(6 - -}{-) (£ + 4)
> 1 > >
Ez -E sin(6 - 'E) (1 - 3)

Since 51' -52 (Eq.(4.3.2-3)), the first order electric field
amplitude (written vecorially) will be (Raman and Nath 1936) :

E -+ -»> a -» >
Ef—‘coe(e-%)\/—%'(i*j)‘%‘L'i“(e'%)fg(i_j)
n - 3
_l’ir_d.__l _2..co|91+-a-linej)
JE\VZ V2

mLn

and the first order amplitude is which is identical

to that which would be obtained with +45° polarization, Note,
however, that the polarization of the electric field at the
output has been rotated to the angle (90-6).

Thus the angle of polirization has no significant ef-
fect on a light modulator operating in the transverse mode.

4.4,2 COMPRESSION MODE

In this case:
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> »
E = cos 6 3
2
and from Eq, 4, 4-2

" q -
nl-Pnz

Thus the first order electric field amplitude (written vec-
torially) is:

®, - mLln * -+
[ﬁz'in 01+ Ezco: 6 3] = ,Az [% sin 6 { + cos 6 J)

L
2

and it {s evident that, in order to maximize the peak first
order light amplitude, then:

q n
5 D1 T"Dlet 6 = 3

{1 =7 let 9 w0

vla

Note that, as pointed out in Sec. 4.3.3 in an amorphous
solid p cannot be equal to q .

Although p and q will vary with the composition of
the medium and the light wavelength (Primak and Post 1959),
it will generally be true (ibid) that, in fused silica, d
P> Q. Thus the light polarization should be normal to the
direction of ultrasonic propagation when longitudinal waves
are used,

8.5  SUMMARY AND COMPARISON OF TRAMSPER CHARACTERISTICS

The most important result of the preceeding sections is
that:

-62- ‘




COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABORATORIES

Vo = KV (K = constant) (4,5-1)

m

for both the shear and compression modes and independent of
the angle of polavization., That is, because of the linear
relationship between electrical excitation and phase modu-
lation, it would be possible to generate in the light mod-
ulator a complex transmission function consisting of ultra-
sonic signals,which is an exact replica of the electrical
signals which appeared at the outputs of the antenna ele-
ments. Thus it is seen that, theoretically, fused-silica
light modulators employing piezoelectric ultrasonic trans-
ducers can be used in electro-optical array-antenna pro-
cessing. Experiments relevant to this result will be dealt
with in Chap. 7.

To summarize the specific results of this chapter,
it has reen shown that the relationship between the ampli-
tude of the electrical input to a fused-silica light modu-
lator, V‘-, and the resulting peak phase deviation of the
light wave front, ¥a' is gliven by:

(1) Shear Mode
"l lp-qi

Yo " 3 o (¥.5-2)

independent of polarization angle

(1) Compression Mode

27 Ln®p
v, - }c" kcw(g sin 6)% + cos®0 )v‘ (¥.5-3)

for arbitrary polarization angle @
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vheret
L = depth of ultrasonic transducer
n, = equilibrium value of refractive index
P = Neumann's p constant
!
!
q = Neumann's q constant
&
C = B 4+ =,
3 U
B = bulk modulus
= modulus of rigidity
k. = electromechanical coupling coefficient
of shear transducer
kc « electromechanical coupling coefficient
of compression transducer
3} = wavelength of incident light
-6k
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5. OPTIMIZATION OF QgSiGN OF ELECTRO-OPTICAL ARRAY-ANTENNA
PROCESSOR USING FUSED-SILICA LIGHT-MODULATOR MEDIUM

In this chapter the design of the array antenna pro-
cessor using a fused-silica Debye-Sears light mcdulator will
be optimized and the processing capacity evaluated. This
problem has already been considered for liquid media (Lam-
bert 1965). The differences which occur with the use of
solids arise from the possibility of significantly higher
frequencies and the use of the shear as well as the com-
pression mode of sonic propagation. Other factors however,
which must be considered for liquids as well as solids, make
it possible to use a number of results which have already
been established. These will be presented, briefly, for
reference purposes in Secs. 5.1, 5.2.1, 5.2.3, and 5.2.L4.
The remaining sections (5.2.2, 5.3 ana 5.4) present original
rresults of this research. One of the limiting factors not
considered in Sec. 5.2 is the size of the optical aperture.
This is of course limited by the maximum size lenses which
are available and a realistic constraint on the largest

possible aperture width (or length) would be 6 in. (ibid).

In this analysis it will be assumed that the proces-
sor is to be applied to a planar array antenna. In order
to avoid the unrealistic situation in which an apparent in-
crease in aperture-bandwidth capability is achieved at the
expense of a highly asymmetrical antenna configuration,
the number of rows in the array will be constrained to be
equal to the number of columas. It will be seen that, us-

ing present methods of converting electric to ultrasonic
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energy, a fused-silica light modulator operating in the com-
pression mode could enable the electro-optical processor to
be apr.ied to array antennas with aperture-bandwidth products
ten times as large as those which can be processed at pre-
scnt; the use of more advanced ultrasonic transilucers which
are currently ir the developmental stage (Foster 1365, De-
Klerk and Kelly 1965) could effect a further increase in
processing capacity. A concise summary of the results of
this chapter and the relationships between the important sys-
tem parameters will be presented in Appendix D.

bl SIGNAL-PROCESSING CAPACITY AND APERTURE-BANDWIDTH
PRODUCT

Consider a planar array with its elements in M rows
and N columns and with a spacing l'etween adjacent elements
in any of the rows or columns equal! to a half-wavelength of
the transmitted signal carrier. Then, if the bandwidth of
the signal is B, the aperture-bandwidth prod:izt (ABP)
would be given by:

The signal-processing capacity (P) for the electro-
optical array processor has heen defined (Lambert 1965) in
terms of the maximum number of antenna elements and the
maximum bandwidth signal which can be processed. That is:

P=MXNX?> (5.1-1)
thus when, as is generally the case (Skolnick 1962), “he
array has a half-wavelength spacing between elements, the

signal-processing capacity is proportional to the aperture-
bandwidth product,
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Let:
D = optical aperture length

W = optical aperture width
S = sonic velocity

fi = frequency of electrical signal
exciting transducers

T = signal duration

The acoustic bandwidth of the light rmiodulator can be
maintained at 50 per cent of the resonant ‘:ransducer fre-
quency if the transducer is properly matcred and bonded to
the light-modulator medium. Thus assum. the light-modula-
tor bandwidth to be:

o]

]

o
ol

(5.1-2)

and, if it is further assumed that the signals under consid-
eration are those for which BT - 1, the following rela-
tionships can be shown (Lambert 1965) to hold:

W i

N = >¥5s (5.1-3)
Df

M= — (5.1-4)

2s

and the maximum signal-processing capacity becomes:

Wb £;%2
8 532

(5.1-5)

P=MXNXBHBs=

Hence P increases with frequency.
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In fused silica the velocity of propagation of longi-
tudinal waves is greater than that of transverse waves which,
from Eq. (5.1-5), appears to favor the shear rode, It will
be seen however that processing capacity can in fact be max-
imized by the compression mode, since it will pennit opera-
tion at significa.tly higher frequencies.

Equation (5.1-5) will be used in Secs. 5.3 and 5.4
to evaluate the signal-processing capacity of fused-silica
light modulators. It is seen that the relevant experimental
investigations,which are necessary in order to justify the
use of this exprassion for fused-silica light modulators,
are related to Eq. (5.1-3), which determines the maximum |
number of light-modulator channels for a given aperture : E
size, and the light-modulator bandwidth which is assumed in

the derivation of Eq. (5.1-5) to be 50 per cent of the res- }
onant transducer frequency. \
5.2 ATION G A .,1
5.2.1 ACQUSTIC ATTENUATION ;
The amplitude of a sinusoidal ultrasonic wave will |
undergo an exponential attenuation as it propagates (Mason .
1964). That is, if propagation is in the x direction and
the amplitude at x = 0 is A(O), then the amplitude at "
some value x > 0 will be:

“ax
A(xo) = A(0) e

o

The constant a is referred to as the acoustic at-
tenuation of the medium in unit, of napiers per cm, An ex-
pression for acoustic attenuation of longitudinal waves in
fused silica (in units of decibels per cm) is given by
(Mason 1964 )
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A(db cm) = 3 x 107¢ £ + 1,9 x 10~% £2 (£ ip MHz)
(592. 1-1)

Transverse waves have not been as carefully measured
but the loss appears to be the same for the same signal du-
ration (ibid). However, since the velocity of transverse
waves in fused silica is about 63 per cent of the velocity
of longitudinal waves, then the path length for transverse
waves will also be shorter by this same amount; hence a
for transverse waves is greater than it is for longitudinal
waves in this medium,

Another source of data of this kind (Lamb, Redwood
and Shteinshleifer, 1959; see Fig, 5.2.1-1) shows that, in
the case of longitudinal waves above 100 MHz, the linear
term becomes negligible and acoustic attenuation is approx-
imately proprrtional to frequeucy squared in this range,

Acoustic attenuation has been shown (Lambert 1965)
to cause an attenuation in peak first order intensity as
well as a deterioration in the structure of the diffraction
pattern., The important parameter in this case lLas been
shown (ibid) to be the acoustic attenuation factor, a, de-
fined as:

a - 92

The effect of acoustic attenuation on the diffrac-
tion patterns is shown ir Fig, 5.2.1-2.

5.2.2 INTERN!.L, REFRACTION

Consider a small section of the wave front of a light
beam in a medium with a spatially-varying index of refrac-
tion (Fig. 5.2.2-1). Let n(r) increase with decreasing r.
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? FiG.5.2.2-1 EFFECT OF REFRACTIVE INDEX VARIATION ON DIRECTION
OF LIGHT WAVE FRONT
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The ray at the point r will have a velocity v(r) = c¢/n(r).
Since n(r), the index of refraction at the point ¥, i»
assumed to be greater than n(r + Ar), then v(r + Ar) )
v(r), and, in some time At, the ray at r + Ar will tra-
verse a greater distance than the ray at r which results

in a change of direction of the wave front as shown. Thus
the unit wave normal, perpendicular to the portion of the
wave front undar consideration, will have a certain trajec-
tory as the light passes through the medium as shown in

Fig. 5.2.2-2a. To determine this trajectory observe that
in some time At:

Vir+ar)at - v(r)At = Ar tan 6

tan 6 = X§£l At

hence
v(r+ar) - v(x) _ v(r)
Ar r

;V(I) - -'Sn(r:"')

and

AT = 0 Ar F) ar\n(r)

1im  V(xtar) - v(r) _ov(r) _ . .E(...l_._)
X

hence in the limit

3 ‘
lend @12 (5.2.2-1

Note that An/dr, the partial derivative of n in the di-
rection of increasing r, is negative in this example by

[—
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def'nition. Thus the curvature of the trajectory, 1/r,
is positive as shown,

This expression can now be used to obtain a differen-
tial equation for the ray trajectory in the medium, since
in general,

4%«
%. ol T (5.2.2~2)
1 &7

and from which it can be shown that:

4% . 120 [1 . (g)':] (5.2.2-3)

az?

This nonlinear differential equation has desn so.ved
by Lucas and Biquard (Lucas and Biqua-d 1932), and the light-
ray trajectnries have been determined for refractive index
of the form:

n(x) = n_ + n cos 2ntx (5.2.2-8)

Because of this form of the index of refraction, the resulits
are directly applicable to the electro-optical processor un-
der consideration, The trajectories arising from Eq.
(5.2.2-3) are plotted in Pig. 5.2.2-2b as a function of the
parameter M, given by:

2t L
M - —;1—"&— (5.2.2-5)
O

Consider the affects of these ray trajectories. It is
seen that as M approaches g the light rays will become
increasingly clustered about the points x=0, 2 %. * % etc’
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thus internal refraction tends to impose periodic amplitude
modulation on the incident light. The point at which the
ray ‘rajectories first interJect is at M = % which definer
the point at which "abnormal diffraction” (willard 1949, :
Bhavagantam and Rao 1946, 1947, 1948) occurs. This refers

to the fact that tite theory of Raman and Nath ("rormal dif-

fraction”) is not salid® when M ) g since the ultrasonic

disturbance can no longer be treated as a pure phase grating
Willard 1049,

Under thuse conditions the diffracted light distri-
bution can be obtained by applying Maxwell's equations., A
number of sclutions have been obtained (Mertens 1950, Bhatia
and Moble 1951, Phariseau 1959) and it has been found that
the diffracted light intensity in the case of significant
amplitude modulation can be determined for oblique as well
as normal light incidence.

Raman-Nath theory can however be used to detemmine
the diffraction patterns if the amplitude modulation is not
too severe, It is evident that, when the ultrasonic dis-
turbance can be treated as a phase grating, the value of
peak phase doviation, #_ . will be dependent on the dif- . |
ference in optical path lengths between a ray entering the
light modulator at a point where n(x) is a maximum and a
ray entering where n(x) has its minimum value, But al-
though a ray entering at the point x = 0 (Pig. 5.2.2-2b)
will passz straight through, the light rays entering tae
l1ight modulator in regions of lower refractive index will,
becausn of their curved paths, experience greater optical
path lengths than if their paths were n>t curved. Raman-

*» Willard's criterion
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Nath theory is based >n the approximation that the paths of
all the rays are straight. Thus, to a first appruximation, 3

it is to be expected that the effect of internal refraction
is to cause a decrease in peak phase deviation, and there-
fore an attenuation of the resulting first-order light in-
tensity, ’

Thies result has been established by Rao and Murty
{Rao ard Murty 1958). It has been shown under the assump-

tions:
(i) 9y, <1 (5.2.2-6)
(ii) The incident light is normal to the
direction of ultrasonic propagation
noﬁs2
(iii) 272 o< I
i
where

o}
"

maximum perturbation of refractive index

n_ = equilibrium value of refractive index

o
A = light wavelength

L = depth of ultrasonic beam

S = velocity of propagation of ultrasonic wave

that internal-refraction effects will cause the first-order
intensity to be attenuated by the factor:

2
nfoi

2
2n°S

sin

TT)\LfJ?.- (5.2.2"7)

2
2nos

o . "77-




That is, if the ideal peak first-order intensity is:

2
m
Il kT
where k = constant

then, under the ahove assumptions, internal-refraction effects
will result in a first-order light intensity given by:*

wme sin v\?
Ilr =k T (—-:/—1 (5.2.2-8)
where nfoi ‘
¥ = 5n 82 (5.2.2-9)
o

The assumptions of Rao ard Murty, however, are consis-
tent with the operating conditions of the electro-optical ar-
ray-antenna processor (Lambert 1965). Thus it should be pos-
sible to use Raman-Nath theory to predict the diffraction pat-
terns, and to take account of internal-refraction effects in

electro-optical processing by including the attenuation-fac-
sin y

tor — .

Y

In considering the conditions under which Raman-Nath
theory must be modified because of internal-refraction ef-
fects, it is seen from Egs. (5.2.2-5)and (5.2.2-7) that, re-
gardless of the frequency, these effects will always be neg-
ligible if the transducer depth, L, is made small enough.
The question now arises, "How small must this dimension be?, "
In order to answer this question, consider the attenuating
* It has been shown in fact (Rao and Murty 1958) that the

more general solution of Bhatia and Noble reduces to the
solution of Rao and Murty if the above assumptions are valid,
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effoctl of internal rcfraction on the peak phii‘ &cviitian W
and define the effective phase modulation, *i’ as: [ e

m

-8y (5.2.2-10)

where:

wm =d8s

Now although the attenuation due to internal refrac-
tion decreases with a decrease in L, there is also a de-
crease in phase modulation Vi Thus there should be
some value of L such that sin y/y and Y, combine to
yield a maximum effective phase modulation @m . In order
to find this value of I take dwm/dL = 0 , Hence:

L5 ) = 2mn sin Yy , 2mAL |cos Y _ sin Y (&Y _ 0
dL'"m A Y A Y v2 dL

But
q

La=7-

Thus for maximum Em we obtain:

5 %; , etc,

Since 7y > T would carry the factor sin v/y out of
its main lobe and into the side-lobe region, the only satis~

cos vy = 0= vy =

[V

factory solution is vy = 1/2 .

Hence lefz -
2nos2 2
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and . :
n_§*
t " ;%zr (5.2.2-11)

Thus Loat is the smallest value of transducer depth which

would be made necessary by internal-refraction considera-
tions,

It is necessary to consider this result with regard to
the restrictions imposed by Willard's critericn and by the as-
sumptions of Rao and Murty. With regard to Willard's criter-

ion, we must have:
- .2.2 12

But
9. N 2rnL
m A
Thus, if
n_ 82
L = _Lf 2
Afi
then

2.2
- Y 2L
e n°82 ’

and substituting these values of L and n into Eq. {5.2.2-
12) results in:

Yn < § = 0.39 (5.2.2-13)




COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABOKATORIES

This is consistent with established practice since it is
generally desirable to restrict the phase modulation to
¥ — 0.2,

With regard to the restriction,

let the phase modulation have its maximum value of /8 .
Then, if

2
nos

L = H

2
Xfi

2¢ 2
A fi

T eee——

2
16n_§

39

then

n_ns?
L5

It should therefore be possible to operate with this value
of ultrasonic-beam depth (Eq. (5.2.2-11)) provided the ne-
cessary restriction on w& as shown by Eq. (5.2.2-13) is
adhered to. Note that the optimal value of L results
from <y = 7/2 . Hence in this case the operation will be
such that the internal-refraction attenuation factor will
always have the value 2/r . .

In order to give an approximate idea of the effects
of internal refraction JFigs, 5.2.2-3 and 5.2.2-4 are in-
cluded. Each figure presents a plot of L vs vy, with fi”
as a parameter, according to the relationship:
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wl\fia
Y *® 2n ] L
(&)

The nominal values of tle paxameters have been assumed to be;

n_ = 146
A o« 6328 x 1071°

Sl = 3760 m/sec

shear mode

Sl = 5968 m/sec

compression mode

Included on the abscissa with L is 2in Y ; thus for
any value of L and fi the corresponding amount of inter-
nal-refraction attenuation can be determined. 1In addition,
opt Corresponds to vy = m/2,
Thus the intersection of the line Y = 7/2 with the graph

of L vs ~ for any particular value of the parameter fi
for that value of frequency.

recall that operation with L

gives the value of Lopt

It is necessary that these results be investigated. ex-
perimentally, and this will be dealt with in Chap. 7.

5.2.3 LIMITATIONS IMPOSED BY UILFRASONIC TRANSDUCER

In order to operate the Debye-Sears light modulator
it is necessary to transform electrical signals into mechan-
ical vibrations of the light-mudulator medium, The most
commonly used ultrasonic transducers employ piezoelectric
quartz crystals, In a fused-silica light modulator a shear
mode would be generated by a piezoelectric transducer using
an AC or a Y-cut quartz crystal, and a compression-mode

~8l-
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transducer would use an X-cut crystal, The well-known rela-
tionship between crystal thickness and resonant frequency are: °

d - %gz x-cut (5- 2- 3-1)

o

_ L9
d 5 M (5.2.3-2)

AC-cut (5.2.3-3)

where

d = crystal thickness (mm)
f, = resonant frequency (MHz)

Thus the factors which limit high-frequency piezoelec-
tric quartz transducers are concerned with the extremely small
dimensions which are necessafy, A£ present,* thicknesses of
the order of ,0095 mm are possible, and the corresponding
frequencies for the shear and compression modes arce:

(i) Compression mode

£, = 300 MHz (X-cut)

i
(ii) shear mode

£, = 200 MHz (Y~-cut)
£, = 175 MHz (AC-cut)
These quantities will be used in Sec, 5.3 in evaluating the

processing capacity of fused-silica light modulator employ-
ing pieszoelectric quartz transducers.

* Private communication from Valpey Co,
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In addition to these methods, the conversion of elec-
tric to ultresonic energy has also been accomplished (Foster
1665, DeKlerk and Kelly 196%5) by means of evaporated thin-
film transducers., Although these methods are at pres:nt in
the developmental stage, it appears that frequencies as high
as 1000 MHz would be feasible; possible gains in signal-pro- T
cessing capacity for the electro-optical array-antenna pro-
cessor using evaporated thin-film transducers will be con-
sidered in Sec. 5.4,

5.2.4% LIMITATIONS IMPOSED BY ULTRASONIC BEAM BROADENING AND
CROSS~CHANNEL COUPLTING

The expression for the maximum number of light-modula-
tor channels, N, whicg may be fitted into a given apertue
size is (Eq. ©.1-3):

F
W
N o= Ay5d (5.2.4-1)

where

W = aperture width

D = aperture length (dimension along

direction of sonic propagation "
f. = input electrical frequency

S = velocity of ultrasonic propagation

In the derivaticn of this relationship (Lambert 1965) the
limiting factors have been shown to be the electromechanical
coupling between adjacent transducers, and cross talk between
adjacent ultrasonic channels due to broadening of the ultra-
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sonic beam in propagation (Preedman 1962, Mason 196%). The
beam spreading results from the fact that a propagating ul-
trasonic wave undergoes diffraction in a manner analogous
to an electromagnetic wave in space, Calculationa based on
the assumption of longitudinal waves show that there is a
Fresnel region for which the wave is essentially plane and
in which the beam is collimated, Por a transducer of width
b, this region is approximately given by (Preedman 1962);

x $ .28 §f (5.2.8-2)

where:
x = direction of sonic propagation
A\, = sonic wavelength = %

f = ultruon.ic'sptti.u frequency
(cycles per meter)

Beyond this distance the ultrasonic energy spreads out
at an angle ¢ cetermined by the equation (Mason 196A4):

sin (%) - %

which results in a spreading width, 4 (Pig. 5.2,.8=1), 1In
order to eliminate "cross~talk"” the maximum r.mber of chan-
nels has been constrained to be (Lambert 1965):

ni X (5.2.4-3)
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where W is the aperture width,

Because of electromechanical cross-channel coupling,
it was found (ibid) that the adjacent channels s ,uld be
spaced by one transducer width. Thus:

and Eq. (5.2.4-1) follows from Egs. (5.2.4-3) and (5.2.4-4),

It is ‘easily shown that Egs. (5.2.4~1) and (5.2.4-4)
are equivalent to:

(5.2.4-5)

o %

Thus some spreading of the ultrasonic beam can be tolerated _
since the spacing of adjacent channels will eliminate crose-
talk,

Evaluation of signal-processing capacity is Jepen-
dent upon Eq. (5.2.4-1), Although the equation is known to
be valid for liquid light modulators, it wi'l be necessary
to verify this relationship,experimentally,for the fused-
silica light modulator,

T

5.3 MAXIMIZATION OF STIGNAL-PROCESSING CAPACITY: TRANS-
DUCER LIMITED

The maximum value of signal-processing capacity for
a fused-silica light modulator using piezoelectric quartz
transducers will be obtained in this section and compared
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with the valies which can be obtained with the optimal liquid
light modulator, For the reasons given in the introduction

| to this chapter the number of ruws in the array will be con-

! strained to be equal to the number of columns, and the maxi- e
mum aperture width will be assumed to be 6 in,

From Egs. (5.1-3) and(5.1-4) it is easily shown that: £

£, <
M= N=2 w=Da/2(?1) "

a.d D = w""‘/a(fii)\l/3 (5.3-1)

We now consider acoustic-attenuation effects,

let: s I = 3760 m/sec

I shear

I s I = 5968 m/sec (5.3-2)

comp.
From Sec, 5.2,3 (using the Y-cut shear transducer):

£f.| = 200 MHz A

l l
shear

fil = 300 MHz

comp,
Thus for an aperture 6 in., wide:

W=6(2,54) x 1072 = ,1524 m,

-90-




AR

and (Eq. 5 3-1):

r" = 750 o
shear

DI = .775 om (5.3-4)

comp.

Note that W rather than D is the limiting aperture di-
mension.

It has been reported (Mason 1964) that the acoustic
attenuation for the shear and compression mnces is approxi-
mately the same for the same signal duration. Thus let:

= 5968 -
a I -3-,-7—'66' a I (5.3~5)

shear comp.

where a is the acoustic attenuation in napiers per cnm,
Thus Eq. (5.2.1-1) becomes approximately:

a I = 13,80 x 1072 napiers/cm
shear

a I » 19,80 x 102 napiers/cm
comp,

In evaluating acoustic-attenuation effects, the par-
ameter a = %? is of interest., Thus:

(.138)(.75) . 052
2

a | -
shear
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a ‘ -.i-198)é.775) = , 077

comp.

and from Fig, 5.,2,.1-2 it is seen that, for either mode, acous-
tic attenuation will be a negligible factor,

Now consider the signal-processing capacity, P, for
the two modes. Recall that (Eq. 5.1-5):

f' 1/2
v "‘/—( (5.3-6)
and since (Eq, 5.3-1):
1/3
D= wr/s(f;) (5.3-7)
then for a given value of W ;
We/3 131 ok
P = _é sl (503-8)

1' - fi for shear mode

fc - fi for compression mode

473

e OO

and finally, using Egs. (5,3-2) and(5.3-3):

P, T 1P (5.3-10)

Thus although the sonic velocity of the compression
mude is greater than that of the shear mode, it nevertheless
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provides for a greater processing capacity and is thorefor@
optimal, fThis will be discussed further in Sec, 5.5.

Now consider the optimal liquid light modulator med-
ium, This has been shown (Lambert 1965) to be distilled wa-
ter. A realistic maximum frequency for this medium is (ibid)
50 MHz, which implies a bandwidth of 25 MHz if the transducer
is properly loadrd. The sonic velocity in distilled water
is approximately 1500 m/sec, and if P, is the maximum pro-
cessing capacity for s distilled-water light modulator then,
vsing the optimal mode of propagation:

re = (30)7° (520)/* s, = 100,

Thus the processing capacity can be increased by a
factor of ten with the use of a fused-silica light moculator
and piezoelectric quartz transducers. Using Eq, 5.1-4 or
5.1-3, it is easily seen that:"

M=N2 185 antenna elaments

and, for this operating frequency, the bandwidth of the piezo-
electric quartz transducer bonded to the fused-silica light
modulator would be, without any additional transducer loading:

B = 150 MHz
Finally, the transducer width in this configuration would be:
b= _4mm

and, from Fig. 5.2.2-%, the smallest value of transducer
depth which would be made necessary by internal-refraction
effects is approximately:

L=1mm
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5.4 MAXIMIZATION OF SIGNAL-PROCESSING CAPACITY:

FUSED-SILICA MEDIUM

In Sec, 5.2.2 it has been shown that internal-refrac-
tion effects can be made 'egligible by reducing the trans-
ducer depth, and the smallest depth which would be necessary
has been found to be:

2
noS

Lopt = xff

(5.4-1)

In this rection a second criterion for the minimum
transducer depth is now introduced. This is vhat the trans-
ducer depth can be made no smaller than its wid:h, It can
be seen from Egs. (5.2.4-2) and (5.2.4-5) that if the trans-
ducer depth were made any smaller, then in addition to the
effects of beam spreading in terms of the variable y (Fig.
5.2.4-1), which can cause cross-talk between adjacent chan-
nels, it would also be necessary to consider the spreading
of the ultrasonic beam in terms of the variable z (Fig.
2,1-2),which defines the direction of light propagation,

Thus, using this criterion, and applying the con-
straints mentioned at the beginning of Se~. 5.3 (i.e.,, M=N
and W =6 in,) the signal-processing capacity of the fused-
silica light modulator will be evaluated., It will be seen
that tbe frequency range in this case will neccssitate the
use of evaporated thin-film ultrasonic transducers, Al-
though not yet proven experimentally, it will be assumed
that the transfer characteristics are linear, and that
light-modulator bandwidths of the order of 50 per cent of
the resonant transducer frequency are possible,
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In this case let:

2 b
P i
A2
. b
and since (Egs, 5.2.4-4 and 5.2.4-1) s
W
5
then: 2 s
n
b =10 -(2) (£)
But: /d s 3/5
M=N D= W
= fi)
thus:
: n \3/4
fi= wi/* _;‘Q) (5.4-1)
and using the values;
W = (6)(2.5% x 1072) = ,1524 ;
i . A = 6328 x 1071°
n, = 1.46
equation 5,4-1 becomes:
£f,=9.45 x 10* s (5.4-2)
Now using the values:
S' = 2760 m/rec
shear '
sl = 5068 m/sec (5.4-3)
comp,
L] -95-
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it is seen that:

Cc

which could be achieved with the use of evaporated thin-film

transducers (Foster 1965)

We now consider acoustic-attenuation effects.

Since:

shear

comp .

£ = fil = 356 MHz

£ = fil = 564 MHz

D= W2/3<§-)1/a

and, for both the shear and compression modes:

£

ithen the aperture length,

1

Q.45 x 104

D, will be the same for both

cases, Thus for a 6 in, aperture width:

D= .,632 cm

In Sec, 5.3 it has been shown that the acoustic atten-

uation will be:

a | = 3.45 x 10" f;’ napiers/cm

shear

a | = 2,20 x
comp,

thus
a| = kb

shear

-8 g2

napiers/cm

napiers/cm
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#

a| = .697 napiers/cm : £

comp,
and the attenuation factor a = %? is:
a| = ,155
shear
ai = 220
comp,

It can be shown (Lambert 1965) that for values of the
attenuation fact.r such that a { ,32 the first minimum will
be at least 20 db below the peak and the broadening of the
main lobe will not be greater than 1.5 per cent, Thus the
values obtained for "a" in this case,while not negligible, do
not represent a serious degradation in the structure of the
diffraction pattern.

In determining the processingy capacity of the two
modes, it is seen that since (Eq, 5.1-4):
£.
D i
M-N:-a——é— (5.4‘5)

then for either mode tle maximum-size antenna will be the
same. The processing capacity however is given by:

P=MXNXB

and therefore:

Thus, as in the previous section, the compression mode is op-
timal because it permits operation at higher frequencies,
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In comparing this configuration with the optimal lig-
uid light modulator we have, for any aperture width W

7/3 4/3
P, = 56“ A (; - ~ 30P
In this case the antenna size is (Eq 5 4-5)
M=N2 290 elements
and, assuming a 50 per cent bandwidth:
B X 250 MHz
Finally, the transducer dimensions would be:

b=LZJI .3 mm

5. § SUMMARY AND CONCLUSIONS

The purpose of this section has been to optimize the
design of an electro-optical array-antenna processor using
a fused-silica light modulator, and then to compare the re-
sulting signal-processing capacity with that which could be
obtained with the optimum liquid light-modulator medium,

One of the major considerations in the fused-silica
light modulator concerns the optimum mode of propagation.
It has been shown that, in spite of the fact that signal-
processing capacity (Eq. 5.3-8) will decrease with an in-
crease in sonic velocity, the compression mode, which pro-
pagates at a higher velocity than does the shear mode, is
consistently optimal. The reason for this is that in both
Sec. 5.3 and 5.4 the compression mode permits operation at
significantly higher frequencies, Thus. because of the ex-
ponential relationship between P , § , and £, (Ea. 5.3-8),

-98-~
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the high-frequancy capability ¢f the compression mode more
then makes up for its greater sonic velocity,

With regard to the comparison betwesen solid and liquid
media, it has been shown in Sec. 5.3 that, using plezoelec-
tric quartz-crystal transducers, electro-optical processors
using fused-silica light modulators could be applied to ar-
ray antennas with aperture-bandwidth prolucts ten-times as
large ss those which could be processed by means of 1liquid
light modulators. In considering the values of the acoustic-
attenuation factor and the minimum tranaducer depth which
have been obtained for this configuration, it appears that
these results do not represent the absolute limits; that {-,
higher frequencies, and therefore greatar processing capac-
ities, would still be possible in fused-silica light modula-
tors before the reatrictiona imposea by acoustic attenustion
and internal refraction would be felt.

In Sec. 5.5 the limits imposed on high-frequency opera-
tion by the ultrasonic transducer have been resoved, and
these results rneem to represent the limit in processing
capacity which could be obtained with this light-modulstor
medium, In this case it has been ahown that the signal-pio-
cessing capacity could be increased by a factor of 30 over
that which could be obtained with liquid light modulatcrs,
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It has bewen shown that, under smal) aperture-band-
width conditions, the complex optical transmission function
of the slectro-optica’ proceasor will be separable in terms
of the epatial variables in ihe optical aperture., The re-
sulting light diffraction pattarns have hbeen obtained for
this case It will be seen however that in the large
aAperture-bandwidth case the transmission function becomes
non-separable,for which a mathematica. representation of
the resulting light distribution in the image plane has,
as yeol, not been determined. It is the purpose of this
chapter therefore to determine the effects of (. on separa-
bility on the output light distr S*ion and thereby extend
the applicability of the existing processor configuration
to the large aperture bandwid h case, Thus, although the
following sections deal with signal processing concepts
which have already been established (i.e., time multiplex-
ing, spatial multiplexing: see Sec. 2), the results, with
one exception, represent uriginal contributions of this
research. fThe exception mentioned refera to Sec. 6.2,
This section is i{ncluded because of the subsequent neces-
sity of considering the detaila 5f the time-multiplexing
process,

It wi 1 »l80 be shown that a degradation in peak
signal-to-noise ratio will cccur in the large .perture-
bandwidth case. A mathematical model describing the light
intensity in the image plane,vhen the input to the light
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modulator consists of samples of a random process, will
be derived. This model will then be 'sed to evaluate the
signal-to-noise degradation. On the basis of these results
it will be shown that a significant degradation will occur
only in the case of the spatially-rultiplexed linear array,
and that, in the case of the time-multiplexed linear array
and the planar array, the degradation will be negligible,

In this chapter the light-modulator medium is unspec-
ified,but it is assumed that the results of Chap. 2 will ap-
ply. Thus for liquids this assumption is seen to be valid,

and, on the bhasis of Chs. 4 and 5, it will be valid, the-
oretically, for fu: d silica as well. Experimental verifi-

cation of these assumptions will be dealt with in Chap. 7.

6.1 LINEAR ARRAY: SPATIAL MULTIPLEXING

A plane wave of unit amplitude and duration T inci-
dent at an angle 6 on a linear array antenna whose elements
are separated by a distance § will cause signals to appear
3t the outputs of the antenna elements with iticremental time
delay between adjacent outputs given by (Fig. 6.1-1):

6 sin 6

AT E ] ———c-—— (6. 1—1)

where ¢ = velocity of electromagnetic propagatioun

Hence information concerning angle of arrival is contained
in the incremental time delay AT .

It is assuwmed that the carrier frequency of the re-
ceived signal) includes a Doppler shift fd . Thus if the

transmitted frequency is f the riceived signal frequency

c s
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*

will be: f: ,fc + fd » and the output of the zeroth antsnna
element can be written as:

Pp(t)sin enf t (6.1-2)

where Pp(t) is a unit amplitude time function of duration T,

The output of the pth antenna element will be:
Pn(t-pAT)sin enf_(t - par) (6.1-3)

if however the antenna aperture bandwidth product is small,
then:

T >> N|at| (6.1-4)

nax

and the delay ir the signal envelopes can be neglected (Lam-
bert, Arm, Aimette 1965). Thus the output of the pth ele-
ment can be vritten in approximate form as:

PT(t) sin 2nfr(t-pAT) Q(6.1-5)

and it is seen that the angle information is now contained
in the incremental phase shift between adjacent outputs
which is given by:

A® = 2mEf AT (6.1-6)

The diffraction patterns resulting from spatially mul- -
tiplexed signals of the form of Eq. (6.1-5) have been ob-
tained and the results are presented in Chap., 2. It is
seen however that, when the aperture bandwidth product is
large, Eq. (6.1-4) will not hold and the approximation of
Eq. (6.1-5) will no longer be valid, Thus under large aper-

=103~
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ture bandwidth conditions it will be necessary to determine
the diffraction patterns which are obtxined when the relative
displacement in signal envelopes is taken into account

* * *

In the spatial-multiplexinc process, N antenna out-
puts serve as separate inputs to an N-~channel Debye-Sears
light modulator (Fig. 6.1-2). It is assumed, however, that
before being spatially multiplexed the signals are pre-pro-
cessed in order to increase their amplitudes and to reduce
their carrier frequency. Realizing that heterodyning to a
frequency fo consigts of first multiplying the signal by
a coherent local oscillator signal of the form sin 2n(fc—fo)t,
and then taking the difference frequency component by filter-
ing, it can be shown that the input to the pth light-modula-
tor channel after amplification and heterodyning will be a
signal of the form:

V Pp(t-pAT)sin 21r(fit- PATE ) (6.1-7)

where:

fi = input frequency = fo + fd
f° = intermediate frequency

Vh = peak voltage amplitude for all values
of index p

and, for convenience, Eq. (6.1-7) can be re-written as:
V Prn(t-pAT)sin 27r[fi(t-pA'r) - PAT(f, -fi)]

= VPp(t -pAT)sin 2n(f, (t-pat) - py]  (6.1-8)

-104-




————g =

COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABORATORIES

-3 22 -1 0 | 2 3
- o o Q ? Q ? [o) (o] o oo —»
ULTRASONIC
LIGHT TRANSDUCER
MODULATOR
MEDIUM /

TOTAL OF N
ULTRASONIC
CHANNELS

v ik S 8 -_EA‘ .] : L

ABSORBER

OPAQUE
SEPARATIONS

ULTRASONIC CHANNELS : WIDTH b ;
SPACING 8.

A-321-5-0426

FIG 6.1-2 N - CHANNEL DEBYE - SEARS LIGHT MODULATOR

-105-



o |

COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABORATORIES

where:

Y = (fr- £,)AT = (fc-fo)Ar

Now an input to the Debye~-Sears light modulator of |
the form: :

8in 2nfit |

will be transformed into an Ultrasonic trezseling wave of the
form:

X
‘sin 21rfi(t - 8)

where:
& = ultrasonic velocity of propagation

Thus the electrical signal (Eq, (6.1-8)) will, at some instant
of time, result in an ultrasonic signal of the form:

Pd(x+pr) sin 2n £(x4pAx) + py] (6,1-9)

where Pd(x) is a unit amplitude spatial function of
length q, '

d = ST

£
f = —s-i (spatial frequency)

AX = BAT

and, at gome instant of time, the ensemble of ultrasonic
8signals in the Debye-Sears light modulator will appear as
shown in Fig, 6.1-3. It is seen that the pulse envelopes
are skewed across the light modulator along a line described
by the equation:

=106~ R
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and the incremental displacement between adjacent ultrasonic
signals is given by:

AX = SAT =A3 (6,1-11)

Thus,using Eqs. (2.1-4), (2.1-7), and (2.1-9), it is seen
that the contribution to the positive first order light am-
plitude in the image plane from the channel located at y=ps
(Bq. 6.1-9) will be: -
d b
¥ ~PAB+Z PB+3 jen[£(x+ pAB)+py] -j2mux -j2nvy

§p(u,v) =5 f' 4 J pe e e dxdy
X=-p\B~7 y=pB-I '

(6.1-12)
et €=x+p\8, n=y-p3 and:

§p(u,v) == e e déan

d b
-42 -BAu-y) 2 2 -j2mg(u- £f) -i2mnv
wf/,,, jerp(Bv-pAu v)f feJ g(u jam
e a
~3

(6.1-13)

The total first order light ampiitude will be (letting
, N Dbe odd for convenience):

(A5d)
Gl(usv) = Z g (u,v) (601'14).
p=- ("53‘)
Thus making use of the identity:
(Egi) jnz sin Y
2 e =
N-1 in
ne - (===) 8in 3
-108-
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¥ by

the positive first order light intensity will be:

n by sin nN(Bv-:pAu Y)
|6 (uv) |*= (—ﬂs ) ( sin m(Bv-BAu=-y) / °

2
(225

(6.1-16)

Consider this result in terms of the complex optical
transmission function, A separable transmission function
has been defined (Lambert 1965) as one which can be written

{
E as the product of two completely independent functions of
f the spatial variables in the aperture, That is, for a sep-
arable transmission function:
W (%,y) W_(x) W ()
J T (x,y) e =T (x) e T (v) e
& (6-1-17)
F
g and it is seen that in this case:
‘ : e v, (x,y) -j2mux  -j2mvy
E 6, (wv) = [ Jr (xy) e e e axay
-0) =00
® W (x) -jemux o« W, (y) -3ervy
= fT(x)e e dx: fT (3 e dy
L -0 1 -0
g ) (6.1-18)
| - Gl(u) Gl(v . 1-

Thus, under these conditions, the output light distribution
{ can be expressed as the product of two independent functions
of the output variables u and v .

This is seen to be true for Eq, (2,2-3) which has been

shown to result from a separable transmission function. —1In

e = L e —
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the large aperture bandwidth case however , 1t is easily

shown (using Egs. 6.1-12 and 6.1-14) that the complex op-
tical transmission function is:

N-1
Wy o, (2) _
T (x,y) e = 7z, rect(ﬁf—@) rcct(y—g-a') o
1 2 N-1 d b
p=-(53"
e:i27r[f(x+pAB)+ PY] (6.1-19)

which cannot be expressed as two completely independent func-
tions of the variables x and Yy Dbecause of interdependence
through the index of summation:; thus it is not possible to
express the resulting output light distribution (Eq. 6.1-16)
as the product of two independent functions of the spatial
variables of the image plane.

Now consider Eq. {6,1-16) term by term, In general,
an expression of the form:

sin 7N(Bv - A) y
sin m(Bv - A)

(6.1-20)

which is seen to be an optical analogue of the radiation pat-
tern of a linear array antenna, has a principal maximum along
the line v -% , grating lobes at v = & +§ , where n =

integer, and N-2 side lobes of width 3 in between each

8N
grating lobe (Fig. 6.1-4), Thus the function:
2
Sin TTN(BV- BAu -’Y) (6' 1_21)
sin m(Bv - BAu - vy)

is similar to that of Eq. (6.1-20) but its principal maxi-
mum, instead of running parallel to the u axis, is skewed

-110-
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along a line with slope equal in magnitude to that of the
slope of the ultrasonic pulses in the light modulator., More
specifically, the principal maximum falls along the line:

v = g + Au (6.1-22)

The grating lobes in this case, which are also skewed, run
along lines described by

V = Béfl + Au netl t2 etc, (6.1-23)

and along any cut parallel to the u axis, say at u = f ,
the function has N-2 side lobes, each of width —Blﬁ , be-
tween cach grating lobe (Fig. 6.1-5).

In considering the remaining terms in Eq. (6.1-6) it
is seen that the furiction

(d sin nd(u-f))2 (6.1-24)

md(u- f)

has its peak running along the line u = f ., Thus the dif-
{raction pattern will appear as shown in Fig. 6.1-6. Note

that since %)) Elﬁ , the main lobe of (b_Lsngvn_bv)? will

be relatively broad, and the only effect of this function is
a negligible (.ambert 1965) amplitude weighting of the peak
first order intensity which, since the observation region of
this electro-optical processor excludes the grating lobes of

Eq. (6.1-21), occurs at the point:
u=f (6. 1“25)

vedspu| =2+t

2] B

umf
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It is evident that the location of peak first order in-

tensity contains information concerning the Doppler frequency

and the angle of arrival of the signal at the antenna, The

measurement procedure and a comparison between the large and
small aperture-bandwidth cases will be discussed in the fol-
lowing section,

6.1.1 INTERPRETATION OF DIFFRACTIONS PATTERNS: LARGE AND
SMALL APERTURE-BANDWIDTH LINEAR ARRAYS

For convenience of notation the variables u and v
will continue to be used in describing both the output light
distribution and the measurement procedures. Actual meas-
urements of course would be obtained in terms of the lin-
ear spatial variables, x, and y,, which are related to the
output variables u and v by:

v e == (6.1,1-1)

where:
A = light wavelength

F = focal length of integrating lens .

In comparing the extraction of information from the
diffraction patterns which are produced under large and small
aperture-bandwidth conditions it is evident that the signal
duration, the number of antenna elements, and the length,
width, and spacing of the light modulator channels, would
not be the same for both cases; and therefore Eq. (2,2-3)
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cannot be compared directly with Eq.

(6.1-16) .

Nevertheless,

the form of the results for either case will not be a func-
tion of the actual parameter values.

small aperture-bandwidth cases will be compared by consider-
ing the expressions:

(i)

Large Aperture-Bandwidth

Ths the large and

2

"’; b sin 1rbv)2 sin TN(Bv - BAu- y)
l Gl(u,v) o= T( mbv ( sin Tr(f%v-BAU-Y))

(i)

where:

-116-

(i)

Small Aperture-Bandwidth

l GL(U,V) I2 = Tm

= received carrier frequency = fc + £

s

2

v2 (v sin mbv- [ 8in TNBv -

(6.1,1-2)

Thv

sin 7(Bv -

d sin md(u- f) ®
md(u - £)

A = BX _ 84T
a B

vw (£ = £ Jov

AD = 27rfrA1'

d

transmitted carrier frequency

Doppler frequency
intermediate frequency

5"

(6.1.1-3)

(6.1.1-4)
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In both cases, it is seen that the u conrdinate of
the peak first-order light intensity is located at the point:

f f f
o) d ‘o £
umfez+f=g+u, (6.1,1-5)
£
where uy = ?? is the displacement, in the u direction,
of peak first order intensity from the line u = ?f'. Thus,

since fo is a fixed known frequency, Doppler information
is contained in the displacement ug4.

The angle information, in both cases, is contained in
the v coordinate of the peak, This displacement, Vg is
given by:

(1) large aperture-bandwidth:

l -l -
v, =gz * Au 3+ AE (6.1,1-6)

usf

(ii) small aperture-bandwidth

v, = gﬂ% (6.1.1-7)
Using Eqs, (6.1.1-4) however:
YR (fc- £+ f°+fd) AR ¥
2~ B B s ~ptM
(6.1,1-8)

and it is seen that in both cases the peak first order in- ..
tensity is actually located at exactly the same point in the
image plane, Thus, in determining the angle of arrival (us-
ing Eqs., (6.1.1-4, 6.,1.1-5 and 6.1,1-6):
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f_ + su
c d\ é sin 6
Va I( B > ps (60 ln 1-9)

where 4 is the antenna element spacing, This distance is
generally (Skolnick 1962) one half-wavelength of the trans-
mitted signal, and since c = A.f. then Eq. (6.1,1-9) be-

comes:
f + su
- c d ) sin ] "
v, ( - ) T (6.1,1-10)
c
Hence:
28v
-1 a
6 = gin B (6.1,1-11)
1 + =9
f
C

and it is seen that an exact determination of # requires
knowledge of both coordinates of the peak intensity. Since
however;

Sud = fd << fc

then Eq, (6.1,1-11) can be written approximately (Lambert,
Arm, Aimette '965):

6 = gin=* (2Bva)

Although in both the large and small aperture-band-
width cases the peak first order intensity occurs at the
same point, the overall light distribution in the image plane
will not be the same. As shown in Fig, 6.1-7, the grid
formed by the nulls of the diffraction pattern will be rec-
tangular when the aperture-bandwidth product is small, but
will have a rhombic structure because of the skewing of the
ultrasonic pulse amplitudes in the large aperture-bandwidth
case,
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6.2 LINEAR ARRAY: TIME MULTIPLEXING

In this case the transmission function will always be
zeparable regardless of the aperture-bandwidth product of
the antenna, and the diffraction patterns produced in this
configuration have already beer. obtained (Lambert 1965). 1In
sec, 6,3 however, which ésals with the planar array, it will
be necessary to consider the time-multiplexing process in
some detail., Thus the time-nultiplexed linear array will be
discussed in this section,

Consider the case shown in Fig, 6,1-1, As shown in
Sec, 6.1, (Eq. 6,1-8) after amplification and heterodyning,
the output of the nth antenna element will be of the form:

VmPT(t- nAT) sin 2n(fi(t-nA1) - ny) (6.2-))

where the input frequency to the light modulator, fi , is
given by:

fi = fo + f4

In the time-multiplexing procedure (Fig. 6.2-1) each

antenna output is is passed through a fixed delay element;

the delay for the nth element, Tn , being such that:

T -Tn-T

n+1 D

where T is fixed.

D
The quantity Tp is the time separation between any

two adjacent pulses for a boresight signal., Hence, if the

pulse duration is T , then it is necessary to choose the

delay times such that :
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TD _>_ T +lar Imax

where

6 sin la[max

AT | = =

(6.2-2)

{6.2-3)

and Iell“ch in the maximum off-boresight angle that the an-

tenna is required to cover.

In general, for some arbitrary value of 6 , the time

separation between adjacent antenna outputs,

given by:

TS-TD+AT

Thus in a manner similar to that of Sec. 6.1 (Eq. 6.1-7

s ’ will be

(6.2-4)

et seq. ) the input to the light modulator will be a time

function of the form:

e (251

V(t) = 2 v, (t)
n=- (53
where

v (t) = VmPT(t-nT')sin 21r[fi(t-n‘r') - Y] (6.2-8)

and, at some instant of time, the ultrasonic pulses in the
light modulator will appear as shown in Fig, 6.2-2 in which

the separation between ultrasonic signals is:

d' - 8'1‘.

Note that the length of the light modulator must be

such that:
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