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ABSTRACT 

The use of fused-silica Debye-Sears light modulators in 

electro-optical array-antenna processing is investigated 

theoretically and experimentally, with the result that a 

significant gain in signal-processing capacity, over that 

which can be achieved with liquid lignt-modulators, is shown 

to be possible. It is shown that fused-silica light-modula- 

tors would enable electro-optical processors to be applied 

to square arrays consisting of more than 30,000 elements re- 

ceiving signals with bandwidths in excess of 150 MHz. 

The operation of the fused-silica light-modulator in 

the neighborhood of 00 MHz is investigated.  Transfer char- 

acteristics between electrical excitation and spatial modu- 

lation of light wave front are found to be linear, first-or- 

der light-intensity distributions are measured and found to 

be i.ea ly ideal,  and measurements of bandpass characteris- 

tics show that light-modulator bandwidths which are 50 per 

cent of resonant transducer frequency are easily achieved. 

The effects of internal  refraction on the electro-optical 

processor are determined.   For any given set of operating 

conditions,  a unique lower bound on transducer depth is es- 

tablished which minimizes  these effects.   The effects of 

cross coupling on closely spaced light-modulator channels 

are also investigated experimentally and results are found 

to be consistent with evaluation« of signal-processing capa- 
city. 

Large aperture-bandwidth array-antenna processing is 

shown to result in non-separable optical transmission func- 

tions for which the diffraction patterns are determined here 

for the first tine. Evaluation is also made of signal to 

noise degradation which would occur in this case, it is 

shown that this degradation would not be a limiting factor 

in the electro-optical processor. 
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I-  IWTRODUCTIQM 

LI    RiSSEARCH OBJECTIVES AMD RESULTS 

Th« object of the research for thi« thesis has been 

to inveatlgate th« operation of wideband fuaed-ailica Debye- 

Sears light modulator« and to consider thsir application to 

electro-optical array-antenna processing. 

The use of liquid Debye Sears light modulator» in 

electro-optical array antenna processing has already bten 

investigated. Electro-optical processors using liquid media 

have been synthesized, and it has been shown that this me- 

thod of array-antenna processing results in significant ad- 

vantages over purely electronic signal processing schemes 

employing phase shifting networks or delay lines.  The rea- 

son for considering üte use of fused silica is that, because 

of its lower acoustJc attenuation, this medium will penait 

operation at significantly higher frequencies than are pos- 

sible in liquids.  For a given optical aperture sise, the 

capacity of this electro-optical array-antenna processor im 

limited by the high-frequency capability of the Debye-Sears 

light modulator, and it will be shown that the use of fused 

silica would permit electro-optical processors to be applied 

to array antennas .ith aperture-bandwidth products more than 

ten times larger than those which could be processed with 

the use of liquids. 

1.2    ISVESTIGATICMS AND COMTRIBUTIOMS 

This conclusion, concerning the increase in process- 

ing capacity which could be obtained with the use of fused 

silica, has been drawn from the following theoretical and 

experimental results. 

-1- 
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1.  r.i« txuiutmr  charact«ri»tic«f relating mime tri- 

al  «xcitation with th« r««ulting spatial phaa« Modulation 

of the light wave frnnt, wer« darivad for a general «»r- 

frfioua-aolid Debya-Seare light »odulator for both shear and 

compraaaion modes.  The derivations included the effect of 

the light polarisation on the operation of the light modu- 

lator which must be considered because of stress birefring- 

ence, rhim  result exhibits the differences between solid 

and liquid light modulator«, since in liquids only compres- 

sion wsves are poaaible and the operation is independant 

of the light polarisation.  The relevant experismits in this 

case were concerned with verifying thst, for both »odes of 

sonic propagation« the relationship between electrical ex- 

citation and phaae modulation is linear. 

2. Firat-order light intenaity distributions re- 

sulting fro« diffraction of light by ultraaonic wavee in 

^»••^ eilica were measured and found to be nearly ideal. 

Since degradations in optical quality resulting fro» imper- 

fections such ss rssidual internal stresses and surface Ir- 

regular! tiea will cauae distortion in diffraction patterns, 

these measurements also aerve to establish the general fea- 

aibility of the uae of fuaed eilica in electro-optical pro- 
cessing. » 

3. Light-nodulator bandwidth« were measured for 

both shear and compression modes.  It wte found that light- 

modulator bandwidtha which are 50 per cent of the reaonant 

ultraaonic transducer frequency can be obtained in fused 

silica without additional tranaducer loading. 

-2- 
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k,       Ä« •ftmct  of internal rafractiorv was coniid- 

• r«d.  for »ny given Mt of operating condition« « uniqu« 

lower bound on trantducer depth wee establiehed, theoreti- 

cally for ■inimiting thle effect.  Thi« reeult wee veri- 
fied experiaentelly. 

5.  Experimente releted to the neoeeeery transducer 

apacinj in e aulti-chennel light-»odulator configuration 

*■?• performed.  Tha reaulta were found to be consistent 
with evaluations of processing cspacity. 

On the baeis of thea« theoreticel and «xperi- 

■ental results, ths design of the electro-optic^ srray-an- 
tenna proceesor using e fused-silice light aoduletor wee 

optimized with regard to aeximising tha processing cspac- 

ity.  The enalyeis assumed a square planer array and a mex- 

ir-ua optical aperture width of 6 in. 

Two seperste ceeee were considered.  In the 

firet« the use of piezoelectric quarts cryetel tranaducere 

was aaaumed for which en l»provement of e factor of 10 in 

processing capacity over thet which could be obteined with 

liquid» waa ahovn to be possible.  In this csse  the im- 

provement wee limited by the saximus transducer frequency 

and did not represent the lisdte which could be achieved 

with the fuaed-ailica medium. 

A aecond csse wss considered in Which ths tn 

ducer limitstions were rsmoved.  It wss found that, ideally, 

en improvement of s fsctor of 30 would represent the maxi- 

mum which could be achieved with this medium.  In this an- 

alysis the meirimum frequency wee in the neighborhood of 530 

NBe which, si though no experiments were performed, would 

theoretically be poesible with the uss of evaporated thin 

film treneducers. 

-3- 
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In UM optiaiSAtion of th« Amtiqn of th« light 
■oduUtor  it was n«c«saary to con«id«r UM roiationship b»- 
tw«on processing capacity and th« mod» of ultrasonic propa- 
gation.     Xt was  found  that« 

6.       For any   fixad  fraguancy tha «oda with tha  lowar 
aonic valocity will  raault in a graatar procaaaing capacity. 
Howavar»   although tha  aonic valocity of caspraaaion wavaa 
ia graatar than that of ahaar wavaa»  tha ca«praaaion »oda 
will  permit operation at aignificantly highar  fraquanciaa. 
Xt waa   found in  fact  that  tha axtant of  tha diffaranc«  in 
hiqh-traqu«ncy capability for tha  two moAmm was  auch  that 
a    largar procaaaing capacity could ba obtained with tha 
usa of cnaprassion wavaa.     Thus  in thia application  tha 
coapraasion «oda  ia optiaal. 

Xt was also nacaasary  to conaidar  tha probiaa 
of  tha extraction of  information  in this electro-optical 
proceaaor    under large aperture-bandwidth condition».     With 
rsgsrd to the specific results: 

7. A non-sapsrable  complmx optical  trensaiaaion 
function waa ahown  to occur under  large  apartura-bandwidth 
condition».     The diffraction  patterns %<hich would occur  In 
thia caae wars determined  and  their proper  interpretation, 
with regard to the extraction of angle information,  waa aa- 
tabliahsd. 

8. A degradation  in peak  signa'-to-noiaa  ratio was 
shown  to occur in  large  aperture-bandwidth procaaaing.     Hiia 
degradation waa evaluated by  firat deriving  a mathematical 
»odal  deacribing  the  light   intensity patterns  produced by 
randoa ultraaonic disturbances.     Xt waa  found  that  this 
model  was  consistent with  the operation of  tha electro-op- 
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tieal proc«t*or •• a »pmctrvm mnmlytMt.     OR th» baai« of 
this  *n*ly«l«  th« d*9rftdtti<8i of p«ak  •ign«l-to-noi»« ra- 
tio wmm «valuAtad.     It was   found  that thia Gradation 
would not ba a limiting  factor  for aithar UM planar-ar- 
ray or tha tiaaHBultiplax*d  linaar-array configuratlcrja.' 
tha uaa of  apatial Bultiploxlng  in linaar-array procaaa- 
inq  howavar could  introduca  aignifleant da^radatioa  in 
tha  larg«  apartur*-bandwidth caaa. 

In  all  caaaa.tha  raaulta concarnlnq  a.tplicationa  to 
alaetro-cptlcal procaaainq of array ant^waa conaidarad a 
procaaaor configuration t^iieh haa alraady b*an aatabliahad 
for   th«  «lactro-optical  procaaaora Mhich hava ba«n ayntha- 
aiMd.     for   rafaranc«  purpoaaa   tharafora,   it waa  nacaaaary 
to  includa  aoaa pravioualy aatAbliahad  raaulta.     Tha  aac- 
tiona which contain auch ■atarial.  Which doaa not  rmpr»mmnt 
original  contributiona of  thia  raaaarch.  will  ba   indicated 
in  tha  introductlona  to tha chaptara  in which  th*y appaar. 
It  im alao notad  that Appandiowa A and B do not praacnt naw 
raatUta    bat ara  include for oo^plat«n«aa. 

Iha  following  two chaptara  praaant  a raviaw of alac- 
tro-optical array-antanna procaaaing and tha raaulta of a 
literature  aaarch of  tha  topica  rolavant  to thia roaaarch. 
In Chap,   k  tha tranafar  charactariatica of  fuaad-ailica 
light  aodulatora ara darived.     Tha optiai««tion of  tha da- 
aign  of   th« clactro-riptlcal  array-antatuia proc«aaor «ad 
tha valuation of ita procaaaing capacity la daalt with  in 
Chap.   5.     A auaauury of thaaa raaulta in conciaa for«,  pra- 
••nting  r#lationahipa batwaan  tha  important   ayataa para»- 
• t*r«,   ta  alao includod aa a apacial appandix   (9).     Chap- 
tar 6 daala with tha axtraction of  information  in  larga 
apartur«-bandwidth alactro-optleal   array-antanna  procaaa- 
ing,   and  rapraaantativ«  «xaaiplca of  tha axpariawntal  data 
which wara otrtainad  in  thia  raaaarch ara praaantad  In Chap.7. 
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COiüMWA ÜNIVOWTY-ßJKrntONK» HCMAUCH LAfcOPtAfOniCS 

Thig   ••ction  pr«««nts • r«vl«v of  ths 
pTOOMSOr« «ploying  0.by«-S#«r»   U9ht Müulctort   (! 
•Mrs 1932) which tuv« bMn ayntlMaiMd   TwiitTfrT  1965). 
clu4*d  is « d««crlptlo«  of  ihm hmmie •lm:txo-optic*l eomtiq- 
uratlor «n^  tho nmcmummry »edification« «#hich hav« hmmn 
volopod to provid«  f«r signal procoaalo« of array ant«nna( 
(L«*ort( An« AUaott« 1965). 

2.1 

Äa «loctro-optical procaaaora for array antonnaa 
which hava baon  aynthaaiftod aaka uaa of  tho Oabya-Mara of- 
fset lit a  liquid       in  th« Oabya-taara offact a hmm of  light 
ia  apatially  pha«^ podulatad by an ultraao«.  s diaturbanca 
is a tranaparant «odiuai.     In this application, by sasns of 
ths spatial-viltiplsxlng sn4 ttas —Itiplsaiog procsaass. 
•« snss^ls of ultrasonic aiqnala  Is forasd In tha Dabya- 
^aara  light K>dulator whic^ la  locatsd  in   tha abjset pl«M 
of s eohsrsnt optical  configuration  (Pig.  2.1-1        Thua 
tha ultraaonic  aignal  anaa^bla ssrvsa ss tho oo^tlss optl- 
©«1  trsns^saion function    ( Chsathsa 195», Cotrona I960) of 
ths eohsrsnt conflgurstloo sad«  for s  light  w&mm proAic- 
log  a  plana wava  of  e^n^tant   «mplituda   ovr  tha optical   ap- 
artur«.   tha  light diatrlbution  in  ths  imags plsna  ia givsn 
toy  (lom  and »olf   196*)• 

•Mtt.v) - K J Jtin.f) s^«»^ #-J2»tt« #-j2«nry ^ dy      {a!Aml) 

• f 
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K = a complex constant 

T(x,y)  e^^*y'  = the complex optical tranemiBBion func- 
tion formed by the ultrasonic  signals, 

and integration is performed over the entire optical aperture« 
Whose spatial variables are    x    and    y. 

The output variables in the  image plane are given by: 

x 

■KF 

•KF 

where    x      and    y      are spatial variables with the same units 
as    x    and    y,     and: 

>v ^ light wavelength 

F - focal length of integrating lens 

It is sometimes convenient to include the optical ap- 
erture dimensions  in  the amplitude of the transmission func- 
tion,    T(x,y).     In addition,   it will be  seen that the rela- 

tive spatial light distribution,  which can be defined as: 

G(u,v)  « Sli^A 

is the qua     ity of interest in this  method of signal processing. 
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Thus,  Eq.   2.1-1 can also be written   : 
00 00 

•(«.»)  - Uli») . /   / T(x,y)  JK*.T} e-^ux e-j2lrey 
K —QO     —CO * 

(2.1-2) 

Consider a single channel liquid light modulator (Pig. 

2.1-2).  The piezoelectric transducer, which has been cut 

to vibrate in the longitudinal (comprcssional) mode, will, 

when excited by an electrical signaJ, gererate a traveling 

pressure wave in the liquid medium with characteristic speed 

8.  For a sinusoidal input of frequency f.   it can be 

shown (Raman and Nath 1936, Phariseau 1956) that the pres- 

sure vave will cause spatial perturbations of refractive in- 

dex so that, at some instant of time, the index of refrac- 

tion n(x)  can be written: 

/ \ f*x 

n(x) « n - ü sin 27T _i, 
0 S (2.1-3) 

wherei 

n
0 - equilibrium value of index of refraction 

kV m 

Vm = peak voltage of electrical signal at ultrasonic 
transducer 

constant 

In this electro-optical processor conditions are such 

that, to a first approximation, a ray of light normal to the 

surface of the light modulator will experience a uniform in- 

dex of refraction in propagating through the medium (Raman 

.■ 

-9- 
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LIGHT 
MODULATOR 
MEDIUM 

ABSORSER 

OPTICAL   STOPS    DEFINING 
APERTURE    OF  LENGTH    D 

PHASE   FRONT 

2^      ^{x)»^miin2irfE 

PIEZOELETRiC   TRANSDUCER 
OF    DEPTH   L 

V(t) = vmsin ZTTf^ 

Y     DIMENSION   OUT  OF  PAGE 

A-32I-S-0282 

FIG. 2.1-2    SINGLE-CHANNEL    DEBYE - SEARS   LIGHT   MODULATOR 
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and Math 1936). Thus in thia caa«, if th« inexdent light ia 

a plane wav«, the emerging wave front will have a ainuaoidal 
apatial phase variation with the peak phase deviation given 
by  (Raman and Nath 1936): 

and 

■ m 
27rnL 

X ■ light wavelength, 

L « length of light path 

(depth of ultrasonic transducer) 

It is seen therefore that for an aperture of length D (dimen- 

sion in the direction of sonic propagation) and width b, the 

complex transmission function at some instant of time ist 

j^(x,y) 
T(x,y) e 

where 

rect f«) e 
■W sin 2iTfx m 

rect ( i) (2.1-4) 

»ot (| ) 
z|< | 

0 otherwise 

• 

S spatial frequency (cycles per meter) 

Now in this electro-optical processor measurement of 

the light distribution is done by means of photodetectors. 

Therefore the output light intensity, | G(u,v) \s ,     is actu- 

ally what is observed.  In addition, the relationship: 

-11- 
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Df »   1    will always hold.     Hence,  making use of the  identity: 

j^sin Srrfx 

P-- 00 

J  (i/  )e 
jgTrpfx 

where 3 (fj     i8 the p
th ord-r Bessel function with argument 

*ro'  it i8 ea8ily shown that: 

G(u,v) | _/b sin 7 
\     Trbv 

in Trbv^ 
= —a» P- - s (v».)' "* %t$P c-1-" 

Thus the sinusoidal phase modulation of the light wave 

front gives rise to an infinite number of poaitive and nega- 

tive diffraction fringes,  it will be seen however that 

only the first-order light intensity is of interest and, in 

fact, it is desirable to suppress all higher orders.  Consid- 

,  it is well known that for small 

and therefore 

ering the function J (rfr ) 
A  q       P m 

m   rm   2*qi Jo : 1' 
~ Ym 

J -4 
J

2'
:~W    etc-  Hence* using this relationship, it has been 

shown (Lambert 1962) that if  V'n, £ .2 all diffraction orders 

for p > 1 can be neglected and the i-elative output light 
intensity becomes: 

A G(u,v) |g,[b sin Trbv \     /D sin TTDU^ 

Trbv       J     \      TTDU 

/b sin 7rbv\       K*       fp ain ^(u-f)^ 2 / D sin 7rD(u-ff) 
7rD(u+f) 

(2.1-6) 

-12- 
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Jz « For small z, eJ    ~ 1 + jz. Thus, because of the con- 

be written: 
straint (Vm < .2)  on peak phase deviation, Eq. 2.1-4 can 

T(x,y) .W**)   - rect(|) rect(^) 1 + -^ 
,f ^to* _e-j2.^ 

(2.1-7) 

and the positive first order light intensity, | G (u,v) 
which in this case is 

I Ox(u,v)  | (b sin Trbv ]     ( D sin 7rD(u-f)  ) ' 
TTbv /        \ 7TP(u-f) /      ' 

_m [h  sin rrbv 
4 (2.1-8) 

is seen to result from a complex optical transmission func- 
tion given by: 

v     j*,(x,y)      Vm x      J27rfx v 
Tx(x,y)  e     1 =-f rect  (|)   e rect  (J)       (2.1 -9) 

2.2    LINEAR ARRAY ANTENNA I  SPATIAL MULTIPLEXING 
' 

A plane wave incident at an angle 0 on a linear ar- 

ray antenna whose elements are separated by a distance 5 

will cause signals to appear at the antenna-element outputs 

with incremental time delay between adjacent outputs given 
by (Fig. 2.2-1): 

AT: 6 sin 9 

where c = the velocity of electromagnetic propagation, and 

angle information is contained in the incremental time delay 

AT.  For a signal of duration T,  if the aperture bandwidth 
product is small then: 

T » N | AT max (2.2-1) 

i 

-13- 
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. 
ANGLE   AXIS 
(BORESIGHT ) 

TARGET 

— TO-(^)    ...     * 

2 

X > ARRAY   ELEMENTS 

... »(^i) 

PRE - PROCESSING 
().«. AMPLIFYING 
AND  HETERODYNING) 

PpO)        I.F.  SIGNALS 

3=r 
.        UinB 

£Äf'   e 
ENSEMBLE  OF 

-♦  DELAYED  PULSE 
AMPLITUDES 

■ 

m 

A-32I-S-C .29 

FIG. 2.2-1    LINEAR  ARRAY   SHOWING   DELAYED   PoLSE  AMPLITUDES 

-14- 



COLUMBIA UNIVERSITY-ELECTRONICS RESEARCH LABORATORIES 

wh«ro    N    is  the number of elfements  in the array.     Undar  the»« 
conditions,   the diaplacaaant  in pulae amplitude« can be  ig- 
nored  to a good  «ppiaxiroation   (Lambert,   Arm,   Aimette   1965. 
Lambert  1965)**nd the angle  information can be conaidered to 
be contained  in  the   incremental phase  shift between adjacent 
carriers which  is given by: 

A# - awf^r (2.2-2) 

wheret 

f ■ carrier frequency of received signal ■ f, + fj 

f ■ carrier frequency of transmitted signal 

f. ■ Doppler frequency 
o 

After amplification and heterodyning, these signals 

are used to excite the  piezoelectric  transducers  of an 

N-channel Debye-Sears light modulator (Fig. 2.2-2) which is 

located in the aperture of a coherent optical configuration 

(Fig. 2.1-1). 

In the light modulator the spatial frequency of the 

ultrasonic signals is: 

f ■ -# (cycles per meter) 

where 

f « frequency of electrical signals 

exciting piezoelectric transducers 

S ■ sonic velocity 

-15- 
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LIGHT 
MODULATOR 
MEDIUM 

TOTAL OF N 
ULTRASOMC 
CHANNELS 

OPAQUE 
SEPARATIONS 

ULTRASONIC 
TRANSDUCER 

ABSORBER 

ULTRASONIC   CHANNELS  : WIDTH   b ; 

SPACING ß 
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FiG 2.2-2 N-CHANNEL DEBYE - SEARS LIGHT MODULATOR 
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and 

fl - 'o + «d 

f0 - intenaediate frequency. 

Since the incremental displacement in pulae M^lif idea 

is ignored in this approximation, the M spatially Multi- 

plexed signals can be assumed, at some inatant of time, to 

appear as shown in Pig. 2.2-3.  It is seen that tha ultra- 

sonic signals are assumed to be aligned, and fom a rectangu- 

lar pattern in the light modulator whose length, given by 

ST , 

is equal to the ultrasonic pulse length.  Note that sinca the 

quantity A0 undergoes no change in heterodyning, the phase 

increment between adjacent ultrasonic signals is given by 

Eq. (2.2-2). 

As shown in the previous section, the ensemble of ul- 

trasonic signals imposes a spatial phase modulation on the 

wave front of the incident light.  The resulting positive 

first order light intensity can  be shown to bes 

'sin 7rH(0v-^ 

Ox(a,v)|
a _ (b »i» Trbv | 

*  \   TTbV   / 

2n 

.sin Ttev-H) 2n 

in ffD(u-f) ) s 

TrD(u-f)  / 

The function sin rrbvV (2*2"3) 8
7r^v 'j       imposes a negligible amplitude 

weighting on the first order intensity and can be ignored 

(Lambert 1965). 

Thus it is seen that the information concerning 

-17- 
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•hift and an^l« of  arrival  of  tha alactroaM^netlc 

at  tha array antanna la tranafonaed Into tha location 

firat-ordar  li^ht  intanaity which occurs la the 

pi ana at  tha pointi 

of paak 

u -  f 

2Re 

Thm actuvl ■aaaori—nt proca^-araa in this caaa, aa «all 

aa for tha tiaa-aultiplaxad  linaar array and tha planar array, 

will ba daalt with  in aora datail  in Chap.   6 which canaldara 

tha axtractiun of angla  inforaation undar larga and small ap- 
art ur a- bandwidth conditional 

«.3 WLT^PLBXpiG 

of alactro-optical procei.aing of  linear^ 

array aigrala  inwolwaa tiaa aultiplaxing the antanna-element 

outputs and than paasinq tha raaulting tiaa  aaquence  into a 

■InqI«-channel   light  modulator. 

Hw tiaa-eult iplexinq  procedure   is  dlagratnnwid  in 

fia.   2.3-1.     Each antanna output   ia paaaad through a  fixed 

Ta,    I ling 

t«nna  output    ia 

(lay sleaant.   the delay  for  the  n*^ 

such thati . 

T -  T    •  T (2.3-1) 

wf-mtm     T-^ U 

ity   t tisM  aeparation 

two ad)jeen»   pulaea  for a borealght  signal,     ■aooa,   if the 
fMile« duration  la    T,   It    ia    neceaaary  to chooee    the 

-19- 
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■ 

!.F. INPUT 
SIGNALS 

N DELAY  LINES 
(FIXED  DKLAY) 

TO SINGLE - CHANNEL " 
LIGHT MODULATOR 

= THIÄE MULTIPLEXED 
. SEQUENCE   FROM 

*   LINEAR   ARRAY 

Tn +1 " ^n * TD 

T.s TD+AT 

• • • •     • 

I 1 

A-32I-S-0427 

FIG. 2.3-1    TIME   MULTIPLEXING : LINEAR   AfWAY 
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delay time auch that 

V   T+lATlmax (2.3-2) 

where 

i AT i 
ö sir 1 Ö 'max 

max (2.3-3) 

an(i    'e'max     is the "^xim^"1 off-bortsight angle that the an- 
tenna is required to cover. 

■ 

In general, for some arbitrary value of 6,    the time 
separation, T . between adjacent antenna outputs will be 
given by: 

T - TD + AT (2.3-^: 

« 

As in Sec. 2.2,   the signals are assumed to be heterodyned 

to an intermediate frequency and, after time multiplex- 

ing, the input to the light modulator can be shown tc be 

of the form: 

where 

V(t) -,    S v ft) 

n"- ^ or) 

(2.3-5) 

vn(t) " vo(t " nTs - »V) 

7 - (fc - fo^ ^T 

(2.3-6) 

-21- 
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and, at some instant of time, the ultrasonic pulses in the 

light modulator will appear as shown in Pig. (2.3-2) in which 
the separation between ultrasonic signals is: 

ds - STS 

and the ultrasonic signal length ist 

d - ST. 

In a manner similar to that of Sec. 2.2, the resulting 
first-order light intensity in the image plane can be shown 
to be: 

G(u,v)|2-!^ (h  ain nhA *   (}  ain ^(u-fA g /»in TrN(ud8-t-7)^g 

4  \  Trbv  /  \   .dCu-f)  /  \ sin nindB+y)t 

Note that in this case since Doppier information is contained 
in the peik of the amplitude-weighting function! 

(2.3-7) 

(d sin 7rd(u-f)y 
7Td(u-f) / 

it cannot be recovered because peak  first-order intensity is 
determined by 

C 
iin 7rN(ud   + y)\a 

S 1 

sin 7r(ud   +-y) 

independent of any Doppier shift. Thus only angle informa- 
tion can be obtained from the time-multiplexed linear-array 
configuration. 

-22- 
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T 

X--0- 

D 

NOTE : 

PHASE  SHIFT   y iS  NOT 
INDICATED  IN DIAGRAM. 

X 

1 
1 

■♦ y 

T 
V(t) 

( TIME-MULTIPLEXED   SEQUENCE) 

INCIDENT   LIGHT   INTO    PAGE 3 
A   321-50292 

FIG.2.3-2   SEQUENCE   OF TIME-MULTIPLEXED   PULSfS   IN SINGLE-CHANNEL 
DEBYE-SEARS  LIGHT   MODULATOR 
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2.^    PIANAR ARRAY ANTENNA 

Consider a plane wave incident on a planar array an- 

tenna with M rows and N columns (Fig. 2.4-1).  The angles be- 

tween the wave normal and the rows and columns of the ar- 

ray will be, respectively,  90-6  and 90-9 , which will re- 

suit in incremental time delays between adjacent outputs in 

any of the rows of the array gi.en by: 

6  sin 0 . 
AT  -_y i 

y    - (2.4-1) 

and between adjacent outputs in the columns of the array giv- 

en by: 

AT. 
6X  sin ex 

(2.4-2) 

The planar array therefore permits two-dimtmsional an- 

gle information to be extracted from the incident wave. 

In order to form a complex optical transmission func- 

tion from the planar-array signals it is now necessary to em- 

ploy a combination of the time-multiplexing and spatial-mul- 

tiplexing processes which have been described in the previ- 

ous sections.  More specifically, the M signals from each of 

the N columns of tne array are time multiplexed as shown in 

Fig. (2.4-2) such that, in a manner similar to Sec. 2.3, the 

fixed delay TD  given by: 

T   - T n+i    n (2.4-3) 

is such that 

-24- 
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FIG. 2.4-1      PLANAR   ARRAY  WITH   INCIDENT PLANE   WAVE 
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I.F. INPUT 
SIGNALS 

1 
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M DELAY  LINES 
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LIGHT  MODULATOR 
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A-32I-S-0428 

FIG. 2.4-2   TIME   MULTIPLEXING   SIGNALS   I ROM   p,h COLUMN  OF PLANAR ARRAY 
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and the time separation between pulses is; 

Ts = TD + ATx 

Hence, atter amplification and heterodyning, the out- 

put of the p  column of array elements is a time function 

which can be written: 

Vp(t) 

{*£) 

n.-(^) 
s v*' 

- 

and which serves the input to the pth channel of the N-chan- 

nel light modulator.  In this way the complex transmission 

function consists of N spatially-multiplexed sequences of M 

time-multiplexed signals.  As in Sec. 2-2, the aperture-band- 

width product is assumed to be small enough so that incremen- 

tal displacements of pulse amplitudes between signals in any 

row of the array can be ignored.  Thus, for any row of the 

array, the amplitudes of the corresponding ultrasonic signals 

are aligned across the width of the optical aperture (Fig. 

2.4-3) and the signal ensemble is rectangular. 

The resulting light-diffraction pattern for this con- 

figuration ,has been detemined and it has been bhown that 

two-dimensional angle information can be obtaineo from the 

location of peak first-order light intensity. 

. • 
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3.  LITERATURE SEARCH 

3.1    ELECTRO-OPTICAL AND ELECTRONIC PROCESSING 

FOR ARRAY ANTENNAS 

Because the array antenna is a stationary structure in 

which the beam is steered electronically, it can produce a 

narrow beam, capable of high angular resolution, which can ra- 

pidly obearve large volumes of the sky (Allen 1962).  It is 

seen that a mechanically-steered dish with the sams capabil- 

ity would need to possess a huge inertial mass and, at the 

same time, high maneuverability.  Thus the array antenna is 

at present of great engineering interest (Allen 196^,Kraus I958). 

Although electronic scanning permits the antenna beam 

direction to be changed very rapidly there are also require- 

ments which make it necessary for the antenna to for» Multi- 

ple beams to provide for simultaneous coverage of many angle 

resolution cells (Allen 1962).  Under these conditions it is 

necessary to employ many sets of phase-shifting networks, 

each set having its own incremental phase shift correspond- 

ing to a given angle-resolution cell, which permit the an- 

tenna to be pointed in many directions simultaneously 

(Schnitkin I960, 1961).  It is easily shown however that, for 

an angle resolution of one degree,* approximately ID8 phase- 

shifting networks would be necessary in order to provide for 

± 60 deg angular coverage.  In addition, purely electronic 

signal-processing schemes may become uore complex under large- 

aperture bandwidth conditions in which case it becomes neces- 

sary to employ delay lines rather than phase-shifting net- 

works (Allen 1964, Sklar I960, Payne 1964). 

* There are at present requirements calling for much nar- 
rower bearawidths than this (Allen 1964). 
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Onm mppromch to thia prdblmm (Iwiiirt 1965) 
pmm to b«  • Mthod of  r««ll«tn«j  th* potential  of UM *rr«y 
•nt«nn* without n*o«aalt«tlA9 »iinai-pcocoaai»« mtho4» of 
too froat coaploxity «aploy« a ooharont olociuo-aptloal 08«- 
flgur.tlcm   (Cutrooa I960).    tlM MthaaaUcal raUtlaM^ip 
iMtwaan tha light ÜUgtHHJ«  U tl» oli)act an« ija^a plmm 
of  tha coharant optical configuration  (Oitrona I960,  Worm 
«nd »olf  196*)   ia  Ktentieal  to that «hich  r«l«r««  tha »If 
nala at tfca «iamota of an array antonna to tha roaultinf 
fiir-fi«ld rndiation pattorn  (fchallnmoff  19*9. ülvor  19*9). 
Thta  relationship  ia aad« UM of  in  tha alactro-optic»!  pro- 
caaaor  for array an tenn«a, which pt'0#ioaa an optical  analog 
of tha antanna pattarn and ia capafela tharafora of fotalaf t 

aiaultanaooaly»  a contmuoa of all poaaihla antanna haana 
without introducing  angla-^antlalng arror   (Allan 1959) 
which normally  raaulta fro« tha uaa of phaaa-ahiftiog oot- 

worka. 

Aa  a  raault of  tha  raaaarch which haa bam  applied 
^o alactro-optical  aignal  procaaainq,  alactr^-optical  pco- 
caaaore  for  array antennaa have baan  aynthaaiaad  (Laabart. 
Am,  Alaatta  1965)   and  it haa bean  ahown  that a aingla alac- 
tro-optical   procaaaor would ba  raallatically  capable of  pro- 
casainq an array  antenna  in which  tha äquivalent alactranic 
procaaaor would  require  appro«l«ataly    200,000,000 phaae 

ahiftlnq networka. 

3.2 L£MITATIQWS   QW  ELgCTRO-OPTICAL AAAAY-AgmMA  fWOGMtH 

In tha alactro-optical array-aetanna procaaaor,   tha 
aignala at tha outputa of tha antenna alaaanta are combined 
by neans of Ua* »ultlplexing  and  apatlal  aultiplaxing  to 
fona a coaplax optical   trananlaaion  function   (Cutrona I960. 
Chaathaat 196*)  conaiatlng of ultrasonic aignala in tha 
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by*~ftMra Ufbt aotelatar.    On thm mmmmption that thm trans- 
formation fro« «loctrlcal to acooatic «Mrgy i« !!»•«-,  tha 

of ultraaonlc algnala in tha  light noduUtor  ia  «n 
rapllca of tho «lactric algnala which appaarod at tha 

lha atgna 1 -prooa— if capacity of tha «loctro-optical 
hm» baon dafinod in taraa of tha —i— nunbor 

of  antonna alaaMO.s and  eh« »«xiaua bandwidth aignal which 
caA bm prooaaaod.     Lany« bandwidth and high-fraquancy op«r- 
ation «r«.  howawar«   intarralatad for thaaa aignal prooaaaora. 
It haa h**fi ahown   (Liban  I960, Naaon   19*0)   that it ia poaai- 
bla  to «aintain  an acouatic bandwidth ia tha Oabyw-ftaara 
light Modulator  that ia approxiaataiy $0 par oant of tha 
ultraaonic «isroal   froquancy by proparly auitching  the pieto- 
• lactric cr/atal   to ita a^ud.     In addition th%- bandwidth. 
it hfl« also baan  ahoam   that  the «axiaun nia* -r of antanna 

ita which can ba procaaa«d will  alac dapand on  frequency. 
it ia aaoaaaary to canaidar  tha  factor« which limit 

hi ,:i-frequency operation  in Dabye-Sear«   light üodulatora. 

Tha   aaplitud«  of an ultrasonic wave will  undergo an 
exponential attenuation  in propagation   {Partha»arathy  195*! 
1957,   Klein  1963)   and  the aaount of decay «rill depend ujon 
the characteriatic acouatic attenuation of  tha ■ediua.     This 
quantity  ia generally  frequency dependent  and,   in liquids, 
HAB  ^e*     found   (Richardaon .nd '/ait   1957,   ücSki«min 1957)   to 
be prop    tional  to the   square of  the  ultrasonic frequency 
for  an/ qiven value of taaparature.     Aside   fro« the actual 
loaa  in ultraaonic energy,   tha exponential decay in a light 
modulator has baan found (Oopal 1963, Lasümrt 1965)   to cause a 
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broadening of the observed diffraction fringes. Since angle 
information ia contained in the optical diffre cticn pattern, 

the net result of acoustic attenuation is to asgrade angular 

resolution. Hence, operation at excessively high frequencies 

will destroy the signal processor's ability to determine an- 

gle information satisfactorily. 

3.2.2  IMTERNAL REFRACTION 

The theory of Raman and Nath (Raman and Nath 1936 (l)) 

assumes that a ray of light normal to the surface of the Debye- 

Sears light modulator experiences a uniform index of re- 

fraction in propagating th ^ugh the ultrasonic disturbance. 

This assumption is actually an approximation since the ligh4: 

rays in regions of relatively low refractive inder tend 

to be bent towards regions where the index of refraction is 

greater.  It has been found (Willard 19^9, Lucas and Biquard 

I932) that the effect will become more severe with an increase 

in the frequency of electrical excitation, strength of the ul- 

trasonic disturbance, and the depth of the acoustic wave (di- 

mensior. along direction of light propagation) . 

Exact mathematical solutions of internal-refraction ef- 

fects on light-diffraction patterns have been obtained (Bhatia 

and Noble I953, Mertens 1950, Phariseau 1959) and all serve to 

extend the theory of Raman and Nath.  In addition to the above 

solutions, a first-order theory of Rao and Murty (Rao and 

Murty 1958) which, while not applicable under conditions of 

abnormal diffraction (Willard 19^9), serves to predict the 

effects of internal refraction on the positive and negative 

first-order fringes under certain specific conditions.  It 

has been shown (Rao and Murty I958) that the more extensive 
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treatments (Bhatia and Noble 1953) reduce to the solution of 

Rao and Murty if these conditions are assumed, and it is pos- 

sible that this theory may be especially wpli cable to  this 

research since the operating conditions in these electro-op- 

tical processors ure such that the assumptions of Rao and 

Murty are valid. At present, in the electrc-optlcal proces- 

sors which have been synthesized, internal-refraction effects 

are negligible (Hargrove anl Achyutha: 1965). 

3-2.3  TRANSDUCER LIMITATTOWfl 

The thickness of a piezoelectric quartz crystal is 

inversely proportional to its resonant frequency (Mason 19^8). 

As a result present fabrication techniques limit the high 

frequency of light modulators employing piezoelectric quartz 

crystals to approximately 300 MHz.* it is possible that 

this limitation may be extended in the future to approximately 

.1000 MHz with the use of evaporated thin-film ftransducers 

(Poster 1965, DeKlerk and Kelly IP65), 

3.2.4  ULTRASONIC BEAM BROADENING AND CROSS-CHANNEL COUPLING 

In addition to frequency limitations it is evident 

that the signal-processing capacity of the electro-optical 

array-antenna processor will also be limited by the aperture 

size.  At present lenc-fabrication techniques limit the 

largest possible aperture dimension to 6 inches.  Th\,3, in 

order to maximize the signal-processing capacity, it is neces- 

sary to be able to fit as irc..»y light-modulator channels as 

possible into a given aperture size.  In this case the lim- 

iting factors are cross talk due to ultrasonic diffraction, 

* Private communication with Valpey Co. 
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and electromechani .1 cross coupling between adjacent trans- 

ducers. With regard to ultrasonic diffractio.i, it has been 

»hown (Vigoreux 1951, Seki 1956, Preedman 1962) that,for lon- 

gitudinal (compression) waves, ultrasonic propagation follows 

the same laws as electromagnetic propagation in space.  Thus 

the ultrasonic beam passes through a Fresnel region, in which 

it is approximately collimated, and into the Fraunhofer region 

where spreading takes place.  It has been shown (Lambert I965) 

that, in considering these effects, satisfactory criteria 

for determining the minimum transducer width and interelec- 

trode spacing can be obtained in order to maximize the  num- 

ber of light-modulator channels which may be fitted into a 

given optical aperture. 

3.3    ULTRASONIC DIFFRACTION OF LIGHT IN SOLID MEDIA 

The electro-optical array-antenna processors which 

have been synthesized employ a liquid light-modulator medium 

and in this case it has been found that the high-frequency 

limitation is imposed by acoustic attenuation.  Thus, in or- 

der to extend the signal-processing capacity, it is neces- 

sary to employ a light-modulator medium with a lower acous- 

tic loss.  This leads to consideration of solid light modu- 

lators since, although acoustic absorption in solids will 

also increase with frequency (Lamb, Redwood, Shteinshleifer 

1959), the loss in many solids has been found (ibid) to be 

significantly lower than that of the optimal liquid medium. 

The particular solid chosen for this research was fused 

silica.  In addition to its low acoustic loss (Lamb, Redwood, 

Shteinschleifer 1959^ Mason 1964), fused silica has been used 

extensively in the manufacture of acoustic delay lines and is 

known to be a suitable medium for ultrasonic propagation 
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(Hanunond 1962, Mason 1964).  It« bandwidth propartle« have 

been investigated and it has been found (Konig, Lambert, 

Schilling I96I) that acoustic bandwidths which are 50 per 

cent of the resonant transducer frequency are relatively eas- 

ily obtained.  Finally, it is especially suitable as a light- 

modulator medium because it is a transparent substance which 

can be polished to a high degree of optical flatness. 

The operation of light modulators using solid media 

is, however, considerably more complicated than it is for a 

liquid. In a liquid, spatial phase modulation of a light wave 

front can be explained directly in terms of ultrasonic pres- 

sure variations which have been shown (Raman 1936, Phariseau 

1956) to be proportional to the input electrical excitation. 

In a solid, however, it is necessary to consider how the 

mechanical vibrations generated by the ultrasonic transducer 

will alter the material's dielectric structure.  This in 

turn can be related to spatial variation of refractive index 

by means of the theory of photoelasticity (Mueller 1935, 1938, 

Coker and FiIon 1957).  Thus  the transfer characteristics 

of the fused-silica light modulator will be obtained by com- 

biring photoelastic theory (ibid) with the electromechanical 

coupling characteristics of piezoelectric quartz transducers. 

In addition to the mechanics of electro-acoustic trans- 

fer, the use of a solid light modulator necessitates a num- 

ber of considerations which do not arise with the use of li- 

quids.  These will be discussed below. 

3.3.1  BIREFRINGENCE AND LIGHT POIARIZATION 

A solid subjected to a mechanical stress becomes 

birefringent, that is, the index of refraction becomes a 
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function rf the polariasation of the incident light (Btounann 

1841, Har.-grove and Achyuthan 1965).  It will be neceeeary, 

therefore, to determine the effect« of thin phenomenon on 

electro-optical processing, particularly with regard to the 

transfer between input electrical excitation and the phase 

deviation of the light wave front. 

3.3.2  SHEAR AND COMPRESSION MODES 

One of the characteristics which distinguishes liquids 

from solids is the ability of a solid to support shear; thus 

diffraction of light in a fused-silica light modulator can 

be accomplished by transverse as well as longitudinal ultra- 

sonic waves (Schaefer and Bergman 1934, Hiedemann 1935, Mc- 

Skimin 1962).  The sonic velocity and acoustic attenuation 

for these two modes of propagation in fused silica,as well 

as in all amorphous solids, are not the same and, as a re- 

sult, it can be shown that the frequency-limiting charac- 

teristics of solid light modulators is a function of the 
ultrasonic mode.  Thus, in considering the use of a fused- 

silica light modulator, it will be necessary to determine 

how the signal-processing capacity of the electro-optical 

array-antenna processor can be maximized with regard to 

the mode of ultrasonic propagation. 

3-^    LARGE APERTURE - BANDWIDTH ARRAY-ANTENNA PROCESSING 

Consider a linear array antenna used for reception. 

As the aperture-bandwidth product becomes large the duration 

of the received signal becomes comparable to the time neces- 

sary for electromagnetic energy to traverse the antenna aper- 

ture. This condition will cause problems to arise in elec- 

tronic as well as electro-optical processing, in electronic 
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processing under these conditions it has been shown that 

the more commonly used methods which employ phase-shifting 

networks (Ogg 1961, Allen 1964) will result in a degrada- 
tion of signal-to-noise ratio (Sklar 1961), and the use of 

true time delay elements becomes necessary. 

The equivalent problem in electro-optical processing 

concerns extraction of the desired angle information as 

well as signal to noise ratio degradation.  It has been 

shown (Lambert 1965) that when the aperture bandwidth pro- 

duct is not large the complex transmission function is sep- 

arable in terms of the spatial variables in the optical ap- 

erture.  The diffraction patterns obtained in this case 

have been determined and it has been shown that angle in- 

formation can be extracted from the light distribution in 

the image plane.  When the aperture-bandwidth product is 

large, however, the transmission function will be a non- 

separable functj on and the resulting light-diffraction pat- 

terns produced under these conditions have not been deter- 

mined.  Thus, aside from evaluating the signal-to-noise 

degradation, it will also be necessary to determine the im- 

age-plane light distribution produced by nonseparable trans- 

mission functions in order to provide for proper 1. terpre- 

tation of the diffraction patterns produced under large ap- 

erture-bandwidth conditions. 
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4.  ULTRASONIC DIFFRACTION QF J.IGHT IN AMORPHOLS SOLID MEDIA 

ültra.onlc diffraction results from a spatial phase 

modulation which i. imposed on a light wavefront when it pas- 

sec through a transparent medium in which there is an ul ra- 

aonic disturbance.  The phase modulation occurs because the 

ultrasonic waves, which are generated by exciting a piezoe- 

lectric transducer suitably placed with respect to the light- 

modulator medium, can cause a spatial variation in the index 
of refraction of the medium. 

In a liquid the propagation of an ultrasonic disturb- 

ance can be accomplished only by means of compression waves 

since an ideal liquid cannot support shear; hence the vari- 

ations in index of refraction can be thought of as result- 

ing directly from the accompanying spatial variations in li- 

quid density.  The process is more complicated in a solid, 

however, since both shear and compression wave« are possible; 

further, it will be seen Uiat the way in which the ultrasonic 

disturbance alters the solid's dielectric structure will ne- 

cessitate consideration of the polarization of the incident 
light. 

The expressions representing the transfer from elec- 

trical excitation of the piezoelectric t.raraducer to varia- 

tions of index of refraction will be derived for amorphous 

solids using the theory of photoelasticity.  It will be shown 

that, if the ultrasonic transducer is excited by a sinusoid 

of amplitude ^ an*,  frequency f., then, for ultrasonic prop- 

agation in the x direction, the index of refraction at some 
instant of time can be written: 

n(x) no - n sin 27rtx (4-1) 
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where 

n - kv m 

k = constant 

n ■ equilibrium value» of refractive index 
fi f « -g- ■ spatial frequency (cycles per meter) 

S - velocity of ultrasonic propagation 

It will also be shown that the behavior of liquids as 

light-modulator media can be explained in terms of a degener- 
ate case of these results. 

k.l BEHAVIOR OF ELECTROMAGNETIC PLANE WAVES IN HOMOGENE- 

OUS ANISOTROPIC MEDIA 

The behavior of light in an optically anIsotropie me- 

dium, such as a crystal, can be described in terms of the vec- 

tor components of the electromagnetic wave.  In Appendix A it 

is shown that: 

(i)    In a crystal there is an orthogonal set of prin- 

cipal dielectric ?iXes and three principal dielectric constants: 

ex'  ey and ez 

(ii)   For a given energy density w ■ 2w , where 

w = electric energy density, at each point in the crystal 
e  > 

the 0 field of the propagating electromagnetic wave will 

obey the relationship: 

D2  D2  D2 

ex  €y      €z 
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where y and z are the principal dielectric axes. 

(iii)  This relationship for the D field defines the 
"ellipsoid of wave normals"» 

xg + y
2 + z'' 

in the coordinate system defined by the principal axes.  When 
light propagates through the crystal it is in general split 
into two separate beams.  For a given crystal, the velocity 
and polarization characteristics of these two beams are func- 
tions of the direction of the unit wave normal (the unit vec- 
tor perpendicular to the wave front), and can be described, 

exactly, in terms of the following geometrical construction: 

Through the origin construct a plane parallel to the 
wave front (perpendicular to the unit wavt normal).  The in- 
tersection of this plane with the ellipsoid of wave normals 
is an ellipse € . Each of the two beams will be linearly po- 
larized with mutually perpendicular directions of polariza- 
tion along the major and minor axes of 3 ,    and with veloci- 
ties of propagation which are inversely proportional to the 
lengths of the semi-major and minor axes.  More precisely, 
the lengths of the semi-major and minor axes,  r1  and r'' 
are given by: 

r' 

where n' and n'» are the indices of refraction for light 
linearly polarized along the major and minor axes and n is 
the magnetic permeability. 

It will be seen that, in a solid, phase modulation of 
a light beam is accomplished by causing the shape of 3    to 
vary with the spatial variable along the direction of ultra- 
sonic propagation. 
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4-2    STRESS AND STRAIN BIRBPBJMORM™ . 
THE STRAIN-OPTIC CpMSTAWTfl 

The ultraBonic wave in the .olid results in the occur- 
ence of a system of strains (and proportional stresses).  The 
relationship between these strains (stresses) and the shape 

and orientation of the ellipsoid of wave normals will be dealt 
with in this sectxon.  Thus, for a given direction of light 
propagation, the shape and orientation of S   will be a func- 
tion of the ultrasonic disturbance, and therefore of the piez- 
oelectric vibrations. 

The theory of photoelasticity (Mueller I935, 1938, 
Coker and Filon 1957) assumes that the ellipsoid of'wave nor- 
mals for a transparent solid, given by: 

Sf+ if+«! 1, 

is transformed, when the^olid is subjected to mechanical stres- 
ses, into a different ellipsoid given by: 

axxx2 + V2 + a2zz= + 2ay2y2 + 2ax2xZ + 2a xy . 1 
xy 

ih 2-1) 
For the purposes of obtaining these two quadratic 

forms, the dielectric tensors for the unstressed and stressed 
case may be represented symbolically in matrix form as follows: 

1 
ex 

Ü 0 [Xx axy axz' 

0 1 
e 

y 
0 V ayy 

a 
yz 

0 
- 

0 1 
ez. _axz ayz azz. 

unstressed stressed 
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It i. tuxthmr Wummd in photo^U.tic theory that thm 
chang.. in th. di.l.ctric t.n.or ar. lin.ar function, of th. 
strain,  (.tr.....).     ^i. „,uniption u mxprm96 in ^ 

lowing set of lin.ar r.i.tion.hip., 

xx      e. 

a      --i- 
yy    €„ 

a    -JL 
ZZ £„ 

v 2 

yz 

-a.8« + P^V * Pla8„ ♦ Pl48yi + p^s^ ♦ p^s 
xy 

»„•*.  +  P.^yy  * P..iM   ♦  P24SyE   ♦  p^S^   *   p^ 

P«
8
« 

+ P«««, + P43S„ ♦ p<4syi ♦ p45sxx + p^s^ 

axz " P^xx + P..«w * P„s„ ♦ P54sy2 + p^s^ ♦ p^ 

where the p^-, are referred to a. the strain-optic con-' ' 

stants (Hargrove and Achyuthan 1965), and the »train conpo- 
nent S,.(ms,       i   «i — » ,, _ \ 

ij^  Bji 1*3 - x,y,2)  xs a measure of the displace- 

n^entinthe jth direction of the ith face of an infinite.- 

imal cube.  An equivalent set of equations may be written in 

terms of the stress-optic constants q^ and the stresses 

T.j.  The p.^3  (and g.^.g)  are physical constants depend- 

ing on the material.  Thus, by the geometrical construction 

described in the beginning of this section (rule (iii)) ve- 

locity and polarization of light in a stressed transparent 

medium may be determined, since the ellipsoid of wave normals 

resulting from the strains (Eq. (4.2-1)) i. completely deter- 
mined by Eq.. (4.2-2). 
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Tbmmm «quation« (Eq.   (4.2-2))  beoom.   aimplifiad if tho 
medium urwtor consideration exhibit« symmetries  in its crystal- 
line structure.     In particular,   in the case of a cubic system 
which has three equivalent principal axes and is therefore op- 

tically Isotropie (i.e.,    €x " cy * €E " €)»  the array ©' 
strain-optic constants considered as a matrix    P m [p..]     be- 
comes  (see Appendix B)t ij 

*xx        Pi2        P18        0        0        0 

P P P 12 'll ^12 

12 

0 

0 

0 

12 

0 

0 

0 

■ 11 

0 p 

0 

0 0        0 

0 0 0 

0 0 

0 

44 

o 
44 

0 PJ 
In most crystals    \i. Z I    and the index of refraction 

for a cubic system will be a constant given by: 

n ne ZSe 

Thus Eqs.   (4.2-2)  become: 

xx 

yy 

zz 

n 

n 

n 

i. 
2 
O 
1_ 
2 
O 

1 
2 

P    s^, + p    S      + p    s 
ii xx     FXB yy        i2 zz 

pS      + p    s      + p    s Fi2 xx     Fii yy     pi2 zz 

pS       +  p     S        +  p     s 
*i2 xx      ^12 yy      pii zz (^.2-^) 
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y« 

xz 

xy 

D       S H44 y« 

«4   XZ 

P    s v44 xy (^.2-3) 

In addition, if the material is amorphous (i.e., fused silica, 

most glasses)it is found that: 

P -P 
11  12 

44 
(Appendix B). 

M RELATIONSHIP BETWEEN PJEZOELiSCTRIC TRANSDUCER VIBRATION 

AND SPATIAL VARIATION OF INDEX OF REFRACTION 

FOR AMORPHOUS MEDIA 

The relationship between the voltage applied at the 

piezoelectric transducer and spatial variation of index of re- 

fraction will be derived in this section for normal light in- 

cidence.  It will be seen that either longitudinal or trans- 

verse vibrations of the transducer will cause these variations, 

and that, for the transverse mode, only one direction of vi- 

bration need be considered. 

The configuration shown in Fig. 4.3~1 will apply to 

the three cases which will be considered.  For all cases the 

incident light will be assumed to be traveling along the z 

(optic) axis, perpendicular to the xy plane. 

4.3.1   TRANSVERSE VIBRATIONS AIONG OPTIC AXIS 

In this case the only nonzero »train component is 

xz Eqs.   (4.2-3)  become 

1 
xx yy n 

1^ 
2    * zz ^ '    axz - P44

Sxz 
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a   = p S 
yZ     ^44 yz 

a   a p S 
XZ      ^44 XZ 

axy " P44Sxy (^2-3) 

In addition, if the material is amorphous (i.e., fused silica, 

most glasses)it is found that: 

P -P 
P44 = ll-2  12      (Appendix B). 

^•3     RELATIONSHIP BETWEEN PIEZOELECTRIC TRANSDUCER VIBRATION 

AND SPATIAL VARIATION OF INDEX OF REFRACTION 

FOR AMORPHOUS MEDIA 

Tha relationship between the voltage applied at the 

piezoelectric transducer and spatial variation of index of re- 

fraction will be derived in this section for normal light in- 

cidence.  It will be seen that either longitudinal or trans- 

verse vibrations of the transducer will cause these variations, 

and that, for the transverse mode, only one direction of vi- 

bration need be considered. 

The configuration shown in Fig. 4.3-1 will apply to 

the three cases which will be considered.  For all cases the 

incident light will be assumed to be traveling along the z 

(optic) axis, perpendicular to the xy plane. 

4.3.1   TRANSVERSE VIBRATIONS ALONG OPTIC AXIS 

In this case the only nonzero strain component is 

3v, .  Eqs. (4.2-3) become: 

111 
axx " ^ '  V ' n2 '  azz " n2 '  axz " P44Sxz 

o        o        o 
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OF SONIC 

PROPAGATION 

LIGHT 
PROPAGATION 

PIEZOELECTRIC 
TRANSDUCER 

■♦ y 

FUSED  SILICA 
LIGHT  MODULATOR 

V(t) 

A-32l-$-0322 

FIG. 4.3-1     ELEMENTARY   LIGHT-MODULATOR   CONFIGURATION 

■45- 



COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABORATORIES 

and the ellipsoid of wave normals is: 

X2    V2    22 

+ ^ + ^ + 2p 
n n' n' 

S.._X2 
44 XZ 

Tjie plane through the origin perpendicular to the unit 

wave normal is defined by z = 0.  Hence, by rule (iii) of 

Sec, 4, the ellipse $   becoiws: 

x2  v2 

o        o 

It is seen that £    has degenerated into a circle of 

radius no  independent of Sx2 , and the index of refraction 

is therefore a constant, independent of x,  for light propa- 

gating in this direction.  Thus transverse vibrations paral- 

lel to the direction of light propagation have no effect. 

4.3.2   TPANSVERSE VIBRATIONS NORMAL TO OPTIC AXTS 

The nonzero shear-st 

ellipsoid of wave normals is 

The nonzero shear-strain component is now S  ;  the 
xy 

^ + 4 + 4 + 2P  svvxy - i nf  n2  n2    +4 xy 
o   o   o 

and setting z = 0 gives the ellipse £  : 
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a,, x2+ a2Zy
2 +20,2 xy *X 

It Is easily shown that,   in general,  an ellipse of 
the  form 

a    x2 + a    y2 + 2a    xy » 1 
11 22 12 

is inclined to the y axis at an angle 9    defined by: 

2a 
tan 20 - 12 

a -a 
22   11 

In this case, 

* -K  ,     a_  = TF »  a._ - P. A 
ii  n' 22  n 12  "44 xy 

and 

9 - 45°  for Svv > 0 xy 

0 - -45° for S^ < 0 
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independent of the magnitude of S^ ; thua, for transverse 

vibrations, the semi-major and minor axes of ^ will always 

be inclined at either p'us or minus 45° to the y axis. 

The voltage exciting the piezoelectric transducer is 

assumed to be sinusoidal.  Hence, because of the direction of 

the transducer vibrations, a sinusoidal ultrasonic traveling 

wave, in the shear mode, propagates in the x direction  At 

a given instant of time, therefore, the wave shape is a sinu- 

soid, and infinitesimally thin layers of the medium are dis- 

placed in the - y direction from their rest position, caus- 

ing a corresponding sinusoidal variation with x of the shear 

strain,  Sxy ,  as shown.  m Fig. (4.3.2-1) it is shown that: 

(i) Because of the variations in S (x), the shape 

of 6 , which can be written as ^(x) , will vLy proportion- 
ately. 

(ii)  Since the index of refraction for light polar- 

ized at plus or minus 45° to the y axis varies with x as 

does the length of the corresponding axis of ^(x), then, by 

rule (iii) of Sec. 4, the index of refraction variation is 
also proportional to S  (x) 

xy 

(iii)  if n^x)  and n^x)  are the indices of re- 

fraction for light polarized at plus and minus 45° respectively, 

then n^x)  and n^x) exhibit variations about no,  and 

n (x)  is 180° out of phase with n (x) 
2 

In crder to establish these conclusions more precisely, 

consider ^(x)  for some value of x at a given instant of 

time as shown in the following sketch» 
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DIRECTION  OF PROPAGATION 
OF    -TRASONIC WAVE 

DIRECTION OF VIBRATION 
OF ULTRASONIC WAVE 

LIGHT   MODULATOR 
MEDIUM 

| INC'DENT  LIGHT   INTO PAGE | 

♦ V0 

A-52I-8-OS2I 

FIG. 4.3.2-1    DIAGRAM   SHOWING  EFFECT OF SHEAR   STRAIN   ON   ELLIPSOID 
OF   WAVE   NORMALS 
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9 »4ö» 

Variable« other than x and y (e.g., £ and TJ) 

are now used in the graph of the ellipse, since £(x),  in 

which x is now a parameter, serves only as a geometrical 

description of index of refraction for each point x,    but 

does not actually occupy physical space in the light modula- 

tor (x,y plane).  The ? and r\    axes are assumed parallel 

to the x and y axes respectively. 

In general, ^(x)  can be written ast 

a |2 + a TI- 
22 ' 

+ 2a 5TI - 1 
12  ' 

In the (I', t)') coordinates, the equation of the el- 

lipse will contain no cross term, and will be of the form: 

V + AsV
2 - 1. In order to determine A  and A  use 

the linear transformations! 
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e 

11 12 n' 21  ' 

21 22 ' 12S 22' 

where 

b      ■    b      ■ COB 6 
11 22 

b      - -b      - sin 0 
21 12 

Substituting    £'     for    ^     and    T) •     for    r\    in the 
equation: 

a    ^2 + a    T]2 + 2a    ^n « 1   . 
11 22 ' 12S   ' ' 

and equating coefficients gives: 

A ■ a b2  + a b2  + 2a b b 
1 11  11     22  12      12 11 12 

A ■ a b2  + a b2  + 2a b b 
2 11  21     22  22       12 21 22 

0 - 2a b b  + 2a b b  + 2a  fb b  + b b 1 
11 11 21      22 12 22       12 L  11 22     12 21J 

In this exampler 

b  -b  -b  --b  -~ 
11 22     21      12   J2 

a  «'a  » -^• 
11     22    n2 

O 

a  - p S 
12 %4 xy 

Thus as a function of x« 
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VX) • ^ - P**Sxy(x) c 

Vx) -Ä-P Sxv(x) (4.3.2-1) n2   44 xy o 

and it is seen that the shape of ^(x) will vary with S (x). 
xy 

But for light polarized at plus or minus 45 deg,  the 
indices of refraction n^x)  and n^x)  are given by (rule 
(iii) and Appendix A): 

"(*) " : 1      for + 45° 1 v/A (X) 
2 

nA*)  - 7 l for - 45° 2 NTA (X) 

Then from Eq. (4.3.2-1): 

n2 ' n2(x) * 'P44Sxy^x^  for li9ht polarized at + 45° 

11 
n2 " n2(x) " P44Sxy(x)  for li9ht polarized at - 45° 

0 2 

Now let n^x) » no - njx) ,  and n^x) - no - H (x) , 

where no is constant and n^x)    and n (x)  represent small 

perturbations of index of refraction with magnitudes given by: 

I ^(x) I - n . | n (x) ( - n .  Since no »(5 , 5 ) then: 1  max *■ 2 max     2 o       ^  x       2' 
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and 

O 44 
ni(x) ^-T^^y^) '-"J*> 

hence 

P 
n (x) = n - n3 -^ S  (x) i      o   o 2  xyv ' 

(4.3.2-2) 
P 

n (x) = n + n3 -4^ S  (x) £      o   o 2  xyx ' 

This appears to be a general result with sinusoidal  S  (x) 
■i- • xyv ' 
being a particular case. 

ni(x)  and n (x)  can now be expressed in terms of 

the transducer voltage.  The shear strain can be written 
(Sokolnikoff 1956): 

sxy(x) - ir V*' 
wnere 

T     (x)   = shear stress 

Ij,    = modulus  of rigidity 

In  the  sinusoidal case,     T    (x)  = I T   , I sin 27rfx    where     f xy    I xy |max 
is the spatial frequency (cycles per meter).  But the maximum 

shear stress, I T  I   t  can be shown to be directly propor- 1 *■*  'max J  ir    t- 

tional to the amplitude of the voltage at the transducer (Arm, 

König, Lambert, Weissman 1962).  Thus (at a given instant of 

time) : 
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n> 
(n (x),  n  (x))  - n    +—~    7 k V    sin 27rfx 

where ks is the electromechanical coupling coefficient of 

the vltrasonic shear transducer.  This expresrxon is seen 

to be of the same form as Eq. (4-1) with: 

n3p 

4.3.3  LONGITUDINAL VIBRATIONS 

In this case the transducer vibrates, pis.on-like, 

along the x axis which produces a compression wave. Under 

the assumption that a plane wave is generated, the ouly non- 

zero strain component is  Sxx and Eq. (4.2-3) thus becomes: 

axx " PxxSxx + ^  ayy " Pi.Sxx + ^  azz " P12
Sxx + ^ 

000 

The ellipsoid of wave normals is: 

'z2 nr / -   1 " 12 xx  n- y 0/     \        0/ 

and the ellipse    £   becomes: 

^ 11 xx n^J ^ia xx  ^ ^   ^pi2 xx ^J 

It is seen that the major and minor axes of £  are now 
always aligned with either the x or y axis and the cor- 

responding indices of refraction will apply to vertically 

and horizontally polarized light.  Fig. 4.3.3-1 shows the    ^ 
variations of £    with Sv„ (assuming that p  > p ). XX xx X2 
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DIRECTION Of PROPAGATION 
Of   ULTRASONIC   WAVE 

DIRECTION  OF VIBRATION 
OF   ULTRASONIC  WAVE 

LIGHT   MODULATOR 
MEDIUM 

[ INCIDENT   LIGHT   INTO   PAGE 

"♦S^X) 

A-321-«,-0319 

FIG. 4.3.3-1 DIAGRAM   SHOWING   EFFECT  OF COMPRESSIONAL  STRAIN   ON 
ELLIPSOID   OF WAVE   NORMALS 
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If n^x)  and n^x) are the indices of refraction 

for vertically and horizontally polarized light then, as be- 

fore (Eq. 4.3.2-1 et. seq.)« 

and 

jf^ •-*..*-(*) XX   XX 

o   a 

n»p 8(x) 
n (x) - n    -    Elu XXV 

i      o      2 

nix)  - nft - a      o 
^AxL«) 

(4.3.3-2) 

(4.3.3-3) 

In this case, under the assumption that the ultrasonic 

pro, ^gation is accomplished by plans waves, 

S  fx) « i T  (x) xxv '  C xxv ' 

where 

k 
C»B+*u, B- bulk modulus, u ■ modulus of rigidity 

Thus for a sinusoidal excitationt 

ni(x) * no " "^ Vm Bin t"** 
(4.3.3-4) 

where k  is the electromechanical coupling coefficient of 

the compression transducer. 
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A photoelaatic interpretation of ultrasonic diffrac- 

tion in a liquid for longitudinal transducer vibrations now 

follows directly. 

The fact that transverse vibrations of the piezoelec- 

tric transducer have no effect on the index of refraction 

of a liquid can be demonstrated by setting p   equal to 

zero (see Eq.(4.3.2-2)).  Since a liquid is an amorphous roe- 
P  - P 

diura, and p  - — —  ,   it follows that P^ " Pl2 • 

Hence from Eq. (4.3.3 1) for longitudinal vibrations: 

/p s  + W x2 + /^p S  + -M y2 - 1 Vpii5xx   n*;x    vp^ ^   njy 

-Thus, for liquids,  ^(x)  degenerates into a circle whose 

radius varies with Sxx(x).  For each value of x  the cor- 

responding circle can be looked at as a degenerate form of 

an ellipse with infinitely many major and minor axes. Hence 

it follows from rule (ill) of Sec. 4 that all polarizations 

of the incident light are equally affected by ultrasonic 

diffraction in liquids.  This interpretation is symbolized 

in Fig. 4.3.3-2.   

4. 4    OPTIMUM LIGHT PQIARIZATION AS A FUHCTION OF MODE 

OF PROPAGATION 

It is shown in Appendix B that in amorphous media the 

relationship, p^ - ^ g ^  hold8- ^^  strain-op- 

tic constants are usually expressed in terms of Neumann's 

p,q constants (Mueller 1937, Neumann 1841) wherei 
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DIRECTION OF PROPAGATION 
OF  ULTRASONIC   WAVE 

DIRECTION OF VIBRATION 
OF   ULTRASONIC   WAVE 

LIGHT   MODULATOR 
MEDIUM 

INCIDENT   LIGHT   INTO   PAGE 

-►SXX{X) 

A-32I-S-0520 

FIG. 4 3.3-2     PHOTOELASTIC   INTERPRETATION   OF ULTRASONIC  DIFFRACTION 
IN   LIQUIDS 
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2q 
11      n. 

2p 
is      n^ 

44 

q-p 
n 

Thus, in xie case of sinusoidal excitation, the expressions 

for index of refraction become: 

(i) Shear mode: 

n?(q-p)   1 ,   . 
n  (x)   - n —* k V sin 27Tfx — light polarized at 45l 

x o « |x    s ra 

n  (x)  ■ n^ + 
2v     ' O 

n^(q-p)   1 
-2—= k V sin 27Tfx - light polarized at -45° c u.    s m 

(4.4-1) 

(ii)       Compression mode: 

"o* n (x)  ■ n ~- k V sin 27rfx - light polarized along    x    axis 
i      o   com 

n (x) - no 2- kcVmsin 27Tfx - light polarized along y axis 

(4.4-2) 

It has been shown (Raman and Nath 1936) that the rela- 

tive peak first-order light amplitude in the image plane 

of the electro-optical processor is equal to —r~  ,  where: 

n ■ maximum variation of refractive index 

L = length of light path in light modulator 

(depth of transducer) 

\  - light wavelength 
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Now consider the effect of light polarization on the peak 
first-order  light amplitude.     Since  the coherent  light 
sources used in the electro-optical processor produce line- 
arly polarized  light  (Pox and Li  I96I,   Schachter  196^),   this 
will assumed to be the case with the angle of polarization 
arbitrary, 

4.4.1     SHEAR MODE 

Consider a beam of linearly polarized light whose elec- 

tric field vector E is inclined at an arbitrary angle 6 as 
shown 

let: 

i - unit vector in x direction 

j ■ unit vector in y direction 

E  - 1 

The components along - 45°  will be, respectively,  co8(e-|) 

and sin(0-^)  which can be written vectorially act 

-60- 
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Sx  '±003(0  -f)   (i+  j) 

B2 -j^'W -f)   (i-1) 

Since S^-^  (Eq, (if. 3. 2-3)),   the  firet order elwrtric field 
amplitude   (written vec.orially)  wiU be ^Raman and Bftith  1936)» 

^ co.(0 . J) ^ (1 + 3) . ^ .ln(0 . Jj ^ (1 _ 5) 
V2 
n 

-f 7^-| co. 0 1 + iL .i„0 

irLn 
and the first order amplitude is —-^ which is identical 

to that which would be obtained with ±45* polarisation.  Bote, 

however, that the polarization of the electric field at the 

output has been rotated to the angle  (90-0). 

Thus the angle of polarisation has no significant ef- 

fect on  a light modulator operating in the transverse «ode. 

4.4.2     COMPRESSION MODE 

In this case t K-~, 
li - sin 0 i 
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B    ■ co« ö  j 

and from Eq.   4.4-2 

n    -In 
i      P    » 

Thus the  first ordar electric field amplitude  (written vec- 
torially)   is: 

"Ln 
^ [n^in 9 i + n com Ö  j]   - —— (| «in ^ J ♦ cos 9 3] 

and it ia evident that,in order to maximise the 
order light amplitude,  them 

peak first 

3 >  1 let 9 m 

| <   1 z=} let e « 0 

Note  that,   as pointed out   in Sec.   4.3.3.   in an amorphous 
solid    p    cannot  be equal  to    q  . 

Although    p    and    q    will vary with the  composition of 
the medium and the  light wavelength  (PrisMk and  Post   1959), 
it will generally be true  (ibid)  that,   in fused silica, 
p >  q  .     Thus  the  light polarization should be  normal  to the 
direction of ultrasonic propagation whan  longitudinal waves 
are  used. 

*.5 fWMARY MD  COHPARISOM Of TRAMSfRR  CHAHJtfnKfTlCII 

The most  important result of the preceeding  sections  is 
thati 
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KV (K   ■ constant^ (*.5-l) 

for both th« «haar and coapraaaion ntodaa and independent of 

the angle of polarisation.  That la, becauae of the linear 

reiationahip between electrical excitation and phase Modu- 

lation, it would be poaaible to generate in the light Mod- 

ulator a coaplex tranaaiaaion function conaiating of ultra- 

aonic aignala,which ia an exact replica of the electrical 

aignala which appeared at the outputa of the antenna ele- 

■enta.  Thua it ia aeen that, theoretically, fuaed-ailica 
light Modulatora employing piesoelectrie ultraaonic trana- 

ducera can be uaed in electro-optical array-antenna pro- 

ceaaing.  tx^ariaenta relevant to thia result will be dealt 

with in Chap. 7. 

To suMMsris* the apecific results of this chapter, 

it ha« been ahown that the relationship between the «apii- 

tude of the electriesl input to s fuaed-ailica light Modu- 

lator,  V^,  and the resulting peak phaae deviation of the 

light wsve front.  * ,  is gi by i 

(i) 

(ii) 

nUt» I p - q 
e    .  ft—  

• aion 

t of polarisation angle 

k  V 
u    > & 

-^^kc(VT^ ')• ♦ cos»e 

for arbitrary polarisation angle 6 
K (*.5-3) 



COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABORATORIES 

wher«i 

L    • d«pth of ultrasonic transducer 

n    ■ •quilibrlu« v»lu« of r«fr«ctiv«  Index 

P    • MuMmn's    p    constant 

'■    q    constant 

C    - B + | u 

B    - bulk Modulus 

i    • ■odulus of rigidity 

k9 • •lactroaschanleal coupling coafficiant 
of shaar  transducer 

^c * «lactroMachanlcal coupling coafficiant 
of ooapraasion 

>    • wavalangth of   incidant  light 
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5.      OPTIMIZATION OF DESIGN OF ELECTRO-OPTICAL ARRAY-ANTENNA 

PROCESSOR USING  FÜSED-SILICA LIGHT-MODULATOR MEDIUM 

In this chapter the design of the array antenna pro- 

cessor using a fused-silica Debye-Sears  light modulator will 

be optimized and the processing capacity evaluated.     This 

problem has  already been considered for liquid media  (Lam- 

bert 1965 ).     The differences which occur with the use of 

solids  arise from the possibility of significantly higher 

frequencies    and the use of the shear as well  as the com- 

pression mode of sonic propagation.     Other  factors however, 

which must be considered for liquids as well  as  solids, make 

it possible to use a number of results which have already 

been established.     These will be presented,  briefly,   for 

reference purposes  in Sees.   5'1J   5.2.1,   5.2.3^   and 5.2.4. 

The  remaining sections   (5.2.2,   5-3 ana 5.4)  present original 

results  of  this  research.     One  of  the  limiting  factor* not 

considered in Sec.   5.2  is  the size of the optical aperture. 

This  is  of course  limited by the maximum size  lenses which 

are  available and a realistic constraint on the  largest 

possible  aperture width   (or  length) would be  6 in.   (ibid). 

In this analysis  it will be assumed that the proces- 

sor  is  to be applied to  a planar array antenna.     In order 

to avoid the unrealistic  situation in which an  apparent in- 

crease  in  aperture-bandwidth capability is  achieved at the 

expense of a highly    asymmetrical antenna configuration, 

the number of rows  in  the  array will be constrained to be 

ecrual  to the number of colunuis.     It will be  seen that,  us- 

ing present methods of converting electric  to ultrasonic 
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energy, a fused-silica light modulator operating in the com- 

pression mode could enable the electro-optical processor to 

be app.ied to array antennas with aperture-bandwidth products 

ten times as large as those which can be processed at pre- 

sent; the use of more advanced ultrasonic translucers which 

are currently ir the developmental stage (Foster 1965, De- 

Klerk and Kelly 1965)  could effect a further increase in 

processing capacity.  A concise summary of the results of 

this chapter and the relationships between the important sys- 

tem parameters will be presented in Appendix D. 

^ 1    SIGNAL-PROCESSING CAPACITY AND APERTURE-BANDWIDTH 

PRODUCT 

Consider a planar array with its elements in M rows 

and N columns and with a spacing 1 etween adjacent elements 

in any of the rows or columns equal to a half-wavelength of 

the transmitted signal carrier.  Then, if the bandwidth of 

the signal is B,  the aperture-bandwidth prodvet  (ABP) 

would be given by: 

M  N ABP = | x | x B 

The signal-processing capacity  (P)  for the electro- 

optical array processor has been defined (Lambert 1965) in 

terms of the maximum number of antenna elements and the 

maximum bandwidth signal ^hich can be processed.  That is: 

P = M x N x "^ (5.1-1) 

thus when, as is generally the case (Skolnick 1962), 'he 

array has a half-wavelength spacing between elements, the 

signal-processing capacity is proportional to the aperture- 

bandwidth product. 
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Let: 

D = optical aperture length 

w ■ optical aperture width 

S = sonic velocity 

f^ ■ frequency of electrical signal 
exciting transducers 

T = signal duration 

The acoustic bandwidth of the light nodulator can be 

maintained at 50 per cent of the resonant iransducer fre- 

quency if the transducer is properly matched and bonded to 

the light-modulator medium.  Thus assume the light-modula- 

tor bandwidth to be: 

•-^ (5.1-2) 

and, if it is further assumed that the signals under consid- 

eration are those for which BT ; 1,  the following rela- 

tionships can be shown (Lambert 1965) to hold: 

-1^5 (5.1-3) 

^1 
2S (5.1-*) 

and  the maximum signal-processing  capacity becomest 

s/s 
WVD fi" 

• —s ~7r (5.1-5) 8 s 

Henco P increases with frequency. 
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In fu«ed •illc« th« velocity of propagation of longi- 

tudinal wave« it graatar than that of tranavara« wavaa which, 

frcwB Eq. (5.1-5). appaara to favor tha ahaar f.oda.  It will 

ba aaan howavar that procaaaing capacity cut  in fact ba max- 

imizad by the corapranion raoda, since it will penait operj«- 

tion at significantly higher frequenciea. 

Bquation (5.1-5) will b« used in Sees. 5.3 and 5.4 

to evaluate the signal-processing capacity of fused-silica 

light raodulatora.  It ia seen that the relevant experimental 

investigations,which are neceaaary in order to Justify the 

uae of thia expression for fused-silica light »odulatora, 

are related to Sq. (5.1-3). which determinea the raaximu» 

number of light-modulator channala for a given aperture 

size, and the light-modulator bandwidth which ia assumed in 

the derivation of Eq. (5.1-5) to be 50 per cent of the res- 

onant tiansducer frequency. 

5-2    LIMITATIOMS ON SIGNAL-PROCESSING CAPACITY 

5.2.1  ACQUSTIC ATTCNUATICW 

The amplitude of a sinusoidal ultrasonic wave will 

undergo an exponential attenuation aa it propagates .Mason 

1964).  That is, if propagation is in the x direction and 

the amplitude at x - 0 is A(0),  then the amplitude at 

sane value x > 0 will bei o 

A(x0) - A(0) e 

The constant a ia referred to aa the acoustic at- 

tenuation of the medium in unit.j of napiers per cm.  An ex- 

pression for acoustic attenuation of longitudinal waves in 

fuaed silica (in units of decibels par cm) is given by 

(Mason 1964) i 
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A(db cm) - 3 x 10-4 f + 1.9 x lO"9 f»  (f In MHz) 

(5.2.1-1) 

Transverse waves have not been as carefully measured 

but the loss appears to be the same for the same signal du- 

ration (ibid).  However, since the velocity of transverse 

waves in fused silica is about 63 per cent of the velocity 

of longitudinal waves, then the path length for transverse 

waves will also be shorter by this same amount; hence a 

for transverse waves is greater than it is for longitudinal 

wavea in this medium. 

Another source of data of this kind (Lamb, Redwood 

and Shteinshleifer, 1959; ••• Fig. 5.2.1-1) «hofire that, in 

the case of longitudinal waves above 100 MB«, the linear 

term becomes negligible and acoustic attenuation is approx- 

imately proportional to frequency squared in this range. 

Acoustic attenuation has been shown (Lambert 1965) 

to cause an attenuation in peak first order intensity as 

well aa a deterioration in the structure of the diffraction 

pattern.  The important parameter in this case has been 

shown (ibid) to be the acoustic attenuation factor,  a, de- 

fined ast 

The effect of acoustic attenuation on tie diffrac- 

tion patterns is shown ir Pig. 5.2.1-2. 

5.2.2  INTERN'-L REFRACTION 

Consider a small section of the wave front of a light 

beam in a medium with a spatially-varying index of refrac- 

tion (Pig. 5.2.2-1).  Let n(r)  increase with decreasing r. 

-69- 



s 

COLUMBIA UNIVERSITY-ELECTRONICS RESEARCH LABORATORIES 
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FIO. 5.2.1-2    EFFECTS   OF ACOUSTIC   ATTtNUATlON   ON  DIFFRACTION  PATTERNS 
( LAMBERT, 1965 ) 
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FIG 5 2 2-1    EFFECT   OF   REFRACTIVE    INDEX   VARIATION  ON   DIRECTION 
OF   LIOHT WAVE   FRONT 
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Ä« ny at thm point    r   will hav« • velocity   v(r) • o/n{r). 
Sine«    n(r),     th«  index of refraction «t thm point    f,    is 
«•turned  to b« gr«at«r  than    n(r ♦ Ar),     thmn    v(r -f Ar) > 
v(r),    and,  in «OOM tiiM    tt,    thm ray at    r > Ar    will tra- 
vara« a «raatar diitanca than tha ray at    r    which raaulta 
in a changa of diraction of tha vava front aa shown,    flwa 
tha unit wava normal.  parpandicular to tha portion of tha 
wava front undar conaidaration, will hava a certain  tra^ 
tory as tha  light paaaaa through tha ■adiusi aa ahown in 
fig.   5.2.2-2a.     To datanaina  this  trajectory obaarva  that 
in  soas  tisw    Ati 

V(r*Ar)At - V(r)At - Ar    tan 9 

but 

tan e - ^-At 

V(r^r)  - V(r)  . V(r) 
Ar r 

Si*) - ^r 

ii.   Xi 
Ar * 0 Ar ar bx\n{x)J 

hance   in   tha   limit 

i-"^(i'--il? (5.8.8-r 
Wot«  that    ZnSht,     thm partial  derivative of    n     in tha di- 
rection of incraaaing    r,     la negative in thia «xajaple by 
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LIGHT    INCIDENCE 
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dtfVnition.    Httii    th« curvatur« of th« trajectory,    l/r, 
it |ieaitlvr •• ahown. 

Thi» «xpraaalon can now bm ummd to obtain a differen- 
tial aquation for tba ray trajootory in tha Mdlu«.  ainoo 
in fanarali 

''J^Y 
and froa which it can ba ahown thati 

^•^[^d?)'] dfx 
dt 

(5.2.2-2) 

(5.2.8-3) 

fl»ia nonlin.ar diffarantial aquation haa ba^n ao vad 

by Lucaa and Blquard (Lucaa and Mlqua-d 1932), and tha light- 

ray r.rajactoriaa hava bam determined for refractive index 
of tha for«t 

n{«) ■ nÄ ♦ n coa 2nt» o (5.2.2-4) 

Bacauaa of  thia  form of tha index of  refraction,   tha raauita 
are directly applicable to  the electro-optical  4>roce.aor un- 
dar coneIderatIon.       The    trajactorlee    ariainq   from tq. 
(5.2.2-3) are plotted in fig.  5.2.2-2b aa a function of tha 

aeter    «,     given  byt 

N - (5.2.2-5) 

Conaldar tha effecta of theae ray trajactoriea.  It ia 

.«•n that aa N approaches |  the light raya will >***—? 

incraaaingly cluatered about the pointa x • 0, i 4, t ^ etc 
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thus internal rafraction tanda to lapoaa periodic amplitude 

Modulation on tha incident light. Ifm  point at which the 

ray * ?a)actoriaa firat intersect ia at »* • f which daflna* 

tha ^int at which "atanomal diffraction" (willard 19^9, 

Bhavagantaa and Rao 19*16, 19*7, 19*3) occura. Thia refera 

to tha fact that t>a theory of Raman and Bath ("normal dif- 

fraction") ia not sal id« whan *0 f ainca tha ultrasonic 

diaturbanca can no longer be treated aa a pure phase grating 

(Willard 19*9). 

Under thvae conditions  the diffracted light distri- 

bution can be obtained by applying Maxwell'a equations.  A 

number of aolutiona have been obtained (Mertcna 1950, Bhatia 

and Noble 1953, Phariaeau 1959) end it has been found th«t 

the diffracted light intensity in tha caae of significant 

aaf>litude modulation can be determined for oblique aa well 

aa normal light incidence. 

Raman-Rath theory can however be uaed to determine 

the diffraction pattema if the amplitude modulation ia not 

too severe.  It ia evident that, when the ultraaonic ^ia- 

turbance can be treated as a phase grating, the value of 

peak phase dmriation, $m,    will be dependent on the dif- 

ference in optical path lengtha between a ray entering the 

light modulator at a point where n(x)  ia a maxiw and a 

ray entering where n{x)  haa ita minimum value.  But al- 

though a ray entering at the point K - 0  (Pig. 5.2.2-2b) 

will paas straight through, the light raya entering t'M 

light modulator in reqlona of lower refractive index will, 

because of their curved patha, experience greater optical 

path lenotha than if their patha were nat curved.  Raman- 

• wtllsrd's criterion 
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Nath theory 1B based on the approximation that the paths of 
all  the rays are straight.     Thus,   to a first approximation, 
it is  to be expected that the effect of internal refraction 
is  to cause a decrease in peak phase deviation,  and there- 
fore an attenuation of the resulting first-order light in- 
tensity. 

Thi» result has been established by Rao and Murty 
(Rao and Murty 1958).     It has been shown under the assump- 
tions: 

(i) 

(ü) 

(iii) 

m (5.2.2-6) 

The incident light is normal to the 

direction of ultrasonic propagation 

n nS2 

— < < 1 

where 

n = 

n = 

maximum perturbation of refractive index 

equilibrium value of refractive index 

A = light wavelength 

L -  depth of ultrasonic beam 

S - velocity of propagation of ultrasonic wave 

4* 

that internal-refraction effects will cause the first-order 
intensity to be attenuated by the factor: 

sin 
TTALf2 ' 

2n S2 o 
TTXLf2 

2nS2 o 

(5.2.2-7) 
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That is,   if the ideal peak first-order intensity isi 

I    - k 
i 

where k « constant 

then, under the above assumptions, internal-refraction effects 

will result in a first-order light intensity given by:* 

i. nt (sin  -yV 

where TTALfJ 

2n S2 o 

(5.2.2-8) 

(5.2.2-9) 

The assumptions of Rao ard Murty, however, are consis- 

tent arith the operating conditions of the electro-optical ar- 

ray-antenna processor (Lambert 1965).  Thuc« it should be pos- 

sible to use Raman-Nath theory to predict the diffraction pat- 

terns, and to take account of internal-refraction effects in 

electro-optical processing by including the attenuation-fac- 
sin 7 

tor   7 ' . 

In considering the conditions under which Raman-Nath 

theory must be modified because of internal-refraction ef- 

fects, it is seen from Eqs. (5.2.2-5)and(5.2.2-7)that, re- 

gardless of the frequency, these effects will always be neg- 

ligible if the transducer depth,  L,  is made small enough. 

The question now arises, "How small must this dimension be?." 

In order to answer this question, consider the attenuating 

* It has been shown in fact (Rao and Murty 1958) that the 
more general solution of Bhatia and Noble reduces to the 
solution of Rao and Murty if the above assumptions are valid. 
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effect« of internal refraction on the peak phase deviation 

and define the effective phase modulation, JL, ast 

where: 

3 - MilLJ.  g 
*m    y      *n 

2TrrxL 
% 

(5.2.2-10) 

Now although the attenuation due to Internal refrac- 

tion decreases with a decrease In L,  there Is also a de- 

crease In phase modulation ^ m Thus  there should be 

some value of L such that sin 7/7 and '> 

yield a maximum effective phase modulation 
m 

to find this value of L 
m 

combine to 

In order 

take  d^ /dL = 0 .  Hence: 
m 

&»-' 
2:rn sin 7 

>        7 [ 27rnL I cos 7 _  sin 

But 

'§ 
Thus for maximum f      we obtain: m 

^1^ - C JdL  *■ 

cos 7 ■ 0 22 2 » J^" »     stc. 

Since 7 > T would carry the factor sin 7/7 out of 

its main lobe and into the side-lobe region, the only satis- 

factory solution is 7 ■ T/2 . 

Hence 
-T>Lf= 
 i. 
2n S2 o 

2 
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"■opt 
n S" 

Xti 
(5.2.2-11) 

^^ L07t is the 8roall«8t value of trinsducer depth which 

would be made necessary hy  internal-refraction considera- 
tions. 

It ia necessary to consider thie result with regard to 

the restrictions imposed by Willard's criterica and by the as- 

sumptions of Rao and Murty. With regard to Willard's criter- 

ion, we must have: 

M - 
27rLf 

S (5.2.2-12) 

But 

m 
27TnL 

X 

Thus, if 

then 

T  .   O L   TI7 ' 

n ■ *M  Xafi 
2^ n Sa ' 

and substituting these values of L and n into Eq. (5.2.2- 

12) results ini 

Mi-MI (5.2.2-13) 
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rtxim  is con«l.t«nt with •■t.bli.h.d practic« since it is 

generally desirable to restrict the phase modulation to 

With regard to the restriction. 

n
0"

s2 

^i8 
«1, 

let the phase modulation have its maximum value o£ TT/B 

Then, if 

then 

and 

L - 
n.S8 

n 

It should therefore be possible to operate with this value 

of ultrasonic-beam depth (Eq. (5.2.2-11)) provided the ne- 

cessary restriction on ^m as shown by Eq. (5.2.2-13) is 

adhered to. Note that the optimal value of L results 

from 7 « 7r/2 .  Hence in this case the operation will be 

such that the internal-refraction attenuation factor will 
always have the value 2/rr  . 

In order to give an approximate idaa of the effects 

of internal refraction T/igB. 5.2.2-3 and 5.2.2-4 are in- 

cluded.  Each figure presents a plot of L vs 7, with f 

as a parameter, according to the relationship: 
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FIG. 5.2.2-3     TRANSDUCER   DEPTH  (L) vi./ FOR  SHEAR  MODE 
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X f 
X = — L   L WITH   fi   AS   PARAMETER   (MHi) 

2 noS L   IN  mm 

A   521-S-0422 

FIG. 5.2.2-4   TRANSDUCER   DEPTH   (L)  w». /   TOR   COMPRESSION  MODE 
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2nS2 L 

o 

The nominal value, of the parameters have been assumed to be, 

n 1.46 

> - 6328 x icr11 

S I   - 3760 m/sec 

■hear mode 

S I   - 5968 m/sec 

compression mode 

m 

Included on the abscissa with L is ain %  ,-  thus for 

any value of L and fi  the corresponding amount of inter- 

nal-refraction attenuation can be determined.  In addition, 

recall that operation with L    corresponds to 7 = TT/2. 

Thus the intersection of the line 7 = 77/2 with the graph 

of L vs ^  for any particular value of the parameter f. 

gives the value of Lopt for that value of frequency. 

It is necessary that these results be investigated, ex- 

perimentally, and this will be dealt with in Chap. 7. 

5.2.3  LIMITATIONS IMPOSED BY ITT PRASONIC TRANSDUCER 

In order to operate the Debye-Sears light modulator 

it is necessary to transform electrical signals into mechan- 

ical vibrations of the light-modulator medium.  The most 

commonly used ultrasonic transducers employ piezoelectric 

quartz crystals.  In a fused-silica light modulator a shear 

mode would be generated by a piezoelectric transducer using 

an AC or a Y-cut quartz crystal, and a compression-mode 
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transducer would use an X-cut crystal.  The well-known rela- 

tionship between crystal thickness and resonant frequency are: 

*j§5 X-cut (5.2.3-1) 

^ Y-CUt 
(5.2.3-?) 

1.64 AC-cut (5.2.3-3) 

where 

d = crystal thickness  (mm) 

f ■ resonant frequency  (MHz) 

Thus the factors which limit high-frequency piezoelec- 

tric quartz transducers are concerned with the extremely small 

dimensions which are necessary.  At present,* thicknesses of 

the order of .0095 mm are possible, and the corresponding 

frequencies for the shear and compression modes ace: 

(i)   Compression mode 

(ii) Shear  mode 

fo " 300 MHz  (x-cut) 

f ■ 200 MHz  (Y-cut) 

f0 - 175 MHz  (AC-cut) 

These quantities will be used in Sec. 5.3 in evaluating the 

processing capacity of fused-silica light modulator employ- 

ing piezoelectric quartz transducers. 

* Private communication from Valpey Co. 
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In addition to these methods, the conversion of elec- 

tric to ultrasonic energy has also been accomplished (Poster 

1065, DeKlerk and Kelly 1960) by means of evaporated thin- 

film transducers.  Although these methods are at presant in 

the developmental stage, it appears that frequencies as high 

as 1000 MHz would be feasible; possible gains in signal-pro- 

cessing capacity for the electro-optical array-antenna pro- 

cessor using evaporated thin-film transducers will be con- 

sidered in Sec. 5.4. 

5.2.4  LIMITATIONS IMPOSED BY ULTRASONIC BEAM BROADENING AND 

CROSS-CHANNEL COUPLING 

The expression for the maximum number of light-modula- 

tor channels,  N, which may be fitted into a given apertu-e 

size is (Eq. S.l-3); 

N wJH 
2 IDS (5.2.*-l) 

where 

W = aperture width 

D ■ aperture length (dimension along 
direction of sonic propagation 

f. ■ input electrical frequency 

S ■ velocity of ultrasonic propagation 

In the derivation of this relationship (Lairbert 1965) the 

limiting factors have been shown to be the electromechanical 

coupling between adjacent transducers, and cross talk between 

adjacent ultrasonic channels due to broadening of the ultra- 
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•onic b««* In propagation  {ft—ämma 19Ä, Nftson 196%). 
bMM «preading  r««ult»   trxm  thm  fact that a propaqatinq ul- 
traaonio    wave    undarqoai    dlffraotioa in a aannar analog^ia 
to an alactroaagnatio wav« In »paea.    calculation* baaad on 
the aaauaptlon of longitudinal wavaa allow that tbara la • 
rreanel   region  for which  the %rave  ia eaaentlally plan« and 
in which the baaa la colliaatod.    For a tranaducar of width 
b,   thia ragion ia approxiAataly qlven by (rraadwan  1962)i 

« < .85 |i 
Äa 

(5.a.%-t) 

where: 

x    ■ direction of  aonic propagation 

X    - aonlc wavelength • 4 

f    - ultraaonlc epatlal 
(cyclaa par Mtar) 

Beyond  thia  dlatmce  the    ultraaonlc energy apreada out 
at an angle    #    ceterained by the  aquation    Maaon  196% )i 

•in (|)  - ^ 

which reaulta in • spreading width, 6 (Pig. 5.2.%-l). In 

order to aliminata "croaa-talk" th« —yj—i r.Mber of chan- 

nela haa been conatrained to ba (LaaLart 1969)t 

•H (9.S.»-J) 
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where    w    is the aperture width. 

Because of electromechanical cross-channel coupling, 
it was  found  (ibid)  that the adjacent channels s   .uld be 
spaced by one transducer width.     Thus: 

N - 2b (5.2.4-4) 

and Eq. (5.2.4-1) follows from Eqs. (5.2.4-3) and (5.2.4-4). 

It is easily shown that Eqs. (5.2.4-1) and (5.2.4-4) 
are equivalent to: 

b2 

(5.2.4-5) 

Thus some spreading of the ultrasonic beam can br tolerated 

since the spacing of adjacent channels will eliminate cros^ 
talk. 

Evaluation of signal-processing capacity is depen- 

dent upon Eq. (5.2.4-1).  Although the equation is known to 

be valid for liquid light modulators, it id U be necessary 

to verify this relationship,experimentally, for the fused- 
silica light modulator. 

5.3    MAXIMIZATION OP STGMAL-PROCESSING CAPACITVi 
DUCER LIMITED 

TRAHS- 

The maximum value of signal-processing capacity for 

a fused-silica light modulator using piezoelectric qttartz 

transducers will be obtained in this section and compared 
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with the values which can be obtained with the optimal liquid 

light modulator.  For the reasons given in the introduction 

to this chapter the number of rows in the array will be con- 

strained to be equaj to the number of columns, and the maxi- 

mum aperture width will be assumed to be 6 in. 

From Eqs. (5.1-3) and(5.1-4) it is easily shown thatr 

a-id (5.3-1) 

M - N W 

M   it) 
We now consider acoustic-attenuation effects. 

let:   S I - 376O m/sec 

shear 

S I = 5968 m/sec 

comp. 

(5.3-2) 

From Sec. 5.2.3 (using the Y-cut shear transducer): 

fi ■  200 MHz 

shear 

fi 

comp. 

300 MHz 

Thus for an aperture 6 in. wide: 

W ■ 6(2.54) X 10"2 - .1524 m. 
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and  (Eq.   5 3-1)« 

r .750 CIA 

shear 

D .775 Cffl 

comp. 
(5.M) 

Note that W rather than D is the limiting aperture di- 

mension. 

It has been reported (Mason 1964) that the acoustic 

attenuation for the shear and compression mndes is approxi- 

mately the same for the same signal duration.  Thus leti 

al - 5968 a 

. '   3760 
shear        comp. 

(5.3-5) 

where a is the acoustic attenuation in napiers per cm. 

Thus Eq. (5.2.1-1) becomes apprDxiroatelyi 

a I - 13.80 x 10"2  napiers/cm 

shear 

a I « 19.8O x 10"1  napiers/cm 

comp. 

In evaluating acoustic-attenuation effects, the par- 
aD 

ameter a ■ ^~- is of interest.  Thust 

a 1 . (.138)(.75) . #052 

shear 
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.      - (.I9e)(.775) .    077 

comp. 

and fro« Pig. 5.2.1-2 it is se*n that, for •ithmx  »ode, acoua- 

tic attanuation will be a nagligiblft factor. 

Now con«idar the signal-proceaaing capacity,  P,  for 

the two modea.  Recall that (Eq. 5.1-5)i 

'■**&) 

and aince (Eq. 5.3-1)t 

then  for a given value of    If i 

V» 

P - r(£) 
L/3 

Let 

fs 
a fj  for shear mode 

fc ■ t^    for compression mode 

V»   v*/a 

Then 
ft) (« •• 

and finally, uaing Eqa. (5.3-2) and(5. 3-3'» 

PC : l,k  Pi 

(5.3-6) 

(5.3-7) 

(5.3-8) 

(5.3-9) 

(5.3-10) 

Thua although the sonic velocity of the compression 

»u/de ia greater than that of the shear mode, it nevertheless 
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■ 

provides for a greater processing capacity and is therefore 

optimal,  tfhis will be discussed further in Sec. 5.5. 

Now consider the optimal liquid light modulator med- 

ium.  This has been shown (Lambert 1965) to be distilled wa- 

ter.  A realistic maximum frequency for this medium is (ibid) 

50 MHz,  which implies a bandwidth of 25 MHz if the transducer 

is properly loaded.  The sonic velocity in distilled water 

is approximately 1500 m/sec, and if Pw is the maximum pro- 

cessing capacity for a distilled-water light modulator then, 

using the optimal mode of propagations 

P  - /300Y/3 /isooy/a c   V5öj    ySa)    pw - 10pw 

Thus the processing capacity can be increased by a 

factor of ten with the use of a fused-silica light morlulator 

and piezoelectric quartz transducers.  Using Eq. 5.14 or 

5.1-3, it is easily seen that» 

M = N ~ 185   antenna elements 

and, for this operating frequency, the bandwidth of the piesso- 

electric quartz transducer bonded to the fused-silica light 

modulator would be, without any additional transducer loading» 

B - 150 MHz 

Finally, the transducer width in this configuration would be: 

b ■ .4 mm 

and, from Fig. 5.2.2-4, the smallest value of transducer 

depth which would be made necessary by internal-refraction 

effects is approximately! 

L > 1 mm 
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5. ^ MAXIMIZATION OF  SIGNAL-PROCESSING CAPACITY; 

FUSED-SILICA MEDIUM 
, 

In See. 5.2.2 it has been shown that internal-refrac- 

tion effects can be made negligible by reducing the trans- 

ducer depth, and the smallest depth which would be necessary 

has been found to be: 

noS
e 

Lopt ■ Tff (M-l) 

In this section a second criterion for the minimum 

transducer depth is now introduced.  This is \.hat the trans- 

ducer depth can be made no smaller than its wid :h.  It can 

be seen from Eqs. (5.2.4-2) and (5.2.4-5) that if the trans- 

ducer depth were made any smaller, then in addition to the 

effects of beam spreading in terms of the variable y  (Fig. 

5,2.4-1)*which can cause cross-talk between adjacent chan- 

nels, it would also be necessary to consider the spreading 

of the ultrasonic beam in terms of the variable z  (Fig. 

2.1-2),which defines the direction of light propagation. 

Thus, using this criterion, and applying the con- 

straints mentioned at the beginning of Sec, 5.3 (i.e., M=N 

and W=6 in.) the signal-processing capacity of the fused- 

silica light modulator will be evaluated.  It will be seen 

that the frequency range in this case will necessitate the 

use of evaporated thin-film ultrasonic transducers. Al- 

though not yet proven experimentally, it will be assumed 

that the transfer characteristics are linear, and that 

light-modulator bandwidths of the order of 50 per cent of 

the resonant transducer frequency are possible. 
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In this case let: 

n S' 

*f? 

and since (Eqs.   5.2.4-4 and 5.2.4-1)» 

then; 

But: 

thus: 

b - L 

M - N 
2/3  /8\l/3 -^r 

fl- 
• n vV* 

wV*("f>) (5.4-1) 

and using the values: 
■ 

w    - (6)(2.54 x l(r2)  - .1524 m 

X    » 6328 x 10"10 

no - 1.46 

m 

equation 5.4-1 becomes: 

fi« 9.45 x 10* S (5.4-2) 

Now using the values: 

S I - 2760 m/rec 

shear 

S I - 5968 m/sec 

comp. 
(5.4-3) 
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it is seen that: 

f. - *i 356 MHz 

shear 
■ 

f= - fi 
comp 

564 MHz 

■ 

(5.4-4) 

which could be achieved with the use of evaporated thin-film 

transducers (Poster 1965). 

We now consider acoustic-attenuation effects. 
■ 

Since: 
2/3/S\l/3 

and, for both the shear and compression modes: 

S       1 
fi  9.45 x 10* 

then the aperture length, D, will be the same for both 

cases.  Thus for a 6 in. aperture width: 

D » .632 cm 

In Sec. 5.3 it has been shown that the acoustic atten- 

uation will be: 

a 

shear 

3.45 x 10"6 f.8  napiers/cm 

thus 

a I ■ 2.20 x 10" 6 f ?  napiers/cm 
comp. 

a I ■ .444  napiers/cm 
shear 

-96- 



COLUMBIA UNIVERSITY-EU-CTRONICS RESEARCH UUJORATQRJES 

a 1    ■    .697    napiers/cm 
comp. 

• and the attenuation factor    a - %*    ist 

a I    «    .155 
shear 

a 1    -    .220 
1 

comp. 

It can be shown (Lambert 1965) that for values of the 

attenuation factor such that a < .32 the first minimum will 

be at least 20 db below the peak~and ehe broadening of the 

main lobe will not be greater than 1.5 per cent. Thus the 

values obtained for "a" in this case,while not negligible,do 

not represent a serious degradation in the structure of the 
diffraction pattern. 

In determining the processing capacity of the two 
modes, it is seen that since (Eq. 5.1-4): 

M.H-f^ (5.4-5) 

then for either mode the maximum-size antenna will be the 

same.  The processing capacity however is given by: 

P = M X N X B 

and therefore: 

pc-f;ps = i-6 ps 

Thus, as in the previous section, the compression mode is op- 

timal because it permits operation at higher frequencies. 
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In comparing this configuration with th« optimal liq- 
uid light modulator we have,   for any aperture width    If t 

■ (fr ür= *•• 
In this case the antenna size is (Eq 5.4-5) 

N > N ~ 290 elements 

and, assuming a 50 per cent bandwidth1 

B Z  250 MHz 

Finally, the transducer dimensions would be: 

b " L Z .3 m,n 

5.5 SUMMARY AND CONCLUSIONS 

The purpose of this section has been to optimize the 

design of an electro-optical array-antenna processor using 

a fused-silica light modulator, and then to compare the re- 

sulting signal-processing capacity with that which could be 

obtained with the optimum liquid light-modulator msdium. 

One of the major considerations in the fused-silica 

light modulator concerns the optimum mode of propagation. 

It has been shown that, in spite of the fact that signal- 

processing capacity (Eq. 5.3-8) will decrease with an in- 

crease in sonic velocity, the compression mode, which pro- 

pagates at a higher velocity than does the shear mode, is 

consistently optimal.  The reason for this is that in both 

Sec. 5.3 ar'd 5.4 the compression mode permits operation at 

significantly higher frequencies.  Thus, because of the ex- 

ponential relationship between P , S , and f.  (Eq. 5.3-8), 
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tha high-fr«<iu«ncy capability tt UM eoapratiioti 
thon makas up for  it« graatar  aonic valocity. 

With ragard to tha oavparioon banvMfi solid and liquid 
media,  it hai boon thown  in Sac.   5.3 that,  uaing platoalac- 
trie quart1-crystal   tranaducor«,  olactro-optical  procaaaora 
uaing   fuaad-ailica   light «odulatora could ba appliad  to ar- 
ray antannaa with apcrtura-bandwidth prolucta  tan-tiiMa aa 
'arga at thoaa which could bo procoaaod by oaana of  liquid 
light Modulators.     In conaidaring tha valuas of tha aoooatic- 
attanuation  factor and tha niniau» tranaducar dapth uhich 
hava baan obtainad for this configuration,   it appaara that 
thaaa raaulta do not rapraaant tha abaoluta liaitat  that  1". 
highar  fraquanciaa.  and tharafora graatar procasaing 
itiaa.  would «till ba poasibla  in fuaad-ailica light 
tor« bafora tha raatrictiona  Uapoaau by acouatic attanoation 
and intamal rafraction would ba fait. 

1* •ac.   5* tha liaita iapoaad or hlgh-fraquancy opara- 
tion by tha ultraaonic tranaduoar hava baan raaovad, tmä 
thaaa raaulta oaaa to rapraaaet thm  limit in procaaalng 
capacity whic',» could ba obtainad with thia light-aodttl.itoff 
■adiuM.     In thia caaa  it haa baan ahown  that tha aignal-pro- 
caaaing capacity could ba  incraaa^J by a factor of 30 ovar 
that which could ba obtainad with liquid light aodulatcra. 
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i. 

It  h«t b«Mn «hown   that.   ttnd«r  MAII   «perturÄ-bÄnd- 
-idth co«d4tlo««,  U» comply optical  tr«i»MU.«ion function 
Of  UM •l^tfp-optic«?   proc«^or will  b«  ■HMUlHi  4„  t«». 
Of  «h#  tpatial  vMioblo.  in  iho optical  «partur*.     Th«  ro- 
•ttlt4n9   liiht diffraction  pattern! hav« b^n  obtained  for 
thU c«M       it    will h« Mon    iMwvur    that in tha  largo 
oportura-bandwidth caaa  tHo Uraaoaiaaion function bocoMoa 
non-aaparabla#for which a oathaaatioal  ropraaantation of 
tho raaultin«  light diatribution  in tha  isaga piano ha«, 
•• y»«.  not boon dotonainod.     It ia tho purpooa of thla* 
chaptar thorofora  to datamino tho offacta of ran aoporo- 
bility on Uia output  light diatr Vtion and tharaby oxtond 
tho applicability of  thm »«iaUng procoaaor configuration 
to tha  largo apartur« bandwid h caaa.     Thua,  although tho 
following ooetiona doal with aignal proeoaaing concapta 
which hava  altaady boon oatabllahad  {i.a.,   tia» «iltiplaK- 
ing.   aoatial Mltiploxlngi  aoo Soe.  2),   tho roaulta. with 
ona aitcoptiwi.   rapraaant uriglnal contrlbutlona of  thia 
raaaarch.     rha axcaption oontionad rofara to Sac.   6.2. 
Thia aoction ia includod bacauaa of tha aubaoquent nocoa- 
•ity of conaidoring tha dotaila  af  tho tlao-awltiplaxing 
prooooo« 

It wi   l alao ba ahown that a dogradation in paak 
•ignal-to-noiaa ratio will    ccur In tha  larga   ipartura- 
bandwidth caaa      A oatho«atical aodol doacribing tha light 
mtanalty  In  tha  i*aqa  plana,^»an  tho  input  to tha  light 
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modulator consists of samples of a r mdom process, will 

be derived.  This model will then be sed to evaluate ehe 

signal-to-noise degradation.  On the basis of these results 

it will be shown that a significant degradation will occur 

only in the case of the spatially-irultiplexed linear array, 

and that, in the case of the time-multiplexed linear array 

and the planar array, the degradation will be negligible. 

In this chapter the light-modulator medium is unspec- 

ifieJ,but it is assumed that the results of Chap. 2 will ap- 

ply.  Thus for liquids this assumption is seen to be valid, 

and, on the basis of Chs. 4 and 5, it will be valid, the- 

oretically, for fm d silica as well.  Experimental verifi- 

cation of these assumptions will be dealt with in Chap. 7. 

Ö-1    LINEAR ARRAY:  SPATIAL MULTIPLEXING 

A plane wave of unit amplitude and duration I inci- 

dent at an angle 0 on a linear array antenna whose elements 

are separated by a distance 6 will cause signals to appear 

at the outputs of the antenna elements with incremental time 

delay between adjacent outputs given by (Pig. 6.1-1): 

AT 6  sin 9 
c (6.1-1) 

where velocity of electromagnetic propagation 

Hence information concerning angle of arrival is contained 

in the  ^.incremental time delay AT . 

It is assumed that the carrier frequency of the re- 

ceived signal includes a Doppler shift f, .  Thus if the 

transmitted frequency is fc > the received signal frequency 
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ANGLE   AX!S 
(B0RESI6HT) 

TARGET 

•TO-^) ••    ¥ 

^((t) ^(t) »Mt) 

...   TO(V)- 

^      I    PRE - PROCESSING 
P"     J   (;.-. AMPLIFYING 

AtJO  HETERODYNING) 

^(t)        I.»   SIGNALS 

"I — 
i 

J 

,        itinß 

1 
ENSEMBLE  OF 

■♦ DELAYED  PULSE 
AMPLITUDES 

X - ARRAY   ELEMENTS 

A-32|-S'0429 

FIG. 6.1-1     LINEAR ARRAY   SHOWING   DELAYED   PULSE  AMPLITUDES 
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will be:     ^       fc + sä t  and thm output o£ th# zmxoth anUnni 

element can be written a«*- 

PT(t).in 27rfrt (g.i.a) 

where PT(t)  i. a unit amplitude time function of duration T. 

The output of the pth antenna element will bet 

PT(t-pAT)8in 27rfr(t-pAT) (6.1-3) 

if however the antenna aperture bandwidth product ie «mall, 
then: 

T»NlATlmax (6.1-4) 

and the dolay in the signal envelopes can be neglected (Lam- 

bert, Arm, Airaette 1965).  Thus the output of the pth ele- 
ment can be v-citten in approximate form as: 

PT(t) sin 27rfr(t-pAT) ^ (6.1-5) 

and it is seen that the angle information is now contained 

in the incremental phase shift between adjacent outputs 
which is given by: 

A0 ■ 27rfAT (6.1-6) 

The diffraction patterns resulting from spatially mul- 
tiplexed signals of the form of Eq. (e,i-5)    have been ob_ 

tamed and the results are presented in Chap. 2.  It is 

seen however that, when the aperture bandwidth product is 

large. Eg. (6.1-4) will not hold and the approximation of 

Eq. (6.I-5) will no longer be valid.  Thus under large aper- 
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tur« bandwidth condition« it will b# n«c«saary to d«termin« 
th« diffraction pattern« which ar« obtained when the relative 
dieplacenient in «ignal envelope« i« taken into account 

♦        ♦        # 

In the «patial-inultiplexinc. proce««,  N antenna out- 

puts serve as separate input« to an N-channel Debye-Sear« 

Light modulatoi (Fig. 6.1-2). It is assumed, however, that 

before being spatially multiplexed the signal« are pre-pro- 

cessed in order to increase their amplitudes and to reduce 

their carrier frequency.  Realizing that heterodyning to a 

frequency fo consists of first multiplying the signal by 

a coherent local oscillator signal of the form sin gwff -f )t. 
c o 

and then taking the difference frequency component by filter- 

ing, it can be shown that the input to the pth light-modula- 

tor channel after amplification and heterodyning will be a 
signal of the form: 

VmPT(t"PAT)sin ^Uit-pATf^ (6.1-7) 

where: 

m 

input frequency ■ f + f. 
o   d 

intermediate frequency 

peak voltage amplitude for all values 

of index p 

and, for convenience, Eq. (6.1-7) can be re-written a«i 

VmPT(t-pAT)sin 27r[fi(t-pAT) - pAT^-f^] 

" VmPT(t-pAT)8in ^[^(t-pAT) - p7]   (6.1-8) 
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1 
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O 

LIGHT 
MODULATOR 
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ULTRASONIC 
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SPACING  ß 

A-32I-S-0426 

FIG   6.1-2    N - CHANNEL   DEBYE - SEARS  LIGHT MODULATOR 
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where: 

(Vf^Ät - (f-f u 

Now an input to the Debye-S«ar« light modulator of 
the form: 

•in 27rfit 

will be transformed into an ultrasonic tre /eling wave of the 
formt 

sin 27rfi(t-|) 

where j 

S ■ ultrasonic velocity of propagation 

Thus the electrical signal (Eq. (6.1-8)) will, at some instant 

of time, result in an ultrasonic signal of the form: 

Pd(x + pAx) sin 27r[f(x+pAx) + p7]      (6.1-9) 

where Pd(x)  is a unit amplitude spatial function of 
length d, 

d s ST 

f ■ "s" (sPatial frequency) 

Ax * SAT 

and, at some instant of time, the ensemble of ultrasonic 

signals in the Debye-Sears light modulator will appear as 

shown in Pig. 6.I-3.  it is seen that the pulse envelopes 

are skewed across the light modulator along a line described 
by the equation: 
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SCT^msj^^^\kk^^Vkkkk^^^^^.^ 

J-* i 
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4 
A-32I-S-0289 

FIG. 6.1-3    N   SHAT!ALLY-MULTIPLEXED  LINEAR-ARRAY  SI3NALS :   LARGE 
APERTURE-BANDWIDTH   PRODUCT 
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-Ay (6.1-10) 

and the incremental displacement between adjacent ultrasonic 
signals is given byt 

Ax - SAT  -A3 (6.1-11) 

Thus,using Eqs.   (2.1-4),   (2.1-7), and (2.1-9),  it is seen 
that the contribution to the positive first order light am- 
plitude in the image plane from the channel located at    y«p6 
(Eq.   6.1-9)  will be: 

K      'Pf**        ^+5"   J27T[f(x + pAß)+py]  -j27rux -j27rvy 
2   .        /a  d        -'a b e e e gp(u,v) 

x-pAP-f    y-tfJ-|- 
dxdy 

(6.1-12) 

Let    |«x + p/\6,     n-y-pß    and» 

d    b 
V'p,    -j27Tp(0v-ßAu-7) ß   ? -j27r|(u- f)    -j27rTiv 
"^ e J    J e e d^dn gp(u,v) 

d   b 
T -5 

(6.1-13) 

The total first order light amplitude will be   (letting 
N    be odd for convenience): 

G.(u,v) = E     gn(u,v) 

P"- \—ör) 

Thus making use of the identity: 

(«fi) 

N-l n--(--3-) 

jnz  sin ^ 

^in 2 

(6.1-14) 

(6.1-15) 
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the positive firit order light inteneity will bet 

I G (u v)la - S (h 8ln läSt)* {*in ^(ßv-ßAu-y) \a 
io/u,vn     Ty    ^   j ^ ^^ ni-_iAvi_y)j • 

(6.1-16) 
/d ain 7rd(u- f) V 
\"    7Td(u-f)       / 

Consider this result in terms of the complex optical 

transmission function.  A separable transmission function 

has been defined (Lambert 1965) as one which can be written 

as the product of two completely independent functions of 

the spatial variables in the aperture.  That is, for a sep- 

arable transmission function: 

JV^x^y)      JiC (x) 

Tjx^y) e       » T (x) e      T (y) e 
j^,(y) 

(6.1-17) 

and it is seen that in this case: 

no      oo J^1(xJy)     -j27rux    -j27rvy 
0 (u,v)   -    /   /T (x^y) e e e dxdy 

1 —00     -00 1 

00 JV'1(x)    -J27TUX        » j^  (y)    -j2Trvy 
■    /T,(X)  e e d>:    f T^y)  e e dy 

—00 -00 

G^u) G^v) (6.1-18) 

Thus, under these conditions, the output light distribution 

can be expressed as the product of two independent functions 

of the output variables u and v . 

This is seen to be true for Eq. (2.2-3) which has been 

shown to result from a separable transmission functionT^In 
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the large aperture bandwidth case however,  it is easily 
shown   (using Eqs.   6.1-12 and 6.1-14)  that the complex op- 
tical transmission function is: 

/N-lv 

Tjx.y)  • „.JS 2     rectCiLtJEM)  rect(^^^) . 

P-(^) d b 

e 
j27r[f(x + pAß)+ py] (6.1-19) 

which cannot be expressed as two completely independent func- 
tions of the variables x and y because of interdependence 
through the index of summation; thus it is not possible to 
express the resulting output light distribution (Eq. 6.1-16) 
as the product of two independent functions of the spatial 
variables of the image plane. 

Now consider Eq0 (6.1-16) term by terra.  In general, 
an expression of the form: 

sin 7rN(ßv-A)\g 

sin rrlßv - A) J {6'1-20) 
( 

which is seen to be an optical analogue of the radiation pat- 
tern of a linear array antenna, has a principal maxiraura along 
the line v - | , grating lobes at v - | + | , where n - 
integer, and N-2 side lobes of width =4 

SN 
grating lobe (Fig. 6.1-4). 

( 

in between each 
Thus the function: 

2 

(6.1-21) 
sin 7TN(ßv- ßAu -7) 
sin 7r(ßv- 0Au- 7) 

is similar to that of Eq. (6.1-20) but its principal maxi- 
mum, instead of running parallel to the u axis, is skewed 
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•long a  lin« with «lope «qual in magnitud« to that of tho 
■lop« of the ultrasonic pulana  in tha light modulator.    Nora 
■pacifically,   tha principal maximum fall« along tha  line» 

■ 

1 e v ■ * ♦ Au (6.1-22) 

Tha grating lobes in thia case, which ara alao skewed, run 

along lines described by 

v • Ajjl^ + /vu n ± 1, + 2 ate. (6.1-23) 

and along any cut parallel to tha u axis, say at u = f , 

the function has H-2 side lobes, each of width ^ , be- 

tween oach grating lobe (Fig. 6.1-5). 

In considering the remaining terms in Eq. (6.1-6) it 

is seen that the function 

(6.1-24) 
/d ain Trd(u-f)\ 

\   rrd(u-f)  / 

has its peak running along the line u = f .  Thus the dif- 

fraction pattern will appear as shown in Fig. 6.1-6.  Note 

that since ^ » p , the main lobe of (b B^..nhv)S    will TTbV    ' 
be relatively broad, and the only effect of this function is 

a negligible (^ambert 1965) amplitude weighting of the peak 

first order intensity which, since the observation region of 

this electro-optical processor excludes the grating lobes of 

Eg. (6.1-21), occurs at the points 

u - f (6.1-25) 

0 
+ Au 

7 Jf + Af 
u-f 
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FIG. 6.1-6   POSITIVE   FIRST-ORDER  LIGHT INTENSITY  : SPATIALLY-MULTIPLEXED 
LARGE  APERTURE - BANDWIDTH  LINEAR  ARRAY 
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It  is evident that the  location of peak first order in- 
tensity contains information concerning the Doppler frequency 
and the angle of arrival of the signal at the antenna.    The 
measurement procedure and a comparison between tire large and 
small aperture-bandwidth cases will be discussed in the fol- 
lowing section. 

6.1.1  INTERPRETATION OF DIFFRACTIQHS PATTERNS I  LARGE AMD 

SMALL APERTURE-BANDWIDTH LINEAR ARRAYS 

For convenience of notation the variables u and v 

will continue to be used in describing both the output light 

distribution and the measurement procedures.  Actual meas- 

urements of course would be obtained in terms of the lin- 

ear spatial variables, Xj and yli which are related to the 

output variables u and v by: 

u 

y, 
v - -^ (6.1.1-1) 

where: 

A - light wavelength 

P = focal length of integrating lens 

In comparing the extraction of information from the 

diffraction patterns which are produced under large and small 

aperture-bandwidth conditions it is evident that the signal 

duration, the number of antenna elements, and the length, 

width, and spacing of the light modulator channels, would 

not be the same for both cases; and therefore Eq. (2.2-3) 
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cannot be compared directly with Eq.   (6.1-16).     Nevertheless, 

the form of the results for either case will not be a func- 

tion of the actual parameter values.     Th >s the  large and 

small aperture-bandwidth cases will be compared by consider- 
ing the expressions: 

(i) Large Aperture-Bandwidth 

I G  fu vH - ^5 /"b »in nhv)    fain TrN(ßv - QAu-7) >\ 
xV   *   ;  '       TV       rrbv      /     \ sin Tr(0v-0Au-7)/   * 

/d sin 7rd(u-f)Y 
\       Trd(u-f)       / (6.1.1-2) 

(ii)       Small Aperture-Bandwidth 

|fl,        .  „      ^/bsinrrbvV/Bin^v 

IG^U.V)   |2.T(__. 

where 1 

(in  T(öV - 

d sin 7rd(u- f)Y 
u-f)      J nd{ 

A       9 0 

(6.1.1-3) 

(6.1.1-4) 

y (fc-fo^T 

A0 ■ 27rfrAT 

d 

received carrier  frequency ■ f   +f^ 
c  a 

transmitted carrier frequency 

Doppler frequency 

intermediate frequency 
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i       f°4fd 

In both cases, it Is seen that the u coordinate of 

the peak first-order light intensity is located at the pointi 

u-f-^+^-T + ud      (6.1.1-5) 

where u. = — is the displacement, in the u direction, 
as f 

of peak first order intensity from the line u = ^ .  Thus, 

since f  is a fixed known frequency, Doppler information 
o 

is contained in the displacement Ujj. 

The angle information, in both cases, is contained in 

the v coordinate of the peak. This displacement, va, is 

given by» 

(i)   large aperture-bandwidtht 

v -J + Aul  -? + Af       (6.1.1-6) 
a  ö P 

(ii)       small aperture-bandwidth 

Using Eqs.   (6.1.1-4)  however» 

A 0        frAT /VVfo^dW.i,Af 
\ 9 /   8       ß 27T0 (3 

(6.1.1-8) 

and it is seen that in both cases the peak first order in- 

tensity is actually located at exactly the same point in the 

image plane.  Thus, in determining the angle of arrival (us- 

ing Eqs. (6.1.1-4, 6.1.1-5 and 6.1.1-6)» 
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'.-(H^)^ e (6.1.1-9) 

where 6  i« the antenna element »pacing. Thi. dietance i. 

generally (Skolnick 1962) one ha If-wave length of the tran- 

mitted «ignal, and .ince c - x f  then Bq. (6.1.1-9) be- 
come«i 

- flsJL^d) line 
V   ö   y 2fc (6.1.1-10) 

Hence: 

.in"1    - 
20V. 

1 + 
Su (6.1.1-11) 

and it i. seen that an exact determination of 6    require» 

knowledge of both coordinate, of the peak intensity,  since 
however; 

Sud - fd « fc 

then Eq. (6.1.1-11) can be written approximately (Lambert 
Arm, Aimette \965) t 

6  - »in-: (2ßv ) 

Although in both the large and small aperture-band- 

width cases the peak first order intensity occurs at the 

same point, the overall light distribution in the image plane 

will not be the same.  As shown in Pig. 6.1-7, the grid 

formed by the nulls of the diffraction pattern will be rec- 

tangular when the aperture-bandwidth product is small, but 

will have a rhombic structure because of the skewing of the 

ultrasonic pulse amplitudes in the large aperture-bandwidth 
case. 
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FIG. 6.1-7   NULL    PATTERNS   AND  LOCATION  OF PEAK   INTENSITIES : LARGE   AND 
SMALL  APERTURE-BANDWIDTH    SPATIALLY-MULTIPLEXED   LINEAR 
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6.2    LINEAR ARRAY;  TIME MULTIPLEXING 

In this case the transmission function will always be 

separable regardless of the aperture-bandwidth product of 

the antenna, and the diffraction patterns produced in this 

configuration have already beer, obtained (Lambert I965).  In 

Sec. 6.3 however, which dsals with the planar array, it will 

be necessary to consider the time-multiplexing process in 

some detail.  Thus the time-multiplexed linear array will be 

discussed in this section. 

Consider the case shown in Fig. 6.1-1.  As shown in 

Sec, 6.1, (Eq. 6.1-8) after amplification and heterodyning, 

the output of the n  antenna element will be of the form: 

VmPT(t-nAT)sin 2Tr(f1(t-nAT) - rry)     (6.2-J) 

where the  input frequency to the  light rociulator,     f.   ,   is 
given by: 

fi " fo +  fd 

In the time-multiplexing procedure (Fig. 6.2-1) each 

antenna output is is passed through a fixed delay element; 

the delay for the n ' element,  T  , being such that: 

Tn+i ' Tn - TD 

TD  is fixed. 

The quantity TD is the time 

where 

two adjacent pulses for a boresight signal.  Hence, if the 

pulse duration is T , then it is necessary to choose the 

delay times such that : 
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I.F   INPUT 
SIGNALS "-i^)        vo(i)        ^i««)        ^(n 
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N DELAY   LINES 
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T5= T0 + Ar 
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FIG. 6.2-1    TIME   MULTIPLEXfNG .     iNEAR   ARRAY 
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TD>  T + lAT|max (6.2-2) 

where 
6  »in   |el 

|ATU H3^ ^.2-3) 

•^    ' 0 Ifflax    in tho »aaxiJnuin off-bore»ight angle that the an- 
tenna  is required to cover. 

In general,   for some arbitrary value of    6   ,   the time 
»eparation between adjacent antenna outputs,     T    ,  will be 
given by: * 

T8-TD+AT (6.2-4) 

Thus in a manner similar to that of Sec. 6.1 (Eq. 6.1-7 

et seq. )  the input to the light modulator will be a time 
function of the formt 

n-+(^) 

V(t) -     E  v (t) 
mm      (*~1\ 

where 

VtJ " vinV
t-nT.)»in Srr^t-nT.) - ny]  (6.2.$) 

and, at some instant of time, the ultrasonic pulses in the 

light modulator will appear as shown in Pig. 6.2-2 in which 

the separation between ultrasonic signals 1st 

d. ■ ST 
e    i 

Note that the length of the light modulator must be 
such thatt 
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FIG. 6.2-2    SEQUENCE   OF TIME - MULTIPLEXED   PULSES   IN SINGLE-CHANNEL 
DEBYE-SEARS  LIGHT   MODULATOR 
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D >   S(»-l)    JTJ * ST 

If 

th«n 

TD - T +    |AT| 

T + 2 |AT| 
max max 

thus 

D>  8(OT + 2(H-1) lATl^ 

and since it will always be true that 

T»    |AT| 

N»   1 

max 

then tha aperture length must be approximately! 

0 r NST 

Row, following exactly the same procedure as for Eq, ' 

(6.1-12), the contribution to positive first order light am- 

plitude from the li^ht which is diffracted by the ultrasonic 

signal centered at x « -nd  ist 

ndS+8   - 
- tm    .      ^m r r       j27r[f(x+nd )+ny]     -j27rux    -j27Tvy 

x—nd^l   y—^ 
(6.2-6) 

and, after changing variables and integrating, the first 

dxdy 
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order light intensity  (using Eqs.   6,1-llf,   6.1-15) becomes: 

ia>.,)|..S(L^^),/!!iÄ^>y4 i ^ \      Trbv      /    \  sin 7r(uds+7)y 

/^d sin ^(u-f)^ 
V      7rd(u-f)      ) (6.2-7) 

The function: 

( 

sin 7TN(ud0 +7) 
s 

sin 7r{ud   +7) / (6.2-8) s 

is, once again, an optical analogue of the radiation pat- 

tern of a linear array antenna, with maxima occurring at: 

(uds+7) =0, ±1, ±2 etc, and N-2 side lobes of width jjg- 

in between each peak.  Since angle information is contained 

in this functior  it is necessary to minimize the amplitude 

weighting imposed by /d sin 7rd(u- f) V* 

\  7rd(u-f) ) 
This may be done as follows (Lambert I965): 

Consider the kth grating lobe of Eq. (6.2-8),  Thi« is 

located at the point (Pig. 6.2-3): 

u-JiFi: (6.2-9) 
s 

Now since Ts » TD + AT ,  and 7 = (fc- f0)AT , choose f 
such that: 

k - foTD (6.2-10) 

This is always possible since f^ and TD are both arbi- 

trary design parameters.  Thus Eq. (6.2-9) becomes: 
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FIG   6.2-3    GRAPH     OF 
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u 
f T -C-fjAT 

S(Tn+AT) 8       \Tn+AT/\   8  / 

(6.2-11) 

and angle information is contained in the quantityt 

which represents the displacement of peak first order intensij 

from the line u - -2 .  Note that the peak of (- 
s  f  f

rt
+frt V 

actually falls at u - -f - -^—S # However,  f, 

intensity 
7rd(u- ffy 
u-f)  / 7Td(u-f) 

s   s 
will always be much smaller than 

d 
f      so that the ainplitude 

rb sin 7rbvxa 

rrbv ■) 
weighting from this function as well as from (- 

can be ignored (lambert I965), 

Thus the diffraction pattern appears as is shown in Fig. 

6.2-4.  It is seen that the location of peak first order in- 

tensity is independent of the Doppler frequency and there- 

fore only the angle information can be recovered.  In this 

case the angle 0 would be given by (using Eqs. 6.2-12, 6.1-1 

and assuming half-wavelength emtenna-element spacing): 

9 sin -1 (2fcTD) 

6.3   PIANftR ARRAY ANTENNA 

Consider a plane wave incident on a planar array an- 

tenna with M rows and N columns (Pig. 6.3-I). The angles 

between the wave normal and the rows and columns of 

the array will be, respectively,  90-0  and 90-0  which y x 
will re&alt in incremental time delays between adjacent out- 

puts in any of the rows of the array given by: 

AT. 
^y «^ Sy 

(6.3-1) 
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kth GRATING LOSE OF 

/tinirN(udt+y)y 
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»v 
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FIO. 6.2-4   DIFFRACTION  PATTERN | TIME-MULTIPLEXED LINEAR ARRAY 

-128- (N   ELEMENTS) 



mmm 

COLUMBIA UNIVERSITY-ELECTRONICS RESEARCH LABORATORIES 

DIRECTION   OF PROPAGATION 
OF   INCIDENT  PLANE  WAVE 

ANTENNA 
ELEMENTS 

90 - e. 

 ^ 

\ 

(0,0) ELEMENT . 

\ 

\ 

\ 

-►y 

\ 

\ 

P-»H 

\    p8y 

^—^      *      X 
(n.p) ELEMENT    ^V 

 k k 
\ 

N    COLUMNS 

A-32I-S-0254 

FIG. 6.3-1    PLANAR   ARRAY  WITH   INCIDENT PLANE   WAVE 
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and between adjacent output« in the column« of the array 
given by: 

6    «in f 
AT    « -a 2£ (6.3-2) 

The planar array therefore permit« two dimeneional angle 

information to be extracted from the incident wave. 

In order to form a complex optical tran«mi««ion function 

from the planar array «ignals^it i« now nece««ary to employ 

a combination of the time-multiplexing and «patial-multiplex- 

ing processes which have been deacribed in the previous sec- 

tion«.  More «pecifically, the M «ignal« from each of the 

N column« of the array are time-multiplexed a« «hown in Fig. 

6.3-2 «uch that, in a manner «imilar to Sec. 6.2,  the fixed 
delay TD given by: 

TD " Tn+i " 
Tn 

i« such that 

^ > T + | AT 
x 'max 

(6.3-3) 

(6.3-^) 

and the time separation between pulses is: 

Ts " TD + ATx - (6.3-5) 

In the planar array,  if the-output of the    (0,0)    ele- 
ment    (x»0,  y»0)     is: 

PT(t)   sin 27rfrt (6.3-6) 

then the output of the (n,p) element (x-nöx, y»p6 )  is: 
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PT(t- pAT   -nATx)8in 27rfr(t- F^T   - nATx)        (6.3-7) 

and,  as shown in Eqs.   (6.1-7)   and (6.1-8),  after heterodyn- 
ing and amplification,   Eq.   (6.3-7)   can be written: 

VmPT(t"pATy"nATx)8in 2niti't-P^y-n^x)   ' Wz - "Vj y   x'     "^>' "" y 
(6.3-8) 

where: 

h fo+fd 

f ■ intermediate frequency 

Doppler frequency 

7, - (fc " f0)ATx 

7 » (f - OAT„ a    c   o  y 

Now if the outputs of the p  column are time multiplexed, 

then the input to the channel of the light modulator located 

at y >* pO v.i.11 b» a time function of the form (assuming 

M is odd for con/enienct;) ; 

■M-l v 

%(t) £  ^«(t) 
rM-l> 

pn 
/ra-j.\ n"-("2~) 

where (using Eq, 6,3-5)s 

Vpn(t) = VnPT(t-pATy-nTs)sin »Ttfi(t-pATy-flffJ - P7,,- «yj 

(6.3-9) 
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Thus the complex transmieeion function will coneist of 
N spatially-multiplexed sequences of M time-multiplexed signals. 

When the electrical signal in Sq.   (6.3-9) excites the 
ultrasonic transducer,  the ultrasonic signal will be of the 
form (as shown in Eq.  6,1-9) t 

Pd(x+pAx+ndg)sin 27r[f(x+pAx + nd ) + py    + ny ] 
w sE> X 

(6.3-10) 
and, at some instant of time, the ensemble of ultrasonic sig- 

nals will appear as shown in Fig. 6.3-3. It is seen that the 

sequences are skewed along the line» 

x = -Ay (6.3-11) 

and the incremental displacement between adjacent sequences 

is given by: 

Ax » SAT  ■ Aß 
y (6.3-12) 

Thus in a manner similar to Sec. 6.2 (Eq. 6.2-6) the 

contribution to positive first order light amplitude from 

the light which is diffracted by the signals in th? channel 

at y « pß  is: 

(^  -p/Vß-nd. d 
3   2 P0 + | 

5PKV) " T   ii /        / 
n-(2|i)     x-p^-nd-l     y-pf3-| 

j27T[f(x + ph& + nd )  + py    + nry ]     -j27rux    -j27rvy 
dxdy 

6.3-13) 
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Let 

and 

g (u,v) - -f e 

e-x + p^0+nd, 1-y-p6 

p      -j27Tp[0v-0Au-7e] K  2   )    j27m[uda+7 ] 

E   • 
,M-lx 

?     ?    -j27r^(u-f)     -J2WTJV 
J      J    • • d4<a*l 

' 2 2 

(6.3-14) 

The total output light amplitude is (aaeuming, for conveni- 
ence f that N ie  odd): 

G^u^v) E  gD(u,v) 

•(^i)  P 
(6.3-15) 

and, using the identity: 

(Sfi) 

P—(-J-) 

jnz sin Nz 

sin 
(6.3-16) 

the first-order  light  intensity becomes: 

Jin Tfbv 
I G^u^v)  |z ^E (h sin ^^Y /d sin 7rd(u-f)Y 

4   \      Trbv     /   V       7rd(u-f)      / * 

('sin 7rw(ßv-9Au-7  )^/mixi mivA^+y  )^ 

k  sin 7r(0v-0Au-72)/  \   sin 7T(uds+7   )/ 
(6.3-17) 
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In the light of the procedures which have been previ- 

ously followed in Sees. 6.1 and 6.2, this result, which is 

essentially a combination of Eqs. (6.1-16) and (6.2-7), is 

to be expected.  In a manner similar to that of Sec. 6.1, it 

can be shown that the complex optical transmission function 

is non-separable and Eq. (6.3-1?) therefore cannot be ex- 

pressed as the product of two independent functions of the 

variables u and v .  Thus the principal maximum of: 

sin 7rN(ßv - 8Au - 7 ) 
 2 
sin 7r(ßv - ßAu - 7 ) ) 

(6.3-17) 

runs along the line: 

7a    A (6.3-18) 

and,   choosing    fo = kTD     (Sec.   6.2), the peak of    | G1(u,v)  |2 

occurs at the intersection of Eg,   (6.3-18)   and the kth grat- 
ing lobe of 

/sin 7rM(ud    + 7 )\2 

\ sin 7r(ud8 + 7^/ (6.3-19) 

as shown in Pig. 6.3-4. 

As before, the amplitude weighting imposed by the 

functions: 

f To sin 7rbv\/sin Ttffu - f)\ 

\      rrbv      /\      7Td(u -   f) / (6.3-20) 

can be ignored. 
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iGlKv)!' 

( NOTE :   ONLY  HALF OF FIGURE   IS  REPRESENTED  WITH TWO SIDES LOBES  SHOWN ) 

A-32I-S-0298 

FIG. 6.3-4   POSITIVE   FIRST-ORDER   PEAK   LIGHT INTENSITY : LMRGE  APERTURE- 
BANDWIDTH   PLANAR ARRAY 
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6.3-1     INTERPRETATION OF OUTPUT DATAt     LARGE AND SMALL 

APERTURE-BANDWIDTH PIANMt ARRAYS 

In the light of the discussion at thfc boginning of 

Sec.   6.1.1,  the  large and small aperture-bandwidth cases 

will be compared by considering the expressions . 

(i) large aperture-bandwidth 

/sin 7rN(0v - ßAu - 7  )V /sin 7TM(ude + 7, )V |G(u>v)|2J ^      f.       S       ^^ 
1 V   sin 7r(ßv-ßAu-72)/    y sin 7r(uds+7i) 

(6.3.1-1) 

(ii)       small aperture-bandwidth 
rsin 7rN(6v - ^:)\2/sin 7rM(uds + 7^ 

I G  (u,v)  I 2   = ( rj-   
sin 7r(9v - ^)J   \ sin 7r(udg + 7^^ 

(6.3.1-2) 

where the amplitude weighting functions (Eq. 6.3-20) have 

been omitted. Although Eq. (6.3.1-2) has not been specifi- 

cally derived in this chapter, it is seen to result from 

Eqs. (6.1.1-3), (6.2-7) and the separability of the trans- 

mission function in the small aperture-bandwidth case. 

The quantities in Eqs. (6.3.1-1) and (6.3.1-2) are 

6vsin 0 
7, - (f„ - OAT = (f - f ) -*-— 

\ = (fc " fo)ATy ^fc - fo> 

6vsin 0y 
(6.3.1-3) 

A.*. - 27r^ATy = 27T(fc + fd)ATy 

A «^. 

y 

SAT^ 

-I38- 



COLUMBIA UNIVERSITY-ELECTRONICS RESEARCH LABORATORIES 

and it will be assumed that:    -£■-£„    1 
c        c       2f      • 

The information concerning   0x    i8 contained in the 
u    coordinate of peak first-order intensity.     In Sec.  6.2 it 
has been shown that: 

u. 
VTD+^x/W (6.3.1-4) 

where ua is the measured displacment. in the u direction of 

the peak from the line u - f . Thus, in both the large 

and small aperture-bandwidth cases: 

sin -i ffi^     ^A)] (6.3.1-5) 

With regard to the v-coordinate of peak first-order 
intensity, chis occurs at the point, ^  ,  given by: 

(i)   large aperture-bandwidth: 

and since: 

then 
- 

S Au 

„.f.Ua 

(f,, - f )AT c   o  y 

A = 
Ax £^T. 

-•['-« fcATy 3 

(6.3.1-6) 

(6.3.1-7) 

(6.3.1-8) 
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(11)      «mall aperture-bandwidth 

In thl« configuration the Ooppler frequency cannot be 
measured; since however    fc » fd ,    then the approximate 

(6.3.1-10) 

location 1st 

VTy *.--V* 
Thus In (i)i r 

and for (11) 

ey - sin-1 2pv 

—k; 

0y - sln" 1(2ßva) 

(6.3.1-11) 

(6.3.1-12) 

To summarize these results. It Is seen that the peak 

Intensity will not occur at the same point for both cases. 

In the large aperture-bandwidth case, although no error la 

Introduced by Doppler frequency. It will be necessary to use 

two measurements In order to obtain the angle 0 . This 

occurs because of the non-separable transmission function; 

that Is, since the output light distribution cannot be re- 

presented as the product of two Independent functions of u 

and v , and the v coordinate of peak Intensity will be 

dependent on the u coordinate as Is evidenced by Sq. (6.3. 

1-8). This of course does not occur In the small aperture- 

bandwidth case since the transmission function Is separable. 

In order to compare the diffraction patterns for the 

two cases, let -/ - */ and rewrite Sq. (6.3.1-10) asi 

1 
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fc ' fo      f« SATv  7*. 

Thus it It seen that in the small aperture-bandwidth case, 

the peak intensity occurs at the intersection of the lines, 

u = 
k-7 

s 
= f - u s  ua 

72 v = T + Afs 

and in the large aperture-bandwidth 
of 

k -7, 

case at the intersection 

u = = f - u s   a 

v = ^- + Au 

This is shown in Fig. 6.3.1-1.  As indicated in Sec. 

6.1.1, the null pattern in the large aperture-bandwidth case 

is rhombic because of the skewing of the transmission function. 

6A SIGNAL TO NOISE DEGRADATION IN LARGE APERTURE-BAND- 

WIDTH ELECTRQ-QPJICAL ARRAY-AMTBMMA PROCESSORS 

Random electrical signals exciting the transducers of 

a Debye-sears light modulator will cause random ultrasonic 

signals to propagate in the light modulator medium, and thus 

cause a randomized diffraction of the incident light.  This 

effect will therefore contribute to the overall output noise 

level.  It is especially necessary to consider this source 

of output noise in large aperture-bandwidth cases since, un- 

der these conditions, there will always be more light which 

is phase modulated by noise than by signal (Sec. 6.4.2). 
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SMALL   APERTURE - 
BANDWIDTH   PRODUCT 

THIN  LINES  REPRESENT NULLS 

HEAVY   LINES   REPRESENT   MAXIMA 

LARGE   APERTURE  - 
BANDWIDTH   PRODUCT 

L 

BOTH   DIAGRAMS 
IGNORE : 

/b_8injrbv\2 

\    vbv     j 

/dtlmrd(u-f)\ 
\   Trd(u-f)     / 

LOCATION OF 
PEAK INTENSITY 

k-yi    « . 

-H h-Aua 

y = -^- + Au 

LOCATION  OF 
PEAK  INTENSITY 

A-82I-8-02S9 

FIG. 6.3.1-1 NULL PATTERN AND LOCATION OF PEAK INTENSITIES : LARGE AND 
SMALL APERTURE - BANDWIDTH PLANAR ARRAYS. 
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In what follows, a mathematical model describing the 

diffraction patterns caused by random ultrasonic disturbances 

will be derived for a general random process and also for the 

special case in which the process is assummed to be Gaussian 

(not necessarily white noise).  It will be seen that in the 

Gaussian case the general expressions derived, which reduce 

to those obtained for the general case, will be exact.  These 

results will then be used to evaluate the degradation in out- 

put signal to noise ratio resulting from large aperture-band- 

width conditions.  It will be seen that, using white noise as 

an example, when the electro-optical processor is used to pro- 

cess signals from a planar array antenna, the degradation due 

to a large aperture-bandwidth product will be negligible, but 

may be significant in the case of a linear array if the spa- 

tially-multiplexed configuration is employed. 

6.4.1  LIGHT DIFFRACTION BY RANDOM SIGNALS 

(i)  General Random Process 

An electrical signal exciting the piezoelectric trans- 

ducer of a Debye-Sears light modulator causes an ultrasonic 

wave to propagate through the light modulator medium.  Let 

the ultrasonic disturbance propagating in the x direction, 

at a given instant of tifne, be denoted as ^(x) . 

It has been shown (Raman and Nath 1936) that, for 

weak ultrasonic fields, the ultrasonic disturbance will give 

rise to a pure phase modulation of the light wave front given 
by: 

27rL^ (x) 

X 

where 

L ■ length of light path in Debye-Sears lighc modulator 
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X » light wavelength 

For convenience of notation,  the constant. 2ZLL 

will be ignored and it will be assumed that an ultrasonic 
disturbance ^(x)  gives rise to a spatial phase perturba- 
tion of the light wave front also denoted as f(x) .  Thus, 
if the incident light is a plane wave of constant amplitude, 
the light amplitude in the output,  (u,v) , plane of the op- 
tical processor has been shown to be (Cutrona I960)t 

. r   j^(x)  -J27TUX -j27rvy 
9*<tt«v) - K j j e     e     e     dxdy 

x y 

where integration is performed over the entire optical aper- 
ture, and K is a constant.  Let G(u,v) «= ft **** K 

Since 
photo detectors are used to obtain output data, the observed 
light intensity will be proportional to | G(u,v) |2 . 

Thus, if the signal at the transducer is a real random 
time function n(t) giving rise to a real random ultrasonic 
disturbance, n(x) , the normalised output light amplitude 
at a given instant of time will be: 

r c   Jn(x)  -JSTTUX -j27rvy 
G(u,v) ■ J j e     e     e     dxdy 

x y 

and in this case let the output intensity be: 

where: 

I^Kv) - E[G(u,v) G*(u,v)] 

E    denotes expected value 

*    denotes complex conjugate. 

■ 
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Now consider an optical processor using a Debye-Sears 
light modulator with N channels (Pig. 6.1-2) whose trans- 
ducer b ars excited by samples of a random process.  Let If 
be odd for coivenience.  Since the samples at different 
transducers arise from noise which haj been generated in 
separate networks and also from random excitations of sep- 
arate antenna elements, the noise samples are assumed inde- 
pendent; it is also assumed that the samples have zero mean. 

Hence the contribution to the total output light am- 
plitude,  G(u,v),  from the channel located at y = pß will 
be; 

gp(u,v) 
D/

r
2 **S  Wx)  -j27rux 

J    J  e      e 
-D/2 p0-% 

-j2TTvy 
dxdy 

(6.4.1-1) 

In this method of signal processing the ultrasonic 
signals are always assumed to be small (Lambert 1962), thus: 

D/2 p0+5 ._ r r i -]27rux -;]27rvy 
gp(u,v) =  j    /  [l+jnp(x)--±np

2(x)+(r(n3)]e "     e     dxdy 
-D/2 pß-% 

where ^(n3)  denotes the error in the approximation of 
e3iHXj  (jue to terms of ^g or(jer of n3 . 

For convenience of notation, let: 

D/2 -j27rux 
j f(x) e     dx - I f(x) 

-D/2 
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D/2 
'f j27rux 
J    f (x)   e dx - I * f (x) 

-D/2 

D/2 .0 r -327rux _ ^ 
/(l)e ^ . D sin TTDU 

TTDU 
-D/2 

b/2 

/(I) 
-j27rvy 

dy = 
-b/2 

b sin Trbv 
TTbV 

Z(u) 

= Z(v) 

note that: 

D/2 -j27rux D/2 j27rux 
I f(x)   I* f(x)  -      /   f(x  )   e 'dx J   f{x)  B 2dx 

1 1 £ 5 
-D/2 .D/2 

D/2      D/2 -j27ru(x    - x ) 
-      / /   f{x )   f(x )  e * 2 

-D/2    -D/2 
dx dx 

1      2 

ThuBi 

-j27rpßv 
gp(u,v)   - Z(v)   e [Z(u) + j I np{x) --i In*(x)+I 0'{ns,, : 

and the total output  ligfit amplitude  from all    N    channels 
will be: 

,«-!< 
' 

G(u,v) 
n- rä=i\   p 

Hence: 

•*««*•**     -J27r(p- q)0v 
E [| G(u,v)  l2J - E { Z2(v) E B e # 

p   q 

[Z(u)+jln^x^-lln^x^ +IÖr(n3)] 
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«[2(u)-j I*nq(x2)--| I*n|(x2) + I*(y(n
s)j( 

and: 

♦ Z2(v)  E S e 
p q 

E[|G(u,v|->Z-(v)  EE^^'^Vtu) 
p q 

.^ ^ -J27r(p-q)ßv   r 
+ Z2(v) Zy Zy e z(w)hIE[n«(x )]-:U*2[nJx )] 

p q P l •'      L q 2 J 

-|ia[n2(xi)]-|l*Ä[n
2(x2)] + l^(n

a)+ I^(n»)l 

-j27T(p-q)ßvr n 

|lI*E[np{xi)nq(x2)] + II»{T(n
3) 

(6.4.1-2) 
Now if r(t ,t )  is the autocorrelation function of 

1  2 
the electrical signals exciting the  transducers, which for a 
real process is defined as: 

^W " E[n(ti)n(t2)] 

then the autocorrelation function for the random ultrasonic 

disturbance which arises from these signals will be: 

r(xi,x2) - E[n(xi)n(x2)] 
■ 

Hence by assumption of independence and zero mean: 

E[np(Xi)nq(X2)^ ' r(VX2)6 pq 

where 

pq 

0 p ^ q 

1 p - q 
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and 

B[np(x)] - B[n*(x)] - r(0)   for all p and q . 

Thus: 

D/2 
-jSrrux 

I ^^(xj] - I* B[n|(x )] - r(0)  /  e    dx - r(0)Z(u) 
2 ■       -D72 

D/2 D/2 

/    / 
-D/2 -D/2 

-j27ru(xi-x2) 

i s 

and, within the approximation arising through neglecting the 

error terms, ^(n3)» 

rN-1, (^   W) 
^(^v) - Ze(v)     E 

-j27r(p-q) 

D/2 D/2 -j27ru(x1-xa) 

Z2(u)(l-r(0)) +  /  / r(x .xjö. 
-D/2 -D/2   i a M i s 

Make use of the identityt 

p— 

2 ^ jp.  pi„^ 
B  e j- 

andt 

V«*v) - Z'(v)z»(u)(l-r(0))(^^v) 

D/S  D/2 

/    / 
-D/2 -D/2 

-j27ru(x -x ) 

+ Z»(v)M  /   / r(x .x-)e 
-D/2  -D/2    l     • 1  S 

(6.4.1-3) 
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The first term on the right hand side of Eq. (6.4.1-3) 

is the zero-order light intensity resulting from diffraction 

due to the configuration of optical aperture.  The term 

(1 - r(0)) takes account of the light which has been diffracted 

away from the zero order by the random signal, and the con- 

tribution from the random process is described by the ex- 

<• pression: 

D/2 D/2        -j27ru(x -x ) 

R(u,v) • Z2(v)N  /   / r{x ,x )e ' dx dx - Z2(v)R(u) 
-D/2 -D/2   1 2 1 2 

Since the random ultrasonic disturbance is assumed to 

be a function of x alone, it is seen that only the u var- 

iation will depend upon the statistical properties of the 

random process, the v variation being dependent only upon 

the width of the ultrasonic wave through the function: 

It is also seen that the response to N channels is 

N times that of a single channel.  Thus the light intensity 

from each channel contributes independently to the total out- 

, put and all contributions resulting from interference be- 

tween diffracted light from separate channels tend to be can- 

celled.  This follows from Eq. (6.4.1-2) and the assumption « 
of zero mean and independence of n (x)  and n (x) .  In 

the case of deterministic signals, however, this cancella- 

tion between outputs from separate channels does not take 

place and the peak output intensity is proportional to N2. 

Thus, as will be seen, the output signal to noise ratio (ig- 

noring all other noise sources) will tend to be increased 

as the number of channels increases. 
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(ü)       Gaussian Random Proceaa 

In this case    let    n(x)    be a random sample of a Gaus- 
sian random   process    (not necessarily white noise).    As be- 
fore  (Eq.  6.4.1-1)  the contribution to output light ampli- 
tude from the channel located at    y - pß    ist 

gp(u*v)  m z(v)  e 
-j2,Tpßv    D/2    jn0(x)    -j27rux 

j    e    ^        e dx 
-D/2 

and 

. [i G(„,v),.]. 2»(v) s s .-*•*«*'   7 f . 
P     q -D/2 -D/2 

E 
iin^»^ (»J] -j27ru(x -x ) 

1       2 
e d.* dx 

1       2 

However, since the process is assumed Gaussian, then 

for each value of xi and X2 the random variable ? de- 
fined as; 

C » n(x ) - n(x ) 
1 2 

is itself a Gaussian random variable. 

Recall that the characteristic function of a random 

variable C v;ith probability density P(C)  is defined as: 

[' -i ^T      ^ 

e3 J - / P(C) e
J'XdC 

and that if J  is Gaussian with zero mean and variances a2, 
then: 

-CD2q2 

M. (a)) = e 
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Thus: 

e 
j(n(x )-n(x  )) 

1 2 
E 

JC 
Mc(l)   = e ..^ 

where,   since    E[n(x)]   m 0  : 

\(*(\)  - n(x2))2J » 2 r(0)   - 2 rfx^g 

In the case of    N    channels» 

a2 = E 

E ptV^'-V^'i] -r(0)    r(xi,x2)6pq 

and since: 

then: 

D/2    D/2    -j27ru(x  - x  ) 

rX      «L e ' dx dx    = Z2(u) 
-D/2 -D/2 i    2 v   ' 

l[| G(u,v) (»] = ^(u^)^-^)  e"r(0)  S  £  e'
j27r(p-^9v 

p   q 
D/2    D/2    rCx^^)^    -j2TO(Xi.X2) 

•/    e e dx dx 
1       2 -D/2 -D/2 

-r(0) 
■ e Z2(v)Z 

-r(0) 

f'M [{m^) - N] 

+ e 
D/2    D/2    r(x    x )     -j7m(x-x ) 

12 12 
dx^ (6.4.1-4) Zk(v)N      /       / 

-D/2  -D/2 

which is exact.     Thus  the contribution from the random pro- 
cess  in  the Gaussian case occurs  through the expression: 

D/2   D/2    rC«^«,) -;**«<« JkJ 
Z   (V)N    n/p    Joe e ^ ^ -D/2  -D/2 i     e 

Equation   (6.4.1-4)  can now be reduced to that of the 
general case,   since: 
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-r(0) 
e - 1 - r(0) +^(n*) 

r(x ,x ) 
• *    - 1 + r(xi,x2) +^(1»*) 

and, within the approximation resulting from ignoring error 

terms of the order of n4 t 

v^v) - [i-r(o)]z«(v)[2a(u) (;& XY) " Z^u)N 

D/2 D/2 -j27Tu(x -x )     _ 

♦ *M  N + NJ2 J2 «U^J . 1 a dx^J 

= z2(v)z=(u)(5i^B-)2
[1-r(o)] 

D/2 D/2 -j2Tru(x1-xa) 
+ Z2(v)N  /   / r(x,,x ) e dx dx 

-D/2 -D/2 1  2 1  8 

which is identical with Eq. (6.4.1-3) 

Consider some specific examples« 

(i)   Stationary White Noisei Infinite Bandwidth 

Let the random electrical signals n(t) be samples 

of stationary white noise with po*er spectral density N . 

Then, ignoring the finite bandwidth of the light modulator, 

the power spectral density of the random ultrasonic disturb- 

ance will be KWO where K is a constant representing a 

possible attenuation in noise power, and also incorporates 

any necessary changes of units.  Thent 

r(x ,x ) ■ r(x -x ) - KH&l*  -x ) 
18     ^18     o x x  8 
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and 
D/2 D/2 

R(u,v) - Z2{v)KW N  /   / 6(x -x ) 
-j27ru(x -x ) 

dx dx 
1  2 -0/2 'D/2 

Z2(v)KW ND 

This result is consistent with thio optical proces- 

sor's behavior as a spectrum analyzer.  It has been shown 

(Eq. 2.1-6) that a sinusoidal signal of frequency f.  ap- 

plied to a single-channel light modulator of length D and 

width b will result in first-order output light amplitude 
of the form: 

Z(v) 

,    fi f4 
D sin 7rD(u+-^)  D sin ^(u--^) 

f. 
L  7rD(u + -f) 

S (6.4.1-5) 

where s  is the sonic velocity. 

The distance of these "spectral lines" from the line 

u « 0 is a function of the frequency of the electrical sig- 

nal at the transducer.  Thus, under assumption of infinite 

bandwidth, white noise, having power at all frequencies, re- 

sults in a constant light intensity for all values of the 

spatial-frequency variable "u". 

(")   Statiouary White Noise; Band Limited 

The band-pass characteristics of the light modulator 

used in this method of electro-optical processing are deter- 

mined by the bandwidth of the piezoelectric transducers. 

This way be written (Mason, 1948, Liben i960): 

B - kf. 
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where: 

B » electrical bandwidth of light modulator 

ft - resonant frequency of piezoelectric transducer 

and k is a constant equal to | in the ideal case (Mason 
19^8, Liben i960), 

In terms of the upper and lower 3 db frequencies the 
bandwidth can also be written as: 

B - f - f 
2   1 

Thus, iince an electrical signal of frequency f.  will 

result in an ultrasonic signal with spatial frequency:1 f = 

^ , then it is possible to define the spatial bandwidth as: 

f - f 

"""s   = S  (units of cycles per meter) s 

If the resonant frequency of the piezoelectric trans- 

ducer is  ft , then the resonant spatial frequency will be:* 

f. 
f -41 o   S 

and, in the band-limited case, the power spectral density of 

the ultrasonic disturbance due to white noise can be written 

as (considering for convenience positive frequencies only): 

KW    rect o (^) 

where 

rectÖ-io 
B 

f K-f 
otherwise 

wif^JjL1?«; change in notation; f0 is not to be confused 
with the intermediate frequency of Sees. 6.1, 6.2 and 6.3. 
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Therefore by stationarity of the random process: 

(x -xJ  - KW        / 

f A 
V 2     j27rf (x -x ) 

1      2 

1      2 

£3 
o   2 

df « KW    e o 

j27rfo^rx
2
) 

B    • 
8 

sin 7TB_(X -x ) 
 s     1     2 

and  (Eq.   6.4.1-3)s 

**    D/2 sin TTBJX -x )     -J27r(u-f )(x-x ) 
R(u,v)  = Z2(v)NKW B /        /    s     1    2    e 

0 8 -E/2 -Q?2      7rBH(x -x  ) 

In order to evaluate the integral,   let    0 « u - f 
and observe that: 

D/? sin 7rB„(x -x  )     -j2Tr(/>x 
/    S    1    a    e 

■D/2       TTB  (x -x  ) 
«*        1       2 

dx dx 
1       2 

dx 

is the Fourier transform, with respect to the variable    <f> 
of: 

rect 
/x \       sin TTB  fx -x  ) 

«••f«!-",' 
and is therefore the convolution of 

-J27r0x T -j27r0x T 

Hence : 

D/2 

R(u,v)  - Z2(v)NKWoB8       / 

B s 
2 -j27rxx 

_L    J   D sin 7rD(0->O  e - 
Bs    B8 7rD(0-A) 

dx 

j27Tfce 

dx 
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By interchanging the order of integration: 

s 

RKv) = z2(v)NKW      /   » sin 7rD(0-A) 
7rD{(/>-A) 

8 

"D/2    J27rx2{0-A) 
Je dx 

-D/2 2 
dx 

and: B. 

R(U,V) = Z
2
(V)NKWD- / rsin aüaj 1 0 B    L     TD(0-X)      J 

dA  • 

Since: 

i( sin TTD{(f)--\) 

7rD(0-x) ) ^*i 
Then allowing the bandwidth to become infinite results in 

R(u,v) = 22(v)NKWoD as before. 

In order to evaluate: 

T 
f    ( si" 7TD(0-A) \ 
Be \  7rD(0-A)  / 

dA 

recall that, in the most general case, this electro-optical 

processor is used to process signals from a planar array an- 

tenna with M rows and N columns, that the M signals from each 

of the N columns are time multiplexed to form time sequences 

of M pulses, and that the N time sequences are fed into sep- 

arate channels of the light modulator.  Thus the value of 

0, the length of the light modulator channels, must be cho- 

sen so that, at a given instant of time, all of the M time- 

multiplexed pulses will be able to fit into the optical ap- 
erture. 
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Hence  (Eq.   6.2-5  et.  seq.)» 

D = MTS 

where 

and 

M « number of rows  in the array 

T ■ pulse duration ~ •= 

S ■ scnic velocity 

_  M MS        M D--B-TS 

In a large aperture-bandwidth case, say: M > 100 

and therefore Ba > > | . Thus (see Pig. 6.4.1-1) since 

over 90 percent of the total area under the curve (8"\JI ) 
11 TTOX 

falls under the main lobe (-5 < x < +^) , the value of the 

integral should be very nearly constant and approximately 

equal to ^ for values of u in the range: 

and for values of u such that: 

f
0 

+ if + 5< •><'o-ir 
1 
D 

the integral should be very nearly zero since only the side 

lobes of the integrand will fall into the region of integra- 

tion (Fig. 6.4.1-2). As a result, since th*» observation 

region in this signal processor encompasses the region: 

Ba B 
fo-lf< u< fo + 

s 
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the net effect of band-limited white noise should be to pro- 
duce a nearly constant  light  intensity equal to« 

over  the output region of interest. 

Tl is result is verified in Appendix C in which the re- 
sults of evaluating the  integral: 

B 

/sin 7rD(0-^) 

B s 
2 

•D(»-ä)\ 

0-;\)   ) ^  "^V/)  dA 

on a computer ace presented.  It is seen in fact that for 

M > 10 ,  the approximation that band-limited white noise 

results in constant light intensity over the region: 

f - s B 
< » < fc + -# 2 1 u 1 ^o 

is good. This result is also seen to be consistent with the 

behavior of this electro-optical processor as a spectrum an- 
alyzer (Eq. 6.4.1-5). 

6-^-2  EVALUATION OF SICtqAL TO NOISE DEGRADATION 

In considering the form of tie first-order diffrac- 
--ion pattern for the linear array it can be seen t. at in 

every case (Eqs. 6.1.1-2, 6.I.I-3, and 6.2-7) the relative 
peak first order intensity, I G  I2 , is equal to: 

G  I« 
IP ' 

iP 

*2 -f  NVd2 
(6.4.2-1) 
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and foi  the planar array the peak first-order intensity is 
(Eqs.   6.3-20,   6.3.1-1  and 6.3.1-2): 

G      I2 

iF ' 

^,2 

& N2beMad2 (6.4.2-2) 

It is evident therefore that for both the linear and 
the planar array: 

I G p I2 " TT      [area covered by ultrasonic signal]2 

(6.4.2-3) 

The actual value of output light intensity is of course 

dependent on the power in the light incident on the optical 

aperture.  Regardless of the actual value, however, it is seen 

that in all cases (i.e., large and small aperture-bandwidth 

product and linear and planar array antennas) the peak out- 

put light intensity which has been diffracted by the ultra- 

sonic signals must be proportional to the square of the area 

covered by the signals in the optical aperture. 

When the piezoelectric transducers are excited by sta- 

tionary white noise, the output intensity in the region of 

interest has been she ym t^ be proporcional to (Sec. 6.4.1 

examples (i) and (ii)): 

R(u,v) - Z2(v)NKWoD (6.4.2-4) 

from which: 

KW 
R(u,v) < -jjjjj- [area covered by random ultrasonic 

disturbance] 

Thus let: 
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A    = maximum area in optical aperture covered by signal s 

An = area in optical aperture covered by noise 

and the peak signal to peak noise ratio in the output plane 

i8S ^2      «2 rm ND  s 
TKWoA* (6.4.2-5) 

Now the fact that large aperture-bandwidth processing 

ing will lead to a degradation in signal to noise ratio can 

be seen by comparing Figs. 6.1-3 and 6.3-3 with Figs. 2.2~3 

and 2.4-3. 

In the case of small aperture-bandwidth product the 

displacement in the received signal envelopes can be ignored 

(Sec. 6.1); then, at some instant of time, the ensemble of 

ultrasonic signals can be assumed to completely fill the ap- 

erture (Lambert 1965, see Figs. 2.2-3 and 2.4-3). Thus since 
A2 ~ A2,  then,for both linear and planar small aperture- s   n 
bandwidth arrays, the signal to noise ratio assuming sta- 

tionary white noise becomes: 

tf2 

^m ND 
P "T KW" o 

(6.4.2-6) 

When the aperture-bandwidth product is large,however, 

the time delays between received signals cannot be ignored 

and the ultrasonic signals become skewed across the width of 

the optical aperture ( Figs.  6.1-3,  6.3-3 ).  Thus, since 

the aperture must be large enough to contain all the pulses, 

at no time will it be completely filled with signal; hence 

the area occupied by noise will always exceed that which is 

occupied by signal and a degradation in signal to noise ratio, 

ovar that which is expressed in Eq. (6.4.2-6), will result. 
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Therefore in order to evaluate this effect,   let the degrada- 
tion be defined as: 

Degr. -10 -'(£) (6.4.2-7) 

This quantity will now be obtained for the linear and 

planar large aperture-bandwidth arrays. 

(i)   Degradation in Large Aperture-Bandwidth Linear Arrays 

Spatial Multiplexing 

Since Ax = S5 g311 9, it is seen in Pig. 6A.2-2 that 
the skewing of the ensemble of ultrasonic pulses will become 

more pronounced as | 9 | increases. The length of the aper- 

ture must be large enough to accomodate the maximum off-bore- 

sight signal which the antenna is required to cover; there- 

fore if the pulse duration is T the length of each ultra- 

sonic pulse will be d = S'.' ,  and (aasuming {■ = ■57-): 
c  2f 

d + 
S(K - 1) sin I 0 

2r 
'max 

(6.4.2-8) 

In this case: 

As ■ llbd , f^ m  NbD ,  and 
s 

D 
d 

but: 

and since 

n      S(N - 1 sin 0 I 
d d2f 

d = ST r I 

then (letting | 0 |max ■ 90 deg): 
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Degr. » - 10 log 1 + 
B(N-l) 

2f 
- 20 log fl.^ 

L    ?* J 
(6.4.2-9) 

T*hu8 it is seen that, in the spatially multiplexing of 

large aperture-bandwidtn product linear-array signals, a sig- 

nificant degradation in signal to noise raUo, over the small 

aperture-bandwidth case, can take place.  The actual amount 

of degradation will depend upon the number of elements, N, 

and the quantity j~     which is the frational bandwidth of 

the transmitted sigSal.  lome representative values will be 
given at the end of this section. 

(**)  Degradation in Large Aperture-Bandwidth Planar Arrays 

In this case: 

So,,  sin 9.. 
Ax ■ SAT 

and,in order that the aperture be large enough to accommo- 

date all the pulses, the length of the light modulator chan- 
nels, D , must be such that (Pig. 6.4.2-4): 

Let 

then: 

D - S(M-l) | T8 |max + ST + S(N-l) | AT 

I 9 

y 'max 

x 'max 

IATV I = | AT 

ey 'max " 90 deg 

x y ' max " 2f = gf- (assuming -?- = -Z =  -1_) 
2f 

Thus (Eq. 6.2-5 et. seq.) 

' ^s 'max ss s ' Ts 
and: 

'max 5(T +1) 

.. s(„.1) [T + x] + ST + s^l 
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D   - MST + 2 M •*• N "  3  S 
2fc 

Md +  g M -f  N -   3 
2f. 

s 

wher«, as before, d - length of single ultraeonlc pulse 

In the case of the planar arrays 

ST. 

A^ - MdNb 

NbD 

hence t 

and since 

then: 

^S - -S- - 1   2 M ■>• N - 3 _8_ 
A " Md * 1 +   if     * & ■ c 

ST S -1 B 

Degr. - - 10 log fl + 2 * ^ ' 3 ^f-T (6.4.2- 10) 

Therefore it can be seen at once that,in the case of 

the planar array, the degradation will not be as large as 

it is for the linear array since: 

M 2 N > > 3 

and thust 

Degr. r - 20 log [-H] (6.4.2-11) 

This follows from the fact that, with the planar array, the 

skewing of each sequence of time-multiplexed pulses is no 

greater than that which occurred on each single pulse in the 
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case of the spatially-multiplexed linear array.     Thus planar 
array processing makes more efficient use of the area of the 
optical aperture and the degradation will be less.     Note that 
Degr.   for the  time-multiplexed linear array can be obtained 
from Eq    (6.4.2-10)  by setting    H» 1  .     It is seen that in 
this case: 

(6.4.2-12) Degr. Z - 20  log b-t] 
which is less thai» for the planar array. 

Values of Degr. for different size antennas and dif- 

ferent fractional baidwidths are presented below. 

Linear Array 

f fractional bandwidth 
of transmitted signal 

05 

N - 24 3.9 

.10 

6.4 

.15 

8.7 

.2 

10.4 

N - 100 10.7   15.4   18.5 20.6 

N - 300 18.6   24.0   27.4 30. 
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Planar Array 

B 
T" ■ fractional bandwidth    - 05 lü 1*5 o 

c      of tranamitted aignal 

N " M -    2* .6 1.2 1.7 2.2 

N - M - 100 .62 1.2 1.7 2.3 

N - M - 300 .63 1.2 1.8 2.3 

The entries in the above tables are the amounts of deg- 

radation,^ decibels, for different si^se linear and planar ar- 

rays and for different values of fractional bandwidth, f-  . 

For convenience the planar array has been assumed square0 

(M-N) . 

6.5   SUMMARY AND CONCLUSIONS 

This section has considered the extraction of informa- 

tion from the diffraction patterns which *ould occur in elec- 

tro-optical processing of large aperture-bandwidth array an- 

tennas.  It has been shown that under these conditions the 

complex optical transmission function would be non-separable 

and the resulting diffraction patterns have been obtained 
here for the first time. 

The effects of non-separability have been analyzed 

and the necessary interpretation of the location of peak 

first-order light intensity, in terms of the angle informa- 

tion contained in the optical transmission function, has 
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been obtained,  it has been shown that, in the case of the 

planar array, this interpretation will not be the same as it 

is when the transmission function is separable. 

The effects of the non-separable transmission function 

on the output signal to noise ratio have also been evaluated. 

The results of this analysis indicate that, in the case of 

the large aperture-bandwidth planar array, the degradation 

in signal to noise ratio would not be significant.  In elec- 

tro-optical processing of large aperture-bandwidth linear 

arrays it has been shown that the spatially-multiplexed con- 

figuration could introduce a serious signal to noise degra- 

dation which, however, could be avoided with the use of time 

multiplexing. 
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7.  EXPERIMEMTAL INVESTIGATIONS 

The results of the preceding chapters indicate, from 

theoretical considerations« that Debye-Sears light modulators 

employing fused-silica as the light-modulator medium will be 

applicable to electro-optical array-antenna processing, and 

will provide significant gains in signal-processing capacity 

over that which can be achieved with liquid light modulators. 

The purpose of this chapter is to present experimental veri- 

fication of these theoretical conclusions. 

The specific experimental investigations which are 

relevant to the above results have been indicated in the pre- 

ceding chapters.  They fall into two categories.  It is first 

of all necessary to demonstrate the suitability of the fused- 

silica light-modulator medium for electro-optical processing 

and then to verify the theoretical evaluation of its signal- 

processing capacity.  With regard to the former, the impor- 

tant considerations are:  the linearity of the electro-acous- 

tic transfer characteristics and the ability of a fused-sil- 

ica light-modulator to produce diffraction patterns without 

introducing optical distortion.  In evaluating the process- 

ing capacity it has been assumed:  that the light-modulator 

bandwidth will be approximately 30 per cent of the resonant 

transducer frequency; that internal-refraction effects can 

be controlled by proper choice of transducer depth; and that 

adjacent channels in the spatially-multiplexed configuration 

can be spaced by one transducer width.  Thus the experimen- 

tal work followed this outline, and the results were found 

to support the conclusions concerning the use of fuaed-sil- 

ica light modulators in electro-optical array-antenna pro- 

cessing.  The following e ctions present some of the data 

resulting from these experiments. 
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7.1   DESCRIPTION OF MEASURSMENT APPARATUS 

The experiments with the fused-ailica light-modulators 

were performed on the coherent optical configuration shown 

schematically in Fig. 7.1-1. 

All the optical components and the collimated regions, 

in which the experimental modulators were placed, were shielded 

against extraneous 11 ht, dust, and the motion of the air, by 

cylindrical-bellows light shields and light-tight boxes.  The 

complete operating system is shown in Fig. 7.1-2. 

The optical table was a 16 ft. x 18 in. x 16 in. gran- 

ite blodc mounted on an 18 in. steel channel fabricated to 

form a T-shaped support (Fig. 7.1-3), and the steel base was 

supported, in tripod fashion, by air-operated, self-regula- 

ting damping mounLs.  The top surface of the taMe was ground 

to a flatness of ± 0.0001 in. and a T-shaped slot, 1 in. wide 

by 14 ft. long, was machined into it, along the center line, 

to accommodate the optical components.  To provide a refer- 

ence surface for these components, one side of the slot was 

hand finished to a flatness oi  0.001 in. 

In these experiments, the laser light source produced 

a 1,8 mm diameter linearly-polarized beam with a wavelength 

of .6328 p. .  The polarization in this case was verified by 

means of a Nichol prism to be vertical (perpendicular to 

the surface of the optical bench).  The light beam emerging 

from the larer was adapted to the requirements of the exper- 

iments by ;Tiians of the spreading-lens assembly shown in 

Fig. 7.1-^.  The assembly consisted of a microscope objec- 

tive lens, fixed to a flat plate supported by a lens mount, 

and a pinhole subassembly attached to a microscope barrel. 

The actual size of the pinhole as well as the focal length 
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FIG. 7.1-1     SCHEMATIC   DIAGRAM   OF  COHERENT OPTICAL SYSTEM 
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810H-321-0098 
1. Lena Mount 
2. Microscope-Barrel Aaeeinbly 
3. Coarse Focusing Adjustment 
4. Fine Focusing Adjustment 
5. Pinhole Assembly 
6. Pinhole Positioning Screws 
7. Microscope Objective Lens 
6. Objective-Lens Holder 
9. Spreader-Lens-Assemb'y Mounting Plate 
10. Lens-Mount Locking Knob 
11. Mounting-Plate Adjuatmant Screws 

Fig. 7.1-4  Spreader-Len« Aeeenibly 
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of the microscope objective (spreading lens) varied with the 

experiment.  The barrel assembly was attached to the sams 

flat plate on which the objective lens was mounted; and turn- 

ing the focusing knob moved the barrel along the lina of the 

optical axis which thus allowed precise positioning of the 

pinhole in the focal plane of the objective lens; the actual 

location of the pinhole at the focal point was affected by 

the pinhole-positioning screws (Fig. 7.1-4).  In this way, 

the pinhole could be positioned so that a uniform illumina- 

tion appeared across the col lima ting-lens aperture (Fig. 7.1-5\ 

The light modulator was always located in the colli- 

mated region which refers to the space in between the colli- 

mating and integrating lenses (Fig. 7.1-1).  Fig. 7.1-6 

shows the rotary table which was used to support the frame 

holding the modulator.  The rotary table provided six degrees 

of freedom for precise positioning of the fused-silica mod- 

ulator held by the frame.  The complexity of table was neces- 

sary to ensure that the incident light was normal to the 

face of the modulator.  Lateral and vertical adjustment was 

provided so that all portions of the modulator could be il- 

luminated with a given size optical aperture.  The aperture 

stop is also shown in Fig. 7.1-6.  This stop was continu- 

ously adjustable, in two dimensions from zero to four in,, 

and was calibrated so that, over its range, any size rec- 

tangular aperture could be obtained. 

The frame holding the light modulator was designed so 

that minimum clamping pressure was applied.  Provision was 

also made for electrical cable connection to the transduc-ar 

in which the tension of the coaxial driver cable was re- 

lieved by a structural support rrgidly attached to the frame; 

thus, no tension existed at the transducer connection. 
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FIG. 7.1-5    COLLIMATION   OF LASER   BEAM 
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Detection of the light-modulator output was made with 

the scanning mechanism shown in Pigs. 7.I-7 and 7.1-8.  In 

this device a precision xy-table was mounted above the opti- 

cal axis of the system rather than normal to it ard the con- 

verging beam from the integratirg lena was folded, within 

the t,ible support, by a precision flat mirror set at 45 deg 

to the optic axis.  Provision was made to rotate this mirror 

out of the system to permit the light beam to fall on the 

auto-collimator telescope for alignment purposes. 

The image plane of the integrating lens was coincident 

with the plane of the xy-table, in which an adjustable slit 

was mounted, and the table was positioned by means of the 

manually-operated traversing knobs.  Electrical readout of 

the table position was continuously given by two potentio- 

meters directly coupled to the table-control shafts. 

Above the slit assembly was a continuously variable 

neutral-density filter used to limit the peak intensity of 

light entering the photomultiplier.  The combination of fil- 

ter and photomultiplier was rigidly attached to the xy-table 

and moved with the table so that this unit was always in the 

correct position with regard to the slit.  The entire scan- 

ner mechanism was anclosed in a light-tight box (Pigs. 7.1-2 

and 7.1-8), with c.ccess to controls and adjustment provided 

by magnetically-held access panels and through-wall connec- 
tions. 

a'xÄr^ i^r r^a^^1" *» thi8 •»•*- »" «"- 
1 •'l' 
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1. Photomultiplier Output Connector J. 
2. Variable Density Filter 10. 
i- Slit Mount 11. 
't. x.y-Table 12. 
rj. y-Axis Analog Potentiometer 13. 
0, y-Travorse Mechanisms 14. 
7. x-Axis Analog Potentiometer 15. 
c. x-Traverse Mechanisms 16. 

Table-Rotation Control 
Light-Input Slot 
Mirror-Position Control 
Autocollimator-Telescope Mount 
Au*..ocollimator Telescope 
T-Slot Guide 
Granite Optical Table 
x.y-Table Support 

Fig. 7.1-7 x,y-Stagei Scanning-Mechanism Details 
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i. 
2. 
3. 
4. 
5. 
6. 
7. 

Light Shield 8lOH-32l-00^ 

SI it-Traversing Knob 
Traver«ing-M«chani«m Connecting Shaft 
Pellicle-Aaaembly Support Bar 
Mirror-Poaition Lever 
Window for Pellicle Aaaembly 
Photomultiplier Voltage Divider Unit 

Fig. 7.1-8 
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7.2   BASIC SYSTEMS MEASURSMBNTS 

7.2.1  MEASUREMENT OF LIGHT-IMTENSITY DISTRIBOTIOM 

IN IMAGE PLANE 

Consider the zero-order light diffraction pat- 

tern produced by a rectangular optical aperture of length 

D(x dimension) and width b(y dimension); the relative light 

intensity in the image plane will be given by (Eq. 2.1-2): 

(7.2.1-1) 

The ideal pattern produoec by the peaks and nulls of |G(u,v)p 

is shown in Fig. 7.2.1-1. 

The actual value of light intensity can be 

measured by the scanning apparatus (Figs. 7.1-7 and 7.1-8, 

which is represented schematically in Fig. 7.2.1-2. In making 

such a measurement the slit is positioned at some fixed 

value of u or v and is scanned in the orthogonal dimen- 

sirn; thus in Fig.7.2.1-1 the slit is shown to be positioned 

at v - 0 and the resulting measured relative light intens- 
ity would be: 

I G(u,0) |£- b2Z2(u) (7.2.1-2) 

The orthogonal scan could of course be obtained by rotating 

the slit by 90 deg ahd posttioning it at u - 0 .  In this 

case the relative measured light intensity would be: 

I G(0,v) |2- DaZ2(v) (7.2.1-3) 

Some representative measurements of this kind 

are presented in Figs. 7.2.1-3 and 7.2.1-4.  it is seen that 

zero-order intensities can be obtained which are close to ideal. 
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FIG. 7.2.1-2     SCHEMATIC   DIAGRAM   OF APPARATUS  FOR  MEASURING   SPATIAL 
LIGHT - INTENSITY   DISTRIBUTION 
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FI6. 7.2.1-3    OUTPUT   FOCAL-PLANE  ÜOHT-INTENSITY   DISTRIBUTION  ALONG 
x.  COORDINATE  WITH  3 K 3   APERTURE 
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B-32I-S-0244 

FIG.  7.2.1-4    OUTPUT  FOCAL - F ANE   LIGHT-INTENSITY   DISTRIBUTION   ALONG 
y, COORDINATE   WITH   2"« 2" APERTURE 
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Data of this kind provide indication, of «i.aUgnmant of 
tha optical nynum.  focu.ing arror.,  l.n. «ror., and non- 
uniformity in tha .«plituda and pha.« front of the light 
dl.tribution in tha colliwtad ragi^n.     «ta ^tical quality 
of a tran.parant medium can al.o be tee ted b, theee zero- 
order meaeurement. and,  in thi. way,  all the fu.ed-.ilica 
blank, uwd in thew experiment, were verified to be free of 
.ignific*nt re.idual .tre..e. and .urface irregularitie. 

In mea.uring the fir.t-order diffracted light 
intensity it i. of cour.e nece..ary to con.ider region, of 
the  image piane ,4,^ art< refflov.d £roffl tha orlgln (ch    2) 

Since the direction of ultra.onic propagation in theee .x~ 
periment. was alway. in the x direction,   the region of in- 
terest  lay along the u axi.    (where    Za(v)   .  b2)    at a di.- 
tance from the origin which wa. conai.tent with the fre- 
quency of the acouatic wave,     in coneidering the »ero-order 
inteneity in theee region, the ideal light level can be de- 
fined as: 

LW - W (7.2.1-4) 

It i. seen that L(u)  i. the envelope of the side lobe, of 
Z2(u) (Pig. 7.2.1-5). 

In general, the measured light level will be 

.omewhat higher than that given by L(u)  re.ulting from 

light which i. .cattered because of iaporfection. in the 

len. .urface..  since .cattered light tend, to obscure the 

location of peak fir.t-order inteneity, thu. decrea.ing the 

dynamic range of the sy.tem, it i. of course desirable to 

keep the light level a. cloae a. i. po..ible to the ideal 

in the output region of intere.t.  A meaeurement of the 

.cattered light in thi. optical system i. pre.ented in Pig. 

7.2.1-6 along with the theoretical level.  The output region 

of intere.t i. noted in Pig. 7.2.1-6.  It i. MM that the 
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A-32I-S-0306 

FG. 7.2.1-5    IDEAL -ZERO-ORDER   LIGHT-INTENSITY   DISTRIBUTION   FOR APERTURE 
OF   LENGTH  D.   (SCAN  ALONG   u AXIS ) 
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(4»)   Ail8N3iNI   XHOn    3AliVT3M 

A-32t-S-0*07 

FKJ. 7.2.1-6   SCATTERED   LIGHT   LEVEL  OF OPTICAL  SYSTEM 
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scattered light lev«l in thi» region was approximately 5 db 

above the theoretical value. 

7.2.2 h   ASUREMEOTS USING SCHLIEPEM TECHMIQUES 

The Schlieren configuration is diagramned in Pig. 7,- 

2.2-1.  The integrating lens produce«, in the  (u,v)  plane, 

the Fourier transform of the light distribution in the opti- 

cal aperture, and the isiaging lens performs a second Fourier- 

transform operation on this light distribution and thus re- 

produces an image of the original distribution which can be 

observed on a ground-glass screen or recorded on film. Since 

the perturbations of the aperture light distributions caused 

by the ultrasonic wave are small, they are swamped out by 

the D.C. light and, ordinarily, cannot be observed.  If, how- 

ever, a spatial filter is employed as chown, then the D.C. 

or zero-order light i» blocked out and the imaging lens op- 

erates only on the light which has been diffracted by the 

acoustic wave.  As a result the perturbations in the aper- 

ture light distribution can now be observed and the rer at- 

ing image will be that of the ultrasonic beam only.  Since 

the ultrasonic beam is a traveling wave its image is smeared 

in time and the fine (sinusoidal) structure is obliterated. 

Its spatial configuration in the light modulator, however, 

is generally what is of interest and this will be reproduced 
by the imaging lens. 

As is seen in Fig. 7.2.2-1, the two first^order fringes 

caused by diffraction of light by a sinusoidal acoustic wave 

in the x direction lie on the u axis at the points u « ± — : 

-I89- 
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where: 

fi  « frequency of electrical »ignal exciting 
piezoelectrir transducer 

S « sonic velocity 

and aiÄilarly, an acouttic wave of the same frequency along 

the y axis would result in fringes appearing on the (ortho- 

gonal) v axis at the points v ■ ± _i ,  it is evident there- 
s f, fore that the circle in the  (u,v)  plane of radius r 

is the locus of all first-order fringes resulting fron ultra- 

sonic diffraction by a signal with spatial frequency < - £i , 

and that the angles projected along the  vertical by both the 

line drawn through the two fringes and the direction of ultra- 

sonic propagation are equal (Fig. 7.2.2-2). 

Consider a specific example,  A rectangular blank of 

fused silica has a 36 deg wedge cut on the inactive end as 

shown in Fig. 7.2.2-3.  Thus the initial ultrasonic wave 

lies along the x axis , the first reflection makes an 

angle of 108 deg with positive x direction, the second re- 

flection makes an angle of 72 deg etc.  The fact that the re- 

flections are not centered at the origin of the  (x,y)  plane 

will cause a phase shift in the diffracted light, but will 

not effect its position in the  (u,v)  plane.  Thus, consid- 

ering the first two reflections only, (all higher reflections 

were too weak to be observed) the fringes should appear along 

lines eo » 0 ,  0i = 108 deg ,  9,^-72 deg as shown in 

Fig. 7.2.2-4.  This in fact was observed experimentally, and 

the resulting Schlieren photograph (Fig. 7.2.2-5) was re- 

corded by using the spatial filter shown in Fig. 7.2.2-4 

This technique will be referred to again in Sees. 7.3.I and 

7.4.3. 
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ULTRASONIC   WAVE OF 
SPATIAL FREOUENCY 

r.i 

COLLIMATED 
INCIDENT 
LIGHT 

y 

A 

FIRST ORDER 
FRINGE 

INTEGRATING 
LENS 

DIRECTION   OF 
PROPAGATION 

ZERO 
ORDER 

FIRST ORDER 
FRINGE 

A-32I-S-0273 

FIG. 7.2.2-2   F.RST-ORDER  DIFFRACT,ON   FRiNGES   FOR  ULTRASONIC   WAVE 
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r 

INCIDENT 
WAVE 

I 

L_ OPTICAL   APERTURE 
EXCLUDES  THIS  REGION 
IN    NORMAL   OPERATION 

A-a2l-ä-0£T4 

FIG. 7.2.2-3     OPERATION   OF WEDGE 
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FIG. 7.2.2-4   DIFFRACTION   PATTERN   CAUSED  BY  INCIDENT WAVE AND FIRST 
TWO   REFLECTIONS  FROM   36° WEDGE 
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Pig« 7.2.2-5 

Schlieren Photographs of Incident Beam 
and Observable Reflections From 36° Wedge 
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7-3    ULTRASONIC LIGHT-DIFFRACTION EXPERIMENTS IN AM 

AMORPHOUS SOLID MEDIUM 

The basic light-modulator configuration used in these 

experiments is shown in Fig. 7.3-I.  when excitation is ap- 

plied the electric field is essentially located in the area 

defined by the back electrode, hence the dimensions of this 

electrode determine the cross section of the acoustic wave; 

electrical contact in this case was obtained by direct spring 

contact with a miniature phosphor-bronze bellows (Fig. 7.3-2). 

7-3.1  ELIMINATION OP STAMniNG WAVES 

If the inactive end of the light modulator is parallel 

to the end on which the piezoelectric transducer is bonded 

then, if no method of absorption is provided for, the reflec- 

ted ultrasonic energy (assuming C.W. operation) can be of 

sufficient strength to result in standing waves in the light 

modulator provided the following relationship holds: 

2fit 
—g- = n 

where 

n ■ integer ■ number of half cycles in the 
light modulator 

I m  length of light modulator 

f^  - frequency of electrical signal exciting 
transducer 

S ■ sonic velocity 

and the incremental change in frequency for which standing 

waves will reoccur will be given by: 
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FIG. 7.3-i     EXPERIMENTAL   SOLID   LIGHT  MODULATOR 
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FIG. 7.2.2-4   DIFFRACTION   PATTERN   CAUSED  BY  INCIDENT WAVE AND FIRST 
TWO   REFLECTIONS  FROM   36° WEDGE 
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In the particular cases under consideration! 

I Z .101 m 

S » 3760 m/sec for shear waves 

S ■ 5968 m/sec for compression waves 

From which: 

afi | Z    19 khz 
shear 

Afi I Z    30 khz 
compression 

This phenomenon was observed in the initial experi- 

ments.  In the experiments a 5n slit was used in the meas- 

urement of the photodetector current resulting from the dif- 

fracted first-order peak light intensity (sec. 7.3-2  See 

Fig. 7.3.2-1).  This slit width, however, permitted the 

first-order fringes for the shear and compression modes to 

shift along the u axis by amounts corresponding to approxi- 

mately 30 khz and 47 khz respectively, without causing the 

peak intensities to fall outside the region in the image 

plane covered by the slit.  Thus for any given position of 

the scanning slit,it was possible to obtain at least two 

"peaks" in first-order light intensity by making relatively 

slight (i.e., 19 khz and 30 khz) changes in the oscillator 

frequency which was always in the 50 MHz to 100 MHz range. 

Since the electro-optical array-antenna processor as- 

sumes the existence of progressive waves in the light modu- 

lator, it was necessary to eliminate the standing waves in 
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order to obtain relevant experimental data.  One method of 

achieving this was to provide for absorption of ultrasonic 

energy by covering the Inactive end with a cerroseal coat- 

ing.  A second method, however, was found to eliminate the 

possibility of standing waves completely.  In this case a 

36 deg wedge was cut on the Inactive end of the light modu- 

lator, the  choice of angle being selected to provide for four 

reflections (assuming no ultrasonic mode conversion) to take 

place In the "wedge region" before the beam can escape and 

enter the portion of the light modulator which Is exposed to 

the Incident light (Fig. 7.2.2-3).  It was found that, with- 

out providing for any additional absorption, this deflection 

procedure was sufficient to eliminate standing wave phenomena. 

Although this method was sufficient for these exper- 

iments, in an electro-optleal array-antenna processor It 

would also be necessary to eliminate spurious signals re- 

sulting from the reflected ultrasonic energy. This might be 

done by employing the wedge and then coating Its surfaces 

with some form of absorption medium to provide for additional 

attenuation on each reflection.  One absorbing material which 

was tried was silver paint, and some qualitative results are 

shown In Fig. 7.3.1-1 which were obtained with the spatial fil- 

ter described In Sec. 7.2.2.  It Is seen that without the ab- 

sorber two full reflections are strong enough to be observed, 

but with the sllver-palnt coating the first reflection Is at- 

tenuated and the second Is not strong enough to be visible. 

The results of a more quantitative experiment are 

shown In Flg.7.3.1-2a and b. The light modulator In this case 

was operating In the compression mode and the wedge, which 

was coated with silver paint, was cut at an angle of 43°18* 

to provide for ultrasonic mode conversion (Mason 1964). 
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Without Silver-Paint Absorber 

Fig. 7.3.1-1 

Schlieren Photographs of Reflections from 
36° Wedge Showing Effects of Silver Paint Absorber 

5 « 

2 
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Peak  light inten«ity in "b"  is approx.  26 db   below that of "a" 

- a - 

Fig. 7.3.1-2 

Photograph of First-Order Diffraction Pattern 
Showing Absence of Reflections From Observation Region 
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These photographs show &  region around the peak first-order 

Intensity which is considerably larger than that which would 

correspond to the observation region of the electro-optical 

array-antenna processor.  In the "a" photograph the diffrac- 

ted light intensity is strong enough to exhibit its side lobe 

structure; in the "b" photograph the peak light intensity was 

measured to be approximately 26 db below that of "a" and only 

the peak of the first order is visible.  Now,as shown in Sec. 

7.2.2,any reflections of longitudinal waves would lie on a 

circle of radiuss  rc " "5^ where f.  is the input frequency 

and S  is the velocity of compression waves; and those of 
c f J 

transverse waves would lie on a circle of radius r. ■ -r— 8  ss 
where S  is the she?x velocity.  In fused silica however, 

S is smaller than S  and the extent of this difference is 
s c 

such that shear reflections lie outside the observation re- 

gion of interest; this in fact was the reason for tm  choice 

of wedge angle.  Thus since the exposure time for both photo- 

graphs was the same, it is seen (by Fig. T-S«1"215) that, in the 

region of interest, any reflections in Fig. T.S.1-221 must be 

more than 26 db below the peak intensity, otherwise they 

would be observable. . From this it may be concluded that the 

use of a wedge and an absorption coating can effectively elim- 

inate spurious reflected ultrasonic signals which would cor- 

respond to false targets in electro-optical array-antenna 

processors using fused-silica light modulators. 

7.3.2  MEASUREMENT OF TRANSFER CHARACTERISTICS 

It has been shown in Ch. k  that for both shear and 

compression modes: 

in    in 
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c 

where: 

p    *  peak phase deviation of light wave front 

Vm ü peak input voltage 

K ■ constant (K for shear mode, K for s c 
compression mode) 

The constant K will depend on the mode of propaga- 

tion and, for the compression mode, on the light polariza- 

tion (bee Eqs. 4.5-2 and 4.5-3),  In thiE case the laser beam 

was polarized perpendicular to the direction of ultrasonic 

propagation which, in the case of the compression mode, will 

generally be optimal (Sec. 4.4-2). 

The experimental arrangement for measuring f      as a 

function of V  is shown in Fig. 7.3.2-1. The photomulti- 

plier produces a current, proportional to the output light 

intensity at the location of the 5^ scanning slit, which is 

passed through a load resistor R- .  Thus, in the actual 

measurement procedure, a voltage V was measured across R_ 

which was proportional to tne light intensity at the posi- 

tion of the scanning slit. 

In determining the relationship between V  and 1/ m      m 
use is made of the fact that, under the condition that 

^ < 0.2 radians, the ratio of  first order to zero order 
m — Tl/Z 
light intensity is IjS ; 1 (Raman and Nath 1936, Lambert I962). 

Thus if the detector output voltages which are measured when 

the scanning slit is positioned at the center of the zero- 

order and first-order diffraction fringes are respectively, 

V  and V , thens o      1 ' 

f*      V 
T-TT (7.3.2-1) o 
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FIG. r.3.2-1     SYSTEM    FOR    MEASURING    DIFFRACTED   LIGHT    INTENSITY . 
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from which *. may be determined, m 

Some of the results obtained in measuring the trans- 

fer characteristics of fused-silica light modulator» are 

shown in Pig. 7.3.2-2 and 7.3.2-3.  The values for the trans- 

ducer depth,  L , was 4 mm and 5 mm for the shear and com- 

pression modes respectively; the input frequency f. was 

adjusted to the resonant frequency of the transducer (Sec. 

7.4.1) which, for these transducers, was found to be 75 MHz 

and 85 MHz as indicated. 

It is seen that a linear relationship, necessary for 

electro-optical array-antenna processing, exists between ^ 

and V  .  A quantitative measure of the constant of propor- 

tionality in these cases can be obtained by drawing straight 

lines through the data, as indicated in tne figures, and from 

which for these configurations: 

^ = .00116 V    shear mode m m 

V' = . 0024 V_    compression n.ode m        m       w 

7.3.3  FIRST-ORDER DIFFRACTION PATTERNS OBTAINED WITH FUSED- 

SILICA LIGHT MODUIATOR 

Since the information in the electro-optical signal 

processor is contained in the structure of the diffraction 

patterns, one of the requirements of the light modulators 

is that they introduce no optical distortion resulting from 

ultrasonic propagation in the light modulator medium; i.e., 

the acoustic wave must act as a pure diffraction grating pro- 

ducing a first-order diffraction pattern consistent with the 

aperture dimensions and the frequency of excitation.  For an 

aperture of length D (dimension along direction of sonic pro- 

pagation) and an electrical excitation of frequency f, , the 
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first-order diffracted light intensity as a function of the 
output variable    u    should be proportional toi 

,2 
/sin 7rD(u-f)Y 
V    7rD(u-f)    ) 

where: 

f = -g- • spatial frequency 

(cycles per meter) 

S • sonic velocity . 

The first-order intensity therefore is, theoretically, 

a replica of the zero-order pattern, with its peak occurring 

at the point: 

u « f 

The output variable u is given by: 

u = £i   ^ 
s - w 

where: 

x    ■ linear displacement of first-order peak 
intensity 

■K » light wavelength 

F    » focal length of integrating lens 

In these experiments:     A ■ 6328 x 10"1Q m ,     F >» 1 m ,  and 

since this measurement employed a light modulator with a 
compression transducer for which: 

f^ = 70 MHz 
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S ■ sonic velocity 5968 m/sec 

then theoretical displacement of peak first-order intensity 

would be: 

x = 7.^2 nun . 

Using the scanning apparatus shown schematically in 

Fig. 7.2.1-2,the first-order light intensity distribution was 

recorded (Fig. 7.3.3-1) using a p>ase deviation of Vm ■ 0.2 
radians.  The aperture dimensions in this case were: 

D = 30 mm (length of aperture along dimension 

of sonic propagation) 

b = 4 mm (width of aperture ■ width of trans- 
ducer) . 

Since the direction of sonic propagation is in the 

x direction, only the output distribution as a function of 

the output variable u is of interest.  The location of 

peak first-order intensity was found experimentally to be: 

x = 7.50 mm . 
1 

This distribution may be compared with that of the 

zero order as shown in Fig. 7.3.3~2.  It is seen thac the 

light intensity at the first nulls is 26 db below the peak 

in the zero-order pattern as compared with approximately 23 

db below peak intensity in the first order.  This may be 

due to errors introduced by the integrating lens which must 

operate off its optic axis in producing the first-order light 

distribution.  In general, however, it is seen that the first- 
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FIG. 7.3.3-1    POSITIVE   FIRST-ORDER   LIGHT   INTENSITY 
(COMPRESSION   MODE ) 
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order diffraction pattern is a nearly ideal replica of the 

zero order, and that no distortion is introduced by ultra- 

sonic propagation in the medium. 

This measurement is also seen to be consistent with 

the scattered light level of the optical system. That is, 

from Pig. 7.3.3-1 the background level is seen to be approx- 

imately 35 db below the first-order peak.  This peak however, 

for a peak phase deviation of .2 radians, is easily shown to 

be 20 db below that of the zero order.  Thue the scattered 

light level at x » 7500^ is approximately 55 db below the 

peak of the zero order which agrees with results shown in 

Fig. 7.2.1-6. 

7.^   FUSED-SILICA LIGHT-M0DUIATOR EXPERIMENTS RELATED TO 

EVALUATION OF SIGMM.-PROCESSING CAPACITY 

7.4.1  MEASUREMENT OF LIGHT-MODUIATOR BANDWIDTH 

This measurement employed the arrangement shown in 

Fig. 7.3.2-1.  In this case the value of V  was held fixed 
m 

while the input frequency was varied.  For each frequency 

setting the slit position was readjusted in order to corre- 

spond to the location of peak first-order intensity and the 

resulting photodetector current produced a voltage, propor- 

tional to  (^m)2 t     across the load resistor R .  Thus 

the measured output voltage was a function of the input fre- 

quency fi and the experimentally measured relative peak 

phase deviation of the light modulator, as a function of in- 

put frequency, can be described by the expression: 

10 log 

where f  is the resonant frequency of the light modulator. 
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Figures 7.4.1-1 and 7.4.1-2 present the bandpass char- 

acteristics of the two light modulators whose experimentally 

determined transfer characteristics were presented in Sec. 

7.3.2.  It is seen that the bandwidths are approximately 44 

per cent and 64 per cent of the resonant frequency for the 

shear and compression modes respectively,which justifies, ex- 

perimentally, the assumption of a 50 per cent light-modula- 

tor bandwidth in the evaluation (Ch. 5) of the signal pro- 

cessing capacity of fused-silica light modulators. 

7.^.2  INTERNAL-REFRACTION EFFECTS;  DETERMINATION OF LOWER 

BOUND ON TRANSDUCER DEPTH 

In Sec. 3.2.2 it has been shown that, in this elec- 

tro-optical processor, the minimum transducer depth which 

would be necessary because of internal-refraction consider- 

ations is given by: 

noS2 

L=^F (7.4.2-1) 
1 

where 

no » equilibrium value of refractive index 

S to sonic velocity 

f. = input frequency 

X ■ light wavelength 

That is, for any given value of Vm (assuming that Willard's 

criterion and the assumptions of Rao and Murty are not vio- 

lated) this value of transducer depth theoretically maxi- 

mizes the effective phase modulation which has been defined 

as: 
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f    - f    iiS-I (7.^.2-2) 

sin "Y 
where        is the attenuation factor due to internal-re- 

fraction effects, * - ^^ ,  and     TrxLf? 
«^ ^ .  i 

2noS
8 * 

The experimental verification of this relationship 

(eq. 7.4.2-1) utilized the arrangement slwwn in Fig. 7.3.2-1. 

In this case a fused-silica light modulator with a compres- 

sion transducer was used, the amplitude of the input rignal 

was held at a fixed value,, and the input frequancy was 100 

MHz.  The peak first-order intensity was then measured as a 

function of transducer depth, L, which was varied from 11 mm 

to 5 mm in steps of 1 nan. It was found that the peak first-or- 

der light intensity was a maximum for L = 8 mm.  This result 

agrees with the theory developed in Sec. 5.2.2 since '.he 

value of L  .  (Eq. 5.2.2-11) for the compression mode at 

100 MHz in fused silica is approximately 8 ran as may be seen 

in Fig. 5.2.2-4. 

The results are presented, normalized to ^m(8) ,  in 

Fig. 7.4.2-1.  It is seen that: 

k L 
sin k2L 

KM     l     2 
».(■)    k 8 

sin k„8 

CT 

where k and k are constants, and since 
1        2 

7 - k2L     «  7, =>k2 . Yg 

L = 8 

then: 

• 8in 15 KW 
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and this curve is included in Pig. 7.4.2-1. 

Thus although internal-refraction effects will decrease 
with the transducer depth, these results provide experimental 
verification that there will always be practical lower bound 
on this dimension (Eq. 7.4.2-1), and that, in this electro- 
optical processor, the transducer depth need not be any 
smaller. 

7.4.3  EXPERIMENTAL STUDIES OF ULTRASONIC BEAM BROADENING 
AND CROSS-CHANNEL COUPLING 

f'n  Sec. 5.2.4 it is shown that the maximum number of 
light-modulator channels which may be fitted into an opti- 
cal aperture of a given size is limited by cross talk be- 
tween adjacent channels due tc spreading of the ultrasonic 
wave in propagation, and possible electromechanical cross 
coupling between adjacent transducers.  It is easily shown 
that the relationship of Eq.(5.2.4-1) is equivalent to a 
light-modulator configuration in which adjacent light-modu- 
lator channels are separated by one transducer width, and 
the length of the light modulator is given by: 

D-^ (7.4.3-1) 

where 
b ■ transducer width 

^ ■ sonic wavelength ■ -f- 
* fi ' 

f 

Note that in this configuration the ultrasonic beams are al- 
lowed to spread out into, but not beyond, the opaque region 
in between the light-modulator channels. 
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The experimental investigation of the  effects of beam 

broadening employed a multiple-transducer configuration in 

which two back electrodes were simultaneously excited, and 

the resulting pair of acoustic waves was photographed by 

means of Schlieren techniques.  This was done for both uhe 

shear and compression modes under the following conditions: 

(i) Shear 

b ■ 2 mm 

D = 75 mm 

f£ - 70 MHz 

S -  376O m/sec 

(ii)  Compression 

b ■ 2.5 mm 

D ■ 70 mm 

fi ■ 67 MHz 

S ■ 5968 m/sec 

and it is easily seen that, in both cases, these parameter 

values satisfy Eq. (7.4.3-1). 

Some examples of the photographs which were obtained 

are presented in Fig. 7.4.3-I.  It is seen that, for both 

modes of propagation, although the aperture length permits 

some broadening to take place, the ultrasonic beam does not 

spread out into the adjacent channel.  This verifies Eq. 

(5.2.4-1) for fused-silica light modulators with regard to 

the effects of ultrasonic diffraction. 
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Shear Mode 

Compression Mode 

I 
Fig. 7.4.3-1 Schlieren Photographic-Study Showing 

Extent of Beam Broadening 
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In cr^sr to investigate other possible sources of 

cross-channel coupling, additional multiple-transducer ex- 

periments were performed.  In one experiment, for both the 

shear and compression modes, the experimental configuration 

employed two electrodes 3 mm wide with a separation of 2 ran; 

the input frequency in this case was 75 MHz.  In the Schli- 

eren photographs of Pigs. 7.4.3-2a and 7.^.3-3»» both elec- 

trodes were excited by a low voltage and  the exposure time 

was approximately 1 sec.  One electrical connector was then 

removed, the back electrode was left in place, and a simi- 

lar photograph was taken using an electrical excitation 10 

times as large (Pig. 7.4.3-2b and 3b). Now it is evident 

that any deleterious electromechanical cross coupling would 

cause a spurious signal to be generated at the unexcited 

electrode.  No such signal, however, was visible.  Thus since 

it is possible to observe an acoustic wave resulting from an 

excitation one tenth ol that which produced these photographs 

then, by linearity of $m    and Vm , any diffracted light in- 

tensity resulting from electromechanical cross coupling is 

verified to be suppressed by more than 20 db for this con- 

figuration. 

A second similar experiment was performed in which, 

for each mode, a single electrode (Pigs. 7.4.3-4a and 7.^.3- 

5s) 7 ran wide was  excited by a low voltage signal.  This ex- 
periment used different transducers from above and the fre- 

quency was 70 MHz. The electrode was then divided in half by a 

scratch, which effectively produced two 3.5 ran electrodes 

separated by less than .5 n«. and a photograph was taken 

(using the same exposure as before) of the beams produced 

by exciting one of the halves by a signal 10 times as large 

(Pigs. 7.4.4-4b and 5b).  In the case of the shear trans- 

ducer the excited electrode happened to be located equidis- 
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DIRECTION   OF   ULTRASONIC   PfiOPAGATION 

2 mmT~ 

a - Both Transducers Excited 

Input Voltage = Vin 

b - One Transducer Excited 

Input Voltage = 10 V in 

I 
i 

Fig. 7.^.3-2 Shear-Mode Transducer : Schlieren 
Photographic-Study of Cross Coupling 
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Fig. 7.4.3-3 

a - Both Transducers Excited 

Input Voltage «■ V. 

b - One Transducer Excited 

Input Voltage = 10 Vin 

Compression-Mode Transducer : Schlieren 
Photographic-Study of Cross Coupling 
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r - 7 mm Electrode 

Input Voltage « Vin 

b - Divided 7 nun Electrode 

Input Voltage =10 Vln 

» 

i Fig. 7.^.3-4 Shear-Mode Transducer t Schlieren 
Photographic-Study of Cross Coupling 
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a   -  7 mm Electrode 

Input Voltage ■ Vin 

b - Divided 7 mm Electrode 

Input Voltage «  10 V 
in 

Fig. 7.^.3-5  Compreaaion-Mode Trarvaducer : Schlieren 
Photographic-Study of Croaa Coupling 
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tantly from the unexcited 3.5 ram half and a second electrode 

which was in place from a previous experiment. 

It is seen that, for the compression mode, no spuri- 

ous signal is visible which , by the same argument used for 

the results of Figs. 7.4.3-2 and 7.^.3-3, verifies that very 

closely spaced compression transducers will bo isolated by 

at least 20 db.  For the shear mode,however, this might not 

be the case.  Although it may not be readily apparent from 

the reproduction of Fig. 7.4.3-4b , the original photograph 

for the case of the shear transducer showed faint traces at 

the locations of the passive electrodes on both sides of the 

active region which could represent a spurious excitation 

arising from the extremely narrow separations in this exper- 

iment.  Thus the results of these experiments verify that 

the choice of the compression mode for the optimal processor 

configuration, as defined in Ch, 5, is also consistent with 

its characteristics with regard to cross-coupling effects. 

7.5    SUMMARY AND CONCLUSIONS OF EXPERIMENTAL WORK 

It has been the purpose of this chapter to present 

some of the results of the experimental investigations into 

the possible use of fused-silica light modulators for elec- 

tro-optical array-antenna processing. 

The electro-acoustic transfer characteristics have 

been investigated experimentally and been found to be linear, 

which has been shown to be necessary for electro-optical ar- 

ray antenna processing, and it has also been established 

that fused-silica light modulators can produce first-order 

diffraction patterns free of optical distortion.  These in- 

vestigations illustrate, in general, the applicability of 

this light-modulator medium to electro-optical signal pro- 
cessing. 
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Other experiments relating to the light-modulator band- 

width, internal-refraction effects, and the minimum spacing 

of spatially-multiplexed light modulator channels have also 

been performed in order to provide experimental verification 

of the results of Chap. 5, which state the significant gains 

in signal-processing capacity could be achieved with the use 

of fused-silica light modulators,  it has been shown experi- 
mentally that: 

(i)   Light-modulator bandwidths which are 50 per 

cent of the resonant transducer frequency are easily ob- 
tained. 

(ii) The effects of internal refraction on the min- 

imum necessary transducer depth can be precisely determined. 

This verifies that the transducer dimensions stated in Ch. 5 

for the optimal configuration are realistic. 

(iii) The relationship between the maximum possible 

number of spatially-multiplexed light-modulator channels and 

the dimensions of the optical aperture, which have been ob- 

tained for the electro-optical processors which have been 

synthesized (Lambert 1965), is valid for the optimal mode of 

sonic propagation in fused silica. 

As a result of these investigations the evaluation 

of the signal-processing capacity of the fused-silica Debye- 

Sears light-modulator (Ch. 5) is experimentally justified. 
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APPEMDIX A 

BEHAVIOR OF EMCTBOMAgHBTIC PIAME WAVES 

IN HOMOCEMEOÜS AHISOTROPIC MEDIA 

The following deacri'^es how light is affected in pass- 

ing through an anisotropic medium such as a crystal. It will 

be seen that: 

(i) In a crystal there is a set of principal dielec- 

tric axes and three principal dielectric constants € ,    r. 
and e z 

(ii)  For a given energy density »f >*  2w , where w 

equals electric energy density, at each point in the crystal 

the D field of a propagating electromagnetic wave will obey 

the relationship: 

e   e   e x   y   z 
STTW 

where x , y and z are the principal dielectric axes. 

(iii)  This relationship for the 0 field defines the 

"ellipsoid of wave normals,*1 

2 

ex  €y  e« 
«-♦*-♦*-•! 

in the coordinate system defined by the principal axcr.  Mhen 

light propagates through the crystal it is in general split 

into separate beams.  The characteristics of these two beams 

are functions of the direction of the- unit wave normal, and 

can be described by the following geometrical construction: 

Through the origin construct a plane perpendicular to 

the direction of propagation.  The intersection of this plane 
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with the ellipsoid of wave normals is an ellipse $ .  Each of 
the two beams will be linearly palarisBed with mutually per- 

pendicular directions of polarization along the major and 

minor axes of £ ,    and with velocities of propagation which 

are inversely proportional to the lengths of the semi-major 

and miner axes.  If the lengths of the semi-major and minor 

axes are r' and r", then the indices cf refraction for 

light which is linearly polarized along these axes will be 

given by: 

ri i Hi        r" , JL. 
r- ' r- ' 

VLL VU 

A-l AND    E     FIELDS   IN HOMOGENEOUS ANISOTROPIC MEDIA 

In a material which is electrically anisotropic* the 

simple relationship u ■ eF no longer holds, and it is ne- 

cessary to write: 

D=eE+eE>eE x        xx x        xy y        xz z 

DascE+eE+eE y       yz x       yy y      yz z 

D=eE+eE+eE z zx x        zy y        zz z 

That is,   the dielectric properties are described by the nine 

quantities:    e ,  e ....; which constitute the dielectric ^ xx  xy 
tensor of the material. 

The electric energy density in the medium is given by: 

I 
47m  m   ft    •    S 

*    It is assumed that the madia under consideration are mag- 
netically Isotropie, that ist B - p,H throughout. 
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Therefore: 

and 

'frrdvr    = E„dD    + E dD    + E dD 
e       xx      y   y      7.   z 

E dD     + E dD    + E„dD xx       y   y       z   z 

is an exact differential,   and may be written as: 

E dD„ + E dD    + E dD    m d(E' D)-(DdE    +DdE    +DdE) xx        yy        zz '      vxx        yyzz' 

Thus the second term on the right, being the difference of 

two exact differentials is also an exact differential. There- 

fore : 

^ 

ÖE xy 

to 

1?" yx etc. 

and the dielectric tensor is symmetric. 

The electric energy density in the medium may now be 

written: 

STTW E • D = € E2 + e  E2 
xx x  yy y 

e  E2 + 2t E E  + 2e  E E + 2e  E E zz z    yz y z    xz x z    xy x y 

This quadratic form is positive definite since energy density 

is nonnegative; hence the right hand side defines an ellip- 

soid. Since, for rotation of axes, E , E ar'. E obey 

the same laws of transformation as do the coordinate direc- 
tions (x, y and z), there exists a coordinate system, re- 

ferred to as the principal dielectric axes of the material, 

and in which the equation of the ellipsoid is: 

e E2 + e E2 + e E2 » STTW xx   y y   z z    e 
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In this principal coordinate system the material equa- 
tions take the form: 

D    ■ c E    -    D    ■ e E D    - e E x        x x '      y       y y '    *z        z z 

and 
D«      D«      D« 

* * x       y       z 
8% - e& + *s ^        _ _     _ 

where e , e  and e  are the principal dielectric con- 
'if       -k 

atants. Thus D and m   will have different directions un- 

less E lies along one of the principal axes, or unless 
ex " ey " €2 * in which cai,e the ellipsoid degenerates into 
a sphere. It will be seen that this will be the case for 

cubic crystals and for unstrained amorphcus madia. 

A-2   PIANE WAVES IN ANI80TR0PIC MEDIA 

Consider a monochromatic plane electromagnetic wave 

with frequency f and velocity ^ propagating in a uniform 

anlsotropic medium. Let the unit wave normal be given by 
-► -►-►•♦-► 
s , and a radius vector by r ■ xi + yj + sk. Then each of 

-►-►-►     -► 
the vector quantities E , D , H and B will be propor- 

tional to exp j27rf ^(r • 8)-t] .  In this notation^ the op- 

eration -^ Is equivalent to multlpllcatlcn by -jSTrf , and 

-r- is equivalent to multiplication by j27rf 1 s„ , There- 

fore» ■— - -j27rfE and 7 x B ■ j27r,fa s x 1 . 
Ofc c 

Since theve are no currents. Maxwell's equations for 

the medium arei 

7 XH"t at 7 XB " "c |t 
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which may be written as; 

ns x H « - D ns X E ■ B ■ ^LH (2.1) 

by direct substitvttiom 

D --^  8   X   (s   X E) 

and since  in general 

(2.2) 

+    ■+ 
A X (B X C) « B(A-C) -C(A- B) 

then 

f [s-■(••-)]-f» (2.3) 

where E^ is the component of E along the direction of 
D and can be written: 

^■CrSr) 
D 

iTT (2.4) 

It is seen from Eq.   (2.1)  that    H    (and B)     are at 
right angles to    s  ,   E    and    D  ; hence    s  ,  E    and    D    are 
co-planar.     Turther,   since   the vector    H xs    is  in the direc- 
tion of propagation of    6  ,   then    s      i$ collinear with 
DXH . 

Consider the  following sketch: 

B.Hf _ ,o 
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It was seen in the preceding section that, in an aniso- 
-* ■* 

tropic medium.  D and E are. in general, not collinear. 
-►     ■* 

Let the angle between D and E be denoted by a .  The 
♦  ■ gr ±  "♦ .   , 

Poynting vector,  S ■ -rr E x H , defines the direction of 

flow of energy, which is denoted by the unit ray vector 

t - T-yr . Thus, in anisotropic media there are, in general, 
I S I -»■-»<-»• 

two seta of orthogonal vector triplets; D , H and s , and 
-*■-*■-► + + 
E , H and t . The angle between t nnd s is equal to 

-►     + 
that between D and E .  Hence the direction of the unit 

wave normal and the direction of energy flo^ will, in gen- 

eral, not be the same. 

A-3   FRESNEL'S  FORMULAE FOR PROPAGATION OF LIGHT 

IN CRYSTALS 

It will now be seen that any plane wave incident on 

an anisotropic medium will be split into two separate line- 

arly polarized waves, each with its own phase velocity. 

In a coordinate system coincident with the principal 

dielectric axes, Eq, (2,3) may be written: 

^€kEJc- ^[V8^**^] HCvE^ - n2 Ev-sv(s«E)|    k-x,y,z 

then 

(3.1) 

n2.= (8.E) 

•xEx- 
X 

n2-^x 

n28*(8 • B) 

•A- y 
n8- ney 

. n28*(s • E) 

•A- z* 
n "  ^z 
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.-►• -*. 
Adding the three equations and dividing both sides by (s* E) 

yields: 

s: s: . -L 
n2 - nex  n

2 - ^  n2 - M.ez "' n2 

After some algebraic manipulation (i.e., multiply both sides 

by n2 , then subtract s2 + s2 + i x   y 
this equation may be expressed as: 

by n2 , then subtract s2 + s2 + s2 » 1 from both sidea) 
X    y    Z 

s 
JL 

n 
1 
2 

1 
n' 

1 
n: 

1 
= 0 

, - 

(3.2) 

The three principal velocities of propagation, re- 

lated to the three principal dielectric constants, are de- 

fined as: 

V 
x 

^Sc 
, v. 

M-^ ^ 

where 

c » speed of light 

Recall that the phase velocity is given by: V ■ — then 
E<3S. (3.1) become: 

1 

k » \ " 1     1 ak(a-E) 

p       K 

and Eq.   (3.2)  becomes: 

a2                  a2 

i! 
v2 - V2   V2 - V2   V2 - V2 
p  x  p  y  p  z 

(3.3) 
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Vx , Vy and V 

constants: €
x * €:„ , e 

every direction s , 

are constants depending on the physical 

and p,, of the medium.  Hence, for 

the above expression becomes a quadra- 

tic equation yielding two solutions for the variable V2 

For each value of V* there are two values, i V 
P P 

ever, -V^ evxdf. .ly corresponds to the direction -s , 

P * 
How- 

P "• only two separate values, V  and V , are actually ob- 

These values of V  may now be used in Eqs. 

Ex ! Ey : Ez 
Therefore the quantities 

and 

tained. 

to obtain the ratios 

ratios are real. 

E 

(3.3) 
It is seen that these 

. E._ and 

x . y 
~x * —y 

.z  , which in general are complex, and which are the 

and z components of the vector which describes the direc- 

txon of vibration of E , are all in phase. Thus the light 

must be linearly polarized. 

To summarize, it is seen that an electrically aniso- 

tropic medium permits two monochromatic plane waves, with two 

different phase velocities, and two different linear polar- 

izations, to propagate in any given direction. , It will be 

seen in the next section that these directions of polariza- 

tion are mutually perpendicular. 

A-4    EXACT DETERMINATION OF  ELOCITIES OF PROPAGATION AND 

DIRECTIONS OF POLARIZATION BY GEOMETRICAL CONSTRUCTION 

An ellipsoid given by: 

ex  ey  ez 
- 1 

referred to as the ellipsoid of wave normals (Born and Wblf 

1964), may be obtained from Eq. (1.1).  x , y and z refer 

to the principal dielectric axes.  A procedure for determin- 

ing the two phase velocities v' and v" . and the direc- p      p ^ 
tions of polarization for an electromagnetic wave with arbi- 
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trary unit wave normal s , can be defined in term» of the 

ellipsoid of wave normals,  it is as follows: construct a 

plane through the origin perpendicular to * . The intersec- 

tion of this plane with the ellipsoid of *,^v»j normals will be 

an ellipse, '£   .     The di-ections of polarization for the two 

waves will lie along the directions of the major and minor 

axes of € ,  and the velocities of propagation for these two 

waves will be inversely proportional to the lengths of these 

semi-major and minor axes.  More precisely, if the lengths of 

the semi-major and semi-minor axes are r'  and r" , then 

the indices of refraction, n»  and n" , for light which is 

linearly polarik,Gd along these axes will be given by» 

*' - TT- ,  r" - -^r .    This will now be shown. 

By B<I. (1.1), tho components of the vector D , for a 

given energy density w - 2we, satisfy the relationship: 

Dx  Dy »l 
x   y   z 

make the change of variables: 

ODD 

JK >JK JK 

As a result we obtain the ellipsoid of wave normals: 

x2 y2  z2 

e   €   c x   y  0z 

whose semi-axes are equal to the square roots of the princi- 

pal dielectric constants. 

Consider the following sketch: 
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s denotes the unit wave normal of a plane wave propagating 

through the medium. The plane through the origin perpendic- 

ular to s is the locus of points r ■ xl + yj + z^ such 

that r • s = 0.  The intersection of this plane with the el- 

lipsoid of wave normals is an ellipse, i  . 

It is evident that of all the points on the intersec- 

tion of the plane r* s with the ellipsoid of wave normals, 

the end points of the major and minor semi-axes of £ are, 

respectively, farthest from and closest to the origin.  Hence 

finding the semi-axe«? of e    is equivalent to finding the ex- 

trema of r2 » x2 + y2 + z2 , with the constraints: 

r. s « xs + ys + zs » 0 

and 

ex  ey  ez 

(4.1) 

(4.2) 
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These extrema may be found by the method of La-Grange «s mul- 
tipliers.     It involves finding the extrema of: 

F - x2 + y2 + z2 + 2Wxsx + ysv + zsj  4  A   (^ + ji + ff  - A 
1 y Z 2\Cx      ey      ez       y 

where    2^  ,     and    ^^    are undetermined multipliers. 

The extrema of    F    are points at which the partial de- 
rivatives of    F    with respect to    x  ,  y    and    z    all vanish. 
Hence    these extrema must have coordinates x,y and z such that: 

x + V* + \t 0,     y + A^ + ^i-.O, 

z+As^ + X    ^--0 
1   Z 2   €z 

(*o) 

Because of the constraints (Eqs.(4.1) and (4.2)), multiply- 
ing these expressions by x , y and z , respectively, and 
adding gives: 

r^ + A    =0 
2 

Next multiply each expression by sx , s  and s , respec- 

tively, and add.  We then obtain, because of Eq. (4.1): 

Finally, by direct substitution of X  and A  into Eq. (4.3) 
we have: 

and two more similar expressions for y and z . 
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Thus there are three homogeneous equations in terms of 
the variables    x , y    and    z  .    A nontrivial solution will 
exist only if the determinant vanishes  j a condition which 
gives an algebraic expression for    rs    and the extrema may be 
obtained. 

To obtain the desired results    recall that, with re- 
spect to the principal axes; 

and by Eqs.   (2.3)  and  (2.4): 

r2 - x2 + v* + z= - iHi! . .i£l! . J£jf . Hi r-x+y+z« —-- ■ -        - ^—V « — 
K ÖTTW E • D        M, 

then Eq.   (4.4) becomest 

s n* 
+ -**— (s* E) 

and 

It is seen, therefore, that the two roots of r from 

the determinental equation defined by (4.4), and which are 

the lengths of the semi-major and minor axes of £ , deter- 

mine the two values of V  and n , since: 
P 

■ 

. 

»^r VpVj >/II  vp^ 

Further, ncte that Eqs. (4.5), which are equivalent to 

Eq. (4.4), are identical to Bqa, (3.1) from which it was orig- 

inally shown that two values of phase velocity V  will oc- 
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cur.    Therefore,  the two set« of eolution« of Bq,   (4.4),  «ay 
(x«,  y«,   z»)    and    (xH,  y",  B"),    ^fich determine the coordi- 
nate of the major and minor »emi-axöt of £ ,     ^quivalently 
determine two vectors    D'  ■ (D1   ,0»  ,0»)    and    D" ■ (D"  , 
D"  , D"   )    which must also lid along the major and minor 
axes of e .    Thus the directions of polarization and the cor- 
responding velocities are completely determined by the ori- 
entation and lengths of the semi-najor and minor axes. 

1 
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APPENDIX B 

THE PHOTOELASTIC MATRIX FOR AMORPHOUS VJEDIA 

B-l   CUBIC SYSTEM 

Th« photoelastic matrix for an amorphou« medium will 
b« determined by firait considering a cubic system.  In a cu- 

bic system the thre«* principal axes ere mutually equivalent 

and the three principal dielectric constants are therefore 

equal.  Thus the ellipsoid of wave normals degenerates to a 
sphere  tven by: 

where 
c   c   c 

e = € x   y 

When the roediun is subiected to a set of stresses and 

strains the ellipsoid of wave normals becomes (Coker and 

Filon 1957, Mueller I93Ö)» 

a x2 + a 
xx"   V + az2

z2 + 2ayzyz + 2ax2
xz + ^xi^ ■ 1 ' 

and the a^'s are obtained from Eq. (4.2-2) in Ch. 4 which 
is written in matrix form as: 

5 » ps 

where 

a » 

xx 

yy 
n zz 

yz 

xz 

1  1 
e 
1 
£ 
1 
e 

v 
xy 

s 
XX 

s 
yy 

s zz 
s yz 

xz 

L'^J 

» - l^j] 
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Now consider a new set of principal axes, x1, y', and 
z', obtained by reversing some of the original coordinate di- 

rections (I.e.,    x' ■-x , y1 --y ,    and    z1 ■ « ,    etc.). 
Because of the equivalence of the principal directions    the 

P   matrix mu«t be Invariant under any such transformation of 

coordinates ands 

5i  «pi« 

where the elements of the tensors. 

and 

Sm 1* »iz 
axy aiy 4yz 

,a~ s- «i« 

So, !k S' öxz 
2 2 

2 
sy>- *-¥ 

S' xz 
. 2 2 

s* 2Z 

are obtained from the quantities In the unprimed system by 

the laws of tensor transformation.* In cases of coordinate 

transformations of thp form: x' ■ -x 'I m m< and z < 

« z ,  however, the primed quantities can be written down 

by inspection, i.e., 

* The (x,y) component of shear strain is defined as 3^  • 
syx,  When the strain components are represented tensor form, 
however, it is necessary to include the factor of ? in the 
off-diagonal terms (SOkolnlkoff 1956). 
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"ic - 
1 " 

a* 1 
yy e 

a' I 
zz € 

ayz 
aiz 
aiy 

- Ma where M 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 0 0 

0 0 0 

10 0 

0-10 

0 0-1 

0 0 0 

0 

0 

0 

0 

0 

1 

and: 
The Si;j«s will have the same transformation matrix 

Ma - PNS . 

but since 

then 

PS1 

a - PS 

Ma - MPS . 

Thus 

MPS - PMS »  (MP - PM)S - 0  for all S , 

and therefore MP - PM for all such transformations of prin- 

cipal axes.  It will now be seen that successive applications 

of this rule for various Iransformations will result in the 

P matrix of the form as showx. in Sec. 4.2 of Ch. 4. 

For the above 

MP 

14 

24 

34 

P18 

P 
28 

as 

■P4X  -P4S  -P43  -P44  -P48  -P4e 

P81  "P88  "PS3  "P84  "P88  ^SS 

84 P88 

PM 
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PM 

-P 

-P 

14 

24 
-P 

SS 

-P 
34 

41 

51 

4S 

52 

43 

53 

-P 

-P 

44 

54 

-P35 * 

-p45    P4e 

-p55    P5e 

-P 
64 

-P 
65 J 

hence 

P      ■ -p   ; 
14 ^14 

p     - 0     etc. 

Next consider the transformation: x' • x , y» 
-z ,     for which 

10 0 0 0 0 

0 10 0 0 0 

0 0 10 0 0 

0 0 0 10 0 

0 0 0 0-10 

0 0 0 0 0-1 

-y 

M - 

■I 

and: 

0  P.."I 

k 
0 

-p 

-p 

62 
-P 

63 

54 

0 

-p 

0  p 

0  p_ 

45 

55 

0 -p 

16 

26 

36 

0 

66 
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0  P 

p  p  p ei   es       es 

Hence, thus fart 

ii 

> 
21 

) 
31 

0 

0 

0 

12 

> 
22 

) 
32 

0 

0 

0 

13 

> 
23 

) 
33 

0 

0 

0 

34 

0 

0 

0 

0 

> 
44 

0 

• -o 
ie 

• 
-P26 

• 
"P3e 

P45 

0 

P5S 
0 

0 -p   ■ 

0 

0 

0 

0 

) 
58 

0 

0 

0 

0 

0 

0 

> 
88 

In order to obtain symmetry, consider the permutation 

x' =z,yl»x,zl-y for which 

M 

'0 0 1 0    0 0' 

1 u 0 0    0 0 

0 1 0 0    0 0 

0 0 0 0    0 1 

0 0 0 1    0 0 

.0 0 0 0    1 0. 
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thus 

31 P3* P33 
0 0 0 

11 Pl2 
P13 

0 0 0 

21 
Pa£ P

23 
0 0 0 

0 0 0 0 0 Pee 

0 0 0 p^ 
0 0 

0 0 0 0 
P
S5 

0 

r 

12 

32 

0 

0 

0 

13 

22 23 

33 

0 

0 

0 

11 

P        o 21 

0 

0 

0        0 
31 

0 0        0 

0       p 0 
5S 

0        0p 

0 

0 

0 

3 
44 

0 

ae 
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and 

11 

3 
' 13 

I 
12 

0 

0 

0 

12 

3 
11 

■> 

13 

0 

0 

0 

13 

P   o 
12 

11 

0  p 

0 

0 

0   0 

0 
44 

0   0 
44 

o 

0 

0 

0 

0 

0 

44 

Finally, if x' y' ■ x , z' ■ z , then 

0 1 0 0 0 0 

1 0 0 0 0 0 

N - 
0 0 1 0 0 0 

0 0 0 0 1 0 

0 0 0 1 0 0 

0 0 0 0 0 1 

from Which p  ■ p 
^13   ^12 

B-2   AMORPHOUS MEDIA 

. 

For th« cubic system all transformations of the prin- 

cipal axes involved 90 deg or 180 deg rotations.  In the 

case of an amorphous medium the p matrix must be invari- 

ant for all angles of rotation. This rule could have been 
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applied immediately, but is simpler to apply at thi« stage 
since many of 1 
lowing sketch: 
since many of the    Pij'«    have vanished.    Consider the fol- 

i=z 

If 

where 

x'  - b    x + b    y 
11 12 

y'  ■ b    x + ö    y 
21 22 

z 

b      a b      » cos 6 
11 22 

b      - - b      ■ sin e 
21 12 

then,  by the rule of transformation of tensors. 

al4  -    S S ^u^44*fc| itj**»* " 1*2,3 
K        v 

lij 

where 

x-^l,    y^2,    z>3 

Using this rule  it  is  seen that: 
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11 

21 

0 

0 

0 

lb    b 
L   H   21 

12 

b2 

22 

0 

0 

0 

b    b 
12   22 

0 

0 

1 

0 

0 

0 

0 

0 

0 

I 
22 

I 
12 

0 

0 

0 

0 

3 
21 

} 
11 

0 

2b    b 
11    12 

2b   b 
22   21 

0 

0 

(b2 -b2 ) 
11       12 j 

N a 
i 

and 

Ii 

ii 

t>2 

21 

0 

0 

0 

12 

b2 

22 

0 

0 

0 

2b    b      2b    b 
L      11    21 12    22 

0 

0 

1 

0 

0 

0 

0 

0 

0 

3 
22 

1 
12 

0 

0 

0 

0 

a 
21 

11 

0 

b    b 
11    12 

b    b 
21   22 

0 

0 

0 

(b2 -bp ) 
11       12' 

s M S 
2 

Note that the factor of | in the formulation of the 

strain tensor has modified this transformation somewhat.     In 
this case,    J^P » PM  ; hence the elements of: 

b    p      + b    p 
11    11 12*12 
2 2 

b    p      + b    p 
21    11 22*12 

12 

0 

I 

I 

I 

b    p + b    p 
11    12 12*11 

b    p + b    p 
21    12 22    11 

12 

0 

b    b    p    +b    b    p 
„  11   21*11       l2   22*18 b    b    p    +b    b    D   I 

11   21*12       12   22*11' 

12 

P12 

Pll 

0 

0 

0 

0 

0 

0 

b    p 
22*44 

b   p 
12*44 

o     | 

o    I 

o    I 

b    p   | 
21*44 

2b    b    p 
11    12*44 

2b    b    p 
22   21    44 

0 

0 

b    p    | o 
1 144 

o    |(b2 -b2 )p 
11       12^44 
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are equal to those oft 

b p +b p 
11 11  21^12 
S        2 

b p +b p 
11 12  2111 

12 

0 

2b b p 
11 21^44 

and since b 

. 2     2 b p +b p 
12^11  22 12 

b2 p +b2 p 
12 12  22 11 

P 
12 

0 

2b b p 
12 22 44 

P 

0 

0 

0 

. b p 
22^44 

I 0 |b p 
12 44 

12 

12 

I 
11 

0 

0 

0 

0 

b p 
21 44 

b p 
11 44 

b b p +b b p 
11 12 11  21 22 12 

b b p +b b b 
11 12 12  21 22 11 

0 

0 

11 22 12 
-b 

21 
then p 

(b2 -b2 )p 
11   12/r44 

P  -p 
11   12 

J 
44 
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APPENDIX C 

DETERMINATION OF R(u,v)t  BAND-LIMITED CASE 

Using white noise as an example it has been shown in 

Sec. 6.4.1 that the output light intensity, in the band-lim- 

ited case, is given by: 
B 

R(u,v)  - Z2(v)  NKW D2    /   fain giWH" ^ 0   Bfi L WZ*)    J 
" 2 

The value of the integral is equal to the shaded area 

in Fig. 6.4.1-1.  It is seen that this value is a function 

of 0 « u - fo which specifies the position of the main lobe 
of ' 

sin 7rD(V^) J 

7rD(A-0)* J 

It is convenient for computation to express 0 as: 

kBs 
* ■ -2~   k = constant 

Thus for k » 0 the main lobe will fall at the center 

of the integration region.  The integral is an even function 

of k , and as | k | varies from 0 to 1  the main lobe tra- 

vels towards the edge of the region; for | k | > 1 the main 

lobe falls outside, etc.  Hence letting x"D(^-0) : 

Bs /Bs  \ B. 

/   \Bin *BtedtJL\ dA ml       f      (sin nx)   ,ml f       (sin nx\ 

(-#-0) D-f(-l-k) 

2 

dx 
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and since,  as is shown in Sac. 6.4.1«    DB    - M ,    than» 

f(l-k)    , 
R(u,v)   - 2a(v)HKiroD /       C^7^)    dx 

|(-l-lc) 

The rasults of evaluating the integral (denoted as & ) 
on a computer, for various values of N and k , are shown 

below: 

M - 2 

Ik| J 
0.00 .9028 

.25 .8991 

.50 .8523 

.75 .7072 

1.00 .4749 

1.20 .3527 

1.40 .2617 

etc. 

N - 5 

Ikl J 
0.00 .9591 

.25 .9580 

.50 .9417 

.75 .9316 

H .9387 

1.00 .4898 

l+i .0401 

-1 .0266 

etc. 
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M- 10 

iJc! J 
0.00 .9797 

25 .9787 

.50 .9728 

.75 .9W 

i-A .9^57 

1.00 .4949 

-Ä .0439 

-^ 
.0300 

M- 50 

|k| J 
0.00 .9959 

.25 .9956 

.50 .9945 

.75 .9905 

»* .9503 

1.00 .4989 

^* 
.0475 

1+^ .0334 

atc. • tc. 

M - 100 

Ikl J 
0.00 .9979 

.25 .9978 

.50 .9972 

.75 .9953 

^100 .9509 

1.00 .4994 

i+100 
1+13ö 

.0480 

.0339 

etc. 

^ 
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For    M - 2    the width of the main lobe exactly fill« 
the  integration region.    Thus the value of  «/     for    k ■ 0 
shows that approximately 90 per cent of the area under 
sin nxss 

TTX 
)2    falls under the main lobe and, in this case, | k | 

cannot vary too far from zero before a relatively large por- 

tion of the integrand will fall outside the region | $ | < _* . 

As M becomes larger, however, it is seen that the range 

of values of i k | < 1 for which cr remains approximately 

constant will increase.  Since ^ - —^ , then \ k \ m l ~ — 

(M > 2)  places the peak of the integrand one half of a main- 

lobe-width inside the integration region, and is the largest 

value of | k | for which the main lobe falls entirely inside 
B 

| 0 | < _£ .  For convenience, values of | k | > 1 were ex- 

io as k (1 + jjj) n ■ 2, 3, 4,... , where n gives presse 

the number of half main-lobe widths that the peak of the 

integrand is outside the region \ <t> \ \ -1. .     Thus it is 

seen from Fig. C-l that, for M > 10 , the integral will be 

approximately constant when | k | <( 1 and, as a result, band- 

limited white noise can be assumed to cause a uniform inten- 

sity over the observation region: 

'o-lf<»< fo+f 

and a negligible contribution outside this range of values. 
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10 

J 

.2H 

I  - 

^M»I00 

2 

NOTE 

CURVES   ARE   SYMMETRICAL FOR   THE 
SCALE  OF   MINUS   k . 

.4      .5      6 75 8 

k 

FIO. C-l   VALUES   OF «A AS   A   FUNCTION  OF M  AND  k 
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IX D 

OPTIMIZATION OF DESIGE OF FUSED-SILICA LIGHT MODULATOn; 

SUMMARY OF RESULTS 

This appendix presents a summary of the results of 

Chap. 5«  As before, It is assumed that the electro-optical 

processor is to be applied to a square planar array antenna. 

It aas been shown that signal processing capacity 

is a function of the operating frequency, the sonic veloc- 

ity, and the size of the optical aperture.  With regard to 

the latter, the nature of the spatial-multiplexing and time- 

multiplexing processes cause the width of the aperture, 

rather than its length, to be the limiting dimension.  This 

was shown in Chap. 5 in which the maximum aperture width 

was assumed to be 6 In,, and for which, in each case which 

was considered, the required aperture length was less than 

1 cm.  Thus the expressions relevant to this discussion 

may be expressed in the following form (Eqs. 5.1-3* 5.1-5 

and 5.3-1)« -    , 
w2/3 f 2/3 

N = *— (D-l) 
2   S2/3 

W3 f,7/3 
p = S-T- (D-2) 

8  sV3 

wherei 

N = number of elements in each row 

(and column) of the array 

• 

• 

■ 
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S ■ sonic velocity 

fi  - frequency of «lectrical «ignal 

•xciting ultrasonic transducer» 

W ■ width of optical aperture 

Recall that in the derivation of these expression! the band- 

width, B, has been assvned to be given byt 

B 
^ (D-3) 

Equations (D-l) and (D-2) are plotted in Figs. D-l 

and D-2.  It is seen that, because of the difference in 

sonic velocities, if the value of f. I    were the same 
x intttx 

for both modes, then the shear mode would be optimal. As 

is shown in Sees. 5.3 and 5.^ however, the high frequency 

capability of the compression mode more than compensates 

for its greater sonic velocity and, in fact, the compres- 

sion mode is optimal.  This is also shown in Figs. D-l and 

D-2.  Note that in case (l) the maximum value of N for 

the shear mode is slightly larger than it is for the com- 

pression mode, and in case (ll) the two quantities are 

equal. Thus the optimality of the compression mode arises 

from the greater bandwidths which are possible rather than 

from the maximum possible antenna size. 

Other important parameters are the dimensions of the 

ultrasonic transducer. The transducer width does not di- 

rectly affect processing capacity but must be physically 

realizable. This dimension is given byi 

"-A 
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MODES: FUSED-SILICA LIGHT  MODULATOR. -259- 



COLUMBIA UNIVERSITY—ELECTRONICS RESEARCH LABORATORIES 
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The transducer depth,    L,    hat been ahown to have an 
effect on the operating  frequency bec«jae of internal re- 
fraction.    That ia,  the firat order light amplitude will be 
attenuated by the  factor: 

gin 7 

7 

where ., . 2 

7 *-!. 
2n0S2 

and consequently,   in order to avoid excessive attenuation, 
a restriction is  imposed on the product    f.2L  . 

It has been shown in Sec.   5.2.2 however,   that the 
smallest valua of    L    which would be necessary is given by: 

n S2 

Figures D-3 and D-4 present plots of 7 va L  for 

both shear and compression modes, with f.  as a parameter, 

according to the relationship: 

TTTvf.2 

7 =  i-   L (0-5) 
2noS2 

The nominal values of the constants have been as- 

sumed to be: 

no = 1.46 

X    - 6328 x IQ"10 m 
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S | = 3760 m/sec 

shear 

S 1 = 5968 m/s«c 

camp. 

Included on th« abscissa with L is   " ^ .  Thus 
7 

for any value of L and f.  the corresponding amcont of 

attenuation can be determined. Note however that if L * 

L t then 7 ■ £ (Eq. (D-5)). HhvM  the intersection of 

the line 7 ^ "ö" with the graph of 7 vs L for any par- 

ticular value of the parameter f,  determines the value 

of L t for that frequency. 

fflAV 

■ 

■ 
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