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ABSTRACT

The critical ramp loads required to produce snapping of a shallow
sinusoidal arch are investigated. Calculated results are presented for
two specific arch geometries. These results illustrate the influence of

the load rise time on the level of the critical load.
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NOMENCLATURE

gencralizved coordinate denoting amplitudc of mth
component of the nundimensional displacement (g, 1)

elastic modulus of 'the arch material

nondimensional geometric parameter; see Eq. (2).

second moment of area of the arch cross-section

thickness of the arch cross-section

- radius of gyration of the arch croas-section

span of the arch

pressure load acting upon the arch

{(p/EIk) (L/ﬂ)". nondimensinnal pressure load
critical value of nondimensional pressure load
Bu:' le, critical static buckling pressure

parameters in parametric resonance analysis; see
Appendix

time

transverse displacement of middle surface of the arch
measured from the baseline of the arch

Cartesian coordinate along span of the arch

{1/x) w (¢, *), nondimensional displacement of the arch
nx /L, nondimensional Cartesian coordinate

mass density of the arch material

t(ﬂ/L)z (E1/p .h)l ,z. nondimensional time
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. NOMENCLATURE (Continued)
| T - nondimensional rise time of the ramp load
2 = 2n/w,, nondimensional period of free vibration of

the fundamental symmetric mode

(l+ez IZ)1 /Z' nondimensional frequency of free vibration
of the fundamental symmetric mode
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SECTION I. INTRODUCTION

The critical step pressure loads required to produce snapping of
a shallow sinusoidal arch were previously determined by the author for
a wide range of arch geometries . These criti il pressures, which
were in some cases as low as 7J percent of the corresponding critical
static buckling pressures, result from a particularly severe dynamic
load condition since the full level of the loading- is applied instantaneously.
It is anticipated that the geverity of the loading will be reduced in those

cases w_hdreﬁ: a finite interval of time is required for the load to

develop to its maximum level. The present note describes an investi-
gation of this effect.

Lock, M.H. "Snapping of a Shallow Sinusoidal Arch Under a Step
Pressure I ad," AIAA J. 4(7), 1249-1256 (July 1966).

i
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SECTION II. ANALYSIS

We consider a shallow sinusoidal arch subject to an external prez- ]

sure load. The temporal behavior of the loading is ramp-like (see

Figure 1) and the spatial distribution is sinusoidal. TL.: load is charac-
terized by a rise time T, and by a maximuir. level 9y The nondimen-

sionalized pressure q(%, t) is written

q(§. T) = qi("') sin § (1)

The nondimensional transverse displacement N{&, r) of the arch is

approximated by the following rmodal expansion

nNe,r) = esin € + ai(T) sin € + az(‘r) sin 2 2)

where the generalized coordinates at(-r) and az(-r) denote the amplitude of
the first symmetric and antisymmetric modes of free vibration; the

term e sin £ describes the initial shape of the arch. The geometric
parameter e is defined by e = initial height of the arch/radius of gyration
of the arch cross-section. The generalized coordinates ai(-r). az(‘r) are
governed by a pair of coupled nonlinear ordinary differential equations.
Except for the change in the time history of the load 9 (1), these equations
are identical to those treated in Reference 1.

The relief in the severity of the loading (as compared to the step
pressurc case) is exhibited by displaying the variation of the critical

*
load qy with the rise time parameter a where

a = (1 +‘|'r/‘l'i)-1

and Ty denotes the period of the fundamental symmetric modez.

2The rise time parameter o varies between the values of zero (static load
limit 7 /1" <) and unity (step load limit T, /-\'1 -0).

3=




Figure {. Schematic Diagram of Load Tirne History.
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The critical loads q Were determined by numerical integration of
the nonlinear equations of motion. These loads, which are the lowest

loads at which the response of the arch encompasses the corresponding

snapped equilibrium state of the system (Refe: :nce 1) are revealed by
a "jump" in the level of the response. Results were obtained for two
specific arch gzometries; namely, e =4 and e = 7. These geometries
were selected upon the basis of the results obtained in Reference § and
are represantative of the two regimes of snapping mechanism that were
reve-led in that study. The lower value of e corresponds to the "direct"
shapping regime; the higher alue corresponds to the "indirect" snap-
ping regime. '

The calculated results are showr in Figure 2 in terms of the critical
load ratios q:/a'l, where 'c'fi denotes the corresponding static buckling
load. These ratios are plotted against the rise time parameter a. The
results obtained for the two geometries are seen to be markedly different.
The critical load ratic for the case e = 4 increases steadily as o is
decreased until it reaches a maximum value of unity when @ becomes
zero. Thus, for e = 4, the level of the critical ramp load tends mono-
tonically to the corresponding static buckling lcad as the rise time
ratio 71'/1'1 is increased. In the case of e = 7, the variation of the !
critical load ratio with ¢ is marke2 by the appearance of a ®jump® in
the value of the load ratio for o n0.57 (i. e., for T, /'c'1 n: 0. 75) and by

the appearance of load ratios in excess of unity for o« < 0.57.
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SECTION III. DISCUSSION

The different character of the critical load results may be attrib-
uted to the different mechanisms of snapping that are operative in the
two cases. As noted previously the critical loads for e = 4 are con-
trolled by the "direct® snapping mechanism. The arch response is
primarily in the symmetric mode (Figure 3) and snapping occurs when
the amplitude of the generalized coordinate a (r) coincides with an
unstable equilibrium state (Figure 4). For e = 7, the occurrence of
snapping is controlled by a complicated interaction betwcen the aym-
metric and antisymmetric modes of the system. A more detailed
discussion of the two mechanisms of snapping will be found in Reference 1.
Briefly, the antisymmetric mode is parametrically excited by the initial
response in the symmetric mode. If this excitation is sufficiently
strong the interaction from the antisyranmeiric mude back to symmetric
mode will precipitate snapping. This mechanism of snapping gives
rise to the type of supercritical response shoii in Figure 5. The
presence of a "jurmnp® in the critical load ratios and the appearance of
load ratios in excess of unity may be associated with the role that
parametric resonance plays in this interaction. A simple analysis to

illustrate the role of parametric resonance is preezented in the Appendix.

In conclusion, the presented resuits give an indication of the relief
in critical load level that is introduced by a finite load rise time. The
calculations show that the critical load levels »cquired to produce
snapping are increased from the corresponding step load values for
geometries where: dynamic weakening cccurs (i.e., critical step loads <
critical static lcads). The increaee is gradual if the snapping process
is controlled by the *direct" snapping mechanism; the increase is
more rapid if the "indirect® snapping mechanism is operative. In the

latter case the dynamic weakening effects have disappeared for
T, /‘r1 < C. 75.

3
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APPENDIX
PARAMETRIC RESONANCE ANALYSIS

The role of parametric resonance in the snapping phenomenon
- may be illustrated by the following analysis.

If the interaction of the antisymmetric mode response is neglected,
an approximate solution for the generalized coordinate ai(-r) is

a4 ~-1q-1-[1-5c01 (u1-+0)] (3)
“y
where
2
u‘;' . (z +22.) (4)

-ri = “—'T_'. 7 (6)
] _
and where § denotes a constant phase.

The frequency w is given approximately by the relation (see Refer-
ence { for method employed)

w? w ol - 12 it § m
9
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If the solution {3) ‘s substituted into the linearized version of the equation -
governing a,(r) we obtain

dzi‘ + (R +8cos f) 0 ()
. cod = !

s *2 |
| where ) ;

£ = (or +9) ()

2 q '
R = (%) [1 i (10)
U

| L )(2)

Eq. (8) may be recognised an the Mathieu equation; two of the sones .
of parametric resonance determined by this equation are shown in
Figure 6 (sones A and B in the figure). Sich sones define regiona where
the solutions of Eq. (8) exhibit an exponential growth of the form LA
The is0-p lines shown in the figure conncct points of equal growth rate;
the boundaries of the sane corresponding to p = 0. Contidering these
lines as a measurs of the strength of the parametric excitaticn, we see
that the excitation is l(ron.cr in the intarior rggions of the sones. The
figure also shows straight line loci of the values of the 1nad ratio IE‘
for fixed values of T, hl' These loci intersect the scnes of parametric
resonance. As q, /% is increased from zero, for fixed ~ /1, the loci
first intersect zone A. If the excitation in the region of the zone traversed
by the loci is sufficiently strong, snapping will occur at some critical







value of the load ratio. However, as <t /'r’{ is raised the regions of the
zane traversed by the loci became inq:reulpgly weaker in excitation,
Eventually the excitation ip this zone become~ too weak to precipitate
snapping. As a resplt the load.ratios must be ingressed above uiity to
satis{y the conditions of perametric respnance in zoue B, the snapping

A phenomma now._being ﬁtecipitatod by the excitation in tixtl zoho. Thus,
it-is seen that tha change in the sone of parametric resonance accounts.
for hoth the jump in.critical load ratin and the appeArance of m.ra;{oo
‘greater than unity (Eigure ),
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