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ABSTRACT

LSRN

An ijnvestigatior and analytical study of antenna array elen-ents has been

&
3
3
51
b

-arried out to determine the influence of an individual element of specific
characterictics on the performance of an array and, vn the basis of element
performance, to present data which would agsist the element designer in

3

szlecting the optimum element!. A comprehensive literature suivey forms

parts of the basis for, and becomes a supplement to, the analytical study.

While the literature survey covera and records any type and size of array
with any number of elements, the analytical investigation analyzes 4%~ to
215- element behavior and results in a determination of the 13¢)-element
characteristics in the UHF (400 Mc) through X-Band {10.5 Gc} range of
frequencies, Other parameters and limits for the analytical investigation
include:

{1} Power handiing capability {100 wasts to 20 kilowatts)

{2} Terminal impedance {25 ohms to 1000 okms)

{3) Signal bandwidths {from 10% at UHF to 5% at X-Band)

{4} Gain

{5} Poiarization

For the ilitezature seazck portion of the project {Phage 1), a retrieval file

gystern wae d2sigred and JLe file keysort cards for the system preduced;
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EVALUATTON

1. Contract A730(602)3707 entirled, "Array Element Study", is &n
enginesring fovestigation to provide array element data in a tabulated
card file form which would facilitate location of pertinent element

data and which could easily be updated., A literature search and

analysis of availagble elzment data has been performed. Results of the
search vere tabulated oa notched cards, which make use of 2 simple numer-
ical coding scheme that allows one to readily obtain desired element data
by use of knowm perfurmance requirements. For example, if a particular
array gain is required then one can use the appropriate code number to
seleet only those data cards on which that deazired gain is specified.
Knowladge of additional requizements, such as polarization, beamwidth,
-eC., further veduces the number of datz cards to be checked, until

only the most pertinent cards remasin. In addition to specific element
data, éach of the cards contains the reference scurce from which the

dsta was obtained slong with an abstract of the article. The card file
presently consists of approximately 500 dats cards.

2. The analytical portion of this effort wos directed toward further
analyzing those areas in which available regearched data was limited or
for which major contrsdictions existed between various investigators.

The anzlysig resulted in the development of a unique technique for
rredieting array pattern performance. The primary result of the analysis
was in the definition of an optimum array element pattern, optimum from
the gtandpoint of providing constant impedance VS scan characteristics,
over a specified scan sector, when a number of such elements are used

to constitute a phased array antenna. A synthesis based on the results
of the analysis was initliated late fn the study. The synthesis will
provide a means by which various array functions, such as mutual coupling
can be defined. The functions thus cbtained will be used to provide
element design parameters withinm the limits of the specific element
considered. PFurther analytical effort resulted in the development of a
technique termed "Pattern Ratio Techniques™. It provides a means by
which the impedance YS scan characteristics of am array can be calculated
by using the ratin of the patterns obtained when a single element in the
array is driven with three different impedances with azll other array
elements terminsted. This technique offers significant simplicity over
coaventional means for measuring the impedance VS scan characteristics

of an array.
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SECTION I

INTRODUCTION

Under Contract AF 30{602)-3707, 3. W. Marcheiti, Inc, has carried cut

an investigation and antenna array element study, Acquiz'ed information,

wae included in a preliminary study of 2slement-array performance character~
istics based upon this information. The study znd analysis result, presented
in a useful form with the retrieved informatica will aid the phased~array
designer in selecting the optimuwmn element on the basis of its perfermance

in the array.

The final summary of the study and delineation of the three interrelated

phase 8 are discussed in the following paragraphs.

aase I, Retrieval and recording of material - Array element retrieval

‘)‘

and recording information in an expedient form for the use of the array
designer and the study project persoanel. This phasec included the following
tasks:

File card design and production (file system formationj.

Establishment of literature sources and contacts,
Information retrieval from literature sources.
Recording literature to Keysort file cards.

Card Notching (for coded selection of data by designers}.

Classgification and grouping of slements,
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Phase II, Analytical study and investigation - involved the following tasks:
& Elsment types, pattsrns acd array pattern study as described in
the ltoraturs.

., An extession of tae litsrature study to include mathematical analysis

of cloments and antenna pattezns,

e, Determination of an optimum element for a specific array performance

and patiera.
d. Placning for optimum presentation of all information.

Pkase 1, Fresentation of retrieved and analyzed information - involved
tasks:

2, DOral presentation,

b, Tecbnical Documentary Reporting.

c. Grapbic presentation of analysis results (review (ype discourse).

4, Ficalized card file and retrieval system.

1-2
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SECTION 11

PHASE TASKS COMPLETED

The final project effort has been directed toward completion of the Pkase 1
and Phase II jnvestigation and study. The final result is Phase III. In

Phase 1 this included literatuve search, antemns array data acquisition and
recording of data on the Keysort file cards. The analytical work of Phase II
included complete card information review and other source review pertinent
to element performance. This final report summarizes the compsted effort

and includes the Iatest results of the analytical study,

Documents were received frco various sources such as DDC TARBs and
indexez, Government Clearing House reports and documnents from libraries,
A constant review of these docwments resulted in gignificant values and

parameters recorded on the Keysort cards.
i

The summary of this report, is as follows:
Phase I: Documerts received from DDC and other sources to date: 335
Total Keysort cards filled out with antenna el-ment informatiom: 403
Phase II: Anaiytical study of the complete investigation is finalized

in this report,
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information
Retrisval snd

Fecording

11

Analytical
Stady and
Investigation

314
Presentation
of retrieved
and analyzed
informatiom

TABLE 2-1

et e i o 2 e A

PROCRESS AND STATUS SUMMARY

TASK

Keysort File Cazd
design and
production

Lo/ z 1oa and cetzblish-
raont of literaiuvre sources

I.iternture information on
caxds

Card nutcking

Element types, zards
classifiid and grouped

Literature study, element
types and pattern from
card information

Extended analysis

Planning techniques

QOzral Presentation

Tech. Doc. Rpt.

Graphic, writien presenta~-
tion of retrieved litezature
informeation

2-2

UNITS
COMFLETE

1000 cards
received

403 Cards
f£illed out

403 Cards

o e e e —— —

STATUS

Design complete~
carde received and
used

335 Reports received
frony DBC and other
sources,

403 Cards grouped
by elernent types: slois,
dipoles, etc.

Completed

Complete in &is
report

Kevsort card file
established, Review
type discourse ox
analyzed data. Final
presentation.

Complete

Ccr.plete

Design complete ~

403 cards witk informa-
tion recorded, 403
carde notched.




SECTION II

ANTENNA ANALYSIS

The following concludes the analyiic investigation of the antenna element
study under Contract No. AF 30{602)-3707. The recommendations and

description of the study is summarized below,

Research showed large gaps arparent between experimental, theoretical studics

of potential array element perforinance and conclusions actually reached
t‘\)ﬂ

- ’

given element types to phz=sed array antennas of medium or large magnitude.
Corclusive facts primarily appeared in the lin~ar current elemment areas, such
as dipoles and certain spiral types. In the course of study, a partial or

comple‘e lack of theoretical visualization ocfphased array pmblems became

apparent,

Project study showed that major effort had been expended to minimize mutual
impedances, mutual couplings and such entities. This technique did not
prove that a few elements minimized would be wholly eliminated for a large
number, Decision was made ic constiruc* 2 theory of phased arrays and to

test these theories with experimental resasrch., The results of the research

theory discussed in the previous reports are now combined with the final

report.

The results presented inc
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t, A methed for the determination of the impedance properties of element

arzays entizely {rom: pattern measurements driving a single slement.
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power pattexn of a single element in the array and the impedance properties,

thereoot.
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3. A method of synthesizing certain classes of antenna elements in terms -

FR AT
T

ARSI

of their propsrties when immersed in an array rather than as isolated radiators.

4. A technique for handling infinite or very large arrays whose general

P

simplicity and power recommends it as a tool for further investigation.
5. Suggested approaches for the theory developed fer infinite arrays which

promise to be fruitful for studying finite arravys.

The structure of steered arrays had to be examined to determine the applicable

theory. A minimal result was obtained from tremendous expended effort

o

accomplished on collections of arbitrary antennas in terms of their mutual
impedances and matrices involving pocwer integrals. General theories were

applied equally to antenna array obtained from cleaning out antenna ware-~

bouses, antenna placement at random ground areas and study of their mutual
impedances, It is evident that a highly organized structure is noted, when

reference is made to sieerable array antennas, particularly for radar i

application. Steerable artennas are composed principally of identical

e e e

elements arranged in a regular pattern. The regular pattern consists of .
& group of motions, including reflections and rotations. These carrya
portion of the antenna intc another portion in the same sense that two triangles

are congruent.
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Coneider then, infinite arrays so that various kinds of motion, carry the

entire antenna into the entire antenna and the antenna structure iz thus

presented in its strongest light. In assuming the arbitrary elements

vectangular grid, array functions consisting of a quantity or farnily of
quantities must be obtained, The functions thus obtained from the values

of a certain quantity defined at the various antenna elements as ccefficients

in a double Fourier series, prove to be a natural, strong method of treating
array phenomena. Feplace elaborate infinite matrix multiplications (and

allied operations}, with a simple multiplication scalar function of two variables,
Evidence th2 fact that these functions are similar to ordinary impedance, etc,
ot circuit theory. Therefore ordinary circuit thecry resulis suggesi resulis

for crravs.

Extzaded techniques in Section II are based on information outlired in Section 1.
As a result of this expanded theory, an essential description of the impedance
properties of the array may be obtained, if array elements are terminated
successively with three different impedances and the ratio of the radiated
power densities under these three conditions for a unit power drive on one
element is measured. The surprising result is that neither pagsivity nor
reciprocity of the array under study, iz required., If the antenna elements

array is passive and lossless (nmot necessarily reciprocalj, the pattern may

be obtained. The meazurements may involve ratio of Quantities only,
Measurement ig eu<k that the test anienna and antenna being measured need

not be at a constant distance point -to~point, nor need the genarator power out-
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put remain constant any longer than is needed for the measurement at a

given direction with the three different impedances. The particular
fmmpedance quantities derive from the way an antenna is used in practice,
Drive combinations which produce suitable shape beams, side lobe levels,
stc, in or over a given direction range are desirable rather than uniform
jimpedance for arbirary assignation of drives to the antenna element,
Primarily, this means the combinations of drives which produce reasonable
antenna beams not the apparent impedance properties for any arive combina-
tionn., A function constructed by Fourier series technique from the reflection
coefficient, self and mutual, of the array is shown to bear an intimate
relationship for the beam formed by the antenna and an equal relationship

to the powers refiected from the terminals of the antenna when drivren to
produce such a beam, The result is a desired antenna power angular density
rattern to subsist over the angular region in which a2 8can is made cf a pencil~
like beam, if for the scan angles within that region the antenns terminals present

an apparently constant impedance to the signal sources,

Previously, this result was derived for the lossless case and emnphasis was
made that it was rot only undesirable fcr the mutual impedances, couvlings,
etc. to vanish but that it was impossible for them to vanish for rectangular

spacinge less than an amount appreciably greaer than one~half wave length.
The very coastancy of apparently terminal impedances on 21l driven antenna

terminals deperds upon {he mutual couplings, etc., not being zero,
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In the first portion of this Section unlikely situations of impedance ars
diacussed. The impedance properties depend on a series of mutual impe:danceé
multiplied by trigorometric terms to form a Fourier series, It is unlixkely
that a few terms of the series will represent the total sum adequately az the
series is not absolutely convergent. In Section II, relationship between
measured antenna patterns and impedance properties {or lossless elements

are defined in a more meaningful manner. In this case, the pattern properties
cf a ringle clement determines the impedance properties of the array. To
choose adequate elements for a steerable array antenna previded the elements
produce suitabie polarizaticn patterns, the only criteria beyond physical
convenience is that impedance presented to the transmitter to produce

variety and scan of beam remain constant and that as a receiving array, the
ncise figure degradation attributable to the array is minimized, These

are both wrapped up in the constancy of impedance seen by any terminal when
the array beamis formed and scanned. The constancy of impedance experi~
mentally determined by measurements on the power of a single element are
discussed in previous chaptzsrs. Tc determine suitability of an element
pattern, suggestions have been given as to Smith chart construction. Indication
is that the pattern measurements produced by a single radiator element with

a variety of at least three terminating impedances are of a greater value

than mutual impedance patterns for one terminating impedance.

Recommendation i s therefore made for an experimental array to be con-

structed {or use on the RADC antenna range of between 11X 11 and 13X 13

)
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with the facility for presantation of three distinct impedances to all the

azray oiements, It should contain facilities for driving the center element

only 2nd measuring its pattern ratios for the three impedances. The anterna

should be consatructed sn a zeasonable grid spacing (changing the frequency
will affect the variety) with standard connectors on the faca This would
allow a variety of elements to be connected to it. Time cc.sumed in measuring
mutual and cross impedances have been the greatest cost expenditure on
previous antenna array investigations, In addition to providing formulas,
interest has been stimulated in o.kher areas, For example, this analysis

and study can be extended to mcre elaborate radiator systems.,

Only 2 limited number of functions need to be calculated, tae raw material

is then provided for @ large variety of antenra design. It is recommended
that functions be calculcted for a suitable range of Gipole gzacing. Minimum
defipitive answere should be obtzined te the questions relating to one dipole

in front of a ground plane, single dipcle and parasitic radiators as a useful

turnstile in front of a ground plae.

To better analyze the clement patterns and to complete the study, the finactional
aspects of the previous report TR No, G~149-QR3, Section III have been

included in this final report as Appendix I,

Appendix II consists of all publication key coding. Master (sex Fas iz I and 1],

type ot data and the source of informatior recorded.
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APPENDIX I

1. Array Fuocticns

We shall concern ourselves with plane antenna arrays conetructed on a rectan-

e o T & &,

gular grid. All of the results derived have analogues {or arrays on more

&a
o
»

Ry

general grids correzsponding to the seventeen plane crystaliographic groups.

e

Tt
N

We restrict ourselves primaiily in the interest of clari ty.

The grid may be coordinati zed by integer pairs in the usual faghion, Thus,

SR L ) Al
L]

if the di Fections along the grid axes are given names, say up and down and
left and right, then the nurnbering of the grid points by integer pairs can be

accomplished so that if {un, n) is the pair associated with a given point then

(m + 1, n) is the point i znumediately to the right of the first and {m, n + 1)

the point immediately above the first,

If we take the grid point {0, 0 as the origin of a space coordinate system

LA R A Sy

suitably orientec then the grid point {m, n} is at position [It m, i, n]

g

where 1, and 1, are the spacings between adjaceat elements along the two

Y

axes of our grid,

We now assume that an infinite array of identical antenna elements are placed

on the grid with one element at each grid point. For the time being these

elernents may be guite complex and in parivular may have many terminals
each, The important thing is that the elements be identical cad have identical

orientation except for their particular grid point, Thus if the coordinate

s
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translation invarience.

{m, n) as [

Thus for example if z

G ol

i

[

b .k :”‘&"

of the array structure.

gystems wsrs translated aleng either or t T 8T el
a now grid point sany description of ¢+

would be equally valid in the seconu c¢ystoms,

element, there may be 2 vector current density.

notation intrcduced above indicates,

coefficients, and other transfer quantities.

1
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Now there ars various quantities defined for each element at each grid point,
Fo: exemple, if sach element has a terminal labeled I we might write tne
voltage on terminal 1 of the elemen: at position (m, n) as ey {m, n). At

some posgition aveach elemei ¢, idextical relative to the grid point of ine

We might label the position

on the element o€ and write the vecior density at o for the elernent at
,’g.ea (m, n}). In general we will reserve subscripts for labels

with respect to an element and use grid coordinaies as arguments.

Quantities such as voltages, currents, incident waves, etc., are defined for

each element and are a function of the particular element grid location as tue

in general such electrical quantities

depend upon the particular excitation applied. Other quantities are functions

These include i redances, admitrances, reflection

Now since the elemants are identical,

and any one is in the same euvirunment as any other, structural quantities

which depend only on a single element are constant from element to element,

{m,n) is the impedance at terminal i of element

¥ . .
e =
ER AR A S ) A e .
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w2+ -1 other terminale of all other ciements are open circuited then

? frry, - Zy {p, @ ) where {p, q } is the position of some othar element,
and hrace ary other slement, We can therefore write = 1 {mi,n) = 23 vrigh

a¢ arguments,

A most Imprriant class of quantities depend nct upon one clement but upen two
or more., IFor example, the mutual irpedance betvresn terminal 1 on the elew
ment (m,n} ard terminal } on element { p, q ). We can write this as zn
{m,n; p, q J. The definition aggumes that all other terminals are terminated
with the same termination impedance for each equivalent tarminai on each

elemert. Now we come to the far reaching conseguence of transiation invarience.

Since =z 11 {m.n; p, g ) depends only on the structure of the array transiation

invarience implies that

Li 2y (m,n5p, q)=z im+r, n+8p+rx, q+s)

for any 'ntegers r, s. We can thus write

1.2 21y {m, n; p, @) =2z __ Ln-p, n-q).

11

The arguments in 2z 1 {r, s) as in the right hand side of 1.2 are nct eisment

1
positions or grid point coordinates., They do define the translation whic.t

carries the second of the elements, upon which the guantity depends, inte the

first upon which it depends. A similar argumeat can be applied to any quartity

R o T R T TGN S RS i
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whatesever which depands upon two elements. For example, we might have

?53 iz, 8} as the mutusl admittance between terminal 1 on the first

?:\:& “, s o

7’W

eiernont and terminsl 2 on the second. The pair {r,s) defines the tranelation
widch carriss the second element into the first. In genezal then for structural

guantitias O dopending vpon two slements,

C{m,n;p,q) 2 Q{m ~p, n-q)

Now for purely mathematical reasons it is a little incenvenient for some
guantities to depend on element punsitions and others con translations., We
obxarva however that the quantities which depend on position are jus. those

which will arise when some set of generatcrs, etc, are attached to the array.

If the gener2%0rs were disconnected and moved 1o a new location on the azray

and roconnected in the same relative fashj:m as before, all of the guantities
dependent on position would appear as before except for a translation. The
guantities thus depend u;;é;: position only by an implied icference to element
{0, 0} 2z the origin of the position coordinate system. That is to say, we may
take position as defined by a translation from the origin. As a result we may
~egard the arguments in expressions like ey {m,n) as translations and el(m,n)

2s a quantity depending upon element {0, 8) thus

el {m, ) = e {m,n; 0, 0)
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The mannez in which it depends upor element (€. &) is simple: the dependence
is that (0, 0) is the origin of a coordinate gystem within which we will discuos
some particolar excisation or other array properties whose nature is not

transiation invarient,

The above may ze2m to be an uarecesrary complicaticn of thowght howewer
the success of the method o be emnployed dopends upen thiz dentification of
the quantities considered as “ancticns on the members of the tramslation group

under which the array structure is invarient,

For simplicity suppese now (Rat we have cnly one terminal at sach location.
Letting e (m, n} be the voltage {at {m,n}}, i{m,n) be the current and
z {m,n; p, g} be thewatual impedance between {(m,n) and {p,q ) we

have

1.5 elm,n}= E z {m,n; p,q} i {p, q}
P 9

where the sumunation extends over 21l {g, q ) for which ilp, g) # 0. By

1.2 this can he written

1.6 e f{m,n} = é X z {m-p, n~q } i {p.q )
P 8

Similarly with a muteal admittzaace v {z, s) we have

R e L

A5




i genms
F P i im n) = g yim~-p, n-q) efp, g
B 4

8incs 1.6 and 1.7 describe the same structure and either the driving currsnis

or the driving voiteges can bo chossn independently, we have

1.8 B (mer,n.0) = Z s (m-p, n-q) y {p~r, q-8)
Ba

= z y {m-p, n-q) z (p-z, q-5)
28

where

[

1.9 86,0 =1

é(r‘s}a() ifrf Oors £ 0or both

We remark that the existance ¢f z and y as ‘nite quantities for zll
pesitions is assumed., The surmmations in 1.8 are in generzl infinite., Further
in genexal either 1,6 or 1.7 involves an infinite summation. Now suppose, by
measurement or other means, we are given the mutual impedances z (m,n)

and we wish to calculate the currents resulting from a given sct of drive voitages.

First we must solve an infinite set of simultaneocus equations in infinitely many

verisbles using equation 1.8. Next we must take the y (m.n) thus obtained
and compute an infinite number of possible infinite sums using equation 1.7
for the i (m,n). To do this directly is scarcely preossible. We must find

arn in2irect method. The

A-6
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We would have two infinite summations and as many intsgrations as we desira

values of e {p,q). This might be easier than many infinite summations but the

advantage ig not great. A more clear-cut advantage arises when y (p,q)
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R S IR
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ie wanted or i {p,q) as a function of ¢{p,q). I we start with 1,8 and

,
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S
¥

B

&l
x5

set m-r = a, n-s = b then since the range of suramation is infinite

E@-p bogq} « v {p, q)
¢

0505 VAT LA O
| ey evep e i o

where we have substituted por o p, g-5 b q, This iz of the sagse

.

form as 1. 6. If we definey {x,y} as waeg {X,y} in 1.1} and form the pro- ,

duct 2z (x,y) y {x,v) then just as in 1, 12 A

= FizLeod;
116 smyly ey = ) S(peje® i
Fe

or since all but one term vanishes on the xight

1,17 z = yly a pi=1
or

1.18 {x, yj= —_—
y LR AT %)
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we are doing quite rigorously under quite non-restrictive assumptions,
however, the mathematical techniques involved are not at 2l caementary and

to a large extent not those used in enginesring work normally., For the momaeat
then we shall assume the existence of the functions involved beyond what can

he obtained from 1.21,

We shall call the functions of the x,y coordinates we have thus introduced

array functions, Thus if Q {m,n) is any quantity defined on the array we

define the array function corresponding to it as a function Q (x,y) such that

#f_ o)

R R )

1
4 A xod 35

1,22 Qf{m,n) = Q(x,y) e

1oy

-}

¥%e use this reverse definition rather than the series 1. 10 to avoid the summation
questions mentioned abové, For practical purposes the gseries form will

suffice inasmuch as they yield the san.e zesult whenever the series converges
and Q{x, vy} exists, From the completenses properties of trigonometrical

functions Qix, vy} is mniquel; determined almost everywhere by 1,22,

We have in the course of the preceding introduced voltage, current, impedance
and admittance array functions, Wz (bserve that the mutual impedance
properties of the array collapse into one function  Zu{x,y). If we continue
with cur array with cnly one terminal per element it is natural to consider the

terminals 25 terminated in some resistance r and consider the traveling wave

representation of the conditions at the terminals, Using &(p, g) for the incident

A-11
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wave oa the tevndazl {p, 4) aad b {p, g} for the wayz reflacted at the terminal
{2,q) we havo
1.23 $ ‘Po q) = #; {a {?: q)=b{ B, al}

cflp )z o (alp g} +2{p, q)

or in tormne of arsay functicns

1.2 iyl 72 fabn 32 -b (x, ¥))
afe, y} = ’?’E{@ {a (x,¥} + B {x,¥})

Now a and b are connects.. by a scattering matrix of refleciion coefficients
(assuming that there are no signals arriving from the ou.side and the array
is passive), That is, we have quantities s {p, q} such that

1' 25

b {m,n) = S {m=-p, n-q) a {p,9q)

£
Now suppose only element (0,0) is driven so that all other a {p, q} are zero,
L2t the drive on (0, 0 } be unit incident power ané zero phase so a {0,0) = 1,
Iz this case wo have

i.26 a{x,y)i=1

A-12
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Furthermore, we have

gt
St

Brsasatlie

o "0

8 {m,n)

b {(m,n} =

for this case only,

Now the toial power refiscted back ie

e

R R AT
o ur ¥ A

PR

ib{ﬁﬁam‘)l

P res,

e c s

1,38

TR

and since the total incident power wag unity there results

o~y

-t

We can weits

znd hence by coundition 1,21 the 8 {x, v} array function exists,

our function eguivalent of 1,25 as

S (x, Y} a {x, ?}

b (xa ’f)

and as long 23 we only have a finite number of a{ P, g )‘,non zergyb {x, )

Any drive such

will exist. In fact we need not restrict ourselves thusly.

TR ‘,..0

o

that 1,21 is satisfied and hence of finite total power causes 2 {x,y) to exist and

o
s

© c,..,.
Ko A%

In thiz conneztion we mantion that Parsivale Theorsm for

hence b (x,v).

o
D

Fourier Series gives us

A
b

|, ey
%
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and thus we can cempute the total power from the array functions. The total

reflected power iz then )

oo ,u'_. Y
PRSI FONPRILY:
Fes N MRy a4

ey s

X

Pres = """’f[émwécx v} Lxd
1,32 JJ ’ >
{

ot

i3
o fom
L S—

J S€av} Senw é’f@w@%;ﬁdw’ﬁ

1,23 0 {

i 2 *
i rey & J 35€§,§J§ E&(xgg}j A xdy

(1]

W2 may find the wave refiected from any given terminal uzing the inversion

1.22 and in short

-2 (P53
éﬁa‘j

1,34 b(ge¢)

i {r
=z }j S(redaclys) @

Equations 1,33 and 1. 34 are —ery impnrtant,

Now we can obtain o simple physical insight into the meaning of the arrcy

function a {x, y}. Supvose for a moment we consicder an hypothetical array of

iso¢ropic radiators with hxlf wave spacing oo a square grid. If = {p,q) iz taken
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in this array to be the current in the {p, q} radiator we can compute a hypo-
thetical far field pattern. If we let X te the cosine of the sagle hatween the

direction in which we are examining the field and the p axis of the array and

y be the cosine of the angle betweea the dirvection and the g axis then ths far field

KN b B Ay A s

is given by

F{x,y) = z_, a(p.qia%g’{px‘rqyy

P
1.35 =a (%, v?

Thus for x° + y?' e 1 we can interpret a {x,y} as a far fisld patiern obisined
by applying the 2 {p,q} as drives on an array of isotropic radiators with helf

2 2
wave spacing. For x +¥ 2> 1 we are rot so fortunate unless we allaw oure
selves (o think of beams, etc. at imaginary angles, Now in isctropic array
beam synthes:a beams at imaginary angles occur and in genersl caves an
apparent increase in ihe reactdve pawer in the aperture {usaslly defined in
terms of :sums of sguared cvryeats, This is held to ke undesirable. We shell
be able ic give moze precision to s line of thought and indeed shall find that

power from the hypothetical array szcaitered or radiated intoc these imaginsey

cirecions doss have a aelstericms effect o array performance for real elementa.

o

We can iaterpret a {x,y} as a pattern obizired from 2 second hypothetical array

of isotropic radiators, thiz Hme on iz same gric as the original array, In

this case let u be the divecztion cosine to the p axia and v be e cosins 0 the

g axis , then the hypothetical Held is
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" £ £,
?(&,V} = Z_ Q(Bi)a&aﬁ‘(gpﬁé?gvj

&%

'8 132 L, are the slemont spacings and A is the wavelength, Again we

808 eacily that

3. 37 Fis, v) = a 321!‘; P le V)
»

Nouw in %5is casa since the spacing is usually greater than one-half wavelength

we find grating lobes which arise since a {x,y) is periodic. =z {x,y} thus becomes

the pattern of an array of isotropic radiators with the same spacing as the
original arzsy but with scals factors gupplied to the direction cosines, For

raference we write explicitly

-g = 3&‘ g’ - égz L7 ad
h ) v L4 e ald
.38 A
) ¢
L= ?E_ Y Vs «E«'—L
: a4,

There iz thus a guite natural correspondence between the spacial directions in

freat of the array and the ariay function variables, Also, for reference we give

the transformation eguations from spherical polar courdinater into the u, v

sysiam. Lot P be the angle between the radius vector and the normal to the

piane of the asray. Let € be the aszimuth angle mcasured from the first axis.
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% 1.39 coe® = Fi-u® -v

tan & = Y.

anc for the element of solid angle

A dv
1.40 gin @ 4 P d8 = das= —
. “'g/!-_,ég%zf’a

ar in 2 mixed system

1,41 d o= Sud¥
CO8

PRy

Iy Lol e

We shall also give the transforination from the sphericud system into x, ¥

coordiaates. They are

2L
142 X2 Seovbawmg
v . afa
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Because of the close analogy between the array functions and patterns and
betwesn array function variables and space directisn cosines we suspect

gn intln.ate connection batween radiated patterns from the array with compli-

cated elemeonts and the aryay functions, We ghall see that this is g

Beloi# proceeaing to zpecific analyses of array element problems, we wish to
reint s the fundamental groperty of the array functions which is that they can
e manipu'ated exactly like sculzr impedances. Thus with one terminal on

the antenna eloment the relationships of changl”’ *ninal impedance voltage
curzent, etc. are just the same 28 for » single terrinal except that the quantities
ares array functions, If there are N terminals on the element then equations arise
which are those of N-termr.inal theory e..cept that again instead ol numbers we
have array functions, Thus we would in the case of N terminal antenna elements
deal with N vectors and N x N matrices whose terms are array functions. The
comroutativity induced on the infinite array matrices (which make the array
funclion approack possibla) dces not apply to these finite mmatrices of course.

In fact, one could write Maxwell's Equations in terms of array fuactions ob-
i1aineg from the field quantities. We shall find the zerm of an element synthesis

procedure herein.

The array functions would be functions of the frequency as well if finite band-
widths are considered, Mo e generally they could be functions of time. In
this case the aazlogues of impedances etc, become linear operators. Linear

operators can be turned intc array function operators. A treatment of transient

T
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s
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array behavior can be starred from this basis.

Finally, the treatment >f finite arrays can use array fu.ctions az a stavting
peint,c The technique irvolves integral equations which repiesenis a compli-
cation; on the other hand, the structvre of the array is built in, so to apeak.
An alternate approach to finite array questions is suggested by array function
thecry, This involves defining a sort of finite array function. Just as
ultimately the array quantities were made t0 be functi.ns of the elements cf 2
translation group and the array functions obtained therefrom so for iinile azrsye
the array quantities can i e rnade functions of the elementr of 2 group of trans-
formations which leave the array structure invarient. An analogue of the
array functions can then be constructed depending upon the theory of group

characters. Whether or not this appraoch is fraitful f& unknown,

In the preceding we have set up rather elaberate machinery for studying
antenna array problems, In the next chapters we must show that it does in fact

meet the promisss set forth above.
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2, Faxr Fields

In ‘he preceding chapter we set up the theory of array funcdons for an infinite

ar¥ay of anternns., We did not, however, mention arything about the radiation

Seld of the satonns cloments themsalves sithough we did interpret some of
the incident wave arrvay functicns in terms of radiation patterns from hypo-

thoticzl azrays of igotropic radiators. We shall start out with the barest

mizirmum of informatior about far-fields, We shall define 2 far-ficid Seld

e gt ¢ oA e R AR 3 F N T
' .

aunantity at o single froquency as one which

a. Is a function of the direction from the center of the array face.

B

b, ¥ the array origin (including generators, etc) is translated

| ) by & ¢raasiztion (p, 4) thegquantity iﬁs multiplied by
g2 (Fup r 2VE

¢. le a lincar function of the incident waves, imprecssed

voltages, etc, at the zntennz terminals,

An example migh? be the voltage in a test dipcle at a very great (infinite)

digtance from z fixed polnt on the array piane, For sach direction from the

fized point the distance and orieantation are prescribed but need not be constant,

By viztue of {c) U ,é iz the qzantity then for an iucident wave on the terininal

of elemsnt {p, g; thon




£= feperace )

Holding a constantby (b} we have

by mmm%@%

. s, B ¥
jar( e 578)

2.2 ¥(Pelges)e =& F{e ian

and hence we have the existence of f"é (&, 7} such that
; L4 o, ¥
Jer( 5 Pe %e) £ ()

2.3 FRe,u,vr) = €

For any arbitrary @ei (5‘5 g.) drive agsignment we have then for the fisld

guantity prodeced

}./

£ ) 5 e
I e, ., 5 s 2
A " % 3 AN A
DA, Ay Bl ke, 2,
2 " i L A1 L ITENCRN
KA Y AR ..\ B

5w,v) = ) Floe,uvitsa (fe) :;
&e %:
am(%lp, % s
= Z— é’g (v, v)e PATEZR 2 g}%ég__%t %
2.4 Pe %g%
a8 %’u
= ﬁi' (u,v) G i:ﬁg# ’”g‘%}} R;

'
- ) VRN

where the quantities on the right of the last equation are arzay functions. We

can introduce x and y a3 direction coordinates by using 1. 28 and writng




Q 2 Ay
Y (n9 - $,055 22.)

we have
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Writing a acperscript asterisk for complex conjugates (adjoint if the f
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arc vector or tensor quantities) then defining
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2.7 P, (xy) = faé%m} f»kc.x/sv)

A
as the sguared absolute value for j;, {3 ?} we have

2.8 g% (x9) = P {xy) afé%s’) a,{xs)




For exampie, if f were the voltage on a test anteana then 2 would be

proportional to the received power on its terminais. i =,, &, are two different

drive assignments then we have for the ratio of the squa~ed field quantities

.
R ) P (xy) & L5} |
%? < SR - P =

The ratio of the squared field quantities in a direction whose zoxrssponding
x and y are given by 1, 38 is then proportional to the square of thr abacluie
value & the ratio of the corresponding drive array functions, We reraark that

no assumptions as to passivity, reciprocity, etc., have been made shoul the

array. We shall assume only one thing.

(d} Let the axrray be such that for any finite incident power at
4he terminals the refiected power is finite., {in practical terms

it does.i't esciilate)

This is sufficient to guarantee the existence of 2 scattering array function

S {x, v} by Chapter !,

Now for a reciprocal lossless junction we have the gcattering matrix for two

terminals
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representing in succession from terminals la transmission Lne of iength &

{radians) at the reference impedance of terminais 1, 2 transformer of eguiva-

lent ratio Mf‘&}m& a transmission line of length £  at the reference

irnpedance of termirals 2 . 1f the reference impsdance at :emminais I

o

is F 2 and the junction is such as to prescent 2t terminzis 2 an

R e Ranyha. e

impedance of ¥;  then when terminals 1 are matched to their seforence
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where & ie the refiection coefficient of ¥’y with respect to T .

We can arrive at any desired source impedance at terminals 2 by inserting
a transformer ac above and placing a line of length,s suitable /3 at
impedance {p between the transformer and the terminals @ . Therefore

we may write, taking <€ as zero.

Si=-8

2,14 Saz:= $ exp (-228)
Sa,252= 2 i-g% sxe{-28)

where the sign of the root must agree with g

L.et ue reassign the subscript 0 to the antenna terminals and let Fg be the

refereace impedance for which a scattering function

5§ 32,97 is defined.

Let us further assume that the terminals 2. of the junctior have referance

e =¥

impedance and are connected to the antenna terminalz, Al

any cne element then we have {ignoring element arguments)
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ths first of equatione 2. 1C¢ can be written then

¥ 6 VoTRODY -
i o e
2 T

.

s [N
e
- ng RIS R SR 7w

o~

LR R



k]
A

* . N
. 2
& .
& SUT
’ ¢ RPN
&
§ ! *
< IS .
. . /o
S " “ M
Yaa ot aa -4
v H
}
I he <
i ¢ . _
b .
S i
Au , )
i [ )
T
T .
R h

=

Bo= g @ ¢ Saa bo

2.6

Nowdf this samas junction is attached to all elements thus changing the

teymination of thern all in like iashion we may pass to array functions aad

2. 16 yiolds

Rol#%9) = Sa Aylny} + Saa bo )

2. 17

bat

F Y

"
&

bW, 9} = S, (w9} Ge

2,18

iR
-

(7%
NG

AN s
._ﬁq.w-»‘ ,mv. Wi v
,%%z@w 0
RS m\& % 4._\3&»1@.%&

34

283

and hencs

Sag
- =
0~ S22 Q(ngy 08/

Qo %¥) =

2.1%

A b
oo O.vw,r
®,

e
L R ,.fwvm,.h N

'
H: s
A

TR e w g

-

corresponding drives 2t the antenna termminals @eey

Mmoot

b ae e m Wiy

]

526




Say
o { ‘i’j = -
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gince a; {x, y) = 1 in this case for unit drive. We can now use 2. & to compuie

the field due to unit dri~: on the arzay z.2 zeen through the junctions and kence

the array terminated with the new impedante with reflection coufficiont
5 288
ye*

with respect to the old.

the result is simply

However, we do not need to use this directly to compate the ratio of squaresd

field quantiies but may use 2,20 directly in 2. 9 with obvicus change of sub-
sgripts,
&
Q ! RoCxu)

N = s — 5
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2,23 Res =

Suppose thet three measurements with different driving source impsdances
of the squared field quantity are taken and two ratics are determined for peints
in the field corresponding to eome range of {x, y). Then in general 2,23 will
silyw ue to determine S { x,y) in this range of {», y) for these impedances.
Taking one of the source impedances as the reference (actually ite real part -
if cox;nlex) we can compute the § and ﬁ for each of the other two. The

two ratios (as functions of {x, y) in the range) yvield two equations of form 2.23.

Thess can be solved in general for % and I 5@{ and hence we have

2%
Sotns) = | Sutnss] € 2¥eE%3/

In the particular case where the reference impedancz is  ¥p , the second ?‘;
and she third obtained from {; by inserting a one-eighth wave line betwesn the

antenna terminals and the terminaticn of characteristic impedance Yo the

szplicit result is
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Whare subsaript 1 refere 1o the rosistve terovination 2ad 2 refevs to the
vexaion with the oighth wove line. For a choies of sovree Tesistiuces in ek
taking the first as the referance, the gsecond as a sigher with reflestion
costficiont F DO and the third rs lower swith R reflection cosfficient equal
iz wwasrical valus w Gic Hrss but of appevite sign.  Simpler formulza casuls,

ThRse ave,

w0
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&.27 §§@§ =
2,28 g 8 =
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i e memrias

&p amblgelty i the sign »i %5 remalns in shls csee, Subscript 1 refers

& Y

th fhe arurce with the posidvs reflection cosfficient,

We zr %  ih2 veader thas all of the quantities in 2,24 to 2. 2% are functions

of %, v & . ratlos via tho direction aigic2, the reflecHoa quantities as array

Ty complete this pars of the picture we may use *he first of squ-tions 2, 10

snd obtsin via 2, 5

&
2.29 B, 2 55 A; ¢ 52

r

#0d thence from 2, 18 and 2. 19

2.30 b=z { Oy #Siy g@i‘“gaafa)“%ae}ﬁ% I
|
l

or using 5. 14 zad allowing for ﬁ‘; the line length from the transformer to the . g
.

. i
azw input terminals. i 3
28 . g

b 5
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Since §,8,6€ can be found tc lead to any source impedance whatscever, we

find that the scatiering array function :f known for one source impedance is

known for zll.
We may forrnulate our conclusions thus far as follows:

Let the ratios of the abgolute values of 2 far field quantity be measured among
the fizlds resulting from a fixed maximum available power signzal applied to the

terminals of an elemrent in an infinite array for thrée aistinct cource impedances

whose ratios are not all real. Let for ezch measurement all of the other 2lement

terminaln be terminated with an impedance equal to the soyrce impedance. Let

these ratios be determined for a range of directions. Then the acattering array

function s {x, y) «an be computod for the {x, ¥} corresponding to angles within

this range and for any sourcs impedance.
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wACe e eoatteriag array function deteyminus the impadance properties

of tas arrey, the detsrmination ig of zome importance, The interesting

thing about fs reenit iz that no asaumptions of passivity or reciprecity

arg made. Tho limiteticn of this method for a complate determination is

o

i,

that the range of (%, 7} corrasponding to all L{,z‘ff’wz 1 may not span the

i

. Ixwill, however, aspan

ey

reguived range - R < +1, *i*s:?.. & 4!

)
£ aprtrd

the portica of the {x, y) square most inveived in the impedance properties

A

of heams. To see this, considsr 1. 33, nainely

y
o e e

g
-

s Unensnlbr !
CROR

A

arz i

4

.

3

(....-v"\
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PN

aad suppose a (%, y) are drives which produce a concentrated beam, By the

discuszion of Chapter 1 of the rélationships between a {x, y) and the beams

produced by asrays of isotzropic radiators with a {x, y) as drives, and the
A
relationships implied for a full pattern by 2. 6 and 2.8, taking & as the full

o

vector far field, namsely raultiplication of array power pattern 5, slement

L
«u;y.\sﬁq*,,‘;;r

Power pattern, a {x, y) represants a concentrased beam in X. Yy space,

Taarefore, approximataly

. 2. 14 1.
2,34 ?RQ? ;\\-j";} 5:‘ (&V‘p,«&g}; :\ ’(‘L\ptf';"?'! .{«{/\fd.'cj/
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where Vo ;7’0 correspond (o the beam pointing angle, Noiing that ths

incident power iz (1, 31)

we have

Furthermore, if Pref iz smsll encugh

» he amall.

%
2

|

then since it is total reflected gower the inviividusi ter

)

N )7:

(

S

l

In a real sense we can regard Pref as wazted power and hence we desire

alg will be matched.

We may also consider equation 1. 34 which is

Ayl ya

jw(rrves)
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For olemonts such that the phass term in 2, 36 is slowly varying and if the
toam iz good cnough 0 that 3 {®, v} 15 sigrificantly different from zsro
ealy in the nsighborhood of X e, \’/6 » the pcinting angle, then it iz obviously

o
Xo, Vo .

desirable for & to be amall or vanishing in the neighborhoud of

How t}:ae K 0 y(a corresponding to beam peinting angles are in the region for
which the measursnient technigue desczibed above is effective, Thus the
meagurement weould yield information 23 te the ability of the array tc form

bezm3a such thal the apparent ériving poini impedance at the terminals remains
conatant 25 the bzam {8 ateered. If the elemsnts <f the array are given, there

iz ne pardeular riason why the pariicular impedances chosen for a measurement
should include thas fez which the array ierminals are matched relative to good
berms., However, thern may be an linpedancs which used as 2 source will give

a suitably small s {x, ¥} in 2 scan region of interest, Sinces the changes in

g ix, y} when the source ‘mpedancs 15 changed is desoribed by zquation 2, 32
and gince all guantities on the »ight of this sgusation are cozsiant exvept 8. {x, ¥}
tha sxiztence of & matcaing sonzte Lrpedance for 2 region R ol {x, v} hnplies
the comstanty 9f ‘g,, {%, ¥1 uver that rsgivn, Examinsfon of the equaiions

2.25 to 2,28 then vickis he vequivsmsent haf the ratica e coreiant in hat zame

ragion.

®

In muvre nearly real sivations the conrtancy will not be pexfect, Blncs 2,32

indicatee a3t 2 ix, -} teanzforic 2 as 3 scalar veflestion ceefficient, onz cun

pio: tha reenite of the mesyaremenis oo reflection coafficient pepar thmith
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%

ciwerts) and then f'nd the impedance transformation to yield the best match for
the scan region in question, There are convenient geometrical cecnstructions

for this.

The results above illustrate the power of the array functien anzlysis in 2 most
generalized case, The array can be active if degired and the above still hold,
We are generally interested in array behavior before anyamplifiers are intro-

duced and shall consider passive arrays iu the sequel,

Ii we have a coliection of radiators and field sources iocated entirely within a
finite region of space, then subject to the radiation condition, wiz, thatif i is
a radius vector frorm. fixed point in space, r is its magnitude, 7 ite unit
direction vector so that 3 = & then the field vectors £ , ¥ in

suitable units satisfy

- b v — o0
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wiiformly in all direcdons, then a far field exists, Thatis o .ay, as¥

exists a vaclor field defined oa the unit sphere such wmat
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It follows that the angular density of power flow is then given by

2. 40 P(@)zg%(@) °£(n—3>

and thus we can operats upon the unit sphere as far as integrated powssrs ase

concarned,

For infinite arrays, the existsnce of such a far flsld cannot be proved. The
arsa in which thig breakdown of preof occurs introduces the questien of surface

waves. ch waves can exizt on a periodic structure., Now muchk zurface waves .

{ali into tws clagses: those which produce voltages or otk i reactions on the

&
. v

terminals of the elements, and these which do not, Those widch produce no

436 A
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reactions on antenna iexrainsls Tan be ignoved gince then they cannuot be excited
by drives on the werminals We can therciores resivict our conpiderations to

those surface waves whizh pregent reactions to &t least one zet of terminale,

if all of the terrminals sre tarminated with terminations with finltz, non-zere,

positive real parts, then nc purely iransverse surface waves can bo propagased
which posses. reactions on the terminals, Tris can be deduced from cone
servation of energy considerations. For possible radial waves excited by sn
gsiement, the situation is more complex, In general, the existence of auch

waves implies that combinations of slements <an be excitad 8o as to produce
ransverse waves not coupled io ihe slemsent fermizn. v of other slements which
is impossible for ¢ransverse wavag., For certein isclated {requencies, radial

waves may be possible but pot for s continuoug rang~ .

This givee a clue as to why the existonce of the scattering array function was
eagy to prove with mild hypctheses since in gensral no guriacs waves ars
excited by elemants when ail are resistivaly termins ted.

the case with reactive terminations,

Ve then may asgsert that for finite resistive tarminations the sifective far field

of an infinite array ie the sum of far fieids ssasciates wilh each slemont and

that the far ficld vector is a far fleid quantity as sariler defirsd.

Such i not necesgarily
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o

-
& ( ¥ ‘,:;A@m *ais Ing Hold voutse quantity, Then for any drivs

5% ¥ ol have for s omplete field
2.6 I {%&;) = %o (*”%7)%(%'%)

The powor density sngular) is given than by

P (~ )= f%(%?) o i ("Vﬁy)
2. 42 :ff(%*g)‘.fc (/%“;,!) @'}"(”'yavf}%(y?)
= [~ (’Y’:&j} ‘L“(/'V’.‘? ) @ (4,//,7)

it

MHow Ez (’}b,?}is definsd anly for those %,

tlon squaticns 1,

7 corresponding by the transforma-
38 to roal directions and furthermore ic not periodic in %, y.

¥4 oball be concernad with total field powe: s given Dy
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The vange of integration is of courss over just ¢thrt set of x, v for which

the cos @ as defined by . 44 is roal.
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Now all of cur array functions are periodic and it would be convenient to have

We can cbtain this by

I'4
by

2

a grating lobe sum

13

z field angular power density with similar behavior,
ining

def
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2,46
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whkare he own %k the right includes all non sero torme. It is casily saen to

35 poeledlie in = 7. The towm groting lobe sum s aatural, If we insert the

2, ¥ values in tsrms ef u, v in the right hand side of 2, 46 the sum becomes

E \
v B (FE ()3 g S

Vg

Now for spaeinys sufficlentiy large snd boam anglee sufficiently large so thul

grating lebss appser, thess iohes occur exactiy at the u, v given by the terms

in the sum 2, 47, Hence, the name grating lobs sum, The grating lobe sum

é of 2 prwsr density for a givean dircection is then the sum of the power dansities

KRl
al

(wgi‘:‘, andhe

in all of .5 divections jor which beams would appear for an array of isotropic

R by
3
*,

i

% . radintors cn the sams grid as the glven array whea the uni”orm beam is steered
1

% ¢ in the glven direction. Ths integral in 2, 45 can now be written
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where the & (x, ¥} tsrme can be factored sut of the grating iobe sum since they
are already periedin. Suppoee now the array is passive 2ud lonslesy, Than

any power nmot refiectsd at the terminals must be radiatsd, Thoeretors

2.50 ¥ incident -~ P raflecizd = P radiated

2 B

T

and therefors from i, 3%, &, 33 of Ghapter 1
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We may pick a (x, y) erbiwwsrily and hoase sinte 2, 51 haids Sor ali a §x, v}
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Thus for the lossless cas:, the scattering array function magnitude can be

obtained from the radiated power angulav density, The determination is com-

faaaEe

A \
plate since by 2,44 7 ("y’u-q() is defined ovar the whole {x, v) space in terms
v

of the values over that poriicn correaponding to real angles,

AT s Jmagy

A pwmbdber of conclusions were drawn from 2. 52 in an earlier report. Wost
important wae that for smalls {x, y) outside of grating lobe regions th=

power pattern fcr one element had to approximate

el 5 ShLALEN
L e A EY

s P(uv)e B ce g

This cculd be used as an element pattern criterion for measurement if absolute
gains can be measured., It does not, howsaver, tell the whole story from one
pattern since the phase is not determined., If a second me.surement of power
pattern with a second terminating resistance is made, the singl: power ratio

p s
obtainec, would yield the phase by 2,25 since , Se , is already known from the

~
2=

absolute power measurement, The crite ion is then the constancy of ‘ Se

and "f’ as before,

=

Now from 2. 44, 2,46 ard 2. 52 we can infer that for a lossless array i Se ! = |

for all (x, y) not corresponding to real directions, { (x, y) is restricted to the

rectangle —1 € % & th -1 = ¥ % 4 | ). For a grating lobe co1responding :
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to un imaginary direction of beam lies again in an imaginary direction. Thus

for this caee our previous determination in terms of power ratios can be com-~

pleted as far as , So ‘L ig concerned to include the whole x, v plane. As .

e

result, our three pa'tera measurement allowa for a complete determiration
of the total reflected power properties of the array for arbitrary drives by
using 2. 33, Furthermore, bounds can be placed on the unknown part of the

. . l 2 -
waves reflected at any terminal by 2,36 since |5 l = |  and hence l 51 =1

ir. the region for which the phase is unknown, The fact that in order that this

unknown part be small, the isotropic pzttern must be small in the unknown
directions shows that excessive power in imaginary directions f{or the ..ypo-

thetical array may adversely affect the impedance properties of the real array

as stated in Chapter 1. ‘
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3. Some Zlement Considerations - Synthesis,

In Chapter Two we showed how for infinite arrays of lossless elements the
impedance properties were essentially functions of the element patterns in the
array meacsured at several terminating impedances, We required in general

patterns at more than one impedance in order to establish the phase of the .

-

gcattering array function. The traditional approach to these probleins has

been to measure patterns for one impedance and to mezsure the mutual im-

H pedances or couplings betwean elements, Furthermore, aimost never are the
: patterns absolute so that at the best only the censtancy or lack thereof of the

magnitede of the scattering function for cne impedance can be deduced.

The attempts to characterize large or infinite array behavior on the basis of

measurements on small arrays of mutual impedances arz doomed from the

start to failure. Supposing that all patterns and muteals in the smali array were

o

just exactly thoge of the large array the measurzment of any reasonatle number

of mutual impedances or couplings is not sufficient to determine any of the array
fur.ctions cerrectly, The various array functions arise az Fourier series

with the coupling quantities as coeificients. They are rur in general absolutely

convergent series, The magnitudes of the coupling g .antities (impedances,

\

B0 BRCAEEINE CSRECATRAE RN 0 Bopia’ s ¢ Do

admittances or reflection coefficients) drop off abeut as the inverse square of

the distance between elements on a ground plane, Now unless they dxop off

.

faster than inverse square uniformly in all directions except for some finite

[3

aumber the series do not converge absolutely, In this case, the approximation
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cf the geries by a finite ..umber of terms may be pos: no matter how snall

the inaividval aeglected terme axe, One could check the approximaticn as

far as magritude ig <oncerned by a measured pattern; howevey, the phass

question is s.ill vexatious,

The situation is bad enough when mutual reflection coeificients are measured,
T
it is worse when mutual impedances are involved, The scattering function

must converge a, e., the impedance array function may become infinite, It

does this simply wherever s (x, v} = 1,

Furthermore, s (x, y} is &' least integrable square, Z é": "3‘;/) need not be,

We shall find that it is possible to make statements about s (x, y} for finite
sampies: of infinite arra~s; no such statements seem to appear for 2z ( ’S‘—,‘;{.) .
The impedance function has its best use in connection with elemente for which
the inverse distance and inverse distances squared depeandencies can be obtained
theoretically. Then for a large enough distarce the remainder c<f the seriec is
absolutely convergent and one may use measurements on smaller azxrays to

obtain estimates of the higher order terms and the near neighbor coantributions.
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We can use the arrcy function method to synthesize elemenis »f certain kinds
which have optimum impedance properties for given scan demnsine, To see
how this may be done, suppose that we have an array of elemienis with two
tsrminals each, We desire v terminate the second terminal with a rezctance

so that the resulting eslement has the best impedance propertics.

For two terrainals per elernent we nave in terms of array functions, suppressing

the {x, v} argumente

ey

é:.‘ = Sl‘a;+ -—'Cl" C{JL

3.2 QL 2 G2, Qy + San Gy
we remark here that if reciprocity is aesumed, we have

—~ /
3:3 SL' (V/\}’l"{"} = .)gz_ (’V’,Aj,}

AN

- < \
3,4 S ("‘%'“’*f,} = S ('W'V/

t

3.5 San ("\";m -‘;«;,) S22 (’V’, "‘-*J/)
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Equation 3.3 represents the way in which our array functions differ from
scalar reflection coefficients, From 3,2 if we terminate terminal two in a

. :
reactance of reflection coeifficient § = € ¥ @ then

- &
3.6 OVZ = ﬁ v bj—-

and nence from the second of 3,2

W
N
N
+
W
k
Wn
N
N
i\

We therefore have for the scattering array funcdon of the single termninal

element thus obtained

. .,)\
Se :(/Su*'gafsu.(ﬁJe" Sll) J

3.9

-
if S,., >4 and S,_o, are known 8 can be picked to optimize SB by

o
"

) x-hmawm.‘mmzw ?/

T Y R 0 T N T D R S S T S SRR,

whatever criterion is to be employed. It is useful to express this process in
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and for & reactance X ‘ar at 5,1 then as before

.

-1
e = (2, - (xg+2Za) 222,

N wr”
-~

-

3 11

Now from the relation between the scattering array function and the impedance

array function

Z - o
3.12 S = 3 + ro

we can compute the scattering function and hence both the impedance properties

and the power patterns are immediate, We can regard the bracketed term .

containing 2',_1 ag a new 2‘“_ made up of the old with X} in series with each.
From this point of view we can regard 2‘,, s -7},1_ s 2‘,_2_ as functions of parameters

which include gerics impedances but whizh also migh¢ include positions, etc,

A practical application of this would be the synthesis of dipole arrays. For many

practical purposes we can regard the effect of small changes in the length of 2

A-48
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dipole as that of placing a reactance in series with its center., Suppose now

we calculated the self-impedance function of a grid of dipoles and the muiual
impedance function between two grids, one in front of the other as a function

of the additional parameter of spacing.

Let these functione te Z‘s for the self-impedance function and ZM(C{") fc~
vhe mutual function, First we may introduce a ground plane by representing
the antenna as two planes of dipoles with a spacing equal to c,yc where ¢ is the
dipole ground-plane spacing, The dipoies are driven out of phase in this z2-
presentation then if €., { refer to the foward plane and ~€ , ~L to the
rear,The equivalent of 3, 10 is

e, =2, 06, ~Z2m L

3,13 , o
€, = -2Zmi Ty

and hence the impedance function is simply
' ) 2 (# g5 22)
3. 14 2‘(’\!/.41,3.1@): 2’5("&,4?/"2.’\0 “q’b)"g/) <

From 3,12 we could svaluate an S{x, y; d) and from this the powe.: pattern
and impedance/ scan behavior. It should be possible in particular to optirnize

the dipole/grourd-plane spacing fc a given range of scan angles.
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Suppouse now that we conaider that there iz a parasitic dipnle also present with

digtance Cz from the ground plane, In terms cf their veitages and currents

8‘ = (?“S“' a‘m (2-¢>) L)g ‘l"‘(Z‘m(x (C"Ca_)>» Zm ()( (C’.‘é‘ Ca ))) (;2_
215 0= (Fm (2(cey )= 2m(x(ere,)) Jo, + (2105 = 2m{Ee i) 0,

where X2 is the equivalent reactance for change of length.

For the imipedance fuaction of the combined antenna

2.
e (c-Co= 2w (€% <2 )J

(1 S -
3.16 Z““(Z‘*« zen (22 ) Zs-Zm (2C )+ X F

We can thus investigate the impedance and pattern properties as a function

of spr<cings aud lengchs using 3,16, A useful technique would be to plot
for a set of (x, y) in the scan range on a Smith chart for various values of

C, CZ and X2, There is no particular difficulty in the extensicn to N dipoles.

Implicitly the variation of grid spacings has been jgnored. In practice the 2 <
2o are also functions of these, This technique also exterds to other types

of linear radiators,
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It would seem worth while to compute the Z e for a range of
and reparations and the %S for the same range of separations. Rational
{Hastings type) approximates should then b2 found ap that fast computer sub-
routines for their calculation are at hand, It would then be feasible to compute
optirnum dipole arrays for various numbere of parzsitic ciemepts with

respect to impedance properties or some specific paitexn properties, These

elements weuld undoubtedly baliwve batter in large arrays than elements designed

to behave well isolated, then inserted in an array with 2 nope that the geod be-

havicr will continue,

The utility of the a~ray fuunction analyeis lies fisst in ygquiring ouly a limited
number of faactions to determine a variety of arrays and second in the fact
tuat the syndhesis is carried out in the array itself and the fguestion of isolated

versus array behavior does not arise,
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