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ABSTRACT 

Sampled -da~a c ontro l systems generally have fixed sampling 

frequen c ies whi c h must b e se t high enough t o give satisfac tory 

performanc e for all anticipated conditions . A study is made 

here of an adaptiv e system which varies t he sampling frequency 

by measuring a system parameter . 1t is shown that a sampler 

followed by a zero - order hold whose sampling period is con~ 

troll ed by the absolute value of the first derivative of the 

error signal will be a more 11 effi c ientn sampler than a fixed 

frequency :::: .• :.,~ ~~r " That is, over a given t.ime interval, fewer 

samples are needed with the variable frequency system t~an with 

a fixed frequen c y system while mai n taining essentially the same 

response characteristicso 

Analog c omputer studies of simple type 1 and type 2 

sampled- data servo systems with error sampling and unity feedbac k 

verified the method . Standard analog c omputer components were 

used to set up a simulated servo system, a rate detector, abso

lute value detector, a voltage controlled oscillator, and a 

sampler and zero-order hold. 

The system described reduced the number of samples required 

for response to a step input to about three-quarters that required 

in a fixed sampling frequency system. Over a long period of time, 

savings 1n the number of samples required can be expected to be 

between twen t y - five and fifty per cent& In many applications, 

the saving pro d u c ed by reducing th e o v erall number of samples 

required may outwLi gh the added comp l exity of the adaptive 

sampling freq uency system. 
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CHAPTER I 

INTRODUCTION 

This thesis presents the investigation of a sampled-data 

feedback control system employing an adaptive, variable fre

quency sampler. The basic area of investigation was concerned 

with f i ndi ng a system signal and the functions of that signal 

for c ontrolling the variable frequency sampler so that the 

sampling wou ld be more efficient. Sampling is defined to be 

more effic ient when similar output response characteristics 

are obtai n ed with fewer samples. The investigation was limit ed 

to the extent that only readily available system signals or 

signals which could be generated in a simple manner from some 

system signal were considered as controlling signals for the 

variable fr e quency sampler. 

The problem was attacked with the aid of analog computer 

studies. All of the necessary system component circuits wer e 

simulated on the analog computer. The entire system was com

posed of a s imple servo, a variable frequency sampler and zero 

order hold ci rc uit, a differentiating circuit, an absolute 

value detec t i on circuit, a voltage controlled, variable fre

quency oscill ator and a transistorized relay control circuit. 

Type I and typ e II servo systems were investigated and it was 

found th a t t h e number of samples necessary for specified output 

re sponse c h a r acteristics could be substantially reduced using 

aperiodic sampling. A method of sampling frequency control 

using a function of the first derivative of the error signal 

was developed. It was found that the sampling frequency, in the 
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iuter st f effil.l Ld t 1 j ..1 r E- E:S::,ct.ry, toward 

an u.pper bound ct~~.! i ~ th, t r an~1 e :1 tat~ a~d decrea~ed toward 

a lowe~ bound dur.1!1g ::-tt. ~JY state :. ,r,J.1t.1:;ns. 

Tlte thesis top1.:: was ::>Uggestt-.j d.t the Philco Corporation, 

Western Development Laboratories, d.S an investigation that might 

produce profitable results. It was des.1red that some method 

of var iable frequency sampling :ontrol be found which would 

reduce the total number of samples required while maintaining 

the same response characteristics. The purpose of the reduc-

tion of the number of samples required was to extend the life-

time of digit al shaft encoders and also to enhance the 

possibilities of computer time sharing. 

A surv ey of the literature indicated that this sam~~ing 

problem had not yet been investigated. Many studies have been 

recently made concerning sampled data feedback control systems 

. h . d. 1. 1 ' 2 ' 3 ' 4 . 1. . f h w1t per~o 1c samp 1ng. D1rect app 1cat1ons o t e 

periodic sampling principle are, however, relatively limited. 

A more difficult and more promising problem is that of aperiodic 

sampling contro1 . 5 Methods have been developed for analyz ing 

aperiodic sampling systems as an aid toward understanding and 

synthesizing thes e non~linear systems. However, the problem 

of designing or implementing the aperiodic sampling control, 

has not been investigatedo The authors could find no published 

or unpublished literature treating the problem of aperiodic 

sampling as appli ed to total sample reduction without respons e 

characteristic degradation. 

The foll owing chapters will discuss the basic sampled~dat a 
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control systems, thE cor1trol of variable trequency aperiodic 

sampling, the results of the analog computer studies and the 

system adaptive qualities with respect to aperiodic sampling. 

It is hoped that this thesis will help to extend the explored 

area in the realm of sampled-data servomechanisms. 

3 



THJ::. l::SA.":> 1l ~AMPLED DATA '- ONlRUL SY~ ll:oM 

On e basi c sampled-data feedback ~ontrol ~ystem was . hosen 

f or study. The bloLk diagram of the system is shown in Pig. 1. 

E* c E* 

r 
R 0~- - __ £_ Gh(s) h G(s) 

r L 
--~-' 

·----

Figure 1 . Basic sampled data control system. 

The basic sampl ed-data control system was investigated us1 ng 

two different transfer functions G(s). This chapter will 

consider the basi c sampled~data control system with fixed 

period sampling only. The desired minimum and maximum fixed 

frequency sampling periods will be discussed. The discussion 

is separated into two sections; the first section describe s 

the type II servo system and the second section describes the 

type I servo system . 

The transfer function G(s) = K(s + a) 
2 s 

produces a 

type II servo system . Gh(s) is a zero order hold. The z~plane 

root-locus analysis is discussed in Appendix Fo It is seen 

that the z-plane transfer function of this type II sampled-da ta 

system is: 

G(z) 
K

1
(z + z

1
) 

= 
(z ~ 1) 2 

where aT 2 = 2 1 aT + 2 
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The ffidXl ll1.1m fH.. ry tht steady state 

s tabil ity requ1 r ,_ 1 r t..::.. Twu ~._;r di ti<.J' det~rm1n~ ~he region 

of stable response ot th losed loop -~y~tem. These simul· 

taneous conditions are: 

0 aT < 2 

and 
0 .. KT - 2 

Therefore , with both a and K given as fixed values, the range 

of T for stable closed loop response is determined by: 

0 < T ~ 2 for K a a 
and 

0 ' T . 
2 for K R: a 

Fig. 2(c) illustrates a reasonable sampling pe1·iod T for steady 

state stability condit1ons. The Brush recording of Fig. 2(c) 

shows the system response with system parameters K = 15, 

a = 10, and T = . 096. Since a .... K, the maximum period T for 

system stability is determined by T = 2/K = .133. Thus it 1s 

seen that T = o096 is near the limit ofT for stable response 

and the peak overshoot is nearly 100%. 

The minimum sampling period T was determined by the 

largest value of T that produced a response similar to that 

of a continuous system. Fig. 3 illustrates this range of samp-

ling periods for a system with a = 10 and K = 10. In Fig. 3 

it is seen that the system response is practically the same 

when T = .016 or T = .025. For comparison, Table 1 contains 

the pertinent values from Fig. 3. The table shows that with 

respect t o output response characterist i cs very little 1s 

eained by sampling faster than T = .043. With system 

5 



parameters a = 10 and K = 15 . Fig. 2(a) shows that 

T = 0.044 is also a reasonable lower limit for this system, 

and Fig. 2(b) demonstrates that increasing T to 0.053 sec. 

increases the peak overshoot and settling time only slightly. 

T Rise Peak Time of 5% 
(Secc. J.ds) Time Overshoot Peak Settling 

Overshoot Time 

.016 .125 40% .30 .813 

.025 .125 40% .30 .813 

.043 .115 45% .28 1.075 

.080 .075 60% .25 1.150 

Table 1. Comparison of fast sampling responses. 

Fig. 4 illustrates the accuracy with which the analog 

computer simulated system represents the theoretical mathe-

matical model with respect to stability criterion. In both 

examples of Fig. 4, a> K so the maximum T for a stable 

response is determined by the relation T = 2/a = .100. The 

theoretical response of the closed loop system at T = .100 

is a stable, undamped periodic response. Fig. 4(a) shows the 

steady state response where a= 20, K = 7.5, and T = .1006. 

Fig. 4(b) shows the steady state response where a= 20, K = 15, 

and T = .1006. Both figures illustrate that the various 

simulated components are accurate representations of the system 

mathematical model. 

The type I servo is produced by the transfer function 

K 
G(s) = s(s + b) . 1~e z-plnne root-locus is discussed in 

6 
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(a) T = 0.044 (b) T = 0.053 

(c) T = 0~096 

Fig. 2. Fixed rate responses for type II system where K = 15 
and a = 10. Suitable range ofT represented by .044ST~.096e 
The graphs are recordings of the closed loop system responsa 
and the output of the zero order hold to a unit step input. 
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Fig. 3& Determining the minimum s ampling period T. For 
practical punposes the system response to a unit step 
input is essentially the same for all T ~ .043 • Therefore 
it is unnecessary to sample faster than T = .043 seconds. 
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(a) Steady state response at limit of stability. 

+ -· 
-1---
-1-'--. 

(b) Steady state r~sponse at limit of stability. 

Fig. 4. Brush recordings illustrating closeness of analog 
computer results to the theoretically determined res4l,t

1
s, •. 

'lhe theoretical steady state response at T = 0._10 ~s ~. st;abl,e ...... 
undamped periodic oscillation. 
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Append1x F. It 1s Sttn that the z-plane transfe r function is: 

G(z) - (z - p
1
)(z - 1) 

K - bT 
K = --(bT + e ~ 1) 

1 b2 

~bT = 1 ~ e (1 + bT) 
2

1 - bT 

p :::. 
1 

bT + e - 1 

~bT 
e 

From Table F-1 in Appendix F, it is seen that if bT > 3.71, 

then the relationship between T and K for the stable response 

region 1s~ 

and if bT<3.71, the relationship 1s; 

The Brush recordings of Figs. 5 and 6 illustrate a 

reasonabl e sampling period range for the type I system. 

Fig. 5(a) shows a reasonably fast sampling period that appro-

ximates the high frequency sampled closed loop response. 

Figs. 5(b) and 6(a) show intermediate sampling periods, and 

Fig. 6(b) illustrates a reasonably slow sampling period which 

is nearing the limit of T for stable response. Inspection of 

the z-plane root - locus diagrams shows that the type I system 

with ~JT<3.71 is more oscillatory near the limit of stability 

than is the type II system. This is also observed by compar-

ing Figs. 2(c) and 6(b). 

In the same manner as for the type II system, the minimum 

10 
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(a) T = Oo023 sec. 

(b) ·r O.a03B seco 

Fig. 5, Fixed sampling frequency response: Type I system, 
b = 40 • K : 1200 , 
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Fig. 6. 
K = 1200 , 

(a) T 0.050 sec. 

(b) T 0.083 sece 

Fixed sampling frequency response: 
b = 40 

12 
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samp l i n g period was deL e rmined by the largest valu e ofT that 

produ ced continuous response characteristics. With s y stem 

paramet e rs b = 40 and K = 1200, a reasonable rang e of T 

lS given by . 0 23 -> T ~ .083. The system parame t er s b and K 

were c hosen so tha t t h e rang e of th e sampl i ng period T would 

be similar to th e rang e used for t he ty p e I I system. 

The graphs of Figs. 2, 4, 5 , an d 6 ar e a ll re c ordings of 

the closed loop syst em re spons e t o a unit step input and the 

corresponding output of the zero order hold . The analog com

puter solution i s t i me sca l e d b y t h e fac tor 20 so that each 

time unit on the Brush recordings r e pr e sents . 05 seconds of 

real time. 

The purpose of this c h apt e r was to d e mons tr ate how the 

ranges of the va r ious s y st em parameters were dete r mined and 

to justify the ranges so determin ed. The z -plane root-locus 

diagrams of Appendix F show the r~l at i onships of the open- loop 

gain, poles, and zeros to the sy s t em r oot l oc a tions. Treating 

T as a dependent variable allows a range of T to be determined, 

based on a stability criterion. This range of T determines 

an upper bound to the duration of the sample period. The 

lower bound to the sample period was determined by analog 

computer tests and could also be determined by bandwidth con-

siderations. Par a ny given set of system parameters, two 

fixed limits can be found so that : (1) it is not desirable 

to sample with longe r periods than the upper bound to T 

because of stability c onsiderations , and (2) it is not necessary 

to sample with sho r t er p eriods than the lower bound to T since 

13 



faster sampling provides relatively little additional infor

mation in the error channel to improve the system response. 

The upper and lower bounds to T determine the permissible 

range of variation ofT when it is continuously or discretely 

varied during the transient periods of the ~ystem response 

as will be described in Chapter IVo 

14 



CHAPTER III 

VARIABLE FREQUENCY SAMPLING 

The funct1on of a sampler and hold in a servo system is 

to approximate a continuous signal as accurately as possible. 

One way to improve the accuracy of ap: roximation is to increase 

the sampling frequency. Another way is to use a higher order 

hold than the zero-order hold which is generally used. Both 

these methods have distinct limitations. The first in demand~ 

ing more performance of components and more time of communi

cation channels, the second in more complicated circuitry. 

This chapter presents a method of improving the efficiency 

of a sampler~zero order hold combination by using variable 

frequency sampling. An efficient sampling system is defined 

to be one which satisfactorily approximates its input with a 

minimum number of samples over any period of time. 

Fig. 7(a) shows the continuous input and sampled~held 

output of a sampler and zero-order hold using ordinary fixed 

frequen cy sampling. Since in the servo system the error signal 

is the input to the sampler, the symbols E and E; will be used 

for the input and output of the sampler and hold. In this 

chapter the terms 11 input" and 11 ou tpu t" will refer only to the 

signals 1n and out of the sampler and hold, not to the reference 

variable R and command variable C of the servo system. In 

Pig. 7(a) it can be seen that fixed-frequency sampling results 

in a better approximation of the input near the maximum of the 

15 



curve where the first icrivative E approaches zero than it 
, 

does in the portion of rapid rise where E is large. 

Since in a servo system it is always the purpose to 

minimi2e E, the authors at first tried IE I as a frequency 

controlling variable. Fig. 7(b) demonstrates that attempting 

to control f s as a function of lEI can actually decr ease 

the efficiency of the system. When fs is proportional to lEI, 
it can be seen that in the rapidly rising portion of the curve, 

sampling is too slow, and in the region of the maximum, the 

system is sampling unnecessarily fast" 

In Fig. 7(c), 
0 

f is a function of E and the accuracy s 

of approxima tion appears to be nearly constant over the entire 

curve. This is the type of sampling frequency control found 

sui table for improving the efficiency. 

Fig. 8 is a magnification of the input and output of the 

sample r over one sample period . The total area between the 

input and output in the sample period is the integral differ = 

ence for one period: 

ID = 

= 

~ t 

! i+l 
I (E - E~) dt 

ti 

0 

Ti 
(E ~ E*) dt 

h 

In any suc cessful sampled data servo system, the sampling 

frequency must be several times the highest system signal 

frequency of importance. Hence, it is assumed that E does not 

vary radicall y during a sample period. Then a reasonable 

16 
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Figure 8. Integral difference (ID) over one sample period. 



approximation of E O\t( the period 1s a straight line approxi -

mation : 
" E ::: E. + E t 

1 a 

where E 1s the first derivative of E at some instant a in 
a 

the period. Fig. 8 shows approximations based on E. 
1 

and 

a value of E which has the same slope as the chord line. 

Then an approximation of the integral difference is: 

· Ti 
ID = (Ei + Eit- E~) dt 

0 

but Eh = Ei over the entire period, hence: 

-- Ti 
ID = 

0 

E. t d t 
1 

= 

Now if T 1s made a function of E such that 

T . = 
1 

c 
where C is a constant, 

the integral difference per sample period will be a constant 

ID = 

the algebraic sign being the same 
~ 

as E. 
1 

Such a function 

for T. is difficult to generate but can be approximated over 
1 

a given range by simpler functions. 

In Chapter II it was shown that, in general, a servo 

system has a usable range of T between upper and lower limits 

determined by the stability and the bandwidth of the system. 

The simplest way to control Twas found to make it a linear 

function of I :E I between those limits. 

19 



1£' 
T T 

T T A E 0 < s max - mln 
- max 1: A 

jE I> Tmax 
T 

min T T 
·-· 

= ml n A 

A method of gener at ing this function using operational ampli-

fiers is described in Appendices C and D. 

The function is s hown in Fig . 9(a). The ID per sample 

as a function of j E I is sketched in Fig. 9(b). It can be 

seen that the ID can be held essentially constant over a 

limited range by using the linear function. In use with the 

simulated servo system, the linear function was found to 

improve the sampling effi c iency as will be described in 

Chapter IV. 

Another method of controlling the sampling frequency is 

by a number of fixed frequen~ies which are successively used 

~s liJ increases. A system using two discrete frequencies 

was found to improve efficiency and is also discussed in 

Chapter IV . Curves ofT and ID as functions of 1£ I are shown 

in Fig. 10. 

Therefore, two methods of sampling frequency control 

have been investigated to improve efficiency. That these 

methods can be used to decrease the amount of sampling needed 

to control a servomechanism will be demonstrated in the next 

chapter. 

20 
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A 

(a) Sample Period vs. Error Derivative. 

I 
T: T · max I 

./ 

I 

I 

--------
{b) Integral Difference per Sample Period 

vs. Error Derivative. 

Fig. 9· Variable Sampling Frequency Control. 
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(a) Sample Period vs. Error Derivative. 
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(b) Integral Difference per Sample Period 
vs. Error Derivative. 

Fig. 10. Discrete Sampling Frequency Control. 
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CHAPTER IV 

SERVO SYSlEM WITH VARIABLE SAMPLING FREQUENCY 

The characteristics of two sampled data systems with 

fixed -frequency sampling were discussed in Chapter II. This 

chapter presents the characteristics of systems incorporating 

the variable~frequency sampling discussed in Chapter III. 

Fig. 11 is a block diagram of the system with the sampling-

frequency controller. The principal method of analysis was 

an analog computer simulation. 

In Chapter III it was seen that the integral difference 

between input and output of a sampler and zero-crder hold 

could be controlled by varying the sampling period T. The 

method used was to make T a function of the first derivative 

of the input signal. Since the input to the sampler in this 

servo system is the error signal E: 

Since the z~plane transfer function G(z) is a function 

ofT, it becomes a function of I.E I when a variable frequency 

sampler is used. The servo system is then non- linear. 

Furthermore , the non-linearity is an unusually compl icated 

one since the poles and zeroes of the transfer function, as 

well as the gain, are ~~--~1 functions of IE I . 
Because of the non-linearity of the system, an analog 

computer simulation was undertaken as being the most direct 

approach to the problem. With the simulation, all the non -

linearities are accounted for by actually using a variable~ 

23 
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Figure 11. Block diagram of adaptive sampling frequency 
sampled-data control system. 



frequ ency sampl ing S)Sttm Thus , the r ecord o f th e compu t er 

output is a direct measure of system performance . 

Since it was determined that the sampling frequ e ncy 

should inc reas e as a function of the absolute va l u e of the 

first time =derivative of the error signa l, t h e con troll e r 

consisted of a di fferentiator, an abso l u t e val u e detector, 

shaping cir cuits , and a variable frequ en c y os c illator. The 

function generated for con trol was : 

1£ I < IE I < T T max m1n 
T = T ~ A 0 = = max A 

IE I ' T T min T = T --::: max -
min A 

Pig o 12 is a block diagram showing these components in 

th e system. Another method of contro l found to be satis -

facto ry was to use two discret e frequencies instead of 

continuously vari able frequencies . Fig . 13 is a block 

diagram of t h e system with a discrete frequ ency controller 

which swi tch e s frequencies at 1£ I= li 1 1 The details of 

the anal o g simulation circuits are des cribed in Appendices 

A through E , 

The two syst ems analyzed for fixed frequency sampling 

in Chapte r II h ad acceptable response characteristics as 

conti nuou s s y st e ms. For each system a pair of sampling 

frequen cy limit s were found such t h at above the upper limit, 

no improvemen t in response occurred and below the lower limit, 

the system was unstab l e . In the analog co mputer study, a 

fixe d frequency betwe en these limits was chosen such that 

25 
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Figure 13. Block diagram of E dependent discrete 

frequency control. 



~y~tt. pelt 11 t 

os1.illatory th..:.. 1' :.otcm 1ts pcx 

forman.: c vvas tl1 

var1ablc frequc·;~ .:L ..1 11ll.Lt1pLe frequt:.nl..y ::.ystem::. werE: cur1 

pared. If the ··~r.l'-t.~.t.. ~y~tem could produce s1milar 

response with few~r -~mplt~ per unit time, then it was said 

to be more efficient 

Fig. 14 is a seri~~ ~f recordings of the response of 

the type II system to a 11ni t step input. Table 4-1 1s a 

summary of the respon::.e :h~racteristics determined fr0m thE: 

recordings. For each variable period run T ::; 0.1 sec. , max 

T . = 0.05 sec. m1n .1:.>-.a.mplE:s include run~ at constant T . m1n 

and 1' max bi =± requen cy runs switching f r· _)m T tv max 

a run tt3ing ccntin\lous : -:-.ntro1 between 

1' 
""'min 

and 

ana three high~frequenc.y runs (1., j, k) for comparison. 

Run (g) having T - T . was used as the standard ct m1n 

performance. In Chapter II~ it was shown that the response 

at T = 0.05 sec. closely approx1mates the response of the 

continuous sy~tem. The variable and hi-frequency systems 

all sample at half the frequency of the standard system 

when E ~ 0 , thus sampling is reduced by 50% under quiescent 

steady-state condition~. 

The settling time for response to a step input is 

approximately 0.5 se~. ror each type of control. Over the 

settling time, sarnpJ.1.::.g l1as been reduced 1.0% using bi~, 

frequency sampling 1n run (£) and 20% using var1abl~ 

frequency in run (h~. B:-1th these runs demonstrate a !'tdu~ti Jn 



(a) T = 0.1 sec. 

(b) 
• > 

0.05 sec. at IEl= 20 rad/sec. 

Fig. 14· Type II Servo responses to unit step. 
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(c) T
0 

= 0.1 sec. ; 
• > 

0.05 sec. atiEl= 10 rad/sec. 

0.05 sec. at~~~~ 5o0 rad/sec. 

Fig. ].4. Type II SERVO response to unit step. 
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1-' 

(e) 
~ > 

T0= Ool sec.; T1 = 0.05 sec. at jEI = 2·-50 rad/sec . 

I 

--+ =t=_- ~ -~ -1---- 1 -+---+-- ~ 
-:-t-- -f-_::f=:':-'-l- _-_-=J=. 

=!=;'::":-· 1-· ,__ - --f---1---
- 1-- - 1----

1--t- t-f - _1-- ---1--
+-- --._.::t-+--:- -1-+-

- --\-

+ --+--+-· 

··-4--· 
- + 

---\-

• > 
(f) T

0 
= 0.1 sec.; T1 = 0.05 sec. at JE I = 1.250 · rad/sec. 

Fig. 14• Type II Servo response to unit step. 
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(g) T 0.05 sec. 

(h) Tmax = Ool sec.; T . = 0.05 seco m.J.n 

A = 0.005 ; (Eqn. 4-2) 

Fig. 14. Type II Servo response to unit step. 
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{i) T = 0.036 sec. 

(j) T = OoOI6 seco 

(k) T< Oo005 sec. 
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in sampling while m 111t .1ning essentially the same response 

characteristics as the standard. By setting ji1 l at higher 

levels, the number of samples over the settling period is 

reduced at the expense of higher peak overshoots. Specifi-

cations and system requirements would dictate which type of 

control and what sensitivity to use in a particular case. 

Results with the type I system were similar over the same 

type of frequency range. 

It can be seen that the variable frequency control 

system definitely accomplishes its purpose of more efficient 

sampling. In general, the continuously variable control 

system was more efficient than the two-frequency control, 

but even the latter was a distinct improvement over constant-

frequen cy sampling. 

Table 4-1 

Comparative Responses to 1 rad. Step Input. (From Fig. 14.) 

Sample Period T Samples over I Overshoot Undershoot 
0. 5 sec 1.0 sec 

a. T =T =0.1 sec. 5 10 110% 33% 
0 max 

b. I:E1I= 20 rad/sec. 6 11 75 20 

c . tl 10 TT 7 12 50 12 

d. tl 5.0 tT 8 13 50 20 

e. " 2.5 TT 8.5 13.5 40 10 

f. " 1.25 TT 9 14 40 8 

g . T
1

=T . =0.05 sec. m1.n 
10 20 40 6 

h. T=T - o.oo5!:Eisec. 8 13 I 40 8 
0 

(Eqn. 4~2) 
- ------- -¥·- -- ----
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\./HAPTER V 

ADAPTABILITY 

This chapter w1ll discuss the adaptive qualities of the 

variable sampling frequency system to variations of plant 

parameters, i.e., open loop system pole or zero variations. 

A second consideration will be whether the variable sampling 

frequenc y system can be programmed to be adaptive t o plant 

parameter variations. 

Consider first the adaptivity of the variable sampling 

frequen cy system to plant parameter variations. The basic 

z-plane root-locus relationships are discussed in Appendix 

F. It is seen that this system is inherently adaptive to 

parametri c variations in the sense that the variable sampling 

frequen cy will compensate for the parametric variations which 

increas e or decrease the error rate. 

The sampling . ''qu.er: r:y is con tro 11 ed by a function of 

the first derivative of the error. In the sense that the 

varying plan t parameter will cause a variation of the error 

derivative, then the sampling frequency will be adaptive to 

this parameter variation. That is, if the parameter is 

varying or varied in such a manner as to reduce the error 

derivative , then the sampler will sample more slowly; and 

if the parameter variation increases the error derivative, 

then the sampler will sample more rapidly. 

Consider the situation where it is possible to measure 

the changes of a varying system parameter and, as a result 

of thi s information, correspondingly change the value of the 
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open loop gain or tt~ .mpling frequency. Specifically, 

consider the type li system with a fixed sampling period T, 

where 

G(z) = KT(l 
[ 

aT - 2 z + 
+ aT) aT + 2 

2 (z - 1)2 

Let the s~plane open-loop zero be changed from a to 

where is a positive real constant. As a compensation 

investigation, let T be changed from T to T/c1 , and 

K be changed from K to c 1K. Therefore, the products aT 

and KT are unchanged, and the z transform G(z) .1s 

exactly the same expression as before the disturbance c
1 

was introduced, However, the real time output response has 

been changed. Since the z transform is unchanged, it .1s 

. f h . th (. seen that the ampl.1tude o t e .1 sample, where _.1 = 0, 

1, 2, ... , n) is unchanged, however, the 
.th .1 sample now 

occurs at real time t = (T)(i)/c 1 instead of at t = (T)(i) 

as before . Therefore, this method of compensation preserves 

all relative response amplitudes but changes the time of the 

response, increasing the speed of response as the zero (or 

pole of the type I system) becomes larger in value and 

decreases the speed of response as the zero (or pole of the 

type I system ) becomes smaller in value. 

If it is desired to maintain exactly the same response 

characteristics while the open-loop zero value changes, then 

T and K may be varied in some programmed manner to achieve 

the desired response, but such an investigation is beyond the 

scope of this thesis. 
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Fig. 15 illust ratt~ the effect of introducing a change 

in the value o f t h e type I syste m open- loop pole. Fig. 15(a) 

shows the variable sampl i n g fr e quency response where b = 40, 

K = 1200, and .0 3 ~ T ~ . 0 7 . The response has essentially 

two overshoots and two undershoots . Fig. 15(b) shows fixed 

sampling frequency response where b = 20, K = 1200, and 

T = .024. The peak o vershoot is 77% and the response is 

relatively oscillatory. Fig. 15(c) shows the system response 

where b = 20 (0 S: t 'S .090), then b = 40 ( .090 <t), and 

K = 1200 with fixed T of T = . 025. The peak overshoot 

is 80% because of the b = 20 value, and after t = .090, 

b = 40 and the oscillation damps out quickly as in (a). 

The peak overshoot is greater in ( c ) than in (b) because the 

sampling period ln ( c) lS longer than the period in (b). In 

Fig. 15(d) the system is agaln b = 20 (0 ~ t 5 .090), then 

b = 40 (.090 < t) and K = 1200, with variable frequency 

sampling in the rang~ .019 5 T ~ .045 . Comparing (d) with 

(c), the peak overshoot is reduced from 80% to 70% as a result 

of the higher sampling frequency allowable, and the peak under

sh~ot is reduced from 20% to 15% because of the higher 

frequency sampling. The response in (d) has essentially two 

overshoots and two undershoots as ln the case (a). In 0.5 

seconds the transient has died out in both the fixed sampling 

case (c) and the variable sampling case (d). It is seen that 

the response in the variable sampling case with plant para

meter change has less peak overshoot and less peak undershoot 

than the fixed sampling case and has achieved the better 
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response with 17 Sdi"pl~..b in 0.5 seconds, while the fixed 

frequency sampler sampled 20 times in 0,5 seconds. 

The variable frequency sampler is control led by the 

erro r derivative with the sampling period T varying over 

a given range. The sampler is not aware of the source of 

the disturban ce causing the error derivative value, be it 

input signal , noise, system parameter variation, or load 

torque; the sampling frequency is determined within its 

range by th e error derivative value and, in this sense, the 

variable frequency sampling system is adaptive to all error 

producing disturbances. 
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CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

This thesis has described a method of adaptive sampling 

frequency control for sampled-data servomechanisms. In the 

system described, the minimpm sampling frequency for stability 

was about 50% of the sampling frequency necessary for the best 

transient response. Therefore, with the adaptive sampling 

frequency control generating a variable frequency between 

those two limits, the maximum possible reduction in the 

number of samples needed over a given period of time is 50% 

if the system is undisturbed during this time. The reduction 

ln number of samples over the settling time of the system to 

a step input was found to be about 20%. It would, therefore, 

seem conservative to estimate an overall reduction in number 

of samples required of about 2~%, or half the maximum possible 

reduction, for a system which is subject to disturbances 

relatively often but not continuously. 

Therefore, an approximate method of detern,lning the per 

cent reduction in number of samples using the adaptive samp

ling control is as follows: 

Determine the minimum sampling frequency for the system 

from absolute stability requirements and the maximum sampling 

frequency from transient requirements, bandwidth considera~ 

tions, or compar~son with a comparable continuous system. If 

these two frequencies are set as the limits of variable f 
s 

in the adaptive system, an approximate estimate of the average 
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J 0ver a long time 1s: 

l. + t . 
N -

___ max_ . m1n t 
~ 

If the system is subj~ct to few disturbances, N approaches 

f . t. On the other hand, if the system is continually dis
m1n 

turbed, N will increase toward f t 
max 

as an upper bound . 

In n o case will the number of samples required be greater 

than for the fixed f system. Even in a constan t ly disturbed 
s 

s ystem, E = 0 at each maximum and m1n1mum excursion of E 

and some reduct1on in sampling will occur. 

Recommendations for future investigation: 

1. Control the voltage controlled oscillator, the 

mul t ivibrator discussed in Appendix D, by the other methods 

d escribed therein; namely, by two values of I £J in the sample 

period and by continuously measuring 1£ I . Additional analog 

stag es could be used for inverting and biasing IE I instead of 

the bi as battery used here. 

2. Use an electronic function generator to generate any 

number of functions of I E I to control the sample period. I t 

is possible that functions other than the simple ones used 

here mi gh t provide more efficient sampling control. 

3. Approximate IE. I by backward differences taken on the 

output of the sampler and hold. In many systems, the con~ 

ti n u ous input to the sampler might not be readily available. 

Si n ce the sample period is variable, complications can be 

foreseen but the technique, if successful, would be direc t ly 

applicable to digital systems. 
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+ 

and d ~.- t ~ r m Lu c t t. 

sample. reyu~red. 

.1. 1 \ar:~,JUS .::,~rr1uL.).tcJ appl~c.ations 

s L~ffi a~Lrag~ saving in the numb~r of 

5. Dev~lop tht th~ory o1 variable frequency sampl~ng. 

The theory of f~xe~ sampling frequency sampled-data systems 

has been used in this proje~t. Process control theory, 

information theory, and statistical sampling theory all might 

aid in the development of a theory for this type of system. 
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~PPENDIX A 

1..\ J\l r _,_ -\NAIOG COMPltTER SIMULATION 

r1 t L om p 1 t:: t '- --' r J a 1 ) rr p 11 + E: r s e t up i s shown i n F l g 0 A 1 ~ 

TimE s aling of 20;1 was used throughout, i.e., 20 seconds of 

computer time corresponds to 1 second in the simulated servo 

system. 

The basic sampled data servo system is simulated by 

amplifiers 8 through 12. The control circuits for the sampler 

are incorporated in amplifiers 1 through 7. A further break

down of the system into 1ts functlonal parts follows. 

Amplifiers 8 and 10 through 12 are standard adders, sign 

changers, and integrators commonly used in analog simulation 

of servo systems. Amplifier q and the associated relay circuit 

make up the sampler and zero order hold simulator. This 

circuit samples the contlnuous error slgnal from amplifier 8 at 

intervals determined by the control circuits and holds the 

sampled voltage as a constant output to the next amplifier until 

the next sample occurs. At the time of the next sample, the 

output of amplifier 9 jumps to the new sampled value and again 

holds it constant. Appendix B contains a detailed explanation 

of the operation of the sampler and hold circuit. 

The first stage of the sampl1ng control circuits lS 

amplifier 1 which IS a differentiator. It provides the first 

derivative of the continuous error signal which is the output 

of summing amplifier 8 in the main channel of the simulated 

servo system. Amplifiers 2 and 3 are the precision absolute 

value detector and signal shaping Circuits. They take the 
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output Jt ampl1f 1 r t t1rst derivative of th e erro r 

sign a 1 , d tJ t t_ <... t lutt magnitud~ of it, and further 

shapc- ttlc: -:.lbr a. _1 .. 1. r e J t d r the \"a r i a b 1 e f r e que n c y 

oscillator. 1he ciTL0its associated with amplifiers 1 through 

3 are explained 1r deta1l in Appendix C. 

Amplifiers 4 through r are the voltage controlled var i a-

b l e frequency oscillatoz The frequency of the square wave 

output of amplifier 5 is a function of the input vo l tage to 

on e of the diode circuits associated with amplifier 4. The 

ope ration of the oscillator is explained in detail in App endi x 

D. Th e oscillator output is used to operate t he transistor-

i z e d relay control of the sampler and hold circuit at amplifier 

9 b ack in the mdin channel of the servo system. Thus, a 

signal which is a funct1.on of the servo system error signa l 

is us ed to automatically control the operation of the samp l er. 

The t ransistorized relay control is further described in 

Appendi x E. 

I n the ma1n channel of t he simulated servo system,ampl i-

fier 11 had two possible configuTations to provide a type 1 

or typ e 2 system. For the type 2 system, amp lifier 11 wa s 

set up wi t h the feedback resistor and the feedback capacitor 

in seri e s as shown in Pig. A-1 an d F ig . A~2. 

The transfer function of stag e 11 is then 

e 
0 -(s) = e. 
1 

s + a 
s 
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and the transfer £~ L1 )n of the: s imula t ed servo is 

where a = 

G(s) .:: K 

20 
RfCf 

with the 20:1 time sc a l i n g inc luded. 

Fo r the type 1 servo sys t e m, amplifier 11 was set up 

with the f eedb ack res i stor and feedback c ap ac itor in parallel 

as shown in Fig . A-3. The transfer function for stage 11 is 

then: 
e 
_9.(s) = -K 
e . 1 

1 
+ b 

~ 

and the transfer func t i on of the simulated servo is: 

G(s) = K 
s( s + b) 

where b = ~ with time scaling included . 
RfCf 

Am~lifier 10 is a sign change r necessitated by the sign 

change occurring in the sampler and hold stage, amplifier 9. 

If it is desired to simulate the servo as a continuous system 

without the sampler and hold for comparison of the responses 

in the continuous and sampled data modes of operation, ampli-

fiers 9 and 10 can be removed from the circuit and the output 

of amplifier 8 connected directly to the input of amplifier 11. 

A fixed sampling frequency or manually adjustable fre-

quency sampled data system may be simulated by connecting the 

output of a low frequency oscillator to the relay control 

circuit or, if the v ariable frequency oscillator has been 

set up, it may be u s ed in the following manner. Disconnect 
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Figo A-2. Stage 11 for Type 2 Systemo 

e· J. 
--------~-AvV~----+-~ 

~!) 
-(s) = e. 

~ 

Rl 

Fig. A-3o Sta~ 11 for Type 1 System& 
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the differen t iat ing amplifier number 1 and insert a fixed or 

adjustable volt age at th e input of amplifier 2 or, alterna= 

tively , dir ec t ly to the diode circuit of amplifier 4. The 

variabl e frequenc y oscillator will now operate as a conven 

tional fixed frequency oscillator and the operation of the 

sampled data system with fixed sampling fequency may be 

observed. 

The analog computer used was the Donner Model 3000 which 

has ten operational amplifiers. The remainder of the necessary 

amplifiers were, at various times in the study, Philbrick 

Model USA- 3, GAP/R Model K2, and Boeing models, all chopper 

stabilized. I t was found necessary to use one of the chopper 

stabilized amplifiers for the sampler and zero-order hold 

simulator, ampli f ier 9, since the Donner amplifiers would not 

respond equally to positive and negative steps under the 

stringent conditions imposed by the relay circuit. 

Auxiliary voltages were taken from the Donner Computer 

initial condition board for low power uses,such as comparator 

levels, and from auxiliary dry cells for higher power uses, 

such as the relay power supply. A Hewlett-Packard Model 712 

or two Model 711 power supplies were used to power the chopper 

stabilized amplifiers. 

The analog simulation circuits used in this study have 

proven to be quite f l exible and readily adaptable to various 

control arrangements . To the knowledge of the authors, this 

is the first analog simulation of a sampled data servo system 

possessing automatic sampling frequency control. 
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APPENDIX B 

SAMPLER AND ZERO-ORDER HOLD SIMULATOR 

The sampler and zero-order hold simulator consists of a 

high gain operational amplifier, a two position relay, a 

pair of storage capacitor s which can be adjusted to an exact 

2:1 ratio, and an adjustable potentiometer. The circuit ~s 

shown in Fig. B-1. Referring to Fig. l, potentiometer R 

should be adjusted with the wiper-arm at the mid-resistance 

point so that, R = 2 

Storage capaci tor c 1 , between the relay arm and ground, 

is twice as large as feedback capacitor cf ' i.e.' 

The two relationships R1 = Rf and c
1 

= 2Cf are essential 

to the proper operation of the circuit. On the other hand, 

the exact magnitudes of R and C are not critical. (With 

the Boeing and Philbrick operational amplifiers in the circuit, 

R = 50K and C = 0.005 pf were found to be satisfactory.) 

Therefore, rather than requiring high tolerance components, 

the circuit was designed so that R1 , Rf, and Cf could be 

adjusted with the circuit in operation, allowing the use of 

inexpensive components. 

A small damp~ ng resistor, rd (390 ohms), ~s incorporated 

~n the feedback capacitor circuit to suppress unwanted high 

frequency oscillations when the relay switches. It is not 
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essential t o the th eory of operation and will be omitted 

from t he r em a i nder of the f igure s and d iscuss ion. 

The sample occurs wh en the relay arm moves from position 

1, th e i nput s i de to posi t ion 2 , the grid of the operational 

amplifier. Eac h t i me the arm moves from 1 to 2, e jumps 
0 

to a value -e. and holds that value until the next time 
~ 

the arm moves from 1 to 2. The reverse movement of the arm 

from 2 to 1 has no effect on e or e. and can occur at 
0 ~ 

any time between samples. Therefore, if the relay to be used 

in the circuit o perates faster or more reliably in one direc ~ 

tion than i n th e other, it should be installed so that the 

best operation i s from position 1 to position 2. 

A detail e d explanation of the operation is as follows: 

Assume that the a rm of the relay l S to the left at position 1, 

the input side, and at time t = o moves to the right to 

position 2, the grid side. ( See Fig. B-2). Before the relay 

moves, at t = 0 - , the voltage across capacitor c 1 is 

e. + e 
~ 0 

2 

Q
1 

= (2C) 

and the charge on cl 

e. + e 
~ 0 

2 = C(e. + e ) 
~ 0 

(1) 

The operational amplifier has a gain -K which should be 

very high, say 104 to 106 . 

Then, along the forward amplifier circuit 

e = - Ke 
0 g 

Around the feedback circuit 

Qf 
e = e + 

g o Cf 
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Combining ( 2 ) and (3) 

e = -Ke 
0 g 

Rearranging : 

Qf 
e = -K --

o cf 
1 + K 

But since K >>· 1 

Then, by 

From (6) 

e 
0 

( 3) 

e g 

the 

Qf 

= 
~f 

- cf 

and (6) 

Qf 
= - cf 

+ 

charge on 

= -Cfeo = 

(4) 

(5) 

(6) 

Qf 
0 

cf 
= (7) 

the feedback capacitor cf is 

-Ce 
0 

(8) 

At t = 0 the relay arm moves to position 2, the grid of 

the operational amplifier. (Fig. B-3). The total charge 

on the grid circuit is now the sum of the separate charges 

on the two capacitors before the switch: 

Then, from (1) and (8) 

Q = C( e. + e ) 
1 0 

Ce = Ce. 
0 1 

(9) 

(10) 

Around the operational amplifier the same relations 

still hold between e and e · hence, the final result 
g 0 ' 

must be that e = 0 . The only way for this requirement to g 

be met 1S for Capacitor Cl to be discharged, the entire 
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charge going to fe e db ac k capacitor Cf . That this is true 

physically can be s een by the following analysis: Assume 

e. + e 
that 1 0 

2 
is positive. Then, at the sample time, a 

positi ve voltage is suddenly applied to the grid circuit of 

the operational amplifier driving the output negative. Because 

of the high gain of the amplifier, the output continues in-

creasing negatively until the grid voltage is reduced to zero 

via the feedback capacitor cf Then the charge on capacitor 

cl 1S zero and the charge on cf becomes, from equation (10): 

Then, 

which 

t = 0 

Qf2 = Q = Ce. 1 (11) 

from equation ( 6 ) : 

-Q -Ce. 1 e = 
cf 

= -c- = - e. 
0 1 (12) 

is the desired result. 

Thus, e 
0 

jumps from lt s original value to -e. 
1 

at 

The feedback capacitor holds e constant until the 
0 

relay arm moves back to the input side and then returns to the 

grid with another charge Q The circuit thereby accomplishes 

its purpose; namely, to sample the input when the switch is 

operated, reproduce the input magnitude at its output, and 

hold the magnitude constant between sample times. 

If there is any delay between the time the relay leaves 

side 1 and the time it arrives at side 2, there will be an 

equal delay in the sampled output. The speed of the return 

movement 1s not critical and can occur at any time between 

samples. The relay used 1n this study was a Potter and 
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Brumfield Model SCllD. At the sampling frequencies used 

there was no significant delay time arising from the relay 

oper ation. 

For proper operation of the circuit, the potentiometer 

R must be adjusted so that the voltage at position 1 is 

exactl y the average of the input and output voltages, i.e., 

e. + e 
e = 

1 
1 0 

2 

Also, the in-circuit capacitances of c1 and Cf must be in 

an exact 2:1 ratio. In order to meet these requirements, it 

was found necessary to calibrate or adjus t the system after 

construction. Calibration procedure is as follows: 

Use a square wave from a low-frequency function generator 

for a test input . Operate the sampler at a frequency at least 

four times that of the test input so that at least two ou tput 

samples can be observed during each half - cycle of the test 

input . If the circuit is not properly adjusted, the output 

will overshoot or unders hoot on the first sample of each half -

cycle of the input. (F ig. B-4a) . After proper adjustment of 

the potentiometer and the capacitance, the output will be a 

rectangular wave of the same amplitudes as the input with a 

time delay less than or equal to the sample period. (Fig. 

B-4c). Note that in Fig. B-4a the sampling frequency is 

approximat ely four times the square - wave input frequency and 

in Rig . B-4c the samplin g frequency is about ten times the 

test input frequency; however, the overshoot or undershoot 1s 

dependent only on the adjustment of the circuit, not on the 
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relative frequencies. If both the potentiometer and the 

capacit ances are miscalibra ted, it is possible for the over-

shoot or undershoot condit ion not to appear, but the uutput 

voltage will not have the same magnitude as the input . Both 

the potentiometer and the trimmer capacitors must be adjusted 

simultaneously to attain the calibrated condition of no 

undershoot or overshoot and exact equality of output to input . 

Recordings of the sampled o~tput of a triangular input func-

tion are shown ln Fig. B~S over a range of sampling frequencies. 

It should be noted that the only requirement on the relay 

for accurate sampling results with this circuit is the absence 

of swit ching delay time in one direction, a requir ement which 

can be readily met by commercially available relays . This 

two capacitor sampler and hold also has zero pulse width since 

the instantaneous input at the switching t ime is held as a 

constant output until the next sample time. By way of 

contrast, the usual type of single c ~pacitor sampler and hold, 

shown below, requires the relay to close and open rapidly for 

a narrow but finite pulse width. Also, capacitor Cf must 

be large enough to hold the output constant between samples 

but time constant R1Cf must be small compared with the pulse 

width in order for the output to reproduce the input magnitude. 

e· 
l 

R 
---y\_,·\../ 

P, I P, 

i 
___ ___,/_~~- K 

~ 
Figure B-6. Ord inary One-C apacitor Hold. 
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It was felt that the two capacitor circuit used here 

was very successful and several circuits were constructed 

as plug-in units . 
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APPENDIX C 

DIFFERENT I ATOR AND ABSOLUTE VALUE DETECTOR CIRCUITS 

The conversion of the error signal E to a signal which 

is a function of the time derivative of E i? accomplished 

in two analog simulated circuits. These circuits are shown 

in Fig. C- 1. The two circuits are a differentiating circuit 

and a prec i sion absolute value detector with limiting. 

The differentiating circuit is accomplished in a conven -

tional manner using one high gain amplifier. In Fig. C-1 

the differentiating circuit uses amplifier 1. Adequate 

response and stability were achieved by employing a 15 K 

damping resistor in the input to the ordinarily noisy analog 

differentiator circuit. It is to be noted here that the 

differentiator serves its purpose adequately by providing 

relative rates rather than by being required to provide 

absolute derivative values for successful control signal gene-

ration. The input to the differentiating stage is ~E and 

the output, which may be scaled as desired, is in this case 

• 
±E . 

The second stage of the conversion is the absolute value 

detector circuit. Fig. C-1 shows amplifiers 2 and 3 with the 

circuitry for the absolute value detector. This circuit was 

designed by modifying a precision absolute-value device (linear 

full-wave rectifier) circuit suggested by Korn and Korn 7 and 

Morrill and Baum6 . If the feedback circuit for amplifier 3 

consists only of the L Megohm resistor, the absolute value 
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detect r utpllt 1 s vvn in Fig. c a. d · wever~ the 

de:::,ir . t, t r ,; 1 r :iS achieved t;y c_mpluy~ng di Je- 1.1.miting 

~n the teedback .l--' d t I1 amplifier 3. This resulted l.n the 

output d.S shown l_T1 i< j_ g C-.Gb. In Fig. C-1 it is seen that 

once the upper t~edback diode of amplifier 2 begins to cut 

off, the high amplifier gain of amplifier 2 limits the outpu t 

sharply. The lower feedback diode of amplifier 2 prevents 

amplifier overloads when the input signal to amplifier 2 goes 

negative. MorJ;ill and Baum have shown that the voltage feed= 

back arrangement Leaves the circuit gain essentially independent 

of the diQde plate resistance and thus the output follows the 

input quite precisely. (See Fig. C- 3). The absolute value 

detector separates the magnitude from the sign of an input sig 

nal by a signal discriminating process. All input signals are 

either positive or negative. If the input signal is +x. 
~ 

amplifi er 2 acts as a 1-to-1 sign changer and changes the 

signal from +x. to -x. and amplifier 3 ' a scaled summer, 
l_ l_ 

then adds ~4x, and +2x. and changes the sign of the summa~ 

tion so 

the +x. 
l_ 

l_ 

that ,( 

input. 

l_ 

(-~·) 4x. + r+) 2x.) = +2x. 
l_ l_ l_ 

If the i nput signal is 

2 has 0 output and amplif ier 3 adds 0 and 

l.S the output of 

-x. , then amplifier 
l_ 

-2x 
l_ 

changing the 

sign of the summation so that -(0 + (-) 2x.) = +2x. 
l_ l_ 

is the 

output of the ~x. 
l_ 

input. (See Fig. C- l 

for graphic representat i on.) If necessary, x
0 

~ ·~2~xil is 

achieved by reversing the diodes and bias voltages. The output 

magnitude may L'e scaled as desired by varying the feedback 
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(c) components of output of amplifier 3 1 (d) output of 
amplifier 3. 



resistor value in amp11t1er 3. If the feedback resistor used 

has the value kM, Lhen the output is x
0 

= k xil The 

output of the absolute value detector can be DC biased as 

desired. The diode limiter in the feedback path of amplifier 

3 changes the slope of the output after the break voltage. 

Absolute value detection with limiting then allows monotonic 

function generation with the input the independent variable. 

I n this case, a simple function 

( -V =- x. '=:. V ) 
c 1 c 

X 
0 

= k 
2 v (k. - k2) c 1 

=:; X.) 
1 

was adequate for the desired signal generation. The slopes 

k1 and k 2 are determined by the feedback resistances, and 

the break points, Vc, are determined by the diode biasing 

v o l tages. Fig. C-5 shows the relationship of the feedback 

limiter to the output as used in amplifier 3. The slope of 

the diode limited branch (x 
0 

Eb) 1S 

Rf (rb + rd) 

Rl (Rf + rb + r ) 
d 

wher e is the diode resistance and the slope of the un~ 

limit ed branch 
Rf 

1S Thus, as 

be come very small with respect to Rf 

of the diode limited branch approaches 

and R
1 

, 

1 
- R. 

1 

and 

the slope 

A desired sampling time control re l ationship 1s T = 
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where:: c. 
l 

l s a con~ 1 . r t so or 

• r 
E i where c 

2 
lS a constant and ~ is the sampling 

frequency, is a desired response of the voltage controlled 

oscillator to the controlling E I input. Therefore, the 

diode limited branch of the absolute value detector was adjusted 

to produce an output of the voltage controlled, variable 

frequency oscillator which approximated the desired test 

function of c 2fs
2 

= li I. 
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APPENDIX D 

THE VOLTAGE CONTROLLED OSCILLATOR 

The voltage controlled variable frequency oscillator 1s 

simulated on the analog computer by a free-running multi-

vibrator which has a period controlled by a voltage input. 

The circuit is an extension of a fixed period astable multi-

vibrator described by Morrill and Baum (Ref. 6). It consists 

of four amplifier stages: two comparators, an integrator, 

and a sign changer. The arrangement is shown in Fig. D-1. 

The control volt age IE I is applied through a 45-vol t bias 

battery to one of the diode circuits on comparator amplifier 

4. The output of comparator amplifier 5 is then a s quare 

wave of constant amplitude having a period T governed by the 

equation T = A(45v - IE I ) sec. It is this output voltage 

which is used to control the sampler circuit in the simulated 

s ervo system. An explanation of the circuit operation and 

d erivation of the equation for T follows. 

Amplifiers 4 and 5 are comparators. Their operation will 

be explained with the aid of Fig. D-2. In Fig. D-2a, R
1 

and 

R2 are much larger than r 1 , r i , r 2 , r 2 . In this project, 

and were 1 megohm and r + r ' 1 1 + r' 
2 

were 25K 

ohms. The diodes used were GE 1N538 silicon -junction rectifiers. 

The relationship between the grid voltage e g and the 

output voltage e is, along the amplifier forward path, 
0 

e = ~Ke 
0 g 

(1) 
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To find the rel ationships around the feedback paths, 

assume that a small posi tive voltage is applied to the grid. 

Then e is negative and the lower feedback path is certainly 
0 

cut off . The upper diode is cut off if the voltage at the 

potentiometer arm is more positive than e 
g 

In that case, 

the gain of the stage is - K since both feedback loops are 

open circuit . Since K is very large in the operational 

amplifier, e decreases until the voltage at the potentiometer 
0 

arm is less than the grid voltage. Then the upper diode 

conducts and , assuming negligible forward resistance in the 

diode, the gain of the stage becomes practically zero since 

r 1 <<R1 and the gain of an operational amplifier with resis

r 
__! << 1 
Rl 

tive feedback is The relationship between the grid 

voltage and the output voltage around the feedback path is 

e = e + ir
1 

(2) 
g 0 

Combining (1) and ( 2)' e = - K(e + ir
1

) (3) 
0 0 

Rearranging : r IV 

(4) e = ~- K -~ rl 0 1 + 

since K>> 1 

Then from (2) ir1 
"-' 

- ir i.rl 0 (5) e = e + + = g 0 1 

Thus, the voltage on the potentiometer arm for the diode to 

just conduct is approxi mately zero. 

Since R1 , R2 are much greater than r 1 , rl the 

current flowing from the input voltage sources will be negli

gible compared with the current from the clamping voltage 

source +X . Then the current through the entire potentiometer 
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X e 
0 

l.S 1. = = r r rl 1 
(6) 

Thus, the output 1.S clamped to 

rl 
e = -X -

0 r' 
1 

(7) 

Likewise , if a small negative voltage 1.S on the grid, the 

output volt age will be 

r2 r2 
(8) e = - ( - X-) = X-

0 r' r' 
2 2 

since the lower feedback diode will be in operation. 

The division point for the output to switch from one 

voltage to the other is the zero potential point of the grid 

circuit, or the point at which the sum of the input voltage 

is zero. Thus, the output switches from one polarity to the 

other when e 1 + e
2 

= 0 , that is when 

in Fig . D-2b. 

-e 2 
as shown 

Referring again to Fig. D- 1, comparator amplifier 4 has 

only one input to the grid circuit, the output of comparator 

amplifier 5. The cl amping voltages are (-45 + 1£ I) and 

zero. Hence, the output of amplifier 4 will be zero when its 

input is positive and a(45 - 1£ I ) when its input is negative . 

Where "a" is the potentiometer setting 
r2 
rr 

2 
in the lower feed ~ 

back· circuit . The reason for using the control voltage IE I 
in this manner will be seen in the final expression for T . 

Comparator amplifier 5 has two inputs from amplifiers 4 and 7 

and, hence, will switch when e 4 + e
7 

= 0 

The clamping voltage s and potentiome :ers are set so that 
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the output wi l l be clamped to ~ 50 b, wh e re "bu is the 

potentiomet e r setting for both diode circuits in comparator 

5, th e sign used being opposite to e 4 + e
7 

. In practi c e, 

the two potentiome t e r settings were made approximately equal 

by screwdriver adjustment, there being no need for precise 

equality. 

Waveforms of the outputs of the multivibrator stages are 

shown in Fig. D- 3 . Integrating amplifier 6 has a ramp output 

of slope 
SOb - SOb 

~- ( 0. 5) ( 2) = + 

Amplifier 7 reve rse s the slopes of the ramps. 

Whenever comparator 5 switches, l.e., at 

e
7 

= 0 

and at e
7 

= - c 4 s v - I £ I ) a 

Since lS a ramp of constant slope : SOb , the time for 

a half cycle can be derived from the equation 

-so bt = - c 4s - I£ I ) a 

or 

t = c 45 - I£ I ) a 
50 b 

and the period of a complete cycle lS 

T 
(45 - I£ I ) a 

= 25 b 

This equation lS of the form 

T = A(45 - I£ I ) 

and lS graphed ln Fig. D-4a. 

As explained in Appendix c the con t rol voltage 1£ I may be 

shaped to provide desired frequency control characteristics. 
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In this study, one sch em e used was to multiply li I by a 

constant and limit it in the absolute value detector . Fig. D- 4b 

is a typical T vs. :i I curve resulting from such shap i ng . 

Another method of control was to make the absolute value 

detec tor also a comparator so that two fixed control voltage 

levels appear as the input to the multivibratorr Fig. D-4c is 

the resul ting two-level T vs. I£ I graph. Obviously, many 

more complicated functions of Iii could be generated by exten-

sions or combinations of these methods or by using an electronic 

function generator such as Donner Model 3750. Fig. D-5 shows 

actual recordings of the multivibrator waveforms as li I is 

varied . The T vs. 1£ I characteristic for these recordings 

was of the type shown in Fig. D-4b. 

If li I changes during the sampler cycle, as will often be 

the case, the time for one complete period beginning and ending 

with e
7 

= 0 will be set by the value of Iii at the mid -cyc le 

point when A(45 -lEI) 
t = 2 

Thus, the sampling frequency lS changed once per cycle 

by a single value of the control voltage. If the inverse of 

the control voltage plus bias were applied to the second diode 

circuit of compara tor stage 4, both the plus and minus limits 

of its output would vary and stage 7 would then integrate 

between two variabl e levels instead of one variable and one 

fixed level. The s~mple period would then be set by two 

values of ji I per sample cycle. Future experimentation might 

indic ate whether the added complexity of the control circuit 
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(c) Output of amplifier #6 
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f o r such a sys t em could b e justified by improved performance. 

Another multivibra tor control method not used in t his 

project would be t o reve rse the roles of the comparator s b y 

apply ing + 50 volts to the diode circuits of stage 4 and the 

I£ I control volt a g e t o the diode circuits of stage 5. Then 

e
7 

al ways i n t e grates to the same voltage + 50a, but integrator 

stage 7 now produces an output of slope :: b IE I . Then 

switching take s place when 

/' t 

b ( I E I d t = 100 a 
0 

Thus, the period i s a function of the value of IE I integrated 

over the entire s ample period rather than the value at one or 

two points i n the cycle as in the two previous cases . If IE I 
is constant 

the period, 

b I E I t = b I E I .! = 100 a 2 

200a 
T = 

b I£ I = 1 

c I£ I 
and the sampling frequency is: 

f = c I£ I 
s 

If 1£1 varies rapidly during the sample period, this period 

might give better control; however, the sample period would 

probably have to be reduced to properly control a servo whose 

velocity varied so rapidly. Therefore, the assumption made 

during this proj e ct that 1£ I would not change erratically 

during a s a mple period seems valid. 

If 1£ I were not available as a continuous variable, but 
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on l y by com~~ting ba.k r.1 differences on the sampled erro r 

signal, then any Lt tbese methods would be dependent on a 

singl~ estimate ut , E ln each sample period. The pr1ncipal 

r eason for using the ~ingle point control in this project was 

t hat it was the simplest method available and the results were 

v e r y satisfactory. 
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APPENDIX E 

TRANSI~T0RIZED SAMPLER RELAY CONTROL 

The function of sampling with a zero order hold 1s accom-

plished by the sampler and zero order hold simulator circuit. 

See Fig. E-1. The simulator circuit samples the error signal 

E and then maintains or holds this signal level E* until 
h 

the next sample is taken by the switching action of a two-

position relay in the sampler and zero order hold simulator 

circuit. The switching of this relay is controlled by the 

output signal of the voltage controlled oscillator. The relay 

control circuit is shown in Fig. E-1. The circuit is composed 

of a Potter and Brumfield SCllD 24 V-DC two-position relay and 

a 2N597 transistor. The transistor is base controlled by the 

output signal of the voltage controlled oscillator. A 22K 

base resistor protects the base circuit and the relay coil 

resistance provides the load for the collector-emitter circuit. 

A 24 volt transistor power supply completes the relay control 

circuit. This relay is a standard ganged-action, double circuit 

model. The double circuit relay was used so that an indicating 

light could be incorporated in the system which would show 

whether the sampler relay was open or closed. The light is 

not necessary to the circuit except as a convenient visual aid 

in determining the position of the sampler relay or the approx~ 

imate sampling rate. A GE-327 light was used. 

The output of the voltage controlled, variable frequency 

oscillator is used to switch the transistor on and off. The 
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trans1st0r optratt~ 1 1ther non conducting or saturated 

conducting state~. lu~ transistor acts as an on~off switc'h 

to optn or close tll(: .J.f volt power supply which energizes 

the relay coil and thus opens or closes the relay in the 

sampler and zero order hold circuit. In this manner. the 

IE I controlled, time variable frequency output of the voltage 

controlled oscillator determines the sampling frequency of 

the sampler and zero order hold. 
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n.PP.ENDIX .b 

1 t root l0c~~ ~rdlysis in the z-plane will provide a 

gr apr11, d.l me thud .t ur observ1 ng the movement of the closed loop 

roots as a result of vary1ng the sampling period or the open 

loop poles, zeros, or gain. The discussion will include one 

section for the analysis of a type I second order servo and 

one section for the analysis of a type II second order servo 

system. 

Given that 

Type I Servo 

K 
G(s) - s(s + b) and the fixed period sampler 

is followed by a zero order hold as shown in Fig. F-1, then 

E* , 1 -se-T~ 1"-[S ( ~ + _b-...-)·1---,---C-

... --- ·------------

~ig. F-1. Sampled-data feedback control system 

th~ z transform G(z) is: 

G(z) 
K

1
(z + z

1
) 

( z - 1 T(z - p 1) 

K ( -bT K
1 

= - bT + e ~- 1) 
b2 

= 1 - e-bT(l + bT) 
zl -bT 

bT + e -1 

-bT 
Pl = e 

It 1s noted dld. t, in general, the substitutions of the 
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fun ctions of b, K, and T for z 1 , p1 , and K1 will result 

ln unwieldy expressions . 

The limits on K1 , z 1 , and p 1 are, for all values of 

K, b , T fr om zer o to + 00 

0 ~ 

Kl ::: ,:;-(_-, 

0 = zl ~ 1 

0 -= pl ~ 1 

so the op e n loop zero zl lS always between z = 0 and z = - 1 

and the ope n l o op pole pl lS always between z = 0 and z = 1 . 

The z - plane root- locus diagrams are shown in Table F-1. 

By obs e r vi ng that the root-locus equation is: 

(z l)(z = -1 

where z = x + jy then 

(x - 1 + jy)(x - p
1 

+ jy) = -1 

Solving the g a in or phase equation shows that the curved portion 

of the root - l ocus is a circle with its center at and with 

radius 

The intercepts of the circle with the real axis are the root-

locus breakaway points which are: 

z = -zl ~ [c zl + l)Cz
1 

+ pl) J 1/2 
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1-----------------------r--------------~r----------------------------~ 
l<oot-1 ocus 

configuration 

all circular loci 
inside unit circ1e 

circular locus 
tangent . to unit 
circle at z = -1 

all circular loci 
intersect the 
unit circle 

Conditions for · Gain range for stable 

configuration response 

bT > 3. 71 

1-p 
z 1 =--1 

3 + pl 

bT = 3. 71 

bT < 3.71 

2b 2 (1 + e-bT) K ~ .;;:.;:._..:...=._~---:...------

bT(l + e-bT)- 2(1- e-bT) 

Table F-1. Summary of z-plane root-locus diagrams. 
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The double real roots occur at the two breakaway points and 

the gain at these points is: 

Next, the critical value of z 1 c is found such that the 

three root -locus configurations as listed in Table F-1 may be 

defined. The required relation 1s: 

and the solution 1s: 

1 - pl 
= 2 lc 3 + pl 

and in terms of b and T : 

1 -bT - e 
2 l c = 

3 -bT 
+ e 

The maximum gain for stability will now be determined for 

each of the three configurations. For bT < 3.71 the maximum 

gain for stability is determined by the intersection of the 

root-locus circle and the unit circle. Three equations result; 

namely, 

= 
[cl - x)2 + y2 J [ex - pl)2 + y2] 

(zl + l)(zl + pl) 
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Thes e equ ation s reduce to: 

(bT<3.71) 

and in terms of b and T 

K = b2(1 - e-bT) 

1 - e-bT(l + bT) 
(bT < 3. 71) 

for the max~mum gain for stable response. Similarly, 

(bT > 3. 71) 

(bT > 3. 71) 

for the max imum gain for stable response. For the final 

con£ i gu1 2. t ion: 

K = 3 + p lm · 1 ( bT = 3. 71) 

(bT = 3. 71) 

for the maximum gain for stable response. A summary of these 

results is compiled in Table F-1. 

It ~s t o be noted that for a fixed value of b and a 

fixed value of T , variable values of the open loop gain K 

will then move the closed loop root1 on the same fixed root

locus circle (assuming K produces roots in the circula~ 

locus range) since the values of p 1 and z 1 are unchanged. 

For fixed b and fixed K values, variable values of T will 

cause the values of p1 , z 1 , and K1 to be changed so the 
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closed loop roo ts will be moved to a different root-locus 

circ l e because of the ne w pl and zl values, and the roots 

will probably b e mo ved t o a different position on the new 

root -loc us circle because of the new Kl value. For fixed 

K and T values , variable values of b will cause the values 

of and to be changed so the closed loop roots 

will be moved to a different root-locus circle because of the 

new and z 
1 

values, and the roots will probably be 

moved to a d i fferent position on the new root-locus circle 

because of the new K1 value. 

Also note that if b is changed to the new value c
1

b 

(where c
1 

is a positive real constant) and T is changed 

to the new value T/c1 so that the product bT = Cc 1b)(T/c1 ) 

= bT lS unchanged, then the closed loop root positions will 

be moved on the same fixed root-locus circle since the root 

locus gain K1 has been changed by the factor 1/ci even 

though z
1 

and are unchanged in value. 

Type II Servo 

Given that G(s) = 
K( s + a) 

2 
s 

and the fixed period 

sampler is followed by a zero order hold as in the system of 

Fig. F- 1, then the z transform G(z) lS: 

Kl = KT(l + aT) 
K1 Cz + zl) 

2 

G(z) = 
(z 1)2 = aT - 2 - zl aT + 2 
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Th e unrestricted l i mit s on Kl and zl are, for all v a l u es 

of K, a, T from zero to + cD 

0 -::: 
Kl 

..:::: 
oO 

- 1 ~ ~ 1 - z l 

The root - locus equation is: 

= -1 

Subs ti tu ting z = x + jy , and reducing the resulting equa-

tion gives: 

( 1) 2 (x + zl) 2 + y 2 zl + = 

The resulting equation is the equation of a cir c le with center 

at radius R = z
1 

+ 1 , and always contains the 

point z = 1 . The root-locus diagram is illustrated in 

Fig. F-2. 

z-plane 

Fig. F-2. Root - locus d iagram where -1 

As in the case of t he type I s y stem, there are again three 

root - locus configurations; namely, (1) the root - locus circle 

inside the unit circle and tangent at z = 1, ( 2 ) the root-

locus circle coincident with the unit circle, and (3) the 
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root-locus circle outside the unit circle and tangent at z = 1 

Of course, the system response is always unstable for configu-

ration (3) and always conditionally stable for configuration 

(2) and, therefore, these two configurations will not be 

considered. In order to obtain configuration (1), the open 

loop zero must be in the range -1 -= = 0 and only in 

this range. Because of the range of z 1 , any expression 

in v o 1 vi n g ( + z 
1 

) c an be r e w r i t ten w i t h ( .... I z 
1

1 ) ; e . g . , the 

radius of the root-locus circle is R = 1 + z
1 

= 1 -

the center of the root-locus circle is at 

The circular root-locus portion has gain range 

0 4R , which 1.s: 

0 

The gain for the entire stable response region is: 

0 

In terms of a, K, and T, 

0 ~ 

which reduces to; 

0 ~ 

Also, since - 1 == zl = 

(2)(2) 
1 - z

1 

this range becomes ; 

KT(l + aT) .:::: 4 
2 1 

aT - aT 

KT ~ 2 

0 then -1 := aT 
' aT 

which becomes: 0 ~ at : 2 

-
+ 

-
+ 

2 
2 

2 
2 

£ 

Thus, there are simultaneous conditions on T; namely, 

0 aT 2 

and 0 = KT ~ 2 
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which conveniently separate so that: 

0 ~ T .,::. 2 (for K) a > a 

and 0 ~ T = 2 (for < K) 
K 

a 

are the conditions on T in order to have a stable response. 

Notice that these expressions for the range of T for 

stability are simple and straightforward compared to the same 

expressions for the type I system. 

The closed loop root positions of the type II system are 

repositioned in the same manner as are the type I system 

roots with respect to varying one of the fixed values K, a, 

or T, while holding the other two values fixed. 
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Adaptive sampling frequency for sampled-
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