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7,REWORD C)

This report is published by the Aerospace Corporation, El Segundo,
California, under Air Force Contrect No. AT 04(695)-69.
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This report conta.4ns the first complete description of the program and
replaces the partial and prc-iminary ones that have been issued. Its informsa -

tion should be sufficient for most users of the program. This program
replaces the one described by R. A. Moore and D. F. Meronek in "A Digital
Cump'ater Program for a Gi•neralised Inertial Guidance System Error Analy-
sis" (Reference 1) used previously at Aerospace Coiporation. It provides tilD
basic tool for future inertial navigation system error analyses. It was sub-
mitted on 24 August 1966 to Captain Ronald J. Starbuck. SiSTRT, for review
and approval.

Information in this report is embargoed under the U.S. Export Control
Act of 1949, administered by the Department of Commerce. This report may
be released by departments or agencies of the U. S. Government to departments
or agencies of foreign governmente with which the United States has defense
treaty commitments. Private individuals or firms must comply with Depart- Cn
ment of Commerce export control regulations.

Approved

fTLeviri, Director .R.PriDeco
Guidance and Control Subdivision Computation and Data Processing
Electroiics Division Center

Electronics Divisio:i

Publication of this report does not constitute Air Force approval of the
report's findings or conclusions. It is published only for the exchange andt
stimulation of ideas.

_ ptin nb Ju caruk
Proje ct Officer

Space Systems Division
Air Force System Command
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ABSTRACT

The theory and assumptions used in developing equa~tions for the error
* analysis of a general class of inertial navigation syste-no are described.

The computer program developed for their solution is described from a
user's point of view. Its application includes the synthesis and/or

analysis of inertial navigation systems used in ballistic missile or

terrestrial space missions. The program is dezigned to allow studies
of uoth pure inertial and aided inertial navigation systems, the latter

being the process of updating navigation data via data from external

sensors.
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SECTION I

INTRODUCTION

This report describes, from a user's point of view, a computer program

developed for the error analysis of a general class of inertial navigation.
systems. It is generally understood that these systems will be used in
connection with either ballistic missile or space mission applications.

Section 2 describes the classes of inertial navigation systems considered,

develops the equations necessary to perform an error analysis, enumerates

the assumptions made in their derivations, and describes the methods and

equations used for data presentation. The equations in Section 2 form the

bases for the computer program, which was developed to solve them.

Section 3 deals with the operational aspects of using the computer program

to perform error analyses. The input data requirements and procedures

are discussed and the resulting output data and formats described. The

logical order of the computations resulted in the development of two

independent programs: The first, called ERAN, solves the equations

presented in Section 2. 3; the second, called cOUTP, solves those presented

in Section 2. 4. These were progr mined for the IBM 7090/7094 to be run

under the control of the IBM Basic Monitor (IBSYS) Programming System

with the assumption that core is set to zero before loading of the programs.

There is a certain amount of intentional redundancy in the material pre-

sented in Sections 2 and 3. This was don2 so that once one i famiiia- with

the material presented in Section 2, it will only be necessary to refer to

Section 3 for program operations.

Section 4 presents three sample test cases illustrating the in•zit data pro-

cedures and the formats of output data, and demonstrating some of the

flexibility and capabilities of the program.

, N-



Appendices A through C present material augmenting the mamn body of the

report. Appendix A consists of Standard Input Data Forms, Appendix B

contains ERAN and OUTP Input Data for Sample Cases, and Appenjx C

gives the Output Listings for Sample Cases.

Appendix D is devoted to the subject of updating or correcting navigation

data through the use of external data sources utilizing various sensor

configurations. Algorithms are derived for three possible schemes of

data processing. Although equations have not been programmed, the

logical structure of the computer program is designed so that this fe ate

can be incorporated wi-thout major revisions.

In Appendix E the method is discussed of treating the effects of aero-

dynamic drag in orbit when the accelerometers are disconnected from

the navigation computer.

Appendix F contains all the figures called out in the report and Appendix G

the program definitions and constants.

I.

i;
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SECTION 2

EQUATION DEVELOPMENT

f2.1 INTRODUCTION

This section defines the classes of inertial navigation systems considered
and develops the equations necessary to perform an error analysis of a

given configuration.

Section 2. 3 relates the derivation of the differential equations of navigation

error to a broad class of system errors. The solution of these equations

results in the linear transformations (sensitivities) of navigator errors

into errors of navigation data. The classes of errors include those of

sensor anomalies, initial conditions, terminal control, and, for certain

operational procedures, the effect of orbital drag uncertainties.

Section 2.4 describes the equations used for processing these sensitivities

into individual navigation vector errors for each error source, and those

which statistically sum all vector errors presented as a covariance matrix.

Various coordinate systems and processing methods are described for data

presentation.

-- 3-
.3..
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0
2.2 NAVIGATION SYSTEM CONFIGURATIONS

The inertial navigatiLn system configurations considered are schematically

presented in Figure 1. The equations developed for error analysis are
applicable to torqued or inertially oriented gimballed-platform systems,

and to a certain class of strapped-down systems. The essential sensors

used by the navigation system are three accelerometers, which sense the
magnitude of the applied external accelerations, and three gyros, * which
-ense angular dynamics so that the direction of the applied acceleration

can be derived. The constraints of accelerometer mounting are such that

the three sensing (input) axes cannot be coplanar, but can be nonorthogonal.

Gyro. are assumed to be mounted in a triad so that their sensing (input)
axes are orthogonal. The method of derivirg accelerometer orientation

from gyro signals is assumed to be one of the following three:

a. Gimballed Platforms. In this configuration - the most
conventional - the platform is initially aligned to some
auxiliary references. For initial alignment on the ground,
the gravity vector, which is sensed by pendulums or the
accelerometers, is used for vertical reference; azimuth
is referenced to either optical sensors or a gyro com-
pass. For in-orbit alignment, stellar or horizon sensors
are used. The gyros measure any deviation of the plat-
form from the initial alignment and their signals are
used to torque the platform in such a way that they be-
come null, thus maintaining the initial reference. In
some cases, the platform is torqued either to reduce the
total gimbal-angle travel, or to maintain prelaunch
(earth) rates. To achieve this, the gyros are torqued at
prescribed rates, which the platform follows. In this
case, the accelerometer transformation matrix is a
function of time and computed from the commanded rates.
Mathematically, this is identical to configuration (b).

b. Strapped-down/Caged Gyros. In this configuration, the
platform is mounted directly (possibly by a shock mount)
to the airframe. The gyros sense angular deviations
from the initial reference, but are torqued to null their

"*Two single-degree-of-freedom gyros can be oriented to represent one
two- degree- of- freedom gyro.

-4
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(.signals. Theme torquing signals are a measure of the
rate-of-change of the platform orientation and are used
to compute the transformation matrix required for the
accelerometers. The algorithm used is based on the
matrix differential equation of direction cosines.

co Straped-down/Free Gyros. Until the advent of the
electrostatic gyro (ES ), lighweight wid-- angle free
gyros were not sufficiently accurate to be considered
for this application. Free (two-degree-of-freedom)
gyros cre used in platform configurat'•ns but are re-
stricted to small-angle deviations. With its high degree
of accuracy, the ESG acts as a potential kttitude reference
sensor. In this configuration, the angles the gyro case
(thus, the accelerometer) makes with respect "o the spin
axis of the gyro are read out and used to compute the
transformation matrix.

The sensor data is processed by a computer to derive position and velocity

data. It is assumed that the navigation system computer has perfect

algorithms for gravity, and that its word length and integration sghemes

are such as to produce negligible errors. Most accelerometer outputs are

in the form of pulse rates proportional to acceleration, thus there are

K additional complications in deriving inertial velocity when the platform is

not inertially oriented. The algorithms used in these cases become the

subject of a separate analysis, which requires detailed know!edge of the

hardware characteristics. In general, a speciaI- I rpose computer (e. g..

,a Digital Differential Analyzer) would be required to buffer the processing

of accelerometer and gyro data into a suitable form for processing by a

general-purpose computer. Generally, this form is sensed velocity data,

which is then corrected for the effects of gravity from which the trajectory

position and velocity data are detei mined. In this analysis it is assumed

that the error in these computations is small en-ngh to be negligible, or

:onvertible to equivalent sensor errors; therefore, the errors in indicated

position and velocity are functions of sensor anomalies only.

Provisions are included for analyses of aided inertial navigation systems

in which external sensors are used for measuring position, velocity, and/or

(-5- i
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platform orientation. The measurementz are processed by various techni-

ques and applied as €•rrections to th( navigation system data. These

€orro•nl.are discussed in Appendix D under Resets. The computer

prosram in It0 present Lorm does not include the coding of these equations, i
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C 2.3 ERROR SENSITIVITY EQUATION DEVELOPMENT

2.3.1 Coordinate Systems and Transformation Matrices

The basic coordinate system used for computing navigation errors is an

earth-centered inertial (ECI) system, in which the Z axis is along the earth's

polar axis, and the X and Y axes lie in the earth's equatorial plane, forming

a right-hand orthogonal axis system. Generally, the convention is that the

X axis passes through the Greenwich meridian at time zero.

The notation used for coordinate transformation matrices is the symbol M

with two-lettered subscripts to identify the respective coordinate systems;

e.g., MEK identifies the transformation matrix, which is used to transform

vectors to the ECI coordinate system from the K coordinate system. Con-

versely, MKE transforms vectors to the K system from the ECI system. The

necessary coordinate systems and the transformation matrices are described

in the following paragraphs.

2.3.1.1 Platform Coordinate System

The platform axes are designated Pi. P70 and P and form a right-hand3
orthogonal coordinate system. The initial transformation matrix is developed

by considering the platform axes to be initially aligned with the ECI axes and
by applying ordered rotations of OP about P30 a negative Xp &bout P., and a

negative 4P about P Thus, the matrix that transforms vectors in ECI co-

ordinates to vectors in platform coordinates is

[1 0 0 [ Ck OSk [CO P 0]

MPE =IO Cq' -S41 1 -sop cop 01 (t =to)

0 S4p C4p. L-Skp 0 Cp L [ 0 ..

-7-



Figure Z illustrates the usual initial platform orientation, where 0p ia the

longitude. )p is the geocentric latitude (positive North latitude), and p is

the ammuath (positive is conventional asimuth from North).I 8n optfn coordinates are orthogonal

TMEP ME

whero T denotes the transpose. MPE can be a function of time (for strapped-

down or torqued platforms) and its calculation is discussed in Section 2. 3.2.

Z.3. 1. Z Gyro Coordinate System

It is necessary to &ssign a coordinate system to each gyro so that the gyro

errors can be determined. The gyro axes for each component are right-

hand orthogonals and designated Gil, Gi2, and Gi3 (i number 1, 2, or

3 gyro), where G l is the sensing (input) axis of the i gyro. It is assumed

that G I, G2 1 , and G3 1 also form a right-hand orthogonal axis system.

As a result of this assumption, the development of the gyro coordinate sys-

tems is simplified. Since, for any one configuration, the gyro axes are

assumed to be fixed -vith respect to the platform axes, the gyro coordinate

systems are developed with respect to the platform coordinate system. Fig-

ure 3 illustrates the initial gyro alignments with respect to the platform axes.

The method of specifying gyro orientations is by specification of an axis (1,

2, or 3) and an argument (angle*) of successive rotations. Each rotation

operates on the gyros as a triad; i.e., all three gyros are being rotated and

thus are maintaining their axis -- ientation with respect to each other during

the rotations. The axis of rotation referred to above is that of the number

one gyro. Thus, the matrix that transforms vectors in platform coordinates

to gyro coordinates (gyro input axes) is

............................ T2 .

Mr, ~~~I PTTzT

4IW



where

i =the axis of rotation (i = 1, 2, or 3)

.thj =the j rotation (j = 1Z. up to 5)

and

1 0 0

T 1 0 C6. SO. transformation for a
3 J rotation about G11 axis

L0 -SO. O

"CO. 0 -So.
i I

T = 0 1 0 transformation for a
2j rotation about G axis

so. 0 CO. 1

16.1 1'"C... c . SO. 0.

T = -s5. Co. 0 transformation for a
3j o 1 rotation about G axis

where 0 is the angle of the jth rotation and a positive angle is in the sense of a

right-hand rotation. Upon completion of this set of rotations, there remains

an additional degree of rotational freedom of each gyro about its input axis.

By considering this degree of freedom, the vector components along the other

two axes of the gyro (axes 2 and 3) are determined, utilizing the matrices

0 C0 S 4,

MZ transforms a vector inMGZ = 4 S2 0 C402 gyro coordinates to vector

components along the 2 axis

_Cý 3  SP 3  0 of each gyro

-9-



0 -C

r1 transforms a vector in gyro
MG 3  C•2 0 -S• coordinates to vector com-i ponents along the 3 axis of

[-SiF3 o each component
L t 3 C3 J ea

where is the angle of rotation for the ith gyro and a positive angle is in

the *ense of a right-hand rotation.

It is convenient to describe the gyro axes in the model of a single-degree-of-
freedom gyro, where the G is the input reference axis, G, is the output

il 1
axis, and G. 3 is the spin reference axis. Then a rotation of 4i = 90 deg of,

3 .th
i gyro will provide an orientation of two gyros with orthogonal input axes

and parallel spin axes, a model of a two-degree-of-freedom gyro. Since the

gyro (input axes) coordinate system is orthogonal, the following transforma-

tions are de-ived

M MT C
PG GP

MG =M Mp

MGE MGPMPE

MEG [ MGPM PE ] TM M

2.3. 1.3 Accelerometer Coordinate System

The following two options are used for specifying the alignment of

accelerometers.

FIRST OPTION

First is the specification of an orthogonal triad and the method of specifica-

tion is identical with that described for the gyro components; that is, an axis

and argument of successive rotations are snecified to align the accelerometer

A

1__-10-
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input axes. Then an additional degree of freedom about each accelerometer's

input axis is specified by an angle p., The accelerometer axes for each corn-

ponent are right-hand orthogonal and are designated A2 is Ai., and A13
(i = nimber 1, 2, or 3 accelerometer), where A .is considered the input

axis. Figure 4 illustrates the initial orientation of the accelerometer axes

with respect to the platform axes. The following matrices apply for accel-

erometers when this option is used.

MAP = Tij .... T.i (J = 1, 2, . . . up to 5)

0 Cl sn s t
transforms a vector in
accelerometer coor'4 inatesM& A= CP2 0 -S02 to vector components alonor

the 2 axes of each acceierometer.cP 3 sP33 0

0 -SP,1  Cp1"
transforms a vector in
accelerometer coordinates

MA 3 =CP O -SP2 to vector componeuts along the

3 axes of each accelerometer

T
MPA = AP

IM M~MMAE = APMpF

= [MM]T = M
ME MAP PE MEP MPA

K

-ll-
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C
SECOND OPTION

The second option Allows for a nonorthogonal accelerometer configuration.

Here the method of speclficatiop ic the same (i.e., specification of an axiE

and an argunent); however, each accelerometer is specified independently.

The initial orientation cf each accelerometer is the same with the accelerom-

eter's input A-is A11 &iLgned with Pi. AiZ with P., and A with P There-

fore, a matrix is developed for each accelerometer k, as follows:

MAPk = .. . . T :.kT ilk(k = 1.2, and 3)

From these three matrices, the matrices MAP, M and M are formed

as

MM

"M AP ii

21

MM

S: M3 1 MpA
MA3  3 ZM PA

[M3 3 J

where Mik Ls the i row of MAPk (k = 1, 2, 3)

iil

"':"', ,•• . • @J,•g ,,-12-i
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Since for this option t&e accelerometers are nonorthogonal, M PA is developed

from the inverse rather than the transpose, and the following relationships

result

MPA = AP

MAE MAPMPE

MI 'EA M AP M PE Mz]' PM,= ~~E= MEpMpA

2.3.1.4 Initial Condition Coordinate Syrstem _

These coordinate systems are used to transform errors specified in a con-

venient coordinate system into errors in ECI coordinates. The initial platform

errors are specified in the platform coordinate system and transformed into I

ECI coordinates by MEP. Two options are provided for specifying initial

position and velocity errors. In the first, the errors are asaumed to be

referenced to platform axes; thus M is used. In the second, the errors areEP
assumed to be referenced to the geocentric vertical and directed in azimuth

by a specified angle (4s,) %e Figure 5). TL, transformation matrices for

position and vs1 ocity errors are then

OPTION 1

=f

-13-



4PTION 2

CO. C0 0 0 Ck 0 -S)k 1 0

80 CO 0" C40, •
0 0 1 0L,

- ;;:;M - G• o , o ]
* to o i[s•~ o c> Lo -s~ c5

* where

X D

SD =1ý + R= D' +Z

and

X, Y, Z = initial (t = to) ECI position coordinates

0 and X = the initial longitude and geocentric latitude, respectively

1I = the azimuth orientation of the coordinate system.

2.3.1.5 Terminal- condition Coordinate System

These coordinate systems are used when it is desired to propagate the effects

of terminal-control errors generated by other systems for which there can be

no further corrections (e.g., guidance steering and thrust tailoff errors at

thrust terinination of a ballistic missile). The transformation for terminal-

position errors is

(2'

-14-
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C -s 0 0 -Sk 0 0
CO 0 0 C4

METI=S i
L s o o k 0 Cx0 -S* c+

where

SO HX=D 4D VEV

C X CK=Z t N
R H

D R-J"+,', =JD2-+ Z2'
4 2 2 D+Z-

-Y•k + xi

VE

-Z(XX + YYk) + D2
VN= RD

VH NV +EV

and

X, Y, Z = terminal ECI position coordinattas

* * Y Z= terminal ECI velocity coordinates

VEVNVH V = east, north, and horizontal velocity
vector components

0, X, 4 = longitude, latitude, and velocity vector
azimuth at the termination time

...
-15-



The transformation for terminal velocity errors is

ITMET2 METI

where

S xi: + Y!' + zi
yRV

V H *2± 2 1/2
Cy =-- V(• + +Z)

and

V is the flight path angle and equals the angle that the

velocity vector makes with the horizontal plane 0
V is the magnitude of the velocity vector.

These coordinate systems are illustrated in Filgure 6.

The other coordinate systems, used for output data and reset, are described

in Section 2.4. 1 and Appendix D.

2. 3. 2 Navigation Kinematics

For purposes of error analyses, it is of interEcut to derive the sensitivities of

navigation and platform orientation errors as a function of the anomalies of

system parameters (which are random va-:iabies). These sensitivities are

then used with the statistics of the system parameters to develop the statistical

characteristics of the navigation data. For this purpose, the differential equa-

tions are linearized so that all the advantages of linear analysis can be utilized.

The following sections develop this procedure.

0
-16-
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2. 3. 2. 1 Equations of Motion

The differential equation, expressed in ECI coordin~ates, that describes the
vehicle equations of motion for an assumed point mass system is f

R

where

S= gravitational constant

R = magnitude-of-position vector

G = vector of higher-order gravity terms

X = acceleration vector of the vehicle

= sensed acceleration vector due to all external forcess (thrust, drag, etc.)

The navigation system's computer mechanizes and solves this equation with

the appropriate initial conditions of position and velocity (X and *0). The

sensed acceleration components are measured by the accelerometers and

transformed into ECI coordinates resulting in

X = [MEPMPA] IAoc

where •

X - the sensed acceleration measured and
smn transformed into ECI coordinates

[EpMpA]M the transformation between accelerometer and
ECI coordinates, which the computer uses

XA = accelerometer measurements corrected for
Soc calibrated anomalies

The choice of coordinate systems made here was for convenience. The
results are invariant with the computational coordinate system chosen,
provided that the assumptiL of perfect computer algorithms is valid.

-17-
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The corrected accelerometer measurements are the result of input acceler-

ations and functionally related correction terms. Thus, the accelerometer

equation becomes

oc a

La$APMPE ]Zs + $ ()

where

uncorrected accelerometer measurements

f(A) =the equation for the accelerometer anomalies, which
includes corrections for biases, scale factor, non-
linearity, etc., based on instrument calibrations.
(This function is discussed in Section 2. 3. 3,
Error Sources)

[MAPMPE]Z = the transformation between actual accelerometer axes and
ECI coordinates, a function of platform errors, acceler- -C
ometer alignments, nonlinearities, etc.

Therefore, the equation that is solved by the navigation computer is

S+ U] + [MEpMPA]l{[MAPMI9zs + fX }

Generally, it is not required that a distinction be mrde between MEpMpA]i

and [MApMPE]2, except in cases where a given error source affects both

computer and platform transformations, e. g. , initial position errors.

2. 3. 2. 2 Constraints and Assumptions

Before proceeding to the linearization of the navigation system equations, the

following constraints are imposed.

a. Nominal Trajectory Reference

Th, parameters that affect the sensed acceleration vector
(e. g. , thrust, weight, wind, control system, etc. are

18-
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statistically independent of the navigation parameters
(accelerometers, gyros, etc.). Therefore, to include
them in the anaiysis would result in trajectory deviations
constrained by the guidance system, but not necessarily in
navigation errors of the measured trajectory. The only
way in which the two sets of parameters could be entered
into the analysis would be from nonlinearities for which
Montc Carlo techniques would be required to develop their
effects., Fortunately, these nonlinearities are smaa. and
can be assessed indepen~dently by performing a guidance
error analysis and the navigation system error analysis,
separately, using the same reference trajectory. The
navigation error analysis can be repeated for the maxi-
mum perturbed trajectory developed in the guidance error
analysis to determine if further analysis is required.

b. First-Order Partials

If the equations are expanded into a Taylor series, the
relative magnitudes of second-order partials can be deter-
mined. For example, by taking one component of the
gravity expression

aX= -ý X= - (assuming R X, Y= Z =0)
R X

and expanding it to

xO

it is seen that the maximum effect of the second-order
partial is a function of AR/R. Since AR/R <<< I for any
reasonable system, it can be neglected. Many analyses
of inertial guidance systems neglect completely the first-
order gravity partials* or treat them as constants. **

See for example Reference 2, p 304: "Use of Normalizea integrals."

**See for example Reference 3.
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With a similar analysis, the second-order gravity terms
(4C) can be eliminated, even though they present linear
terms mn the equations.

c. Small- Ale Approximations

Applying the small-angle approximation to platform and
computer errors is justified on the basis of comparing
second-order partials. With this approximation, small-
angle rotations can be represented as vectors and the
following vector matrix relationships can be used.

(1) Vector Transformations

1" 13;3

7i~l MIl i

where

i = angular errorb expressed in the i coordinate
system due to angular errors in the j coordinate
system dl

M.. = the transformation matrix to the i coordinate
IJ system from the j coordinate system. "

For example

X ii

x0"i or-y =

(2) Matrix Differentials

[SMij. = 0 ij

See Referen,.e 4, pp 251 to 253.

-20-
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where

[6Mij.i. the change in Mij due to small rotations
3 ]1 in the i coordinate system,

= a skew symmetric matrix formed from
the small angle rotations in the i coordinate
Sys'Lem.

For example

[6MpE = 0 [ MpIM

L o,2 -o oi

when Oi are small rotations in platform coordinates.

Also

T
[6M [6 M

EP 6Mpp = MPEIP --- Ep •p

If the small rotations are expressed as r.tes times
time (;6t = w6t), ther in the limit as 6t -•. , the
matrix differential equation is

[6MEP}P

6t -MEp = Ep W3 0 -M Ep[. p

0]j

-21-
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U

and

iAPE f[opIMpE

(3) Matrix Transformations

"i~]- Mji[i ]Mij

where

[Oj] = skew symmetric matrix expressed in the j
coordinate systemn due to rotations in the i

coordinate system.

For example

L•EI = MEP[tzP]MPE

that is

" "0 hi : MEP -0, 0 :1 MPE

Oy-•x o 0 z '

This can be shown by using vector matrix relation-

ships as follows: Let vectors in -he P coordinate
sj-stern be .i-ated as

-22-



=XA F -A x

[0 A 3  1A20 ;P 0

23 1 P [03 0

L. A 2 -A 1 0 L 02 -0, o0

S2

Transforming the above vectors into E coordinates
results in

I E = MEpYP = -MEP[(P]XP

MAE =MEPAP

A•E M MEpPA

The vectors Y, 0, and A are invariant under an
orthogonal transformation; therefore

Y E ="E XA E = %[ =E -[OE]MEPxp

Equating the two above expressions for YE results in

T[E] EP]M p MEP4DP]

or

OE] = MEP[P ]MpPE

-23-
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2. 3.2.3 Ltnearization of the Differential Equation

The linearization procedure is established by taking the partial derivatives

¶ with respect to each error source. The notation used is: 6 = 8/8t. =
, parti with respect to ith error source.

Neglecting the higher-order gravity term, we find that the navigation system

equation to be linearized is

_-R-- + I[EPMPAl[MApMpEJIR + [MEA f (A)

When the *following assumptions are applied

a# ýL is a known constant

b. 6s = 0, the nominal trajectory reference

c EA & f (A) 7- 0, products of small perturbations are zero
(see Section 2.3.3.2 for f (X-))

the linearized equation becomes

6X 3- 4R6X + X6R+ {MEA6MAE2 + 6 MEAlMAEYs +MEA
R R

The following terms in the above expression are expanded as

a. R :•X + y 2 + Z2

6R =X T6fX/R

b. 6MAE2 = 6[MAPMPE] 2 6MAPMPE + MAP 6MPE

-

-24-
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(• Since 6 MAp is in error due to a misalignment of the
accelerometer true input axis from the one calibrated.
it is treated as an accelerometer error source. Con-
sequently, 6 MAp = 0 for these equations. The matrix6 MpE results from platform angnlar misalignments.
Therefore

6MAE2 = MAP[6MPEIP = MAP[OPJMPE

where

[@p] = the skew symmetric matrix made up of plat-
form angular errors expressed in platform
coordinateA

c. 6MEAI = 6[(MEPMpA] I = 6MEPMPA +MEP 6MPA

Since MPA is calculated from MAP, there is no error in
MpA, that is* 6MPA = 0. Here 6MEP results from
computer errors. Therefore

mMEAi = [6MEPIPMPA= .MEP P[]MPA

where

[0p] = the skew symmetric matrix made up of
computer errors expressed in platform
coordinates.

By using these relationships, the equation reduces to

3 - EAMAP[PMPE

M "EP [p IMPAMAEp[X+ME 6 (A)

+M{D- M } + +MA 6 (A-)

--• G•"+Mp@ ®fYp~



where

3X2 3XY 3XZ

R=R =R0

3Y 2  3YZ

RR& R

32
(Symmetric) 3Z I

=R

Using the properties discussed above, these equations are further reduced to

6 =vG6 + MA +MEA6f (A

where

0A 8-

t-Y X 0

s

X61 5' zs = components of Xs

= - 6 = vecLor expressed in ECI coordinates, which is the
difference between computer axes and platform
axes,* due to the various error sources (see
Section 2. 3.3)

= the vector expressed in ECI coordinates of platform
errors

'rhis notation is the same as the one given in Reference 2, r 161.

-26-
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I ) B =the vector expressed in ECI coordinates of

computer errors

6.() -- the vector expressed in accelerometer coordinates
of the accelerometer errors.

These then constitute the basic differential equations (variational equations)
for computing navigation error sensitivities, as a function of the navigation
system error sources. These equations are put into a pseudo-state vector

matrix form as

"n1 r

' 2

x x

x4
= MG 0 MA x5  + A.

.x6  x6

8 0 0 0 x8

x9x

S. x. =Mx. +1 Xl 11

where

thxI x 2 X3  are XYZ position partials due to i error source

x 4 x 5 x 6  are XYZ velocity partials due to ith error source

x 7 x 8 x 9  are P X' ')' Pz orientation partials, due to ith error

source (also see Section 2.3.3)
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•" 0

.A is the forcing function of accelerometer errors
A due to ith error source

is the forcing function of orientation rate errors
"It due to ith error source

•i is the state vector representing the navigation
error sensitivity due to ith error source.

' 2.3.3 Error Sources

The error sources of the unaided inertial guidance system fall into the general

categories of initial conditions, accelerometei, gyro, and platform errors.

In addition, terminal errors are included to be able to account for guidance

and control errors.

The general notation used for the identification of error sources is a seven-

character symbol. Not all are explicitly used when it is convenient to drop

certain characters without loss rf generality, or when an error source is (

explicitly defined otherwise. Each character is defined in Table 1.

Table G-1 (in Appendix G) gives the symbol, description, and units for each

error-source type presently considered . Additions to this list are easily

accommodated when a certain component does not fit the model error con-

sidered here. For purposes of describing error-source models, the phase

index is dropped and the error source is repre-ented as a unit vet.tor to

derive sensitivities, that is

EK~m; EKI 1 , EKV = EK13 J

NOTE: One of the I indices is dropped for initial- and terminal-¢t'-e error
sources, since 1 - 3 for these categories.

-28-
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Table 1. General Notation Used for Identification of Error Sources

Character Symbol Description

I E Identifies it as an error source symbol

2 K Categorical index where K equals:

I - initial condi:ion error
P - platform error
G - gyro error
A -accelerometer error
"T -terminal condition error

3 arid 4 1 Numerical ordering of the error-source
types within each -ategory
I = 00, 01, 02, .... .99

5 m Identifies a component or axis number
m = 1, 2, or 3

6 and 7 n Phase index used to ident.fy at what time
the error source was activated (see Sec-
tion 2.3.4) n = 01, • • • 12

(For Example, EAl02-11 identifies the No.2
accelerometer Type 10 error-source active
during the l1th phase of the error analysis.)

2.3.3.1 Initial Condition Errors

As indicated in Section 2.3. 1, there are two options f,. specifying the initial

position and velocity errors. For Option 1, the errors cannot be explicitly

defined but generally would be the same as for Option 2 (with a change in

azimuth direction). In the definitions for initial-condition errors given in

Table G-1, it is assumed that Option 2 is being used and that the platform is

* aligned with respect to vertical. In a launch from an earth site (t0 5 0), any

uncertainty of the launch location will result in initial-condition errors of

position and velocity, and in the transformation matrix MEP of the ro.,iputer.

*These are obtained as follows.

-29-
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2.3.3.1.1 Initial Position Errors

Th. position error sensitivities transform into ECI coordinates as

iIxl ME [EIlmJ (mn 1, 2, 3)

QL 3.9

Initial velocity for navigation is computed, where t 0, as fol.owsi ~0 -

V :0 wXR a= (We u)7 (Xcu + YoVu + Zo0u

-W : W X X X + YZY
e o u e o u o u u

where

7u •u Tut = ECI unit vectors

S= earth rotation ratee

Therefore, initial position errors L colt in the velocity errors

6X = -W 6Y =-W x? =x

6Y = W 6X W x x
0 e 0 e 1

-30-
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IE9•

"or

[x5j =•e 0 0 [EIrI] <t0)

Lx6 Uo 0 O.J

The transformation itiatrix used by the computer is developed from the initial

position data, therefore errors in position result in errors in MEP (MEP m

MPE see Section Z.3. 1). A downrange error results in a negative rotation

about the 2-axis of MPE and a cross-range error in a positive rotation about i
the 3-axis. There is no error dut to altitude errors. The angular errors

are proportional to 1/Ro; therefore, the computer error in launch coordinates

is

[01

4 ]-E3
• 0

03- EIl 2].

This is 'ransformed into the ECI coordinates

Sx "O 0 O0

"8 = MEIl MEI 0 0 II (t.o 0)
: 0

x9 Lo 0]

WWhen to > 0, there is no explicit coupling introduced into velocity and

orientation elenments of the state vector for position errors and the clements

N. . x9 0.
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2.3.3.1.2 Initial Velocity Errors

Initial velocity errors are transformed directly into ECI coordinates as

x 
6

x4
1x1 =M E[z (m 1, 2, 3)

XlX2X 3 X7 XsX 9  0

2.3.3.1.3 Ir-tial Platform -Orientation Errors

The platform errors (0) are initial rotations about the platform axes and are

transformed into ECI coordinates as

xn
x7

x8 • MEP . [E3m (m =1, 2, 3)

xx9-
x I . . . 6 :0 i

2.3.3.2 ticcelerometer Error Sources

In the design and manufacture of accelerometer components, every attempt is

made to achieve an output that is a functio., only of input acceleration along

one of its axes. UnfoL-tunatt-'y, this is never achievable due to inherent

d,-sign characteristics and manufacturing tolerances. The general equation

Se-- Reference 2 for a discussion of design characteribtics, etc.

'2!



for an accelerometer's output at a given time can be written as

A =K +KA +KA 2 + K A 3 +KK,+V A+K6A A+KAA
o 0 11 21 3 1 4 5 3 6171 3

2 1 2

+ K 12AE2A 3 + R

whert

AI = the sensed acceleration along the defined (theoretica.l)
input axis

A2 A3 = sensed accelerations normal to A1

K1 = coefficients that may be functions of time and are the result
of design characteristics, manufacturing tolerano -. or
environmental effects (vibration, temperature, e. j

R = a remainder term, wnich includes all higher-order tcrms
assumed to be sufficiently small tz. neglect.

One notable remainder term, not treated here, is a dynamic response to

acceleration transients. Of course, any one component design does noc

have all the terms presented above; and only those that are significant are

included in a given error analysis. The purpc:. s component calibrations

is to measure these coefficients and thereby compensate for their effects.

It is assumed that the compensation is achieved by the following corrections

to the accelerometer output

A Ao - (K.+ KcA 2o+ ""+ K A +" K A A)--oc o 0fc c Sc o3 12c n2A

Compensations could also be achieved by biasing the target conditions in the
guidance equations, etc.
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where

A = the correcteu output of an accelerometer, where all constants
oc and accelerometer outputs have been scaled, based or. the

calibrated scale factor K of each accelerometer

K = the correction coefficients derived from instrument cplibration
or based on inherent design characteristics. (Not all are
determinable from the above methods.)

A . = Z, 3) = the accelerations normal to the accelerome :.r's
oi input axis, derived from the outputs of all three accelerometers

as follows

•oZ :MZo

A M, -A
o3 : MA3,

where

4 the vectur of accelercmeter outputs
0

Ao 0= a vector composed of the acceleration components along thc
2-axis o7 each acceler _r..eter

A = a vector cornposee the acceleration components along the
3 -axis of each acc ormeter

MA; and MA3 are defined in Section 2. 3. 1. brnce the i•!c ,ioefficients are

suff~ciently small with respect to Kle (which implies linear design), their

products are negligible and the equation reduces to

A =(K 0 - K + K A + (K - K. )A 2 + .... (K -K )A A
0c c 1 1 2 2C 1 i 12C2 3
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Taking the partial derivatives of this equation results in

6A 6K 6KA + 63+ .

where 6A. = 0 (nominal trajectory).t ,: 1

.ýombining the equations of each accelerometer and placing them into the

sensitivity form, the final vector matrix form is

-A All o 0

6f(•) 67io = [I] (EA00m) + 0 AA 0 {EA01 m)

A1 AAA 1] AA3

+ . + 0 A~ AA2 3  0 {EhZm}

0 0 AA32A A33

m (1, 2, 3)

,;he r e

[A~

A A acceleration components
Al ZI MAXSalong npu~t axes

•-/" L AA31
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IA

FA12

A A22 = MA2 Al acceleration components
along 2-axis

LA AA32J

AA13

AA23 ] A3 A! acceleration components
along 3-axis

AA33

2.3.3.3 Gyro Erro. %ources

For the purpose of describing the error-source model for gyro components,

it is convenient to discus- the model in tern-is of a single-degree-of-freedom

integrating gyro. The general equation for gyro rates can be written

• C +CA C+3A3 + C4 W3 + C 5k + C 61 + 7 A2A3

+C 2 AA+R
+ C8A2 + C9AI + C 1 0A3 + C1 1 A1 A2

where

A A A z sensed accelerations along the input, outut, and spin1 2 3~
reference axes

W 3 rates about the input, output, and spin reference _xes

C, = coefficients, whica may be functions of time and ai - the
result of design characteristics, manufacturing toierances,
or environmental effects (vibrat..:n, temperature, etc.)

R = a remainder te.-m, which includes all highzr-order terms
assumed to be sufficiently small to neglect.

-36
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One notable term is dynamic response to transient inputs. It is assumed that

the platform and/or gyro servo loops are designed with sufficient bandpass

and static gain to make the effects of transients or sustained rotational

dynamic inputs negligible.

As in the case of accelerometers, not all coefficients are applicable to a

given design; only those indicative of the particular components are considered
in any one analysis. Also, component calibration measures some of these

coefficients and the compensation for their effects is assumed to be included

in the navigation system equations. The compensation method assur-ied is the

calculation of compensating torquing signals Io the gyros. * Thns, the ccm-

pensated gyro rate equation is

0 c 0 - (C0 c + CIcA+ C 4 uo 3 + . . . 1. + A .1AoA 2 )

where

ol = MGPMPAo = acceleration along gyro input axes

Ao2 = MG2 ol = acceleration along gyro 2-axes

A0o3 = MG3 ol z acceleration along gyro 3-axes

zol = MGP5oP = rates about gyro input axes

Z o= MG2•Zol = rates about gyro 2-axes

03 = MG 3 W 0o rates about gyro 3-axes

Xis as defined in Section 2.3.3.2
0

measured or computed vector rates of platform axes

" M is as defined in Section 2.3.1Gi

* Use of the compensation of ti e transformation matrix is mnore generally in

practice, which is equivalent.
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By following the same approach as for the accelernmeters, the final equations
for gyro error sensitivities in vector matrix form become

" 

EA

where

"[AGil 0 0

c= [I] {EGOOm) + 0 AG 2 1 0 {EG01m}

0 0 AG 3 1

+ .. 0 ' 1 0 {EG06m}

L 3 1 
(

"A A 0 0 ]
+ + 0 AG 1AG2Z 0 {EGllm)

00 A A

L 0 AG31AG3?ý J

(m= 1, 2, 3)

wh ere 1
AGl

A AG = MGE 8 acceleration componentsGI along gyro input axes

LA G31J
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(A

AG22d MGZ GI acceleration components
along gyro 2-axis

L A G32J

AAGI 3

AG23 G3 GI acceleration components
along gyro 3-axis[AG33J

2 GP rates about gyro input axes

• w 3 1  tJ c a3b

' •12

2 2 = M G2" I rate components about
1 gyro 2-axis

F 13 "

'?. 3 =M3 rate components about

gyro 3 -axis

Lw.33J

i-A9 ' j
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2.3.3.4 Platform Errors

In addition to the initial condition errors discussed in Section 2. 3.3.1,

acceleration-sensitive errors arise due to the structural deformation of the
: gimbals under acceleration loads, and to static servo response due to plat-

, form mass unbalances. The general equation for platform acceleration-

sensitive errors can be written in the vector matrix form

AP2  0OiP

iP= 010 AI 3 (EPO1m) + A, {EPO2m}

03 0 APl Ap2_

[ Ap2Ap 3  0

P A AP3 i¢P3m} (mr = 1, 2, 3)

0 Ap 1 tpJ

X 7

X = 8 = MEPOP Tý - 0)
Lx9.

where

AP1
A P A 1 =M P acceleration -( nponents

P2 ] along platforn xes

C
-40-
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2.3.3.5 Terminal Condition Error s

The terminal condition errors transform into the following EGI coordinates

by utilizing the transformation matrices developed in Section 2. 3. 1.

Position ErrorsX I
x2 = METI ETsml (m = 1, 2, 3)

X4 "" x -9 =0

Velocity Errors

N

xlx2 X3 xXsXJ 9 =0oi

2.3.4 Trimnsition Matrix

Since the majority of error sources are acceleration-sensitive, their forcing
functions (excluding accelerometer bias and gyro bias drift) are rero during .
free-flight sequences; therefore, it is more efficient computationally to

propagate the sensitivity vectors across free flight, by using the transition -

matrix rathe- than by solving each error -sCuirce sensitivity independently.

Additionally, when an erior-source type has time-dependent statistical

characteristics, it becomes both coti.enient and efficient to sube'ivide the
total trajectory time into phases and treat each error source '4f this type as

an independent error source reinitialized (•i(t) = 0) at each phase time.

Error source types that were active during previous phaseel are called

inactive vectors, while errors sources that are active durinj the present

-41 - _
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phase are termed active vectors. For any one type of error source, all its

inactive vectors are updated to the present time by using the transition

matrix(es) and combined statistically (see Section 2.4.3) to derive the total

effect on the navigation data statistical characteristics. Thus, the foiiowing

procedure i-R uaed to update or propagate vector sensitivities

Z. (t) = 0(t, T) i(T)

where 0 (t, ir) is the transition matrix obtained from the solution of the

homcgeneous differential equations

0(t, T) --M(t)'O(t, T), 1*(T, ,) I

where

0 1 0

M(t) - MG(t) 0 MA(t)

L0 0 0

MG and M are defined in Section 2.3.Z.G A

The solution of this equation is achieved by solving the homogeneous differen-

tial equations (in ECI coordinates) for each initial condition. Since during

free flight MA(t) = 0, the solution re juires only six independent solutions;

during powered flight nine independent solutions are required. In addition,

the following property of the transition matrix(es) is used

(tit)k V (ttj )0 (tj - k: tk
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"2.3.5 Trajectory Data and Free-flight Equations of Mot4on

To make an error analysis, the following data is required for the differential

equations and the error-source equations:

t time

X Y Z nominal position components
in ECI coordinate system

X Y Z nominal velocity components
in ECI coordinates

- a Y Z nominal sensed acceleration
components in ECI

wi w w nominal platform (body) rates
in platform (body) coordinates

M__(t) direction cosines of platform
P'E (body) axes with respect to

ECI axes

This data is generated b. trajectory progr,.%m for a particular vehicle

configuration and mission requirement and is wxItten on a magnetic tape,

which constitutes a basic input for the error analysis. The last two categories

(wPi and MpE) are required only for analyzing a strapped-down configuration.

For a torqued-platform configuration, the rates (wi) are input as a tab:r of

rates vs time and MPE(t) is calculated from

MPE = [%1I MPE

where these matrices are as defined in Sections 2.3.1 and 2.3. Z.

When error propagation must be evaluated beyond the time for which there

is data from the trajectory tape, the program has the capability t.o generate

the required data [MG = X Y Zt)] for calculating the trinsition rnatrix and

-43-
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drag error sensitivity. The data is generated from the free-flight equations

of motion, based on a simplified oblate earth model (see Reference 5), as

follows

"- x
R

, '•:'• - " y-•r• • •

Y
R I

+ -z

R

where

GM Z HA3 Z + .772'

DA 4 (2Z4 6 Z- 3 1
R4 R

HA3R- rA' i4Z 12)

where G,%,J,A. H. and D are nominal, constants, defined in Table G-2

(in Apoe-.-dix G).

"I hc initia' conditions for these equatio -ý are ootained from the trajectory

pt,l•'.. termination %t the tape data, or tLey can be input. TIe three criteria

fui t:rminatng the equations of motion are

Z.. Specified time (tT)

An option is available to tei-minate (abort) the trajectory tape data at a
tote prior to the end of the tape.
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b. Speciiied range angle (GT) from termination •f

the trajectory tape d~a, i.e., when 0 = On,

where

cos- I T T T

XTY TZT and RT are the values at the tape

termination time

SNote: < 0T<

c. Specified -•I*titude hT., There are two criteria for this

termination: The trajectory can be terminated when
h z hT and the slope (h) is positive, ,r when the slope

is neaativa.

-
F
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2. 4 DATA PROCESSING EQUATIONS

2. 4. 1 Basic Coordinate Systems

For the purpose of outp-it data presentation, two coordinate systems are

available: the EUi coordinate system and the LH (Local Horizontal) system.

The latter is sometimes referred to as the orbit plane, and/or the Radial/

Tangential/Normai (RTN) coordinate system. The transfo-rmation between

ECT coordinates and local coordinates is developed from the nominal trajec-

tory position and velocity vectors. In local coordinates, X is defined as

down range, i. e. , as directed along the projection of the inertial velocity

vector onto the plane normal to the geocentric radius vector; Y is vertical;

and Z is cross range. forming a right-hand coordinate system. The local

coordinate system is an inertial system at time t. defined by the norninaL

conditions only, and is used in the tranformation -f position, velocity, and

orientation sensitivity vectors as well as those of trans.tion matrices and

covariance matrices. The matrix is defined as

0 0 1 i 0 01 r G-h 0 Sxl X 0 CO s 01
MLE [ 0 C41 -SqI 0 1 0 -SO C0 0

0 1 0 0 Sý C S .0 C NJ 0 0 1
L J L L_ Lo

EL = LE

where

so Y~ rk = qeI
Yz VE

VH

D C VN

D =] R = 1 27 -

-46-



V -YX+X -Z(xx + y)+ ZDE NRD

E N

and X Y Z X Y Z4 a-e ECI components of the nominal position and velocity

vectors at time t.

NOTE: K, 4, are left-hand rotations.

It is also convenient to form the matrix MLE as

MLE 0 0

MLEJ0 MLEI

MEL L MLE

2. 4.2 Vector Errors

Vector errors are derived by scaling the sensitivity vectors by an appropriate

constant. The constant used in this operation is given the symbol Cr'. (i
ranges from I to n, which is the total number of error sources, i. e., all
active and inactive vectors. See Section 2. 3. 4. ) The units of o'i for each

type of error source are given in Table G-1. Table G-3 gives the conversion

factors Ki used by the program for scaling o-i into the units of the sensitivity

vectors. The operation, therefore, is

i CiKi Ri g.Iii

where the last expression is used throughout, implying the iirlat.

-47-



AX. is te error vector in ECI cordinates. The usual implication of F is

thit 't represents the standard deviation of the particular error source.

However, it could also represern the mean value of an error source or be a

constant that produces sensitivity vector output in any desired units. When

it is desired to output the vector in local horizontal coordinates, the following

transformation is made

AX. ML

2. 4. 3 Covariance Matrix

The basic equation for navigation error is

.th
In this equation, i. is the magnitude of the i error source. Each error
source is considered a random variable, the means, variances, a-d correla-

tions of which are assumed to be known. The accuracy of any navigation
system performance is measured in terms of the probability that 6 (or some

function of AX•- see Section 2. 4. 5) is within certain specified values. To

maximize this probability, it ii necessary to compensate for the effects of

the means of the error sources. This can be done by the methods discussed

in Section 2. 3. 3, or by offsetting the guidance constarts so that the effects

are negated at some specified time point. for the latter method, the a- can

be input to represent the mean value of each error source and the resulting

vectors summed, that is

n
E(AX) = i-4
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t

where

Pei'i = ci representing Z(i)

S= the expectation operator

This calculsticn ts not made in the program, although the magnitude of the

mean (experted) value of the navigation vector can be obtained from the

covariaince matrix outpýit describeA below, if each error source is correlated

with the other by unity. Alternately, the error vectors can be summed by

utilizing desk calculators. WY.qn it is acsurned that the mean values have

be•en compensated, the second statistical moments of navigation data are

determined in I-ovariance) mnatrix form by

= E(i( + i I + -'')(kT f + RT + +

n n T

ECT i=l j-I

where

the correlation coefficient between the ith znd j th error
Pi source. (In this way, both time and cross correlation

of error sources are handled.)

E I = a 9 X 9 matrix in which the diagonal elements represent
the iva.iances of the navigation data and t.ie off-diagonal
elements are the covariances.

Since this is a symm Arical matrix, the correlation coefficients of the

navigation data are calculated and presented in the lower half of ihe matrix.

The correlation coefficients are obtained from

E(AX AX)
Pmn = r0 m n
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th
where E(X maXn ) is the mn elements of the covariance matrix and wm,

e-n are the m and n standard deviations of the m and n coordinates calcu-

lated f-om the square root of the respective diagonal terms. The or's of the

navigation data are also presented in the output.

When vector errors are prcsented in LH coordinates, the covariance matrix

is also presented in this coordinate system. It is computed by

• M L_._E ElMEL

L ECI

All of the above operations presuppose the con.itior, of linea~rity, which is

usua.ly satisfied, but should not be assumed always to rbe true. (This is

mentioned merely as a precaution about the underlyirg a-G.5r=iptions of the

program.)

2. 4. 4 Transition Matrix and Trajectory Variables

As stated in Section 2. 3. 4, the transition matrices are used to propagate not

only sensitivity vectors acr-)as free flight, but inactive vectors for data pro-

cessing as well. In adcition, when free-flight time histories are desired, the

transition matrix plays a paramoant role. For various analytical studies, it

is desired to obtain the tra-nsition matrix, and so its output is made available.

Like the previous outputs, it is available in either the ECI or LH coordinate

systems. Since it is computed in ECI coordinates, the operation required to

present it in local coordinates is easily obtained from

= MT(t) 0(t,)

t LH : LElm f- i(t)

M M L E (t} t (t, T) M E L { ( ) ,A-i ( r)

SLO~t T) M MLE(t)"(t T)MEL (T)
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In addition to the transition matrix, it is convenient and sometimes necessary

to know the reference trajectory conditions for which the transition matrix is

valid. These are presented at both timtos {t and r) and in both ECI and local

reference coordinates, the latter being d-fined and computed from ECI

coordinates as

LAT (deg) Geocentric latitude

"=sin" - LAT :5

LONG (deg) Longitude measured positively east from Greenwich

-1 t 0 5 LONG < ZY L '*e

where 0L is used to reference the ECI coordinates to Greenwich when the

trajectory reference is not.

ALT (n mi) Altitude in nautical miles above the surface of an
oblate earth

'P-R

wvheze

R All - e)

(I + (e -_ e) cos X)

See Section 2. 3. 5 for definitions.

VEL (ft/sec) inertial velocity magnitude

.2 -2 - Z1/
((X + Y+ Z

FPA (deg) Flight path angle, defined as the angle the inertial
velocity vector makes with the local geocentric
horizontil

S-Im + YY + ZZ <FPA<,,sin RV 7- -

• ~-51 -
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AZ (deg) Azimuth of inertial velozi:xy vector measured clockwise
from north.

VE
- tan 1  E• <A <Z

N

S-Le Section 2. 4. 1 for definition of VE and VN.

2. 4.5 Mission Evaluation

This is an optional output of the program and operates on the final or end

conditions of a particular error analysis. it is called upon when a specified

mission termination criterio.n is to be evaluated. The parameters necessary

to evaluate mission success can occur in a variety of categories, only a few

of which are considered here.

2.4.5. 1 Fixed Altitude

This criterion is used primarily for re-entry evaluation and presents the

coordinates of down-range (MD) and cross-range (MC) miss at a fixed altitude

with respect to earth fixed-target coordinates; in additio.-, the time dispersion

(MT) is prebented. The orientation of the down-range miss coordinate is

along the projection of the relative velocity vector onto the plane normal to

the target geocentric radius vector. The method of computing these

quantities is

VR : - VT

+ We Y)'u + ( e X)Tu + ZTu

X RXu + RU + R u

where: VT = target velocity in ECI coordinates

VR = relative velocity in ECI cooru nates

X Y 7 = LCI unit vectors
u u u

SY/ Z X Y Z = components ol the nominal position and velocity
vectors ct the target

XR R R = tjie components ofVR in ECI coordinates

-52-



The relative velocit- vector is transformed into the coo-dinate system at the

target by

[XRR7 rx
ýYRR] ~MREI IYR]

iRRJ L RJ

where

1 0 C X 0 Sx][CO SO 01

M cp k4191 0 -so ,0 c 0
o iI sx o cxJ[ o o

RERH

JL

SXY Z VVRE

"VD RRDco = 15 CX 'K c¢ V- RH

2 V - YXCR + x 'R
D : 'Z+---y RE _

V -Z(XkR x + Yý R ) + R D 2

VRH = J EVRN

and X Y Z XR YR ZR are ECI components of the nominal target coordinates

and celative velocity vector at time t.

-53-



Thus, the relative velocity components in the target coordinates are: X RR

the altitude rate, YRR the velocity component in the defined cross-range

direc lion (z zero), and ZRR in the defined down-range direction. When

VRr = VRN = 0, vertical re-entry, 4j is undefincd. In tiis case, L is set

to zeio so that down-range displacements would be directed north and cross-

range east.

Based o.n the above definitions for a coordinate system, a position error

vector-can be transformed into this coordinate system to determine the

altitude, ctrQss-range and down-range dispersions at the nominal time by

A'x T' -AXI-

AX

[TJ REL AY

LAZ TJ L AZJ

where W XT AYT AZT are altitude, cross-range, and down-range dispersions

at the nominal time and AX AY AZ are ECI dispersions for a given error

source.

To derive the first-order dispersions for the condition of zero altitude error

(AXT = u), the ioilowing conetraint equation is csed

AXT(t + At) = 0 = AXT(t) + XRR(t)At

from which the time dispersion is calculated as

AXT
ixt =MT =--,-----AtMT XRR



Using this relation, the cross-range and down-range misses at ilme t +-At

are obtained by

AYTIt + At) = Mc =YT(t) + -RR(t)At

= AYT

AZT(t + wt) = MD = 1ZTr(t + ZRR(t),Nt

SRR
S=ZT XRR T

Thus

[MC = 0 1 L

S"x~a

[ MT hiT

M C 0 YT

M MD. AZ TJ

The position vector error :or each error source is thus transformcd into its

dispersion parameters at the target. The covariance matrix of these

parameters is deveioped 'y partitioning the ECI covariance matrix to include

-55-



d

(I

only the position variances and covariances from which the following

covariance matrix is determined

M l 1 MTIMRIE(MTRlMREL)
P

where

the covariance matrix for mission evaluation Option I

Z = the partitioned ,ovariance matrix in ECI coordinates

ECI
P

The nomir I trajectory conditions are also listed with this output and include

LAT, LONG, ALT As described in Section 2. 2.4

VEL/R (ft/sec) Magnitude of relative velocity -ector

S +Y +Z
XR R R

FPA/R (deg) Rclative flight path angle, defined as the angle the
relative velocity vector makes with the local horizontal

-1 XXR + YYR + ZZ R I

3in RVR -' T-

AZ/R (deg) Azimuth of the relative velocity vector, measured
clockwise from north

-tan- VRE 05 <AZ/R 21T
VRN



2.4.5.2 Fixed- range Angle

This criterion is similar to the fixed-altitude case, except the relative range

coordinate (&Z.) is fixed and the altitude, cross-range, and time dispersions

are determined. The constraint equation is

AZT(t + At) = 0 = AZT(t) + ZRR(t)At

from which the time, cross-range, and altitude dispersions are

&T
tM T'. T = -=I

RR

AYT(t + I4) MC =AYT

AX T(t -U•) = = M XT(t) + *RR(t)At

-- 4XRR
&X AZT

RR

Thus

rM F0  0
MT 0 1 0 -

IC T ZTR RE1

XRR
Az A*M~ L RR T
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1AP,
The vector error outputs and ,ýovariance are handled in the same way as in

the fixed-altitude case.

2.4.5.3 Generalized Linear Transformation

This optrnA is used when lineai transformations between ECI position and

velocity errors, and some. other parameters are known, e. g. , the midcourse

maneuver velocity senritiF-ities, as a function of injection errors for a space

"probe. Anmatrix ii devebped from (up to 10) input rmatrices, and then used

to transform injection etrors into the desired parameter errors. Each error-
source vector is transfo.-nmed and a covariance matrix is caiculated from the

partitioned ECI covariance matrix, computed as follows.

The matrix is formed from

[M ][M Z [Mn] r5 10

"Ihe vector errors are transform•e by

4 A

5 A

6AZ

The covariance matrix is calculated as

ME3 EtI
PV

V.'.



2.4.6 Platform Reference Attitude

When running a torqued platform or strapped-down case, reference platform

orientation is automatically presented as a function of time. Listed in the

output are the first two rows of the platform matrix (M PE) and three angles

defined and computed as

THETA (0 in deg) Pitch: the angle that the platform I-axis makes
with the local horizontal plane

Ssin(X(IX) + YGY) + _~iZ) <0:5 "

where (IX), (IY), (IZ) are the elements of the
first row of MpE represefiting the direction
cosines of Pl with respect to the ECI
cordinates axes

PSI (i in deg) Heading or Yaw: the angle that ,he projection

of the platform I-axis onto the horizontal
plane makes with north, positive clockwise

=tan- I 1E

Swhere 1= -Y(IX) + Y(IY)

IN = -Z[X(IX) + Y(IY)] + DZ(IZ)
RD

PHI (• in deg) Roll: the angle that the platform 2-axis makes

with the local hurizontal plane

S-in_ Y(2Y) Z(Z) <fSTF += -sRn Y 7" "

where (ZX), (ZY), (ZZ) are the elements of the
second row of M wE representing the direction
cosine, of P 2 wilh respect to the ECI
coordinates axes.
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SECTION 3

COMPUTER PROGRAM INPUT/OUTPUT

3.1 INTRODUCTION

This section is intended as a guide to users of the error analysis program

in preparing the inptut data. Brief descriptions of the program capabilities

and the procedures for data input are presented, and the available output

data formats are described. There are standard forms for preparing the

necessary data input, and they are shown in Appendix A.

The program actual)y consists of two separate programs: The first, called

ERAN, computes error sensitivities based on given trajectory data, naviga-

tion syster, instrument configuration, and a model of the component error

sources. Trajectory data is supplied via a tape generated by a trajectory

program(s) (Z'-STAGE, TRIP, MVS, etc.). The instrument configuration is

supplied as the input data of component orientations. The error models are

supplied on an error-source schedule sheet that specifies the error wources

to be considered for this configuration and when they are active. BaRed on

this information, the ERAN program computes aensitivity coefficients, and
outputs these onto an ERAN tape.

The second program, called OUTP, basically processes the ERAN tape into

the prescribed formats. Inputs to this program are the logical controls,

i. e., the desired frequency of output, coordinate systems, formats, etc.,

and the specification of standard deviations of the error sources, along

with any correlation coefficients between error sources. The ERAN tape

can be processed many times without rerunning the ERAN Program.

S~-61-
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3. Z ERAN INPUT DATA

3. 2.1 Trajectory Tape

Prior to running the error analysis program, a trajectory tape must be

prepAred that contains the following information relative to the nominal

mission:

t Time

X. Y, Z, Nominal position coordinates in the ECI system

R Magnitude of position (radius) vector

X Yf Z Nominal velocity coordinates in the ECI system

X Y7 ZNominal sensed acceleration coordinates in the
6 2 s ECI system

W• 2 W3  Rates of platform (body) zk-as in platform (body)
coordinates (optional)

lX 1Y lZ Direction cosines of the platform (body)

zX ZY ZZ axes with respect tv, the ECI

3X 3Y 3Z coordinate system (optional)

Each file .n the trajectory tape contains the information for one ERAN case

and consists of the following logical records:

1st Record

Word 1 • lBZ7

Word Z = N

Word 3 = 0 (N = siz . of a data record i.e., II or Z3)

Continuous !.iatr Point Record

Word I IB35 Word 5 = Z

Word Z t Word 6 = R

Word 3 X Word 7 X

Word 4 =Y Word 8 =Y
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Word 9 = Word 17 = IY
Word 10 = Word 18 = IZ

Word 11 = Y Word 19 = ZX

Word Z1 = Word ZO = ZY

Word 13 = w Word 21 = ZZ

Word 14 z w2 Word 22 = 3X

Word 15 = w Word 23 = 3Y

Word 16 = IX Word 24 = 3Z

(Words 13 to 24 are omitted if N - 11)

Left Side of a Trajectory Discontinuity

Word I = 3B35

Words 2 through 24 are the same for all
data records

Right Side of a Trajectory Discontinuity

Word I = 5B35

Words 2 through 24 are the same for all
data records

Last Record of a Trajectory

Word 1 = IB29

OF~i

All Aerospace Corporatirn trajectory programs are mechanized to prepare

a trajectory tape in the proper format for input to ERAN. The tape writing

intervals .auaid be no greater than 4 seconds during powered-flight phases

and 32 seconds during coast or free-flight phases. Higher tape densi-

ties would cause no problem, but lower densities would tend to degrade the

accuracy of the integrations. The integration step size used for ERAN is
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not necessarily the same as that of the input tape interval, but is controlled

by input data. The ERAN Program interpolates between trajectory data

points to obtain proper values for integration. The integration routine used

by ERAN is based on a fourth-order Runge-Kutta method.

3. 2. 2 Error Sources

The Error Source Schedule (see Table A-I in Appendix A) is used to identify

which of the available error sources are to be run, and for which time

periods (phases) they are to be considered. Table G- 1 defines the symbol
and uinits for each error source in the order it appears on the Error Source

Schedule. Initial and terminal error sources are listed individually, while

component (accelerometers and gyros) and platform errors are listed as

errc types. Thus, when a component or platform-error type is considered,

sensitivities for all three components or axes are automatically and indepen-

dently run. Each source or type of error can be considered in one or all of

1Z possible independent phases of the trajectory. This phase capab-1Aity is
provided to accommodate time-correlated errors and/or independent error-

source magnitude changes. * It become-, increasingly mc-e important as C
the mission time duration increases.

Sections 3. 2. 2. 1 through 3. 2. 2. 5 present a summary of the error- source

types and/or error,- model equations (see Section 2. 3. 3).

3. 2. 2. 1 Initial Condition Errors

E111 - E113 Initial Position Errors

E121 - EI23 Initial Velocity Errors

E131 - E133 Initial Platform Alignment Errors

If the initial time of the trajectory is equal to or less than zero, the pro-
gram assumes a launch from an earth fixed pad and automatically calculates

Phase logic will be used to identify and control "Reset, " a feature that
updates navigation data af a function of external measurements (see
Appendix D).
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I
an initial velocity and vertical alignment error consistent with the initial

position error.

3. 2. 2. 2 Accelerometer Errors

AA EAOO + EAOI(Al) + EAOZ(A 2) + EA03(AI 3)

+ EA04(A 2 ) + EAO5(A 3) + EA06(AA 2 )A

+ EA07(A1 A3 ) + EA08(A 2
2 + A31/2

i
+ EAO9(Al) (A' 2 + A3

2 )I 1 2 + EAIO(A 2
2 )

+ EAlI (A 3  + JEA12(A 2 A3 )

where

th
&A = i accelerometer error (i 1, 2, 3)

EAI = (I = 00, 01, .... ), as defined in Table G-I

A 1 = input axis acceleration of ith accelerometer

Az A2 , 3= acceleration components normal to input axis

3. 2.2.3 G•yro Errors

= EGOO + EGOI(AI) + EGO2(A 3 ) + EGO3(A A3 )

[ + EG04(w3 ) + EG05(w2 ) + EG06(wI)

m A12
+ EG07(A2 A 3) + EG08(A 2 ) + EGO9(A )

2+ EGIC(A 3 ) 3 - EGII(AIA2 )
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where

0= the ith gyro drift error (i 1, 2, 3)

EGI = (I = 00, 01, .... ), as defined in Table G-I
A. = acceleration along Jth axis of ith gyro

.th .th
W i. rate about j axis of i gyro

j = 1 input axis

j = 2 output axis typicalJ identification
j = 3 spin reference axis

3.2.2.4 Platform Errors

0. = EPO1i(A.) + EPOZi(Ak) + EP03i(AiAk)

where

.th0. = platform angular error about i axis (i 1 1, 2, 3)

A, Ak = platform acceleration components normal. to ith axiq

EPI = (I = 00, 01 ...... ), as defined in Table G-I

3.2.2.5 Terminal Errors

ET11 -- ETI3 Terminal Position Errors

ET21 -ETZ3 Terminal Velocity Errors

Note: These errors can be considered
only on the last phase of the error
analysis run and can be applied
only at the trajectory tape abort
time (see Section 3. 2. 3) or at the
end of the trajectory ti pe.

The procedure for filling out the error-source schedule is as follow's:

a. Determine which error sources are to be considered.
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b. Establish if any of these error sources are to have non-
unity autocorrelation f--nctions; i. e., establish whether
multiphase logic is required.

c. In the first column, insert an "X" in each tow element
that describes the error aoui, u to be -onsidered.

C. In the second (and follovwing) columns, insert an "X" in
the row elements corresponding to the error sources
tiat require phase lagic control for that particular p.hase*
(see example).

The error sources that iMave beten called for by inserting X's in the appro-

priate squares in Column 1 will be initialized and Lecome active at the start

of the case, TSUBO (see Section 3.2. 3.5). !nsertions of X's into the

appropriate squares in Column 2 will cause those error sources to be re-

initialized at the start of tfle second phase (i. e. , when the time of the

simulation is equal to the value entered into TGOP (see Sbction 3. Z..3. 5).

The sensitivity vectors from the first phase for those error sources will

then becorie inactive. These inactive vectors will be updated at the desired

output times by the tran3ition matrix and be combined statistically with the

ac.ive vectors to derive the total effect on thc navigation data statistical

'7haracteristics (see Section 2. 3. 4). Similarly, X's in the third column

will cause those error sc-4rces to be reinitialized when the time of the

simulation is equal to the value entered into 'GOP + 1, etc. In this mranner,

up to 12 independent ,enaitivity vectors cai, be cre ted for each error

source on the schedule sheet.

This completes the input on the Error Source Scheiule sheet. It essentially

indicates to ERAN which error source sensitivities t, calculate and whether

any of these types require phase logic control.

It will be necessary in setting up the input data for OUTP to assign sigma

values (the standard deviations of each error source) and correlation

Error sources that change standard deviations or have time-varying
correlation coefficients.

4-7
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coeffieiepts, when applicable, between error sources. The identification

4f a given sigma value with a sensitivity vector is acccomplished by mentally

assigning a nuniber to each error source. The numerical ordering of error

so,•ces 's determined by starting in t:he first column of the Error Source

Schednle and counting down, then going to the second column, and so forth.

Note tLiat three independent evror sources are associated with each "X" in

art element of a component or platform error.

3. 2.3 Orientation and Control Data

The data sheet used to set up the platform and component orientations and

to input the necessary program control data and constants -s shown as

Table A-Z in Appendix A. Control data and constants have preassigned

values; therefore, only those numbers that deviate frorn them need be input.

The symbols used are sjummarized in Table G-2, along with their pre-

assigned numerical values and units;

3. 2. 3.1 Initial Platform Alignment

There are two options for specifying the initial platform orientation (see •

Figure 2). The first asc':mes that the platfornm 1-axis (Pl) is aligned along

the geocentric vertical. The azimuth orientation is specified through an

input of PSIP (1p , a left-hand rotation in platform coordinates). With no

input in PSIP, the platform would be aligned so that the 3-axis (P 3) would

be north and the Z-axis (P 2) east. With a positive 4p, the P13 axis would be

rotated toward the east

The secord option allows for a more general initial platform oriertation;

here, three angles are tpecified for aligning the platform. The initia]

alignment is such that the P,, PV1 and P3 axes are along the ECI X, Y, and

g axes, respectively. PHIP ( p) rotates the platform positively about its

3-axis; LA.MP ( p) rotates the platform negatively about its 2-axis; and

PSIP (#p ) rotates it negatively about its I-axis, in that order. The option

is used when it is desired to align to geodetic or astronomic latitude as a
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vertical reference for ground alignment, or when platforms are assumed

to be aligned in orbit with some stellar instruments.

32.3.2 Initial Conditions

There are two options for initial condition specifications (see Figure 5).

If no input to PSII (+) is given, the program ansumes the initial conditions

to be referenced to platform axes; thus, down range is along the P 3 axis,

cross range aiong the P 2 axis, and altitude along the P1 axis. If an input

of Sii (Ij) is specified, the program assumes that vertical or altitude

errors are along the geocentric vertical, and down-range errors are

referenced he from north. Cross-range errors are thereforedoI + 90" from

north.

3. 2.3. 3 Gyro Orientation

The initial orientation of the gyros and their axes is illustrated in Figure .

Gyro alignment is made by specification of an axis of rotation (1, 2, or 3)

and an argument (angle) of rotation. The progranm, allows up to five

independent rotations in any order desired. Each rotation operates on the

gyros as a triad; i. e., all three gyros are being rotated and thus maintain

their axis orientation with respect to each other during these rotations.

The axes of rotation referred to above are those of the No. I gyro. Upon
completion of this set of rotations, there remains an additional degree of
rotational freedom of each gyro about its input axis, specified by PSIi (41)

(i = No. 1, 2, or 3 gyro).

3.2.3. 4 Accelerometer Orientation

Figure 4). The first is the specification of an orthogoral triad and the

method is identical with that described for the gyro components; i. e., an

axis and argument are specified for aligning the accelero.-eter input axes.

Then an additional degree of freedom about each accelerometer's input axis

is specified by BETAi (pi) (i = No. 1, 2, or 3 accelerometer).
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The second option allows for nonorthogonal accelerometer configuratious.

Here the method of specification (of an axis and an argun~ent) is the same;

however, each accelerometer is specified independently. The initial

orientation of each accelerometer is the same with its I-, and. 3-axes

along those of platforms PV, P 2 , and P 3 ' respectively. The data sheet for

nonorthogonal accelerometers is shown as Table A-3 in Appendix A. To

exercise this option, a non-zero entry must be made in data location field

ACCEL 10; conversely, a zero entry negates the option.

3. 2.3.5 ERAN Control Data

OUT This entry controls the ERAN tape writing frequency. If no

entry is made, the tape writing frequency for this case will be
two records per trajectory discontinuity and two records per
ERAN phase discontinuity. If a non-zero entry is made, a
single record will be written at cach multiple of 100 sec for
powered flight, and of 1000 sec for free flight, unless other-
wise specified in PPF and PFF.

PPF This entry controls the tape writing interval during powered
flight for values other than the standard 100 sec, when OUT* 0.

PFF Similarly this entry controls the tape writing intervals during (9
free flight for values other than the standard 1000 sec.

TSUBO This is initial time and can be any time greater than or equal to
the first time point on the trajectory tape (file). If the first time
point (t) on the tape is not zero (t = 0), then the desired starting
time must be entered.

TSUBA This is abort time and can be any time less thac the last .ime
point on the tape (file). If an entry is omitted, the tape will be
processed from TSUBO to the end of the trajectory tape (file).

TRAJ When the trajectory tape contains more than one trajectory, this
entry identifies the trajectory (file) to be processed (e. g., if the
entry is N, ERAN will process the Nth file on the tape). If omit-
ted, the next trajectory will be processed. For the first ERAN
case this would be File 1.

When consecutive files are being processed on a trajectory tape,
starting with File i, the program will run most efficiently when
no entry is made to TRAJ. When an N entry is made, the program
will process the N file for that case and all subsequent cases until
TRAJ is altered by input.

ENDC This entry controls the use of the equations of motio, in ERAN.

These equations model an oblate atmosphere-free earth, used
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to propagate errors beyond abort time TSUBA. The pair of
entries (EN=l and 1) control the termination of the propagation.
The options for inputting to ENDC are as follows:

a. No Entry terminate at abort time

b. TIME terminate at that value of time (sec), which
is specified in the next entry (>TSUBA)

c. THETA terminate at the value of range angle (dog)
boyond the termination of the trajectory tape,
which is specified in the next entry
(0 < 0 < 180)

d. ALTP terminate at that value of altitude (ft) with a
position slope, which it specified in the next
entry

e. ALTM same as Wd) above, with negative slope.

This identifies the locattion field where the numerical value of the
termination control is to be input.

MAXT This entry controls the maximum running time of the equations of
motion. It is preset to 36, 000 sec; i. e. , when t = 36. 000 the run
will be aborted unless a greater value is entered.

DTNP This entry controls the ERAN integration step size during powered

flight. No entry will cause the program to integrate at its nominal
4-sec integration step. *

DTNF This entry controls the ERAN integration step size during free
flight. No entry will cause the program to integrate at its
nominal 32-sec integration step. *

BMT This is the flag used to tdentify a case where the platformn(body) axes
,ill not be inertially oriented during the run. A non-zero entry

will cause the program to seek one of the options described below.

BRTAB This flag is used to identify the option to be used for obtaining plat-
form turning rates and platform direction cosines. A non-zero
entry will cause the program to determine platform rates from a
table of input rates. From this data the direction cosines are
derived by integrating the matrix differential equation of direction
cosines. No entry will cause the program to read this data (rates
and direction cosines) from the trajectory tape.

Note: The program integration routine convergep on each multiple of the

tape writing interval when OUT # 0. Therefore, when the value of
PPF is lees than DTNP, the former would be the integration step
size used in powered flight. Similarly, when the value of PFF is
less than DTNF, the former is used for the free flight integration
stop size.
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- ~ TOOP This entry and the ton that fo~lkw it are used to identify the
tine to terminate a phase. No entry is needed to terminate
the last phse; consequently, for cases in which there is only
one phase, no entry is required.

3.2.3.6 hrth Model Constants

0MZG= rot4tion rate of the earth
A equatorial radius of the earth

GM gravity constant used in the equations of motion

- ellipticlty of the earth
J constant in the earth's potential function
SH constant in the earth's potential function
SD constant in the earth's potential function

MU gravity constant (equals GM) used in the variational equations.

The numerical values of these constants are given in Table G-2.

3.2.3.7 ERAN Case Control Data

Since multiple casen from one trajectory tape can be run sequentially in

using the ERAN program, two cards are necessary to instruct the program
as follows:

END The preceeding cards contain all the data necessary to run
this case.

ENDJOL This is the Lst case processed by ERAN. Since it is preprinted
on the standard form, it must be crossed out for all cases
except the last.

3.2.4 Tabular Input

3.2.4.1 Turning- rate Table

The standard form for platform turning rates, which the program uses if

the BRTAB flag (see Section 3.2. 3) is non-zero, is shown as Table A..4 in
Appendix A. The definitions of symbols and the method to be used to input

data are as follows:

ORDER refers to the order of data interpolation to be used by the pro-
gram to establish rates between data inputs. A I entry will
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cause the program to use linear interpilation, a • quadrazic,

etc. The interpolation routine used is a kth order Lagranglan

N identifies the total number of time points in the table that
follows

tI first time point of table (t1 : TSUBO)

I h

tN last (N h ) time point of table (tN ? TSUBA)

W! •I I rate about platform(body) i-axis at time t

W I N rate about platform(body) 1-axis at time tN

"rate about platform(body)2-axis at time t
r bt oo..am

rate about platform(body)2-axis at time t
S3N rate about platform(body) 3-axis at time tN

I ' to3Nrate about platform(body) 3-axis at time tN

Note: If the table contains many zeros in sequence, they can
be entered by writing a Z in the prefix field and the
nwmber of zeros to be generated in the value field. As
an example, the table for a case of 20 time points, zero
rates about the 1- and 3-axis, and the first two rates
about the 2-axis, also zero, would look like Table 2.

I
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Table 2. Sample Zor a asse of ZO Time Points

PaJt LA Yalve Remarks
4 -

0I 20
value of t

- value of t20

Z 22 20 zero rates about 1-axis

VP oand 2 zero rates about
vne of w21t31 2- axis

value f w 2 (t 2 0 )

Z 20 20 zero rates about 3-axis

Also note that the reverse side of the standard form can be used to continue

the rate table.

3.2.4. 2 Equation of Motion Initialization

The program is mechanized so that the equations of motion can be initialized

independent of a trajectory tape input. This feature is used when it is

desired to obtain transition matrices or to use one of the mission evaluation

options to derive miss coefficients. The format* for this data is given as

Table A- 5 in Appendix A.

A printed standard form is not available.
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3.2.5 Multiple Cases

As mentioned previously, ERAN has the capability to run multiple cases

from a single trajectory tape. The data used for the first run is retained
for the second (and subsequent) runs; thus, only data that requires changes
from the precedin6 runs needs be input. When it is desired to eliminate

the effects of an orientation aption used in a previous case, it is necessary

to input a minus zerc in an appropriate location. The three options ,•nd the

methods of cancelation are as foliows:

a. Platform Orientation input minus 0 in PHIP
Option 2

b. Initial Condition input minus 0 in PSI!
Orientation Option 2

c. Nonorthogonal input minus 0 in ACCEL 10,
Accelerometer which is the input location for

thce first axis of rotation of the
No. 2 accelerometer component

This last operation will negate the logic that was set up by the previous non-

orthogonal case and will therefore interpret the data for the No. I com-

ponent as that required for a triad.

Extreme caution should be exercised when attempting to change the Error

Source Schedule for an operation where there are more than 6 phases.

Some knowledge of the input routine is necessary to present the intrinsic

problem.

The D option (i. e., D in the prefix field of the inpuf word), used to input the

Error Source Schedule, causes two words to be stored in the computer, with

the last 6 characters being stored in the location immediately following the

* "location of the first 6. When there are no entries in Columns 7 through 12,

however, only the first 6 characters are stored and the second location

remains unaltered. It is then apparent that an X, entered beyond Column 6

for a previous case, cannot be eliminated without entering at least one X
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io some other column beyond the 6th for the case in question. Cancella-

tim of the. error source for all phases can be achhic.ed by entering zeros

Wo tbe xpropriate locations fr the sigma value (see Sections 3. 3. 3. 1 and

-4 3.41 PIA*I.kc, for an error sowce during phases 7 through 11, can be

eI t w there are ltas than 1Z phases to the case by entering an X

in/ CAUmn 32. |o mu, that be the only entry on the line, the error source

wodd be eilmiated for the entire case.

II

I
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3. 3 OUTPUT DATA

The output data processor program (0UTP) takes the data generated by ERAN

and produces output data at the required times, with the prescribed trans-

formations and the proper format. The options available for the above data

follow.

3. 3. 1 Output (Print) Times

Option 0 Output the data only at the terminal condition of the case.

Option I Output at the phase discontinuities plus the terminal conditions.

Option 2 Output data called for by Options 0 and I and at all trajectory
discontinuities where the sensed acceleration go"i from non-zero
to zero or from zero to non-zero, including the initial time.

Option 3 Process every time point on ERAN tape as determined by the tape
density control.

3.3.2 Output Coordinate Systems

ECI Presents data in an Earth Centered Inertial System, where the
Z-axis is the earth's polar axis and the X- and Y-axes are in the
equatorial plane. Generally, the convention is that the X-axis
passes through the Greenwich meridian at time zero, and Y com-
pletes a right-hand system; however, these coordinates are
determined by the pa.rticular trajectory program used to generate
the input tape.

SPresents data in a local horizontal coordinate system, which is
inertial an,: developed from the nominal trajectory position and
velocity vectors. X is down range, i. e. , directed along the
projection' of the inertial velocity vector onto the plane normal to
the radius vector; Y is vertical, i. e., along the geocentric radius
vector; and Z is cross range, forming a right-hand coordinate
system.

EVALU Presents additional data at the terminal condition only with a
prescribed transformation. * Presently there are the following
three options for this output:

EVALUI: Presents the down-range (MD), cross-range (MC),
and timing (MT) errc'rs (misses) at a fixed altitude

"A special format is used for these transfo:-nations (see Section 3. 3. 3. 4).
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EVALUZ: Presents the cross-range (MC), vertical (MV), and
timing (MT) errors (misses) at a fixed range

EVALU3: General - represents transformation developed from
input matrices.

3.3.3 Output Data Formats

The five present formats for output data will be described in Sections 3. 3. 3. 1

througbh3. 3. 3. 5. Examples of the formats are presented with the test cases

"in Appendix C.

3. 3.3.1 Vector Errors

In order to present the vector errors at a particular time, 0UTP first updates

all inactive vector sensitivities (previous phase sensitivity vectors) by pre-

multiplying them by an appropriate transition matrix. Next it scales the

vector sensitivities by the proper sigma level (input data of the sigma of a

particular error source). This results in a vector error in the ECI coordinat,-

system. Finally, it performs a coordinate transformation, when required.

This data is presented in a standard format where

Line I gives the run date and job identification (see Section 3.4)

Line 2 is the case identification

Line 3 is the nominal time and coordinate system identification

Line 4 is column headings where DPX, DPY, DPZ are delta-position
coordinates to th,, Larest ft

DVX, DVY, L'VZ are delta-velocity coordinates to the nearest
0.01 ft/sec

DOX, DOY, DOZ are delta-platform orientation coordinates to
the nearest 0. 1 sec

Line 5-up is vector error, where the left column identifies the vector as
follows:
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: XXXX XX[

Four characters are used Two characters are used

to identify the error-source to identify the phase in

type, and the component or which this particular er-

axis it represents, The ror source was initiated

identification genera'ly (01 to 12)

follows the symbols given

in Table G-I with the fol-

lowing changes:

Initial Condition E is replaced by 0
Accelerometers E iW dropped and the error type is
and gyros followed by 1, 2, or 3, indicating

which component it represents

Platform E ib dropped and the error type is
followed by 1, Z, or 3 indicating
which platform axis it represents

Terminal Conditions E is replaced by T, and T is
replaced by 0C

Note that the -rYder in which the error vectors are presented is that given in

Section 3. 2. 2.

3.3. 3.2 Covariance Matrix

The covariance matrix is formed from the expression

n .1
--- T

ECI i=l j=l

where

= covariance matrix in ECI coordinates (9 X 9 matrix)

ECI

n = total number of error sources
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= crrelation coefficient between the ith and jth error source.
When i=j, p=l; when i~j, p=O unless input otherwiseh Ai

..: i = standard doviationa of the i and j error sources

ni -- sensitivity vector of ith error source

xji = transpose of jth sensitivity vector

To obtain the cavariance matrix in the local horizontal coordinate system, the

following operation is performed

M MLEI ýLT

where

= covariance matrix in local horizontal coordinates

MLS = matrix (9 X 9) whtch traneforms a iensitivity vector ( ,

-_ from ECI to local coordinates

T
MLE = transpose of MLE = MELi

The presentation of this data at a paiticular time is in a standard format,

where

Linel = caee identificationl

Line £ nominal time and coordinate system identification

Line 3 identifies it as the ccvariance matrix I -

Line 4 = column heading (same definition as vector errors)

Lines 5 to
lT' covariance matrix in the following format:

diagonal presents variances of navigation errors iii floating point

upper elements present covariances of navigation errors in float-

ing point

lower elements present correlation coefficients in fixed point.
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Line 14 = standard deviations (sigmas) of the navigation errors formed
from the square root of the variances

Line 15 = trajectory variables in ECI coordinates

Line 16 = trajectory variables in earth reference coordinate system,

where:

LAT = geocentric latitude (deg)

LONG = longitude from Greenwich meridian (dog)

ALT = altitude (n mi) above the surface of an oblate
earth (n m!)

VEL = inertial .- Aocity (ft/iec)

FPA = flight path angle defined as the angle the inertial
velocity vector makes with the local geocentric
horizontal (deg)

AZ = azimuth of the inertial velocity vector, measured
clockwise from north.

3.3.3.3 Transition Matrix

The transition matrix is used in the ERAN Program to propagate sensitivity

vectors across the free-flight sections of a trajectory, rather than integrating

each set of error-source equations. * It is used by 0UTP when presenting a

time history of vector errors during free flight in the same manner, i. e., to

propagate the sensitivity vectors. 0UTP also uses the transition matrix to

update an inactive vector (one generated in a previous phase), when running

multiphase cases.

The transition matrix is generated in the usual manner - b-- solv;Ig the

homogeneous diffcrential equations (in ECI coordinates) for each initial condi-

tion error. To obt.'T. the transition matrix in the local horizontal coordinate

system, the following operation is performed:

0(t, T) MLE(t)A(t, Tr)MLE T(T)
LH ECI

L7

In the present formulation of the program, it is assumed that the accelerom-
eters are disconnected at termination of a powered phase.
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where

t) = transition matrix in local horizontal coordinates

*(t, r) u transition matrix in ECI coordinates

MLZ(t) = matrix at time t, which transfor-is a sensitivity
vector from ECI to local coordinates

M T(T) transpose of M at time r

There is an option to control the output of the transition matrix (see Section

3.4). When called for, the matrix will be presented at each discontinuity

(pha.Se or trajectory tape). * In addition, if a time history (print Option 3)

is called for, the transition matrix will be presented at the same tirnes as

the vector errors and covariance matrix. The presentation of t•.e transition

matrix is in a standard format, where

Line 1 = case identification

Line 2 = identifies it as the transition matrix and the applicable time .
arguments (t, T)

Line 3 = the coordinate system identification

Line 4 = format identification

Line 5 = column headings

Line 6-14 = transition matrix

Line 15 = trajectory variables in ECI coordinates at time T

Line 16 = trajectory variables in ECI coordinates at time t

Line 17 = trajectory variables in earth referernce coordmnate system
at time T

Line 18 = trajectory variables in earth reference coordiinate system at
time t

3.3.3.4 Mission Evaluation

As indicated in Section 3. 3. 2, there are presently three options available for

presenting data at the end of the case that can be used for evaluating the

Except for free flight, a transitior mnatrix is not computed in Phase 1.
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success of the mission. The data presented wher one of these options is

called for consists of vector errors and a covariance matrix. The format

for each option is as follows:

EVALUI Presents data at the reference altitude instead of the reference
time

Vector Errors

Line 1 case identification

Line 2 nominal ti-ne and criterion (ALT)

Line 3 column headings, where:

MT = timing error to the nearest 0. 001 sec

MC = cross-range miss to the nearest ft

M = down-range miss to the nearest ft

Line 4-up vector errors, where the left column identifies
(described in Section 3. 3. 1) the veato~rs

Covariance Matrix

Line 1 identifies it as a covariance matrix

Line 2 column heading

Line 3-5 covariance matrix output (same f3rmat as described
in Section 3. 3. Z)

Line 6 sigma values

Line 7 headings fo" norminal trajectory conditions at
termination

Line 8 trajectory co~nditions where-

LAT, LONG, ALT are as defined in Section 3. 3. 3. 2

VEL/P = magnitude of relative* velocity vector
(ft/sec)

FPA/R = magnitude of relative flight path angle (deg)

AZ/R = azimuth of relative velocity vector (deg)

4-I
Velocity vector with respect to rotating earth.
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EVALUZ Presents data at the reference range angle instead of at the
reference time. The data format is the same as for EVALUI
except as noted below.

IAm. a c€terion (ALT replaced by RANGE)

Line 3 MD is replaced by MV (vertical miss to the nearest ft)

EVALU3 This option is used for special cases In which the linear transfor-
mation between ECI- sltion and velocity errors and some arbi-
trary parameters are known; e. g., the midcourse maneuver •
velocity componsnts as a function of injection errors for a space
probe, some orbit elements, etc.

Vector Errors

Line I case identification

Line 2 nominal time and idencification of EVALUATION
OPTION 3

Line 3 column heading (1, 2 .... 6)

Line 4-up vector errors (floating point) where the left column
identifies (as described in Section 3. 3. 3. 1) the vector

Covariunce Matrix

Line 1 covariance matrix identification

Line 2 column headings (1, 2 .... 6)

Line 3-8 covariance n'iatrix (same format as described in
Section 3. 3. 3.2)

Line 9 sigma .-- lues

3. 3. 3. Platforni Referencie Attitude Time History

When a torqued )latform or strapped-down case is being run, a time history

of attitudes and direction coýincs are given at the end of the case. The times

ar#e the *&me as those called for by the print option. The format for presenta-

tion of this data is as follows:

Line I identificadon of type of out]l:xt
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Line Z column headings, where

THETA (1) = angle (deg) platform I -ais makes with the local
horizontal plane

PSI (•) = angle (deg) the projection that the platform ),-axis
onto the horizontal plane makes with north

PM angle (deg) the platform 2-axis makes with the
local horivontal plane

For a strapped-down came these angles would be
missile pitch, yaw, and roll angles, respectively.

IX, IY, IZ = direction cosines of the platform 1-axis, with
respect to the ECI coordinate system

2X, 2Y, 2Z = direction cosines of the platform 2-axis, with
respect to the ECI coordinate system

Line 3 -up time history of above data

.:,
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.u3.4 •TP INPUT DATA

The *tw•adrd form for input data to 0UTP Is presented as Table A-6 in

Appendix A. Tho definitions and procedure for filling out this sheet are as

!W751. a" H&32 Up to 60 characters (30 each), which will be printed
as the first line of vector error output

VE9 ndHAE Up to 60 characters (30 each), which will be printed
as the second line of vector errors and first line of
all other outputs

OPT Print time option as discussed in Section 3. 3. 1. No
input will produce Optzon 0.

SYSTM Controls output coordinate system. No input results
- in Lii coordinate system. +ECI results in both ECI

and LH output. -ECI outputs only in ECI co irdinatep.

CASE The number of the case (N) to he processed, N being
the Nth trajectory processed by ERAN (but not
necessarily the Nth trajectory on trajectory tape).

When outputting consecutive FRAN cases. starting
with Case 1, the program will operate most effectively
if no entry is made to CASE. When an N entry is (_
made, the program will process the Nth case until
CASE is altered by input.

S0PT A non-zero entry will result in storing the sigma
values for the next (and subsequent) runs; whereas a
zero entry will result in setting all sigma entries to
zero after the present case has been completed.

PHIL Correction term for longitude output. To be used
when the trajecto~y ECI system is not referenced to
Greenwich.

EVALU Identifies the mission evaluation option (if any) to be
output.

FOPT Nor-tero entry will result in transition matr!x(es)
outpum.

SIGMA In the LOC. field, the ,eLtor number is input and the
sigma value for that vector is put in the value field. *
Only when a SIGMA value changer is it required to
input a new value; otherwise, it will assume the sigma

An entry of zero will cause that vector to be eliminated from the case.
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value of the previous vector error. As an example,
If unit sensitivites are desired, then a I in the LOC.
field and a I in the VALUE field will result in output
with unit scaling of all error sources. * However,
when the SOPT option is used for multiple cases, all
desired changes to the sigma table must be entered

* explicity. In the above example, all desired changes
from their assigned unit values woulu have to be
entered; e. g.. a change of the sigma value for the
first error source would only alter that value, all
others retaining their unit values.

RH0 These are correlation c3efficients. Two entries are
required to input a correlation coefficient: The first
identifies the error sources (by vector number) that
are correlated, and the next gives the value of the
correlation coefficients. All correlation coefficient
data is retained in storage; therefore, when running
multiple cases, care must be exercised to not get
unwanted correlation into the covariance matrix
calculations. A double-zero in the field for assigning
vector numbers of a correlation coefficient will result
in eliminating the effects (if any) of that previously
stored correlation coefficient, as well as of all those
that followed on the input sheet.

END Same control as discussed f-- ERAN

END30B Same control as discussed for ERAN

0UTP has the same logic of data storage (except as noted in the S0PT option)

for multiple cases as ERAN. Th• reicre, only chLnges to data need be

entered for runs foliowing the first. TL. negate the SYSTM option, six -eros

m~ust be entered (i. e., when T'- output alone is desiree aftz some other

option on the previous case has besn chosen).

NoLc units of error sources in Table G-i.
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When the EVALU3 option is used. the format* for the input data sheet is

pie..ated as Table A-? in Appendix A. The linear transformation matrix I MI

* ~used in ths option is formed from products of input matrices by

IM) I M1][MZ1[M 3] ... I[MnJ

n5 '10

where iA s a (6 X 6) itrix input.

A preprint standard form is not available.
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SECTION 4

SAMPLE CASES

Three test cases were designed to demonstrate the procedures for filling

out input data sheets when exercising the various program options available,

and to present data in all of the output formats. The data sheets used to set

up the test cases are presented in Appendix B and the output listings from

these runs in Appendix C.

The trajectory used for the test cases was one that had been designed 16o place

a payload into a 24-hour synchronous equatorial orbit. Following are the

SImajor trajectory sequences:

0 - 464 Powered flight from launch to booster e
burnout

464 - 477 Separation sequence (coast)

477 - 498 Inject into 100-mile parking orbit

498 - 1380 Coast to first equatorial crossing

1380 - 1685 Inject into transfer orbit

1685 20177 Coast in transfer orbit to apogee of
19,300 n mi

20177 - 20288 Inject into synchronous equatorial orbit

The salient features of the test cases and the pertinent input/output options

used to obtain these features are now described.
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4.1 T-MT CA- I

TWO is 9o vabfie of the uncertainty of instantaneous impact prediction

S0P w ppsmtrestv thrust terminaioa, by wing the inertial navigator data

and asoing a wvu r*-!ntry. The same option could be used for er l-

usg Ks)c missile accuracy or guided re-entry vehicle accuracy at a
fx Wautde.

Thi coangurati•a ofd the inertial navigator was one in which the platform

I-axis was aligned with the geodetic vertical and the 3-axis was uorth. * The

input axes of the gyros and accelerometers were aligned along the platform

axes. The error sources considered were initial position (3), initial platfo•-m

alignment (3), accelerometer bias (3), accelerometer scale factor (3) and

gyro bias drift (3). To evaluate the impact accuracy of a thrust termination

at 400 sec, the trajectory tape was aborted a, 400 sec and the equations of

motion were used to integrate during free flight; they were terminated when

the altitude went through zero on a negative slope. Although the trajectory

tape had only one file, it was necessary to enter a 1 in TRAJ in order to (
obtain multiple procersing of the trajectory. The data sheets used for this

run are shown as B-i, Error Source Schedule and B-Z, Orientation and

Control Data in Appendix B. Since two more cases were to be run by

ERAN before being processed by 9UTP, the ENDJOB 0 card was scratched

out in P,-Z.

The processing of this data was controlled by 0UTP and the data sheet

used is shown as B-9. Since it was desired to procness the ERAN tape in

sequential order, it was not necessary to enter anything in CASE. If process-

ing in a different order, or reprocessing any narticular case, had been

wanted, it could have been done by using the CASE control. It was required

to obtain output in ECI coordinates at the powered flight termination and at

Since the trajectory was run on a spherical earth model, the geodetic and
geocentric latitudes are equal.
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impact, and to evaluate the impact errors by using miEsion evaluation

Option 1. As it was desired to save the SIGMA data for the next case, the

S0PT option was called for. The la error3 for this case are shown in

Table 3.

Table 3. One-Sigma Errors for Test Case 1

Vector Number(s) Error Source Sigma Value

1, 2, 3 initial position 500 ft (three axej)

4, 5, 6 initial platform orientation 30 s'e'c (three axes)

7. 8, 9 accelerometer bias 10- 4 g (3 components)

10, l1, 12 accelerometer sc.ýe factor 10- 4 g/g (3 components)

13, 14, 25 gyro bias drift 0. 1 dog/hr (3 componentis)

The bias and scale-factor error sources of each accelerometer were corre-

lated with a correlation coefficient of 0. 5, i. e. , the number one accelerom-

eter bias error (7) was correlated with its scale-factor error (10), etc. Since

additional cases were to be processed by 0UTP, the ENDJOB 0 card was

scratched, completing the input for this case.
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4.Z TL.T CASE 2

In this case, an evaluation is made of the altitude, cross-range, and time

errors at a fixed range after completion of one orbit. The configuration of

the inertial navigatoz was the same as in Ts*.t Case 1, but it was arr,.ed at

in a different way. The platform I-axis was aligned with the vertical as

before, but the 3-axis was aligned east. To retain the same gyrd orientation

with respect to the trajectory, it was necessary to rotate the gyro cluster

90' about its I-axis. The acceleiometer alignment-was controlled by using

the nonorthogonal accelerometer option (see B-4). The error sources

considered were the same as in Case i, with the addition of terminal errors

(applied at the abort time). The trajectory tape was aborted at 500 sec to

insert the terminal condition errors (thrust tailoft, guidance equations, etc.)

and the equations of motion used for one orbit (approximately 5500 sec). It

was desired to have a time hirtory output; thereiore, OUT was made non.-zero,

PPF was set at 400 and PFF at 2000. The data sheets used to make this run

are shown as B-3 through B-5 in Appendix B. It was also necessary to (

scratch the ENDJ0B card.

The -data sheet for output processing of this case is shown as B-10.

Using Option 3, t ,nr history, results ;.; additional output at 400 sec during

powered flight and every 2000 se!: during orbit. It was desired to have only

the L11 coordinate systeiz output; tlerelore, six zeros (000000) were entered

In SYSTM to negate the logic from tht Case I option. The mission evaluation

Option 2 was ased and the S0PT option carielled. Since the SIGMA's for the

first 15 error sources ,vere held over from Case 1, only the terminal condi-

tion eroror-source sigma values were requ red. Since no changes in the

correlation coefficients from Case 1 .',-re desired, entries in RHO were

not necessary. The ENDJ0B card wis scratched, completing the input data

required for this case.
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4.3 TEST CASE 3

T:,id was an evaluation of the errors at injection into the final orbit. The

gyro drift was ,ssumed to have an exponential autocorrelation function with

a time constan Jf 2 hr. The accelerometer bias during the trajectory's

final powere. .equence had a standard deviation three times larger than,

and uncorrelated with, that of the initial trajectory sequences. The platform

I-axis was aligned with the geocentric vertical and the 3-axis was ,orth. The

initial condition position errors were referenced to platform axes. The

platform was torqued about its 3-axis (approximately missile pitch avis) to

maintain a small (<20*) angle between the missile and the platform axis

throughout the trajectory. The accelerometer and gyro alignment with
respect to platform axes was the same as in Case I. The error sources

wer'e the eame, with the addition of a gyro-torquing scale-factor error.

To achitve the evaluation described above, the trajectory was divided into 3

phases, with the first terminating in 2 hr, the second in 4 hr, and the third

phase at the end of the trajectory (5. 63 hr). This allowed an approximation

of the effect of the gyro-error autocorrelation function. (More phases would

more nearly approach the true effect.)

The changes in the Error Source Schedule were in EAOO, EGOO, EGO6, and

the terminal condition errors (see B-6 in Appendix B). The body turning

rites are given in B-7, and the changes in the control-data (B-8) we-ee

the followiiig:

PSIP = 0, aligns platform 3-axis north (4 = 0)

PHIP = -0, changes platform alignment option back to I and aligns i
with respect to geocentric vertical

PSII : -0, changes IC option back to I and causes initial position
* errors to be along platform axes

I GYRO = 0, references gyros to platform axes

I ACCEL = 0, references accelerometers to platform axes

fi
_____



110 0 0, changes accelerometer option back to 1, i. e., orthogonal
orientation

TSUBA = chosen to be a time greater than (or could have been equal to)
the end of the trajectory tape

ED = 0, eliminates, use of the equatitns of motion !

OUT =-0, elimi-A~tes uee of the intermediate tape writing intervals

Bu.ýr 1, indicates a non-inertial platform case

BRTAB 1, indicates rates are supplied by an input table

TG0P = 7200, indicates time to end the first phase

I = 14400, indicates time to end the second phase

The final phase is ended by the termination control.

The data sheet for the output processing of this case is given in B-l i.

The print option was 2 (phase and trajectory discontinuities) and EVALU set

aA zero to eliminate its output. Although the SIGMA's were the same for the

first 15, they had to be re-entered because the SOPT option was zeroed out

in the previous case. The vector errors for this case are s. 'wn in Table 4.

Table 4. Vector Errors for Test Case 3

Vc.-tor Numbers Error Source Sigma Value

1, 2, 3 initial position 500 ft (3 axes)

4, 5, 6 initial platform oricntatfan 30 s•ec (3 axes)

7, 8, 9 (phase 1) accelerometer bias 10- 4 g (3 components)

10, 11, 12 accelerometer scale factor 10- 4 g/g (3 components)

13, 14, 15 (phase 1) gyro drift 0. 1 deg/hr (3 components)

16, 17 gyro torquer scale factor 0 (Nos. I and 2 gyros)

18 gyro torquer scale factor l0-4 (No. 3 gyro)

19, 20, 21 (phase 2) gyro drift 0. 1 deg/hr

22, 23, 24 (phase 3) accelerometer bias 3X10- 4 g (3 components)

25, Z6, 27 (phase 3) gyro drift 0. ! deg/hr

28, 29, 30 terminal velocity errors 0. 1 ft/sec
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The correlation of accelerometer bias and scale factor during Phase • was

assumed to %'e the same as in Cases I and 2, but it had to be re-entered

berause additional correlation coeficients were being entered. The tiw,,1

correlationr of gyro errors were calculated as

where pij is the appropriate correlation coefficient, and

(ti - tj* = 14400 - 7200 '#Z0O

20288 - 7200 13088

20288 - 14400 = 5888

This completes the description of the input data required for this case.

Printouts listing the cards used for ERAN data arai 0UTP data are given for

each run. Along with the output listings, they are included in Appendix C.

Finer or coarser time intervals could have been chosen to approximate the

tt

autcorelaionfuntio ex - Tq. with more or less phases required for the

approximation.
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Table A-I. ERAN Error Source Schedule

GENERAL IINETIAL ERROR ANALYSIS PREGRAM4

X-6 7090 INPUT DATA ( 10 'OWA ATCU IIOSA1I0

Originator _ cccUTAiI A DTA POM2TO CblS,
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D 0 D.

D EA02 D -

fDE . - ., DV.0
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Table A-Z. ERAN Orientation and Control Data

N 7I M MIWUT DATA AN) £UUP cOonVIATiM
WNUTA1 U AIOM bATA PUC CaIU3mm.a-e (fty. n/5/64)

PlamMuU ¢ltYlUlaft V6WUtiD _ DATE FAE PA-E O

91 AN AE *7,DT

9." '" 9. :. *3, 'S
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.1I•:I:P TSUBO

_____________I TRAJ

_ _ = SI7_ _ I'- . I 3 A -
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-iPSI ____

LE 5
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2X1 1 6 4

AXIS 1 8 J

- - - ~~~~MU _______ __ -

AXI I0

01 BETA1 E_ _D 0

*- -'i -r -

PPF
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Table A- ý. ERAN Nonorthogonal Acceleromater Orientation

SARRIIP•AI COWIRATWN1-3 790 INPUT DATA COMPUTATION S DATA PROCE60NO CUNTIN

PR*0R0AWER __ KEYPFUCNED _ VERIFIED-. DATE __ PACE - OF

MW_ RA - ACCEIARP ALTG*1S-o(!9rMW 'LL T |AIG IMM IN ____

7 ~ oimotion of Acelearmptar Triod Or eir-
.7 as [3ttOn an 1)UiC Acoalercinster ofSY ...L .I [ AU7 IP]I.T.Ol~

-__ -I •

___ I Axis of 1st rotation

-- 2_ Axis 2n

Axis "3rd "

liSm•irication of Orientation or fo. 2

Accelerowter for 0Otion 2

1I 0 Axis of Ist rotatim•

• 11 Angle .. .

1 2 xis 2ndh

I Angle"
1 14 Axis oird

' 2 _i Axis " 4 th

1___ ___Axis '5th

S.s"Angle "

Accelerometer for Op~tion 2

__________ _______ Axi s of 1st rotation.
221_ Angle

22 122 Axis "2nd

21_2 - - _

225_____ Angle

27 ______ Angle "5t

29 Angle

.. .. .A - 5 i i Oo

1-_"I_

- Acclerceterfor ptio
____ _____ ___________ Axs o 1strottioI. - 1.L !



Table A-4. ERAN Turning Rates in Platform Coordinates

1- 7 MPUT DATA I)COMPUTATION A ATA PUOCENNG CENTER

POW*A.07 ~i/T/64
P4GA 1 -KEYPUNCHED _ VERIFIED-.......-.. DATE _____ PAOLI- - OF ___

A- ?ui!? A-= IN l M Lzx I4(~Y

4 1~R as

SIMOOL 10.VALUE ff".

OF I ATS1 Order of 1ntuo.c1stion
~ 3 .. - K - Kth order Zekgrarigian inter~nlation

______1 - linear interpolation

T V)MEGl

A IMEO
TIME-

_____ -No. of time points (N)
_________The data points must be Itnput it. the following

manner:*

_ _ _ _ _____ - -

p-

32N

____e 1______3 is the boey roll rate for t i

-~~~I the roll-------.- and 'or yaw rate,, arae all zero,

:r t*, pref'x f cld a:.dl the .:bý -
-the val.ý f c~d to -,cnerate zoroi-.
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Table A-5. ERAN Equatici of Motion Initializatioi

SAKKWO•AQ CCOMMMOATION

X"3 7090 INFJT DATA COMPUTATION & DATA PROCESSING CENTER

PROGRAMMER ,,,_ KEYP__ _oEU, VmiegE: DATE ., PAGE - OF

}4 L U AT I• ]1 SO F~ I•T rn: A L XI AT I L;....

14 I01s opm1'g FM"6j 
7

LOC VALUE 5XW.

D--- _-- SLc

i °- i

I I••,_ ______ __ Ft."I .

__ __ __I-
Note: 1) This data is not retained in

_ _ _ _ _ _ storage, therefore for miltiple
cases it imst be reinitialized.

2) If a trajectory ase .Is to

_ 

follow, an EM 0 must be 'ncluded

- 1---
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Table A-6. OUT? Case Contiol and Data input Form

?MO INPU IDATA • ,IISA:I€IFiTO

(?,!/ I•OAT&AlJ & DATA PIMCSUWQ CI4T!E

p•uM jg vi... •mpigo - DAT�E _______• • _ATP.**,:. • 0r..r

-i F'-. a I,

. .......

: __ S. 
!

"--17_ _ ____
__ __ _____ A' IL

j ___ __- -______ __ A-

Ii.-. . __.-1-_______

v1

* " S . --

__ -
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Table A-7. 0UTP EVALU 3 Input Data Fornm,

SAIROMACI CORPORATI¢• M

X-3 7090 INPUT DATA COiPUTATION DATA POCUIANG CEkNU -

PROOGR&A"EER ___ KEYPUMCN O - YERIFIED -. DATE PAGE61 OF -

____ VAW IMMDTK 14RI

I8 7 It ,_~ ~ ,' I:•.
,SY L -- LOC. VALUX EXP.J

-- I M __Nurber of matrices input (n) n s 10

The elements of these matrices are identified
as follows

1 2- - 3T 3

M 8 ._._. .

36( +i 1'- - t - • "-

- [(36(n-z)+1] . . .

__._ __ __ __ _- 31
S--- [

T__ _______,__,•.

.. , Note. Zero elements need not be entered unless

zeroli Yut an element of % previous4

4_
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GENERAL INERTIAL ERROR ANALYSIS PROGRAM

x-6 709 INPUT DATA AIUOUMI C~uONATMO

Originator CCC JO CO•UT ATOM& A•TA PONS9K CINTIN

Pm ,e ~ *m~O & u U _ _ _ _ _ _ _ _ m rv r u N ~ r n • I rB , I• . 0 ' f __ _ _ _ _ P a v , .jI . 2  I,, ,L ,

H ERAII-ERROR 2&RCZ SC.WJLE

PUNCH ONILY X's fIN TH3FIEW .m a PUNICH ONLYX's 11TTHIS 1

Loc. LocEii| 7 -t

I-1210 I -
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I Di E00
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' D EO
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I M122
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D D1 M2

DI ET23 _- - - - --

B-1. Error Source Schedule for Test Case 1
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F ~GENERAL 1WERTIAkL ZMIOR ANALYSIS PROAM

x-6 7M90 INPUT DATA ,l AIIPNAO CI €WVIRATI
\•' C~I•TA11SN& S ATA PS•tN dM113

Originator _ CCC ,T 
&O

'-o .I"
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D E12.c0D EI13 : :2

D E121 2:4
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DEA02 ----------iD I EA03
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B-3. Error Source Schedule for Test Case 2
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3 7M3W INleT DATA COMPUTATION A DATA PROCiSSING CENTEI
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II
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____________ __ Axis 4t
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- 3pecif•cation C Orlentatior of ;To. 2
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B-4. Nonorthogoni.1 Acceler ometer Oricrntation for lest Case Z

B-6



Xi 7W INPUT ').TA AEDIPACU CWOt~U6

PGO.2)-~31 (Rev. 3-1/ 5 /6JA) '7IN DAAPab CS1

LI 55171 It

2YNSOL LOC. VL.Um cEp. aYueoL LOC. VALIS tap.

*~~~ ~~ psi S uo______
PWp TUM So 4

*SI I RIC__ _

1 !£ - 1
MS 1 2 ________

4MGL1 5 ____ ___

AXIS 1 6 Be_______

-OW

~I 2 _

* ~LxLE~~- _ _ - _3

L 13-7

I AOMv



GfZ~4A1 INW~IAL WW"0 ANALY31S F'ROMMN
x-6 700 INl•T DATA A.• U I ICDITIOM

0 COmfJTA Ir E 6 DATA PCEIMNM CM'T.
OrLgtn~ttor CCC J• o

-, ''

PAT, - pn

T- PUNCH ONLY X's T,, TH-S FIEl6, 1 H ONLY X's IN THIS TIED
,U a IP

m m iz .- - - - - F
I wJ

V1113 ---- -.. j. -Ko--------

E12 I I~o
D IZ 3E :D cot[

-l ' -I t
•1~~D r-3Z.I --

E133 D EG10
S. .. - aD EC11 --

D EAOO D
DE Aoi-------------------------------

D EA :D- - ----
D l"AO

S* -,* -m -

D __ _- - - - - - - -

DD

- D
D

"•f A1, D-i

- - - - - - - - m * mm m

D D - -- '-
D i- - - - - - - D

D I t D C - m

____ D -i ET13

B-6. Error Source Schedule for Test Case 3

B-8



SAfIROMACII COIMORAI~lM
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APPENDIX C

OUTPUT LISTINGS FOR SAMPLE CASES
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APPEN•DIX D

RESETS

D. I INTRODUCTION

"Resets" is the term applied to correction schemes for updating inertial

system navigation data as it result of measurements made by sensors other

than the inertial element. (gyros and accelerometers). These measuremer,to

can be made by ground equipment from which processed navigation data is

!ransmitted to 'he navigation computer; or airborne sensor data can be used

by the computer to update the navigation data. Many sensor configu rations

and data processing schemes could be usea, but only a few are discussed

here. It is assumed for this analysis that only a limitednumher of corrections

would be made, althougb many measurements might be used and p:'.-(iWtered

to obtain the measured value used for reset.

I
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D. 2 MEASUREMENTS CONSI•E)RED

The .neasurements considered ar'e c-inpones•t ,if ptiti.'n., P-locity, and/or

platform orientation as follow;:

a. Position Measurements

(I) altitude

(2) slant range to a gýýound station
(3) position vector in the ECI or orbit plane (see Section

2, 4, 1) coordinate system as derived by a ground
station and transmitted to the airborne computer

b. V.eloity Meacuremer.ts

(1) altitude rate

(2) slant range rate to a ground station

(3) velocity vector (ECI or orbit piane coordinates) as
derived by a ground station

c. Angular Measurements

(1) angular measurements with re pect to inertial space,
using a sLell.r sensor

(2) �ngular measurements with respect to the local
vertical. (assumed geocentric), using a horizon sensor

(3) piatlorm error vector as derived from multiple
stellar sensor or horizon sensor measurements.

In developing the approp-iate reset equations, it was desired to retain the

common notation oif Y for measurement vectors and X for state vectors.

For this reason, there is some ambiguity between this -'tation and that of

coordinates of the position ard velocity vectors (e.g. , see Section D. 6). It

is hoped that this ambiguity will not cause confusion in interpretation.

Three reset methods are considered that use the same- fcorm foi- correcting

the state vector. The concept for deriving the form of t -e reset equations is

obtained from the following considerations. A rneasu-ement is functionally

related to the navigation d. t a and is corrupted by some noise. This relation-

ship is 6hown by

Yi =Fi(X) + Ni

D-4



r

where

thYi is I measurement

F.(X) is the functional relationship (see Section D. 6 for
explicit forms)

X is the true state vector (9 elements)

N. is the error (noisp plus bias) of the ith mearurement
(~random varitble)

Likewise a vector of measurements can be constructed as

Y= FIX) + N

The measurement state vector can be estimated from the navigation system

data as

Y =F (X)

where X is the navigation system estimate of the state vector X and is in

error by AX, that is

X X + AX

where AX is a random variable, which is the sum of the effects up to time

(t) of all the error sources (P in number), that is

Sax
AX IE i 6X t

D-5



Then the difference between Y and Y can be calculated and used to estim-ite

AX and/or 4.. That is

AY = •-Y

= F(X + AX) - F(X) -

M +-AX) -F(X) can be expanded into a Taylor Series so that

S~8F
AY =-AX+ + N

where 8F/OX is the matrix formed by taking the partidl derivatives of F(X)

with respect to X for each measurement. All higher-order terms are

assumed to be zero.

Again, for purposes of error analysis, it is desired to obtain the sensitivities

of AY to each error source. Therefore

y =Mx - U

where the notation has been adopted that

y = sensitivity (vector for multiple measurements) of the.
measvrernent state with respect to the ith error source

I

M= OF/bX is an m x n matrix in which m equals the number
of functionally independent measurements at time t and
n-= 9

x = nav~gation sensitivity state vector aX/e.E1

u = unit vector (one for each measurement), as described
in Section 2. 3. 3. (An explicit symbol EKI is not given
here.)

D-6
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The Reset Equation is deieloped by letting

XR X- KaY (or) AXR -X KAY

where XR is the estimated state vector after the measurement correction($)

and K i6 an n x m matrix developed in the sequel.

Taking .he partial derivatives of this expression with respect to each error

source, it is seen that the state vector sensitivity for each error source is

changed when a measurement is made, that is

64aXR = 64,X - K6AY

or XR = x - Ky

= x - KMx + Ku

= (I - KM) x + Ku

NOTE: The notation and form of this equation are the same as ýor Kalmnan

filtering (Reference 6), except that x and u are ucnsitivity(w. r. t.

random variable) vectors, ratier than vectcrs of random variables.

It remains to establish the matrix K in the above equation. Three m!Ethc.!

are considered here. which are termed: r-placement rse;, deterministic

reset, and linear statistical reset.

The development of each of these m,-,nods will now b- descri.bed.

D-7 &



D. 3 R;PLACEMENT RESET

In using this technique, it is assuned that the measurement error is much

smaller than the state vecto.- error; thus, the measurement difference(s)

(AY) is assumed to be dependent on the navigation state vector error only.

The constraint of the correction is such as to make AYIR = 0, and therefore

AYR- Y R = 0=MAXR - N

Taking the partial derivatives of this expression results in

YR MxR - u

- (I - MK)(Mx - u)A 0

In order for this cond,'P", to be satisfied for all x, the fi:st term must equal

zero. Therefore

MK I

post multipling by [MMTI

MK[MM T = T

from which K is determined as

K:-M T[MMl

K is sometimes refe.red to as the pseudo-inverse of M.

Thus, the reset sensitivity state vectors for all error sources active up to

time t, based on this constraint, are

Xr = - KM]x

D-8



Additionally, new sensitivity state vectors are generated to account for each
measurement error by

Xm aKu

which are essentially initid4 condition errors at time t. x. and xm represent
the total set of sensitivity vectors x. which are subsequently operated upon as

independent sensitivity vectors. Thus, any operations including additional
resets at time t would include xric the set of state vectors.

A few remarks about (MmI/TIl1 are in order here. For moot measurement
types consider ed (e. gan individual po *'ion measuremnent, a stellar -ensor
sighting or a platformr reset, or a positiain and/or velocity correction from

the ground), [.MM'] I.

For individual veloc-ty ineasurer-nents and nonorthogonal measurements (e. g. ,
simnultaneous altalude ard c-lant range measurementa), [MMT]-

Functiona lly depentdent mrnasurements (such as altitude and slant range when

the slant range vector is along the radius vtctor, and overdeterrnined

measurements when two stellar sightings give four measurements of platform

angle errors), result in singular inverses. The pseudo-inverse could be

invoked for the altitude and slant range examiple, which would in effect result

in the average of the two measurements. Trhe case of the twc. stellar sighting$

should be reformulated by partiti~oning the atate vector into the orientation
T -T

elements only, from which the least squares solution (M M] IM ) can be
used.

The question of tsequential (at time t) reset va simultaneous reset is of

interest. The M matrix its formed from row vectors of partials. If the

dot product oi tnese vecto-9 is zero, and the cross product is one, then

sequential or siulutaneous -reset is equivalent. However, if both these

canditions are not sakisfied, the order of sequential reset is important.

D-9
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AA ellornatt and peneraily equivalent approach is one in which a transformation

mn.atrtx is developed, which t:ansfomns the st.ate vector in ECI coordinates

into a-state vector in the measurement coordinate system. The elements

that are !•easured are set to xcr;, and the resultant state vector is trans-.

formxd back by the inverse of t.a transformation matrix. This methob

smuffers in that simnultaneous mvlttple measurements usually cannot be included

in the reast technique; therefore, multiple measurements would have to be

handled oequentially and sometimes only in a specific order.

D-10
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D. A DETERMINISTIC RIESET

"ln this method it in assumed that the measurement differences are solely

dependent on an equal number of error sources. A typical example would be

the use of a stellar tracker to derive the launch position errors of a mobile

missile system, and thus compensate for the error. The technique developed

here is not restricted to measurement types or the error sources to be con-

sidered. The concept is developed as follows. Let

Ax D= DED

where

AXD = the error in X due to the error source vector ED

D = an n x m matrix formed from the sensitivity vectors
ofEDo D

ED = an m vector of error sources to be determined from
the measurement(s)

In using thio technique, it is assumz I that the measurement error is much

smaller th:ii the effect of the state vector error, and that the state vector

error due to all other error sources is much smaller than the state vector

error due to E D' Therefore, the measurement differences (AY) are assumed

to be dependent on the error vector only, so that

4YD= MAX = MDe D

D [MD] "AYD

D -
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However, 'D can only be estimated from AY (the quantity derived from the

measurwments), so that the estimated value of D' Z is

r [MD]IJAY
T D

The state vector estimate is corrected by-using the estimate of D

as follows

XR = W-DD =X - D[MD]-&Y

Thus, it is seen that for this correction scheme

K = D[MD] 1

and

Xr (I - KM)x

The sensitivity vector corrections follow the same procedure as for the

replacement reset; each sensitivity vector is corrected at time t, and new

sensitivity vectors are added to account for the measurement errors. The

constraints on [MD] -I are that the measurements be functionally independent

and that the error sources to be determined do not have equal sensitivities.

It is apparent from the state vector reset equation that the explicit determina-

tion of i D is not required for corrections of the navigation data. Also, it

can be shown that the reset sensitivity state vector for each element of the

ED vector is Ret to zero at the reset time, provided that the sensitivity

niitrix D, used in the reset equations, is formed from the sensitivity vectors

of the error analysis discussed in detail in the next paragraph. Thus, the

navigation errors resulting from eD vector errors are zero at reset time,

D-12
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regardless of the magnitude of the tD vector (assuming the elements of i

are not large enough to invalidate the linearity assumption). If the aD vector

were composed of initial condition elements only, the effects would be neg ted

and new error sources formed by the measurement error vector. On the

other hand, if the a vector had elements representing forcing functiorns

(such as accelerometers, drag, etc.), it might be desirable to use the

estimate of D to compensate those parameters, thereby reducing the

variance of navigation errors following the reset time. For this procedure,

it is necessary to determine the variance of the estimate error. which can

be calculated, when desired, from the relationship

4 D = [ MD] lAY

= [MD] (MAXD+MMX.D - N)

P-D M
ED + [MD] 1 M E 6Xqi (MDJ 1l J

i= 1 j=l

where

q are all error sources excluding the set aD

E. are the measurement errors
J

Thus, the estimate error is defined as

D D D

and, assuming that the measurement errors are independert of the other

error sources, the variance covariance of the estimate error can be

calculated as

E(AED AT) = LMD]lIMMT + Q([MD]-'1)T

D-13



where

is the covariance matrix of navigation state vector errors
excluding a paranwters at reset time (before the mea-
surement irinc luded)

0 is the covariance matrix of meoaurement errors at
reset time

In the application of this method, the sensitivity matrix D would be obtained

in one of the three following ways:

a. Input based on a norminal trajectory

b. Computed by using the normalized integral approach
(which excludes the effects of gravity feedback in
navigation equations)

c. Computed in a manner similar to the equations of this
program.

Appi .ach (a) should be adequate for most application.3 for the same reason
that a uminal trajectory suffices for error analysis. Approach (b) more
closely approximates the true sensitivities for a given trajectory and is not

a difficult computation for an airborne computer. Ai analysis of either of the

first two methods requires the generation of the D matrix from alternate

runs, which would then be treated as input data. Method (c) is self-contained,

but more complex for airborne computations.

(J

D-14

4 ~j~ __ ___N_



D. 5 LINEAR STATISTICAL RESET

This is equivalent to the Kalmun filtering technique (P.eferenct 6), but it is

developed difierently. Certain assumptions are made to facilitate the develop-

ment of the problem at hand, but as the technique presented is a :oneral one,

assumptions need not be made. The one basic restriction made, on both the

Kalman filtering technique and the method here, is that of the best linear esti-

mate of the random variables in the sense of mikmizing the mean square

error of the estimate. The development uses the conditional expectation func-

tion directly. For the scalar case it is weU known that

E(x IY) = x Y

(The notation E is adopted to digtinguish it from the normal operator E in

the conditional expectation function, because of the restriction of best linear

estimate. However, if the stochastic processes are Gaussian, the operators

are equivalent. This same n•, -- ion is used in Reference 6.)

E(XY)crx
C(xlY) = Y =E(XY)[ (Y y

WxY

For X and Y vectors, it can be shown that the same form holds as

E(X IY) = E(XYT)[F(YYT)]I y = KY

where the elements of K in this expression (an n x m matrix) are termed

regression coefficients (Reference 7, Chapter 23, p 302).

D-15



0,
For tho pioblem at hand, it is d~cired to estimate AX. the error in the state

I vector e.nUmate, ,iven the measurement difference &Y. or

;IA " "=W, JAY) r4AXYT) '&y'&yT)] lj

and based on this estimate, the state vector estimate would be correctcd as
S~follows

iR i -X A R - KAY

where

St5 = !EIy&y T) I

As defined previously

AY = M&X - N AYT 'jXTMT NT

and therefore

K = E(AX&XTMT -XII T )[M E(,XAXT)MT - M E(AXNT) - E(NAXT)MT

+ E(NNT) "

Assuming that the inertial navigation system parameters are independent of

measurement errors, this reduces to

K T- DnRn(t, T)[M M T - M DR(t,r) RT (t, T)D MT + Rn(t,t)]

D-16
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where

is the covariance matrix of navigation errors at reset ti-me

R (t, 7). Is a matrix of time correlation functions (including
ctoss-correLation terms) for ihe measurement errors

D is a matrix that propagates the effects of measurements
made at a previous time (or a, the same time but processed
sequentia 'y)

Rn(t, t) represents the covariarce matrix of measurement
errors at time t.

If it is assumed that the measurements are independent (and time and time-

cross-correlation functions are zero), the pin expression can be further

reduced to

K $MTIM 4MT + Q[J

The effects of the previous assumptions can be determined. however, since

the calcula*jon of in the program includes the effects of time and time-

cross-correlated errors independent of the assumptions for obtaining Ko The

simplified gain computatlon represonts a more realistic one ior airborne use.

Finally, the reset state vector sensitivity is

xr :x-Ky

[I= - Ky~

which is in the same form as the previous methods. Additionally, a new

vector is formed for each measurement, aad the complete set of sensitivity

vectors is handled in the saone manner as Methods I and 2 (in Sections D-3
and D-4).
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This reset technique could be extended to include the estimation of the e. -or

sources as follows

61 I ". LA) - AY T)I[ AyAyTT)I 1&y

whaero a se ervor vectoT to be estimated, and

AYsMAX -N

=MDN - N = Hi - N

where D z the sensitivity matrix of all error sources.

Therefore

i - J(AI•Y) = E[e JTHT - *NT][E(AyAyT)]'lAY

Making the same assumptions as before, that E(eN = 0,

4=~HT[M$MT+O A

where

4 T) covariance matrix of all error sources

can also be written as D *DT

By using the above relationships. i can also be written

[D[ DTD] -1 DT KAy = K Ay

provided that IDTD] - I exists. If it is singular, then the pseudo-inverse,

which always exists, can be developed. However, it id not required, since

the original formula does not present this problem,

D-18
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For purposes of an error analysis, it is necessary to derive the variance of

the estimate error (A " - ), which is

T - -T T

and reduces to

ŽR (I- KE H)*

where is the covariance matrix of the reset error source parameters.

There are several approaches that can be used to compensate the navigation

data, given the estimate of the error vector; the most straightforward being

to resei the sensor error equation.

It is seen that, in theory, the navigation data and error source parameters

can be corrected, given one or more measurements. Thus, from the stana-

point of minimum .navigation error in the sense of the least-mean- squared-

error under the constraint of a linear estimate, an optimum use of the data

would incorporate both navigation data and error-source : -set.

Practically, the task described would overburden any airborne computer, and

in particular the computation of the D matrix. Although the estimate of "

could be partitioned so that only a selected few would need to be estimated,

all sensitivities are reqni.-ed (or should be) for the calculation of •. For

that reasc - it is assumed that calculation of the sensitivities (D matrix

elements) would be based on the nominal trajectory; therefore, it would be

precomputed and inserted in the airborne computer f,'r flight data processing.

In the special case of free flight (orbit navigation), most forcing functions

reduce to zero; and the problem can be reformulated co that $ can be updated

by using the transition matrix in conjunction with those forcing functions

D-19



acting in orbit (drag, gravity model constants, gyro drift, control system

impulses, etc. ). The capability to perform this last analysis, that is, orbit

reset or orbit navigation, is presently under development in a separate

program. A report describing it will be published by J. Meditch of

Aerocpace Corporation.
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D. 6 M MATRIX GENERATION

The M matrix is assumed to be computed by the airborne computer and based

or the functional relationships of the measured quantities (Y)* and the naviga-

"tion data (X, M, I'A) Each measurement represents a row of the M matrix

and is developed as follows for the measurements considered.

D. 6. 1 Altitude

Y h=R-Re e

and

M= Y 000 ooo]

where it has been assumed that R e/aX = 0

D. 6. z Slant Range to a Grouna Station

The slant range vector is defined as

•=1•: -*•
G

= (XG - X) U + (Y G - Y)YU + (ZG -Z)fu

= x ++ z sf

See comment on notation at end of Sec tion D-k.
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rjI

where

XG-= R con Xc G coo 5G

YG = Re cos X.G sin fG

ZG Re sin XG

,A(l - e)

e 1 +(e - 2e) cos 2 xG0

and the terms in this equation are as defined in Section 2. 3. 3.

y= S

6y- 8 u6X= - S6

M= .-x-- -Y S 000 0o00

It is assumed that station locations are perfectly known, and also that timing

errors are zero.

D. 6. 3 Position Vector

D. 6. 3. 1 ECI Coordinates

M- I(3x3) 0(3x3) 0(3x3)]

D-22
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S•-- t~l II I I n n innnI I= --

D. 6. 3. 2 Local Coordinates

where MLE is defined as in Section 2. 4. 1

D. 6.4 Altitude Rate

Y • dR it x + YY + zZ

~T6 * kT63C k6R

1 F (R*T - T)AX + R'XT6. ]

from which

[R -XR RY-A R- zA XYZOO0]
L��oo R T

D. 6. 5 Slant Range Rate

ds s S S s S s
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I C
where

*S aisU + iSTYU + i 5 ;

(X " *Y Ru + (G- Y)Y + (i) -" Yu

(-W*Y If- + -W X )u

a-id the form of m is the same as for altitude rate with the substitutions of

X = RS9 Y = RS R = S, and R S. Station location and timing errors are

assumed to be zero.

D. b. b Velocity Vector

D. 6. 6. 1 ECI Coordinates

m0=[(3x3) (3x3)o(3x3]

D. 6.6. 2 Local Coordinates

m= [o(3x3)ML.EO(3x3)]

D. 6. 7 Stellar Sensor Measurement

It is assumed that the sensor is mounted on the platform and can be slewed in
azimuth about the platform l-axie, and in elevation about the tracker 2-axis

to sight on a prescribed star. Figure D-1 shows the tracker axes system with

respect to the platform axes. The transformation between a vector ir platform

I D-24
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TT P24

Figure D-l. Stellar Sensor (Tracker) - Coordinate System
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coordinates and tracker coordinates is

CET 0 "SE 1 0 0

I MTp u 0 1 0 0 CAT -SAT

SET 0 CET 0 SAT CAT

where

platform coordinates
AT is the atimh of the star expressed in nominal

I ET is the elevation of the star expressed in nominal

platform coordinates

The tracker is capable of measuring coordinates (small angles) only about its

Z-axis (a coordinate along the TI axis), and about its 1-axis (a coordinate

along the TZ axis). Alternately, it can measure the changes in AT and ET,

which ma•ke the above coordinates zero. Mathematically either measuremTent (
'ype is equivalent. Since the platform rotation errors are assumed to be

small, they can be treated as vectors, so that[I 1T]CE T -SE TSA T -SE TCAT] I

0 2TY CAT "SAT 2 02

03

where

1IT is a measurement along the sensor's 2--,xi,

O2T is a measurernent along the sensor's l-axis

D-26
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Therefore, for a single stellar fix with a stellar sensor, two angles can be

used to correct the effec' of platform errors. In this case

0 0 0 0 0 0 CET - SETSAT - SETCAT

0 0 0 0 0 0 0 CAT -SAT

For the case of two independent stellar sightings (two different stars,

preferably 90" apart and in the platform's 2 3 plane), the platform orientation
prp

errors are overdetermined. In this case, least squares or other techniques

could be u3,d to process the four measurements so that the platform error

angles were determined explicitly. This is implied in the last measurement

category (Section D. 6. 9), Platform Error Vector.

D. 6. 8 Horizon Senso.' Measurements

A horizon sensor primarily measures small-angle deviations of its mount

with respect to local vertical; the measurements can also be processed to

-indicate altitude. Conventionally, it is mounted on the vehicla frame and

used as a reference for the vehicle control system, while maintaining small-

angle deviations of the vehicle axes with respect to local vertical.

in conjunction with platform gimbal-angle readout (direction cosines in the

case of strapped-down inertial systems) and the navigation system position

data, the angles measured by the sensor can be used to correct the platform

angular errors, navigation system position errors, or both. For purposes

of a general analysis of the use of the horizon sensor, the local horizontal

coordinate system will be used. It is assumned that the sensor measures

pitch (rotations about the Z-axis of the local horizontal system) and roll

(rotations about t)- X-axis). Transformed into this system, the state vector

"error is

where MLE is as described in Section 2.4. 1.

D-27
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Under these iasumptions, the sensor measures

40 z - A + Oz - ne pitch measurement

AZA # r + Ox - n@ roll measurement

where

WX = range error in, local coordinates

AZ = cross-range error in local coordina.es

OZ, = platform error about Z in local -oordinates

OX = platform error about X in local coordinates

no and n = pitch and roll sensor errors.

Thua

0w 0 0 0 0 0 0 1
-• O 0 0 0 0 1 0M MLE

D. 6.9 Platform Error Vec. r

In this case, it is assumed that the platform error angles are derived from

multiple stellar sensor measurementts and expressed in platform coordinates.

Therefore

S(3x3) (3K3)PEj

D--28
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The M matrix for any given reset is theia constructed, babed on any one or

more of the m matrices prevented above. The combinations, however,

must be limited to that elements of the state vector are not overdetermined

when the Methcd I-type reset is used.
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D. 7 AESET EQUATION SUMMARY

This section sumirrrizes the pertinent equations presented for reset.

Those marked with an asterisk could be conveniently mechanized in the

error analysis program.

-- X +A•X navigation system estimate of
the state vector

AY Y - Y MAX - N navigation system processed
measurement difference

XR = X " KAY navigation system reset estimate
of the state vector given the
measurement(s) Y

AXR AX - KAY state vector error following reset

* Xr I [. - KMIx reset error-source sensitivity
vector(s) for all error sources
active prior 'o current reset time

* n= Ku added sensitivity vector(s) to
account for the reset measurement (
error

M BF measurement sensitivity matrix
XR (see Section D. 6)

K is determaned by one of the following 3 methods:

a. Replacement

K - MT[MMTI

b. Deterministic

* K = D[MD] 1

where D is formed from the prescribed state vector sensitivities or is input.

D MD]- 'AY navigation system estimate of the

prescribed error sources, given
the measurement(a) Y.

D* D D 'D error of the estimated error sources

D-30

S. li. -.-



D= IMD]' IM MT + Q ([MD]

covariance matrix of the estimated
error sources

where

* sfis the covariance matrix of the navigation state vector errors
"1"due to all error sources excluding ED parameters at reset time

(before the rmeasurement is included)

Q is the covariance matrix of measurement error(s) at reset time

c. Linear Statistical

K K>MT['MýMT +Q

wf, -re

is the covariance matrix of the navigation state vector error
due to all error sources at reset time

Q is the covariance r.atrix of measurement error(s) at reset time

a and Q are input.

M [vD] [M 4M + Q A

navigation system estimate of the

error sources, gien the -measure-
ment Y. •could be partitioned so
that oniy qelected few need be
explicitly der~ved, e. g., PFD as in
Metmod 2

where

D is the senaitivity matrix of all (or ,artitioned) error sources

is the covariance matrix of all (or partitioned) error sources

D-31
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$4R I - K EMD]ý4

where

= the covariance matrix of error sources after reset
14R

I..7
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APPENDIX E

DRAG ERRORS

Li this appendix is discussed the proposed method for estimating the effects

of atmospheric drag errors, when the accelerometers are disconnected dur-

ing orbital flight phases.

If there were no forces experiencetl by the vehicle during coast periods

(parking orbits, transfer orbits, etc.), the most advantageous way to operate

the navigation system would be to disconnect the accelerometers during

these periods so that the accelerometer bias error would not be integrated.

For low-altitude orbits (in the region of 100 n mi), aerodynamic drag force

is not negligible, but is generally of the same order of magnitude as

accelerometer bias. Consequently, it must be decided either to measure

drag via the accelerometer, or to predict it by an empirical formula. The

decision would be contingent on which method would result in the least

error, i. e., on the uncertainty of accelerometer bias vs the uncertainty of

drag calculations. To fully answer this question, a detailed knowledge of the

configuration and flight time (function of time of day, month, and year) is

necessary. For purposes of the error analysis, these characteristics are

generalized so as to assess the relative importance of drag and thereby

determine if more detail is required. Therefore, the configuration's

ballistic coefficient and the parameters of the atmospheric density model are

treated as random variables, witi assumed means and standard deviations.

When utilizing a drag model for calculating the sensed acceleration, the

equations of motion become

R

E-3 I

4



IL
whore

AD U vector of drag accelerations

' jq) ' (assuming that drag acts along the
V negative inertial velocity vector)

where

C = drag coefficient
D2

S = reference area (ft2)

m = system mass (slugs)

q = dynamic pressure (lb/ft2 )

1/2 pV 2

where

p = atmospheric density (slug/ft 3)

V = magnitude of inertial velocity vector (assuming magnitude
of inertial velocity equals magnitude of relative velocity)

"'A (2""pV)X=-A X

where

B = =balistic coefficient
B DS

90 = reference gravity constant ( 32. 174)

W = vehicle weight (lb)

E-4
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C;
The linearized differential equations are

6X:" 6x- DX -AD 6X

where MG is as defined in Section 2. 3. 2

and

6V P

The first term in 6A is derived as follows

i2+*2 +*2 1/2

X Z
6V=-6i 4. 6 Y + -6Z -ib

V V VV

The second term can be approximated at any given altitude as

p (h) p (h) + I(h - h) K K(h) + K 2 (h )h

where h is the reference altitude, thus 6p = 6K 1 + 6K h + K2 6h.

Ir. general, density variations are sufficiently homogeneous in a region so

that AK2  ap/ahlh° = 0; and 6K 1 can be expressed as a percentage of p(h 0 );P. .. e., 6KI (6p(h )/p(h))p(ho

E-5
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6* 6pQh 0)k. + 1Z6h
p p(h) p Oh

Now h is obtained from

h=R- Re

where

Re A(1-e)
(1 + (e - 2e)cou X)1 2

coo 2 X: x + ' (geocentric latitude)
R 2

1
2 98 (ellipticity)298. 3

A equatorial radius

6h= 6R (6Re -0)

XT6X

R

Thus

6p(h )T
- 2& + !-E CI xp p(h 0 ) p 8h R

E-6
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The third term is simply

CDS

6C
6B B (M.6S•.)

CD

Combining these results into the linearized differential equations results in

' ,xT~A0 (p p(h. 6C

6X- MG6X- AD( + (h 'I + + )X" AD6X
&h0

= [MG + Mk J6x+ M 6X + F

where

M i ADV(
mtx p ch D RV

M - AD xT_.V + I]

D 2

F A= -(EQOO)AD1)X

In this particular case, EQOO is a scalar and equals 1 when deriving Lhe

sensitivity of aerodynamic forces (i. e, , due to the rss value of 6p(ho)/

p(ho) + 6 CD/CD).

When considering rel itively short time durations (less than 2 orbits) in a

drag enviro'.nent (a 100-mile orbit), these %.xpressions can be further

simplified as

E-7
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Y-6

a* the coefficient of M G is o/R 3 = 1.4 X 10 and

1 8.0-"'8 :
3 LE lp AB8OL

for B in the range 10< B< 100

M >>M.G xx

M. ~Cxx
.7 1-8

b. the coefficient ofM..- A 4X10 7/B<4x10 and
xx D

6;Z> > 6x

so that MG 6;> > M.. 6x

G xx

M..-OA
xx

The validity of these assumptions can always be ascertained by utilizing

Reference 9, which includes these effects as well as the first earth oblate-

ness term 2). The intent here is only to assess the relative importance

of atmospheric effects, so that when the results Indicate that more accuracy

is required, Reference 9 will be used for detailed studies. Thus, the

equations for drag uncertainty reduce to the same differential equations as

those for the other error sources, with the forcing function of

IA ="(EQOO)A DX

E-8



where

D 2g

w
B = W (an input ccnstant)

CDS

Slog p = 5f (h) + K B (an input table plus a scaling constant)

p= e 2.30258 log p

It remains to establish methods for specifying the mean values of B and p,

and some estimate of their deviations. With the assumptions that the region

of interest is in orbital velocities at greater than 80 miles, and the configura-

tions of interest are upper stages with payloads attached, the drag coefficient

for zero angle of attack and molecular flow can be approximated by

CD= CDF+ 0.256L

where CDF is the drag coefficient for the shape! of the payload section.

Typizal values ar-

flat plate CDF = 2.11

200 cone CDF = 2.04

DF15 cone 0 DF =2.03

L = the length of the cy* ?.xdrical section
(excluding cone sections)

D = the diameter of the cylindrical section

E-9
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Usinj this formtlation of drag coefficient produces approximately a 20-

percent uncertainty in its magnitude, provided the assumptions of molecular

flow and xgro angle of attack are muinrtained.

The upper atmospheric density is affected by many parameters, by far the

nmost by solar activity. In Reference 10 are discussed the various factors

that influence the density and they are summrarized as follows:

a. Diurnal £R, Ni ffect. The density varies with the
ME, ay, l',IA.n-is ininmum at night and maximum at
approximately Z:00 P. M, local standard time. The effect
is a function of the ang.e between the earth sun line and the
rad~up vector and, therefore, depends on lattitude as well
as lungitude. The effect is smail (I 5 percent) at low
altitude (100 , mi) and increases with altitude to more than
100 percent at 200 n mi (utilizing Eq. (10) in the Jacchia
forrnula, given in Reference I).

Sb. Solar Activity ll-Year Cycle). There is still a rather
rarge discrepancy in models for this effect, as evidenced

by the curves presented in Reference 10: Figure 1 for the
Jacchia 1960 model and Figure 2 for the Poetzold 1962
model. However, there is reasonably gooa agreement in
the low- altitude region. The variation between the average
densities during active and quiet periods is a factor of 3
and related to the decimetric flux (specifically, the 10. 7-
cm :adiation). Jacchia's mode1 relates density directly,
resulting in a factor of 3 for all altitudes. Paetzold's
model results in factors greater than 10 at 200 n mi that
generally increase with altitude. In addition to the 11-year
cycle, there are 27-day cycles and semiannual and annual
cycles, which result in approximately 25-percent varia-
tions at 100 n mi aid also increase with altitude.

c. Magnetic Storms. These are generally unpredictable, but
'heir efects ari e relatiu-ly shor iived, lasting for only a
few ao%)s The effect. are proportional to the storm's
intensity and can vary an mu'rh as 40-percent at 100 n rni
and much more at higher altitudes.

Based on the ")ove, and or, the premise that 100 n mi is
the principal altitu•e for parking orbits, etc. , ti,, nomniral
(mean) atmospheric density medel vas conservatively
chosen as tbe 1959 ARDC (see Table E- 1). 't car. be

E-10
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scaled up or down to include the average solar activity
effects. * Conbini ng all the effects of density and drag
cefficlent uncerta.inties, to as to estimat.e a standard
deviation for purposes of assessing the relative irmpor-
tance of aerodynamni: effects, a conservative value of
0. Z (standard deviation of EQOO) is recommended.

Other density models can be easily input, if required, for which Figure E-
presents curves.
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Figure E-1. Log Density vs Altitude Curves
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Figure 2. Initial Platform Orientation
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Figure 6 Coordinate System tor Term- ial Condition Errors
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