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This report gives the details of a reduction procedure for
converting the photogrephic measurements of a rocket in flight
into ballistic data pertinent to the rocket trajectory. It opens
with a careful description of the geometric problem involved.
Transformatione between ths conventional coordinate systems at the
camera are described; by means of these, the formulas for the pro- -
Jectile's position are written down. The methods are essentially -
vectorial throughout. The rep. -t concludes with a suggested comw
putation scheme and an examplas,
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L The Location, by Means of a Single Camera, of
P A Projectiie with a Known Line of fire

. Agree that: the line of fire is tne intersection of

e _the vertical trajectory plane with tne horizontal plane

= . . through the camera (that is the center of the cumera lens):
Y. - the line of sight 1s the intersection of the latter plane

v adw o+ with the vertieal plane through the optical axisgy ¢ is the

o angle of inclination of the optical axis; ¢ so measures the

angle formed by the line of sight and the perpendicular

from the camersa to the line of fire that ¢ 1s positive in

Pig. I and negative in Fig. II.
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i Thus ¢ might be defined as the amount of counterclockwise
P : (picture the clock face up and directiy beneath the camera)
o o turning necessary to bring the line of sight perpendicular

’ ~ to the line of fire, it beinyg understood thet clockwise

! ‘turning is accorded a negative value. Also ugree tnut: D
; N 15 the distance from the cumera to the point st which the
% . 1ilne of sight intersects the line of fire. p 1is the distance
: ' from the camera to the point 0, at which the opticel axis
plerces the trajectory plane.,

it A

Imagine thut the origin of 3 space is so placed at O
thut: the positive first axis (say kl) is horizontai and

passes dire.tly above the caumeraj the second (say kz) axis
is horizontel, perpendicular to the k, uxis, and points clock-

wise about the camera (that iz to the camera man's right); the
. third (say k3) axis points vertically upward. Let C be the

point at which we find tae center of the camera lens and adopt
the general convention wnereby ¢ = (Cl’ Cas CB)' vet the &)

exis agree with the k., axis and let the My uxis so pass
through 0 in an upwaraly direction tnat 7 "is perpeandicular to

o 94T

e o ok g 5 R

-2-




both the optical and the 61 axis. Let the x* axls pass

horizontally through the origin in the trajectory plane and
point clockwise about the camera, and let the y* axis agree

with the k3 axis.

It should be noted that a ray through C with standard
coordinates ( E, n) pierces the plane determined by Fi and

ny in a point whose (,,7;) coordinates are (pgy p1n).

Let u(l), u(z), v(l), v(z) be the unit points on the
respective positive gl’nl’ x®*, y* sgxes, and let

T = (1) XV(z).

A check reveals:

) = (o, 1, 0),

u(z) = (sin e, 0, cos &), ;
v(l) =z (~-sin @, cos @, 0); | %
v® = (0, 0, 1),

T = (cos g, sin g, 0),

o = (pcos ¢,0, - psin g).

_Since the trajectory plane passes throygh v(l), v(z),
and Q, 1t is eviden that the line through O and T is perpen-
dicuiar to the trajectory plane. Accordingly the trajectory
plane consists of those peimts R for which -

»

R-t = 0. -

Letting P be any point amd Q be such a point in the
trajectory plane that Q ia:¢Qllinear with.C and P, choose X
sn that R o

(1 -3)€ P = Q. ]

AR

Clearly S e R
a - X)’Hc e P Rt QRO
R P v
A = .L_E__F
T » c -~ T
T - (1 -
Q = T-C~-1-P .
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Suppose nowt: that P and Q are related as above; that I
the photographic image of Q, has plate measurements (pl, p25;

and that standard coordinates (E,n) of the ray CQ have been
introduced in such a way that

P = pgu(l) + pnu(z)

§= Ajg * Ay Py *+ AP,

nNE Ayt Ay Pyt oAy Py

Note that P lies in the (El,ql) plane and that (p§, pn) are
the coordinates of P with respect to the (E,l, nl) axes.

Let (x*, y*) be the coordinates of 0 with respect to the
horizontal tra,ectory x* axis and the vertical y* axis and
verify that:

xt = v(l)‘ Q = (2) Q"

L (O (P v(l)) - (opy (- v)
. 1+C -1 P ’

yl -

(- Q- v{2)y e AP)(Q_Mv(z))

v C~1.

SR ¢ R ¢ BRS¢ S IR € B €
= pE cos ¢ - pysin ¢ sin g,
P '(2) = pg(u(l) R 7(2)) +p n (u(z)' V(z))

= pn cos 8,

-
v
u

p ety 4 p al®d .1

pE sin 9 + p1n cos ¢ sin ¢,

t+» C = p COS @ COS &,
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c- v(l) z-p sin 9 cos &,

C.v(2)=-—psinz;

teC-1-"

+

(p sin @ cos &) [p&(sinq+ pn cos ¢ sin s]

gpz cos &,

(t+C -1« P)y* = (p cos ¢ cos e)prcos &

+ (p sin G)Eﬁisintp*'pncosq:smﬂ

= Ep2 sin ¢ sin ¢ +np2 cos @}

P)x* = (p cos ¢ cos @) [pﬁ cos ¢ - pnsin ¢ sinc]

(v+ C=1sP) =pcos pcos & -Ep sin 9 ~7p cos ¢ 5in 8}

x&-:._____——-m.-u

cosq:cosc-Esinv-ncoscpsini

yec-boslnesinetpocose

cos p cos & -Qéino-nc‘qs @ sin ¢

‘Now let F be the intersection of the horiszoutal line of
sight and the line of fire.

of fire and point clockwise about the camersy. Let the
pass through F and point vertibally upward, let (x, y)
coor ‘inates of Q with respect to these axes, and let D be the
di. .nce from C to F. It follows that o

D=pcosas, y_r=yi+psn‘zc,.' X = x%,

Let the x axis lie along the line

axis
e the

[



ED
cos 9 cos ¢ - £sin ¢ - ncos ¢ sine ’

y = Dcos @ sin g + nD cos @ ¢

Cos g COS € - Esin p - ncos ¢ sin & 3

cos &€ - L %n 9 - nsine !
- . .
Y * tos e - ttan ¢ - nsin e 3
£ 410 * A Py * Ao P

= Ryt Az Pyt Agp Py

The last two equations, which .are fitted as a rule by :
least squares, formulate the passage from the plate measure- |
nents (pl’ pzs to the standard coordinates (g ,r ). :

Some computational snggestions follow. i

Agrae: that Matrix I 1is

g cos ¢ " - tan ¢ - sin ¢
0 sec 9 o }
sin ¢ 0 cos ¢

that Matrix II 1is

1 0 0
Ao My A2 }
A2 A Ay
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that Matrix III is the classical row into column result of
multiplying Matrix I into Matrix II.

Let
Roo
R0
R0
be Matrix III, and 1

X
Note that

X

n

-
-

le}ir]
-
=]
"
o

DX, y = DY,

and that the computation of (X, Y) from
effected in the following way.

(p;» p,) may be

Col- Entry Heading Foot- Checks
umn ing
1l Frame Numbers Frame number
2 |First Plate Plate Measure-| 23
Coordinates ment, P,
3 |Second Plate Plate Measure-{ 23 -
Coordinates ment, p,
4 ROO*ROlPImOE% a 14 u"'nROO*Rle 2*"02”3
8 (320+R2]p1+322p2)/4 Y %-8 {14 .8=nR,)+R. 1 ¥24Ry 1 33

N.B. n = the number of entries in column ..

N.B. ")2" means "sum column 27"; "¥4.5" means "sum the products
of corresponding eutries of column 4 and coluan 5."
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¢ f c . (2£2) 0
Tyl ) - ] Ths
_ o\ 3=0. 4 (1,8)=(0,0)

A zdod check on the matrix multiplication of Matrix I
into Matrix II may be based on the inner product - sum formule

where r, is the 1*® row of Matrix I, Cy 1s the J*column of

Matrix II, and Ry is, as agreed, the (1,1)*" element of
Matrix IIf.

3
;
{
3
i

1f the above reduction.is used on the present (Spring 194*%
data (viz. Take 473) obtained by the Photographic Measurements
S8ection, then the following rules should be followeds

U 5 decimal trigometric tables and make all eatries in
Matrix I to 5 decimals, as in

1 499347 .02892 -.11411 2
0 1.03020 0
.11752 0 .98366

Make entries in Matrix II to 5 decimals in column 1 and to 7
decimals in columns 2 and 3, .as in

1 0 0
.00251 .0011949  .0000129 .
.00065 .0000023 0011941 | - -

Make each entry in Matrix 1II to 8 decimals, as in

-99345801  .00003429 -.00013589

«00221493 .00123099 .00001329

.11815938  .00000226 .00117459

Euploy the inner product-sum formula to obtain a 7 decimsl

check. Before using Matrix III round each of its entries to 5
decimals in column 1 and to 7 decimals in columns 2 and 3,
ss in ’
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I .99346 .0000243 -.0001259 ‘

00221 .0012310 .0000132

.11816 .0000023 .0011746

Matrix III may now be used in obtaining (X, Y) from (pl, P,)

as indicated above., In this connection write d, X, and
Y to 5 decimals.

Since the standard error to be feared in a determination
of either x or y is usually about .15 feet, the rounding errocrs
introduced into X and Y should be negligible as long as D
is less than 10,000 feet.

Although the sbove matrices could be so altered that their
use would lead directly to x and y instead of X and Y 1t does
not appear desirable to make this change. Firstly, frame by
frame determination of (x,y) is seldom needed. In fact usually
only the center value of (X,y) is of interest. Secondly it is
clear that any linear fun~tion of the x's and y's may be evalu-
ated by applying it to the X's and Y's and multiplying the
result by the scale factor D. Thirdly the pesfent matrix
arrangements are more uniform and more easily remembered than
those met within the proposed alternative.

If, as is frequently the case, ¢ and Matrix II remain
constant for a number of rounds it is desirable from some
points of view to arrange the computation differeatly. In
Matrix I replace "tan ¢" and "sec @" by "0* to obtain Matrix I,
Multiply Natrix I, into Matrix II to obtain Matrix IIIo and

let Bo’ Bl' 82 be the three rows of Matrix IIIO. Check tlLat
B = (0, 0, 0) recall the distributivety of matrix multiplication
and observe

(Rogr Ror» Rog) = By + (~tan 9} (Ayqs A))s Ayp)

(Ryg» Ryys Ryg) = By ¢ (Bec ) (A)40 Ay1s Ayp)

(Rags Rpps Ryp) = By

These formilas make clear the nxlmlicitg xith vhioh 2
calculating machine may be used to obtuin any given positional
entry in Matrix III for each of s mumber ¢f romads. Simpls:

sun checks suggest themselves. = B :

: . . x
- * b

%
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‘flt tlculd be natod, howevor, that efficient use of this
" methed cCepende on obtaining Matrix III for each of & number

of raunds bnrore Matriz III is used for any one round.

If frune by fraue deteraination of x and y are desired,
& Bew matrix Baay be 0 formed that its rows are respectively

B ¢ ("' tan Q)(Alcs All’ Alz)
(D sec 5.’) (AIO’ All’ AlZ)

D B,

From this new matrix x and y may be arrived at in the sanme
nenner as X &nd Y mere r2ached via Matrix III.

RH K.
AL Horse
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