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FOREWORD

This report was prepared by personnel of the Flight Mechanics
Division, Air Force Flight Dynamics Laboratory, and the Digital

Computation Division, Aeronautical Systems Division.  The report was
prepared under Project ,431, "Flight Path Analysis," Task 143109,
"Trajectory and Motion Analysis of Flight Vehicles.” The formulation

and interim documentation were completed by Major Urban H. D. Lynch.
Programming was accomplished by Mr. Fay 0. Young of the Digital
Computation Division (ASVCP) of the Aeronautical Systems Division
Computer Science Center (ASV). This report, prepared by Mr. John

J. Dueweke of the High Speed Aero Performance Branch ( FXG), combines
the anplicable portions of FDL-TDk-64-1, Part I, Volume 1, with the
interim documentation prepared by Major Lyrch.

This report is divided into four parts:

Part I: Capabilities of the Takeoff and Landing Analysis Computer
Program

Part II: Problem Formulation
Pa-t TII: User's Manual

Part IV:  Progiamme ~'s Manual
This document was submitted by the authors September 1371,
This report has been reviewed and is approved.
- \
by @ lotimatr
PHILIP P. ANTONATOS

Chief, Flight Mechanics Division
Air Force Flight Dvnamics Laboratory
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ABSTRACT

Aowell-defined integration of the various aspects of the aircraft
takeoff and landing problem is presented in the form of a generalized
computer program. Total aircraft system performance is evaluated
during the glide slope, flare, landing roll, and takeoff.

The flight dynamics of a generalized, rigid body, aerospace
vehicle are formulated in six degrees of freedom; a flat, nonrotating
Earth is assumed. The independent equations of motion of up to five
oleo-type Tanding gears are also formulated.

A control management formulation is developed to automatically
adjust control variables to correct errors in the vehicle's dynamic
state. Stability in the small is used to maintain stability in the

large.

The equations of motion are integrated using a generalized vaviable

step Runge-Kutta technique.

The formulation is programmed for the CDC 6000 and Cybar 70 Computer
Systems. The program is programmed in Fcrtran Extended using the Scope
3.4 operating system.
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o )
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c . d Cy/Q(BdZIZVa)axC.G. ~ per radian per font

s

x
c 32C /38381 - per degreez
y y
Bér
c 3C_/38r - per degree
Yex v/ P g
2 2 2

cyarg 9 cy/acr - per degree

c C ata =8 = Q°

Yo y
D Drag force vector

D‘ Increnent size in flare a search - degrees

D. Increase of touchdown point past ... - ft

DR Required drag force in glide alope'— 1be

Dak
Dyk Runway axes components of the vector i}k - ft
Dtk

dl Pitch reference length (usually mean aerodynamic chord) - £t
d2 Yaw reference length (usually wing span) - ft

Runway elevation angle - degrees

!.k Error allowed in integrating L% around the positions zero and Sy ft
B.kz Error allowed in integrating 8,2 around the positions zero and Skzr - ft
2 Total applied vector force

rckz Secondary piston stop contact force for the kth strut-lbs
Tex

cy Body axes components of the vector Toc - Ibe

| 4

cs

;SC Parachuts drag force vector

PDC Magnitude of the vactor ?Dc - 1bs
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I;k component of the vector ;Ekk ~ lbs

k component of the vector FTRk - lbas

-
< !

Frictieon force af wing gear root for the k strut - lbe

Friction force vector between runway and tiree on kth strut - 1lbs

Magnitude of the vector ;EPR - 1lbs

Total applied vector force on the k:h body

One of many vector forces applied to the kth strut
Gravity force vector acting on kth strut

lzk component of the vector st ~ 1lbs

1_, component of a vector ;g - 1bs

zk
Applied vector force on secondary piston in kth strut

lzk component of the vector sz - 1bs

Total applied vector force o the system of K + 1 bodies, namely the
vehicle

Ground reaction component along the nugative lzk direction -- 1lbs

Total ground reaction vector, summed over all k gears from k = 1 to k = K

Body axes co.moneuts of the vector PT‘ - 1lbs

Total ground reaction force vector acting on kth strul

Runwvay axes compounent of the vector ;é,t ~ 1bs
Runway axes component of the veccor ;E?k - 1be
Ground reaction force vector normal to the runway
Magunitude of the vector le:k ~ lba

Orifice drag force - 1lbe
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Body axes ccmponents of the vector f& - 1bs

Body axes components of that portion of total ground reaction
force vector, FTR’ which 1s transmitted to the main airframe - lbs

Force deflection curve for a single tire on kth strut ~ lba/tire
Vector acceleration due to gravity

Magnitude of the vector g; 32.174 ftleecz -1"g

Body axes components of the vector g — ft/aec2

Izk component of the vector g -~ ft/sec
Rigid body angular momentum about mass center

Vector moment of linesr momentum of kth body about kth body mass
center - ft-lp-sec

Body axes components of the vector H - ft-lb-sec

Alt{tude of vehicle mass center above rumry origin - ft

Altitude of glide slope origin above runway origin, nanely, the
heighy of the CG above the runway at finpact - ft

Vertical glide slope position error -~ ft
Rate of vertical glide slope position error - ft/sec

Allowed glide slope position error in the vertical plane - ft

xvii
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Total vertical glide alope positton error -~ ft
FPlare initiation altitude - ft
Msss center altitude above ground ~ ft
Nominal glide slope altitude - ft
Allowed glide slope position error in the horizontal plane - ft
Total horizontal glide slope position error -~ ft

Mass center altitude gbove and perpendicular to runway, positive
upward - ft/sec

Mass center altitude rate perpendicular to runway, positive
upward - ft/sec

Masz center altitude normal to runway for touchdown - ft
Altitude rate normal tc runway for touchdown - ft/sec

First altitude above runway for sequencing enginec conditions in
flare - ft

Second altitude above runway for sequencing angine conditious in
flare -~ ft

Altitude above runway at which takeoff is terminated - ft
Initial value of hnr in flare - ft

First altitude above runway for sequencing engine conditions in
glide slope - ft

Second altitude above runway for sequencing emgine conditions
in glide slope -~ ft

Monent of inertia matrix about mass center

Indicator for number of gears on aircraft

Brake condition indication array
Pirst change in I‘ array after impact
Second change 1in In array after impact

Moment of tnertis of a tire, wheel aund anything aelse constrained
to rotate with that tire about the axle on the kth strut - slug-ft

xviti
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Moments of inertis of rotating machinery within the body
about machinery axes - slug-ft

Moments of Inertia oi all aircraft mass about body - fixed axes -
siug-ftz

Products of inertis of all ajircraft nasses sbout body -~
fixed axes - alug-ft2

Autopilot phase indicator

Thrust fractione for engines A and B in Common Iwo Engine Logic

K11l engine indicator array

Kill engine indicators for enginas A and B in common two engine
logic

Impact indicator

Kill engine indicator in Comron Engine Logile

Polytropic exponent

Syabol signifying a given body or strut

Engine fractional load indicator; the first subscript ( ) indicates
the nunber of engines on the aircraft; the last subscript indicates
the engine to vhich this load indicetor applies; the subscipts in
batwesn indf{cate the engines not failed

Aix
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k(Z)lZl Engine fractional load indicator for engine number 1, 2-engine
aircraft, both engines assumed working

k(3)131 Engine fractional load indicator for engine number 1, 3-engine
aircraft, middle engine failed

k(3)232 Engine fractional lcad indicator for engine number 2, 3-engine
eircraft, engine number 1 failed

k(3)121 Engine fracticnal load indicator for engine number 1, 3-engine
aircraft, eng’ e number 3 failed

k(3)123, Engine fractional load indicator for engine number 1, 3-engine

- aircraft, all engines working

k(3)1232 Engine fractional load indicator for engine number 2, 3-engine
aircraft, all engines working

k(é)‘&l Engine fractional load indicator for engine number 1, 4-engine

“ aircraft, engines 2 and 3 failed (both inboard)

k(4)232 Engine fractional load iundicator for engine number 2, 4-engine
aircraft, engines 1 and 4 failed (both outboard)

k(4)3$3 Engine fractional load indicator for engine number 3, 4-engine
aircraft, engines 1 and 2 failed (bath on same side)

k(4)262 Fngine fractional load indicater for engine number 2, 4-engine
aircraft, engines 1 snd 3 failed (one inboard, opposite outboard)

k(4)2342 Engine fractional load indicator engine number 2, 4-engine
aircraft, engine 1 failed (one outboard)

k(4)2343 Engine fractional load indicator for engine number 3, 4-engine
aircraft, engine 1 fatled (one outboard)

k(6)134‘ Engine fractional load indicator for engine number 1, 4-eungine

. aircraft, engine 2 failed (one inboard)

k(b)1343 Engine fractional load indicator for engine number 3, 4-engins
aircraft, eugine 2 fafled (one inboard)

k(b)123“1 Engine fractional load indicater for engine number 1, 4-engine

aircraft, all engines working

k(h)123a2 Engine fractional load indicator for engine number 2, 4-cngine
aircraft, 2ll engines working

k(4)12343 Engine fractioral load indicator for engine number 3, 4-engine
| aircraft, all engines working

XX
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Lift Vector
Body axes components of the vector Mo - ft~1lbs
Required landing distance to stop aircraft - tt

Body axes components of that portion of total ground reaction
moment vector, MTR which 18 transmitted to the main airframe ~
ft-1bs :

Required 1lift force in glide slope - lbs

Net engine roll moment - ft-1lbs

} Body axes components of aercdynamic moments - f¢ lbs
} Characteristic distances for jet - damping moments-ft
} Characteristic distances for jet - damping forces - ft
)

Direction cosines of the sSnertial 1__ unit vector relative
> to the body axes syntem 8
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MpcqoMpe (D)

Mp1Mpx
Mppq oMy (D)
Maus Mgy (D

éll

x
]

My (1N)

LIST OF SYMBOLS (Contd)

Direction cosine rates of the inertial 1 unit vector relative
to the body axes system ~ per second

Aircraft nass - slug

Initial mass of the wehicle ~ slug

Total applied vector moment
Vector woment of the ground reaction about the RCh atrut axle

Magnitude of the vector'ﬁAk - f-1bs

Conatant braking moment array, the use of which is determined
in brake autopilot - ft-lbs

Braking moment applied along kth strut axle - ft-lbs
Braking moment lower limit array - ft-lbs

Braking moment upper limit array - ft-1lbs

Vector moment of the parachute drag force Fb( about the
aircraft mass center ’

Body axes components of the veccor'ﬁhu - ft-1bs

Applied moment about kth strut axle - ft-lbe
Mach number (not V/a° or V/ax%)
Net engine pitch moment - ft-1lbs

Engine pitch moment array - fi-lbs
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Total vector uoment of all gear ground reactions about the

afircraft mass centerv

Vector moment of the k™" strut ground reaction ?TRk about
the aircraft mass center

Runway axes corponents of the vector ~ "-~1bs
4 p

Body axes components of the vector HTR -~ ft-lbe

Total vector moment about the nominal mags center of all
the forces applied to the vehicle

Total mass - alug9
th
Total masa of k= body - slugs

Total vector moment of applied forces to kth body about
oth body refarence point

h strut - slug

Secondary piston mass in Kt
Total mass of K + 1 bodiles - slug
Throttle setting

Actual throttle setting rate array - per seccnd

Actual throttle setting array

actual traioncle getcings foo engines A and B in Common Two
Engine Logic

Engine reverse throttle constraint array
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Naa
NBB > Engine reverse throttle constrajints for engines A and B
in Common Twe Engine Logic
“BC Eagine reverge throt:ile constraint in Common Enginerlogic
NC Actual throttle getting in Comnon Engine logic

NG(IN)'Ndi Desired throttle setting array
\

Naa

NdB Desiced throttle settings for engines A aad B in Common Two
Engine Logic

Ndf Degired throttle sstting in Common Engine Logic

NdF(IN} Fixed throttle setting arxay

NB Constant engine throttle setting rate magniiude used in
control response -~ per second

ka Component of ground reaction normal to axis of b strut-pounds

NLx(IN) Landing reversa throttle setti.? array

NLRA

NXRB’ Landing reverse throttle setiings for enginee A and B 1o

- } Comnon Two Engine Logilc

"an landing reverse throttle setting in Common Engine Logic

N Net “rgine yaw moasnt - fr-lbe 1

NI(TN) Engine ysw momeunt array - ft-1ba

NTD{}N} Takeol? throttle serting array

Rroa

hTﬂB Takeof! throttle settings for engines A and B in Common
Two Engine Logie

NTOC Takeotf throttla cettings in Cowmon Bagtue Logic

ny No Ylare indicstor - used to stop program afte: giide slopa

xxiy
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LIST OF SYMBOLS (Contd)

No landing roll indicator - used tc¢ stop
program at impact

Body axes system aerodyramic norwal force, in the (-i;)
direction-lbs

Number of tires on kth strut axle

Pressure - lbs/ft

A point located by the vector F

Adlr compression force acting on the kth strut - 1lbs
Desirc: "percent skid" - Z2/(100Z) (i.e., nondimensional)
Upper air chamber pressure - lbs/ftz

Lower air chamber pressure - 1ba/£t2

Landing tail-down conatraint angle -
maximua pitch angie relative to the runway ~ degrees

Nominal tire foot print pressure - 1bl/ft2
Actual "percent skid" -~ Z/(1002) (i.e., nondimensional)

Preload pressure of upper air chember - lba/ft2

Preload pressure of lower air chamber - lbl/ftz
Phugoid control sensitivity - deg/ft

Roll (aileron) overcontrol constant - deg/deg
Angle of attack overcontrol constant in glide slope - deg/dag
Angle of attack overcoantrol constant for IAP > 2 -deg/deg

Sideeiip (rudder) overcontrol constant - deg/deg

Euler yaw angle overconty>l constant - deg/deg

Body &xes couwponents of the vector @ - rad/sec

Required dynauwic pressure in glide slope - 1bl/ft2

.
i
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LIST OF SYMBOLS (Contd)
q* Dynamic pressure - lbs/fr.2
9y Pitch rate in flare baced on &d and flare acceleration - rad/sec
R Vector displacement of afrcraft mass center from origin
of the inertial axes systoo
ﬁi Inertial acceleration of the platform origin ~ ft/sec2
RAxk :
RAyk Inertial axes components of the vector sum (§£) + ;k - ft
RAzk
ﬁbﬂ Vector displacement of parachute attachment point measured

from aircraft mass center

Rka

RDyk Body axes components of the vector sum (ﬁ#& + ik -~ ft/sec
RDzk
RDXGk Inertial axes components ot the vector sum
RDYGk ﬁ'- i?n + (ﬁi& + i&, the velocity of the
RDZGk kth strut axle as seen by the runway axes origin - ft/sec ;
RFa Angle of attack rate feedback constant in glide slope - sec . ;
Rpa2 Angle of attack rate feedback constant for IAP > 2 - sec
RFB Sideslip angle rate feedback constant - sec
RF¢ Euler roll angle rate feedback constant - sec
RFY Euler yaw angle rate feedback constant ~ sec
Rg Range from the scarting point - nautical miles
R Digplacement vector of runway origin from origin
gR of inertial axes system
R Magnitule of the vector R .; the component of the vector
gk K.R in the sz direction " (there are no other components) - ft {
s
3 xxvi
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LIST OF SYMBOLS (Contd)

Total vector displacement of the kth strut

mess center from the origin of the inertial
axes system

Inertial vector acceleration of the sccondary piston

Vector position gﬁ the kth body reference
point from the o body reference point

Body axes components of the vector (ﬁ;& - ft

Runway length - ft

Vector displacement from the aircraft mass
center to the point of apglicntion (i.e., the
tire footprint) of the ktR strut ground reaction force

Vector displacement of the aircraft mass
center from the origin of the runway axes s stem

Vector displacement of the kth strut axle
from the origin of the runway axes system

ka strut axes coapoaents of the vector sum

(iko) + ;kc' the vector displacement of the k
strut mass center from the aircraft mass center

th .

Total vector velocity of the bottom surface
of the kth roryt tires as seen by the
origin of the runway axes system

Vertical plane glide slope position rate feedback
constant ~ &ec

Horizontul plane glide slope position rate feadback
constant - sec

Vector displacement of the point P(x,y,z) from the
origin of the body - fixed axes asystem
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LIST OF SYMROLS (Contd)

"

c Vector poaition of maas center of the K + 1

bodies from the oth body reference point

Teyx Fully extended position of kth strut axle
from origin of kth strut axle system - ft

;k Instantaneons vector displacement of kth strut axle
from origin oi kD strut axes system

;kc Vector displaccmegt ef kth strut mass center
from origin of ktY gtrut axes system

;£2c Vect»r displacement of kth‘strut secondary
pist«n upper surface from origin of
kth serut axes system

Tos Tok Undeflected tire outer radius - £t

~p

] Aircrafy reference area - ftz

SFk Sur of the forcas resisting the kth strut
movement (that portion of the kth gtrut
ground re¢action transmitted to the main airframe) - 1lbs

SSB Parachute reference area - ftz

s A scalar variable

s Constant acceleration of 4

L7 Final value of »

Ef Final value of &

'1 Initial value of s

8, Initial value of &

" Displacement of kth strut from fully
extended axle position - ft

“ Maximus allowable displacement of kth strut - ft

e Dietance between kth strut axle and kth
strut mass center - ft

2 Displacement of kth strut secondary piston
from its extension stop - ft

%2 Distance between kth strut axle apd kth

strut secondary piston extension stop - ft

Xxviiji
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LIST OF SYMBOLS (Contd)

th . th
The k™ secondary piston acceleration as seen by the k
axes system which would exist if the secondary pilaton were
against either of 1its stops (i.e., the value of Equation
(586 of Appendix II with T k2 removed, used to obtain the
stop contact force, F )¢

* “ck2

Maximum displacement of kth strut secondary piston (distance

between secondary piston compression and extension stops less
piston height) - ft

1zk coxzponent of inertial acceleration of kth strut axes

system - ft/lec2

Thrust vector in flare

Magnitude of the vector T - lbs

Actual thrust array - lbs

Desired thrust in Common Engine Logic - lbs
Desired thrust vector in glide slope
Desired thrust -~ lbs

Desired thrust array - 1lbs

Desired thruet for engines A and 3 in Common Two Engine
Logic - 1bs

Total thrust required in Common Two Engine Logic - lba
Engine thrust obtained from TFFS subprograx - lba
Impact time - sec

Lover thrust limit allowed in flare - lbs

Time after impact to stop landing roll - sec

Upper thruset limit allowed in flare - lbse

Body axes components of net thrust vector - lbs

X ix
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LIST OF SYMBOLS (Contd)

Time required to perform the hR state charge in flare - sec

ariable, s - sac

Time required to perform the xp state change in flare - gac

2

TF(I),TP(IN) Pixed throttle indicator array
t Time - sec
tox Time after impact to start braking - sec
tbkl First time after impact to change IB array - sec
tka Second time after impact to change IB array - sec
teh Time after impact to deploy parachute - sec
r.r Time after impact - sec
tv Time after impact to reverse engines - sec
trl First time after impact for sequencing engine
conditions in landing roll - sec
t.o Second time after impact for sequencing engine
) conditions in laading roll - sec
t Elapsed time to perform constant acceleration
o change from initial state (s,, 8y ) to final
state (af. 8, ) of a scalar 6
t' Time after impact to set spoiler asrodynamics
P staging indicater -~ sec
t.t Time after impact at which noae over begins - sec
L
x
u Body x-axis :omponent of {nertisl
velocity of aircraft mass center - ft/sec
u Body x-axis component of the vector V- ft/sec
u
v Body axes components of the vector V - ft/sec
w
u
v Body axes componsnts of the vector V- ftiooé'
v
XXX
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LIST OF SYMBOLS (Contd)

Body axes components of the vector V; - ft/sec

Inertial velocity vector of maas center (in body fixed
axes system)

Velocity vector rate as seen from the body fixed axes
syetenm

Volume - ft3
Velocity of piston pushing fluid through an orifice
Airspeed vector

Magnitude of the vector'v; - ft/sec

Desired airspeed vector

Component parallel to runway of kth strut axle inertial
velocity - ft/sec

Airspeed for takeoff - ft/sac

Desired inertial vector velocity down the glide slope
Magnitude of the vector'va ~ ft/sec

Inertial velocity magnitude error in glide slope - ft/sec
Inertial velocity vector

Magnitude of the vectorV8 - ft/sec

Component pacallel to runway of velocity of kth strut tire
footprint as seen by the runway coordinate systea

Initial value of hyp in flare - ft/sec
Speed parallel to runway to stop landing roll - ft/sec

Aircraft stall specd - ft/asec

xxxi
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LIST OF SYMBOLS (Contd)

h

Tire footprint velocity of 1*® vheel - ft/sec

Runvay axes component of tha vector vGPTk - ft/sec

Runway axes componenta of the vectorliik ~ ft/sac

Wind vector

Initial value of inr in flare - ft/sec

Preload volume of upper air chamber - ft3
Prelouad volume of lower air chamber - £t3
Varifable-step Runge-Kutta(integration technique)
Weight vector

th

Width of a tire ou the k' strut - ft

Inertial axes componenta of the vector R - ft

Inertisl axes components of the vector V' - ft/sec

Inertial axes components of the starting point of the
vehicle center of nass - ft

Components of the vcctor? {n a platform coordinate sysvem (in thia
formulation identicsl to tha inertial frame - ft)

xxxii
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Xc.G.

%c.G..

Ref

LIST OF SYMBOLS (Contd)
Distance down runway to stop landing roll - ft

Body axes components of the vector r - ft

Center-cf-gravity vosition from the body axes
origin in the lx direction -~ ft

Reference center~of-gravity position from the
body axes origin in the 1x direction - ft

Body axes components of the vector ihﬂ - ft

Adrcraft scalar distance down runway ~ ft

Runway axes components of the vector (i—i;n) ~ £t

Runway axes compcnents of vector (i-igk) - ft/sac

Distance down runway for touchdown - ft
Landin- speed parallel to runway for touchdown -~ ft/sec

First distance down runvay for sequencing
engiune conditions in takeoff roll - ft

Secoud distance down runway for gequencing
engine conditions in takeoff roll - ft

Runway axes components of the vector iﬁk - ft

xxxiid
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LIST OF SYMBOLS (Contd)
X Initial value of Xop in flare; distance down runway before
which the aircraft must not touch down - ft
y Body axes sysiem aerodynamic side force, in the 1
direction - 1bae y
yN(IN) Body y-axis component engine position array - ft
zN(IN) Body z-axis component engine position array - ft

xxyiv
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LIST OF SYMBOLS (Contd)
Angle of attack - deg

Angle of attack rate - rad/sec

Desired angle of attack - deg

Desired angle of attich rate - deg/sec

Preceding value of desired angle of attack - deg
Maximum allowed value of &d - deg/sec

Upper limit on angle of attack - deg

Lower limit on angle of attack - deg

Angle of attack position error - deg

Total angle of attack error - deg

Angle of attack rate error - deg/sec

Angle of actack for takeoff - deg

Sideslip angle - deg

Sideslip angle rate - rad/sec
Desired sideslip angle - deg

Sideslip angle position error -~ deg
‘Total sideslio angle error - deg

Elevation angle of V relative to Farth; flight path
angle - deg 8

Elevation angle of 5‘ relative to earth - deg

Elevation angle of V‘ relative to runway - deg

Elevation angle of V' relative to runvay - deg

Desired flight path angle of V‘d ~deg

XXXV

K e - sttt ettt




AFFDL-TR-71-155

Part II

LIST OF SYMBOLS (Contd)

Generalized force input (body axes system) — ibs

G, roscopic moments due to rotation rates p,q,r and angular
momentum of rotating machinery (body axes system) - ft-1bs

Generzlized moment input (body axes system) ~ ft-lbs

Jet damping moment vactor

Current integration interval determined by VSRK -~ sac

Alloved glide slope inertisl velocity magnitude crror - ft/sec
Distance from aerodynamic reference station to aircraft mass

center - ft

Center-of-gravity position from the reference center of gravity

in the 1x direction; (xc_c. - gc'c.r.f)
Allowved magnitude of total angle of attack error.ueT~dcg

Aliowed magnitude of total sideslip angle error, B.T ~ deg
Allowed magnitude of total EBuler roll angle error, ¢°T - deg

Allowed magnitude of total Fuler yaw angle error, O.T - deg

XXXV
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LIST OF SYMBOLS (Contd)

Aliowed percentage of « magnitude for
whee) angular speed error, “rpg " %2/(1002) (i.e., nondimensional)

Roll control surface (aileron) deflection rate
magnitude used in control response - deg/sec

Pitch control surface (elevator) deflection rate

1 -
from GqI to qu in landing roll - deg/aec

Pitch control surface (elevator) deflection rate
magnitude used in control response - deg/sec

Altitude normal to runway above th
to begin "hold" mode ~ ft

Sum of the quantities T Zok and e(ka) - ft

Tire deflection of a tire on the kth atrut - ft

Actual rcll control surface (aileron) deflection - deg
Actual roll control surface (aileron) deflection rate
deg/sec

Desired roll control surface (aileron) deflcction - deg
Lower 1limit on roll control surface (aileron) deflection - deg
Nominal roll control surface (aileron) deflection ~ deg

Upper 1limit on roll control surface (aileron) deflection - deg

Actual pitch control surface (elevator) deflection - d.g
Actual pitch control surface (elevator) deflection rate -~ deg/sec

Pitch control surface (elevator) deflection for "bang-bang"
control in glide slope - degrees

Pitch control curface (elevator) deflection for "baag-bang'" control
for IAP > 2 - deg

Pinal value of pitch control surface (elevator)
deflection in landiing roll - deg

XXEVId
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LIST OF SVMBOLS (Contd)

Tuitial (impact) value of pitch control surfsce
(eJave - r) deflection in landing roll ~ deg

lLower limit on pitch control gurface (elevator)
deflection deg

Nominal pitch control surface (elevator) deflection - deg
Takeoff pitch control surface (elevator) deflection - deg

Upper limit on pitch comtrol surface (elevarcr) deflectiom -
deg

Yaw control surface (rudder) Jdeflection rate
magnitude used in control res-omse -~ deg/sec

Actual yaw contrnl surface (rudder) deflecticn - -eg
Actual yaw control surface (rudder) deflection rate - deg/asec
Desired yaw control surface (rudder) deflectior - deg

Lower limit ou yaw control surface (rudder)
deflection - deg

Nominal yaw control surface (rudder) dellection - deag

Upper limit on yaw control surface (rudder)
deflection -~ deg

Fixed angular perturbatica of glide slope in
vertical plane -~ rad

Fixed angular perturbation of glide slope in
horizontal plane -~ rad

&rbitrary runvay profile - £t
Nominal glide slope angle - deg
Errer multiplier ror C“
Incremental error in CN

Error multiplier for C

A

Incremental error in CA

Error multiplier for Cy

Xxxviii
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H
y LIST OF SYMBOLS (Contd)
|.:: . .
. P Incremental errcor in Cy
. gy Error multiplier for Cx
‘, , €g Incremental error in Cz
- \
| - € Error multiplier for €
{ €10 Incremental error in cn
- €11 Error multiplier for .,
&
B e €12 Incremental error inm cn
o €8 Incremental error iu C.G. location - ft
e 19 Incremental error in 1" llugrftz
. 2
; €0 Incremental error in Iyy - slug—fe
2
€ Incremental erior in I!z - slugrft
2
€ Incremental errsr in . - aslug-ft
22 0 J xy ug=
) 1 1 in 1 lug-£t2
' €23 ncremental error <z - *lug-
L4 2 r
€4 Incremental error in Iy' - slug-ft w
/ 14 Intermediate z-axis direction
?; n Intermediate y-axis direction
e hd . A
' ? Pitchryaw-roll sequence of rotation angles
]
¢ } ‘
oll
" Pitch-roll-yaw sequence of rotation angles ‘
'”
XXRIN
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LIST OF SYMBOLS (Contd)

Pitch angle of kth strut axes relative to body axes - deg

Actual Euler pitch angle (based on pitch-yaw-roll direction
cosine sequence) - deg

Pitch-~yaw-roll sequence of rotation angles for body axes relative
to inertial platform (in this formulation programmed as ep.vp and

¢P) ~ deg

Pitch-roll-yaw sequence of rotation angles for bedy axes relative
to inertial platform (not programmed) - deg

Pitch angle of aircraft from horizon - deg
Pitch angle of rotating machinery axis relative to body x-axis-deg
Pitch rate of rotating machinery axis relative to body x-axis-rad/sec

Coefficient of friction betweaen a tire on the kth atrut and
the runway

Coefficient of friction at wing gesr support for kth strut
Intermediate x=axis direction

Radius vector from origin of inertial axas system to the point
P(x,y,s)

Atmospheric density - -lug/ft3

Magnitude of deaired roll angle in glide slope - deg
Desired Euler roll angle in glide slope & flare - deg
Euler roll angle position exror -~ deg

Total Euler roll angle error - deg

Actual Euler roll angle (based on pitch-yaw-roll direction cosine
sequence) - deg

Actual Fuler roll angle rate (based on pitch-yaw-roll directfon
cosine sequence) - rad/sec

x]
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LIST OF SYMBOLS (Contd)
o Horizontal flight-path angle; heading angle - deg
'e Euler yaw angle position error - deg
Y.r Total Euler yaw angle error - deg
Y Actual Euler yaw angle (based on pitch-yaw-roll directien cosine
P sequence) -~ deg
4
0 Yaw-pitch-roll sequence of rotation angles
¢
k
P
:) Yaw-pitch-roll sequence of rotation angles for body axes relative
P to inertisl platform (not programmed as such - used as names
for ¥', ©' ') -d
‘P or P’ p’ ’P) eg
Y Actual Euler yav angle rate (based on pitch-yaw-roll direction
P cosine saquence) rad/sec
- Inertial rotatisn rate vector of body axes
- Rate of ck - of w vector; inertial angular acceleration
vector of axes
o Absolute magnitude gf consgtant control angular acceleration for
any wheal - rad/sec
:t Inertial rotation rate vectcs of k" hody axes
- Rotation rate of machinery within the body; about the machinery
spin axis - revolutions par minute (R.P.M.)
m.“(I),m.ml Whesl angular speed error array - rad/esc
;Tk Rotational vector velocity of the tires on the Kt serue
oy s By Magnitude of the vector ;Tk; ka component of the vector aTk
(there are no other componenta) - rad/sec
Uiy o & Wheal angular acceleration on kP gtrut axle - tad/nacz
“rxe®ry
‘Tl(x)'“Tli Desired (required) wheel speed array to obtain desired '"percent
skid" - rad/sec
x11i
A
X Lo — e et




AFFDL-TR-71-155

Part II

wTR(I)’mTki

iVGPk

LIST OF SYMBOLS (Contd)

Desired (required) wheel acceleration array to maintain
desired “percent skid" - rad/sec

Body axes components of the vector w - rad/sec

Inertial rotation rate vector of oth body; 1nertial rotation
rate vector of body axes system

Unit vector in the direction of the vector GG?Tk
for the kth gtrut

x11i
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Notational Conventions
C N "as seen by the kP coordination systen"
() Firat derivative of ( ) with respect to time
") Second derivative of ( ) with respect to time
%%—l Total derivative of ( ) with respect to time
() The vector ( )
==
( ) The tensor ( ); the matrix ( )
[ 1] A matrix
K
T Surmation over all the gears of the vehicle; I
k k=1
(7)) Total derivative of the vector ( )
(") ( ) vector rate as seen from a rotating ares systex

x1iii
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Axes System

Body~-fixed axes system, origin at vehicle
nominal mass center (Also, coordinate
system of oth body)

Earth-fixed axes system, origin at sea
level (Inertial frame), 1 normal te
flat-Earth, positive down

Body~-fixed strut axes system, directed
downward along kth strut, origin
along this line of action

Runway axes system, origin at sea
level, sxes system fixed relative
to inertial frame in present formulation

Direction Cosines

Matrix of direction cosines. Used to transfer
quantities from Earth-fixed (Inertial Axes
System to Body-fixed Axes System

Matrix of direction cosines. Used to transfer
quantities from Body-fixed Axes Systea to kth
Strut Axes System

Matrix of direction cosines. Used to transfer
quantities from Earth-fixed Axes System to

Runwvay Axes Systea

x1iv
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r"1.11 %12 s
R21 h2a Ruas

B3z B3z Pras

r"1;11k Rk Mok

| Frane Braax Rrask

Direction Cosines {Contd)

Matrix of direction cosines. Used to transfer
quantities from Runway Axes System to Body-fixed
Axes System

Matrix of direction cosimes. Used to transfer

RIZlk RIZZk R123k quantities from Runwsy Axes System to kth serue

Axes System




AFFDL-TR-71-1355
Part 11

SECTION I
INTRODUCTION

In the design =¥ an aircraft, tne engineer is confronted with the
problem of tckeoff and lancing and the design of aircraft systems and
techniques to perform t'iic function. The final evaluation of these
systems lies in the aaswer to the question: How does the aircraft and
its system perform as a unit? The Takeoff and Landing Analysis (TOLA)
Computer Program is the result of an attempt to generalize the aircraft,
the main aircraft control systems, and the landing-takeoff situation
into a single comprehensive calculation to answer this question.

Variocus analyses and simulations have been developed which are
rigorous and thorough on a particular aspect of the landing-takeoff
situation (e.g., References 20 through 24). Other are cited in
Reference 25, which covers virtually every aspect of the problem.

The TOLA sirulation answers the above question in the form of a
well-defined iiitegration of the various aspects of takecff and landing.
In the equations of motion the assumption is made that the main aircraft
frame is rigid; however, the dynamic effscts of up to five independent
landing gears are included in the equations. The position and velocity
of each strut and secondary piston are obtained by numerical integration
subject to position constraints, (for example, the main strut must
move within the limits of the fully extended position and strut
bottoming position). The same form of solution applies to the
aircraft itself.

The purpose of this report is to unify and summarize the complete
formulation of the TOLA Computer Program. TOLA is a FORTRAN 1V
modification to Option 2 (SDF-2) of the Six-Degree-of-Freedom Flight
Path Study Generalized Computer Program of References 1 and 2.
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The SDF-2 modification resulting in the TOLA Computer Program
was undertaken in twe parts which are documented in FDMG TM 68-5,
“Derivation of the Equations of Motion for the Landing Gear and
Ground Reaction Modification to SDF-2," and in FDMG TM 68-11,
"Autopilot Equations and Logic for the Takeoff and Landing Analysis
Modification of SDF-2."
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SECTION II
TAKEOFF AND LANDING ANALYSIS COMPUTER PROGRAM

This section presents a general description of the Takeoff and
Landing Analysis (TOLA) Computer Program formulation. The following
will be discussed in order: the original six degree of freedom
equations, the landing gear and ground reaction equations, and the
autopilot equations.

1. ORIGINAL SDF-2 FORMULATION

The Takeoff and Landing Analysis (TOLA) Computer Program is based
on two modifications to SDF-2, which is the second calculation option
of References 1 and 2. SDF-2 has six degrees of freedom, but assumes
a flat, nonrotating earth. Those portions of the original SDF-2
formulation retained by TOLA are presented in Appendix 1. Figure 1
contains a summary of the steps performed by SDF-2 in TOLA, and most of
the equations used to perform these steps are found in Appendix I.

The exceptions are the equations for the landing gear forces and
moments which are discussed in Appendix II.

2. LANDING GEAR AND GROUND REACTION FORMULATION

When each landing gear of a moving aircraft comes in contact with

the runway, it is subjected to a force, T. which is the ground

reaction between the tire and the runway. T#ﬁe point of application
of this force, namely the tire footprint, 1is located by a vector
Kﬁk from the aircraft center of gravity (cg). Therefore, F%Rk
generates a moment about the cg, ﬂTRk = ﬁbk X Fka . Sumning over

the k struts from 1 to K,

Frr=Y Fren = Frralo* FTRTyo * F1RCT10 (N
MR = );Mrm =My lye + M7y Tyo + M1 156 (2)

in the body-fixed axes system,
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Compute velocity and position
in inertial axes system

1

Compute range from
starting point

1

fIBok up winds]

Compute airspeed, o, B, &, 8,
groundspeed, v, o, Ya
]

Calculate Euler angles and
accelerometer indications
Y

|

Look up vehicle physical characteristics

and

thrust forces and moments

Y

Compute drag chute
forces and moments

L}ook up aerodynamics]

Calculate landing gear forces and
moments due to ground reaction

|
Calculate IF and IM
in the body-fixed axes system
Y
U Calculate U, V, W, P, Q, P
I and integrate

Calculate []m ] direction cosine rate
n

K
s
and integrate

Lam

Figure 1. SDF-2 Summary
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If the strut were a rigid portion of the total airframe, then
?}R and M}R would be the total ground reaction force and moment
transmitted to the airframe. However, the strut is able to telescope,
with the result that part of eacrh Fka is used tc accelerate the strut
relative to the airframe;

(or "felt" by)

the remainder of ?}Rk is transmitted to
the airframe.

since M%Rk = RPk X FTRk’ then part of each MTRk

will be evident as a moment of the inertia force portion of F}Rk;

Likewise,

the remainder of Mka is transmitted to the airframe.

Let Fxm’ Fym,and FZm be the body-axes components of that portion
of the total ground reaction force transmitted to the main airframe,
and Lo Mo and N be the body-axes components of *that portion of the
total ground reaction moment transmitted to the main airframe.

r ( 1 e - 7
Then, Fxm| | FTRA %mk Skak3
Fym =| Frrp | + 0] (3)
Fzm FTRC %mk ék dy33
and r 7 . 7
Lm rMTJ (%'“kstKHRky
Mn | _ [Mry |, *.5..; mi Sk RRKCGx (4
‘ Nm M7, 2 m Sy ax 3Ry
L L] L i

where m is the strut mass, §k is the strut acceleration relative to
the main airframe, akij are direction cosines relating the strut
orientation to the body axes system, and Rky and RRkCGx are

moment arms of the strut incotia forces.
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Equations 3 and 4 are included in the summation of forces and

moments as follows:

Fel [ Tx—a+Mag+aF | [ Fem |

Fyl=| Ty+y+Mg, +AF, 14/ Fym (5)
F, T, +NF +Mg, + AF, F,mJ

and

L Lt +ALy +4 Lm
Mi=|Mr+AMT+m | + Mm (6}
N NT +ANT +n Nm

The derivation of the strut acceleration, Sk’ requires the
definition and analysis of the forces internal to the strut. A detailed
derivation of the various terms in Equations 3 and 4 will be found in
Appendix II of this report. The flow charts in Appendix Il are
summarized in Figure 2, where the circled letters correspond tc those
found in the flow charts. The basic equations of motion used in

Appendix Il are derived in Reference 6.

3. CONTROL MANAGEMENT FORMULATION

The purpose of the TOLLA control management formulation is to
determine appropriate values for %q, 5r, §p, N(IN), and MB(I), which
are the control variables for pitch, yaw, recll, throttle, and
braking, respectively. This determination is made in three major
steps called the maneuver logic, the autopilots, and the control
variable response. The respective tasks of these steps is to determine
what needs to be done, how to do it, and how much can be accomplished

within a given time step.

a. Maneuver lLogic

The maneuver logic is that portion of the control management
formulation that is specifically oriented toward the takeoff and
landing problem. It determines what needs to be done in two steps.
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Calculate required
direction cosine matrices

LR TR R TR dgbat pe o D
N 0 o
B . ‘_ ey e
) ‘ : ! B .

K

) ¥

Calculate ground reaction forces and moments
about (cg) in runway axes system for each gear

\

Calculate strut accelerations
as seen by strut arxes system

i Y j
Calculate QTk and integratel

n

Sum the ground reaction forces and moments
about the c.g. over all the landing gears
and transform to the bodv-fixed axes system

]

N

Calculate Fx v N

m’ Fy'n’ Fzm' Lm’ M

D1

SDF-2

Figure 2. Landing Gear Sumn.ry
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The first step is the determination of which phase of the anelysis
is to be examined at the present time step. This 1s done in the
probiem phase logic in which a sequence of tests is performed on the
present position of the aircraft relative to the runway. In this
manner, it is determined whether the aircraft is in the glide slope,
flare, landing roll, or takeoff roll phase. Each phase has its own
Togic for determining the desired stata of the aircraft.

The secend step performed in the maneuver logic is to determine if
an error exi ts in the present position, velocity, or acceleration of
the aircraft relative to the runway. If so, the required dynamics are
solved for tae desired angie of attack, @4 , the desired roll angle,
¢4 and the desired thrust, Ty.

The values of @4, ¢4, and T, obtained in the above two steps
deternine what needs to be done in terms of aircraft orientation and
thrust tc correct kinematic state errors which may exist, depending on
the prob.em phase. This accomplishes the main purpose of thz maneuver
logic; iowever, prior to entry into the autopilots, checks are made
for possinle input system failures. If the aircraft is in the landing
roll phase, the condition of the brakes is determined at the present
time step for later use in the Brake Autopilot. The final step for all
phases in the maneuver logic is to determine the rondition of all engines
in the engine failure logic. This is done at the present vime step
for later use n the Throttle Autopilot.

b. Autopilots.

The purpose of the autopilots is to determine the means by
which th: desired vehicle orientation, thrust, and braking ire to be
as.compiiihed. The results are obtained in the form of Sqd. Srd, Spd,
Nd(IN) and MB(I), which are, respectively, the desired pitch, yaw, and
roll control surface deflections, the desired throttie setting array,
and the actual braking moment array. These variables are determined
in the Pitch, Yaw, Roll, Throttle, and Brake Autopilots, respectively,
which are discussed in detail in Appendix I11.

R § S P — - P nenttinatones, -
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c. Control Variable Response

The purpose of the control variable response is to get a first
order approximatioi, of the effects of control surface and engine lags
on aircraft performance. Constant time rates of change are used to
determine the measure of Sqd, Srd, 8py» and Nd(IN) attainable within a
given time step. The results are the actual control variables 8q ,
6r, 5p, and N(IN).

d. Control Management Formulation Summary

A detailed development of the logic and equations for the
control management formulation is presented in Appendix IIlI. The
basic steps in the control management develcpment are summarized in
Figure 3.

Transform SDF-2 state variables
to runway axes system and .
calculate Euler rates Wp and ¢p

Y

In Maneuver Logic, determine
problem phase, kinematic state errors,
and ag ¢d and Td

9
Determine 8q,, 8ry, 6pys Nd(IN), and MB(I)

in the Pitch, Yaw, Roll, Throttle, and
Brake Autopilots, respectively

1

In Control Variable Response, based on present values,
Autopilot results and constant allowed rates,
find 6q, ér, 6p and N(IN)

SDF-2

Fiqure 3. Control Management Formulation Summary
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SECTION III
SUMMARY AND DISCUSSION

The Takeoff and Landing Analysis (TOLA) Computer Program is
summarized in Figures 4 and 5. Figure 4 shows the various capabilities
of TOLA as depicted in a perspective view of an inclined runway. TOLA
can simulate aircraft control and performance during glide slope, flare,
landing roll, and takeoff subject to changing winds, engine failures,
aerodynamic ground effect, runway limitations, and control variable
lTimitations and lags. The (cg) oscillation seen in the landing roll
represents the multiple landing gear dynamics. Runway perturbations
may be input as a function of distance down the runway, as exemplified
by the "bump." The capabilities to cut power; to actuate spoilers and/or
uviq chuie; to have brakes locked, off, or on with constant or controlled
braking, and to reverse engines are shown as functions of time. This
demonstrates how the TOLA simulation allows the order of these effects
to be changed. The takeoff is accomplished as an acceleration run to
a predetermined airspeed, at which a desired angie of attack is scnt to
the pitch autopilot. The above versatility is maintained in as generalized

a manner as possible.

Figure % is a block diagram summarizing the flight mechanics
performed in TOLA. The instantaneous dynamic state of the vehicle is
determined by the six-degree-of-freedom routine, which determines the
accelerations caused by the aerodynamic, thrust, and landing gear forces
and moments. These accelerations are integrated twice by the executive
routine, which then sends the kinemetic state information in terms of
position and velocity to the control management routine. In the
Maneuver Logic, errors in kinematic state determine the desired angle
of attack, thrust, and roll angle. These are processed as forcing
functions by the Autopilots, which determine the desired control settings.
The Control Variable Response then determines the actual control settings
attainable during a given time step.
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TOLA development grew out of a need for comprehensive, quantitative
analysis of aircraft takeoff and landing performance. The simulation
attempts to generalize conventional powered aircraft, the main control
systems, and the landing takeoff situation into a single comprehensive
calculation. The simulation does not perform the design function; it
simply takes input data and evaluates performance.

The concept a single, comprehensive, aquantitative simulation
of total system performance has yielded very promising results (see
paper, "Capabilities of the TOLA Simulation," presented July 1969 at
the AIAA Aircraft Design and Operations Meeting, L. A., Calif.) for
the takeoff and landing problem. To date, the capability of the
program as a design tool to do tradeoff studies in major system
component design has only just begun. Even with the cursory results
received so far, many questions come to mind:

(a) What effect does limited runway length, changing winds, and
engine failure have on a go-around decision for a particular situation?

(b) How coes a change in.the control schedule for the landing roll
affect maximum gear loads?

(c) What limitations would have to be placed un the landing il on.
strut failed to brake or failed to extend from the fuselage?

(d) With multiple-engine aircraft and a reverse capability, is it
safe to have some engines in reverse during landing in view of possible ‘ |
engine failure? |

These are just a few of the questions that are within the capability
of study by the TOLA simulation. In its interest to develop better
technology, the Air Force Flight Dyramics Laboratory will continue to
improve the TOLA simulation and use it as a tool to study the takeoff
and landing problem.

..
T e

13
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APPENDIX I
ORIGINAL SDF-2 EQUATIONS

1. DERIVATION OF EQUATIONS OF MOTION

This section presents the derivation of the equations of motion,
of a body in "“inertial" space, as required for use in the Takeoff and
Landing Aralysis computer program. The equations of motion will form
a portion of the computation loop which is unaffected by the libraries
of interchangeable subprograms describing alternate control systems:
airframe aerodynamics, atmospheres, and geophysical parameters, or the
data-monitoring subprograms to be incorporated. The several coordinate
transformations and velocity and angle resolutions, which complete
this central portion of the problem, are described later in this

appendix.

Since the equations involving the moments of inertia, aerodynamic
forces, and thrust forces are greatly simpiified if expressed in body
coordinates, this s stem of body reference will be used. The two
basic equations which define the motion of a body are:

(RV) (7

F-

(8)

Figure 6. Generalized Inertial and Body-Axes Coordinate Sy-tems

Paﬂe& 14 ¥15 are Blrk . ¢
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Numerical analyses of these vector equations require their resolution
into vector components and definition of the scalar coefficients.

These manipulations are discussed in detail in many texts in mechanics
(e.g., References 7 through 14. The essential steps of the derivation
are reviewed here, however, for completeness.

To determine the displacement accelerations, consider a point P
displaced from the origin of coordinate system x-y-z such that the
vector r designates the point. Figure 1 illustrates the system.

Let the origin of the coordinate system x-y-z be disptaced from the
origin of a space-fjfed coordinate system X -Yg-Zg by an amount and
direction given by R.  Further, 1let the coordinate system x-y-z
rotate in the Xg-Yg—Zg space such that the vector, @, defines the
rotation.

Then - - _ -
r = xlx+yly + 2l

R= XOTW + qu-yg + Zg_lzq (9)

Wz wgly + wyTy +agl,

The coordinate system x-y-z will be recognized as the body axes and the
coordinate system X -Y -Z are the nonmoving "inertial" or Newtonian
axes. The total velocity of the point is given by

'3 'ﬁ + -:- = Xgl,q +Y0’79 +Z°|,q+(i-yw, +zw,) Ix
_ _ (10)
+(y+xw, - 2wx) I,+(i-xw, +tywy) 12

It is more convenient to express the velocity of the body-axes origin
in body-velocity components than in velocity components coincident with

the "inertial" reference coordinates. The vector R can be written in
any coordinate system, so

. -—

R ZVERAghgtYolygt 2ol = kolx +¥oly + 251,

17
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and Equation 10 may be rewitten as
T,

= Xglg + 9°Ty +3,T,4+( Xp— ypwz + zpwy)Tx

- |

-.p' = _\7+
o _ ()
+(9p+xp(‘)z -prx)ly +(ZP—XDQ)V +prx) lz

where the subscripts o and p have been added to distinguish between
the velocity components of the origin and the relative movement of the
point P with respect to the origin of the x-y-z coordinate system,
respectively. Differentiating Equation 11 gives the relation for the
total acceleration to be
P [.".o ~Yowz * iowy] Tx + [Vo +Xow, —iow,(] Ty+['z'° =X gWy +370‘*’)(] T
+['x.p —2;'pr +2fpwy —xp(wg +w§ ) +yp(w,wy-u'Jz) +zp(u'Jy twyw; )]Tx .
|
+ ['y'p‘*‘Zipwz "’2ipwx -YD ((Uf +w22)+z p(wywz ‘(;J‘) +Xp(w'z+ WxCUy> TY

- . L] 2 . . -
'0-[1p —prwy+2ypwx —zp(w;‘; +wy) +xp(wzw,—wy) +yp(wx+wywz)] P

This acceleration retation is completeiy general and applies to any
point on the body. In developing the equations of motion, the point
of interest, P (x,y,z), is the center of gravity. If the center of
gravity is assumed to move, relative to the body, along the x-axis
only, the following simplification can be made.

Y 2=0 | ¥p= zp:Y¥p:ip=0
The components *o’ yo, 20 and Wos wy. w, are more commonly known as
U, v, w and p, q, r, respectively. The components u, v, and w are the
velocities of the reference point on the body. Making the above
substitutions gives

Fy = M{b*vr 4-wq+.ip—xp(rz+qz)]
Fy= M[;*ur -—wp+2ipr+lp(;+pq)] (13)

F2° M [ﬁ—uq+vo-2ipa*!p (rp -6)]

18
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Since most vehicles are designed to have small center-of-gravity
travel, the acceleration and velocity of the center of gravity are
both very small quantities and may be omitted from the problem
formuiation. If the reference point is further restricted to be the
center of gravity, then xp and its derivatives may be omitted from the
equations and the components u, v, and w are the velocities of the center
of gravity. In matrix form the equations reduce to the following:

( A r~

Fy u O-r q u
Fyl=®|{[v] +]r O »p v (14)
Fq w -q p O w

L - (. .

Note that in the analysis of flight-test data, where the output of
accelerometers mounted away from the center of gravity are used to
record the motion of the body, the complete form of Equation 13 must be
used. Note also that., although Equation 7 states Newton's Law as the
time derivative of the momentum, a formal differentiation of Y,
assuming 777 to be a function of time, has not been performed in the
derivation of Equation 14. Such a formal differentiation gives

- _m 4V an o

P ar tarV
This differentiation leads to erroneous results, however, since the

residual momentum of the expelled gases has not been accounted for by
this procedure (see References 6 and 14). The equation should be

F =M %%- + %?if

when the residual momentum of the expelled mass is properly considered.
Here, ¢ 1s the velocity of the expel’ed mass with respect to the
continuing body. The contribution %bi is the momentum-change portion
of the thrust and is included in the summation of external forces.
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There are additional accelerations produced which are unique to
configurations which have very large fuel flow rates and which have the
thrust nozzle Tlocated a considerable distance from the center of gravity.
These accelerations, 1linear and angular, are the so-called jet-damping
contributions. The term is & correction to accelerations computed on
the basis of only the externally applied forces (or moments) and
accounts for the moment of momentum which is imparted to the fuel by
the pitching velocity of the body. The derivation of this contribution
is considered in greater detail in Reference 1. The principal
contribution to the equations for linear acceleration are in the y- and
z-directions and have been added to the expressions of Equation 14 to
give the following result.

Fy u O-r qffu 0
Fy Mitvi+] ¢ 0-p v {4 -Z?hrly {15)
F, w -q p O wJ + 2Mqh;

The relations expressing the rotational motion are obtained in a
straightforward manner.  The comporents considered in this anslysis
come from three basic sources: the time rate of change of the moment
of momentum, the gyroscopic moments which arise from the rotating
machinery of the vehicle, and ~he externally applied moments. The
moment of momentum of a body (or angular momentum) about its center
of gravity, 1in terms of its components, is given by

: .
{Hx ( e Txy hag Yy
Ryl = 1y dyy “lyz "y
H -1 -1 | w
z xz “'yz z
L ] J

or, since W wy,und w, are p, q, and r, respectively:

H = lyxP — I,yq~l,,t] by * [~-~I,‘yp+lyyq—1"r]ly

i 13
+ [-*l"p ~ tyzQ ‘Hu’]'z

20
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*
The required differentiation of the moment of momentum gives

F o= [lxxﬁﬂ'“p +iz =1y ) ar =1y (@=r2) =1, (T +14)
"xy(d'Pr) 'ixzf —rxyq]Tx
+ [I é+i q¥llyy—1y.)pr- | (rz—pz)-l (p+ar)
vy vy xx~ lzz xz xy
un)
—|yz(;—pq)_ixyp"|’yzr]‘|—)

+ ['zz'f + ‘zz‘ H'yy"xx)?’l‘|xy(pz-—q2)—lyz(a+9")

~lxz (P “qr)"'xzp“'yz"]l_z

is general practice at this 2oint in the derivation of the equations
of »m to assume that the refzrence xes of the aircraft are principal
axes and that the moments of ir :*t a do not vary with time. This
conveniently elimates the prod cts of nertia and the t me derivatives
of the noments and products o ine-tia, respectively. However, it is
desired to have a more gener:l applicability than this for the computer
pro-ram being developed, and these terms will be retained. The
inclusion of the time derivat:ves of the inertia implies that all moment
of momentum has been remove' from the mass being lost by the bory. This
assumes that the gases have no swirl after they have left the body. ,
Staging and dropping of discrete masses from the body intrcduce
discontinuities in the ma:ss and inertia properties of the body. The
solution nust not proceed across these discontinuities. Therefore, the
integration of the equat:. i1s of motion will be interrupted when mass is
dropped and automatically reestablished immediately thereafter (see
Section 3, Stages and Steaing).

*
The time rate uf change of inertic noted here refers tc that change
occurring at constant mass only.
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The jet damping contribution to the expressions for angular
acceleration (from Appendix I of Reference 1}is:

AMy = —phfy T, —am 5T, —rml2T, 8

The expression for the total angular acceleration due to the time rate
of change of the moment of momentum, including jet damping, is
conveniently given in matrix form:

71 T 1 .7 fg2 ] 7
L e ~xy ~Ixz b o~ mby ~ixy -Tyz p
. » . [N ’

M= [Py lyy vz Q| *itey lyy=mbm - lyz q
N Iz “lyz fl e ~lyz i, -mi3 r
L L 4 L 4 L | L

O ~r q] lxx ~lxy “ixz Irp

+ 1 0 -p “lyy lyy Tz q (19)
[Q ] 0 “ixz “lyz gz r
[

The torques due to precession and changes in rotational speed of
rotating machinery abroad a vehicle which is free to gyrate in space
can contribute significantly to the angular accelerations which the
vehicle experiences. Appendix II of Reference 1 derives the torques
generated by the precession of rotating machinery in general terms and
simplifies these relations as required for the solution of the fcllowing
problems:

(a) The motion of an aircraft powered by an engine with a rotating
mass which is fixed in its orientation with respect to the reference
axis of the aircraft.

(b) The motion of an aircraft powered by a rotating-mass engine
which can be rotated in a plane parailel tu the plane of symmetry

(e.g., convertiplane which is in the transition from vertical flight
to forward motion, or vice versa).

22
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(c) The motion of a satellite in which motors are being nperated
(by the proper selection of reference axcs).

The gyroscopic moments due to the rotational rates p, q, and r and
the angular momentum of tha rotating machinery are approximated as
follows:

AL,

H}

~lyrwry (q+ér) sinf

AM,

Ixrwp (psin8r +rcosfy) (20)
ANp = -l (@+ 8, ) wp cosB.)

The complete rotational equations of motion are, thecrefore, from
Equations 17, 18, and 19

M = LT, +MIy +NT;
in which
L = 'xxb*ixxp"'“zz"yy)q"'yz(qz"z‘)
—Ixz(i+DQ)—|xy(5—pr)—iur—-fxyq

—pr;\LZ —Ixrwr(q+9,)sin9r
M = 1y + 1y @+ gy =l 57 ) pr=1lyz(r?-p%)

~‘|xy(f.)+qr) - |yz(r'—oq)—ixyp—iyzr

—qrhlrzn +1,w p sinG, +rcos ;)

' . 2 2
Mom gt gt gy ~luy ) pG—Ixy (P —a%)
"'xz(b"qr)"yz‘d*p‘)“ixzp‘|yzQ

crmi2 =t g+ 8w, cos b,
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These relations, written in matrix form, are:
r~ - “ - - r— —~ -
» [ 2 . 3 T
L [ ix =~ Ixy ~Ixz P b =Y =y ~Ixz P
. . . - .
M ==ty ly =lyz al +|-ly lyHlm  —ly; q
. ) . -,
L L 4 L4 L _ B
- 94 r - r W —- ) 1
0 -r q lex =~y =xe p ~lyywrlq+8;) sin 8,
+ r 0 -p =Ixy lyy ~tyz qQ| + u,wr(psin9r+-rc059r) (20
- q p 0 "lxz - Iyz |zz r L—Ierf(q + er ) cos ar

Equations 15 and 21 constitute the general six-degree-of-freedom
equations of motion which will be used in the computer program. The
program instructions will provide for the removal of certain

combinations of terms, as follows:

(a) A1l product of inertia terms for tiie case where the body is
inertialiy symmetrical about the x-axis.

-

(b) The product of inertia terms Ixy and Iy, which are zero when

the x-z plane is a plane of symmetry.

(c) The terms containing the time rates of change of inertia,

products of inertia, and mass.
(d) The gyroscopic contributions of rotating machinery.
(e} The jet damping terms, both forces and moments.

2. COORDINATE SYSTEMS AND COORDINATE TRANSFURMATIONS

This section presents a description of the reference coordinate
systems chosen for the Takeoff and Landing Analysis computer progran.
The coordinate transformations required to relate the various parameters
of the computation to the several coordinate systems are also derived.

24
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The coordinate transformations required in the program may be categorized
as follows:

(1) Transformations inherent in solving the basic equations of motion.

(2) Transformations to provide input data to the guidance and
autopilot.

(3) Transformations to nresent readout data in the most desirable
form and auxiliary transformations which may be required for the
definition of certain special parameters. These transformations may be
deleted from the program when they are not required.

a. Coordinate Transformations for Basic Equations of Motion.
The coordinate systems and transformations required to describe the rigid
airframe motion in six degrees of freedom and the ccordinate transfor-
mations which relate the aerodynamic angles and velocities to ground-
referenced velocities in the presence of winds are presented.

(1) Body-Axes Coordinates

The equations of motion (Section 4) are solved in a body coordinate
system (see Figure 6). The origin of this system is at the center of
gravity of the aircraft, with the x-axis along the geometric longitudinal
axis of the body. The positive direction of the x-axis is from the
center of gravity to the front of the body.

The y-axis is positive to the right, extending from the center of
gravity in a water-line plane. The z-axis forms a right-hand orthogonal
system. This coordinate system was chosen because inertial characteristics
are thus made independent of attitude.

Accelerations and velocities computed in the x-y-z body axis must be
related to velecities and accelerations referenced to a fixed point on
the surface of the planet to {a) describe the motion which a fixed
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nbserver would sense, and (b) compute the aerodynamic forces on the

body immersed in an atmosphere with winds which are referenced to «

point on the surface of the planet.

(2) Inertial Coordinates. The inertial coordinates used in
this analysis are the Xg-Yg-7 axes. Xg and Y_ Tie in the plane tangent
to the earth's surface, ard Zg is the inward or downward normal vector
tc this plane. The effects of the earth's curvature and rotation rate
are truly negligible in the takeoff and landing phases of aircraft flight.
Thus, the inertial coordinates defines a flat, nonrotating earth.

(3) Direction Cosines. The direction cosines relating the
body x-y-z axes to the inertial coordinate system Xg—Y -Z are obtained

in the following manner. Let Tx’ T&, 1, be unit vectors along the
body axes, x, y, z, respectively, and let 1Xg’ ]Yg’ ]Zg“ be unit
vectors along the inertial axes, Xg, Yg, Zg, respectively. The

direction cosine matrix relating these two sets of unit vectors will be:

- - — —

-— r i -—
Ix £ L2 A Ixg

yl=|m mg my lyq (22)
] L I
Performing the matrix multiplication indicated gives: " i

T‘ = I'qu + fZTYQ +!3TZQ |

I = n,l_xq +n2-|—yq+n3TZ°

26




AFFDL-TR-71-155

Part II

The derivatives of T;, T&, f; with respect to time in terms of their
components in the inertial system are found by differentiating
Equation 23. These derivatives ave:

Iy *zl'_Xq +I2TY9 "'laTZg

z = Mixgtnalyg +nslzg

The derivatives of T;, ]y* ]z with respect to time are dependent only

on the change in direction of the unit vectors. Therefore,

Ix =wxly=rly—qlg

y = ax_l—y = ply —rly (25)
T, = wnly = dix-ply

where _ o
w = D|x+qu+rlz

Equating the relations for 1x from Equations 24 and 25:
Ill_xg +IZTYg +f3-lzq = ny - q—lz

Substituting the relationships for T; and T?, respectively, gives the
relation:

Illxe +12!Yq +l3|2q =r(m| =x°+m2|Yg + m3|Zg)

- - - (26}
~alnylxg tnaiyg +nslzg)
By using the component properties of a vector, the relations
'él = rmy —qn, (27)
ia 5 rm, - gn, (28)
L z rmy=qng {(29)

are obtained from Equation 26.
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Performing the same operation for the T& and T; components defines
the time derivatives of the remaining direction cosines. These are:

m = pn, =, (30)
my= pny —thy (31
ms= pny —rky (32)
n = af ~ pm, {33)
fp = o - pm, (34)
n3 = aby— pmy (35)

Equations 27 through 35 are integrated to obtain the instantaneous
values of the direction cosines. This method of calculating the
direction cosines has been selected instead of the usual evaluation by
means of the Euler angles because, regardless of the order of rotation
selected, there are points at which certain Euler angles become
undefined. The direction cosines evaluated by this method are always
defined (Reference 1), The method by which the orthogonality of the
direction cosines is maintained is described in Appendix III of
Reference 1. The Euler angles may be calculated from the direction
cosines if desired; however, they are not required for component
resolution.

(4) Inertial Velocity

The components of inertial velocity in the body coordinate
system, u, v, and w, will be resolved intc veiocity components Xg, Yg’
and Zg in the inertial coordinates. Since components of inertial
velocity are known in body coordinates, a resolution of components

using the direction cosines given in Equations (27-35) will give
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components of inertial velocity in the inertial coordinate system,

as follows: _
Xg] 4 m n,] u
+g‘ A m, na v (36)
égJ [3 M3 Ny w

The planet-referenced velocity may be calculated from its components:

/2 “2 . 52
Vg =v Xgq + Yg +24 (37)

(a) Nine integrations are involved in the present method of
computation, instead of the three that are normally required when the
Euler-angle rates are integrated to give the Euler angles. However,
a coordinate transformation is required to obtain the rates, and the
sines and cosines of the angles must also be computed in the usual
direction cosine computation. The machine time required for the two
methods of computation is comparable.

The flight-path angles are computed in the takeoff and landing problem:

= S ;! Y
o = si (f'_’——’__x:—f_v—g—) (38)
e (s
04 Sin ( Vg ) {39)

The three inertial components of winds will be introduced in a
tabular listing with altitude as the independent variable. Let the
three components of wind be written as follows:

+24. 1, (40)
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The airspeed vector is given by:

Vg = Vg—Vy (41)

where Va is the velocity relative to the atmosphere. The three
inertial components of airspeed are:

Va = (Xg=Xg,) lx ¥ (Yg=Yg,) ly, H2g=2g )iz, (42)
The elevation flight path angle of the airspeed vector is:
0 {Zqg=2g )
Yo = gn'(__JL__Qu.) (43)
Resolving ineriial wind components to body-axis components requires the

same direction-cosine matrix used in Equation 22, and the body components
of winds are:

oy 2 £ 2,1 [ 5.
Ve | = | m, my my *qw (44)
Yw Ny Rg Ny iqw

The body components of airspeed are determined by substracting the body
components of wind from the body components of velocity.

The body comronents of airspeed will be used to compute the angle of
attack and sideslip.

a + Ton' ( o ) (45)
B Ton"( :::: ) (46)
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The definitions of angle of attack and sideslip are consistent with

the aerodynamic data normally obtained from wind tunnel tests of sting-
mounted models because of the manner in which the sting may be moved.
If aerodynamic data as obtained from turntable-and-strut mounted modetls
are used, an alternate definition may be required depending upon the
procedure used in data reduction.

b. Guidance and Autopilot Coordinate Transformations

The vehicle attitude information taken from the gimbals of a
stabilized platform and the outputé of platform~-mounted accelerometers
may be required in certain autopilot and guidance-system computations
in the Takeoff and Landing Analysis computer program. This section
presents the derivation of the equations relating accelerometer and
attitude information to data computed in the central program. The
method for deriving coordinate transformations for any gimbal arrange-

ment is presented for reference.

(1) Gimbal Arrangements and Rotation Sequences

Three frequently used gimbal arrangements will be considered
in this section. Each gimbal is equivalent to an intermediate
coordinate system in a series of Fuler-angle rotations. Reading from
the outer gimbal to the inner gimbal (and neglecting redundant gimbals)
the arrangements considered are:

(a) Yaw-Pitch-Roll

(b) Pitch-Yaw-Ro11l {only this sequence is programmed in
TOLA)

{¢) Pitch-Roll-Yaw
where the analogy between coordinate system rotations and gimbal

movement is used. COther gimbal arrangements are possible but the
three discussed in this section are the ones most frequently used.




AFFDL-TR-71-155

Part II

Transformations for the alternate arrangements can be obtained with
these same techniques.

(2) Euler Angles. In the central program, the direction
cosines relating the vehicle body-coordinate system to a fixed inertial
system are calculated by integrating functions of the body angular
velocities, p, q, and r. The direction cosines relating the body and
inertial systems are determined by the cosines of the angles between
the various axes of the coordinate systems and are dependent only upon
the position of the body coordinates referenced to inertial coordinates.
That is, the order of rotation selected to arrive at a certain
orientation does not alter the numerical valucs of the direction cosines
for that orientation.

Each individual direction cosine may, therefore, be defined in
terms of the Euler angles from a given sequence of rotations. These
definitions will provide the Euler angles of the body with respect to
the platform coordinate system for the three rctational sequences
selected.

The direction cosines, in terms of three sets of Euler angles,
will be derived using the method of Reference 15. The technique used
is to find the direction cosines for each individual rotation in a
sequence and determine the complete transformation by multiplying the
individual direction cosine matrices. The overall picture of the
rotations is best observed on a unit sphere diagram. The points on
the unit sphere represent the intersections of the coordinate axes
with the surface of the sphere,

The order of rotation and the axis about which rotation occurs can
be described using the following diagram.
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AXIS AND ROTATION ORDER
X ' zZ
v 1.
3 n Z
to :
X n ¢
¢ 3.
x Y z

This diagram indicates that the first rotation is about the inertial

Z-axis through the Euler angle ¥. The second rotation is about the

intermediate axis n through the angle 0. The final rotation is about
the body x-axis through the angle f.

The derivation of each sequence of rotations will proceed in the
following manner: (a) the order of rotation will be defined;
(b) the unit sphere showing all three rotations will be presented;
{c) the individual rotations will be shown in three separate diagrams
that contain the plane perpendicular to the appropriate axis of
rotation; (d) the direction cosines for each individual rotation will
be written in this manner:

£ Céx Cgy Cgy X
n=|w Cny Cnz Y
> ' CxX CXY Cﬂ Z

where CH is the cosine of the angle between the i and j axes; and
(e) the matrix of direction cosines relating the inertial and body

coordinates wil! be determined by matrix multiplication.
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{a) Yaw-Pitch-Rol11 Rotation

AXIS AND ROTATION ORDER

X Y Z

tvy
£ 7 VA

;o 2.
X 1 ¢

{9 3-
X y z

Figure 7. Unit Sphere for Yav-*' ch-Roll Sequence of Rotation

FIRST ROTATION

Cos V¥ Sinv O X
Sin ¥ Cos ¥ O Y
1 Z
SECOND ROTATION
x Cos @ 0 -Sin © ¢
n|= o] 1 0 n
4 Sin © 0 Cos © A
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THIRD ROTATION

x 1 0 0o X
Cos § Sing || 4

z 0 -sin¢ Cos @ [|¢

The transformation matrix is given by
x| X
y={¢H°Hvl Y
z Z

or, in terms of the planar rotation matrices, the intermediate axes are elim-
inated by

x| |1 0 ) Cos® O -Sinoffjcos¥ Siny oflx
1

yl=1o Cos ¢ Sin ¢ o} 1 o} -Sin y Coe ¥ ofly

z 0 -Sin ¢ Cos ¢ Sin® 0 Cos © 0 0 {12

The direction cosine elements of the transformation matrix are obtained by per-
forming the indicated multiplication. For the yaw-pitch-roll rotational
sequence

(Cos @ Cos V)

(-Cos ¢ Sin v

+ 5in ¢ 5in © Cos ¥)

(Sin ¢ Sin ¥

+ Cos ¢ S1n @ Cos ¥)

PRy a—

(Cos @ Sin ¥)

(Cos ¢ Coe ¥

+ Sin ¢ Sin 6 Sin V)

(-5in ¢ Cos ¥

+ Coe @ Sin & Sin y)

(-Sin @)

(51in ¢ Cos @)

(Cos ¢ Cos @)

(47)
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(b)

Pitch-Yaw-Rol1l Rotaticon

AXIS AND ROTATION  ORDER
X Y A
ot 1.
3 Y 7
v 2.
x g 1
1A 3.
b'd Y z

Figure 8. Unit Sphere for Pitch-Yaw-Rol1l Sequence of Rotation

FIRST ROTATION

£ Cos 8' 0 -Sin 9] | X / §
Ol
Yl=] o 1 0 Y Y<{-{_ X
\
Cos 6] ' % \ N/

0 ISin o' 0
e

SECOND ROTATION

b x Cos w' Sin ¥ O gl
| =|-8in ¥* Cos ¥* © Y
1 0 ) 1 l 1 I

36
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TRIRD ROTATION

x 1 0 v x
y[=|0 Cos ¢ Singri|t

2 N -Sin ¢* Cos @1 )

The transformation natrix is given by f

H o o | |

or, in terms of the planar rotation matrices, the intermediate axes are elim-
inated by

x 1 o] (o] Cos ¥! Sin V! Ces @' -Sin 9'\ X
yl- l 0 Cos @1 Sin ¢ -Sin ¥°¢ Cos ¥! o] Y
z I 0  -Sin ¢! Cos ¢° 0 Gin 0! Cos 0! |17
The direction cosine elenents of the translormation matric are obtuined by
performing the indicated multiplication. Fur the pitch-yaw-roll rotational
sequence
]
x (Cos ¢' Cos ©') (Sin ¥1) (=Cos ¥' Sin 0) X
» (5in ¢* Sin @ (Sin ¢g* Cos o
yi= (Cos ¢ Cos ¥')
Cos @ Sin ¢' Cous @) + Cos @ Sin €Y Sin ) [ 1Y (48)
z (Cos ¢ Gin (Cox g Cn 0
(-S1n ¢ Con ¥')
» Con Q' S1o ! Stn ) - S4n ' Sin O Sin W) fl2
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(c) Pitch-Roll-Yaw Rotation

Figure 9.

FIRST ROTATION

3 Cos O" 0 -Sin o" X
Y| = 0 1 ¢] Y
n Sin @" 0 Cos O Z
SECOND ROTATION
S
3 1 0 0 l ¢ |
Li-10 Cas ¢" Sin ¢" l Y , Y
2 9 -Sin ¢" Cos #" | nl
¢
38
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AXIS AND ROTATION ORDER

X g@" “ 1.
" n
{s ; 3

Unit Sphere for Pitch-Roll Yaw Sequence of Rotation
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THIRD ROTATION

x Cos ¥" Sin v" 0
y|= | -Sin ¥" Cos ¥" 0
z

0 0 1

X X
vyl = lvu l l ¢n | | Q" I Y
z, Z

inated by

x I cos v" Sin y" 0
y| = | -Sin y" Cos y" o]
z

] 0 1

sequence
{(Cos ¥" Cos @"
X
+ Sin ¥" Sin ¢" Sin ")
| (-3in ¥" Cos @"
y|-=
. + Cos ¥" sin ¢" Sin Q")
2 (Cos P" S1, Q")

The transformation matrix is given by

1 (o}
0 Cos ¢"
0  -Sin §

(Sin ¥v" Cos ¢")

(Cos ¥" Coa ¢")

(-Sin ¢")

39

or, in terms of the planar rotation matrices, the intermediate sxes are elim-

0 Cos 0" 0 -Sine"||X
Sin g" 0 1 0 Y
Cos ¢ Sin @" 0 Cos @"{|2

The direction cosine elements of the transforasation matrix are obtuined by

perforuing the indicated multiplication. For the pitch-roll-yaw rotational

(~Cos y" Sin 0"
X .
+ Sin ¥" Sin $" Cos Q")
(Sin O" Sin ¥"
¥ {49}
+ Cos y" 5in " Cos @")
(Cos ¢" Cos @) Z
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The directic ~»ines relating body and inertial coordinates are
assignea the fnilowing symbols in the central program {see Equation 22).

x ! [l /2 [3 i Xal

y = |m mp m3 Y (50)

Z ! ny no ng Z,

By comparing identical positions in the matrix of Equation 50 with the
matrices in Equations 47, 48, or 49, the direction cosines above are
defined in terms of the appropriate sequence of Euler angles.

{(4) Platform Angles for a Flat-Planet Problem

For a flat-planet problem, the orientation of the platform
coordinate system will be assumed to coincide with the flat-planet
coordinates.  Therefore, the angles measured on the gimbals of this
platform may be deterniined for the three gimbal arrangements considered.
For the yaw-pitch-roll gimbal system, the following direction cosine
relationships are obtained by comparing corresponding positions in the
matrices used in Equations 47 and 50. Five elements are sufficient to
define these angles.

f, = sino

fg = Cos @ Sin V¥

[1 = €os @ Cos ¥ (51)
my = Sin ¢ Cos ©

= Cos ¢ Cou ©

The first equation defines the angle /). The angles ¢ and f# may be
defined explicitly by combining the second and third equations an! the

fourth and ¥fifth equations, tnus,

Sin @ = - {3
Tan v = 1o/l
and Tun ¢ = m 3/115
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For the flat-planet pro_lem with the piatform stabilized to
coincide with the Xq-Y «Zg coordinates, these angles represent the
angles measured on the gimbals and will be designated with a subscript p.

o, = -sin-l/f3
Vp = Tan-1 1%/1& (52)
¢p = Tan-l m3/n3

Similarly, the angles measured on a pitch-yaw-roll gimbal arrangement
may be computed by comparing identical positions in the matrices used in
Equations 48 and 50.

[2 = 8in Q%

ll = Cos Wﬁ Cos 05
{3 = -cos ! 5in 0!
3 p P

= s ) a Wyt

mp Cos ¢p Cos v

n, = -Sin ¢ Cos y! (53)
< ¢P WP

Then

Sin Vl; = iz

Tan @) = - 3/11

Tan ﬂé = -np/mp

Again for the flat-planet problem, the gimbal angles for this arrange-

ment are:
W}') = Sin~} l’;_)
of » reat by/4) (54)
- RS -~
¢ﬁ s Ten™t -np/uo

41




AFFDL-TR-71-155
Part II

The appropriate direction cosines for the computation of the angles
for a pitch-roll-yaw system are:

ng = -Sin ¢
mp = Cos ¥p Cos ¢p
" 1t (55)
1l = Sin yp Cos ¢p
ny = Cos ¢y Sin 6p
- 1] "
ny = Cos g Cos 6

The platform angles are found from these direction cosines to be:

¢B = -f.n"lng

oy Tan~! nj/ny (56)

"

Yo Tan=t 1p/wp

For the flat-planet problem, the angles derived in Equations 5]
through 56 represent the attitudes of the vehicle with respect to the
X -Yg-Zg flat-planet coordinates and also with respect to a platform
coordinate system whose respective Xp Yp-Zp axes are parallel to XngZg.
The computation of these platform relations are summarized, alung with

the accelerometer indication in Fiqure 10.

{0) Accelerometer Indicati . Let A be the vector sum of the
platform accelerometer outputs and g be the mass attractive acceleration
Jf the planet. The accelerometers are calibrated to read zero when they
are unaccelerated and aligned such that the sensitive axis is
perpendicular to §. The vector R will represent the displacement of

the platform with respect to the inertial axes. It will be shown that
A=R- g, where R is the inertial acceleration of the origin of the
platform. Consider the vehicle .ccelerating vertically at 1g. In

inertial components, then

<k

R -g T,q (57)
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[ TyPE oF Gi

6-v-¢|

8, = TA N"(%’!:)

W = SIN 4,
v 32

MBAL svsrsm_l

Fx
9% * m ~ 9%
F
o * W -9
F
9
9 ° ™ "9
HOW ARE THE
PLATFORM | ACCELEROMETERS | _ BODY
MOUNTED MOUNTED
MOUNTED
| NO
ACCELEROMETERS
Axp £, m oy
Avp|®| £y mp ng ay
Azp £y m™my n, G,
- % ~
CONTINUE
PROBLEM
Figure 10. Functional Flow Diagram - Platform Angles for

o

Six-Deoree-of-Freedom Flat-Planet Option
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In the absence of a gravitational field, the accelerometer should read
-1g. Positive motion of the accelerometer mass along the Zg axis
represents a negative acceleration in this case, and the vector g is
equal to g 12g. Consideration cf the gravitational field will cause an
additional displacement of the accelerometer mass in the positive Zg
direction, giving a total indication of -29. The equation

A= R-3 (58)

will be evaluated from the data

so that
(59)

This result is shown schematically in Figure 11.

24

Figure 11. Accelerometer With Sensitive Axi1s Aligned With
Local-Geocentric Vertical
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The vector A is equal to the vector sum of the accelerations
produced by the externally applied forces. The body components of the
externally applied forces may be taken from the separate subprogram
which gives the summation of forces and moments. Fx’ Fy, and Fz are
the body components of the external forces plus the weight. The weight

mist then be substracted to determine the body components of A:

(60)
- oz Fe=May\- (Fy-Moy\ - [Fa-Tg,\. - - -
AxR-Gn (—"-—777-—"—"~)|,+(-‘-'—7-”-—") Ty + -l—ﬁ—l)lzxoxl,myt,«o-a,l,

3. VEHICLE CHARACTERISTICS

The methods by which the aerodynamic, propulsive, and physical
characteristics of a vehicle are introduced into the Takeoff and
Landing Analysis cemputer program are presented in this section. The
form and preparation of these input data are discussed together with
methods by which stages and staging may be used to increase the
effective data storage areaallotted to a description of the vehicle's

properties.

a. Aerodynamic Coefficients
(1) Form of Data Inpu*

The primary objective of the aerndynamic data input
subprogram is to provide Yor a complete accounting of the various
contributions to the aerodynamic forces and moments regardless of the
flight conditions or the vehicle. 'wo powerful techniqueu are
available for use in digital computer programs: {a) an n-dimensional
table look-up and interpolatior and {b) an m-order polynomial function
of n variables prepared by "curve fit" techniques. In the first
method, the proper value for edch term is obtained by an interpolation
in "n" dimensions where the number of dimensions is taken to be the
number of parameters tn te varied independently plus the dependent
variable. This method has the wdvantage of cccurately describing
pven the most nonlinear vaviations with a mininum of preparation effort.
The amount ¢f storage space which must be allocated to such a method,

however, can achieve completely unrea onable proportions and may require
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substantial computing time for interpolation as the number of dimensions
is increased. The second metnod has essentially the opposite
characteristics; that is, a large amount of data may be represented
with a minimum amount of storage space and the computation time is

held to reasonable 1imite but the data variations which may be
represented must be regular. A substantiai amount of effort is usually
required for the preparation of data by a curve-fit technique. Both of
these methods are very convenient when the amount of data to be handled
is moderate, but tend to become unmanageable when large amounts of data
are required. This usually occurs when the program having several
degrees of freedom, 1is committed to one or the other of these two
techniques. Therefore, the Takeoff and Landing Analysis computer
program will incorporate both of the techniques discussed as a compromise
to take advantage of the more desirable features of both. To do this,
a general set of data equations will be programmed which define each of
the aervcdynamic forces or moments. In general, the coefficients for
these equations will be obtained from a curve-read interpolation.
Several simplifications may be made to the equations, dependirg on the
flight condition and vehicle to be considered.

The effects of the following parameters will be considered:
(a) Angle of attack and its time derivative (a , &)

(b) Angle of sideslip and its time derivative (F, Q)

(c) Roli, pitch, and yaw control deflections (hp, Aq, &r)
(d) Ruil, pitch, and yaw angular rates (p, gq, 1)

(e) Center-of-gravity position (XC 5 )
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The aerodynamic forces and moments considered with respect to each
coordinate axis include the effects of angle of attack and sidesiip,
primary control deflection with respect to each axis, lag of downwash,
and primary damping effects. In addition, the rolling moment due to
yaw rate is included. Complete generality in the aerodynamic coupling
effects has not been included in the present subprogram options since
the descriptive terms required depend upon the particular problem.
The storage space provided for the several existing options is considered
to be adequate to accommodate other special problem formulations through
substitution of terms.

Quite cften the particular application will not require sune of the
terms listed in order to describe completely the flight path and vehicle
under consideration.  The subprogram will be arranged so that the
computer will assign . constant value to any curve for which the data
has not been supplied. For most curves, the constant value will be
zero. This technique w:!1 reduce substantially the time required for
the preparation of data. Values intermediate to those introduced in a
tabular listing will be obtained by linear interpolation. The method
of incorporating data for staged vehicles is discussed in the paragraph
entitled Stages and Staning.

(2) Flight Path and Vehicle Types

In most of the cases discussed below, & "curve-fit"
technique will be used to obtain all or a portion of the aerodynamic
terms. For the purpose of this subprogram, it will be assumed that
the curve fit has been selected to represent the variation of the
coefficient ebout the trim conditions. This may have the effect of
ramoving physical significance from some of the individual terms, and
only the sum of the terms will represent the data. A typicail example
is Figure 12.
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cko Curve Fit e Y3 2T}
e r e Cyrve Fit

Cko
Actuol

Angle of Attack,a

Lift Force
Coefficient, Cy

figure 12. Curve Fit Nonlinear Aerodynamic Characteristics

In this case, the CL and CL values used in the equation for C wre
0 a
obvicusly different from the actual values of these parameters.

A functional flow diagram for the solution of the aerodynamic
forces and moments is presented in Figure 13. It should be noted that
the actual machine brogramming will not necessarily follow the sequence
shown since certain computer operations have been omitted in this
description of the problem formulation.

A controlled aircraft represents the most general case that will be
considered. In order to account for the many component forces, we made

certain restricting assumptions. The assumptions will be made that the
aircraft is confined to moderate variations in position angles and
control deflections. Center-of-gravity shift along the x-axis is

included. “he coefficients can then be expressed as shown in Block 3
of Figure 13. The functional computation sequence for this option
proceeds from Block 1 to Block 5 in a straightforward manner.

The change ir. dynamic derivatives due to a change in the center-of-
gravity location is programmed as a curve-read in order to avoid the
complications of a iransfer. The definition of « and R as applied to
the TOLA computer program (see Equations 45 and 46) is

af w-w . -
a-s Ton'(u_u:)ond B:Ton’(-‘-‘:—__—;—:-) (61}
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TABULAR LISTiING (D

Can =t (GROUND
o' (Errect)
SEE_NOTE

—

SEE NOTE EFFECT

TABULAR LISTING AS f(GROUND)®

2 2 2
Caa, Caa,Ca3,0af, Cadq Cady,
,Caadq .CZABSQ.CNO.gNG.
CNa,CnB3,CNBCNBq,CNEq

NOTE"

ALL Cp AND Cp INPUTS ARE IN WIND
AXES SYSTEM, e, ACTUALLY Cpp AND
CL , RESPECTIVELY

AlLL Cy,Cl,Cm,AND Ch INPUTS

ARE IN BODY-FI!XED AXES SYSTEM

CnaB,CNaBa,CNBBa.ONG, CNax,
CNq,%Nqx,Cy0,Cya Cya
€y3,¢y3,Cy8rCyar.Cyall,
Cya8r,CyB8r,Cy3,CyBx Cyr,
Cyrx Cto,%a, L& L B,CLB° ®
C18p.C(80,CLafB, Clade.CL BB,
Co €fr .Clex Cmo,Cma
Cm& .S, CmB CmBq, Crmde,
CmafB,CmaBq,CmB8q fma, Cmax,
Cmq,%mg=,Cno.Cna,Cna
CnB,an,cnar,cnar.anB,
cnuSr,anSr,an,anx,:‘nr,
c
Y
| SUMMATION OF AERODYNAMIC FORCES AND MOMENTS COEFICIENTS (3)
; z 3 2 2 7.2
Cp Cap*Cagla +Caga+caplBl+rcapg B +CaBq!8al +Ca8q Ba ¢ CagSo!adl
*+cagp!aBl+ cagp | B8al
€L Cno* Cna@ +englala +oyglBl cngPB¥ + cyBy Ba +cnsllBal 8q
+CnaBqlaida +C~aB a| B[+ cnf38q1818a +iCna + CnanACG) 33;,
Hona* LquAXCG)g—'
Ca: Cp cosl@l-Cpwnia)
Cn: CL cos(a) +(‘Dsm(a)
CyCo*Cyglal+c,ga+e,gB+o, Bl B+cys, B, +¢,598, 8+ q8,lal 8,
+cyaplalB +cyp8;|BI8. +icy8 +¢,8, AxC6) R +(cy,+Cy,  Bxce) 5F
€)= Cfo +Cfqlal+Cqa *CIB’ A+ cf p‘éf[j +c13980+c139|89 18,+Cpag,laiBp
H‘jaﬂ|aG|+qBS [B18p+ ¢, 8% +(cp +6p,,0xC6) 5
Cm-CmytCmga *Cmg lala +cmB'B|*CmBzE *+Cmgq 8‘0 + Cm8q|aﬂ|80 "Cmas lal 8q

d xce
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nex,

CONTINUE
PHOLLEN O

Figure 13. Solution of Aerodynamic Forces and Moments Subprogram
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Data supplied must correspond to this definition or an alternate
computation of these angles must be formulated to agree with the method
of data reduction,

(3) Error Constants

The use of error constants, designated by the symbol e,
to modify the aerodynamic data characteristics is shown in Figure 13.
A detailed explanation of these error constants and their use is given
Tater.

b. Thrust Fuel Flow Data

An airbreathing engine i< strongly affected by the environmental
conditions under which it is operating. Engines which would be grouped
in this classitication are turbojets, ramjets, pulsejets, turboprops,
and reciprocating machines. The parameters which will be considered

of consequence in this program are:

{a) Mach Number (MN)

(b) Throttle setting (N - units defined by problem).

To accommnodate these variables, a three-dimensional tabular Tisting
and interpolation will be used to obtain thrust. The thrust needs no
further correction since the effects of all parameters are included in
the interpolated value. The functional computation sequence for
introducing these deta is straightforward, as outlined in Figure 14.

The same thrust table is used for each of i engines, where i = 1,
.» IN. FEach throttle may be varied independently by the Throttle

Autopilot. AIl thrust vectors are assumed to act:

IN
Ty = 2 Vi AN, My) (62)
is}|
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IN
Tx = Ti (Ni. MN,
i=1
IN IN
My s X M= 2 Ty
=1 is]
IN IN
Np o= X Nppos 2Ty

|

CONTINUE
PROBLEM

Figure 14.  Thrust Forces and Moments Subprogram

where Tx is the x- component of thrust in the vehicle body-axes system.
(A positive T produces a positive u.) This force will introduce

momeriis .

IN IN
My = ?;' Mri = 2 Ti Zni
6
IN IN (63)

where MT and NT are the thrust moments about the vehicle y and z body
axes, respectively, and YNi and Zy; are the distances to the center
of gravity of the 1t" engine from the reference center of gravity,

where i =1, 2, ..., IN.

c. Physical Characteristics

The methods to be employed for the introduction of vehicle
pliysical characteristics 1. v tne Takeoft and La..iag Analysis computer
pragram are outlined in this section. A table look-up and interpolation
technique is used to determine those parameters which are variable.

A provision is made for introducir: errov constants .0 seveiral of th:

parameters.
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(1) Categories of Physical Characteristics

Physical characteristics are introduced into the computer
program in two groups: (a) characteristics used in the general
solution of the equations of motion, and (b) characteristics used
only in specific, or auxiliary, subpreograms. The foliowing items
will be defined in the general vehicle characteristics subprogram:

(¢) Initial mass of the vehicle (W),

(b) kaference area {S),

(c) Reference lengtns (dT, dz),

(d) Reference center-of-qravity location (Xcg Ref)‘

(e} Potating machinery pitch angle (8, ),

(f) Rotating machinery ongular rate (<, ),

{g) Rotating machinery moments of inertia (Ix s

r Yr %
(k) Vehicle center-of-gravity location (xrg),
i \ i of ]
(i) Vehicle moments of Inertia (Ixx’ Iyy’ IZ,, Xy’
<z’ lyz)’ and

(i} Reference jet-damping lengths (]y’ ] 1], 1, 1),

Items (a) through (g) will be constant throughout any stage. Items
(h) through (j} will be variable during the stage due to the variation
in mass caused by fuel consumption. Figure 15 presents a functional
flow diagram defining the manner in which these characteristics are

introduced into the computer program.
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Mo+ S» A1, d2, 8¢, wy, Iy, Iy, Iy, XC.G. et

DATA CONSTANTS

)

TABULAR LISTING

xC.G. = fU) + €8 I,(y = F(70) + €55
Iyy = f(//.‘) + 520 Iyz z f(/)l) + (24
12 =t + €y,
Y
TABULAR LYSTING
|y = HXC'G_) I| s f(XC_G_)
Iy = f(xC.G.) tm = ”‘C.G.’
|n = f(XCG)
1
TABULAR LISTING
Inx = fltg) Igy = flte)
I,y " fltg) Iy, = fltg)
iZl E f(f" iyz L f(f"
BXc.6.* Xc6. = XC6.ger
CONTINUE PROBLEM
Figure 15. Vehicle Physical Characteristics Subprogram
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(2) Reference Weight. The instantaneous mass is used in the
computation of the body motion. The reference weight is obtained by:

Wy = W(32.174) (64)

(3) Errer Constants. The use of error constants, designated
by the symbol P to modify the general vehicle physical characteristics
is shown in Figure 15. A detailed explanation of these error constants

and their use is given later.

d. Stages and Staging

A problem encountered frequently in airnlane performance work
is that of staging to allow a set of aerodynamic data to be changed.
Stage changes at constant weight, such as eitending drag brakes or
turning on afterburners, may also require revising the asrodynamic or
physical characteristics of the vehicle. Another use of the staying
technique is possible with the present computer program which does not
involve physical changes to the configuration; this technique may be
used to revise the aerodynamic descriptors as a function of aerodynamic
attitude or Mach number. With this use of the stage concept, accurate
descriptions of the forces and moments acting upon a vehicle may be
maintained over wide attcitude ranges if required. Other applications
of this stage technique are possible. Normally it is not practical to
stop the computer and manually insert a new set of data. A better
approach is tc have the computer do this automatically: new data will
be loaded automatically on the basis of whether a specified variable
has exceeded cr become less than a preselected value. For generality,
it is possible to test on four values in each direction.

When the new data are read in, the conditions represenling the
last time step will be read in as initial conditions for the next stage.
This avoids the discontinuity that would result from an infinite rate
of change of center-of-gravity location. It also will cause the
integration routine to be started over, which will reduce the computer-

induced transients due to staging.
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e. Error Analyses

The Takeoff and Landing Analysis computer program will incorporate
a provision for conveniently performing flight-path error and dispersion
analyses by trajectory computation. Thiz problem involves the
determination of flight-path dispersion due to deviations of input
quantities from their predicted nominal values. The usual approach to
this type of problem requires that a series of trajectories be computed
in which standard deviations, or errors, are systematically introduced
for each parameter while the remaining parameters are held at their
nominal values. These resuits are then combined to determine the
“probable" dispersion. This approach will be implemented in the
Takeoff and Landing Analysis computer program by providing a simple and
efficient method of introducing the deviations. The capability of
modifying a nominal value by either an error constant multiplier or an
additive error constant is provided for many of the parameters as
outlined below. The provision of these error constants will reduce
substantially the number of tabular data Tistings that must be changed
for an error analysis, thereby reducing the work of the analyst. The
determination of the standard deviation of each of the parameters and
the method of combining the trajectory variations are left to the analyst
in view of the multiplicity of combinations possible.

(1) Aerodynamic Data. The provision to modify the aerodynamic
coefficients through the use of error constants, € is outlined in
Figure 13. The constants are applied as follows:

hgp = le, Cy + €)a*s
G = (e Cp t c,)q*s
y = leCy + €g)a%®s
I = (e, C + €,)a"Sd,
m = (€yCm + €)% sS4,

n = (e”Cn +su)q*5d!
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These error constants allow the total aerodynamic coefficient to be

modified to account for configuration modificacion,

analytical error,

(2)

or misalignments.

Vehicle Physical Characterisitcs

experimental or

The provision to modify some of the vehicle physical

characteristics through the use of error constants is outlined in

Figure 15.

The constants are applied as follows:

ey
Iyx
Iyy
1z
Lyy
Ix;

Iyz

M+,
fiMte,,
(M + €,
fiM+e,,
fiM+e,,
fM+e,y
M e,

In the application of error constants in the above equaticns caution

must be exercised to insure that the units are consistent.

Each of the

error constants will be assignea a nominal value which will be used
The constants which are multipliers

when no other value is specified.
will have a nominal value of unity,

have a nominal value of zero.

(3

certain cases,

)

Additional Errors.

and those that are additive will

Not all of the system input constants

can be modified for error analysis studies as indiceted above. In

it may be found unrealistic to modify the input data

through the use of error constants because the actual deviation would
not appear as simply a constant increment or percentage rhange. An
example of such a case would be the change in thrust-time history of a
rocket due to temperature changes of the propellant since such a change
affects both thrust level and burning time.

representation of such a case,

tabular listing accerdingly.
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4. VEHICLE ENVIRONMENT

The models for simulating the environment in which a vehicle will
operate are presented in this section.  This environment includes the
atmospheric wind. In the discussions which follow, the descrintions
of vehicle environment pertain to the planet Earth.  The environmental
simulation may be extended to any planet by replacing appropriate
constants in the describing equations.

a. Atmospheres

The concept of a model atnwosphere was introduced many years
ago, and over the years several models have been developed. Reference
16 outlines the historical background of the gradual evolution of the
ARDC model. The original {1956) ARDC model has been revised to reflect
the density variation with altitude that was obtained from an analysis
of artificial satellite orbit data. This revision is the 1959 ARDC
Model Atmosphere.

The advantage of a model atmosphere is that it provides a commecn
reference upon which performance calculations can be based. The
model is not intended to be the "final word" on the properties of the
atmosphere for a particular time and location. It must be realized
that the properties of the atmosphere are quite variable and ave affected
by many parameters other than aititude. At the present time, the
“state-of-the-art" is not advanced to the point where these parameters
can be accounted for, and it may be several years before the effects
of some parameters can be evaluated.

{1) 1959 ARDC Model Atmosphere.

The 1959 ARDC Mouel Atmosphere is specified in layers
assuming either isothermal or linear temperature lapse-rate sections.
This construction makes it very convenient to incorporate other
atmospheres, either from specitications for design purposes or for
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other planets. The relations which mathematically specify the 1959
ARDC Model Atmosphere are as follows (Reference 17):

The 1959 ARDC Model Atmosphere is divided into 11 layers as follows:

Layer Hy-Lower Altitude Upper Altitude

(Geopotential) Geopotential)

Meters Meters

1 0 11,000

2 11,000 25,000

3 25,000 7,000

L L7,000 53,000

p) 53,000 79,000

6 79,000 90,000

7 90,000 105,000

8 105,000 160,000

9 160,000 170,000

10 170,000 200,000
11 200,000 700,000

For layers 1, 3, 5, 7, 8, 9, 10, and 11. a linear molecular-scale
temperature lapse-rate is assumed and the following equations are used:

0.3048h

Hop * 770 3048/6356766 meters (65)
TM = (Tm:b{lf‘K.(qu—Hb)] °R (66)
= r -1 ng'C‘)] o 7

T: Ty|A Btun( 5—) | R (67)

[ - K

P = Py P+K'(ng-ﬂb)](.’ 2! slugs / #1° (69)
Vg = 49.020576(Ty)'"? f1/sec (70}
-e T3t . ,

v = 0.0226988 X 10 Wﬁ_);] ft" /sec {71)
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For the isothermal layers 2, 4, and 6, the following changes are made

in the above equations:

Values for temperaturc, grossure, density, and altitude at the base
of each altitude layer are listed below, along with the appropriate

values of K], KZ’ and K3.

Quantity 1 2 3 L 5 6-
K1 -.225569-4 0 1384664 0 -.159202-} 0
Ko -5.25612 - 11.3883 - -7.59218 -
K3 - 15768373 - .120869-3 - 2062343

Ty 518.638 389.988 389.988 508.738 508,788 293.1886
Py 2116.21695 U72.73 51.979 2.5155 1.2181 2.1080"°
oL 2.37692-3  7.0620-%  7.7650-5 2.8304-6  1.39463-6  4,1189-8

Hp ) 11000, 25000. 47000, 53000. 79000 .
Quantity 7 8 g 10 11

K1 2N1hs8-4 886289t skl -S L35071570 Leep1egtd

Ko 8.54100 1.70824 3. 41648 £.83296 9.7613

K3 - - - - -

Ty 298,108 L06.188 2386.188 2966.188 2836.185

By, 2.18003 19560k 7.5476-0 5,305} -6 2.5759-6

Py L2619 2.p30-10 1.8,5-12 1.338-1° 6.113-13

Hy, 90000, 165000, 150000 . 170000, 200000,
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Values of the appropriate constants to be applied in the temperature
equatior (Equation 67) are as follows:

ng(}(m) A B c D
0-90 1. » 0. - -
90-180 0.759511 0.17k16M 220 25
180-1200 0.935787 0,273966 180 140

(2) Limitations. The validity of the 1959 ARDC model is

limited to altitudes below 700 km, although the program is arranged to
extrapolate the relationships to greater altitudes, if desired.
Extrapolation to greater altitudes is accomplished hy altering the cutoff
altitude. At an altitude of 90 km {approximately 300,000 ft.) the
subprogram normally ceases to calculate kinematic viscosity and speed of
sound and assigns a value of zero to each of these parameters as an
indication that the computation has stopped. This is done for the
following reasons: (a) the molecular composition of the atmosphere is
unknown; (b) the variation of the ratio of specific heats above 90 km,
is not known; and (c) the numerical value of the speed of sound has
little physical significance. The validity of Sutherland's empirical
formula for viscosity is also reducod because of the extremely low

nressures which exist.

(3) Acruracy. Due to a lack of knowledge of the rounding-off
procedures used to evaluate the constants in Reference 16, it was
impossible to obtain exact agreement between the subprogram and the
values tabulated there. A comparison of the results over an altitude
range of 0 - 1,000,000 ft. revealed that the deviation of the computed
from the reference values never exceeded one tenth of one percent and
in most cases was less than one half of this value.
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b. Winds Aloft

The winds-~aioft subprogram provides for three separate methods
of introducing the wind vector - as a function of altitude, a function
of raﬁge, and a function of time. This will facilitate the
investigation of winds effects for the conventional performance studies.
Th> wind vector vill be approximated by a series of straight-line
segments for each of the methods mentioned above. Statistically derived
profiles of the type presented in Reference 13 can be represented by
this approach anud it is presumed that tne analyst will resort to sources
of this type to obtain the wind irput data. The present subprogram
will rot be particularly concerned with the method used to determine the
wind vector, as this is a separiate problem outside the scope of the
Takeoff and Landing Analysis conputer program.

Four options will be used to define the wind vector in the SDF
computer program.  The three components of the wind vector in the
inertial coordinate system will be specified as tabular 1istings with
Tinear interpolations (curve reads) in the following options.

Wind 9ption (0). In this option the wind vector is zero throughout

the problem. This will allow the analyst the option of evaluating
performance without the effects of wind. This option causes the wind-
aloft subprogram to be bypassed in the computational sequence.

Wind Option (1). In this option the components of the wind vector
will he specitied as a function of time for the estimated altitude.

Wind speed will be specified i feet per second and time will be

specified in seconds.

Wind Qption (2). The three components of the wind vector will be
introduced as a function of altitude in this option. Wind speed wilil

b specified in fect per second anu altitude will be specified in feet.
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Wind Option (3). In this option the compenents of the wind

vector will be introduced as 2 function of range for the estimated
altitude. Wind speed wili be specified in fect per second and range
will be specified in nautical wiles. The range used in this computaticn

will be the range from the starting poi~%t, Rg.

By staging of the wind nption, it will be possible to switch from
orie method of reading wind data to another during thke computer run.
Care niust be exercised in this operation, however, as the switcnhing
will introduce sharp-edged qusts if there are sizeable differences in
the wind vector from one option to another at the time of switching.
This effect should be avoided except in cases where gust effects are
being studied.

Figure 16 presents a functioral flow diagram of the wind-aloft
subprogram.  For Wind Option (3) the range from the starting point must
be defined. Therefore

Rg = o/ Xg=Xg)® + (¥g=Yg)? (74)

5. SDF-2 CHANGES

Nearly all of the autopilot logic requires additions to LOF-2 and
not changes in the basic SDF-2 cuncepts. Because it is desired to
simulate ground effect, multiple engines, and a drag chute, some

direct changes in SDF-2 must be m le.

2. Aerodynamics  [5A7S)  Lnanges

The aerodynamics subroutine in SDF-2 (called SACS) will not
siimuiate a smooth transition into ground effect and has several options
that take up needed computer storage and are not needed in a landing
analysis. Aerodynamic dependence on Mach number is also no longer
needed (see Assumptions in Section 11 of Appendix IT11). Special
requi; ements of the autopilot (i.e. aerodynamic force coefficients CL

and CD are needed 1n a pseudo-wind axes system, and the side force
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coefficient, Cy, and the aerodynamic moment coefficients are needed
in the body axes system, can aisn b: met at the outset by a rewrite
of SACS.

Ground effect data, 1if available at all, is usually given by
giving the aerodynamic coefficients fur no ground effect (i.e.,
aircraft is sufficiently away from the ground)} and by giving the
aerodynamic coefficients in ground effect (i.e., aircraft is essentially
on the ground). References 7 and 19 indicate that the aerodynamic
coefficients affected begin to change when the aircraft reaches one wing
span above the ground, and the transition into full ground effect
appears to be exponential. For this reason, the following equation
was adopted to simuiate the ground effect transition:

-t‘( hG-e(xRZ)-hCG ) (75)
where
e(sz) = runway perturoation at the displacement of gear number
two from the runway origin (can represent an aircraft
carrier deck for takeoff)
AhG = aerodynamic coefficient at altitude hC
3
Ao = aerodynamic coefficient for no ground effect
AGF = aerodynamic coefficient for full ground effect
hG = altitude aircraft mass center is above the ground
hCG = sgc "qlide slope"
b = wing span

Note that for hG 2 b, the value of AhG is essentially Ao' As hG
approaches hcg’ the value of AhG is essentially AGF' In this manner

the ground effect transition is simulated.
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The details of the rewrite of SACS will not be given here. Suffice
it to say that the modified SACS subroutine will include the following:

(1) Same equations and aerodynamics coefficients usaed in
Option I (page 45)

(2) Eliminate all other SACS Options and the aerothermoelastic

calculation.

{3) Aerodynamic coefficients will not be a function of Mach
number and two data points are needed for each coefficieat: one for no
greund effect and one for full ground effect.

(4) Force coefficients CL and CD must be input in the pseudo

wind axes.

(5) Side force coefficient, Cy’ and the moment coefficients
must be input in body axes.

b. Multiple Engine Changes

As originally designed, SDF-2 only allowed for the simufation
of one airbreathing engine. The thrust table look-up routin., TFFS,
included the effects of altitude on thrust and determined the fuel rate,
both of which are no longer needed (see Assumption in Section II of
Appendix 111). Some provision must also be made tn determine thrust
for engine reversing, thrust for engine failure, and the net thrust
forces and moments acting on the multiple engine aircraft. We begin
by discuscing the thrust table lookup.

The thrust table is now a function of throttle setting and Mach
numter alone. Because of the throttle autopilot logic, the ranges for

the tnhrottle setting, N, must be as follows:

-2 means full reverse

H

z =
"

-7 means idle reverse
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N=20 means engine failure

=
if

+] means idle forward

+2  means full “orward

=
i

Negative values of thrust are stored for the negative throttle settings.
In this manner reverse thrust is simulated. The zero value of N is

used for the data simulating engine failure (note that failure thrust
may be zero or some negative value, depending on Mach number). The
actual reversing is achieved in the throttle autopilot by regquesting

a negative value of desired throttle setting, Ndi‘ The change of sign
on Ndi is sensed in the control response (see Figure 29 of Appendix III)
and this changes the sign of the actual Ni used in the thrust table.

Every time thrust is needed by the main program, the thrust table is
entered IN times - once for each engine - and the actual thrust array
T(IN) is obtained depending on the values in the actual throttle setting
array N (IN). The engine thrust vector is assumed parallel to the
longitudinal body axis (this is also assumed in the autopilot equations)
and therefore causes no roll moments. The engine position arrays,
3N (IN) and Y] (IN), along with the actual thrust array T (IN)
determine the engine pitch moment array MT(IN) and the engine yaw
moment array NT(IN). These arrays are then used to obtain the net
longitudinal thrust, Tx’ (note Ty and T3 are zero by assumption)
the net engine pitch moment, MT’ and the net engine yaw moment, NT‘
The net values Tx’ MT’ and NT are then used in SDF-2 and the ca.culation
proceeds as normal.

c. Drag Chute Changes

A drag chute simulation is included for analysis of those
aircraft using chutes for deceleration on landing roll. The chute drag
vector force, FDC’ is assumed opposite the relative airspeed vector
”a and is written as follows:

Vo

Foc * ~Foc ¥ (76)
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where
Foc * CocHSsH @ (77)

and

FDC = magnitude of chute drag force

C = chute drag coefficient (assumed a constant)

DCH

S = chute reference area

SH

q* = dynamic pressure (see SDF-2)

In terms of SDF-2 variables, the relative airspeed vector in body

axes 1x’ ly, lz is

Vg = (u-uw)Tx+(v-v.)iy+(w-w‘,)71 (78)

Equation 76 can therefore be written

- ~-Fpe
Foe =

[(u-u,)i_,+(v-v,,ﬁ,+(u-u,)i,] (79)

The vector, RCH’ from the aircraft mass center to the chute attachment
puint is written in body aves as

The vector moment, MCH’ of ?bc about the aircraft mass center is

If FDC is written
?oc s Fey 1y + Fey Ty + Feg 1; (82)
and MCH is written as,
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then the scalar components ch, Fcy, FC3, MDX’ MDY and MD3 are as
follows:
ch = "FDC(U-Uw)/Vo (84)
Fcy = —FDC(V-V')/VO ‘85)
Fcz z "Foc('-'"lVO (86)
MDx s YCH FCZ -"ZCH Fcy (87)
Mpy = Zch Fex —Xch Fez (88)

MDI b XCH Fcy "‘YCH FC' (89)

Figure 17 is a flow chart of the drag chute equations. The ICS
indicator is normally input at a value other than one. As such, the
chute body forces and moments (i.e., Equations 84-89) are all zero.

The drag chute is deployed some time during the landing rollout (see
Figure 11 of Apendix III), at which time the ICS indicator is made one,
which indicates to the program that the drag chute is deployed. The
chute body forces and moments are finally used in the SDF-2 total

, Fy, Fz‘ L, M, N} acting

summation of body forces and moments (i.e., FX

on the aircraft.
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] 0]
IF\ Fey = O
1CS=1 NO »4 Foy = 0
/ Mpx = 0
0]

0]

Mpy =
Mp; =

YES
Y

Fpc = Cpch: Ssua™

Fex = -FpclU-Uyw)/Va

Fey = -Fpc(V-Vw)/Vq

Fez = -FpC(W-Wy)/Vq

Fax = YcHFcz—ZcnFey

Mgy = ZcuFex —*ewfez

Mg, = XcuFey —Yenfex

['sacs compuTaTION |

\
CONTINUE CALCULATION
AND ADD Fcx,Fey, Fez,
Max, Mgy Mg TD BODY
FORCE SUMMATION

Figure 17. Drag Chute Forces and Moments
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APPENDIX II

LANDING GEAR EQUATIONS
TO SDF-2
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SECTION I
INTRCDUCTION

This appendix shows how the present equations of motion in SD7-2
must be modified to irclude the landing gear dynamics and ground
reactions. In this formulation the main aircraft frame is assumed a
rigid body; however, the gears are allowed to move, and the dynamics
of this motion is included in the formulatinn. The formulation is
generalized to a vehicle with any number of oleo struts (single or
double chamber) with balloon tires. Though specific application is
first intended for the C-5A aircraft, a modification of SDF-2 will
allow takeoff and landing analysis of many aircraft.

For a detailed understanding of the formulation, we reference the
reader to two reports: Reference 1, which is the original documentation
of SDF-2; and Reference 6, which is a derivation of the eyuations of
motion for a series of nonrigid bodies.
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SECTION II
MODIFIED EQUATIONS

1. SDF-2

The equations of motion in Option 2 of the SOF are written in a body-

fixed-axes system, ]xo’ lyo' 120, which is located at the vehicle mass

center. The mass center is located relative to an earth-fixed-axes
system, Txg’ Tyg’ Ilg’_ (ng points in the direction of gravity, i.e.,
down) by a vector R which has coordinates X , Y , Z_ along the

lxg’ 1yg’ 1zg _ xo’ 1yo’ 1zo
are oriented with respect to earth axes ]xg’ ]y ’ ]zg through the

[]m ] matrix of direction cosines. This is illustrated in Figure i8.
n

axes, respectively. The body-fixed-axes 1

Figure 18. SDF-2 Coordinate Systems

As such, the displacement vector R can be written

Ros XgTyg+YgTyg+2Zgizg {30)
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and the transformation matrix from the Tg axes system to the 70 axes

system is
- - - T, A
'xo 2, £, £, Ixg
Tyo | = | m mp my Tyg (91)
izo ny Nne Ny izq
- . " JL N

Before proceeding with deriving the modified equations of motion,
it is instructive to examine the landing gear to be simulated.
2. LANDING GEAR

Reference 26 describes the C-5A landing gear. The basic gear
configuration is shown in Figure 19.

\ N /Uppcr Air Chamber
D air,
N
N | /Primofy Metering Orifice

0il ~HAN-——Secondary Metering Orifice

Secondory Piston
oil —" Extension Stop

__.—Secondery Piston

oir Secondary Piston
Compression Stop

Lower Air Chomber

NRNR

Figure 19.  Strut Configuration
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The strut configuration is unique in that it has a secondary piston
and associated air chamber. Both the upper and lower air chambers are
preloaded, with the Tower chamber having the higher preload pressure.
The secondary piston remains forced against its extension stop until the
strut has deflected to the state where the upper chamber forces exceed
the preload pressure force of the lower air chamber. Once this occurs,
the secondary piston begins to move downward to seek an equilibrium
position. With this design, the secondary piston allows continued
strut movement without severely increasing the air compression load on
the strut. Since most gear struts have only one air chamber, the final
formulation will have an input indicator which will allow the secondary
piston and Jower air chamber to be removed from the problem.

3. MODIFIED EQUATIONS OF MOTION
a. Present SDF-2 Equations of Motion

The present SDF-2 equations of motion (see Reference 1, pgs 5-7)
are written with the mass center of the entire vehicle as the reference
point and in a body-fixed-axes system. As such, the vector application
of Newton's Law takes the form

F = il miv+aTxv) {92)
v = d_ﬁ. s ..d_. F. o -= @ w .G
M 31 d'(I w) I-W+wn(Irw) (93)

where

F = total applied vector force

m = total mass

V = inertial velocity vector of mass center in body-fixed-axes
system

V = velocity vector rate as seen from the body-fixed-axes
system
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@ = 1inertial rotation rate vector of body axes
H = rigid body anguiar momentum about mass center
I = moment of inertia matrix about mass center
@ = rate of change of @ vector

Equation 92 is the same as Equation 14 of Appendix I, and Equation

93 s the same as Equation 17 of Appendix I.

b. Modified Equations of Motion

(1) Identification of Problem

Although the problem definition of TOLA does not include
body flexure as part of the problem, it does include the rigid body
movement of the struts. Thus one has a problem where rigid bodies
are in contact with and moving relative to one another. In the strict
sense of the word, this is no longer a rigid body problem.

The equations of motion for such a system have been derived in
Reference 6. The general equations of motion (see Equations 48 and

50 of Reference 6) are therefore:

K . K " .
Fre S FormefRey m {(R) +2@xiR,),

k=o k=0
+ g xRy g+ @ox [ G x (Rl | + el + (94)

2, xlFy o)y + By 8 Pyt B xl@ya Ty }

_ K = K _

Mg = Y, = my 'r'ch-O-Zm.[(Ru)o'&ch]x
k=o k20

[y + 2o x g2+ G <Ry )+ Box [@ex 1Ry, ]
. _ ' (95)
+“kc)k+2wk“'kc’k+wk' The

K .
+ muumkx?“)} +uz-oH"°
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The derivation of Equations 94 and 95 is quite Tong and details may
be found in Reference 6. The definition of each term in Equations 94
and 95 is, however, given here as a point of departure, and is
illustrated in Figure 20.

FT = the total applied vector force to the system of K + 1
bodies

Ek = total applied vector force on the kth body

k = a given body: k =0 is the firs. body, and k K

is the last body.

= total mass of K + 1 bodies
h

R = vector to refaerence point on 0t body

M = total mass of kth body

60 = inertial rotation rate vector of 0th body

(ﬁk)O = vector position of k" body reference point from
0th body reference point

ch = vector position of kth body mass center from kth body

' reference point

( )k = a symbol meaning "as seen by the kth coordinate
system"

Gk = inertial rotation rate vector of kth body axes

ﬂo = total vector moment of all applied forces to the K + 1
bodies about the oth body reference point

mko = total vec... moment of applied forces to kth body
about oth body reference point

FC = vector position of mass center of the K + 1 bodies
from oth body reference point

ﬁko = vector moment of linear momentum of kth body abou* kth
body mass center

76
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I,;g

Figure 20.  Coordinate Sy-tems
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Equations 94 and 95 are very general and therefore very complicated,

but have the added feature of being very complete and rigorous as regards

their dynamics formulation. At present, Equations 94 and 95 bear very

Tittle resemblance to the SDF-2 equations of motion (i.e., Equations

92 and 93), and, at first examination, the necessary modification to

Equations 92 and 93 may appear extremel large. Specific application

of Equations %4 and 95 will show this not to be true. We begin by

giving physical meaning to the coordinate system in Figure 20.

The Tx s Tygs ng axes system in Figure 20 is the same as the
SDF-2 axes system in Figure 18 (i.e., the inertial axes system).
The oth body i3 presently chosen to the vehicle structure less the
moving gear struts. The other K bodies represent the moving gear
struts. In reality, tnere are two moving masses per strut, i.e.,
the main strut and secondary piston; the secondary piston mass,
however, 1is so small in comparison to the main <trut mass
{approximately 1,50), 1its inertial effects on the overal® motion of the
vehicle are neglected.

Each strut mass has assigned to it a coordinate system Txk' Tyk. ;7k
fixed to the 0th body (note that makes&ik equal G%, and convenient]

th

- . .
oriented with respect to the o~ body coordinate system ]xo’ 1y0’ 120

as shown in Figure 21.

The strut coordinate system ka, iyk’ izk is Jocated by the vector ‘ .
(ﬁk) {note since the 0th body is assumed rigid, this vector does not
vary) and is rotated about the positive Tyk axis by the angle 9k3
The angle Bk is chosen so that the dircction of gear movement is along

7 |

the unit vector ]‘k'

With these physical meanings given to the coordinate systems, let

us now examine Equation 9%,
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Direction of
Strut Movement

/

Figure 21. Strut Coordinate System

(2) Application of Equation 95

The terms of Equation 95 can be divided into two groups:
terms which depend on position and terms which depend on rate of change
of pusitiun,  Lquation 95 is first rearranged into this division.

["‘k [(ﬁk,°+ 7kc] X {mo h(ﬁk)o"‘
Eo 3 [mox(“k’ol + “A)k“ ch+ ka(ﬁkxfkc)} +

K .
= . - 3 ¥
lk-wk+wkxlfk~w“)]+£° [+ 1, w, (963

- 2 a

+20.‘x(?.c)u}]+m1 ch§
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The first summation in Equation 96 includes the terms that depend on
position, i.e., thea rigid body contribution to rate of change of angular
momentum about the oth body rcference point. The second summation is
that which depends on the time derivatives of position, i.e., the
nonrigid body contribution te rate of change of angular momentum about
the oth body reference point. Note that ﬁko has been replaced with its
equivalent expression (Equation 37 Reference 6), i.e.,

=t
H

The entire first summation in Equation 96 can be replaced with

I & +@ X (T . @ where 1_ is the familiar rigid body inertia
o°0 0 0" o 0 th

tensor for the entire K 4 1 bodies about the o~ body reference point.
Note that To will vary in time ever so slightly because ch is changing
for each gear. The variation of ch is normally on the order of 10-12
inches, as compared to wehicle dimensions on the order of nundreds of
feet. The variation of R due to gear strut movement will therefore be
extremely small and justifiably neglected.

We next choose to let the reference pcint of the 0th body be the
prminal mass center of the entire vehicle (i.e., the mass center for
the gears in their average deflected position). As such, FC will be
very small at any given time and can be considered approximately zero.

Reference 5 shows that fk and Ik' Ek are identically zero since

each mass is a rigid body within itself. The vectors (ﬁk) and (ﬁk)
0 0

th

are also identically zerc since the o~ body is considered rigid.

The foregoing specific application of Equation 96 has presently
reduced Equaticn 96 to

(98)
M —
(Feedy + 2@, x(h 0, }

+
™M=
3
3
Py
]
=
(-
+
=
»
3}
[ —
»x
ey,
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Separating the gear struts from the main vehicle structure in the

summation yields
ﬁo 2 fo - é)o + (.T)ol(ic'ljo’+m°[(§°)°+?oc]!

[tioete +2@0 x tFocdo | + %lmk [(Rido + Fuc] x [ty (99)

The mid:le term in Equation 99 is identically zero since the oth bady is

rigid, i.e., (¥ ) = f ) =0. Equation 99 therefore becomes
oc’ oc’

-M-O L io'(-d'_o +0-)°l(?°’(-l-)°)
(100)

K
+ 3 my [ R+ 7] x [t 28ty 1y ]
k=1

Realizing that the coriolis acceleration of the strut, 26& X (?kc) R
k

will be very small (mainly because the rotational velccity of the
vehicle, W at landing is very small) in comparison to the strut

acceleration (?kc) , reduces Equation 100 to its final form
k

ﬁo = fo . bo"’a’ox(to'ao)
(101)

+ 3 my [ Ao+ Tie] xt¥y ),

ke

Note that Equation 101 is the same as the SDF-2 equation (Equation
93) except for the summation involving the struts.

(3) Application of Equation 94

We next examine Ecuation 94, Let us first realize that
(ﬁk) and (ﬁk) are zero because the oth body is rigid. Next we
) 0
81
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realize that (?oc) and (¥.) are zero for the same reason.

) ¢
(ﬁo) is zerc by definition (i.e., the displacement of the oth body
0
reference point with respect to itself is zero). Next we realize that
G& = GO since all coordinate systems are attached to the oth body.
This reduces Equation 94
- = K . -
FT L] mT R+ kz'omk {aon[(Rk)o"‘ 'kC]
+Box@ox [(Ry)o+ Ty |1} (102)
K N .
k=l
Equation 102 may be rearranged
- -3 R K —-— - b
FremyR+wx) '"k[mk'o""uc‘
k=0
K _ ;
+Toxl@ox Y my [(Ro+ 7, ] (103)
k=0 -
K . ) X
+3 m,[ukc)ﬁzaox(v“)k
k=| ‘ .
Since Equation 47 of Reference 6 is the definition
K —
k=0

and since FC can be considered approximately zero, then tquation 103

reduces to

. K
Frempfied m, [Feer +2@0n iy, ] (103)
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Neglecting the small coriolis term, as was done in Equation 100 yields
the final form of Equation 94,

" K
Fr=myR +kz'|mk('i‘kc)k (106)

Note that Equation 106 is the same as the SDF-2 equation (see
Equation 92 and realize that R is g%) except for the summation

involving the struts.

Equations 101 and 106 are therefore the modified equations of motion
for a vehicle with moving struts. Note that if tae struts are not

accelerating, i.e. (fkc) = 0, the modified equations of motion
k
reduce to the original SDF equations of motion for a rigid body.

{4) Discussion of Modified Equations of Motion

The vector ?T in Equation 106 represents the total applied
vector force on the vehicle. Because the gears have been added to the
problem, ?} is composed partly of the ground reaction forces, and
partly of the forces making up FT’ which are gravity, aerodynamics,

and thrust. The summation éifnk(?kc)k can be looked upon as the
inertial force of the accelerated grar struts.

The vector ﬁﬁ in Equation 1071 represents the total moment of all the
vehicle applied forces about the oth body reference pcsition (which was
chosen as the nominal vehicle mass center). ﬁo includes the moments

of the ground reaction, aerodynamic, and thrust forces. The summati-n

K .
E'mk [(ﬁk)o-# Fuc] “?Ic’k can be looked upon as the moment

about the oth body reference position of the gear strut inertia forces.
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Considerable effort was expended in reducing the general Equations 94
and 95 to a reference point, which was defined as the "nominal mass
center." This extra ejfort was not without cause, for it simplifies
the equations of motion and allows the present moment of inertia definition
in SDF-2 (which was defined about the vehicle mass center) to be
applicable.

Vector Equations 101 and 106 yield six scalar equations for the second
derivatives of the six rigid-body degrees of freedom for the vehicle.
Before these equations can be numerically integrated, the ground
reactions and the strut accelerations must be defined from known quantities.

¢. Auxiliary Equations

(1) Coordinate Systems

Figure 21 shows the relationship between the strut coordinate
1

system ka, ]yk’ ]zk and the body fixed coordinate system ]xo’ 1

yo' "zo’
The coordinate transformation is
Txk = CoS GkT‘o—sinekTm
Iyk = lyo (107)
[ smGkT‘o+ cosBy 170
Equation 107 can be conveniently written in matrix form as
- r - r -
Ik a0 Qi3 “Iyo
wl=10o + o Iyo 1o8)
f2k Laks» 0 Qkx lz0
L J L
where ayn = cosBk
Qyis = - sinBy
{109)

Ay ° sinek

Qyay = COs 9;‘

B4
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The landing runway and its coordinate system is shown in Figure 22.

Figure 22. Runway Coordinate System

o ]yr’ 1zr is located down the 1x
The runway also has an elevation angle, ER’

with respect to the ikg axis (Ep allows the calculation to examine landing
on elevated runways if desired). The runway length is RL' The

The runway coordinate system Tx

g
axis a distance R e

-

. coordinate transformation between the 1  axes system and the T axes
e system is
b T}, =cosERT‘°—-ynERng
Tye = lyq moy
/ 'y
’ _|zr = sinERqu +cosERTzg

Equation 110 in matrix form is

l"xr Ry O RGia xg
el=]0 1 0 g ()
Lzr jRem O RGssJ 'rg
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where
Rgi = CcosER
RG3 = -sinER
{(112)
RGS' = SlnER
R(;as: CQSER
The position of the runway origin, ﬁgr’ can be written
Rgr = Rgr Ixg (13)
The positior of each strut coordinate system (ﬁk) can be written
0
(Rido = Rixlxo + Riylyo + Rizlz0 (114)

Figure 23 shows the strut coordinate system and associated strut

displacements.

-}

Kk2c

Fully Exfended

Position of Axle :T\\\ L ‘
y

Figure 23.  Strut Dispiacements
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The definition of each strut displacement is:

ch = displacement of kth moving strut mass center

or
frke = (rFk —Ske = Sk) Tak (ns)
where
Pex © fully extended position of axle
Sk = main strut displacement
Skc = distance between strut axle and strut mass center
Fer = displacement of secondary piston
or
Tk2e = | Tk ~Skas * Ska ~ Sk) 12k (ne)
where
Sk2$ displacement between axle and secondary piston

extension stop

S{é = displacement of secondary piston from its extension
stop
(2) Strut Equations of Motion
The modified equations of motion, Equations 101 and 106,
require the variable (%kc) . Note that (?kc) is the acceleration
of the kth strut mass centet as viewed from the tth coordinate system

(i.e., the venicle). Again we apply Newtor's Law (note in an inertial
frame).
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The total displacement of the kt
expressed as

h strut mass center, ﬁkc' can be

Rke = R+ (Rido + Lrgelk (7

Newton's Law states that

s,

sz = mg Ry {¢18)
where
Fk = one of many vector forces applied to the kth strut
Ekc = inertial vector acceleration of kth strut mass center

The first derivative of Equation 117 is:

2 kR —_ - 2 -_— -
Rie = RHwox(Rilo + (ricle +wox (riclk (19)
where (ﬁk) = 0 because the ot" body is rigid.

0

The second derivative of Equation 117 is

Rkc = R+ wX (Ry)o + GOX{EOX(EK)O] + (rie )k
PR . o (120)
+Wo"('kc)k"'2‘-"c'.»’((’k<:)k"“‘o"["’«’c"("kc)k]

Since @_ and @_ will be very small at landing and (R,) >> (F ) ,
(s} 0 k o kc K

the last three terms of Equation 120 are neglected which yields

L L2 2 - — — -— F L4
Ric = R+ w X Ryl +wo X[ @ X (Ril] +(ric)i (21

Note that the term R +w, X (Ek)o+;0x[;ox(§k;°}

is the acceleration of the strut coordinate system origin and the term

88
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(rkc) is the acceleration of the strut mass center as viewed from the

k
strut coordinate system (i.e., the term required in the modified

equations of motion).

Substituting Equation 121 into Equation 118 yields

R+ woX (R + wo X [ @ X (Rido ) + (Thelk} (122)

ZFk :mk{

Since the strut is physically constrained to move in only one
direction, Tzk’ we obtain that scalar equation of motion by the dot
product of Equation 122 and the unit vector Tzk‘

SFye T2k = my {i +wo X (R g + we X [;ox (ak)o] }'Tzk
L _ (123)
+my (rgedk *lzk

The term Fk . ]zk represents the forces applied to the strut

along the unit vector Tzk and will be replacea by sz. Note also that

(?kc) can be obtained from Equation 115 and is
Kk

(%.‘kc)k = _ngZk (124)

tquation 123 therefore becomes

TFie = my {E +w X (Ry)g +$ox[50('§k)o]}-lzk
. (125)
—my Sk
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Solving for the strut displacement acceleration §k, yields
Sk = {§+50K(_§k)o +‘;0K[;-)OK(EK)O;I}'TZK
(126)
~ 2 Frz/my

The only term not defined from known quantities in Equation 126 is
E:FkB' Fya 1s composed of several kinds of forces: air compression

forcas, orifice drag for.es, friction forces, tire vorces (i.e., the
ground reaction), secondary piston force, ond gravity forces. Let us
examine each in turn.

(a) Air Compression Force

Figure 19 shows the C-5A strut configuration. There are
two air chambers. The pressure. Pk, in the upper air chamber is
transmitted through the oil to the upper surface of the secondary piston
extension stop and the upper surface of the secondary piston. The
pressure, sz, in the lower air chamber is transmitted to the lower
surface of the secondary piston and the bottom of the main strut.

Let Ak be the area of the main pizton and Ak2 be the area of the
secondary piston.  The air compression force, PAk’ acting directly on
the main strut is therefore PAk = Pk (Ak - AkZ) + PkZAkz {t27)
The pressures i the upper and lower air chambers depend upon the
main strut displacement, Sk’ the secondary piston aisplacement sk2’
and initial conditions. When the strut is fully extended and the
secondary piston is against its extension stop, the initial conditions

are:
Pok = preload pressure of upper chamber
Vok = preload volume of upper chamber
POk2 = preload pressure of lTower chamber
VOk2 = preload volume of Jower chamber
90
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The relationship between P and V in general is PVk = constant
where k depends on the kind of compression process. Since tnere is
little time for heat transfer, one might think that k = gg (i.e.,
adiabatic process) would be a good representation. Many references
indicate, though, that vaporization of the 0il in the orifices makes
the process approach isothermal (i.e., k = 1). Experiments show
that k = 1.06 is a very good representation. For all practical
purpcses, then, isothermal compressinn will! suffice. The equations

for Pk and sz for any combination of Sk and Sk2 are therefore
- Pok Vok
Vo P, = : - (128)
K7 Vok— Ak Syt Ay, Sy,
; Pyks V.
ke ‘oke
S Py ® 2 (129)
K2 Voks=Ake Ske

Note that the air compression furce always acts along the positive Tzk
divection.

(b) Orifice Drag Forces

Figure 24 shows a typical orifice configuration. The
1 force, Fv’ required to move the piston at a velocity V generally takes
R the form FV = CV2

Fv FLUID FLUID

Figure 24, Qrifice Drag

I
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where the value of C depends on the fluid and crifice design (i.e.,
shape, roughness, etc). Depending on the orifice design, C( can depend
on the direction which the fluid is moving through the orifice. Note
that V is the velocity of the fluid upstream of the erifice.

The secondary piston (see Figure 19) is the surface which pushes
the 0il through the orifices, and it is tnis surface which feels the
@wajor resistance to the oil flow. The only resistance to oil flow that
the main strut feels directly is that associated with oil flow through
the secondary orifice. This resistance can be formulated Ck2 ékz Skz
where Ck2 is the secondary orifice coefficient of the kth strut. Note
that for Bositive Sk2’ the orifice drag on the main strut is in the

positive ]zk direction.

(¢) Friction Farces

There are two obvious friction forces associatea with the
strut: friction between secondary piston and walls of main strut, and
friction between main strut and wing gear root.

The friction force exerted on the main strut by the movement of the

secondary piston can be expressed as Ck21 Sk2’ where Ck21 is the Tinear
drag coefficient .ssociated with the kth strut secondary piston movement.
Note thac is Skz is positive, this force is in the positive direction

of lzk'

The friction force exerted by the outer sleeve of the strut due to

movement of the main strut, ka, for the kth strut can be written
Fru * Mok Nex (130)
where
By © coefficient of friction at wing gear support
ka = norma) force at wing gear support
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The normal force, ka, can be caused by many forces such as fit
forces, inertia forces, or binding ioads caused by ground reactions.
Many references neglect the ka friction force because the contribution
of fit normal forces and inertia normal forces to ka are small in
comparison to other forces acting on the strut. The references,
however, indicate thet for struts which are not perpendicular to the
runway, the friction force resulting from ground reaction binding loads
at the gear support can be considerable. For this reason, the norma!l
force, ka, resulting from ground reactions will be simulated. ka
will be formulated once the ground reactions are determined. Since
ka will oppose the strut mcvement Sk, Equation 130 becomes

. . | (30
t[5,) " P Mg

. Sk ..
Note that when Sk is positive, ka ]EEI is in the positive direction

of 1zk'

(d) Giound Reaction Forces

The furce of the ground pushing up on the kth strut along

the strut will be given the symbol Ftk’ Its formulaiion will depend on
the formulation of the ground reaction. Note that Ftk is positive in
the negative direction of Tzk'

(e) Gravity Forces

The gravity force, Fkg’ acting on the k™ strut can be

written

Frg ® ™k T (132)
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where g is the gravity vector. SDF-C already calculates the gravity
vector in the oth body axes system as

T = axlxo+9yTyo+9,T; (133)

However, it is the component of § along the strut direction of movement,
sz that is needed. The gravity force, Fk 2 a2long the direction

1., can therefore be written (see Equation 108)

quz = mk ng ('“)

where
92k * 9x %z +9;9%,; (133)

(f) Stop Centact Forces

Whenever the secondary piston is against either of its
stops, it can transmit a force to the main strut. This contact force
is given the symbol FCkz and is assumed to act positive on the main strut
in the negative ]zk direction.

Having looked at the major forces acting on the strut, we now
return to the main strut equation of motion, Equation 126, and
substitute the major farces in the suTmation szz' Since sz was
defined positive a]ogg the direction ]zk and s, was defined negative
along the direction ]zk the result is

5, {R +§oa(§k)o+aox[aox('ﬁk)o]}.i"
| L 1. ,
T my {”Au"’cuz'*cuzsuzlsuz I" Cx2L Sk2 (136)

$
+ Fey 'g‘:, = Fyxtmy °zk}

94

—_—_—— AT . a



AFFDL-TR-71-155
Part II

Equation 136 is rewritten

§k = {ﬁ +‘j°x(ﬁk’ﬁ+“—’ox[6°x(ﬁk)°]} 4 .Zk + dk~ qlk ([37)

where

9y * [FTk"PAk"'FckZ_ckZ ékZISRZI
(138)

& ék
“Crae k2" P3| ]/'“u

From Equation 138, the sum of the forces resisting the kth strut
movement may be obtained as
{139)
$

Skk ® M9 —Frk * ~Pak * Fexz ~Cp2Sk2|Skz| —CkaL Ska-Fex |§:I
In developing the general equations of motion (Equations 101 and

106), the inertia effects of the secondary piston were neglected

(valid assumption) because its mass was very small in comparison to

that of the main strut. In developing the equation for §k, however

we find that the position and velocity and a contact force of the

secondary piston are needed to determine the major forces acting on the

main strut. Therefure, we must develop an equacion for §k2 (which

can be numerically integrated to obtain S , and Sk?) in a manner similar

w“ k2 ",
to what was done for S, . The derivation of Sk2 follows.

k
The inertial vector acceleration, ﬁng’ of the secondary piston

is the same as Equation 121 except ﬁk is replaced with ﬁk?g and

. . C
(ch)k is replaced with (szg)k yielding

-R’.kac - t+&Li°x(§k)°+G°x[m°x(ﬁk)°]+(7.2c)k (MO)
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Application of Newton's Law yields
T Frza ® Mo Rio. (141)
where
sz applied vector force on secondary piston in kth strut
Mo = secondary piston mass in kth strut

Since the secondary piston is also constrained to move along the
izk direction, the equation of motion in that direction becomes

L Fea T ® mpa Reae Tpx (142)

Fquation 142 therefore becomes

8 & a—— - — - & -
z FKZZ L] mkz {[R + wcl(Rk)o'.‘wo‘[mo‘(Rk)o]] . 'zk +(rk2c,k' 'Zk
(143)

where FkZZ is the component of sz in the positive ]zk direction. The

vector (?kzc) is obtained from Equation 116 to be
k

(Fazedi * Sp2= S0 1, (144)

Substituting Equation 144 into Equation 143 and solving for §k2 yields

. F " - -
§4p * ;;'-‘é-‘-—[§+t.‘.,,ua.)°+aox[aounu)o]]-u,. (145)

4'§k
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Note that the acceleration of the secondary piston displacement from its
extension stop, §k2’ is coupled with the acceleration of the main
strut, Sk, which is determined by Equation 137. The only unknowns in
Equation 145 are the applied forces, FkZZ which are composed of air
compression force, orifice drag forces, friction force, gravity force,

and contact forces at the stops.

(g) Air Compression Force

The net air compression force (see Figure 19) acting on
the secondary piston is simply (Pk - sz) Ak2' Note that it acts in
the positive Tzk direction.

(h) Orifice Drag Forces

As was mentioned previously, the secondary piston is the
surface which pushes the o1l through the orifices. If the velocity of
the secondary piston is zero (i.e., Skz = 0), the force reauired of
the secondary piston to push the o0il through the primary orifice is
simply Ck Sk 'Sk' where ék is the velocity of approach of the oil. When
the secondary piston is moving, however, the equivalent velocity of
approach is ék - Aff- Skz (use continuity of flow). The general
equation then for the force required of the secondary piston to push
the o1 through the primary orifice is therefore

Cutsi- 22 $up|8- A2 5, |
Note that is Sk and ékz are positive, the force on the secondary piston
is in the positive direction of ]zk'

The secondary orifice also requires a force of the secondary piston
to push the oil through this orifice. Since the velocity of approach
is Sk2 this forcs is ck2 SkZIskZ'l For positive ng' this force acts
in the negative ]zk direction,
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(i) Friction Force

The friction force between the secondary piston and main

strut walls is simply C 5y $,,. This force acts in the negative Tu
direction for positive Sk2‘

(j) Gravity Force

The gravity force is simply M2 I,k is given by Equation 135.

(k) Stop Contact Forces

The stop contact force Fckz exists only when the secondary
piston is against either of its stop. Its value is that which is
necessary to put the secondary piston in equilibrium as seen by the
strut (i.e., §k2 = 0). Since its equal and opposite reaction on the
main strut was assumed positive in the negative 1zk direction, the force
of the stop on the secondary piston must be positive in the positive
Tzk direction.

The summation of forces on the secondary piston is therefore

& Ay2 . Ay
2 Fraz = (P Pypl Ap #Cy ISy - = Sy2! é,--i-k- $y2
(146)
-Cx2 $x2] 3uzl-cuzt. Sk2 +mk2 92k + Fexz
Substituting Equation 146 into Equation 145 yields
¢ A2 Ay
~Cx2 5uz|5uz| Cra Sz + Fonz) /m.z*‘:u (147}

-[ﬁ +¢,o,(ﬁ.;°+aog[moxm.)o]] +Tan + Sy
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Whenever the secondary piston is at a stop, the value of Fck2 is that
which is necessary to make §k2 equal toc zero. Therefore FCk2 is

Fekz = {[.ﬁ:+$ox(Ek)o+;°x[ao><(§k)°]].|zk
‘gzk‘gk}mkz‘{(Pk—szjAkz
*Oy 5k - £:'\!(ké Sk2)| Si “%2' Skz | ~CraSka [Skz |

—CkzLékz]

or
Feke =myp (~Sk2 sTOP )

where §k25TOP = the value of Equation 147 with FCk2 removed.

Cne could substitute Zquation 137 for §k into Equation 147 and obtain a
much simpler equation. There are some physical constraints in the
problem, however, that make the simpler equaticn for §k2 more difficult
to use. Therefore, Equation 147 will be left in its present form.
Note that when all secondary piston terms are deleted, Fck2 reduces to
Fekz = ~Ck Sk lskl :

(3) Physical Constraints

Equation 137 and 147 will be numerically integrated to
obtain the velocity and displacements of the main strut and secondary
piston. The range over which Sk and Skz are allowed to vary, however,
are constrained. The constraints are as follows:

O< Sy £ Sy

(148)
O< Sp2sSer
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where Skb is the maximum allowable displacement of the kth main strut
(i.e., strut bottoming) and Sk2T is the maximum displacement of
secondary piston (i.e., resting against the secondary piston compression
stop). As the numerical integration of S and Sk2 approaches these
constraints, the values of S S Sk2’ and Sk2 must be appropriately
constrained to ensure that the 1ntegrated values of Sk and Sk2 meet the
constraints of Equation 148. The constraints on Sk2’ § k2" Sk’ and S
di'e therefore as follows:

(@ 1t]Sy | < Egy ,thenS, 200nd Sy 20

(b)  1£(Skp ~Eg) $Sk < (Syp+ Egk) then S, <O
cnd §°k50 fo exist

() 11]|Skz| <Egk2, then Sk 20 and Skp 20

to exist.

(d) 1Sk o1 —Egk2) $Sk2 < (SkpT+Egkp ) then Syp <0

and §k2 <0 to exist.

where
. Esk = error allowed in integrating Sk around the positions zero
and S, , .
kb
! E. o= error allowed in integrating S, ., around the positions zero
y sk2~ k2
and Sk2T

If the values of Sk do nct fall into constraints "a" or "b",
then the numerical integration of Sk proceeds normally. If the values
of Sk2 do not fall into constraints "c" or "“d", then the numerical
integration of §k2 proceeds normally. In this way the constraints of
Equations 148 are met and the "real system" is simulated.
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(4) Ground Reactions

The ground reactions interface the landing simulation in
two main areas: strut applied forces (i.e., N¢, and Ftk); ground
reaction contributions to Mo in Equation 101; and ground reaction
contributions to FT in Equation 106. We begin by examining the ground
reactions in general.

(a) Ground Reaction Discussion

The ground reactions, obviously, do not exist until
any or all wheels touch the runway. Examine Figure 25.

k'h Tire Footprint
on Runway

Figure ¢5. Ground Reaction Forces

As the aircraft settles onto the runway, the tires are depressed
and a certain portion of the tire surface (i.e., the tire footprint)
interfaces the runway. The foot print is allowed to skid on the runway
with a vectgr velocity VQDTk (note Vngk is in the runway plane).

The vector V depends on the wheel axle velocity and the rotation

aPTk
rate of the tire.
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The around reaction normal to the runway, Ffrzk’ depends on the
tire deflection, 8k’ and can be written

Frrzk * FTRzk 'zR (149)

where
Frazk = —ngtk(Sk) (150)

number of tires on kth strut

I

ﬂJ Sk) = force deflection curve for a single tire on strut

The ground reaction force, Fépk’ in the runway plane is assumed to

have a direction opposite the footprint velocity, Vrpt , and can be
written Sk

Fepk = ~FGPk IVGPK (s
where

Ferx = —MkF TRzK (152)
and

lVGPk = l‘&gg#-k’ “53)

Substituting Equation 152 and 153 into Equation 151 yields

V

~SETk (154)
IVepTa!

Feapn = #xFTRzK
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The variable Mo is the coefficient of friction between the tire and

runway and, in general, is not a constant. The predominant dependence
1 ' v € i .

of By s en lvngkI and the footprint prEssure, Ppk‘ In general,

[T is found to decrease with increasing i Vngk ' and decrease with

increasing Ppk' The nominal footprint pressure, Ppk’ can be written

as

o = [FrRad (155)
hy Aok

where Apk = the footprint area for one tire.

ApP is mainly a function of the tire gecmetry and the tire deflection,
5k' Page 62 of Reference 20 gives the empirical formula for Apk as
Apk = 2 25(8k — 03 ) [2ro Wy, (156)
where
W, = tire width
rok - tire outer radius

Note that Apk < 0 for Bk < .03 W , which has no apparent physical
meaning. Knowledgeable people at WPAFB (ASNFL) indicated that Ppk was
essentially the airpressure of the tire, which remains approximately
cénstant during landing. The whole point of this is that it may not be
necessary to include the variable effects of Ppk on p, during landing.
Therefore, g, wWill be assumed as a function of lVGka' unly.

The total ground reaction force, FTRk‘ can therefore be written

FTRK :Fcpk +FTr<:k “57)
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If FGPk is written

Fepk = FTRXk! xR * FTRyklyR (158)

then substituting Equations 149 and 158 into Equation 157 yields
?TRk in the runway coordinate system as

FTRKk = FTRXK | XR * FTRyk lyR +FTRzk 2R {159}
Furthermore, 1if the tire footprint velocity vGPTk is written
VGPTk = VTxk!XR + VTyklyR {150)

then Equ-~iion 154 becomes

= Vv - v
FoPk = 1k FTRzK T\"Iezi(:kﬂ' Ixr +pkF TRzK ,V%é‘;k, yR (161)
Comparing Equation 158 and 161 yields
. v
Frrxk = HKkFTRzK ,Tg‘f;k, (162)
FTRyk = kFTRzK oL (163)

{VePTKI

Note that ' VGPTk l is

i 2 2
IVepTk = VgpTk = | VTxk *+ Viyk (164)

Equations 150, 162, and 163, therefore, define the total ground reaction
F%Rk (see Equation 159) as seen by the runway coordinate system.
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(b) Formulation of FTk

FTk is the ground reaction component along the negative
1zk direction in the gear coovdinate system. Since the strut is not
necessarily perpendicular to the runway, the formulation of FTk in
terms of FTRXk’ FTRYk’ FTRZk’ is not intuitively obvious. The
matrices defining the transformation have already been defined in
Equations 91, 108, and 117. In particular, the transformation from

the runway coordinate axes ]R to the strut coordinate axes Tk is

1 9
Ik Qg O akps Lk Ay RGii O Rgy IxR
ka - |0 | 0 m, my; my o] 1 0 IyR (165)
'sz Qgs; O Qyay| [N Nz N3 Rgis O Reaz| | 1zR
L 4L J L 4 v

The product of the two matrices to the right make Equation 165

- o~y —_ )

ixk { |k O Qs R Rz Rpus IxR

lyk {=] 0O Y RLai Rizz Rias lyr (166)

RLar Rise Rias UzR

el

! Q 0 a
zk k3§ k33
4

- o

where
Ry = LIRGII + LyR s

TP

Riis=2iRes +43Reas

Riai=mRgy + myRG 3

Rig2:=m, (167)
Ries=mRGs * m3RGay

Risi =M R tnyRg s

Risz =N

R 33 =0, Rgy +nsRiss
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The final expansion of Equation 166 1s

[~ ] T T~ 7
Ixk Rink Riizk  Rpak IxR
lyk1 = [Rizik Frzak  Riask lyR (te8)

L'zk Rizik is2k  Ryask IzR

L. - - -

" here
Rinik = @k Ry + akisRs
Ruek = akiniRujz + akisRuse
Riisk = @kniRLjs + akisRLss
Rizik = Rea

(169)
RIZZk = Riae

1]

Riask = Rigs

Riaik = Qg3 Ry + a@iasRis
Rizak = Qksi RLj2 + @kssRise

Rizsk = @k Ri3 + @k3sRLas

By definition of FTk’ it can be fcrmulated as follows .

Fyk = FyRk® {~-izk) (170)

From matrix 168, 1 i can be written

Z

lzk = Risik IR * Risaklyr + Ryssk 2R (7n

Substitutiny Equations 159 and 171 into Equation 170 yields the formula |

for FTk'

Frk = —{FTRXk Rimik +FTRyk Risak * FTRzkRissk ) tr2)
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Equation 172 is used to determine FTk’ which is needed in Equation 138
to finally determine §k.

(c) Formulation of Ney

Ne s the ground reaction component normal to the direction

of strut movement (i.e., normal to Tzk) at the axle. If FTRk (see
Equation 159) 1is written in the strut coordinate system as

FTRk = FdxklIxk * Fdyklyk +Fdzk!zk (173)

Ngg = ,/ Fak + dekz (174)

The forces Fdxk and dek are determined from FTRXk’ FTRYk’ FTRZk
and Matrix 168 to be

then ka is

Faxk = FTRXKk Ritik + FTRyk Rii2k * FTRzk Ryisk (175)
Fayk = FTRXk Rjzik + FTRyk Riz2k *+ F TRzk Riz3k (176)

Equation 174 is then used to define ka in Equation 130, which defines
the friction force ka used in Equation 138, which is ultimately used
to heip define §k in Equation 137.

(d) Ground Reaction Contribution to FT

The vector ?} in Equation 106 is the total applied vector
force on the vehicle. The thrust, aerodynamic, arnd gravity force

contributions to FT have already been {formulated in SDF-2. To the
SDF-2 force formulation must be addea the contributions of the ground
reactions of each gear. Since SDF-2 ultimately needs the forces

expressed in the body fixed axes system (T, , Tyo‘ 1,,) the total

ground reaction must finally be written in this system,
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The total ground reaction vector, ?TR’ may be written in the
runway coordinate system as

FTr = Zk: FTIRk=FTRXIXR+ FTRy IyR *FTRz ! zR

(177)
where
D)
FTRx = 4 FTRXy
FTRy z %FTRyk (178)
FTRz = szTRzk
and % implies a summation over ali of the gears on the vehicle.
Equation 177 is then transformed to the body axes through the matrix
r_ b r - r_ -1
'xo] R RLiz RLis xR
lyo|= | RL21 Rz Riaa| [ IyR (179
Lbo RLs Risa Rias IR
4 b - b =

which has already been defined by Equation 167.
the body axes system as

If FTR is written in

FTR = FTRA Ixo * FTRB lyo * FTRC '20 (180)
then FTRA’ FTRB’ and FTRC become

FrrRa® Ry, FTRX + RLi2 FTRy* RLisFTRz

FrrRB= RL2 FTRX + RL22F TRy t RL23FTR:2 (181)

FYRC® RLs FIRX + R 32F TRy *RL 33 FTR:

FTRA‘ FTRB‘ and FTRC are the components of the total ground reaction,
?TR’ for all the gears written in the body axes system.
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(e) Ground Reaction Contribution to ﬁs

The vector ﬁo in Equation 101 is the total moment about the
nominal mass center of all the forces applied to the vehicle. The
thrust and aerodynamic contributions to ﬁo have already been formulated in
in SDF-2. To the SDF-2 moment formulation must be added the
contributions of the ground reactions of each gear. The position
vector, ﬁpk’ to the point of application (i.e., the footprint) of
the kth gear ground reaction force, ETRk’ can be written (see Figure

23 and Equation 114) as
-F;'pk = (ak)o + Fk +(rok -8k )TzR {182)

where

kth

Yok = outside radius of the tire on the strut

The moment vector, ﬁTRk’ of the ktM gear ground reagtion, Eka’ is,

therefore
MTRK= Rpk X FTRK (183)

In order to evaluate the cross product in Equation 183, EPk and ?TRk
must be written in the same coordinate system. Since FTRk is already
expressed in the runway coordinate system, RPk will be transformed to
this system.

The vector Fk (see Figure 23) can be written

?k :(rFk-—Sk)Tzk (184)

Transforming Fk to the body axes system through matrix 108 yields

Tk =Pk =Sk @k 3 Txo + Qkaz lz0) (185)

r,'."gi—':"'. L
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Adding Equation 185 to Equation 114 yields
(Ridg +ry s [ka + aga (rFk "sk)] Txo "’{Rky]-'yo + (ig6)

[ Rez + Qkas (ka“Sk)] fzo

Equation 186 is then written in the inertial axes system ]xg’ ]yg’ 129,
as
(Rily + Tk = Raxklxg * Rayk Tyg + Razk 1z2q (187)
where (see matrix 91)
_ 1T 1T
Raxk £ m oo [ka +°k3u('Pk-Sk)]
Ravk |= |42 m2 ne [Rky] (188)
Razk | Ly my 0, L[""kz+Qka;z,(st(-5k)]

Finally, Equation 187 is transformed by matrix 111 to the runway

_‘ 3 . - - - . o
coordinate system, 1R’ and added to (rok Sk) ]zR to yield Rpk
expressea in the runway coordinate system as

Rok = Dxk IxR *+ Dyk 'yR + Dzk'zR (189)

where
Oxx = Rgiy Raxk ¥ Rz Razk

Dyx = Rayk {190)

Resi Rax: + RGas Razk *+ fok ~ Sk

Dzk

Now that ﬁpk (Equation 189) 1{s written in the same coordinate system
as ?TRk' Equation 183 can be written in determinant form as

‘-‘XR lyr 12R
MTRk = | Uxk Dyk Dgx (191)
Frask FrRyk FTRzk
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Expansion of Equation 191 yields
MrRk = MTRxk xR + MTRyk TyR + M1Rzk ZR (192)
where
MyrRxk * Oyk FTRzk —Dzk FTRyk
Mrryk °  Dzk Frrek = Oxk FrRazk (193)
MrRzk = DOxk FTRyk = Dyk FTRxK

The total moment, ﬁfR’ of all the gear ground reactions can therefore
be written

Mrg * %"TRK * Mypx IxgtMygy Iyp+ My 1,5 (194)
where

MRy * )k:”'rnxu

k
MRz * {:"Tﬁzk
If Equation 194 is written in the body axes system as
MrR Mry Txo +Myy Tyo +Mrzlz0 (196)
m
A
e . A NV .

RN
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then by tquation 167 MTX’ MTY and MTz become

Mrx] [Ruit Rtz Ry || MrTRa
Mryl® [RL2r RiL2z RieaalfMrTRry (197)

Mrz] [Ru3i Rizz Rpasz||Myr:

i o MTY and MTZ are the total ground reaction moments (written in
body axes) that make a contribution to ﬁ& in Equation 101.

(f) Tire Deflection, 8k

In developing Equation 159 for the ground reactions, two
new variables, & and VGPTk’ were introduced. The formulation of the

th strut tire deflection Sk, follows:

The tire deflection arises because of a physical constraint between
the position of tne wheel axle and the runway, i.e., if the height of
the wheel axle above the runway, Zok' is less than the unloaded
outside radius, rok’ of the tire, the difference must be the tire

deflection.
8* s 'Ok + ka ('98)

The value of Zok is added in Equation 198 since ZOk will be negative

when the axle is above the runway. Note that Equation 198 assumes that '
the tire shape is a sphere--which is good, provided the wheel axle is

not far from being parallel to the runway plane (i.e., wings parallel to

runway).

Equation 198 is modified by letting the runway have an arbitrary
profile ¢ (ka) where € is a function of the position, ka’ of the
kth strut down the runway. The € (XRk) allows the calculation to
compute the effects of

8.‘ s fou + ‘ok + ((!R.) {199)
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step inputs (or other runway profiles) on gear dynamics. Note the
following: Sk'< 0 means the kth tire surface is above the runway;

Bk = 0 means the kth tire surface is just touching the runway;

8k > 0 means the kth tire is on the runway and is deflected. The.
formulation of Zok and XRk follows.

h gear axle

Let the vector ﬁRk represent the displacement of the kt
as seen by the runway coordinate system origin. The vector §Rk can

therefore be written (see Figure 18, 21, 22, and 23)

RRk * R-Rgp +(Ry)g + 7 (200)
where from Equation 90

R = Xg Tyg+ Yo Tyg+2gTzg (201

and from Equation 113
ﬁgg * RgR 7,9 (202)

and from Equation 114
(Ryly * Ry Txo* Ry Tyo + Ry, Tao (203)

and from Equation 184
T * (rep— 80 Ty (204)

Now ERk may also be written in the runway coordinate system as
Rak * %k xR * YRk lyr ok 2R (20%)

The formulation of ka’ YRk and Zok from known quantities involves several
coordinate transformations which follow.

The vector (ﬁk r, has already been formulated in the inertial

)+
0 k
coordinate system Txg' Tyg' ng (see Equation 187) as follows:
(Rydo* Ty = Ragy Ixg+Rayp Tyg+Ragu T2q (206)
113
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Substituting Equations 206, 202 and 201 into Equation 200 yields

+ U¥q + Ry ) Ty (207)

+ (29 + Rp,x)izg

Equation 207 can be transformed to the TR axes system (i.e., Equation

205) through matrix 111 as follows _ _
X Rk Rgn © RGIJ (Xg-Rgr+Rayy!

RGsy O Rgas L_‘zq‘*RAzu’

L‘Ok
- b - -
The value of XRk is used to determine e (ka)‘ The values of ZOk and

(a constant) then completely determine the tire deflection, Bk,

r
ok th

tor the k strut.

(g) Tire Ground Plane Velocity, VGPTk
The total velocity ﬁTk of the bettom surface of the k"

strut tires as seen by the runway can be written

Rre * Vepr, + Vrax 2R (20)

Substituting Equation 160 for VGPTk yields

R LI R A MR R L (210)
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The formulation of VTXk’ VTYk and VTZk from known variables follows:

Let the vector ﬁTk be the position of the kth strut bottom tire
surface as seen by the runway coordinate system origin. ﬁTk can
therefore be expressed as

Ryk = R-Rgr+(R o +7 +1r -8 7 o (21

where (roP - Sk) TZR is the vector from the wheel axle to the bottom
surface of the tire. The first derivative of Equation 211 yields

where from Equation 90

R = Xg Tyg+ Yg Tyg+ 2g Ty (213)

and from Equation 113"

Rgp = O (214)

and from Equation 114
(Rydy = Ty iRyl = Tx (R, To+ R T o +R, T 00 (@09)

and from Equation 184
e — b T+ G xlrg, —e )1, (216)

and

d - & T - - <
Tl [(r“-—akblml 2 —al.8R+(“°+WTN“('0I-8i)'lR {(217)

where&Tk is the rotational vector velocity of the tires on the kth
strut as viewed by the vehicle body axes. Equations 213-217 each must
be written in the runway coordinate system. We begin with Equation 217.
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First Sk is assumed negligible and wTk >> @q . Therefore

Equation 217 becomes

d T P T 2
i [('ok_sk“zR]s“’Tk“'ok’sk“zR 1218)

Since the wheel is constrained to spin about its axle, ’mTk can be

written

Wy * wyg tyk

Since the vector Tyk can be written (see matrix 168)

'yk * Rizix 'xr ¥ Rr22k 'yr ¥ Rrask 2R

then Equation 218 can be written in determinant form as

—dgt_ [('o:“" Skan] s Wy

Expansion of Equation 221 yields

d - -
rm ["ou‘8u“za] * wrylron-8x) Rraak IR

1 {219)
(220)
ixR iyR izR
Rr2ix Rraax Frzsx (221)
0 0 u“-a,»
{222)

- wyglrox~ 8y Rea iy

Equation 215 and 216 will be expanded together. First the vector Tzk
in Equation 216 is written {see matrix 108)

Tz * o3y o *+ 933 lyo
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Therefora Equation 216 becomes

"k " “3klogg) teo ¥ %33 20!

Txo Tyo T20
(224)
+('Fk_sk) P q r

Ok31 © 33

where
(‘J\o LA ] Txo + qQ -’.yo +r Tzo (225)

On . -panding, Equiticy 224 becomes

et =m0 ey =) ] Tao

+ [“k 933~ 903 (rpg - ‘u’] 20

Equation 215 on expanding becomes

Ixo lyo lz0

‘ﬁu’o ~ ] q r

Rrx "ky Riz
) (227)
bd (qR"—rR“H“

+ (pRy, - LT N P
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The vector summation (ﬁk)0 + ?k can therefore he written

(Rk¥+ ?k = Rka |‘°"‘ RDyk ‘,o""RDzk |z° (228)
where
Roxk = —$xaxzptaogazlirgg—syl
+(quz_'Rky)
Royk = (Fpk=sglrogz=poy3s)
(229)

+ ‘I'ka" kal)
Rpzk = —SkO%k33 ~00k3 (rpy—sy)

Fquation 228 is now transformed to the inertial axes Tg py Matrix 91 as

£y my ny 4| Rpyy

£3 m3 ng || Rpgy
and added with R - ﬁqr to yield
R~ Rgr +{R 1, + 7, * Rpxgk 'xg* Rpyox lyg (231}
+Rpzen 29
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where the inertial axis system components of the velocity of the axle
as seen by the runway origin are

Roxgk = Xg+ £ Rpyx+ m Rpyy+ ny Rpyy

Rpygk = Ygt £2 Rpyk+ Mz Rpykt np Rpgy (232)

Rpzek * Zg+ £3Rpyyx+ m3 Rp ¥+ 03 Rpyyy

Equation 231 is now transformed to the runway coordinate system through
Matrix 111 and is added with Equation 222 to yield RTk (see Equation 212)
expressed in the runway coordinate system. The result is

-— - - = =z d -

[ -
| Rgti Roxek * Rgi3 Rpzek + "’Tk“ok"sk’RIZZR] xR (233)

p

+| Roven = @rktron = Sk) R:zu] lyR

]

[ . <
+| Re31 Roxek * Re33 Rpzek | 'zr
Comparing Equations 233 and 210 yields

Vrxh * Rgit Poxok + R6i3 Rpzok + wyy (rex -8y ) Rpzay
Viyk * Rovok ~ @ri{for = Sxi Ryg g (234)

Vrzk * Re3si Rpxgk + Rgss Rpzisk
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Equations 234 for VTXk and VTYk are then used to calculate the ground
plane forces FTRXk and FTRYk (see Equations 162 and 163). Note that
Equation 234 for VTZk is not used but is useful when one realizes it is
the vertical velocity (i.e., sink rate) of the kth gear axle as seen

by the runway.

¥
(h) Wheel Equations of Motion
In deriving an expression Tcr the ground b]ane velocity,
VGPTk’ of the k™ tire footprint, the rotational velocity, Wrs Was
introduced. since«uTk changes during landing, another equation of
motion is needed. Appiying Newton's Law about the wheel axle yields
z Mk ] nklku’:n‘ (235)
where
- ; th
Mk = applied moment about k™ axle
Ik ) {nmment of inertia of a tire, wheel, and anything else
' constrained to rotate with that wheel about the axle.
“he applied moments are predominantly the moments of the ground
reaction fircec and braking moments (if applied). Let MAk he the
momant of the ground reaction forces about the axle and let Mak be a
braking moment which will be determined by the Brake Autopilot as shown
in Appendtx 11I.  Equation 235, therefore, becomes
Wy . '
M - M —— s I w (236)
Ak Bk vy k*k “Tk
Hote that the braking moment always opposes the motion, wq . Solving
fauation 235 fowaka yields
W‘-s‘ L (NAk"’ma“ :"‘1‘! ,’It“k 4237)
Wk 4
120 /
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Equation 237 is then solved numerically to obtaincuTk. The variable
MAk must be defined however, in terms of known quantities before tnhe
integration can proceed.

The vector from the axle to the footprint of the tire is (rok - Sk)
T,p- The vector moment ﬁAk of the ground reaction Fro, (see Equation
159) about the axle is

iAk = ('ok_sk)TZRXFTRk (238) !

Substituting Equation 159 for ?TRk and writing Equation 238 in determinant
form yields

iIXR 'YR ZR.

Mak= |© 0 (rox=8k) (239)
FrrRex  FTRyk  FTRzH

Expanding Equation 239 yields

Mak = - FTR,k(rok—Sk)T,R + F TRk Tok -SK;T,R (240) i

* Since MAk (see Equation 236) 1is the component of ﬁAk along the axle
direction 1 K* Matrix 168 performs the desired transformation of
Equation 240 and shows to be

Mak = - F TRyk (rok =8k} Rizik + FTRxk (rok =8k ) Ry (241)

This completes the derivation of all quantities needed for all the
equations of motion (see Equation 101, 106, 137, 147 and 237).
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d. Expanded Equations of Motion

Five kinds of equations of motion were needed to describe the
landing vehicle with gears. Each equation is repeated here for

convenience.
—_ = 4 oW = K ~ - se
My ;Oow°+w°)<(|°-w°)+§|mk[(Rk)°+rkc]X(rkc)k (101)
FT = mT ﬁ +§=| mk(ﬁkc)k “06)

Skx {R+wo X (Rudg + o % [ @ % (Rido] } Tk

£ QK- 92k (137)
Siz ® [(Pk‘sz)Akz + Cy(Sk- %’:‘3 éka’ié‘k" 'AA—:g Ske |
- Cy2Sia [ékz] = CkaL Skz + Fckz] /e *+ 9k (147)
[ R @y X (R o+ X [ w5 X (Rido ) ] T+ Si
“"Tk=(MAk"MBK'&:;,I:;T)/'k“k {237)

Equations 101, 106, 137, and 147 contain vactor operations (though
completely defined) that are yet to be expended before nunerical
integration can proceed. We begin with Equation 101,

Since the counterpart to Equation 101 in SDF-2 is written in body
fixed axes, the vector operations in Equation 101 must finally be
expressed in body fixed axes. The vector (ﬁk)o (see Equation 114)

is first transformed to the Tk axes system through Matrix 108 and then

added (rFk - Skc)Tzk (see Equation 115) to yfeld
(Rydo *(rpy —Skc) 1zk *RRICGX Ixk + RRicox " yk * RRICGZ zn (242)
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where
RRICGX = QK11 Rkx + Qkiz Rkz

RRicGY = Rky (243)

RRICGZ® Sksi Rkx + @ksz Rkz + rrk—Ske

‘Note that Equations 243 are constants. The vector (ﬁk)0 + ch can
therefore be written

(Rklo + rke = RRICGX !xk +RRICGY lyk + (RRICGZ ~ Sk) lzk (244)

Since ('F'kc)k can be written (see Equation 115),

(Tkedk = = Sk 'zk (245)

Then the vector cross product in Equation 101 can be expressed as

- c- —

- - n Vxk 'Yk le
[(Rk)o + 'kc] X(rgelk = | RRicex Rricey (RRicez-Sk) | =
0 0 'sk (246)

- Sk RRICGY Ixk + Sk RRICGX 'yk

Transforming Equation 246 back to body axes (see Matrix 108) yields

[(ﬁk)o *"'kc]x ek T @iy SkRRICGY Tho +
{247)

~SkRRICGX lyo — ki3 SkRRICGY 20
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Substituting Equation 247 into Equation 101 yields

(248)

Equation 248 (i.e., also Equation 101) 1is now expressed in bcdy axes.

Equation 106 is written in body axes by substituting Equation 245

for (rkc)k and realizing that 1zk = 0.3 ]xo + 0,33 ]zo (see Matrix

108). The result is

Fr=mtR -)k: mk Sk ( Qk3Tao + k33 lzo ) (249}
=1

Equations 137 and 147 contain the vector expression

{§+;°X(§“°+5%X[JOX(§“J};EK
Each expression is taken in turn.

(1) R. ]zk

The vector ﬁ is obtained directly from SDF-2 as

o2 — - —
R= Fx Ixo + Fy lyo + Fz lz9 (250)
T w0 m
Since by Matrix 108 ]zk = 8 ]xo * a3 'zo
&8 o
then the scalar R . ]zk is
R =~fi~a + o a (251)
Ik gy Gk MT “k3
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The vector é% is obtained directly from SDF-2 as
Wo = PTyo+aTyo+rTy (252)

The vector ('iik)0 js Equation 114. The vector cross product ('u'o X (T{k)o
is therefore

l— - -
Ixo lyo lzo
o X(Rdo= | B @ ¥ [=(aRkz—rRyy)ixot

Rkx Rky Riz (253)

(rRyx —PRy, )Tyo"'(PRky"qux)Tzo

Using the expression previously used for Tzk yields the scalar
expression

[ Wox (Rido] Ty o ve

["“.’Bx(ﬁk)o] “1zk = k3 (AR —TRy) (254)

+@y 3 (PRKy = ARy )

(3) w, ><[‘2'.0" (R ’o] 12k
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The vector @, X [wox (Rk)o] is
Ixo lyo '20
axfanmad o & ©
(R ~rRiyXr Ry~ PR z)HPRyy ~aRy)

[q(DRky“qux Y=~r( rka —kaz )] I—XO
(255)

+[ rlaRi, =1 Ryy)-p (pRky - aftier) ] Tyo

"'[P(’ka‘ PRiz) -a(aRy, "Rky’]Tzo

Once again using the expression for Tzk yields the scalar 47)0 X [ ‘-‘-’o X
(Rk)OJ. T, to be

wo X [G,, x(ﬁk)o] Tk = Qi [Q(PRky’qux)
(256)

—r{rRyx-pRy; )] + Qyas [p(rRk,‘—kaz) -q(qRy,- rRky)]

Summing the results of paragraphs (1), (2) and (3) and letting the result
be SRk which is the Tzk component of the inertial acceleration of the
kth strut axes system, yields

oo

SRk = {ﬁ""—“‘ox(ﬁk)o*;ox[aox(Ek)o]}'Tzk =

F F [ -
'L,,,T Ayy + F,IT“ @yyy * gy (QRyz —rRyy)

(257)
+aks (PRyy ~ ARy ) + ayy [Q(Pnky'Qka’

~r{rRyy~ Dsz)] +0k“[p(r Ryx— PRzl —alQRyg -1 Rky)]
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Equations 137 and 147 therefore become

Sk= SRk * @k~ 9zk (258)
o . A . . A .
Sia = [(Pk—sz)Ak2+ck(sk— AL Sip) | Sk= ot Ske
“Cre ékal ékz l 'CkzLékz+Fckt]/"‘k2 (259)
+9gk — SRi *+ Sk
Equations 237, 248, 9, 258, and 259 are the five equations of motion

written in the proper coordinate systems and are in a form convenient
for numerical integration.
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SECTION III
DISCUSSION

The SDF-2 equations of motion are written with the total applied
force ?T and total applied moment ﬁo written in body axes as

Fr = Fylyg+ Fylyo+Fzlzp (260)
Mo = Lixo+MTyo+NTz (261)

By rewriting the modified equations of motion (i.e., Equétions 248 and
249) with the added terms as applied forces and moments (i.e., on the
left sides of the equations), the added terms can be looked upon as
changes in the SDF-2 applied forces and moments brought on by adding the
landing gears and ground reactions to the simulation. If the new ?T
and M0 are written as

Fy = (Fg+Fymliyo +(Fy+ Fupli,
+UFp 4 Fan)igo
(262)
Mo " (L+LplTyo +(M+Mp)T,

+IN+ Ny )i,
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whe:re Fxm’ Fym’ Fzm’ Lm’ Mm, and Nm are the changes in Fx, Fy’ FZ,
L, M, N, respectively, which are presently in the SDF-2 formulation,

then the changes are

Fxm * Fypa * %"‘k x93

Fym * Frre

Fzm * Frrc * %"‘u S 9x33 268
263

Lm = My, +§mk $) 91y Ry

Mm = My, - gmu $x Rr1cGx

Nm * My, *‘%"‘u Sk O3 Ryy

This concludes the formulation uf the equations defining the SDF-2
modification to include landing gear dynamics and ground reactions.
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SECTION 1V
LANDING GEAR FLOW CHARTS
The following flow charts shkow the previous equations in their
required order of calculation. The corresponding equation numbers

are given on the right s.de of the equation to serve as a handy reference
in finding a desired derivation.
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CALCULATIONS DONE ONCE

akyy = cosBy
QK3 = -sit 9k
Okar = sind
0kas= cos By
Rgy; = cosER
Rg3 = -SinER
RGa = snER
Rg3a = CosER

RRkcGX = 9k Rix * 0ki3Ryz

'

[RL] MATRIX ELEMENTS

Run = £yRen +L3Rei3
RLiz= tz
Ruis=LiRgs +4:Reas
Rz =mRG ;1 +myRes
Riaz=m,
Ri2s =M RGy *M3RGay
RLsi=nRgu +n3RGis
Risz=n,

Ri33®n,Rgy tn3Re3s

\

> (109)
<

? (12)
)

} (2e3)

{167)
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?

[RI] MATRIX ELEMENTS

Ririk = 9k RLn tokisRes,
Riah = 0k Rz takisRiase
Riak = 9kiiRiis o3 Ress
4 Riaik = RLa
§ Rizzk = RL22
Rizsk = RLz23
Riaik = 0k3 RLn HoxasRy s,
Riszic = 9k31RLi2 * Ok3aRisz
- Riask = 9ksiR i3 + %z RiLss

(169)

1 r h r r -
.2»} . - [
Raxk MmN, Rix + aka (rFk — Sk)

=t A m n. Rky (i88)

- " Razk Ly my ny Riz + akaa!rFk—Sk)

- - =3 - e

.. :?‘ .‘ é
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(?

Zok = (Xg~Rgr +Raxk)RG3 +(Zg +Razk)RG 33

XRk = (Xg " Rer + Raxk)RG, +H{Zg+Razk )RG13

YRk=Yg+ Ravk

’//IF
@<x< RL YES
N\
Rk
NO € (XRy)
€ - 0

FPRINT -TIRE
DEFLECTION
EXCEEDED

YES
N
’/ F 3
, .
C 8>0 }———YES — 8, >5, NO -

AN . P

/ \\//'/

e ol
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= Pok Vok
k
Vok —Ak Sk +AxS k2
) PokzVok2
sz b
Vokz ~Ak2Sk2

Y

[t

FrRzk = “"kfk(ak_)_J

Rpxk =~ Skaka +{rFk~Sk)a0kaz +aRy, —r Ry
Rovyk= (reg -Sk) (r0ks —POKaz ) + 1Ry, — PRy,

Rpzk = —Sk0kas ~(rFk =Sk} a0ks + PRy ~QRkx

[7P " T l '1 -3
RoxGk {xg LTILY [RDXK
RpyGk = Yg + 12 m, Ny Rpyk
RDzGk lzq ils My Ny Rpzx

L J L 4 L .
D
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VIxk = R Roxek + ReisRpzok + WTkR) 22k{fok -8k)
VTYk = ROYGE ~WTk Ri2k(Tok —Ok)

V1zk = ReaFioxci + ReasRpz6k

2 2
VGPTK =y VTyk+ VTvk

IF
v FrrRxx = O
NO

{

L

2 2
Pskok = VGPr.,//(RGnRDXGu *+RGi3Rpzek! *RovGk

(308,312)
/
Kk (Pskpk)
)
i v
FrRxk *HxfTRZK gé%’%; He2)
\
Frryk “uxF TRZK Vég#; {163)
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= Rg1iRaxk + Reis Razk

X

Dyk = Payk

Dzk = ResRaxk * RG3sRazk *rok— Ok

Mrrxk = DykFTRZK " DZkF TRYK

1

MTRYk = DzkFrRXKk ~OxkFTRZK

MTRzK = Dxk FTRYK ~OvkFTRXK

'

Frk = = FrRxk Rizik ~FTRYKRizak ~FTRZKRi33k

'

Faxk= Rk FTRXKk * Rz FTRYk +RyiskF TRZK

Fayk = Rizik FTRXk +RizakF TRYK *Riz3kFTRZK

A 2. 2
Ftn =tek | Faxn + Fayk

QZk = 03, Qx +0Kk33 9z

&
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Ck = Cke Ck*Cxe
- \ atlf-
'F
‘ NO W YES 1
Ch2*Ck2e Ck2*Ck2C

Fen Fi
SRk * k31 t oz wm ¢t
+ ayy) (RQ =Ry @) + oy33 (Ryy b= Ry, a)
. (257)
+ LI [q(R“p-—th)-—rlR“v—R"p)]

+ °u53["mn' " Rpg Pl - alR G- Ry, ’]

B

137



AFFDL-TR-71-155

Part 11

§k2= 0.
Sn = 0

NO™* S, - O.
Feke® = (P~ Pia) Az~ Ck Skl Sk |

YES (LOGIC ON P9T7)

Ske * [‘Pk'sz’Akz*Ck(Sr &zskz)' Sk~ ﬁz Ske | +

-Cxz Skz ’ Skzl“ckstkz /"‘kz + Qi — st*Sk

YE

172}

PRINT
“Eska

CEEDED !~
EXEEE_!

UXCEEDED

138

(259)

(LESS Fexp)

YES
[5k2= 0]

o

——
Skz - Sve * Sy At

Skp * Skz *Sk2 Ot
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Spk * =Pk LAx-Ay2) - Py2 A +Fekz — Ck2 $k2 | $x2) (127)
_ :
-ckzL ‘la—Ff"-&-‘ (138)

['s'k * spx + Ck‘ﬁzﬂ

(258)

PRINT (LOGIC ON P97)
~Esk YES —
EXCEEDED

NO
IF
& YES+<8, > 0 >-YES
NO NO
ey —
If
S S (aygyEgf YES

PRINT
Eok
EXCEEDED

YES ———o

i.‘i.+ i.A'
..--.+6.A'

®
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Mak * ~Frryk (rok = Sk) Ri2ik + Fygrxk ok = k! Ryzz

(240)

L "°
W) \
, Mak Mk  ToTN ‘
ng Iy
- wrk* O
- ‘ka' 0.
|
4
FYRx -~ % FYRxk
FYrz * ? Frrzk
Y
— - — - -
Fyra R RLiz Ry FyRx |
Frre * [ Rea Riaz Rras FIRy a8y
F R R R F
| Frre | | Rusn L3z Russ| | Fryre
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MRy * %MTka
MyRy ° z:MTRyk

MyRz * ZMyRek

|

p= - pon - ol -y
Mty Ruit Rez R MTRx
Myyl = |Reay Rpaz Rezs My Ry
My, RLar Pise RL!:U L_”TR:J
1

Fem * Frra + %"‘kﬂ 93

Fyw * Frre

Fem = FrRe + ?"'u“u“uss

L * My, + g"‘n S Oy 1y Ryy

My * My, - 2:"‘& ¥y Rricoyx

Nm * My, + g"‘k $y0yy3 Ry

®
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ADD F%M' FyM‘ qu' L“' MM' NM To SDF ‘2
CALCULATIONS OF Fy, Fy, Fz, L, M,N AS FOLLOWS:

Fx = Ty—a+mq, tAF, + F
Fy = Ty +ty+mae,+AF + Fym (262)
Fz * Tp—npg+mg,+AF, + F,
* Ly+ALq+L 4Ly
M os Me+OMp+memy
* Ny+ANp+n+Ny

y

CONTINUE SDF-2
CALCULATIONS
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APPENDIX I11
CONTROL MANAGEMENT EQUATIONS

143



AFFDL-TR-71-185%
Part 11

SECTION 1
AUTOPILOT PROBLEM DEFINITION

1. PROBLEM DISCUSSION

The aerodynamics subroutine in SDF-2 (called SACS - see pgs #1-45
of Appendi¢ I) can simulate the aerodynamic effe.ts of a single control
surface in each of the axes pitch, yaw and roll. The input aerodynamic
data can also be "staged" (i.e. changed during the running of the
program) to simulate the deployment of flaps, slats, spoilers, etc.

The thrust subroutine in JDF-2 (called TFFS see pgs 46-47 of Appendix 1)
can simulate the thrust and fuel flow of a single airbreathing engine as
a function of altitude, Mach number, angle of attack, and throttle
setting. Therefore, SDF-2 as originally formulated has sufficient
control variables, with limited modification, to control the aircraft
in six degrees of frecdom, The question which remains unanswered,
however, is that concerning the magnitude of the control variables at
any time. This is the function of the autopilot which can be stated in
questior form as foilows: Given the state of the aircraft, what
values should the control variables be? This Appendix concerns itself
with the answer to *his question. Figure 26 shows this basic interface
between SDF-2 and the autopilot.

In finally arriving at the control variable values, the autopilot
must necessarily answer the following questions:

a. What is the desired state of the aircraft?

b. Given the present state of the aircraft, does an error in
state exist and if so what maneuver will Ye done to correct the state

error?

c¢. What control variable values (i.e., elevator, rudder, and
aileron deflections and throttle settings) will result in the desired

maneuvers?
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Input
SDF -2 ’
tat
. sto .. —{ Autopilot
Progrom informotion

control varioble volues ———

Figure 28. Autopilot - 5DF-2 Interface

2., DESIRED CAPALILITIcZS

The following is a list of the m:jor capabilities required of the

autopilot:

a. Control the aircraft in six degrees of freedom during the
glide slope, flare, landing roll, and takeoff roll within *he capability
of a jiven aircraft.

b. Perform aircraft control with changing winds,

c. Be capable of analyzing multiple engine aircraft with

engine failures and engine reverse.
d. Simuiate ontrol as aircraft transitions into ground effect.

e. Examine first order effects of control surface and engine

tags.
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f. Examine braking capability and selected braking faiiures.
g. Include a drag chute simulation.

h. Be able to start at any point in the landing or takeoff sequence
and terminate calculation at selected points.

3. ASSUMPTIONS

The basic assumption is that initially the aircraft is on or near
the desired spatial position and is trimmed in all three axes and power
such that if no further parturbations occur, (such as wind changes,
engine failures, changing aerodynamics due to ground effect, etc.) the
atrcraft will remain on the nominal glide slope position and inertial
velocity. It is further assumed that the approach speeds are lcw

enough (such as 1.2 - 1.3V ) so that the aerodynamic cceff cients

are predominantly a functionsg?];ircraft control surface configuration
and altitude (i.e., ground effect) and not Mach number. It is also
assumed that the aircraft is low enough so that runway level thrust

properties are valid. This eliminates engine performance dependence
on altitude changes. Variation of aircraft weight during landing and

takeoff is also considered negligible.
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SECTION II
MANEUVER LOGIC

The maneuver logic concerns itself with the answer to questions 1
and 2 in Section I. As shall be seen, the maneuver logic determines
the desired values of angle of attack, angle of sideslip, roll angle,
and thrust (along with other commands) which define a maneuver to
correct a state error. The orginization of this logic is divided into
four areas: glide slope, flare, landing roll, and takeoff roll.

1. GLIDE SLOPE

The basic requirements of the aircraft while in the glide slope
phase are two: to be vectorially near the glide slope within an allowed
error; and to maintain the inercial speed down the glide slope a constant.
We begin by defining the position error.

a. Postion Error

Examine Figure 27, part of which is extracted from Figure 22.

Figure 27. Glide Slope Geometry
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The nominal glide slope position is defined in the vertical plane
{i.e., plane containing the unit vector ng and ixg) and has the glide
slope angle, €550 measured up from the horizontal plane. The glide
siope origin begins at a distance, hCG’ above (not indicated in
Figure 27) the runway origin. The variabie, hCG’ is the fixed
distance between the aircraft mass center and a line parallel to the
Tongitudinal body axis which is tangent to the bottom tire surface of
the main landing gear. As such, if the aircraft were on the glide
slope at the runway origin, the tires would just touch the runway.
Figure 28 shows this geometry for the vertical plane. The allowed
glide slope position error in the vertical plane, hea (see Figure 28),
is defined by the fixed angular perturbation, 8¢ , and the position
vector ﬁR' The allowed glide slope position error in the horizontal
plane, hoa’ (cee Figure 29) is defined by a similar fixed angular

xR

Figure 28. Vertical Plane Glide Slope
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i r 8o
b gy ——f
_r“ ‘\___K'—___—)-—'———D-.
::§L==—‘- |
3- 4—Xg i 80’ xR
g ! hpo
]
Yg
+_(§R'Txg)ixg i

Figure 29. Horizontal Plane Glide Slope

perturbation, 8¢, , and the position vector ﬁR' Note that as the
aircraft gets closer to the runway origin, the allowed position errvaors
h a and hpa reduce gradually to a very small value. The equations for

e
ang will be approximated (i.e., realizing that €5 is small

hea [ h a
and iﬁRi >> hCG) as follows:

hea = |Rp| Be (264)
hpo * !ﬁR!SU {265)
where
IERI VATEUTIEE (266)
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and 8¢ and 84 are in radian units. The variables Xg and Zg are
available from the existing SDF-Z formulation and the distance RqR is
available from the landing gear modification (see pg 81). The nominal
glide slope altitude, hGS’ (see Figure 28) 1is dependent on the position
coordinate Xg as follows'

hgs * | Xg=Rgp | ton €5+ heg (267)

The vertical glide slope position error, he, (see Figure 28) is

therefore

Note that he is positive when the aircraft is above the nominal glide
slope and is negative when the aircraft is -~low the nominal glide slope.

The nominal glide slope position in the horizontal plane (see
Figure 29) is identically zero (i.e., the aircraft ideally should
remain in the vertical glide slore plane). The horizontal glide slope
pusition error is therefore the position coordinate, Yg, which is also
defined in the existing SDF-2 formulation. Note that Yg is positive
to the right of the vertical plane and negative to the left.

In controiling the aircraft to remain within the allowed spatial
error (see Figure 27 for a pictorial view), it is helpful to know the
rate at which the glide slope position error is changing (i.e., rate ’
feedback). The rate of the vertical glide slope position error, ﬁe’
can be expressed as follows:

Note that ﬁe is coupled with the horizonta] velocity Xg and he is zero
only when the aircraft sink rate, Zg, is equal to the apparent rate
at which the glide siope is falling. The rate of the horizontal glide
slope position error is simply Yg. The variables Xg, Yg, and 29, are
all available from the existing SDF-2 formulation.
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The total vertical glide siope position error, heT’ and the total
horizontal glide slope position error, hPT’ are written as the sum of
a position error and a rate error as follows:

hot = he + RFy ﬁe {270)

hpy = Yg + RFy Yg (271)

The RFh and RF ~are input constants and determine the amount of rate
feedback in the vertical and horizontal planes respectively. This
completes the formulation of the glide slope position error.

b. Velocity Error

If the aircraft is controlled such that heT’ and hpT fall
within the allowed errors hea and hpa’ respectively, this only
guarantees that the aircraft is vectzrially near the nominal glide
slope position and does not control the inertial velocity with which the
aircraft comes down the glide slope. The inertial velocity error, Ve’
must therefore be sensed and is formulated as follows:

Vg is the inertial velocity magnitude (as formulated in the existing
SOF-2) and Vd is the desired inertial velocity down the glide slope
which is input as a constant,

c. Glide Slope Dynamic

The two basic requirements for the glide slope (see Pg 147)
deftine a steady-state descent maneuver at constant ground speed. The
noniinal values of angle o. attack, angle of sideslip, roll angie, and
thrust to perform this muneuver .an be obtained by a steady-state
summation of forces acting on the aircraft. We begin by examining
forces in the aircraft pitch plane. Examine Figure 30 and the
following definitions.
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Figure 30. Nominal Forces in Glide Slope

~ Vd = desired inertial vector velocity down the glide slope
V. = wind vector
W
Vad = desired airspeed vector
GR = pitch angle of aircraft from horizon
[ - ay - desired angle of attack

140 desired flight path angle of Vad

?d = desired thrust vector
L = 1ift vector

N D = drag vector
W - weight vecior
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P = atmospheric density

S = aircraft reference area
CLR = vrequired 1ift coefficient

Summing forces in the vertical direction (assume aircraft wings

approximately level) yields:

L cos{-ya)+TysinBg+ Dsinl=y5)~We0 (273)

This may be solved for the required trim value of 1ift coefficient
for the desired static equilibrium gliding condition as:

. ' .
[MgREF+DR5m(7R"Td“"(9Rq

c = {274)
R
t QRScos(yé)
Summing forces in the horizontal direction yields:
Ty cOs 9R+Wsin(—)’é)—-0cos(—y’;) = 0 (275)
solving for Td yields:
Wsinyé+0cosyé
cosUp
Equation 274 can also be written as
m
w ) IREF
T 3g5 (277)
5P| % s
where Td and yé are both set tc zero as a first approximation. The

value of CLR in Equation 277 is used to find an estimate of trim a,

and Sqm’ as will be shown subsequently. Td is then calculated
using Equation 276, followed by a more accurate estimate of CLR through
Equation 274, and cof Td through cquation 276.
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CLR is dependant on l vadl , which is also deperdent on the wind
vector Vw through the foliowing relationship (see Figure 30):

- . 2 . 2 . s 4
|v°d| . \/vdcos g5 Xqu) +Ygu +{Vysinegc-Zgu) (278)

The variables ng, ng and Zgw are components of the wind vector,

Vw on the Tx s 1o 129, axes, respectively, and are available from the
existing SDF-2 formulation.

The coefficient of lift, CL’ is primarily a function of angle
of attack, a, and secondarily a function of elevator defiection, 3q,

through the following relationship:

CL = c,_°+cl_aa+cmz|a'¢ +CL8g 89+cl_39t|8q| 8¢ (279)

where CLo’ CLa ,(%_02, and Q_8q2 are the predominant aerodynamic
coefficients contributing to 1ift. Therefore, for a given elevator
deflection, Equation 279 ultimately defines the desired angle of attack
a, to meet the requirements of Equation 274 for the glid> slope. The
nominal elevator deflection for use in Equation 272 is cbtained using
Fquation 302 which will be discussed under Pitch Autopilot.

Equation 276 defines the required thrust magnitude, Td’ to maintain
the glide slope as a function of W, 7&, v, :d GR. The drag force, D,

is evaluated at °d and lvadl through the following equations:

o - CD-'E-pIVOd I's (280)
where
2
CD = CDO + CDQ Qd +cDal ad (281)
< S~ £F€37 3 .
and CDo' CDa‘ and CD° ? are the predominant aerodynamic coefficients
contributing to drag.
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The equations defining 7& and GR can be obtained by referring to
Figure 30.
- Vq sin €pe—2
y; = tan”' -] -8 6S 8% (282)
Vd cos EGS - XQW
Br = v * Q4 (283)

The ay vesulting from [qusticone 277, 302, and 279 and the T,
resulting from evaluating Equation 276, as indicated, are the nominal
airplane requirements in the pitch plane to satisfy the requirements of
the glide slope in the vertical plane. Summing forces in the horizontal
plane yields the basic requirements for the aircraft to remain in the
glide slope vertical plane and not drift horizontally. The nominal
requirements are: wings level (i.e., no aircraft roll), and sideslip
angie of attack zero (i.e., crab aircraft %nto wind).

The preceding analysis allows the autopilot to determine the nominal
trim requirements for a ' Lleady -descent at cor-stant ground speed for an
arbitrary wind vector. Unfurtunately, changing winds, engine failures,
changing aerodynamic coefficients due to ground effect, etc., require
the aircraft to transition between nominal trim requirements which can
put all six degrees o freedom into :ndesired osciilations. Of primary
concern in the giide slope are the long-period oscillations of the mass
center position about the nominal glide slope position. Though these
Tong-period oscillations present no real contral problem to the pilot
in real life, they must be sensed in the autopilot simulation and
appropriately controlled. A means of sensing these oscillations has
already been provided through the variables heT and hpT in Cquations 270
and 271,
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The vertical osciliations will be indicated by heT and will be
controlled by modifying the desired angle of attack, a,, as follows:

ay as determined
by trim requirements

i

YES
l

ther @4 remains
unchanged

The logic for the modification of ad comes from an understanding
of the nature of the longitudinal long-period mode, but can be briefly
stated as follows: when the aircraft is rising above the allowed vertical
glide slope error, lower the a,s when *he aircraft is falling below
the allowed vertical glide slope error, increase the ay- The magnitude
of the modificavion to a, 1is determined by the input constant PGS and

d
will depend on the particular aircraft simulated.
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The horizontal oscillations will be indicated by hPT and will be
controlled by modifying the desired roll angle, ‘#d’ about the zero
position (i.e., wings level position) as follows:

tF

iF

by = Pc e YES hpy <=hpa

NO

$g = O

14

Briefly stated, the horizontal logic is as follows: When the
alrcraft drift to the right of the glide slope vertical plane exceeds
the allowed value hPa’ roll the aircraft - ‘#c (left); when the aircraft
drift to the lett of the glide slope vertical plane exceeds the allowed
vilue 'hPa’ rell the aircraft ¢c (right). Since the ¢c command
will cause a component of the large 1ift vector to project on ihe
horizontal plane, ¢¢C can be small (3¢, etc.) and still control the

horizontal oscillations.

This concludes the equations defining the maneuver logic for the
glide slope phace of the problem. Figure 31 presents a summary of the

equations and loyic.
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2. FLARE

The basic requirement of the flare .naneuver is to transition the
aircraft from an arbitrary vector position and vectcr velocity in the
glide slope, to a desired touchdown vector positicn and touchdown
vector velocity, simultaneously, on the runway. For a realistic
landing, the touchdown vector position is limited ty runway length and
landing distance required to stop the aircraft. The touchdown vector
velocity is also limited by acceptable landing speeds and aircraft sink
rates. Since there always exists the possible effects of engine
failures, wind changes, and 1imited aircraft flare capability for a given
situation, some basic Togic is necessary to sacrifice the desirea
touchdown constraints logically and still make an acceptable landing.
The problem is typically a guidance problem subject to constraints.

The development of basic guidance taws to perform this function follows:

a. Guidance lLaws

The flare guidance laws will be based on a constant acceleration
maneuver, Flare initiation will be staged on a particular altitude,
he, above the ground (see Figure 32). At the time of flare initiation,
it is assumed that the glide slope cross range control has the aircraft
sufficiently close to the vertical plane so that the wings may be leveled
(note aircraft will still remain crabbed into the wind). As such, the
flare maneuver is essentially a planar problem and occurs near the
vertical plane.

Since the runway can have an elevation angle, ER’ the guidance
laws will be developed in the runway coordinate system XR’ hR where

XR aircraft scalar distance down runway

hR = aircraft altitude above runway
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* /'

Figure 32. Flare Coordinate System

The desired touchdown conditions are as follows:

distance down runway for touchdown

>
[}

RF

hRF = mass center ~1titude normal to runway for touchdown
kRF = landing speed parallel to runway for touchdown
HRF = altitude rate normal to runway for touchdown

Consider the following general derivation for any scalar variable,
S, with constant acceleration, S:

Sy =S +S; (284)
where
ts = elapsed time
si = initial §
Sf = final S
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Integrating Equation 284 again yields

2 .
S¢ :S-TZ—+Sits+ S, (285)

where

initial S

w w
" i

final S

Solving for ts in Equation 284 yields:

1o = iféﬁi (286)

Substituting Equation 286 into Equation 285 and expanding yields:

°

s (3 4 5 (g8

2 2 s N . . (287)
o S-S0 (S51-SiNSs+S)).
28 2%
Solving Equation 287 for S yields
S - 1§-§;) A58l (288)

2(5¢-S;)
Substituting Equation 288 into Equation 286 yields
_2(5¢-5;)
tg = —§,L+_§T ‘289)

Equation 288 expresses the constant acceleration, S, required to
transition from the initial state S,, Si’ to the fina! state S, Sf,

in terms of the initial present conditions and desired final conditions.
Equation 289 expresses the time required, based on constant accelerations,
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te make the transition in state. Comparable equations for the scalar
variables XR and hR are therefore:

- (tor—te) BRETXR)

2{XgF—XR)
1, = =
X 6&§E¢§;7‘ (291)

« o (hecah
AR :(hRF“hR%:hziths; (292)

_ ¢(hRF-hR
= ‘(FRF—"';‘E)LV (293)

where
AXR = required acceleration of Xp
tx = time to perform the XR state change
AhR = required acceleration of hR
th = time to perform the hR state change

If Equations 290 and 292 can be satisfied at all times during the flare,
they guarantee that the XgF iRF -touchdown constraints will occur
simultaneously and that the hRF' hRF' touchdown constraints will occur
simultaneously. However, this does not guarantee that the two
individual sets of scalar constraints will occur simultaneously. This
latter constraint can be met by requiring tx to equal th. This is
achieved by the following logic.
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Calculate tX and th from present conditions (i.e., Xp» iR’ hR’ ER)
and the desired touchdown condition (i.e., XRE* *RF* hRF’ hRF)'
Compare the values of tx and th. If th is greater than tx’ Equations
291 and 293 suggest four possible sacrifices of the desired touchdown
constraints to make th and t equal:

(1) Increase XpF (i.e., land further down the runway).
(2) Reduce the landing speed, iRF‘

. >
(3) Increase her (note hp 2 hRF)‘

(4) Increase ﬁRF in the negative direction.

Sacrifice 3 is eliminated since this would require the aircraft to flare
out above the runway. Sacrifice 2 is eliminated since the desired
landing speed will already be cl-se to the stall speed. Sacrifice 1 is
possible provided there is suf’ “ient runway length left after touchdown
to stop the aircraft. Sacrifice means an increase in sink rate at
touchdown; this is undesirable, but can be tried once the possibilities
of Sacrifice 1 have been exhausted. This logic is formulated as follows:
Let

XRF = XTp+ 0 (294)

where .

Xrp = distance down the runway before which the aircraft must
not touchdown. (This is normally zero but can have a
pusitive value which in effect places the closest allowable
touchdown point ahead of the effective rurway beginning.)

U = distance down runway from X1p to desired touchdown point.
Apply Sacrifice 1 by equating tx and th in Equations 291
and 293, substitute Equation 294 for XpF in Equation
291, and solve for the required Dm.

iy v (DRECDRY
Dm'(xRF"xR)(—RT;TFR) + Xg - XTD (298)
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Equation 295 expresses the Dm that will allow tx to increase to the
value of t,- This value of Dm, however, may be too large i.e., D
must be constrained as follows:

m

LptUm SR . {296)

where

o]
1

runway length

—
1

required landing distance to stop aircraft

if Dm is too large to meet the constraint of Equation 296, the marimum

value of Dm is RL - LD. If this occurs, th will still be greater

than tx, then Sacrifice 4 is applied as a last resort. Sacrifice 4

is applied by equating tx and th in Equations 291 and 293, by substituting
XRF = XTp ¥R~ Lp

as the limiting value for XRF in Equation 291, and solving for the

increased hRF'

(KBiEBEL—(hRF—hR)-ER (297)

If a landing situation is such that Sacrifice 4 is necessary, the
sacr-ifice is one of deciding to land the aircraft harder versus landing
further down the runway and risk running off the runway end.

The preceding sacrifices are for the case in which ty is greater
than tx. For the case in which tx is greater than th’ Eouations 291
and 293 also suggest four pocsible sacrifices of the desired touchdown

constraints to make th = tx:

(1) Decrease XpE * that is, touchdown shorter
(2) Increase the landing speed, iRF
(3) Decrease hRF

(4) Make ERF less negative
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Sacrifice 3 here is eliminated for the same reason as previously.
Sacrifices 1 and 4 are applied in the same order as before except with

different constraints. The constraint on Dm is that it cannot be
negative i.e., one does not want to touchdown prior to the effective
runway beginning. In the event the required Dm is negative, then

Sacrifice 4 is applied and HRF is made less negative; however, hRF
cannot be positive. The equations for Dm and hRF are the same as
Equations 295 and 297, respectively. In the event hRF is reduced to
zero, Sacrifice 2 (though undesirable) can be applied as a last resort.
The equation for kRF is obtained by equating t to th, substituting

XRE = *Tp and h and solving for the requ1red kRF as follows:

Yor = (XREZXR) _ ¢
> RF R(hRF hR) -XR {298)

At this point, the desired touchdown conditions have been logically
manipulated so as to occur at the same time within specific constraints
of the runway and aircraft. These updatedvalues cf XRE > XRF’ hRF’ and
bRF (noF changed) are then used with the present conditions XR’

XR’ hR’ hR in Equations 290 and 292 to calculate the required
accelerations AXR and AhR to make the transition.

b. Flare Dynamics

. The preceding paragraph merely defines the required accelerations
AXR and AhR to perform the flare maneuver. The values of angle of
attack, angle of sideslip, roll angle, and thrust to achieve the
particular AxR and AhR are yet to be found. As indicated in the
preceding paragraph, the flare meneuver will be done with wings level
(desired roll angle = 0) and the aircraft crabbed (desired angle of
sid¢slip = 0) into the -elat’s  wind Assuming the aircraft yaw is
shall, A ° and AhR are t foo - r* 21ly in the aircraft pitch

xR
plane a1)d are predominantiy - “termined by angle of attack and thrust.

The relationship between the scalar accelerations AxR and Ahk and
the independent variables a@ and T is as follows. Examine Figure 33,
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Figure 33. flare Forces

where
Vg = velocity vector
Vw = wind vector
Va = airspeed vector
a = angle of attack
7; = elevation angle of Va relative to runway
Y, = elevation angie of V_ relative to earth
ER = runway elevation angle
T = thrust vector
ET = weight vector
= 1ift vector

D = drag vector
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Since AxR and AhR are defined relative to the runway, they are:

Axg = [Tcos(a +yo’) +Lsin(-yq)
(299)

- Dcos(-yy) -WrsinEg | /m

AnR =[TSin(a +ygq) T1cos(~yg) (300}

+ Dsin(-yg) —Wrcos ER] /m

For a given airspeed vector, L and D are predominantly quadratic
polynomials in @ (see Equations 279 and 281). Equations 299 and 300
are therefore nonlinear functions of @ and T whose solution is not
immediately obvious. The observation that Equation 300 is predominantly
a function of L and NT and is not appreciably affected by T and D
indicates that AhR is primarily dependent on a . This also indicates
that the final value of AXR in Equation 299 is achieved through T.

Both of these observations are helpful in constructing a numerical
solution. Suffice it to say, that Equations 299 and 300 can be solved
for the desired angle of attack, ad, and desired thrust, Td, to
achieve the required accelerations AXR and AhR' It should be noted
that both ad and Td have upper and lower bounds so that a situation

can arise in which the requested accelerations are outside the capability
of the aircraft. In such cases, the a, and Td will be those that
give the least vector error in the requested acceleration. A flow
chart of the equations and logic which determine a, and Td for the
flare maneuver is presented in Figure 34. A pitrh rate calculation is
made based on the desired angle of attack rate and the nomina} rotation
rate of the velocity vector, This pitch rate is called 9, the
desired pitch rate in the flare.

c. Hold - Decrab Maneuver

As the aircraft approaches touchdown, 1t must be "decrabbed"
(i.e., aligned with the runway center line) to allow the tires to rol!
and not skid. This is accomplished in the yaw autopilc: (sce yaw
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IAP=2

1IR
| XrF * X7D
NO=>1 hrr = My
XRF * VXTD
hRe * VaTo

|

Ty * 2UXgp-Xg!/{Xg+Xgg)

'fh = Z(hRF-hR’/(’\RF+hR’

/////1l\\\\\\
0

Figure 34. Flare Logic
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{%ge * Xp!

: - 4+ Xg — X7p
(hge + hg)

ODm = (. 3F — hg)

\F

] XgF = Xrp+Ry-Lp

Xpe * Xyp+ Op

z 13&11;5551.(h -hg) — h
RF ‘XRF _xn) RF R R

(&)=
N

Figure 34. Flare Logic (Contd)
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Figure 34.

Flare Logic (Contd)
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autopilot development) by commanding the Euler yaw angle, ‘Pps (see
Appendix I) to be zero. The Euler roll angle, qbp, is also

commanded zero for a "wings level" impact. More aircraft also have a
"tail down" constraint which Timits the maximum allowable angle of attack

near the ground.

The "hold-decrab" maneuver is staged on the mass center altitude
above the runway. When this occurs, the desired angle of attack,
a,s is held constant at the last value requested in the flare unless
it must be limited by the tail-down constraint. The desired thrust,
Td’ is also held constant at the last value requested in the flare
unless the "kill-power" option (see throttle autopilot development) is
exercised. Most of the logic for the "hold-decrab" maneuver is directly
in the autopilots. That logic which is necessary prior to autopilot

entry is summarized ia Figure 35.

3. LANDING ROLLOUT

The landing rollout begins at the instant any one of the tires
touches the runway. The following maneuver will automatically occur
in the landing rollout: control the aircraft yaw, ¢, to be zero
(i.e., keep the aircraft aligned with the runway); reduce rol! control
surface deflections to reutral position. The following events can be
sequenced (on time after impact, t.) if so desired:

(1) Actuate ground spoilers (tr 2 tsp)

(2) Ki1l power and reverse engines (t, 2 *.)
(3) Actuate urag chute (t. 2 t,)

(4) Actuate tire braking (tr 2 tbk)

(5) Change elevator deflection from value at impact 10 a desired
final value (in Pitch Autopilot, if t.> tst)'
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Entry 2

70 = 70 - FR
1AP=3
¢d'°.

a,+v4>k YES— a =P, ~¥,

NO

i

Call Engine
Failure Logic
|

¢
"

Go To Pitech
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Figure 35. Hold-Decrab Logic
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Most of the logic for the landing rollout maneuver is contained
directly in the autopilots. That logic necessary prior to autopilot
entry is shown in Figure 36.

4. TAKEQOFF ROLL

The takeoff roll maneuver is simply one of rotating the aircraft in
pitch to the desired takeoff angle of attack once the takeoff airspeed
has been reached. Throttle setting is held constant through the roll
at the takeoff value. The aircraft yaw angle, \pp, is commanded zero
in the yaw autopilot to keep the aircraft aligned with the runway, and
the roll control surface deflections are kept in the neutral position.
Elevator deflection is kept at a fixed value until the command to rotatle
the aircraft to the takeoff angle of attack is given. The takeoff roll
maneuver is terminated on a particular mass center altitude, hs’ above
the runway. Most of the logic for the takeoff roll maneuver is contained
directly in the autopilots. That Togic which is necessary prior to
autopilot entry is shown in Figure 37.

5. PROBLEM PHASE LOGIC

Given appropriate input, the phase logic determines which maneuver
logic (1.e. glide siope, flare, hold-decrab, landing roll, takeoff
roil) to use. The phase logic also determines where the problem is to
terminate. Figure 38 shows the phase logic.

The indicator ITO determines whether the problem is a takeoff or
landing problem. If the altitude of the aircraft is above hF’ the
aircraft is in the glide slope phase. When the altitude hF is reached,
an option is provided to stop the wrogram (see NF indicator) or go to
the flare phase. The hold-decrab phase begins when the mass center
altitude above the runway, hR, i< less than or equal to hRF + 8h or
if the distance down the runway Xg has exceeded the desired value XRF °
The input value of hy. is normaily h.., so that Sh represents the
vertical distance between the runway and tire bottom surface at which
the hold-decrab phase begins. The KP indicator is used tu start the
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program in the landing roll phase. If KP = 1, the time of impact,

TI’ must be provided by initial data input. If KP # 1 the probiem
remains in the hold-decrab phase until any one of the tires receives a
deflection, Si‘ As soon as a tire deflection is reéceived, the time
of impact is stored in TI and is never changed (even if the aircraft
bounces on the runway). Immediately on impact, the NLRI indicator
allows the program to be stopped or to continue with the Tanding roll
phase. The landing roll phase can be terminated on a velocity, position,

or time constraint, whichever occurs first.

6. FAILURE LOGICS

Prior to going to the autopilots, each maneuver logic checks for
possible engine failures. In the event the aircraft is in the landing
roll phase, a check is also made on possible brake failures.

a. Engine Failure Logic

Figure 39 is a flow diagram of the engine failure logic. The
indicator array IC determines the failure (IC =0) of up to four
independent engines. While in the glide slope phase (i.e., IAP = 1),
engine failures can be sequenced on two different altitudes h1 and h2.
While in the flare or hold-decrab phases (i.e., IAP = 2,3), engine
failures can be sequenced on two different runway altitudes hR1 and th.
While in the landing roll phase (i.e., IAP = 4) engine failures can
be sequenced on two different times after impact tr] and tr?' While
in the takeoff phase (i.e., IAP = 5, 6) engine failures can be
sequenced on two different positions down the runway XRE1 and XpFo*

The IC array is used in the throttle autopilot.

h. Brake Failure Egglg

Figure 40 shows the brake failure logic. The indicator array
IB determines the conditions of each gear brake. The IB array can
be changed from its initial array on two different times after impact
-tbkl and tbkz. The IB array is used in the brake autopilot.

This concludes the maneuver logic.
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SECTION III
AUTOPILOTS

The maneuver logic of Section II defined control of the aircraft by
specifying desired values of angle of attack, angle of sideslip or yaw
angle, roll angle, thrust, and status of the engines and brakes. It
then becomes the function of the pitch, yaw, roll, throttle, and brake
autopilots to achieve, within the capability of the aircraft, the
desired values requested. Each autopilot development is discussed in

turn.

1. PITCH AUTOPILOT

The basic function of the pitch autopilot is to control the aircraft
angle of attack to the desired value requested by the maneuver logic.
The aerodynamic surface for this control is the elevator on the horizontal
stabilizer. Equation 38 expresses the major static moments acting about
the body mass center pitch axis (excluding landing gear pitching

moment , Mm).

AX
[Cm°+CmaQ+Cm02|q| G—CNE'I—- +

(301)
d

Cms‘aq +C"‘801F0|8q +Cmq QG(EVL_)] Q*Sdl +MT + M),

where
Cho = Pitching moment coefficient about the aerodynamic
reference station at zero angle of attack and zero
elevator deflection
a = angle of attack
c c 5 = pitching moment coefficients for angle of attack
ma’ “ma dependence about aerodynamic reference station
M, = ground reaction moments in pitch (net moment)
CN = normal force coefficient
LX = distance from aerodynamic reference station to

mass center
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C , C 2 = elevator pitching moment coefficients
8q = elevator deflection
d] = pitch reference length (usually mean aerodynamic
chord)
S = reference area

g* = dynamic pressure

MT = engine thrust moments in pitch (net moment)

cmq = dynamic damping derivative in pitch
qq = pitch rate based on dd and flare accelerations
Va = airspeed

The nominal pitch trim requirements (i.e., the control surface
deflection required to attain a particular desired angle of attack under
equilibrium conditions) are obtained by requiring Equation 301 to zero.
As mentioned in Section I, the aircraft is initially trimmed for the
desired glide slope conditions. I[f this initial pitch trim is done by
some surface other than the elevator, as with a moveable trim tab or
flap, this is done through appropriate data input of Cmo' A1l pitch
trim changes from the initial are assumed to be done by the elevator.
The nominal elevator deflection, SqN’ for a particuliar desired angle
of attack, a;, is therefore obtained by solving Equation 301 set to
zero.

- AX
[Cm+Cma ag *bma2|ﬂd[°d “ONTG

(302)

*Cmsq&m * Congyt '&JN|5QN +Cmq 4 ('S"%)];Sdn +MT +Mp =0

Note that the equation is quadratic in an and is also dependent
on engine conditions.
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Because there may be insufficiert natural damping and because the
a, command may constantly change (as in the flare), the SqN
command to the elevator must be augmented to obtain good aircraft
response and the desired angle of attack control. The pitch autopilot
flow diagram is given in Figure 41.

Three distinct routes are provided in the pitch autopilot, depending
on the valu: of the indicator, IAP. When IAP = 5, this indicates a
takeoff roll problem in which the takeoff airspeed has not been reached.
For this case the desired elevator deflection, 8qd’ remains fixed at
the input, 8qT0' When IAP = 4, this indicates a landing roll problem
in which one may choose to change the.impact value of 8qd (i.e., BqI)
to some final value SqF’ at a rate SFW and begin the change at time,
tst’ after impact. This impact maneuver can be used to change the
horizontal stabilizer loads during the landing roll. The final route,
IAP =1, 2, 3, 6, indicates a maneuver in which a pa:ticular angle of
attack, a, is required. Here the pitch autopilot computes the
angle of attack error a, the rate of change of error Qpe’ and

includes rate feedback R into the total angle of attack error

signal, a.r The a'l]owzg error in a.T js a fixed input, Aaa.

If @, is within the alloved Aa,, 8qd is set to the trim value
8qN' If @, exceeds the allowed error Aa,, 8qd is set to the
trim value 8qN plus some overcontrol, which is determined by the
product of are and an input constant PSH. The desired elevator
deflection, 8qd. is finally 1imited by the aircraft constraints 8qL
{(Tower 1imit) and aqu (upper 1imit). The rate of feedback constant,
RFa » and the overcontrol constant PSH. allow the pitch autopilot to

be adjusted to a particular aircraft configuration.
ALPDL prevents diccontinuities in ay from entering the pitch

autopilot thru dd. ch adds a "bang-bang" control capability to
the pitch autopilot.
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2. YAW AUTOPILOT

The function of the yaw autopilot is to control either the sideslip
angle of attack or the Euler yaw angle. In both cases the desired
value of the angle is zero. The aerodynamic surface for this control
is the rudder on the vertical stabilizer. Equation 303 expresses the
major static moments acting about the body yaw axis.

[anB+cn32|Bi B—cy—?—zx- +C”8r8'+

(303)
cnsra|s,|s,] a4 Sdy +NT
where
B = sideslip angle of attack
Cn R Cn 2 yaw moment coefficients forl? dependence about
B B aerodynamic reference station
Cy = body side force coefficient
d2 = yaw reference length (usually wing span)
CnSr s Cn8r 2. rudder yaw moment coefficients
Sr = rudder deflection
NT = enygine thrust yaw moment

The body side force coefficient is also predominantly expressed by
Cy = Cy3B +Cy32fB| B (304)

where Cy‘; and Cy 2 are the side force coefficients for .

B

Substitutin- Equation 304 into Equation 303 yields

cope,8 518 ot -, B 1B+
(305)

Cns,af + Cnaz, lSr!Br] Q“Sdz +NT
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When Equation 305 is set to zero, it can be used tc solve for the
nominal vudder deflection, SrN’ to trim the aircraft at a particular
desired sideslip angle of attack, ﬁ%r Note that Equation 305 is
quadratic in Sr and is dependent on engine conditions. Examine
Figure 42, which is the flow chart for the yaw autopilot.

Two distinct routes exist in ihe yaw autopilot, depending on the
value of the indicator, iAP. If [AP =1, 2 (i.e., glide slope or
flare) the desired value of B is zero. The solution to Equation 305
focr the nominal rudder deflecticn, SrN’ will also be zero, except in
the case where the engine thrust yaw moment is nonzero. Rate feedback,
RFB’ and overcontrol, PSR, are provided for the same reasons discussed
in the pitch autopilot. If IAP = 3, 4, 5, 6, the aircraft may have to
operate at a non-zero steady sideslip (only for a cross wind situation)
to make the Euler vaw ana'e, \yp, zero. The nominal rudder deflection,
SrN’ for this case is obtained from Equatics 305 by substituting
Equation 306 for B Equation 306 expresses approximately

Bg = sin'- ~3 (306)

the steady sideslip [3 at which the aircraft must operate in order to
align with the runway). Rate feedback, RF , and overcontrol, PSV”
are also provided in this route of the yaw autopilot. The desired
rudder deflection, Srd’ is finally limited by the aircraft constraints
8rL (lower limit) and 8ru (upper 1imit). As with the pitch auto-
pilet, the yaw autopilot can also be adapted to a particular aircraft
configuration through the rate feedback constants, RFB and RFV" and
the overcontrol constants, PSR and Psq,

3. RO!LL AUTOPILOT

The function of the roll autopilot is to control the Euler roll
angle to the desired value requested by the maneuver logic. The
aserodynamic surface for this control is the aileron. The roil autopilot
differs from the pitch and yaw autopilots in that it assumes there is no
major static moment developed about the roll axes for the maneuvers
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1 Lo requested. As such, the nominal aileron deflection, SPN’ to trim
SO the aircraft about the roll axis is always zero. Other than this trim

requirement, the rcll autopilet is similar in concept to the pitch and

" yaw autopilot. The roll autopilot flow diagram is given in Figure 43.

Two distinct routes exists in the roll autopilot, depending on the

i e values of the indicator, IAP. If IAP =4, 5, 6, the aircraft is on
' _ or has just left the runway and the roli attitude is determined primarily
\ . by the landing gear runway interface. As such, the desired value of

Y. aileron deflection, 8,,, is zero. If IAP - 1,2, 3, the aircraft

is in flight and a particular desired roll angle, t#d, is commanded by
the maneuver logic. Rate feedback, RF ,» and over control, PSA,

are provided, as was done in the pitch and yaw autopilots. The final
desired aileron deflection, BPd’ is Timited by the aircraft constraints
SPL (lower 1imit) and SPU (upper 1imit). As with the pitch and

yaw autopilots, the roll autopilot can be adapted to a particular
aircraft configuration by appropriate selection of the constants RF¢

and PS,.

4. THROTTLE AUTOPILOT

. The basic function of the throttle autopilot is to achieve the
. desired thrust, Td, requested by the maneuver logic. It performs
this function by commanding desired values of the throttle settings.
The throttle settings must be arrived at under any combination of the
follewing conditions: 1, 2, 3, or 4 engine aircraft, all engine failure
combinations practicable, engine reverse under selected throttle
constraints, capability to let some engines carry more load than others.

The throttle autopilot is divided into four logics = one for each
of the engine-aircraft combinations (see Figure 44). Each of these
logics is built up from two other basic engine logics called, ‘“common

engine logic" and "common two-engine logic."
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Figure 43. Roll Autopilot Logic
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a. Single-Engine Logic (SEL)

The single-engine logic determines the desired throttle setting,
Nd (1), for a single-engine aircraft. A "fixed throttle" mode and a
failure mode is provided. Figure 45 is a flow diagram of the SEL, In
this logic, a check is first made to see if the engine is in the "fixed
throttle" mode. This is done by examining the value of the first
element in the fixed throttle indicator array, TF(I) - the TF(I) array
is read on initial data input. If TF(1) = 1, this indicates a fixed

throttle mode for which Nd(1) is given the value NdF(l) (the NdF array
A landing reverse check is then made to determine

This is followed by a failure check (i.e. IC(1) =0,
as shown in Figure 39). If the engine has failed, Nd(l) is set to

zero; otherwise Nd(]) remains unchanged. If the engine is not in a
fixed tnrottle mode (i.e., TF(1) = 1), a failure check is again made.

If thete is no failure, the data set up (use first element of input

for the CEL is done. Entry into the CEL is made and the
Note that the SEL is

is read in on input).
if this is desired.

arrays)
desired throttle setting, Nd(l) is determined.
predominantly the CEL except that the fixed and failure modes are

determine . outside the CEL.

b. Common Engine Logic (CEL)

The CEL is applicabie to any "variable throttle” engine on the
the CEL assumes the engine has

aircraft, Given a set of variables,
The set of variables

not failed and finds a desired throttie setting.
required by the CEL is:

available from maneuver logic

IAP = problem phase indicator;

Nc = actual throttle setting; available from calling program.

Tc = desired thrust; available from calling program.

ILR = reverse engine signai; available from maneuver logic

[RC = indicator for engine reverse capability; available from
calling program

NBC = throttle setting above which reverse should not be
calling program actuated; available from calling program.
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NLRC = throttle setting for landing reverse; available from
calling program.

NTOC = throttle setting for takeoff; available from calling
program,
KT = kill engine indicator; available from calling program.

Figure 46 is a flow diagram of the CEL.

The ILR indicator is initially input to the program as a value other
than 1. The landing reverse engine signal (i.e., ILR =1) is aiven
in the landing rollout phase of the maneuver logic (see Figure 3€,.

If ILR = 1, a check is made on IRC (a value of 1 indicates that the
engine has a reverse capability). If IRC = 1, the desired throttle
setting, NdC’ is set at 1.0 (this value of throttle setting is
assigned to forward idle - see Section VI) which is the lowest possible
forward throttle setting. If IRC = 1, a check is made to see if the
actual throttle setting, NC’ is below the value required, NBC’ to
engage the reverse. If the check is not true, the desired throttle
setting, NdC’ is made 1 so that Nc will reduce below NBC' When

NC < NBC’ the reverse is engaged by requesting NdC to equal the
throttle setting for landing reverse, NLRC'

If the landing reverse signal has not been given (i.e., ILR #1),
the.CEL has three routes depending on the value of the indicator, IAP.
If IAP = 5, 6, this indicates a takeoff probiem and Ndc is set to the
takeoff throttie setting, NTOC‘ If IAP = 3, 4 (i.e., hold-decrab
or landing roll maneuver) an option is provided to kill power. This

is done during data input bv making the kill engine indicator KE{I) = 1.

If KT # 1, the problem goes to the IAP = 1, 2 route where thrust will
be maintained during the hold-decrab maneuver and will be maintained
during the landing rollout maneuver until the landing reverse signal is
given. If IAP = 1, 2 (qlide slope or flare), a route is desired to
find the throttle setting for a particular thrust, Tc. Here an
interpolation is done in the thrust tables from N = -2.0 (full reverse)
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Figure 46.  Common-Engine Logic
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to N=-1.0 (idle reverse) and from N = +1.0 (idle forward) to

N =+2.0 (max forward) to find the throttle setting, N, that gives
TC or comes closest to TC. If the final interpolated value of N is
negative (reverse thrust requested), the same throttle constraint is
applied as was done for the landing reverse. It should be noted that
the throttle constraint on reverse thrust applies only when engaging
reverse and does not limit disengagement (Ndc can always have a
positive value).

c. Function ENGREV

As originally designed, any engine in a "fixed throttle" mode
could not reverse when the reverse signal (ILR = 1) was given. A
function called ENGREV was added, which allows a "fixed throttle"
engine to change to reverse landing provided ILR has a value of one,
the engine has a reverse capability (if not, forward idle is commanded),
and the throttle constraint for reveise is met. This addition was
necessary since the "fixed throttle" engines do not go through the
“common engine logic" (CEL). The function performs essentially the same
flow as that portion of CEL which occurs if ILR = 1, as shown in Figure 47.

ENGREV = .
4

NO

1

ENGREY = NLRC »1 RETURN

Fiqure 47. Function ENGREV
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d. Two-Engine Logic (2EL)

The two-engine logic determines the desired throttie settings
Nd(l) and Nd(2) for a two-engine aircraft. One fixed throttle mode
and all possible failure modes are provided. Figure 48 is a flow

diagram of the 2

EL.

First 2 check is made on the one fixed throttle mode allowed
(i.e., 1if one engine is fixed the other is assumed fixed also). If
the fixed throttle mode is indicated, a failure check follows and
Nd(l) and Nd(2) are de.ermined in a manner similar to that done in the
SEL. If the fixed throttle mode is not indicated, the data set up for
antry into the CTEL is done. Here the de of the two engines is the
desired thrust, Td’ which comes from the maneuver logic. The data
set up for engine A is the appropriate jata {rom tne arrays for engine 1.
The data set up for engine B is the appropriate data from the arrays

for engine 2.

The thrust fractions K
constant k(2)121 (see 1ist of symbols for meaning of numerical subscripts).

A and KB are determined by the

Note that the sum of KA and KB is numerically 1. The output of the
CTEL is the desired throttle settings NdA and NdB' Note that except
for the fixed throttle mode, the 2EL is predominantly the CTEL.

e. Commcn Two-Engine Logic (CTEL)

The CTEL determines the desired throttle settings NdA and NdB
for two "variable throttle" engines, A and B, which can have any possible

failure mode ({i.e.,

no failures).

the CTEL are:

de

ICA, ICB
KA. KB
IRA, IRB

ny

A and B failed, only A failed, only B failed,

The set of variables required for the CTEL is much the
same as that required for the CEL except that engine A is distinguished
from B by a suffix in the variable name. The variables required for

#

13

total thrust required of the two engines
failure indicators for engines A and B
fractions of de for each engines A and B

reverse capability indicators for engines A and B
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. NA’ NB = actual throttle setting for engines A and B
ff[- Nons N = throttle settings above which reverse should not be
s BA* "BB . . ;
EE actuated for engines A and 38.
NLRA’ NLRB = throttle settings for landing reverse of engines A

and P

NTOA’ NTOB = takeoff throttle settings for engines A and B

KEA, KEB

ki1l engine indicator for engines A and B
Figure 49 is a flow diagram of the CTEL.

First a check is made to see if both engines have failed (i.e.,
TCA = 0 and ICB = 0). If both have 7ailed., both NdA and NdB are set
to zero (this is used for engine failure in the thrust teble look=Lp
which is stored under the N = 0. data - see Section VI). If both engines
have not failed, a failu-e check of engine A is done. If engine A has
failed, NdA is set to zero and the thrust table lookup is entered at
N = 0 to determine the desired thrust, TdA’ of engine A (in this case
TdA is actually the failure thrust). The required thrust of engine B,
TdB’ is found by swbtracting TdA from de (engine B carries the ¥ull
thrust load).  The input variables for the CEL (IRC, No . . . etc.)
are set up using the data for engine B af. >, which the CEL is eitered.
The output throttle setting of the CEL, NdC’ becomes the desired
throttle se;ting, NdB’ of engine B. 1f engine A has not failed, a
failure check on engine B is done. If enginc 8 has failed, engine A
is assumed to carry the full thrust lcad. The determination of NdA
when engine B has failed is similar to the previous case where NdB was
determined when engine A failed. If engine B has not failed, this
indicates that both engines are working. In this case, the thrust
fraction KA and KB determine what portion of de each engine carries.
The (L, with appropriate engine input data, 1is used to determine the

desired throttle settings N, , and NdB of each engine.

dA
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f. Three-Engine Logic (3EL)

The three-engine logic determines the desired throttle settings
Nd(l), Nd(Z) and Nd(3) for a three-engine aircraft. Three-throttle
fix modes and all possible failure modes are provided. Figure 50 is a
flow diagram of the fixed-throttle mode section of the 3EL.

Tne first fixed-throttle mode allowed, that is checked, is the mode
where all engines are fixed TF(1) =1 and TF(Z) =1 and TF(3) = 1. Here
the desired throttle settings are arrived at in a fashion similar to
that done in the SEL and the 2EL. If this fixed-thrattie mode is not
indicated (note all this takes is for one of the three TF indicators
not to be equal to 1), the next allowed fixed-throttle mode is checked.
This mode is one where the outboard engines (engines 1 and 3) are
assumed fixed, and the center engine (engine 2) 1is assumed variable.
Both of the two fixed engines are allowed to fail. The thrust table
look-up is then called to evaluate the desired thrusts of engines 1 and
3, be they failed or not. Failure of the variable engine (engine 2)
is also allowed. If engine 2 is not failed, it is assumed to take the
remaining thrust load required tou meet the Td requirement of the maneuver
logic. Data set up tor the CEL is made using array data for engine 2.
Entry is made to the CEL and Nd(2) is determined. The final fixed
throttle mude allowed is where the center engine (engine 2) is fixed
and the two outboard engines (1 and 3) are assumed variable. Again, ,
engine 2 is allowed to fail and the thrust tabie look-up is called to
get the desired thrust of engine 2, Td(2)° be the engine failed or not.
Data set up is then made to enter the CTEL, where de = Td - Td(2).
Engine 1 data is assigned to engine A and engine 3 data s assigned to
engine B. The tihrust fractions kA and kB are determined by the constant
k(3)]3]. Note again that KA plus KB is numerically 1. The CTEL is
entered and the desired throttle settings Nd(]) and Nd(3) are determined.
If none of the three fixed throttle modes is indicated, all engines are
assumed variable throttie. For this section of the 3EL, the flow
diagram is given in Figure 51.
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This section of the 3EL allows for all possible failure combinations
of the three engines. The logic is as follows: 1if engine 1 has failed,
call the CTEL for engines 2 and 3; if engine z has failed, call the CTEL
for engines 1 and 3; if engine 3 has failed, call the CTEL for engines
1 and 2. CTEL, in turn, checks for failure in the remaining two
engines. Note that in any engine failure combination, the required
thrust load is carried by the remaining working engines. If no engines
have failed, the CEL is called for each of the three engines separately.

g. Four-Engine Logic (4EL)

The four-engine logic determines the desired throttle settings
Nd(l), Nd(Z), Nd(3) and Nd(4) for a four-engine aircraft. Three
throttle fix modes and all possible symmetric failure modes are provided
(failure of engines 1 and 2 is similar to failure of engines 3 and 4,
etc., and therefore only one mode is simulated). Figure 52 is a flow
diagram of the fixed-throttle mode section of the 4EL.

The first fixed throttle mode is for all four engines fixed. The
Jogic here is much the same as was done in the 2EL and the 3EL. The
second fixed-throttle mode is for the two inboard engines (i.e, engines
2 and 3) fixed and the outboard engines (1 and 4) variable. The
desired thruttle settings, Nd(1) and Nd(4). for the two variable
engines are obtained by .alling the CTEL for engines 1 and 4. The third
and last fixed-throttle mode is for the two outboard engines fixed and
the two inboard engines variabie. The logic is similar to the previous
case. If none of the three fixed-throttie modes is indicated, all
four engines are assumed variable. Figure 53 is a flow diagram of this
section of the 4EL.

The symmetric failure modes allowed are as follows: four-engine-

failure, 1-2-3-4; three-enginse-failure, 1-2-3 and 1-2-4; two-engine
failure 1-2, 1-3, 1-4, and 2-3; and single-engine failure 1 and 2.
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Figure 53. Four Engine Logic (Cont)
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Figure 53, Four Engtne Loyic (Condluded)
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The four-engine failure mode is checked first. This is followed
by a check on the three-engine failure mode 1-2-3. Irn this mode engine
4 is assumed to carry the thrust load. If the three-cngine failure
mode 1-2-3 is not indicated, a check is made on the last three engine
failure mode 1-2-4, where engine 3 is assumed to carry the thrust load.
If failure mode 1-2-4 is not indicated, the two-engine failure mode 1-2 is
checked, where engines 3 and 4 carry the thrust load. This is followed
by successive checks of the remaining two-engine failure modes 1-3, 1-4,
and 2-3. In each case, the remaining engines carry the required
thrust load. If none of the two-engine failure modes are indicated,
the two single-engine failure modes (engine 1 and/or engine 2) are
checked. If a single-engine failure mode is indicated, the remaining
three engines carry the thrust load. If no single-engine failures are
indicated, all engines are working, and the desired throttle setting of
each engine is obtained by calling the CEL for each of the four engines.
This completes the 4EL and the throttle autopilot discussion.

5. BRAKING AUTOPILOT

The function of the braking autopilot is to control the braking
moments appliied to each landing gear on the aircraft. The braking
autopilot provides the following four options for each landing gear:

(1) No braking (i.e., braking moment zero)
(2) Constant braking moment (comparable to constant braking pressure)
(3) Locked wheel (i.e., wheel angular velocity zero)

(4) Controlled braking

The wheel equation of motion 1s documented in Appendix I1.  This
equation, tquation 23€ is repeated here for convenience.

wn L
MA‘ - Mm '_—_"']‘“l L] ni.'WY‘ (307)
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where
MAi = ground reaction moment along axle of ith gear
MBi = braking moment appiied along axle of ith gear
(enly + values allowed)
Wr; = wheel rotational velocity on ith gear
ny = number of tires on ith gear axle
Ii = moment of inertia of a tire wheel, and anything else
constrained to rotate with that tire about the ith gear
axle.
QTi = wheel angular acceleration on 1th gear axle

The function of the braking autopilot, therefore, becomes one of
specifying the value of MBi in Equation 307. ¥i,ure 54 is a flow
diagram of the braking autopilot logic.

The braking autopilot logic is contained in a "do loop," which is
repeated I times. The indicator, I, is the number of gears on the
aircraft. When the "do loop" 1is finished, the MBi array contains
the braking moment for each gear. The first check inside the do loop
is on the value of the brake actuate indicator, IBS. IBS is normally
input at some other value that 1 so that MBi remains at the initial
values read into the program (the initial values of MBi are usuaily
zero). The braking signat (IBS = 1) 1is given in the landing rollout
phase of the maneuver locic (see Figure 36). When the brake signal is
given, the brake condition indicator, lgi (see Figure 40) 1s examined
to determine which of the four brake aptions is to be applied. If the
value of IBi is 0, brake option 1 is exercised and MBi is set to 0O,
If IB1 has the value 2, brake option 2 is exercised and MB1 is set
to the constant value MBCi‘ which is read in on input. If the value
of IBi is -1, brake option 3 is exercised and wTi is made O to
simulate brake locking. [f the value of IBi is 1, controlled braking
option 4 is exercised.
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Figure 54.  Brake Autopilot
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Controlled braking option 4 controls the wheel angular speed, Wi
to that value which resilts in a pariicular desired value of "percent
skid," PP. Since the cuefficient of fricticn between the tire and
runway is predominantly a function of "percent skid," controlliny
"percent skid" actually controls the braking fcrces applied to the

aircraft. "Percent skid" is defined as follows:
% ! (308)
where
Psi = percent skid of ith wheel
VTi = tire footprint velocity of ith wheel
V.. = axle velocity of ith whee
The tive footprint velocity can be written as:
Vi ® Vai + wylrg; —3)) (309)
where
Yoi undevlected radius of tire
Si = tire deflection
Equation 308 can therefore be written as
‘v ton oi” Si,l (310)
IVo'l

Note that when W 14 is 0 (full skid), the value of Pes is 1; and
when the tire is fully rolling (VTi = (), the value of PSi is zero.

214




AFFDL-TR-71-155
Part 11

Let W Tpj be the required value of W 1 that results in the desired
percent skid PD' Sirce Vai is always rositive, Equation 310 yields

t'~Po (311)
wigi © “Voi 7T Te)
TR (rg; = 5;)
where
H 2
Voi = AARg1 Roxek* Reiz Rozer! + Rovek (312)

Assuming the tire deflection reaches a nominal value, the value of
reduces because the axle speed Vai reduces during the landing

WTR{
roll. The rate at which W TRj should reduce to maintain PD is
therefore
i , -Fo! (313)
w . -3 —u —
TRi (vroi — 85)

The variable u is the body longitudinal acceieration and is approximately

Fx/m (see Appendix I) where

F sum of forces acting in x direction

X

H]

m aircraft mass
(Note that FX includes not oniy qround forces, but also forces of
dray, reverse thrust, drag chules, etc. Equation 313, therefore,
becomes
F., (1-Pp)
@rRi -_!—-——g-— (314)
m teg;-8;)

{See Figure 54 and the option 4 branch).
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First the desired value of wheel angular speed, d’TRi’ is calculated
using Fauation 311. The required rate of change of @Ry dJTRi, is
also calculated using Equation 314. This is followed by a caliulation
of the error, Wrgi» in wheel angular speed. If the error, W IEis
is less than a certain fraction (Aw is the allowed fractional error
in OJTRi) of Wgio then the braking moment, My s should be such
that the wheel angular acceleration a,TRi is maintained (this helps
to avoid further error development). The required value of MBi is
obtained by rearranging Equation 307 and substituting d’TRi for dJTi.

|wril :

If the allowed error is exceeded and the error is positive, this means
the value of W rj needs to be more negative (i.e., more rolling and
less braking). This requires a negative d’Ti' The absolute magnitude
of this control acceleration is picked a constant value ‘bc (chosen at
data input). The required braking moment in this case is found by
substituting -dJC into Eguation 307 for d’Ti and solving for the
required bra%ing moment. Note in this case

w .
Ti .
MBi‘ (T)—.".—il[MAi+wCli"i] (3i6)
MBi will be iass than 'MAil . IT the allowed error is exceeded and

the error is negative, this means the value of W needs to be less
negctive (i.e., aore braking). This requires a positive d’Ti and,

as previcusly, will have a control magnitude of d’c‘ Substituting
+w, inic taquatien 3¢/ for G’Ti yields the required braking moment.
|wvil .

Note in this cése Mo, will exceed lMAil . Finally, the requested
value ot MBi is checked against *he braking moment limits MBLi (Tower

limit - not lecs than zero) and M (upper 1imit). This completes

BUi
the braking autopilot discussion.
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SECTION IV
CONTROL VARIABLE RESPONSE

The main aircraft control variables (i.e., elevator deflection,
rudder deflection, aileion deflection, and engine throttle) do not in
reality respond instantaneously to the desired values reguested by the
autopilots. To get a first order approximation of the effects of
control surface and engine lags on landing performance, a "constant
rate" control variable response is built into the autopilot simulation.
Figure 55 is a flow chart of the control variable response logic. This
Togic allows the control variables to move at a fixed rate (rate depends
on initial data input) toward the desired values requested by the
autopilots. No overshrot is alluweu; chat is, as the actual value of
the control variable approaches the desired value, the response logic
Terks the actual value to the desired value until a situaticn arises
where the rate of change of the desired value exceeds the rate at which
the control variable can respond. In this way, the first order effects
of control variable Tags are simulated. Note that a system with
essentially instantaneous respconse can be built by 1nput of large
numbers for the control variable rates.
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NO o 8q=8q +86A1

Sq :8qd

808, +5; A1

84~ )~ O+ +18; =8rp

\F — 8p =8p +8p Ot

Sp = 54
DOTO0 i =1,IN
[ CO600 i = l.'N]

(s
N(i) At} =Nali
Nl - N1 YES-={N(1)=Ng(i}

N(i)= 0. 600
YES™ ciiv e 0. CONTINUE
NO
NO N(i)= ‘
Nti)=Ng | [N(,)zN(i)+N(i)A!]
0,4+

{F
Nli) CHANGE
SIGN FROM
Ng-li)

700 CONTINUF I
RESUME

Ni="Ne PRINT PROBLEM

Figure 5%.  Control Response
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SECTION Vv
SDF-2 CHANGES

7. MULTIPLE ENGINE CHANGES

This section was written in Appendix I. It is repeated here for
emphasis.

As originally designed, SDF-2 only allowed for the simulation of
one airbreathing engine. The thrust tabie lock-up routine, TFFS, also
included the effects of altitude on thrust and deterinined the fuel rate,
both of which are no longer needed (see Assumption in Section I).
Some provision must also be made to determine thrust for engine
reversing, thrust for engine failure, and the net thrust forces and
mements acting on the multiple engine aircraft. We begin by discussing
the thrust taole lookup.

The thrust table is now a function of throttle setting and Mach
number alone. Because of the throttle autopilot logic, the ranges for
the throttle setting, N, must be as follows:

N=-2. means full reverse
N =-1. means idie reverse
N =0. means engine failure
N = +1. means idle forward

N = +2. means full forward

Negative values of thrust are stored for the negative throttle settings.
In this manner reverse thrust is simulated. The zero value of N is used
for the data simulating engine failure {note that failure thrust may be
zero or some negative value, depending on Mach number). The actual
reversing is achieved in the throttle autopilol by requesting a negative
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The change of sign on Ndi

value of dasired throttle setting, Ngi-
and this changes

is sensed in the control response (see Figure 55)
the sign of the actual Ni used in the thrust table.

Every time thrust is needed by the main program, the thrust table is
entered IN times - once for each engine - and the actual thrust array
T(IN) is obtained depending on the values in the actual throttle setting
array N (IN). The engine thrust vector is assumed parallel to the
longitudinal body axis (this is also assumed in the autopilot equations)
and therefore causes no roll moments. The“engine position arrays,
2y (IN) and YN {IN), along with the actual thrust array T (IN)
determine the engine pitch moment array MT(IN) and the engine yaw
moment array NT(IN). These arrays are then used to cbtain the net
lTongitudinal thrust, Tx' (note Ty and TZ are zero by assumption) the
net engine pitch moment, MT’ and the net engine yaw moment, NT' The
net value Tx’ MT’ and NT are then used in SDF-2 and the calcuiation

proceeds as normal.

AUXILIARY COMPUTATION
Several state variables used by the autcpilet must be defined in
terms of the state variables existing in SDF-2.  The variables that

need to be defined are as follows: Xps Yp» Zps Xpo Yp» 2p» hR’ hR’
Their definition in terms of SDF-2 variables is as

2.

Yps and ¢,
fcllows:
—"RT Reinn O Rgiz || Xg-RgR
el ® o 1 0 Yg (318)
2R | Rgsi O Rgaz 3
F"'_ - - "_
*R Reit O Rz} |Xg
bRl ] © ' 0 Y, (319)
3R] [Rem O Rex zg
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4’9 s ———'-—7‘— é. (322)
«/I"‘ez
: | Ny . g
4)9 - ——T—i- ;‘3 2 —-"-‘—;) (323)
|+ (—‘-\ t
My,

The variables Xps iR’ hR’ and ﬁR are used in the flare maneuver logic
{see Section II). The RG matrix (see Equation 111 of Appendix II) is
a trensformation from the earth coordinate system to the elevated runway
coordinate system. The Zuler angular races J’P and ‘{’P are used vor
the yaw and roll autopilots, respectively. They are developed for a
pitch-yaw-roll sequence in terms of the direction cosines and direction

cosine rates which are availavle in SDF-2.
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SECTION VI
PROBLEM ORGANIZATION

Figure 1 shows the basic autopilot interface with SDF-2. The
detailed autopilot interface and the Togic organization is shown in
Figure 56. A comparison of Figures 26 and 56 shows that the autopilot
begins with the auxiliary computation and ends with the control variable
respcense.  Several changes were also required internal to SDF-2.

This concludes the formulation of the equations and logic for the

autopilot modificatian to SDF-2.
STATE

SDF—2 WITH GEAR MOD. [ INFORMATION i

AUXILIARY
AERODYNAMICS 8 SACS CHANGES COMPUTATION

[

MULTIPLE ENGINE CHANGES MANEUVER LOGIC
PROBLEM PHASE LOGIC

DRAG CHUTE CHANGES

8

GLIDE SLOPE
FLARE
LANDING
ROLLOUT
TAKEOFF
ROLL

ENGINE
FAILURE

1

CONTROL AUTOPILOTS

VARIABLE - [(pitcH |

RESFONSE

VAW
T

THROTTLE |

Figure 56. Problem Crganization
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