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PREFACE 

The Third Conference on Matrix Methods in Structural Mechanics, sponsored by the Air 

Force Institute of Technology (AFIT), Air University, and the Air Force Flight Dynamics 

Laboratory (AFFDL), Air Force Systems Command, was held on 19-21 October 1971 in the 

auditorium of tho Air Force Museum at Wright-Patterson Air Force Base, Ohio. The purpose 

of the conference was to discuss the recent developments in matrix structural analysis and 

design of structural systems.   This volume contains all the papers presented at the conference. 

I 
V: 

if 

Three hundred and seventy-five scientists and engineers were in attendance including 

representation from the following foreign countries: Belgium, Canada, Germany, Holland, 

India, Ireland, Japan, Norway, Portugal, and tho United Kingdom. 

Thirty-four papers were presented at the conference in major topic areas entitled: Design 

Procedures, General Methods, Finite Elements, Dynamics, Structural Optimization, Structural 

Applications, Computer Graphics, Non-Linear Effects and Non-Structural Applications. The 

papers covered practically all major aspects of recent research and development work on matrix 

methods in structural mechanics. 

The members of the Technical Committee for the conference, who also served as the Techni- 

cal Editors, express their appreciation to the authors and session chairmen for their contributions 

toward the success of the conference, and to all those who attended and participated in the 

discussions. Special thanks are extended to the Director of the Air Force Museum, Colonel 

B. S. Bass and to the members of his staff. The Air Force Museum was a most appropriate 

setting for this conference and the start's unselfish assistance in helping with tho arrangements 

added greatly to the success of the conference. Special appreciation is extended to Lieutenant 

General James T. Stewart, Commander of the Aeronautical Systems Division for his excellent 

keynote address. Wholehearted thanks are offered to Mr. Martin Goland, President, Southwest 

Research Institute and President, American Institute of Aeronautics and Astronautics, for the 

outstanding address he presented at the conference banquet. 

Grateful acknowledgement is made tu Mr. John W. Thcnas (now retired) and to Mrs. 

Helen Maxwell for their editorial efforts in preparing these proceedings for publication, and 

for the typing assistance of Miss Damaris Frantz and Miss Donna Schuh. 

December 1973 
Wright-Patterson Air Force Base 
Dayton, Onio 45433 

Technical Editors 
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THE AIR FORCE THIRD CONFERENCE ON MATRIX METHODS 

IN 

STRUCTURAL MECHANICS 

OPENING REMARKS: R. M. Bader 
Air Force Flight Dynamics Laboratory 

The conference was opened by Mr. R. M. Bader, Chairman of the Conference Technical 

Committee. Mr. Bader expressed his appreciation to the other members of tiie technical 

committee fo^ their efforts in organizing the conference. The Cochairmen of the Conference 

were introduced: Colonel Charles A. Scolatti, Commander, Air Force Flight Dynamics 

Laboratory and Dr. J. S. P^emieniecki, Dean, School of Engint-ring, Air Force Institute 

of Technology. 

WELCOME: Colonel B. S. Bass 
Director, Air Force Museum 

Colonel B. S. Bass, Director of the Air Force Museum was introduced by Mr. Bader. 

Colonel Bass welcomed the attendees as being members of the first technical conference to 

be held in the new Air Force Museum. He described the history of the Air Force Museum, 

the events leading to the construction of the new facility and the continuing search for 

items of historical interest to the Air Force. The museum had been recently dedicated in 

September 1971 with President Nixon as the speaker and honored guest. Colonel Bass then 

introduced Major General Pinson. 

Th« keynote address during the opening ceremony was delivered by Lieutenant General 

James T. Stewart, Commander of the Aeronautical Systems Division, Air Force Systems 

Command. This distinguished guest speaker was introduced by Major General E. A. Pinson, 

now retired, Commandant of the Air Force Institute of Technology. General Pinson was 

associated with research activities throughout his career and has participated in the three 

conferences on Matrix Methods in Structural Mechanics, held at Wright-Patterson Air Force 

Base. 

Mir «*ir    '-■"-  J"- '"" -"■"-■-----■ ,.,m^-M—».. — ——,-.    ......    .,.-. —, w-.w.,...-.J» 

INTRODUCTION OF 
KEYNOTE SPEAKER: Major General E. A. Pinson 

Commandant, Air Force Institute 
of Technology 
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KEYNOTE ADDRESS 

Lieutenant General James T. Stewart 
Commander, Aeronautical Systems Division 

Air Force Systems Command 

I am particularly pleased to be here. As Colonel Haviland, Director of Airframe Subsystems 

Engineering in the Aeronautical Systems Division (ASD), and his people, tne SPO's in ASD, and the 

Air Force Flight Dynamics and Materials Laboratories well know, I am vitally interested in all 

facets of the structures discipline. My interest is shared by many people in the Air Force. We 

must follow the developments in this entire area including materials sf ection, design, analysis, 

test, manufacturing, fatigue life, and fracture characteristics. To do ciherwise is to jeopardize 

the structural integrity of our future systems. Contrary to what some may think and contrary 

to some newspaper reports in the over-all, our track record is pretty good. 

For examp'j, over the last twenty years, the structural weight fraction of aeronautical systems 

has stayed fairly constant at about twenty-six percent. Uninformed critics would rush to point 

out that it should have decreased. That viuwooint is wrong, it is wrong because during the same 

period, the performance of systems has improved substantially. In effect, a measure of performance 

increar>es has been realized through optimization of the structure.    How have we done this? 

Speaking only to the subject of structural improvements, the last twenty years have brought 

out the use of higher strength materials. And although seme of ine lessons have been tough (to 

wit, the F-111), the pluses have far outweighed the temporary setbacks. And we have be-jn working 

the materials harder. - e.g., lower ultimate/working margins due largely to more sophisticated analy- 

tical methods. We could do this because our analytical techniques have generally become more 

precise and dependable.    And here again, we have not always been perfect - to wit, the C-5. 

The advent of the large digital computer permitted us to exploit the finite element approach. 

Fine grid analyses can now be accomplished to a level of structural fidelity which was impossible 

only a few years ago. And of course you Gentlemen are more well aware than I of the advantages 

of tr?a finite element approach. 

The time required to respond to design changes can be reduced considerably with the use of 

the*« automated methods. Applying these methods earlier in the design cycle should not only 

result in a more efficient structure but, very probably, major design problems can be avoided. 

This group generally represents two subsets of the technical community. Some of you are 

researchers - from the Laboratory environment; others are engineers - the users, the system people. 

I believe these groups must strive even harde- to work closely together and build the strongest 

possible relationship between disciplines. It should be based on a reversible communication process 

in which the researcher develops more precise analytical techniqu&s, passes them to the user and then 

the user develops a portfolio of applications experience for the researcher. This sort of dialogue, 

no one can fault.    Everyone wins. 

Preceding page blank 
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We have such a relationship here at Wright-Patterson to a degree, and we are doing everything 

we can to expand the information exchange. For example, we have physically located system 

engineers in local Air Force Laboratories, as well as at NASA Ames, and NASA Langley. Our motive 

is to expose them to the research environment for a period of about one year and then bring them 

back to the system acquisition world with fresh knowledge of current methods and techniques. 

Also, the Laboratory people are assisting us solve aircraft development problems we have been 

experiencing, as well as actively working with us to apply their work more quickly to new systems. 

Equally important is the need within the structures community for cross-talk between the other 

elements of the discipline. Designers should talk to the static and fatigue test people, the materials 

people should exchange information on NOI and manufacturing processes with everyone throughout 

the life cycle of the system. Fatigue failures and corrosion problems should be brought to the 

attention of all the engineers who worked on that system.    That's the way it should work. 

However, it doesn't work as well as it should. For example, <n the past, some aircraft, or portions 

of it, have been designed by job shop engineers ~ that is, people hired to do a specific task in a given 

time. They have no company affiliation or loyalty. When the job is over, the* go somewhere else. 

The kind of feedback to the original designers I'm talking about is completely non-existent here. 

Take another case, the company with an organic design group. On the average it gets a contract 

to design an airplane once ever/ five ye'rs. After five years, where are the structural design people 

who worked on Airplane A? Most of the good ones have stayed with the company and moved up 

or into new project:. Few of them are willing to go back to the boards to work on Airplane B. 

So the whee; ha« to be reinvented again. It isn't practical to expect that the design supervisors will 

catch all the glitches. They «n't unless they go into great detail and actually go back to the boards 

for a while. 

So, the need for dedicated design groups working on new ideas all the time, not just every four 

or five years, has brought us to an appreciation of the experimental prototype concept about which 

you have heard much. Experimental prototypes can be used to explore promising theories or labora- 

tory findings and their operational utility.  They can bridge the gap between theory and application. 

We have recently established a Prototype Program Office at ASO. It will establish technical 

goals, monitor th» technical progress of contractors, provide technical assistance, and test and 

evaluate the end product, indusiry, under this "adaptive management" approach will have the 

responsibility of developing the technical approach and establishing t"»de-offs, establishing manage- 

ment controls and dosign standards, and, most importantly, of demonstrating performance in flight. 

The Prototype Program Office will have a Project Manager and Project Engineer for each proto- 

type program. They will be supported as needed by designated lead engineers in the AFSC Labora- 

tories and other ASD elements at Wright-Patterson. The key ingredients are small size and solid 

tachnics! expertise from all appropriate sources. 
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Tiie Air Force has identified four candidate projects for prototype development initiation in 

FY72: An advanced medium short take-off and landing (STOL) transport; a very low radar cross 

section test vehicle; a light-weight fighter airc-aft; and a quiei aircraft. 

it should De cieany understood uwi these piojeits a.& not uimed at eithc, a Kjre research 

vehicle -- a la X-15 •• or an engineering development production prototype. They will be somewhere 

in between. 
- 

■ 

Their objective win be to provide options - to demonstrate advanced technology and probable 

operational utility before proceeding into full-scale engineering development. The current A—X 

program is a conservative cut at prototyping 

All in all, we think prototyping is good. It's going to give a much larger degree of technics! 

flexibility in the acquisition of hard data - including structural performance -- betöre the big go/ 

no-go decisions. 

I think that you can see the dynamics cf change in our ideas. For the future, we must avoid 

the past structural and management problems. One way to do this from the technical side s to 

increase cross talk between epople in the structural community. That's the nam* of the game at this 

conference. 

Let me leave you with one thought. In the development of new techniques a-.u exotic solutions 

to very sophisticated problems, keep in mind that solutions need to be practical (e.g., producible), 

cost-effective, and most of all, not create bigger problems than they solve    In this latter regard, 

I could regale you for hours with almost unbelievable examples of problem solving via violation 

of structural fundamentals proven sound for at least thirty-five years. 

CONFERENCE BANQUET 

A conference banquet was held at the Officers Club, Wright-Patterson Air Force Base, on the 

evening of 19 October 1971. The guest speaker was Martin Go'and, President, Southwest Research 

Institute, San Antonio, Texas, who at that time was the President of the American Institute of 

Aeronautics and Astronautics. Mr. Goland was a most appropriate speaker for the occasion because 

of his activity in several .cientific advisory groups at the national level and his broad experience 

in aircraft design, applied mechanics and operations research. His address was entitled "The Engi- 

neering Challenge in the Post Industrial Era." He was introduced by the toastmaster for the evening, 

Dr. J. S. Przemieniecki, Dean, School of Engineering, Air Force Institute of Technology. 
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SESSION 1.    DESIGN PROCEDURES AND GENERAL METHODS 1 

Session Chairman 

G. W. Brooks 

NASA Langley Research Center 
Hampton, Virginia 

Preceding page blank 



THE ROLE OF DESIGN ANALYSIS SYSTEMS FOR AEROSPACE STRUCTURES, 

AND FUTURE TRENDS 

W. Lansing* 

Gruim&an Aerospace Corporation 

This paper attempts to lend some Insight into the role of the design analyst 
during the evolution of an aerospace structural design, and examines the analysis 
tools available to him for doing his job. Of all the constraints to which he is 
subjected, the time schedule 1s  likely to be dominant. This and other restric- 
tions currently dictate that simplifying assumptions be made in carrying out his 
work. These are discussed and it is shown that the entire stream of analyses 
that must be employed, Including those needed for obtaining applied loads, must 
be closely coordinated and integrated, in order to meet required schedules. 
Related comments are made also about structural optimization as it is currently 
being practiced in design, and trends for both it and integrated design analysis 
systems are indicated. 

■ 

* Chief, Structural Mechanics Section 
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We «re all painfully avare of how the aerospace industry has fallen upon 
hard times. Employment is way down, the prices of our products are soaring, 
and our customers apparently are quite unsympathetic. The result is that our 
companies are asking their people, with much leaner technical staffs, to turn 
out better products than ever before, and at lower cost. 

There are a number of areas related to the structures part of the business 
in which we can look for improvements. Apparently, there is a genera], consensus 
that the most promising of these areas are in the development and use of new 
materials, in better manufacturing methods, and in reduction of maintenance 

cost..(l) 

But the design analysts can help too. They also play a vital role, speci- 
fically in their support of the designers during the evolution of a new vehicle. 
The key question is: are they able to perform their function properly, which 
is to provide structural evaluations sufficiently early that the right design 
decisions can be made? And an equally important, related question - do those 
of us who are developing methods for the design analysts to use really understand 
what their requirements are? One sometimes gets the depressing feeling that some 
of the best talent we have is mlsguidedly working on projects that are believed 
to be relevant to the design process, but really are not. Or if relevant, rxe 
peripheral rather than central to the main problem. 

This is not to say that research and exploratory development work is not 
required. It most certainly is required. It adds needed depth to our under- 
standing of basic phenomena, and in some cases obviously leads to methods that 
are useful in design. But the objectives of methods development work on the 
one hand, and research and exploratory development on the other, should not be 
confused. They are very different. 

In an attempt to clarify this, I am going to try to lend some insight into 
the role of the design analyst during the evolution of an aerospace structural 
design. In so doing, naturally, we shall have to examine the tools that our 
design analyst has available to do his Job, and how they might be improved. 

In discussing the design process and the nature of the support that the 
design analyst provides, it Is very difficult to generalize. Therefore, while 
attempting to get my message across, I shell have to refer extensively to exam- 
ples. Since my experience is with Grumman hardware, this will be a major focal 
point. However, I believe that our experiences are broadly repressiv oative of 
those of the entire industry, and so should be of general interest. 

A key point to bear in sind in reviewing a company's approach to the design 
process is that there are several external constraints that have a vital Influence. 
Cue is the time available for the design work, i.e., the period from contract go 
ahead to first flight; this can vary greatly from one vehicle procurement to 
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the next. Another constraint is the design analysis philosophy of the customer. 
Our military services, of course, require final analyses of the airfrc es they 
buy, but they place greater emphasis upon satisfactory completion of r,atic and 
fatigue tests of entire vehicles for proof of design adequacy. The airlines and 
FAA, on the other hand, rely much more heavily upon final detailed analyses for 
the large commercial transports, and less upon large scale testing. These 
factors are bound to make a difference In how a given manufacturer goes about 
his analytical work. 

The design of an airframe structure is an exceedingly complex procedure. 
Early in the design, rather dramatic alternatives in the primary structure 
configuration, materials and methods of construe:ion must be considered. Later 
on, the changes to be investigated are more those of detail. The earlier con- 
figuration changes, which are obviously of special importance to the analyst, 
are sometimes made solely for the purpose of increasing structural efficiency. 
More often, however, the motivation,is likely to be a mixture of other things as 
well - an attempt to improve aerodynamic performance, a rearrangement of equipment 
and accessory locations for functional reason», etc. 

The applied loads acting upon the structure can also change significantly. 
In the case of a new vehicle whose external lines and performance represent real 
departures from anything already in existence, the preliminary applied loads 
which must be used initially are subject to sizable redistributions, as well as 
changes in magnitude, as more information (such as wind tunnel pressure distri- 
bution test data) becomes available. These changes can have a major impact 
upon the vehicle design. 

During the evolution of such a structure, a fundamental responsibility of 
the analyst is to provide the designer with evaluations of his designs. Does 
the configuration currently being considered use the structural material effi- 
ciently? Are there undesirable discontinuitiss in strength or stiffness? Are 
there severe structural dynamics problems? This Information must be available 
at the right time, so that the right decisions can be made as the design evolves. 
Since the major decisions that largely determine the success of the vehicle are 
made early in the design phase, this is where the analyst too must make a major 
contribution. Of sourse, he must also be responsible for the Inter -ty of the 
structure as it is finally built. 

It should be noted that in real life, the design analyst usually does more 
than Just this. Ordinarily, he participates actively in the design function 
as veil - resizing structure, making suggestions on changes in configuration, 
etc. nevertheless, his basic responsibilites are primarily in performing the 
analysis tasks. 

The aerospace industry is well aware of the nature of these tasks. And 
it is obviously looking for improvements, as evidenced by the activity In such 
fields as integrated design and analysis systems, structural optimization and 
computer graphics. 
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For its part, Grumman four years ago conducted a major study of the stream 
of analysis and optimization tools required to support its design activities, 
with primary attention being given to the time frame for their application. Defi- 
ciencies vere identified, and a plan for remedial action vas formulated. Ini- 
tially, its implementation required a major effort to orlng about certain basic 
changes in our procedures. Thereafter, our activities have been, and will 
continue to be, directed toward making evolutionary changes to the existing 
system, in the order in which improvements will be most cost effective. As 
might be expected, the Grumman approach is not necessarily identical in its 
philosophy to that of other members of the aerospace community. 

This paper seeks first to describe the highlights of the study Just 
mentioned and of the resulting analysis system as it now e> Lsts. Thereafter, 
it touches upon how the system has been use! to contribute to the design of 
the new Navy fighter, the F-lU. Comments are also made concerning its 
application to Space Shuttle design studies. 

i 
From this base we will take a brief look et other automated analysis methods 

development activities throughout the industry as they apply to design. Finally, 
I will attempt to identify the more critical needs of the next few years. 
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STUDY OF ANALYSIS NEEDS 

Approximately eighteen months prior to the date that it was believed the Navy 
would be issuing en RFP for the F-lü, Grunman management became convinced that, the 
aerospace industry was headed for some major new challenges in the development of 
future military aircraft. In particular, for the F-lU, these challenges were 
associated primarily with the drastically shortened schedules that were contemplated 
for its design, manufacture and flight testing. As a result, studies were made in 
all these areas to see what could be done to speed things up. 

One of the studies concerned the analysis methods we used in determining 
the Internal loads needed for nixing primary structure. This is obviously a 
crucial design requirement. The time period particularly emphasized was from 
the vehicles*s contract go-ahead to its first flight. At the same time, we 
realized that methods suitable for this period would also be applicable for 
preliminary design, if they were streamlined and used properly. 

As we examined our ability to quickly perform the required analyses, it 
immediately became clear that many technical groups and disciplines were 
involved. To obtain internal loads in primary structure, far more was involved 
than merely performing an adequate finite element analysis. If anything, the 
finite element work «as the least of our troubles. The real pacing itep turned 
out to be the determination of the applied loads acting upon the structure. 

When one includes in the chain of required calculi&tions all of the applied 
loads critical for design, he must draw upon many technical areas - aerodynamics, 
weights, dynamic analysis, loads and criteria, structural analysis, contour 
development, structural design, etc. All of these are needed to determine the 
loads due to flight maneuvers, gusts, landing, catapulting and taxiing. In 
addition, there are the closely related flutter analyses. In all cases, 
structural flexibility effects must be considered to some degree in the final 
determination of the applied loads for which the structure is designed. The 
whole process of ultimately determining internal loads is surprisingly complex, 
and there were actually very few people in the Grumman organization who 
understood the entire picture, except in a general way. 

Personnel in each technical specialty had many analysis procedures, and 
many of these had been programmed for computer solution. The primary difficulty 
was that such computer programs had tended to grow in an uncoordinated fashion 
in each technical area. Some programs were not general enough and were limited 
to specific classes of airplanes. Some overall tasks within a given technical 
area had been programmed in pieces that were not properly combined for rapid 
execution. In general, output data from one technical group was not in a form 
suitable for use by some other technical group downstream. Instead, all too often, 
the "answers" from one group required a large amount, of band manipulation before 
they could truly be used as input data for the work of some other group. 
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In brief, the crucial problem «as not one of lack of basic capability 
in any narrow technical area - it «as the blending of all these skills into a 
properly balanced, coordinated systems approach. Frankly, this general 
situation also appeared to exist throughout the res t of the aerospace industry. 

In the preceding discussion, no mention has been made of structural 
optimization. Instead, ve have spoken only of "determining the internal loads 
needed for sizing primary structure." One might imply from this that structures 
engineers are unaware of the interaction which exists between changes in the 
distribution of material throughout the structure and i.he internal loads. Of 
course, this isn't true. Actually, as a matter of necessity, we have learned 
by experience how to make changes in material distribution in order to bring 
stresses reasonably into line with allowables, while at the same time making 
allowances for the accompanying changes in the internal loads. Whenever pos- 
sible, revised analyses are then run as a check, but there is usually a limit 
to how much of this can be done before the drawings are signed and manufacture 
begins. 

Under the preceding circumstances, it becomes quite clear why stress 
analysts are so much interested in automated methods for obtaining fully stressed 
designs. By this we mean idealized structures for which every element is either 
stressed to its allowable value for at least one design condition, or is at a 
specified minimum size. Historically, for strength critical structures, fully 
stressed designs are exactly what we have been striving for all along. They 
may or may not be truly minimum weight, but the capability for rapidly obtain- 
ing fully stressed designs of idealized airframe structures should be recognized 
as being a really significant step forward. We will have more to say about 
this later. 

We vsre also aware of the necessity of using graphic displlay devices, 
wherever economically feasible, for visually checking input data for the 
computer, and displaying results. As for the interactive devices that have 
been emerging over the past few years, their potential was also very attrac- 
tive, especially for smaller structural analysis applications. However, 
the benefits to be gained by their use appeared to be less crucial than the 
alleviation of our more basic problems. Accordingly, less attention has been 
given to them than some of the other matters to be discussed next. 
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DtTEGRATED DESIGN MD AHALYSIS SYSTEM (IDEAS) 

We began to put our bouse In order. Approximately 50 men from the 
applicable engineering groups worked as a team for about a year to establish 
the present analysis system. It «as a high priority effort in regard to 
selection of the best qualified personnel and in regard to computer availa- 
bility. The result is called IDEAS. The system has been made compatible 
with Grumman's computing facilities which embody the IBM 360/75 computer. 

(2) 
Basically, IDEAS'  is an integrated collection of many different kinds 

of computer program modules and formalized hand calculations. The sequencing 
and execution of these program modules allow one to plan, schedule, coordinate 
end control all of the analytical efforts of the several sections that make 
direct contributions to the determination of internal loads for the sizing of 
primary structure for an aerospace vehicle. It is the "systems approach" for 
the problem at hand. 

System capability was planned from the start to be sufficiently broad 
to provide state of the art analysis procedures for both variable-sweep 
and fixed-wing subsonic and supersonic aircraft. As such, it treats 
all applicable flight maneuvers, landing and catapulting conditions, taxiing 
conditions, and gust and flutter analyses. A suitable starting point for 
application of the system can occur with a definition of the leading condition 
requirements and Knowledge of external vehicle contours, including control 
surfaces and stores. Also needed are weight estimates of concentrated masses, 
fuel, and major structural components such as wing, fuselage, etc.; a con- 
figuration for the primary structure and landing and arresting gear; and 
initial estimates for the sizing of primary structure. Early in the design, 
such information will necessarily be very sketchy. For the later IDEAS cycles, 
the data will naturally become more definitive and detailed. 

The technical groups associated with IDEAS use various mathematical mxLels 
to perform their calculations. The establishment and standardization of these 
models in regard to sign conventions and coordinate systems is another key 
feature of the IDEAS system. With standardized models, it is easy to pass 
data between the various technical groups by means of suitable transformation 
matrices. 

A main feature of the IDEAS effort is the establishment of a "Data Bank" 
which provides a central storage facility for all calculated data. This 
manually controlled Data Bank consists of stored magnetic tapes, cataloged 
listings, CALCOMP plots, Orthomat drawings, CDC-DDÖ0 microfilm, punched cards 
and engineering drawings of mathematical models. Any given program draws its 
input data from the Data Bank and returns its output to it. There are approx- 
imately 50 major computer programs currently stored on the accompanying "IDEAS 
disc." Included among them are the1Grumman developed programs for fully stressed 
design, of which "ASOP" (Automated Structural Optimization Program) is the most 

recent addition. ' 
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Another feature of IDEAS is that it is open-ended and lends itself veil 
to the incorporation of nev analysis methods. For exampl«, recently-, because 
of the Space Shuttle and its thermal stress problems, a nev structural 
temperature analysis capability has been formulated, and is being integrated 
into the system. It provides for coordination of all of the necessary calcu- 
lations, beginning with trajectories and the accompanying aerodynamic heat 
transfer coefficients, and ending with transient temperature distributions is 
appropriate structural models. In combination with toe proper coefficients of 
thermal expansion, these temperatures yield initial strains that are treated 
thereafter as load cases, along with the mechanically applied loads. 

Interactive computer graphics is not yet a part of IDEAS. As has already 
been indicated, this is the result of deliberate managcücnt decision - an 
attempt to put first things first. We are now investigating ways to incorporate 
these tools into the system in a cost effective manner. 

16 



TT- ■m-j*!»*-.-'.?*»-**! i^JJkH M^EJg^Mff 

APPLICATION OP IDEAS TO F-lU 

As I have indicated, the first project to which we have applied the 
IDEAS system is the F-lU. I shall try to give seme of the highlights of 
the effort. In scope, it should be fairly representative of the analytical 
work required in support of any advanced airframe design. 

As shown in Figures 1 and 2, the F-lU is a supersonic, carrier-based 
fighter with variable sweep wings, all movable stabilizer and twin vertical 
tails. It flew for the first time in December 1970, and is now engaged in its 
flight test program. Its most significant structural innovations are the 
wing center box, made of titanium, and the stabilizer, with its skins of 
boron/epoxy composite. The fuselage is also quite complex, being very broad 
ana rather shallow. The way in which it carries overall bending is quite 
complicated, the bending structure being concentrated in the centerbody in 
the forward region, and in the widely spread engine nacelles aft, with a 
transition region in between. 

Mathematical Models 

The key to developing a feel for the scope of work covered is to look at 
the various mathematical models that have been employed. There are essentially 
four different types. 

•■ 

Air Loads 
Weights 
Dynamics 
Structures 

: 

. 

Actually, the dynamics and structures models have been changed a number of times 
during the course of the design. For simplicity, lr. all cases I shall concentrate 
prima.-ily upon the models wc used for release of structural drawings. 

Let's start out by examining the air loads model for the fuselage, Figure 3. 
This shows the resultant air load distribution for a typical supersonic symmet- 
rical pullout. For the final design iteration, the source of such distributions 
is wind tunnel tests performed on models with many pressure taps. Earlier in 
the design, loads are approximated by traditional estimating procedures. Shown 
is the form in which the results are summarized for application to the structure. 
Essentially, we have here three types of running loads, one applied down the 
centerline of the fuselage, one applied along the centerline of each engine 
inlet, and the third along a curved line, representing the loading on the 
fairing between the fuselage and the wing. Bear in mind that these running 
loads must ultimately be applied to a finite element model of the fuselage. 

The wing air loads distribution model is shown in Figure k.    The unswept 
case is illustrated. There are four other models for various sweep positions. 
Notice that the model goes all the way into the airplane centerline. For the 
early desit,.i iterations, we treat the wing as an isolated surface, and calcu- 
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late distributions of loads acting on all of the lM quadrilateral areas 
shown. We then correct for the effects of the fuselage aerodynamics on 
a semi-rapirical oasis using overall experimental aerodynamic derivatives 
wherever possible. For the final iteration, wind tunnel pressure distribu- 
tion data is used to obtain forces acting upon the portion of the quad- 
rilaterals that represents exposed wing. Air load models for the stabilizer 
and the combined fin and rudder are similar in nature to the wing. 

As for the weights models, the fuselage is shown in Figure 5, again in a 
configuration suitable for a flight maneuver. Note that two types of masses and 
moments of inertia are considered, one representative of distributed, fixed 
structure and fuel, and the other representative of large, concentrated items such 
as engines and external stores. Some of these items will of course vary from one 
design condition to the next. As in the case of the fuselage air loads, the inertia 
loads that go with these masses must be redistributed to the finite element model 
of the fuselage. 

In the case of the wing and empennage structures, the weights people have 
used the same grids as employed for the air loads. 

The third class of models is dynamics. Figure 6 shows the flutter model. 
The dots indicate lumped masses, and the arrows show the degrees of freedom 
considered. In the case of the curved arrows, for rotational degrees of freedom, 
moments of inertia and mass first moments are included as well. (Existence of 
the mass first moments means that, for the wing and for the fin and rudder, the 
mass cg's actually do not fall on straight lines, as seems to be indicated in the 
figure.) Some degrees of freedom are not shown; they include those to represent 
various combinations of external stores. When all of the stores are included, 
the number of degrees of freedom for the half airplane is 222 symmetric, and 
233 antisymmetric. There is also a dynamics model for use in calculating landing 
and catapulting loads. This model is similar tc that for flutter, except that 
certain simplifications have been made, as for instance, in the wing and empennage 
structures. On the other hand, the fuselage portion of the airframe is now 
modelled in more detail, and there are roughly twice as many degrees of freedom 
for this region as in the fluttex model. 

Of course, structural flexibilities are also required. These are essen- 
tially provided by the structures models to be described next. 

As for the structures models, the most complex is that /.'or the fuselage. 
Figure 7 shows one half of the principal fuselage structural, model, including 
a wing center section which has been detailed sufficiently to account for its 
interaction with the fuselage. The model as shown employs about 3000 structural 
elements, including bars, beams, warped (non-planar) shear panels, warped 
membrane panels, and a few triangles. Figure 8 shows a portion of the idealization 
in greater detail. As in most analyses of this sort, the applied loads enter at 
the structural node points. Their values are obtained by assuming that the air 
loads and the inertia loads associated with the ütodels described previously are 
distributed to the structural node« by simple beaming action. There are some 
obvious gross assumptions involved in such procedures, but the process is consistent 
with the accuracy with which the applied loads themselves are known. 
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The wing center section has also been idealised nomewhat more elaborately 
in another model for its detail design. The ving outer panel is of high aspect 
ratio, and is conventional in its design except for the pivot region. Figure 
9 shove its planform, and the region of the primary structure idealised by a 
finite element model. The remainder, including leading edge, tip and moveable 
surfaces, if« analyzed by conventional methods based upon engineering beam theory. 

The fin and rudder are also conventional, and are treated similarly to 
the ving outboard of the pivot. Again, a finite element model is used for only 
a portion of the structure, in this case, that adjacent to the fuselage attachments, 
because of departures from engineering beam theory in this region. 

The stabilizer is a lov aspect ratio surface vhich pivots about a shaft 
fixed to the fuselage. Beam theory is marginal in this cane, and a finite 
element model for the entire primary structure would thus be preferred even 
if it were not for the boron fiber covers. The stabilizer structural arrangement 
and its corresponding finite element model are shown in Figures 10 and 11. 

Theae models have been supplemented by many other finite elisment models 
vhich represent smaller regions of structure previously described out in 
greater detail. The ving pivot region is an obvious example. The principal 
fuselage bulkheads comprise additional cases. 

Loads Calculations 

The design conditions that are critical for the F-lU are primarily the 
flight maneuver conditions, and arrested landing and catapulting. The flight 
maneuver calculations are made originally vith simplified airframe flexibility 
effects included. In later iterations, more refined aeroelastic corrections are 
introduced. From the calculated flight maneuver time histories, critic«! values 
of gross air and inertia loads are determined. As mentioned previously, five 
different ving sweep positions are covered in the loads vork. Thus, the number 
of maneuver conditions to be considered is increased approximately by a factor 
of five, as compared to a fixed ving aircraft. These gross loads are then 
distributed to the structure in accordance vith the air loads and weights models 
previously described by means of appropriate transformation matrices. 

As for the arrested landing and catapulting conditions, here the critical 
loads are induced in the structure through the arresting hook and landing gear 
forces, (The catapulting loads in all of our modern Naval aircraft are applied 
through the nose gear.) Consequently, in carrying out the necessary time history 
calculations, the main and nose gears must be carefully modelled, because their 
nonlinear load-stroke and inertial characteristics enter into the determination 
of the loads in a fundamental way. Airframe flexibility effects are also 
significant, and arc- included as well. 
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Figure 11    Stabilizer Idealized Structure 
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AnjAysis Iterations 

As I have emphasized previously. structural design is an iterative 
procedure in which one of the analyst's tasks is to provide timely evaluations 
as the design progresses.    In the case of the F-lU, a review of the timing of 
the various analysis iterations that were done should be of interest.    I have 
summarized these for the fuselage in Table 1. 

As shown in this table, the time between the F-lU contract go-ahead 
and first flight was twenty three months, a very short period for such a 
sophisticated design.    During this period, four major fuselage analyses 
were conducted.    The first one was pretty crude, and ac aally began before 
contract go ahead.    The next two were progressively more complex, and were 
completed prior to release of major structural drawings.    The fourth was 
completed prior to first flight.    All but the first of these analyses involved 
the k types of models I've been talking about — loads, weights, dynamics, and 
structures — and included all the steps that were needed to go from basic 
design requirements to internal structural loads. 

Similar analysis iterations took place for the wing and vertical tail. 
As for the stabilizer, its design was fixed much earlier than would normally 
be the case, becauae of the use of the new material - the boron fiber/epoxy 
composite - in the covers.    This was done in order to permit additional 
lead time for early completion of its static and fatigue testing, well before 
the aircraft's first flight. 

The flutter analyses that were conducted proceeded along conventional 
lines.    As is customary, the wing and empennage structures were first designed 
for strength and then checked for flutter.    The checks made followed the 
structural design iterations, and increased in complexity until finally, 
the complete airplane model of Figure 6 was used.    The result was a very 
small amount of weight added to the stabilizer early in the program for 
increased torsional stiffness.    Very small weight increments were also 
required in the wing outer panel and in the upper region of the fin, and 
thus the ?-lk has an almost negligible weight penalty for flutter. 

Use of Internal Loads Rather than Stresses 

It may have been noticed that in discussing the role of the automated 
methods used in supporting the F-lk structural design, I have alvays referred 
to the goal as calculating the internal loads needed for sizing primary 
structure.     I have specifically avoided any mention of stress distributions 
as such.    There is a very important reason for this. 

I have tried to emphasize, all along, how often the design will change 
during its mrre creative stages.    It is therefore inevitable that the analyses 
will always lag behind; we Just can't keep changing then instantaneously to 
keep up with the changes in design.    Also, because of necessary simplifica- 
tions, a given idealization may not have represented the structure precisely, 
even before any changes in design took place.    Under these circumstances, the 
stress analyst frequently has to "u< :e do" with somewhat obsolete analysis 
results.    What he needs to do is put a portion of a large redundant structure, 
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TABLE 1 

F-l-iA FUSELAGE ANALYSIS TIME LINE 

Contract 
0o Ahead 
Jan. i960 

Simplified idealized fuselage 
structure employing one quarter 
as many elements as in Figure 6; 
crude preliminary applied loads 

More refined fuselage structure, 
including configuration changes, 
similar to Figure 6; refined 
preliminary flight loads & 
preliminary rigid body ground 
loads 

Updated fuselage structure and 
flight loads, elastic structure 
u^ed in determination of ground 
loads and response to same 

Further updated fuselage 
structure; flight loads based 
upon wind tunnel pressure 
distributions; ground loads 
as in previous iteration 
(Total of 100 design condi- 
tions) 

(23 months). 

lip II 
El j 

First 
Flight 
Dec. 1970 

Release of Major Structural Drawings 
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say a bulkhead, in equilibrium, and size it for the loads acting upon and 
within it. If he har intei.; \X  loads, then even '.t the real structure is 
somewhat different fron that for which the redundant analysis was performed, 
he can still make assumptions and go ahead with his work. However, if all 
he has are stresses, he's in deep trouble. 

This reality of the design procedure is so important that at Grumman, we 
convert the resu-.ts of our standard displacement analyses into the older force. 
method form for vse by our stress analysts. By this I mean results in the 
fora of bars with axial force varying along the length, and shear panels 

(U 
subjected to shear flows only.    If we had not hit upon this expedient, 
Grumman might still be usin^, the force method In support of structural 
design. 

Preparation of Structural Mcdel3 

Ho doubt the most creative task associated with any redundunt structure 
analysis is the selection of the structural model. Unfortunately, it can 
also be one of the most laborious. 

Early in a design, before the structural details have become established, 
one has available only the external lines of the vehicle. At this stage, the 
designer requests of the coniour development people that appropriate sections 
through the fuselage or wing, or whatever, be drawn for his use. (Most of the 
aerospace companies, including Grumman, now have fairly extensive automated 
drafting systems for such purposes.) The analyst and the designer then rough 
out a primary structure configuration within these external contours. As for 
the member sizes, their selection can be a major task. They are chosen based 
upon whatever information is available or can be conveniently obtained - 
results of previous analyses, engineering beam theory calculations, pure 
estimates based upon past experience, etc. In this work, estimates of the 
applied loads for the more critical coniitions obviously are necessary. And 
if one has an automated fully stressed design capability available, it can be 
tremendously helpful in sizing the members. One can simply start the fully 
stressed design calculations with unit areas or gages for all members. 

Later on in the design, when structural layout drawings become availably 
new structural idealizations are developed. Even at this time, however, some 
departures from the actual structural configuration are usually made. Examples 
of this are the simplification of complex fastening details between major parts, 
"lumping" of stringers and frames, etc. Regardless of the degree of 
refinement of the model, it must be translated into nodal geometry, topology 
(i.e., how the members are interconnected), and member siz.es, for submittal 
to the computer. On the F-ll», this translation was done very laboriously 
by hand. The idealized structure in each case wt.4 then plotted by the 
"Orthomat," an automated drafting machine, to pro ride a visual check on the 
input data. This is certainly an area where further automation would appear 
to be most cost effective. 
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Graphical Diaplay of Output 

On» of the ?-lh  fuselage analyses &.entione^ earlier consists of approxi- 
mately 3000 elements for the half structure, and is subjected to 100 design 
conditions. Wh?n one considers that there are two bar end loads for each bar, 
four shear flows for each panel and up to twelve end loads and moments for 
each bending element, the sheer volume of the printed results is quite 
disheartening to the person who has to use them. To make it as easy as 
possible to use results such as these, we have done two things. First, we 
have listed the output f>o  that it is as convenient as we can make it. Figure 
12 shows the portion of fuselage between stations 569 and 6o6. Figure 13 
shows the corresponding member loads by condition, while in Figure lkt  the 
member loads are ranked by condition according to maximum positive and 
negative values. The other thing that we have done is to display the results 
on a DD-80, and make hard copies from its microfilm output. Figure 15 represents 
a fuselage station cut Just aft of station 668. The trailers leading tc a 
number identify cap loads, while the numbers written along the members 
represent shear flows. Sketches like Figure 15 were produced for all loading 
conditions and for cuts forward and aft of each bulkhead, as well as for the 
bulkheads themselves. As for displacements and distortions, Figure 16 shows 
these for the bulkhead at station 668. Similar DD-80 plots were made for all 
bulkheads and all design conditions. They were a big help in understanding 
the way in which the structure carries its loads. The graphical display of 
outputs such as these is very cost effective, and seems certain to be pushed 
everywhere. 

Another application of computer graphics consisted of partial use of the 
Orthomat as an aid in plotting ribration mode shapes of the previously des- 
cribed dynamics model?.. As an example, Figure .17 shows a symmetric fuselage- 
bending mode. In this application, the Orthomat plotted only the original 
undeflected grid and the . Tesponding displacement vectors. As an expediency, 
the deflected grid was then drawn in by hand. Even so, it was a tremendous 
aid in plotting the 1*80 mode shapes that were required because of the variety 
of sweep angles and fuel conditions to be considered. 

Structural Optimization of the F-lU 

The design iterations of which we have spoken, including the final sizing 
of primary structure, really refer to an attempt at structural optimization. 
It is the time honored engineering approach. How near the structure comes to 
optimum depends upon many things - first and foremost, the ingenuity of the 
engineers doing the work, but also upon the too3s available to them and the 
time allotted for their application. 

We have seen that in the case of the F-lU fuselage, both the idealized 
configuration and the applied loads varied from one model to the next. Never- 
theless, to the best of their ability, the analysts made use of the information 
gained from each model to size the structural members of the next model down- 
stream. The fully stressed design program that we had operational at this 
time did not include a bending element, which was essential in idealizing the 
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fuselage. Thus the use of fully stressed design was not even considered. This 
element deficiency has lince been remedied in ASOP (Automated Structural 
Optimization Program). However, there are many other practical problems that 
remain in the optimization of fuselage structures, such as introducing the 
appropriate frame design criteria. It may still be a while before we are really 
ready to approach this task in any automated fashion. 

In the case of the stabilizer, the situation was somewhat better. Because 
of the nature of the structure, it was logical to idealize it primarily by 
bars and anisotropic membrane elements. (See Figure 11}. Thus it could be 
handled by an existing fully-stressed design computer program developed for 
wings and empennages. It was only necessary to add to the program a capability 
for selecting optimized boron epoxy layups according to a suitable allowable 

(5) 
strength criteria. This work has already been discussed   and so will not be 
repeated here. However, one observation should be made. Even after attempting 
to introduce realistic minimum sizes into the fully stressed stabilizer design, 
the weight of the actual structure as built was far above that of the idealized 
structure. Specifically, for the main box the ratio of weights was 1.51, while 
for the covers alone, it was 1.28. The differences can all he accounted for 
in joints, splices, fasteners, adhesives, bearings, fittings, etc. The point 
is that a surprisingly large proportion of actual primary structure weight is 
not included in its corresponding finite element idealization. 

The fully stressed design program also was used effectively on the 
titanium wing center box. It was not used on the wing outer panel, largely 
again because of the unavailability of a bending element in the program. 
The latter was needed in idealizing the wing covers adjacent to the pivot 
region. 

Concluding Remarks on the ?-lk Design analysis 

It would be an exaggeration to say that the design of the F-lU is repre- 
sentative of all modern American fighters. After all, with the exception of 
the F-lll, the F-lU is the first of the only two new fighters we've had in 
the last fifteen years. (The F-15, now being designed by McDonnell Douglas, 
is the other.) Nevertheless, one can conjecture that the F-lU program 
contains elements of what lies ahead for most new aircraft of its type. 

By far the most important F-lU design constraint was the short time 
available from contract go ahead to first flight. This, in combination with 
the requirement to do the applied loads work effectively for five different air- 
planes because of the variable sweep feature, absolutely dictated that the 
design analysts employ the systems approach in the determination of internal 
leads for sizing structure. By use of the IDEAS system, it was possible for 
them to make their inputs sufficiently early to provide a sound basis for 
changes in design during its more creative stages. 
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USE OF IDEAS IN PRELIMINARY DESIGN 

As discussed previously, the first IDEAS application has been to the 
F-lU, during the period from contract go ahead to first flight. More 
recently, we have used the system for preliminary design purposes on the 
Earth Orbital Shuttle. It would be inappropriate to go into detail on 
this work tvt the present time; however, some of the highlights can be 
mentioned. 

Grumman, in partnership with Boeing, currently has a contract vith NASA 
titled "An Alternate Space Shuttle Concepts Study." During our investiga- 
tions last winter, we became convinced that the orbiter's main propellant 
liquid hydrogen tanks should be mounted externally to the fuselage. See 
Figure 18. The tanks could then be jettisoned while the vehicle is still 
in orbit, thus reducing the latter*s overall size and weight for reentry. 
NASA was interested in the concept, but was concerned about the possibility 
of undesirable dynamic effects. To establish credibility for the design, 
it became essential to evaluate its dynamic behavior. 

The specific problem of most concern was the response of the vehicle to 
sinusoidal variation of the thrust load during first stage of boosted flight. 
As in all "piggy back" arrangements, there is a primary interaction between 
longitudinal excitation, such as variation in engine thrust, and transverse 
response. (This effect is almost completely absent in the Saturn/Apollo 
vehicle.) In the case of our shuttle configuration, the long, flexible, end 
supported, LH„ tanks were especially suspect. 

In order to carry out the investigation, we first had to come up with 
a sufficiently realistic dynamic model of the coupled orbiter/booster 
vehicle. The booster was relatively easy to model, because of its extremely 
simple structural arrangement and load paths. The orbiter was something else. 
Because of the provisions necessary for payload, various internal "floating" 
tanks for liquid propellants, and transfer of thrust load from booster to 
orbiter during first stage boost - as well as the external hydrogen tanks - 
the orbiter structural arrangement was much more complex. The idealised 
structure correspondingly had to be more detailed. 

Based upon the preliminary layouts available for our H3T configuration, 
(Figure 18), we rcoghed out node locations and topology for a complete, idealized 
orbiter/booster structure. The total number of structural elements employed 
(bars, beams, shear panels, etc.) ves 1763, of which 92% were in the orbiter. 
Preliminary applied loads for varic is design conditions were obtained, and 
distributed to the idealize* structural components. In the case of the orbiter 
wing *ad fin, beginning witi complet»ly arbitrary distributions of material, 
fully stressed designs were obtained -y use of the ASOP program. For the 
fuselage, member sizes were first selected by the stress analysts using con- 
ventional design procpr.;«res. An analysis was then run, and based upon the 
results, the structure was resized. The resized fuselage structure was then 
used to compute flexibilities in the subsequent dynamics calculations. 
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Mus rind inertia ideal! at ions heJ been obtained concurrently, together 
with the necessary transform. Ion matrices. It was now possible, using 
selected portions of IDEAS, to cariy out all of the matrix manipulations 
required. These included coupling together the booster and the fuselage, 
wing and fin of the orb.lter, transforming the structural influence coefficient 
matrices to conform to the dynamics model, obtaining the normal mode 
characteristics, and finally obtaining the desired response to sinusoidal 
variations in booster engine thrust. 

The results of the investigation were very gratifying. They were 
completed on schedule and indicated that the external hydrogen tanks presented 
no additional dynamic problems. Of course the analyses also yielded all of 
the usual static structure information - internal loads, deformations, etc. 

Once the precea>.-0 objectives had been m^t and the pressure was off, we 
went back and applied the ASOP program to the orbiter fuselage idealized 
structure. This tiae we started out with completely arbitrary member 
areas, skin gages, etc., i.e., set equal to unity, together with specified 
minimum sizes and simplified strength allowables. Because the latest applied 
loads, as used in this calculation, were diffevent from those employed 
earlier, a direct comparison with the earlier, hund resized results <*as not 
possible. However, there was now a drastic reduction in the new weight of 
the frames relative to the external shell structure. Before being able to 
place any confidence in such results, we shall have to examine the failure 
criteria employed for the frames much more closely. 
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CURRENT DEFICIENCIES AND FUTURE TRENDS 

Structural Optimization 

Earlier in this paper, I hare tried to show that, fron a practical 
design point of view, it is »till a struggle merely to obtain internal loads 
in primary structure on a time schedule that is attuned to the needs of the 
designer. Traditionally, once the internal loads are known, the analyst 
and the designer use them to resize the structural members as required. An 
essential ingredient in the redesign is a good knovledge of the failure 
criteria and the accompanying allowable stresses to be employed; of course 
these will depend upon the nature of the various structural elements and 
their loadings. Member resizing is customarily based upon the ratios of the 
predicted stresses to these allowables. However, the method is not applied 
rigidly. Also involved are the Judgements of the analyst and designer as 
to what constitutes a well-balanced design, taking into account good, manu- 
facturing practices, etc. This is followed up by a reanalysis check whenever 
possible. 

A very normal, evolutionary improvement in this procedure is to automate 
the resizing, baited upon the stress ratios just mentioned. Of course, this 
is the motivation that has led to the inclusion of fully stressed design 
features in a number of computer systems recently reported in the literature - 

a recent version of W. D. Whetstone's original SNAP program   and NASA Langley's 
(7) DAWNS program  , to name a few in addition to the Grumman references cited 

earlier. All these programs have the characteristic that between analysis cycles, 
the structural elements are eithe** resized to carry some prescribed allowable 
stress in at least one design condition, or are at their specified minimum sizes. 
In most cases, the stress ratio is based upon some average stress that can be 
identified for each element. The Grumman programs are different in that 
for the skin portion of a semi-monocoque structure, the individual element 

stresses are combined into "nodal stresses." ' '   In our experience, this 
leads to smoother distributions of material than the average stress approach. 
In either event, after a small number of analysis and redesign cycles, say 
five, the sxructural weight and material distribution usually settle down, 
so that further recycling causes negligible improvements. When one considers 
that the idealized structure weight may only represent on the order of two 
thirds of the equivalent actual primary structure weight (as in the case of 
the F-lU stabilizer), the last percent or so of idealized structure weight 
saved may be relatively meaningless. 

Theoretically, of course, one can argue that fully-stressed designs 
are not necessarily optimum even for strength critical structures. Perhaps 
as we gain more experience in the use of these procedures, we wiI2 encounter 
practical alrframe design cases where fully-stressed designs are in fact 
significantly non-optimum. The writer doubts that this will be the case 
for wings, but fuselages could be another story. We Just don't know. 
However, this possibility should not deter us from using the tool until we 
have a more optimum one to replace it. The latter could be a long time in 
coming; current projections of computer running times for reasonably large 
structures optimized by mathematical search techniques are still quite high. 
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(8) 
Fox and Schmit   have suggested that the mathematical search approach 

could be made workable for such large idealized structures by abandoning the 
one to one relationship between the number of optimization variables and the 
number of finite elements employed. Instead, they propose that only certain 
key elements be optimized, and that one interpolate between them for the 

(9) 
sizes of the other elements. Tocher and Karnes   have incorporated thin 
interpolation concept into a mathematical search program which can handle 
structures up to 500 members in size, of which less than twenty percent of 
the members are actively optimized. They have applied it successfully to 
.sveral relatively small structural components. It will be interesting to 
see whether thin approach can be extended to larger structures in a practical 
way. 

No matter what resizing algorithm eventually turns out to be best, it 
is only part of the story for strength critical structures. From a practical 
design point of view, a ve~; significant part of the total methods develop- 
ment effort will have to go into delineation of all of the strength criteria 
and resulting allowable stresses that will be required. I referred to one 
especially sticky case of this previously, that of fuselage frames. Here 
stiffness rather than strength may be critical, and the situation will 
become further complicated if the fuselage skins buckle and go into partial 
diagonal tension. Compression allowables JOT  stiffened panels such as are used 
in wing skins is another example. Fibrous composites and all of their applica- 
tions is a whole new field. Fatigue allowables different from static strength 
allowables must be accommodated. Until features such as these are incorporated 
into the programs, their usefulness in practical applications will be severely 
limited. The allowables aspect of the work apparently has been given very 
little attention so far, at least in the literature. 

Another matter of extreme practical importance is that of cost. More and 
more, in the current environment, weight penalties are being taken in order to 
reduce the overall price of a design. One illustration of this is simplified 
machining. By reducing the number of cuts in an integrally stiffened wing 
skin, for example, one can save on machining costs, and perhaps at a fairly 
small weight penalty. We ought to be thinking in terms of evaluating such 

alternatives by means of our optimization procedures. 

Up to this point, the discussion of structural optimization has dealt 
exclusively with strength as the constraint. This i3 as it should be - the 
first requirement for any aerospace vehicle is that it be able to carry the 
"static" loads applied o it. However, there are other constraints over and 
abcre strength that so- cimes become critical. 

Displacements ar . constraint have been included practically from the 

beginning in the mathematical search work that has been done   . In the 
original work by Schmit, they have been treated exactly as the strength con- 
straints, and travel in design space has been either normal to or parallel to 
the equal weight surfaces until the constraint surfaces have been encountered. 
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(12) 
More recently, Venkayya et. al.   have suggested that travel normal to a 
deflection constraint surface - combined with travel associated with "scaling" 
the sizes of all structural members proportionately - would be preferable. 
In the examples examined to date, in combination with a suitable stress ratio 
algorithm fcr strength, the method appears to lead to designs that are gen- 
erally competitive with those obtained by traditional mathematical search, 
and in significantly less computer time. It has been incorporated into and 

(.13) 
i« operational in the ASOP program. Berke '  has another interesting 
intuitive approach to the constrained displacement problem. The resizing 
algorithm is a very simple one which is theoretically correct only for stat- 
ically determinate structures. It is somewhat analogous to the stress ratio 
algorithm c* fully stressed designs, and is used iteratlvc-ly in a similar 
fashion. Exploratory investigations conducted so far indicate that it may 
prove to be even more desirable than Venkayya's approach, from the point of 

view of computer running time. 
(Ik) 

Vibration frequencies of aerospace structures can also impose design 
constraints.    There have been a number of papers on this recently, of which 

the one by Rubin is especially attractive.    Here, one of the travel 
directions is normal to the frequency constraint surface - the other along 
the frequency constraint and directed so as to reduce weight.    In order to be 
applicable in airframe structural design, strength constraints would have to 
be  introduced as well. 

Flutter is still another constraint. There have been a number of 

was the first.    One of papers already in this area, of which Turner's 
(17) the most recent, by Rudisill and Bhatia        , is very promising in that it 

;'.   -*<de3 the direct means for obtaining gradients to the flutter velocity 
cciobtraint surface.    Programs for optimizing directly for both «strength and 
flutter could be of great practical assistance on many aircraft, particularly 
those designed for low maneuver load factors.    These can be significantly 
flutter critical. 

A constraint of special interest for the Space Shuttle is thermal 
stress.    This one is especially tricky, because it could involve confi- 
guration changes.    A common design approach to the thermal stress problem is 
to reconfigure the structure if possible, so that the thermal effects will be 
minimized.    Perhaps, automated redesign procedures can help in this area too. 

Integrated Design and Analysis Systems 

0/ course, other organizations in addition to Grumman are hard at work 
on automated design systems.    We shall be bearing about the Boeing experiences 
on the 7l*7 and the SST at this meeting.    In addition, there is the NASA DMfifS 

(7) program,        which is part of an exploratory development project currently under 
way at Lingliy.    DAWKS integrates the structures and aerodynamics disciplines 
into an automated design operation, and  .t con be used in an interactive mode 
with a cathode ray tube display.    Primarily for wing type structures, it could 
be the beginning of a very attractive tool for use in preliminary design. 
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Langley has other goals that extend far beyond DAWNS. Over the next 
five to ten years, in partnership with industry, they contemplate the devel- 
opment of a system called IPAD, Integrated Programs for Aerospace Vehicle 

(7) 
Design.    It is intended to embrace all of the disciplines that we have 
discussed previously as being required in aerospace structural design. Perhaps 
the most significant improvement that they visualize is in the complete 
automation of the interfaces that exist between the disciplines, as veil as 
automated access to all stored data. The goal thereby Is to reduce the total 
cycle time for reviev of a given design from a period of months to cne of 
weeks. In achieving this objective, an avowed guideline is that the system 
be sufficiently versatile and flexible that industry will want to use it. 
They are soliciting industry's participation in developing it, so that this 
can in fact take place. The plan that Langley proposes appears *: be a 
desirable and necessary one. For any one company to develop such a system 
using only its own resources appears to be very unrealistic under current 
conditions. 

Computer Graphics 

Large scale batch mode analyses of the type discussed for the F-iU have 
already benefited substantially from the use of graphic aids. Thus far, aost 
aerospace companies have concentrated their efforts for these large analyses 
in two areas: 

Graphic Input Data Checking 

Graphic Display of Results 

In the first of these areas, commonly used techniques involve the use 
of automated drafting equipment, such as the Orthcmat mentioned earlier, 
for display purposes. In addition, several companies have techniques fcr 
interactively displaying and correcting the input data for structural models. 
Lockheed in particular has done very interesting work along these lines, and 
will be reporting upon some of it at this meeting. 

The second big payoff area is the graphic display of structural analysis 
output data. In past years the results of an analysis were generally in the 
form of huge computer listings containing internal load distributions. These 
w»re handed over to the structural analysis personnel for their use. The 
information usually was hand transcribed onto model drawings so that examina- 
tion and use of the results could proceed. The time consuming nature of the 
work, of the order of many man months, dictated a better approach. Initially, 
automated drafting or plotting equipment was tried, but this was still very 
slow. More recently, devices such as the DD-Ö0 and ovher similar machines 
have nade an appearance. They are based upon display of results on a cathode 
ray tube plus microfjlm recording, and ore much speedier. A recent advance 
in high resolution microfilm plotting which enables reproduction up to 30" x 
h0"  (the FR80) has made possible the airplay of results in \arger sejanents cf 
the model. In conjunction with cc .puter programs that can search fur critical 
conditions, display of results ready for input into final stress reports is 
now a normal mode of operation in several companies. 
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While all these methods have led to great cost and tine savings in 
the area of large scale structural analysis, a major bottleneck still remains, 
namely in the initial preparation of the input data. Nev hardware configura- 
tions enabling the marriage of lov cost graphics terminals, x-y digitizers, 
and hard copy devices now permit the generation of Input data in the engineering 
areas, interactively, without resorting to former hand transcription, card 
punching, verifying and associated time consuming processes. By using these 
devices in conjunction with a time share computer one can generate input data 
tapes for future runs on a batch computer. Work in this area is currently 
under way and we believe there will be a great payoff in the next few years. 

The large scale batch mode analyses discussed earlier basically require 
for their staffing specialists having rather distinctive aptitudes, training 
and experience. The smaller, more detailed analyses that accompany and 
compliment the large scale ones are less specialized. Here, the derign 
analyst himself saould be in complete charge from beginning to end. (Bulk- 
heads and fittings are good candidate components.) In this situation the 
interactive programs centered about machines like the IBM 2250 are very 
attractive. By their use, the engineer at the console can first enter 
the input data describing the structure either by light pen or appropriate 
data cards. He then calls for a solution, and the results are displayed 
on the cathode ray tube. While the computer is still "on line," he makes 
any changes to the structure he desires *ad reanalyses. Lockheed has had 

(18) 
such a s>dtem operational for several years for two dimensional structures. 
Other companies have similar capabilities in various stages of development, 
and this tool should come into widespread usage in the nex+- few years. 

Another interactive computer graphics area under development in a number 
of organizations is the tie in of the preceding efforts with a master dimen- 
sions library. These systems, usually referred to as design drafting systems, 
generally start with a stored geometric definition of the external contours 
of the vehicle. A designer sitting at a console can call up desired sections 
of the aircraft, perform a modelling function, and exercise various engineering 
application programs to arrive at final detail designs. Drawings, including 
all details, may also be created at the scope. Following the creation of the 
drawing, hard copy can be obtained via a flat bed plotter, high resolution 
computer output microfilmer or high speed laser-type plotting equipment. The 
full exploitation of such techniques appears years away, but several aerospace 
companies already have made sufficient progress to be marketing systems of this 
type. 
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CONCLUDING REMARKS 

As indicated at the outset, my basic goal has been to portray the role 
of the design analyst during the evolution of an aerospace structural design, 
and the analysis tools that he needs to do his work.    There is one principal 
idea that I have tried to develop and that I hope I can leave with you. It 
is that the design process and the analyses that muet accompany it cover a 
wide range of technical specialties. Each specialty plays a vital role, and 
if any one of them falters, either schedules will not be met, or what is 
more likely, design decisions will be made on schedule, but they will be 
based upon incomplete information. We nust be realistic. Our methods 
development work must focus, more effectively than heretofore, upon those 
areas where we are most deficient. If our industry is to becowe more compe- 
titive in the world marketplace, these are the areas where we should De 
expending a major portion of whatever resources are available for analytical 
procedures. 
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THE BOEING S3T PROTOTYPE 

INTERNAL LOADS ANALYSIS SYSTEM AND PROCEDURES 

ANDREW F. GRISHAM 

THE BOEING COMPANY 

Tills paper covers the management uid organization required to implement the 
Boeing Supersonic Transport Internal Loads Program, the level of technical 
detail attained via the analysis, the quality control of the final results, 
and the tools used by engineering to formulate, solve, and display the total 
program. 
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1.0 INTRODUCTION 

Probably the single most significant change in structural analysis methods in 
the past 25 years has been the application of matrix structural analysis 
methods to aircraft and aerospace structures. This change has been possible 
through the development of the high speed digital computer with large data 
storage devices, and has been encouraged by the high cost effectiveness of 
removing unneeded weight from modern commercial aircraft transports. (The 
Boeing Company considered an expenditure of $150 to $200 per pound of weight 
saved per airplane to be cost effective during the development of the SST.) 

A major consequence of the Boeing Saturn, 7U7, and SST programs is a significant 
advancement in the capabilities of structural analysis finite element methods. 
The structural technical requirements of these programs, culminating with the 
SST, were such that many millions of dollars and approximately 100 man years 
of effort were spent in the development of a fully interfaced system of finite 
element programs to make them handle all types of structural problems, and 
function efficiently in the process. Furthermore, Boeing developed highly 
skilled individuals who are very versatile in the use of these tools. More 
than kO  such specialists were employed within the SST stress group alone during 
the drawing release phase of the prototypes. The capabilities of these computer 
programs in type and size of problem treatable; in detail, accuracy and quality 
control of results; and in applicability to the hardware development, design, 
and release phases has been well demonstrated in the Boeing 7^7 and Super Sonic 
Transport programs. 

The reasons for extensive development of a fully interfaced finite element 
computer program on the SST were: 1) a six-year development period prior to 
drawing release of the prototypes, 2) a ready access to SST monies, 3) a third- 
generation computer facility, and U) a complex environment and structural system. 
For these reascr.3 advances in the state-of-the-art in finite element analysis 
were made in: 1) finite element program development, 2) size and scope of prob- 
lems treated, 3) run time improvement, fc) quality control of solutions, 5) 
technical procedures, and 6) management of the development and application of 
finite element methods. 

The balance of this paper presents in four sections the background, finite 
element tools developed, management of finite element program development and 
use, and examples of the application of these programs to the SST prototype 
aircraft. 

2.0 BACKGROUND 

The advent of the supersonic and hypersonic aerospace vehicle together with the 
continuing demand for higher structural performance, including both weight 
efficiency and service life, have created the environment for extensive applica- 
tion of the computer to solving structural problems. This situation existed to 
a high level on the Super Sonic Transport program where the complexity of the 
structural system, the wide range of load and thermal conditions, and the 
demands for maximum structural efficiency combined to present a formidable 
problem to the structures engineers. 
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To handle a structural system the size of the Super Sonic Transport, in the 
level of detail required to insure maximum structural efficiencies, required 
development of a large size computer structural analysis program with a set of 
fully interfaced peripheral programs that can handle the multitude of supportive 
tasks that are part of any detail structural analysis. 

The requirements set for the structural analysis were stringent, but were 
management decisions based on extensive experience with such aircraft as the 
B-70 and the X-20. Specifically, it was decided to insure that there was 
sufficient size capability that very large problems could be run both as 
discreet sub-structures rjid if necessary through an interact system. All six 
degrees of freedom for each node of a structural element would be included 
(secondary stresses are very important in fatigue). Structural modeling will 
include all structural elements (minimize lumping and de-lumping), and must be 
able to interface all disciplines supporting a structural analysis within the 
computer structural analysis program. 

In addition to these technical requirements there existed one other requirement 
that may be considered to be the most important. That was a flanagement dedi- 
cated to insuring the computer programs were developed, computers were avail- 
able, and that the engineering drawing release schedules reflected the time it 
takes to achieve computer developed structural solutions. This management 
commitment did exist within the Structures Staff on the SST. The result was 
development of the system of fully interfaced computer programs to be discussed, 
and perhaps Just as Important, the tools and techniques used to manage and 
schedule the data used to support the computer programs and the programs use. 
The programs to be discussed were applied to the initial release of the Super 
Sonic Transport structural drawings» The extensive computer use resulted in a 
very significant weight savings and would have been the major factor in insuring 
a long service life for the SST structural system. 

3.0 FINITE ELEMENT ANALYSIS CAPABILITIES 

The primary objective of the SST internal loads program development activity 
was to produce a set of fully interfaced programs which would, in a timely and 
cost effective manner, produce a complete set of quality structural element 
internal loads for each structural element of the SST airframc. structural 
geometry, sizing, redundancies, buckling, large deflection effects, loadings 
(mechanical and thermal), and criteria are accounted for and evaluated in a 
finite element closed solution. The programs are equally applicable to large 
and small problems of varying degrees of complexity without imposing significant 
penalties on either the small or large size problem. Internal losds on each 
structural element are obtained to avoid time consuming engineering effort and 
loss of accuracy associated with lumping and de-lumping of mathematical models. 

The programs are designed to be fully interfaced: since for all structural 
analyses it is important that the various computational and display modules at 
certain points in the analysis procedure report back to the engineering staff 
before further computation is performed, because the engineering requirements 
downstreun in an analysis change frequently based upon the information learned 
from the earlier data processing, and b«caus° of the large quantity of data 
which must flow across interfaces without incurring any error in the process. 
!>ecause of this interfacing it is pc .;sible to exercise quality control of the 
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data processing, and also to conduct engineering reviews of technical and 
structural aspects of the solutions routinely and as the solutions progress. 
Built into the interfaced system is a capability for the engineer to bypass 
any or all pauses in the data processing. These options may be selected 
where problems are sufficiently small or routine to preclude, in the Judgment 
of those managing the analysis, the necessity of reviewing interface reports 
prior tc the completion of a larger segment of the analysis. 

Major objectives in using finite element analyses in support of the SST pro- 
totype were: 

to produce a complete set of quality structural element internal loads for 
each structural element of the SST airframe, 
to allow treatment of both thermal induced and mechanically induced loads 
for all load conditions of interest, Including those used for strength 
design, fatigue, aerodynamic shape and performance, 
to allow large scale finite element analysis of the entire structural 
assembly, primary and secondary structure Included, 
to allow fine-grid analyses for stress and deflection prediction within 
the large scale finite element analysis, using substructuring concepts, 
to allow three complete Internal loads cycles of each structural element 
prior to 25^6 drawing release, 
to produce rapidly a fully interacted solution In a local region where 
numerous stiffness, grid, and/or connectivity variations are being studied, 
to allow the inclusion of large deflection and skin post-buckling effects 
as an integral part of the analysis rather than after the fact, 
to take advantage of the repeatability and consistency of solution results, 
which a closed form finite element solution offers, in treating both a 
single concept and in cot-paring concepts. 
to take advantage of a relatively economical tool to treat the large variety 
of concepts, details, and conditions expected in a technically optimum manner, 

10) to support structural development of components, subassemblies, and assem- 
blies by analysis allowing optimization of structural parameters, 

11) to allow as detailed an evaluation of the state of stress and deflection in 
a local region as is required, 

12) to produce compatible deflected shapes for components throughout the air- 
frame for load cases of interest, 

13) to facilitate definition of those items requiring further structural 
development, 

Ik)    to provide a firm technical base for program decisions on weight, cost, 
materials, scheduling, and functional reliability, 

15) to search for and flag critical stresses for strength, fracture, and 
fatigue analysis and 

16) to support test planning by analysis before-the-Act of test loads and 
support conditions. 

Of fundamental importance to the success of a finite element internal loads 
analysis Is the finite element program which generates and solves the stiffness 
(or flexibility) equations. With an efficient general, purpose program of this 
type the user greatly extends the t-oope of the problem he can treat. It Is 
necessary to surround such a finite element program with a complete system or 
fully interfaced peripheral programs if the system is to be fully capable of 
practically dealing with the full range of complex problems associated with 
an SST airframe. This finite element system in turn may become a fully inter- 
faced subsystem of the technology staff programs (which include programs used 
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by aerodynamics, performance, stability and control, flutter, and dynamic and 
static external loads groups). 

The SAMECS (Structural Analysis Method for Evaluation of Complex Structures) 
finite element program system now includes SAMECS and the following fully inter- 
faced peripheral programs: 1) the automatic transformation of loads to the 
structural grid program, 2) the structural analysis input language program 
(SAIL), 3) the iterative large displacement program, k)  a library of master 
dimensions programs of both general and special purpose types which generate 
geometric data for use by the system as structural geometry becomes more 
completely defined, 5) a freebody program for forming freebodies within SA8><ECS 
models and also for further substructing or updating these models, 6) a 
substructure interaction capability, 7) automatic input data sorting and 
updating, 8) an ircput data format and card sequence logic check program, 9) 
input and output data display programs, and 10) the post-buckling and diagonal 
tension effects program. 

3.1 SAMECS 

The SAMECS program is a powerful tool commonly used to analyze complex struc- 
tures which may be Idealized as an assemblage of plate and beam elements. 
Other types of elements may be added as necessary via an external stiffness 
and loads matrix pre-merge option (also used for interaction of substructures). 
The sub-paragraphs of this section describe the capabilities of SAMECS. 

3.1.1 SAMECS Maximum Problem Size 

There is no limit on the maximum size problem treatable by SAMECS except, of 
course, available computer budget. Any structure may be subdivided into any 
number of substructures. A substructure may contain as many as 2000 six- 
degree-of-freedom nodes, 10,000 plate elements, and 10,000 beam elements. 
Loads may be applied in any combination of thermal anil mechanical environments 
up to kO  load cases per pass. 

3.1.2 SAMECS Run Time and Computer Costs 

Because of the run time improvements incorporated in SAMECS end the large data 
storage capabilities of the Boeing computing facilities, SAMECS is currently 
considered to be capable of processing large structural systems and with less 
run time and computer cost than any other known finite element program. For 
a structure which fits within the size restrictions of the SAMECS substructure 
(and therefore does not require interaction to complete the analysis) the 
computer cost varies between l/2 cent and 2£ cents per node freedom per load 
case with the unit cost decreasing as the complexity of the problem decreases 
end as the number of load cases processed increases. Data processing costs are 
slightly less when SAMECS runs are processed using the full core of the computer 
in a single Job rather than multi-Job processing mode. However, because full 
core Jobs must be scheduled, smaller problems are usually processed in the 
multi-Job processing mode in order to obtain fast turn-around. 

Structures which do not fit within the size restrictions of a SAMECS sub- 
structure and must be interacted cost between l/2 cent and 6 cents per node free- 
dom per load case with the unit cost decreasing as the complexity of the 
problem decreases, as the number of load cases processed increases, and where 

58 



full core (stand alone) processing. No 
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3.1.2 (Continued) 

more than one interaction run is required. These cost figures are based on a 
computing facility cost of $2.75 per Computer Resource Unit. 

Computer data processing run time can be approximately computed from run cost 
since the Boeing CDC 6600 facility costs approximately 250 computer resource 
units or $687.50 per hour for SAMECS 
prediction of run time is possible 
in the multi-processing mode since 
the occupancy on the computer is 
then a function of the number and 
typea of other Jobs processing 
simultaneously, relative Job pri- 
ority in the system, and utiliza- 
tion of disk, tape, printers, core, 
card readers, card punches, and 
other components of the computer 
by the multi-processing Jobs. 
However, a typical statistic on 
a 240-node six-degree-of-freedom 
Job having six load cases would 
be 55 computer-resource-units and 
an occjpancy on the computer in 
the multi-processing mode of 18 
minutes. 

8" 

ONE CRU coir« tin 

1 12 11 
FROHEM SIZE 

NUMMR OF • DEGREE OF FREEDOM NODE «HUNDREMI 

20 

Figure 3.1.2:  SAMECS INTERNAL LMDS RUN TIME AND COST 

On the SST program 800 to 10C0 node runs processed routinely overnight. The 
cost of processing a .1000-node (6000-degree-of-freedom) run with 20 load cases 
is typically 500 computer-resource-units and uhe occupancy full core is typi- 
cally 2 hours. A graph showing typical computer data processing statistics 
on run time and cost is shown in Figure 3.1.2. 

3.1.3 SAMECS Finite Element Capabilities 

Nodes, plates, and beams may be randomly numbered in SAMECS. 
be fixed, free, specified or sprung. 

Node freedoms may 

Plate elements are Isotropie, orthotropic, Isotropie stiffened, or orthotropic 
stiffened; may be pre-strained, heated through their thickness and across their 
surface linearly, may be offset, and allow heating of offsets. The quadrilateral 
plate element is always in precise force and moment equilibrium, even though 
warped, allowing moment and force equilibrium checks for all structural assem- 
blies of elements without exception. All varieties of plate elements posses both 
inplane shear and stretch, and out-of-plane shear and bending. The quadrilateral 
plate element is formed through the use of a centrally located fifth node and 
four triangular plate elements. An inplane rotational stiffness for the plate 
element i6 generated to assist the user in generating three independent rotational 
stiffnesses at all plate nodes. The effect of this Inplane rotational stiffness 
on plate elernen': inplane translational stiffness is not allowed to exceed 1% for 
a plate element regardless of aspect ratio. 

Beam elements are curved or straight, may be heated axially and through their 
depths along both major and minor axes of bending, may be pinned torsionally 
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and about both beading axes at each end of the bean, nay be offset in any 
orientation relative to its end nodes (sane as the plate element), allows 
heating of offsets, has constant, linearly varying and piecevd.se linearly 
varying section properties, and may be loaded between nodes with uniform, 
linearly varying, piecewlse linearly varying, and concentrated loads in both 
local and general coordinate systems. Section properties and loads may be 
defined at as many as 50 stations between the nodes of a beam element. 

In addition to plate and beam elements, super elements (stiffness matrices or 
reduced stiffness matrices for other structures) and solid element stiffness 
and loads matrices (full or reduced) may be included in a SAMECS analysis via 
a pre-merge feature. 

3.1.^ SAMECS Solution Capabilities 

Both the inulti-processing and the full core version of SAMECS will produce: 
1) internal loads, stresses, deflections, and reactions, 2) reduced stiffness 
matrices up to 1000 x 1000 for a substructure or Interacted group of sub- 
structures, 3) reduced flexibility matrices up to 1000 x 1000 for a substructure 
or interacted group of substructures, k)  interaction of substructures, and 
5) pre-merge, which allows substructure interaction within SAMECS. 

Equilibrium checks comparing the equilibrium of Input loads and resulting 
reactions, conditioning checks on every freedom of the stiffness matrix, 
stiffness matrix maps, run diagnostics, and timing information for each phase 
of the SAMECS solution are reported automatically for all runs. 

SAMECS uses the SOLPAC (SOLution PACka^e) solution program based on choleski 
decomposition. 

3*1.5 SAMECS Output Communication 

SAMECS outputs all of the data described in Section 3.1.^ in both printed form 
and on multi-file output tapes. In addition to this data, all Input data, 
element transformation, stiffness, and loads matrices, and gross stiffness 
matrices are available on request. The multi-file output tapes are used for 
communication with the SAMECS peripheral programs. 

3.2 SAMECS PERIPHERAL PROGRAMS 

A system of peripheral programs was developed to interface with SAMECS. The 
purpose of these programs is to facilitate the preparation of mathematical 
models, the interpretation and application of the results, to add certain 
analysis capabilities of on iterative nature, and to permit interaction analysis 
using substructures. The SAMECS peripheral programs are therefore capable of 
dealing with any problem which the SAMECS program can treat. 

Interfaced programs were developed for use on the SST for several reasons; 
1) there is no overhead associated with an executive system, 2) the CDC 6600 
system has in effect already built in an executive control system which allows 
the stringing together through the use of control cards one or more of the 
SAMECS system programs, 3) checkpoint restart options are automatically available 
when interfaced programs are used, k)  problems which may develop in one program 
do not effect any of the other programs, 5) a string of activities may be con- 
veniently grouped together to make a computer run of reasonable run time 
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depending upon the urgency of the problem, availability of computer resources, 
and confidence of the analyst, 6) it is logical to break programs where engi' 
neeüng checks and/or decisions routinely occur, 7) new programs having increased 
capabilities are used in conjunction with SAMECS and all of the SAMECS periph- 
erals by simply complying with system interface requirements. It is pointed 
out that sane of the above points may be equally applicable to integrated (or 
executive system controlled) programs. A chart showing the flow of data through 
the SAMECS system of programs is shown in Pigure 3.2. 
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Flour* 3.?:  THE FULLY INTERFACED SYSTEM OF SWECS FINITE ELEMENT PERIPHERAL PROGRAMS 
USEO BY THE SST SfHESS GROUP 

3.2.1 SAMECS External Loads Transformation Peripheral Program 

The SAhSCS External Loads Transformation Program completely eliminates the need 
for the engineer to manually prepare nodal loads data for SAMEC runs. It 
furthermore provides a means of positively guaranteeing the quality of the nodal 
loads data to management prior to a SAMECS run, find it provides complete re- 
ports on the formulation of the loads data so that future questions regarding 
the source cf loads data ara easily and completely afl<"..>:*red. 

The SAMECS external loads program performs a multiplicity of tasks. These tasks» 
are accomplished in four distinct sections of the program. These four sections 
were used to prepare virtually all of the loads data for SST mathematical models. 
The sections: 1) transform local loads of all types to the structural grid 
(including mechanical, pressure, and inertia type loads), 2) distribute loads 
outside of the domain of mathematical models to the nodes on the boundaries 
of the models using engineering theory, 3) perform various types of shear and 
moment calculations using the node loads computed in 1) and 2) as the source of 
data for the integrations, and h)  scale unit load conditions to form actual load 
conditions, convert loads into lynraetric and anti-symmetric loadr, where struc- 
tural symmetry ia taken advantage of, combire, scale, and/or correct unit load 
conditions, and merge reduced loads from substructures for substructure inter- 
action with 3AMECS. This program is fully interfaced win. loads group programs 
for automated data transfer of actual loads icalers. A more detailed descrip- 
tion of these capabilities is given in fertJon 3*2.1.1 through .,.2.1.1». 
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3.2.1.1 External Loads Peripheral Program Transformation cf Local Loads Option 

The transformation of looal loads option is of primary Importance in reducing 
the engineering effort required to prepare loads input to SAMSCS. Input consists 
of the SAMSCS node coordinates and & list of nodes, beams, and triangular and/or 
quadrilateral plates which are loaded. Loads may he applied as forces (force 
vectors or moment vectors In space), pressure acting on panels, pressure acting 
on projected areas of panels, and loads acting on beams. The program: 1) 
equates a uniform pressure load (pressure may be specified as other thau normal 
to the surface and to act on the true or projected area of the panel), on a 
triangular or quadrilateral (may be warped vithout loss of equilibrium) panel 
to an equivalent syster of forces at its corners, or at any other group of 
points (not necessarily the corners of the panels); 2) equates beam loads and 
pnlnt loads and moments (vector direction of loads may or may not be required 
depending upon option selected) to an equivalent system of forces at the ends 
of the loaded elements or at any other group of points; 3) performs the same 
operations as described in 1) and 2) except computes weights of elements from 
weights data supplied by the weights group and then computes for each of the 
rigid body unit accelerations the equivalent Inertia forces induced on the 
corner (or other) nod.» points; k)  sums all element corner (or other) forces 
at nodes for - ich load or unit inertia conditions automatically and stores 
results with aa identifying unit load case number, 5) performs equilibrium 
checks of all load and unit acceleration conditions formed (including necessary 
summations for calculation of renters of gravity of mass group:.), 6) calculates 
for t!^e air loads group the projected areas and centroids of projected areas of 
air loads group panels on the three-dimensional surface. 

At early stages of structural development,finite element analysis air loads are 
usually rect5ved from the air loads group an generated on a two-dimensional 
aero-elastic grid balanced by vertical and pitching accelerations. At more 
advanced stages forces and accelerations in all directions are of interest, 
Including the three-dimensional slope of all aerodynamic surfaces. Achieving 
a balance for the two-dimensional problem is straight forward since the two- 
dimensional aero-elastic panels are overlaid on the structural panels and using 
the "LINES AMD PLANS'-" program precise transfer of the air paneling systems 
pressure load to the structural paneling system and integration is accomplished. 
However, when a three-dimensional balance is undertaken, then the air loads 
group must be given the precise centroids and projected area of the structural 
panels which are equivalent to the aeroelastlc paneling system. In this way 
drag and lateral forces and the effect of surface slope is t&ken into account 
in the balance, and the accuracy of the total effort is assured. The trans- 
formation of local loads option produces the required Information on punched 
cards for the air loads group in a format compatible with the balance programs. 

The transformation of local loads capability is the key to balanced load condi- 
tions, since it permits exact transformation of loads without incurring any of 
the engineering effort that- would otherwise be associated with such precision. 

3.2.1.2 External Loads Peripheral Program Transformation of Loads to Model 
Boundaries Option 

The boundary loads option is used to apply loads to mathematical model bound- 
aries prior to the time vhen an interact is accomplished which encompasses 
that boundary in a larger solution, or for problems where the inaccuracies of 
load distribution induced by assuming simple engineering theory are considered 

to be small either because of the nature of the structural system, or because 
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the boundaries are sufficiently removed from the region of interest within the 
model. Loads which are applied to any reference point in space are in turn 
applied equlvalently to all of the nodes in a defined section made up of plates 
and beams (which may or may not be offset). In addition to calculating the 
equivalent node loads on the sect?  and performing appropriate equilibrium 
checks on the resulting set for oacparlsons with the orglnally applied loads, 
this option also prints out section properties and resulting stress distribu- 
tions in the boundary elements. 

Elements need not be oriented perpendicularly to the section or boundary plane 
since in aircraft structure such an assumption will in general cause an ovali- 
zatlon of the section and different frame bending moments and skin shear flows. 

3.2.1.3 External Loads Peripheral Program Shear and Moment Option 

In addition to the equilibrium checks which are performed routinely on all loao. 
conditions formed, it is sometimes desirable to perform a stepwis« integration 
through one or more load cases, transforming the resulting forces and moments 
to specific points of interest. A series of integration intervals may be 
defined using ranges of coordinates, a list of noaes, or a combination, and 
integration may be obtained approaching the SAMECS model array of nodes from 
different directions. It is the purpose of the Shear and Moment Option to 
provide a general tool for obtaining the specific information needed to produce 
checks and plots of data not fully covered by the automatic equilibrium checks. 

3.2.1.4 External Loads Peripheral Program Unit - Actual Loads Options 

The heart of the extenml loads program is the unit actual loads routine. 
This routine accommodates new load conditions and changes to old load condition» 
on short notice, and gives the user the check information required to verify 
the quality of all loads data. This module takes the unit conditions formed 
by the previous options, modifies them as required, forms new unit conditions 
from existing unit conditions, adds any special unit load conditions, receives 
unit-actual load condition scalars on punched cards from the loads groups and 
scales and adds the unit load conditions to form actual load conditions, breaks 
the load conditions into symmetric and anti-symmetric components, performs 
equilibrium checks of actual load conditions about selected points of interest, 
and performs the merging of reduced loads from several substructurer into a 
single set of loads for an interact run. The resulting node loads card linages 
are sorted in a proper sequence for use by SAMBCS and written on tape ready 
for updating onto the SAMECS input data tape. When interaction between sub- 
structures is being accomplished and the node and/or load case numbering differs 
from that being used in the Interaction solution, correspondence tables are 
read by this option and the revised numbering automatically assigned to all 
nodes and load conditions. 

3.2.2 SAMECS SAIL (Structural Analysis Input Language) Peripheral Program 

The SAIL program is a structural analysis input language which allows the user to 
take advantage of repetition in the numbering, sizing, and geometry in the pre-- 

paration of the structural elements comprising a math».jiatical model. Node, plate, 
beam, and some loads data may be generated using SAIL. Equations may be written 
for, or tables input directly in, the SAIL program to assign values to the 
vcj-ious required input parameters of SAMEC". The .XXL program is particularly 
useful for generating super refined grids where repetition in the mathematical 
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modeling is prevalent. Models constructed in part or In total with SAIL nay 
be modified In ways that result in completely new data sets but require only 
snail changes to the original SAIL data. For example, quadrupling the re- 
finement of a mathematical mod'il grid may require only a one card change in 
SAIL, but it may result in hundreds of new card images being produced on tape 
for SAMBCS input. The SAIL program is also capable of outputting data decks 
for ASTRA and NASTRAN finite element programs using a SAIL input deck that 
orginally produced a SAMBCS data set. 

3^2.3 SAMECS Iterative Displacement Peripheral Program 

The iterative displacement program is used in conjunction with SAM3C3 to correct 
equilibrium equations of any finite element mathematical model for the effects 
of large displacements. The program has been used successfully to treat a 
large number of structures for which the rotations of the elements due to 
deflections induced by loads and temperatures were important in increasing or 
decreasing the stresses in the finite elements. Included in the list of analy- 
ses performed recently using the method are: I) the 7^7 fiberglass honeycomb 
wing leading edge panels, 2) the SST cab acrylic window analysis, 3) several 
analyses of skin-stringer, integrally stiffened, and sandwich panels, and 
k)  a beam-column type improved stress anclysis in the aft body of the SST 
immediately afc of the rear spar. Analysis results have been substantiated by 
test for the 7^7 fiberglass honeycomb wing leading edge panels and the SST cab 
acrylic window. 

3.2.k SARiCS Node and Offset Data Generation Programs 

The geometry of SAMECS mathematical models is entirely defined by node coordi- 
nates and element offsets fro», the nodes. This data is generated in many ways, 
occasionally manually, bv.t more frequently by SAIL, one of the special purpose 
geometry generators (such as that for windows), or finally and most frequently 
by x library of general purpose geometry programs developed and used by a 
project support group called Master Dimensions. 

SAIL is used where the shape of the model being treated may be adequately 
described using mathematical equations for the surfaces, planes, lines, and 
intersection points involved. The engineer codes these equations directly in 
SAIL language and can have the resulting nodes and offsets back the next day. 
Time-sharing teletype terminals are frequently used for smaJl programs to allow 
immediate results in support of a modeling effort. 

Specialized programs have been written by Master Dimensions and turned over to 
the structures groups for their use. The Master Dimensions "window" program 
is a good example. The window program allows the user to stipulate: the 
thickness and corner radii of the several panes of glass, the thickness of the 
rebate, the thickness of the seal material around the edge of the glass, post 
and sill geometry (where the post and sill is modeled as a built up section of 
plates and beinu), hard points such as intersection points of posts with sills 
and stiffeners with posts and sills, and finally the fineness of the grid into 
which the window panes are to be divided. From this information the Window 
Master Dimensions program generates node coordinates for the glass, seal, posts 
and sills assembly. All coordinates may be skewed to conform precisely to the 
true geometry of the vehicle and facilitate interaction of window with surround 
and/or imposition of surround displacements on the post and sill structure. 
Because a Master Dimensions program is used to generate this node data, it is 
knovn: that the seal springs which transmit shear and moment to the edge of the 
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glass panes are precisely normal to the plane of the glass, that the glass pane 
is precisely flat, and that the loading which is dependent upon the node 
coordinates is accurately and precisely applied. Snail inaccuracies in the 
node coordinates of the window analysis could result in large errors in in- 
ternal loads and displacements. Similar programs are used to obtain refined 
grids in the corners of cutouts. 

As the project definition of hardware tc be analyzed evolves then the Master 
Dimension*. ^'"P geometry definition which is used for preliminary lofting, 
firm lofting, .-awing release and manufacturing can be referenced to obtain 
node and offset data for the structural analysis. Since the primary concern 
of the finite element structures analyst is not a tight tolerance cm the 
accuracy of the geometric definition (a .1" difference in the radius of the 
fU3elage monocoque will cause no significant change in internal loads) but 
a precisely smooth definition (a .1" Joggle in the surface of the fuselage 
monocoque over a .5" arc length can ruin the local results, is difficult to 
detect, and costly to correct). Master Dimensions is used almost exclusively 
by structure analysts performing medium and large size analyses using SAMBCS. 
Data supplied by Master Dimensions to the analyst is node coordinates on 
magnetic tape or punched cards, surface normals on magnetic tape, and direction 
cosines of the lines of intersection of structural element intersections such 
as frame web with stringer web, again on magnetic tape. 

Offset data is generated by an offsets program using SAMECS structural data, 
section y bars, and the magnetic tapes supplied by Master Dimensions. Some 
additional comments on the function of Master Dimensions are made in Section 
4.3.1 dealing with quality control of the mathematical analyses. 

3.2.5 SAMECS Freebody Peripheral Program 

The Freebody Program acts as a data, extractor in that it extracts from any 
SAMECS solution s selected subset of thu data which constitutes a complete 
SAMECS data set within itself. Deflections solved for in the previous SAMECS 
solution may be automatically imposed on the boundaries of the subset structure. 
Reactions obtained from the subset TAMECS run are the freebody load3. Further- 
more, the new input data tape formed by the Freebody program «ay now be altered 
in sizing, refinement, heating, geometry, and/or loading and with the reactions 
applied as loads the subset may be reprocessed for a SAKECS solution, or the 
altered input data tape may be used to update the original SAMECS input data 
tape so *hat the most current information in that particular region of the 
structural, system will be included in the next run of the original model. 

3.2.6 SAMECS Substructure Interaction Programs, Including DEFPU and MERMAT 

A capability to substructure (or partition) t'v.  mathematical model of a complex 
structural system was of key importance to the SST structures staff In obtaining 
adequate internal loads analyses simultaneously with die development and drawing 
release of the SST prototypes. Subetructrring and substructure interaction was 
developed for several reasons: 
1) Use of substinctures to idealize structural systems permits a detailed 

idealization within each substructure at the same time a comprehensive 
analysis of the total structure Is obtained. 

2) Structure not well defined nay be modeled, using a coarse grid Idealization, 
and used to accomplish, as desired, interaction with fine grid substructures 
for purposes of improving the boundary conditions of the fine grid models. 
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3) All information required to idealize a large section of structure may not 
be available at the time an analysis of soae portion of that section is 
required. Use of substructures permits setup of each portion ao design 
information canes available and also allows Interaction at a later date 
with the whole structural system. 

k)    Substructure analysis reduces the waiting period for large size ideali- 
zations, setup, and execution, and spreads out the model preparation and 
data reduction effort more uniformly over the design and drawing release 
periods. 

5) Failsafe analysis is economically accomplished using the substructure 
interaction approach. • 

6) Computer program modules may be designed to hardle a certain fixed size 
substructure which is primarily a function of the computer system used, 
and run times may be appropriately optimized around that size without 
affecting the generality of the type, size, and treatment of structures 
problems by the analyst. 

7) Run times on computer equipment may be broken into several segments of 
controllable size, and with engineering check points for quality control 
between the segments: to allow verification of analysis progress and quality, 
to eliminate the possibility that a very large block of computer processing 
time may be lost due to computer equipment malfunction, and to allow engi- 
meedag access to valuable internal loads and deflection «? *. prior to 
obtaining the fully interacted final result. 

8) The flexibility of an interact system, properly designed, is such that 
literally hundred? of alternative routes through the interaction procedure 
are available. This provides an analysis system which has the best oppor- 
tunity of satisfying each technical and schedulicg problem in an optimum 
manner. For example, options are available as to: sequence of data 
processing of the substructures, whether only stiffness or stiffness and 
load interaction is required, which nt  the substructures will be back- 
substituted from boundary deflection' to obtain internal loads and de- 
flections and for what load cases, which substructures will not require 
reduced stiffness matrix updating in a given cycle, whether a full or a 
partial Interaction is required, whether a pure interaction or a hybrid 
interaction is required (a hybrid interaction is one in which certain 
elements are included immediately in the interaction run and internal loads 
and deflections are obtained directly from the interact run for these 
elements), whether fail safe or cracked structure considerations should 
alter the interaction procedure, and whether first, second, third, etc. 
level interactions are to be employed. 

Interaction of substructures is accomplished through the use of four key pro- 
grams: SAMECS, External Loads Peripheral, MERMAT, and DEFPU. 

SAMECS pre-processes each substructure to obtain a reduced stiffness and a 
reduced loads matrix. MERMAT merges the reduced 3tiffne»s matrices from the 
several substructures using a correspondence table for nodes. The External 
Loads Peripheral Program merges the reduced loads matrices from the several 
substructures using the same node correspondence table and a load cape corres- 
pondence table. SAMECS reads the merged matrices and solves for the Interacted 
boundary displacements. DEFPU imposes the interact displacements on the bound- 
aries of each substructure using the same correspondence tables used above, and 
SAMECS is used to calculate Internal loads and deflections within each sub- 
structure. 

The MERMAT program ha3 the capability of transforming stiffness matrices to 
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simulate the effects of pivoting and/or  translation of a substructure relative 
to other substructures, or to accommodate Interaction of substructures having 
different coordinate systems. 

3.2.7 SAMECS Input Data Sort and UPDATE Peripheral Program 

The UPDATE program eliminates the need for all deck sorting, sequencing, and 
stacking for SAMECS runs. All cards or card images on tape produced by any of 
the peripheral programs to SAMECS have entered in card columns 73 through 80 
a uniquely defined sequence number. These numbers are also carried on all of 
the standard input forms used in preparing SAMECS input data manually. This 
system together with the total elimination of node loads greatly reduces the 
chance of engineering error in forming, making additions, corrections, or 
deletions to SAMECS data sets on tape. 

In addition to sorting, adding, correcting, and deleting SAMECS data sets, the 
UPDATE program automatically provides and inserts all blank cards, data de- 
limiters, and standard header cards with sequencing information entered for the 
user. 

3.2.8 SAMECS Data Checker Peripheral Program 

The Oat«, checker Program, is used to check the Input data before a SAMECS run 
is attempted. If the SAMECS data set Is accepted by the data checker, then 
the successful execution of that data set using SAMECS is guaranteed, and it is 
almost certain that scheduled computer time for the run will be efficiently 
and profitably used. It checks for the logical sequence of SAMECS input data 
sections (including nodes, plates, beaais, and loads) and for the logical 
sequence within each section. The sequence numbering in columns 73 through 80 
is checked along with the format of each field of each data card. The program 
will then simulate the steps which SAMECS performs in reading in the data, 
screening it, and computing element matrices« It produces the identical diag- 
nostics that SAMECS would produce, but does not generate the matrices. Thi« 
requires 20 to 25^6 of the residency processing time normally required by SAMECS 
in the SAMECS generate phase saving a small amount of computer time, but more 
important, because of its small core requirements, rapid turn-around is assured* 

3.2.9 SAMECS Autanatic Plot Peripheral Program 

A major contributor to the quality of SAMECS analyses is the automatic plot 
program. Although the Master Dimensions group performs numerous plots of the 
geometric data which that group generates far SAMECS, the final check on node 
geometry and tl;e element orientation and connectivity to that node geometry 
must be- made using ex lusively the SAMECS input data deck. Equally important 
is the capability to display the solution, observing trends in load paths, 
insuring that there are no undetected "soft spots" in the analysis, and finally 
for use by the strength, fatigue, fracture, mechanical systems, loads, perfor- 
mance, and design groups for displaying specific information in support of 
their respective problems. 

The SAMECS Automatic Plot program wil produc any number of two-dimensional and 
three-dimensional views constructed from SAMECS input data or output results, 
or from SAMECS External Loads Transformatlot. Program Elements. The whole 
structure or any parts thereof may be plotted. Two-dimensional and three- 
dimensional views of models are plotted using the Cal Camp Plotter. The program 
also plcts internal load3, stresses, and node deflections in any of the standard 
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or three-dimensional views desired. 

Features available are: arbitrary angular orientation and scale of system axes 
in the displays, automatic compression of plot size to fit a page dimension 
specified, labeling of nodes, plates, beams, element local coordinate syatem 
orientations, arbitrary lettering sizes, labeling of any and all internal loads 
data produced as output by SAMECS, and construction of three-dimensional deflec- 
tion plots.    Data produced for the SAMECS Loads Program, for and by SAMECS, and 
by the SAMECS Output Superposition Program may be plotted. 

3.2.10 SAMECS Output Superposition Peripheral Program 

The output superposition program allows superposition of unit or actual load 
cases processed by SAMECS using appropriate scalars.    Plate and beam element 
stresses and internal loads, and node deflections and reactions may all be 
superposed i>> the same run as required.    Different loadcases in the same 
SAMECS run, or same or different loadcases in different SAMECS runs of the came 
structure ai\/ be superposed.    The program is commonly used to combine critical 
design flight conditions with appropriate pressures and thermal environments, 
to form left-and right-side results from synnetric and anti-symmetric results, 
to combine load conditions appropriately for use with the T>ost-buckling peri- 
pheral program,  to ratio loads from limit to ultimate, and to perform max-min 
critical condition searches of the superposed data.    Max-min data is printed 
at the bottom of each element's superposed load conditions, and also by itself 
as a max-min envelope package.    Output data on tape and in printout is In 
precisely the same format as SAMECS output data,  so that peripheral programs 
may operate with the superposed data as well as the original SAMECS data. 

The Output superposition Program is frequently used to prepare a special set of 
data required by a specific group,  eliminating those conditions not of partic- 
ular interest.    In this way the user is able to focus quickly on the pertinent 
data for his problem, and the amount of printout data retained in each area is 
minimized.    The CAMECS Margins of Safety Peripheral Program is even more 
selective in the superposition and display of results. 

3.2.11 SAMECS Margins of Safety Peripheral Program 

The Margins of Safety program is used for detecting and displaying critical 
stresses in SAMECS beam and plate elements.    This program is capable of: 
1) extracting internal loads and section properties for selected beam and plate 
elements from one or more SAMECS output tapes dealing with the same structure, 
2) preparing design loads by superposing the SAMECS internal loads using 
rpecified scalars,   3)  selecting the proper allowable stress for each design 
case corresponding to the thermal condition included with that design case, 
U) calculating the fiber stresses and margins of safety In the extreme fibers 
of the selected beams,  5)  calculating plate element principal stresses and 
margins of safety for selected conditions, 6) analysis of beam elements with 
section properties different from those used in the  last SAMECS solution, 
7) presenting the input and output data with various printout options in an 
^asy-to-read format, 8)  x-y plotting of beam unit moments,  axial loads and 
shears an ordinates, and beam numbers as abscissas,  Ql x-y plotting of beam 
section properties, design loads, and stresses, and 10) execution of several 
sets of beams and plates in one run. 

3.2.12 SAMECS Post-Buckling (Including Diagonal Tension) Peripheral Program 

For structural  systems where     the buckling of the structure under load causes 
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major redistributions of internal loads the SAMECS Post-Buckling program is 
most important. There is little point in producing internal loads and deflec- 
tions for a complex structural syatem by a detailed finite element analysis 
procedure and then leaving the engineer to his own devices to correct the 
solution for buckling effects which when incorporated alter the solution or 
even change the signs of the inte-nal loads in many of the structural elements. 

The Post-Buckling program treats post-buckling effects (including diagonal 
tension) in SAMECS plate elements, using the constant initial strain (^x, ^y, 
^xy) inputs available for S/ "EC3 plats elements, in an iterative procedure. 
The program evaluates each plate element's degree of buckling for each load 
case and determines the corresponding initial strains for input to SAMECS. It 
also prepares symmetric and anti-symmetric j'.re-strains where principles of 
structural symmeti-y are taken advantage of in the modeling. Following are the 
important aspects of the program 
1) Poit-buckling can be handled by a series of SAMECS iterative runs using the 

initial strain capability for each run. Iteration gives the model oppor- 
tunity to »determine load paths due to compression bucMing and diagonal 
tension effects, and to re-evaluate the buckled state of plates in as many 
cycles as are required to achieve the desired degree of convergence. A 
closed solutic.i is obtained which exactly meets force equilibrium and de- 
formation compatibility in the model since the SAMECS program is used to 
process the pre-strain plkte data. 

2) Compression buckling in one direction is permitted without affecting the 
stiffness in the other direction. 

3) Compression buckling in both directions is peirmitted with different stiff- 
nesses, respectively, which correspond to the degree of buckling. 

h)    Shear buckling is permitted, which produces diagonal tension in plates. 
5) Combination of compression and shear buckling with tension present is 

permitted. 
6) No change in the stiffness matrix of the structure is required in the SAMECS 

program'. Consequently, all load cases may be treated simultaneously in a 
single series of iterations. 

3.3 PROGRAMS INTERFACING WITH THE SAMECS SYSTEM OF 7 »GRAMS 

A large number of programs too numerous to list or discuss here, are interfaced 
with the SAMECS system of finite element programs. They encompass all of the 
technology areas outside of the St^-ess group, and include -tatic and dynamic 
loads, flutter, stability and control, performance, and aerodynamics groups. 
Some of the programs provide data directly to the SAMECS system. Such data 
might be aeroelastlc panel geometry, panel pressures, load factors, powerplant 
thrust, etc. Other of the programs may require data from the SAMECS system 
such as deflections, internal loads, reduced flexibility matrices, and reduced 
stiffness matrices. Several eigenvalue programs, dynamic response, transient 
response, aeroelastlc, and stability and control programs may at the option of 
the analyst use SAMECS originated data. The SAMBCS system multi-file concept 
embraces a generality which encompasses or can be easily made to encompass all 
of the technical programs which would have reason to use SAMECS originated data. 
Furthermore, as programs are developed or improved within the various technology 
areas, there is sufficient documentation available on the SAMBCS system to allow 
these programs to maintain a fully interfaced condition with the SAMECS system 
where applicable. Figure 3*3 shows technology group computer programs and the 
flow of data between groups across program interfaces. 
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^.0 MANAGEMENT OF FINITE ELEMENT PROGRAM USE 

The attention to detail required of management and engineering to produce 
analyses of the behavior of cc_?lex structural systems has become more de- 
manding as the scope and level of detail of the analyses has been extended. 
Members of Boeing Structures Management recognize that the solution of the 
algebraic equations for the structural internal loads system and the peripheral 
processing associated with preparation and reduction of the analysis is only 
one part of the total task. Important to the success of the analysis effort is 
^he involvement of engineering managers who have a thorough understanding of 
the tools being used and their application to the design task, and who recognize 
that only with proper emphasis on the disciplined development and management 
of the total problem are we able to use the computer to the extent that the 
most up-to-date computing facilities allow. Without a well coordinated and 
thoroughly integrated effort with a specified end product deliverable on a 
committed and realistic schedule, the results obtained may lose much, if not 
all, of their value. 

A set of management and technical procedures were developed at Boeing for the 
SST program and routinely employed in treating the SST structure. Standardized 
procedures for construction of the finite element mathematical models and for 
operation of the finite element programs were adopted. Documentation and 
standardization of all aspects of the operating procedures for the SAMEC8 system 
was developed and completed. By following these procedures Boeing was able to 
assure consistency throughout all phases of solution, proper record keeping of 
all activities preparing finite element models, timely and efficient coordination 
of model construction and associated data transfer, quality control of solution 
results, and complete documentation of analysis results to give a complete 
technical historical perspective to design decisions. 

Management procedures adopted relate to: 1) preparation prior to undertaking the 
finite element analysis effort, 2) organization required to Implement modeling 
activity, 3) execution of the solutions with thorough quality control of all 
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facets of the analysis effort and k)  data transfer of the results to the tech- 
nology groups relying on the finite element infontatlon. Bach of these 
aspects of the management and technical procedures are discussed in Section 
k.l  through U.U. A brief discussion of the scope and cost effectiveness of 
finite element methods for the SST is presented in Sections U.5 and U.6. 

U.l PREPARATION PRIOR TO UNDERTAKING THE FINITE ELEMENT ANALYSIS EFFORT 

Management preparation includes: 
1) Adoption of a Finite Element modeling philosophy, 
2) Establishment of a mode of management control, 
3) Standardization of technical procedures, and 
k)    Adoption of modes of information transfer betweea Technology Computer 

Programs. 

U.l.l The Finite Element Modeling Philosophy Used on the SST 

Management adopted an overall finite element modeling philosophy for use on 
the SST program. This general philosophy was adopted to provide guidelines for 
construction of models, and was modified as necessary to fit the objectives and 
timing of the various phases of the SST prototype development and drawing re- 
lease activities. The modeling philosophy adopted stated that: 
1) Substructuring of the structure would be required, 
2) Six-degrees-of-freedom would be used at all nodes in the finite element 

grids, 
3) Lumping or delumping of primary structural elements would be avoided, every 

physical structural element would be modeled with corresponding finite 
elements adequately representing the discreteness, stiffness,, and connectiv- 
ity of the actual structure. 

This philosophy ground rule regarding lumping and delumping meritp further 
comment. Lumping and delumping of structural elements were avoided where 
possible because: such activity Is time consuming, it acts to degrade the 
quality of the mathematical model, and it makes it more difficult to later use 
the plate element post-buckling and diagonal tension program. (This is so 
because the buckling loads are a function of the geometry of the plate elements 
or element groups and if the finite element plate isn't a reasonably good 
representation of the shape of the actual platethen special parameters have to 
be prepared for the post-buckling program furnishing this information for each 
plate which is different. If there is good correspondence, then the handling 
of the plate elements to be buckled is automatically accomplished by the com- 
puter program from tr.  *sic input data.) 

It is important to note that only because of the large problem size capabilities 
and improved efficiencies of the SAMECS program were we able to avoid lumping. 
SAMECS was applied using this philosophy on virtually all of the SST wing and 
body primary structure. 
U) Key section properties of stiffener elements will be modeled whether it 

appears that they are significant to the analysis or not, i.e., A, lx and 
ly, and J, will be included in bear elements. 

5) Additional subelement refinements will be used in areas of rapidly varying 
stress gradients to produce the required results, for stress, fracture and 
fatigue groups. 

6) Only balanced load conditions will be analyzed. 
7) Master Dimensions will be the source for geometric data for fine and super- 

fine grid finite element models. 
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8) Engineering will follow a strict set of technical and management procedure?.. 
Specific quality control checks will be made on all analysis activity, 
specific minimum standards of quality will be met, and summary reports on 
quality will be published for all phases of modeling activities. 

10) Non-linear, l«trga displacement, and post-buckling and diagonal tension 
capabilities will be used at the finite element level to answer as re- 
quired the questions of effectivlty and overall stiffness of structural 
elements and models. 

11) Joint stress severity factor analysis will require the modeling of discrete 
fasteners in interacted or partially interacted analyses to allow optimum 
Joint design. 

4.1.2 Established Manner and Modes of Management Control of Finite Element 
Modeling 

V 

Manageaent decisions were made at the inception of all internal, loads modeling 
activities in support of SST structural analysis efforts. These decisions re- 
lated to the following aspects of the problem: 1) technical interfaces, 2) sign 
conventions, 3) coordinate systems, k)  adoption of standard input forms, 5) 
adoption of quality control measure, 6) adoption of procedures, 7) implementa- 
tion of the system by which management would review modeling activities to 
insure compliance with their requirements and procedures, 8) definition cf items 
needing management approval before committing runs, 9) definition of the level 
of detail, type of forms, and cataloging system to be used for recording all 
math model inputs inlcudlng geometry, sizing, loads, and stress calculations 
in support of model development, 10) assignment of math models to specific 
stress group engineers who would be responsible for the structural input to 
the models, assembly, loading, quality assurance, selection of output display, 
overall coordination of interactions of substructures, overall coordination of 
data transfer between technology groups, direction of computer programming, 
and consultation on finite element modeling in total, and 11) assignments for 
scheduling of the major milestones finite element schedule, determination of 
manpower requirements, and determination of computer budget and monthly use 
required to support the major milestc-es schedules. 

Where management procedures adopted for the SST called for specific management 
approval, the SAMECS system was designed to offer management optimum visibility 
of key steps taken by the computer, and quality control check sheets were de- 
signed to make it impossible for engineering to continue beyond certain points 
without recognizing the management requiremer.t for approval. 

Finally, SST management provided data storage and display areas to provide 
maximum management and technical staff visibility of the analysis efforts at all 
stages of development. In these areas were kept math model node and element 
diagrams, interact, weights, and air loads paneling diagrams, major milestones 
schedules, computer data management charts, Input and output computer data logs, 
tapes, cards, printouts, plots, and geometry, stiffness, external loads, and 
structural sizing references. 

4.1.3 Standardized Technical Procedures for Construction of Finite Element Models 

Standardized procedures for engineering to follow in the construction of SAMECS 
models and for the operation of SAMECS and the peripheral programs to SAMECS were 
developed for us- on the SST program. These procedures were adopted to assure 
that all associated with the definition, scheduling, preparation, and application 
of mathematical models were fully aware of the system needs in insuring quality, 
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compatibility, proper utilization, and adequate documentation. Such procedures 
were used to acquaint new employees and subcontractor employees with the re- 
quirements of using the 3AMECS system. Topics discussed in the procedures 
Include ground rules, peripheral programs, technology interface requirements, 
input requirements, substructure Interface requirements, descriptions of 
specific coordination wh.ch must be accomplished on interfaces to assure timely 
and proper support, descriptions of the modeling philosophy to follow, general 
comments (including a list of conmon pitfalls to be avoided), and an item by 
item description of each of the major milestones on the major milestones 
schedule. 

k.1.1* Information Transfer Between Technologies and Computer Program 
Interfaces Which Correspond 

From a managerial and technical point of view, the technology staffs supporting 
the design and release of a specific structural system are linked to each other 
and to the design project in a complex and highly interdependent manner. The 
various program- which make up a system of fully interface! programs used to 
perform the technical analyses of a structural system must similarly be linked 
to each other and so organized internally and externally that data can be passed 
through the interfaces with minimum effort, and maximum visibility, control, 
and responsiveness. 

Technology interfaces occur between Project, Master Dimensions, Weights, Static 
Air Loads, Dynamics, Flutter, Thermal, Aerodynamics and Performance, stress, 
Fracture Mechanics, Fatigue, and Materials and Processes. Major quantities 
of information must be transferred between certain of these technology groups. 
These include ge>jmetry, section properties, weights data, air loads data, 
stiffness matrices, flexibility matrices, deflections, internal loads, and 
stresses. 

h.2    ORGANIZATION REQUIRED TO IMPLEMENT MODELING ACTIVITY 

The organization lequired to initiate a modeling activity focuses primarily on: 
1) the scheduling of the support required, be it configuration, component 
development and test, layout review or drawing release, 2) the scheduling of 
the supporting finite element analysis major milestones, and 3) the commitment 
of computer facilities. 

4.2.1 SST Drawing Release Schedules 

The SST stress groups used the network of SAMECS and SAMECS peripheral programs 
to support layout review and drawing release of all of title body and wing 
structure. The goal in using finite element analyses was to obtain runs early 
enough in the design process for the results to have a solid Impact on weight 
and fatigue lift. A minimum of three cycles of internal loads runs prior to 
?ji drawing release was the goal set for the mathematical model analysis group. 
The sequence of events by which release of structure was accomplished, focusing 
on the stress group activities primarily, was as follows, using the winn-body 
intersection structure as an example: 
1) Obtain spar, i b, stiffener centerlines; upper and lower surface definition, 

frame, stringer, and cutout location», construct additional finite element 
grid lines, and request from project loft Ulster Dimensions group the result- 
ing node coordinates, offsets, and related geometry in such format that it 
Is directly usable by the SAMECS system, 
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5 
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7 

8 

9 

10 

11 

12 

13 

Ik 

15 

16 

17 

Obtain surface temperatures, structural element gradients throughout the 
substructure fron the thermal group; external pressure distributions and 
associated load factors on punched cards from the loads group, unit and 
actual weights data from the weights group, 
Add sufficient information to the data received in (2) to build and insure 
balance of the critical design load and nominal flight conditions of 
Interest, 
Calculate Internal loads, deflections, stresses, and stiffnesses of struc- 
ture using SAMECS, 
Perform a preliminary sizing of the jtruct.ure from the layouts using the 
results of this coarse grid finite element solut 'on, and stiffness re- 
quirements , 
Provide nominal flight condition deflections to project for preliminary 
deflected shape information to be used for jigging the vehicle, 
Compare deflections and stiffness of coarse grid finite element models 
with those of dynamics, flutter, and loads groups to verify compatibility 
of stiffness representations arrived at using different fineness SAMECS 
models, 
Supply reduced stiffness matrices to flutter, dynamics, and load groups 
for use in the next design data cycle in support of final drawing release, 
Supply sizing of layouts to project for update of drawings, and to weights 
for update of weights data, 
Refine the finite element grid to obtain better internal loads distributions 
in areas of high stress concentration and Including the effects of post- 
buckling and diagonal tension directly in the finite element analysis. 
Use the SAMBCS substructuring and freebody options to treat specific com- 
ponents, Joints, etc. in greater detail as required. 
Obtain new centerlines, node coordinates, and geometry corresponding to 
the refined finite element grid from the project loft Master Dimensions group, 
Obtain updated thermal, weights, loads, and stiffness data from the respec- 
tive staff and project groups, 
Add sufficient information to the data received in (12) to build the load 
conditions of interest for final drawing release, jigging, and stiffness 
compartsons, 
Calculate Internal loads, deflections, stresses, and reactions of the 
structure using the refined finite element mathematical model, 
Perform, in support of final drawing release, necessary stress, fatigue, safe 
life, fail safe, and stability analysis using the results of the refined 
model and recycles as required. Release drawings. Verify deflected shape 
for Jigging with project, and stiffnesses with flutter, dynamics, and loads, 
After final drawing release, initiate an additional pass through Master 
Dimensions, weights, loads, thermal, and flutter groups to obtain a final 
analysis for the structure as released. Steps taken are thr» same as (10) 
through (Ik). 
Use the results of (16) to verify that all structure as released has positive 
or zero margins, to identify potential areas of weight saving, to verify 
stiffnesses used by flutter, dynamics and loads groups, to assist in 
location of strain gages and correlating with them in test, and to assist 
in definition of test loads. 

k  A,2 Scheduling of Finite Element Analysis Major Milestones 

All SSI1 structural modeling activities of medium and large size were scheduled 
against a MMDMM (Major Milestones for Development of Mathematical Models) 
schedule modified to suit the requirements of each structural problem as nec- 

essary. The MMDMM schedule contains all of the major technical activities, 
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arranged approximately in the order In which they most commonly occur, which 
must he accomplished in the development of finite element models.    Bach Mile- 
stone in the MCI« schedule is described in detail as part of the Boeing SAMEC" 
technical procedures.    The MMHt4 schedule Is shown in Figure 4.2.2.    The 
schedule is subdivided into major phases which deal with: 1) preparation of the 
stiffness and geometric inputs to the model, 2) preparation of the unit loads 
Inputs to the model,  3) preparation of the actual loads conditions for the 
stiffness check solution on substructures, 4) solution of stiffness check runs 
on substructures,  5) calculation of reduced stiffnesses, 6) calculation of 
reduced loads, 7) interact solution, and 8) pose-processing activities including 
stqperposltlta, plotting, post-buckling, large displacement analysis, and itera- 
tions.    There are 92 major milestones listed on the MKDMM schedule for each 
substructure including the interaction of that substructure. 

4.2.3 Commitment of Technical Skills 

The SOT progran retained an average of 6 engineers in finite element research 
and developmer'   for a six year period.    Approximately 15 programmers performed 
finite -Lear       *odlng, consultation, and logistical support over the sane tine 
period.    At  ..     peak of the S3? prototype drawing release phase Boeing employed 
45 engineers *ho were experts in finite element methods and specifically 
familiar with SAMKCS and the peripheral system of programs.    TLis team of engi- 
neers produced multiple finite analysis so)      ons for over 30 different key sub- 
structures used to model the entire primary st.-ucture alrframe.    These structures 
averaged 300 nodes in complexity,  and  varied from 500 nodes to 2000 nodes.    All 
of the SAMECS peripheral programs wer: usec on these substructures depending 
upon the type of problems being dealt with.    Most of the engineers involved with 
finite element modeling were also performing strength check and drawing release 
work.    A canplex analysis group within the stress group served as consultants 
in all facets of the analysis planning and execution.    The average educational 
background of the 45 engineers involved vme a Masters Degree, and many were 
-quip *d vlth their Doctorates.    A definite management commitment to the use 
of finite elerneut analysis procedures on the 53T program was evidenced by the 
level at which technical skills were committed to the mathematical modeling 
activities«.    It was necessary that those ueed in modeling be well, educated, 
trained, experienceu, and familiar with the drawing release cycle in order to 
gain maximum utilisation of the solutions results.    On the SST progran they were 
assigned in sufficient strength to allow the careful planning, preparation, 
checking and cross-checking required to produce quality results. 

4.2.» nt of Computer Facilities for 'Support of Analysis 

rne computing facility on -which SAMKCS and the SAMSCS peripheral programs 
operated during the SrfT prototype .Layout review and drawing release was a back- 
to-back installation of  &wo CDC 66OO conpvrters,  each with l}i,000 core  storage 
and 60 bit words.    Three 6638 physical di«iks containing six logical disks wer- 
attached and p ltchable  from computer to   :omputer as required.    The  facility 
was equipped wlta high  speed printers,   card rädern,   tape  drives,   on-line  card 
puncii, on-line graphics dl^pla?,  t iletypes, and highspeed reuote terminals. 
Off-line dr.ta display capability Iiclud-d  Cal Ccsp,   >rb--,  and 9C »020 pi», .ters, 

For appt nximately two year? prior to the SS! prototype cancellation the SSrf 
technology staffi ?rquired a dedicated CDT  J600 facility.    Only '   cause ergi- 
neerlCe management,  cook the care  to repeatedly  forecast the   enquired  levels of 
computer support and  r    sent  this plcure  to upper «anar-ment was  the  staff 
adequately equipped and  able  tc  function without sever-  computing delays. 
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Without any question, the single aost difficult task which faced engineering 
manageaeat was the procurement of adequate computer time, and In blocks of time 
sufficiently concentrated to correspond to and support periods of intensive 
technical effort. 

M QUALITY CGHTROL OF THE MATHEMATICAL ANALYSES 

Quality Control of the finite element analysis systea Is the key to the per- 
formance of the systea.    As larger problems are solved and the associated out» 
put data froa these analyses in:rea,se3 it Is necessary to carefully check all 
along the solution path to insure quality.    Such control also provides a aeans 
far quickly detecting, locating, and resolving problems with a minimum ex- 
penditure of engineering and computer resources. 

Many of the quality control checks in finite element analyses are exactly the 
same as would oe used in any other analysis approach.    The computer, however, 
opens up a large number of additional methods for exercising quality control. 
In aost cases these new methods hinge upon the precision of the computer, which 
is an Inherent by-product of the properly functioning machine.    If engineers 
are precise in the way in which they feed information to the machine, then a 
lack of precision in the data returned indicates a malfunction or input error, 
and potential loss in accuracy.    Though load conditions nay be known to be 
somewhat inaccurate, they are always processed as balanced load conditions.    The 
smoothness of node and olfset geometry produced by a Master Dimensions program 
may be unneees«-!»-;,  _<*or one load case and vital for another, unnecessary for one 
grid reflneae .'   and vital for a finer grid refinement of the same problem, 
particularly *   -e the analysis being performed is using linear rather than 
large deflection analysis procedures.    A very common cause of oscillating frame 
moments is the practice of scaling rather than the precise calculation of the 
coordinates. 

Quality control of the analysis fron generation of element sizing and mathemati- 
cal geometry to Inal output display of remits is necessary. In Sections U.3.1 
through U.3.1* quality control brought about through the use of: 1) Master Dimen- 
sions,  ?"' equilibrium checks,   3) plotting, and k) otiier means will be discussed. 

U.3.I    Quality Control Through the Use of Master Dimensions 

Procedures for precisely defining  the geometry of th*» structural system through 
the use of the  computer and a numerically controlled drafting machine were used 
on the "ST to guarant»»  smooth and necurate geometry    definition.    The group 
which accomplished thi s activity in support of pro.lect is known as Master 
Dimensions.    Mast/*r Dimensions al*o assists project with the production of 
drawings and provides manufacturing with jigging coordinates and magnetic tapes 
for operation if numerically "ontrollcc" manufacturing equipment.    It is possible 
to produc*  finite eVment analyses from the saar geometry aefinitlona that are 
u-ed  to produce  th»  hard-mr»,   and proper geometric  reprt-sent/ttion as  well as 
smonohn-s- of ».he  structure geometry is assured.    All Master Dimensions dat* is 
developed  through projec*  using probet -lefinltions  for outsid- mold  lines, 
onterlln»"-,   strirwer and  «^tiff-rvr locations,  etc.    Any change« mad~ by pro'oct 
in th*»  line- ar**  r»adily picked   rp by  ».h» math mod-Is.     Quality control  checks 
performed by Master Dimensions  includ- nulti-vi*»v plotting and  comparisons with 
left group equations and dravings. 

, 3.?    Quality Control Tnmufch Equilibrium Checks 

Following i'  *be -qulllbrium checK data that is automatically  reported by the 
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SAMBCS and SAMECS peripheral programs for use by the analyst in constructing 
finite element modeln: 
1) unit air loads paneling projected areas and centroids, 
2) unit weights paneling weights and c.g.'s, 
3) airplane total weights and c.g.'s, 
k)    individual substructure total weights and c.g.'s, 
5) air loads paneling equilibrium for each actual load case, 
6) net inertia and air loads for each actual load case about the e.g. 

corresponding to each actual load case, 
7) equilibrium of load cases output from loads transformation program versus 

equilibrium of load cases input to finite element program, 
8) equilibrium of load cases input to finite element program against equili- 

brium of reactions output from finite element program, 
9) force check equilibrium (force check involve:: applying a unit force or 

moment for every freedom in the mathematical model and then determining if 
every freedom load is precisely reacted by the reactions to eight signifi- 
cant digit*), 

10) thermal load case equilibrium is a computed zero. 

U.3.3 Quality Control Through Plots of Mathematical Model Inputs and Outputs 

Plots of the mathematical model are made throughout the analysis activity. 
Typical of the types of plots made are the following: 
1) unit air loads panels 
2) unit weights panels 
3) node and element diagrams 
k)    element local coordinate systems 
5) element connectivity 
6) outside contours viewed from several angles 
7) deflections of the mathematical model for load cases of interest to examine 

for soft spots in the idealization and reasonableness of defo -jations, 
6)    internal loads and stresses of the math model to determine if load paths are 

reasonable,  to locate and understand stress concentrations, and to determine 
If the structure as sized is capable of carrying the loads with near zero 
margins. 

n.l.k   Other Quality Control Checks 

A uniform thermal expansion condition -/as processed as one of the load conditions 
for all S3T mathematical models to verify that the elements are stress free 
(a computed rero).    This aondltlon gives the user an idea as to how accurate the 
Internal loads are for the thermal conditions. 

The conditioning number (number of significant digits lost in the solution for 
each freedom) is printed out for every freedom.    This data is scanned and if 
more than four digits of the Ik available are lost,  the idealization 1» scrutin- 
ized to determine the reason for the loss and the structure stiffness is 
corrected to reduce the digits lost to a maximum of four.    This was a firm 
requirement for all interaction analyses. 

All nodal diagrams, actual load conditions to be processed,  initial reference 
Aata for stiffness and geometry definition, akin thicknesses,  frame and stringer 
properties and other structural element properties are signed off by the re- 
sponsible supervisors or their designs**.    All input forms and listings are 
checked.    Boundary conditions and retained fret lorn data are double checked. 
(At no time is data checked by the same person who prep.ire<i the data).    A 
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management review of all models to verify that checks are complete, and to 
insu that management concurs with the structural idealization and loads is 
routinely held before data processing of a SAMECS run is initiated. Check sum 
reports are used to verify that appropriate tapes containing reauced stiffness 
matrices have been merged correctly. The criteria for (superposing load condi- 
tions is reviewed and approved by management, as is the grouping of these load 
conditions for max-min purposes, and of course a check is ma*» ic ;ce that the 
superposition was accomplished as intended. 

Each mathematical model has its own peculiar check list selected from a list of 
over 100 categorical checks for each model or substructure.    The wing-body Joint 
analysis of the SST had o8 checks of the type described in Section **.3 for each 
of the substructures. 

k.k    TRANSFER OF THE OUTPUT FROM SAMECS TO THE TECHNOLOGY GROUPS 

Several tools have been described earlier which are used for producing only 
significant output in a convenient form for use by the various engineering 
groups.    They are the 3AMECS program, the output superposition program, the 
output two-dimensional and three-dimensional plot program, the freebody program, 
and *,he margins of safety program.    These programs are described in Section 3.0. 

The various groups requiring information prepared cards requestin« of the various 
programs the specific information and format required.    Depending upon the pri- 
ority of the request the results of such runs were obtained in from 2 hours to 
2b hours on a normal backlog data processing day.    This turn-around was in part 
realized because the SST program had available to It upon demand a computer 
fuLLtlme.    As an additional service to the engineers requiring data, the complex 
analysis subgroup frequently collected lists of requirements and produced the 
required results at the earliest possible time following completion of an 
analysis,    The initial data produced by such runs was always processed, bound, 
and catalogued by that group. 

fc,5    SCOPE OF FINITE ELEMENT ANALYSES ON THE SST PROGRAM 

The scope of the stress group mathematical modeling on the SST program was such 
that all of the primary structure and much of the secondary structure of that 
aircraft was treated using SAMECS.    Toe mathematical model philosophy avoiding 
lumping of structural elements was adopted in virtually all of the body structure 
and in most areas of the empennage and wing structure.    Figure U.s shows the 
major substructure? treated on the SST and their approximate sizes.    In most of 
the mathematical models the refinement of the grid was greater than that of the 
actual structure in order to obtain specific local stress concentration, and to 
include local large displacement effects.    The total number of nodes used In 
the substructures of the SSV airplane numbered approximately 30,000. 

sc»i « v.n o« T»!CAi svf vmn rum HOOT mw 
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4.6    COST EFFECTIVENESS OF USING THE FINITE ELEMENT METHODS FOR 
STRUCTURAL ANALYSIS OF THE SST 

The question as to how cost effective the use of the computer is in obtaining 
internal loads and stress for aircraft hardware was clearly indicated in the 
course of the SST program.    In many areas the benefits of finite element analyses 
were realized.    These areas included the elimination or reduction of the scope 
of test programs (including quarter or half scale load distribution models and 
component testing that would have cost millions of dollars and added months of 
calendar time to schedules).    The complex thermal environment, mechanical lc*d 
and structural system defied effective treatment by any means other than the 
computer as mentioned U. Section 2.0.    Major emphasis was placed by management 
on the reduction of vehicle weight, and on the importance of structural re- 
liability and life. 

The question of cOGt effectiveness may be conservatively answered using only a 
portion of one of these realized benefits, namely that of weight reduction in 
the fuselage fox-ward of the passenger compartment aft pressure bulkhead.    Six 
key areas in which weight was saved are: 

1) sections 43 and 45 frames 285 pounds per airplane 
2) Sections 46 and 47 frames 547 pounds per airplane 
3) Entry doors (6) and cargo door cutout        56O pounds per airplane 
4) Redistribution of load with wing in 150 pounds per airplane 

Section 46 
5) Redistribution of load with strake in       100 pounds per airplane 

Section 45 lower lobe. 
6) Reduction in Section 4l cab weight 300 pounds per airplane 

I94? pounds per airplane 
Several other areas of weight saving in the body and all areas of weight savings 
in the empennage and wing are neglected.    Boeing management determined that 
$150 to $200 per pound saved per airplace was a cost effect?ve expenditure. 
Assuming a 200 airplane breakeven point in development and production costs, 
this meant that a maximum of $30,000 to $40,000 could be spent to remove a 
pound of recurring weight in the design of the SST.    Based on these figures, and 
acceptable total cost of eliminating the 1942 pounds saved could have been as 
much an 58 to 77 million dollars. 

The actual computing costs for all data processing by the SST stress group 
including tha body, wing, and empennage sections was less than$2,250,000.    If 
it were üecessary to Justify the entire stress group computer budget expended 
on the basis of the weight saved in the six key trsas listed, the computing cost 
per pound of weight saved per airplane would be $3.21 which compares most 
favorably with the allowable $150 to $200 figures.    The direct cost of computer 
time used by the stress group to save weight in the Sections 43,  45, 46, and *7 
frames actually ranged from 15 cents to $2.75 per pound per airplane depending 
upon whether the frame in question was part of the major wing/body interaction 
or not. 

The idea that the computer which consistently stays busy is cost effective is 
erroneous.    Achievement of this goal also implies infinite turn-around  for  th» 
unanticipated Job.    A coat effective use of the computer in solving -.tructursi 
problems  requires  that  the  computer system r_and idle at tines  in order   -c 
accommodate  the mere active  data processing periods of engineering  schedules. 
In other words,   rngineering  should be  ready to pay 1 premium  •'.     t'uarantc-' 
•omputing   japacity and  turn-around. 
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Computing facilities vhlch are used by engineering to support drawing release 
schedules should be backed up by an equivalent facility to be used when machine 
breakdown occurs. It Is not reasonable that a large engineering program on a 
strict schedule and costing hundreds of millions of dollars should count upon 
the proper functioning of a computer facility without a backup to aupport 
engineering and manufacturing schedules. 

5.0 APPLICATION ÜF MB SAMECS FINITE ELEMENT ANALYSIS 
SYSTEM TO THE SST PROTOTYPE AIRCRAFT 

Several mathematical models processed on the SST program serve to Illustrate 
the application of finite element methods on the SST program, see Figure 4.5. 
Four models are presented: 1) the SST swing-wing wing-body Joint analysis 
accomplished In 1969 before the switch to a delta wing, 2) the SST forward 
entry door model showing the level of detail treated around cutouts, 3) the SST 
crew compartment, and k)  the SST wing-body model B interact analysis completed 
in June of 1970. 

5.1 THE SST SWING-WING/BODY JOIST ANALYSIS 

A finite element model of the SST swing-wing/body Joint was processed in 1967. 
Every stringer, frame, spar chord, rib chord, and stiffener was included in its 
offset location and with all section properties assigned. The entire analysis 
was accomplished within the confines of a single substructure, illustrating the 
capability of the SAMECS analysis system at the substructure level. The model 
contained 1899 nodes, 2191 plates, and 2978 beams in the half structure. Forty 
load condition» were processed including thermal and mechanical loads. The 
processing time for SAMECS in 1967 was 17 hours. The 1971 version of SAMBCS 
would process the same problem in 7 hours. Figure 5*1 shows the model element 
diagram. 

5.2 THE SST FORWARD ENTRY DOOR ANALYSIS 

The forward entry door model illustrates the detail used around cutouts. This 
1200 node, 1200 plate, 2000 beam substructure included every structural element 
djacretely, and used still greater refinement In and around the corners of the 
tfntry cutout. Skin plate elements in the corners were l£" by l£" in site. 
Figures 5.2.1 and 5*2.2 show the model monocoque and local door cutout detail. 

5.3 THE SST CREW COMPARTMEMT ANALYSIS 

The SST cab analysis included the body shell, window posts and sills, forward 
pressure bulkhead and floor. A portion of the node-element diagram is shown in 
Figure 5.3.1. Three-hundred unit-load and 80 actual load conditions were pro- 
cessed. Th>- load cases covered critical design conditions including fatigue. 

5.** """* "''? WING/BODY MODEL B INTERACT ANALYSIS 

of 1970 the B model of the SST delta wing airplane was processed. The 
•nvolved 5Q39 nodes, fU&k plates, 10.5^3 beams, and approximately 2500 

.d conditions which vere superposed to form 80 actual symmetric and anti- 
"- loa^ cases. There were 256O Interact freedoms on the boundaries of the 
.. tructures. Load.« included ascent, cruise, and descent thermal condition;-,, 

mcxi-L quality check conditions, design and fatigue conditions, and a passenger 
^mp \ment pr<:S3url ration condition. Run time for this wing/body Interact was 

noon o  roancy which included 50 hours central processing tiase. The SAMEC" 
interact run processed for 3£ bourn occupancy. Thirty-thousand simultaneous 
algebraic equations were solved In the wing/body B analysis. Figure 5.1* is an 
element diagram for * typical substructure. 
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Figure 5.1: SST SWING-WING/BODY 
JOINT ELEMENT DIAGRAM 
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Mqure 5.2.1: SST FORWARD ENTRf DOOR 
ELEMENT DIAGRAM 

Figure 5.4: SST WING/BODY MODEL B 
SUBSTRUCTURE NO. 4 
ELEMENT DIAGRAM 
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Figure 5.2.2: DETAIL 
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Figure 5.3: SST CPEW COMPARTMENT UPPEP AND LOWE? LOBET ELEMENT DIAGRAMS 
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THE MATRIX DEFORMATION METHOD OF STRUCTURAL ANALYSIS 

Paul H. Denke* and Gordon R. Eide** 
Douglas Aircraft Company, McDonnell Douglas Corporation 

Three new matrix methods oi structural analysis are presented: (1) Matrix Deformation, 
I .1 Unified Force Deformation, .irui (3) Static Force. These approaches are reiated to the matrix 
force method in that they require the selection of redundants. 

The distinguishing feature of the matrix deformation method is that deformations of elements 
in the continuous structure, winch are initially designated as "statically determinate," are computed 
before displacements and redundants, A comparison of the matrix deformation method with the 
matrix force approach shows that the matrix force method is most efficient when the ratio of 
number >>l redundants to number ot statically determinate forces is small, while the matrix 
deformation method is most efficient when this ratio is greater than unity. 

I he order ot the matrix to he solved in computing static deformations is the same as the order 
of the K matrix in the displacement method. Compared to the displacement method »he matrix 
deformation approach otters the advantage o\' improved nvitrix conditioning through proper 
selection o| stalls Je!< filiations 

I ne umtied k.-.'ce del iriiiation method provides a theoretical basis from which the-redundant 
lorct and matrix deiormation methods can be derived. 

Pie static force method was investigated and found to be inefficient. 

SECTION I 

INTRODUCTION 

it 

I he  matrix  .iVpla«cment method of strucnii••! analysis requires less computation than the 
de T  'hod ',>,'• n the mmiher «>i rcd'indans* exceeds ihe number ot statically determinate forces 

i •'■!':.■   ' :i,|. i f.-ti'leiii A tu yiefd Utter conditioned equations and, *'>nseque:it!\ 
;ra-; •''•< "■,i">n :oi i'i:\ advantage - that redundants ;n [lie force . p p r- ^ v ii can he 

select .1 to mmnr' computational crors !' -■ displacement method has no equivalent operation 
* R>•'•-■le'Kc ' ' . qucillv. tile to    ,   ..cth-'d is ., aK oti ,. i.oice whei   the structuial configuration 
requires .idin: i.   urac\   and  !iie :n,mS'i  . -t   ie.fi.infants is !c-v '    ;n  Itu  ntiirbei oi   -letuaik 
dilermmaU      :    - 

.1   \-   ■■;   ,.. S|, 
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Unfortunately, the extra computations required by the force method limits its feasibility when 
the number of redundants exceeds the number of statically determinate forces. Therefore, a need 
exists for a method that combines the speed of the displacement method and the accuracy of the 
force method in this regime. Such a method would be particularly useful in the analysis of 
structural models composed of finite elements. 

The matrix deformation nathod provides the required capability The equations of this 
method are similar to the equations of the displacement method. The major item of computation is 
the solution of a set of equations having a coefficient matiix KQQ . which is the same size as the 
structural stiffness matrix K in the displacement method. The unknowns in the matrix deformation 
approach are deformations in the continuous structure initially designated as "statically 
determinate." which are analogous to the displacements of the displacement method. The 
difference is that statically determinate deformations can be selected to minimize computational 
errors in a manner analogous to the selection of redundants in the force method. 

During study of the deformation approach, two other melhods were discovered: (1) Unified 
Force Deformation, and (2* Static Force. The unified force deformation method is analogous to the 
unified method of structural analysis and serves as a convenient basis for deriving the matrix 
deformation equations. The static fore method appears to have no utility. 

This paper also describes the matrix deformation equations and their application;:. The 
derivations of the methods presented in Appendix I represent an extension and refinement of work 
reported in Reference 2. 

SECTION II 

DISCUSSION 

The equations of the matrix deformation method can be summarized as follows: 

(1) 

(2) 

(3) 

F =     Kgey + F, (5) 

% =   'IRI '   + ll«o ° (,,) 

A =  *L %     *'R^ AR i7) 
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where 

k a square  matrix  of element stillnesses (nonsingular, referred to local 
coordinates) 

*h i • l|R I matrices of statically determinate element forces and reactio is resulting 
from unit element forces applied as external loads to the statically 
determinate structure 

'•ro-^Ro matrices of statically determinate element forces and reactions resulting 
from external loads on the statically determinate structure 

'W 

0. e, , As 

e0.F.A.QR. 

i square matrix of stiffness coefficients 

column   matrices   of   loads,   unassembled   element   deformations,   and 
support displacements 

column matrices of statically determinate element deformations (in the 
continuous structure», element forces, joint displacements, and reactions 

matrices of statically determinate element forces and reactions resulting 
from unit displacement loads on the statically determinate structure. 

As a simple example, consider the structure shown in Figure 1 The structure has four element 
forces numbered as shown, ilement force No. ! is designated as statically determinate. This force is 
assigned the additional symbol (j] . while the corresponding element deformation is ?Q r No 
unassembled deformations or support displacements are introduced, consequently ei = AK = 0. The 
unassembled stiffness matrix is 

k   = (8) 

Fhe symbol q,,    denotes a matrix of statically determinate lorces resulting from unit element 
lorces applied to the statically determinate structure as external loads. This matrix is 

Ml =    I    I I  I     I II <<>> 

I he matrix is derived as follows When a column of qn corresponds to a statically 
determinate element force, J I is inserted in the row corresponding to the force Thus, the I in 
column I win be interpreted as the force thai would exist in the first element if unit tensile forces 
produced by the element on adjacent joints were placed upon the statically determinate structure as 
external loads Fhe remaining columns are statically determinate forces resulting from unit forces in 
the cut members. 
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The symbol q^ denotes a matrix of statically determinate element forces resulting from unit 
loads on the cut structure This matrix is 

From Equations I and 2 

KQ   =  1-1 I    II     I I     l}.K00   =   4 

where the symbols i   | denote a column matrix. 

The matrix of external loads is 

0  =   1 

From Equation 4 

eQ   =   1/4(1) (I)  =   1/4 

From Equation 5 

F   =  jl/4 I 1/4 | 1/4 | 1/4} 

From Equation 7 

A   =   1/4 

(10) 

(ID 

(12) 

(13) 

(14) 

(15) 

/-nalysis of this structure b; the matrix force method requires the solution of three 
simultaneous equations. This example demonstrates that the deformation method requires less 
calculation than the force method when the number of redundants exceeds the number of statically 
determinate forces. 

As a second example, consider the structure shown in Figure 2 

Designate the forces in the two left-hand members as statically determinate Now 

" 1 

I01 

_ 1 

(16) 

111 •rt *V& 
(17) 
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F.om liquations 1 to 7 

1 

K 

0 

1000 

1 

"00 

1 

1001 

(IS) 

1001 

I 

(I) 

0.50 

0.00050 

(19) 

0.50 

0.50 

0.50 

A  = 
0.50 

0.50 
(20) 

The results shown for ey are obtained by solving the simultaneous equations involved by 
Gaussian elimination, keeping two significant figures in the calculations. The results are correct to 
two significant figures. 

The displacement method equation for the structure shown in Figure 2 is: 

KA  =   P 

where 

1001 

1000 

1000 

1001 
P   -   • 

(21) 

(22) 

and where K is the structural stiffness matrix and P is a matrix of loads in the joint degrees of 
freedom. 

Equation 21 cannot be solved by any procedure keeping only two significant figures because 
all accuracy is lost. Consequently, the deformation equations are considered better conditioned. 

The improved conditioning of the deformation equations results from the proper choice of a 
statically determinate structure. If the still member in the center is selected as a redundant, the 
deformation equations are also poorly conditioned. 

This example illustrates the ability of the deformation method to provide well conditioned 
equations alter proper choice of statically determinate forces. 
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SELECTION OF STATICALLY DETERMINATE LLEMENT FORCES AND 
CALCULATION OF qF, . q,. 0. qR,   AND qR 0 

Ihe scope ol tins paper allows only a brief discussion of these subjects. The statically 
determinate element forces, and consequently the redundants, can be selected by a pivoting 
technique applied to the rectangular coefficient matrix of unknown element forces in the 
equilibrium equations lot structural joints. This technique, known as »he "Structure Cutter," is 
described in Reference 3. Member stiffnesses are accounted lor by the introducf'on of weighting 
factors. Presently, the Structure (utter outputs aie more suitable for the lorce method, but 
necessary modifications can be easily and efficiently introduced. As the modified Structure Cutter 
selects statically determinate forces, it can simultaneously calculate the matiices qpf., qp0, qRp 
andqp.o   The matrices q( ^ andqRA can be extracted from qi 0 andq«-,. 

In the generation and solution of the equilibrium equations in the deformation approach, the 
following advantages of the lorce method can be preserved: ( I (joint reactions can be applied in any 
direction. (2) the number of calculated displacements can be less than the number of unconstrained 
degrees ol treedom; and (3> joints can have any number of degrees of freedom from 1 to 6, 
depending on available internal constraints. 

PARALLEL ELEMENT FORCES 

In the direct stiftnes» version of the displacement method, considerable simplification results 
from the use of element lorces parallel to the axes of a global coordinate system Some of this 
advantage can be v.'cured for the deformation method without sacrificing the option of considering 
only the minimum number of joint degrees of freedom. Thus, if element forces of finite elements 
are selected parallel and perpendicular to element edges, then element forces of adjacent elements 
tend to be parallel. Columns of the matrix of coefficients in the equilibrium equations 
corresponding to parallel clement forces are identical; consequently, duplicate columns can be 
deleted with significant savings in the equilibrium solution. This consideration can eliminate as 
much as 6C percent of the ef.'orJ involved in solving equilibrium equations. 

COMPARISON WITH THE DISPLACEMENT EQUATIONS 

The equations of the matrix displacement method can be defined: 

K{ = k Pi., (23) 

K = Pn Kt (24) 

F; =        k(P{\   AR  +eT) (25) 

KA = Pu/^P^i (26) 

F = KVM F', (27) 

0R -        P„F      P,.,0 (28) 
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where 

PUF«ndPu# matrices of components in the unconstrained joint degrees of freedom of 
unit values of element forces and external loads 

PCF andPc matrices of components in the constrained joint degrees of freedom of 
unit values of the element forces and external loads. 

Equations 2.1 through 28 are the displacement equations as they are used essentially in 
practice although practices may vary. In the direct stiffness method, the calculations represented 
by Equations 23 and 24 are performed in scalar rather than matric form, but the same work must 
be accomplished. Reactions (Equation 28) call be computed from joint displacements and 
unassembled deformations, but the calculation is no more concise. 

A comparison of Equations I through 7 with Equations 23 through 28 immediately shows a 
strong similarity In fact, a one-to-one correspondence exists except for Equation 7 There are two 
major differences between the methods; (1 ) the deformation method requires calculation of qj. j., 
li *• {

1RI, ••nd q«o ,r<,,T1 Pi i Pi . • P('i, ar|d P( o- :1,K' (-) n0 calculation in the displacement 
method, analogous to Fquation 7. is required since displacements are already given by Equation 26. 
The extra calculation required by the deformation approach can be minimized by taking advantage 
of the extreme sp;irsity of l\ \ . P( 0. P< i , and P<-0, the existence' of parallel element forces, and the 
fact that the complete set of joint displacements is seldom required and, therefore, need not be 
computed. 

. he remaining extra calculations in the deformation method represent the minimum additional 
effort required to develop a well-conditioned set of matrix equations. Thus, a tiuJe-off can c\is>t 
between computing time expended to develop a well-conditioned set of equations, and computing 
time and reliability saved by not having to exercise extra precision in subsequent calculations. 

In Appendix I, the static deformation stiffness matrix is shown to be relaied to the structural 
stiffness matrix by a simple transformation. As an example of this transformation, again consider 
Figure 2. If external loads are aosumed to act in both joint degrees of freedom, then 

M-o (29) 

Now. from hquations 22. 29, and A-57 

kOQ 

" 1 1" IOOI lOGo" ' 1 0 -> 1 

0 • 1 1000 1001 1 1 1 100 
(30) 

Thus, the static deformat'' n stiffness matrix is correctly computed from the structural stiffness 
matrix, if four sirnificant figures are saved during the calculation. 
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ACCURACY OF THE DEFORMATION METHOD 

The preceding section reflects a belief that the deformation method is able to provide a better 
conditioned set o\ equations in a significant number of practical cases. This belief is based or hree 
considerations: (I) the deformation equations can he shown to be better conditioned for simple 
structures containing stiff members, (2) the deformation method offers a means of improving 
conditioning through selection of statically determinate forces (the displacement method offers no 
corresponding means), and (3) the example of a fuselage shell analysis (discussed in subsequent 
paragraphs) shows that the deformation method provides a well-conditioned set of equations with 
accuracy comparable to the force method. 

COMPARISON OF THE FORCE AND DEFORMATION METHODS 

Appendix II compares the amount of computation required by the force and deformation 
methods for each of two procedures: (I »Force and Deflection Analysis, in which element forces 
and deflections are calculated for a limited number of loading conditions, and (2) Deflection 
Influence Coefficients, in which only the deflection influence matrix is computed. The basis of 
comparison is the number of multiplications involved in the computations. 

figure 3 summarizes results of the comparison for the force and deflection procedure. The 
cur\es are based on Equations B-6 and B-13. The figure shows that the force method is most 
efficient when the structure has fewer redundants than statically determinate forces. Otherwise, the 
deformation method is most efficient. 

The dotted vertical lines show ihe value of the ratio r for two types of idealizations Type I is 
the lumped parameter idealization commonly used in conjunction with the force method. Type 2 
represents an idealization composed of rectangular plate elements subjected to in-plane forces of the 
kind often used with Ihe displacement method. These values of r were established by counting the 
numbers of statically determinate and redundant forces in a typical wing-box structure for the two 
idealizations. figure 3 shows that the deformation method is more efficient than ihe foice method 
lor 'he type 2 idealization. 

figure 4 shows a similar comparison lor the deflection influence computation The conclusions 
are similar, but the advantage of the deformation method is more pronounced. 

DEMONSTRATION PROBLEM 

A section of stiffened cylindrical shell (Figure 5) was analyzed to demonstrate the capability 
of the deformation method. Both structure and applied loads were symmetric about the Y Z 
plane: therefore, the idealized model was reduced to a half shell with symmetric boundary 
constraints on the plane ol symmetry. The shell was rigidly supported at one end and was loaded by 
internal pressure and shear and moment applied at the free end. 

Ihe structure was modeled in terms of lumped parameter elements in a manner that 
produced a large ratio of ted'indants to statically determinate forces, simulating a model 
composed of finite elements. Ihe problem size is summarized in Table I. Element properties 
were based on materials and sizing of a typical airframe structure. 

The analysis was performed on the IBM 360-85 computer in double precision using up t 
300K of core and the FORMA'I Structural Analysis System (Reference 3). FuRMAT Phase I was 
used to generate the required matrices. The Phase 2 matrix abstraction capability was employed to 
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solve the matrix equations of the Force and Deformation Methods. A final operation in the Phase 2 
step subtracted one solution from the other. The result shewed that the solutions were identical to 
10 oi 12 significant figures. Computer time comparisons are shown in Table 2. The time ratios of 
0.406 and 0.348 shown in Table 2 compare favorably with values of 0.3l>3 and 0.354 computed 
from Equations Bo and B-13 (see Figures 3 and 4). 

UNIFIED FORCE DEFORMATION METHOD 

A derivation of this method is presented in Appendix I. The approach is similar to the unified 
method of structural analysis, except that the unknowns in the force deformation method are 
redundants and static deformations, whereas the unknowns in the unified metnod are element 
forces and displacements. The force deformation method does not lend itself to practical 
calculation. It is included as a convenient basis for deriving the deformation method. 

STATIC FORCE METHOD 

Appendix I also contains a derivation of the static force method. The distinguishing feature of 
this method is that statically determinate element forces are computed before other unknowns. A 
brief examination of the equations shows that the method is not feasible because the calculations 
required are excessive. 

SECTION HI 

CONCLUSIONS 

The matrix deformation method is a practical approach to the analysis of complex statically 
indeterminate structures. This method requires less calculation than the force method when the 
ratio of redundants to statically determinate forces is on the order of 1 or greater. When deflection 
influence coefficients only are computed, the '"break even" point is less than 1. 

The conditioning of the deformation method equations can be improved by proper choice of 
statically determinate deformations. The displacement method has no corresponding capability; 
consequently, the deformation method can produce better conditioned equations than the 
displacement method for certain classes of structures. 

SECTION IV 
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APPENDIX I 

DERIVATION OF EQUATIONS 

The equations ot the unified force method, the static deformation method, and the static force 
method are derived in the following paragraphs. 

GOVERNING EQUATIONS 

Classify element forces and reactions as statically determinate or redundant. Statically 
determinate element forces and reactions can be expressed as follows: 

°i   = im xi +t^\R X
R 

;  !,, 0 <A''> 

°R     =    C1RXI    Xl    +4RXR   XR   +(1R* <* <A"2> 

where 

0,  and QR = column matrices of statically determinate element forces and reactions 

X, , XR and 0 =       column matrices of redundant element forces, redundant reactions, and 
loads 

1| XI'^IXR 
and <\y   = statically   determinate   element   forces   resulting   from   unit   values   of 

redundant element forces, redundant reactions, and loads 

1R XI ,(1R XR 

andqR0 -: statically determinate reactions resulting from unit values of redundant 
element forces, redundant reactions, and loads. 

The matrices q[X, . qF XR . q,.   , qR x ,., qR x R andqR0 can be computeo from statics. 

Consider the joints of the structure as free bodies. Apply a unit value of the ith redundant 
element force Fx, to the joints. Balance with the qi xt ,, and 'he qRxt-fcj which are statically 
determinate element forces and reactions resulting from the unit t\.. Produce a virtual 
displacement. The virtual work is zero since the joints are rigid bodies in equilibrium. 

•'     '  'ex,     Z qf.Xfjje0. +  2   qRX,k|A0Rk   -=  0       .   =   1.2 ••• (A-3) 

where the summations extend over the total numbers of statically determinate element forces and 
reactions, and 

X 
I 

the ith redundant element deformation 

tg  = the jth statically determinate element deformation 

101 

■',V■=■»- 5iöi_jff-üäÄSK^ÄfcAÄJi^^Ä 



SIPM^P^PPRP^WT«?1t.HWP HpjipiMUp « ^M»pj»i!«H!Uijii!W!^™!r>?i9ffW-^^ ».iliiLI!|(i'l'l»l".l»"W.l1!'N j.U ■■! ■ n i.aBptf.iiiLWi.i u nwffjffWpWBPgUi WMWIHBW; ■. '■  ■ ' ■ I     ---■—. ^      —^-^_^,-_- ■W«wmpBIII J.I. L..I .Ul I llLLIUfc-lWBt.PI 

\'K. the displacement of the kth statically determinate reaction 

From Equation A-3 

ex   =     l'ixi   eQ + 1
1RXI   

A
OR 

(A-4) 

where  cx . eg   and  AQK   
ure  column   matrices  o)  redundant element deformations, statically 

determinate element deformations, and displacements of statically determinate reactions. 

Similarly 

A
XK    

:  c,i XR  
cu      (,RXR \R 

where AXK = a column matrix of displacments of redundant reactions. 

(A-5) 

Also 

CQ       eQi  +L0i 

°x   " °xi  +cxi 

(A-(>) 

(A-7) 

where 

e(1,  and e0.  =        column   matrices   of   statically   determinate   elastic   and   unassembled 
deformations 

ex    and ex    =        column matrices of redundant elastic and unassembled deformations 

Finally 
• 

, s 
' DOQ »ox 

• 
exi Dxy •>xx 

V                  J 

x, (A-8) 

f              -\ 

NQO y. kux 
. = 1 

\ kxo kxx 
v.                J L 

LQI 

■XI 

(A-9) 

where ')      . I)      . 1)      . and Dx x are partitions of the element flexibility matrix corresponding to 
statically determinate and redundant element forces and 
kx x .ire similar partitions of the element stiffness matrix. 
statically determinate and redundant element forces and deformations, and ky      kn x . kXg,und 
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UNIFIED FORCE DEFORMATION EQUATIONS 

Eliminating e„ from Equations A-5 and A-6 gives 

*FXR eQK *FXR   eQT + %XR   A0R+ AXR 

Now. 

Qf   = D00 (D00 QF 
+ Dox   <,       Dox X, ) 

From Equations A-8 and A-11 

QF   =  D^(eQE       D0X  X.) 

From Equations A-l and A-IT. 

((1[ xi  + DoÖ Do> ) x 

It can be show.i from Equatons A-8 and A-9 that 

b  '   kYn t D ., D, '     = 0 KXX    XQ        Av    '0 

exF " ext + pxx *\XQ 
+   xo   oo / eoF 

kXX I kXQ   CQF   + ^XX   eXF I + ^XQ       00   e' 

From Equations A-9 and A-16 

l   + %XR XR      DQO eQE   =  ^F* 

ot 

''xi   - vxx x,  + Dxo D 
i 

XQ   "00  C0E 

Eliminating ex . eQ.and ex,  from Equations A-4, A-6. A-7 and A-l7 gi-es 

kxxX. +(Vx. +D
XO

D
OO)*"QF 

From Equations A-10. A-l3. and A-1H 

T 
XI   eQT       eXT + ^RXF AQR 

■ 

kxx 0 tfxi 

0 0 
^FXR 

1| >:i + Doi °QX ^XR K 

)     D  ' 'xo   oo 
f     1 
x. 

J f> 

(A-10) 

(A-l I) 

<,A-12) 

(A-13) 

(A-14) 

(A-15) 

(A-16) 

(A-l 7) 

(A 18) 

I     <*IXFeQT       eXl  +-!RXF A0R 

"FXR  eOT + <*RXR  V   * ^XR 

<H« * 

(A-19) 
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Equation A-19 is the unified force deformation equation The unknowns are redundant 
element forces, redundant reactions, and statically determinate element deformations. Note the 
symmetry oi the coefficient matrix of unknowns. The redundant force equations can be derived 
from Equation A*I9 by eliminating e0i; The static deformation equations are derived by 
eliminating X[  and XR . 

MATRIX DEFORMATION EQUATIONS 

The characteristic feature of the matrix deformation method is that eot is the first matrix of 
unknowns to be computed. However, a study of Equation A-19 shows that eQt cannot be 
computed before XR . The redundant reactions are. therefore, eliminated by establishing the 
convention that reactions are never selected as redundants. This requirement does not compromise 
the method since the selection of reactions as redundants is never a good choice. The following 
simplified notation is introduced: 

(A-20) 

Xr qfX   ;= qFX[ 

^R   =   ^OR qRX   "   9RXF 

From Equation A-Il>. deleting XR : 

kxx X + Kx + Dxo Doö)eot =  ^rx e
yl     

exi + *lx A
R <

A
"
2,) 

(qFX + D^ DQX) ■•:     D^eCi   =     q^ <p (A-22) 

Eliminate X from Equations A-21 and A-22: 

\{%x + »QQ Dox) 
k>:x (qrx + DXQ D^j + D0;Je0f. 

= q„ t    (qFX + 00X Dox)kxx [d]:x eQJ + eXT - q£x AR j (A 23) 

From Equations A-8 and A-9 it can be shown that 

00  ~    00       OX    XX   kXQ (A-24) 

Combining Equations VI4. A 23, and A-24 gives 

\koo     kyx qK.\     qtx kxo + 9,.x 
kXX 9fxj eQl 

= 9. o * + ( k0X     9, x kxx j (qKX V + eXT - 4RX ^ ) (A-25) 

Equation A-25 can be written 
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- kw kox 1" 

1 •to 
_*XQ .v,x_ 

■Qt 

*V* 

■'■ IFF * <& eQE 

r 1 kOQ kQX / 
r o " 

1 %X 

.kxo kxx_ 
( .qI*. 

eOT T \+< 
*QT 

'XT 

qFo0     qriT k (qTf: eQT - qfc A„ + v) 

(A-26) 

(A-27) 

where 

(M f  s     [  ' | 1Fx ] 

I
IRF

= [0hkx] 

eT      = < 

00 

VXQ 

*QT 

"XT J 

vox 

VXX J 

(A-28) 

(A-29) 

(A-30) 

(A-31) 

From Equations A-6 and A-27 

qFf k Q?F eQ   =  ^Fo * + ^FF k(qRK AR       *T ) (A-32) 

Eq'ation A-32 is the basic deformation equation. Solving for CQ gives statically determinate 
deformations as functions of external loads, support displacements, and unassembled deformations. 

The matrix qj~ can be given a physical interpretation. The rows of qpJT and the columns of 
the first partition (Equation A-28) correspond to statically determinate element forces. The 
columns of the second partition correspond to redundants, thus, the columns of qpp correspond to 
element forces. The matrix can be interpreted as a matrix of statically determinate element forces 
resulting from unit element forces applied as external loads to the statically determinate structure. 
Thus, a statically determinate element carrying a unit tensile force will carry a unit compressive 
force if ths* tension is applied to the appropriate joints as an external loid. In this manner the 
partition -! is interpreted. The partition qj-x is simply a matrix of statically determinate forces 
resulting from unit redundants. 

Similarly, qRF* is interpreted as a matrix of reactions resulting from unit element forces 
applied as external loads to the statically determinate structure. 
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From Equation A-l> 

F = ke, 

where 

i 

0, 

UJ 

e 

*l   = < 

'yh 

XI J 

From Equations A-6. A-7. A-31. and A-34 

e = e, + e, 

where 

From Equations A-J. A-35, and A-36 

'V.        < - U 
l.'x'o + <<RXAKJ 

1 0 " 
eo tTI + 

A. y«x. 
From Fquations A-28. A-2(>. and A-38 

'l    =      ijf eü      L*l  + ^Rf AR 

From Foi'ations V33 and A-3-> 

F =      kq/ffy +k(qJF \      eT) 

From Equation A-2, deleting XR and introducing the simplified notation 

Q« = [ülq"»x]| x'f
qR*0 

From Equations A-2°, A-34, and A-4I 
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The following equation can be derived from virtual work: 

A = *L e<i     *L *H <A-43) 

where 

A = a column matrix of joint displacements 

q^.ilu = matrices of statically determinate element forces resulting from unit loads 
coinciding in position and direction with the desired joint displacements 

Equations A-32. A-40, A-42, and A-43 give statically determinate deformations, element 
forces, reactions, and displacements 

Transformation of the Element Stiffness Matrix 

The matrix k (Equation A-30) is divided into partitions corresponding to statically determinate 
and redundant element forces. This partitioning can lead to inefficiency in subsequent operations 
performed on the stiffness matrix. A transformation that produces the usual and more efficient 
banded form of the unassembled stiffness matrix is presented. 

Let I = a column matrix of element forces in which the forces corresponding to any particular 
element appear consecutively. Then 

F = T F (A-44) 

where T is u Boolean transformation that reorders the rows of F. This transformation has the 
property 

:TT  - TTT = I (A-45) 

From Equations A-32 and A-45 

q,..,- TT T "k T7 7 qT
f eQ  = q|0 0 + q,f TT T k Tr Tfqfc AR     e"T) (A-46) 

qM  kq,', eQ  = q,.00 + qH  k|qT,  AR     eT J (A-47) 

where 

qH   = q, r T1 qR,   = qRF TT 

k      - TkTT er     = Tir.r 

The transformed element stiffness matrix k has the desired banded form. 

(A-48) 
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Let 

KQ    =kcJF 

K
QQ = qFF K0 

F
T    = k(qTFAR  -eT) 

From Equations A-47 and A-49 

(A-49) 

K0Q eQ   = %« * + <>FF FT 

Let 

e = Te er  = Te, 

(A-50) 

(A-51) 

Note that e, ej. . and ex are column matrices of element deformations, elastic element 
deformations, and unassembled element deformations arranged in the same order as the element 
forces in F. From Equations A-40 and A-45 

TF = - TkT1 TqTp eQ + T k TT T(qT
RF AR -e"T) 

From Equations A-44, A-48, A-49 and A-52 

F =     KQ eQ + FT 

From Equations A-42. A-44, A-45, and A-48 

(A-52) 

(A-53) 

(A-54) 

Statically   determinate   deformations,   element   forces,   reactions,   and   displacements  are 
computed from Equations A-50, A-53. A-54, and A-43. 

An equation for deflection influence coefficients can be obtained by substituting eQ  from 
Equation A-50 into Equation A-43, and setting 0 = I, FT = 0, AK =0, andqFA = qF« 

■'   6   =  < KW ^F, (A-55) 

where 6 is a deflection influence matrix. If qF<, is a matrix of statically determinate element forces 
resulting from unit loads in all unconstrained joint degrees of freedom, then qF(f is square and 
nonsingular and 5 is a nonsingular matrix of deflection influence coefficients for all unconstrained 
degrees of freedom. In this case 

where K is the structural stiffness matrix. From Equations A-55 and A-56 

KQQ   =   qF* K 1F0 

(A-56) 

(A-57) 
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The   static   stillness   matrix   is   related   to   the   structural   stiffness  matrix   by  a   simple 
transformation. 

STATIC FORCE METHOD 

The possibility of computing statically determinate element forces before c her unknowns is 
explored. 

Reactions are noi selected as redundants. From Equations A-6 and A-8, introducing the 
simplified notation of Equation A-20 

eQ   =   DQQ°I-+DQX  X + CQT 

From Equations A-7 and A-8 

eX   =   DXQ ^F + DXX  X + eXT 

Eliminating eQ and ex from Equations A-4, A-58, and A-59 gives 

(<»FX 
Doo + Dxo) QF 

+ (IFX 
D

QX 
+ Dxx) x ■ 

.. X =     AQ,  + B 

where 

A =(q£xDQX+Dxx)   ' (oJx D^ + DXQ ) 

qL e FX  "QT  _ eXT + ^RX AR 

B = (q^DQX + Dxx)  '( ^FX eQT       eXT + <* 
T    A   \ RX ^R) 

Eliminating X from Equations A-l and A-61 and solving for QF gives 

0,   = (l + qFX A)  ' (qFXB + q^0) 

A study of Equations A 62 and A-63 shows that the 

(A-58) 

(A-59) 

(A-60) 

(A-61) 

(A-62) 

are excessive. 

(A-63) 

computations involved in this approach 
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APPENDIX II 

COMPARISON OF COMPUTATIONAL EFFORT FOR FORCE AND 
DEFORMATION METHODS 

The comparison is accomplished by counting the approximate number of calculations required 
by each method to solve a typical aircraft structural analysis problem on the following basis: 

• Only multiplications are counted. 

• Element stiffness and flexibility matrices are assumed to be banded and very sparse. 

• The number of loading conditions is negligible compared to the number of element forces. 

This basis is considered adequate to establish the "break even" point between the force and 
deformation methods. The following computational procedures are considered separately: 

• Force and Deflection Analysis      element forces and deflections are calculated for a limited 
number of loading conditions. 

• Deflection   Influence  Coefficients      only   the  deflections  influence  matrix  is  computed. 

Force and Deflection Analysis 

The required force method equations are 

(B-l) 

(B-2) 

(B-3) 

(B-4) 

where I'x . f« and f& are nui rices of element forces in the statically determinate structure resulting 
from unit redundants. external loads, and displacement loads. 

The number of multiplications involved in Equation B-l is approximately nx nof., where 
nx = the number of redundants and nyi = the number of statically determinate forces. This esti- 
mate accounts for the sparse banded nature of D, and the existence in fx of a partition comprising 
a unit matrix. The number of multiplications in Equation B-2 is approximately n* . The solution 
of the equilibrium equations for fx and f0 is an additional source of effort. The number of multi- 
plications involved in the solution of these equations is estimated to be less than or equal to 
(nyi  + nx I n^j.. The remaining equations involve negligible calculation. 

'■ nRI M   =  nQI  + noi  nx + noi  »X + nx (B-5j 

no 

*xx = »x Dfx 

X = 6 
1 f XX 'x l)fo 0 

f = fx x+>, 0 

A = 'I DF 
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where nR(M = the number of multiplications involved in the force method. 

nRlM 
I + r + r ■ + 

„3 (B-6) 

where 
nx 

(B-7) »01 

I he required deformation   method equations are 

Koo   = qi l  k qn (Ö-8) 

(B-9) 

F       =     KQ eQ (B-IO) 

A       = qj4 t0 (B-l!) 

The number of multiplications involved in Equation B-8 is approximately n^L nx. This 
estimate accounts for the sparse banded nature of k and the existence in q|. j. of a partition 
comprising a unit matrix. The number of multiplications in Equation B-9 is approximately nip. 
The number of multiplications involved in solving the equilibrium equations for qpp and qj.# is 
estimated to be less than or equal to (n0| + nx ) nip . The remaining equations involve negligible 
calculation 

• "sot   = 2noi +:noi  nx (B-l2) 

where N'SD I  = the number of multiplications involved in the static deformation method. 

nsm 
•'■     =  2 + 2r (B-13) 

Deflection Influence Coefficients 

The required force method equations are again Equations B-l to B-"r inclusive, am1 the 
equilibrium equations. Take 0= I. a unit matrix, and qi A = qr-$. In this ••■■ ::, the effort involved 
in Equations B-3 and B-4 is not negligible. The estimated number of multiplications is given by 

RI- M 

 = 3 + 3r+ 2r2 + r3 (B-14) 
"QI 
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The deformation equations are 

KOQ   =  qFF k qFI- 

A        =  <4 KQQ %« 

plus the equilibrium equations. The estinated number of multiplications 

(B-15) 

(B-16) 

is 

'SDM 

'OF 

5 + 2r 
(B-17) 
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FINITE ELEMENT ANALYSIS OF THIN-WALLED STRUCTURES 
BASED ON THF MODERN ENGINEERING THEORY OF BEAMS 

By Tadahiko Kawai* and Toyohiko Muraki** 
Institute of Indut'.rial Science, 
University of Tokyo, Tokyo, Japan 

Noboru Tanaka*** and Takashi Iwaki**** 
Mitsui Shipbuilding and Engineering 
Company, Ltd. Tamano, Okayaroa, Japan 

A practical method of overall finite element analysis of thin-walled 
beam-type structures such as aircrafts, ships, bridges etc. is proposed in 
this paper. 
The analysis consists of two steps, the first of which is evaluation of 
various sectional properties of a beam with arbitrary cross section, 
especially St. Venant's torsional stiffness and warping torsional ctiffness. 
The second step is solution as well as formulation of overall stiffness 
equation of a given structure by using general stiffness matrix of a beam 
element which is defined with respect to an arbitrary point on the cross 
section.    For justification of the proposed method, results of shear 
flow analysis of some beam cross sections and overall torsional analysis 
of a container model ship as well as an actual container ship with their 
experimental data are shown. 

* Professor 
** Graduate Student 
*** Chief Research Engineer 
**** Senior Research Engineer 
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SECTION I 

INTRODUCTION 

In the field of structural engineering, it is a common practice to 
idealize slender plate structures as thin-walled beams with rigid coss 
sections and make stress analysis by using the modern engineering theory 
of beams.    Ships, bridges, aircrafts, railroad trucks, large üiuchine 
bases etc. are typical examples of such structures. 
Design philosophy of these structures has been based on the bending-torsion 
theory of thin-walled beams proposed by many outstanding scholars such as 
S. P. Timoshenko, F. Bleich, V. Z. Vlasov and so on before advent of 
electronic digital computers.    With the progress of high speed digital 
computers of large capacity, however, finite element method has been 
regarded as the most reliable tool on the stress analysis of thin-walled 
structures since the first celebrated paper on the displacement method of 
analysis proposed by Mr. M. J. Turner, Professor R. W. Clough, late 
Professor H. C. Martin, and Mr. L. J. Topp.    In the conventional finite 
element method, such structures are divided into laige number of beam or 
plate elements and overall stiffness equation is formulated by calculating a 
stiffness matrix of each element and assembling them after their trans- 
formation from the local to global coordinates.    And finally unusually 
large number of linear simultaneous equations should be handled. 
Today, however, no body doubts that elaborate analysis of such structures 
can be made only by solving these king size overall stiffness equations. 
In the initial design stage, use of such a general purpose computer program 
of the rinite element structural analysis may not be economically feasible, 
instead it would be the most powerful and effective if they are used  in the 
final stage of structural design.    It is the purpose of the present 
paper to propose a new finite element method of analysis of slender plate 
structures based on the modern engineering theory of beams, by which 
overall structural analysis of thin-walled structures can be made easily 
and quickly with minimum labour and cost for the required accuracy. 

Preceding page blank 
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SECTION II 

THEORETICAL BASIS FOR FINITE ELEMENT ANALYSIS OF THIN- 
WALLED STRUCTURES WITH A VARIABLE CROSS SECTION 

In order to formulate the theory of finite element analysis of thin- 
walled structures with a variable cross section, it is essential to derive 
a general stiffness matrix of a beam element which is defined with reypect 
to an arbitrary nodal point on a given cross section.    In this section, 
therefore, theoretical basis for finite element analysis of a thin-walled 
structure will be briefly described. 

2.1 Recapitulation of Modern Engineering Theory of a Beam 

Modern engineering theory of a beam is based on the following assumed 
displacement functions: (See Fig. 1) 

>   co 

where ( JJ" "JjT   W  ) represents the displacement vector of a general nodal 
point, while ( U  ( Z ), V~( Z  )) is the lateral displacement vector of the 
centroid, W ( Ä ) is the average axial displacement of the given section, 
and 9  ( Z  ) is the angle of rotation as shown in Fig. 1. 
cOn ( x * %   ) is tne so-called normalized warping function of St. Venant's 
torsion problem and it is defined as follows: 

? ^ 

(2) 

According to the well-known St. Venant's torsion theory, CO  ( X , U  ) is 
defined as a solution of the- following boundary value problem: 

A L) (*,}) — 0 

with the following boundary condition: 

9c0 
d% $ eaten,x) — xcad(n^) 

(3) 

(4) 

on the boundary curve C  for a simply connected region. (See Fig. 2) 
It is easily shown that the- corresponding variational problem of St. Venant's 
torsion problem is given r.s  follows: 

11? 
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B$. 1     F£M ANALYSIS OF ST. miMtS TORSION PROBLEM 

BY A TRIANGULAR  WISH ELEMENT 
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_M..^' = 0 (5; 

in which variation should be taken with respect to the warping function 
(J( X, jf-  ) as well as the rate of tw's»o( • 
The following two variationaH equati: us can be derived from Eq.(5): 

(Mi - ±K*)S<A - 0 ft) 

where fc is the St. Venant's torsional rigidity and it is defined by the 
following equation: 

K-jjm-->n%^\^ IS) 

It can be easily seen that Eq.(6) gives the well-known St. Venant's 
torsion formula in strength of materials, while Eq. (7) is mathematically 
equivalent co Eq-,.. (3) and (A). 
The first displacemant analysis of St. Venant's torsion problem should be 
credit to Professor L. R. Herrmann'."   independently T. Kawai proposed 
the method which is exactly the same as Prof. L. Herrmann and applied 
it to the torsional analysis of a shaft with a key hole in May 1968/*' 
Once the warping function CJ ( £, , M   ) is determined, various sectional 
properties of warping-torsion can oe calculated by the following formulae. 

(i) St. Venant's torsional constant K. 

(ii) Warping torsional rigidity fci^with respect to the centroid 

I0-JJ(ccVCZ,*)}2 <bcfy cio) 

(iii) Warping cross products of inertia 1*«, i«ywith respect to the 
centroid 

Of) 
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(iv)    Location of shear center ( X$ , Jfs ) 

r5 1st.       k--ir- °2) 

where »/ 

i« -// * v*^,  ^ -fff<*4 
Practical computation of various section properties can be made by using 
Simpson's Rule and computed results of 0L)K( X , H.  ). 
The three different finite elements for St. Venant's torsional analysis 
are prepared and they are shown in Table 1. 

The trifl'.^ular prism elemert is the most general element, especially 
suitable for torsional analysis of irregular shapes, while in case of 
thin-walled structures, the rectangular prism element is very practical 
and high accuracy of computation can be maintained with the coarse mesh 
iivision.    As a matter of fact, it is interesting to note that the 
finite element analysis with the plate strip element is equivalent in 
accuracy to the so-called shear flow analysis of the given thin-walled 
structures. 

Some numerical examples of St. Venant's torsion problem« are shown in Tig.3. 

2.1    Derivation of a New Stiffness Matrix of a Beam Element 
for Warping Torsion 

According to the modern warping-torsion tneory of a beam, ti.e 
governing differential equations can be given as follows: 

EI"' e"U) -GKSh) - m,co r»-4 
with the following boundary conditions at %   *  0 or £, 

ElfeaSe' - o us-*) 
where £ JM   is the warping torsional rigidity of a given beam with 
respecc to the shear center. 

It is easy to show that solution of Eq. (13-a) together with the boundary 
condition» Eqs. (13-b) and (13-c) is equivalent to obtain the approximate 
solution to satisfy the following variational equation: 

To derive the stiffness equation for warping-torsion of a bam, the most 
of investigators use the following displacement function: 

C/S) 
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where 

*' 
G-fci 

C«> FZ 
06; 

w 

This is the general solution of the following homogeneous differential 
equation: 

EIL e (i)-G-kdc*) -o        cm 
Professor J. i    _.vris has shown in his recent paper that the following 
stiffness matixx can be derived by using Eq. (15): 

MB. 

Km 0 

STM. 

-$'A**ki   .(fftaML-t) ($<ü»M 

(ffomkt-0 -$)(i-AM) -$<e**rn   (&*£&.) 

e, 
et 

el 

06) 

where Q     = £sinA.£, - 2 (cos/i£ -J), 
Undoubtedly this is an elaborate stiffness matrix of a beam element for 
warping-torsion, and indeed it is frequently used by many researchers in 
warping torsional analysis of beams. 
From the viewpoint of numerical computation, however, it is rather 
laborious to manipulate such matrices which are composed of hyperbolic 
functions.    In this paper, T. Kawai proposed a new stiffness matrix 
of a beam element for warping-torcion by using a polynomial of the 3rd 
order as follows:**5 

First of all, Q  ( 2 ) is assumed in the following form: 

09-0.) 

where 

ffl-b) 

Q(v -C H(*)] {C} 

[H(i)]-( /, *, i\ *31 

{i,}T — [ Co, C, Ctt Cs) 
and the nodal displacement<(^jis defined by the following equation: 

{ßf-CöL,   Bu\   ft,4'J (20) 
Denoting the length of a beam element by Jt  and taking the origin of the 
coordinates at the left end of a given element, the following equation 
can be easily derived: 

$(*)-1 Hto][/?]{*} (H-A) 
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where 

fA-'J   _ 
J 

2 
e3 

z 
T 

i 

3 
I 

(*1-b) 

Following the standard method of deriving the stiff™*   . , 
element for bending, the following equa^on of strf^n  "'***  °f *  bea" 
can be easily obtained: nation of strain energy variation 

where 

and 

CZl-a.) 

(22-b) 

[IKJ - rCHtofsiflHvJdi 
JO 

[£*]-['[ Hl'(*>U K [ tfcvj di    J 

Carrying out the calculation, the following matrices can be obtained 

(zz-C) 

or I 

IZEI™ 
SYM. 

tEl^ 

t>ei£u 

2EIJ" 

MIS" 

J,EI2> 
e ML Ct) 

% 

% 

C23~a) 

W 
(23-tj 
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A/A STM. Ä 

Ä /O 
2&KI 
(5 ar 

w« JX 
GK 
10 4 

5* /O 
QKH 
30 " 

crK         2$fc^ 
* 

C24-«.) 

or UJ -ffejfflj a4-t; 

Denoting the nodal force vector and stiffness matrix of a beam element for 
warping-torsion as {fojand [foj respectively the following stiffness 
equation for warping-torsion can be obtained as follows: 

in which 

t^#J-£KJ+C^J 

(15-*) 

C25-W 

{2S-C) 

and the complete form of L$\0jwill be seen in Appendix (I). 
Application of the newly derived stiffness matrix lmK$]ior  warping-torsion 
to some simple beam torsion problem will show superiority of this matrix 
to the stiffness matrix defined by Eq. (18). 

2.3 General Stiffness Matrix of a Straight Beam Element with 
a Constant Cross Section which is Defined with Respect 
to an Arbitrary Point f>( X,,& )*** 

In order to obtain the general stiffness matrix, the stiffness 
matrix of a beam element can he formulated by simply assembling bending 
stiffness matrices with respect to principa1 axes passing through centroid 
Ckul» [IKrJ» the warping torsicnal stiffness fl^Jand the stiffness matrix 
of axial deformation fff^Jas follows: 

/, 

9 

OKJ   |     o     \     o      \     0 
*           * 

*s 

0         ftjkrj   \       O        \       o Ub 
0      ]     °      \LM   !      o m 
0        \       0        \        0        \   [%9\ 9 

CU) 
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C27; 

It should be mentioned that the lateral displacements ( ^s , 1/f ) of a 
beam element are defined with respect to the shear center, while 
displacement uf  is the average axial displacement of a given section and 
that it is not necessarily equal to yjfc , 

CIKJt-J, fftj, fforjand CfoJ are given in Appendix (I). 
Now the general stiffness matrix which is defined with respect to an 
arbitrary point p  can be obtained by a standard transformation procedure 
of stiffness matrices. 

In order to obtain the transformation matrix [Tl,  Eq. (1) is slightly 
modified and given by the following equations: 

W (K l V  — UT(M) -X aft) -?qf(t) + 9(£) (con(x^ f) 

where ( #j ( € ), Vf ( Z   )) is the lateral displacement vector of the shear 
center. 

From Eq. (27) the following equations can be easily derived: 

Us CD —UfCi) +fad(*) 

W(f) — UtfC*) +2fUfCi) + frVf(i) - $'(0u>nf> \       <**-*> 

Us(*) — Uf(t) -fr* &'(*) 

V$(t) —Vptt) ~Xrs0'(£) 
where 

J 

(20-*; 

( Ufj( i  ), 2/f( Z  ), WA i   )) is the displacement vector of an arbitrary 
point P on a given cross section. 

Using Eq. (28), the following transformation matrix can be easily obtained; 

I • 
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•   i II] i   •   •Ml] 

*           * 

[fe] : tt»J ffl]  [ Ct-J 1* 
 j r 7 . 

0       \       °       \        °       \   11} (9 
k                  i 

£27) 

where fljis an uuit matrix of (4 x 4) or (2 x 2) and rectangular matrices 
[txl >  Ct»] and Ct»))are defined by the following equations: 

[t.J- 

(t,J 

ftj 

»i i 

O        \         O                  Xf      \         O        \ 
 1 * -i-  

o       \       o       X       o       \       x+ 

9      j °     \     h    i °  --_j. H 1-  

r • i i i 
 T 1 ^-___— 

0        \        O 0        >     -<*J?if 

\ 

J 

(30) 

Writing Eqs.(26) and (29) in the following form: 

{J} - LK)H} 
i*} = IT){<M 

(31) 

(it) 

where 

J(9l*) 

m- 
[tV] e        »       « 

• llK>]  •    • 

0 0 0 I« 
IT]' 

111 •    • *>tö 
♦ [I) •"*ra 

•   I) 0 (9 

X»-« 
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the general stiffness matrix Cff\J can be finally obtained as follows: 

[K] - (TÄKKT1 

CM 

CÄ4.J 

TW 

[*4»3 

 1  

 J  

(A4,]      j     fÄ44] 

04) 

where C^c,J( 6 ,j = 1,2,3/0 are defined by the following equations: 

CÄI»]—Cttx3TC/K«r3, 

QW-CI«ftd, 

r^J-fc£fcKtAl<rJ[M 

[At]-rw[i|] 

r*4>-rKrjftj 

(3S) 

r w- -*,. ricrj+ ctj£icirjc%],  c &,j «ctjT( K»J 

The final explicit form of the general stiffness matrix [|K.Jis given in 
Appendix (II). 
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2.4 Evaluation of Additional Stiffness of Transverse Stiffening 
Members such as Bulkheads, Ring Frames or Cross Decks 

In actual ship structures it is a standard practice to put transverse 
stiffening members such as transverse rings, bulkheads or cross decks in 
order to increase their stiffness. Additional stiffness matrix of these 
stiffeners[ A*«]0*" be cooPu'te<i bv the following standard formulae: 

(«.««.»)    OJ - [iflks) [I)        <*> 
in which [ As) i8 the stiffness matrix with respect to the local 
coordinates taken on the stiffeners and they are evaluated by basing on 
the simple beam theory. The transformation matrix rX i is also given 
by the following expression: * 

[ $ ] - [A 1 [XX 1 (37; 

in which [Al is the angular transformation matrix between coordinates 
of a stiffener and coordinates of a given beam element, and it is given 
as follows: 

(A] = A,: 
K 

(38) 

( Aj ]. f Ay] are the angular transformation matrices at the point Q 
and R respectively. While ( Q ] is the point transformation matrix 
between the points Q or R and the beam nodal points. It is generally 
given by the following equation: 

WJ- (j»; 

In which [ cOil is defined by the following matrix equation: 
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ro) BULKHEAD 

Cfr) CROSS PECK 

%4.    CALCULATION   OF ADDITIONAL    STIFFNESS 
MATRICES   OF CROSS DECKS OR BULKHEADS 
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( Bxq, UM , Gio  ) ,  .. 
it  i. H<,*M  - v *u    an6ular displacement vector of a coi^t 0 
it is defineu by the following equation: P    Q 

fl _ t  ( 3Y     3V\ 

and 

(4/) 

where 

7*-<**-**    ,    77,= (^}>,^ 

(4\-<0 

(4\-b) 

It should be mentioned that stiffness matrices of stiffeners thus calculated 
( ks ] &re defined with respect to the shear center of a given beam element. 
Therefore, [ f[s ]   she old be added to the stiffness matrix of a given beam 
element before applying the point transformation matrix [ § ] between the 
shea:- center and an arbitrary paint P. At this point, it ia interesting 
to note that reduction of the ele. ?nt stiffness due to cutouts of openings 
can be estimated exactly in the same manner, but in this case, [ /[s ] 
should be considered the negative stiffness. 
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2.5 Fmito Element Analysis of a Beam with Variable 
Cross Section 

Once the stiffness matrices which are defined with respect to an 
arbitrary point p of a given section are obtained, it is a standard 
practice in the displacement method of analysis to obtain the following 
overall stiffness equation: 

LK){dl} -(Fj C42) 

That is, formulation of overall stiffness matrix can be made after 
transformation of element stiffness matrices from local to global coordinates. 
It should be worthwhile to mention the methoa how to restrain the rigid 
body movement in case of unrestrained structures such as ships, aircrafts 
and so on.    In case of statical analysis, such a rigid body movement 
can be easily eliminated only.by suppressing the displacement vector of a 
certain nodal point, i.e. ttf  ■ Zf - Up  ■ Of   * Vi' - $   = 0, and it is 
clear that such operation does not produce any stress in a given structure. 
In the following Section, torsional analysis of a container ship model and 
actual ship will be described.    In case of ship structures, the cross 
section is symmetric with respect to jf- axis and only distributed torque 
will be considered as external forces in these cases.   Therefore the overall 
equation can be written in the following form: 

JK-uuJ O        1        o 
1 r*£)' \t+ 0 

0 

0 

F 

0 

0 

0 

c 

VTf, 

_ rtisj i 
i      .> 
i to * 

r*3) 

From this matrix equation, the following equations are finally derived: 

with 6ty » ^ m O 

(44) 

Eliminating /t^j from both equations of Eq. (44), the following equati 
for warping torsion will be derived: 

([&?] - [&Sr)CK*?][K*^) l®\ - {¥)   CAS) 

Solving Eq. ( 45 ), torsional deformation of a given structure can be 
determined.    And fbe associated horizontal movement ran be also 
determined by the following equation: 

on 

w —-[Ku-;j[Ku$rj(0j (A4) 
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SECTION III 

APPLICATION OF THE PRESENT METHOD TO THIN-WALLED STRUCTURES 

In order to investigate the effectiveness and applicability of the 
present method to stress analysis of actual thin-walled structures, the 
finite element analysis on the torsional strength of a container ship model 
was made and a fairly good agreement between results of the present finite 
element analysis and experiment was confirmed. 
Then overall torsional analysis of an actual container ship was carried 
out and again the result of analysis based on the present method was found 
consistent with experimental data obtained by the full-scale testing of the 
same ship. 

3.1 Statical Analysis of a Container Ship Model 

Container ships would be typical examples of thin-walled structures 
where the torsional strength is considered one of important design parameters. 
K. Enomoto and others previously conducted experimental and theoretical studies 
on this problem by using a ship model as shown in Fig. 5. 
Fig. 5 shows the mesh division of the model structure. 
Furthermore, effects of cross beams or transverse members on the overall 
stiffness of a given structure were considered in this analysis and 
comparative study between theory and experiment was conducted for the ship 
model with and without eleven bulkheads.    The detail of the bulkhead 
structure is also shown in Fig. 5. 

3.1.1. Evaluation of Torsional Stiffness of a given Ship Model 

This model ship has four different types of cross section shown in Fig.5. 
Evaluation of these section properties was made by using the computing 
program for analysis o>" St. Venant's torsion problem as indicated in Section li- 
lt is found that evaluation of torsional stiffness can be made easily by 
using very coarse mesh division with rectangular prism elements shown in 
Table 1. 

3.1.2. Experiment 

The ship model was fixed to a rigid base at the point (l) in Fig. 5 
and concentrated twisting moment was applied at the point (2^, 
The applied torque was measured by a load cell and the deformation of the 
ship model was measured by dial gages placed at several different locations 
and from the results of which the angles of rotation were calculated. 

3.1.3. Comparison of Analytical ai'd Experimental Results 

In Fig. 6 the result of analysis is shown in comparison with the 
experimental data, and result :■■£  the convertional finite element analysis 
is also shown in Fig. 5. 
In view of a fairly good agreement between theory and test results it may 
be concluded that the finite element analysis based on the present method 
could be a simple and yet reliable method as far as the overall structural 
analysis is concerned. 
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3.2 Application of the Present Method to Analysis of an 
Actual Ship Test 

Full-scale torsion test of a newly built container ship, whose name 
is "Australia-Maru" (total length 212,992 M? breadth 29,000*M, depth 
16,3000 H", draft 10,500 rtM) was previously conducted at the Tamano Shipyard 
of the Mitsui Shipbuilding Company and at the same time conventional finite 
element analysis was carried out to check consistency between the theory and 
experiment.w*  In order to confirm reliability of the calculated results 
when the present method is applied to analysis of actual structures, the sane 
test result was analyzed again. (See Fig. 7-a,b,c) 

3.2.1. Full-scale Testing of the "Australia-Maru" 

Torsional loading was applied to the "Australia-Maru" by filling water 
in the ballast tanks.    More precisely, two antisymmetric but equal 
loading conditions with respect to the vertical plane passing through the 
centerlird of the ship were considered.    In each loading condition, water 
was filled into the ballast tanks such that she may be not only in self— 
equilibrium but also under combind bending and torsional loading. 
Therefore pure torsional deformation can be obtained by simply taking the 
difference of measurement data corresponding to each loading condition. 
Fig. 0 shows the distribution of torsional moment. 

3.2.2. Measurement of Torsional Deformation and Horizontal 
Displacement 

Horizontal displacement of the ship hull was measured by using laser 
beam on the starboard deck and differences of vertical displacements 
on both sida of the ship were also measured by using the manometers at eleven 
stations.   Using measurement data by the manometers the rotation angle of each 
cross section £?  can be computed by the following equation: 

y> — *£*"(■$) *> x (4V 

where    A : difference of water height on port and starboard 
jt  : distance between manometers placed on port and starboard 

In order to conduct the full—scale testing under the same ambient condition, 
sea, air, and hull temperature histories were continuously measured by 
Cu-Con thermocouples.    Measurements of wind and draft were also made. 
During the test effects of rolling and heeling motion of the ship were 
carefully controlled. 

3.2.3. Finite Element Torsional Analysis of the "Australia- 
Maru" based on the Present Method 

Basing on the present method, torsional analysis of the "Australia- 
Maru" was carried out by dividing the whole structure into 25 beam elements 
as shown in Fig. 7  and evaluation of sectional properties of each element 
was made by using the computer program for shear flow analysis of St. Venant's 
torsion problem.    Fig. ^ shows two typical examples of these section 
properties evaluation.    The calculated distribution of warping-torsional 
as well as St. Venant's torsional rigidities are shown in Fig. 10. 
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And distributed twisting moment TTlj for one loading condition is approximated 
by eleven concentrated torque as shown in Fig. 8. 
Formulating the overall stiffness equation of 101 x 101,it was solved by 
the HITAC 5020E ( 65 KW, 32b<tt/w)  installed at Main Campus of the 
University of Tokyo. 
Computer-used time for evaluation of 20 section properties and overall 
torsional analysis are 2 *u"t- 06 tUC-  and l'*n**t-37 '**c- respectively. 
All input data preparation was made by a design engineer and it took him 
about 7 days. 

3.2.4. Comparison between Result of the Present Analysis and 
Experimental Data 

Calculated distributions of rotation angle and horizontal displacement 
are shown in Figs, ff and f% , respectively. 
In these figures not. only measured data but also results of two theoretical 
analyses are plotted together in comparison with the results of the present 
analysis.    The one of which is a theoretical analysis made lv K. Enoinoto, 
N. Tanaka and others, and it may correspond to the solution of ÜKb2{$}s {T.) 
i.e. Eq. (25-a;V   In this analysis they obtained the numerical solution 
of the differential equation governing 3 given warping-torsion problem by 
using a digital computer.    Another analysis is the conventional finite 
element analysis made by S. Sanbongi, N. Tanaka and others'.'" 
From these figures it can be seen that the result obtained by the present 
method is in good agreement with measured data of the full-scale testing 
and the present authors believe high potentiality of the proposed method 
in stress analysis of actual thin-walled structures. 
It should be especially mentioned that the present method of analysis can 
be made even by using small computers with reasonably low cost and labour 
for preparation of input data to compare with the conventional finite element 
method of analysis. 
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SECTION IV 

CONCLUSION 

Basing on the modern beam theory, a new finite element method of 
analysis of thin-walled structures was proposed in this paper. 
Applying the present method to stress analysis of a container ship model 
as well as a real container ship "Australia-Maru", fairly good agreement 
between theory and experiment was confirmed. 
Important feature of the present method may be stated as follows: 
(a) Finite element analysis on the St. Venant's torsion problem initiated 

by Prof. L. R. Hermann is extended to evaluate various torsional 
constants such as, X«u , I«»jt, Ju»* and location of shear center. 

(b) A new stiffness matrix of the beam element for warping-torsion is 
developed by using the 3rd order polynomial. 

(c) Finite element method of analysis of a beam with variable cross 
section is proposed.    This method may be in principle the same 
as the method proposed by Professor J, H. Argyris, but it may be 
superior in simplicity of theoretical formulation. 

(d) Practical method of e^^mating effects of cut-out or transverse 
stiffnening members on the section properties of a given beam 
structure is proposed. 

(e) Size of stiffness equation may seldom exceed several hundreds 
in the present method so that small computing facilities will be 
sufficient for the overall analysis of structures at initial design 
stage. 
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FINITE ELEMENT MODELS OF NONLINEAR OPERATOR EQUATIONS 

J. T. Oden* 

The University of Alabama in Huntsville 

The fonrlation of finite-element models of nonlinear potential 
operators is presented in tnis paper.  The variational theorems of Mikhlin 
are extended to nonlinear and nonpositive operators using the theory of 
Vainberg on potential operators. Completeness and convergence criteria 
for certain nonlinear boundary-value problems are examined.  A method for 
constructing variational principles for nonlinear operators that do not 
satisfy the potentiality conditions is presented.  Examples are given 
which involve nonlinear partial differential equations and integral 
equations. 
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I.  INTRODUCTION 

We shall be concerned with the approximate solution of certain 
nonlinear boundary-value problems characterized by equations of the 
form 

<?(u) = 0 (1) 

where 9  is a nonlinear operators and u = u(x) is a function whose domain 
is a closed region ft of k-dimensional eucli<Tean space £*. Here x s 

(x,,Xg,...,X.) i' a point in ft and u must also satisfy certain boundary 
conditions on the boundary aft.  We shall emphasize finite-element approxi- 
mations of (1) based on equivalent variational statements of the boundary- 
value problem, and,consequently, 9 shall be considered to be a potential 
operator. Further restrictions on the class of operators and the function 
u are to be stated in subsequent sections. 

Some Definitions and Theorems. To set the stage for the approximate 
solution of (1) by the finite-element method, we present here a number 
of definitions and theorems basic to the study of variational methods for 
nonlinear operators.  For additional details, the work of Vainberg [l] 
can be cot,suited. 

We shall be primarily concerned with approximations of elements of 
real Hilbert spaces.  The inner product of Kwo  elements u andLv is 
denoted (u,v) and the natural novm 
of the difference of two elements, 

uj| of an element is (u,u) .  The norm 
u - v||, defines a metric or distance 

between the elements u and v.  If H  is a real Hilbert space, sequences 
u*,u ,...,uB,... in W are denoted {uB}.  If v and u0 are fixed elements 
of U,  a sequence {un} converges weakly to u0 if lim (v,uB) ■ (v,u ); 
otherwise, convergence of a sequence {uB} to u0 implies that l^m fiu"- u || * 
0.  M is complete if every Cauchy sequence (i.e., every sequence [uB] such 
that lim hu" - uB|j = 0) converges in U  (i.e. has a limit u that belongs 
to *)V 

The construction of variational principles related to (1) is based 
on the concepts of differentiation in normed spaces, and the idea of 
potential operator«.  Let 9 dt.iote a mapping of some subset 6 C U  into a 
novraed space If and let R denote the real numbers.  Then 

• 9  is Gateaux differentiable at the point u c int (&) if there 
exists an operator D^i(u,h) such that for any h € W 

Urn ± \\9(u + oh) - <?(u) - Mu,h)|| - 0 (2) 
OHO a V 

Here » (R and D~(u,h) is called the Gateaux (or weak) differential of 9 
at u. 
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• Let 9 have aaGateaux differential D^(u,h) at u linear in h; then 
the linear operator 9{\i){  ), where £(u)(h) - I>o(u,h), is called the Gateaux 
derivative of 9 at u. 

• 9 is Frechet differentiable at u e int(fi) if there exists a linear 
operator 6#(u,h) such that for any h (K, 

(liKo !l*<u + h> - *<u> - 6<?(u>h)H " ° (3) 
6£(u,h) is called the Frechet differential of 9 and the collection of terms 
9(u  + h) - 9(u)  - 5#(u,h) ■ u)(u,n) is called the remainder; likewise, the 
linear operator 9' (u), where 9' (u)(h) = 6#(u,h), is called the Frechet 
derivative of 9 at u. 

• Theorem 1.  (Vainberg [l]).  If the Gateaux derivative exists and 
is continuous in some neighborhood of u, then D^->(u,h) exists and equals 
6£(u,h). 

We remark that second-and higher-order Gateaux and Frechet derivatives 
can be constructed by applying (2) or (3) to the first derivatives 9(u) 
or 9' (u).  For example, If 

lim ||60(u + k,h) - 6#(u,h) - 6a?(u,h,k)l| = 0 
IWI-o 

then the bilinear operator 9"   (u), where 0"(u)(b,k) ■ 6a^(u,h,k), is rhe 
second Frechet derivative at u.  If 62#(u,h,k) ■ 6 £(u,k,b), then 9  is 
symmetric at the point u.  To continue: 

• Let K: M ■* R denote a functional which has a linear Gateaux differ- 
ential on some set Ä c M. Then the operator 9 defined by the formula 

<<?(u),h> - lim ~  [K(u + ah) -   K(u)3 (4) 
or*) 

for any h e K is called the (weak) gradient of K at u and is denoted 9 ■ 
grad K.  (If K is Frechet dlfferentiable, grad K is called the strong 
gradient at u). 

• An operator 9. U  -» 1/  is potential on a set 6 C U  If there exists 
a functional K(u) such that for every u €  fl, 9(u)  * grad K(u). 

' Theorem 2 (Vainberg [l]).  Let 9 be a continuous operator with a 
linear Gateaux differential at eveiy point u In the set & * {u: Jju - u || < r}; 
then a necessary and sufficient condition that 9 be potential on £ is that 
for every h,k (6, 

<D^(u,h),k) - (D^(u,k),h> (5) 

153 

 »'mil 



,, ,^ttf*S^ 5KV* >- -^.^TWBIWP^*,  ' «^9  1 

This theorem provides a test for the potentiality of any given 
operator 9.     If the operator in (1) satisfies (5), then we can proceed 
directly to the construction of a variational principle corresponding to 
(1) by applying the following fundamental theorem. 

Theorem 3 (Vainberg [lj). Let 9 be a potential operator satisfy- 
ing (5).  Then there exists a unique functional K(u), whose value at u 
is Ko, such that grad K = 9.    Furthermore, K(u) is given by 

1 

I K(u) = | (9(u +  su - sup), u - uo)ds + Ko        (6) 

0 

Here s is a real parameter. 

A point uoc &  is a critical point of a functional K(u) defined on 
Ä if grad K(u ) = 0, 0 being the zero element in J9 c H. Moreover, if 
K(u) ä K(u0) for all u c &0

C $, then u0 is called a global minimizer of 
K on &0   (or, if K(u) ^ K(uo) for all u in § H *, g being an open neighbor- 
hood of u„, then u0 is a local minimizer of K). As expected, if u0 is a 
local minimizer of a Gateaux-differentiable functional, then grad K(u ) ■ 
0; that is, uo is a critical point of K(u).  If the second Gateaux dif- 
ferential I^KCu.h.h) exist3 and is positive definite (i.e. DaK(u,h,h) > 0 
for all h ( 4 ) at a critical point u0 of K(u), then uo is a proper local 
minimizer of k(u)(i.e. K(u) > K(uo) for all u e &o).    If I^K^.h.h) is 
positive-semidefinite at u ,u is a local minimizer of K(u). Finally, if 
u is a critical point of K(u; jnd D K(u0,h,h) is negative definite or 
negative semidefinite, then u0 is a proper maximizer or a local maximizer 
of K(u), respectively. 

II.  GALERKIN'S METHOD; LINEAR OPERATORS; 
NONPOTENTIAL OPERATORS 

Galerkin's Method.  It is interesting to note that the idea of potential 
operators can be used to motivate the approximate solution of (1) by 
Galerkin's method. Let 9 be a potential operator defined on a set $ of 
a Hubert space ]i  and let V.  denote a G-dimensional subspace of U  spanned 
by a set of G linearly independent functions cp (x), qi, (x),.. i ,cpa (x) c M.. 
We wish to determine coefficients aa  so that the function 

u = a cpff(x) (7) 

represents an approximate solution to (1) in M.  Since 9  is a potential 
operator, there exists a functional K(u) such that grad K(u) ■ 9(u): 
indeed, if u* is the solution of (1), 

grad K(u*) = 9(u*)  = 0 (8) 
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that Is, the solution Is a critical point of K(u).  In view of (4), (8) 
Implies that 

<0(u*), h> - 0 (9) 

In other words, £(u*) = 0 by virtue of the fact that it is orthogonal to 
every h in a set &0  assumed to be dense In U. 

_    Galerkin's method amounts to forcing ^(u) t«"- .. ..isfy (9) in W.  If 
h is an arbitrary element of M, we set 

<t?(ü),h> = <<?(ü),h8cpB> = hV(ü),cpe> = 0 (10) 

g 
and since (10) must hold for arbitrary coefficients h*", we have 

(0(*\),  cpB> = 0 (11) 

Equations(11) represent G independent (generally nonlinear) equations in 
aa which, when solved, determine the approximate solution (7).  We also 
observe that (11) represents the requirement that the residual 

r = <?(a°9 ) i  0 

be orthogonal to W.  In fact, (11) must be satisfied If u of (7) is to 
be the "best" approximation of up in H.    To prove this assertion, assume 
the contrary; i.e. (-r0,h) = a f  0, and, without loss in generality, set 
||h|| - 1.  Then, if r = r0 + orh e M, consider 

il^di*) - r||3 - <£(u*) - r0- ah, 6>(u*) - r0- ah) 

=  ||0(u*)  - rj|a- a<h,£(u*)  - ro> - ar<0(u*)  - ro,h> + a3 

Since 0(u*) = 0,   <h,£(u*)  -  r > -  (h,-  r.) * Of and 
0 0 

||*<u*) - r|r - ||*(u*) - rj|a - a3 <||*<u*) - rj|8 

Consequently, the measure ||^(u*) - #(u)|| is a minimum when a ■ 0.  Then 
r ■ ro and (re,h) *  0, as indicated in (11) 

Linear Operators. Mikhlin [2] presented a detailed investigation of 
variational principles associated with linear positive-definite opera- 
tors encountered in boundary-value problems characterized by equations 
of the form 

£(u) - f (12) 
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Z  being the linear operator.  If a solution to (12) exists, then it can 
be shown to minimize the functional 

J(u) = <&i,u> - 2<f,u> (13) 

It is interesting to note that (13) can be obtained as a special case of 
the theory outlined in the previous section.  Consider the nonlinear 
operator 

*<u) = £(u) (14) 

Setting u0 = 0, Ko = 0 and introducing (14) into (6), we get 

1 1 

K(u) -       <£(su)   -   f,u)ds = | [sCCu.u)  -   <f,u>]ds = |<fii,u>  -   <f,u> 

0 0 1 
■ \ J(u) (15) 

Thus (12) is the Euler equation of 2K(u). 

Nonpotential Operators.  The restriction that #(u) of (1) must be potential 
in order to develop an associated variational statement of the problem 
appears to be very severe, for it is not difficult to cite important 
examples in which (5) is not satisfied.  Yet, in these examples, applica- 
tion of (11) may lead to meaningful approximate solutions.  The question 
arises as to whether or not it is possible to subject a given operator 
equation, involving a nonpotential operator, to some type of transforma- 
tion which will render it potential and still preserve the properties of 
the solution of the original equation.  We present here an affirmative 
answer to this question based on the procedure often employed in the solu- 
tion of systems of nonlinear algebraic equations of constructing a func- 
tional which takes on local minimum values at the points satisfying the 
given system of equations [3J. 

Let 9 be a nonlinear operator from M into 1r,  not necessarily poten- 
tial, and consider the problem of solving the equation #(u) ■ 9, where 
6 is the zero element of 1/  (we use 9 instead of 0 temporarily to distin- 
guish elements of If  from the real number 0). Let g:V *• R be a functional 
with the following properties: 

(i) g(9) < g(v) for every v c %  v t  <J 

(11) g(9) - 0 

Set 

J(u) - g«?(u)) (16) 
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1 
h 

then 

Then the solution u* of <?(u) * 9 Is a (unique) global minimizer of J(u). 
Furthermore, if 

(ill) g(u) is Frechet differentiable and has a unique critical 
point at 6 c 1r 

then 
grad j(u*) - 0  0(u*) - 9 (17) 

For example,   suppose that  ||v|| denotes the norm in If.    If we set 

g(v)  - ||v||a -   (v.v) (18) 

j(u + oh)  - j(u) = <#(u + ah), 9{\x + ah)) -   <0(u), &(u)) 

« ||6#(u,ah)||s + :<6#(u,ah), 0(u)) 

+ 2<uj(u,ah), ö>(u)> +  <#(u + ah),  u)(u,ah)) 

Urn I [j(u + ah)  - j(u)] = 2<*'(u)(h), *(„)> = g' (<?(u)).&' (u)(h) 
a-K) a 

(19) 

Hence, if grad j(u*) = 0, g'(9) * 0, which implies that v - 9 is the 
critical point of g. Likewise, if &(u*)  = 9, then grad j(u*) ■ 0. 

Obviously, the choice (18)leads to least-squares approximations. 
Still other choices are possible.  For example, if £ is a positive-definite, 
symmetric, linear operator on 1r,   the procedure leading to (19) yields 

and 

(grad j(u),h) = 2<£«?(u)), <?'(u)(h)> (20) 

Since h can assumedly be taken from outside the null space of the linear 
operator £'(u), vanishing of (20) implies that £(#(u*)) • 0. But since 
£ is positive definite, the unique solution of £(£(u*)) = 0 Is 0(u*) ■ 9, 
which is the solution of the original problem. 

III.  FINITE ELEMENT APPROXIMATIONS 

In this section we shall briefly review certain properties of 
finite element approximations viewed as a special method of interpolation. 
Specifically, if U(x) is a given function (x («c«*, U(x^ € CP(R)), 
what are the properFies of a finite-element~approximation~U(x) of U(x) 
which coincides with U(x) and certain of its partial derivatives at a" finite 
number G of nodal points'x  ( 8, A ■ 1.2,...»G? We first record a number 
of results and definitions' given in [3J: 
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• To construct a  finite element model of U(x), we partition H  into 
E subregions n , r? ,. •. , rf (finite elements) connected continuously to- 
gether along interelement_boundaries. While x^ denote global nodal points 
in the "connected model" ft of Ä, locally we denote nodal points in element 
r by xjj , N » 1, 2,...,Ne; N„ being the number of nodal points of re. 
Thi? decomposition of vZ into elements is then implied by 

x; = %* (2i) 

where the Boolean matrix &* =  1 if node N of r is coincident with node A 
in the connected model and^^ = 0 if otherwise. Here and henceforth, 
repeated nodal indices 4(N) are summed from 1 to C'N,). Also, for sim- 
plicity, we assume that the local and global coordinate systems xe,x 
coincide i\nd we affix an element label (e) on various local quantifies 
only when their local character is of special importance or is not 
clear in the context. 

• let -ie(xe) denote the restriction of U(xJ to re and let uJJ, u£ ,, 
• ••»ujji,,„i  denote the values of ue (x) and its partial derivatives up ho 
order r at node N or re . The local Tinlte-element representation of 
ue (x) is of th^ form 

u.(x) wüe(x) = u»f°(x) + u« !i|rj(x) + ... + u" ,   , fll   f(x) 

(22) 

where  N is   summed  from  1  to Ne   and  the  interpolation  functions   fj)(x),..., 
ill,,1"     r(x)(ii  £ i..   £...£ ir =  l,2,...k) have  the  following properties: 

i, l. °v s_   '(x:> 
ox,   5x i   ... dx; 3 1       J R J r 6;^;...6,; 

r i s 

(23) 
r = s 

(ii) If I    is a characteristic length of re, there exist bounded 
dimension less functions cp°(5), where §, ■ Xj/£., such that 

l 

*°(x) - '^(5), *i<x) = Ä. «p.1 (§),..., <|lN
X   r(x) - rcpN

x   '(£) 

(24) 
and for every x = x € r , 

i ...i 

! *; (x) I « K0, | ** (x) | c i^ ,..., | iH
l        T (x) | s £JK,      (25) 

where K ,K, ,....K. are constants < <*> and independent of i 

l 

a»*,       '(x) 
(lii) T ?- r-  s r-'K (26) 

dx, dx, ...ox,    •  ■ 

158 



»WfJM.« in I ■"■  '■'""™ - t^mmmmmmmmmmm^-r^m^m 

: " ■    I  *    '     " 
.-..,,., I 4.'-     ■  : <!***&$${ 

m s: r, s = 0,1,... ,r. 

A finite element approximation of the form (.22) is said to belong 
to a family dT  of finite element approximations if at least one partial 
derivative of order r is specified at a node. All elements of the family 
are generated by allowing the coefficients uj,...,tij {   ..M  to t ake on 
all real values. For example, u, = u*i(r£(x) ■» u* nfJ^bO and u„ = u* iPfJ

3(x) 
define two different 5a families of finite-element approximations. 

• The global approximation of U(x)is of the form 

U(x) *Ü(x) = uV(x) + U
A,§'(x) + ... + UA.   , ^1"'lp(x) 

(27) 
where U , U .»••«>"",» ...j  are the values of U and its partial derivatives 

at global node x (ft  and $^(x) ,..., $."   r (xj are the globalapproxima- 

tion functions; that is, %*''" *(x) is the restriction of $ "■   "(x) to 

Refinements, Diameters, and r-Equivalence. We can generate sequences of 
approximations of the form (27) by constructing refinements of ft;   that is, 
we refine ft  by identifying a new finite-element_model 1?' obtained by 
increasing the number of elements and nodes in ft.    We consider only uni- 
form, regular refinements; i.e. refinements in which the same tvpes of 
elements and interpolation functions defined on ft  are used for ft'  and 
every node and interelement boundary in ft  is a node and interelement 
boundary in ft'. The diameter 6 of an element re is the maximum distance 
between two points x ,v (  re (6# = max J|xe- ye|j), and the nipsh 6 of e 
model ft  is the maximum diameter of all eTements in ft(6 = max {6 ,68,..., 
5E}). Obviously, for a sequence of refinements [ftp]  we require that ehe 
meshea 5" -* 0 as T  "* x. 

• Let f(xe) and g(xe) be the restrictions of two functions f(x) 
and g(x) to an~ele;nent r~" of diameter 6e. Then f(x) and g(x) are 
r-equivalent on re with respect to the norm ||«|| if*- 

||f(x.) - g(x.)|| s K6; (28) 

where K is a constant independent of 6e. Unless noted otherwise, by 
equivalence we shall henceforth mean uniform equivalence of functions, 
i.e. f(x) and g(x) are uniformly r-equivalent iff |f(xe) - g(xe)| <: KSr, 
xe ( re7 

• Let U(x) be a function defined over a finite element model ft;  U(x) 
is r-comformabTe if U(x) and its partial derivacives up to and including"" 
those of order r are continuous at every interelement boundary in ft. 
Obviously, if li(x) ( Cr (ft), then U(x) is r-conformable. 

Theorem 4. [4J Let u(x), x ( ft,  be continuous, together with its 
partial derivatives of order~"p, and let the p + 1 st partial derivatives 
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be piecewise continuous and bounded. Let u(x) e 3>r be an r-conformable 
finite-element approximation of u(x) which, together with its partial 
derivatives up to order r, coincides with u(x) at each node x  e ft. More- 
over, let 5r contain a subfamily Jt of complete polynomials o? degree p 
and let r ■ p - 1.  Then, at every point x e r eft, 

iu(x)Mi..Mj -U(X)MI..MJI sc6r
i-j 

j ■ 0,1,2,...,p, where C is a constant independent of 6€ 

(29) 

Proof:  A similar theorem was discussed by Arantes e Oliveira [4J. 
We shall reproduce briefly the basic ideas of the proof following the 
plan in [3J. 

Since u(x) (  CP(R), we may write 

ue(x)  =u« + ujl(v  K«)+   ...+-^iy:  «(^^..../x^-x.M 

x   (x,        -   X.N        ) 
p+1      lJ+l 

where x,  xN   c re  and x*  c {y: 9x +  (1 -  0)xN • y, 0 S 8 S l),    If p(x)   € J> 
is a compTete polynomial of""degree p, we can acTjust  its coefficients  so 
that 

|u,- p| * C06"+1,...,   |u.#li.,tlj- P,ix...iJ *Cjö»+1-J 
(30) 

Here Cj depends on the bound of the p+1 derivative of u# and we have 
used the fact that |xj- x^\  s 6, for every i.  Since u and p c 3r, 

l • • • l 
p(x) - Ü(X) = (p*- aN)tg(x) + ... + (p»    . , - UN      , >* l     r(x) 

(31) 

where, ir. view of the fact that, by definition, u coincides with u at its 
derivatives of order p-1 = r at the nodes at?; p can be made to coincide 
with the first p terms of an expansion of u, a'out xN, 

lp?v-'. -^...».I ««r1" 02) 
Introducing (31) into (30) and making use of (22) - (25), we get 

|p.i1...iJ-
Ä.«x...tJl *M:+X-J        <33> 

Thus, from (a), 
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*   l<u   *   P),l1...iJ I   +    l<U   "   P>, Ia... 1 , 

s (c, + Mjjer1"3 - c6;+i_J 

which proves the theorem. 

It is not necessary to limit the finite element approximations in 
3r to polynomials.  We can generalize Theorem 4 as follows: 

Theorem 5 Let u(x) be as in Theorem 4 (i.e. u(x) e CP(R)) and 
u(x) f 3r be an r-conformable finite element approximation of u(x) at 
which, together with its partial derivatives of order r, coincides with 
u(x) at each node xÄ ( ü.     Let 3r contain a subfamily J> of functions 
whose jth partia. derivatives are p+l-j-equivalent to the corresponding 
derivati js of a complete polynomial of degree p;j=0,1,2,...,p.  Then 
(29) hcldj. 

Proof:  Let p(x) e J>.     Then, by hypothesis, the following hold: 

UP " P>,ix i, I s M.'ri-.' (34) 

i • • • l 
uu> • P(x) = (uN- p")+°(x) + ... + (G\ ..., - p«  ..., )* l    '(x) 

— 'IF    'Mr ■- 
(35) 

However, since 

lu?i,...l * PV...l s- lu\ ;.,....,- PJ^.-^I+IP:.,...!/ p;.r 

we have from (30) and (34), 

(u - p) . .... | s N.6; + 1" • (36) 

where N, are constants.  Equations (30), (34), and (36) now lead directly 
to the conclusion of the theorem: note that 

Thus 

<u " ">,it i, = (u - p + p - p + p - u) , ..., 

(" - «>,M...i,| * |(u - P),.i...:,\  ♦ |(P - P)fli...,j * l(P * «>,!,...i 

s (C,+ M. + N.)5,; *:~- - c«;*1": 
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Theorem 5 ia thus proved. 

We remark that, because of the assumption of r-conformity, we can 
go directly from (28) to the globa estimate 

(« - «),«1...tJl * C6>
+1"J C37) 

where  6  is  the mesh cf  the model rf.    Obviously,   if j  s p,   lim|(u  -  u)   ,       ,   | 
0. fi-<0 *   1%"   i 

IV.     CONVERGENCE 

We shall now demonstrate that i~ is relatively simple to .jrove 
convergence of finite-element approximations of (1) for tue case in which 
9 is potential and the solution u* is a local minimizer of the functional 
K(u) corresponding to 9  (i.e. ^(u) ■ grad K(u)).  Indeed, the proof is 
essentially ttu* same as that for linear positive definite operators because, 
under the stated conditions, the quadratic terms in h in K(u + h) - K(u) 
dominate those of higher order in the neighborhood of the critical point 

Let U denote the solution of the finite-element approximation of the 
nonlinear equation (1). That is, among all functions of the form (27), 
that which minimizes the functional (15) in ehe subspace i  described by 
the approximating functions f^(x),... in (27), is the function U.  Further, 
let 0 denote another member of T which, together with its derivatives of 
order r, coincides with the exact solution u* at the nodal points of a 
finite-elereent model of the domain "£ of u*. Then 

|K(Ü) - K(u*)| s |K(Ü) - K(u*)| (38) 

Thus, we need only show that there exists a constant C and an interger 
m > 0 such that 

|K(U) - K(u*)| s C5" (39) 

where 5 is the mesh of ä. Then, in the limit a« 6 ■* 0, |K(Ö) - K(u*) | -+ 0, 
which, according to (38), implies that also |K(U) - K(u*)| -» 0. 

Let 

h = u* - U (40) 

and consider the functional 

(u) - I F(x,u) K(u) « I F(x,u)dÄ (Al) 
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3 

where, for brevity, F(x,u) denotes a function 

F(x,u) = F(x,u;u,,;uM ,;...,u,    , ) (42) 

We assume that F(x,u) is continuous on ft and 6 and that all of its partial 
derivativer with respect to the arguments indicated in (42) are continuous 
and bounded for every x  i A. 

Subject to all the conditions stated thusfar, 

I £(u*)hdÄ + I 1 ^K(u.h) s K(u* + h) - K(u*) = I £(u*)hdÄ + I F*(x,u,h)dft    (43) 

ft ft 

whare, for every h, 

OF 5   ^F    >| . ,   ,  , v cl }'c /       JF 

»'. i • i p 

(44a) 
and 

( £ ^ 
^u.i1'"*u.t/ 

F*(x.u,h) -    2,"; !^hB + äu---:- 
n=2 l 

.du   ,        »i 
h  .   ...h 

d"F 
du »!!•••«Pl 

,.. du 
B '   P 

h   . .   ...h  , 

t 

(44b) 

Equation  (44a)  is merely a restatement of the assumed  fact that ^(u) = 0 
is the Euler equation of K(u). 

It  follows  from   (43)   and   (44)   end  the assumed  properties of F(x,u) 
that 

|,4K(u,h)|  s W S*->   -max   IS  |h|" + ""ax   Ix ^T 1 lh   i i   1+ •••! 1     v,/i Zjn • du"11 |du1...otiil,»1X»««1Bl j 
n=2 » * i >    n 

wherein *?/ is   :he volume of ft and C is a constant.    Therefore,   there exist 
positive constants such that 

|AK(u,h)|   * C y^;   :kon max|h|" +  K, „max |h p, | H   ...  + Kpptnax |h>, ^ __ ,   In J 
*-' X X X * " 

n — 
(45) 
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We now assume that the conditions of Theorem 5   (or Theorem 6) hold 
so that   (37) applies.    Then,  from  (40)  and   (45),   it  follows that 

|K(U)  - K(u*)|  s C* y ^,   [KcnCo
n(6p+1)n +   ... + KpnCj6n] 

n=2 

or,  as  5 -♦ 0, 

|K(U)   - K(u*)j  ■£. C6a (46) 

Therefore, m of (39) equils 2 and we have proven convergence of K(U) to 
K(u*). 

V.  APPLICATIONS 

A Nonlinear Partial Differential Equation.  To demonstrate representative 
applications of the theory presented thusfar, we consider the nonlinear 
boundary-value problem 

- ^(u; = 2(u= + ujj^u + 4(u^uxl+ 2u,uyu][j+ u;Uyy) - u + f = 0 

(47) 

where u = u(x,y), ut  • bu/$x,  uf  = c3u/dxdy, etc. and (x,y) c •<; on the 
boundary tt  we assume, for simplicity, that u = ux= u = 0. Here f -' 
f(x,y) is a prescribed twice continuously differentiable function. 

It is natural to first question whether or not the operator 0(u) is 
potential.  Introducing (47) into (3) (or (2)) and performing the indicated 
manipulations, we obtain for the first Frechet differential of 9 

5<?(u,h) - hP°(u) + h^^u) + hyP^u) + hE,P
3(u) + hxyP*(u) + hyyF

5(u) 

(48) 

where, for simplicity in notation, we have usec 

P°(u) = 1  ;  P:(u) = -U(U,V3M  + 2uru„+ 2uyu,y) 

Pa(u) « ^(u^u + 2u,uIy + 2uyUyy);   P
a(u) = -2(3uf + u^) 

P*(u) «= -8u,uy   P
5(u) = -2(uf + 3u?) (49) 

Thus, 9  is potential if 6i?(u,h) satisfies (5).  If k is an arbitrary 
function from the class of functions satisfying the boundary conditions, 
we find 

164 



«■HP -IIIM"^- 

/ 
(5*?(u,h),k>  -   <6?(u,k),h) -   I h(kQo+ k.Q^ kyQg+ k„Q3+ k,,«^ kryQs)dxdy 

(50) 

where 

Qt  =  Pj   - 2P1 +  2P3 

Q,  = 2P5   -  2P3 +  P4 

5 

(51) 

and, in our particular example, Q3 
= Q4 = Q5 - 0. The vanishing of 

the functions Q0, Q , and Qp are clearly sufficient for 9  to be potential, 
upon introducing (49) into (51) we indeed find that all Q, in (50) vanish. 
Hence (5) holds and <? is therefore a potentia1 operator. 

It follows that there exists a funttiorai K(u) whose gradient equals 
<?.  Introducing (47) into (6), with uc * 0, we find after some lengthy 
algebra that 

K(u) =| I :(uf + u?)a )a + u2 - 2ufJdxdy (52) 

It is easily verified that (47) is the Euler-equation for K(u). 

Observing that 

AK(u,h) = K(u + h) - K(u) 

I h^(u)dxdy - \   I [P"(u)h" + | P4(u)h,hr+  PE(u)hJ]dxdy 

+ 2 J Kh? + "A h2
x + u,hth= + uyh3)dxdy + \   | (h^ + h^)sdxdy ?/<"■ 

Hence, for h, h„, and hy sufficiently small, the solution u* of (47) is 
a global minimizer of K(u) if, for u* t  0, 

P3(u*) > 0    P3(u*)P"(u*) - ^ P4 (u*) * 0 (53) 

In view of (4S), these conditions are satisfied for real-valued functions 
u.  Thus, we may impose the convergence criteria discussed earlier. 
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To construct a finite-element approximation of the solution of (47), 
we first observe that p of (37) is, in this case, unity. Therefore, we 
need only use piecewise linear approximations of u. For example, locally 
we have 

u. * <as + b»/)"N (54) 

where, for triangular elements, N = 1,2,3 and or - 1,2; x1 = x, xa = y. 
Hence, u, = bN1, u ■ bN„. Locally, the functional K(u) of (52) b. omes 

K.(u) »| (U*VU*UXVR5 + BMNu
MuN - 2uNfN)       (55) 

vhere 

\-«i = ae\ab»a
b«Bb»B        B«N =   I *-*Ndxdy        fN =  p,dxdy    (56) 

r 

Of 
Here ae   is the area of the element,   l'N(x,y)  = aH + b ^x  ,  and a,  0 =  1,  2, 
Thus,  minimizing K (u)  among all  functions of the  form  (54),  we obtain 
the  system of cubic  equations, 

"VuS(ANM,,+ A,NMS) + u%,   =  f, (57) 

Global forms are obtained by connected elements together in the usual 
fashion. 

A Nonlinear Integral Equation.  As a final example, we consider the non- 
linear integral equation 

t 
Idu(x.T) a i2u(x,r) 

G(t-T)^ ~ J   —^h-  dr - f(x,t) - 0    (58) 

J 
0 

where x = (x;y) (SCJ and, for simplicity, we assume that uK(x,t) = 
uy(x,t) = u(x,t) = 0 on X and u(xO) ■ C. We also loosen the conditions 
on T»,v), requiring only symmetry"~and linearity in u and v and that 
(u,v> = 0#v or u = 0.  In the present case, we define [5] 

(u,v> = j u* <u,v> = I u*vdrt (59) 

8 

where u*v denotes  the  convolution 
t 

I u*v  '- I   u(t-T)v(T)dT (60) 

0 
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Alternately, to account for possible discontinuities in u, we could ufe 
the Stieltjes1 integral u*dv; but we assume sufficient continuity in t 
in the present example so that (59) is adequate. 

It follows that 

<<?(su) ,u> ■ I [s3G*uau J *u - f*u]dxdy (61) 

Thus, introducing (61) into (6), integrating by parts, and making use 
of the homogeneous boundary conditions and the commutativity and 
associativity of the convolution operator, we obtain the functional 

K(u) = \-2    J [G*u3*ux - 12f*u]dft (62) 

Hence, we have derived a varidtional principle associated with the non- 
linear integral equation (58); that is, K(u) of (62) assumes a stationary 
value when u satisfies (58). It is not difficult to verify that (58) 
is, indeed, the Euler equation of (62), for 

lira - rK(u + oh) - K(u)l 
<r*0 a ' 

lim — K(u + ah) 
*-0 * / 

(G*uau„- f)*hd« = <#(u),h> 

That is, £>(u) = grad K(u). 

The construction of finite-element approximations cf (58) is now 
straight forward. Locally, if we use the linear approximation in (54) 
with uN = uN(t), we find that 

lim |j K(tNu" + c*iNh«(t)) = h"*[| C^X"'«*"") + j  CSR „„ (G*usu*u«) 
or-H) 

f„] - 0 

where 

C,M« S   a\ l
b«lb»lbMl     fN 

= I f(x,t)^(x)dxdy 

(63) 

(64) 

Since hN(t) and their histories are arbitrary, the term in brackets in 
(63) must vanish, and we obtain as a discrete model of (58) a system of 
nonlinear integral equations in uN(t). 
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This paper presents some basic considerations to a most 
fundamental finite element scheme for initial value problems. 
The stability and the convergence of the approximate solution 
are obtained theoretically under some fundamental assumptions 
on the spatial operator, and it is shown that this scheme is 
applicable to wide and important classes of evolution equations. 
Numerical experiments are also performed to various kinds of 
evolution equations in order to demonstrate the validity of the 
present method. 

SYMBOLS 

H 
X 
A 
D(A) 
R(A) 
u, v etc. 

( , ) 

un, vn, etc. 

At, Ax 
I 
u 

a real or complex Hubert space (usually L2) 
a Hilbert space in which the problem is considered 
an operator in X; A:X        X 
domain of A; D(A)      X 
range of A; R(A)     X 
elements of X; if u is a vector with m components, it is designated 

,1 ,.71, T (    T: transpose) 
as follows; 

u = ( u\ 
inner product of X; sometimes ( , )^ is also employed. 
norm of X; sometimes ||  |) ^ is also employed. 
a self-adjoint operator in H; it is often positive bounded below. 
derived energy space by a self adjoint positive bounded below operator B. 
inner product of Hg (energy product) 
n.xm of HD (energy norm) 
subspace of X in which approximate solutions are sought (n=1,2,. . .) 
elements of Sn 
continuous approximation operator of A; AR: Sn       Sn 
time 
time and spatial mesh sizes 
parameter; 0.0 <, 6 <. 1.0 
t + Ut 
0u(t+At) + (1-0) u (t) 
reference element in Sn for the check of consistency 

"Graduate Student, Graduate School of Engineering 
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I.      INTRODUCTION 

Recently, finite element methods have been employed not only in structural 
problems but also in non-structural ones, and a range of their applicability is 
enlarged from linear boundary value problems and eigenvalue ones to nonlinear 
problems and initial ones.    In fact, equilibrium or steady states in nature can 
exist only approximately and linearity is also idealization of nonlinearity.    There- 
force, these effects should be taken together and analyzed at the »me time in 
rigorous treatment, and as a matter of course much consideration should be now 
given to nonlinear and dynamic problems in the finite element methods (Refe.ences 
1 and 2). 

However, the foundation of such analysis dees not seem to be sufficiently 
developed, though some basic investigations have already been made mainly in 
wave and heat equations (References 3-11).    For example, the instability of numer- 
ical solutions which one encounters in the analysis of dynamic problems by the 
finite element methods is an important thing that must be solved, and the situation 
will become more complicated if nonlinearity is introduced.    It is also to be noted 
that the finite element methods should be valid irrespective of types of differential 
equations such as hyperbolic and parabolic, because different kinds of phenomena 
must be treated «t the same time in the analysis of general complex systems. 

This paper is intended to give some basic considerations and to present a 
unified treatment to a certain extent to a fundamental class of linear and/or non- 
linear initial value problems from the above-mentioned standpoint. 

The finite element method for initial value problems heretofore developed can 
be probably classified as fol'ows, where the space «s discretized by the usual finite 
element technique in all case«; 

(1) finite difference methods: time is discretized by suitable finite difference 
schemes. (References 3-7, 9-11). 

(2) direct generalization of the finite element methods <n space: time and 
space is simultaneously discretized by similar methods to the usual 
finite element methods (Reference 12). 

(3) some special methods based on the linearity or other character of the 
considered systems; mode-superposition methods and Laplace transform 
a.e examples of such methods. 

(4)    other methods 
times possible. 

vor example, combination of (1) and (2) may be some 
(Reference 13). 

Though the methods belonging to (3) are very convenient for special classes of 
problems and have been often employed, they have common fatal defect of difficult 
application to nonlinear and time-varying systems.    On the other hand the methods 
belonging to (1) and (2) can be used to nonlinear problems at ieast formally. 

This paper first presents some considerations to the methods belonging to (2), 
and then discusses mainly a special fundamental type of method belonging to (1) 
both theoretically and experimentally.    That is, the popular method in which the 
first order finite difference quotient used in the discretization of the time is 
exclusively discussed.    This method has often been employed in special classes of 

Preceding page blank 
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problems, but some extension is made so that it car deal with wider classes of 
problems by imposing some fundamental properties on the spatial operator inde- 
pendent of linearity and nonlinearity of the problem.    As a result, it is shown 
that the present method is applicable to fairly wide classes of evolution equations 
such as heat, wave, and Schrodinger equations, and unified treatment becomes 
possible to a certain extent.    Furthermore, it is also shown that the class of 
problems treated in this formulation nearly corresponds to the class to which the 
theory of nonlinear semigroups in Hubert space can be applied. 

Numerical experiments are also conducted to some evolution equations in order 
to show the validity of the present theory, and it is demonstrated that the present 
method is actually applicable to various kinds of initial value problems. 

In the course of the present theory, the elemental part of the functional 
analysis is used, and the concepts and techniques of the finite difference methods 
are also introduced if they are considered to be necessary. 

II.    PRELIMINARIES 

In this section, some preliminaries are given briefly in preparation for the 
subsequent sections. 

II - 1.    General 

Let X (or sometimes H) be a real or complex separable Hilbe.t space and the 
inner product and the norm of X be denoted by ( , ) and ||     <|   respectively 
(Reference 14). 

Let A be an operator with both its domain and range in X; 

A : X X (1) 

A is generally unbounded and nonlinear.    The domain and the range of A are 
designated by 0(A) and R(A) respectively.    Boundary conditions associated with A 
are assumed to be homogeneous in the theoretic*! treatment of this paper. In the 
present theory, A is required to satisfy the follow ng condition; 

(CA)     Re(Au - Av, u - v) >     || u - v||2      for      u, veD(A) (2) 

where      is a real constant independent of u and v.    If     > 0 (X)), then A is 
called accretive (strictly accretive).    In such cases, -A, is called dissipative (strictly 
dissipative) (References 14-17). 

The condition (CA) can be regarded as a kind of stability condition.    That is, 
the system is stable if A is strictly accretive, and, even if      <, 0, it can be stabilized 
by adding XI to A, where I is the identity operator in X and \ > - Therefore, 
this condition may not be sufficiently general but can be regarded as fundamental. 
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If X is a general Banach space in which the inner product is no longer available, 
(CAi is replaced by the next condition; 

(CA'J |u-v + X(Au-Av)J   £ (1 +     X) || u — v ||   for    u, veD(A)      (3) 

where X is an arbitrary positive number that satisfies 1 +      XX). 

Let Sn be a finite-dimensional subspace of X (n ■ 1,2, ).    It is not 
necessarily required that Sn    Sm if n < m, but the next condition is always required; 

for      ueX, at least one un e  Sncan be chosen for each n(= 1,2, . . .) in 
such a way that 

lim H un - u ||   =0 (4) 
n-rf» 

Let us consider a continuous approximation operator of A; 

An : Sn Sn,    D(An) - Sn (5) 

It is required that 

for      ueD(A), at least one un a Sn can be chosen for each n such that 

lim || Anun - Au ||   = 0, lim | u„ - u |   =0 (6) 

Moreover, An conserves (CA) in Sn; 

Re(Anun - Anvn, un - vn) ^     | un - vn || 2      for      un, vneSn     (7) 

where      is not necessarily equal to      , but   it is independent of n, and      > 0 
( > 0) if   ^ 0 ( > 0). 

The existence of such subspaces and approximation operators is assumed in this 
paper, but the condition that X is a separable Hubert space is usually necessary. 

11-2.    Approximate method for boundary value problems 

Let us consider the following boundary value problem. 

(BVP) Au=f for f e X (8) 

where A is the operator given in II - 1 and it is assumed to be strictly accretive 
in this case.    The uniqueness and existence of the solution are assumed here, but 
Galerkin's metric ' is often employed as a mean of constructive proofs (Reference 15). 
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The approximate equation to (BVP) is given as follows by use of An and Sn 

introduced in  II  -  1; 

Anun = fn fcr       fn e Sn (9) 

where fn satisfies the following condition; 

lim I fn - f||   =0 (10) 
n-oo 

The uniqueness of un in (9) is apparent because >0, and its existence can be 
proved by use of Brouwer's fixed point theorem because An is continuous in Sn 

(Reference 15).    In linear problems, the existence is derived from the uniqueness. 

A simple error estimation of up in  (9) is given as follows; 

K - uii = mi" <K -u« +   1   !Anu*n - fn||) (ID 
un e Sn 

This estimation is exact because u*n can be taken as un and the second term in 
the right side of (11) vanishes for un.    The convergence is assured if the conditions 
(6), (7) and (10) hold, where the next relation is used; 

l|AnUn " U   ^«Anu; -fl!   +ilf-y <12) 

The formula (11) is useful if a simple u*  can be easily found.    In the finite 
difference methods, the restriction of u of (8) to nodal points is usually used as 
u*, but its analog does not seem to be always effective in the finite element method. 

In the finite element method, Sn is usually constructed as follows; 

(a) Sn    D(A) 

(b) for      ueD(A), at least one un e Sn can be chosen for each n such that 

lim || Aun - Au|   = 0, lim | un - u ||   =0 (13) 
n-°° n-» 

Then An and fn are decided as follows; 

An " PnA' fn a pnf M4) 

where Pn is the projection operator from X into S„. In this case, the conditions 
(6) and (10) are assured because fl Pn jj <; 1 and (13) holds, and in (7) can be 
taken as     because 

Re(Anun - Anvn, un - vn)=Re(Aun - Avn, un - v„) >     |un-vn|
2 

(15) 

for      un, vn e Sn.    The con.iivjity of An is assured if A is hemi-continuous 
(Reference 15). 
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Sometimes, the present conditions for Sn and An are too strong for practical 
uses.    !f A is a self-adjoint positive bounded below operator in X (or H), then 
the theory of energy space can be employed and tho conditions (13) can be 
replaced by the following ones; 

(V)    Sn   HA 

(b')    for      ueH^, at least one i!neSn can be chosen for each n such 
that 

lim | un - u |   =0 (16) 

where H^ is the energy space derived by A, and |     J   is the energy norm.    An is 
defined as follows; 

(Anun, vn) =  [un< vn] for      un, vneSn (17) 

where ( , ]   is the energy product (References 18 and 19).    In this cass     can be 
taken as     again.    A simple error estimation is, as is well known, given as follows; 

| un — u|   = min ju*-u| (u, un = solutions of (8) and (9) 
u*eSn respectively} 

Therefore, un itself can be used as u*  in (6), though it seems meaningless for the 
present problem (BVP). 

The theory presented in this section is an abstract theory of approximate methods 
for (BVP) in Hubert spaces, and it is effective not only to the finite element methods 
but also to some other methods such as the finite difference methods.    It is also to 
be noted that the non-conforming solutions in the (pseudo-) finite element methods 
are still vali ! if the corresponding An satisfies the above-mentioned conditions. 

III.   INITIAL VALUE PROBLEMS AND SOME APPROXIMATE METHODS 

In this section, the evolution equation to be treated in this paper is introduced 
and some approximate methods for it are given. 

Ill - 1.    Initial value problem 

In thi: paper, initial value problems are treated in the form of the following 
evolution equation; 

4^ + A(t) u = f(t)    , 0 <  t <   T 

(19) 
u(0) = u0 

(IVP) dt 

where t indicates time and T is a positive constant which can be usually taken 
arbitrarily.    It is assumed that ugeD(A) and f(t)eX at each t.    A(t) is an operator 
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in X at each t and is admitted to depend on t smoothly.    Furthermore, A(t) 
satisfies (CA) at each t, and      is dependent only on T.    If (IVP) is considered 
in 0 < t <°°  then      is assumed to be constant.    The term f(t) is separated 
from A(t)u for convenience sake. 

If some subsidiary conditions are imposed on A, f and UQ, then the wel!- 
posedness of (IVP) is assured by the theory of nonlinear semi-groups (References 
16 and 17).    The unified treatment cf nonlinear evolution equations is available 
to the extent of the above-mentioned classes, as far as the authors know.    It is 
also to be noted that representative initial value problems in mathematical physics 
can be included to the present classes as will t e seen in Section V 

In order to solve (IVP) approximately, the following discretizations are generally 
needed; 

(a) discretization with respect to t 

(b) discretization with respect to X 

'n the r       quent sub-sections, some approximate methods will be ^hown briefly. 

Ill  - 2.    Boundary value techniques for initial value problems 

Generally speaking, initial value problems (an be interpreted as a kind of 
generalized bot-ndary wlue problems if the initial conditions are regarded as boundary 
«cL.es.    Therefore, the met'.od giver, in !i  - 2 can be employed to them if they 
satisfy the conditions given there.    In such treatment, the Hubert space should be 
constructed on X x   [ 0,T ]. 

Of course, the popular step by step methods are usually more convenient 
because less numbers of unknowns are needed at each step.    However, the boundary 
vdiue techniques may be effective to periodic and short transient problems, in which 
long-time calculation is not necessary     Moreover, this approach can be regarded as a 
direct extension of the usual finite element methods based or  Rayleinji-Ritz-Galer 
kin s method.    This type of method is proposed by Zienkiewicz and Parekh (Refer 
ence 12), and a finite difference method using a similar (a little different, though) 
approach is discussed by Caraso sud Parter (Reteence 20)     Some results wi!« also 
oe given by the present ai'tliors (Reference 21). 

In order to treat  (IVP) as (BVP).  the next  inner product a^d norm are intro 
duced; 

((u, v)>  =  /    (u,  v) dt ;;      u = v    <(u.  u)) (2C) 

Thus a  Hilb»rt space can be constr  cXed on  X  x   j 0,T ) 

'n the case that A  is rtr.tiy accret^e ,  it can be proved that the next operator 
is strictly accretive in this new Hi bert sp^ce, 

A    =       <*-♦  A (21) 
dt 
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The proof is; 

Re((Au - Av, u - j}) « % f u - v J 

£       /   |u-v|*dt 

0 

T T 

+ Re /    (Au - Av, u - v) dt 

0 0 

(22) 

III u - v III 2 

where the following assumption is made; 

u = v at     t = 0 (23) 

In the case      ■£ 0, the transformation u = exp(X t) v gives the next problem; 

dv 

dt 
♦ exp(- Xt) A exp(Xt) v + Xv « exp(-Xt) f(t).    v(OI = u(OI  (24) 

and A = d/dt + exp(    Xt) A exp(Xt) + X I is strictly accretive if X> - 

Of course some consideration is necessary with respect to the domain of A exp(Xt) 
as was pointed by Koto (Reference 17), but this method is applicable at least 
formally ?nd n certainly valid if A is linear 

1(1  -   X    ,'emi-discrete meth^-ds 

In this subsection, two types of semi-discrete methods (Reference 22) are given 

(a)    discretization only to t; in this case, d'dt is replaced by its finite Jiffer 
ence analog; 

u(t + At) - utt) 

At 
♦   Alt   iu(i)   =   f(tl,       u(0)    «   Or (25) 

where   At      time mesh size (  t  =  m A t  . m = 0,  ', 2 ) 

r    t  ♦ 8 A t , ( 0   :  parameter. 0 <; Ö •£ 1.0 ) 

u         ><uf!   ♦   At)  ♦   (! - O)u(t)                     (Fig.   1) 

(b)    discretization only to X m this case   X and A art replaced by Sn and An, 

du 
£    ♦  An"n  *  fn«> un!0)  = u n0 (26! 

vvnere fn and u^ art: suitable approximations of f and on     This method is 
called Faedn-GaSerkm's method ■< An and fn defined in (14) or (17) are used 
{Reference   15) 

The discussion of  these methods are omitted here, but  it  is to be noted that 
they sometimes give jjeful information as the foundation of the perfectly discrete 
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method given in the next section.    Especially, the scheme (25) is valid if 0.5 ^ 
0 £ 1.0.    Furthermore, it is valid even in general  Banach space if 0  =  1.0 
(Reference 14). 

IV.   A FINITE ELEMENT METHOD FOR  INITIAL VAl UE PROBLEMS 

In this section, a finite element scheme belonging to step by step methods is 
given and its validity is discussed. 

1.    Formulation 

The equation (19) is now discretized with resp3ct to ooth time ind space; 

u_(t + At) - un(t) ~    - 
_"___"__   ♦ An(t) un(t)  = fn(t).        un(C) « un0 (27) 

where ?, un(t), An, fp and unQ are perfectly «tie same as those of (25) and (26). 
In order to solve (27), one begins from unQ and proceeds step by step.    The scheme 
for 0  = 0.5 is known as Crank-Nicolson's one in the finite difference methods 
I Reference 23).    Practically, the schemes for 0 = 0.0, 0.5 and  1.0 are mainly employed. 
Of course, it  is assumed that An satisfies (7) at each t. 

Some similar schemes are also available, 

unlt + At) - u_(t) ^ -s     , -N, 
—- "■—  ♦ 0An( t) un(t + At) + (1 - 0)An(t)un(t) = fn(tl      (28) 

«At 

u_(t + At) - un(t! _ 
 Ä + "An(t + A,,un,f + M) + !1 - 0)An(t'un   ] = fn<r> (29! 

where fn(t") can be replaced by Fn(t)  if  it  <s preferred.    These schemes coincide with 
(27)  if An is linear and  independent of  t, but the results obtained for (271 do not 
seem to hold generally except  for 0  = 0.0 and   1.0. 

IV  -  2     On the validity of the present method 

In order to give rigorous treatment to the approximate system the nr xt three 
concepts that have been mainly used in the finite difference metrods are employed 
m a little modified  forms (References 23, 24 and  251 

(a)     consistency      this condition  implies that  the approximate syitem  actually 
approximates the original  system  (19), and is defined as fjllows, 

for the solution  u of  '19!, at  least one u^ t   Sn  cjn be chosen for 

each n in such a way that 

hm     T 

At     0 

--  0. ,30' 
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where 
u*   (t + At)-u*  t) «,%-.,, 

At 

(31) 
u--u 

The convergence in (30) is assumed to be uniform in [ 0, T ]. Ii: some relations are 
necessary between n and At to achieve consistency then the schene is calied condi- 
tionally consistent.    Otherwise, it is called unconditionally consistent. 

(b) convergence : this means that the approximate solution un converges to the 
exact solution of (19) in the metric of X as n«* and At 0. The conver- 
gence is pomtwise in  [ 0, T ]   and not necessarily uniform. 

(c) stability : this means that the growth of the approximate solution is bounded 
to a certain extent. In the present case, only stability with respect to initial 
value and external source term is considered and it is given as follows; 

"„<«!   £   ^mKfOJi   + C2<T> II!   fn 0 < t < T (32) 

where Cj and C2 are nonnegative constants dependent only on A nd T, and 

fn HI x =      sup I fn(t) 
0 < t < T 

(33) 

Usually un(0) ^id fn in (32) can be replaced by u(0) and f. 
Sometimes a little stronger condition is preferred; 

un(t) vn(t) < C1(T)! un(0) vn(0) + C2(T)i|| fn - 9n i|| (34) 

where un(t) and vn(t) are solutions o' '27) corresponding to the initial 
values un(0) and vR(0) and the force terms f-, and gn respectively. 
Equations (32) and (34) are identical    1 linear problems but seriously 
different in general nonlinear problem-; 

The existence and uniqueness of the approximate solution are also essential, 
though they can be derived from stability in linear problems.    In general nonlinear 
problems, uniqueness can be obtained from the stability of (34) but existence is 
r.ot assured from the above mentioned three conditions     Therefore, a proof of the 
existence is given in the nex( section in the case of general approximate methods. 
It  is also to be noted that convergence is assured if the stability of the type (34) 
and consistency hold.    This is known as Lax Kreiss' equivalence theorem in the 
case of  linear problems     On the other h„nd.  uniqueness and convergence are not 
v^ orally obtained fron-  the stability of  (32) 

The definition of consistency presented here is a little modified so that  it 
is available to general purposes     This is mainly due to the fact that the restriction 
of the exact solution u to nodal points, which  is usually employed in the finite 
difference methods,  i$ no longer effective in general approximate methods.     Fuilher 
more,  this consiitency  condition  is necessary  for convergence by  the samr  reason  in 
11-2 

179 



>*+MM        ' '   ' 

In the case of the finite element method, the consistency can be assured if 
Sn is chosen as follows (cf.  II  - 2); 

(i)    Sn    D(A) 

di)   for u of (19), there exists at least one u*   in each Sn such that 

(ii -  1)    lim |jun(t)-u(t)|   = 0 
n-oo 

At dt n-oo 

At   0 

= 0 

(ii - 3)    lim |A(t)un(t)-A(t)u(t)||   = 0 
n-oo 

At   0 
(35) 

(ii  - 4)    lin. I A(tlu(t)- A(t)ud)||   = 0 
At   0 

where the convergence is assumed to be uniform in  [ 0, T ].    (ii  - 4) is a smoothness 
condition for A and u.    Generally it can be expected that the value of (ii - 2) is 
smallest for 0  = 0.5 if u is sufficiently smooth. 

As for the stability, it can be easily shown that the next conditions are suffi- 
cient ones; 

j|un(t-> At),  < (1+C3At)  ( £ u„(t) | +C4At|ü  fn||| „) for (32) (36) 

wn(t + At) J < (1 + C3At)  ( I wn(t) | + C4At ||j hn HI « ) for (34) (37) 

where C3 and C4 are nonnegative constants independent of n, t and At, and 
dependent only on      ', and wn -  un  - vn, hn = fn  - gn. 

By using (7), the next main result of this paper with respect to existence and 
stability of approximate solutions can be obtained; 

In the case 0.5 < 0 < 1.0, the approximate solution of (27) exists uniquely 
and the stability of (34) holds if At < Cc (    '), where Cc is a positive 
constant dependent only on (if    ' > 0, then Cc can be taken as 00.) 

Of course, the convergence is also assured if the consistency is guaranteed. 

IV  -  3.    Sketches _of__P_foofs and some Remarks 

In this subsection, the outline of the proofs of existe'Cfi and stability is given. 

(a)    existence and uniqueness o< the approximate solution  ( 0 < 0 < 1.0 ) 
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For 0 = 0.0, the uniqueness and existence ?re apparent,    hi other cases, the 
procedure in each step is essentially to solve the next boundary value problem; 

un + 0AtAnun =    en (33) 

where en is a known element in Sn.    Because 0At is positive, the existence 
and uniqueness can be derived by use of the results in II - 2 if    > 0.    Same 
conclusion is derived if 

At < 
-1 
e  • 

(b)    stability ( 0.5 < 6 < 1.0 ) 

for    ' < 0 (39) 

The inequality (37) is to be derived.    From the definitions of un, vn, wn and 
hn, the next equation is obtained; 

^n^lz^l +An(r)un,t)-An(r»vn(t» = hn(o 
At 

(40) 

The following inequalities can be derived by use of such fundamental inequal- 
ities as the triangle inequality and Cauchy-Schwartz' one; 

Re(wn(t + At) - wr,(t), wn(t)) > ft (I wn(t + At) | 2- | wn(t) | 2 ) (41) 

for 0.5 < 0 < 1.0 

II wn(t) ij <J Ö |; wn<t + ^t) j| + (1 — Ö) j| wn(t) )|       for 0.0 <0< 1.0     (42) 

The next inequality is derived fron   (7); 

Re(AniTn(t) - Anv"n(t), wn(t)) >      '|jwn(i)|j2 (43) 

By multiplying (40) by wn(t) and taking the real part of their inner product, 
the following inequality can be obtained with the aid of (41) and (43); 

ft ( S wn(t + At) | 2 - | wn(t) | 2 ) +      ' At !| wn(t) I 2 

< At HI hn ||| „ | wn(t) j, 

In the case < 0 and [ wn(l + At) j!   > | wn(t) | , the next inequality is 
derived by use of (42); 

[ wn(t ♦ Ax) t 2 < j wn(t)   2      2      At j wn(t ♦ At) | 2 

♦ 2At i!ihn|||«,|wn(t + At){ 

(44! 

(45) 
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Therefore, 

: «n<t + At) il   <   J^J-rMi I wn(t) || + 2 A t HI hn ill ^) (46) 

if At < -=J-.    In the case ;|wn(t)j|   > J wn(t + At) ||, (46) is apparent. 

In a similar way, the next inequality can be derived in the case      ' > 0; 

i:«n<t + ^>ii   <   (wn(t)|   ♦ 2At|||hn|||00 (47) 

In any case,  (37)  is valid because  i / ( 1 + 2    'At) < 1-2    'At    (    '<0) for 
sufficiently small At. 

(c)    Remarks 

(c-1)    As is seen from the above proof, Co in (37) can be taken to be 0 
if    ', > 0.    In such cases, the calculation by the present scheme is 
very .-.table and the accumulation of round-off error, which is not 
considered in this paper, is not so serious. 

(c-2)    In the case hR = 0, the next estimation is obtained for 0.5 < 0 < 1.0 
by use of some in?qualities; 

j 1-2    '(20 - 1) (1 -0)At 9 

(48) 

o         1   - 2    '(1 -0) At 9 
|, wn(t ♦ At), 2 < —jTJ-TnJ-t " I! wn(t) j| 2 for    ' < 0 

Therefore, wn grows at most exponentially witn respect to t. 

(c-3)    The stability of type (32) can be derived in a similar way under the 
next assumption of An; 

Re(Anun,un) >       I un j 2 for      un e Sn (49' 

The result is obtained by Kreisi in his study of linear finite difference 
equations (Reference 26). 

(c-4)    In general Banach space, <n which scalar product is generally no longer 
available, stability can be obtained in a similar way if 0 =  1.0 and An 

satisfies (3) in Sn.    Therefore, the present theory is applicable even 
in general Banach space it An is linear because the existence can be 
derived from stability.    As for nonlinear prob'ems, the existence is not 
assured by the method given in this subsection.    Such consideration is 
not so useful for the finite element methods, which are usually con 
structed in Hilbert spaces, but may be effective in general approximate 
methods 
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(c-5)    In the case of schemes (28) and (29), the uniqueness and existence of 
un can be shown similarly.    The stability is assured if 

2( ' + C) 
At <      '        o   i (50) 

-    (1-0)2M2 

where C is an arbitrary nonnegative constant and C > -    'if    ' < 0. 
Mn is the Lipshitz constant in Sn (if it exists); 

I! Anun - Anvn 1   < Mn || un - vn | for      un, vn e Sn (51) 

Mn generally increases as n-<», and its existence is assured if An is 
linear because An is continuous in Srv    However, its existence is not 
guaranteed in nonlinear problems except special cases. 

V.    SOME  FURTHER CONSIDERATIONS ON THE PRESENT METHOD 

V -  1.    Examples of evolution equations to which the present method is applicable 

In this sub-section, some examples of evolution equations to which the present 
method can be employed are shown with brief explanations.    The condition (CA) 
can be proved by use of symmetric properties of the system in the case of (b), (c), 
(d), and (e). 

du 
(a) heat equation : + B u = f(t),      f e X (external source term) (52) 

dt 

B is a self-adjoint positive bounded below operator in X, the examples of which 
are certain classes of elliptic operators (Reference  18).    In this case, (CA) is 
apparent because B is positive.    This result can be extended to wider classes of 
elliptic operators such as strongly elliptic ones (Reference 14). 

2 
(b) wave equation :     ^- + B u . fft)     f f H (externa| force term) (53) 

dt* 

3 is same as that of (a) and is independent of t.    In order to transform (53) 
into the form of (19), the following two methods are available. 

(b-1)    decomposition of B 

Because B is self-adjoint and positive, it can be decomposed as follows, 

B » T'T ,      T :  H H'    , T*  :  H'        H (54) 

where H' is another Hubert space and T* is the adjoint operator of T 
(Reference 27).    Then the aquation (53) can be transformed as follows; 

du i du i 1      du      i 
—   + T'u2 = f(t),      - -   - T u1  « 0     (u1  '  , u2 = T u)  (55) 
dt dt dt 
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where X is taken as HxH' and its scalar product and norm is defined by 

(u, v)x - (u1, v1)H f (u2   v2)H.    ,     |u||x = v/(u. u)x (56) 

The norm can be regarded as square root of the total energy (usually % 
is multiplied).    The condition (CA) can be shown by use of the relation 

(T*uV)H ■  ("2. Tu1)H. (57) 

(b-2)    use of energy space : 

In this case, the equation (53) is transformed into the next form; 

1 5 du o du 1 1 i     du 
 _ u2 = 0   + B u1  = f(t)       (u1  = u, u2 « — ) (58) 
dt dt dt 

X should be taken as HgxH, where Ho is the energy space derived by B, 
and its inner product and norm are defined as follows; 

(u, v)x ■  [u1. V^H    +  (u2, v2),      | u || x " y/ (u, u)x (59) 

Again, this norm can be regarded as the square root of the total energy, 
jnd (CA) can be shown by use of the following fact; 

(u2, u1]^,    =  (u2, B u1^ (60) 
B 

(c)    first order wave equation  :      _f^L +   °}L _ f(tj       f e X = L (61) 
dt dx ' 

It is assumed that u and f have compact support.    The condition  (CA) can be 
shown because 

du du 
Re (— , u) =   -   Re (u.   — ) = 0 162) 

dx dx 

Thii result can be extended to general symmetric hyperbolic systems and the 
above mentioned support condition can be moderated to a certain extent 
(Reference 28).    A majority of differential equations describing reversible 
phenomena can be expressed in this form. 

du 
(d)    Schrodinger's equation  :   — + i B u = 0    (i = imaginary unit) (63) 

dt 

In this case, the source 'erm is usually absent and B is self-adjoint.    (CA) can 
be derived by use of tha fact that B is self-adjoint. 
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(e)   equation of coupled sound and heat flow: 

du i 

at 

dt 

- c 
dx 

aV 
9x2 

(u2 - (7 - 1) u3) = 0, 

+ c 
dx 

du2 

dt 
- c 

duj 
dx 

(64) 

where c, y (>1) and o are positive constants.    The physical meanings of (64) are 
given in Reference 23, and a similar equation is treated by Oden and Kross 
(Reference 29).    This is a coupled type of equation of parabolic and hyperbolic, 
and (CA) can be shown by imposing suitable boundary conditions (e.g. u^  = 0, 
u3 = 0 on the boundary) and replacing u3 by u^/ ^y y -   ,i 

(f)    semHinaj heat equation; du 

dt 
+ B u + h(u) (65) 

where B is same as that of (a) and h (nonlinear source term) is assumed to 
be smooth and non-decreasing to assure (CA).    Sometimes certain classes of 
perfectly nonlinear heat equations can be treated similarly (Reference 15). 

The present method is valid irrespective of linearity and non linearity of A and 
many other examples can be found.    However, it is seen from these examples that 
representative linear evolution equations in mathematical physics can be analyzed by 
the present method. 

V - 2.    Consistency in the case that the theory of energy space is applicable. 

In the preceding sections, a general thecy for initial value problems is presented. 
However, the conditions (35) are sometimes too severe in the finite element methods. 
In »his sub-section, it will be shown that such a situation can be moderated to a 
certain extent in the case that the theory of energy space is applicable. 

The equations treated here are : heat equation (a) (in V - 1), wave equation 
(b - 2) and Schrodinger equation (d). In all cases, B is assumed to be self-adjoint, 
positive bounded below and independent of t. 
in II  - 2 and An is constructed as (17). 

Sn is so constructed as (a') and (b') 

Then, the best approximation of u(t) ( exact solution ) in Ho can be used <»s 
u'n in (31) if u is sufficiently smooth. In this way, the error estimation of BnUp 
becomes very easy. 

It is also tc be noted that dmu*/dtm (m * 1, 2, . . .) is the best approxima- 
tion of dmu/dtm in Hg it it belongs to Ho.    Furthermore, stability and convergence 
in Hg are assured in the case of heat equation, and stability in Hg is assured in the 
rase of Schrodinger's equation. 

V - 3.    Conservation of ™>rTJ__y' approximate solutions 

Heretofore, the convergencr and stability of the approximate solution hive been 
mainly discussed.    However, there is an important character for certain classes of 
initial value problems that a certain norm is conserved.    Therefore, it is desirable 
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that not only the approximate solution converges to the exact solution but also 
the corresponding norms of the approximate solution &re conserved.    Especially 
such a situation is favorable for long time calculation because an important 
physical value is conserved even if coarse mesh division is employed.    In practical 
calculations, it is often observe*.' that the error in the norm (not error of the 
norm) becomes large as time passes because of the deviation of the phase.    Even 
in such cases, approximate solutions still can be regarded as good ones if such 
valuables as amplitude, period and norm are in good agreement with tne exact 
values and the wave of decay is small (Fig. 2). 

Such a situation can be realized in the following equations if 0 is taken as 
0.5.    In the following examples, the source terms are absent in all cases. 

(i)    wave equation : (b-1) and (b-2) in V - 1.    The corresponding norm is 
square root of total energy. 

(b) first order wave equation : (c) in V - 1 The corresponding norm is l_2 
norm. This result can be extended to general symmetric hyperbolic systems 
with constant coefficients. 

(c) Schrodinger's equation :    (d) in V - 1.    The corresponding norm is the 
norm in X (or H) (Reference 30).    If B is positive bounded below, tho 
norm of Hg is also conserved. 

The proofs are omitted here, but they can be shown in a similar way to 
that of stability (section IV). 

V - 4.   Some considerations on the lumping of the mass matrix 

As was discussed in the preceding sections, it is shown that the present method 
is valid at least in the case that 0.5 < 6 < 1.0.    However, the scheme is perfectly 
implicit in such cases, and, moreover, a new set of simultaneous equation must be 
solved at each step if A changes from step to step    This situation especially causes 
great computational difficulty if A is nonlinear. 

To avoid this difficultv, the scheme for 0 = 0.0 can be used, though stability 
is not assured unless At is sufficiently small (see section V).    In this case, a common 
set of linear simultaneous equations is required to be solved at all steps.    However, 
the scheme thus obtained is still implicit, and use of the lumping the matrix derived 
from I (identity operator in X) is often made to make it explicit.    This modified 
matrix is usually called lumped mass matrix in structural analysis, because it appears 
as the term of inertia. 

In this sub section, it will be shown in simple examples that more stable schemes 
can be sometimes obtained if lumping is suitably made.    In the following examples, 
the piecewise linear shape function is employed and spatial mesh size Ax is assumed 
to be uniform.    Furthermore, u is used instead of ur 'n- 

(a)    haat equation :      du        du 
. 2    = ° IW dt öx* 
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The finite element scheme for 0 = 0.0 at interior mesh points is given as 
follows: 

u(t+At,x+Ax)+<uiiTAt,x)+u(t+At,x-Ax)~u(t,x+Ax)-4u(t,x)-u(t,x-Ax) 

6 A t 

_ u(t,x+Ax)-2u(t,x)-t-u(t,x-Ax)  „ o (67) 

A x2 

This scheme is stable in l_2 if At/Ax2 < 1/6 (see V - 5).    If lumping is ma 
made with respect to both t and t+At, the next scheme is obtained; 

u(t+At,x)-u(t,x)   -   u(t,x+Ax)-2u(t.x)+u(t.x-Ax)   = 0 (68) 

At Ax2 

As is well known, this scheme is stable not only in l_2 but also in the uniform 
norm if At/Ax2 < 0.5 (Reference 23). 

(b)   tirst order wave equation:     du     +    du   :. Q /gg\ 

dt dx 

The finite element scheme for 0 = 0.0 at interior mesh points is given as 
follows; 

u(t+A.x+Ax)+4u(t+At,x)+u(t+At,x-Ax)-u(t,x+Ax) ~4u(t,x,l -u(t,x - Ax) 
6 A t 

+ ult.x+AxJ-ufy^xj    . 0 (70) 

2 A x 

This scheme is stable in LQ if At/Ax2 < C (C = arbitrary positive constant). 
If the same lumping as (a) is made, the stability condition is not improved 
essentially.    However, if lumping is made only to t+At, th^n the nex" scheme 
is obtained; 

6u(t+At x)-u(t,x-i-Ax)-4ii(t x)-u(t.     Ax) + u(t,x+Ax)-u(t,x-A a   = Q 

6 A t 2 A x 
(71) 

This scheme is consistent with  (69)  if At/Ax is kept constant.    As is easily 
proved, this scheme is stable in uniform norm if At/Ax < 1/3. 

In these examples, stability is improved by lumping.    Similar result is obtained 
in the wave equation if two level scheme is employed.    However, such a conclusion 
does not hold generally because general methoo of lumping is noi known.    Anyway, 
the next assertion must be correct : by lumping, An is modified; if the mod'fied An 

satisfies the conditions in II and IV, then the general theory of this paper can be 
adopted. 

5.    Some results for 0.0 < 0 < 0.5 (linear problems) 

In order to deal with the case 0.0 < 0 < 0.5, wiiich is not referred to yet, 
the method of expansion by eigenfunctions is effective if A    is linear and inde 
pendent of t and any element of Sn can be expressed by linear combination of 
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eigenfunctions of An.    Such a situation is realized, for example, if An is self- 
adjoint in Sn. 

Then, a simple stability condition is given by 

At< min 
i 

HC + Re Xnj) 

d-20)| X 
forO.O<0<O.5     (1 < i<dim(Sn))   (72) 

niI 

where Xn: is the i'th eigenvalue of An and C is an arbitrary non-negative constant 
that satisfies C + ReX„:>0.    It is also to be noteo that ReX„;>    '.    In the case It is also to be noteo that ReXn:^ 
that 9 = 0.0, C = 0.0'and ReXnj>0, this result is identical with that of Reference 
22. 

Similar methods such as method of Fourier series end Fourier transform are 
also available if spatial mesh size is uniform and the coefficients of A are constant 
(Reference 23). 

Some results obtained by these methods are shown for typical linear evolution 
equations; 

2 
(a)    heat equation : (a) in V - 1 At< 

=     (1 -20) X n max 
(73) 

(b)   wave equation  :  (b - 2) in V - 1 At< 
=     (1 -20) X n n.,ix 

(74) 

(c)   Schrodmger's equation : (d) in V - 1 At< 
=     (1 -20) X n max 

(75) 

(d)   first order wave equation :  (c) in V - 1        At< 
(in this case, piecewise linear shape function 
with uniform spatial mesh size Ax is employed.) 

CAx' 

1  - 20 
(76) 

where X„ mgx is the largest eigenvalue of B_, which is assumed to be self adjoint 
and positive bounded below, and C is an arbitrary positive constant.    If B = 
- d^/dx^ and piecewise linear shape function with uniform mesh size Ax is used, 
then Xn max = 12/Ax2.    In (74), (75) and (76), there is no definite threshold 
value for stability as f.i (73) because C is arbitrary, and At must be made suffi- 
ciently small until reasonable results are obtained in practical computation. 

The present condition on'y assures that the stability ii guaranteed if n-<» and At 0 
with the above-mentioned conditions preserved.    In such cases, the order of C3 in 
(36) or (37) is equal to that of C. 

As is seen from these results, the stability condition changes greatly if the 
equation changes.    This is an important point to be recognized especially in the 
calculation of mixed type phenomena, in which different types of equations must 
be treated together.    Furthermore, the conditions required are often too severs to 
carry out practical calculations.    In such cases, the scheme for 0.5 < 0 <  1.0 
should be used. 
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V - 6.   Two-level scheme for wave equation 

In this sub-section, some consideration is given to two-level scheme for wave 
equation because such scheme has be^n often discussed (References 3, 4, 5   and 
7).    The scheme treated here is giv«n as follows; 

un(t+At) - 2un(t)+un(t - At! 

At2 
+8n(02 0lUn(t+At)+O-0,^(0 (77) 

+ (1-Ö2) Ö^fO+d-O^u^t-At)       =0 

where ö1  and #2 are constants (0 < B*, 0o ^ 1). Bn is the approximation operator 
of 3 given in V - 1, and the source term fn is omitted here because it does not 
affect the stabiiiiy. 

By  use of a similar method to that of section  IV, the uncondition?1 stability 
in the following norm ;s obtained if 0.5 < Ö-j, 6>2 "S ^®'- 

V" 

un(t+At)-un(t)|2      + 

At 
91urt(t+M)H1-0})unM (78) 

H H B 

Therefore, the stability in the total energy is obtained, whiire velocity is replaced by 
its finite difference cinalog. 

If the method of expansion by eigenfunction is employed, a bit more informa- 
tion can be obtained; 

unconditionally stable 

A* < 

if 30- 0A > 1  and 03 > 0A 

if 3Ö3 + 04 <  1  and t>2 > h^ 

V  1-303-04, Xn ma> 

(79) 

wherj 0 
B, 

3 O3 = d}ez and 0A =  (1-0,1(1-M. and Xn 

This result includes some of the results given in  Rel 
is the largest eigenvalue 1' 

References 3, 4, 5, and 7.    The 
latter condition (79)  is, however, weaker than the former (78) because this stability 
is essentially stability o.  un and not that of velocity. 

V -  7.    Some remarks on the present method for more general nonlinear problems 

As was already referred to, trie present method is valid to nonlinear problems 
if (CA) holds.    However, nonlinear problems are very complex and it cannot be 
expected that A satisfies (C^) in general nonlinear problems.    Therefore, thee arises 
a question whether the present method is applicable to such problems in which the 
global solution may not exist for arbitrary initial valur'. and source terms.    To give 
definite answer to it is probably very difficult, but    *>e fo owing consideration seems 
to still be possible. 

The condition  (CA) is fair',   )eneral for I.near evolution equations, for it is a 
kind of stability condition for the systen..    On the other hand, such nonlinear 
equations are often obtained by linearisation of the originally nonlinear ones. 
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Therefore, it can be expected that fairly wide classes of nonlinear evolution equations 
satisfy (CA) at least locally.    If it is true, the present procedure can be continued 
until  (CA) is violated. 

Next, the computational procedure becomes very complicated because the approxi- 
mate equations are usually nonlinear if A is nonlinear.    To avoid this difficulty, such 
techniques as linearization at each step (piecewise linear procedure), extrapolation and 
iteration can be employed.    Newton-Raphson method and predictor-corrector method 
are such examples (Reference 25).    As for their validity, much investigation will be 
necessary. 

In nonlinear problems, sometimes discontinuous solutions arise even tor sufficiently 
smooth initial values.    Therefore, approximate methods should be able to treat such 
problems correctly.    The experience of the finite difference methods shows that the 
concept  jf artificial viscosity is effective especially to such problems.    That is, the 
instabilit/ due to nonlinear effect can be annealed by such damping terms (References 
31 and 32). 

In the numerical experiments given in the next section, a simple nonlinear shock 
wave problem is treated by use of the above-mentioned methods and their effective- 
ness is investigated. 

VI.   NUMERICAL EXPERIMENTS 

In order to demonstrate the validity of the present method, some numerical 
experiments were performed for several evolution equations.    Lome of the typical 
results are shown in this section.    Especially some weak solutions are treated numer- 
ically, though the theoretical justification is not given in this paper. 

In the present experiments, only one dimensional (in space) problems are 
treated by use of the piecewise linear shape function with uniform mesh site Ax. 
The initial values are taken such that they coincide with the exact initial values 
at nodal points. 

The equations treated here are heat equation, wave equation, first order wave 
equation, equation of coupled sound and heat flow, Schrodinger's equation and non- 
linear hyperbolic equation.    The last one is treated purely experimentally because 
(CA) is not generally satisfied. 

The main points of experiments to be observed are dependence of the scheme 
on 0 and A.    It can be generally expected that the scheme for 6 = 0.5   gives the 
best results co smooth solutions 2nd 0 = 1.0 gives most stable results.    It is also 
to be recognized that the method ot solving the equation remains the same even 
if A differs. 

In the present calculations, almost all the problems are solved by single pre- 
cision (32 bits on HITAC 5020E) arithmetic and linear simultaneous equations are 
solved by Gaussian elimination method for band matrices. 

(a) heat equation :        |u     -    gj . 0 . u(0.x> - «n<™)    <(K x < 1» (80) 

The exact solution is sin(irx)exp(-int).    In Fig. 3, the results of u(t,0.5) for  Ax = 
0.1 and At - 0.01 are shown in the case 6 - 0.0, 0.5 and 1.0.   As is seen from 
them, the approximate solution for 0 = 0.0 it unstable.    On the other hand, the 
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approximate solutions for 0 - 0.5 and  1.0 are stable and the result; for 0 = 
0.5 is the best. 

In Fig. 4, the results for 0 - 0.0 are shown for Ax = 0.1  and several values 
of At.    The theory given in V - 5. pred'cts that the scheme is stable if At/Ay2 

< 1/6, and this is ascertained by this experiment.    By the way, the present solution 
belongs to a special class; that is, the approximate solution is an eigenfunction of the 
approximation operator corresponding to the smallest eigenvalue and it coincides with 
the exact eigenfunction at nodes.    Therefore, its convergence occurs even  if the above- 
mentioned stability condition is not satisfied.    However, this situation is violated fairly 
rapidly by roundoff errors, and the phenomena is well represented in this figure.    If 
the calculation is performed by the single precision in the case of At - 0.01, tho 
approximate solution becomes unstable in about 7 steps, while it becomes unstable in 
about 15 steps in the double precision.    That is, the . ame principle as that of power 
method governs the present phenomena and higher modes become dominant after some 
steps as is shown in Fig. 5 in the case of At - 0.005.    Such a situation is much 
severer if the initial value originally contains higher modes. 

Table 1  shows the results for At/Ax2 = 1/6 in. which the scheme is stable for 
all values of 0.    It is seen from them that highly accurate resuit is obtained for 
0 ■  1.0.    Similar phenomena is observed in the case of the finite difference scheme 
(68) for At/Ax2 = 1/6 (Reference 23), and the present result is approved because 
the finite element scheme coincides with the finite difference scheme (68) in this 
case.    The high accuracy is due to the small local truncation error of this scheme, 
but such a s.tuation is no longer expected if a source term exists.    In general, the 
scheme for 0 - 0.5 c'ves the best results. 

(b) wave equation:       d?u    -   j£u   = 0 , u(0,x)=sin(»rx), du = 0<(Kx<1) (81) 
dt2 3x2 dt 

The exact solution is sin(ffx)cos(rt).    In this case, the scheme for (b-2) in V-1  is 
employed and the scheme for 0 = 0.5 coincides with one-step ^-scheme for 0=1/4 
(Reference 3). 

Figure 6 shows the results of u(t, 0.5) in the case of At = Ax = 0.1.    Again, 
♦he scheme is unstable for 0 = 0.0 and best for 0 = 0.5.    For 0 =  1.0, the result 
is highly contractive and much smaller value of At is needed to improve the result. 
On the other hand, the scheme for 0 = 0.5 gives excellent result because of its con- 
servation of total energy and of small local truncation error. 

Figure 7 shows the effect of At for 0  - 0.0, where Ax = 0.1  in all cases.    The 
result can be improved and the scheme becomes stable gradually if the value of At 
decreases, but it does not seem that there exists a definite threshold value of At as 
in the case of heat equation. 

(c) first order wave equation:    ^   + ^   =0, u(0,x)=un(x) (~«<xO>) (82) 
dt dx u 

The exact solution is un(x-t) and discontinuous solution arises if UQ is discontinuous. 
In the following examples, the interval for numerical calculation is taken sufficiently 
broad so that it approximates the infinite interval. 

Figure 8 shows some results of convergence of approximate solution for At/Ax = 
1.0.    The initial value is so chosen that it approximates the step function with unit 
height.    The procedure is unstable for 0 = 0.0 as is predicted in V 5, and is stable 
for 0 = 0.5 and 1.0.    For 0 = 0.5, overshoot and oscillation is observed in the 
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neighborhood of the wave front, and the height of the overshoot does not seem to 
vanish even if mesh sizes are decreased.    For 0 = 1.0, such oscillation is not observed 
but the rise of the wave is not so sharp as that of 0 = C.5.    Figure 9 shows the 
effect of the value of 0 to the same problem     As is seen from it, the oscillation 
vanishes if the value of 0 is taken a little larger than 0.5. 

On the other hand, the scheme for 0 = 0.5 gives best result for continuous 
solution as is shown in Fig.  10, where UQ is given as follows: 

u0(x) = x(1-x)      for GKx<1  ,   u0(x) = 0       for x<0 and x>1 

In general, the scheme for 0 = 0.5 should be used for smooth solutions, but some- 
times greater values of 0 should be used for net sufficiently smooth solutions. 

(d) Schrodinger's equation:     ^   + i ( - <L.u + v(x))   u = 0 (83) 
dt 3x2 

Table 2 shows the results for a steady state solution, where V(x) = 0.0, and 
the initial value and the ex«ict solution are u(0,x) = ;in(7rx) and u(t,x) ■ sin(?r l 

exp(ijr2t) respectively.    As is seen from these results for j u(t, 0.5)| *, the result for 
0 = 0.5 is best, while the result for 0 = 0.0 is unstable and the resuli for 0 = 1.0 
is highly contractive. 

Figures 11 and 12 show the calculated profile ( |u(t,x)|2 ) of Gaussian wave 
packet by the schemes for 0 = 0.5 and  1.0.    In this case, the scheme for 0 = 0.0 
gives rapidly diverging solution.    The initial value and the potential are given as 
follows: 

u(0,x) =  (2jry2»_1/4exp      - (x - 0-16)     + j 507P,    (Q < x < 0.64) 
4y2 

V(x) = SOOOr2 (0.32 < x < 0.384) 

= 0 (otherwise) 

where y = 0.035 and the values of u at both ends are 0.    The mesh sizes are: 
Ax = 0.004, At ■ Ax'-.    Figure 13 shows the change of the shape of the wave 
packet after bouncing jack by potential and rigid wall.    The tendency of the finite 
elemant solution for 0 = 0.5 is in good agreement with that of the finite difference 
solution by Goldberg <;t al. (Reference 30).    On the other hand, the result for 
0 =  1.0 is much more attractive again. 

(e) equation fo coupled sound and heat flow:    (e)  in V-1 

The initial value is given as follows: 

u1(0,x> =  1.0,        u2(0fx) =  1/N/3,        u3(0,x) =  1A/3     for x < 0 

u1(0,x) = 0.0,        u2'0,x) = 0.0    , u3(0,x) = 0.0 for x > 0 

In this case, the speed of propagation of shock wave is 1.0 if a = 0.0.    This 
infinitesimal shock decays gradually due to the heat conduction as is shown in 
Fig.  14, where the calculation was done by the scheme for 0 ■ 0.5.    Figure 15 
shows the profile of the shock at t = 165, and the result is compared with the 
finite difference solution by Richtmyer end Morton (Reference 23).    Their agreement 
is fairly good and it seems that the effect of coupling is well represented. 
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(f)    nonlinear hyperbolic equation:      —+u 
at 3x 

=eAx 
ax2 

(e > 0) (84) 

The last term in (84) is added as artificial viscosity and the equation is treated 
as a parabolic one if e # 00 (References 31 and 32).    In this case, the stability o'< 
the type (32) is assured if u has compact support, because (49) can be proved. 
However, (34) is not generally expected. 

In order to treat the nonlinearity, this equation is linearized in each step 
[t, t + At| by using U, the value of the approximate solution at t; 

ay 
at 

+ Ü 
3u + u ™   -U 

ax 
ay 
dx 

=eAx a!y 
ax2 (85) 

The problems treated here are propagation of shock wave and rarefaction wave 
where the initial values are taken as step functions with unit height. 

Figure 16 shows the result of shock wave at t ■  100 for several values of e, 
where At =  1.0, Ax =  1.0, 0 =  1.0, and the shock speed is 0.5.    It is seen that a 
fairly good result car: be obtained for e = 0.0 in this case but better result can be 
obtained if the value of e is suitably chosen.    In this calculation, the shock wave 
caicuiated reaches its steady state after about 20 steps. 

Figure 17 shows the rarefaction wave calculated by setting e = 0.0 and 
6 = 1.0.    In this case, the problem is not so serious as that of shock wave and 
a fairly good result is obtained without using the artificial viscosity. 

VII.      CONCLUDING  REMARKS 

Some consideration is made with respect to a simple finite element scheme for 
initial value problems, and a criterion for its convergence and stability is given.    Its 
applicability is aiso demonstrated experimentally, and it is shown that fairly wide 
classes of evolution equations can be treated by a unified method.    There are many 
things left to be done, but the functional analysis and the numerical experiments 
will be efficiently employed for such investigations. 
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3 
STEP 0.0 0.5 1.Ü EXACT 

1 9.834E-01 9.836E-01 9.837E-01 9.837E-01 

5 9.198E-01 S.204E-01 9.210E-01 9.210E-01 

10 8.460E-01 8.472E-01 8.483E-01 8.483E-01 

50 4.334E-01 4.364E-01 4.394E-01 4.393E-01 

100 1.878E-01 1.904E-0: 1.930E-01 1.930E-01 

150 8.138E-02 8.309E-02 8.481E-02 8.480E-02 

200 3.527E-02 3.626E-02 3.72CE-02 3.726E-02 

250 1.528E-02 1.582E-02 1.637E-02 1.637E-02 

300 6.623E-03 6.904E-03 7.192E-03 7.192E-03 

Ax =  1/10 

At =   1/600 

Table 1:    Comparison of u(0.5) for 0 = 0.0, 0.5 and 1.0    heat equation 

At 0.1 0.05 

e 0.0 0.5 1.0 0.0 0.5 1.0 
t =  0.1 1.99E+00 100E+00 5.02E-01 1.56E+00 1.00E+00 6.43E-01 

0.5 9.71E+04 1.00E+00 3.20E-02 3.31E+19 1.00E+00 1.09E-01 

1.0 3.42E+25 1.00E+00 1.03E-03 1.00E+00 1.20E-02 

2.0 overflow 1.00E+00 1.05E-06 overflow 1.00E+00 144E-04 

3.0 1.0ÖE+00 1.08E-09 1.00E+00 1.72E-06 

4.0 1.00E+00 1.11E-12 1.00E+00 2.07E-08 
5.0 1.00E+00 1.13E-15 1.00E+00 2.48E-10 

EXACT 1.000 0 

Ax = 0.1 

Table 2:    Comparison of | u(0.5) | 2    for 0 = 0.0, 0.5 and 1.0 —Schrodinger's equation — 
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Figure  i.     Parameter "8" 
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Figure 2.     Behavior of an Approximate Solution When  the Norm   Is Conserved 
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u(-L) 

— EXACT 

9=0.0 

9 = 0.5 

9 = 1.0 

Ax = P i 

M = 001 

0.05 010 015 020 

Figure 3-  Approximate Solutions of a One-Dimensional Heat Flow P rob lern 
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Ü(0 5) 

e=o.o 

Ax =0.1 

x    jt = 1/10 

0    4t = 1/100 

jt* 1/200 

—    /St - 1/6OC EXACT SOL. 

(DOUBLE  PRECISION) 

Figure 4.    Approximate Solutions of a One-Dimensional  Heat Flow Problem-  6 - 0.0 
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Figure 5.  Instability Due to Mlng.ing of Higher Modes - Heat Equation, 9 - 0.0 

201 

• kaiMaBbB 



Pin PMHLUinnppmpHHgu 1 I |l IW|ill_Hlip_lMHK4ll^ll "•^^^^HW^PIP-^WWiWWPPlB^PIHiPP^PW 

AX = At = 0.1 

— EXACT 

X e = 0.0 

• e = 0 5 

0 e = 1.0 

— STEP 

Figure 6. Approximate Solutions of a One-Dimensional Vibrat'on Problem 
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Figure 7- Approximate Solutions of a One-Dimensioncil Vihrational Problem   8 ■ 0.0 -— 
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Figure 8. Propagation of a Discontinuous Wave — First Order Wave Equation 
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Figure S.  tffect of 9 — First Order Wave Equation — 
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t = 0.00 

JX = 0.1 AX = 0.05 
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Figure   10.     Propagation of a One-Dimensional   Wave With Compact Support 
—  First Order Wave Equation  — 
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9 = 0.5 

4X =0.004 

4t=JX2 

Figure  11.    Gaussian Wave Packet Scattering From A Square Barrier — 8 - Ü.5   

207 

      



-«SWP51|WWH*PW*«W»PPTi«'»Wl"",»-^,?,"',^",W""^'*"VW 

• 

STEP 

20 

40 

x20 

POTENTIAL 

9 = 1.0 

4X = 0.004 

4t=4X2 

10 

30 

20 

50 

X2Ö 

^d 
<*_ 80     i 
5L|    XI000" 

Figure 12.  Gaussian Wave Packet Scattering F 
g From A Square Barrier — 6-1.0   
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FINITE ELEMENT SOL. 

EXACT SOL. FOR <r = 0.0 

Figure 14.  Calculated Profiles of Coupled Sound and Heat Flow - 9 - 0.5 
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Figure 15.  Calculated Profile of an initially Sharp Sound Wave — 6 = 0.5 — 
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Figure 16.  Calculated Profiles of a Nonlinear Shock Wave — 6 = 1.0 — 
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Figure 17.  Calculated Profile of a Rarefaction Wave — 8 = 1.0 — 
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Tii this paper a discussion of the use of variational analysis versus 
Galerkin formulation in developing integral finite element equations is 
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SECTION  I 

INTRODUCTION 

The finite element technique appears to have had its origin in the 
area of structural analysis, bi. ginning, at least for most engineers in 
the U.Sj and in the U.K. with L e , qper by Turner, Clough, Martin, and 
Topp[l] .  For several years afterwards, the necessary stiffness or 
flexibility matrices were derived from basic concepts such as the principle 
of virtual work or Castiglianos's Theorem as applied to the individual 
finite elements.  The so-called global or overall matrix was formed by 
using familiar ideas from the analysis of discrete structures such as 
trusses and frames. 

A paper by Melosh[2J appears to have been one of the first to 
demonstrate that the finite element displacement method can be viewed as 
an application of the principle of stationary potential energy. After 
the finite elernett method was given this firm basis on energy principles, 
applications began to appear in areas other than sulid mechanics and 
structural analysis [3J , [A] , [5] , [6] . It was recognized that any i roblem 
whose solution could be associated with a stationary valve of some 
functional could be solved by the finite element technique. Unfortunately, 
this seeming dependence on the existence of a variational principle led 
many investigators to formulate statements which were not, In reality, 
true variational principles f7] , [8], [9]. Although these quasivariational 
principles and restricted variational principles give useful results, the 
fact remains that they do not possess a rigorous foundation in the classical 
calculus of variations. Therefore, it would appear that their use should 
be avoided whenever possible, especially when a sound alternative is 
available which gives exactly the same results. 

There have been at least two earlier formulations of the finite eletient 
technique without recourse to a stationary principle. Oden and Kro3s jlO] 
developed t.ie equations of coupled thermoelasticity by means of what they 
described as energy balance equations for each element.  Szabo and Lee [ly 
discussed the development of a plato bending element by Galerkin's method. 

The procedure illustrated in this paper is the method of weighted 
residuals, primarily the Galerkin method, extended to systems in which the 
external and internal boundary continuity conditions are not identically 
satisfied by the trial functions.  The procedure requires only a knowledge 
of the differential equations and boundary conditions which must be satisfied 
in a given domain and boundary.  If a True, quasi, or restricted variational 
principle exists the Galerkin method can be made to give exactly the same 
result; and in the case of quasi or restricted principles, this result will 
have a more firm theoretical basis. 

This paper presents formulations in two dimensional domains for the 
following differential equations with appropriate boundary conditions: 

Numbers in brackets refer to the list of references. 
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tor Equations (1) is an elliptic differential equation describing, roi 
example, steady incompressible potential flow, or steady fluid seepage 
through a anisotropic, non-homogeneous medium, Zienkiewicz, Mayer, and 
Cheung [3}. This equation has also beer considered by Martin [5 J through 
a true variational principle; it is presented again only to establish 
the correspondence between Galerkin's method and the variational prinziole. 

Equation (2) is a parabolic differential equation which migt■-. represent 
unsteady heat conduction [4J. The finite element solution can be compared 
to exact solutions for simple geometries, thereby demonstrating the 
accuracy of the numerical integration scheme used to solve the differential 
equations in time. 

Equation (3) is a parabolic equation which describes the unsteady 
diffusion of the concentration of a substance in a fluid flow of specified 
velocities(u,v). 
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SECTION II 

TRUE, QUASI, AND RESTRICTED VARIATIONAL PRINCIPLES 

This section presents a brief description of the meaning of the terms 
true, quasi, and restricted variational principles. The ideas are 
drawn very heavily from a most outstanding series of papers by Finlayson 
and Scrivenr7j, f8j, £9j, and anyone interested in a more thorough 
discussion is encouraged to read the indicated references. 

It is appropriate to begin with the concept of a true variational 
principle as defined within the framework of the classical calculus of 
variations.  First there must exist a functional which associates a definite 
real number with every function (or set of functions) belonging to the 
class of admissible comparison functions.  Next it must be realized that 
if two admissible comparison f metions arc different, then their partial 
derivatives with respect to all independent variables will also be different. 
Finally, the variational principle states that if the functional is 
made stationary by the techniques of the calculus of variations, then 
the resulting Euler equations and natural boundary conditions will indeed 
describe the physical behavior of the system under consideration. 

As an example of the three ideas associated with the true variational 
principle, consider the following functional: 

(*) 

The class of admissible comparison functions might be specified as containing 
all functions defined on the closed interval 0 <_ x _< L which are continuous 
have continuous first derivatives, and have specified values at x ■ 0 and 
x ■ L.  If 0. and 0_ are related by 

PA")   ■   &(*) *■?(*) <*) 

where n(x) is simply the difference between 0.(x) and 0,(x), then the 
derivatives with respect to the independent variable (x"; will be related by 

•t*.   . J 
Jx dr. (0 

This means that if n(x) is not identically equal to zero, th?n dn/dx cannot 
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be identically equal to zero. Finally, if this functional is made 
stationary, the resulting Euler equation will be 

L ( K4±) - o (7) 
Jx  (     <4.<) 

which does describe, for example, one dimensional steady state heat transfer 
for a nonhoraogeneous material. 

If a physical system is supposedly described by a variational principle 
which lacks any of the three requirements of a true variational principle, 
then ipso facto, that principle can not be a true variational principle.  In 
this case it  is useful to have terminology which indicates that the so-called 
"principle" is not exactly what one might think. 

As an example, suppose the problem is one dimensional steady state heat 
transfer for a nonhomogeneous material with temperature dependent conductivity. 
Further assume that the temperature has specified values at x  • 0 and x ■ L. 
The differential equation is 

«*    fK(^x) d^iLl ~ o (t) 
Jx   *■ d x      J 

One could now define the quantity ÖJ as follows 

S J = f L. f Kit,«) 4M 7 SfC) ** W 

and enunciate the "variational principle" that 
"Among all functions 0(x) which are defined on the closed interval 
0 <_ x <_ L, are continuous, have continuous second derivatives, and 
have (specified values at x ■ 0 and x ■ L, the correct (exact/ function 
0 will make 6J ■ 0 for arbitrary 60." 

This is clearly a correct statement, but not very profound and really not 
worthy of dignifying as a "variational principle". With this example, the 
point is that because k is a function of 0 there is no functional J(0) 
whose first variation has the form given in Equation (9). This type of 
formulation was called a quasi-variational principle by Finlayson and 
Scriven [7] because the first requirement of a true variational principle 
is obviously missing. 

As another example, consider the problem of one dimensional transient 
diffusion described by the following differential equation, initial 
condition, and boundary conditions: 
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The boundary conditions have been taken as shown in order to provide 
continuity with the initial condition at t • 0, x - 0, and t a 0, x » 
If a functional J is defined as follows 

L. 

x r 4,ri»iXU "(gf- r*]M*      & 

- 
A 
X 

then one can state the "variational principle" that 
"Among all functions 0(x,t) which are defined in the domain 
0 < x <_ L and t ^ 0, are continuous, have continuous first 
derivatives with respect to x, and satisfy Equations (11) through 
(13), the correct function 0 will make 6J » 0 for arbitrary 50 and 
fixed i>  subject to the condition that <Kx,t) » 30(x,t)/3t aft«:r the 
variation if performed." 

In this example there is a functional (for a given value of t), and a 
superficial resemblance to a stationary condition leading to an Enl.er 
equation which does indeed describe the physical behavior of the system. 
However, the varia':ional process is not carried out according to the 
classical calculus of variations, with the result that the functional 
is not stationary for the exact 0. While the function 0 is  allowed to 
vary, the derivative 30/3t is held tixed. This rather urclasslcal 
maneuver is accomplished by introducing the "alias variable" (YJ 
i^(x,t) as an independent function during the variation and not identifying 
\\>  as equal to 30/3t until after the variation. This type of variational 
principle has been called a restricted variational principle because of 
the restriction imposed upon the allowable variation. 

Although there are demonstrated deficiencies in rigor associated with 
both quasi and restricted variational principles, these formulations do 
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give useful results, particularly in the area of developing approximate 
solutions for difficult problems for which no true variational principle 
exists.  vor this reason, any analyst would be justifiably inclined toward 
using these principles, especially if no other procedure were available. 
However, the fact is that another technique is available. As shown by 
Finlayson and Scriven [7j through the consideration of many examples, a 
straightforward application of the general method of weighted residuals 
(or, in particular, Calerkin's method) is completely equivalent to the 
application of a quasi or restricted principle.  Furthermore, the method 
of weighted residuals provides the answer without all the internal 
inconsistencies which are intrinsic to quasi and restricted variational 
principles.  Using the closing words of Reference [7J; 

"When approximate solutions are in order the applied scientist and 
engineer are better advised to turn immediately to direct 
approximation methods for their problems, rather than search for 
or try to understand quasi-variational formulations and restricted 
variational principles." 
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SECTION III 

FINITE ELEMENT GALERKIN METHOD 

In the preceding section it was jhown that the method of weighted 
residuals should be preferred over quasi or restricted variational principles. 
However, the conventional application of the method of weighted residuals 
involves trial functions which are continuous over the entire domain, 
resulting in a formulation not strictly applicable to the finite element 
technique in which discontinuities may exist.  There have been many papers 
in the past which have successfullly considered the problem of developing 
approximate solutions with certain discontinuities in the trial functions 
p.2] , [13].  However, the attention has been given to problems for which a 
true variational principle exists; and the previous papers have been 
primarily directed toward demonstrating how to modify the variational 
orinciple so as to expand the class of admissible functions to include 
functions with the specified discontinuities. 

Reference fl4j shows that the method of weighed residuals can also 
be generalized to allow for discontinuities in the assumed solution functions. 
This then completely frees the finite element method from any dependence 
on a variational principle and allows the rigorous use of the finite element 
concepts for problems with no true variational principle. 

For a simple example of Galerkin's method extended to allow for 
discontinuities, consider the following problem: 

J X* 

at x = 0 ,     <p   = £, (/6) 

at * * L , d£=  * (/?) 

where 0 and q1 are specified constants.  This set of equations could 
describe one dimensional steady state heat conduction based on the Fourier 
law of conduction for a homogeneous material with temperature independent 
conductivity. At x ■ 0, the temperature is specified; at x = L, the heat 
flux is specified. 

If this problem is to be solved by the finite element Galerkin method 
(certainly not recommended in this case), then it is necessary to recognize 
that the final solution must be continuous and posses continuous first 
derivatives in the domain. These additional requirements are established 
either from a knowledge of the physics of the problpm or from a knowledge 
of the character of solutions for the given differential equation. Therefore, 
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at the 1  internal node, with location denoted by x , it will be necessary 
to require 

<> fr _  (*'- = o 

</* / 

(19) 

(/9) 

where 

*'v- i(*t)     ,   <Pl~- H*f) (20) 

and 

*/=/,*€    ,      Xf =**-*     , 0<£«l C*0 

After dividing the domain into N subdomains (or finite elements), the 
next step in this example solution is to assume 0 in the form 

(**) 

where 

f-  rai r$i(')   ,    if *  «'« A r* /'"'/i   tl<«€»t 

Jt>)   = 03) 

C7 j   if   x   is not //» He  r** fit*itt  tUntnh 
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In Equation (22), the summation over r represents a summation over the N 
finite elements which make up the domain.  In Equation (23), the 0. are 
completely specified functions of x, and the a. represents the as-yet 
unknown generalized coordinates which are to be determined by the solution 
technique. 

It will be assumed in what follows that by proper choice of the 
functions 0 and by proper identification of the a. it is possible to 
identically satisfy Equations (16) and (18). Then, according to Reference 
[l4j , the complete finite element Galerkin method equation will be 

The first term represents a summation over all the finite elements, with 
the r  element having length L. The / a. are variations of those generalized 
coordinates which are unspecified. The third term represents a summation 
over all interior nodes; the left subscript p represents the "plus" side 
of the node, and the left subscript m represents the "minus" side of the 
node.  It is also noted that 

« 9 

(23) 

since, by assumption, Equation (18) is satisfied at each interior node, 

If desired, the solution could proceed directly from Equation (24) by 
requiring that the equation be satisfied for arbitrary values of the £ a,. 
However, for this particular problem, the equation can be put in a more simple 
form by integrating the first term by parts. The results will be 

z frl[z rai^][2iraiM]j,-^zsMa.j.(i)J,o 
{It) 
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Equation (26) is immediately recognized as the true first variation of the 
familiar functional 

"" i L (&lj* ' *' *k} (27) 

when 0 is specified by Equation (22) and Equations (16) and (18) are 
satisfied.  Since a true variational principle does exist for this problem, 
there is really no reason to introduce the «Jalerkin method formulation. 
The point is, however, that for problems with no true variational principle, 
the Galerkin procedure (or, more generally, the method of weighted residuals 
as presented in reference [14]) still reauins rigorously valid. 

The principle idea which has bfcu  illustrated with this example is 
the need for explicitly including interior boundary continuity equations 
in the Galerkin formulation.  In other words, it is not enough to develop 
a solution which approximately satisfies only the differential equation 
in each finite element and the exterior boundary conditions. Also certain 
conditions must be satisfied across the boundaries between adjacent elements, 
and these conditions should be included in the approximation formula. 

Suppose that the 0 functions were chosen as linear functions of 
x, which is exactly the type of approximation utilized for the more complicated 
examples presented later in this paper. Then the differential equation 
is satisfied identically in each element; and if Equation (24) is written 
without the interior node terms, there is no way to establish the values 
of the a.. However, the correct form of the Galerkin method equation, as 
given in Equation (24) or equivalently in Equation (26), does provide a 
set of equations which can be used to evaluate a.. 
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SECTION IV 

BASIC ANALYSIS 

For each of the differential equations presented in Equations (1) 
through (3), the two dimensional domain is divided into triangular 
subdomains.  For each subdomain the origin of the local axes which defines 
the local coordinates of the element nodes is placed at the centroid of 
the element and the principle axes are inclined in the direction of local 
antcotropy.  Considering the triangular element, shown in Figure 1, the 
variation of the dependent variable 0 in the r  element is approximated 
by .? linear polynimial of the form, 

6   = Z r«i ti (*i) 

where 

r"i    - r«i + rbi + rci (19) 

Figure 1, A Triangular Element 
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and 

r«i 

r*i 

r4 
,*,.* 

(BO) 

(30 

(&) 

th 
where A is the area of the r  triangular element (see reference [15] for 
details). Similarly a linear variation over each subdomain is assumed for 
the weighting functions, with a modification of the weighting function for 
Equation (3), Aral Q.6] . Then the method of weighted residuals is applied 
to the subdivided domain, paying particular attention to the continuity 
requirements which must be satisfied across the boundaries between the 
elements. The result is a set of algebraic equations in the case of 
Equation (1), or a set of ordinary differential equations in time, in the 
case of Equations (2) and (3), which are then solved for the system 
response. 

First consider Equation (1). The complete problem is assumed as follows: 

<fi   = <f> (s)        j Oft ilf    l>Oi/Acl*ru   Jm/tateel   by   SQ (34') 

Kn   °!R   = q. (s) ,     On   th«   boif/tJwy Jenofcel   by, SN        (3 5) 

Also, across any internal boundaries, there must be continuity in values 
of 0 and values of K d0/dn.  In Equation (34), 0(s) is a specified function 
of arc length parameter s on boundaries with a Dirichlet type boundary 
condition.  In Equation (35), n denotes th*. outer normal direction and q"(s) 
is a specified function on boundaries with a Neumann type boundary condition. 
Across interior boundaries, n denotes an arbitrarily directed normal 
direction; by definition this normal direction is an outward normal for the 
negative side of the inner boundar/ and an inward normal for the positive 
side of the boundary. 
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The choice of the 0 as given by Equations (28) through (32) makes 
it possible to easily provide continuity in values of 0 across internal^ 
boundaries. Furthermore, it will be assumed that on Sn the specified 0(s) 
is such that Equation (34) can be identically satisfied. Therefore, the 
complete finite element Galerkin method equation will be 

Hilft      i** * 

The first term represents a summation over all finite elements. The 
p^cond term represents a summation over all those cinite elements which 
are adjacent to the SN boundary. The last term is a summation over all 
interior boundaries, with the left subscript p denn:.Ins the plus side and 
the left subscript m denoting the minus side of the boundary. 

Green's theorem can be applied to the first term in Equation (36), 
resulting in the following completely equivalent form of the Galerkin 
equation: 

'If       - — -     #% 

When going from Equation (36) to Equation (37), it is necessary to recall 
that Green's theorem involves outward normal directions, while the normals 
on interior boundaries are arbitrarily inward or outward depending on 
whether the region is positive or negative with respect to that inner 
boundary. Also it has been necessary to note that 
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where n and n are the components of a unit vector in the direction SLreified 
by a vector n. 

Equation (37) is exactly what would result from a finite element 
evaluation of ehe true variational principle for tr .'.s problem.  This 
furnishes ore more demonstration of the equivalence between the complete 
Galerkin equation, Equation (36), and a true variational principle. 

Requiring that Equation (37) be satisfied for arbitrary 60 leads to 
the usual matrix formulation of the form 

[Sl 1*1 - M (SO 

where (S) is the global matrix of coefficients (analogous to the stiffness 
matrix) which incorporates the properties of the materials in the domain 
and the geometry, {0} is the vector of unknown 0's at the nodes, and 
{F} is the global "load" vector. The details of the development of 
Equation (39) and possible solution techniques are conventional and will 
not be discussed in this paper. 

The same type of formulation can be carried out for the parabolic 
partial differential equation described by Equation (2), a problem for which 
no true variational principle exists. A complete statement of the problem 
is assumed to be 

0 =   $(*,*)     >    '*      So   ,    t >0 (4/) 

Kn4±   *   f Uti) ,     on     S„ ,      i >0 (42) 
on 
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with no great concern regarding continuity of boundary and initial data. 
The interior continuity requirements associated with Equations (33) 
through (35) are applicable again.  In addition, 0 should be a continuous 
function of time t. 

Since the solution 0 is a function of both spacf and time the approximate 
solution within the r  element is now taken in the form 

it 

It will be assumed that Equations (41) and (43) and internal continuity 
of 0 in both space and time are identically satisfied. Then the finite 
element Galerkin equation will be 

After replication of Green's theorem, the Galerkin equation will be 

-zf f/"?.* M, 7-V ) •« =° 
6 h*« / 
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Requiring that Equation (46) be satisfied for arbitrary 60 leads to a 
system of differential equations which can be written in the matrix form 

[sift}. rp]{$*}={?} (+V 

To proceed with the transient part of the solution, it will be assumed 
that 30/3t associated with each degree of freedom of discrete system varies 
linearly within a time increment (At), as first suggested by Clough and 
Wilson [l7j. Thus, from a direct integration over the time interval, At for 
all nodal points, the following equation for 0 at the end of a time interval 
can be obtained. 

W ■ f'L ((ill 
öt mt)*f .<*» 

Thus, if the initial values of 0 are known, Equations (47) and (48) can 
be solved simultaneously to obtain the values of 0 it the time (t + At). 

This ?;imultaneous time am.1 space solution process can be formulated 
neatly for computer applications, tM:,  decreasing the algebra, computer 
storage and time. At ti?r* t substituting Equation (48) into Equation (47), 
one can nri^e 

Again substituting .quation (47) into Equation (49), this time at time 
(t - At), one can write 

(mi >w)H -(wh -f<J){*L*m M 

If one defines 

[sj    . [P]±  , [s] (Si) 'j 
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then from Equation (53) one can solve for the unknowns ^0j* 

Once the f0J*'s are determined, the problem reduces to solving Equation (54) 
for tne values of 0 which are the nodal values of the function sought at 
tine t. l 

Incrementing by At and repeating the same process, continuous solutions can 
be obtained in tiwe and space coordinates for unsteady problems. 

The solution process for the convective diffusion problem, Equation (3), 
is slightly modified based on a t_rue variational principle for a simplified 
problem.  For the case of unsteady diffusion with uniform flow in 
a homogeneous medium, refersnce [l6j shows that there exists a true 
variational principle wit.  he functional 

The physical interpretation for the magnitude of I is not clear, but the 
fact remains chat <5I » 0 does supply the governing equations for a system 
with specified 0 on the boundary.  It should oe noted that in the term 
exp(-ux/K  - vy/K ), the x and y values are evaluated in a global or overall 
coordinate system. 

For the case of transient diffusion with uniform flow in a homogeneous 
medium, the differential equation will be 
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with boundary conditions given by Equations (41) through (43) and continuity 
requirements in space and time as specified for the previous example. 
Once again it will be assumed that Fquations (41) through (43) and internal 
continuity of 0 in both space and time are identically satisfied.  Now the 
finite element Galerkin type equation will be taken as follows 

fVxjT ffa£i*S&-«i.-»£. -L)(ZM, 4)1 

In Equation (57), the integral over the r  finite element or the bC 

exterior boundary or a given interior boundary is normally expressed in 
terms of the appropriate local coordinate systems. Therefore it is 
necessary to transform the global coordinates to local coordinates by the 
following equations which account for the translation: 

Note that there need be no coordinate rotations for this case of homogeneous 
material. 

After application of Green's theorem, the Galerkin-type equation will be 
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Requiring that Equation (58) be satisfied fc~ arbitrary 60 leads to system 
of differential equations which can be wxitten in the form given by 
Equation (47).  If the flow is steady, then the ßfl  and /PJ matrices are 
constants, and the solution proceeds as described earlier. 

The numerical results presented in Example 2 of the next section are 
based on Equation (39) with the simplifying assumption that ^8=0 and 
b = 0; that is the translation between local and global coordinates has 

been ignored.  This means that the interior boundary continuity requirement 
for K   d0/dn is not satisfied.  However, the results agree very well with 
the known finite difference solution. 
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SECTION V 

NUMERICAL EXAMPLES 

In this section, numerical examples to  the differential equations 
tx^ated in detail in earlier sections will be given. These examples 
are chosen in the field of fluid mechanics. The variety of possibilities 
for the application of the computer program written for the solution of 
these problems is obvious [l6j. Also obviously, the appropriate employment 
of the mathematical form is by no means limited to the problem types 
specifically treated in this study.  Indeed, any physical phenomena 
properly modelled by elliptic and parabolic differential equations, accompanied 
by appropriate boundary conditions can be investigated using the techniques 
developed in this study. 

Example One: An engineering application of the finite element method 
developed in this paper can be the study of ground water seepage under a 
dam as demonstrated earlier in a paper by Zienkiewicz, Mayer and Cheung [3j. 
If the earth material under this dam is layered and anisotropic, it 
becomes very difficult for an engineer to estimate the quantity of seepage 
passing under this dam. 

In this problem an arbitrarily conceptualized dam is located on a 
layered and anisotrpic media. The problem may be the determination of 
equipotential lines under a constant head. A schematic description of this 
problem is given in Figure 2. 

Within each layer the mathematical model describing this problem is 

Bx' *8tf 

where K and K are permeabilities o^ the medium in the principle local 
directions, respectively. 0 in this model represents the equipotential 
function. As the boundary conditions of the problem, 0  is assumed to vary 
from ten on the upstream side of the dam to zero on the dovnstream side 
of the dan. Under the dam and at the impervious boundary the normal derivative 
of 0 is equal to zero since there is no flux across these boundaries. 

Finite clement results for this problem can be seen on Figure 3.  In 
this problem, the continuum analyzed was idealized by 297 elements and the 
computer execution time was 15 seconds. 

Example Two: Another application of the finite element method can be the 
study of dispersion in a porous medium.  This phenomenon can be modelled 
by the convective dispersion equation presented in the earlier section. The 
two-dimensional form of this equation in cartesian coordinate* is 

dxx 9d? ** 9?        9* K 

236 



«\-!^   MW     L.l.H.JI    J1.1IJM..J-II11ÄP« 

• 

' 

 Xf"fcryio*t   ßaunJaru 

Figure 2. Concrete Dan on Non-Homogeneous 
and Anisotropie Media 

±">ftr *i,ui    ßou*J* r M 

Figure 3.  Equlpotential Line Configuration Under 
a Dam on Non-Homogeneous and Anisotropie 
Media 
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where 0 is the concentration of the dispersing mass, D and D are the 
dispersion coefficients and i and v are the seepage velocities in (x) and 
(y) directions respectivejy.  Shamir and Harlemen [183 studied steady and 
unsteady problems of this type in detail and presented a numerical scheme 
for solving such problems.  In this example, a typical unsteady problem 
studied in their report was solved by the finite element method. 

The problem is to determine the one-dimensional dispersion of a tracer 
(concentration) introduced to the porous medium at a constant rate at x = 0 
cm. There is a constant rate of seepage in the x-direction.  The velocity 
distribution is assumed to be unifor.n in y-direc^ion.  Initially, the 
distribution of this tracer ir. the porcus medium is zero. A schematic 
description of this problem is given in Figure A. 

The dimensionless form of the unsteady convective diffusion equation 
in one-dimensional studies is 

9i      d* 

where 

- <P       ? = £.      ,  PL = üi     ,   2-- $4 (<V 

where L is the length of the medium, t is the time coordinate and 0 is the 
amount of concentration at x ■ 0 which is kept constant throughout the 
analysis.  In applying the numerical solution the following data, which 
are taken from the above report, are used. 

O & x £   SO cm 

a =   O. I    cm/sec (61) 

0-    00/   *~%/nc 

Thus the convective diffusion equation to be solved and the transformed 
boundary conditions take the form 
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Numerical results and a comparison with the exact solution fl8j are given 
in Figure 5. 

In this example, 200 elements were used in idealizing the continuum 
given in Figure A. The computer execution time was 0.16 seconds per time 
step. Although the finite element results are very accurate for this 
particular example, extreme care should be given to the coefficients 
appearing in the exponential terms in the solution of this type of problems. 
Very large numbers appearing In the exponent create truncation and roundoff 
errors in computer computations which may be significant and may result 
in unstable solutions. 

This example was actually a laboratory model of flow of a certain 
concentration in a confined aquifer. A practical application of this 
example could ba the study of the flow of some concentration in a confined 
aquifer between two rivers, of course, the appropriate constants of the problem 
may have to be changed for a specific application. 
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SECTION VI 

CONCLUDING REMARKS 

In this paper a technique has been presented for the formulation of 
approximate solution equations for systems with no true variational 
principle.  While the results are not necessarily any more accurate 
than earlier presented solutions, the formulations possess a rigor which 
is lacking in those solutions based on quasi or restricted variational 
principles.  It is now clear that the finite element method can be used 
to provide solutions to many significant problems in fluid mechanics, heat 
transfer, and other nonstructural areat>. 
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A BOUND THEOREM IN EIGENVALUES AND 

ITS PRACTICAL APPLICATIONS 
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A familiar but undervalued theorem is presented, with 
applications.    The theorem is that for positive-definite systems, 
the eigenvalues are bounded by the extreme element eigen- 
values, and also by the extreme eigenvalues of infinitesimal 
elements.    Familiar applications are to the relative stiffnesses 
of different formulations of the same element, to a roundoff 
criterion, and to the stability of elastoplastic solutions.    Less 
familiar applications are to the noise dissipation and possible 
instability of first order marching solutions, and to the insta- 
bility of creep solutions. 

NOMENCLATURE 

A, B, M, K    are square symmetric matrices. 

x, v, w   are eigenvectors. 

aj, bj    are contributions to x Ax and x'Bx from element i:    bj > 0. 

X, 7, T   are eigenvalues, 

w   is the over-relaxation factor. 

D, D„   are modulus matrices relating stress and strain. 

INTRODUCTION 

The theorem discussed here gives bounds for eigenvalues in a form especially 
suited to finite element problems.    It is already I'nown, (Reference 9), it is indeed 
trivial, but it is not as familiar as it should be.    Its use in large-scale computing 
often enables us to comment on the result by means r.f a very small calculation. 
Its use in teaching helps us to emphasize the most important aspects of eigenvalues, 
and gives students more physical insight.    The purpose of this paper is to urge its 
inclusion in finite element courses, 

•Senior Lecturer. 
tEngineer. 
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RAYLEIGH'S PRINCIPLE 

It is fruitful to define an eigenvalue as the stati   lary value of a Rayleigh quo- 
tient.    If Ax = XBx, then the Rayleigh quotient for a slightly perturbated vector 
x + d>; is 

(x+dx)TA(x+dx)     m     xTAx + xTAdx 4 dxTAx + dxTAdx 

(x+dx)TB(x+dx) xTBx + xTBdx 4 dxTBx + dxTBdx 

X (xTBx + xT8dx + dxTBx) + dxTAdx 

(xTBx + xTBdx + dxTBx) + dxTBdx 

which equals X to second order in dx.    The quadratic forms xTAx and x"BX are 
energies, in general.    Thus an eigenvector x    is usually a set of displacements which 
give the ratio of two energies a stationary value, which is the corresponding eigen- 
value X.    The Rayleigh quotient cannot lie outside the range Xmjn to Xmax, because 
x'Ax/x'Bx is a wall-behaved function of the x. 

THE BOUND THEOREM FOR ELEMENT EIGENVALUES 

Consider X = (ai + 32 + . . • + an) / (b-|  + b2 + . . . + bn), where all the bj 
are positive.    If every aj/bj is greater than n. and lese than M, therefore, mbj < 
a, <    Mbj.    Thus 

m(bi+b2+ . . . +bn) a.,i-a2+ . . . +an M(b1+b2+ . . . +bn) 

(b1+b2+ . . . +bn) b1+b2+. . . +bn       ' (b1+b2+ . . . +bn) 

or m < X < M.    Here aj denptes the contribution to x Ax from element i and bi 
denotes the contribution to x'Bx from element i.    But aj/bj is itself bounded by 
the lowest and highest eigenvalues of element i, namely    Xmjn and Xmax.    Thus we 
have the theorem: 

Xmjn (over all elements) < Xmjn (for structure) 

< Xmax (for structure) < Xmax (over all elements) (1) 

For example, the highest frequency of an idealized structure is less than the highest 
frequency of its smallest element. 

THE BOUND THEOREM FOR INFINITESIMAL ELEMENTS 

We now consid     aj and bj as the contributions to xTAx and xTBx of an 
infinitesimal eler   it i.    The extreme eigenvalues of all such infinitesimal elements 
within a finite      ment bound the extreme eigenvalues of that element.    Further, 
the extreme eigenvalues of all the infinitesimal elements in a structure bound the 
extreme eigenvalues of that structure.    This is the most useful form of the theorem. 
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APPLICATION TO A ROUNDOFF CRITERION 

A useful criterion of roundoff sensitivity in a Gaussian reduction is the "Diagonal 
energy" (the sum of the N diagonal contributions to the strain energy) divided by 
the N^ terms of the strain energy (Reference 1): 

U IjEjKjjXjXj 
(i, j = 1 to N) (2) 

The bandwidth also affects the situation, although to a smaller extent.    Now if 
Ufj/u for each element is bounded - as it is if the element matrices are positive 
definite — then U^/U is also bounded regardless of how many elements are assem- 
bled.    A long cylinder with radial motions only is a case in point, or a beam on 
an elastic foundation:    so is the problem of least-squares surface fitting:   so is the 
case, usually, in marching solutions.    Unfortunately, most element stiffness matrices 
are semidefinite. 

RELATIVE STIFFNESS OF TWO ELEMENT FORMULATIONS 

Suppose we have two formulatics of the same problem, e.g. one by potential 
energy, the other by complementary energy.   The first gives assembled stiffness 
Kj and the second K2.    If 

x'KjX XTK?L (3) 

for all x, we say that the first formulation is less stiff than the second (Reference 
2).    Extending our ideas of positi a-definiteness, we write Kj < K2.   This condition 
follows if kj <  *2 for all elements, i.e. if all the eigenvalues from kjx * Ak2* 
are less than 1, for all elements.   The situation is complicated by two facts: 

1. For certain x, for example the rigid body motions, the element forces 
kjx and k2X are zero.   These are ignored, as a: ■ b: ■ 0. 

2. Certain other x - for example, the constant strain conditions - give 
kjX = kox.    Indeed, if both formulations are to converge, the unit values of > 
must appear. 

ROUGH ESTIMATE OF THE CRITICAL STEP-LENGTH 

IN TEMPERATURE TRANSIENTS 

According to Leech (Reference 3) the critical step-length is about 1/6 of the 
smallest period in dynamic problems.   Small elements have high frequencies.    There- 
force the expense of a mar ,ung solution increases as the mesh is refined, not only 
because there are more variables, but also because the time step decreases.    It is 
useful to be able to cost this effect in advance. 

In a temperature transient, we have C f  = - Q r where   r   = temperatures, 
C - conductivities, and Q = heat capacity.    The eigen-situation here is 
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Cr      = - XCT 

so that T (t) .-At T(0) 

(4) 

(5) 

That is, all the temperatures decrease together exponentially, at the same rate.   To 
estimate the biggest X, we consider the smallest element, we guess the temperature 
pattern that is most rapidly evanescent as in Figure 1, and we compute X as a 
Rayleigh quotient, evidently a very small calculation. 

When trapezoidal integration is used, the solution should be stable.   What unin- 
formed workers take for instability is usually noise decaying very slowly   - although 
with nonlinearities this can cause instability.    Many workers (e.g. C. Parekh, C. 
Taylor, B. Irons at Swansea, K. Fullard at C.E.G.B. Berkeley, Gloucestershire) have 
independently proposed re-start techniques to eliminate ncise.    For example, one 
steps from    r (0) to   r(t) normally, then re-starts at r * (t/2) = Mr (0)+ r(t)] 
having eliminated most of the noise.    Figure 2 shows that the spectral effectiveness 
of this, the simplest algorithm, is surprisingly good.   Occasionally without restarts 
a solution diverges slowly (in say 200 steps).    Presumably roundoff generates more 
noise per step than   is dissipated (Reference 8). 

THE CONVERGENCE OF THE !TERATIVE PROCESS IN AN 

INCREMENT OF PLASTIC DEFORMATION 

Following Gallagher and Marcal (References 4, 5) we take K as the elastic stiff- 
ness and Kp as the plastic incremental stiffness.    During the iteration we compute 
the residual forces R which, added to the external loads, would exactly balance the 
internal loads due to the incorrect state of stress in the structure (Reference 11). 
We then add to the current deflections 6 of the structure a correction, giving: 

i* = I   + w K_1R (6) 

where CJ is the cver-reLxation factor.    If we are fortunate, and KZ' = K-1 

exactly, then 8* is correct.    In general, however, there will again be a nonzero 
residual: 

R*    =   Kp multiplied by error in 4* 

Similarly,     R 

=    (I - wKpK-1) R 

• • ■* = (I - t^pK"1) nR (7) 

If R iterates towards zero, the process converges.   With this technique we can avoid 
creating and inverting Kp.    But we must consider the conditions for convergence if 
we are to use the method confidently.   We consider first the eigenvectors VJ such 
that KQVJ * XJKVJ , but it is more convenient to work with the force perturbation, 
Wj = KVJ.    For Equation (7) we now have 

(I - wKpK-^Wj » (1 - wXjJwj (8) 

which is a scalar multiplier.    If Equation (7) is to converge, then, the factor must 
lie between -1 and 1, giving 

0 < wX; < 2 (9) 
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1 
As before, the Xj are bounded by the extreme eigenvalues for individual elements. 

Presumably, Xj = 1 for unyielded elements and Xj < 1 for yielded elements.    A more 
useful but wider bound depends only on the properties of an infinitesimal region of 
material.    We choose, not too carefully, a stress increment which appears to give the 
smallest purely elastic strain energy or the largest purely plastic strain energy.    We 
then take the ratio as an adequate bound on X. 

This is a nontrivial result (Reference 7).   A numerical process may converge well 
in simple cases (e.g. Jacobi relaxation) but fail utterly in problems cf any real size. 
But in the case of plasticity it appears that, if the process converges for a single 
constant-stress element, then it converges for a large structure.   This conclusion 
holds generally.    If an iterative or marching algorithm always succeeds with an infi- 
nitesimal element, then it should succeed with a large structure. 

Professor G. Maier of Milan has remarked (private communication) that although 
this conclusion is universally true, the assumptions are unrealistic.    Between itera- 
tions a small region can switch from elastic to plastic or vice versa, so that the Wj 
change radically; however the bounds on Xj remain.    As observed by Nayak (Refer- 
ence 10) thir behaviour is not rare, and indeed iteration with tangential stiffnesses 
is hazardous because the switching can become chaotic.    However, we can prove 
that if Equation (9) is satisfied the perturbation 

p = 2 a, Wj 

tends towards zero even if the a( and w, change from one iteration to the next. 

We consider 

pTK_1p = Zai
2wjTK-1Wj 

,Tir-1 because the Wj er? orthogonal.    Each iteration effectively multiplies »-, 
the factor F: = (1  - CüX:)2 giving a modified p^K-1 p: 

\ by 

*i ' i—i wi ^ rmax»' **■    P 

Therefore if Fj < Fmax < 1 for all iterations, i.e. if Equation (9) is satisfied, 
p K    p tends towards zero and the iteration converges. 

We note from Equation (9) that a given value of CJ secures convergence for 
0 < X < 2/w, and that for convergence 0 < CJ < 2/X max- One would intui- 
tively expect under-relaxation to be safer in all practical cases; Equation (9) con- 
firms this. 

Further, we can now choose a near-optimum value of w.    In the present case, 
X_jn is known from the stress-strain at the worst point in the structure and Xmax= 
1 for the elastic regions.    Thus the value of u> that minimizes the greatest 
absolute value of (1-CJX), the convergence ratio, is given by 

1 - wX, 

or 

vmin 

u = 2/(X 

<1 - w*max> 

min + *max' 
(10) 
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NONSYMMETRIC MATRICES 

If the problem generates a nonsymmetric matrix Kp, D. J. Naylor has suggested 
that K ■ %(Kp+Ki) might be shown to give convergence.   The theorem gives no 
support here, as the eigenvalues can be complex.    It is not known how successful 
such approaches would be.    But the loss of many useful theorems must discourage 
the most intrepid worker from voluntarily involving himself with nonsymmetric 
matrices. 

STABILITY IN A MARCHING SOLUTION OF 

CREEP-TIME PROBLEMS 

This is another case tha* depends directly on the stress-strain laws rather than on 
som«! postulated behaviour of the smallest finite element.   The problem is techni- 
cally important, because most workers prefer the simplest form of integration (in 
which the stress is assumed constant over each time interval) and the intervals must 
be short to avoid instability:   longer intervals would usually give sufficient accuracy, 
even with this crude type of integration, except perhaps in the early time-steps 
(Reference 6). 

The effective stress: 

_5      3 1 
0    =T°ijaij where aii = aij -~Takk 

= V4[(ox - oy)2 + (ay - az)
2 + (az - ox)2 + 6f2y + . . .]        (11) 

is associated with an effective strain in the neighborhood of some time t: 

thus     d cx = ■*" K - V, ay - V* az) etc. (12) 

d7xy =   f i3T*V] etC' (13) 

as in the Prandtl-Reuss equations.   Thus at the start of an interval 8 we have the 
stresses a   and we have the elastic stiffness K.   We can also postulate a creep stiff- 
ness (6t)~1Kc, although this concept is not pursued for the moment.   As before we 
could consider eigenvectors of displacements or of perturbating forces, but in this 
case it is more profitable to consider vectors of perturbating stresses.   We thus con- 
sider an infinitesimal element of material, whose stresses are p.fturbated from the 
true solution, so that the stress and the strain perturbations relax exponentially 
together:   the most critical condition is the case giving the fastest rate of decay. 

This is essentially the same concept as used above, but we now modify it 
slightly to take account of the integration process.   Consider the problem in one 
degree of freedom, y = -Xy, solved using steps of 6t, over which y is regarded as 
constant: 

Vj + 1 B Vj -xVi6t 
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Leaving aside questions of accuracy, the condition for stability is 

0 < X5t < 2 
* 

Returning to the problem of creep flow, we consider a problem in plane strain 
(ez ■ 0) giving both elastic and creep strains: 

elastic   cz = az/E 

3*r 
creep    e2 = o2 

dudt 

But the total e2 = 0 at all times, so that 

—a 
az a*r 

z    dudt 
E32F 

a, = -Xo_ where X =      "T 

Substituting X in Equation (14) 

32F 
E wi7 5' < 2 

Thus we derive tie limiting step length as required: 

6t < 2 
E_9jr_ (15) 

dUdt 

THE THREE-DIMENSIONAL CASE IN PLASTICITY AND IN CREEP 

In the case of plasticity it is reasonably straightforward to express the result in 
a general three-dimensional form: 

D c - X Dpc 

where D is the elastic modulus matrix and Dp is the plastic modulus matrix.    This 
gives bounds for the X of Equation (10). 

The case of creep Is more difficult. We postulate an interacting set of infinitesi- 
mal elements, with no external load involved in the perturbation of the stresses on 
these elements.   Thus we have 

6ee - D_18o 

c Kl        dZTdt    30j: 'I    dak| 

D~1     bo 
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The total strain rate is 

8*     = D~1     60     + D~1    60 (17) 

If we assume that the given perturbation decays according to exp (-Xt): 

5e     =   [D~1   - XD~1]     5a (18) 

We can now construct an energy of perturbations: 

% /5aT5e d(vol) = K /5oT [D~1   - XD~1]  5a d(vol) (19) 
- 

whose derivative with respect to any relevant nodal variable gives an unbalanced 
force.    This is zero, and defines the eigenvalues which control the convergence. 

i 

As before, these eigenvalues are bounded by the extreme eigenvalues of the 
infinitesimal elements: 

D~1      5a     = XD™1    5a (20) 

or   D   6e   = XDC    5e (21) 

and hence 5t < 2/Xmax. 

In the 'sotropic case the criterion was used automatically in the programs of 
Reference 6.    Instability was successfully avoided, and the indications were that the 
judgments were somewhat pessimistic throughout, but not excessively so. 

CONCLUSION 

We have discussed the applications of an easily taught and easily remembered 
theorem.    Some of its applications are exceptionally useful.    Therefore the theorem 
should be taught in finite element courses. 
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ON DERIVATION OF STIFFNESS MATRICES WITH C° ROTATION FIELDS 
FOR PLATES AND SHELLS 

Senol Utku* 
Duke University 

The use of C° deflection (displacements and rotations) fields 
over triangular meshes in the middle plane of a plate for the total 
potential energy functional always requires the retention of the 
transverse shear strain energy in order to have the stiffness matrix 
of the supported structure non-singular when the degrees of freedom 
in the transverse direction are not suppressed.  This situation is 
similar to the case of sandwich plates and shells where the trans- 
verse shear strain energy is retained because of its importance. 
Since the transverse shear strain energy is a function of transverse 
shear moduli, rather than in-plane shear modulus, it should be 
computed directly from the deflection fields, but not from the 
corresponding stress couple fields.  This paper shows the method of 
computation of transverse shear strain energy directly from the 
deflection fields. Applying the method to C° deflection fields, a 
mathematical foundation is laid for a widely used plate and shell 
element by Martin, Melosh and Utku. 

Introduction 

After the celebrated work of Turner, Clough, Martin and Topp1 

in 1956 for solving two dimensional Elasticity problems with C° 
trial displacement fields and the Ritz procedure, it took about 
ten years to do a similar but not exactly the same thing for the 
plate bending problems.  In 1965, Melosh reported2 that C° dis- 
placement fields for plate bending problems were of very poor 
convergence, and suggested the use of hypothetical spar beams of 
mysteriously adjusted stiffness around the periphery of triangular 
elements to represent the transverse shear rigidity, and ignore 
the one resulting from the mathematical procedure.  He mentions2 

successful and monotonically converging sclutions of several plate 
bending problems by using the spar beam concept and the right 

* Associate Professor of Civil Engineering 
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triangular elements.  In 1966, Utku gave3 a mathematical derivation 
of stiffness matrices for thin plates and shells vising C° deflection 
(the term deflection in this paper is used to mean both displacements 
and rotations) fields o"~r arbitrary triangular meshes with or 
without curvature. The ..-hell curvatures are handled by approximating 
the middle surface section within a triangle by a parabolic surface, 
and the slow convergence is overcome by replacing the portion of the 
transverse shear stiffness matrix of an element, which is associated 
with the rotations, by quantities insuring equilibrium among the 
forces represented by the columns of the final transverse shear 
stiffness matrix (although there are infinitely many ways of gener- 
ating such quantities, the one named the "equilibrium algorithm" is 
arrived at by analogy to the behavior of clamped beams).  The trans- 
verse shear stiffness matrix obtained by the "equilibrium algorithm" 
is identical with that of Ref. (2). The monotonic and rapid conver- 
gence characteristics of this element with various meshes are 
demonstrated in Ref. (3) for both plates and shells.  In 1967, Utku 
and Melosh reported* that when the triangle is obtuse, the transverse 
shear matrix of Refs. (2) and (3) becomes indefinite, and the curved 
element stiffness matrix of Ref. (3) becomes indefinite when the 
apex of the paraboloid approximating the shell middle surface is not 
on the normal at the centroid of the base triangle.  To prevent the 
indefiniteness of the transverse shear stiffness matrix, they sug- 
gested" to modify the transverse force portion of the matrix arbitrarily 
by a process they named the "constant trace scheme".  In Ref. (4), 
extensive results are given to demonstrate the monotonic and rapid 
convergence of the resulting matrix in both plates and shells.  In 
1967, Martin arrived5 at the same transverse shear stiffness matrix 
of Refs. (2) and (3) by a physical model of cover plates and spar 
beams with a sound engineering reasoning.  However, his matrix is 
also indefinite when the triangle is obtuse. 

1 
Today, several computer programs, such as ELAS6, SAMIS7, and 

DYNAL8, use the flat shell element of Ref. (4) which uses C° trial 
deflection fields in conjunction with the "equilibrium algorithm" 
and the "constant trace scheme". Because of the latter modifications, 
of course, one is never sure of the true class of the trial fields 
yielding the final stiffness matrix.  In spite of this weakness, this 
element 1) has been the first conforming element for arbitrary tri- 
angulation in both plates and shell3, 2)  is still the only available 
element which represents the behavior of non-Kirchhoffian plates and 
shells by using the transverse shear moduli (rather than in-plane 
shear modulus), and therefore 3)  is the only element suitable for 
sandwich plates and shells. 

I 
This work is an attempt to furnish the mathematical foundations 

of this widely used plate and shell element by eliminating from 
its definition all physical analogies and engineering approximations. 
For this purpose, first a method is given for the computation of 
transverse shear strain energy directly from the deflection fields. 
Then, this method is applied to C° deflection fields over triangular 
meshes to explain the behavior of the Martin-Melosh-Utku element. 
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i Finally the behavior of the new element is compared with that of the 
Martin-Melosh-Utku element. 

1 

Computation of Transverse Shear Strain Energy 
Directly from the Deflection Fields 

Let x,y,z denote a right-handed Cartesian coordinate system 
located at the centroid of a triangular thin shell element of 
thickness t,  Let 1,2,3 denote the vertex labels of the triangle. 
It is assumed that the element is sufficiently small to justify 
the assumption that vertices 1,2 and 3 lie in the xy plane. Let 
i_, 2, k denote the unit vectors of the coordinate system (see 
Fig. If.  Let 

d = u i + v i +wk (1) 

denote the displacement vector.  It is assumed that the transverse 
shea;: strains [y]  = [y      y    ] and the transverse shear stresses 

XZ      y Z 
[T]   =     [T     T     ] 1   J l  xz yzJ are related with 

Txzl       pil D12* 
>j       LD21 D22_ 

which may be  rewritten as 

(T)  =[D'J {y} 

xz 

'yz 

(2) 

where [D'] is as displayed above.  The transverse shear moduli 
matrix [D'] is positive definite and symmetric.  The linear strain 
displacement relations are 

xz 

yz 
> - < 

\z+ 

w 

w 
(3) 

where a comma in the subscript indicates partial differentiation 
with respect to the quantity following the comma.  Since the thin 
shell or plate assumptions imply that u  ■ const., v  » const., , z ,z 
and w  = 0, the rotations of middle surface normals about x and y »z 
axes, 0 snd 0 , may be expressed as x     y 

0. -v ,z 

u »z 
(4) 
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Substituting 9x and 9y from (4) into (3) one obtains 

'xz 

'yz 

9 + w 
y  »x 

-G + w 

If the behavior is truly Kirchhoffian v  - v 

o^mlyTritelro™" With "'   in thS "" °? Kirchhoffian behavior, 

(5) 

= 0.  Denoting the 

fQ 1   f   1 
9X     I W'v '      * '- J   'y , 

I yj    I  ,x 
Let the difference between non-Kirchhoffian and Kirchhoffian 
transverse displacements be denoted by w* such that 

w * _ w - w' 

(6) 

(7) 

Using (6) and (7), one may rewrite (5) as 

I' 'XZ 

LYyzj 

w* 
»x 

. w* . (8) 

Since the strain energy density for transverse shear is \\y  ] [D1] {y} 
using (8), the transverse shear strain energy of the triangle may 
be expressed as 

JS ~ 2 J 
Dil D12 

D21 D22 

w* 
»x 

w* 
>Y 

dA 

(9) 

where dA is the area element, and A is the area of the triangle.  If 
one uses (9) for the transverse shear strain energy in the total 
potential energy functional, for monotonic convergence, it is 
necessary that w* is at least of C° over the triangular mesh.  In 
other words, one should have w* (but not its derivatives) continuous 
across the interelement boundaries. 
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Triangular Element with C° Deflection Fields 
for Non-Kirchhoffian Plates or Shells 

Let xi,yi/zi,ui,vi, wi, 9xi, 0 ., and 02i, 1=1,2,3 denote 

the values of Cartesian coordinates and the deflection components 
at the vertices of the triangle as referred to the x,y,z coordinate 
system (see Fig. 1).  If one assumes that, excluding w and 0 the 

deflection components vary linearly in the triangle with x, and y, 
the values of these components at a point with coordinates x, and y 

•f - 
■ 

in the triangle may be expressed by linear interpolation as 

(10) 
Iu v 9x V = 2* '* 

L=
X
4J I r rj 

where [—y-»J * tv2~y3 y3"yl yl~y2] '  [—x™*] = [x3"x2 xl"x3 x2~xl]' 

[—-r-*] = [x2y3-x3y2 x3y1-x1y3 x^-x^] , [— G—] = [U;L u2 u3], 

[_v-] = [vx  v2 v3] ,   [-0--H - rexl ex2 ex3] , and 

[—0r~H = [0 , 0 2 Ö ol • Now if one assumes that similar linear 

interpolation applies in all the triangles of the whole triangular 
mesh, the resulting deflection field is of C°, since the deflection 
components, but not their derivatives, are continuous across the 
interelement boundaries. 

The total strain energy associated with the triangle, U, may 
be written as the sum of the membrane, bending, and transverse 
shear strain energies UM. U . and Ug: 

U S UM + °B + US (il) 

and UM, Ufi, and Ug may be expressed as 

UM = \   [  q ] [KMJ {q} (12a) 

UB = \   I  q ] fKBJ {q} (12b) 

Ug = \   I  q   ] [Kg] {q} (12c) 
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where IKM], [Kfi], and [Kg] are the membrane, the bending and the 

transverse shear stiffness matrices of the triangular element, and 

'3 
1<J] - [ux u2 u3 j v1 v2 v3 j v1  w w„ 0  8  a 

xi x2 ex3 
e  e  A j. 
yi Y2 >3 

Let the tangential strains le] = [e 

stresses [o] -   [a a  T  ] be related with x y xy 

Y ] and the tangential xy 

10} = [D]{e> (13) 

.-.■ 

where the material matrix [D] is positive definite and symmetric. 
Using the linear interpolation rule of (10), and stress-strain 
relations (13), [K ] and [K_] may be computed9as 

[KM] 

where 

P J R : 0  : 0 : 0 
R : 0 • 0 i 0 • 0 t 

4A 
.3 

Ö 1 ü : ö -0:0 
JOjjT :"Ö'".:'ÖTÖ" 

[V t 
48A 

0 : 0  : 0  • 0 i 0 

o : o ; o • o ; o 
0 : 0 • 0 • 0 : 0 • • • • %• ■ • •   • ■• •   ••*%••••«••   • ■  

o : o •: o; 0 : 0_ 

0 j 0 : 0 r-R • P 

(14a,b) 

[P] = [MIMD] [M] IP] = [MJMD] [N] [Q] - [N] [D] [N]  (14c,d,e) 

and 

(M] = 

—y- 

—o. 
—x. 

[Njx 

-0- 

■x« 

•y- 

[—0-H«[0 0 0],  [0] = 

boo1 

ooo 
ooo 

(14f,g,h,i) 

In (14a) the contributions of local curvatures, if there are any, 
are ignored. 

In order to compute U„ in terms of the vertex deflections 
using (9), one needs w' orbits first derivatives as implied by (7). 
A consistent w' distribution in the triangle with the linear rotation 
distributions may be expressed as 

= [x* xy y i]< 

ai 
?2 

(15) 

where the coefficients a., i=l,...,5 may be expressed in terms of 
the vertex rotations as follows:  Using (15) in (6) one may write 
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öx - ^ i] 

<a3 

(16a) 

and 
■=-[2x y 

a3' 
La4. 

(16b) 

and evaluating these at the vertices» after inversion one obtains: 

and 
[:•} ■ * isfr! 
ai 

1S3 
a4 

1 
4Ä (2). 

4A/3 if 
(17a) 

(17b) 

where I—1-H = [111].  It is observed that a, is computed in two 

different ways in (17a) and (17b).  To assure single valuedness, 
the average of the two may be taken as a-, so that 

1 
4Ä 

.0- 
■ x- 
,y. 
'0. 

4A/3--1-* 

 y- 
 0- 
 x- 

4A/3—1- 
 0' 

f I 

-e (18) 

Calling the value of w* at the origin w'. and substituting a., 
C 1 

i=l...,5, from (18) into (15), one may write 

2 
w'-w« = £   [x2 xy y] •o- 

X' 
.y. 
0- 

4A/3—1—* 

• y—i 

•X— 
=4A/3 — 1- 
 0- 

['1 e 
.4?.. 
-e 

y 

(19) 

By evaluating w' at ehe vertices, one obtains from (19) 

Tw?l   1 
<W2_Vvo ( '   4A 

:-w' 3    oj 

"  2        2 
x      y xl*l 

x2y, 

x3y3 

■0« 
X' 

.y. 
•0« 

4A/3—1—- 

•y 
•o- 
-x- 

4A/3—l—»- 
 0_ 

e 

If) 
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which may be reduced to 

'w'-w'" 
X     o 

« W2"wo 
wl-w' I   3    oj 

1 
» = 3" 

*1 

*2 

L         
y3. 

4  11 

14  1 

114 

PI 
In 

i 
1 - *■ 

P                T 
Xl 

x2 

.         X3. 

4  11 

14   1 

114 

t     i 

1 i 
e  » r (20) 

By using (7), this leads to 

w* > * i w 
I 

1 
6 

where   [—-w*-»]   =   [w* 

3J L 

4   11 

14   1 

114 

wJ w*J 

jx r    6 

and 

3j ; 

[—w-«»]   =   [w 

4 11 

14 1 

j.  1   4 

w. 

< e  » 

f 
Wj] 

- w J'l 
11 

In order to be consistent with the interpolation rule used in 
obtaining the membrane and the bending stiffness matrices, one may 
try a C° field for w*.  This means that the difference between the 
Kirchhoffian and the non-Kirchhoffian transverse displacements is 
assumed varying linearly within a triangle.  By using the linear 
interpolation rule of (10), one may write 

1 
2"A w* = •xrr [x y i] -y- 

•X- 

L-r-JUJ 

! 
w* > (22) 

Substituting w* from (22) into (8), and using (21) one obtains 

{y}= 
-1 

6 
3JL 

4 11 
14 1 
114 

i K if4; i] i. 

which can be reduced into 

(23a) 

"•**[$ -Y. 
~y< 

-y- 
4 

„y^i—.—o^i ^—l-J -j~ 

-x-^~3 l«* 0-U X.. 
e 

.  ..... l*y. 

(21) 

(23b) 

Note that the transverse shear strains in (2 3b) are expressed as the 
arithmetic average of two terms.  The approximation of the transverse 
shear strains by  only the second term has been studied previously 
under the name of "average rotations algorithm" **, 

The use of {y} from (23b)  in (9) gives the transverse shear 
stiffness matrix [K J of (12c) as 

S 
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r 
. 

where 

[Ks] 
t 

4A 

: o :      _;        : 
...} — Sym.. .i  

0    : 0    : s.   ;       : • 11 •       • 
0:0 

5   : o 
S2liS22: 

:S3l!S32iS33 

(24a) 

[Sn]   = 'i n y x 

LIIJ 
ID'] 

[s21] - -f tsu]   , 

[S31]   =     2 
3J 

is,,]    ,      [s„] =   i ii 22' 

3J 

[sn] 

(24b,c) 

(24d,e) 

and 
(24f,g) 

S323   - -T x. tsn] y-> '      tS331_T tsn] 

The total stiffness matrix of the element may now be written 
as the sum of [K„], [K„] and [K_] 

R 

[K] = 4T ][ 
0 
«... 

which may be used in 

 —• >  

Q  I    i 
0 i S.jj  Sym. 

0 ; S2.: 6Q+S22 

ßP+S 33 

t' 
T7 (25) 

U = j [q) [K){q) (26) 

for the computation of the total strain energy of the triangular 
plate or shell element in term.-; of the vertex deflections. 
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Comparison of the New Element with the 
Martin-Melosh-Utku Element 

i fg The membrane and the bending portions of the new element 
stiffness matrix are identical with those of the Martin-Melosh- 
Utku element.  Moreover, [S,,] submatrix in both cases are the 

same.  The difference exists in submatrices [S,,), [S,jJ, [S_2], 

[S32l / and [S33] of [Kg].  Using superscript e to distinguish 

quantities belonging to the Martin-Melosh-Utku element (e stands 
for the "equilibrium algorithm"), for non-obtuse triangles, one 
may observe that 

. isjj] = rsn 

Is5i> 

IS*   ] 

isja] 

rs;2] 

rs;3i 

- ts 21 

=  [s 31 

=   IS 

=   [S 

22 

32 

-   [S 33 

+ xm fal  bl  cl]   ' 

-Irr 

I'' 
H||[a3b3 C3> 

where '« 

fal bl cl] ' 

fa2 b2 C2J ' 

fa2 
b2 c2] ' 

I 

(27a) 

(27b) 

(27c) 

(27d) 

(27e) 

U'7f) 

a. 
l (sn,3i <SU>21  ' 

(Sil>21 (S?1>32  ' i - 1,2,3 (27g) 

(S?1>32- (S?1>31  ' 

the second pair of subscripts indicating the row and the column 
number of the entry of the submatrix to be used. 

The three scalars (S1)21» (S*1)31 and (Se1)32of (27g) are the 

chree off-diagonal elements in the lower part of submatrix [S...], 

i = l,2,3.  For i=l, it has been shown * chat for non-obtuse triangles 
these three scalars ire all non-positive, and for obtuse triangles 
one of them is positive (for obtuse triangles the Martin-Melosh- 
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Utku element stiffness matrix without the "constant trace scheme" 
modification is indefinite).  For equilateral triangles, when i=l, 
these three scalars are all equal, implying that a.= b. = c., and 

therefore [S_. ] = [J32i^ 
aild *S3i^=^S3i^*  In tne case of equilateral 

triangle, in order to have also [s|,] = [S--], [S?-] = [S32] and 

[S;.] = [S,,], the orientation of the triangle relative to the 

x,y,z coordinate system should also be special. 

The comparisons of the results by the new element and by the 
Martin-Melosh-Utku element for several plate problems with various 
meshes under a single transverse concentrated load are given in 
Figures 2-8, where the transverse displacement under the concentrated 
load load is plotted against some measure of the mesh refinement 
(the larger the abscissa, the finer the mesh).  The results with 
equilateral and bilateral triangular meshes indicate that the :iew 
element converges faster (Figs. 2 and 3).  In the case of right 
bilateral triangles the two results are almost coincident (Fig. 4). 
For the case of obtuse triangles, the slightly larger results by 
the Martin-Melosh-Utku element with the "constant trace scheme" 
are of the same convergence rate with those of the new element (Figs. 
5 and 6). 

A.i. Figs. 7 and 8, the better convergence characteristic of 
the Martin-Melosh-Utku element is obvious.  The paradox between the 
behavior shown in Figs. 2-6, and Figs. 7-8 clearly indicates that 
the Martin-Melosh-Utku element is orientation dependent.  It has a 
much higher convergence rate if the largest edge of a triangle is not 
quite coincident with the minimum bending direction.  Presently, the 
mathematical explanation of this quite remarkable behavior is not 
complete for formal presentation. 

Conclusions 

From the study presented in this paper, the following 
conclusions may be drawn: 

1. The transverse shear strain energy is a function of 
the quantity w*which represents the difference between 
the Kirchhoffian and the non-Kirchhoffian transverse 
displacements. 

2. Conforming element representations for the non-Kirchhoffian 
behavior of thin plates and shells are possible by C° rotation, 
tangential displacament and w* fields, as shown in this 
work. 

3. The stiffness matrices with C° deflection fields as 
derived in this work closely follow the behavior of the 
Martin-Melosh-Utku element in general. 

4. The convergence characteristics of the Martin-Melosh-Utku 
element can be substantially improved by properly orienting 
the element. 
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:':eJ•v:n: D. Olson'** 
:.·,·r.<i!'t:!'H~n t. of Ci v 11 Englr.eering, 

''::i·:-::--si.:::,· 0f British Columbia. 

:···: .!:·: ;· :·;c:.·::: tc: th.: fin.i.tL: element analy;;,l;:; of aroitrary 
Jn~•p :·hel.L; are p:·e:·ented and compared. One approach-involven the 
JC!'!vatlon 'r a s~itable transformation to link shallow shell 
~10~~n::~ to~ether to form deep shells. The second approach involves 
:~·· :•.'!".'.Vat.'.on of a ·~urvilinear element based on the general 
• ·::::~ .. r.'.:ll fo!'r:1ula f'.:r the straifl energy of n thin shell. Both 
·,q':'cac:.·.:·::; u:.H~ hi {her order interpolation func-cions and both 
:·..;:, . .::.·" ::--. tria:;~:::: .. !la!' finite elenents with 36 degrees of freedon, 
· · '- ..-~...::~ nc:·.'. _;·.~:~ul.t::; confirm that both approaches give 
·~r~:>.r3.t.:> pred:ctiCJn:c 0f !;tresses as well as displacements • 
.'- ... ·" :0r:s ra;·icll:; ~':'r.verge as the number of elements is increased 
~~:· .. : ··~:.ti:•e·~:-·~nr ::.·:.:>..:"!'ac:: is always attained with just a fe·,.; 

.':.·· ~i:-.~ >· ·':0."::--:e;.t analysis of shells has t:een studied 
·.·:-::-.·: .. · :.·::·~:-• : .!'l::•~ ::.he r:ast decade. An extensive critical s•J.rvey 
· ~ ;~~~:orTc~·s ~r to 1969 has been given by Gallagher [1], while 
:·. -~~ :~~!~e~ :~rv0y~ have been giv~n by Zienkiewicz [2], Key [3], 
:;·,:·· ..:.::~ ~~:~, ::1r:d ::.- tne authors [5]. It is fair ~o say that no 

• .. :.-:::.•::.-::. :.<L' · ... ·cr. f'/"n~ral acceptance, and also that many of the 
,·-'.~- :.·..!~. >, .,.1•·:::·~!::·.· 1:-:-Ji>O:oe li:nitations on the shape of the shell, 
. . :·:~::.;.:>, :::·,;:~ 1i::;~tatlon to shells of revolution. 

:...:.r· l :~.~ t!;e pa~ t :~e·.,· years the auth~rs have developed a number 
·· ·.!·:·,::rula::-- r::.~~:-precision finite element.:~ for plate bending [6: 7]. 

· :<:::•· ::'.:..!'"'•:~::- ;~~. shallow shellr [BJ and cylindrical shells [9] • 
. :·-.·•· ·:1"":--i~·:-.t:; ••:~·· :,:.:';he!' ord~r inte-rpolation polynomials and 
~~~~~t ::1 ~nal:~~ ov~rall problem size, give accurate predict!ons 
.~ :~rpsses, anJ ~a:isfy sufficient condition~ to guarantee rapid 

·:c·,r,,_,, .. ,.,~.-:~ce t.o th"-'" ~·xnct. solution~. This family is now enlarged to 
; ,,~·:-.: ~, •"itf' :m<1.i..yD::; o:~ tio.?ep !!hell~ of general ~\hape. 
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Twc• llPPl'OIJehr>;'. :!r'<' Pl'O!Jentnd. Th"' rir:lt in derivation or 11 
cu r·v.! 1t nt•a!' t.r•J an1~u lar e lcmcnt b£wt•d on the general tensorial 
forr::ulu fop ttl(' :jtt•atn cnC!t'gy of a thin shell. 'fhe aecond is the 
rl··z·ivntiun ot' a eu1tablt" transformation to link shallow nhell 
c- l•..:'rr.•~nt.:; t.o,:t?th•'l' to form deep shell::;. Although the rirzt approach 
lvo.:~ expected to yield better results, the second approach promised 
~,.o::ie aJv:~mt:q;~~~ :...,uch a::. th~ avoidance of numerical integration and 
or th•.> complexities 0f tensor notation. Moreover, availaule 
co~puter routine~ for ~hallow shells could be exploited in the 
second ~pproach. Followin~ a description of the two approaches, 
tt~c :lPr-i ved .:lcment~~ al'e tee ted on certain problems and their 
p0rfor~nncn is compared. 

~?. u T:~E :~El~Eh!ll. ;:JELL ELEr-1EHT (CURSl!L) 

'1'!1e followlrv_ derivation. is very brief but COJ11.Qlete details 
ar0 available [10]. Let a,B be curvilinear coordinates on the 
:3hell ;.;urfacc, not necessarily ortho~onaJ nor !'Yr1n~toal. The same 
d::;;;l-2.·.·· :··c·::t f'ur~ctions wh:L .. u i.:.!·:-. · .. _..;n ... .:...:d ;.;uccessfully in earlier 
h~rh-precision Ple~ents are also adopted for the general shell 
(·1 •·n:er•t. T!H.' norr~al displacement w is taken as a restricted quintic 
rr:Jlyr:cr.11al in the coordinates a,B, while the tangential displacements--··· 
u, v are taken as complete cubic polynomials in a,B. In keeping 
w} ~ :, t::•? a::;:.ur::ed displacement functions, the generalized displace
~ent~ are the values of u, au/aa~ au;as, v, av/aa, av/ae, w, aw/aa, 
3w/JB, a2 w/3a 2

, a2 w/aaaB, a2w/as at the three vertices of the 
element, a total ~r 36 Jecree~ of freedom per element. Centroidal 
displacer::ents uc, vc, are used durinG the development of the stiff
n0s~ ~a~rix tut are later eliminated by st~tic condensation. 

Ti:f: choice of di::;placement functions and generalized displace
:'":·::lt:.> :-1::;sure:-; th:.~t. u, v, w, and first derivatives of w are 
co::t ir.uou:-; bt~twe<:>n elements. Conformity, however, requires that 
t~n Jisplace~ent vector and the rotations of the normal be continu
e•:..::·. l f ~:he· ~;!-jell j s smooth, con~.. inui ty of the displacement vector 
1~ equivalent to continuity of the components u, v) w. ln general 
~i~i(:ll trv.::orie:;, '::.h<::- formulas for rotations involve the first 
derivative~ of w plus products of u, v ~lth the shell curvature. 
·;r.•::refcre cont:!.nuit.~/ of u, v, w, and !'irst derivatives of w implies 
r,c,;.~,ir.ui t:: or rot3.tion~, provided that the shell curvature is 
:on~1nuou~. !n Donncll-Vlasov theory and in shallow shell theoi~ 
u, .. !'c'.:::Jti~n=' ~,:·-: aj:>proximated by the first derivatives of w. In 
t~l~~~ case~, continuity of rotations is equivalent to continuity 
c~ the fir~t der!vatives of w regardless of the ~ontinuity of shell 

·:·~ll? !·if:!-H~<;'.;. dr:-rivat:!.ve~ of displacement which appear in the 
•-:qc:'(!s:;.l.on for st!•a1r~ enerp;y are the second derivatives or w and 
~lr~t derivative;:; o~ u, v. Since the interpolation function for 
~ cont~~ns 1 cc~pl~te quartic polynomial, it follows frorn Taylor's 
:~00re~ that the finite eleMent can represent an~ distribution of 
;~·;~and '.1eri vat i ve;j of w with an error of order h , where h is a 
'yLtc:nl 11nenr dl::".r:n::ton of the element. Likewise, the first 
dn~iv~'::.iv0~ of u, v, are represented with an error of order h,, 
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;:!net· t!H.' 1ntl"r•poJatlol1 runctionn for u, v nre complete cutJic 
pol:: :;omi als. 'r11en, according to the theorem of minimum potential 
enc'."r-:y lll, 6 J the element should have a discretization error in 
tht' :~tr·a:ln enercy of order h 6 • 

s~~r:1e authori tier, [ 1,12,13] advocate the use of equal order 
i'C'l:vnomials for the d1splacern~:mts u, v, w. This is not necessary 
for conformity nQr i~ it efficient. Uoing quintic polynomials for 
al: of u, v, w, would result in only marginal improvements in 
accuracy because the order of the error in the strain energy would 
st.il~. be limited b;1 the accuracy -of w. Moreover, thfsmarginal 
i~p~ovement would be bought at the price of a 50% increase in the 
de~rees of freedom, from 12 per node to 18 per node. On the other 
hand, t!1e use of equal order polynomials for u, v, w, facilitates 
the handling of non-smooth junctions of shells. 

~ittle consideration has been given to obtaining exact rigid
body modes, a point which has often been over-emphasized. Rather, 
the focus of attention has been the error in the strain energy. 
:•b:{lii~ :..Lt: er•r·o1· ln strain energy acceptably small automatically 
ensures that r!~id-body motions are adequately repres~nted. 

Lack of space precludes more than a sketch of the computational 
procedure. Let {W} be the vector of nodal displacements of an 
element and let {F(a,B)} be the vector of displacements and their 
:lerivltive~ at n ~eneral point a,S, within the element, thus 

'i' 

P·'}· ::: {u, ua' UB' v, va, VB' w, wa, ws, waa' waS' wss} (1) 

·,.;here ':.l:e subscripts on u, v, w, denote derivatives. The vector 
{F} c~n be relateJ to {W}, thus 

{Fj = [S]{W} (2) 

~h0re [S] is a matrix of interpolation polynomials. Let {e} be the 
~ector of nembrane and bending strains, 

'T" 

{e}' = {Ell, E12, S22, K1 1, K12, K22J (3) 

::md h:t {e} be r•:lated to {F} by 

{e} = [B]{P} (~) 

':"he forrr. of [3] depends on which shell theory is used. The computer 
program which has been developed allows the options of using either 
Ko1ter-Sanders theory [14,15], Donnell-Vlasov theory [16] or shallow 
3h~ll theory [16,17]. In all three ~ases continuous Kirchoff 
c0nztr·aints are appli'}d, 

The ~train energy or the element can be written 

c = ~//{e}T[E]{e}/i dadS e (5) 

~h0r~ [E] 1~ the matrix or bending and stretching rigidities and 
~ 1~ the determinant of the metric tenner. The matrix [E], which 
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is the saune for each of the above three shell theories, Is limited 
in thf» program to Isotropie materials, but variable thickness can 
be accommodated.  It follows from (2), (k),  and (5) that 

Ue » i4{W}
T(//[S]T[B]T[Ej[B][S]/i' dadß){W} 16) 

and hence the stiffness matrix is given by 

[KJ - //tS]T[BjT[E][B][S]/ä dadß (7) 

For the sake of generality the tensorial form of shell theory 
was used it. setting up the matrices [B] and [Ej. The quantities 
u, v, w, therefore are tensor components of displacement, in 
contrast to the physical components which are used in other high- 
precision elements.  Computer output routines, which convert 
tensor components to physical components, have been developed. 

I 
I 

Because of the complexity of formula (7) and because so many 
of the terms of matrices [B] and [E] may be variabj.es, it was 
decided to abandon the closed-form integration which has been used 
in previous high-precision elements anc to use numerical integration 
instead to evaluate (7).  A newly-developed 13-polnt numerical 
integration formula, which has an error of order h8, is used [10]. 
A numerical Integration formula with error of order h8 was selected 
to retain the energy-bounding property of conforming elements.  For 
conforming finite elements of the displacement type the discretiz- 
ation error in strain energy is known to be negative.  Since the 
discretization error of the element is of order h6, the error of 
numerical integration should be small compared with the discretiza- 
tion error and the total error in strain energy should still be 
negative.  Hence the calculated strain energy should still be a 
lower bound on the true strain energy.  As will be seen later the 
attempt to retain the energy-bounding property has not been entirely 
successful. 

The matrix [B] involves many geometric quantities dependent on 
the sh'.pe of the shell, such as metric and curvature tensors and 
Christoffel symbols. The values of these quantities at the pivotal 
points cf the integration formula must be known in order to evaluate 
(7).  It is assumed that the shell surface is defined by the 
equations 

x = x(o,ß), y = V(a,6), z = z(a,b) (8) 
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to date the exact equations of  the surface have been used. 

The computation of consistent load vectors is similar to the 
computation of the stiffness matrix.  The computer program can 
accommodate thermal loads as well as arbitrarily distributed body 
forces on the shell surface.  Data on the loads is fed into the 
program from a second user-supplied subroutine which must return 
the values of all components of load at an arbitrarily given point 
0,8. 

3.0  THE TRANSFORMED SHALLOW SHELL ELEMENT (TSS) 

The following derivations are necessarily brief, but full 
details are available in Ref. V).  This work is a natural extension 
of the simplified transformation proposed in Ref. 5.  The main 
requirement for applying shallow shell elements to an arbitrary 
deep shell is a suitable transformation between the shallow shell 
degrees of freedom and those for the deep shell.  The shallow shell 
element of Ref. 8 is used here because it proved to be superior 
both in ease of formulation and in accuracy to most other s-hailow 
shell elements.  Further, it leads to the same deep shell degrees 
of freedom as for the general shell element (Sec. 2) and hence is 
directly comparable with it. 

The tcl^vant geometry is shown in Figure 1, where x, y, z are 
Cartesian global coordinates, £, n, C, are Cartesian local 
coordinates, and a,B are curvilinear shell coordinates lying in the 
mid-surface of  the shell.  At this point, the latter need not be 
orthogonal.  The £, n coordinates are to be used as the base plane 
coordinates in the shallow shell formulation and the £, n axes are 
defined to go through the element corner nodes 1, 2, 3 as shown. 

Again it is assumed that the shell surface is defined by 
equations (8) and that derivatives of x, y, z up to second order 
are available. This leads to a natural computation process in 
which the element corner nodes are located first by specifying 
their shell coordinates (a,ß), and then their global coordinates 
(x, y, z) are calculated from equations (8).  The element geometry 
may then be determined from these latter coordinates. 

Some results from analytical geometry follow.  The global 
coordinates of the £, n, C, system origin are 

x  = (l-p)xi + px2 

yc = (l-p)yi ♦ cy2 (9) 

zr  = (l-p)zi + pzr 

where the parameter p is 

. (xa-Xj)(x;-X|) + (yi-yi )(y?-yi) + (Zj-Zi)(z2-z,)   ,  , 
p (x,-x,)' ♦ Cy,-A)1   *   h.,-zi)1 (]0) 
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mm. ■u,.-..u i -w 

Figure 1.  Geometry and Co-Ordinate Systems For 
Transformed Shallow Shell Formulation 
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The subscripts denote the element corner nodes 1, 2, 3 of Figure 1. 
The element dimensions a, b, c are then given by 

a = (1-p) /(x2-xi)
z + (y2-yi)

z + (z2-zi)
z 

b = p /(x2-xi)
2 + (y2-yi)

z + (z,-Zl)
z (11) 

c = /(x3-x0)
z + (y3-y0)

z + (z3-z0)
z 

The following relations between the global and local Cartesian 
coordinates are obtained 

5 = C(x2-xi)(x-x0) + (y2-yj)(y-yo) + (z2-zi)(z-z0)]/(a+b) 

n = [(x3-xo)(x-x0) + (ys-yo)(y-yo) + (z3-z0)(z-z0)]/c   (12) 

C = bi (x-x0) + b2 (y-yo) + b3 (z-z0) 

where 

bi = [ (y2-yi)(z3-z0) - (z2-Z!)(y3-y0)]/(a+b)c 

b2 = [(z2-zi)(x3-x0) - (x2-xi)(z3-Zo)]/(a+b)c     (13) 

b3 = [(x2-xi)(y3-y0) - (y2-yi)(x3-x0) ]/(a+b)c 

Combining equations (8) and (12) then yields the base plane 
coordinates as explicit functions of the shell coordinates, written 
symbolically as 

t,  "   i   (a,(3) 
(14) 

n = n (a,ß) 

Now all •he derivatives required in transforming the generalized 
displacements from local coordinates to shell coordinates may be 
derived from the above equations. 

3.1  Transformation Matrices 

The shallow shell formulation of Ref. 8 begins with generalized 
displacements written relative to the base plane coordinates, w, 
wr, wn, etc., and these are now transformed to deep shell ones. 
The displacement normal to the shell w is a scalar and hence, 
u.ing equations (14), its derivatives transform simply as 

:w» V V Waa' waß' Wßß)T = £R^(w* w\>   wn • w«» w£n' Wm)T (15) 

283 

(\ 



-■ , - -   • 
•-;^™;  J 

where [R2] is given in Table 1«  The tangential displacements u, v 
are defined to be parallel to the coordinate axes and hence must 
be transformed as vectors.  Again using results from analytical 
geometry and the element's shallowness leads to the approximation 

(u, u^, u^, v, vc> vn)
T = [Ri](u, ua, üß, v, va, vß)

T  (16) 

where u and v are in the directions of a and ß, and LRi] is given 
in Table 1.  Combining all these results and dropping the "tilda" 
notation for simplicity, the complete transformation for one 
element is 

{W,} = [R]{W2} (17) 

where 

T 
{W2}  = (u , U  , U„ , V , V  »

V
OJ
W
»W  ,w0,w   , i'  on*  ßi»  i'  «r  ßi'  i*  ai'  ßi'  acu * 

(18) 

waßi» wßßi> u2> » u3» ■ uc» vc> 

is the generalized displacement vector in shell coordinates and 
[R] is the new "rotation" matrix given in Table 1. The 38 * 38 
stiffness matrix relative to shell coordinates is then 

[K] = [R]T [T,]T [kj [TX] [R] (19) 

where [Ti], [k], {Wi}, the consistent load vector and the stiffness 
matrix condensation procedure are the same as in Ref. 8. 

It may be seen that the foregoing transformation breaks down 
if the Jacobian of equations (lb)   vanishes.  This occurs for 
example at the pole of a shell of revolution with most coordinate 
systems.  This difficulty is easily overcome by reverting to the 
global Cartesian coordinates of Ref. 8 at such a point, since any 
element in that region will also be shallow with respect to the 
latter coordinates.  Tnat is, the present rotation matrices [Ri] 
and [R2_1] are merely replaced by [Rj] and [R2] given in Table 1 
of Ref. 8 for a pole node. 

3.2 Shell Curvatures 

The shell element curvatures may be determined locally by 
specifying the shell elevations above the £,n base plane at the 
mid-side nodes 4, 5, 6 (Fig. 1) and using them in the quadratic 
function, equation (5) of Fef. 8.  Note that the elevations are 
zero at the corner nodes 1, 2, 3.  The locations of the mid-side 
nodes are determined first in the shell coordinates simply as 
averages of the corner node coordinates.  The global coordinates 
of these nodes are then easily obtained from equations (8) and are 
substituted into equations (12) to yif.ld the three elevations ^ 
and the corresponding base plane coordinates £., n1 for 1 * ^,5,6. 
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TABLE 1: TRANSFORMATION MATRIX [R] 

IR! Jl   0     0    0     0 

0    [Rph        0 0 0 

0 0      [Rj2        0 0 

0 0    [R2M2        0 

0 0 0 [RiJ3 

0 

0 

0 

I 0 

0 

0 

0 

0 

0 

0000    [R21] 

0 

0 

0 

0 

0 

2"J3 0 

0       [R3] 
c J 

where 

[R2] 

0 

0 

0 

0 

GO 

*aß 

*ßß 

aa 

'aß 

'ßß 

«a2 

5«E6 

'a2 

2
^ a a 

CaVVa 

VB 

0 

0 

0 

Vß 

[R3] - 
V 
n /a a 

S/b 

nß/b 

-/CJTV? 

b - v~^e
T 

J
 '  Canß "  SV   Ca "  3C/3a»  et" 

Subscripts   [   ]    ir»an evaluated at node    i    or centroid    c. 

285 



winpimu in i«ii_i4Liiii immmmmrmmm! | i ' !■■■ ^^*^^*m* 

Table  1 (cont'd) 

[R,j - 

Va 

Va
MVVa)/Ja3 

\2(^a8-S^a)/Ja3 

+WSnaa " V«B )/Ja3 

n /a a 

5cXnaß- ?ßV)/Ja3 

««nß/J* 

Vß/Ja 

n n0/Ja a  ß 

"WJa 

^aVJa 

Ca*/J. 

-n 2/Ja 

C   'I    /jd a a 

Vb 

V(?aßnß-  Sßna)/Jb3 

WVßß'  Vafi)/Jb3 
Cßnß/Jb 

"Va/Jb 

V(5a5Eß"S^)/Jb' 
+WVas - Vßß)/Jb3 

■e/Jb CaS/JD 

nB/b 

h   (Vaß   * Vßß)/Jb3 

+WWa"  r'aßnß>/Jb3 

V^ßB- Sn«BVJb3 

^ß^ß^ß-^Sß^3 

nß
2/Jb 

"Vß/Jb 

•nanß/Jb 

^ß/Jb 
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Note that these points do not necessarily coincide with the mid- 
side points of the base plane triangle.  These results, together 
with the Zrfro elevations at the three corner nodes, are then 
sufficient to complete the quadratic fit to the shell shape and 
determine the 6 coefficients.  Finally, the three shell curvatures 
required in the strain energy calculation are obtained simply by 
differentiation. 

Alternately, the shell curvatures for each element may be 
specified externally.  This is the approach used for the results 
presented herein, since all example applications have constant 
curvatures anyway. 

4.0 RESULTS 

Both elements have been extensively tested [10,19] and only 
selected results are given below to emphasize the major character- 
istics of the two approaches and illustrate their effectiveness. 

4.1 Rigid Body Modes 

Rigid b 
shell elemen 
are given at 
v = 0.3, Et/ 
Three differ 
100. The fi 
(K-S) (Koite 
that the fir 
the same pre 
approaches. 
body mode. 

ody modes have been calculated for a typical spherical 
t.  The angular coordinates of the element analyzed 
the top of Table 2, Poisson'.-; ratio was taken as 
(1-v2) was set equal to 1 and R/t was fixed at 50. 
ent sizes of element were analysed, with R = 1,10 and 
rst eight eigenvalues obtained using TSS and CURSHL 
r-Sanders shell theory) are given in Table 2.  Note 
st 'non-rigid' body mode, the seventh eigenvalue, has 
dieted value for all sizes of element for the two 
It is always substantially larger than the last 'rigid' 

For TSS, A7 is always some seven orders of magnitude larger 
than A6, indicating that the first six eigenvalues are indeed rigid 
body modes.  This is not surprising, ^nce zero strain modes are 
polynomials in Donnell-Vlasov (D-V) or in shallow shell theory and 
these are representt-i exactly in TSS.  The negative eigenvalues 
are extremely small and are probably due to round-off error. 

For CURSHL (K-S), a smaller separation between A 7 and \i   occurs 
and this separation varies with the element size.  This is expected, 
since zero strain modes are not exactly represented by polynomials 
in Koiter-Sanders shell theory and since an approximate numerical 
integration scheme is used.  However, CURSHL (K-S) still gives 
excellent numerical results. 

4.2  Uniformly Pressurized Sphere 

This is a membrane type problem, with ••:/ 
(Fig. 2).  Because of symmetry, only 
between the equator and the pole had 
spaced gridwork was used and results 
and 16.  Typical non-dimensionalized 

■f = >0 and v = 0.3 
a wedge of the shell extending 
to be analyzed.  A uniformly 
were obtained for N = 24 'i 

: "lin enern.V. displacements •J > 
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^1 
mm 1 

Finite Element Co-ordinates, Radians 

1 1 2 3 
*i 0 

1.57080 
0.17^533 
1.74533 

0 
1.74533 

Eigenvalues In Ascending Magnitude CURSHL (K--S) 

Jo. R = 1 
t = 0.02 

R = 10 
t = 0.2 

R = 100 
t - 2 

1 
2 
3 
U 
5 
6 
7 
8 

.861 x IO'1" 

.765 x lo-;* 

.348 x 10 f 

.462 x io"\\ 

.282 x 10'\\ 

.969 x 10". 

.488 x 10'8 

.731 x 10"8 

.206 x 10"15 

.839 x lo'J* 

.655 x 10' : 

.693 x 10" , 

.504 x 10"" 

.148 x io"10 

.487 x io"8 

.724 x 10"8 

.208 x IO"17 

.838 x lo'J] 

.659 x 10" J 

.697 x 10';■ 

.690 x io" ; 

.203 x io-;2 

.487 x 10" 

.720 x 10"8 

*6 
^7 

1.98 x io"2 3.02 x io"3 4.15 x 10'5 

Eigenvalues In Ascending Magnitude - TSS 

Mo. R = 1 R = 10 R = 100 
t * 0.02 t = 0.2 t = 2 

1 -.736 x io-;8 .580 x 10"\\ -.386 x io"18 

C -.768 x 10 *" .676 x io"18 .409 x 10"._ 
3 -.324 x io~; .167 x io'17 -.139 x io"1 

H .226 x io-16 .209 x 10" 8 .300 x in" 8 

5 -.735 x io"18 -.166 x io-15 -.165 x 10 
6 .121 x io"'H .267 x 10"** .245 x io"1* 
7 .493 x 10 .493 x io~; .493 x 10"" 
3 .747 x iO"8 .747 x 10 .747 x 10" 

2.45 x io'7 
....       .. ... 

5.41 x io"7 4.98 x io"7 

Table 2. Rigid Body Modes  for a Spherical Shell Segment 
Using Exact Curvatures: v= 0.3, Et/(l-v2)=1,R/t»50 
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and stress resultants are given in Table 3.' 

The exact solution is a uniform radial outward displacement. 
Although the shape functions of both CURSHL and TSS can exactly 
represent this displacement, neither element quite achieves an 
exact solution.  In the case of CURSHL, this is due to the 
approximate Integration scheme used.  The errors are extremely 
small however.  TSS also gives excellent results and the strain 
energy convergence rate is slightly better than N~2.  Exact results 
are not obtained because TSS produces only an approximately con- 
forming assemblage of elements. 

"•3 Pinched Spherical Shell 

The pinched sphere is a difficult problem in that there are 
regions of large bending stresses, regions where membrane action 
predominates and a region of high stress concentration.  Regret- 
tably, the problem is axi-symmetric but the authors have been 
unable to find a meaningful non-axi-symmetric problem for which a 
reasonable 'exact' solution exists. Again R/t = 50 and v ~ 0.3 
were used and only a wedge of the shell was analyzed. A non- 
uniform gridwork spacing was used where the ratios of the sides of 
successive elements were taken as 1:2:3:4  N (Fig. 2).  Two 
solutions wcic found using CURSHL, one with Koiter-Sanders (K-S) 
and one with Donnell-Vlasov (D-V) shell theory.  These results 
together with the TSS results are given in non-dimensional form 
in Table 4 and Figures 4 to 9. 

The displacement under the load (proportional to strain energy) 
is given in Table 4 and is plotted in Figure **.  All three results 
converge very rapidly, with CURSHL (K-S) converging to the 
»asymptotic' solution given by Koiter [20].  Both TSS and CURSHL 
(D-V) are converging to a common result, some 0.5 percent below 
the Koiter solution, as a result of differences in shell theories. 
TSS slightly overshoots the solution for small values of N, not 
surprising since it is not fully conforming.  The convergence rate 
of CURSHL (K-S) is close to N_H. This is more rapid than that 
found for most point load problems [6,7,8] and probably occurs 
because of the non-uniform spacing of the gridworks. Table 4 also 
gives values for displacements and stresses at various points in 
the shell, and convergence of all these results is very rapid. 
Again, CURSHL (K-S) converges to different values than the other 
two results. 

Displacement distributions near the load are given in Figure 5 
for N = 5 and 10. These are compared to a shallow shell theory 
solution from Timoshenko [21], since it is extremely difficult to 
calculate distributions from the Koiter 'asymptotic' solution. 
Clearly, the Timoshenko solution is not precise enough, since it 
is approximately three percent lower than the Koiter solution under 
the load. The finite element solutions follow the shape of the 
Timoshenko solution closely but lie slightly above as expected. 
For N = 10, TSS and CURSHL (K-S) are indistinguishable, while for 
N = 5, minor differences are observed. CURSHL (D-V) has not been 

290 



IfgS&mtt ^v£«=ä!SSK£äBs;^a^ 
.=*Tt ^^^^^s^^^^Sp^K^^^^^' 

Deflection 

Etw 

P~R* 
o 

At Pole Deflection at Equator 

Etw 
e 

D nTl 
o 

Stress Resultant At Pole) 

N        NQ otp       3D 

N CURSHL(K-S) TSS CURoHL(K-S) TSS CURSHL(K-S)   TSS 

2 
4 
8 

16 

.350003 

.350001 

.350000 

• 3505 
• 3522 
.3520 
• 3507 

.349972 

.350000 

.350000 

.3205 

.3435 

.3484 

.3496 

.50006       .4773 

.50001       .4862 

.50000       .4955 
.4988 

Exact 0.350000 0.350000 0.50000       1 
....    ..        j 

Stress Resultants At Equator Strain Energy 

N /D R ae 0 Noe/P R Ue 0 
EtU/p*R * 

N    CURSHL(K-S) TSS CURSHL(K-S) TSS CURSHL(K-S) TSS 
2 
4 
8 

16 

.50006 

.50000 

.50000 

.5291 

.4975 

.4989 

.4997 

.50001 

.50000 

.50000 

.4884 

.5026 

.5011 
• 5003 

2.65561544 
2.^5561517 
2.35561511 

2.3458 
2.5724 
2.6344 
2.6503 

Exact 0.50000 0.50000 2.65561509 

Table 3- £srart
okMKüsnK :wsvf u"if°™p™ 
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Deflection I 

Et w 
P 

nder Load 

/P 

Stress Resultant Under Load 

R%/P = R%/P 

N CURSHL(K-S) CURSHL(D-V) TSS CURSHL(K-S) CURSHL(D-V) TSS 

L. 

4 
6 
8 

10 
15 
20 

12.790 
20.673 
21.085 
21.162 
21.184 
21.197 
21.199 

12.727 
20.567 
20.979 
21.056 
21.078 
21.091 
21.093 

18.100 
20.946 
21.109 
21.113 
21.109 
21.102 
21.100 

1.649 
7.853 
9.341 
9 716 
9.£39 
9.883 
9.853 

1.681 
8.002 
9.565 
9.994 
10.161 
10.286 
10.313 

7.047 
8.645 
9.762 

10.069 
10.195 
10.294 
10.32 

Kolter 

Timoshenkc 

21.2004 

20.654 

Deflection At Equator 

Etw /P 

i 
Stress Resultant At Equator 

RNgp/P 

N CURSHL(K-S) CURSHL(D-V) TSS CURSHL(K-S) CURSHL(D-V) TSS 

2 
4 
6 
8 

10 
15 
20 

-.2994 
-.2084 
-.2069 
-.2069 
-.2069 
-.2069 
-.2069 

-.2993 
-.2083 
-.2072 
-.2068 
-.2068 
-.2068 
-.2068 

-.0867 
-.2256 
-.2161 
-.2114 
-.2094 
-.2079 
-.2069 

.0611 

.1628 

.1602 

.1596 

.1594 

.1592 

.1591 

.0615 

.1627 

.1602 

.1596 

.1593 

.1592 

.1591 

.3071 

.1873 

.1686 

.1636 

.1617 

.1602 

.1597 

Membran? -O.2069 
. ._  ... — ... .            . _   1 

0.1592 

Table ^.  Convergence of Displacements and Stresses of Point Loadcu 
Spherical Shell; R/t = 50, v=0.3 
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21 

Q. 

* 
UJ 

u 

20 

o 
UJ 
-I u. 
ÜJ 

\ 

1% 

TIM0SHENK0   RESULT 

\ 

0 CURSHL (K-S) 

A CURSHL (D-V) 

0   TSS 

19' X 
"10 15 

No. OF ELEMENTS  ALONG  MERIDIAN 
20 

Figure 4.  Displacement Under Point Load on Spherical Shell 
R/t = 50, v - 0.3 
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— TIMOSHENKO   SOLUTION 

20 25 

Figure 5.  Displacement Near Pole of Point Loaded Sphere 
R/t =50,  v - 0.3 
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plotted since it is essentially identical with TSS. 

The displacements are compared with the membrane solution 
well away from the load in Figure 6.  For N = 10, both TSS and 
CURSHL (K-S) give 'exact» distributions, while for N = 5, there 
are slight differences.  It appears that the membrane solution is 
valid for values of ß greater than 40°.  It is remarkable that the 
finite element results are so accurate well away from the load, 
since the displacements are over one order of magnitude smaller 
than the displacement under the load. 

Bending stress and stress resultant distributions near the 
point load are given in Figures 7 and 8 for N = 5 and 10, and are 
compared with a Flügge 'asymptotic' solution [22],  These stresses 
are very accurately predicted by both methods and the only differ- 
ences between TSS and CURSHL (K-S) occur near the point load. 

Away from the point load, bending stresses die out and stress 
resultants may be compared with a membrane solution.  This is done 
in Figure 9, where it may be seen that CURSHL (K-S) gives excellent 
results.  TSS results lie close to the membrane solution for No 
but are still not quite converged for Na.  It must be remembered, 
however, that these stresses are much smaller than the critical 
stresses near the point load. 

4,i|  Infinitely Long Pinched Cylindrical Shell 

This problem is a sensitive indicator of differences in shell 
theory.  A Poisson's ratio of \> = 0.0 was used and all x-direction 
degrees of freedom were constrained to be zero so that only a strip 
of the shell had to be analyzed (Fig. 3).  An R/t ratio of 10 was 
chosen so that the strain energy of stretching would not be too 
small relative to the strain energy of bending.  Uniform grldworks 
were used for a quarter of the cylinder and solutions have been 
obtained for N = 1,2,4,8 and l6. 

The non-dimensional results obtained with CURSHL (K-S), CURSHL 
(D-V) and TSS are given in Table 5 together with exact results. 
All three results converge rapidly to the exact solutions, although 
the performance of CURSHL is significantly better than that of TSS. 
A plot of strain energy (directly proportional to displacement under 
the load) reveals that CURSHL is converging at a rate close to its 
predicted asymptotic value, N~6, while TSS is converging at a rate 
of only N~2.  TSS converges to the Donnell-Vlasov theory results. 
This is not surprising since the shallow shell elements used in the 
transformation process are based on Donne11-Vlarov type equations 
for bending strains. 

Jj. 5 Timing Considerations 

Computer timings and cost analyses are exceedingly difficult 
tc present in a useful manner.  Both elements have been programmed 
on IBM 360/67 computers, but different operating systems were used. 
Therefore, times given are not directly comparable.  Double 
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Deflection Under Line 

Etw4/qR 
Load Deflection 90° Prom Line Load 

Etw_/qR 
B 

CURSHL(K-S) CURSHL(D-V) 4, * O • O  • CURSHL(K-S) CURSHL(D-V) T.S.S. 

1 
2 
1 
8 

16 

13.8757 
86.9061 
89.5872 
89.6583 

33.1989 
50.9793 
51.9687 
51.9919 

26.5908 
17.1083 
50.9115 
51.7278 
51.9286 

-36.7181 
-79.3085 
-81.6603 
-8I.7207 

-26.7111 
-11.1100 
-11.8811 
-II.8989 

-21.7275 
-IO.7192 
-43.9413 
-41.6623 ! 
-11.8100 | 

Exact K-S 
Exact D-V 

89.6597 
51.9951 

-8I.7219 
;l 

-II.8992                 j 

Stress Resultant Under LI 

NA/q 

ne Load Bending Moment Under Line Load 

MA/qR 

CURSHL(K-S) CURSHL(D-V) T.S.S. CURSHL(K-S) CURSHL(D-V) T.S.S.  ! 

1 
2 
4 
8 

16 

-7.675 
-3.338 
-0.533 
-O.O67 

-5.6685 
-1.969 
-O.O853 
0.2616 

1.2566 
2.2108 
0.9945 
0.5214 
0.3751 

.23011 

.31616 

.31839 

.31832 

.21317 

.26077 

.26181 

.26180 
_ 

.09713 

.21532  | 

.21997 

.25875 

.26103 

Exact K-S 
Exact D-V 

0.0 
0.318 3 

+0.31831 
+0.26180     j 

Table 5. Convergence of Displacements and Stresses of Infinitely Lor* 
Pinched Cylindrical Shell: R/t ■ 10, v « 0.0.  niteiy Long 
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Figure 8.  Stress Resultants Near Pole of Point Loaded Sphere 
R/t «50, v - 0.3 

299 

—'*uw«XNMMHWI 



—WBapaBjffTOiBBBWgw    ' L'"!-" ' ' '   »p^apff   '" 

&*tV4u***m*r--.>::^i,^^zf„.,, 

n^HVJW*!- JJiJMJI.llll .l.l|.lliaiU_ pglgpj *-«H» ^JUJ^pimiW^^^^^^^^'^^ 

.8 

.7 

.6 

a.      .5 

2 
*       4 

I 
.3 

a 

i .2 
in 

3      0 

-.2 

-.3 

-.5 

-.6 

-.7 

■.8«- 

O 5  ELEMENTS   OURSHL (K-S) 

A 5   ELEMENTS  TSS 

0 10 ELEMENTS   CURSHL (K-S) 

V 10 ELEMENTS  TSS 

— MEMBRANE    SOLUTION 

J— 
10   20   30  40   50   60   70   80   90 

ß   DEGREES 

Figure 9. Stress Resultants Remote From Pole of Point Loaded 
Sphere:  R/t - 50, v = 0.3 

300 



-r^^-*^w^ 

^^«jg^-C^.H^?'^ '. ■V-:T!V;-^: -.,..: ■■:V??r^^S-^?)h*wW«?Mt^Si^V,'>'-i:.^-'--v%k ■ -■■ ^^^.^':-:Vv^--'*#^f:i'^'*:f:^^ a«««**™«*»*,.*«»^^ T^W^JS»"?**? 

precision arithmetic was used throughout. 

CURSHL has been run on the IBM System/360 Time Sharing System 
using full H level Fortran. CURSHL (K-S) takes approximately 1.6 
seconds of '/MR time to generate stiffness matrix, while CURSHL 
(D-V) takes only 1.3 seconds.  It must be remembered that an 
approximate integration scheme has been used; times would be 
increased if a more precise integration scheme were desired. 

TSS has been run on the Michigan Terminal System (MTS) and 
only part of the program is in H level Fortran.  TSS takes 
approximately 1.5 seconds of CPU time to generate one stiffness 
matrix. This includes an exact, closed form generation of the 
shallow shell stiffness matrix involved. Equation solving times 
are exactly the same since the same degrees of freedom are used in 
both approaches. 

^.6    Comparison with other Elements 

Space precludes extensive comparison of TSS, CURSHL and other 
elements. As well, writers seldom agree on the choice of test 
problems, making direct comparisons difficult. However, mention 
must be made of several other element.«. Argyris and Scharpf [12] 
have developed SHEBA, a general triangular shell element that uses 
complete fifth order polynomials for u, v and w. This leads to an 
excessive, 18 degrees of freedom per node (see Section 2) and 
results using this element should be very similar to TSS or CURSHL 
at the expense of much greater computational effort. Key [3] has 
developed SLADE, a shell code based on a quadrilateral shell 
element which includes shear deformation. The element has nine 
degrees of freedom per node and is restricted to shells of 
revolution. SLADE gives good results but comparisons [10,19] 
indicate that the present approaches are superior.  In addition, 
there are no shape limitations. 

A third approach is that of Ahmad et al [23] who generate 
three-dimensional isoparametric finite elements into shell elements 
by restricting the variation of displacements through the thickness 
of each element. While valid for quite thick shells, their elements 
do not appear to compete with CURSHL or TSS for thin shells. 
Several other shell elements have been developed and are discussed 
at greater length in Ref. 10 and 19. 

5.0 CONCLUSIONS 

Two approaches to the finite element solution of arbitrary 
deep shells have been presented and compared.  Both the arbitrary 
deep 3hell (CURSHL), and the transformed shallow 3hell (TSS) give 
excellent accuracy and both converge rapidly to the exact solutions 
as the number of elements used is increased. Good predictions of 
stress resultants and bending moments are obtained as well as of 
displacements. Engineering accuracy is always achieved with the 
use of a few elements. 
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CURSHL is a more flexible code with two general shell theories, 
Koiter-Sanders and Donnell-Vlasov, available as options, whereas 
TSS gives only Donnell-Vlasov theory solutions. While Donnell- 
Vlasov theory can be in error in special cases (as in Sec. 4.4), 
it is generally accepted that it is adequate for most practical 
shell problems where bending occurs in limited regions. 

The predicted asymptotic rate of convergent? for CURSHL of 
N~6 has been numerically confirmed and this rate is significantly 
greater than N~2, the rate found for the non-conforming TSS approach. 
However, for a small number of elements, the accuracy of both 
methods is quite similar (though CURSHL generally gives better 
results).  It has been demonstrated that the approximate numerical 
Integration used in CURSHL is adequate and it *s not necessary to 
explicitly include rigid body modes in an element.  TSS is potentia^y 
the faster code, and it certainly is easier to program.  With the 
verification of the validity and accuracy of these two approaches, 
perhaps the quest for 'a good, accurate, arbitrary triangular 
general shell finite element* may now be at an end. 
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IMPROVEMENTS OP FINITE ELEMENT SOLUTIONS FOR 

STRUCTURAL ARD NCR STRUCTURAL APPLICATIONS 

0. SANDER* and P. BECKERS** 

Laboratoire de Techniques Aeronautiques et Spatiales 

University of Liege, Belgium 
I 

The paper presents a new formulation which allows the derivation of finite element 

properties in terns of stress functions. It is applicable to both displacement 

and equilibrium models and leads for certain classes of problems to a substantial 

reduction in the number of unknowns. The choice of the stress functions as unknowns 

is identified with an automatic selection procedure of redundancies of minimal 

diffusion. Therefore this method can be interpreted as a force method in which 

the numerical search for the redundancies is avoided. It is shown to apply par- 

ticularly well in certain non structural problems. Independently the effect of 

the introduction of internal degrees of freedom (bubble functions) in finite elements 

is evaluated. The conclusion is that a few of such modes can Improve significantly 

the finite element t operties and bring them practically in coincidence with assumed 

stress models. 

•  Associate Professor 
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1. lUMOOUCTIO.i. 

The finite element uethod provides a powerful cool for structural analysis. 

Many problems of linear «nd non linear elasticity have been successfully solved 

and applications to other douains such as fluid mecnanics and neat conduction 

have been proposed (Kef. 14). The SO ar.alyses imply tue solution of large sys- 

tems of linear algebraic equations.  If,in aerospace applications,the cost of 

these solutions is not often a limiting factor, especially when compared to 

the cost of preparing input data and presenting the output» the size of the 

proolems that can be handled is still limited by the presently available compu- 

ters and programmes. This limitation is due not only to the core storage size 

but also to the danger of round-off error propagation. Thereforea need exists 

for improved finite elements as well as improved algorithms of solution to 

minimize the size of the systems of equations to handle. 

Most of the applications of the finite element method have been conducted 

usint, either conforming or non conforming finite elements while the algorithm 

of solution uses displacements as unknowns. Various attempts have been made to 

use other formulations. The force method which was proposed since the early 

days of the finite element method has always been handicapped by the need of a 

numerical search for the redundancies. The equilibrium elements, although theix 

assumptions seem more appealing to the structural analyst, have received only 

few practical applications due to the higher number of unknowns tney involve 

(Ref. 1,3,50). Therefore the possibilities offered by the dual analysis cf a 

given problem,that is comparing displacement and equilibrium solutions, has 

remained unapplied. 

The present paper proposes an alternative formulation of the finite element 

properties which uses a different set of variables : contour deformations can 

be usedfor displacement models and stress function modes for equilibrium models. 

In both cases the natural unknowns are stress function modes. Furthermore the 

choice cf these unknowns can be interpreted as an automatic selection procedure 

of redundancies of minimal diffusion in the structure (Ref. 11). It fellows 

that, when using these variables, the numerical search for the redundancies in 

the force method is avoided and the algorithm of solution bscoine* identical to 

tiiat of the displacement uietnod. The duality between tue two, sets of variaalci 

In both displacement and equilibrium models and the two solution methods becomes 

more complete. 

Preceding page blank 
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A simple criterion ii proposed to decide which formulation is the most 

economic. The problem of Introducing the boundary conditions is examined for 

structural as well as for iron structural applications. 

Independently the effect of the introduction of internal degrees of free- 

dom by bubble functions in the finite elements (lief. 3,5) is evaluated. The 

conclusion is that a few of such modes can improve significantly the finite 

element properties and bring them practically in coincidence with assumed 

stress mcdels. 
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2. rOOJUTlOj    KOK   CUUFDRIiUC    DISPLACn.üi.JT   IkJÜELS 

They arc derived by application of tue minimum total energy princ'^le 
■- 

t(U ♦ P) - 4(~ [       ('He dv-)l - I      7'u drfl) - 0 (1) 

where  U  is the strain energy 

P  it the potential energy (in which the body forces are not 
considered nere) 

c Is the column ox the strain components 

U is a symmetric matrix of elastic coefficients 

£ is the colu.nn of surface tractions on r 

u is the displacement vector 
I 

r  is the part of the boundary where surface tractions are 
prescribed. 

The prime denotes transposition and the bar prescribed values. 

The principle may be applied only if the displacement field satisfies 

a priori the compatibility conditions : 

c.. - D. u   or in matrix form, c • 3u   in the volume 

u  ■  u    oo the part Tu of the boundary where tne 
displacements are prescribed. 

The displacement field in a finite element is discretized in the form 

u - M a (2) 

where M is a matrix of assumed modes anJ a the column of their n 

(unknown) intensities. The column of the strain,tensor components is 

written 

£ • 5M s (3) 

and the strain energy becomes 

U - 4 I   •' W « »M * dvol « i a* I a (4) 
'vol 

When using tue minimum total energy principle, tne stresses are only 

defined by 
an 

o • — (5) 
9c 

Witu tne discretization adopted, the stress field is described oy a Set 

of parameters b 
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b - 4-- • I a " I   IH'o Uvui (6) 
'vol 

wli'chare weighted averages of tue stresses and yield therefore only a 

"weak" knowledge of tue stress state in the element. From (6) the matrix 

I is clearly a generalized form of the stress-strain relations, 

A detailed description of the stresses is often derived fron (3) 

o - H 3N a (7) 

This distribution is however only a particular example of the stress fields 

satisfying (6) and in interpreting the stress output, it is worth to remem- 

ber that any other stress field satisfying (6) is equally consistent. This 

means mat stress distrioutions can be superimposed to (7) provided they 

yield a zero value to the generalized stresses (6). 

The compatibility conditions in the volume are automatically satisfied 

by the assumptions (2). To insure conformity along the interfaces, a number 

n of interface displacement modes of intensities q nas to be defined in c r x 
suet a way that trie displacements along the element boundaries are uniquely 

defined. As the displacement field nas to uc unique at a vertex common to 

different elements, q always contains the local values of the displacement 

components at the vertices. In addition other local values, derivatives or 

integrals of displacements can ue used as boundary modes along Cus interfaces. 

The expression of tue ooundary modes in terms of the parameters a. is denoted 

<L ' r  3 (8) 

where the matrix C is called tiie kinematic matrix of tne element. It is 

not necessarily a square matrix and hence not necessarily invertible. 

In the absence of body forces, the virtual work (V,./.) consist only 

in the work done by tne prescrioed surface tractions. 

V.W. - [  u'7 dr - a'b - a' [ f  M'T dr ]        (9) 

0 0 

or alternatively 

v.u. - q'c i'c - a' C gc (10) 

wnere g is tue set 01 generalised lo.td» conjugate to tne interlace modes. 

Equation (9) yields anorner expression fcr the generalized stresses b in terms 
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(11) 

of surface tractions, while comparison of (9) and (10) shows that 

b - c gc 

The transpose of the kinematic matrix is a static matrix relating the 

generalized stress parameters to the applied loads. 

The problem of the derivation of the finite element can now oe ^re- 

sented as that of finding the minimum of the functional : 

2        H c V min (12) 

subject to the constraints (8). Three cases have now to be distinguished : 

a) na " nc 

The number of parameters of the displacement field equals the number of 

interface connection modes. The matrix C is square, non singular. This 

allows to solve for the constraints. Inverting (3) and substituting into 

(12) yields 

4 a' c-1' L-l (jq'c C*
1' I C"1 qc - q'c S<.) min 

which furnishes the familiar stiffness relatioi 

g - K q - C"1' I C"1 q 
*c   c nc c (13) 

between ths interface modes and the corresponding generalized forces. The 

latter cm now be interpreted, using O)  and (11) 

8C - C"
1' | If t df (14) 

V 

They are weighted averages of tne prescribed surface tractions,' giving 

•gain a "weak" knowledge of the stress state on r 
o 

b) ft. > nc 

In this case the homogeneous system 

C a • 0 

has n ■ n - n non trivial solutions. Let s. denote such solutions i   a   c i 

(15) 

and group them in a matrix 3. 

S - (tj, s2, s3 ... s^) 

The non zero solutions oC (IS) can be written 
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vhert w i* any arbitrary vector. Such modes of tit« parameters a. exist 

with tero displacement prescriued along the interfaces. For tuis reason 

they are sometimes called "uuüble" nodes of displacement. Tue constraints 

(3) can now be solved in the form 

I ■ T q ♦ S i (16) 
c    * 

where Tq is a particular solution and Sa the complementary solution. 

In general the matrices I and S could oe obtained numerically, by a Gauss 

Jordan elimination technique for Instance. However this operation can al- 

ways be avoided by one of the following methods. 

Add to (8) a set of n. internal values of the displacements q. and 

form an enlarged connection matrix 

C a (17) 

C* is ntw non-singular and tue general procedure described above can be 

applied. The displacements q^ can finally be eliminated by the standard 

condensation process. 

Another simpler possibility arises when the displacement field can be 

a priori split in two parts, the first controlling the interface modes and 

the second «caa« the "buoble" modes 

u ■ II a ■ H a ♦ li a, 
c c   Ob 

In this case  q ■ C a nc   c c 

(Id) 

(19) 

is invcrrible and the elimination of the modes a requires simply a conden- 

sation of the matrix I. Trie stiffness matrix turns out to be 

K • C 
c 

,-!• -1 
C Xcc " Xcb Xbb Xbc 3 C 

--1 
(20) 

if Icc* *bb* *bc are the suomdtriccs of I corresponding to a and a.. 

This latter procedure represents a significant saving of numerical woric 

compared to «.he first one. 
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The constraints (3) cannot te Inverted and this case was ruled out of 

previous formulations (Ref. 1). It is however possible to derive a finite 

element in this case. 

Considering the static relation (11) the number n of generalised 

•tress parameters b is smaller than the number n of generalized interface 

loads g . 

This means tnat n. ■ n - n non-zero noljtions exist to the proolem 
k   g   i) r 

C gc - 0 (21) 

These solutions correspond to combinations of loads applied along the in- 

terfaces which do not generate stresses in the «lenent. Uy analogy with the 

terminology adapted for equilibrium models these irodes might be called 

"spuricus static .nodes". 

To derive the finite element properties, let us split the constraints 

in two parts 

q* - C*a 
C (22) 

«c " Cr a 

where q* is a subset of q composed of n components aroitrarily selected 

while q fortns the complementary suuset of q*. Tue matrix C is non-singular 

«nd (22) yields 

>-l * « - C"   qc 

Substitution in the expression of tne miniuu.a principle yields 

(1 qJ- c*-
1' I C*"1 q* - q*' g*- q'r gr) min        (23) 

with toe remaining constraints 

qr - <r Z~l q* (24) 

Introducing tiicse remaining constraints  in  (23)  affected uy a column of 
lagraiigian multiplier X,  it turns out that 

K* q* - g* ♦   *'lt  C    X        with      K* - C*'1'   I C*~l 
c   c       c r c 

■■i    « X r     * Urj) 
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This procedure yields a stiffness matrix «C which can be used if the 

satisfaction of the regaining constraints is acuieved at the structural 

level. It appears often in practice (lief. 2,3) that the remaining cons- 

traints can be eliminated in a group of finite elements. This allows the 

derivation of super-elements free of such constraints. This procedure 

justifies a posteriori and generalizes tue derivation rf certain previous- 

ly developped elements like the conforming quadrilateral plate bending 

elements (Ref. 4,5) or its trian^vlar version (Kef. 2,6). In fact a com- 

plete family of sucn elements exists up to any degree (kef. 2). 

The distinction between the three <-.ies described above is based on 

the comparison between the numbersn and n . However it is possible tnat 

bubble modes and spurious static modes exist simultaneously in a model. 

Therefore it is more correct to uase the distinction on the number of 

solutions of the homogeneous problems (15) and (21) and, if suca solutions 

exist, apply the corresponding treatment. In general, a model will be free 

of remaining constraints if 

n - n. 
a   i 

There is another possible formulation for displacement models which 

although it appears less physical can be useful in certain circumstances 

and allows a better understanding of the next section. 

Consider tne description of the strain field in (3). It does not 

depend upon the rigid body modes of the displacement field and therefore 

it can be described in terms of a reduced set a of parameters 

dM a 

The relation between the two sets of parameters can be written in general 

a - D a (26) 

»•it in some cases a* is simply a subset of a. The «train energy is now 

written 
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U - j a*' [ f   iü' il a« dvol ]a*-|j*' I*»*   (27) 
'vol 

where I is now non-singular. 

Using (26) the relation with (A) is 

I  ■ D* I* l> 

showing that I is a non singular kernel of I. 

Instead of expressing the continuity of the displacements between 

elements in terms of displacement modes, one could adopt a system of 

contour deformation modes providing the same continuity. Let us denote 

by d the set of these contour deformation modes. They can be expressed 

in terms of the parameters of the deformation oy 

dc - Q a* 
(28) 

where (j is another kinematic matrix. The prop:.'tie.; of the finite 

element are obtained by minimization of 

&  »*• I*«*- d' f ) 0in 
c c '  oln (29) 

subject to tiie constraints (23) and where f denotes the generalized 

contour forces conjugate of the contour defoliation modes d . 

Substituting (23) in (29) and using tue fact that X is non singular, 

I* a* - a' t 

d • Q a* • Q I*"1 Q' f - F f (30) c 

where F is now a flexibility matrix. 

Apparently the discussion o „ne properties of the kinematic 

matrix Q is unnecessary in thij ..urmuiation wnere we obtain in any case 

a flexibility matrix, uowever tn;j difficulty lb o'ly tiiJu,-n as will 

appear in tue next section, wuere the su>ae prooku arises in tue ucriva- 

tion of equilibrium elements. 
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Finally the following relations between the two formulations are 

easTy obtained 

d - Q a* - Q I) a - a D c"1 q - C * a 

where C is a square matrix relating the contour deformation nodes :o 

the interface displacement modes. 

äy virtual work we also have 

V.V. - g' q - £• d - f« C*q 
• c x   c c   c   ^c 

g - C»' i 
°c      c 

3.  FOilHUUTION    FOH    STRLSS-UIFFUSI.JG    i-qJILI.TtluM    UODSLS 
——^—————*— ill» iii      p ii ii ■■ mmmm.     ■   ■  ■   i    i   i   ■■ i 

Stress diffusing equilibrium models are derived by application of tue 

minimum complementary energy principle 

*(* ♦ 0) * «(T I   C H*lo dvoi - f  t'u dl* ) - 0 
1 'voi ir,    u 

IS 

uhere ij> and q  denotes respectively the complementary stress energy and 

the potential energy, while o is a column of the stress tenser components. 

Ihe application of this principle implies the satisfaction of tne equili- 

brium equations 

°J °ij * Xi - ° 
in the volume 

<i " *J °ji ' Ci 
on r 

(I. are the direction cosines of the outward normal). 

In the following tne case without body forces only will oe considered 

for simplicity. 

Tue part of the sires» field satisfying the homogeneous equilibrium 

equations can be dlscretizfcd by two different procedures : 
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I 

•) K*ch stress component U represented by a linear combinarion of assumed 

■ode* Pi **J of intensity b, *  ■ 1 

o • P b 
(31> 

These nodes must be adjusted in such a vay chat the equilibrium equations 
la the volume uta  satisfied. 

b) The other procedure is relatively new an-1 reveals extremely fruitful for 

the development of finite elements as well as it provides a new method of 
solution of tue global problem. 

The stress tensor can ue derived from a sec of stress functions 

'u *imr *Jns 'rs, mn (lj not summed) (32) 

where, in the three dimensional case 6  is a symmetric tensor of stress 

functions, wnile <-.    is tne alternator symbol, Wote that for membrane 

problems $  reduces to the Airy stress function and for plate bendinj 

proolems to two stre.-s iuactioas (Kef. 7). > 

Tuese stress functions can oe approximated as a linear combination of 
modes M,,__» (x ) of intensity a. Urs;  m i. 

Trs I  V.) K>  ak 
or, in matrix form 

f - M a (33) 

Tne stress field derived according to (30) automatically satisfies the 
homogeneous equilibrium equations 

o - a2 ;-i a 

Tne number of parameters a. is always larger tnan tuat of the b. by the nuuoer 

of integration constants of cue system (30) which are the "ritfid body modes" 

of the stress functions. la some cases b can be simply a subset of a, but in 

general the relation between tue two sets is denoted 

b « 0 a 

The complementary strain energy » can be alternatively written 

♦ -4 f   b' P» if1 p b dvol - i|,'J*b 
^vol * 

♦ " 7 I   «' J2il' M"1 82H a dvol - i a' J a 
'vol 2 
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where J and J arc two flexibility matrices. 

The generalized strains can be defined by 

•.-■*-J*.-f b  db 
*vol 

P c' dvol (36) 

« . |£ « j « . f   a2 M c* dvol (37) 

They are weighted averages of strains and this corresponds only to a "weak" 

knowledge of the strain field. Tue parameters b are independent and each 

of them represents a non-zero contribution to the strain energy. The matrix 

J*is therefo-e non-singular. As tue parameters a contains the "rigid body 

modes" of the stress functions which do not contribute to the strain energy, 

the matrix J is singular. Using (33) the relation between the two is 

J • D' J*D (33) 

which shows that J* is a non-singular kernel of J. In view of (36) and (37) 

both can be interpreted as generalized strain-stress relations. 

Let us turn next to the equilibrium requirements along the boundary. 

Tney concern only the interfaces as we nave ruled out the body forces. Using 

the first description of the stress field (29), the surface tractions can be 

expressed by 

t-Lo-LPb (39) 

where L is a matrix of the direction cosines I..  Tne surface traction modes 

described by t nave to be uniquely determined by a set of n forces denoted 

g . These can be local values or derivatives, integrals or any combinations 

of them provided tuac along eacn edge the definition is unique. 

The expression of these generalized forces in terms of the stress fields 

parameters is written 

gc - C b (40) 

where C is called the static matrix of the element. It is in general a rec- 

tangular matrix, but even if it is square, tue relation (40) cannot be in- 

verted since tiie generalized forces are a priori not independent since tncy 

•ntlsfy the global equilibrium equations. :Jote tuat in contrast to the for- 

mulation of the displacement elements, tue stress tensor aas no unique value 

at a vortex. Therefore l.i pure o^uil i.^riui.» ^«oJaio,there are no variables 

associated wit it a vertex aim tue torcos g arc essentially interface va- 

riables. 
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The virtual work consists only  in the work done by tiie prescribed 

displacements and can be written alternatively 

.W. •  [      u'   t dr    -  [      u' LPbdr    ■ t\ 
'r.. u    V u       l | V.W. - u'   t df    - u' LPbdr    •«'.!! (41) t }. u      J_ u b 

u u 

V.W. - q'c gc - q'c C b (42) 

where q are the generalized (average) displacements conjugate to g . 

Comparison of tue two expressions yields 

,b - C qc (43) 

The transpose static matrix turns out to be a kinematic matrix relating the 

generalized (average) strains to the generalized interface displacements. 

The problem of the derivation of the finite element reduces now to thai: 

of finding the minimum of ehe innerionai 

(ft)' J*b - g'  q ) min (44) 
4 C  C 

subjec-. to the constraints (40). It yields 

J*b - C* qc (45) 

and as J is non singular 

g -Cb'C J*"1 C' q - K q (46) 
°c ^c   c ^c 

wnich is the familiar form of the stiffness matrix for an equilibrium eie.-3.1t. 

This derivation of tne stiffness matrix for equilioriun models in terms of 

generalized forces appears formally identical with the derivation of tne fle- 

xibility matrix for conforming displacement elements in terms of contour ce- 

forciations. In tiiis former case it was apparently unnecessary to examine tue 

properties of the kinematic matrix Q to obtain a flexibility matrix, here 

also    a stiffness matrix is obtained whatever tne properties of tne static 

matrix C are. Tiie difficulty is however only hidden and tin; distinction b« eve en 

these cases is  necessary if one wishes to use in practice the relations 

(46) or by analogy (30), 

Consider first the static matrix defined in (40). The homogeneous system 

can have non trivial solutions representing internal stress nodes w.uca exist 

with zero prescribed surface tractions on the interfaces. These n. moaes are 

"bubble" stress modes of the element. It is however useless to define ..ere 

internal generalized forces to determine these modes in a siailar way to r're 

Internal displacements defined in (17). In fact the solution of tiie constraint-? 

(4H is not necessary and the ouubie stress modes do not contribute to the 

co:;plc.aor.tary potential energy, ihercfore -.nc rejuctio.i or t.-.ose modes, 

whatever they are, is automatically included in the expression (4t>). 
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Consider next die kiueaatic matrix defined in (43). The homogeneous 

system has always non-trivial solutions or, more physically, displacement 

■odes of the interfaces whicn do not produce generalized strains. Anou«j 

these are the rigid body modes of elements. If all these solutions in num- 

ber n.  are grouped in a matrix £, the solutions of the homogeneous system 

(43) can be expressed by 

qc - 2 w (47) 

where w is any arbitrary vector of dimension n. . The virtual work of such 

nodes is zero 

V.U. - g'c qc (43) 

A« w is arbitrary, it implies n, relations to be satisfied oy the generalized 

forces 

*' *, (49) 

If n. equals the numuer n of rigid body modes these relations are simply 

the global equilibrium equations. If n is larger than n  he stiffness 

matrix defined in (46) cannot be used unless the        n, - np remaining 

constraints are satisfied. The displacement nodes corresponding to these 

remaining constraints\have >een called spurious kinematic modes (Hex. 8). 

Here again ic appears often that such constraints can be eliminated 

in a group of elements, leading to a super-element free of such constraints. 

The procedure has been applied implicitly in the derivation of a certain 

number of equilibrium mecarane elements (Ref. 2,5). The advantage of the 

present formulation is to show that the procedure is general and taat the 

problem is strictly the same *s  in displacement elements. Finally it appears 

that the condition to fulfil to avoid regaining constraints (or spurious 

kinematic modes) is that 

°b-ni n - n' 
c   r 

(50) 

The strict similarity between the derivation of displacement and equi- 

librium elements becomes even more transparent if tne second formulation, in 

terms of stress functions, is used. In that case tne requirements of surface 

traction continuity has to oe translated into requirements of stress function 

continuity. They certainly involve the continuity of the stress function 

local values but in addition, they eventually involve the continuity of soue 

of itJ Uurinatives. T.iose ru-iuir counts are especially sLylo to tori.jljcc 

in •■he case of membrane and plate uendin^ problu-as if the Soutnwell slao ana- 
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logies are recalled (lief. 7) and specific examples are given In the toliow- 

ing • In general it requires to insure the single valuedness of m local 

value of tue stress functions and its derivatives denoted f . These m 
c       c 

•tress function modes are equivalent to tnc n forces g . Iney can be 

expressed in terms of the intensities of the assumed stress function modes 

.tby 

«c ■ T a (51) 

The matrix T is another static matrix of tne element, .lote that the a 
c 

interface connection taoties necessarily define tne "rigid body" noaes of 

the stress functions anu tnat their number u is equal to a . In contrast 
c    n      c 

with the first formulation, the generalized stress function modes f are 

not necessarily interface variables only, as the continuity often requires 

• single value of th'. stress function at a vertex. 

The virtual work of the surface tractions can be alternatively written 

V.tf. - [  u' t dr =• |  u' - 32 M a dr - t' a 
JT 

u JT «    » 
u u 

(52) 

V.W. - V    d - a' T' d 
c c       c 

where d are generalized displacements conjugate of f . Cccparison of the 

two expressions reveals that 

w • T* d 
a     c .53) 

which again indicates that the transpose static matrix is a kinematic 

matrix relating the strains n to the displacements d . 
a        r        c 

Tne properties of the finite clement are now obtained by finding 

the minimum of 

(j «' J a - t'c  dc) nin (54) 

suuject to tue constraints (51)« As J is singular, tiie procedure applleu 

in tiie first formulation uoes not apply ..tu cue inversion of luc rotation 

(51; is necessary. Comparison of (54) and (12) shows tnat cue situation 

Is formally identical to that of deriving a dlspi.-iceir.ent clement if f 
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plays the role of q and d that of g . The solution of the constraints 
^c    c       c 

(51/ requests again the distinction between three cases. 

a) "a ' nc 

in this case it. turns out that 

a - T~l f 
c 

and      d - T"1' J T_l f - F f (55; 
c c   c c 

where F Is the flexibility matrix of the element in terms of the 

stress function modes. 

b) n > n 
a   c 

The homogeneous system 

T a - 0 (56) 

has n non-trivial solutions which ara internal or "bubble" stress 

function nodes. Tue procedure for their elimination can be formally 

Identical to that described for the displacement models. 

c) n < n 
__a c 

The homogeneous system 

T' a - 0 (57) 

has n non-trivial solutions corresponding to spurious kinematic 

deformation mot1'.,. A iiexiuilitv matrix can still oe derived by selec- 

ting arbitrarily a subset of independent values of stress function zsaas 

to invert (51). in this case the flexibility aatrix cannot be used 

without the n remaining constraints. Again these constraints can orten 

be eliminated in a group of.elements. 

Finally the two formulations for the equilibrium elements arc related 

to each other by the following relations 

g ■ C b - C ii  T"1 f - C*f (5B> 
c c     c 

Note tnat altnough tac mutri;: t* is square it is always singular as  tr.e 

forces g are not independent. Uy virtual worn 

it appears 

V.U. - g'  qc - C     C*' I  - f  d, (5;) 
C      C L im C     t_ 

d  • t4' q (Cj) qc 
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which completes 111« analogy. 

4. DUALITY ULTWEC..' DISPLACE te.iT A.tiJ EQUILIJiUU;; ,'ÜI)LLS 

Before discussing cite relacivo advantages of the two formulations, 

proposed above, their practical meaning in elasticity is Illustrated in an 

example. For this purpose the formulation of the Southwell slab analogies 

is briefly recalled (Ref. 7). 

A first analogy allows to snow that the function used to describe the deflec- 

tion w(>.,y) of a Kirchhof! plate can be used as the Airy stress function 

♦(x,y) of a membrane and that the continuity requirements for this function 

la order to derive a conforming displacement plate bending element are pre- 

cisely the same as those required for the stress function in order to derive 

an equilibrium membrane element. Tnerefore the derivation of tue flexibility 

matrix for an equilibrium element in the form required by the stress function 

formulation is identical to Chat of the stiffness matrix for a conforming 

place bending eleuent in Che displacement formulation. The deflection has 

simply Co be interpreted as Che Airy stress function and the stress-strain 

relations substituted for Che moment-curvature relations. At this time it 

" may be better to replace the word displacement by deformation function 

in order to make tne analogy more transparent. ..otp tnat as a by-product 

the first analogy »as recently allowed to define new families of triangular 

and quadrangular equilibrium memurane elements and at the same time of con- 

forming plate bending elements up to any degree, by forming super-elements 

composed of triangles (Ref. 2,3). In addition sub-equilloriua and hyper- 

equilibr'.urn membrane elements are recognized as the analog respectively of 

non conforming and hyper-conforming plate uend.lng elements. 

A second analogy allows to snow that tne displace.lent functions u, v used 

in conforming membrane elements are precisely tne stress functions required 

to derive equilibrium place pending elements and that the continuity condi- 

tions of these two functions are also identical in the two prooleus. There- 

fore the families of conforming inen-.brane elements of triangular and qua- 

drangular shape recognized by many autnors (Kef. 12) furnish immediately 

the flexibility matrices for equilibrium plate tending elements as required 

by the stress function metnod. 

The Cwo analogies are illustrated in figure 1. The elements (A) and (u) 

correspond to dual meuwrane elements, one conforming, tne otner equili- 

brium for whlcn tne caoice of tne unxnowns leads to a stiffness matrix. 

(d) and (C) are dual plate Lending clonents for whlcli tJie citolco of the 

UtiMiowas also yiulus u stillness Matrix. mioUiur interpretation oi tue ana- 

logies is possible : (C) dud (i>) represent Cue same equilibrium memaranc 
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element formulated eituer in terms of stress function and leading to a flexi- 

bility matrix, or in terms of surface tractions and yielding a stiffness ma- 

trix, jiut (C) and (i)) also represent the two formulations of tiie conforming 

plate bending clement eituer in terms of deformation functions (displacements) 

or in terms of contour deformations. The same double interpretation holds 

for (A) and (ii). 

Tiie interpretation of these contour deformations follows imnediatcly by 

application of the Southwell analogies : in tne case (U) a comer load cor- 

responds to the variation of the angle at a vertex, a lending moment to tne 

extension of the edge, etc (Kef. 7). 

Finally the following interpretation of tiie local values of the stress 

functions or deformation functions is important for what follows. In a 

group of equilibrium uemurane elements, say of type (C), formulated in terms 

of stress functions, the Airy stress function is single-valued along the 

interfaces in cne absence of loads. Therefore a local value of the stress 

function represents a self stressing state (Ref. 11). This is easy to realize 

it one imagines the stress state produced by one single local value different 

from zero. liy analogy a local value of tiie deformation function (a local 

displacement) can ue interpreted as a self straining state, uy virtual work 

considerations the variables conjugate of the,stress function modes are 

generalized cuts while tnose conjugate of the contour deformations are 

stress functions. 
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5, MLTHOUS OF SOLÜVIOJ Or  Ti.E GLOBAL PKOÜUH 

Considering Cue strict analogy between the derivation of displacement 

and equlliurium models, tiic methods of solution of tlie global problem will 

be examined only for one category of models and the results translated for tiie 

other. As the equilibrium models are less well known, we shall concentrate 

on them i i the following. 

The complementary energy principle applied to an assemblage of equili- 

brium finite elements can t>e written, using the formulation (44) in terms 

of surface tractions 

( 7 I  b'. J* b, - g* q) min    (k - element index)  (ti) 
k 

while using the stress function formulation (51) 

( 2 Z  f'x Fk fk " d' f) m<n (fc2) 

Assembling the elements is achieved jy stating that along each interface 

the sum of tne generalized loads equals tae applied external loading 

8 " k Uk  gjt " k Lk  Ck bk (63) 

where L, are localizing or ooolean matrices and C. tiie static matrices 

defined in (40). 

In the absence of interface loading, the stress functions are continuous 

across the interfaces, what is written 

*k-\* (64) 

where L^  are other localizing matrices. Along the loaded interfaces the 

relation (55) allows to express that the dislocations or jumps of the stress 

functions equal the loads 

■"««k-J^tf'k <6*> 

The solution of tiie minimization problem (6l) or 0-2)   is obtained by sub- 

stitution of tne constraints (u3) or (64). In tne first formulation we 

Oiitain tne classical results 
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E Jk bk * l C'k L'k< 

8" ktfc 8k" kLk Ck bk"(ILk °k Jk_1 c'k L'k} q' kLk Kk l*q'K* q 

(66) 

correspoti('iiig to the displacement method applied to equilibrium finite ele- 

ments. Thi unknowns are effectively interface displacement modes. K is the 

global stiffness matrix obtained by a sultaole localizing of the element 
stiffnesses. 

In the second formulation, we ootain by the same operation, neglecting 

first the eventually prescribed loads 

(111, F. L. > f - F f - d 
k  k k K      s «?) 

where F is the structural flexibility matrix for the same assemblage of 5 

equilibrium elements. The unknowns are here interface stress function modes. 

As these have been interpreted as self-stressing states, this solution is 

in fact in the spirit of the force method, but in wnicu the search for the 

redundancies is avoided. The second member d represents contour deformations 

or generalized cuts conjugate to the self stressing states. 

The figure 2 translates the resi'lts obtained for cquiliuriua models 

into the corresponding ones for displacement nodels. With the help of the 

analogies described aoove, the figure is self explanatory. 

In the two formulations denoted force method it is important to reraemoer 

that the searcn for the self stressing states is avoided uy tue particular 

choice of the stress functions as variables. 

The choice for one method or the other should be based on the number 

of variables involved in tue particular application considered. The same 

computer program can obviously Le used to assemble the four systems of 

equations and for tneir solution. 
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6.LJTK0uuXTI0.< OF IHu dOU.OultY CJ.fflllTO.JS 

Tho Introduction of the ooundary conditions has not beer, considered 

in the preceding formulation. These conditions can be prescribed forces or 

displacements; they can ue zero or non-zero prescribed or the average over 

some region can be prescribed. 

In the two forms of displacement methods, prescribed forces appear in the 

second meaner and prescribed displacements lead to ü  reduction of the number 

of unknowns. In case of prescribed average values of forces or displacement 

(like for instance a prescribed global shear force in a  box beam) the corres- 

ponding linear constraints between the variables has to be written and added 

to the system of equations. 

In the two new for~is of force method, the boundary conditions have to 

be expressed in terms of stress functions or of contour deformations, ./hen 

these conditions involve only the contour of the assemblage of finite elements 

the change of variables is relatively easy. However if loads are applied 

inside tiie structure, dislocations have to be introduced in me stress func- 

tion field. This can be achieved in the following way. 

In the expression (6 2) for the potential energy, we separate the terns 

pertaining to unloaded anu loaded inter element boundaries and use for the 

latter their expression in terms of forces g and displacements q 

d' f - d'  f + g' q 
u u  • ' 

(subscript u stands for unloaded) 

(68) 

Using then (57) and (63) 

g - t  L. C* f. » I  L C* I. f » C* f 
°  ,  k K k    it k k    s 

k 
(69) 

where C is a global matrix translating the stress functional modes in terms 

of surface traction modes. 

Substitution of (6d) into (61) yields 

F 

r-« 

f 

- ? 

0 

1 
(70) 

It appears therefore that the Introduction of the boundary conditions cor- 

responds to tue rfucicioii ui constraint equ.miü.is in nu.nuoi' ptoporiio.»ai to 

tue number of loaded interfaces. Hence it is obvious tliat if all t»e inter- 
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faces arc loaded, tlie stress function formulation becomes unattractive. 

The Introduction of the boundary conditions in terms of stress functions 

is illustrated by two examples in figures 3 to 8 for a cantilever U beam 

composed of aeiaurane elements and for the bending of a centrally loaded point 

supported square plate. 

Taking first tne cantilever U beam, figure 3 represents the boundary 

conditions as they are used in a classical equilibrium analysis formulated 

lr terms of generalized force and solved by a displacement method. These 

boundary conditions for the normal and tangential surface tractions n, t 

arc translated Into boundary conditions expressed in terms of curvature of 

the stress function F(x,y) as illustrated by figure 4» On the same figure 

the aroitrary fixation of the "rigid body" £odes of the stress function is 
3F 

also indicated, .tote that F stands for r-r etc. From these boundary conditions 
X 0A 

it is easy to derive the set of constraints represented in figure 5. This 

operation is easily done by hand on the example but cou.ld also result from 

equation 6 9. 

Turning next to the plate bending problem, the boundary conditions in 

terms of surface tractions are indicated in figure 6 and translated in terms if 

stress functions in figure '/ where the aroitrary fixation of the "rigid body" 

modes is also represented, One notes tnat the introduction of a concentrated 

load inside t..a piate requires to impose a dislocation of tne stress function, 

u,v, along a line arbitrarily selected from the load to an external boundary. 

The angle of opening due to the dislocation is proportional to the load. 

The deformed snape of the stress function is indicated by tue dasiied lines. 

In figure 8 the detailed expressions of tue constraints corresponding to the 

concentrated load are represented. The upper part of the f; -ure indicates the 

general conditions to satisfy by the stress functions on botn sides of the 

dislocation. The lower part of the figure illustrates the application in the 

case wncre tue dislocation is bordered by triangular elements vitn a linear 

stress function field, it appears that the final form of the constraints ex- 

pressed point by point is extremely simple and can be introduced by adding 

a certain numocr of relations of :fto same type between noaal values. Tins 

observation allows the systematic treatment of the constraints by the computer 

program. 
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b)    BOUNDARY  CONDITIONS  IN  TERMS   OF  STRESS   FUNCTIONS U  ANO   V 
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y.CRITLitIO.1 FOR  SKLECTUü Til.  IlETiiOU OK SOLUTION 

The number of equations to be solved is obviously different in the 

two formulations available tor displacement and equilibrium models as tue 

topology of the connections is dependent of the cnoice of tue variables. 

7t is also dependent of the boundar> conditions «Mich can eitiiur decrease 

the nuinuir of equations (as for clamped boundaries in displacement mecaeds) 

or Increase it (as in case or additional constraints). A simple criterion 

that can oe used to select the most efficient method is based on the hyper- 

•taticity index. It is defined by : 

"p-nf 

"f 

(70) 

where n is the total numuer of strain or stress parameters in the struc- 
P 

ture and n. is tue number of free, unprescribed degrees of freedom in the 

formulation examined. This index is the ratio between tiic numoers of un- 

knowns involved in tne two formulations of the same problem. Therefore if 

the index A is larger tnan 1, , the formulation examined is more efficient 

than the other. 

In the case of the displacement method, consider the global static 

matrix of the assembled structu e (55), and suppose that all the lines 

corresponding to reactions against prescribed displacements hive been sup- 

pressed. Tne nunuer n of parameters o is larger than the 
? 

nuuoer n of the free degrees of freedom (they are equal only if the struc- 

ture is isostatic). Tiiis connection matrix C can be split La two parts 

corresponding to a particular solution and a set of self-stressing states 

g - C b - Cj bx ♦ C2 b2 

wnere C, is a square matrix and C,   a rectangular matrix of dimension 

n x (n - nj. It is clear that the displacement method is well adapted 
t 9       f if 

if n, < (n - n,) that isvine numoer of redundancies is larger than the 

number of unknown displacements. 

An rpplicatiou of this criterion is Illustrated in figure 9 for a 

membrane stretching problc.n idealized i;y a 5 x 5 jrld. Jlsplaccnent and 

equilibrium models of increasing degree of sophistication ere considered. 
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THE  HYPERSTATICITY  INDEX  FOR   A MEMBRANE   STRETCHING    PROBLEM 

5x5  GRID 
25   ELEMENTS 
36  NODES 
60   INTERFACES 

(2T.O.F  PAR   NODAL   POINT) 

|            MODEL d nb "p 

FREE EDGES CLAMPEÜ EDGES 

nf A nf     j    A 

s 
s o 
< 
a 
a 

z 
s s 
-I 
5 a 
Ul 

0 5 125 72 .610 32 2.91 L7 
u i 13 325 192 .720 112 1.90 

2 2. 525 312 .700 102 1.79 

J +—J 
0 5 125 120 .07 80 .56 

C7 1 13 325 240 .37 160 1.03 

ft   ft o 

£7 2 21 525 360 .47 240 1.19 

d 

nP 

n. 

s   DEGREE OF THE   STRESS  OR    STRAIN   FIELO 

i   NUMBER  OF   PARAMETERS   OF   THE   STRAIN   OR    STRESS    FIELD 

- TOTAL   NUMBER  OF  STRAIN  OR  STRESS   FIELD   PARAMETER!! 

- NUMBER   OF UNPRESCRIBED   UNKNOWNS 

-   HYPERSTATICITY   INDEX 

FIGURE 9 
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The hypers Caticity Index Is established for the displacement method In two 

limit cases of boundary conditions : all the contour is etcher free or 

damped, ifad the index been established on tue basis of the force nietnod, 

Che values of A would have been the inverse of the present one. 

Ic appears that the advantage of the displacement method is the largest 

for the clamped plate idealized by the simplest displacement element (<>2.91) 

while the force method is uy iar the best choice in the case of a free con- 

tour and the simplest equilibrium clement (£-.07). .«>te that this element is 

very similar to Che well known shear panel. Qontrary to an established opi- 

nion, a force method would be more economic even for displacement models in 

the case of free boundaries. It is recalled that in the present context the 

search for Che redundancies is avoided in the force method by the special i i 
choice of tue variaoles. 

I 

From this example it appears that the choice of the solution method is 

strongly influenced not only by the type of element used, the mesh size and 

connectivity  of tne structure, but also by the boundary conditions. In the 

cases where these are sucn that constraints are to be added to the system of 

equations, their number should be introduced in the evaluation of tne ayper- 

staticity index. 

8. tiO.i- STRUCTURAL APPLICATION 

The structural problems encountered in aerospace applications are cnarac- 

terized by the complexity of their geometry. Tneir physical subdivision is 

usually so fine taat even tue simplest elements yield already a good approxi- 

mation of the displacements. The representation of the stress field is however 

relatively crude. In tne boundary conditions one usually finds a large nuuber 

of concentrated loads. These characteristics explain that for displacement 

models the displacement roetnod lias been exclusively used,while for uars and 

shear panels whicu are very similar to the simplest equilibrium elemencs, t<.e 

classical force method has been preferred although it requires a numerical 

•earcn for tne redundancies, üut usually tne hyperstatlcity index of t.ie struc- 

tures Idealized by bars and shear panel» is no  small taat some adva.Uu„c re- 

mains even if the additional work of the Gauss-Jordan elimination is consider*.;. 

It has oeen sno;/n in the preceding section that tne new formulation ci 

Che force metnod proposed in this paper, as it avoids the search for t;.o re- 

dundancies, can be more economic in a large class of proulcms. This is 
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especially true for analysis by equilibrium models which sulfur In the 

displacement method of its relatively larger number of equations. The 

utilisation of these models has been very limited for this reason and this 

despite the fact that they yield often better stresses which are at tue same 

time of easier interpretation. Comparison of the energy content at the 

element level as well as globally is also sometimes fruitful. 

Nevertheless trie practical use of the stress function formulation 

for equilibrium models still presents a difficulty whicn is peculiar to 

structural problems. That is the need for translating the boundary condi- 

tions from applied forces into loca^ values and dislocations of the stress 

functions. This step is presently achieved by hand but the development of 

a simple and automatic algorithm is studied. 

There is however a large class of problems»that might be called non- 

structural ,to which the new force method can be readily applied. Among them 

plate bending and plane elasticity problems, fluid flows, neat conduction 

problems etc, can be mentionned. The boundary conditions met in sucn pro- 

blems are easier to express in the variables required by the new force me- 

thod while at the same time the domains studied are often less physically 

subdivided than in structural applications. The number of dislocations to 

introduce in the stress function field (or its equivalent) is therefore 

reduced. 

The complete duality between finite element models and metnods cf 

solution is illustrated in the case of potential fluid flow and heat con- 

duction proolens in figure U which is self explanatory, wore details can 

be found in Reference 13. 

Wote that passing frei one «et of variables to the other and from "displa- 

cement" to "equilibrium" models is much simpler in these applications,wtiich 

involve scalar fields,than in elasticity, and only require formally tue 

change of the constitutive equations. In particular the topology of the 

connection remains the same for displacement and equilibrium models in a 

given formulation. 
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9. EFFECT OF IUTuUAL DEG.CEr" OF FKLcUOM 0^ KiaiTb KLE^EUT PilUPcKTIKS. 

In sections 2 and 3 the possibility of introducing internal displacement 

mode? (bubble functions) has been mentionned. An attempt is made here to 

evaluate the effect of such modes on the finite element properties. Four 

membrane elements are used in this investigation : 

- CTY1 denotes the classical Conforming Triangular Membrane element 

- CPM denotes the Conforming parallelogram j/iembrane element using a 

bilinear or biquadratic displacement field. 

- CQM den.  . the Conforming Quadrilateral Membrane super-element formed 

by assembling four triangles CT11 and condensation of the internal 

displacements. 

- UPM denotes the Hybrid JParallelogram Membrane clement with assumed 

displacements along the boundaries and assumed stresses inside. 

The displacement field in the three conforming elements is represented 

in the form 

u - PL (x,y) + f2 (x,y) . P2 (x,y) 

where P, (x,y) is the classical polynomial which contains a number of parameters 

Just equal to the number of generalized displacements on the contour of tne 

element (6 or 12 for the triangles, 8 or 16 for the quadrangles). 

*2 (x>?) " o is the product of the equations of the interfaces, that is 

a function vanishing on the boundaries 

P? (x»y) *s another polynomial representing bubble or internal displacement 

modes. The elements have been tested without bubble modes and then the degree 

of P- has been increased from zero to four» Mote that zero corresponds already 

to one internal mode. 

In the hybrid element the contour modes are linear or quadratic while the 

stress field inside the element derives from an Airy scress function represen- 

ted by a complete polynomial of degree ranging from 2 to o.  Tue stress field 

Is therefore of degree o to 6. 
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la all cases the internal degrees of freedom have been eliminated by 

condensation. The elements are either square or equilateral triangle of side 

length equal to 1,, the Young's modulus is 10 , the thickness is 1. and the 

Poisson's ratio is .3. All the eigenvalues of the stiffness matrices have 

been computed for each of these elements. The first three eigenvalues are 
I 

zero and correspond to the rigid body nodes, la addition in the hybrid element 

additional zero eigenvalues are found when the degree of the stress field is not 

sufficient. They correspond to spurious kinematic deformation modes (Ref. 3). 

The first non zero and the maximum eigenvalues are given in figure 11 together 

with the trace of the stiffness matrices. 

It appears from these results that when the number of internal degrees 

of freedom grows, the conforming and hy'jriü elements converge, as expected 

by the theory, to the same values which correspond to the exact solution of 

a membrane with tue constraints of linear or quadratic variation of the uis- 
i 

placements prescribed along the edges. The hybrid elements yield eigenvalues 

which are very close of the exact solution even for the simplest stress field. 

that can be used without kinematic modes. The convergence of the otner elements 

is very fast so that it is seen that a few buoble modes allow to satisfy al- 

most exactly tae 'quilibriuai inside the element. 

In conforming elements, an internal field wsich is one degree Higher than 

that of the interfaces brings the major part of the possible improvement. 

It can affect predominantly the minimum eigenvalue in whicn case it will in- 

fluence the global response of the structure or the maximum eigenvalue in 

which case it reveals more important for a correct stress representation inside 

the element. Wote that tue simplest triangular element is unaffected oy such 

modes. Comparison of tae numerical work necessary to ouild a UP.l or i CPM ele- 

ment with a few buoble modes shows little difference. 

The conclusion is that tne solution witn nyjrtid models or witu conforming 

models containing a lev/ internal ir.odcs is practically coincident* Tne cnoicc 

of one model or toe otiier has taereicr» little influence on tne results willen 

are governed only by tne aegrec of tne displacements along tue contour. 
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"-.**** At J«ISB^-''^S^Fn^^ff^ 

EFWCT__ OF    IHTEK.JAL.. J)läCRiiES__OF_. IREEÖOI 

linear Interface displacements quadi«tic interface displacements 

Model «I % * < min 1 * ..-tax trace nln 
X 
max 

trace 

0 ■■ 

l 75.973 235.71 745.35 - - - 

2 75.973 235.71 745.35 - - - 

EPM 3 73.633 235.71 750.63 31.053 395.37 2180,3 

4 1 73.633 285.71 750.68 31.401 396.66 2236.9 

5 78.355 235.71 751.12 I 31.401 396.36 2254.0 

6 73.356 285.71 751.12 31.408 393.74 2256.9 

1 2 113.?60 235.71 321.33 

CQM 
2 

3 

10 

26 

dO.953 

7J.997 

2d5.71 

2J5.71 

755.31 

751.40 

38.973 

31.554 

i  412.62 

401.04 

2553.1 

2233.6 

4 50 73.925 2J5.71 751.26 31.417 399.21 2267.1 

1 

0 93.901 235.71 791.21 33.610 943.33 4114.3 

0 2 79.794 235.71 752.99 33.610 467.15 2004.5 

CP.1 
1 £ 79.263 235.71 751.93 31.435 403.23 2313.7 

2 Id 7J.952 235.71 751.31 31.412 399.53 2273.0 

3 32 7d.913 235.71 751.23 31.410 399.19 2265,4 

4 30 7d.902 235.71 751.21 31.403 393.97 22b3.J 

1 0 95,940 343.62 593.40 tm tm mm 

2 0 95.940 343.62 593.40 16.07a 1022.9 29o7.0 

cm 3 7 95.940 343.62 533.40 ' 15.777 357.65 2423.3 

4 6 95.9'J 343.62 593.40 15.629 843.26 2362.2 

5 

I 
12 95. J 343.62 593.40 15.001 341.'U 2354.1 

de Urce of tue polynomial r^x.y) or, in «!•;„ jc*ree of Cue «tress field 

a -  number of condensed internal degrees of freedom 

FIQURE 11 
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BASIS FOR ELEMENT INTERCHANGEABILITY IN FINITE ELEMENT PROGRAMS 

John Robinson and Gernot W. Haggermacher 

Lockheed-California Company, Burbank, California 

The concept of characteristic matrices of any finite element for elastostatic 

analysis is presented. To demonstrate the concept the characteristic matrices 

of a simple beam element are derived in the Appendix. This approach permits 

complete interchangeability of different types of elements between independently 

developed analysis programs irrespective of the analysis method or basic element 

assumption. The analogy between element derivation procedures and the equality 

of principal matrices are developed. A wide spread adoption of tnis concept 

would have far reaching implications in, facilitating communications, exchanging 

of new developments, and speed-up practical applications in the field of finite 

elements. 
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INTRODUCTION 

The element research and development over the past decade has been largely 

restricted to element stiffness matrices based on deformation assumptions. 

However, c-vrr the past few years element flexibility matrices based on stress 

assumptions have appeared with increasing frequency in the published literature. 

It is therefore appropriate to show the analogy between element derivation pro- 

cedures and matrices and their interchangeability in the force, displacement and 

combined methods of analysis. 

The data required to incorporate any element into an elastoatatic analysis system, 

force, displacement or combined method, can be conveniently organized into four 

characteristic matrices. These matrices define the elastic behavior, the spatial 

assembly into the structure, and the required output information for each element. 

This concept was used for the force method. —3-'    Further characteristic matrices 

appear when extending the concept to vibration and non-linear analysis. The 

method of element development is independent of the method used to form the 

equations for the complete structure. Certain analogies which exist in the 

finite element methods, including methodology and ej°ments, have been reported. 
3 k *> 6 7 8/ 
—'—'*'—'«*• •«/ In the present paper an analogy is developed which covers the 

element derivation process for both stress and strain assumptions within the element. 

The formal presentation of this analogy demonstrates that it is possible Lo achieve 

complete Interchangeability of the characteristic matrices of any type of element 

between the major methods of finite element analysis. This work complements 

the review of methodology relationships in Reference 2. 

1. RELATIONS BETWEEN FINITE ELEMENT METHODS 

Three basic finite element methods of analysis are usually distinguished, namely, 

force, displacement and combined (Lagrangian Multiplier) method. In the force method 

the nodal equilibrium equations are written in term» of the generalized element forces. 

These forces are solved first and then the nodal displacements are determined. In 

the displacement method the nodal equilibrium equations are written in terms of 

tue generalized nodal displacements. These displacements are solved first and then 
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the element forces are determined. In the combined method the system of equations 

tc be solved contains both the element forces and nodal displacements simultaneously 

as one set of unknown variables. The full solution is obtained in one pass. A 

full derivation of the relations between the three methods was givon in Reference 2. 

The equations relevant to the present work will be summarized subsequently. 

In the force method the nodal equilibrium equations, in all unconstrained degrees 

of freedom, are expressed in terms of the assembled generalized element for 

variables, lF| , that is, 

l£]{P!  =(Ll (i) 
where 

{LJ= vector of external applied generalized nodal forces expressed in the 

global system. 

C£j * matrix which transforms the element force variables into equivalent 

^odal forces in the global system and allocates them to the appro- 

priate node. 

The total element deformations, {<£], corresponding to 

the element force variables and initial deformations, are given by 

U\m {c>el   + {dol  =   [D]{F|   +  [do] (2) 

where 

C.DJ = matrix of assembled element natural flexibi_ity matrices. 

{do)= initial, stress-free element deformations (thermal, etc.) 

{dl«i = element stress-related deformation«. 

In the displacement method of analysis the nodal equilibrium equations, in all 

unconstrained degrees of freedom, are expressed in terms of the nodal displacements, 

{r| , expressed in the global system, that is, 

CK1M - fLf* W7FJ (3) 
where 

IK] = structural stiffness matrix which transforms the nodal displaceaents 

into equivalent nodal forces in the global system and allocates them 

to tne appropriate node. 

{ft*} ■initi*l element force variables due to initial strains 
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The element forces axe given by 

where, 

Lte] = matrix of assembled element non-singular stiffness matrices. 

The continuity conditions,  relating the independent element deformations to 

nodal displacements are given by 

M*r?« id]  - f it\ + {do] (5) 
where, 

[Ä.J = transformation matrix relating the nodal displacements and the 

total independent element deformations XtM . 

In References 2 and 9 it was shown that 

and 

Ol - foj 
-i 

The structural stiffness matrix is given by, 

IK] = laftklW = [ElCD^ef 

(6) 

(7) 

(8) 

Substituting Equation (6) into (5) gives, 

f«M - f£f{r? - IM (9) 
Using Equation (2) and (9) 

(DliFl + idol -£elT{rJ » {o/ do) 

Writing Equations (l) and (10)  into a single system yields the Combined Method.-' 

N-i-vK " E?] (ii) 

or, in a slightly different form, using Equations (6) and (7), 

bH?H- -[?] (12) ( 

In tne combined method the forces and nodal displacements are evaluated simultaneously 

in one pas». 
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2. CONCEPT OF CHARACTERISTIC ELEMENT MATRICES 

Following this preliminary review of finite element methods« the paper will now 

concentrate on the common aspects of element derivation and formulation, using 

both strain and stress fields as the basic assumptions. 

It will be shown that a set of characteristic matrices is required to incorporate 

any type of finite (structural) element into an analysis system based on either 

the force, displacement or combined method. This concept was discussed for the 

force method in References 1 and 2. The work of many authors has contributed to 

the formulation of this unified approach. 

Characteristic matrices for elastostatic analysis are developed in this paper, 

namely; 

1. The Element Natural Elastic Matrix (Stiffness and Flexibility). 

2. The Initial Stress-Free Deformation Vector (Thermal). 

3> The Element Assembly Matrix. 

k.    The Element Output Matrix. 

Further characteristic matrices, to be considered in later work, are tne Consistent 

Element Mass —'and Inverse Mass =*'—'Matrices for vibration analysis, and the 

Geometric Stiffness Matrices—'for various types of large order deflection analysis. 

For any element, regardless of the analysis method, a force-deformation relationship 

is needed, which leads to the first two characteristic matrices, that is, the element 

natural elastic matrix and initial stress-free deformation vector. This relation- 

ship can be written in either of the following two forms, 

(f^i-  tkmU dm\ - { F„oj (13) 
or 

id~\ - LO„l{F-„l  +{d„ol (11») 
where 

[krO* element natural stiffness matrix (non-singular) 

LDm] = element natural flexibility matrix (non-singular) 

{F"m\- independent generalized elastic forces for element a. 

{dm\= independent generalized deformations for element m 

{^ol.f^mtj * initial values of force and deformations. 

The  -rices [k] and W of Equation« (7) and (2) are assembled from the element 

natural otiffness and flexibili*;, ^tri-es for all elements, respectively. 
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It is important for this parallel study of strain and stress elements and their 

interchangeability» that the generalized element deformation and force variables, 

{»<*i and {Fml respectively, do not include the zero strain and zero stress states, 

and are thus independent quantities.  The relationships of Equations (13) and (ik) 
are derived in a local reference system for the element. The choice of this system 

is important in two ways; not only can this simplify the derivation but it usually 

helps the understanding of the physics of the element. The variables and reference I 
system should represent the behavior of the element in a realistic 'natural' way. 
This philosophy has long been expounded by Professor Argyris. 

§ 
The use of independent variables is the essential requirement for the present issue 

of interchangeability. Equation (13) is *he form to be used in the displacement 

method, and Equation (lU) that in the force method. Either relation can however, 
be derived based on strain or on stress assumptions. 

' • It should be realized that if the element deformations [d«r are chosen as independent 

variables in Equations (13) and (ik),  then ifm] are forces corresponding to these 
deformations (in character .od "line of action"), and vice versa. 

The force-deformation relations for any type of element will be derived using 
virtual principles and certain basic assumptions, namely: 

1. The assumption of a deformation or strain field within the element, which must 

satisfy continuity, but the corresponding stresses do no necessarily satisfy 

equilibrium. This is the basis of strain, displacement, compatible and Hybrid 
II type elements. 

2. The assumption of a force or stress field within the element, which must satis- 

fy equilibrium, but the corresponding strains will not necessarily satisfy 

continuity. This is the basis of stress, force, equilibrium and Hybrid I 
type elements. 

Regardless of which assumption is made, the resulting force-deformation relation can 
be used for any of the finite element methods. 

The third characteristic matrix is the element assembly matrix 

To assemble the structural stiffness matrix in the displacement method the independent 

strain variables {<*«} for each element have to be transformed into equivalent nodal 

displacements {Am) in the global system, including rigid body freedoms, using the 
transformation (assembly) matrix [*«*], that la, 
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Umf «   Itnllbm} (15) 

To assemble the equilibrium equations in the force method the independent force 

variables {f»v,j for each element have to be transformed into equivalent nodal 

forces lQ*%\ in the global system,  including the dependent forces (static supports), 

using the transformation (assembly) matrix  [Er«l, that is, 

fE*]{FwJ = (QMi (16) 

The fourth characteristic matrix is the element output matrix. 

In all methods of analysis the output data include generalized stress and/or strata 

quantities within each discrete element, it is therefore appropriate and convenient 

to define an element output matrix. CSr»>3. This will relate the independent vari- 

ables to the required output information which is suitable for structural engineer- 

ing design. 

3« THE STRAIN ELEMENT 

3.1    FORCE-BEFOKiATION RELATION 

A generalized total strain field,   {£*{, is expressed in terms of a set of inde- 

pendent deformation variables, {^i*tl, by the equation 

thl * LTU1{<lmll (17) 

where the J  column of ITtA]  gives the strain distribution, which satisfies 
compatibility, for a unit value of dmej  . The set of deformation variables does 

not contain the zero strain state (rigid body displacements) as is the case in 

many displacement element derivations. 

To obtain the strain field in terms of the element deformation variables it is 

usual to assume displacement functions expressed by the following equation: 

M* LTua]{ß/ (18) 

where, 

{aj = generalized displacements in the local axes system. 

LB} = function coefficients, the linear terms (such as, b, t btx  bjy) 
correspond to the zero strain state. 

Appropriate differentiation of these functions, see Table 1, results in the total 

strain field of Equation (17). The deformation variables, {^mi?, and the coefficients 

{B] are directly related by the equation 
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idmti - [T^a]£ßJ (19) 

Applying the principle of virtual deformations to the j     deformation variable 
establishes the relation 

2-9J F»tJ   *J i^icr} <*Y (20) 
where, 

<*m»j = the j  independent element deformation variable. 

{f£ij = f(dmtj) , the corresponding J  total strain field. 

Hncj   -  element force corresponding to ^mcj 

{<r}  = function of { £e f - { £g I - { £© i 

V = Volume of element 

**     indicates virtual quantities 

Subscript £ indicates quantities derived from strain assumptions« 

If there are «c independent deformation variables then there are «>c linear 

equations in the form of Equation (20), therefore the following system of equations 

results, 

[&*] (Pme\ r J"v L€cf{<r} av (21) 

where   I <WJ   is a diagonal, matrix of virtual deformation variables. 

Using Equation (17), the complete set of virtual strain systems is given by, 

[■?(]•   [TdlF&lJ (22) 

Substituting Equation (22) into (2l) gives, 

r<w]{Fw£j - f£cjjT [T^IVUV (23) 

or, 

ffcfl- X  [T^flarJ rfV (21») 

Equation (24) defines the true element force      ^»sj  corresponding to the 

chosen deformation variable  dmtj  • such that the product  dmcj*Pt*tj   is the work 
done by the J      deformation. 

The stresses 1&1 are a function of the stress-related strains  f£«J  which are the 
difference between total and initial strains, that is, 
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Refer   to Figure 1. 

For linear stress-strain behavior, the stresses are, 

{ö'^£r«]Uei-LT<rtl({£t I -U.j) 

where, L~r<r£j  expresses the classical stress-strain relations. 

Therefore, substituting Equations (17) and (26) into (2U), yields 

*F-eN (X MT[T,c][Vl div)Ma*I 

~ X rT£<A3
T[T«]{£0] JIV 

or 

where 

fF«*!-   ffe**H<UJ    -{/VHI.J 

{F^oj = X tT^l^T^Kfoi^V 

(25) 

(26) 

(27) 

(28) 

(29) 

are the initial (fictitious) element forces which would produce the same 'element 

deformations as the stress-free initial strains  l£o] (thermal) and, 

ikmtl • I CT^f LTrtHT^l dlV (30) 

is the natural stiffness matrix based on strain assumptions. 

This natural stiffness matrix, as well as the initial forces, are for a strain (dis- 

placement) element as well as a hybrid element based on an internal strain field. 

To obtain the external initial element deformations (^mi*) due to the initial 

strains i£o]  , it is only necessary to visualize that the same deformations could 

be produced elastically, thus the corresponding forces are, 

fF*H«oi«   [ fe«{]{ ^mCoj (31) 

Hence, 

I^mCoJ» iterncl  l^io} (32) 
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where   lFt*lo] is given by Equation (29) and  Ckint] by Equation (30).    In 

Equation (29) the function for {£«] is not specified, and may actually be given 

numerically.   {4m£o{ is the initial stress free deforoation vector (second character- 

istic matrix). 

1 Using Equation (32), Equation (28) can now be written as, 

{F„,£J=: [ ferne! (f^«d- iÄMtol)' LkM{]tdmttl 
(33) 

where ld<nc«iare the stress related deformations. 
I I 

3.2    STMIN ELEMENT ASSEMBLY MATRIX 

The element nodal displacements in the local system, i&m] , including rigid body 

freedoms, can be expressed in terms of the coefficients W by substituting the 
I 

proper nodal coordinates into Equation (l8), that is, 

I u«I- [TJBKB] <*> 
Solving for lB| gives, 

{B?-  [Tjaf'Uml (35) 

Substituting from Equation (35) into (19) results in, 

l<Lmt\* [TiullM (*> 
where 

[Tistl-LTiBlCTs,!"1 (37) 

= element displacement assembly matrix in the local system based on strain 

assumptions. 

The relation between the corresponding force variables and nodal forces i°r*J in 

the local element system, including dependent nodal forces (static supports), can 

be found by applying the principle of virtual displacements. Therefore, 

C^CUi » lLt]rlr~t\ (38) 
?rom Equation (36) 

t&.il  »   [Taulf ?*3 (39) 
Hence, substituting from Equation (39) into (38) 
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where, 

t"W  -  CT^wf flft) 
=   element force asseiibly matrix in the local system based on strain assumptions. 

When assembling the elements,the nodal forces and displacements for each element are 

transformed into the global system, denoted by {Qtnl and {AmJ respectively, using 

a simple      coordinate transformation matrix,  [Tel , that is, 

and similarly, 

{An,} - [Tft]{Smi 

(te) 

(*3) 

(*5) 

Therefore, using the coordinate transformations of Equations (^5) and (k2)  in 

Equations (36) and (Uo), respectively, 

where, 

t<W]» FTdse][Tc]T 

a element displacement assembly matrix in the global system, 

and 

where 

Cfiwcl - lT«.l[Tvf] » [aw£f 
= element force assembly matrix in the global system. 

3.3 STRAIN ELEMENT OUTHJT MATRIX 

(k6) 

W) 

m 

(1*9) 

In a strain element the corresponding stres« field is defined by Equation (26), 
that ia, 

{«■1-CT^lCfig! - CT<r£3({€€l-U.O (50) 
Substituting from Equation (17) into (50) gives, 
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{^Jr  [^([T^HJUd -Uoi) (51) 

It appears however that the real stress distribution in the element cannot be 

dependent on the quite arbitrary function of {£»$, but rather more appropriately 

on the element forces given by Equation (33). 

In the case of a simple axial element the stress can only be constant, irrespective 

of the complexity of the initial strain distribution {£0} . This is contrary to 

Equation (5l)« This equation, though mathematically derived from previous 

relationships, gives a result which is inconsistent in a physical sense. The 

stresses can only be those which are consistent with the element forces. The elastic 

deformations are given by, 

{^meei* { d*t\  - { dmgol (52) 

where the deformation quantities are defined by Equations (32) and (hC).    Therefore, 

using the same transformation as in Equation (17) to give the elastic strains, that 

Cfi*i- [TtfUdUul (53) 
the stress distribution within the element is given by 

(oil- iTnliM  - [T,tHT£*l{<U«*t        (5»0 
In the displacement method programs the stress output is evaluated using the 

computed element elastic deformations. Therefore, based on the specific output 

requirements and using Equation (5^)> the stress output is given by, 

where, 

{C*ci= vector of required output data for a strain element 

[S«WE] = element output matrix for a strain element. 

Prom Equation (33), 

or 

Hence, from Equation (56) 

(55) 

(56) 

(57) 

Substituting from Equation (57) into (55) gives the stress ouput in terms of force 

variables, that is, 
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{<T~d* [S^t]Ckwe3   (F„t} (58) 

The elesent outpu*. matrix will now be c>enoted by LSjweJ with the appropriate 

subscripts of F or D to denote in vhich method it is to be used (force or dis- 

placement . 

Therefore, for the displacement method, Equation (55), 

[s-iol ■ IXcI {59) 

and the force method, Equation (58), 

rwi = [s^Hie^]"1 (60) 

The relationship between the two forms of output matrices is given by comparison of 

Equation. (59) and (60), that is, 

LswKp] «  CS*.£0]Lkm£]H (61) 

In the case of the combined method the form of the output matrix can be either 

of the two forms depending on the choice made by the individual developing the 

program. 

k.    THE STRESS ELEMENT 

U.l    FORCE-DEFORMATION RELATION 

A generalized tctnl stress field, \Of\ , is expressed in terms of a set of inde- 

pendent force variables, {F^jJ, in the fora 

Wm CTrrJfP^I (62) 
where, the J      coluain of C^VF] gives the stress distribution, which must satisfy 

equilibrium, fcr a unit valve of Tv,r;.    The set of force variables does not contain 

the zero 6tress state.    Such a generalized stress-field can be assumed directly, 

subject to the constraint that it satisfies stress-equilibrium conditions.    Alter- 

natively such a stress field can be obtained by assuming stress-functions  {Si, 
that is, 

{£i«[T€BHBJ (63) 
where 

10] - function coefficients, the linear terms (such as, bi, b**, bjS    ) 

correspond to the zero stress state. 

Tbe ctr?rs field (which satisfies equilibrium) is then obtained by appropriate 
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differentiation of *.he stress functions as indicated in Table 1. 

The independent force variables, {^W/], *nd the coefficients, {B} , are then directly 
related by, 

ir~A = [TP8]{B? (61») 
th 

Applying the principle of virtual forces to the J  force variable establishes the 

relation 

Kr; ^Uj * /y   {^ij Ui d\f (65) 
where 

r th r*rj = the J      independent element force variable 

{fljriy •- f(,Ff¥>rj]  the corresponding J    , stress field 

«Lir.rj   = element deformation corresponding to   Fm^-j 

\.t\   -  {£»}*{£«}total generalized strains corresponding to  (ö"f 

{So}   = initial strains, free thermal expansions, lack of lit, etc.    Stress-free 
initial strains. 

{fe/= {l(jr)\   stress related strain 

V   = Volume of elerent 

**       indicates virtual quantities 

Subscript  CT indicates quantities relative to an element based on stress assumptions. 

If there are ß independent force variables then there are ß   linear equations in 

the form of Equation (65), therefore, the following system of equations results. 

[firJfcU-]  -£ [grfltlM (66) 

'• L^> ls a where, I  Hm<J is a diagonal matrix of virtual force variables.   Using Equation (62), the 
complete set of virtual stress systems is given by, 

[£l  -   tVlftÜ (67) 
Substituting Equation (67) into (66) gives, 

l-dtiM-l-'J^ rTrF]rC«I <*V (69) 
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Equation (69) defines the actual element deformation, »mg-j , corresponding to a 

chosen force variable, fv^j-j . This deformation is that through which the force 

variable does complementary work but is caused by the total strain distribution, 

{,£? . As a non-trivial example, if the force variable is a pressure or stress 

(lb/in. ) then the corresponding deformation is a volumetric displacement (in. ). 

The complete strains can be expressed in terms of the stresses and the initial 

strains 

fej- U.f ♦**«? (70) 

For linear stress-strain behavior   (see also Equation (26)) 

t£tl~ irir]{0-r] (71) 

where, 

CV]*[T<r*r (72) 
Therefore, introducing Equations (70) and (71) into (69), 

[<Wi = /v ir^-fle0u\f ♦ (jY [T,F]
T
[T£I-] [r„] #) {r„A     (73) 

or, 

\&-r*o-\ a    [df^crol   *■  i A »tret re t (7k) 

where, 

(<W,i » X £TrF3T{£.l & 

=  corresponding initial deformations (thermal) 

and 

(75) 

(76) 

[IW] sX IWT[V][W ft (77) 
- natural flexibility matrix based on stress assumptions. 

This natural flexibility matrix, as well as the initial deformations, are for a 

stress element as well as for a Hybrid I element (Reference 10, Equation 8) baaed 

on an internal stress field. 
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k .2 STREfS ELEM5NT ASSEMBLY MATRIX 

Corresponding ».o each independent force variable there is an equilibrated set of 

boundary force distributions which are directly obtained from the values at the 
th boundaries cf the assumed internal stress field.    For the i     boundary 

[Wbii   •  LTNfl.;]{<^} (78) 
where, 

'fei \ = generalized forces on the iM" element boundary. (Hfeii = - —--      -  >th 

Substituting from Equation (62) into (78) gives 

[Nfeii =  [TNFi]{Fwr} (79) 

Pwül» [Twfl.J[TrF] (8o) 
a boundary force distributions for unit values of the 

independent force variables. 

The boundary forces, tN^^j , are used, in one form or another, to form the 

equilibrium equations for the assembled structure. In the usual formulation of 

nodal equilibrium it is necessary to establish a set of nodal forces which are 

equivalent to the bouriary forces. In stress elements this can be achieved by 

integrating the boundary forces and distributing them to the nodes while still 

maintaining equilibrium. The element nodal forces which are equivalent to the 

i  boundary forces, l^-mii,  are given by, 

ilmii*   [TlA,-]KcJ (81) 
and contain dependent forces (static supports). Substituting Equation (79) into (8l) 

and summing for all boundaries results in. 

{**,!-( ^V][Tj){rM,! (82) 

or, 

f I» } s  [ T^fcr] I F»ri (83) 
where, 

b 

tVJs   £    [TtriHTA»«'J (8»0 
**» 

{^mi ■ equivalent equilibrated nodal forces 

t     = number of boundaries. 
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A more systematic procedure la to use the principle of virtual displacements to 

find the equivalent nodal forces which are in equilibrium with the boundary forces. 

This requires that a set of klnematically possible boundary displacement functions 

be established.    These are not consistent with the assumed stress field.    This 

procedure is the basis of Plan's Hybrid I element».—1—'   For the i     boundary, 

{U^j   »   [TufcHSrnJ (85) 

where, 

{.Smt= nodal displacements in the local element system including rigid body 

freedoms. 

{U'bil3 boundary displacement functions. 

Application of the principle of virtual displacements, for virtual nodal displace- 

ments, results in, 

fmc<U =£ /,.   ["wlWj dsL (86) 
Substituting into Equation (86) from (79) and (85), 

where, 

fL]{U.[L] (£SSi [T.^VM*]*S,){FMr} (87) 

5^ ■■-  surface variable on the i  boundary. 

This giVÜS, 

ft*l« [T4F,"]{FM<r{ (88) 
where, 

tVr].£jf   LTuliflT^USt 
(«I     ** 

(89) 

The [^wjaatrix is referred to as the element force assembly matrix in the local 

system based on stress assumptions.    This matrix transforms the element force vari- 

ables into an equivalent set of acdal forces in the local element system including 

dependent forces. 

The relation between the corresponding deformations and nodal displacements in the 

local element system can be found by applying the principle of virtual force« for 

virtual force variables.    Therefore, 
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Hence, 

where, 

{d«<r\ -   [ T^s/JUm. (91) 

r     L'wu    i    « «a,«., i    w ~»L 192/ 

■ element displacement assembly matrix in tbe local system based 

on stress resumptions. 

Referring to Equations (89) and (92) it can be seen that, 

In other words, the matrix which relates the element nodal displacements in tbe 

local system, including rigid body freedoms, to the element deformations corres- 

ponding to tbe force variables is the transpose of the element local assembly 

nmtrl" 

In some cases the two methods of obtaining equivalent nodal forces will be identical, 

as is the case for the rectangular membrane element given in Reference 10, with the 
stress field: 

Clt, s a, + A» y 
c-i B aj + Ö4X 

Substituting from Equation (68) into (h2)  give«, 

K\J«   [Em*]{Fw,J (<*) 
where, 

[£«,<r]= £Tc][TtF<r] (95) 

= element force assembly matrix in the global system based 

on stress assumptions. 

Substituting Equation (^5) into (91) gives, 

{<kwr{ -  r*WHA„i (96) 

DW] - ITdirl^cY - [E»*]r (97) 
8 element displacement assembly matrix in the global system 

based on stress assumption«. 

To establish equilibrium models, ?» i1*/ that is, force continuity or boundary force 
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equilibrium between adjacent element boundaries, the boundary force distributions 

should be equilibrated directly. These must be resolved into a suitable reference 

system which will also result in an element assembly matrix. In this case the 

concept of a node must be considered in a more general sense. 

k.3    STRESS ELEMENT OUTPUT MATRIX 

In a stress element the stress field is given by Equation (62), that is, 

{<frl«  [TVFJCF^i (98) 

This equation gives the stress distributions within the stress element in terms 

of the local element coordinates and generalized force variables. In the force 

method programs the stress output is evaluated directly from the computed element 

force variables, fPrxr]» by means of Equation (62), using fT<yp] at specific loca- 

tions. Th^ stress output is given by, 

«WI=  lS„<r]{F„rl (99) 

where 
{0~r*<r\- vector of required output data for a stress element 

[Srw<r] = . ^CF~] at specified locations within the element. 

To use  this e.'ement in the displacement method, obtain from Equations (7*0 and (76), 

{ Frv*i " t *W1   (i<Wi -{dnrol) - CD™]  {d»>rel (ioo) 

Hence, substituting from Equation (IOO) into (99)» the stress output in terms of 

deformations is given by, 

{<Wl- [sMr3Ciwf ({<WI- UM^OI) (loi) 
or 

(<Wi  =   l Srvwr] C D,«*-]   tdU<r«i (102) 

The element output matrix will now be denoted by Lsi«rjwith subscripts P or D to 
denote in which method it is to be used (force or displacement).    Therefore for the 
force method 

[SiwfF'l   s   C S|*0-] (103) 

and for the displacement method 
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The relationship between the two forms of output matrices is, 

(!<*) 

[S^D]  -   CWF] C*Wl (105) 
I 

In the case of the combined method either form can be used as desired. 

| 

5. SUMMARY AND PRACTICAL SIGNIFICANCE OF CHARACTERISTIC ELEMENT MATRICES 

The concept of characteristic element matrices has considerable practical signifi- 

cance. If every computer program for structural analysis was written on the basis 

of characteristic matrices for any element, complete interchangeaoility of elements 

between the various systems could be obtained. This would be irrespective of the 

analysis method (force, displacement; combined) or the basic element assumption 

(stress, strain). An analysis system of this nature has been developed at the 
t 

Lockheed-California Company.    Consider now a program based on the displacement method 

for static analysis which »vas written to accept four characteriscic matrices for an 

eltiaent (elastic,  initial deformation, assembly, output).    Now let anyone who develops 

a stress element, write the subroutine    for this element to return the characteristic 

matrices C ^m<r\ ,  i^»*ff*<oj , [£***•}   and [SrnOr] .    This subroutine could then be used 

directly to introduce the new stress element into the displacement method system by 

changing a lew cards and using a subroutine of the form shown in Figure 2(a). 

Accompanying the element subroutine would be a report of the element derivation and 

a check example.    The converse situation of developing a strain element and having 

a program based on the force method would require an element subroutine of the form 

shown in Figure 2(b).    The complete interchangeability of element matrices is shown 

in Figure 3. 

A great many publications have appeared on elements for use in finite element pro- 

grams.    Various types of elements have been developed and published in many inter- 

national journals and conference proceedings.    However, the use of these elements 

in practice is limited mainly because analysis programs have not been written to 

readily and rapidly add new elements.    In addition,  the various programs using even 

the same method have different ways of introducing elements.    The concept 

of element characteristic matrices presents a unified scheme for element introduction 

and interchangeability in finite element program«, which would facilitate com- 

munications and lead to a wider and more rapid use of new element developments. 

The concept is demonstrated in the Appendix. 
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6.    ELEMENT SINGULAR STIFFNESS MATRIX 

Most researchers and practitioners using the displacement method adopt singular 
stiffness matrices for an element.    It is therefore appropriate to show how this 

matrix is formed simply using its natural stiffness matrix and its assembly matrix. 

The energy within an element has the quadratic form 

V^* U AM J[ le^llC | =iL«W [le*.] Um} (l06) 
where, 

[tefifj = element singular stiffness matrix in the global system. 

In the case of a strain element, 

and 

[fe*.] a   [ fewfi] (108) 

Substituting from Equations (107) and (lOS) into (106) gives the element singular 
stiffness matrix, 

In the case of a stress element, 

and 

Substituting from Equations (110) and (ill) into (106) gives, 

(109) 

(110) 

(111) 

(112) 
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Itrxa Btojaata •trau floatou 

uaand Aliy «»• ttratt fraction «trawl ttwUt—rt fiuctloo« 

1. tatol ilaau (local «It i) 1.     AEUI IIMOU (local «it i) 

W-«4 1«) • *, «bat u it tM alailtiiaiat U to« a-41ractloa 

f. ta*nM ila«ti (local «M S, y) J.     Naaowt ilaau (local m «, jr) 

W-«, |«| • |u r|, «bore a «4 f in UN la*aloa« dUpioc«- 
aoota U UM i tod r alnctioaa r«sp*ctlvtlr 

s. rut« ttalltg tlitnu (local «M i, y, t) 3.     rut« »tadln« tlomtati (local am «, f, i)           j 

M * •»!»*' |a| ■ v, WMTO a la th« dltpUcaaant la tlw 
l-alnctloa (aoiaal to tlaarat plant) 

k. toll« iKnu (local iw », jr, t) a.     iolld alaaoau (local ana >, », i) 

l»l • l»iVj' 
|v) • |u i «|, «ban u, T aod » an th» uaploeaaaata 

la MM) i, / tod t alractlees ntpaetlvalir 

Oao«rallt«d ttntt fitld Oaaaralltad atmla f i«la 

i. Axial tloMatt 1.     axial «laaaata 

"l «aJS 

2. IMm «laawtt 2.     Ntabnna tlaaaott 

««■1. 

■\ 
VSF 

3. Nttl btodlof, ittHDU 3.    /lot« aasalof «Uaoatt 

1   .&. 

v£ i A 

vft?-9) £& 
k. SOltd   tlOMBtl • .     solid «loanu 

3            2 

v   • —r ♦ -j* #* 

rt • -r * -r 

*! 
'n"»?K 

•\ 
'«• • r«i? 

TABLE 1    FIELD-FUNCTION RELATIONS 
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57*555     Bl.eME.NT ST/TAIN    BLEMBHT           \ 

«I 
< * 

0^0- = Srfirr Pmcr 

^v*« * km Amt - fyn£o 

ami  *  a>*i Am 

&mt   *    5r*£D\aiHl-di"Co) 

3 
5 

U 
VI      < 

1" 
drttr s  ümtr A* 4Ui s   £/*»£  ^£ 

9 
v: 

8 

-1      j 
d.Mta s £/«£ ^>i€« 

£"*>i£ =    Amt 

SfftgF s S/nfO   k**£ 

TABLE 2       ELEMENT RELATIONSHIPS AND IDENTITIES 

TOTAL   ST/tA/tJ 

£*£* + £< 

*e 

FIGURE 1   TOTAL STRESS-STRAIN RELATION 
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SUBROUTINE DISEL ^ <?,*<?• , />i<r» , 4«^ S^^-p ) 

COMMENT  ELEMENTS FOR DISPLACEMENT METHOD PROGRAM USING STRESS ELEMENTS 

C       CALL THE FOLLOWING SUBROUTINE FOR A STRESS ELEMENT 

CALL STRESEL (£W, d^co,   E^ff-,    Sf»0-p) 

C       CALCULATE THE IDENTIES 

'mcr PMCT 
-/ 

Fnfiffb »  Dmgr a.,*ro 

0.»or -    B m<F 
■I 

RETURN 

END 

(a) 

SUBROUTINE FORSEL ( D„g f  dmto ,   £~t ,   S«,£F) 

c ELEMENTS FOR FORCE METHOD PROGRAM USING STRAIN ELEMENTS 

c CALL THE FOLLOWING SUBROUTINE FOR A STRAIN ELEMENT 

CALL STRAEL ( kmL ,   F„Co ,    a*,£  ,  S„£P) 

c CALCULATE THE IDENTITIES 

EW  *    fertl£ 

RETURN 

END 

(b) 

FIGURE 2   TYPICAL SUBROUTINES FOR THE EXCHANGE OF ELEMENTS 
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APPENDIX 

The concept of characteristic r.atrices will be demonstrated using a two point 

bear., bending in one plane, based on both strain and stress assumptions. The 

required functions are expressed in a non-dimensional local coordinate system 

with the origin at r.id-span.  (See Figure Al). This choice of coordinate 

system, although not essential for the basic principle, is advantageous in 

the development. 

A.l STRAIN ELEMENT 

The principal steps of Section 3 will now be followed. 

Displacement  ..nct'cr., Equation (l8), 

/ '.■*!- iTrtKaJ 

v- L   i    t   V    fJJ{ b,...fe,J 

Displacement derivat lves, 

A.1.1 

<jtV £ 'i I'   **   ^J1U,M 4x A.1.2 

^J(t,   *4 i A.i.j 
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Strain function, Equation (17), 

Ki- [TaMJUtl 

£? w ' *L2   6TJU3 M 

-* 

where d. and d are the chosen independent deformation variables. 

Equation (19) becomes, 

A.l.U 

CA.«f - [T^sjfB? 

«I» 
Lfc*J 

The natural strain modes of Equation (A.l.U) are shown in Figure A6. 

Stress-strain behaviour, Equation (26) 

{<rl ' [Tre]U,l 

L T^ J » E   (Modulus of Elasticity) 

A.1.5 

A.l.f 
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Force-deformation relation, Equation (28), 

{ F*£ i s [ k*L ] { ^w£ f " { F*£o ] 

Initial element forces. Equation (29), 

K4e] -X CT^]rfT«]{e.l,JlV 

{»W. 1 -^ (-*») VJ £ «.(»,») * 
A.1.7 

Often I '•{ is assumed in the same form as tw , however, Equation A.1.7 

can be integrated numerically or, in the case of thermal strains, as part of 

the thermal program. 

Natural stiffness matrix, Equation (30), 

'*"]-JC (-*)[{]«(*) Li 11d*&dX 

£i>[il]ii™Ui 
«j-1(%) 3       O 

o      \ 
A.1.8 

The simple form of  [ Km£ J  , that is the variables are uncoupled, should be 

noted. This results from the choice of natural coordinate axes and independ- 

ent variables. 
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Llement nodal displacements in the local system, see Figure Al, 

Usins Equations (A.Z.I) and (A.1.2), Equation {3,) 

becomes 

_ 

••1 

*4 

O 

/ 

o 

-/ 

5. 

a, 

.2 
A 

2 

-/ LI 
5 
A. t>* 

/ t, 
3 
5. J N 

A.1.9 

A.1.10 

Hence, Equation (35), 

-/ 

fßis £Tsaff fc,/ 

rw' i r 
4 

. 

2 

-3 
c 

/ 

-A 

-a 
a 

2 

3 

o 

-/ 

-A 

-A 

A 

A.1.11 
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Element displacement assembly matrix in the local system, Equations (36) 

and (37), 

-I 

Therefore, using Equations (A.1.5) and (A.I..II), 

4 0   -2A,  O 2a. 

6>        Co,    -6  (*<k 

Coordinate transformation, Equation (U5), 

Referring to Figures Al, A2 and A3» 

[Ttl » (m,.^) o o 

O («3.«0 o 

o o (äVA*) 

o o (*;.n0 

where,   M(, Mlt mj 

and      ni , rti i  nx 

O 

o 

o 

A.1.12 

A.1.13 

are unit vectors in the global system 

are unit vectors in the local system. 
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W,   = 
V2 - VI VIZ 

dfes(V2-Vl) Absfm) 

»7     = 
VI2 x VI3 

-ft -ft -A 

A.l.lfc 

Element displacement assembly matrix in the global system, Equations (k6) 

and (Uif), 

ffl-c]- LT<,Sl][Tc]
T 

Using Equations (A.1.12) and (A.1.13) 

4 

6(m,.nV) U(mx.nx)  i»a(^,.nj) -^nt,.«*) -fc/m^) 6^«,.«,) 

A.1.15 
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I 
i 
i 
V 
i 
> 
I 

f 

To obtain the output matrix determine the stress distributions within the 

element, Equation (;M0, 

lr€\ « LTreli^l  *[Tr£UTaKdM<) 

NOTE: IA*C< j »    {^iti£ J - {ö(wfoi   , Equation (52) 

A. 1.16 

{<W = [k„tfl tnio }       > *!«■«« (32) 

1^}, Equation (29) 

Stresses could also be directly calculated from the element nodal forces 

given by Equation (Uo). 

Element output matrix for the displacement method, Equations (55) and (59)» 

A.1.17 

From Equation (A.1.16) 

[S„fD]  =   -c(ft) /      -/ 

/ / 
A.1.18 
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Summary of the strain element characteristic matrices for the displacement 

method, 

[fe/MtJ Equation A.1.8, Natural Stiffness Matrix 

t'VwtoI Equation A.1.7, Initial Force Vector 

L^£J Equation A. 1.15, Assembly Matrix 

L^rwt'DJ Equation A.1.18, Output Matrix 

The strain element characteristic matrices for the force method are obtained 

using the transformations given in Figure 3, that is, 

-I 
L Orr,c J - I krvt] > Natural Flexibility Matrix 

{d-fotol  =   LKmti  iF^goj»  Initial Deformation Vector 

[ t'nnc]   =   £ Arvi£ "3 i Assembly Matrix 

-I 
[Smfr] a [Sm6D][|^M£"l , Output MatriK 
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- 

A.2 STRESS ELEMENT 

The principal steps of Section k  will no* be followed. 

Stress field, Equation (62), 

iHl« M« L I   1   J { F, F2 j 

*.<T,i = Ox--|M» -|Ll 1 JtF, F»] 

Alternatively, assigning a stress function, Equation (63), 

1*1 - I TJBllB] 

M =   ^  = L i      1 Jlh  b5| 

Equation (6^), 

{FWi -  [T„HB] 

becomes, 

O        O       |       o       o 

o       o      O     O       J 

"I 

A.2.1 

A.2.2 

A.2.3 

A.2.1* 

A.2.5 

A.2.6 
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The natural stress modes of Equation A.2.2 are shown in Figure A7. 

Stress-strain behaviour, Equation (71), 

it*\ •   tTtr]{o-pj 

LT.rJ 
Force-deformation relation, Equations (71,) and (76), 

A.2.7 

Initial element deformations, Equation (75), 

Natural flexibility matrix, Equation (77), 

t"Wl  =   /v  rTrFlTtTuKT„Uv 

Itw] -J[rt)[i]i(l)i'ij«^ 

[iwl. !(*,) 

A.2.8 

3   o 

o     I 
A.2.9 

Again, the simple form of  C D*<r]  , resulting from the choice of 

coordinates and independent variables, should be noted. 
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1 
T 

: 

Forces on the ith element boundary, Equation (79), 

i"hll  • [T^HlWl 
From Equation (A.2.1), 

A.2.10 

The shear is given by, 

a - - i 4M i 4?5 -Uo  . J{F, FZJ 
0. A.2.11 

See Figures Ak  and A5. 

For the first boundary (node i = l), 

I»M- H Ml 

K Ql 

-/   1 

p. 
A.2.12 

For the second boundary (node i = 2), 

IW« M M2 
At «2 

(M) f*i 

»>.., 

I   I 

p, 

A.2.13 

The generalized forces on the boundaries have e positive vector sign convention. 
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The element nodal forces, in the local system, which are equivalent to the ith 

boundary forces, Equation (8l), 

f«Wi -tV]{wul 
See Figures Al and A5. 

For the first boundary (node 1=1), 

{<U? % = O / 
WMI 

4i / o 
<3 o o /QI 

^ o o 

For the second boundary (node i = 2), 

{<W} = 

*z 

if 
*4 

O 

o 

o 
I 

o 

o 

I 
o 

Mm 

A.2.1U 

A.2.15 

Element force assembly matrix in the local system, Equations (83) and (8U), 

b 

tst 
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Substituting from Equations (A.2.12) and (A.2.13) into (A.2.1U) and (A.2.15) 
respectively, gives. 

1, 
•/ 

O    I 

1, I    0 

*) o o 

«* o o 

0 o 

o o 

o I 
1 o 

that is, 

«, 
. • 

* 
Ä Ft 

*, -/ I 
P2 

4j o 

W I / 

A.2.16 

The boundary displacement functions for the hybrid approach are given for the 

ith boundary by Equation (85), 

lVl «tTuji3U.il 

3)17 

1J_Äi«-_*_i_,_ 
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w.a»BMiwt»ie^-il|L)'IMIIJ£..^1.' 

For the first boundary (node i = l), 

{ub,! s 

I   o      o       o 

For the second boundary (node i = 2), 

{«*? 

s, 
s2 

ö4 

s, 

Si 

A.2.17 

A.2.18 

Element force assembly matrix in the local system, hybrid approach, 

Equations (88) and (89), 

{im! • [Tw]{F,*r} 
b 

Substituting from Equations (A.2.12), A.2.13), (A.2.17) and (A.2.18), 

*l - 0 0. 

*a -1 1 

*3 0 -1 

% I 1 

F, 

A.2.19 
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In this example it can be seen that the element force assembly matrix in the 

local system is the same using either the stress integration approach or the 

hyorid approach. This is because for this element the set of nodal forces is 

unique. 

Element force assembly matrix in the global system, Equations (9k)  end (95), 

Using Equations (A.l.13) and (A.2.19), 

[ Smc"]    - 

O 

o 

a. (Mi"1*) 

A.2.20 
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To obtain the output matrix use the stress field given by Equation (98), 

that i s, 

^ 
_ - * ! L 7   J ( F, rx } 

A.2.21 

Element output matrix for the force method, Equations (99) and (103), 

{<W1 - L WFHF^] 

f<wi - I (<nc)t=-, 
y=c 

From Equation (A.2.22). 

t SW»ö"F]  S     X 
I    -/ 

A.2.22 

A.2.23 
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I 

5- 
'-"■ 

I 

Summary of the stress element characteristic matrices for the force method, 

(, t)mff~\ Equation A.2.9, Natural Flexibility Matrix 

\dn\<ro\ Equation A.2.8, Initial Deformation Vector 

L ^mc\ Equation A.2.20, Assembly Matrix 

L&mtTF] Equation A.2.2U, Output Matrix 

The stress element characteristic matrices for the displacement method are 
obtained using the transformations given in Figure 3, that is, 

L ^r*e]   ~   L  Dr*<r J        , Natural Stiffness Matrix 

{fWJ s [bnffl    {dt*<Te] ,  Initial Force Vector 

T 
[Arntf-3 ~   I E*Mff"l > Assembly Matrix 

lSro<rt>] ■ LS»«<rFj[Dm<r]     , Output Matrix 
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GrLößAU 

Axes, ^ 

Z,™3 

LOCAC 

r*. -*~X 

FIGURE Al  BEAM POSITIVE NODAL FORCES AED DISPLACEMENTS 
IN THE LOCAL SYSTEM. 

Z,Wj 

<?*,AZ 

<*,A 

t- 
w. 

I *S,*S 

°4.A* 

SfcA 

FIGURE A2      BEAM POSITIVE NODAL FORCES AIJD DISPLACE ENTS 
IN THE GLQJAL SYSTEM 
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FIGURE A3  ELEMENT VECTORS 
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L 
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*+Sac 

PIOURE Ah     POSITIVE INCREMENTAL FORCES AND DISPLACEMENTS 

K Q\ 

K\ 

w Mt -*,I 

M, Qi 

{Wtal 

w, M2 

FIGURE A5      POSITr/E BOUNDARY FORCE DISTRIEUTICNS 
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(a) FIRST INDEPENDENT STRAIN MODE, CONSTANT CURVATURE, 
c^ = 1, d2 = 0. 

£* = "- 1 

(b)   SECOND INDEPENDENT STRAIN MODE, LINEAR CURVATURE, 
\ ■ 0, d2 - 1. 

FIGURE A6  NATURAL STRAIN MODES 
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(a)   FIRST INDEPENDENT STRESS MODE, CONSTANT MOMENT, 
Fx = 1, F2 = 0. 

1-1 

(B)    SECOND INDEPENDENT STRESS MODE, LINEAR MOMENT 
Px - 0, F2 - 1. * 

FIGURE A7     NATURAL STRESS MODES 
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REFINED KIXED METHOD FINITE ELEMENTS FOR SHELLS OF REVOLUTION 

Phillip L. Gould* 
Subir K. Sen** 

Washington University, St. Louis, Mo. 

A rotatio.ial shell finite element with mixed stress and displacement 
variables is derived for the case of arbitrary static loading. Accurate 
representation of the shell geometry together with high-order approxima- 
ions for the dependent variables are combined to formulate a comparatively 

precise element containing only the basic number of degrees of freedom. 
Representative examples are used to study the convergence of the element 
and to provide a basis of comparison with a similar displacement-type 
element. 

* Associate Professor of Civil and Environmental Engineering 
Graduate Student, Civil and Environmental Engineering Department 
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INTRODUCTION 

Finite elements for which the explicit nodal variables are a mixed set 
of stress and displacement terms have generally been derived from some form 
of the Hellinger-Reissner variational principle (1 ,2). For plate and shell 
problems, the mixed formulation appears to offer some significant advantages 
compared to the more conventional displacement approach (3). In the computa- 
tion of moments,which are important design parameters, the advantage is quite 
obvious. In the mixed method the stress terms representing the moment 
resultants are determined directly as nodal variables, whereas in the dis- 
placement formulation they are computed by differentiating the approximate 
displacement functions and applying the constitutive relations. The rai^d 
method therefore not only yields moments which are continuous over the inter- 
element boundary but also avoids the error usually introduced by differentiating 
the approximating functions. On the other hand, mixed-type elements usually have 
more nodal variables than displacement-type elements, but the difference is not 
large especially if transverse shear effects are included in both formulations. 

The evolution of mixed-type finite elements for plates and shtlls has 
followed a somewhat similar pattern to that oi  displacement-type .laments 
beginning with triangular plate bending elements with linear and constant 
moment and linear displacement functions (3,4) followed by the extension to 
linear moment and parabolic displacement fields (5). A generalization of the 
plate bending element to include vibration and instability problems has been 
noted (6). Just as in the displacement method, the first mixed formulation 
for shells utilized combined plane stress-plate bending flat elements to 
approximate the curved surface (7). Mixed-type triangular curved elements 
based on shallow shell theory using polynomial approximations of various 
degrees (8,9,10,11) and on non-shallow shell theory (8) have been proposed. 
Also, non-linear shallow shell elements have been described (8,11). However, 
in contrast to the pattern of development for the displacement-type elements 
the mixed-type axisymmetric shell element has received only limited attention 
to date (12). 

It is apparent that antisymmetric problems can be treated using the 
general shell elements, but the inherent computational advantages provided by 
harmonic decoupling and a strongly banded set of algebraic equations make the 
use of specialized rotational shell elements attractive for a large class of 
problems. Accordingly, the objectives of this study are to derive and test 
a mixed-type curved element for a thin elastic shell of revolution under 
arbitrary static loading. Following an approach implemented for a displace- 
ment-type element (13,14), accurate geometric data will be utilized to the 
fullest extent and high-order polynomial approximations will be employed 
when necessary to achieve a comparatively precise solution with relatively 
few elements. 

Preceding page blank 
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GEOMETRY 

The geometry of the shell element is shown in Fig. 1. Ihe equation of 
the meridian curve, R ■ R(Z) is used to express the principal meridional 
radius of curvature R as a function of the vertical coordinate Z 

[1 + (R')2]3/2 

\ - ' — I»  (1) 

in which cp is the meridional curvilinear coordinate. In Eq. 1 the symbol 
( )'" d( */dZ. The arc length for element i betveen nodes i and i+1 , is 

'i+1 
,^2,1/2 4-j   ci + (R'n dZ (2) 

from which the nondimensional arc length variable 

s - S/I^ (o S s S 1) (3) 

is defined. 
In the following derivation, it is necessary to evaluate numerous inte- 

grals which contain various combinations of the geometrical parameters Ify and 
R. This is conveniently accomplished by representing each of these terms by 
a fourth-order Lagrangian interpolation polynomial in ehe variable s and then 
evaluating the subsequent integrals in closed form (13,;5). 

For closed shells of revolution with 9 " 0 at the pole Eqs. 1 and 2 
cannot be applied at the pole since R'— «. A coordinate transformation for 
the cap element enables R» and Li to be evaluated (15). 

FINITE ELEMENT DERIVA1I0N 

Definition of Variables 

For shells of revolution, it is convenient to take all variables in 
Fourier series form, to obtain the solution for eaci: harmonic and then to 
combine the contributions of each harmonic by superposition. Accordingly, 
the displacements and rotations are taken as 

in which 

and 

OS 

,0), {D ) - {Df f D. ) - lU V W | B Be ) -2 fei J{D
u'(s) ) 

To« J " ["wJO sinj0 cosjQ cosjG sinje J 

{D«>(.» - (D«>| D «>) - lu<J> v<J> w<J>; B «) S «> ) 

(4a) 

(Ab) 

(4c) 
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In Eq. 4, U, V and W ■ the meridional, circumferential and normal displace- 
ments; 3 ard ß " the meridional and circumferential rotations, positive »a 
shown in^Fig. 2e; and 6 ■ the circumferential coordinate. 

The strains and changes in curvature are taken as 

{H} - {H, ! H )• fe.   K A r   E„ Eft    ro I K    K 0 Kß Kö    J 1  J      l  f      cJ    l tp   VÖ    <p   6    0<p    8     cp   cp6    6    8cp 

•SfSJ fH(j){s)} 
j«o      * 

(5a) 

in which 

r®J" f cosj9 sinjG cosjG coejß sinj8  sinjG cosj8 pinj8 cosj8 sinjGj  (5b) 

and 

rH^(s))-{H^iH<J>,H^!H^>} 

{juj)u(j),.(juj)u(j)1.(ju])1.(ju]) 
^e{p""e<p9Y«P 

eer« 8cp Ye 
' H       H if)     ecp   J (5c) 

In Eq. 5, E»,, Eg andEg«, ■ the mer*dional,ciicumferential and in-plane shear- 
ing strains; Im and TQ  " the meridional and circumferential transverse shearing 
strains and K™, Kg and Kg«, ■ the meridional, circumferential and twisting 
changes in curvature. It is assumed thatE^g "Egcp and ^p@ " %«• 

The stress resultants and moment resultants are taken as 

{T] - CTf ! Tc }- {N{p N^ % h  N6{p % ! M(p M^ H ^ ) 

in which 

S re J {T(j)(a)} 
j»o 

(T(j)/-.1 „ fT(J), T(j) , T(J) . T(J)T 

(6a) 

ln(J)nOVJ), (J) (J) (j) (j)m(j) (jyj^ (3b) 

In Eq. 6, fy, Kg and NP!p * the meridional, circumferential and in olane shear- 

ing stress resultants; a, and Qg = the meridional and circumferential transverse 
shearing stress resultants; and H?, MQ  and ^ = the meridional, circumferential 
and twisting moment resultants, positive as shown in Fig. 2. It is assumed that 
^pg - Ngcp and ity  - ify,. 
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The surface loading is taken as 

Y  *  "      .     "3-1-    \oyj . 
J=o  J (7a) 

I 
in which 

and 

M ■ % Fe pn j . 2 re , lF{j)   , 
j=o  J 

r©3 J ■ TcosjO sinje cosjO j 

iF(J)(s)} = [fO> f(J) f(j) . 
1 9   6  rn J 

(7b) 

(7c) 

In Eq. 7, i',  Fy and Fn = Che distributed surface loading corresponding to the 
positive directions of U, V and W, respectively, as shown in Fig. 2. Also 
admissible are circumfereutially distributed line loads applied at nodal 
circles, R s R., in the form 

in which 
<Fi > " VeiFnl} =  P     fS3J fFi(J)J (8a) 

j=o 

t'i(J)) • t^J) f
9P UJ)) <8b> 

FJ applied couples are considered. 

With all dependent variables and loading terms defined in separated forn, 
the remaining derivation will proceed for a typical harmonic j a 1. For harmonic 
j ■ 0, the treatment is somewhat simplified since all terms dependent on sinj? are dropped. 

Variational Formulation 

Raissner's general variational theorem specialized for thin shell 
theory (16) serves as a basis for the mixed method finite element formulation 
envisaged in the present study. The theorem states that with the trans la- 
tional and rotational strain components satisfying the appropriate strain- 
displacement relationships, the governing equatLons of thin shell theory 
can be derived as the Euler equations of the variational problem. Prato (9) 
obtained a contracted form of the general variational principle by identically 
satisfying the stress resultant-strain relationships 

{Tf} - /jCH,) (9) 

the moment equilibrium equations 

%%)mf2Vc> (10) 
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and the boundary conditions 

(Tc)b " {Tc)b  on stress boundary a 

and 

{D.},   ■   iDf)b     on displacement boundary 6 

(1U) 

(lib) 

In Eq. 11, the subscript b indicates the boundary value and the bar indicates 
a prescribed value of the variable. 

For a typical harmonic J 2 1 of an Isotropie thin elastic shell of revolu- 
tion subdivided into n discrete elements, the contracted functional takes the 
form 

I(J)(s) -rr£ 
1-1 

in which 

"H '• I^H C'")2+ *")2+ 2 * <" <iK 2(1 ■ »> '* * ] <12b> 2(1-O 

Membrane strain energy density. 

(12c) 

and 

- Complementary strain energy density associated with bending and 
transverse shear deformation. 

uU). {F
(j)(s))T{D<j) } (12d) 

» Potential energy density of the applied distributed loading 

[Tr 3.  {D^ }. " Prescribed values of the force stress resultants lfc? 'b. l c 'b 
and rotations at the boundaries where the hi rlzontal 
radius R(Z) ■ R and R , respectively. 
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Also in Eqs. 12(b) and 12(c), h - the shell thickness, E - Young's modulus, 
l* - Polseon's ratio and \  » the shearing stress shape factor, commonly taken 
as 5/6. 

The strain and rotation term» contained in Eq. 12 can be expressed in 
term» of the displacements using the strain-displacement relationships. For 
harmonic j of a rotational shell, these relationships take the form (17) 

,(J) U>, {HVJ'(s)) - [AVJ'(s)] {Du'(s)J »U>, (13a) 

in which 

L.  ds 
0 

1 
R 

0 0 

2R 
1 

2Li 
ds 

cos 
2R 

JP 0 0 0 

1 
* R 

0 1 d( ) 
Lt ds 

1 0 

cos <p 
R 

1 
R 

sin cp 
R 

0 0 

2R 
1 

2Li 

iLl. 
ds 

cos 
2R 

9 0 0 0 

[A(3)(s)]-   0 sin cp 
R 

-1 
R 

0 1 

0 0 0 A&J. 
L±    ds 

0 

0 0 0 . JL 
2R 

1 

2Li 

4L1 
ds 

cos cp 
2R 

0 0 0 ccs cp 
R 

1 
R 

0 
L. \ 0 0 . -L 

2R 
1 

2Li 

«LUL 
ds 

cos cp 
2R 

(13b) 

As previously noted, the moment equilibrium equations,which take the form 

O) 
(J), N   r 2 COS CO  (IV  1    Peg   I   (j) -, 

(14b) 
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for a rotational shell, are used to eliminate the transverse shear resultants 
from Eq. 12(a). Thus, the contracted form of Reiasner's functional is 
expressible in terms cf six dependent variables, three displacements 
(u(J), vO), w'J'), and three moment resultants (n>„(J/, ra (J), ITL O)). 

The solution for the dependent variables which will make the functional, 
Eq. 12(a), stationary will be assumed in the form of polynomial comparison 
functions. The functional contains only the first-order derivatives of the 
dependent variables; as such, it is sufficient that the functions have con- 
tinuous first derivatives over the element domain and be continuous over the 
interelement boundaries (18,19). The natural boundary conditions provided by 
the last two terms of Eq. 12(a) require that the force stress resultants 
{Tt^'j'}jj and the rotations {D-^'J^ be continuous across the interelement 
boundaries. This requirement, together with the continuity restrictions im- 
posed on the dependent variables, cancel out these terms at all interior 
boundaries. Therefore, only the expressions along the exterior boundaries 
need be retained and any nor.-zero boundary values of the force stress resul- 
tants and/or the rotations may be specified through these terms. If the 
specified boundary quantities correspond to the explicit variables of the func- 
tional, the known value is directly used. 

Approximations for Dependent Variables and Loading 

The dependent variable«» are assumed in the following form over the element 
domain: 

{Y0>(8)] - {u(J) vO) W(J) .(j) ^(J) ^(J)} 

- {^(8) y2(s) y3(s) y4(s) y5(s) y6(s)} (15a) 

in which 
I , 

y/(«) - (1 -■>/, (o) + s y (1) + s(1 -s) 2 yZm  s"1"1  (4-1 .6)     (15b) 
in-1 

In Eq. 15, y^s) • the ith element of vector {Y^'(s)}; the coefficients y«(°) 
and Yjj(1) ■ the nodal values of y«(8); y»< • • • 1a7 ■ coefficients of the higher- 
order terms; and I  - indicator oFthe degree, jt"+ 1, of each polynomial. It 
should be noted that the form of the polynomials specified in Eq. 15 allows a 
different order of approximation to be selected for each dependent variable, 
and that with the higher-order terms vanishing at the nodal circles, s ■ 0 
and s ■ 1 , the continuity of the variables across the nodes is maintained. 

The load potential u(J' given in Eq. 12(d) is computed in a consistent 
manner for any arbitrary distribution of the surface loading (13,15). In the 
subsequent numerical analysis, the loading is assumed to be of the following 
form: 

{F0)<8)} - {^ f2 f3) (16a) 

in which 

fx(«) - (1-8) f£(o) + s fj(1)   (X-1,3) (16b) 
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and f.(o) and f. (1) represent the nodal values of the distributed loading. 

Approximate Solution of System 

The polynomials representing u 0> ..0> and w0) given in Eq. i5(b) 
are substituted into Eq. 13 to get the strain-displacement relationships in 
terms of the comparison functions. Next, Eqs. 13 and 14 together with 
Eqs. 15(b) and 16(b) are substituted into Eq. 12. Then, after interchanging 
the order of variation and summation, the stationary condition for 1^', 
6l(J) ■ 0, reduces to the set of algebraic equations 

, . J ay.(o)  i 
i-1 o 

oy£(o) 
(I - 1.6) (17) 

and 

n J AT<1> 

n  1 

s J 
i-1 o 

Rl^ds 

V '  1.6) 

(1 » 1,6) 

(™ " 1.Ä) 

(18) 

(19) 

Equations 17-19 may be combined into 

i-1 

in which 

(Vj)} " tyi(o) y2
(0),"y6(0) yi(1) y2(1)*"y60)Syir,,yiT 

-{Y (j)|Y (J) 1 lxi1      I ri2      J 

(20a) 

y66> 

(20b) 

- the vector of nodal variables and coefficients of higher- 
order term? 

[r^h - (^(o)  *2(0) V0> ° ° ° *1(1) *2(1) V1)  ° ° ° I 

fir..fir «2r..f22 ^•••«33 0 0") 

*^i1j> I ^i2J>J <20c> 

- the external distributed load vector corresponding to {Y.^ } 
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and 

[Jt
(j))  - {Ft

(j) o o o rtM o o o J   0 )  - {Ft1
(J)  !   0 } (20d) 

-  the external line load vector corresponding f> {Y ^'} 

l\     J " the coefficient matrix which will be termed the mixed matrix. 

In Eqs. 20(c,d), the la^ge 0 represents a null vector of suitable dimension. 
It is convenient to apply Stativ, condensation Lo Eq. 20(a) to reduce the 

number of unknowns (20). Considering any element i and partitioning the mixed 
matrix to conform with Eq. 20(b), 

CMt«>] 
Mi11  | Mi12 

MTJT | M (j) 
Mi21   Mi22 

and solving for Y,P' in terms of Y.f^ 
12 i1 , 

(21a) 

1   12    J      L   122 J      lfi2 121       ii     ' (21b) 

Eq.  20(a) reduces to 

i-1 
(22a) 

in wLich 

LMi     j"    L^!     -    M
i12    Mi22        Hi21    ] (22b) 

= the element mixed matrix 

and 

1 el I  l x1    Fi1     U12 "i22   Fi2 J 
(22c) 

■ the vector giving the contribution of the loads actirg 
on element i to the equivalent nodal forces at nodes i 
and i+1. 

If the meridian of the shell is continuous, the variable«1 y, (1) for 
element i are equal to the variables y^(o) for element i+1 and Eq. 22(a) may 
be directly assembled into a symmetric banded global set of equations 
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)- t?e(J)3 (23) 

If meridian discontinuities occur, appropriate coordinate transformations are 
required (13). The homogeneous boundary conditions for the displacements and 
the moment resultants are applied by eliminating the specified variables along 
with the corresponding rows and columns of the global mixed matrix[M^] and 
rows of the load vectoi{F ^')- 

The preceding solution format is identical to the familiar direct stiff- 
ness method; however, the resulting system of equations differs in one respect. 
The global mixed matrix is not positive definite and the popular Choleski 
square root method cannot be used. Gaussian elimination was used for the 
numerical work in this study.* ... * (1) 

Once the global vector {Y..u') is determined, the local vectors {Y^ KJ } 
can be easily computed and then the higher-order coefficients {Yjo ^1 *ound 

from Eq. 21(b). Internodal values of the displacements and moment resultants 
are calculated from Eq. 15(b). After a single differentiation of the com- 
parison functions, the transverse shear stress resultants are determined from 
Eqs. 14(a) and 14(b) and the in-plane stress resultants from Eqs. 13 and the 
constitutive law. 

V 

Precision of Approximate Solution 

The polynomial comparison functions for the dependent variables, Eqs. IS, 
may be truncated at any desirable value of t.    The algebraic simplicity of low- 
order expansions is very attractive and previous studies using mixed-type 
triangular shell elements have shown that solutions employing linear displace- 
ment functions (7,9) together with constant (7) and linear (9) moment functions 
both converge with a sufficient number of elements. When higher-order approx- 
imations were used with the triangular mixed-type elements, -'^proved convergence 
was obtained at the expense of a more complicated derivation and an increased 
number of degrees of freedom (10,11). In the present rotational shell formula- 
tion, however, the high-order terms are incorporated with little added complexity 
and no increase in the size of the element mixed matrix. 

Since the moment and force resultants have a derivative relationship to 
the displacements, these quantities usually exhibit poorer convergence than 
the displacements. The use of comparatively fewer high-order elements in place 
of a larger number of low-order elements fill improve the convergence of these 
important design variables and also reduce the required computer time and 
storage. In the following example problems, two measures of convergence will 
be studied: i) increasing the number of elements for a constant order of 
approximation; and, ii) increasing the order of approximation for a constant 
number of elements. 

Another item of interest which will be examined subsequently is the com- 
parative merits of the mixed-type rotational shell element as compared to a 
displacement-type element. An available high-precision rotational shell element 
(14,15) is quite similar in many respects to the present element and provides a 
basis to evaluate the relative performance of the two types of elements for a 
selected group of problems. 

r 
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EXAMPLES 

Computer Program 

A Fortran IV Computer program was written to analyze the example problems. 
The average running time on an IBM 360-50 computer (fast core) was 4-8 sees, 
per element per harmonic for quartic comparison functions with a reduction of 
approximately 1 sec. per element when quadratic expansions were used. The pro- 
blems were also solved using the displacement formulation outlined.in Ref. 15 
and the time required was about the same as in the case of the mixed method for 
the same order of expansions of the variables. 

Edge-Loaded Cylindrical Shell 

Figs. 3 and 4 show results obtained from the analysis of an edge-loaded 
cylindrical shell, a familiar test problem in the finite element literature 
(22,14). The convergence of the meridional moment and transverse shear resul- 
tants are examined in Fig. 3 as the degree of the comparison function is 
increased, and in Fig. 4 as the number of element divisions is increased. 
Although the displacements, not shown, converge with the case 1 element break- 
down using quadratic polynomials, Fig. 3 indicates that the meridional moment 
and transverse shear require a cubic approximation to give accurate results. 
The discontinuity in the computed shear force resultant at the f^rst node point 
away from the free edge (Z " 0.25 in) is shown in Fig. 3. This discontinuity 
is quit's large for quadratic approximation but is practically eliminated with 
quartic expansion. With an increased number of elements near the loaded edge, 
Fig. 4 shows that quadratic approximations are adequate to achieve convergence 
on the meridional moment and transverse shear, as well as t».e normal displace- 
ment. 

Results obtained from a refined displacement-type element (14) using the 
case 1 element subdivision ate given in Table 1 and it is seen that with cubic 
and quartic approximations,the mixed method solutions exhibit improved conver- 
gence over corresponding displacement method solutions. 

The present problem has also been studied with respect to different order 
of approximations for displacements and moments and indications are that uniform 
expansions for all of the variables provide superior convergence. 

Hydro8tatlcally-Loaded Cylindrical Shell 

A hydrostatically-loaded cylindrical shell is examined in Fig. 5 where 14 
evenly spaced elements with increasing order of approximation are employed in 
the analysis. In Table 2, the results are compared with the displacement 
method solution (15) for various order of polynomial expansions. It may be 
observed that even the linear functions give good results for the meridional 
moment using the mixed-type element; however, the transverse shear is somewhat 
unsatisfactory since this quantity is constant over each element domain for a 
cylindrical shell if the meridional moment is linear, aa  indicated by Eq. 14(a). 
The quadratic approximation gives very good convergence for the moment and the 
shear. For the range of expansions considered in Table 2, the displacement 
method solutions, in general, exhibited less satisfactory convergence than the 
mixed formulation and the nodal discontinuities of the moment and transverse 
shear force were more pronounced. 
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FIGURE   5   CYLINDRICAL    SHEiL    UNDER    HYDROSTATIC   LOADING 
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This shell is moderately chick and the effect of shearing deformation is 
noticeable as the transverse shear and the meridional moment at the fixed end 
are approximately 3-4% lower than the corresponding values when the effect of 
shearing deformation is neglected (21). 

Hyperboloidal Shell 

A doubly curved shell of hyperboloidal shape subjected to an asymmetric 
loading is treated in Figs. 6 and 7. The shell is assumed to be fixed at the. 
base. A quasistatic wind loading which is represented by the first 10 harmonics 
of the Fourier cosine expansion is considered (23). The meridional force and 
moment resultants obtained from the present formulatic are compared with the 
results calculated by a displacement method solution wich 200 conical-type 
elements (24). In Fig. 6, where 10 equally spaced elements are used (case 1 
division), quartic expansions are required to find accurate moments near the 
base. For quadratic approximations of the variables, a 10 element idealization 
failed to predict the steep moment gradient in the vicinity of the base and a 
subsequent study with 20 equally spaced elements revealed that the computed 
moment at the base was 20% less than the »ctual value. However, when the 
number of elements near the base is increased (case 2 division), accurate 
results are obtained with quadratic approximations except for small inaccura- 
cies in the meridional force near the free edge. 

Results from a 10 element (case 1 division) displacement method solution 
(15) using quartic expansions are given in Table 3. Comparing these values 
with those obtained from Ref. 24, the meridional moments calculated using the 
displacement method are significantly less than the actual values near the 
base, while the moments found from the mixed solution are quite accurate. 
Both solutions yield comparatively accurate values for the meridional force. 

SUMMARY AND CONCLUSIONS 

A precise, mixed-type finite element analysis suitable for static .nalysis 
of shells of revolution has been presented. The formulation is based on a 
contracted form of Reissner's variational principle and includes the effect of 
transverse shear deformations. The shell element is in the form of a frustum 
of the meridional curve and fully incorporates the actual geometric data. 
The dependent variables in the formulation, the displacements and the moment 
resultants, have been represented by polynomial comparison functions which 
are continuous across the interelement boundaries and have continuous deriva- 
tives over the individual element domain. The continuity of the functions has 
been enforced by choosing the coefficients of the first-order terms to corres- 
pond to the nodal values c£ ehe variables and by forcing the higher-order terms 
to vanish at the nodal circles. The stationary condition of the functional 
yields a set of algebraic equations and static condensation permits the global 
mixed matrix to be expressed In terms of the nodal values of the variables 
«lone, regardless of the order of the comparison functions. 

The results of a number of test problems indicate that convergence can be 
achieved both by reducing the element size and by increasing the order of the 
comparison functions. However, from a computational standpoint, the use of 
high-order functions with fewer elements appears to be more efficient. 
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Also, the results from the mixed method analysis were compared with those 
obtained from a displacement method solution using a similar type comparison 
function. It was observed that the mixed method solution exhibited improved 
accuracy over the displacement method solution for the same number of elements 
and the same order of expansion. 
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OPTIMIZATION OF FINITE ELEMENT SOLUTIONS 

E. R.  dc Arnntes c Olivcira ' ' 

Technical University of Lisbon 

Abstract - The minimization of the discretization error 
corresponding to a given total number of nodes is 
considered for each one of the steps which may be 
considered in the application of the f. c.m. In what 
concerns the choice of the type of the element, the 
rule must be respected of the accuracy of the stresses 
being consistent with the accuracy of the displacements 
or tractions. In what concerns the topology of the 
mesh, it is shown that the best topology depends on 
the orientation of the mesh with respect to the iso- 
energetic lines. The problem of the best allocation of 
the nodes is also considered. 

1   - INTRODUCTION 

Convergence criteria have been studied in previous papers for 

sequences of approximate solutions generated by successive decompositions 

of .1 given domain into finite elements with decreasing size. 

The present paper considers the problem of the maximization of the 

speed of convergence, or, more precisely, of which decisions must be 

made in order that the discretization error corresponding to a given total 

number of nodes be minimized. 

Important decisions can be made in each one of the steps which may 

be considered in the application of the finite elements technique: 

- Choice of the type of the clement; 
- Choice of the topology of the mesh; 
- Allocation of the nodes. 

(+) Professor of Civil Engineering. 
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The iiiin of the paper is to discuss some points in connexion with 

each one of the proceeding steps. Some simple rules resulting from such 

discussion will be tested by numerical examples. 

2 - SUMMARY OF PRECLUDING RESULTS 

I 
I 

Some concepts and results will be reminded in this Section which 

have already been presented elsewhere. 

The finite element! technique can be used under four different 

modalities, according to the way in which the allowed fields are defined 

within each clement and the intcr-conncxion between elements is ensured 

(see Table I). 

TABLE I 

^s">»»>^  definition  of the 
S.   allowed fields 

^"■vs-       through 

interconnexion by^-s^^ 

displacements 
stresses 

or 
strains 

compatibility 

conditions 

1st modality 

(classical) 

2nd modality 

(hybrid models) 

equilibrium 

conditions 

3rd modality 

(equilibrium models) 

The first and second modalities are both connected with   the so- 

-callcd potential energy method. Both will thus be referred to, in the sequel, 

as potential energy appioach.   The third   modality,    connected   with   the 

complementary energy method, will be the complementary energy approach. 

As it is well known, completeness with respect to a set £ which 

contains the exact solution is a necessary condition for convergence in any 

modality. This means that, given a sequence of fields generated by 

successive decompositions of the domain into öubdomains with decreasing 
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size, and an arbitrary field 4 c jT , jt must be possible ^ form & 

sequence {IJ of fields tending to J   , by taking one field from 

each family. 

Each field in the sequence is the so-called allov/ed field 

corresponding to 1 and to a given subdivision of the domain into 

finite elements. In the potential energy approach, tho allov/ed 

field is the one which presents the same nodal displacements 

(generalized displacements) as j . In the complementary energy 

approach, it is the one which presents the same traction resultants 

and moments (generalized forces). 

The notation used in '*' will be followed in the present paper. 

3 - ORDER OF APROXIMATION 

W"-- 

I 

siK. 
Consider a given subdivision of the domainjl into subdomains 

Let 3  denote the set of all the structural fields defined 

on SI  .Discontinuities of the stresses, strains and displacements 

are allowed on the subdomain boundaries but not within the sub- 

domains. 

As linearity is assumed, the distance between two fields 

belonging to J~  may be given by 

^UJ:^i|r«^:^^ (1) 

A.  and A   , x and-* , being the stress and strain vectors associat- 

ed to -j  and I   . 

energy approach, to each generating In the potential 

complementary 

compatible 

fields 

P       I field l  , a unique generalized 
|equilibrated (      ' /equilibrated 

V corresponds which we call the allov/ed field corresponding toe. 

The set of all ordered pairs J-^'defines thus a linear bounded 

operator 7", the domain and range of which are respectively the sets -a 
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r>» fcorrpatible « 
and of  the  generating and generalized   j fields,  o 

/equilibrated 

and <J   are subsets  of jr.  j-  is the    T-image of / and we v:rite l-T(f). 

The exact  solution^ minimizes on   J   the  total 
(potential     I 

energy (*) 
complementary / 

[V-t I1.4JI . [ fru it) (2) 

It is known that, in the linear case. 

/Y^-fc,,;-- OIV^A; (3) 

where /j   is the exact solution and /  is any generating/conipat 

/equilibrated 
field. 

An analogous  expression 

is valid for the approximate solution />; and any generalized 
{compatible     | 

(4) 

[equilibrated/ field. 

Let now A1  be the T-image of A  and assume that a generating 

compatible 
fieid A%  exists such that the approximate solution^ 

equilibrated 

is the T-image of A^  (Fig. 3.1) 

(*) The equation at 

approach. 

left 

Iright 
concerns thejpo en       I energy 

(complementary / 
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Fig. 3.1 

by virtue of the totalfpotential   I 
(complementary! 

energy theorem, 

FCA) <? F(Aa) (5) 

£(*'* ) < Fr*>> (6) 

Let now 

a PKA.) = F(A)-FCA') 

Introducing in (5), there results 

and combining (6) and (8), we obtain 

fra)*cff (A) -SMACXKA^ ) {F(A>) 

Therefore 

(7) 

(8) 

(9) 

(10) 

\(rfA')-(:(A'«:)l<'<ISti«)li.lfRAet)\ 
(11) 

and, by virtue of (3), 

&(*)*«) < s/l<fF<A)l+l!~F(/>a)} 
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Using now the triangular inequality, there results 

Nov.', 

'*<*■>-Jvi ifi^J«7^ oat")-- o/o*»)      (14) 

r & 
where •■ 1     denotes the strain variation vector from A   to A I 

On the other hand, differentiating (2), we obtain 

ft 15) 

and thus 

I it , C/c(A ) r tY{p ) (16) 

Introducing (14) in (13), there results 

and, as l ((-       >   \     is neglectable in comparison with l''(i(f^'^ 

0(c A")  { Ivfff^V |> 

4 - APPLICATION TO FINITE ELEMENTS 

Let us consider now the expressions for the displacements 

and strains valid for a general element £    : 

(19) 

(20) 

According to what was written in' *',  matrices Z    and ^ 

are independent of each other. 

The allowed field corresponding to a given field / is the 
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one which presents the same nodal displacements as ./ . The corres- 

ponding generalized strain vector^ &* , is connected with the nodal 

displacement vector y-   by the generalized strain-displacement equation 

- I t, (21) 

It will be proved in this Section, first, that <Fu   is of the 

order of (^ ,   if the expression for each displacement component, 

U   ■ Cf   a 
A      I  

(22) 

/ 

includes an arbitrary complete polynomial with degree n   ,and if the 

(V+A)     derivatives of such displacement component corresponding to 

are all bounded within Ji. . 

/ is a characteristic dimension of element -£  . Cn the 
.* // j. 

other hand, C( . denotes the i-  row of  <;f 

,.   f/. 
Indeed, if the fm+J) "derivatives are all bounded,*« may be 

expressed within" "by the following Taylor's expansion 

U, , u f(fU%. (o)«r^- >/, *$&?$> frthL-£> V$ (23) 

where t' and (?.are points within J2_. #depends on the co-ordinates 

of the points where the value of the function is to be determined. 

Let us consider now the tangential displacement field to 

U .   in 0    , 

tttc* u,(Q)^^)(^-^h-   ^rf'^Y^-^**)     (24) 

which is allowed because all the polynomia of the >?~  degree were 

assumed to be allowed. 

Subtracting (24) from (23) , we obtain 
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It could be similarly concluded tnat the difference of the 

/  derivatives is of the order of (}')" 

n"\* '*'. tl[(i*r" 7 (26) 

Consider now the displacement ficld U   which takes the same 

nodal displacements as '< - . 

For sake of dimensional homogeneity, Cf'       must be of the 

form " / 

(27) 

tl 
if the generalized displacement *f'< is a />—derivative of f<f. . 

As ft! and K.  are both allowed field:, the difference 

can be expressed by 

Therefore, by virtue of (26) and (27), 

(28) 

Subtracting (29) from {25) we obtain finally 

A<t.* *,.-<«; , QftV'y (30) 

as required. 
An analogous theorems can be proved for the strains, i.e., 

that it is of order ///  if the expression for each strain component 

-**■*.£;• -i (3D 

includes an arbitrary complete polynomial with degree -#* , and if 
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</ / 
the (',h'A )~        derivatives of the strains corresponding to f- are 

a31 bounded within J^ . 

Consider indeed Tavlor's expansion for the strain conponent 

j\     within _£ 
A- 

Consider the tangential field at 0  , 

-Vx< ^y,'v/^ "';;v  *irV u/c)tKi '^- (*k~''>(33) 

Subtracting (33) from (32) , we obtain 

ir>*i.\) (34) 

Let /j denote the structural field whose strains coincide 

with X,. within J\^   . Considering (34) 

(36) 

j[  being the largest value of £    on the set of cubdomains SL. 

Consider now the allowed field corresponding to / 

fl<T(() 
As/ is already an allowed field/ 

and, therefore, as I    is a linear operator, 

Now, if jl I'll   is the norm of 7^ » 

iWTl-liijtlt 
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and, as w T/' is bounded, 

(40) 

Therefore, 

This means that 

&> - q ^     I (42) 

and the theorem is thus proved. 

Analogous theorems could be proved for the complementary 

energy method.  It could be concluded thus that*,! is of the order 

of /,( /  , n being the degree of the arbitrary complete polynomial 

of highest degree included in the polynomial expressions of the 

stress components, and «• t>   is of the order of. (,[ J  ,71 being the degree 

of the arbitrary complete polynomial of highest degree includcc* in 

the polynomial expression of the tractions. These last expressions 

concern of course the element boundaries. Boundedncss of tho//-/' / t)~ 

and (ini) ~  derivatives of the components are assumed. 

5 - RULES CONCERNING THE CHOICE OF THE TYPE OF ELEMENT 

Introducing (29) and (42) into (1), there results 

«w, <;.. c(rA) * c(n (43) 
Thus, if'.i and/>iare both larger than unity, completeness is 

ensured because diAA*)tends to zero with  / . 

An important point is that it must be equal to ^x .    . n 

Indeed, if ?n is larger than n , W^A'Jls of the order of (A ) + 

This means that tie accuracy of the displacements (or tractions)is 

unnecessarily h-'rh. The same cc.n be said about the ..vjuracy  of 
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stresses if *r is larger than »>» 

Now, in the first modality, the strains are related to the 

displacements by the strain-displacercnt equations 

A ..■ h u (44) 

in which ,'' is a differential  operator.   The stresses  can be determined 

in  terns of the  strains by means of the Hooke's  law,   and thus 

Az  /tj) i> (45) 

In that case, if the derivatives involved in JP       are of 

order up to >■' , it is easy to demonstrate that 

f) s-Tnt p (46) 

Now, as p   cannot be less than one, -*- can never become 

equal to r» , as long as the first modality is used. This mean? that 

the first modality is not logical: the accuracy of the displacements 

and- the accuracy of the stresses are not consistent with each other. 

Take for instance the case of plane elasticity, for which 

ti~ -/ , and assume that the allowed displacements are linear, which 

means that the allowed stresses are constant, Tl is thus equal to 

1 and7»> equal to O Consistency would be achieved only if the dis- 

placements and stresses had both the r-^ne degree f which is only 

possible in the second modality, i.e., if hybrid elements are used. 

In the case of plates, without transverse shear defoima- 

bility, r:i   . Assuming the allowed transverse displacements to be 

of the third degree, the rotations are of the second degree, and as 

the rotations are included among the generalized displacements, 7?« 2 • 

On the other hand, the moments are linear, and, thus, Tin »i# The 

stresses and the rotations should however be both of the same degree 

Hybrid elements ought to be used again. Remark however that using 

stresses of degree higher than the degree of the rotations will be 

useless. The same will happen in plane elasticity if stresses are 

used with degree higher than the degree of the displacements. 
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t5l The same conclusions were reached by Pin Tong and Pian ' . 

The third modality, in which tractions are related to stresses 

through the trrction-stress equation 

/' Ü 4 (47) 

is consistent under the point of view of n  being equal to-»^ . 

Indeed as A  is not a differential operator, the accuracy  in 

stresses is the same as the accuracy in tractions, which implies 

This explains why, for a given total number of unknowns, more 

accurate st?asses are obtained with the second and third modalities 

than v/ith the first. 

Although no general discussion about the relative merits of 

simple and complex elements will be attempted in the present paper, 

it must be observed that the convergence theorems do not ensure that 

more accurate results will always be obtained if n and m  become 

both larger and larger. 

First, seme of the derivatives of the stresses of the exact 

solution with order- iptonti may be unbounded within one of the sub- 

domains J{_ 

If this happens, i.e., if some of the derivatives of the stresses 

of the exact solution happens to be unbounded within any of the sub- 

domains}L     , n must be smaller than the order of such derivatives. 

Surh is the only condition for *v if compatibility or equilibrium 

are no: violated^ respectively in the first modality and in the third. 

Assume now that compatibility is violated across the elements 

boundaries (non-conforming elements in the first modality) or within 

the elements (second modality). Then., the derivatives of order up to 

Ti-M  of the field/-a. must be bounded also. 

This means that, if some of the derivatives of the stresses 

corresponding to the field fiA happens to be unbounded within any of 

the subdomains ,/L , TV must be smaller than the order of such deriva 

tives. 

We remark that it is possible to predict the boundedness of the 

derivatives of the stresses corresponding toAx  by examining  the 
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behaviour of the derivatives of the stresses corresponding to the 

approximate solution 

6 - RULES CONCERNING THE MESH 

One of the greatest advantages of the finite element method 

is the almost complete freedom in the location of the nodes. 

Such freedom is used m?iniy near singularities and on the 

boundary. Inside the domain, the elements are usually disposed ac- 

cording to regular patterns which are particularly unavoidable if 

the mesh is automatically generated. Some rules will be established 

in the present Section concerning the kind of pattern which should 

be used. 

The two patterns represented in fig. 6.1a and b are to be 

compared with each other. 

The first pattern, characterized by the fact that all the 

nodes are in the same conditions, has proved better than the second 

(union-jack mesh) under the point of view of convergence  ' '*' . Supposing 

however that convergence is achieved, will it be possible to prove 

that the first is absolutely better than the second? 

It will be concluded in the present Section that such stat- 

ement cannot be made. The first pattern can indeed be better or worse 

than ehe second. It all depends on its orientation with respect to 

the lines of constant strain energy density (isoenergetic lines). 

The proof is very simple. 

Consider first the case of a function of two variables /<\/';J 

which to be approximated on a two-dimensional domain JL. by a 

piecewise defined funjtion ./  corresponding to a certain subdivision 

of _iC   into subdomains. 

Consider now on such domain the lines/= constant and assume 

the domain subdivided according to the first pattern (fig. 6.2a). 

By rotating segments CD and EF , we obtain the second pattern 

(fig. 6.2b), which is worse than the first, because squares NPRS 

and QRTU should be preferably subdivided in the direction perpendio lar 

=constant, along which I  presents its steepest 

variation. 
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Assuming for Instance that the function J   can take only 

constant values within each triangl?, the difference between cases 

a and b is that, in the first case, / can take different values 

on triangles TQR and TRU, and, in the second case,   can take 

different values on triangles TCU and QP.U . However, as the func 

tion / takes the saire values on both sides of diagonal QU , it is 

much more important that / takes different values on triangles TQR 

and TRU than on triangles TQU and QRU . 

The approximation becomes still worse if segments AB and 

GH are also rotated (fig. 6.2c). The pattern of Fig. 6.2c is how- 

ever nothing else than the first one rotated 90 degrees. 

We conclude thus than the fjrst pattern is better than the 

second if the diagonals are parallel to the lines /»constant/ and 

wcrse if the diagonals are perpendicular to such lines. 

If the second pattern is rotated 90 degrees, we  obtain 

still the same pattern, v/hich can be considered thus as isotropic. 

It is important to remark that rotating both patterns 45 

degrees, we obtain pratically the same approximation. 

Indeed, referring tc fig. C. 3a and b, it cannot matter 

vci j  Kiuci. thwt diagonal» AE and El become diagonals DB and HF. 

In practice, the lines /-constant will generally now be 

str«. 'i -j--'-# ant' thus the noch cannot result from the intersection of 

three families of parallel straight lines. 

The proceeding discussion inspires however a very simple 

rule. 

Such rule consists in drawing a sot of liner, •/ =constant 

and subdividing the space between them ^s in fig. 6.4a. We obtain 

thus a mesh similar to the one in fig. 6.1a. 

It is clear that worse results would be obtained if diago 

nals DE,  EF and FG wore replaced by diagonals AH, BI and CJ 

as in f.ij. 6.4b, which corresponds to fig. 6.1a. 

The mesh represented in fig. 6.4c corresponds to the pattern 

of fig. 6.ic. It leads pratically to the same results as the mesh 

of fig. G.4a, since the subdivision of the triangles in a direction 

pc*- ndicular to. the lines .-/»constant has pratically no influence. 

jwnver, :'^or of i, .ns: .he jbie. ...C .1 I- 
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: 

thus to be rejected. 

The conclusions which have been draw concern the approval nation 

of one single function, and seem difficult to generalize to the case 

of r.tructura] fields, in which the distance depends on the appro>:iiraticn 

of the whole set of stresses, i.e., on the simultaneous approximation 

of several functions. 

The generalisation will be quite simple however if it is 

remarked that the approximation of the exact solution by the appro>a\irate 

solution js really what matters. 

Assume indeed linearity, both geometrical and physical. 

The case of the approximate solution being compatible will 

first be considered, hs  the di.stance between a general compatible 

solution and the exact solution is equal to the difference of the 

corresponding total potential energies, the difference between the 

exact and approximate solutions is also equal to the difference 

between the total potential energies of the approximate solution 

and the exact solution. 

Assuming now that the prescribed incompatibilities  vanish, 

there results that the total potential energies of both the exact 

and" approximate solutions equal their respective strain  energies 

taken with reversed signe. 

Thus, provide compatibility is not violated and the prescrilrd 

incompatibilities vanish, our interest is  to minimize the difference 

between the strain energies of the exact and approximate solution. 

This means that the strain energy density of the approximate 

solution must approximate the strain energy density of the exact 

solution in the best possible way. By other words, all that has been 

said becomes applicable it function / represents the strain energy 

density of the exact solution, and /   the strain energy density of 

the approximate solution. 

The lines I =constant become the lines of constant strain 

energy density which will be called isoenergetic in the sequel. 

(*)  The prescribed incompatibilities are the displacements pres- 
cribed on the boundary, the prescribed initial strains  ( or 
initial stresses) and the prescribed displacement disconti- 
nuities'^''7 439 
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In case the approximate solution is equilibrated, the distance 

to the exact solution becomes the difference between the corresponding 

total complementary energies which, if the prescribed incompatibilities 

vanish, equal the complementary energies,  both in case of the 

approximate and of the exact solution. 

But, as linearity is assumed, the isoenergetic linea are also 

lines of constant complementary energy density and nothing changes. 

The same conclusions would be reached for the less usual case 

of vanishing external forces and non-vanishing incompatibilities. 

If the approximate solution is not compatible nor equilibrated 
1 

no conclusions can be drawn. However, provided convergence  is 

achieved,the approximate solution becomes more and more compatible 

(in the potential energy approach) or more and more equilibrated 

( in the complementary energy approach) as the size of the elements 

decreases, so that, after a certain degree of subdivision of the 

domain, we can reason as if the approximate solution was really compatible 
A 

(in the potential energy approach) or equilibrated (in the comple- 

mentary energy approach) . 

To close this Section, let us remark that the use of isoparametric*1J 

elements seems very convenient in the present context. The space 

between the isoenergetic lines will be indeed ideally covered by 

isoparametric elements as it is suggested in fig. 6.5. 

7 - ALLOCATION OP THE NODES 

Knowing that the nodes must be disposed along the isoenergetic 

lines is not enough. 
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In order that the topology of the mesh can be completely deti 

ned, decisions are indeed needed about how many isoenergetic lines 

are to be located at each of such lines. 

And then, after the topology of the mesh has been defined,the 

isoenergetic lines must actually be selected and the nodes actually 

be distributed on them. 

In the present paper, we shall satisfy ourselves with indicating 
M 

how, in the linear case, the best allocation of the nodes can be 
m 

determined starting from a given topology. 
«'' 

Assuming the approximate solution to be compatible, the total 
I 

potential energy of the approximate solution will always be larger 

than the total potential energy of the exact one. 

As the distance between both is equal to the difference of the 

corresponding total potential energies, it follows that the best 

approximate solution is the one which provides the minimum total 

potential energy. 

The optimum allocation of the nodes can thus be determined 

by minimizing the total potential energy with respect to the nodal 

coordinates. A program based in this principle is known to have 
CO] 

been prepared by iVarcal and McNeice at Brown University. 

As the approximate solution results itself from the minimi- 

zation of the total potential energy with respect to the nodal 

displacements, it results that the minimization of the total potential 

energy with respect both to the nodal displacements and nodal coor- 

dinates will provide the best possible solution corresponding to a 

given type of elements and a given topology. 

Analogous considerations can be made if the approximate solution 

is equilibrated and not compatible. The total complementary energy 

must then be minimized instead of the total potential energy. 

Assuming that the prescribed incompatibilities vanish,  the 

best compatible approximate solution is the one which maximizes the 

strain energy, and the best equilibrated approximate solution is 

the one for which the strain energy is a minimum This results from 

what was written above about the relations between the total potential 

and complementary energies and the strain energy,in case of vanishing 

prescribed incompatibilities. 
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If the prescribed external forces vanish, it is the best 

equilibrated solution which maximizes and the bestconpatible solution 

which minimizes the stra n energy. 

The rule established in Section 6 could thus be tested in a 

very simple example: the problem of the hollow cylinder'Jsubmitted 

to a uniform pressure on the outer surface (with >' =0) was solved 

using triangular finite elements with a linear displacement field. 

Fig. 7.1a and b show the two me she J which have been considered 

The first one, which respects the rule of Section 6, led to a value 

of the strain energy 1% larger than the second. 

8 - CONCLUSIONS 

Two main rules have been established in the paper. 

The first concerns the type of the element and requires the 

accuracy in stresses to be consistent with the accuracy in displacements 

(first and second modality) or with the accuracy in tractions (third 

modality). 

Such rule which, in the present paper, results from  a 

generalization of the convergence analysis presented in previous 

papers by the author, was indicated in 1969 by Fin Tong and Pian 

for the case of hybrid elements, using a different reasonment. It 

implies that the first modality is inferior to the second and third. 

The second rules concerns the topology of the mesh.   it 

results from this rule that the mesh characterized by the same number 

of lines intersecting at each node is not absolutely better than the 

union-jack mesh. II all depends on its orientation with respect to 

the isoenergetic lines. 

It is fair to remark that the requirement of disposing the 

elements along the isoenergetic lines is not always easy to follow. 

First, the isoenergetic lines are not known a priori. We can 

guess of course how they are before any computation is made.  It 

seems however that it is easier to gjess stress trajectories than isoenergetics. 

On the other hand, the properties of isoenergetics are not known. 

Theorems about isoenergetics should thus be investigated. 
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We can of course alv/ays resort to a preliminary  coarse 

analysis which may give information about the variation of the strain 

energy density. 

However, even if the isoenergetic lines are known, it is 

not alv;ays easy to dispose the elements along them. Such is for 

instance what happens in the classical problem of the infinitely 

large plate with a circular hole submitted to a uniform tension, 

the isoenergetic of which are represented in fig. (j.l. 

In those cases, the rule can still be used within certain 

critical regions of the domain, mainly where stress concentrations 

appear. 

Fig. 8.2 shows how the rule has been used in the case of 

the plate v/ith the finite width. In fig. 8.2a two isoenergeti.es 

have been used for disposing the elements near the point where the 

stress concentration factor is larger, while in fig. 8.2b the mesh 

has been arranged in a more traditional way. The first mesh 1e& to 

a value of the strain energy 3.1% larger than the second, This shows 

that benefits have been drawn even if the rule was not fully adopted. 

Reference was made in Section 8 to the possibility  of 

determining the beut coordinates of the nodes by minimizing the total 

potential energy with respect both to the nodal displacements and 

nodal coordinates. It is our intention to use such method in the 

near future to find and test new simple rules which may guide struc 

tural analysts in choosing their meshes in the best possible way. 
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EXTENDED INTERPOLATION IN FINITE ELEMENT ANALYSIS* 

L. S. D. Morley** 
Royal Aircraft Establishment, Farnborough, UK 

June 1971 

It is a widely held view that mid-side connection properties impose a 
disproportionately severe penalty upon the computational efficiency of 
finite element calculations. Here, an exploration is made of a technique 
which eliminates these undesirable connections by an extension of spaoewise 
interpolation across the boundaries of triangular finite elements and yet 
retains much of the original accuracy. The technique is applied with success 
to the conforming plate bending finite element with cubically varying normal 
displacement along the triangle sides and also to the plane stress element 
with quadratically varying displacements. An important development is a 
constant bending moment finite element which has the simplest possible con- 
nection properties involving only the normal displacement at the vertices 
of the triangle. 

*    British Crown copyright, reproduced with the permission of the Controller, 
Her Majesty's Stationery Office. 

**   Senior Principal Scientific Officer, Structures Department. 
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1, INTRODUCTION 

The finite element method is a piecewise application of the classical 
Rayleigh-Rits technique whereby all the essential connection properties bet- 
ween elemt-itts are determined by the governing variacional principle, e.g. 
minima potential or complementary energy. Spacevise interpolation tech- 
niques are employed within each element in order to set up coordinate, or 
shape, functions as a preliminary to the actual calculation of the numerical 
values associated with the connection properties. The question does not 
seem to have been explored, nowever, as to whether there may be advantages 
in extending these spacevise interpolation techniques across and beyond the 
element boundaries. 

Let us begin by looking at the confirming plate bending triangular 
finite element with normal displacements w which vary cubically along the 
element sides: early formulations are given by Clough and Tocher1 and by 
Bazeley et ail*-  although a more recent formulation 3 is used for the numeri- 
cal work in the present paper. The mid-side connection property, which is 
required to ensure continuity of the normal derivative 3w/3n of the dis- 
placement across the element interface, is eliminated in these early formu- 
lations as the arithmetic mean of the appropriate directional derivatives 
taken at the nodes at each end of the side. This simple interpolation, 
used with this element, leads to an unduly overstiff structure and, 
accordingly, finds little favour in practical applications. On the other 
hand, while retention of the mid-side connection leads to very satisfactory 
numerical results, the accompanying inflation of the computer storage 
requirements coupled with an increase in execution time imposes a dis- 
proportionately severe penalty upon the computational efficiency. The 
trivial case which is shown in Figs.la ar.J. lb provides an example where 
the storage requirement, when it is exemplified by the global stiffness 
matrix in banded form without sub-structuring, turns out to be doubled. 
Although the size of the global stiffness matrix provides an inadequate 
measure for the efficiency of modern computing techniques it is, neverthe- 
less, this kind of penalty which encourages the development of higher 
degree elements, see, e.g. Bell^, with excess nodal continuities but where 
the mid-side connection quantities are easily eliminated at element level 
and without significant loss of accuracy. 

In re-examining the conforming plate bending triangular finite element 
with w displacements which vary cubically along the element sides it was 
noticed that it is a relatively simple matter to arrange an extension of the 
finite element spacewise interpolation process so as to estimate the aid- 
side normal derivative 3w/3n more accurately than hitherto. This is 
achieved in explicit terms of the twelve nodal connection quantities of the 
two triangular elements which share the common side; it produces, for example, 
the situation shown in Fig.lc where the size of the global stiffness matrix 
is only twenty per cent above that which is required for the simple inter- 
polation of Fig.lb. Moreover, the numerical results which are calculated 
for the classical comparative problems of the bending of a square plate now 
show a negligible difference from those obtained with retention of the mid- 
side connection. 

With this encouragement, the idea of an extended interpolation is 
pursued to develop a triangular plate bending element which has :he simplest 
possible connection properties involving only the displacement w at the 
nodes. This development is centred around the constant bending moment 
element which has attracted many different derivations of what is really 
a strict aquilibriua element, e.g.5,6,7,8,9. Recent derivations^,' «re by 
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way of a straightforward application of the theorem of minimum potential 
energy to a non-conforming quadratically varying w displacement with inter- 
element connections of w at each node and of 3w/3n at each mid-side aa is 
shown in Fig.2a. Extended interpolation is now applied to express the mid- 
side 3w/3n in terms of the displacement w at nearby nodes. Although the 
interpolation destroys the strict equilibrium nature of this element our 
numerical examples show that it provides, more often than not, agreeable 
improvements in the accuracy of the interesting physical quantities as is 
compared with the situation where the mid-side connection points are 
retained. One explanation for this phenomenon is that the excess flexibility 
of the strict equilibrium element is suitably moderated by the kinematic con- 
straint which is imposed by the extended interpolation. 

The concluding application deals with the elimination of the mid-side 
connection properties which are normally required for the quadratically 
varying displacements u and v in the well known triangular plane stress 
finite element*®1". Comparative numerical results are given here for the 
square plate under uniform tension which contains a central circular hole. 
This problem is known*2'1-' to be particularly sensitive because of the 
severe gradient* which occur in the circumferential stress resultant near 
the hole boundary and, indeed, the comparative finite element results tor 
linearly varying u,v displacements are found to  be virtually worthless 
for the mesh under investigation. 

The Appendix provides a listing of a Fortran subroutine which deals 
rudimentarily with ttie topological exercise of finding, for each triangu- 
lar element, those nearby node numbers which are prerequisite to the 
application of the extended interpolation processes. 

It is emphasized that this investigation is by nature exploratory. 
While extended interpolation is seen to reduce the size of the overall 
computational problem when it is measured by the global stiffness matrix, it 
does involve additional computational effort at element level and, in this 
respect, it bears resemblance with the sub-structuring technique. Not- 
withstanding, the extended interpolation is likely to enjoy particularly 
beneficial application to studies which concern buckling, vibration and 
optimum design.  The stratagem in the elimination of the mid-side connec- 
tion quantities hinges here upon an exact recovery of all global regular 
polynomial solutions as are permitted by the basic shape functions of the 
element itself. Finally, the application of extended interpolation is most 
i  eally suited to an element mesh of equilateral triangles although it 
is by no neans necessary, as is evidenced by the numerical examples treated 
herein, to impose such a limitation on a mesh which is already in accord 
with sound finite element practice. 

Acknowledgement is gladly given to B. C. Merrifield and to 
0. R. Blackeby for unstinting labours in preparing computer programs, 
respectively for the plate bending and for the plane stress problems, 
also to Carol Hanson who assisted in the preparation of the subroutine 
which is listed in the Appendix. 

2.   PUTE BENDING ELEMENT WITH CUBICALLY VARYING w-DISPLACEMENT ALONG THE 
SIDES 

The triangular finite element of arbitrary shape is shown in Fig.3 
with nodes numbered 13 5. A point within the element is located in the 
usual way by non-dimensional area coordinates !.., L. and L. where 
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Lj - (at ♦ bxx ♦ c1y)/2A, 

'I X3y5 " X5y3' 1 v x5 " x3» 

(2-1) 

with the remaining expressions following by permutation of the suffices. 
The area of the element is denoted by A where 

2A b3c5 b5C3 
(2-2) 

The theory of conforming triangular plate bending elements with 
cubically varying w-displacement along the sides is well documented*»*••*; 
the connection properties are illustrated in Fig.3b where the mid-side 
connection points are present in recognition of the correct quadratic 
variation of 3w/3n along the sides. From the very practical viewpoint 
of efficient computation, however, it is desirable to eliminate these 
mid-side connections because, as discussed in the Introduction, they are 
responsible for a disproportionately large increase in both the bandwidth 
and in the total number of rows in the global stiffness matrix. Their 
elimination by the simple expediency of linearizing*»^ cne normal deriva- 
tive 3w/3n along the sides of the triangular elements is found to be 
unsatisfactory because the constraints which are thereby imposed lead to 
an unacceptably overstiff solution. Clearly, a more precise interpolation 
for this mid-side value of 3w/3n is worth investigating where, at 
least, a partial aim must be the exact recovery of all solutions where the 
displaced snap» w(x,y) is described in terms of the general surface 
cubic. 

In what follows, the value of each mid-side 3w/3n is to be inter- 
polated from the twelve nodal connection quantities of the two triangles 
which share each common side. The basic topology of this extended inter- 
polation is denoted by nodal numbers 12 3 4 5 6 and is illustrated in 
Fig.4a where the focal element is picked out by node numbers 13 5. The 
separate components of this topology are shown in Fig.4b, while the 
Fig.4c provides an example of a permitted variation where the nodes 2 
and 4 coalesce. The listing of a Fortran computer subroutine is given 
in the Appendix which, when it is provided with a table of focal element 
node numbers like 

10 2 0 9 0 

2  0 8 0 9 0 

9  0 8 0 13 0 

etc. 

that are appropriate to the situation shown in Fig.lc, derives the table of 
node numbers 

10 2 8 9 10 

2  3 8 13 9 1 

9  2 8 14 13 12 

etc. 

which define the basic topology of our extended interpolation. The 0 in 
this latter table signifies that the side 1 2 coincides with the plat« 
boundary. 
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Consider Che component four-point topology which is denoted by node 
numbers 12 3 5 as is illustrated in Fig.Ab. No loss in generality is 
entailed by imposing a temporary translation and rotation of the coordinate 
axes xOy so that the side 1 3 trow lies on the Oy axis with the Ox 
axis passing through the mid-side point as is shown in Fig.Sa. Because of 
this convenient reorientation of r.he coordinate axes, the subsidiary 
formulae in equations (2-1) simpl.fy to 

"l "a3 -x,y 5'3' 
a, - 0; 

'1 

bl " y3 

V 

b3 " y3 + y5 
- -2y3;l 

We start by fitting the ten term general surface cubic to the ten connec- 
tion points which remain in triangle 13 5 of Fig.5b when the mid-side 
connection 3'w.-/3x* is omitted. Thus 

w(x,y) -    )   (N.w. + N. 3w,/3x + N.3w./3y) ♦ N ,3w /3x 

j-1,3,5 

where, on making use of equations (2-3), the shape functions N.,N. ,... 
are given by * 

N^x.y) - Lx - b,(Nlx ♦ N3x ♦ NJx)/2A - c^N^ ♦ N3y ♦ NJy)/2A - b^^/lk, 

Nlx(x,y) - -c^L^ - Lj), 

Nly(x,y) - L1(2b,L3L5 + b^Lj - b^L.j), 

N3(x,y)    - L3 - b3(Nlx ♦ N3x + N5x)/2A ♦ C] (»ly + N3y ♦ N5y)/2A - b3Nu/2A, 

N3x(x,y) - c1L3L5(L3 - Lj), 

(2-3) 

(2-4) 

N3y(x,y) - -L3(2b3L1L5 ♦ b^^ 
>(2-5) 

b5LlL3>' 

N5(x.y)    -   L5-b5(Nlx*N3x+N5x)/2A-b5N13/2A, 

N5x(x,y) '*^\(\ * L3), 

N5y(x,y)  -    ^(b^ - bjLj), 

N,,(x,y)  -    Uc.L.LA.., 13 l"l"3"5* 

where A denotes the area of the triangle 13 5 and, from equations (2-2) 
and (2-3), 

2A 
"b5C3 

2a 
1 " 2a3 * "2x5y3 (2-6) 

At the middle of side 1 3 we note that the second differentials of these 
shape functions with respect to x are given by 
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a^/ax 

a^/ax 

•3y3(y3-y5)M , 

-y5/A. 

a2N3/ax2 

a2N3x/3x3 

•3y3(y3*y5)/A% 

y5/A, 

a^/ax2 - -y3(3y3*y5)(y3-y5)/2A
2,   a2N3y/3x

2 - y3(3y3-y5)(y3*y5)/2A
2, 

a^e/ax* * 2/42 6y3M , 

a^/ax2 -   2y3/A, 32N13/3x2 -    4y3/A. 

a2!». /ax2 -2y2y5/A2, 

In an entirely similar way for the triangle 1 2 3 of Fig.5b the cubic 
w(x,y) it defined by 

w(x,y) Nivi * Nix3wi/3x * siy
3V3y 

♦ N2W2 * N2x3w2/3x * N2y3w2/3y 

♦ fi3v3 + H3x3w3/3x ♦ U3y3w3/3y + N^v^/Sx 

where the formulae for the shape functions are like those given in 
equation (2-5). 

A satisfactorily high level of continuity is achieved across the 
interface 1 3 of the two triangles shown in Fig.5b by ensuring that, at 
the mid-side, 

2    2 
3 w13/3x' 

2     2 
3 w31/3x' 

in addition to the continuities which equations (2-4) and (2-8) already 
provide across this interface. This equation (2-9)' serves to define the 
interpolation formula for 3w../3x because, on substitution from 
equations (2-4) and (2-8), we obtain 

> (2-7) 

(2-8) 

(2-9) 

I133w13/3x I133w31/3x    - 2^     (ijW.Vi^Bw./ax + i.yayay)       (2-10) 

where the constants    !,_,!,I 

'13 

liy 

[2 

[3 

13*  l'*lx» 

j-l,2,3,5 

are explicitly 

4(1/A ♦ 1/Ä), 

3((y3-y5)/A2 ♦ (y2-y3)/Ä2),       1^   -    (y5/A *y2ll)lyy 

(3y3 + y5)(y3-y5)/2A2 ♦ fy2* 3y3)(y2 -y3)/2A2
s 

I2x    -    -2/Ä, I2y    -    -2y2y3/i
2, 

3((y3 + y5)/A2-(y2>y3)/Ä2),        ^    -    -1^, 

"(3y3 - y5)(y3 ♦ y5)/2A2 - (y2 - 3y3)(y2 ♦ yjllk2. 

6y3M2, 

-6y3/A^,      1 5x •2/A, C5y    -    2"3
y5/A • 

(2-11) 
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where A is the area of the triangle 12 3 

2Ä - 2x2y3 . (2-12) 

It can be confirmed that equation (2-10) provides the exact value for 
3w.,/3x whenever w(x,y) is a general surface cubic and, moreover, when 
the temporary reorientation of the coordinate axes is reversed, see 
equation (2-3), it is a simple matter then to derive the corresponding 

| estimate for the normal derivative 9w _/3n. 
^> 

The interpolation formulae for the remaining mid-side normal deriva- 
tives 3w.5/3n and 3w,./3n of the focal triangle 13 5 may be 

written down in like manner. While shortage of space does not allow 
details to be given here, a matrix interpolation scheme can be arranged 
to eliminate all traces of 3w.-/3n, 3w_,./3n and 3w j/3n from the 

element stiffness matrix. Such a scheme has been set up and applied by 
Morley and Merrifield^ to the conforming plate bending triangular element 
with cubically varying displacement w. Their element is essentially 
that described by Bazeley et al*  and employs rational functions to 
supplement the ten term cubic description of the displacement w(x,y) 
within the finite element; their bending moments are, however, calcu- 
lated on a novel basis which makes use of a homogeneous equilibrium 
field within the element. Numerical results of calculations for the 
classical problems of the square plate are listed in Tables 1 and 2 
where only a quarter of the plate is considered with the finite element 
mesh as shown in Fig.l; the plate has side length L and Poisson's 
ratio v »0.3. It is to be remarked that there is little difference 
between the results which are secured by retaining the mid-side connec- 
tion property and those obtained here with the aid of extended interpola- 
tion. What is more, the size of the global stiffness matrix now more 
nearly resembles that which is required for the non-conforming element of 
Bazeley et air-  whose comparative results for the displacements are also 
quoted in Table 1. The results from extended interpolation are, inci- 
dentally, in good agreement with the exact values. 

3.  PLATE BENDING ELEMENT WITH QUADRATICALLY VARYING w-DISPLACEMENT 
a 

It is shown elsewhere that if a straightforward application of rhe 
familiar theorem of minimum potential energy is made with a plate bending 
triangular element where the displacement w(x,y) varies quadratically 
and where the (non-conforming) connection properties are as shown in 
Fig.2a, then this is exactly equivalent to a correct application of the 
theorem of minimum complementary energy. Furthermore, since this con- 
stant bending moment equilibrium element is used in conjunction with a 
complete set of coordinate/shape functions there is also an assuredness 
of convergence to the exact solution during progression to successively 
finer meshes. Encouraged by the success of our previous application of 
the idea of extended interpolation, it is tempting to enquire whether 
there is benefit to be gained here by eliminating the mid-side connection 
points of Fig.2a so as to provide the simplest possible connection proper- 
ties for a plate bending element, i.e. those which concern merely the 
value of the displacement w at the three nodes of the triangle as is 
illustrated in Fig.2b.  In the examination which is given below it is 
convenient, especially in view of the algebraic simplicity, to provide 
a complete derivation of the element pseudo-stiffness matrix. It should 
be noted, however, that in the equilibrium model the connection quantities, 
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Table 1 

CENTRAL DEFLECTION OF A SQUARE PLATE USING CONFORMING PLATE BENDING TRIANGULAR 
ELEMENTS WITH CUBICALLY VARYING EDGE DISPLACEMENT w 

With 
extended 
inter- 

polation 

With 
mid-side 
connection 
points 

Non- 
conforming 
element^ 

Exact Multiplier 

UDL simply supported 0.004065 0.004064 0.00405 0.00406 q//D 

UDL clamped 0.001257 0.001258 0.00134 0.00126 q0L
4/D 

cone, load 
simply supported 0.01151 0.01152 0.01165 0.0116 PL2/D 

cone, load clamped 0.005488 0.005494 0.00572 0.00560 PL2/D 

global stiffness matrix 

75 
36 

131 
35 

75 
30 

rows 
semi-bandwidth 

Table 2 

BENDING MOMENTS IN A SQUARE PLATE USING CONFORMING PLATE BENDING TRIANGULAR 
ELEMENTS WITH CUBICALLY VARYING EDGE DISPLACEMENT w 

Centre of side 

M 
n 

Centre o 

M 
x 

f plate 

M 
y 

Corner reaction 

|2M I 1 xy1 
Multiplier 

UDL 
simply supported 

0.0488 
0.0493* 
(0.0479) 

0.0500 
0.0502* 
(0.0479) 

0.0688 
0.0686* 
(0.065) 

V2 

UDL 
clamped 

-0.0481 
-0.0476* 
(-0.0513) 

0.0240 
0.0240* 
(0.0231) 

0.0245 
0.0243* 
(0.0231) 

v2 

cone, load 
simply supported 

0.126 
0.126* 
(0.122) 

p 

cone, load 
clamped 

-0.1199 
-0.1172* 
(-0.1257) 

p 

The first value, in each case, is obtained with the aid of extended interpolation. 
*The asterisked value is obtained with the retention of the mid-side connection 
property.  (The value in parentheses is exact). 

The numerical results in Tables 1 and 2 are obtained by considering a quarter 
of the square plate where the finite element mesh is as shown in Fig.l. 
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like w  and 3w ,/3n, are really Lagrangian multipliers which serve 

to enforce traction continuity across the element interfaces and, conse- 
quently, their estimation by orher than the strict variational process 
generally undermines this traction continuity as well as the bounded 
property of the variational principle. 

The triangular finite element of arbitrary shape is shown in Fig.2 
where it is now expedient to number the nodes 15 9. A point within 
the element is located by the non-dimensional area coordinates L. ,L. 
and L„ where, cf. equation (2-1), 

*1    "    V9 

Ll    "    (al + blx + V>/2A. I 

W     bi  ■ y5" V     ci  " x9 - xy J 
(3-D 

with the remaining expressions following by permutation of the suffices. 
The area A of the triangular element is here 

2A - b5c9 - b9c5 . (3_2) 

The coordinate s is taken clockwise around the boundary of the element 
and the length of the side  joining nodes 1 and 5 is denoted by s„ where 

815 " b9 * c9 * (3"3) 

The outward pointing normal n from this side subtends the angle y.. 
with the Ox coordinate axis and it is easil <  verified that 

•in Y15 - ~c
9/'iy        cos Y15 - ~bo/815 • <3'*) 

2 
The artifice described by Bazeley et al    is followed so that the 

actual displacement of the element is described by 

w - w' + w 
II 

where w  is the rigid body displacement 

(3-5) 

w (x,y) - WJLJ ♦ WJLJ ♦ wgL(i (3-6) 

which contributes nothing to the curvatures and w'(x,y) is the relative 
displacement of the element when it is regarded as supported at the nodes, 
i.e. 

wj - w^ - w£ - 0 . (3-7) 

The normal slope of the displaced element surface at the mid-side 1 5 
is denoted by 3w--/3n, see Fig.2a, with 

3w15/3n - (3w15/3x) cos y15 ♦ Ow^/By) sin Y15 (3-8) 

where the derivatives 3wj./3x and 3w../3y also refer to this mid-side 
point. It follows from equation (3-5), typically for this side, that 

3w15/3n - 3w|5/3n + 3w*5/3n . (3-9) 

The quadratically varying relative deflection w'  is now written 
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v'(x.y)  - Nl53wJ5/3n ♦ N^Sw^/Sn ♦ N^w^/Sn 

with snap* function 

(3-10) 

N15(*.y)  - -2AL9(1 - L9)/i15 (3-11) 

«id N, (x,y), N„.(x,y)  following by permutation of the suffice!. The 

■hupe function N.,(x,y) is zero at all three node points, as is required 

for support, while the first derivatives 

3N15/3x - b9(2L9 - 1)/»15.   3Nl5/3y - c,(2L9 - l)/s15       (3-12) 

are sero at the mid-sides 5 9 and 9 1; along the side 1 5, however., 
ti ey are constant with 

«15/3a - (3Nl5/3x) cos v,5 ♦ (3N15/3y) sin Y15 

which fellows on using equations (3-3) and (3-4). 

1 (3-13) 

The  v. iriation nf  the virtual work contribution by the element  is 
given by 

«Ue {«q'}e [k,]e(q,)e ♦ {6q'}e {F*1}" ♦ {6qV {F**} .I^e 
(3-H) 

(3-15) 

where the 3 by 1 column matrices of generalised displacements are 

{q'}e «  Ow|s/3n 3w^/3n 3w91/bn)
T,   {qR}e  -  (Wj w$ w^

1   . 

The stiftres» aatrix is most easily derived by way of a preliminary appli- 
cation of Ceen's theorem to the customary surface integral for the 
strain energy JO that, for the constant thickness element, 

T # T 
{5q*}* (kl 'iq'}e - - / M36w'/3nds  - -{«q'}* (s,.M   s.0M   s0,M  )T  . 

J      n 13 n15  
5' «59 »1 "91 

  (3-16) 

This equation enjoys such a simple form because the Kirchhoff force is 
zero along each side of the element and because the relative displacement 

w'(x,y) satisfies 7 v' «0 over the whole surface of the element as 
well as w' - 0 at the nodes. Typically,  M    is the normal bending 

n15 
moment which is acting on the side  1 5 and is calculated by substitut- 
ing equations (3-10) into the usual moment-displacement relations 
together with 

'15 

2 2 
» M cos Y,C ♦ M ■ *■ Y,e " 2M  sin v., cos y... x     15   y     15    xy     15     15 (3-17) 

It follows for the particular case of the isotropic plate that the 
first three constituents of the 3 by 3 relative stiffness matrix fk']' are 
given by 

kll  " D'l5/A- 
k12 " k21 " »(bJ^*vc5)*^(cJ*vbJ)*2(l-v)bTb9c,c9}/As59»15, 

k|3 - k'j - DfbJcbJvjcjVeJCc****) ♦Hl-v>b5b-c5c0)/A«f.1tl5. 

(3-18) 
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where substitutions are made from equations (3-4) and the flexural rigidity 
3       2 

is defined in the usual way by D - Eh /12(1 - v ) with E as the 
Young'* modulus, h the plate thickness and v the Poisson's ratio. The 

element load matrices (F*'}  and (F* }  are concerned only with the 
contributions which arise from applied bending moments at the plate 
boundary; the virtual work from any applied normal force is more easily 
incorporated at global level. As an illustrative example we consider the 
situation where only one side, e.g. 1 5, of the element coincides with 
the plate boundary where the mid-side normal bending moment is prescribed 

M* (3-19) 
"15 "15 

The element load matrices are then easily found to be 

{F*M*    -    a..N*    (1    0   0)T, 15 n15 

(F*R)e  - -o^/aoftjb. ♦ v9 b5b9*c5c9  .15)T. 
(3-20) 

The normal derivatives of the relative displacement, i.e. the 
3w'/3n, at the mid-side points of the triangular element are now to be 
estimated in terms of the actual deflection w at the nodes of nearby 
elements. The basic topology for this extended interpolation is slightly 
more complicated than that which was required in section 2; it is described 
by twelve node numbers 1 2 3 4 5 6 7 8 9 10 11 12 as is shown in Fig.6 
where the focal element is picked cut by the node numbers 15 9. Varia- 
tions on the topology are permitted provided that at least four triangular 
elements share each node which does not lie on the plate boundary; the 
topology is arbitrary for nodes actually on the boundary. The extended 
interpolation is to be arranged in such a way that exact values are 
derived for the mid-side normal derivatives 3w/3n in all cases where 
the true global displaced shape w(x,y) is <*.?scribable in terms of the 
general surface quadratic; moreover, the value of 3w/3n is required to 
be uniquely determined in any progression to an adjacent focal element. 
The Fortran computer subroutine, which ja listed in the Appendix, serves 
«"••p to define the basic topology for tlr.s new extended interpolation; 
when Ir is provided with a table of focal element uod» numbers like 

1      0 0 0 2 0 0 0 9 0 0 0 

2      0 0 0 8 0 0 0 9 0 0 0 

9      0 
etc. 

0 0 8 0 0 0 13 0 0 0 

which are again appropriate to the situation shown in Fig.lc, it calculates 
the required table of node numbers 

10002   3   8  13 

2  0  3  7  8  14  13  12 

9  12  10 

9  10   1 

0 

0 

14  17  13  18  12  10 9  12  3  8 
etc.. 

Let us begin by considering the component six-point topology 13 5 7 
9 11 which completely surrounds the focal element 1 5 9 as is ohown in 
Fig.6b. Equation (3-10) immediately provides the relative deflections 

'3' "7 
and '11 where 
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WSgHsw^msrit 

t 
^ 

'li 

N15(x3.y3) 

N15(x7,y7) 

LN15(x11.yn) 

N59(x3,y3) N91(«3.y3) n 

N59(x7'y7)     N91(x7,y7) 

N59(xn.yn) M9l(«u.yllU 

raw{5/3n' 

3w'9/3n 

3.91/3n. 

The square matrix in this equation is required to be non-singular and it 
is in this context that the above mentioned topological restriction is 
important.  There are also exceptional arrangements of mesh geometry 
which must be avoided, like a colinearity of the four nodes numbered 
1 3 7 9 in the first of the topological descriptions of Fig.6b. Fortu- 
nately, however, the simple requirement that no finite element conlains 
an obtuse angle is sufficient, although by no means necessary, to pro- 
vide an essentially non-singular matrix.  Such restriction on the tri- 
angular element shape is of minor practical importance, it is rather one 
more exhortation toward.« sound finite element practice. A simple inver- 
sion of the 3 by 3 matrix of equation (3-21) now gives 

3wj5/3n -N15(x3,y3) N59(x3,y3) N91(x3,y3) 

3w^/3n >   „ N15(x7 y?) N59(x7,y7) N:)1(x7.y7) 

3w91/3nJ LN15(xn,yn) N59(xn,yn) N91(xll'yll 11 

While this equation (3-22) provides a reasonable estimate for the value 
of iw' /an,  for example, it is noted from the component six-poin: 
topology 1 2 3 4 5 9 of Fig.6b that we may derive also 

-1 
3w' /3n] 

3w^9/3nJ 

L3w91/3nJ 

N15(x2.y2) 

N15(x3,y3) 

L-N15(x4,y4) 

N59(x2.y2) 

N59(x3.y3) 

N59(VV 

N91(x2,y2) 

N91(x3,y3) 

N
91<Vy4>J 

2 

(3-21) 

(3-22) 

(3-23) 

wr.ich gives an equally reasonable, albeit generally different, estimate 
for 3w}5/3n.  Several courses of action are now available but our pre- 
ference is to take the arithmetic mean of the two estimates with the 
assurance that the value is then always uniquely estimated, irrespectively 
of whether the focal triangle is 1 5 9 or 1 3 5. The equations (3-5) 
and (3-6) show that the relative displacements w', wi, w'  of equation 
(3-22), for example, may subsequently be transformed into actual 
displacements w by the matrix transformation 

'11 

~Ll(x7,y7) 

L_Li(xiryn) 

l 
'L5(x3,y3) 

0 -L5(x7,y?) 

0 -L5(xn.yn) 

0 

1 

0 

-L9(x3,y3) 

"L9(x7,y7) 

-L9(xn,yu) 

0 

0 

U 

wi 

►. (3-24) 

It remains to deal with cases such ar where the side 1 5 is coinci- 
dent with the plate boundary so that the node number 3, see Fig.6, does 
not even exist. The simplest case occurs when the mid-side kinematic 
boundary condition is prescribed 
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3w ./3n • 3w* /3n (3-25) 

because, from equations (3-5), (3-6) and (3-9) t'ue nonsal derivative 
3w' /3n cf the corresponding relative displacement is then given 

directly in terms of nodal displacements by 

3wj5/3n - -((b^j + bjWj+b^) cos Y15 ♦ (c^* CjWj + c^sin Y15>/2A 

♦ 3w* /3n . 

One way cf dealing with the mid-side traction boundary conditions, like 
ths normal bending moment which is prescribed by equation (3-19), is to 
substitute from the matrix equations (3-16) and (3-20) to obtain, in 
thi» instance, 

{kll3w15/3n * kl23w59/3n * k13aw91/3n * Fl'} 63wJ5
/3n " ° * 

Equation (3-21) can then be replaced with 

(3-26) 

(3-27) 

' 0' r    k' k' 12 ki3          "I "3wJ5/3n" f 
-7 

>   . N15(x/,y7) N59(x7.y7) N91(x7,y7) ■ 3w^/3n '   ♦   ' 0 > 

SiJ _N15(x11,yn) N59(xn,yn) N91(xu.yillJ l3w91/3nJ L o J 

• • ..   (3-28) 

where the square matrix is inverted to provide a relationship similar 
to that of equation (3-22) but with the addition of a column vector of 
constants. 

In what follows, it is convenie  to suppose that all ».he above is 
summarised into a matrix interpolation scheme for the focal triangular 
element 1 5 9 in such a way that 

{q')C  - (Ilfqj)' ♦ (i) 

where the 3 by 1 column vector of mid-side connection quantities (q'} 
is as given by equation (3-15), I 11 is a 3 by 12 rectangular matrix of 
constants, the column vector of nodal connection quantities {q }eis 
defined by 

(qj)   -  (Wj w2 w3 .. wl2) . 

(3-29) 

(3-30) 

and  (i) is a 3 by 1 column vector of constants. Thus, when equation 
(3-29) is substituted into equation (3-14) the variation 6U* of the 
virtual work contribution by the element becomes 

T T 
«Ue -  {6q }e[llT|k'!*ll]{qT}

e ♦ {6qT}" (l]T[k'f{i) 
T T 

♦ (6qi)' (l)T{F*')e ♦ {6qR)e {F*R)e (3-31) 

which is now in terms only of actual nodal displacements. 

Although, as already noted, the interpolation of the mid-side value 
of the normal derivative 3w/3n destroys i'.<e strict equilibrium nature 
of this plate bending element, the Tables 3 and 4 show that it frequently 
provides sgreeable improvements in the accuracy of the numerical results 
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Table 3 

CENTRAL DEFLECTION OF A SQUARE PLATE USING TRIANGULAR ELEMENTS WITH QUAD- 
RATICALLY VARYING w-DISPLACEMENT 

With 
extended 
inter- 

polation 

With 
mid-side 
connection 
points 

Non- 
conforming 
element1 

Exact Multiplier 

UDL 
■imply supported 

0.00411 
[0.00414} 

0.00432 
{0.00412} 

0.00405 0.00406 v4/D 

UDL 
clamped 

0.00154 
{0.00134} 

0.00170 
{0.001J8} 

0.00134 0.00126 q//D 

cone, load 
simply supported 

0.01315 
{0.01207} 

0.01351 
{0.01219} 

0.01165 0.0116 PL2/D 

cone. load 
clanped 

0.00727 
{0.00611} 

0.00776 
{0.00626} 

0.00572 0.00560 PL2/D   1 

global stiffness matrix 

25 {81} 
20 {36} 

81 {289} 
21 {37} 

75 
!    30 

rows 
semi-  dwidth 

{The values in curly brackets r»f.r #•„ . c- , 
length, are half tnoaT.hown In Yl,A.) ^"^ ""*  Wh"e the 

side 

Table 4 

BENDING MOMENTS IN A SQUARE PLATE USING TRIANGULAR ELEMENTS WITH QUADRATICALLV 
VARYING w-DISPLACEMENT 

Centre of side 

M n 

Centre o 

M X 

f plate 

M 
y 

Corner reaction 

|2M | 1 xy1 
Multiplier 

UDL 
simply supported 

0.0465 
0.0471* 
(0.0479) 

0.0436 
0.0447* 
(0.0479) 

0.057 
0.065* 
(0.065) V2 

UDL 
i"lamped 

-0.0475 
-0.0443* 
(-0.0513) 

0.02C9 
0.0206* 
(0.0231) 

0.0240 
0.0235* 
(0.0231) V2 

cone, load 
. ] i-nped 

-0.1164 
-0.1065* 
(-0.1257) 

P 

The first value, in each case, is obtained with the aid of extended interpolation. 
•The asterisked value is obtained with the retention of mid-side connection pro- 
perty.  (The value in parentheses is exa~t.) 

Except where stated, the numerical results in Tables 3 ai.d 4 are obtained by con- 
sidering a quarter of the square plate where the finite element mesh is as shown 
in Fig.l. 
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as compared with the equilibrium situation where the mid-side connection 
points are retained throughout the analysis. The numerical results in 
these Tables again refer to the classical problems of the square plate 
where only a quarter portion is considered, firstly with the finite 
element mesh as is shown in Fig.l and secondly with a finer mesh where 
the side lengths are halved; again, the plate has side length L and 
Poisson's ratio v - 0.3. Attention is drawn to the fact that the size 
of the banded global stiffness matrix is now only some thirty per cent 
of that which is required for retention of the mid-side connection 
points. 

4.  PLANE STRESS ELEMENT WITH QUADRATICALLY VARYING DISPLACEMENTS 

For our final application of the idea of extended interpolation we 
turn to the problem of plane stress where the displacement components u 
and v are assumed to vary quadratically within the triangular finite 
element. The usual connection properties for this element are illustrated 
in Fig.7a where the nodes are numbered 15 9. Our aim is to eliminate the 
mid-side connection points with the aid of extended interpolation so as to 
provide the preferable situation which is shown in Fig.7b where the connec- 
tion properties coincide with those of the simplest of all plane stress 
elements in which the displacement components u and v are linearly 
varying; it is, however, the intention to retain much of the  superior 
accuracy which is associated with the more complicated element. Again, 
it is convenient to provide a complete rederivation of the element 
stiffness matrix. 

The quadratically varying displacement components u and v may 
be expressed quite generally in the form 

N1U1 * N5U5 + N9U9 * u'<x»y>.l 

Vl * N5V5 + N9V9 * »'<*•*>J 
tive displacements defined b 

N15U15 + N59U59 + N91u91'l 

N15V15 +N59V59 *N91V91'J 

(4-1) 

(4-2) 

u'*#y)  - NlU} ♦ N5u5 ♦ N9u9 ♦ u'(x,y),l 

v(x,y) 

where u'  aad v'  are relative displacements defined by 

u'(x.y) - N,,.u1(; ♦ Neou, 

v'(x,y) 

and N.,N-5 *-* "hare functions given by 

N^x.y)  - Ll(2L1 - 1),   N^x.y)  - 4LJL5 , (4-3) 

with the remaining shape functions following by permutation of the suffices. 
From equations (4-2) and (4-3) it is noted that the relative displacements 
enjoy the following properties 

ul - u5 ■ u9 ' Vl ■ v5 * V9 " °    ' 1 

u15 " u15«   u59 " u59'  u91 " u91 • J 
(4-4) 

The generalised strains are defined by 
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I 
'      -■     . 4       ,   -      ■: 

«■■■■* i . um» mgwuwwww 'jL-.' i"— ' ■     -     i "'M^j^j 

,   ... BW    ■ :-   «asdiiUW 

(e) 

3u/3x 

3v/3y 

3u/3y ♦ 3v/3x> 

[B - u 
where 

,e 
{q)c  -  (Uj u5 u9 vj v5 v9)

1,   {q'}' (U15 U59 u91 v15 V59 V91)T' 

and the 3 by 6 matrices [ BJ and [ B'] are derived by taking partial 
derivatives of equations (4-1) and (4-2) so that 

(4-5) 

(4-6) 

IB] 

and 

[B'] 

"St^/Sx 3N5/3x 3N9/3x 0 0 0 " 

0 0 0 3Nj/3y 3N5/3y 3N9/3y 

-Sl^/Sy 3N5/3y 3N9/3y SNj/Sx 3N /3x 3Ng/3x- 

*3N15/3x  3N59/3\  3N91/3x 

3N15/3y  3N59/3y  3N91/3y 

L3N15/3y  3N59/3y  3N9l/3y  3N15/3x  3N59/3x  3Ngl/3xJ 

with, typically, 

3^/Sx b1(4L1 - D/2A, S^/Sy 

3N15/3x    -    4(b1L5  ♦ bjL^^A, 3N15/3y    -    4 

J^LJ - 1)/2A,     1 

(ClL5 ♦ c^/ttj 

The variation    6U      of the virtual work contribution by the element ic 
given by 

where  the 12 by 12 element  stiffness matrix is derived from 

r(B)T[D)[B]    [B]T[D)[B'] 

sym [B' t- :j ■ // »]T[D)[B'n 

f]T[Dl[B'U  A 

(4-7) 

(4-8) 

(4-9) 

(4-10) 

The 3 by 3 elasticity matrix [D!, taking as example an isotropic plane 
constant thickness h, is given by 

(Dl Eh 

Lo 

1 

0 

0 

0 

(1 - v)/2J 

(4-11) 

of 

(4-12) 

and, in evaluating the area integrals of tquation (4-11), it ia helpful 
to note the standard forms 
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II h" - 2//L?dA ■ 4//Ll LjdA - A/3. (4-13) 

A A A 

The 3 by 1 element load matrices {P*}e and (F*'}  are calculated in the 
uaual manner. By way of illustration, if it is assumed that only the side 
1 5 coincides with the plate boundary where the following tractions are 
prescribed 

nl ns. ns. n. n. ns, 
T* 
ns. 

(4-14) 
'1    "5    "5    "'S ""5 

then the load matrix {F*'}e, which is of special interest in the present 
context of extended interpolation is, in the absence of surface forces, 

r 
(a* 
n. 

♦ o* ) 
n5 

cos Y 15 -<T* ns, 
♦ T* 

ns 
) sin Y 15 

(F*'}e - -(s15/3)"< (a* 
n. 

♦ a* 
n, ) »in Y 15 + (T* ns. T*  )C08 

ns. r15 
(4-15) 

J 
The mid-side displacement values like u.. and v.P, which consti- 

tute the column vector {q'}  of equation (4-6), are now to be estimated 
in terms of the displacements at the nodes of nearby elements. The 
general details of the mesh topology for the purpose of this plane stress 
extended interpolation are the same as are described in section 3, see 
Fig.6. The interpolation is again to be arranged-in such a way that 
exact values are recovered for the mid-side displacements whenever the 
true displaced state u(x,y), v(x,y) is describable in terms of the 
general surface quadratic. It is of especial importance, also, that 
these mid-side displacements are uniquely determined so as to preserve 
the bounded property which belongs to correct applications of the theorem 
of minimum potential energy. 

The six point component topology which is denoted by node numbers 
1 3 5 7 9 11 is shown in Fig.6b to encircle the focal element 15 9 
and the equations (4-2) for the relative displacements provide 

'u3* -N15(x3,y3) K59(x3,y3) N91(x3,y3)   - 

U7 
>   ■ H15(x7,y7) N59(x7,y7) N91(x7.y7) 

lu'jj LN15,(x11,yu) N59(xn,yu) N91(xn.y11)J 

*15 

< u 

Lu 

The sufficient conditions for the square matrix in this equation lo be 
non-singular are identical with those already described for equation 
(3-21). The 3 by 3 matrix of equation (4-16) may then be inverted to 
give 

(4-16) 
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N59(x3,y3) N91(x3,y3) N15(x3,y3) 

N15(x7,y?) N59(x7,y?) N91(x?,y7) 

_N15(xll,yn)        N59(xu.yu)        N9l
(xU'ylll 

.•   1 

LunJ 

(4-17) 

While equation (4-17) provides a reasonable estimate for the value of the 
Bid-side    u^,    for example,  the six point topology 1 2 3 4 5 9 of 
Fig.3b provides 

N15(x2,y2) N59(*2.y2) N9i(Vy2* 

N15(x3,y3) N59(x3,y3) "gi^»^ 

fU15| 
U59 >    - 

L9lJ N15(x4.y4) N59(x4,y4) N91(x4'y4i 

(4-18) 

«■«./ 

which is an equally reasonable estimate. As in section 2, there are 
several alternatives which are now available but, again, our preference is 
to take the arithmetic mean of these two estimates for u , noting that 

this ensures a uniquely determined value irrespectively of whether the 
focal triangle is 1 5 9 or 1 3 5. Next, the equations (4-1) show that 
relative displacements like u',u',u'  of equation (4-17) are readily 

expressed in terms of actual displacements by means of the matrix 
transformation 

0 f«i| 
u7 • - 

kJ 

-i|'1(x3,y3)   1 -N5(x3,y3)   0 -N9(x3,y3) 

-^(xy.yy)   0 -N5(x7,y?)   1 -N9(x7>y7)   0 

"Nl(xll,yll) ° "N5(*ll,yll) ° "M9(*ll,7ll) lJ 

u. 

11 
v J 

The mid-side displacement components v are estimated in « similar way 
to that just described. 

It remains to deal with the situations which arise when a side like 
1 5 coincides with the plate boundary so that the node number 3 in the 
topology of Fig.6 does not exist. The simplest case occurs when kine- 
matic boundary conditions are prescribed along this side for then 

-u15 sin Y15 ♦ v15 cos y15 - u* 

and/or 
15 

(4-19) 

(4-20) 

U15 t0§ Y15 * V15 "n Y15 
u* 
n 
15 

(4-21) 

where u*   and u*   are respectively the prescribed displacement compo- 
*15      n15 

nents tangential and normal to the plate boundary at the mid-side point. 
When tractions are prescribed, it is necessary to select from equation 
(4-11) for the 12 by 12 element stiffness matrix the rows numbered 7 and/or 
10 which, together with the rows numbered 1 and/or 4 of the element load 
matrix listed in equation (4-15), provide the sole global contributions 
to the variations 6u,, and/or 6v,r. Thus 

15 15 
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kilUl ♦ k12u5 + ki3u9 + k14vl * ki5v5 + kl6V9 
+ ki'lu15 + k12u59 + k13u0! * *14V15 * ^59 * ^91 

.... (4-22) 

and/or 

k14ul * k24u5 T k34u9 * k44vl + k54v5 + k64V9 

* k41u15 + k42u59 * k43u91 * k44v15 * k45V59 + k46v91 '   '*t   • 
.... (4-23) 

The requisite equations from (4-20) to (4-23) then provide enough conditions 
to allow both u , and v.. to be expressed in terms of the prescribed 
quantities and/or the displacement components at nodes 1 5 7 9 11 together 
with the displacement components at mid-sides 5 9 and 9 1. Attention is 
drawn to the fact, however, that care needs to be exercised in dealing with 
these boundary situations in plane stress in order to avoid the occurrence 
of singular conditions. For complete reassurance it is recommended that 
no attempt is made to seek extended interpolation contributions from the 
first two of the component six point topologies in Fig.6b so that, in the 
present typical case, unmoderated estimates for u..,u„. and veo*vqi *re 

accepted from the two remaining component topologies. The overall mesh 
topology can, in consequence, be no longer arbitrary for nodes actually 
on the boundary, indeed the recommendation requires that each boundary node 
is at the conjunction of at least three triangular finite elements. 

In that which follows, it is convenient to assume that the above is 
summarised by a matrix interpolation scheme for the focal triangular 
element 1 5 9 in such a way that 

{q'}e - IlKqj}' ♦ U) (4-24) 

where the column vector {q'}e is as described by equation (4-6), [I] is 
a 6 by 24 matrix of constants with 

ve (u
l u2 u3 '12 vl v2 v3 •- "12 )

J (4-25) 

and (i) is a 6 by 1 column vector of constants. It is worth noting that 
when no nodes are missing from the twelve point basic topology of Fig.6, 
such as in the case of focal triangles which do not touch the plate boundary, 
when the 6 by 24 matrix [i] may be more conveniently written as 

(I] •[:;] (4-26) 

where the rectangular matrix I I'l is a 3 by 12 matrix of constants. By 
expanding the matrices of equation (4-10) we obtain the following form for 
the variation *U* of the strain energy 
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T T T 
6UC     -     (6q)e [kfiqf  ♦  {6q'f (k'J6   {q} 

T T 
♦ {6q}e [k'J^q'}   ♦  {6q')e Ik"Je{q'} (4-27) 

T T 
♦ (6q}e   {F*}e  +  {6q'}e   {F*'}6 

where it is now a simple matter to substitute for    {q'}      from equation 
T 

(4-24) and for      {6q*}e      from 
T T 

(6q'}e       -     Uq^Mir (4-28) 

in order to derive the preferred form for the variation. 

The numerical example concerns a square plate of side length L which 
is under uniform tension of a* per unit run applied parallel to the Ox 

axis and is weakened by a central circular hole of diameter L/2. The 
Poisson's ratio is taken as v - 0.3. A relatively coarse finite element 
mesh, see Fig.8, is employed to generate the numerical values as listed in 
Table 5 which contains also comparisons from other methods of solution. 
This problem provides a particularly severe test of any numerical technique 
because of the severity of the stress gradients which occur in the vicinity 
if the hole and also across the minimum section where there is a sub- 
stantial compressive stress at the external boundary.  Indeed, a comparison 
between the results from the continuous function solution for the infinitely 
long strip due to Howland12 with that for the square plate due to Hengst13 

is illuminating in this context. Table 5 shows that whereas our finite 
element results for quadratically varying u,v displacements with extended 
interpolation provide an approximation to the more accurate finite element 
solution where the mid-side connection quantities are retained, it is clear 
that the finite element results for linearly varying u,v displacements 
•re virtually worthless for this relatively coarse mesh. The size of the 
banded global stiffness matrix is seen to be less than 25 per cent of that 
which is required when the mid-side connections are retained; the optimal 
aemi-bandwidths which are quoted in Table 5 are calculated by a method 
developed by Morley and Merrifield . 
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Fig. 8 Square plate under uniform tension with central circular hole 
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Appendix A 

FORTRAN SUBROUTINE FOR THE EXTENDED INTERPOLATION TOPOLOGY 

A listing is. now presented of a Fortran computer subroutine which, when 
it is given the basic information to define the focal-triangular elements, 
goes on to provide the topological description in the integer double array 
ELNO(NEL,JTYPE? which enables the various processes of extended interpola- 
tion to be readily perforated.  The notation is here 

NEL  ■ number of triangular finite elements in the plate 
JTYPF » 6 or 12 depending upon the type of extended interpolation. 

Thus, in the case of section 2 where a six-point expended interpolation 
is required for the example which is illustrated in Fig.lc, the subroutine 
requires node numbers in the irteger double array £LNO(32,6) which provide 
the description of the focal elements, e.g. 

1 

0   8   0    9   0 

9   0   8   0   13   0 
etc. 

The calling statement is then 

CALL FILL ELNO 6 OR 12 (32,ELNO,o) 

for the subroutine to return the following topological description in 
ELNO(32,(.) 

1 0 2 6 9 10 

2 3 8 13 9 1 

9 
etc. 

2 8 U 13 12 

The 0 in this last table signifies that the side 1 2 coincides with the 
ptate boundary. The procedure is similar for the tvelv« point topologies 
Much «re considered in sections 3 and 4. 
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5 

1 
SUBROUTINE.FILL ELNO 6 OR   12(NEL,ELNO,JTYPE) 

^•••••••••••••••••••••«  
C     N£L - NUMBER  OF   ELEMENTS* 
C    ELNO -   INTEGER  DOUBLE  ARRAY OF  NOOE NUMBERS  TAKEN   IN  ORDERED 
C SEQUENCE.  THE SUBROUTINE MUST BE SUPPLIED WITH AN ELNO WHICH 
C PRESCH IBES THE NODE NUMBERS FOR ONE FOCAL ELEMENT TO EACH ROW 
C OF  JTYPE  NUMBERS.  E».CN OF THESE FOCAL NODE NUMBERS   IS FOLLOWED 
C BY  ZEROS   (ONE   IF  JTYPt'6»  THREE   IF  JTYPE-18). 
C JTYPE  ■ PRESCRIBED AS  6 OR   12  TO FILL ELNO 6 OR  12 RESPECTIVELY. 

INTEGER  i:LNO(NEL,JTYPE).ELROW.ELCOL 
C ••••••  ■ ••••••• • • 

INTEGER   J0IN(25,4) 
C           NOTE:IF  THE  NUMBER OF ELEMENTS  WITH A COMMON NOOE EXCEEDS 25 
C           THE FirST DIMENSION OF  JOIN MUST BE REOIHENSIONED ACCORDINGLY. 
C •  •  •  •  • • ••••••••••  

INTEGER   IDENT(500) 
WO 1   I'1,500 

C NC,fT:IF  T>'F  LARGEST NODE NUMBER EXCEEDS  500 THEN TWE LAST TWO 
C Snr'fHEhTS  MUST BE RED I HENS IONED ACCORDINGLY. 
c •••••••••••••••••••••••••••• 

1 IOEHT(l)-1 
JK-4 
IF(JTYPE.E0.6)JK-2 

DO 5 ELHOW-1.NEL 
DO 5 ELCOL>1,1*2«JX.JK 
NODE-ELNOiELRCW.ELCOL) 
|F(|DENT(NODE}.EC.O)GO TO  5 
IDENT(UOOE)»Ü 
NJOINS-0 
DO ?   I-ELROW.NEL 
DC ?   J»1,1*2»JK,JX 
\F',I .tiC( i,j;.NE.NODE)GO TO 2 

N       NS»NJOINS*1 
."-     <NJOINS,1)-l 
•3.Nt.1JOINS,2)«J 

J4«J*JK 
IF(J4.&T.JTYPEJJ4-J4-JTYPE 
.JCIN(NJ0INS,3)»ELN0(!,J4) 
J8«J»2»JK 
IF (J3 .CT. JTYPE )J6".JB-»!TY»»E 
jOIN(NJO!hS,4)«EL?IO(i,Jt) 

2 CONTINUE 
DO  5   K>1,NJ0INS 
l-JO!N(K,1S 
N«JOIN(K,2) 
N8*N»?»JK 
IF (fi8 . CT. .TYPE )N8-NB-JTYPE 
|N4»JOIN(K,3) 
IN8».J0IN(K,4) 
00  4   KA-1.NJ0INS 
IF(K.EO.M)GO TO  4 
J3*JOIN(M.3< 

J4*J0IN(fcA,4) 
IF(w.YPE.Et).6)G0 TO  3 
IF{IN4.EC.J4)ELN0(I.N«2)-J3 
IF(|NB.EC.J3)ELN0(l,N8*e)-J< 

GO  TO  4 
3 IF(IN4.E«5.J4)ELNO(l,N*1)-J3 

iF( IN8.E0.J3)ELN0(I,*«♦*)-J4 
4 CONT'hUE 

IF(JTYPE.EC.6)G0 TO 5 
uiO«r««iO 
IF(N1C.(iT.JTYl'E}NlO-N10-JTYFE 
IN2»tLNC(l,N«2) 
IN1OELN0(I.N10) 

CO  5  KA'I.NJOINS 
IF(*.EC.KA)GO TO  5 
J3»JOIN(HA,3j 
J4*J0IN(KA,4 
IF(INl,£$.J4)SLN0(f,N*1)*JJ 
lF(|N10.U.J?)tiJ<0(l,N10*1)-J4 

5 CONTINUE 
RITUSN 
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The Transient Dynamic Analysis 

of 

Thin Shells by the Finite Element Method* 

Samuel W. Key 

Zelma E. Beisinger 
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Albuquerque, New Kexico 87115 

A simple central difference time integracion scheme 
along with a ciagonal mass matrix is used to examine 
the transient dynamic response of linear elastic thin 
shells.  The numerical stability of the explicit time 
integration scheme is examined and two inequalities 
are provided, the strongest of which defines a criti- 
cal time step.  Only calculations using a time step 
less than the critical time step are meaningful. 
Above the critical time step, the calculations di- 
verge.  The method is called conditionally stable. 
One inequality is based on membrane behavior and the 
other on bending behavior.  Both of them are in terms 
of minimum mesh dimensions, shell densities and mem- 
brane and bending moduli.  The diagonal mass matrix 
is generated from a consistent mass matrix in a ra- 
tional manner.  Three calculations are included to 
show the results of this work. 

This work was supported by the United States 
Atomic Energy Commission- 

Preceding page Hank 
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The Transient Dynamic Analysis 

of 

Thin Shells by the Finite Element Method 

1.  INIRODUCTION 

In many respects, the transient dynamic linear analysis 

of thin shells is well in hand. There is a need, however, 

for continued improvement in computational speed while main- 

taining the accuracy of the results, particularly with two 

dimensional meshes being introduced and larger and larger 

problems being considered. Two methods are available to 

obtain improved computational times. A diagonal mass matrix 

can be used in place of the consistent or non-diagonal matrix 

prescribed by the finite element method, [1,2], and explicit 

time integration schemes in place of the implicit schemes can 

be used. 

In the finite element literature, there is no clear cut 

preference for any one form of mass ms.trix nor any one method 

of integration.  Although, the unconditionally stable implicit 

time integration schemes have won many adherents. 
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Wilson and Clough[3] adopted an implicit linear accel- 

eration scheme, one of the Newmark ß methods.  It Is a con- 

ditionally stable scheme.  Clough and Felippa[4] in examin- 

ing plate vibration problems conclude that lumped mass matri- 

ces are as accurate or more accurate than the non-diagonal 

mass matrices prescribed by the finite element method.  In 

their lumped mass calculations, only the translational iner- 

tias are retained with the rotations eliminated by static con- 

densation.  Clough[5] in a survey of their work reiterates 

their use of the linear acceleration integration scheme. The 

paper contains a clear statement of their preference of the 

lumped mass matrix in place of the consistent mass matrix. 

Clough and Wilson[6] refer to a new linear acceleration 

scheme to integrate in time.  It is the previous scheme cou- 

pled with a predictor-corrector scheme for the accelerations. 

The result is an unconditionally s.able method. 

Klein and Sylvester[7] adopt the unconditionally stable 

implicit time integration scheme of Chan, Cox and Benfield[8] 

along with the ncn-diagonal mass matrix of the finite element 

method. 

Stricklin, et al. ,[9] selected the unconditionally stable 

implicit time integration scheme of Houbolt[10], using a non- 

diagonal mass matrix for transient calculations.  For the cal- 

culation of mode shapes and frequencies, they use a diagonal 

mass matrix, retaining the rotational degrees of freedom in 

the deflection« normal to the shell,[11]. Their procedure 
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for generating the diagonal mass matrix is the same as the 

one adopted below but: they provide no rationale for the choice 

of the scale factor introduced. 

Fu[12] advocates the use of the de Vogelaere[13] method 

for integrating in time. The method is again an unconditionally 

stable implicit scheme. 

Olson and Lindberg[l4] in examining the vibration behavior 

of curved plates use a consistent mass matrix.  Part of their 

results are obtained neglecting Jxplane inertia. Whether these 

degrees of freedom are eliminated by static condensation or 

simply set to zero to give a bending only response is unclear. 

The study is impressive. 

Greene, Jones and Strome[l5] in examining the vibrational 

modes of cylindrical panels consider both consistent and lumped 

mass matrices.  In both cases, various freedoms are retained 

with the others being eliminated by static condensation.  The 

result is a preference for the diagonal mass matrix.  In none 

of their lumped mass calculations were rotational degrees of 

freedom retained. 

Ont of the more informative pieces of work in the finite 

element literature on numerical time integration is a paper by 

Nickel[16], the result of an earlier entanglement with an uncon- 

ditionally unstable implicit scheme. 

Goudreau[17] has an extensive treatment of the behavior 

of various mass matrices in membrane and bending behavior 

along with an examination of several methods of integration 

in time.  A diagonal nuiss matrix and a conditionally stable 

implicit time integration scheme are preferred.  It is remarked 
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that the higher frequencies are inaccurate in the discrete 

equations and should be suppressed in any event. The remark 

is based on frequency error versus wave length plots for exact 

time integration.  Key and Krieg[18] have re-examined this 

question in the light of discrete time integration and show 

that the higher modes may have quite accurate frequencies 

and should not necessarily be suppressed. 

In explicit time integration schemes, the mass matrix M 

times the vector of accelerations q occurs, Mq.  In order to 

find the accelerations which are used to advance the velocities 

and the displacements, this set of equations must be solved. 

If M is a diagonal mass matrix, then the solution is trivial. 

In the finite difference literature, the majority of applica- 

tions treat only diagonal mass matrices.  Implicit integration 

schemes involve the inverse of a weighted sum of the mass and 

stiffness matrices, (bjM + b2K)~ , to find the accelerations. 

The coefficients b. and b2 depend on the particular implicit 

scheme being used.  If only the non-diagonal mass matrix pre- 

scribed by the finite element method is considered, no particu- 

lar computational advantage is evidenced by either scheme be- 

cause M"  in the explicit schemes and (b,M + b2K)~  in the im- 

plicit schemes represent the same amount of computational effort, 

Thus, the use of a diagonal mass matrix must precede any claim 

of computational efficiency for the explicit time integration 

schemes.  In the work that follows, a rational approach to 

generating a diagonal mass matrix from the non-diagonal matrix 

of the finite element method is discussed. 
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The major stumbling block to explicit tim-j integration 

schemes is their conditional stability.  Computationally, they 

are very fast but must use a time seep below a certain critical 

value.  If a value above the critical time step is used, then 

harmonic solutions are represented as exponentially growing 

solutions and the results are erroneous.  Below the critical 

time step harmonic motion is represented as harmonic motion. 

The critical time step is invariably related to the shortest 

transit time between any two nodal points that exist in the 

finite element mesh. This corresponds to the highest frequency 

that the system will represent.  For impulse problems and sud- 

denly applied temperature and pressure, these frequencies are 

needed in the solution.  Even when implicit schemes are used 

for these problems, they are used with time steps related tr 

this same criteria just to keep these frequencies present and 

accurately represent them. They invariably ^ive the same 

answers as explicit schemes for these problems but at a much 

greater computational expense.  It should be noted that when 

only the lower modes of response are significant, then uncon- 

ditionally stable implicit schemes can track them with a large 

time step while a conditionally stable explicit scheme must 

remain with what now looks to be a very small time step in 

relation to the response.  However, if a modal solution is 

used, the explicit schemes again become competitive. 

By examining stability, very good estimates of the critical 

time step are possible. Once this has been done, the explicit 
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schemes become very reliable and for the problems Involving 

the high frequency response of the shell, they are equally as 

accurate as the implicit schemes and much faster computationally 

per time step. The work below considers a simple centered second 

order difference approximation to the accelerations and provides 

the critical time step expressions needed to make the computations 
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2.  STIFFNESS MATRIX 

The finite element used for this analysis is a doubly 

curved arbitrary quadrilateral designed for shells where the 

reference surface is a portion of an axisymmetric surface. 

It is based on a minimum potential energy principle and a dis- 

crete Kirchhoff hypothesis.  There are nine degrees of free- 

dom at each mesh point; the circumferential, meridional and 

normal displacements along with their first derivatives in the 

surface variables are carried at each mesh point.  The element 

is pictured in Figure 1.  The details of its derivation are well 

documented in References [19,20,21]. 

—r 

Wrure 1.    Element Geometry 
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3. MASS MATRIX 

A diagonal or "lumped" mass matrix is used. The approach taken in 

obtaining it is based on results obtained in simple one dimensional 

membrane and bending problems which exist as special cases of the 

more general shell element introduced above. 

By taking a cylindrical shell with a very large radius to thickness 

ratio and zero Poisson's ratio and striking it end on,the same results 

are obtained as if one were examining the one dimensional wave 

equation shown in Equation (2). 

c2u - u  = 0 (2) m xx  tt v ' 

Here, u is the axial or meridional displacement of the cylinder, and 

x ?.nd t denote differentiation in space and time respectively.  The 

sound speed c  is given by the square root of the modulus E divided 

by the density p, cm = (E/o) .  The thickness of the shell cancels out. 

For tht homogeneous problem considered with homogeneous boundary condi- 

tions, Hamilton s principle can be written as shown in Equation (J) 

In this special case, the original polynomial assumptions contained 

in the finite element become a cubic in the space variable x.  Using 

the Hermite interpolation form of the cubic polynomial and using an 

element extending from x. to x., the displacement assumptions can be \ 

written as 
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u - uihi(Tl) + ujh2(Tl) + \^^\^rky u
x V^Pr1)  (*> 

where hj^n) - \(r\*- 3r\ + 2) 

h2(n) = -k(r?- 3n - 2) 

h3(ri) = ^(n3- n2- n + l) 

MO = k(r\3+ r)2- n - l) (5) 

The local coordinate r\  runs from -1 to +1. The functions h, ,h« ,h~ , 

and h, are shown In Figure 2. 

figure 2.   Interpolation functions h^.t^.ho.h^. 

For convenience, the length of the element is written as 

A in what follows. 
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The resulting element stiffness is given by Equation (6) 

u. u 
j 

u. 
'j 

km = 
18 

T37 
1 

"To" 
18 

"131 
1 

1 4ii 
3Ü 

l 
"TÜ- ""3Ü- 

-18 
T3T 

1 18 1 

l 
IF 

MM 

i 
"TÜ" 

41 
3ff 

(6) 

The resulting element mass matrix is given by Equation (7). 

u, u Ui u. 

m 13 X 
3T 

in2 

7TÜ" 
9i 
77 

-13i2 

42Ö 

lu2 

TTTT 
i3 13X2 

"4TT 
-X3 

I4TJ 

91 
7Ü 

13 £2 

42Ö 
131 -11X2 

21Ö" 

2 
-i3r -i3 

T5& 
-1U2 

2lö 
i3 

TUT 420 

(7) 

. 

These are well-known results, and are easily obtained by standard 

-methods in the finite element literature [22,23,24]. 
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Combining the elements into a complete statement of the problem 

gives Hamilton's principle in the form of Equation  (8). 

t. J 
(8) 

Here, q is a vector of nodal displacements and displacement gradients 

and q is a vector of nodal velocities and velocity gradients. Lagrange"s 

equations provide the equations of motion(9) 

*i + sFk« - o (9) 

The same cylinder subjected to a purely radial load will behave as 

if one were examining the lateral motion of a uniform beam as shown 

in Equation (10). 

cb wxxxx + wtt = ° <10> 

Here w is the radial or normal displacement of the cylindrical shell; 

x and t are again differentiations in space and time, respectively. 

The constant c, is given by the square root of the modulus E times 

the thickness h squared, all divided by 12 times the density 

p, cb = (Eh
2/12p)*. 

For the homogeneous problem considered with homogeneous boundary 

conditions, Hamilton's principle can be written as shown in Equation 

(11). 
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/y2^N2-KwXX)2]dxdt=o 
h xi (ii) 

Nore that rotator kinetic energy is omitted; it is given 

by the Expression (12). 

f2/2 *K <W^2]dXdt 
C

l xl 
(12) 

For bending, the original polynomial assumptions contained 

in the finite element become a cubic in the space variable x. 

Just as before, this is given by Equation (13) for each element. 

(X ""X \ /X "X \ 

-T*) + wx 
h4(n)(-Y-^]  (13) 

The resulting element stiffness matrix is given by Equation (14). 

w„ Wi w„ 

12 T 
** 

12 
'7 '4- 

-7 4 
i 

6 
"7 2 

t 

6 
"7r 

-12 
7 6 

"7 12 
7 

*6 
7 2 

i 
"6 
7 4 

7 

(14) 
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This is a well-known result and easily obtained by standard methods 

in the finite element literature (22,23,24]. Without rotatory energy 

terms, the element mass matrix is the same as in the membrane case 

given by Equation (7). 

Combining the elements into a complete statement of the problem gives 

Hamilton's principle in the form of Equation (15) 

v2 
hf  *[qTMq  - c£ q^qldt   = 0 W> 

The resulting equations of motion are given by the Expression  (16). 

Mq + C^q = 0 (16) 

The mass matrices indicated in Equations (9) and (16) are the ones 

prescribed by the finite element method. They are symmetric and 

banded and have the same non-zero populations as the stiffness 

matrices K and K. . Explicit time integration schemes developed 

in the finite difference literature depend on their ease of appli- 

cation on diagonal or lumped mass matrices, so that M  is trivial. 

In order to take advantage of these schemes, it is desirable to re- 

place M with an equivalent diagonal mass matrix M.. There is of 

course a considerable anount of literature in the finite difference 

method on how to create diagonal mass matrices directly and a small 

amount of work in the finite element literature as well, some of 

which was covered above. 
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1 

Consider first only the nodal displacements cuid their respective 

mass terms as shown in Equation (17). 

m 131 
IT • 9i 

7ff 
- 

• 

• • • • 

91 • 131 
IT 

• 

• • • • 

(17) 

If the off-diagonal terms are added to the diagonal terms, then 

the result is shown in Equation (18). 

"ll + °13 

"31 + m 
33 

(18) 

i 
1 

I 

This is not unexpected if rigid uwdy translational kinetic energy 

is going to be correct for either form of mass matrix.  Following 

this lead, the gradient terms are added to obtain the diagonal inertias 

shown in Equation (19). 
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"24+ m44 - (m' m)*3 - Äff 

(19) 

r 

As it will turn out, the important aspect of this exercise is that 
3 

these terns should scale as I    rather than t.    A diagonal mass matrix 

is constructed as shown in Equation (20) 

m. 4 
7 

feü 

1 
1 

ai3 

(20) 

He:;e, the gradient masses have been multiplied by a parameter a. 

The bending problem has rigid body rotations as well as the rigid 

body translations. However, if a is used to give the correct ro- 

tational kinetic energy for a single element rotating about its 

center of gravity, then a negative a will result giving negative 

gradient inertias.  The membrane problem has no other rigid body 

motions but translation. 

It remains to select a. The maximum frequencies of the membrane 

and bending problems serve as a guide for this selection. 
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A stvdy of the maximum eigenvalue as a function of mesh length and 

gradient inertia parameter is contained in Tables I and II for the 

membrane and bending problems, respectively.    A one-hundred element, 

uniform grid is used with free-free boundary conditions to approximate 

the maximum eigenvalue in an infinite mesh.     The maximum eigenvalue is 

obtained by the power method.    The noridiagonal mass matrix is used as 

a standard in each case. 

A gradient inertia parameter a equal to 0.75 in the diagonal mass 

matrix is seen to provide essentially the same maximum eigenvalues 

as the nondiagonal mass matrix for the membrane problem.* 

A gradient inertia parameter a equal to 0.45 is seen to provide 

essentially the same maximum eigenvalues as  the nondiagonal mass 

matrix.4   It seems  reasonable to expect  that further work with 

these ideas will lead to better criteria for choosing specific 

values of the gradient inertia parameter *.     Certainly more impor- 

tant is how the entire frequency spectrum is affected by a, rather 

than just the maximum frequency. 

To obtain a mass matrix suitable for the original shell element, 

these ideas are carried over just as  they stand.    The equivalent 

entries in the consistent mass matrix are computed and added to 

form the diagonal terms of a diagonal mass matrix.    The same grad- 

ient inertia scaling is used;  one value for membrane and another 

value for bending.    No rotator;- inertia is included.    The selection 

of the scaling values comes from the frequency considerations just 

covered. 

'* Tables I and II have been corrected from the original.    They do not now support 
these choices of the gradient inertia scaling parameters.    However, all of the 
conclusions of the paper remain the same.    Only the details of the calculations 
will change with new values of these parameters. 
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TABLE I 

Membrane Eigenvalues 

Maximum Eigenvalue« of M" K^ and M"j K as a Function 

of Element Length and Gradient Inertia Scaling 

Element Length. 1 

0.25 0.50 0.75 1.00 1.25 1.50 2.00 3.00 4.00 5.00 6.00 

M"lKm 501; 168 % Ü2 27 18 10 5 2.6 1.? 1.2 

MX 

a - 0.50 2177 547 242 137 87 61 34 15 8.6 5.5 3.8 

a - 0.75 1461 365 161 91 58 40 23 10 5.8 3.7 2.6 

a - l.Of 1094 273 123 69 44 30 17 8 4.3 2.8 1.9 

TABLE II 

Bending Eigenvalues 

Maximum Eigenvalues of M~ K^ and Mj K. as a Function 

0£ Element Length and Gradient Inertia Scaling 

Element Length. 1 

0.25 0.50 0.75 1.00 1.25 1.50 2.00 3.00 4.00 5.00 6.00 

Hm\ ,614x10° li0,200 7,950 2510 1030 1*97 157 31 10 U.O 1.9 

a » .25 2.78xl06 160,000 31,900 10,090 5130 1990 Ö31 124 39 16.1 7.8 

a » .45 1.44xl06 89,760 17,700 5610 2300 1110 351 69 22 9.0 4.3 

a • 1.0 0.65xl06 40,400 7,990 2530 1030 499 158 31 10 4.0 1.9 
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The same procedure Is used in Reference [11] to form a diagonal 

mass matrix from the non-diagonal mass matrix prescribed by the 

finite element method. However» rotatory inertia is retained in 

Reference [11] in contrast to the approach taken here. The details 

on the choice of the scaling parameters are omitted. 

1 
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4.  TIME INTEGRATION 

Due to its computational speed and entirely satisfactory performance 

when operating with a time step below the critical one, a central 

difference time integration is used. Without reference to either 

the membrane or bending behavior, the equations of motion are separated 

into the two first order equations shown in Equation (21). 

p + c2*!"1^ » 0 

(21) 
q - p = 0 

Here, p is a velocity vector.  Using a time step of At and a subscript 

of n to denote a point in time, these equations are differenced to 

obtain the Equations (22) 

Pn+% ' PB-% * "A"^ 

(22) 

«n+l = % +  AtPn+% 

Thus, given the velocities p at n-% and the displacement q at n, the 

new velocities at n + \  and the new displacements at n+lare computed 

with one pass.  In theory, this is entirely equivalent to using a 

second central difference expression for the accelerations q in 

either Equations (9) or (16) and using the old displacements at n and 

n-1 to get the new displacements at n+1. In practice, however, (22) 

is more accurate due to the finite word lengths of computers, [25]. 
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It is also much mere informative to know a velocity and a displace- 

ment at a given point in time rather than two successive displace- 

ments, albeit only a short calculation to get the velocities. 

This integration scheme is only conditionally stable. To examine 

stability, it is more convenient to use the all-displacement version 

as shown in Equation (23). 

j. AJ>-2_2M-1„ - (23) qn+l " 2% + Vl + Ät2cV1Kqn = 0 

A solution in the form of Equation (24) is sought. 

,ßnAt qn „ ve' 
(24) 

Here ß is undetermined and v is an arbitrary displacement shape. 

Substituting Equation (24) into Equation (23) provides the results 

in Equation (25). 

(e*At- 2 + .-Wt+ At2c2M-lK)v m  0 
(25) 

This is an eigenvalue problem and for each eigenvalue there is a 

separate ß.    Denoting any given eigenvalue of h    K by X, the appro- 

priate polynomial for ß is givon in Equation  (26). 

Mt ,-ßAt - 2 + e"^c
+ AtVx = 0 2.2, 

(26) 

Since the motion in Equation (21) is bounded for all time, |e^At| 

2 7 must be less than 1. This leads to the requirement that At c X 

oust be less than or equal to 4. 

:!i 
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Since the maximum eigenvalue of M K provides the strictest con- 

dition, the limits on At become those in Equation (27). 

2 
At* c 4 

7T (27) 
mrx 

Previous work in this area[26] shows that for the membrane problem, 

\  is proportional to 1/4 , the mesh length in a uniform mesh, and 

for the bending problem \  is proportional to 1/I  . Thus, empirical 

constants related to the differencing scheme or displacement assump- 

tions and independent of element length and the constant c will give 

the expressions in Equation (28). 

m 

At * a2 it 
cb 

(28) 

The first inequality is for the membrane problem, the second is 

the bending problem.  If a combined membrane and bending response 

calculation is being made, then the strictest constraint will limit 

At. Table I shows that \„  does vary as 1/i and a value of a- max x 

equal to 0.209 results for the membrane problem.     In Table II, 

*max varies as  1'*    aod a value of a2 equal to 0.0267 results for 
the bending problem. 
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The choices in the gradient inertia parameters based on a match- 

ing of the maximum eigenvalues give the nondiagonal and diagonal 

mass matrix the same stability constraints on time step size for 

this integration method. To apply these results to the general 

shell element, several adaptations must be made. For layered 

shells, an area density rather than space density is more appro- 

priate. Equation (29) defines the area density r. 

n 

r(e,s) ■ f  p(9,s,C)dC (29) 

h 

The larger of the meridional or circumferential membrane moduli in 

the shell theory is used in place of the modulus E. Equation (30) 

defines this elastic constant. 

• ■ 2 : 

C(6,s) & max (;h^eTd; • /W&cdc) (30) 

I 

I 

The larger of the meridional or circumferential bending moduli in 
pu2 

the shell theory is used in place of -Eg- . Equation (31) defines 

this elastic constant 

.h+     ,2, If     <Eee D(e,s)    » max i   I      ■, ** 

\ h 
seves " -{A* j (31) 

| 

■ 
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Since <neshing in general is irregular, in each element Che minimum 

of Che side lengChs and diagonals is used in place of i. Equation 

(32) defines this minimum distance 6. 

6  ■ min (IJ/JE,n,ir,TE,ji) (32) 

Thus, in each element a critical time step is computed, one based 

on membrane response and the other on bending response. The minimum 

obtained for the entire mesh must govern the integration. Equation 

(32) restates the time step constraints for the general shell element. 

AC * min 
(• 

209 ===p  , 0.0267 
^C/r 

JL) 
577/ (32) 

To account for boundary conditions, nonuniform meshing, nonhomogen- 

eous materials, membrane and bending coupling and to icprove accu- 

racy, a value of Lt  equal to 0.8 of critical is customarily used. 

For example, critical time step estimates have been worked out for 

the axial bending in cylindrical shells by Sobel[27], a case where 

the circumferential curvature makes the axial bending stiffer.  It 

is reflected by a slight decrease in the critical time step for bend- 

ing. 

At a mesh length to thickness ratio of 2.25, both criteria give the 

same critical time step. The cricical time step for smaller length 

to thickness ratios is controlled by the bending and for larger 

ratios by the membrane behavior. 
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5.  NUMERICAL EXAMPLES 

Three examples of the results of this work are enclosed. The first 

example is a very simple problem for which an exact solution is 

known. It is very difficult numerically since the solution is a 

propagating discontinuity. The second example is a bending prob- 

lem where the stresses generated at a clamped boundary are examined. 

The last example is a cone problem without an exact solution but 

for which numerous other computations are available with which to 

make a comparison. 

By putting a unit step in pressure on the end of a cylindrical 

shell of very large radius to thickness ration and zero Poisson's 

3atio a unit step in stress should propagate down the cylinder just 

as in a half space. Figure 3 shows the numerical results of this 

calculation a long with the exact solution, the propagating discon- 

tinuity in stress. 

Figures (3a) and (3b) show the temporal behavior of the stress pulse 

as it passes a fixed point along the cylinder. Figures (3c) and 

(3d) show the shape of the pulse at a fixed point in time. The 

time step used was controlled by bending and is one half of the 

critical membrane time step of the lumped mass system. The lumped 

mass results are much to be preferred over those from the consistent 

mass calculations. The overshoots in stress are less for the lumped 

mass results. Even in this ideal circumstance, the consistent mass 

calculations required twice the time to compute than the lumped mass 

results required. The early arrival time of a significant amount 
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of information in the consistent mass calculations cannot be tol- 

erated in more complicated problems. One of the most valuable checks 

of the correctness of an involved calculation is the arrival times 

of stress pulses at far boundaries and interfaces.  It is frequently 

necessary to establish delay times between the point of impact and 

some other location on the structure and calculation where stresses 

arrive early cannot be reliably used. 

The smearing of the discontinuity and oscillations are typical of 

virtually all of the common numerical integration schemes. The 

overshoot and oscillations in the numerical solutions just behind 

the discontinuity can be reduced, but only at the expense of further 

smearing of the front with artificial viscosity or implicit damping 
1 

accompanying some integration schemes[9] Shock matching or method 

of characteristics computer programs are able to improve on this 

solu^.on.  Both these techniques are used in one dimensional wave 

propagation calculations, but are inappropriate for the general 
l 

shell problem of interest here. 

A clamped cylindrical shell with a suddenly applied pressure re- 

... 

^Htafrt-it 

sponds early in time predominately in bending. Figure 4 shows the 

bending stresses at the clamped support and at two places removed 

from the support. A comparison is made with a bending solution de* 

veloped by Forrestal, Sliter and Sagartz[27]. As can be seen, the 

agreement is quite good. 

The last example is a problem from & series of check problems 

being assembled by the Lockheed Palo Alto Research Laboratories. 
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Figure 4.    Bending response at a clamped support of a cylindrical 
shell. 
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It is a clamped-clamped conical frustum loaded with a half co- 

sine initial radial velocity distribution. Figure 5 is a detailed 

statement of the problem. Figure 6 shows the mesh used ^nd the 

point under the load for which the normal displacement is plotted. 

Figure 7 shows the normal deflection under the peak load as a function 

of time. The results from the present work and the other three com- 

putations are virtually identical. In view of the differences in 

these programs, both in space and time integrations, these results 

must be considered as correct and as a verification of all four 

efforts. 

SLADE and the STAR program, a finite difference program at Lockheed, 

both use explicit time integration schemes. while DYNAS0R and 

SAB0R3/DRASTICII both use implicit time integration schemes. The 

critical time step for this problem is controlled by meridional 

bending at the small end of the cone. Expression (32) gives a 

critical time step of 1.03 usec and a time step of 1 usec was used 

in this analysis. A calculation made with a 1.06 usec time step 

diverged. 

While there does not presently exist enough information for timing 

comparisons with other schemes, it is clear that explicit methods 

are much faster per step than implicit methods. They are, however, 

constrained to function with very small time steps.  It is interest- 

ing to note that whenever an explicit time integration method is 

used on a problem where high frequencies dominate, they are invariably 
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used with time steps that are equal to or less than the critical 

time step of the explicit central difference time integrator.  In 

this case, accuracies are the same. For the present results on a 

CDC6600 computer, 1890 equations of motion are integrated per cen- 

tral processor second. With nine equations at each mesh point, 

that is equivalent to 210 mesh points per central processor second 

or 756,000 mesh points per central processor hour. The integration 

subroutine is largely the product of the stiffness matrix times the 

displacement vector. This subroutine has also been coded In the CDC 

machine language. When the calculations are carried out with this 

version of the subroutine, 5700 equations of motion are integrated 

per central processor second, or 630 mesh points per central pro- 

cessor second. 
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6.  CONCLUSIONS 

The present work has demonstrated a very viable transient dynanic 

response approach. It is based on the simplest of mass matrices 

and time integration schemes. The frequently heard complaint of 

instability is easily resolved by a study of stability and in prac- 

tice the; time step constraint is contained internally in the com- 

puter program and used to check the users requested time step and 

reduce it as necessary.  It is a one-time operation that remains 

valid throughout the integration. The diagonal mass matrix is 

indistinguishable from its nondiagonal parent in the results and 

is much easier to handle from a computational and storage stand- 

point. 

While this work was undertaken to provide a mass matrix for the 

shell element in SLADE, the approach is applicable to a wide class 

of shell elements. The bending behavior of virtually all shell 

elements when taken as flat and in one dimension is that of a beam 

element with cubic displacement assumptions and the membrane be- 

havior will be that of a bar element with linear, quadratic or 

cubic displacement assumptions. Whenever this is the case, the 

present results apply. 
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EFFECTS OF RISE TIME AND DAMPING 
ON FINITE ELEKC.NT ANALYSIS OF RESPONSE OF STRUCTURES 

J. J. FARRELL AND P. K. DAI 
TRW Systems Group 

This paper discusses the results of some sensitivity studies on 
the effects of rise time and viscous damping on the output of a linear 
finite element code. The rerults are interpreted by means of modal 
analysis of the finite element model. Approximate methods are presented 
for the determination of the highest modal frequency of a uniform grid 
and spurious oscillations at the highest modal frequency are correlated 
to the shock spectrum of the forcing function. The effect of damping on 
shock propagation is described 1n modal terms. Finally, the effects of 
modal participation of the forcing function upon finite element models 
of continua are mentioned. 

* Member of Technical Staff, TRW Systems Group 
** Head, Protective Construction Section, TRW Systems Group 
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INTRODUCTION 

There has been considerable Interest in recent years, 1n the 
determination of dynamic response of half burled and/or burled structures 
to air blast and ground shock loading Induced by the detonation of 
nuclear weapons or high explosives. These structures are generally of the 
thick wall constriction as they are "hardened" against the blast and shock 
environments. Tb<j Important task of determining the response of such 
structures 1s not only 1n the evaluation of structural integrity under 
the severe blast and shock environments but also in the understanding of 
transfer of shock environment from the surrounding medium Into the 
structures as various mechanical, electrical and electronic components 
are mounted (either hard mounted or shock isoUted) to the Interior of 
the structures. Consequently, the response analysis must Include both 
the gross response of the structure and the stress wave propagation 1n 
the material. In other words, stress in the thickness direction cannot 
be Ignored. 

Various njmerlcal methods (e.g., spring-mass model and finite 
difference methods) have been used in the past 1n the study of this 
problem. The "1n1te element approach has been used, in recent year", in 
the response aialysis of this structure-medium Interaction problem. In 
using the finite element method for analyzing such a problem, two quest- 
Ions were frequently raised: 

• What are the criteria for selecting the grid size? 

• How should damping be considered? 

This paper will attempt to address Itself to both of these questions. 
References 1) and 2) which refer to spring-mass models, orovlded the 
perspective from which the finite element discretization effects were 
assessed. Reference 3) describes the effects of orooortlonal damping 
without particular reference to shock propagation. 

CONSIDERATION OF KISE TIME IN THE SELECTION OF GRID SIZE 

Typically, the blast and shoci; ioading considered in the response 
analysis, as shown in Figure 1, has a short rise time, usually on the 
order of a fraction of a millisecond to a few milliseconds. When a shock 
load of this type Is applied to a finite element model of a soil-struc- 
ture complex as shown in Figure 2, spurious oscillations always occur. 
Such oscillations are spurious because they do not represent the physical 
motion of the continuum. Generally, they are caused by the dispersion 
and the filtering effects of the discrete elements. Such oscillations 
may be minlzed selecting the mesh size Intelligently. Oscillations in 
one part of a mesh propagate Into other regions as time passes. Conse- 
quently, the usual static procedure of placing more elements in regions 
of stress concentrations is not always the best method of selecting a 
mesh. This means that the grid of finite elements must be nearly uniform. 
Also, shock fronts in uniform grids tend to be "smeared out" across 
several elements. Such a filtering effect of the force pulse seems to 
Indicate that 1f the rise time 1s short compared with the transit time 
across an element, similar response will be obtained when Impulses of 
these pulses are nearly equal. 
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FIGURE 2. TYPICAL FINITE MODEL OF UNDERGROUND STRUCTURE 
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The frequencies associated with spurious oscillations are the 
highest modal frequencies of a grid of finite elements.    For convenience 
of discussion, one-dimensional problems are used as examples.    For a 
uniform one-d1mens1onal grid, the mode shape corresponds to the highest 
frequency 1s approximately: 

{1-1   1-1 1   -1 } 

The Raylelgh quotient for the one-d1mens1onal system can be computed to 
be: 

Q(u) 
uMu m l'  4n-2 ' 

where 
1-v EA k = stiffness of one element, ;.■ rrrzi ) ~r 

m ■ mass at each node, pAL 
n = number of masses In the chains 

P 
a density 

v ■ Polsson's ratio 

E ■ Young's modulus 
L -  length of an element 
A = cross-sectional area 

As n becomes large, u becomes a good approximation to the highest mode 
shape and Q(u) approaches the value u2 of the highest mode. Consequently, 

or 

a)2 -v 4 k/m 

ID ■ 2 cd/L 

where cd Is the velocity of the dllatatlonal wave (p-wave) 

■i r(l+l)(1-2v) 

The transit time of the P-wave across an element 1s given by 

•» ■ L/cd 

and the period for the highest mode becomes: 

T 
s wt„ 
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A series of calculations were made to consider a steo pressure Dulse with 
a rise time (tr) varying from 0 to 2ir.   It was observed that relative 
minima for spurious oscillations occur approximately at the minima for the 
shock spectra of the highest frequency mode of a grid of finite elements. 
A strong correlation between the shock spectrum of a pressure pulse and 
the extent of the spurious oscillation can then be established.   This 
enables one to "tune" the grid size to the relative minima of the shock 
spectra of the applied forces.   For examole, Figure 4 shows shock soectra 
for the calculation on a one-d1mens1onal finite elercant qrld as shown 1n 
Figure 3.    It can be seen that 1f element sizes (tr/x) are selected 1n 
such a way that relative minima of shock spectra can be obtained the 
spurious oscillations can be minimized. 

I 

For good numerical accuracy, the time steo for numerical Integration 
can be taken to be less than or equal to 1/20 of the shortest element 
transit time.   Figures 5, 6, and 7 shew the time histories of stress which 
were computed.   These figures Illustrate two trends:   First overshoot due 
to discretization 1s a function of depth; second, depending uoon rise time 
overshoot may be greater at depth than at the surface.   One exolanatlon of 
these effects 1s that deeper elements participate more strongly 1n slight- 
ly lower frequency modes and hence, may have either higher or lower over- 
shoot depending upon the ratio ^r where T 1s the most strongly represented 

mode.   Another possibility which these flqures suggest 1s that other rise 
conditions, e.g., versed sine or cycloid could be considered when wave- 
forms other than step functions are to be modelled. 

Figure 8 shows velocity waveforms.   In qeneral, velocity overshoots 
are less than stress overshoot. 

DAMPING CONSIDERATION 

Many of the today's finite element structural and continuum dynamics 
analyses assume the proportional damolnq, that 1s 

C = oM + 6K 

1 in 
Mx + Cx + Kx = F 

Using the modal approach, one reduces the equation to 

0. 
q„ + 2Y„O„ + ul q„ ■ m ^n   'n n  n ^n  m 

n 

n 

where 
yn * 0.5 ( a + 0 wj ) 

This Indicates that If ß f 0, there 1s a possibility that low frequency 
modes might be underdamped while high frequency modes were being over- 
damped. 
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FIGURE 3.    GEOMETRY OF GRID FOR RISE-TIME SENSITIVITY STUDY 
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Critical damping occurs for the n-th mode when 

U  ■ Y n  'n 

three cases were examined. If ß «0, a ■ 2u yields the critical damping. 

This Indicates that for 6 = 0, modes with frequencies less than a/2 will 
be overdamped and those with frequencies greater than a/2 will be under- 
damped. If a = 0, ß = 2/un yields the critical damping, and modes with 

u>n < (2/e) are underdamped while higher modes, u > (2/ß) are overdamped. 

If a and ß are both nonzero, regions are defined for a and ß where the 
system 1s either overdamped or underdamped. It 1s obvious that of the 
damping coefficients a and a, only ß has the effect of damping high 
frequency components. This means that If physical effects actually cause 
a high frequency cut off then a can be used to simulate such effects. 
For most structural analyses, one finds It appropriate to consider 
C * BK if ß can be chosen properly. A series of finite element calculations 
were made to study the sensitivity of finite element solution to the 
selection of coefficient ß. Figure 9 presents some of the results. 
Three observations were made: 

• Wave propagation phenomena can not be properly simulated 
by a grid of finite elements whose highest mode Is critically 
damped. 

• Structural damping Is not effective In reducing peak spurious 
oscillations due to finite element discretization of a 
continuum. 

• Calculation of high frequency structural response using the 
finite element method requires an accurate choice of the 
damping coefficient, ß. 

Although above discussions apply primarily to linear elastic one- 
dimensional P-wave propagation, similar observations have been made on 
the spurious shear oscillations, that 1s, such oscillations can also be 
minimized by using rise times proportional to the transit time of a shear 
wave across an element. Moreover, the elastic P-wave rise-time criteria 
have been successfully applied to axlsymmetric and plane strain shock 
propagation in nonlinear media. 

Ideally, one would prefer to choose a very fine mesh of elements 
so that all pertinent wave phenomena (dilltation, shear, Raylelgh, etc.) 
could be modelled with little spurious oscillation. Unfortunately, many 
blast and shock problems do not lend themselves to very fine grids. Some- 
times one may use a priori knowledge of physics or test results to reduce 
the number of finite elements. For example,-explosions in underground 
cavities are known to cause shock which has longer rise times at greater 
ranges. Hence, a grid having larger elements at greater range is appro- 
priate. On the other hand, the modelling of the high frequency response 
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of a stress gage in a cavity requires a different approach. Figure 10 
shows these two problems which are modelled by the same grid under dif- 
ferent loading conditions. In one case (the contained explosion) the 
grid 1s appropriate. In the other case (the high frequency stress gage) 
the grid Is Inappropriate. The reasons for the differences are threefold. 

• The physics of undergrouna explosions, as verified by test, 
is such that the high frequency content of the groundshock 
is attenuated with range (by both linear and nonlinear effects). 

• The goals of the two analyses could be different i.e., low 
frequency displacements for the underground explosion vs 
high frequency changes in stress. 

• The loading conditions are such that the grid adequately models 
the participation of the near cavity elements for the under- 
ground explosion while the coarse exterior grid limits the high 
frequency participation of the cavity under an external load. 

CONCLUSION 

If one considers the following effects, one has a better chance of 
achieving ones computational goals economically by finite element analyses: 

• Finite element grids cannot prooagate shocks whose frequency 
content 1s higher than the highest modal frequency of the 
grid. 

• Spurious oscillation associated with the highest modal fre- 
quencies of a finite element mesh may be minimized by tuning 
the grid to the forcing function by shock spectral considera- 
tions.* 

• "me modal participations of the forcing functions and critical 
elements should be weighed carefully against computational 
goals when grids are made nonuniform for economic reasons. 

• Structural damping becomes highly Important for high frequency 
shocks; sharp shocks cannot propagate in and overdamped mode. 

* Vector plots showlnq the sDatial velocity field or stress field* are 
most easily interpreted 1f spurious oscillations are suooressed. More- 
over spurious oscillations on codes with nonlinear material finite *le- 
ments can cause Irreversible nonlinear effects. 
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AN APPLICATION OF FINITE ELEMENT METHODS 
TO PANEL FLUTTER OPTIMIZATION 

Terry A. Wetsshaar 
University of Maryland* 

This paper presents the results of an aeroelastlc optimization study. 
The weight of a pßnel In high Mach number supersonic flow Is minimized subject 
to the requirement that the critical aerodynamic parameter for flutter be 
held within prescribed limits. Panel equilibrium Is described with finite 
element techniques. The study shows that finite element techniques, when used 
together with standard optimization methods, yield accurate results to this 
difficult problem. The numerical results of the investigation are compared 
to other converged numerical results to illustrate accuracy. The optimization 
mechanism itself is studied and discussed to provide qualitative results which 
may be applied to other aeroelastlc optimization problems. The results of the 
paper show that, with an effective finite element model, weight savings and 
mass distributions found with finite element methods are comparable to those 
found by more complicated methods. 

Nomenclature 

f 
I 

A..,a.. = System and element aerodynamic matrix elements, respectively 
J  (nondimensional) 

9 

D(x) 

9| 

» Plate chordwise dimension 

- Plate chordwise bending stiffness 

- Constraint boundary derivatives (dA /at.) 
cr   is 

grad( ) = Gradient of a function with respect to design variables 

J ■ Objective  Junction 

K-. .,k..  = Syst—• and tapered element stiffness matrix elements,  respectively 
(nondimensional) 

m(x) 

MR 

Mass per unit area 

Mass ratio (equation 13) 

M..,m.. ■ System and tapered element mass matrix elements,  respectively 
J (nondimensional) 

''o 

= Number of equal-length tapered elements used in panel model 

* Dynamic pressure  (equation 5) 

* Nondimensional panel nodal displacements 

= Elements of step direction vector 

* Assistant Professor, Aerospace Engineering 
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t. ■ Design variable,  nonclimetis!on? 1  nodal  thickness 

T(x)        = Dimensional   thickness 

w. ■ Elements of the gradient of the unconstrained objective function 

x = Nondimenslonal  chordwise coordinate    (x = x/a) 

c = Panel oscillation frequency 

Y. = Tapered element nondimensionai nodal dlsolacement  (Fig.  2) 

6, = Ratio of face-sheet mass to total mass,   reference panel 

e = Optimization step size 

X = Aerodynamic parameter  (equation 5) 

* « Time . 

u, = Reference frequency, ir2(D /ma )"    (equation k) 

\ \ = Column matrix 

L j = Row matrix 

[  ] = Square matrix 

1.0 Introduction 

The aeroelastic optimization of structures involves the combination of 
two—-«II-developed, sophisticated scientific disciplines; aeroelasticity and 
optimization. This paper will study a Dane I flutter optimization problem and 
discuss the results together with some of the difficulties encountered. The 
term "panel flutter optimization", as used in this paper, refers to the 
search for a least-weight design of a panel in high Mach number supersonic flow. 
The search for this optimum design is constrained by the requirement that a 
critical aerodynamic parameter for flutter be held within specified design 
1Imits. 

Panel flutter optimization studies are of recent origin. Ashley and 
Mcintosh (Ref. 1) presented a differential equation approach to panel flutter 
optimization.  In their analysis, the equilibrium differential equations and 
the associated eigenvalues were treated as constraints.  Variat'onal calculus 
methods provided the equations necessary for panel optimalIty. However, they 
did not present a solution to their equations. The differential equation, 
with variational calculus, approach used In Ref. I has both advantages and 
difficulties. The primary advantage of this approach is that a great deal of 
useful information about the mathematical properties of the optimum solution 
may be found.  If a solution can be found, it often provides useful Insight 
into other, more sophisticated problems. The main difficulties of this 
approach arise from the face that only relatively simple structures may be 
described with differential equations. Also, although the governing equations 
are easily found, their solution is usually difficult. Two-point, nonlinear 
boundary value problems are encountered and often must be solved by numerical 
techniques. The convergence of these techniques are  not always assured. 
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Turner (Ref.  2) approached the pirel  flutter optimization In a different 
manner.    His panel model consisted of a series of finite elements« each with 
a different constant thickness.    He then used  the  resulting matrix equations 
and variational methods to iteratively solve for a  least-weight design.    The 
numerical calculations  included only several design variables and the weight 
savings were  insignificant.    More  importantly,  however.  Turner studied the 
governing equations and deduced the presence of a  least-weight design whose 
mass distribution  is symmetric about  the panel midchord.    While  this approach 
sacrifice» sow« solution accuracy,   it does eliminate some of the difficulties 
encountered with the differential equation approach.    However,  Turner's approach 
to the optimization portion of the proulem Is also subject tc convergence dif- 
ficulties. 

Another recent study (Ref.  3)  presented a converged numerical  solution 
to a panel  flutter optimization problem.    This study used the differential 
equation approach of Ref.   I.    There are several characteristics of this solu- 
tion which determined the choice of a  finite element model  for the present 
study.    First of all,  the boundary conditions of the problem show that the panel 
thickness,   in the absence of a minimum thickness  requirement, must be zero at 
both the  leading and trailing edges.    Also,  the  resulting  least-weight thick- 
ness distribution changes drastically from one panel chordwise position to 
another.    A panel which  is composed of uniform thickness elements  Is   incapable 
of satisfying the zero-thickness boundary conditions.    Because of this, an 
element whose thickness varies  linearly from one end  to the other was chosen 
to model  the system.    A preliminary study in Ref.  3 showed good  results 
were Dossible with this "tapered element" approach.    The study was,  however, 
not comprehensive.    The present study seeks to  incorporate all  the best 
features of the previous worU in panel  flutter ontimization to demonstrate a 
method whose attributes are ease of application and accuracy of  results. 

2.0    The Panel  Flutter Problem 

Figure   I  shows a panel with supersonic airflow on one side and "dead" air 
on the other.    The panel  rests on simple supports and is of sufficiently  large 
extent  in the spanwise direction  that  its behavior may be considered  that of 
a one-dimensional or semi-infinite panel.     If the Mach number is greater than 
1.6,   then one-dimensional,   linearized, quasi-steady,  supersonic theory will 
adequately describe the airloads generated by panel oscillation  (Ref.  '•). 
The elastic and  inertial behavior of  the panel   is described by one dimensional 
plate equations.    Thus,  the plate equations are  identical  to beam equations 
with    0(x)     substituted for the bending stiffness and    m(x)     substituted  for 
mass per unit  length.    This study will consider a panel composed of two 
variable thickness  face-sheets with a uniform sheet of nonstructural material 
sandwiched between them. 

3ecause of the,sandwich construction,   the plate bending stiffness  is 
proportional  to the lace-sheet thickness, 
stiffness,   then 

Sid. lid. C(.) 
D      _    T tW 

o o 

If    D0    represents a reference plate 

(0 
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FIG   1 ONE-DIMENSIONAL     PANEL    FLUTTER    MODEL 

0 

FIG   2 FINITE    ELEMENT    MODEL 
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The variable    t(x)    is a nondlmenslonal face-sheet thickness.    Similarly,  the 
mass per unit area may be non imenslonai'zed. 

iM 
m 6,t(x)  + (I  - Ö,) (2) 

The constant   6,     is the ratio of the total weight of the face-sheets of a 
uniform-thickness,  reference panel  to the total weight of the reference panel. 

Consider a panel centerline displacement of the form 

W(X,T) = 5(x)elaT (3) 

where    a    Is,   In general, a complex number    a =   u>+ iß.    The differential 
equation of equiliL*)'     "or the panel can be w-itten in nondimensional  form 
as  (Ref. **, pp. Jil8-'i../ 

2 
(t«")" + \0C  +(f$M*4- -^-jMSjt + (I  - 6,))5(x) = 0        (<,) 

r 

where  u>r     is a reference frequency.   The symbol  ( )' denotes differentiation with 
respect to x.    The parameter    A0    is an aerodynamic parameter given by 

X    = 2q aVD  (M    -   D2 
o o    ' o 

while g , the aerodynamic damping parameter, is given by 

90 - (M2 - 2)pU/moo)r(M2 -  l)3/2 

(5) 

(6) 

where    p   and    U   are the air density and speed,   respectively. 

If    t(x)     is equal  to unity, equation  ('»)   is the equi 1 ibriurn equation 
of a  reference panel, with constant  thickness face-sheets, oscillating  in 
supersonic flow.    For a given value of    ga,    the value of the frequency, o 
is a function of X0 .    The stability problem is simplified considerably if 
is equal to zero.    Since the case where    g0   equals zero represents a realistic 
problem (Ref. k, p.  '»22),   this assumption will be used throughout this paper. 
For a certain range of values, with zero aerodynamic damping, 

9a 

0< X 
cr 

all  values of   a    are  real and distinct.    However,   for :he value     X0 =xer the 
first two frequencies merge or become equal.    For X0> vcr the  lowest two 
frequencies,     o,   and  o2 ,    are complex conjugates of one another.    Because 
of equation  (3),  the motion,  for values of   X0    above     Xcr;    will be divergent 
with time.    Thus    Xcr    corresponds to a situation where the Dane! motion  is 
neutrally stable.    Neutral stability,  for a uniform thickness or reference 
panel,   is found to occur (Ref. *(,  p.  *i22) when 
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Xcr^3.52w^ 
(7) 

The design problem involves  the search for a  least-weight oanel  design whose 
critical  value  Xcr       is  the same as  that of the heavier reference panel. 

Olson  (Ref. 5)  solved the uniform thickness, one-dimensional,  panel 
flutter problem with a finite element description of the panel  and  the air- 
loads.    His  results showed that    Xcr     could be determined accurately with 
Onlv a   few  elenwntt       Th»  »-..-*      »     ■ only a few elements 
ai rload matrix. 

 ». —   u\~\-\J i a ic i y   Wien 

The present study uses Olson's consistently derived 

2.1     The  Finite Element Model 

For oscillatory motion of the  type  given  in equation   (3),   the nondimensional 
oanel equilibrium matrix equation,  equivalent  to equation   (*),   is   (Ref.  5) 

,(t)2;N + N+xo[A«j] =    0 (8) 

The variables    qj     are nondimensional  displacements and  rotations at the panel 
node points.    The matrices    [Mi»] , [K»] ,    and    [An]     are nondimensional 
nass,  stiffness and aerodynamic matrices,   resDectively.    A typical  element for 
the panel   is shown   in  Fig.  2.     This element  has a  face-sheet  thickness which 
varies   linearly from one node point  to another.     The panel model  consists of a 
series of    n    of these  tapered elements,   connected  to each other at  their node 
points.    The modal deflection    £(x)    of an element  is assumed to be a  third 
order polynom'^I,  just as was done by Turner  in Ref.  2.    The element stiffness 
and mass matrices were  rederived  in nondimensional   form by considering the 
strain energy and kinetic energy of the  tanered element.     In one  form or 
another,   these  tapered element matrices are well-known.     The nondimensional 
element matrices  for the  tapered element shown   in Fig.   2 are given by 

[SU= ^ 

P a 1,2, *• * n ,    , 
1   (Symmetric) 5Z* 

where    f,   - I +  6,(t, -   |~  and    z = |/n. 

(9a) 
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H 
2t 
_£ 
z3 

2z 

3z 

2 
•3z 

6 

+ JB1L 

(Symmetric) 

6 2z -6 

3z 

2 
z 

•3z 

2 
2z 

2z 

2 
■2z 

6 

1« 

2 
z 

2 (Symmetric) 3z 

The element airload matrix  Is,   from Ref.  5, 

['"] 

1 z 1 z 
2 10 2 10 

2 
n X. z 

10 60 

1 z 
2 10 

(9b) 

(9c) 

(anti-symmetric)    0 

Element equilibrium is,   in terms of these matrices,  given by 

[-<t,2*>ul ♦ h,| -.hi] do) 

By using a compatibility matrix and the simple support boundary cortdi- 
tions,   these matrices may be used to form the system matrices    [MjJ , LKJ:] > 
and   [Au]      in equation  (8).    The nondimenstonal  thickness parameters at each 
node point,    tj,    are design variables.    The value of  Acr     is determined  in 
the manner described  in Section 2.0.    For a given value of   6, ,    the value of 

i Xe      Is a function of the design variables,    t,. 

X«r= *(«rt,) (ID 

2.2    The Objective Function 

The object of this study is to reduce panel weight by varying only the face- 
sheet thickness.    A meas   -e of the panel  face-sheet weight  is given by 

/t(x) dx (12) 

The  Integral    J    represents  the ratio of the  face-sheet weight of a variable 
thickness panel  to the face-sheet weight of the  reference panel.    The  ratio of 
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the total weight of a variable thickness panel to that of the reference panel 
is called the mass ratio, MR. 

MR = <5 y*t(x)dx + (!-«,) (13) 

Since the nonstructural mass is not disturbed, the only way to reduce the mass 
ratio is to reduce J. With a tapered element approach, the objective function 
is given by 

■{'VW* i-) (14) 

For the reference panel,    J    is equal  to unity.    The objective of this study 
will be to find a minimum value of    J,    as defined by equation  (!'♦)*  subject to 
the flutter parameter constraint. 

2.3    The Flutter Parameter Constraint 

The search for a minimum to   .re objective function defined  in equation  (1*0 
is constrained by the  requirement that the flutter parameter be held within 
design  limits.    Theoretically,  the design requirements are that the  itast 
weight: panel have a value    Xer    equal  to that of a simile»-,  uniform thickness, 
refert-i ce panel.    But, because of  linear approximations used  in the optimiza- 
tion procedure,   the flutter constraint will,   in practice, be an  inequality 
constraint. 

I <   *cr <  X. 

xi=(0.995)xref 

X2=(1.005)Aref 

(15) 

The value >  - is the flutter parameter for the reference panel. Thus, a 
0.5% variance on either side of the reference value is permissible.  If, at any 
time, the value of  Xcr for the variable thickness pane! falls outside these 
limits., the design must be modified to bring it back within design specifica- 
tions of equation (15). X ref wiil be determined by finite element analysis. 

The derivatives of the theoretical design constraint,    *cr   = constant, 
with respect to changes  in design variables, are necessary to the optimization 
procedure.    These derivatives are calculated by perturbing, one at a time, 
each value of    tj    by an amount   Atj.    The value of XCr      due to this 
perturbation  is  then used to calculate the derivative. 

*xcr  „ AX 
at.   = At. 

cr 
(16) 
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l.k    Thg Optimization Problem 

Two possible approaches to the optimization portion of the problem are 
available. The first approach is to convert the constrained minimization 
problem to an unconstrained minimization problem. This method is called 
elimination (Ref. 6). The constraint that Acr  be fixed at a certain value 
during optimization may be expressed mathematically as 

n+! 

cr  4L. at. 
1=1  • 

t,-0 (17) 

In terms of finite, small, design variable changes At., a truncated Taylor 
series gives 

n+l 

AXcr*S ^fAti = ?9iAt? = 0 (IS) 

Equation (18) may be used to eliminate one of the design variable changes. 

Since  the objective function  is given by equation  (1*0,  changes   in    J 
are given by 

n 

AJ » (Atj   +Atn+,)/2n +   X,At./n (19a) 
1=2 

For simplification let us define new coefficients such that 
n+l 

AJ * YL  wi^i 
i = l 

(15b) 

Thase coefficients    Wj    are elements of trie gradient of    J.    Equation  (18) 
may be used to eliminate a design variable change,  call   it   At, ,     from equation 
(19b).    Equation  (19b)   then becomes 

n+l 

AJ =   LGi <i -L-SjJA'iJ I i k 

where 

G.  = (w.g.   - w. g.)/g. 

(20a) 

(20b) 

The matrix elements    Gj    are also those of a gradient of    .1,    but with the con- 
straints  included. 
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A combination of design variable changes must be determined which reduces 
the value of the objective function.    That Is, a vector of design variable 
changes   At.    must be formed such that A J,    given in equation (20a)  is 
negative.     If one  thinks of searching through a multi-dimensional design space, 
then a "direction vector" is found to guide the search from one desicyi to 
another,  lesser weight design.    The step direction vector given by    jSJ      can 
be formed in many different ways, each with its own advantages and disadvantages. 
In terms of    |s|  ,    the design variables changes are given by 

{At,} -e{s,} (2.) 

where   e    is a constant which determines the step size.    Note that in the 
unconstrained problem,    js}      is an n-dimensional  vector.    The change   At. 
can then be calculated from equation  (18). 

Rubin  (Ref.  7) presented an automated method for solving constrained 
natural  frequency problems.    He chose his step direction vector as 

H- ' '      t.G.J i  i k (22) 
|Gi| max 

This method was used with good results in Ref. 3 for a panel flutter optimiza- 
tion problem with a large minimum thickness constraint. 

Many different optimization techniques are discussed in a recent book by 
Fox (Ref. 8). One method which was found effective in th's study was the 
Fletcher-Reeves or conjugate gradient method (Ref. 8, pp. 87-89). This method 
eliminates some difficulties which are  encountered with the steepest descent 
method. The Fletcher-Reeves method chooses |S|  as follows. 

S.I   =-|G:    +ß|sj (23) 
Jnew new   I     »old 

The constant 6 is found from the relation 

n+l       n+1 
ß=    E(Gi}      /Z>i>2 I /k (Hi) 

i=| new   i=l old 

In addition to the elimination method, a second method of approaching the 
optimization problem exists. This approach does not directly eliminate the 
constraints. Instead, the constraints are incorporated into the oirection 
finding problem directiy. With this approach, the vector jf sj  is an n + l 
dimensional vector. One such method of finding a step direction Is the method 
of feasible directions (Ref. 9)* This technique has been used with excellent 
results on other flutter optimization problems (Ref. 10). An easily readable 
explanation of this technique is also given in Ref. 8. The choice of a step 
direction is shown to be an optimization problem in itself. 
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A simplification of the feasible directions technique reduces It to a 
gradient projection method.   A complete discussion of the mathematical aspects 
of this technique are given by Fox (Ref. 8, pp.  179-196).    The step direction 
is determined by the relation 

-grad (j) - c(grad (*cr)) (25) 

where the elements of grad J are w, and the elements of grad A_ «re 
the n ♦ I partial derivatives in equation (16). With equation (25), all 
components of   grad J   parallel  to the normal to the constraint boundary 
'er ■ constant   are subtracted from that vector.    The constant,    c,    in 

equation (25)  is then determined by the relation 

L Sjjgred ( A^)    - 0 (26) 

It should be noted that if grad A 
then no progress can be made because CSf 

grad (J) ♦ c(grad (xcr)) -   0 

Is a linear function of   grad J, 
> 0-.    The relation 

(27) 

is related to the Kuhn-Tucker condition for a local minimum. Geometrically, 
equation (27) expresses the fact that the gredient of J Is expressible as 
a linear function of the gradient of the constraint, which Is normal to the 
boundary *er - constant. Thus, there is no possible way to reduce the 
objective function without violating the constraint (Ref. 8, pp. 167-171). 
This Kuhn-Tucker condition is helpful in determining how close one Is to an 
optimum design. 

3.0 Computational Approach 

The previous discussion end the number of references cited shows that 
there Is  a wealth of information on all aspects of the problem. The aero- 
elastic analysis techniques with finite element methods, the finite element 
analysis itself and the optimization logic are all readily available. The 
combination of all these techniques Into e computational design algorithm Is 
the next step in the analysis. 

The techniques necessary to analyze the panel flutter problem, to form 
the direction vector and to calculate the step size c were programmed for the 
computer. The program has these basic features 

(a) A—  is determined from the analysis of a uniform thickness panel 
with a number of elements, n, equal to that of the panel being 
optimized. 

(b) The variables g. - 3A /at( are calculated for the design. 

(cj One of the three methods outlined In the previous section Is used 
to find a step direction. 

(d) A step size e Is calculated such that the objective function Is 
reduced by a given percentage. 
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(•)    The design variables «re modified by an amount  At.* 

(f) X       for the new design Is calculated. 

(g) If   x       fall» outside the design constraint units,  it Is modified 
by a gradient method.    If the desired change in   X        is cr 

n+l 

A*cr-2 9, 'l (28-> 

and 

At, -M9, (28b) 

then 
n+l 

»•A»   /£<9|>2 (28c) 
cr    l-l    ' 

(h)    If the design constraint is satisfied then the operation begins 
with step (b) and a new set of design variables. 

Steps (f) and (g) are necessary because the functional relationship between 
and the design variables At;    Is nonlinear.    Tha design modifications 

At|    represent linear steps along a nonlinear constraint boundary.    If these 
steps are two large, th« design variables will result in a value Xcr      which 
grossly violates the design specifications.    Therefore,  the decrease In the 
objective function cannot be too rapid. 

3.1    Results 

The initial study of a uniform thickness panel and other symmetric panels 
showed that the element, g. are symmetric about the mldchord, x * (1/2). 
Thet is ' 

g,(x) " g,(i - x) (29) 

Since .the uniform thickness panel is symmetric and Is the initial design, the 
optimization procedures outlined can never yield a nonsymmetric design. This 
fact agrees with Turner's comments in Kef. 2. This symmetry property can be 
used to reduce the amount of computation for an n element panel. If n 
!; *n even number, only I + n/2 values of g. are necessary. 

The value of g, at the leading edge Is, for the reference panel, much 
smaller than other values g, at different panel locations. This relative 
Insensitivity of Xcr to design variable changes at the leading and 
trailing edges can be e source of error. If the design variable Is not 
perturbed sufficiently, the value of gi may be subject to numerical roundoff 
errors. An examination of the optimization methods outlined shows qualitatively 
that the design variables associated with the smallest values g( will 
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decrease in magnitude while those associated with the largest values    gf 
will  increase hi magnitude. 

The majority of the  investigation was done with four and six element 
models.    In ell cases the end thicknesses tended to decrease from one design 
step to another.    The Fletcher-Reeves method and the feasible direction 
method decreased the end thicknesses much faster than the gradient method 
suggested by Rubin.    Because of the possibility thet ineccuracy In determining 
the values of   gi    at the ends might lead to inaccuracy in determining the 
optimum design,  the author wanted to eliminate these variables from the 
design process as quickly as possible.    For this reason, Rubin's gradient 
method was not used except in the eerly stages of the investigation.   Also, 
because the value of the design variables at the ends approached zero, as 
predicted by the analytic analysis, a minimum thickness constraint is neces- 
sary to guard against meaningless results.    This constraint is expressed 
mathematically as 

<i * 'min <3°> 

In this investigation, t .  was taken as 0.10. mm 

Using a six-element model and  Identical starting conditions,  the Fletcher- 
Reeves method and the feasible directions nut hod were compared.    Figure j 
shows the results of the first few, completely automated, design cycles.    The 
values of mass ratio and   Xcr    are plotted versus design cycle.    Since  6, 
is equal  to unity,  the objective function and the mass ratio are  identical. 
When    \Cr falls outside the allowable range,  the design is modified.    This 
results In a slight weight  increase.    From Fig.  3,  it is seen that both methods 
are of equivalent accuracy.    A 1.5% improvement or decrease in the objective 
function  Is requested for each design cycle. 

The formulation and logic used in the feasible directions technique has 
a slight advantage over the Fletcher-Reeves method in that the gradient of 
Acr   not only provides a measure of how the design process  in progressing, 
but  it provides qualitative information on the next design step.    This 
Information is useful when   Interaction with the computer is desired.    The 
designer can  intervene with the design process at any step and modify the 
design logic. 

After the objective function had been reduced by about  10%,  the author 
used the feasible direction method to achieve better designs.    The amount of 
objective function improvement requested at this point was of the order of 
0.25 to 0.50%.    Larger reque«ts fo»' ffsprovcinent were found to be Inefficient 
bsccus« of unacceptable    Xcr   fluctuations 

Typically, on all models analyzed,  the design variables fluctuated as the 
optimum value of   J   was approached.    This could occur If the value of the 
objective function Is not sensitive to the constraint near the optimum while 
the design variables themselves are rather sensitive.    This sensitivity Wv3 
more pronounced with larger numbers of elements. 
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Figure k shows how a typical design progresses from a uniform panel to a 
lesser weight panel.    Figure 5 shows the final designs found with k, 6 and 10 
elements.    Some further improvement In these designs is possible but, with the 
techniques used, was thought to be uneconomical.    Table I below shows, for a 
six-element model, the initial values of 
compared to the gradient of   J. 

g.    and the final values of   g. 

TA8LE  1 

A Comparison of   gj    Values Before and After Panel Optimization 
6-element Node I,    6 I I, 'mln'0'10 

n x grad J 
(n x wj) 

9{ 
(Reference panel) (Final Design) 

Design 
Variable 

0.5 5.62 29.8 1 

1.0 56.9 69.8 2 

1.0 85.0 62.8 3 
1.0 63.1 65.9 k 

1.0 85.0 62.4 5 
1.0 56.9 69.8 6 

0.5 5.62 29.8 7 

A measure of the eccuracy of this method Is provided by the comparison 
in Fig. 6. The converged solution for a panel obtained from Ref. 3 Is compared 
to the best finite element solution obtained for a panel with Identical 
parameters. The mass ratio for the converged solution is MR * 0.885 while 
the mays retio for the finite element solution is slightly greater than 0.910. 
This Is a difference of 2.5%. 

Some difficulty wes experienced when working with ierge numbers of 
elements. More difficulty was experienced with the calculation of the gj 
-lements when using ten elements then with four elements. This can be caused 
by a number of numerical difficulties. The important aspect of this problem 
is that It does exist end probably prevents the generation of more accurate 
results. This gj calculation Is an area where Improvement possibly can be 
made. Rubin (Ref. 7) used analytical expressions for frequency gradients in 
his work. The use of e similar technique for the panel flutter problem to 
calculate gf Is hampered by the feet that flutter occurs when two frequencies 
merge. This fector considerably complicates the mathematical aspects of the 
problem. 

fr.O Conclusions 

The results of this study and the comparison with e converged numerical 
result shows that finite element techniques provide accurate models for the 
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flutter optimization problem. Weight savings up to 12% have been shown. 
The ultimate accuracy of the method Is dependent on the ability of the 
finite element model to adequately describe the actual optimal design. A 
recent flutter optimization study by Cralg (Ref. U) used a series of 
uniform thickness elements to model the panel. This approach Is similar to 
Turner's except that Cralg used a gradient projection technique in the 
optimization portion of the problem. Crafg shows weight savings of around 
k%.    The present study uses an optimization technique similar to Cralg's but» 
the use of the tapered element results In weight savings of more than twice 
that shown by Craig for a comparable problem. Thus, the main difference appears 
to be in the choice of the finite element model. 

The great advantage of the finite element approach over the differential 
equation approach is that very little Insight is necessary to generate good 
solutions. Convergence difficulties do not occur with finite element panel 
flutter optimization until near the optimal design. Some theoretical aspects 
of the problem are  sacrificed with the finite element approach, but this Is 
far overshadowed by the fact that a reasonable solution can be found. In 
addition, the model of the panel may be easily made more sophisticated and 
realistic by the addition of such effects as shear stiffness or the Inclusion 
of different boundary conditions. This can be done without significant 
alterations in the computer program logic. 

Additional improvements In optimization logic and the calculation of 
constraint gradients can undoubtedly be made. This should Improve the solu- 
tion and reduce the number of design cycles required. More importantly, this 
study shows that, given a suitable element, finite element techniques can be 
competitive with other, more complicated optimal structural design techniques. 
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THE USE OF OPTIMALITY CRITERIA IN 
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Research in the field of structural optimization in the past decade has 
led to the development of a number of methods for the automated design 
of structures of least weight subjected to a multiplicity of loads.   These 
methods which have been principally based upon the use of various algor- 
ithmic forms of numerical search have achieved a considerable measure of 
success for smaller scale problems.   Such methods do suffer from the major 
disadvantage that computational costs increase rapidly with problem size, 
tending to impose an economic limit on the complexity of the rtructures 
which can be optimized.    In order to circumvent these economic limita- 
tions, thi entire problem of structural optimization has been reviewed. 
A novel approach to the least weight design of indeterminate structures 
under multiple loading conditions with strength, displacement and fabrica- 
tion^ constraints has been developed which overcomes many of the short- 
comings of direct numerical search methods.   Details of the new approach, 
which has dramatically reduced the number of cycles compared with mathe- 
matical programming formulations are presented along with examples of 
applications to the weight optimization of representative structures.   Th« 
incorporation of other types of constraint conditions is also discussed. 

I.     INTRODUCTION 

The last decade has been a period of triumph and tragedy for the technology of 
structural optimization.   At the start of the 60's th» initial concepts of performing 
automatic optimization of complex structures were being defined and translated into 
working programs.   At the heart of this development were the finite element methods 
of structural analysis and the rapidly expanding electronic computer capabilities.   Finite 
element methods of analysis had been demonstrated to be reliable, accurate, relatively 
rapid, general in application to all classes of structures and above all, largely automatic 
in use.   Only the minimal quantity of basic data was needed to specify the problem 
and the analysis methods could generate without further assistance from the engineer 
all manner of information concerning stresses, displacements and other response phen- 
omena.   Although, in some respects, still in their infancy at that time, finite element 
methods clearly offered major advantages over other analysis procedures while posses- 
sing great development potential.   Electronic computers were also in a similar state. 

Chief Engineer, Structural Systems Department 
Tech Manager, Structural Synthesis Group 
Aerospace Engineer 
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Their basic potentialities had bean eminenily proven by the socalled first generation 
mechanic* and the second generation computers were being «widely used.   Third and 
later generation machines were being promised by the manufacturers which would reduce 
computation costs and calculation times by orders of magnitudes while providing infinitely 
large rapid access storages.   In this aura of general optimism, it was confidently assumed 
that the significant computation«! costs associated with analysis of early finite element 
problems involving less than a hundred degrees of freedom would be reduced, possibly to 
inconsequential levels for the majority of analysis pruolems    Unfortunately, the ambition 
of the engineer/analyst also increased with passage of time and he was no longer satisfied 
with the numerical results generated by the smell numbers of degrees of freedom.   Larger 
and more complex, problems were undertaken involving the handling of correspondingly 
larger matrix arrays. 

At the same time some, but not all, of the anticipated advances in computer tech- 
nology have taken place.   Computers are large and fast but the net effect to this date 
has been that the requirements of analytical complexity have consistently exceeded the 
advances in computational capabilities made available by the successive generations of 
computer».   The analyst has bean forced to solve increasingly complex problems with 
the result that analysis times and costs h**e tended to increase rather than decrease. 
It is true that more detailed information has bean generated for the more complex 
models but this ha* always been at the behest of the design engineer.   Although the 
net result jf this has been the opposite of what was generally foreseen, the view in 
the early 6Cs was that analysis cost could eventually become negligible. 

The development of operations research methods arose through the requirements for 
determining optimal process« in a wide variety of industrial applications.   Through 
application of various forms of mathematical programming techniques the determination 
of optimal values of complex functions of several variables was accomplished.    From a 
prime application in process control, the use of mathematical programming quickly 
spread te a wide variety of other disciplinary activities. 

Through us» of the one or more of the many standard and nonstandard search 
algorithms, it is possible to determine the maximum or minimum value of some specified 
merit function subject to certain constraints, in an   iterative manner.   These methods of 
directed search are, in general, far superior to random trial and error procedures and 
guarantee some form of convergence, albeit to local minima.   After each iteration, some 
form of evaluation of the merit function and constraints is necessary to determine the 
direction of the next stage of iteration. 

In light of the apparent situation with regard to anticipated analysis costs in the 
late 50's, it was a logical and brilliant step to couple mathematical programming and 
finite element analysis together to generate an automate* method for structural 
optimization (Reference 1).   Mathematical programming methods of optimization 
required repeated analysis - and finite element methods provided a rapid automatic 
low co»t pro aduw» for such analyses. 

Initially, this work met with a great degree of success, particularly with small scale 
problems.   At last it was possible to come to grips with the reel problems of design- 
stiffness as well as strength constraint conditions and fabrication«! considerations for 
structures subjected to a multiplicity of loading esses. 

Flushed with the successful demonstration of the foaaibiifty of these coupled 
procedures for constrained weight minimization, development proceeded apace.    It 
appeared that their extension to larger orcVjr problems involving up to 100 or frtore 

of freedom and/or variable» could readily be accomplished.   The field of 
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endeavor expanded, large scale problems with practical operational capabilities were 
developed (References 2 and 3), new formulations (Reference 4) of the structural 
problem investigated, new algorithms were used (Reference 5), more sophisticated 
types of problems were tackled (References 6 and 7), and the field seemed limitless. 
It was recognized with larger and more complex problems that the computational 
costs would increase.   Larger analyses were being performed and some increase in the 
numbe; of iterations to convergence was only to be expected.    It was tacitly assumed 
by many that the anticipated improvements in computers and advances in analysis 
methods would keep, the costs of the analyses to economic levels.    In addition, the 
actual increase in the number of iterative analyses would not be excessive. 

With further development, a less satisfactory situation began to emerge.    As indi- 
cated previously, the requirements for more sophisticated analyses had actually tended 
to increase rather than decrease computational costs.    In addition, the number of 
iterations required and the number of analyses per iterative stage was found to 
increase more rapidly with problem size than had been first assumed, principally due 
to the explicit or implicity need to determine the derivatives of the constraint 
functions with respect to the design variables.   Some improvements in this situation 
appeared with the reformulation of the basic constrained problem as an unconstrained 
one through the use of penalty functions of various types (References 8 and 9).   A 
greater generality of merit and constraint functions was possible than with the earliest 
constrained formulations and the use of non-derivative search methods eliminated the 
need for so many function evaluations - but the gain was more apparent than real. 
Again, as in the case of the original constrained formulation development, a considerable 
measure of success was achieved initially.   Certainly for the small test problems, the 
procedure was more efficient and the greater generality of merit function definition 
was an advantage.   On the other hand, the actual improvements were relatively small, 
and the same difficulty of rapid rise in number of constraint evaluations with problem 
size was still present*.   Although the explicit netd for derivatives was eliminated, the 
implicit requirement had the same effect in the end. 

In the 1960*4, the mathematical programming approach almost completely dominated 
the structural optimization scene.   The potential payoff in structural optimization aroused 
considerable general interest resulting in a considerable level of effort being expended by 
many researchers who approached the problem from a number of slightly different points 
of view with varying degrees of success.   By the use of new search algorithms and new 
penalty functions or by various schemes for linearization of the problem attempts were 
n*.**. to overcome the critical rise in numbers of analyses with problem size.    References 
*0 and  • 1 provide effective summaries of the many methc is used with indications of 
their capabilities.    Reference 10 documents the variations in approaches to optimization 
through the use of nonlinear programming methods whereas the papers of Reference 11 
tend to highlight some of the barriers encountered in the practical use of nonlinear 
programming approaches to structural optimization. 

In the most general terms, it was beginning to appear that there were remarkably 
low limits on the size of structure which could be handled economically by optimization 
programs.    Even the most optimistic estimate was only about 150 variables or less. 
Th is, at the end of the BO'S, a general need for structural design and optimization 
capabilities had been recognized but there appeared little immediate prospect for the 
development of more efficient nonlinear programming algorithms to overcome the economic 
barriers to widespread operational usage on real structures.   The time was now ripe for 
a new approach to tm» problem, if structural optimization was to survive as an economic 
design potential ratner than an interesting nsearch toy. 

In Reference 10, it has been estimated that the number of function evaluations may 
go as high as 7N3, where the N is the number of variables. 
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II.    NEW APPROACH TO OPTIMIZATION 

A.   Fully Stressed D«ign Mtthods 

Sin« ttw avenue of nonlinMr programming for structural optimization did not 
appear to offar the hop* of larga scale design applications, it was appropriate to recon- 
sider some of the basic concepts which are used extensively in structural design. 

Numeric»! search methods determine optimal systems in a purely empirical 
manner.   That is, a set of rules is established which will guarantee a continuous and 
monoton« decrease in a prescribed merit function, without regard to the nature of that 
function.   No preconditions concerning the optimum are specified apart from the criteria 
that is impossible or uneconomic to determine e further design which will be an improve- 
ment on the present design.   Both the strength and weakness of mathematical program- 
ming reside in this formulation.   The strength is the generality which this independence 
of pixblem type imparts; the weakness is that nc use is made of any characteristics of 
the problem which would permit a more efficient solution. 

For the structural problem, perhaps the generality and rigor are unnecessary. 
What is really required for practical design is a simple method (i.e. limited number of 
function evaluations) which may depend to rome extent upon the specialized structural 
nature of the problem and which will operate with some measure of optimal ity.   That 
h, a procedure which will rapidly produce designs better than a standard engineering 
approach but without rigorous guarantees of convergence on the optimum. 

In structural design, the classic example of this type of approach is the con- 
cept of simultaneous failure.    In this, it is assumed, intuitively, that the best design is 
one for which every possible mode of failure will occur at the same time.   Thus, if 
there are an equal number of pjssible modes of failure (constraint conditions) and 
design variables, the result will be e set of simultaneous equations (possibly nonlinear) 
whose solution will yield the best design.    If the numbers of constraints and variables 
are unequal, then a certain degree of judgement and even trial and error may be 
necessary.   This corresponds to the determination of the vertices of constraint surfaces 
in the nonlinear programming with the basic difference that the desired vertex is 
found, not by a direct search, but by direct solution of the equations generated by the 
conditions counted to obtain at the optimum.   This method has its o'jwious limitations, 
but its simpler form of fully itreisad design is widely known and used (Reference 12). 
This time-honored procedure is based upon the intuitively satisfying, although analy- 
tically unjustified assumption that in an optimal structure each member will be fully 
stressed under at least one of the loading conditions. 

The basis for the selection of this type of criterion is obvious.   Engineering 
reason clearly indicates that the best structure must be one in which each member 
is working to its utmost limit.   For the case of a statically determinate structure 
under a single or multiple loading system, it has indeed been demonstrated that the 
fully stressed design has least weight (Reference 13).   It is also fairly certain that 
this fact was demonstrated well after the concept was used in engineering design.   On 
this basis, the extension of the fully stressed concept to multiple loaded indeterminate 
structure« is a relatively simple step (Reference 14).   Unfortunately, this also has 
proved to be en unjustified assumption (Reference 1).   The paradox which exists about 
fully stressed design is that it may or may not be of minimum weight.   True, there 
is no explicit reference to weight as a merit condition in the usual stress ratio method 
of determining a fully itressed design, but this alone does not necessarily negate the 
validity of the assumption.   In many case», e fully stressed design can be determined 
whose optimal ity with respect to weight can be verified by application of the empiri- 
cal criteria used in the numerical search methods (Reference 15).   In some cases, a 
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fully stFMMd design can equally bt shown to bt heavier than tttt least weight design 
(Reference 16) and in still other cases no fully itrassad design can be found.   That 
no apparent rules exist to differentiate between these cases, except through a post 
hoc examination of the fully stressed design has been demonstrated analytically 
(Reference 17). 

In general, operational experience with fully itrassad design methods does 
indicate in the vast majority of problems, not selected for their pathological behavior, 
that the resultant design - for stress limits only - is indeed either the optimum or 
dose to it   It is also relatively easy to select problems for which the fully stressed 
design is remote from the optimum, but this is usually achieved by selecting unrealis- 
tic and dispart* allowable stresses for members which provide parallel load paths in 
a redundant structure. 

Using a simple stress-ratio redesign method, convergence on ths fully «tressed 
design will occur in one step for a statically determinate structure and will require a 
finite number of iterations for an indeterminate structure.   The number of iterations 
required for convergence is another paradoxical problem being apparently controlled 
by characteristics which are presently poorly understood.   One factor which is rela- 
tively clear, is that the number of iterations is not, in general, linked closely to the 
size and number of variables in the problem.    It is this last fact which makes the use 
of fully itrassad design so attractive.   Each redesign step is simple and in many cases, 
the convergence is extremely rapid.   The fact that a true least weight structure is not 
generated becomes of lesser importance when compared with the ease with which the 
improved design is reached (Reference 12). 

Clearly, the basis for this type of optimization which is only applicable to 
strength considerations is the a priori specification of a set of conditions to be satisfied 
by the optimal design.   That twse criteria may not be rigorously applicable at the 
optimum is of little consequence.   An a priori approach is in direct contract to a 
search algorithm in mathematical programming where the determination of an optimum 
is predicated on a strictly post hoc basis, e.g. when further improvement in merit is 
impossible, only then is the search terminated. 

From consideration of the known characteristics of the fully itressed design 
procedure, it might be concluded that the rapid convergence and the relative independence 
of the number of iterations from problem size was largely attributable to the a priori 
specification of optimality criteria.   The stress ratio method attempts to satisfy these 
arbitrary criteria and hence converges directly on the prescribed point in the design 
space without need for exploration of convexity or other use of the constraints. 

With this recognition, a new avenue of approach to structural optimization 
becomes possible, through the use of optimality criteria.    In use, this requires the 
a.'"i'on of additional criteria for each response phenomena coupled with some 
procedure which will permit the simultaneous consideration of multiple criteria. 

B.    Displacement Limited Designs 

In developing structural optimization programs, a heirarchy of priorities for 
the inclusion of different types of constraint conditions has become established.   The 
first consideration has been strength followed rioeefy by fabricational limitations (mini- 
mum material sizes) and stiffness constraints (displacement limits).   Subsequently, 
buckling, both overall and local, frequency response and static and dynamic aero- 
elasticity conditions are considered. 
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In fully stressed dwign, tht basis for the stress-ratio «design method it the 
assumption that at the optimal point, an inequality stress consttaint for en element 
becomes satisfied as an equality condition.   The same basic logic may be used for a 
displacement constraint condition. 

The first consideration of this approached was presented by Barnett and 
Hermann (Reference 18) for the optimal design of determinate trusses in which a 
value was specified for the displacement of one node point.   Berke (Reference 19) 
re-evaluated this work and proposed its application to an indeterminate structure with 
a generalized constraint   From this starting point, the optimality criteria have bean 
further generalized for indeterminate structures under multiple loading conditions with 
a multiplicity of displacement constraints (Reference 20).   In deriving these criteria, 
provision is made for the simultaneous consideration of other redesign algorithms 
associated with additional criteria appropriate to the other constraint conditions. 

The starting point for the development of this approach to minimum weight 
design is the consideration of a structure under the action of a single loading system. 

The structure is represented by an assemblage of discrete elements for 
which, initially, one stress is sufficient to describe the response behavior of each 
element   For more complex elements involving multiple stress components, the seme 
overall derivation will apply, but modified slightly to reflect the additional stress 
components.   This will be demonstrated later.   Single stress elements may be axial 
force member; or sheer panels.   For an axial member, the appropriate design variable 
is selected to be its cross-sectional aree, whareai for e plate or panel thickness is the 
chosen variable. 

Application of external loading results in internal forces S defined as the 
produce of stress and cross-sectional aree for axial members and stress and thickness 
for plates.   The internal forces in each member SjP arise as the result of the appli- 
cation of an external loading system P which may consist of a single or many load 
components.   Associated with the loading system will be displacements 8.- at all nodes 
of structure.   The value of a genera   ed displacement, which ss a special case is a 
single nodal displacement, can be determined through use of e generalized virtual load 
method. 

A virtual leading system Q, corresponding to the generalized displacement 
system in node point end direction, is applied to the structure.   The virtual work 
A arising between the virtue! system Q and the generalized displacement 6* is given 
by 

Sf SO   L, 
A - X 

i*1 AjEj 
(1) 

where S^. sfj are the forces due to the actual and virtual systems respectively 

Aj is the (variable) croa-sectional dimension 

Lj is the geometric dimension of the element and 

Ej is the appropriate elastic modulus 

Lj ,  the geometric dimension is defined by 

Lj - Vj/Aj (2) 

where Vf is the volume of the element. 
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For plate elements Lj it the superficial area and for shear panels the 
appropriate value for E,- is the shear modulus.   For the special case of a single 
displacement, the corresponding virtual loading system Q consists of a single 
unit load and hence A as calculated by Equation (1) is the value of displacement. 

it is assumed now that the variables in the structure may be divided into 
two groups - active members and passive.   Active members are those whose cross- 
sectional dimension Aj may be varied to achieve an optimized displacement limited 
design, whereas passive members wiil remain unchanged.   The basis for the allocation 
of the individual member into the two grouping will be discussed later, and has no 
influence on the derivation. 

n 
With this division Equation (1) can be rewritten es 

P -- 

*.f   £4±Ui       *«?M 
i«1 A- E-        i*m+1        A- Ei 

where the first group contains m passive members. 

(3) 

Since in subsequent manipulations, the passive members are unaltered, the 
first term of Equation (3) is replaced by A0 

%      4 _ Sf ST* L: 
0        «m+1        A- E- 

The weight of the structure W is given by 

W "   & Vi « '   £| Ai L« « <5> 

where pt is material density. 

Introducing the active and passive member grouping Equation (5) becomes 

w ■w-+ i4+i 
A' L=p' (6> 

where W0 is the weight of the passive members. 

A constraint on the allowable values of the virtual work of the load 
system 0 can be prescribed as A*, given by 

A* « £ Qj * Sf (7) 

where the summation is taken over all terms of the generalized system. 

The minimum weight structure for which the generalized displacement will 
have the specified value A* can now be determined by finding the statsonary value 
of W subject to the equality constraint. 

A - A* (8) 
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For optimization problems involving equality constraints, a Lagrange multi- 
plier approach is ideally suited. Using a Lagrange multiplier X, the problem can be 
expressed as the minimization of the function 

F - (W0 +.1       Aj Lj pj) ♦ X (. Z       tfs? Li   + A. -A*) 
i-m+1    '    ■   ' .-m+1      A. Ej 

For a minimum 

lE.o.,Lipj-x^i+x|i1<^+i!is?,J±. 
9Aj '   l A? Ej '"1    dAj 3Aj Aj E 

Sls9 L; 

(9) 

(10) 

I    » 
or 

0-LjPj-X    li_L   + X£    Cjj (11) 
Ml fci 

It is to be noted that the summation involved in the last term of Equation 
(11) must be taken am all members active and passive.   This term represents the 
redistribution of the internal forces associated with change in member size.   For a 
statically determinate structure, all Cij are zero.   For redundant structures, the terms 
dSj/      will generally be small and will tend to diminish in size rapidly moving away 
fronf Aj     the j1" memSjer. 

From Equation (11) 

Suit 
SjU-jPj + X jtl ujji 

Aj - y/ X '     '     ' (12) 
1 V     Ei(Ljp: + X X   C„) 

Substituting Lquation (12) into Equation (14) and noting Equation (8) 

4« - A„ +    ±    . 2 .m        ,      i^ Li   (LjPj+ .2, Cjj) (13) c. J   J     i«1     H 
_1 

y/2    j-m+1      y/       ~£ 
J 

Rewriting Equit:™ '13/ 

1    . .   _ s? s9 >A - Crip (j^t Lj     / J^pLo*^ Cjk») (14, 
V 

Finally substituting Equation (14) into Equation (12) 

A; - ( A*1A   ) (, i   L        iVPi (i ♦rr-jE< cik 1 a    **•        j-m+1    '     / Ej PjLj   k-1    JK 

SP;   S? (IB) 

>/EiPi(H7fL7^C|j, 

Equation (15) now represents the criteria which the variables Aj must satisfy at 
the optimum for the desired displacement constrained minimum weight design. 
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Uw of these relationships would involve the iterative determination of the 
constant X and terms C» which are the local gradients of the stresses with respect 
to the variables.   Their determination by finite differences or other means would be 
tantamount to a return to the computational situation which exists for nonlinear pro- 
gramming approaches.   Since th<y are generally small, the error introduced by setting 
all C,j to zero will be negligible.   Equation (IS) can now be rewritten as 

1        A#-A     u      t; pi        i-m+1     V Ei V 
-I "J 

(16) 
-i 

In finite element analyses, the more usual form of output from a computer 
is stress rather than element force.    Introducing elemental stress Equation (16) becomes 

: 

i. % 

( A*-A0 
] AJ v/ 

Al 
EjPj •m+l^*»   V 

o*o<- 

E;Pi 
(17) 

For a statically determinate structure, there is no redistribution of internal 
forces with variation in member size and all C» are identically zero.   Hence, Equation 
(17) is exact, and will generate the active member sizes directly for a minimum weight 
structure with its critical displacement equal to the specified value A* and ignoring any 
restraints on element sizes or stresses.   If any members have been selected as passive, 
their fixed values will be reflected in the computation of the term A0.   This procedure 
is then analogous to a constrained minimization with one main constraint (the displace- 
ment limit) and a number of side constraints. 

It has been long known that for a statically determinate structure subject to 
strength (stress) limitations only, the minimum weight design has all members either fully 
stressed or at their minimum allowable size.    If such a member satisfies the inequality 
displacement limitation, no redesign is possible or required.    If the displacement con- 
straint is violated, certain (active) members must be increased in size.   With reference to 
Equation (3), if the product (SPj ■ S^ ) is negative, then an increase in the member 
size (in the denominator) will decrease the negativ» component of A arising from this 
member and hence further increase the total value or A.   On the other hand, reduction 
of the area is not possible since it will already have its minimum size to satisfy the 
stress or fabricational requirements.   Thus, in effect, no variation in such a member 
size can be permitted, and this provides one criterion for ; ie selection of a passive 
member in a statically determinate structure i.e. (S^ S^ ) is negative.   As a logical 
corollary to this definition, it also follows that any member for which an external 
condition would be governing, i.e. requiring a larger size than that demanded by the 
displacement constraint condition, must also be treated as a pass a member. 

For statically indeterminate structures, as indicated previously the relationship 
Equation (17) is only approximate due to the neglect of the CJ: terms* As such, 
Equation (17) can be used as a recursion expression for the iterative determination of 

exactly analogous to the use of the simple stress-ratio expression for determining a 
lly stressed design.   Equation (17) can then be written a, 

k|H-1 L    Ai A A 
(     i > 

_ A'-A0 V fcj »\ i»m+1 
(A, Lj p|) 

V 

a%9 
Ei*i 

(18) 

where the superscripts v ,   "+1 refer to iterations.    From some arbitrary starting 
point, iterative application of Equation (18) will then lead to convergence in a finite 
number of steps, on the statically indeterminate structure of minimum weight with its 

* It has been recently realized that 2 Cj.- vanishes identically also for redundant structures. *'J 
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critical displacement equal to A*.   As in the case of the statically determinate struc- 
ture, certain members may be treated as passive non-participatory In this process based 
upon external criteria.   The rate of convergence on die minimum weight design will be 
controlled by the magnitude of the omitted terms.   If they are truly small and localized 
in effect, the convergence will be rapid.   This is usually the case in large complex 
structures, but paradoxically in small structures the reverse frequently occurs. 

Before a practical use can be made of this recursion expression, for the design 
of minimum weight structures with displacement constraints, a number of points must 
be clarified: 

First, in using virtual unit load methods, the internal force or stress system 
corresponding to the virtual external load Q need only be statically equivalent to Q. 
For a determinate structure only one such system exists, but in an indeterminate struc- 
ture sQ is not unique and a multiple choice exists for the statically equivalent system. 
Since the selection of any one particular statically equivalent system means that S^ 
will be arbitrarily set to zero in some (redundant) members, this is tantamount to an 
arbitrary selection of active and passive members for redesign.   This is also equivalent 
tt introducing side constraints on the design variables which in turn can result only 
in the increase of the attainable minimum weight.   Therefore, when some members 
are to be excluded from design changes, the correct approach is to use the actual 
distribution of S^, which arises from the application of the virtual load Q to the real 
structure.   This permits all members, potentially, to participate in redesign.    It also has 
the virtue of not requiring a separate analysis of a degenerate structure under the virtual 
load but simply of including Q as an additional loading case in the finite element 
analysis.   Of greater complexity is the division between active and passive members and 
the associated problems of introducing multiple loads along with displacement and other 
types of constraints. 

The recursion expression, Equation (18) will cause convergence at a vertex in 
the design space formed by the intersection of the main constraint (displacement condi- 
tion) and the side constraints (passive member sizes).    It is clear that the source and 
nature of these side constraints is irrelevant to the iteration procedure.   This, then, 
provides the mechanism for the inclusion of additional criteria, whereby other forms of 
constraint conditions (e.g. multiple displacement constraints, stress limits, fabricational 
considerations, etc.) can be permitted to specify certain member sizes while other 
members are sized by the primary constraint.   The effect of this type of combination 
of criteria will be to force the design simultaneously toward all potential individual 
minima, resulting in convergence in a vertex formed by many active constraints. 

It is, therefore, necessary to establish rules or criteria for the selection of active 
and passive members consistent with the above philosophy. 

From the examination of Equation (18) one criterion for the selection of passive 
member can be observed immediately, similar to the condition used for statically deter- 
minate structures.    If (S*j ; sQ ) is negative for a member, its inclusion »t an active 
member would require its square root to be found, introducing imaginary numbers which 
are computationally and physically unacceptable.   Thus, one criterion for passive members 
is 

(oPj • o9 ) < 0 (19) 

Similarly to the corollary for the statically determinate case, if the size of a member 
is defined dominantly by other than a displacement constraint, then that member must 
be treated as passive in the redesign to satisfy displacement constraints.   That is, if the 
size required for a member to satisfy a stress or fabricational constraint is greater than 
the size required to satisfy a displacement constraint then that member should be 
considered passive in using Equation (18). 
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The extension of these principles to multiple loads and displacement con- 
straints can be accomplished in a manner similar to that used in determining the 
appropriate stress ratio for a fully stressed design.    In the stress ratio method, the 
ratio of the actual to the allowable stress is computed for an elment for each 
loading case and the largest ratio selected for the redesign.   With displacement con- 
straints the largest area generated using Equation (18) is taken from the combined 
set resulting from all loads and displacement constraints.   Thus if four loading cases 
are specified and three displacements are constrained, a total of twelve possible areas 
for one member are generated by Equation (18) and the largest selected as the 
dominant value.   A second iteration of Equation (18) is then performed in which 
members designed in the first iteration by a specific load/displacement case are 
treated as passive except when considering that particular case. 

The procedure for redesign with displacement constraints which has evolved 
from an intensive exploration of the numerical aspects of the problem, automatically 
partitions members into active and passive categories for a given redesign phase.   Tests 
on the sign of (aPj • oQ ) are incorporated, as are checks to determine whether stress 
and fabricational limits dominate for any member and insure that that member is 
treated as being passive. 

An additional feature of note is the method of treating negative displacement 
limits.    Frequently displacement limits are expressed in the form -A*< A< + A*. 
For the satisfaction of the negative limit, a negative virtual load system -Q is required. 
This has the effect of reversing all the signs on the virtual stresses and thereby inter- 
changing the active and passive members selected by the sign of (a^j * a^ ).   The 
effect of this is to cause some elements to participate in the satisfaction of the posi- 
tive displacement while the others (passive in the first case) then participate in the 
redesign for the satisfaction of the negative displacement.   The fact that these two 
constraint conditions are apparently in direct conflict does not introduce, in practice, 
any complications.   Other conditions of stress limits, minimum sizes and multiple 
loads and displacements intrude and eliminate one of the contradictory constraints. 

In summary, the redesign process is as follows:    As a first stap.-, a stress 
ratio redesign is effected for each member with due regard to multiple loads and 
minimum member sizes.    For every limited displacement specified, a unit load vector 
is generated and the corresponding stresses oQ   are computed for all members along 
with the actual stresses a?.   A matrix of the product (oP • oQ ) is computed for 
all combinations of loads and limited displacements (all P ' and   Q) for each member. 

Using Equation (18), new values of A: are computed for every member.   The 
partitioning into active and possive members at this stage is controlled wholly by the 
test on the sign of (oP • oQ ).    In the presence of both negative and positive limits 
on the restrained displacements, new areas will be generated for each member. 

The largest area is selected for each member from all the loading/displace- 
ment combinations and a record is made of the particular combination which con- 
trolled the design of each area.   The areas so generated are compared with those 
based upon stresse» or minimum sizes and the larger values selected for each member. 

Again, using Equation (18), a new evaluation of areas is made for each 
load/displacement case but in this case the passive members for each case consist 
not only of those elements for which (oP • oQ ) is negative, but also those which 
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win, at the end of the first iteration, critically designed by stress limits, minimum size 
or by a load/displacement combination other than that being currently considered.   At 
the end of this redesign, a comparison is again made between the stress-designed and 
the displacement-designed sizes.   This cycle is repeated, up to a maximum of three 
times, until no transfer occurs between the members of the group designed by stresses 
and those designed by displacements.   The resultant design is then reanalyzed and scaled 
until critical.   This process can be repeated as many times as necessary until a minimum 
weight design is achieved. 

The above derivation has been presented for a structure composed of elements 
for which only one stress was defined.   In the case of membrane plates, three components 
of stress ox, ay, rxy are generated for each element.   For the calculation of stress limits, 
a single reference stress is calculated based on the Von Mises criterion 

7ref (ffy* + a' - ovo„ + 3r   *) xvy 'xy 
2» X (20) 

A limiting value is then «.pecified for an*.   For displacement constraints, Equations 
(17) and (18) are modified slightly to reflect the additional terms.   Wherever the 
term (o? oQ ) appears, it is replaced by the term 

(0X
P     -    V0f)     Ox

Q     +     (OyP     -     IUfX
P)     Oy +     TXyP     T^ 

Ei Pi 
_1_ 

Pi 
(21) 

A similar modification is introduced in the calculation of A.   The test on the sign 
of (oP • oQ ) is replaced by a test on Expression (21).   Otherwise the logic is 
und" 

The above redesign procedure was coded and used for a number of very 
successful optimizations, results of which are presented in the following section. 

Among the problems considered was a 25-bar transmission tower used as an 
example on a number of occasions (References 3, S, 6, and 21).   There were basically 
two loading conditions on the tower, but in order to maintain symmetry of the struc- 
ture, 4 additional loads were introduced.   Of the 25 members in the structure, the 
conditions of symmetry partitioned them into 5 groups containing 4 identical members, 
2 groups of two members plus a single bar.   Application of the program to this 
problem was only moderately successful and a great deal of operator intervention was 
necessary to maintain the expected symmetry of design. 

The logic of the program was reviewed and it was finally observed that 
such lack of symmetry was inevitable as the program stood.   The difficulty was 
caused by the presence of the single and the two groups of two members.   In the 
redesign, the single member is equally designed by any of the sets of loads introduced 
for symmetry.   As the logic exists it will be selected as being designed by the first 
of these cases, and >n a subsequent iteration will be allocated to that load case as an 
active member and be treated as passive by the other three loading cases of the 
symmetrizing set.   A similar effect occurs for the twin members and the result is a 
nonsymmetric design.   To overcome this difficulty, a symmetry option was introduced 
which constrains members of any specified groups to be identical.   This in turn, pro- 
vides an additional criterion for the selection of active/passive members in the redesign 
process since only one member of each symmetric group is now independently designed. 
With this modification, the need for additional symmetrizing loads was eliminated in 
the tower problem, and excellent rapidly converging results were obtained. 

568 



pgH 

MR 

WPWWW ■wrw^pp»»^ 

III.   RESULTS 

In order to demonstrate the practicality of the optimality criteria approach to 
the design of least weight structures, a computer program was developed based upon 
a finite element analysis procedure. 

At the heart of a finite element program is the element library.   At present 
four simple elements are provided in die optimization program.   These are the 
axial force member, the triangular membrane plate, the quadrilateral shear panel 
and the special half web shear panel used for symmetric wing analysis (Figure 1). 
The triangle is a constant stress element and generates the three components of stress 
at its centroid, ox, cy, and rxy.   The use of the half web element is necessary when 
performing the analysis and design of thin symmetric wing-type structures.   In these 
structures inclusion of all degrees of freedom in both upper and lower halves usually 
leads to severe conditioning problems associated with the numerical disparities of out- 
of-plane and in-plane stiffness characteristics.   The solution to this difficulty lies in 
considering symmetric (in-plane) and anti-symmetric (out-of-plane) behavior separately 
and only treating half the structure.   For elements lying completely in either half, 
this is no problem, but a special half-web element is required to cross the centerline. 
This trapezoidal shear web is defined by only two node points. 

The program uses a simple stress-ratio method to account for strength constraints 
and the recursion relationship (Equation (18)) for displacement constraints.    Fabrica- 
tional constraints are included and the program performs the partitioning between 
active and passive members automatically, according to the criteria defined previous!* 
The results presented here illustrate the characteristics of the iterative process and 
emphasize some points about the behavior which still remain to be resolved. 

£ 
A large scale version of the program has been developed.   This program is 

currently being applied to the optimization of large scale wing structures for practical 
aircraft in their design stage, where stiffness and strength considerations are both of 
critical importance. 

A.    Four Bar Pyramid (Figure 2) I 
The four bar pyramid has been used extensively (Reference 22) as a test 

case with a variety of loading cases and constraints. 

node 
The structure is subjected to the three non-simultaneous loads at the free 

Px - 5,000 lb 

Py - 5,000 lb 

Pz » 7,500 lb 

The constraint conditions are stresses of ±25,000 psi in all members with a minimum 
area of 0.1 in? and displacement limits of ±0.3 ins. in the y-direction and ±0.4 in. 
in the  .-direction. 

Using a uniform structure as starting point, the minimum weight design of 
14.283 lb. was reached in four iterations.   Table la lists the design history arid 
final design.    For information purposes, the program was allowed to run past the 
fourth iteration 'or another eleven cycles.    Redesign continued and the weight varied 
but eventually returned to 14.283 lb. with slightly different values (Figure 3). 
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^a)  Axial Force Member 

-J 

(c) Half-Web Element 

(b)  Quadrilateral Shear Panel 

(d) Triangular Membrane Plate 

Figure 1. Finite Elements 
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Figure 2.     Four-Bar  Pyramid 
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TABLE I 

FOUR-BAR PYRAMID WITH THREE LOADS 

Iteration Weight Al c 
A3       1 A4 

1 15-8407 0.2272 0.2272 0.2272 0.2272 

2 14.5198 0.2714 0.2960 0.1552 0.1502    \ 

3 14.2949 0.2362 0.3226 0.1691 0.1377 

4 14.2833 0.2241 0.3277 0.1756 0.1376 

''             "J 14.2861 0.2194 0.3303 0.1764 0.1391 

6 14.2871 0.2172 0.3319 0.1751 0.1410 

i 14.2868 0.2160 0.3329 0.1733 0.1428 

3 14.2860 0.2152 0.3337 0.1714 0.1445    j 

0 > 14.2853 0.2147 0 3344 0.1697 0.1460 

10 14.2847 0.21i'3 ü.3349 0.1682 0.1473 

11 14.2842 0.2140 0.3353 O.1669 0.1484    j 

12 14.2839 0.2138 0.3357 O.1658 U.14Q4 

13 14.2836 0.2136 O.336O 0.1648 0.1502 

14 14.2834 0.2134 C.3363 C.1640 0.15C8 

(a)  Iteration History, Minimum Area =0.1 in' 

Iteration Weight Al *2 *3 *4 

i 15.3821 0.3176 O.3065 0.2033 0.1054 

2 15.2915 0.218! 0 3011 0.2108 0.0970 

3 15.2126 0.3196 0.2964 0.2174 0.0897 

4 14.3204 0.3264 0.2571 0.2571 O.O365     | 

!       5 
- 

14.2986 O.3192 0.2592 0.2566 0.0351 

(b)     Iteration History,  KiniBum Area - 0.01   \r? 
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The final designs, essentially the same as that of Reference 22, were all 
limited by the two displacement constraints.    Neither stress nor lower side con- 
straints (minimum member sizes) were active in the final designs.    In an early 
development stage of the program, some difficulty was experienced in handling the 
side constraints effectively.   Since the known least weight design was not constrained 
by the minimum member sues, these were altered from 0.1 in? to 0.01 in?.   With 
this alteration a minimum weight design of 14.298 !b. was determined and is given 
in Table lb.   This design is considerably different from the previous design although 
of essentially the same weight,    The indirect influence of the inactive side constraints 
on the final design is of interest. 

B. 25-Bar Transmission Tower (Figure 4) 

This structure has been used as a demonstration problem on a number of 
previous occasions (References 3, 5, 6, and 21).   The tower, representative of a 
structure carrying transmission lines, has 25 axial force members.   There are two 
loading cases (Table 3a).    In spite of the directional nature of these loads, the 
structure is required to be doubly symmetric about the X and Y axes.    The maxi- 
mum displacements of the upper nodes 1 and 2 are ±0.35 in. in the X and Y 
directions    The bar members are all designed for a 35,000 psi tensile stress and a 
compressive stress based upon buckling allowables for thin wall circular tubes (Table 
2b).    Minimum member size is 0.01 in? 

in some optimizations, symmetry is achieved through the use of additional 
loading cases but this is not necessary with the present program.    Among the previous 
studies, slight differences are found between the final designs generated.    These 
differences are principally associated with variations in tolerances and specified allow- 
able stresses.    An average value is 550 lb. and using a numerical search method over 
100 analyses were required. 

Using the current program, convergence occurred in seven iterations on a 
weight of 545.4 lb. Details of the history and final design are given in T hies 2c 
and 2d and Figure 5. 

C. 72 Bar Four Level Tower (Figure 6) 

The doubly symmetric tower of Figure 6 presented by Venkayya (Ref nance 
21) was optimized using the present computer programs.   Two loading cases were 
applied (Table 3a) and as in the case of the 25-bar transmission tower, symnietry was 
achieved by use of thi; input option.    The stress limits were ±25,000 psi on all 
members and the displacements of the uppermost node points were limited to ±0.25 in. 
in the X and Y directions.    Minimum member size is 'J.I in?. 

In spite of the greater size of the problem, convergence was very rapid and 
only eight iterations were required.   Two subsequent iterations were performed to 
check convergence and the final design weight was 396 lb.    Details of the design are 
given in Table« 3b. 3c, and Figure 7. 

D. Ontilever Frames (Figure 8) 

The 10-bat cantilever plane frame is subjected to a single loading case as 
indicated in Figure 8.    The stress limits on all members is ±25,000 psi and limit; 
of ±2.0 in. are also specified on the vertical displacement of the nodes at the free 
end.    The minimum member size is 0.1  in?, E * 10 x 10^ psi and p«0.1 Pb/in3. 
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Figure 5.    Iteration History for Twenty-five Par Transmission Tower 
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TABLE II 

25-BAR TRANSMISSION TOWER 

Load 
Condition Node 

Direction 
X Y z 

1 1 

2 

3 
6 

1,000 

0 

500 

500 

10,000 

10,000 

0 

0 

-5,000 

-5,000 

0 

2 5 
6 

0 

0 

20,000 

-20,000 

-5,000 \ 

-5,000 

a) Applied Loading SyFtems 

Member 
Allowable 
Stress Member 

Allowable 
Stress   j 

1 -35092. 12, 13 -35092. 
2, 3, 4, 5 -11590. 14, 15, 16, 17 -6759.   I 
6, 7, 8, 9 -17305. 13, 19, 20, 21 -6959- 

10, 11 -35092. 22, 23, 24, 25 -IIO82. 

b) Allowable Compressive Stresses 

Iteration 1 2 3 4 5 6 7 

Weight 734.38 555.72 549.08 546.54 545.92 545.45 545.36 j 

c) Iteration History 

Member Area 
1         ———— 

Member Area 

1 0.01 12, 13 0.01 
2, 3, 4, 5 2.0069 14. 15. 16, 17 0.6876 
6, 7, 8, 9 2.9631 18, 19, 20, 21 1.6784 

10, n 0.01 22, 23, 24, 25 2.6638 

d) Final Design 
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Typical Element Numbering 
for First Level 
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TABLE IIT 

72-BAR TOWER 

Load 
Condition Node 

Direction 
X Y Z 

1 17 5,000 5,000 -5,000 

2 17 0 0 -5,000 
18 0 0 -5,000 

19 0 0 -5,000 
20 0 0 1  -5,000 

a) Applied Loading Systems 

Iteration 1 2 3 4 5 6 7 8 

Weight 656.77 416.07 4o6.21 399.06 396.82 396.25 396.02 395.97 

b) Iteration History 

Member Area Member Area 

1, 2,  3, 4 1.4636 37, 38, 39, 4o 0.5521 
5, 6, 7, 8, 9, 10, 

11, 12 0.5207 41, 42, 43, 44, 45, 46, 
47, 48 0.6o84 

13, 14, 15, 16 0.1 49, 50, 51, 52 0.1 
17, 18 0.1 53, 54 0.1    j 
19, 20, 21, 22 1.0235 55, 56, 57, 58 0.1492 
23, 24, 25, 26, 27, 

28, 29, 30 0.5421 59, 60, 61, 62, 63, 64 
65, 66 0.7733 

31, 32, 33, 34 0.1 67, 68, 69, 70 0.4534 
35, 36 0.1 71, 72 0.3417 

c) Final Design 
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Figure 7.     Iteration History for Seventy-two Bar Tower 
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100,000 lb. 100,000 lb 

Figure 8. Cantilever Frame 
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This problem proved to be a particularly interesting one requiring a number 
of attempts for solution.    In the first attempt, since program execution tims is a 
function of the number of constraints, a limit of 2.0 in. was imposed on the vertical 
displacement of point 3 for which the largest displacement was anticipated.    After a 
considerable number of iterations (using an early edition of the program) a design 
weight of 5233 lb was achieved, but unfortunately the vertical displacement of point 
4 was 2.037 in.    In view of thi.- result, the problem was then rerun with the limit 
of 2.0 in. imposed on node poim 4 instead of 3    After three iterations, a design 
weight of 4625 lb was generated, but at iteration 4, the weight jumped to 4833 lb. 
The program was allowed to run on and eventually converged after 29 iterations on 
a design of 4714 lb.    Unfortunately, this design was also unacceptable having a dis- 
placement of 2.9 in. at point 3.   The least weight design at 4625 lb also exceeded 
the acceptable displacement at point 3 by 0.833 ins. 

A third run was carried out with both points 3 and 4 limited to 2.0 in. 
vertical displacement.   Tne program was run for 47 iterations and the weights 
varied as indicated in Table 4 and Figure 9.   The best design of 5112 lb. occurred 
at iteration 18 but subsequently the weight did go as high as 9029 lb.   The process 
J;d not converge as in the previous run but was apparently settling down towards 
the end.   Also of interest in this run is the reversal at iteration 14.   The slight 
weight increase between iterations 13 and 14 was only of minor effect, but its 
presence did make the selection of an automatic termination criterion difficult. 

The termination mode finally selected is a threefold test on (i) number of 
iterations (ii) convergence of successive iterations or (iii) if a non-con vet gent process 
generates a design which exceeds the least weight system found by a specified per- 
centage.    A typical value for this last test may be about 5% to allow the perturba- 
tion at Iterations 13 and 14, but to cut off at Iteration 19. 

The dramatic rise in wuitjht at Iteration 19 appears to have been caused by 
the sudden emergence of a constraint condition hitherto dormant which became 
associated with a major redistribution of internal forces in the frame. 

This problem has been studied analytically (Reference 23) with a view to 
comparing the minimum weight achievable for the given configuration with an 
equivalent Michel I structure.    If members 3, 4, 6, and 9 are omitted, the theoretical 
minimum weight for the degenerate structure, satisfying the displacement constraint, 
is approximately 4970 lb.    The corresponding Michell structure lying within the 
bounds of the present system has a weight of 4760 lb.    The imposition of minimum 
sizes for the above omitted members necessitates some redistribution of internal 
strains, and prevents the ideal minimum weight being achieved by the small margin of 
2.5%. 

E.     18 Element Wing Box (Figure 10) 

To evaluate the use of plate elements, the wing structure of Figure 10 was 
selected.    This structure is essentially similar to that used in Reference 5, but with a 
small modification in the idealization.    In Reference 5, one-half of the symmetric 
structure was idealized using five axial members, eight half-web shear panels, two 
quadrilateral and one triangular membrane elements.   Since membrane quadrilaterals 
are not currently available in the new optimization program, the two quadrilaterals 
were replaced by four triangles as indicated in Figure 10.   The change in idealization 
introduces differences between the two optimizations and henco results are not strictly 
comparable.    In order to approximate the original model as closely as possible, thick- 
nesses of the pairs of triangles forming the quadrilaterals are coupled using the program 
symmetry option. 
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TABLE IV 

CANTILEVER FRAME 

Iter. Iter. 
1 

Itrr. Iter. 
No. Weight No. Weight No. Weight No. Weight 

1 8266 13 5195 25 7508 37 5432 

2 6356 14 5206 26 7239 38 5^07 

3 598o 15 5191 27 7050 39 5393 
4 5779 16 5169 28 5818 4o 5387 

5 5625 17 5147 29 5793 41 5352 

6 554 ( 18 5112 30 5788 42 5324 

7 5470 
19 

5897 31 5767 43 5290 
8 5392 20 764o 32 5707 44 5274 

9 5323 21 8708 33 5677 45 5263 

10 5266 22 9029 34 5595 46 5255 
11 5225 23 8371 35 556-, 47 5250 
12 5200 24 7862 36 5488 

a) Iteration History 

Member Area Member Area Member Area 

2 

3 

4 

20.03 

15.60 

0.24 

0.10 

5 

6 

7 

8 

31.35 

0.14 

22.21 

8.35 

9 

10 

0.10 

22.06 ' 

b) Least Weight Design (5112 lb.) 
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Material 
E *=107 psi 
/«* = 0.30 
P - 0.1 lb/in.3 

Coordinates of Nodes 

X Y z 

I 0.0 0.0 10.0 
•t 100.0 0.0 3.0 
tj 0.0 70.0 10.0 
4 100.0 70.0 8.0 
5 0.0 140.0 10.0 
r, 100.0      | 140 C 8.0 
i 100.0 190.0 CO 

Boundary Conditions 

Points 1 and 2 Completely 
Restrained 

Two Loading Conditions 

(1) Pj = 104 lb 

(2) P9- 2 x 104 lb 

All Stress Limits - ±104 psi 

All Deflection Limite * ±2.0 in. 

Lower Limits on Axial Members * 0.10 in. 

Lower Limits on Plate Members = 0.02 in. 

Figure  10•     Eighteen Element Wing  Box 
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Two vertical loads are applied to the tip of the wing and the maximum 
allowable displacements are 2.0 in. at the tip.   The maximum stresses are ±10,000 
psi in all members, and the minimum sizes are 0.1 in? for axial members and 0.02 
in. for plates. 

Using the present program, a least weight design of 387.6 lb was generated 
in 4 iterations.    The process was relatively stable and as indicated in Table 5a and 
Figure 11, the weight increased slightly but steadily on subsequent iterations.   By 
comparison, the numerical search approach generated a design (with quadrilateral 
cover plates) weighing 381.2 lb.   The search procedure was relatively lengthy and 
required a total of 193 analyses. 

This final design was used as an input to the current optimization program, 
which immediately indicated that the stresses in the triangular elements were in 
violation.   Upon scaling to eliminate this violation, which arises from the different 
idealizations, a weight of 389.8 lb was produced.   The redesign process was con- 
tinued from this point and produced a design of 378.8 lb at the second iteration. 
These latter designs differed considerably from the former although of similar weight 
as indicated in Table 5b.   A aiird starting point was selected which again generated 
after 22 iterations a design weighing 378.8 lb. although considerably different in 
member sizes from the previous design. 

In the idealization of the wing both direct stress-carrying covers and spar 
caps are provided.   The results generated tend to indicate tnat tne wind bending 
stresses can oe carried equally efficiently by eitner covers and spar caps.    T.iis 
implies that a large number of designs of similar weight probably exist with various 
distributions of materials Between spar caps and covers. 

Also of relevance is the difference in weights between the wing designed 
using two idealizations • triangles and quadrilateral membrane cover panels, indicating 
a considerable degree of sensitivity ot the optimal design to the precise nature of the 
analytical model. 

IV.   CONCLUSIONS 

The approach to the weight minimization ot fixed geometry structures with 
displacement and stress constraints based upon the use ot optimally criteria appears 
to offer considerable advantages over mathematical programming based methods.   For 
comparable problems the present method reaches a similar or better design in con- 
siderably less iterations than most n- ■nerical search methods and at considerable 
reduced computational costs. 

The most efficient optimization method apparently published so far is 
attributable to Venkayya (References 21 and 22).    For identical problems, the 
numbers of iterations required to determine the minimum weight designs are 
essentially the same for the mathematical programming and optimality criteria 
approaches.   A difference does reside in the computational effort since presence of 
active displacement constraints requires the determination of gradients of constraint 
functions which, as noted previously, will increase computational time :onsiderably 
for large numbers of variables.   With the use of optimality criteria, these calculations 
are avoided and the computational effort needed at each redes.gn stage is relatively 
small and approximately directly proportional to problem size. 
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TABLE V 

WING BOX 

Iteration 

1 

2 
7i 

4 

5 

Weight 

593.44 

407.09 

388.95 

387.67 

387.90 

Iteration 

6 

7 
8 

9 

10 

Weight 

387.91 

387.68 

387.85 

387.97 

388.07 

Least Weight Design 

a) Iteration History 

b) Final Designs 

Iteration! 

Member Area/Thickness 

Type Nodes Present Ref. 14 
Method (scaled) 

Axial 13 0.6505 1.0431 
35 0.1001 0.1036 
24 0.2366 0.3508 
46 0.2352 0.3315 
67 0.1001 0.1035 

Half Web 13 0.0876 O.0876 

35 0.0889 0.0895 
24 O.0808 0.0664 
46 0.0768 0.0553 
67 0.0815 0.0537  ! 
34 0.0200 0.0219 

56 0.0200 0.0215 
57 0.0337 0.0256 

Triangle 124 0.1328 0.1441 
431 0.1328 0.1441 
346 0.0702 0.0599 
653 0.0702 0.0599 
567 0.0449 0.0435 

11 

12 

13 

14 

15 

Weight » 

388.15 I 
388.14 

388.23 

386.26 

388.28 
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Figure 11.  Iteration History for Wing Box 
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The result? presented for the specific examples are very encouraging and indicate 
that some, if not ail, of the difficulties encountered in large scale optimization prob- 
lems can be eliminated through this type of approach.   It is recognized that certain 
problems still remain to be resolved, particularly with regard to convergence charac- 
teristics.   While the use of the omitted terms in Equation (15) might possibly affect 
some of the convergent behavior, their inclusion would certainly tend to negate the 
computational advantages indicated by the present approach. 

The extension of the procedures presented above beyond stress and displacement 
constraint conditions can be accomplished within the general framework discussed in 
this paper.   The criteria for the automatic partitioning between active and pasrive 
members is generally valid for other types of response phenomena.   It is then only 
necessary to derive the criteria which must be satisfied (exactly or approximately) at 
the optimal design in a form analogous to Equation (15), containing provision for 
both variant and invariant member sizes.    In such an extension, it must be recognized 
while the convergence can be expected to be more rapid than a nonlinear-programming 
approach, that there will still be a considerable level of computational complexity due 
to the fundamental nature of the analysis pn cesses associated with the relevant response 
phenomena. 

■-. 

The approach presented herein represents a major step in a new direction of 
>ration a 

optimization. 
exploration and also provides a basis for many more developments in structural 
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STRUCTURAL OPTIMIZATION VIA STEEPEST DESCENT AND INTERACTIVE COMPUTATION 

Jr., E. J., and Arora, 
The university of Iowa 

1 2 
Haug, Jr., E. J., and Arora, J. S. 

In this paper a hybrid method of optimal structural design is developed and 
applied, using a steepest descent optimization technique in an interactive mode 
of computing. A method of computing design sensitivity is developed as part of 
a steepest descent optimization method. A technique is presented for utiliza- 
tion of this data by an experienced designer, interacting with the iterative 
computer algorithm. The designer is allowed to alter the structural configura- 
tion to seek a global, rather than just a local, optimum. Two examples rre 
solved with a number of loading conditions and design constraints to illustrate 
the flexibility of the technique. Results for +hese problems are of interest 
in their own right. 

1 
Introduction 

I        
Structural optimization methods developed during the past decade generally 

fall into one of two categories. The first consists of a number of optimization 
techniques which seek to determine an optimum design, within a well defined 
mathematical structure, by purely mathematical techniques. The second approach 
consists of providing the designer with an interactive computing tool, such as 
computer graphics, with which he can try nominal designs, get rapid analysis 
feedback, and alter his initial design based on his knowledge of structural 
behavior. Both methods have been used with varying degress of success on a 
variety of design problems. In general, the first approach has been used on 
smaller scale structures with well defined optimal!ty criteria, such as minimum 
weight or maximum stiffness. The second approach has been used to aid designers 
in large scale structural design problems, primarily airframe design, such as 
the Air Force C-5 transport aircraft. 

The possibility of utilizing a combination of these two methods for struc- 
tural design has been the subject of a recent paper [1]. The present paper pre- 
sents the specifics of application of an optimization technique with, designer 
interaction. This hybrid approach is appealing from & number of points of view. 
First, the problem of topological design, i.e., determination of optimum struc- 
tural configuration, has been addressed with very limited success from an 
analytical point of view [Kato]. Topological design, in practice, is done by 
experienced structural designers, occasionally with the aid of interactive 
computation. Combined analytical and interactive computing methods appear to 
be essential for this important class of problems. A second problem area arises 
due to the difficulty in formulating a single optimality condition and mathemat- 
ically precise design constraints. Often, conflicting design constraints and 
objectives arise during design which require experienced judgment and defy 

Chief of Systems Analysis, U. S. Army Weapons Command, Rock Island 
Arsenal, Rock Island, Illinois. 

Post-Doctoral Fellow, Department of Mechanics and Hydraulics, The 
University of Iowa, Iowa City, lows. 
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apriori mathematical formulation. Such problems appear to require an interactive 
computing capability but should profit from analytical methods which are used in 
automated structural optimization. 

In this paper, an iterative steepast descent optimal design method is used 
interactively to develop a hybrid method which allows the experienced designer 
to make key design decisions with the aid of analytical tools which have proved 
to be quite successful in automated structural optimization. Several structural 
optimization problems are solvad to illustrate the applicability of the method. 
Prior to developing the hybrid method referred to above, a brief review of auto- 
mated design optimization methods and interactive computing techniques will be 
presented to establish the rationale for the methods chosen. 

Many numerical methods have been applied to solve structural optimization 
problems. The method of linear programming has been a very popular tool with 
many researchers in the area of optimal structural design. Noses [2], Romstad 
and Wang [3], Grierson and Cohn [<0 and many others have used Kelley's [5] cut- 
ting plane method for nonlinear programming. In a recent paper, Johnson and 
Brotten [6] incorporated the force method of structural analysis with the linear 
programming technique to solve some redundant trusses. They have considered only 
stress constraints in their problems. Venkayya, et. al. [7] have used a scheme 
based on the study of distribution of strain energy in the structure to optimize 
trusses. Structures subject to stress and displacement constraints are consid- 
ered. A simple recurrence relationship is used to resize the members when only 
stress constraints are present. However, in the presence of displacement con- 
straints, the problem is handled in two stages. 

In recent years, many authors have used SUHT, developed by Fiacco and 
NcCormick [8],, in optimal structural design. Kavlie and Hoe [9, 10] have used 
an interior penalty technique to solve some frame and grillage foundation prob- 
lems and have reported good success with the method. They have also extended th-i 
technique so that the initial designs may be infeaaible. In order to compare 
linear programming and SUHT, LaPay and Goble [11] solved some truss problems. 
They have found the nonlinear formulation to be numerically superior and more 
efficient. A slightly different formulation of SUHT is suggested by Schmit and 
Fox [12]. The unconstrained function T, that is constructed contains, among 
other quantities, an estimate of the optimum weight of the structure. The func- 
tion Y is so constructed that, when T = 0, all constraints and equations of 
equilibrium and compatability are satisfied. 

The methods cited above are based primarily on mathematical optimization 
ideas which yield a minimizing sequence. These techniques, however, do not give 
the designer much useful design information at intermediate steps which would 
allow him to interact with the computer algorithm. There are techniques, however, 
which do give design trend information at intermediate steps of the computational 
algorithm. Host of these methods are based on gradient projection or steepest- 
descent ideas. 

Schmit and his co-workers [13] have used a steepest-descent alternate-step 
procedure for many years. Gellatly and Gallagher [It] have applied this tech- 
nique and have given it a theoretical basis. Felton and Hofmeister [15] and 
Ridha and Wright [16] have also used it to solve certain structural design prob- 
lems. A variation of the method of steepest-descent is Zoutendijk's method of 
usable-feasible directions. In this method, the steepest-descent mode is alao 
followed until some constraints are encountered, at which point the direction of 
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travel lies between the gradients of the objective and the constraint functions. 
Fox and Kapoor [17], Pope [18], and Noses and Onoda [19] used this technique in 
conjunction with linear programing to solve some structural design problems. 
They have found the method to be quite efficient. 

Best [20] was probably the first to suggest the use of Rosen's gradient 
projection method [21] to solve optimal structural design problems. Brown and 
Aug [22], and Seaburg and Salmon [23] have used this method quite successfully. 
Recently, a method of constrained steepest-descent with state equations has been 
usAd by Haug [21, 25]. This method is a variation of Rosen's gradient pro- 
jection method and uses Kuhn-Tucker necessary conditions along with Lagrange 
multipliers. Bartel and Rim [26] have compared this method with SUHT for two 
and three member space frames and have found the method to be superior to SUMT 
in these cases. , - ■" 

The second -lament of the interact!»'? optimal design technique is the mode 
of designer-computer interaction. 1>ere are several types of interactive equip- 
ment available to the designer today, the most promising of which appears to be 
t      interactive graphics. For discussions of graphics systems previously considered 
in structural design the reader is referred to [1, 27, 28]. The interactive 
system intended for use in this study consisted of a POP-8/1 computer and a 
Tektronic 1001A graphics terminal located remotely to an IBM 360-65 computer 
which operates in an interactive mode. Due to a computer center decision to de- 
lay implementation of large scale,interactive system, for this study had to be 
simulated« Instructions were prepared and computations were run in the batch 
mode. Output data was then displayed and analyzed just as it would be in the 
interactive mode and instructions for recomputation were given by the designer 
and the process repeated. The delay in designer interaction is felt to degrade 
performance somewhat over true interactive computing since the designer tends to 
forget pertinent detailed data during the time delay. For this reason, the 
results of this study should be a conservative estimate of the designers perfor- 
mance in a truly interactive mode. 

Design Sensitivity Analysis ar.d Optimization 

A first step in providing information for structural design and optimization 
is mathematical formulation of the design problem and determination of the effect 
of design changes on structural performance. In this paper, a finite element 
formulation is utilized which allows design variables to be member size, material 
parameters, or structure dimensions. A distinction is made between design 

T T 
variables b = [b , ..., b ] and state variables q > q,, ..., u ] which are 

generalized displacements. To allow treatment of buckling and natural frequency 
T 

considerations, an additional state variable v * [v., ..., v ] is defined along 
with the associated eigenvalue C. ** 

As a simple example to illustrate the notation and problem formulation, con- 
sider the three bar truss of Figure 1. The design variables b., b., and b~ are 

cross-sectional areas of the members. The displacements q and q. of the free 

joint constitute the state variables. If a frequency constraint is involved then 
v and v. would be the same two displacements which specify the mode of vibration. 

This simple problem will be used later as an illustrative example in design for 
minimum weight with constraints on stress, displacement, buckling, and natural 
frequency. 
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Figure 1. Three Bar Truss 
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In this section a steepest-descant technique is outlined for a broad class 
of optimal structural design problems. This technique has been used successfully 
in the batch, or noninteractive, mode and provides useful data for the experi- 
enced designer when it is employed in the interactive mode. 

The mathematical model of the problem to be solved is to find b, q, v, and c 
which minimize a cost functional J(b,q,(), satisfy the equations 

A(b)q = Q(b) (1) 

K(b)v = cM(b)v, (2j 
and satisfy the constraints 

♦(b.q.OlO. (3) 

In this formulation, (1) represents the structural response to a load Q. 
The matrix A(b) plays the role of stiffness matrix whose elements depend on mem- 
ber size b. Likewise, (2) is the eigenvalue problem for natural frequency, where 
K(b) is a stiffness matrix and M(b) is a mass matrix. The inequality constraint 
(3) represents stress, displacement, eigenvalue, and member size constraints, 
where 4(b,q,c) is a vector of functions and the inequality applies to each com- 
ponent of the vector. 

Since analytic methods of finding a solution to the above problem are un- 
wieldy, a numerical procedure, developed in [25] will be summarized here. In 
the derivation of this procedure, an initial estimate of the design variable 

vector b .(0) 

is sought such that b 

is made and a small ch« ige, 6b, in the design variable vector, b 

6b is an improved design in sotra sense. The 
(1) . b(o) 

.(1) procedure is repeated with b%*' as the estimated design point until a convergence 
criterion is satisfied. In seeking the small change, 6b the equations of the 
above problem are approximated and the theory of nonlinear programming is used to 
obtain an explicit expression for 6b,    For example, the change in J(b,q,c) due to 
changes 6b, 6q, and 6( is approximated by 

6J 
5b 6b 

3J
 * . 3J * 

where matrix calculus notation is used freely. Note that in the linearized form 
of the objective function, J(b,q,<.) and the constraint function 4(b,q,C), small 
changes 6q, 6v and 6c in q, v, and c respectively, will be appearing. These var- 
iables are eliminated from 6J and 60 by the use of linearized versions of the 
state equations. From this procedure one obtains [2U, 25]: 

-IT 

6J s t 6b (U) 

6T = AT6b, (5) 
where 

^H<b.q,0 + [^-£{A<b>,)]V 

3J(b,q,c) 

" fcr  c& {K(b)v> -«it <M(b)v>]Tv, v*M(b)v 9b 
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«-* [7'- (X(b)v> - c J- {M(b)v}]T v If , 
v*M(b) 

4 ■ [^(b.q.c); for each I such that ^(b.q,?) >_ 0], 

Afj ■ - ^(b.q.C), 

and A and A* are solution of 

AT(b) A
J = H <**.<> 

•q 

AT(b) x**|i<b.*.<>- 
aq 

(6) 

(7) 

(8) 

(9) 

In the above, ♦ consists simply of those_elements of + which are zero or 
positive at the nominal design. The vector A+ defined by (7) is the desired 
change in the violated constraints ♦ . To verify that one obtains (4) and (5) by 
the above calculations, the equations (1) and (2) may be linearized about the 
nominal design and the resulting equations aiong with (8) and (9) used to elimi- 
nate explicit dependence on 6qt 6v, and 6c. These calculations are carried out 
in detail in [25]. 

To assure that 6b is small, as required by the linear approximations, intro- 
duce a quadratic constraint on 6b as follows: 

T     2 
6b K6b = C (10) 

where 5 is small and W it» a positive definite weighting matrix, chosen by the 
designer. 

The design improvement problem reduces to finding 6b to minimize 6J of («♦) 
subject to the constraints (10) and 

6$ s AT6b < A+ . 

The Kuhn-Tucker necessary conditions for this problem yie'd: 

«b = - 27M"1 UJ + AM), 

where u is & Lagrange multiplier vector and v is a scalar multiplier. By the 
arguments explained in [25], the value of u can be found from the following 
equation: 

where 

By a -[2vA* ♦ A W] , 

T -1 
B = AW XA . 

(11) 
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Define 
-* 

6b1 = W^CI - AB'Vw'1]^ 

and 
2   -1 -1 - 

fib = H AB AA4. 

Thus, 6b may be written as 

6b = - nob1 * 6b2, 

Substitution of II in the expression for 6b yields the following equation 

6b ' "k w"1[1 " *»"1«V1MJ ♦ IT^AB"1** 

- -    (12) 
and 

2   -1 _i - 
(13) 

a») 
where n is an arbitrarily snail quantity, interpreted as a step size, which must 
be chosen by the designer. The following scheme for choosing n he* beep tried 
and has worked well. When all the constraints are satisfied, so that A$ = 0, n 
is chosen to yield a few percent reduction in J. One first chooses the desired 

T 
change AJ < 0 in J. Then assuming A$ = 0, AJ is given by AJ = - rvf 6b , from 
which one obtains 

T 
n = - AJ/C^ 6b1] . (15) 

Once n is chosen 6b is determined by (It) and an improved dasign is obtained by 
adding 6b to the preceding design estimate. The procedure is then repeated to 
form an iterative optimal design algorithm. Details of the algorithm ar? given 
in [25]. Computational results R?V Le found in [25] and [29]. 

In order to implement the computational algorithm, two principal matrices 

L   and A must be assembled. These matrices are composed of various matrices 
such as, 

£ [A(b)q], ± [K(b)v], £ [M(b)v], |i, JA, |1, etc. 

3 3 3 
The matrices, ^ [A(b)q], ^ [K(b)v], and jg [M(b)v] can be computed explicitly 

from the state equations of the problem. The displacement method of structural 
analysis is used to obtain the state equations of the problem and the various 
derivative matrices are computed from them. The matrices such as 

3q ' 3b 

etc. can also be computed explicitly by considering the various types of con- 
straints one by one. The procedure of computing these matrices can be automated. 
For details of these computations the reader is referred to [29]. 

Ste sst-Pescent Computational Algorithm 

The above procedure of successively improving the best available design 
can be put in a computational form as fallows: 

Step 1. Obtain the best available engineering estimate of the optimum 
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design variable vector b -* and solve for q ' fron (1). Also coapute the 

lowest eigenvalue C   and the corresponding eigenvector v J from (2). 

Step 2. Check the constraints (3) and form the constraint function ♦ of 
(6). Also choose the constraint error correction vector, A+ of (7). 

Step 3. Compute various matrices such as, T*-, T£, T£, TT [K(b)v], etc. 

Step U. Solve for X and for X* from (8) and (9). 

Step 5. Assemble matrices I   and A of CO and (5), respectively. 

Step 6. Choose n from (IS) and calculate the Lagrange multiplier vector 
u from (11)7 

Step 7. Check the algebraic sign of ea^h component of p. If some compo- 
nents of v are negative, remors the corresponding columns from A matrix. Also 
delete the corresponding elements from the vector A+ and return to Step 6. 

Sxr.p  8. Compute tb from (14) and put 
Tj+D 

b(*> ♦ 6b 

Step 9. Make a check for convergence. If ||6b 11 is sufficiently small, 
all constraints are satisfied and no further reduction in cost function is 

(j+1) 
as the best possible, terminate the process or return to Step 1 with b 

available estimate of the optimum design. 

Interactive Structural Design Using Sensitivity Data 

The steepest descent optimisation method outlined in the preceding section 
has been used to solve a number of relatively large scale structural optimization 
problems with good success [25,29], All these problems, however, have been well 
formulated mathematically and have involved structures with a predetermined 
form. Difficulties have occurred when certain structural elements tend toward 
zero crous section. Further, no universal method has been found to determine 
the best *tep-size n in the optimization algorithm. These and other inherent 
difficulties in *utamate£ optimization lea,] one to consider interjecting an 
experienced designer into the computational, optimization algorithm. The result 
is a hybrid structural optimization technique. 

Reconsidering the design improvement step of the optimization algorithm, 
given by (It), one might draw a vector picture in design space, as is depicted 
in Figure 2. Here, - nab1 is the direction which will yield the greatest reduc- 
tion in J subject to the required constraints and 6b2 is the design change 
required to give the desired constraint error correction. While useful in this 
form, there is a better display of thi: .Ufa for use by the experienced struc- 
tural designer. The scalar components of • 'b1 and 6b2 tell the designer whether 
he should increase or decrease his individual design variables to obtain desirable 
changes in overall structural response. Further, relative importance of design 
variable changes is given. For this reason, 6b1 may be interpreted as a vector 
of desi-.ii sensitivity coefficients which relate individual design parameter 
changes to overall structural characteristics. It is extremely important to 
note, at this point, that these sensi+'vity coefficients account for constraints 
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implicitly. That is, the direction of change indicated in the design parameters 
will not cause significant violation in specified performance constraints such 
as stress limits, deflection limits, etc. 

To illustrate these ideas, consider again the simple structural design 
problem in Figure 1. The cost function here is structural weight. If, for 
example, t;he stress in member 1 is at its allowable limit under one of the loads, 
then the indicated changes in design (-6b*, »fib;, -oor> will not increase ths 

1   z   a 
stress in member 1. To make the design sensitivity data of naximum use to the 
designer, consider the graphical display in Figure 3. In this display, o. are 

the stresses in the various members. This display gives the experienced designer 
a clear picture of the manner in whish he should change his design parameters to 
reduce total weight, subject to stress constraints. He can now choose the desired 
reduction AJ in weight and take the resulting design change 6b given by (iu). 
Or, if he wishes, he can input modified design changes through an iteractive 
computer terminal. 

There are a number of other respects in which this mode of designer inter- 
action with the computer algorithm is beneficial. First, it often happens in 
the automated use of the algorithm that oscillation of admissible designs occurs 
because too large a design improvement has been requested. Such oscillation can 
often be identified by the designer after only a few iterations and the step 
*lx* can be reduced to prevent loss of computer time, which can be significant 
in large scale problems. Conversely, if an estimate quite i&t  from the optimum 
is chosen to initiate the algorithm, it often happens that the designer chooses 
far too small a step sise. The result is a very small improvement in the design 
which can be sensed by the designer and Improved before »rcessive computation 
time is expended. 

A second important benefit from designer interaction with the algorithm 
arises due to the occurrence of local minima and singularities in the analytical 
formulation of the design problem. The problem of local minima is illustrated 
by Figure ». Virtually all optimisation methods seek local optima and do not 
solve the global optimization problem. It is easy for an optimisation technique 
to get hung vp at point B and not get to point A, which is the global minima, 
so the designer must try different starting points to obtain the global solution. 
This is a very time consuming and indefinite technique with very few analytical 
aids to the designer. Part of the difficulty here arises because Figure 4 is 
the wrong display for the designer, in that it does not utilise his knowledge 
and experience with structures. 

A much better approach for the designer is to look at a display such as 
Figure 3. He can use his experience to restart the optimisation algorithm at 
a meaningful distribution of design variables which may be quite different from 
the design which resulted from previous calculations. His experience, thus, 
aide him in starting with different trial designs. 

Perhaps even more important than trying various distributions of design 
variables, the designer can utilise the display of Figure 3 to change tha eon- 
figuration of the structure based on information he accumulates during iterative 
design and based on his experience. For example, he might try taking member 
number two out of the structure and optimise based on the modified configuration. 
Very often, significant gains are made In thia manner. Precisely this behavior 
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occurs in the three member truss being considered, as will be sesn later when 
this problem is solved in detail. 

There are actually compelling mathematical reasons for allowing the designer 
to make changes in configuration as outlined above. There are no general optimi- 
zation Methods, to date, which will remove a member during iterative design. The 
reason is that as a member cross section goes toward zero,'as is required to 
remove a member, the equations of structural mechanics and stress constraints 
become singular. This sort of behavior is typical when the configuration of a 
system is changed and a different set of equations is required to describe the 
behavior. At the present time, allowing the designer to make changes in configu- 
ration appears to be the most feasible approach, which requires that he play an 
active role in the iterative optimization algorithm. 

Example 1. A Three Member Truss 

As an illustrative example of the technique presented above, an elementary 
optimal design problem will be solved under a number of loading conditions and a 
variety of constraints. The effect of designer-computer interaction on rate of 
convergence is examined as well as the effect of changing structural configura- 
tion, i «suits for a wide variety of loading and constraints are compared with 
solutions of similar problems solved in the literature. 

Figure 5 shows the geometry and dimensions of the structure being considered. 
This structure has been studied by Schmit [30], Sved and Ginos [31] and Corcoran 
[32]. Three independent loading conditions are applied to the structure. These 
are as follows: 10K at W°; 30X at 90°; 20K at 135°. The allowable stress level 
for members one and three is ± 5 KSI and for member two it is ±  20 KSI. The 
density of the material is taken as 0.10 pounds/cu. in., and Young's Modulus as 

10 KSI. Starting from the feasible solution, b = 8.0, b. = 2.4, b, ■ 3.2, 

Schmit [30] arrives at the solution b, * 7.099, b2 s 1.849, b3 = 2.897, for which 

J = 15.986 pounds. Sved and Ginos [31] have shown that this is only a local 
minina and by omitting member three, they obtained the solution as b. * 8.5, 

b « 1.5 with W s 12,812 pounds. They have also shown that it is impossible to 

reach this minimum by an iterative optimization method unless member three is 
omitted from the calculations by the designer. 

In the present work, considerable experimentation was dona with this problem. 
Starting from a feasible point b, * 10, b- » 5, b, = 5, the solution obtained 

without interaction was b. = 7.06>f, b » 1.971, b. = 2.835 and the minimum was 

J = 15.97 pounds. The variation of weight with respect to iteration number is 
shown by Curve 1, Figure 6. Next, by adjusting the step size in interactive 
computing, ehe solution was obtained in oaly five iterations. This is shown by 
Curve 2, Figure 6. It was observed that member two never z«ached its allowable 
stress level. A« a second starting point, the area of member two was initially 
chosen to bring its stress to the allowable limit. The minimum reached in this 
case was the same as before (Curve 3, Figure 6). Another solution was obtained 
by starting for an infeasible point b, = 5.0, b« = 1.5, b, « 0.10. The solution 

in this case was b, * 6.98, b2 * 2.30, b_ = 2.69 with J -  15.9? (Curve 4, Figure 

6). 
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Next, member three was omitted fron the structure. 
10, b_ = 5, the solution obtained was b. = 8.0t b. 

Starting from a point 
* 1.5 with J * 12.812 

pounds (curve 1, Figur« 7) which is same as reported in [31]. At this point an 
interesting observation was made. The maximum horizontal and the vertical 
deflections of node four were as follows: with three bars, q, = 0.689 x 10"2 

-2 
q2 « 0.595 x 10  in.; with two bars, q, 

in. Thus, although the optimum weight obtained by omitting member three is 
approximately 2*t percent lower then the weight obtained by including member 
three, the deflections of node four in the former case were approximately four 
times greater than in the latter. 

= 0.239 x 10"1 in., and q2 = 0.20 x lO"
1 

One might be led to believe that if deflection or frequency constraints 
were enforced, then the optimum structure might not be statically determinate. 
To investigate this possibility, displacement as well as buckling and natural 
frequency constraints were imposed. The deflection limits were taken as, 
q, = ♦ 0.005 in. and q„ = +_ 0.005, and the lower limit on natural frequency was 

taken as 3830 cps. With the starting point b. 10, b. = 5, b, = 5, the solu- 

tion obtained was b. - 9.18, b„ = 2.16, b_ » 3.85, and J -  20.59 pounds (Curves 

2 and 3, Figure 7). When member three was omitted, the starting point was taken 
as b = 10, b. = 10 (Curve "♦, Figure 7) and as b = 18, b = 10 (Curve 5, Figure 

7). The solution obtained in this csse was b. = 16.0, b, = 11.31, and J * 33.94 

pounds. Thus, the optimum weight obtained for the statically determinate case 
is approximately 70 percent higher than the optimum weight obtained for the 
statically indeterminate case. 

It was found that interactive computing yielded convergence more rapidly 
than was the case in the batch mode. It is expected that even more significant 
reduction in computing time will occur in large scale problems. 

The key point in the solution is th,?t the configuration of the optimum 
design is not obvious from analytical considerations. A designers experience 
and insight is required to select candidate configurations and then obtain the 
optimum design analytically. The global solution in this case must be chosen 
by comparing relative minima. It may be expected, in structures with greater 
redundancy, that certain members may be reduced during interactive computation 
when they are observed to approach their allowable lower limits. 

An interesting point, illustrated by Table 1, is that a statically deter- 
minate truss is optimum when only stress constraints are imposed. Quite the 
contrary, when the full range of constraints are imposed, a statically indeter- 
minate truss is optimum. 

Example 2. Transmission Tower 

Figure 8 shows the geometry and dimensions of the transmission tower to be 
studied. This problem has been considered by Venkayya and others [7, other 
references are discussed in this report]. The tower has 25 members, 10 joints, 
18 degrees of freedom and is designed for six loading conditions. The structure 
is indeterminate with a degree of indeterminacy of seven. 
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Figur« 8   Transmission Tower 
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The tower was designed by first imposing only (tress constraints, and then 
by imposing stress, displacement, buckling, and natural frequency constraints. 
Design information is given in Table 2 and the final results obtained are shown 
in Table 3. In this table, Columns 1, 2, 3, and 4 give the optimal designs when 
only stress constraints were considered and Columns 5, 6, 7, and 8 give results 
when all the constraints were imposed. For results given in Column 1 of Table 
3, all the members of tower were included in the computation and the Curve 1 of 
Figure 9 shows the variation of cost function with the number of iterations. 
The computations of this case were monitored to determine which cross-sections 
went to their lower bounds. 

One set nf members which attained their lower limits of cross-sectional area 
were numbers 10, 11, 12, and 13. It was observed that these members carried 
small forces and could be removed without causing collapse of the tower, so they 
were removed from the tower. The final values of areas of cross section of the 
resulting structure are given in Column 2 of Table 3. Curve 2 of Figure 9 shows 
the variation of cost function with respect to the design cycle. The final 
weight in this case was slightly less than the previous case. 

The next member that reached its lower limit was number one. So, it was 
also removed from the structure. The results of this case are given in Column 
3 ef Table 3 and Curve 3 of Figure 9. The final weight in this case was 86.9«* 
pounds which is given slightly less than the previous case. Finally, members 
It, 15, 16, and 17 were at their lower limits of cross-sectional area. Removal 
of any of these members, however, would cause collapse of the structure. Members 
2 and 5 or 3 and 4 could be removed to make the structure determinate. The 
results for a statically determinate structure, obtained by removing members 2 
and 5, are shown in Column 4 of Table 3. The final weight in this case was 
1U6.J7 pounds. It may be noted that this statically determinate structure 
yielded only a local optimum(Curve 4, Figure 9). 

All these tower configurations were also optimized by imposing all con- 
straints, i.e. stress, displacement, buckling, and natural frequency. The results 
of these cases are given in Columns 5, 6, 7, and 6 of Table 3 and the Curves 1, 
2, 3, and t of Figure 10, respectively. It can be observed from the results of 
Table 3 that, for the case in which all constraints were imposed, the optimum 
weight of the tower increased as more redundant members were removed from the 
structure. 
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Table 3   Optima Transmission Toners 

FT 

With Stress Constraints only With All Constraints 
Final Areas in sq. in. Final Areas in sq. in. 

NO. 1 2 3 4 5 6 7 e 

1 0.100 0.100 - - - - 0.010 0.010 - - t.   - 

2 0.376 0.377 0.346 - - 2.092 2.339 2.393 - - 
3 0.376 0.377 0.346 0.100 2.075 2.386 2.404 0.548 
4 0.376 0.377 0.346 0.100 2.095 2.339 2.393 0.548 
5 0.376 0.377 0.346 - - 2.083 2.385 2.404 - - 
6 0.471 0.470 0.494 0.779 2.357 2.085 2.076 7.132 
7 0.471 0.470 0.494    > 0.779 2.354 2.084 2.076 6.857 
8 0.471 0.470 0.494 0.779 2.350 2.113 2.083 6.895 
9 0.471 0.470 0.494 0.779 2.335 2.112 2.082 7.101 

10 0.100 0.035 - - - - - - 
11       ! 0.100 0.035 «■    m» - . «•    ■• 

12 0.100 0.087 w     mi - - - - 
13 0.100 - - - - m.     <'• 0.084 - - - - 
1»» 0.1U0 0.100 0.100 0.165 1.113 1.114 1.139 1.785 
15 0.100 0.100 0.10C 0.165 1.113 1.114 1.139 1.735 
16 0.100 0.100 0.100 0.165 1.112 1.117 1.146 1.727 
17 0.100 0.100 0.100 0.165 1.112 1.117 1.14« 1.798 
18 0.277 0.279 0.292 0.413 2.056 2.047 2.027 4.317 
19 0.277 0.279 0.292 0.413 2.058 2.034 2.022 4.390 
20 0.277 0.279 0.292 0.413 2.046 2.047 2.027 4.400 
21 0.277 0.279 0.292 0.413 2.058 2.034 2.022 4.328 
22 0.380 0.374 0.363 0.547 2. 822 2.878 2.896 5.655 
23 0.380 0.374 0.363 0.547 2.808 2.878 2.886 5.730 
24 0.380 0.374 0.363 0.547 2.803 2.926 2.895 5.743 
25 0.380 0.374 0.363 0.547 2.785 2.926 2.895 5.648 

Wt. 
in 91,13 87.90 86.94 106.97 590.32 596.64 597.82 1060.6 
lbs. t 

Max. 
Defl. 2.288 2.305 2.311 3.489 0.350 0.350 0.350 0.350 
in in. 
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Conclusions 

Use of th« steepest descent technique in the interactive node, as developed 
in this paper has proved to be very effective froa two points of view. First, 
computing tiaes are considerably shorter than had been experienced when the saae 
problems were solved in the batch «ode. Second, and probably aore significant, 
interactive computing allows the designer to alter the structural configuration 
in a systematic way to seek the global optimum design. This is not to say that 
a mathematically precise method of obtaining a global optimum has bean found, 
for no such method is known to the authors. It appears, however, that the tech- 
nique presented here makes strong use of the designers knowledge and intuition 
and gives him a tool with which to seek a global optimum in an organized way. 

The results presented for the two examples solved in this paper are of 
interest in their own right. For the case when only stress constraints are 
imposed, results of Table 1 indicate that minimum weight designs for trusses 
with multiple loading may be statically determinate. However, the results of 
the second example given in Columns 1, 2, 3, and 4 of Table 3 indicate that all 
statically determinate trusses may not be lighter than the indeterminate trusses. 

For the case whan all constraints are imposed, results of Table 1 and 3 show 
that statically indeterminate trusses are lighter than the determinate trusses. 
Therefore, one is lead to believe that, in this case, redundancy is advantageous. 
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An optimization method for the minimum weight design of 
structures subjected to dynamic loads is presented.   The method 
is called designing in the dynamic mode.   The dynamic mode 
may be a single natural mode of the structure or a linear com- 
bination of a set of natural modes depending on the spatial dis- 
tribution and dynamic characteristics of the forcing function.   An 
optimolity criterion for minimum weight structures in the dynamic 
mode is derived.    It is based on the strain energy and kinetic 
energy of the individual elements.   A recursion relation for attaining 
the optimality criterion is also derived.   The natural frequencies are 
obtained by using the Sturm Sequence property in conjunction with 
a bisection procedure.   The normal modes are determined by inverse 
iteration.   A step by step procedure for the optimum design under 
dynamic response constraints is presented.    It includes a method for 
determining the modes that predominate in the dynamic response. 
Some examples of design are presented to illustrate the method. 

1.     INTRODUCTION 

Optimization and the automated design of structures is the subject of intense 
study in recent years.   The result of these studies is the emergence of a number 
of successful programs for the design of practical structures.   In 1968, a combined 
approach based on an optimality criterion and a numerical search was presented 
for the optimal design of structures subjected to static loads. (Reference 1).   This 
method demonstrated the feasibility of optimizing structures of several hundred 
degrees of freedom and design variables.   Design conditions included multiple 
loading conditions and constraints on stresses, displacements and sizes of the elements. 
A more detailed study of the convergence characteristics of this method and an 
extension to frame and plate elements were presented in Reference 2.   This refer- 
ence also contained a sparse matrix scheme for the solution and response gradient 
calculations.   Subsequently an alternate method for static load, also based on an 
optimality criterion, was developed by Gellatly and Berke in Reference 3.   A num- 
ber of bar and plate structures were successfully designed by this approach.   Dwyer, 
Emerton and Ojalvo developed a modified stress ratio method coupled with a numer- 
ical search procedure for the automated design of realistic airframe components in 
Reference 4.   Their effort included the development of a large scale computer pro- 
gram for the optimum design of structures subjected to static loads. 

* Aerospace Engineers, Structural Synthesis Group 
** Mathematician, Structural Synthesis Group 
*** Aerospace Engineer, Aeroelasticity Group 
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The basis for the foregoing developments was the vast body of literature 
available in the area of both static and dynamic structural optimization.   Tne 
excellent papers by Maxwell were the earliest to consider the problems of struc- 
tural optimization (Reference IS).   He discussed the fully stressed design of sta- 
tically determinate and indeterminate bar structures.    Later,, several investigators 
examined the limitations of a fully stressed design when applied to different 
configurations and design conditions.   The celebrated paper by Michell dealt 
with the development of an optimum structural configuration for a given loading 
(Reference 6).   This configuration consisted of an orthogonal network of tension 
and compression members.   Later Hemp (Reference 7), Cox (Reference 8) and 
Chan (Reference 9) applied the concept of Michell structures to many problems of 
structural optimization.   The more recent papers by Prager and his associates dealt 
extensively with the derivation of optimality criteria for a variety of design condi- 
tions (References 10, 11 and 12).   These papers firmly established a place for the 
optimality criteria approaches in the design of optimum structures.    In the same 
vein. Turner (Reference 13), Taylor (Reference 14), Masur (Reference 15), Mclntosh 
and Eastep (Reference 16) and others investigated specific problems of structural 
optimization under dynamic and stability constraints.   Barnett and Hermen formu- 
lated an interesting optimality criterion based on virtual work for displacement 
contrained problems (Reference 17).   Melosh presented an extensive discussion of 
the validity of the fully stressed design for the design of indeterminate structures 
(Reference 18).   Young and Christiansen used the fully stressed design criterion 
for designing in the lowest normal mode (Reference 19). 

A parallel but a very significant development in the area of structural optimi- 
zation was initiated by Schmit and Klein (References 20 and 21).   Their formulation 
involved the application of numerical search methods to structural optimization 
problems.   This approach provided a better understanding of structural optimization 
under different design conditions.   Gellatly and Gallagher (Reference 22) and 
Gellatly (Reference 23) have further developed these Ideas and applied 
them to the design of practical aerospace structures.   Fox and Kapoor (Reference 
24), Rubin (Reference 25), McCart, Haug and Streeter (Reference 26) have success- 
fully applied search procedures to the design of structures under dynamic load con- 
ditions.   The recent dissertations of Salinas (Reference 27), Loomis (Reference 28) 
and Arora (Reference 29) are excellent contributions to the further understanding 
of structural optimization. 

The list of references cited in the foregoing discussion is at best incomplete. 
A more detailed survey of contributions to structural optimization can be found 
in papers by Wasiutynski and Brandt (Reference 30), Sheu and Prager (Reference 
31), and Pope and Schmit (Reference 32). 

The purpose of this paper is to present an efficient method based on an 
optimality criterion and a numerical search for the design of structures subjected 
to dynamic loads.   In this paper the effect of clamping is not considered, but 
the authors hope to discuss this problem at a later date. 

2.     ENERGIES OF MOTION AND EQUATIONS OF DYNAMIC ANALYSIS 

The interest of the present paper is primarily in built-up structures and the 
continuum is approximated by a discretized finite element model.   The selection 
of the displacement method of finite element analysis is prompted by the intent 
to automate the analysis block.   However, the basic principles derived in this paper 
are generally valid for a continuum as well as other discretized models.    In an 
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iterative approach a large part of the effort it expended in the repeated analysis 
of the structure.   The basic equations of analysis are presented here as a ready 
reference for the development that follows.   For details the reader is referred to 
References 33 and 34. 

In a finite element scheme the force displacement relations of the individual 
elements are derived by an energy formulation with the assumption of exact or 
approximate displacement functions.   The energy expressions for the itn element 
in motion may be written as 

E "i - Kf..»!•. dV. 
V,  i    i 

ri " %/v.7i ** w. <*V. vi ■     i    i      i 

(1) 

(2) 

where Uj is the strain energy and r,- the kinetic energy of the element, at and «j 
are the stress and strain matrices, respectively, w; is the displacement vector, and 
7j is the mass density.   The dot (») represents a time derivative throughout this 
development. 

The displacement vector may be represented by a set of discrete generalized 
coordinates of the element in the following form, 

f» i wi (3) 

where v.- is the vector of generalized coordinates for the element and 0j is J 
rectangular matrix whose elements are functions of the spatial coordinates.   The 
strain in the itn element may be written as 

•i ' *'\ »j (4) 

The prime in the above equation indicates a derivative with respect to spatial coord- 
inates.    For an element made of a linearly elastic material, stresses and strains are 
related by 

•i - Gj e, (5) 

Substituting Equations   3,   4   and   5   in   1   and   ? , the expressions for the strain 
and kinetic energies of the element are written as 

Uj * %/VjVi ** Gj *'j Vj dV| 

ri ■ HV» *! #if| Vi dV* 

(6) 

(7) 
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Since tho generalized coordinates vector Vj is independent of the spatial coordinates, 
it can be taken out of the integration and the energy expressions may be written u 

u: * %v* k. v. (8) 1 i    i    i 

rs * %v| m. v. (9) 

Where fcj and nij are the element generalized stiffness and mass matrices respectively, 
and they are given by 

k i - L ♦'! G. eV dVj (10) 
i 

it •"i • /V|TI #; #, dV| (ID 

The expressions for the total energies of the structure are obtained by summing the 
component energies, 

m 
U - fcl v? k. v. (12) 

i-1    '    '   ' 

m 
T = %Z  v? m. v. (13) 

i-1    I     '   ' 

where the scalar m represents the total number of elements in the structure. 

The generalized coordinates of the elements and the structure are related by 

Vj - a; r (14) 

where r is the vector of system generalized coordinates, and a.- is the compatibility 
matrix.   The invariance of the energy with a coordinate transformation permits 
writing the energy expressions in the following form, 

U^r^r (15) 

T - Vif1 M f (16) 

where K and M are the generalized stiffness and mass matrices respectively of the 
system and are given by 

m 
K = 2  a! k. a. (17) 

i-1    '    8 

a. .... _. 
i-1    '    "   » 

m 
M - I  a! m. a. (18) 
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V 
V; 

The jtn Lagrange's equation of the system is given by 

dt arj   arj   3rj    j 

Substituting Equations   15   and   16   into   19  gives the equations of motion of the 
system in the following form 

Mr + Kr = R (20) 

where R is the generalized force matrix which includes the externally applied dynamic 
and static forces.   These forces may be concentrated or distributed.   In the case of 
distributed and concentrated forces applied at points and directions other than those 
of the generalized coordinates, R can bp derived by the principle of virtual work.   R 
can also include damping and other internal elastic forces. 

In deriving Equation   20   only structural mass is considered.    However, any non- 
structural mass such as fuel tanks in an airplane wing can be included in the generalized 
mass matrix by superposition.   The magnitude of the   nonstructural mass is added to the 
diagonal elements of M corresponding to their points of application.    If they are lumped 
masses without specific geometric dimensions, only the translational degrees of freedom 
will be effected.   When these masses are not located at the points of the generalized 
coordinates, then the equivalent effect on the generalized mass can be derived by 
D'Alembert's principle and the principle of virtual work 

™ = ™ structural + "" nonstructural '21) 

When the system is at rest and the rate of loading is sufficiently slow, Equation 
20   reduces to the familiar force displacement relation of the static case 

R - Kr (22) 

In such a case the internal forces and stresses of the elements can be determined by 

Sj - kj »j (23) 

•i -ß\ Sj (24) 
t 

In the dynamic case the solution of Equation   20   consists of a homogeneous 
part and a particular solution.    The homogeneous part corresponds to free vibration 
and is obtained by solving 

w2llr = Kr (25) 

where u represents the frequency of vibration. 

Equation   25   represents a standard eigenvalue problem and its solution amounts 
to obtaining eigenvalues, u>K (Ks1,2,...,n) and their corresponding eigenvectors.   The 
matrices M and K possess symmetry and bandedness properties.   The details of a 
method for obtaining the eigenvalues and eigenvectors of a banded symmetric matrix 
are presented in Section 5. 
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There are several approximate methods in the literature for obtaining the 
particular solution rf the matrix Equation   20 .   One of these is the normal mode 
method which is discussed in Section 7. 

3.    ENERGY CRITERION FOR AN OPTIMUM DESIGN IN FREE VIBRATION 

The response of a structure is largely governed by its dynamic characteristics 
and the nature of the forcing function.   The natural frequencies and modes of free 
vibration are the primary dynamic characteristics of the structure.   A design method 
should have the ability to manipulate the dynamic characteristics to obtain an opti- 
mum response for the given forcing function.   An op. mality criterion for a minimum 
weight structure in free vibration is derived here in terms of discrete variables.   This 
derivation is similar to the optimally criterion established in References 1 and 2 for 
static loading conditions. 

The dynamic equation governing the free vibration of the system is given by 
the integral 

x2 x2 
I - /      (T - U) dt - /     L dt (26) 

l1 l1 

where L is the Lagrangian.   The expressions for the strain energy and kinetic energy 
of the system, U and T are given by Equations   12   and   13 .   From Hamilton's 
principle the natural mode of vibration is the one for which the integral I attains 
a stationary value in the time interval t^ to x^ 

Suppose A and A' are two designs in the neighborhood of the minimum weight 
design.   The weights of the structure corresponding to the two designs are propor- 
tional to W and W which are defined as 

m 
W - I   Aj lj (27) 

i«1 

m 
W - S   Aj lj (28) 

is1 

For one dimensional elements Aj and lj are areas and lengths respectively.   For plate 
elements these parameters are defined in Reference 2. 

The difference in the strain energy and kinetic energy of the itn element in free 
vibration in a finite time interval is given by 

ti-, ' %[i! k. s. - u2t\ m. ».] (29) 
1 iii iii 

Mj - %£ *'x. k'. ■'. - «'* •'! m'. •' ] (30) 1 i    i   i i     i   i 

where the vector tj is the displacement of the ith element when the structure is in 
the natural mode of vibration. Here prime refers to the second design. If p-x and 
p'l are defined as H\ and n\, pet unit volume (density), then 
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m m 
V - I Mj - 2   Aj I, p 

i-1 i-1 

m m 
V'-I: M-,-1  Ajljp', 

i-1        i-1 

(31) 

(32) 

where V and V are the difference in the strain energy and the kinetic energy of the 
total system in the two cases. 

Since the two designs are assumed to be in the neighborhood of each other, a 
limiting condition can be writjten in the following form 

fc 
m m 

lim    [2  Aj lj pj - S A'j lj p'j 
A A«     i-1 i-1 

(33) 

Let S and S' be the respective eigenmodes of the two designs.   Since the geometric 
configuration of the structure is the same in both cases, eigenvector S of the first 
design is kinematically admissible for the second design and vice versa.   If the second 
design is forced to vibrate in the mode S with eigenvalue w, then from Rahigh's 
principle one can write 

m 
X   A'j lj p, 

•«1 

m 
> I  A'j lj p'j 

i-1 
(34) 

jv 
The quantity p{ on the left side of the inequality is valid for the following reasons. 
In the case of bar structures,pg depends on the mode shape only and not on the 
sizes of the elements. In the case of beam elements,, p,- is independent of the areas 
of the elements, provided the radius of gyration of each element in the first design 
is the same as that in the second design. It is not necessary that all elements have 
the same radius of gyration. Since the two designs are assumed to be in the neigh- 
borhood of each other, this assumption is not unreasonable. 

Invoking the limiting condition stated in Equation   33 , the inequality   34  can 
be written as 

m 
Z   (A'j - Aj). lj pj > 0 

i-1 
(35) 

If the first design has constant p-{ for all its elements, then the weight of the second 
design, in which this condition is not satisfied, is greater than the first design, i.e., 

m m 
Z   A': I; > Z   A; I; 

i-1 i-1 
(36) 

or 

W > W 

Now the optimality criterion is stated as follows: 

(37) 
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A structure with a given natural frequency will be of minimum weight design 
when the difference in strain energy density and kinetic energy dansity is a constant 
for all its elements while vibrating in its natural mode.   For the static case» the 
above optimality criterion is identical to the one stated in Refere^o/- 1 and 2. 

An iterative algorithm that yields a structure satisfying the optimality criterion 
is derived in the next section. 

4.     RECURSION RELATION BASED ON OPTIMALITY CRITERION 

The optimal it/ criterion stated in the previous section can be attained by 
iteration only.   This requires a recursion relation for iteration and an assurance 
that iteration using this relation converges to a design satisfying the optimality 
criterion.   The recursion relation derived in this section is similar to the one given 
in References 1 and 2 except for the modification necessary to account for the 
kinetic energy. 

The volume of the Ith element may be written as 

Vj = a . Alj <38) 

where the quantity lj is defined as 

I: =-^L. (39) 
Aoij 

a j is the relative design variable, and A is an arbitrary normalization parameter for 
the design vector.    In the case of bar elements lj is simply the length of the element, 
and A a j is the area of the element.    In the case of elements in bending and torsion, 
approp-iate variable definitions are given in Section 6 of Reference 2.   When the sys- 
tem is vibrating in the normal mode, the difference in strain energy and kinetic energy 
of the itn element is a finite time interval is given by 

1     *A      i    i    i p   i     i    i 

where cop is the frequency of vibration in the p* mode, and s j is given by 

«i = ASj (41) 

If the quantity u; per unit volume is assumed to be constant for each element, the 
following relation can be written 

»2       2 ^'i A   * c  TJT (42) vi 

where c is the constant of proportionality, and n] and Vj are given by 

M'i ■ %l«! k. •'. - w2 «? ■». »'. 1 (43) 1 !      I      I P     I        I      I 

Vj'ttjlj (44) 
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Multiplying both sides of Equation  42  by   a? and taking the square root vields 

°jA - cOj 
V- 

(45) 

where o (. A is the i* design variable which is expressed as a function of o j, the 
relative variable.   The form of Equation  46   suggest* the following recursion relation 
for determining the design variable in each cycle. 

( o j A)„+1 « c( a ,) 
V- 

(46) 

where v refers to the cycle of iteration. 

The procedure for using Equation   46   is as follows: 

1. With an assumed relative design vector (such as  o j ■ a j ■ . . . - 
a
m ■ 1.0) the desired normal mode and the conesponding eigenvalue o>p are 

determined. 

2. Then the relative strain energy and kinetic energy of each element in this 
mode are determined. 

3. Each design variable for the next iteration is determined by substituting 
the relative energies in Equation   46 . 

4. The design vector is now normalized with respect to the largest variable. 
This normalization eliminates the need for determining the constant of proportionality. 

5. The procedure is repeated until the optimality criterion is attained or the 
desired frequency is obtained. 

The optimality criterion and the iterative algorithm are derived in the context 
of designing the structure in one of the natural modes.   However, the same procedure 
will be used for designing the structure in the dynamic mode.   The dynamic mode may 
consist of a single natural mode or a linear combination of a set of natural modes 
depending on the spatial distribution and dynamic characteristics of the forcing function. 
A more detailed discussion is given in Section 7. 

5.     EIGENVALUES AND EIGENVECTORS OF BANDED SYMMETRIC MATRICES 

The algorithm derived in the last section presupposes the existence of an eco- 
nomical means of determining the eigenvalues and eigenvectors of the equation 

w2Mr - Kr (47) 

The generalized mass and stiffness matrices M and K are both symmetric and are, in 
general, positive definite.   In addition, when M and K are derived by a displacement 
formulation (Equations   17   and   18 ), they are sparsely populated and have similar 
patterns of  nonzero element distribution.   For the successful application of the opti- 
mization algorithm derived in Section 4, the method of solution of Equation   47 
should possess the following properties: 
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1. It should allow for the determination of any desired frequencies and 

the corresponding normal modes without determining any of the remaining frequen- 
cies and modes. 

2. The method should have a provision for taking advantage of the sparse- 
nest characteristics of the mass and stiffness matrices. 

A method of solution that posse» these two properties was described by Gupta 
(Reference 35) and Peters and Wilkinson (Reference 36).   The method is based on the 
Sturm Sequence property for the equation 

AX - XIX (48) 

where X is the eigenvalue, X is the eigenvector, and I is the identity matrix.   When 
A is real and symmetric, the leading principal minors of (A—XI) form a Sturm 
sequence; i.e., the number of eigenvalues greater than X is equal to the number of 
agreements in sign between consecutive members of the sequence pr (r ■ 0, 1,..., n) 
which is given by 

pr - det (Ar - XI) (49) 

where Ar is the r**1 leading principal submittrix of A.   The det (AQ - XI) is 
assumed to be equal to 1. 

Peters and Wilkinson have shown (Reference 36) that the Sturm Sequence property 
is valid for the problem 

AX - XBX (50) 

when the matrix B is symmetric and positive definite.   Under these conditions the sign 
of det (Ar - XBr) is the same as that of det (Ar - XI). 

The Sturm Sequence property in conjunction with a simple bisection procedure 
allows for the determination of any eigenvalue, without determining any of the remain- 
ing eigenvalues, provided there is a means of evaluating the signs of the leading prin- 
cipal minors of (A - XB). 

Wilkinson presented (Reference 37) a simple method of evaluating the leading prin- 
cipal minors of a square matrix.   It is a variation of Gaussian elimination with partial 
pivoting.   The method consists of (n - 1)   major steps, and each major step, r, con- 
sists of (n - r) minor steps, where n is the order of the matrix.   The r* major step 
in the elimination only involves up to (r + 1) rows of the matrix and consists of the 
following (p238, Reference 37): 

For each value of i from 1 to r 

a.    Compere a^ end a, + 1  s i.e.   If | a,..,, 1 11  > | a,j |, interchange a,. +1 » 
and a;; (j « 1,.... n).   When an interchange takes'piece, it should be recorded.  ' 

"•I 

b.    Compute nv+1.» ■   *rH.i   and overwrite on ar+j j 
*ii 
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i 
c     For each value of j from (i «• 1) to n:    Compute ar+t > -mr+1 ,-•» 

and overwrite on ar+1 j.   If the cumulative sum of the number ofmterchanges 
from the beginning to 'the end of the r* major step i* k, then the principal minor 
p,.+1 is given by 

Pr+1 - M)kat1 a22    ••r+l.r+l (SI) 

It should be noted that only the sign of pr+^ is of interest and not its magnitude. 
When the matrix (A - XB) is banded, evaluation of the principal minor involves 
only (r - q) to r rows, i.e., a total of (q + 1) rows, where (2q + 1) is the maximum 
band width of (A - XB).   This procedure requires only (q + 1).   (2q + 1) storage 
locations, in addition to the storage required for each of the matrices A and B.   Some 
discussion of the storage requirements of the mass and stiffness matrices of the dis- 
placement method is presented at the end of this section. 

After determining the eigenvalues by the above procedure, the eigenvectors can be 
deteimined by inverse iteration using the following recurrence relation (Reference 37). 

(A - XjB) X.' r+1 BX* 
i 

(52) 

I 
3s 

'* 

I 

■J 
t- 

■--■ 

■ - 
i 

where the subscript i stands for the number of the eigenvalue and mode of vibration, 
and f refers to the cycle of iteration.   Only two or three cycles of iteration are 
necessary for obtaining the eigenvector. 

The selection of the initial vector X? can normally be quite arbitrary.   However, 
in some special circumstances, the iteration may not converge to the desired vector. 
An example of this is when the mass and stiffness of a beam include the degrees of 
freedom corresponding to the axial and flexural deformation.   The inverse iteration 
may fail to converge to the flexural modes when the initial vector contains  nonzero 
terms only in the degrees of freedom corresponding to axial deformation.   This 
happens because the linear theory of displacement formulation does not include the 
coupling terms between axial and flexural deformations.   To avoid such a condition 
it is recommended that all the elements of the initial vector be set equal to 1. 

Although Gaussian elimination with partial pivoting was used in solving for the 
eigenvalues as described in Reference 37, storage limitations necessitated the use of 
direct Gaussian elimination in the inverse iteration for determining the eigenvectors. 
Though Wilkinson strongly recommends partial pivoting to avoid an instability in the 
decomposition, our results were found to be quite satisfactory. 

The following comments on the pattern of distribution of the  nonzero elements 
of the mass and stiffness matrices wi!l help it* the efficient use of the above method 
(Reference 38).   In a displacement formulation the mass and stiffness matrices gen- 
erally have the same pattern of distribution of the  nonzero elements.   Thus, the 
comments made in reference to the stiffness matrix are valid for the mass matrix. 

The distribution of the nonzero elements is dependent upon the way the nodes 
of the finite element model are numbered.   Because of the symmetry of the stiffness 
matrix only the lower or upper triangular matrix is considered.   For the purpose of 
this discussion definitions of the following terms are in order.   The gross population 
(.Pgrces) of the stiffness matrix is defined as the total number of elements in the 
upper triangle of the matrix.   The net population (Pget' '* *• totftt numiMr of non- 
zero elements in the upper triangle.   Zeros resulting from transformations are not 
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excluded from the net population. The apparent population (Pappjrgnt) is the actual 
number of elements considered as non2eros by a given solution scheme. From these 
definitions 

rnet apparent gross 

For a given structure Pqro$s and pnet are irivar'ant ant! are 9iven nV 

(53) 

gross ■ N (N + 1) (54) 

and m    o 
pnet * n tn ♦ 1) (number of nodes) + 2  n [MÜHÜJ ~n2 (NR)   (55) 

? M 2 

where N is the total number of degrees of freedom of the structure, n is the number 
of degrees of freedom of each node (all the nodes are assumed to have the same 
number of degrees of freedom; when this is not true the necessary modification is 
simple), kj is the number of nodes to which the im element is connected, and m is 
the number of elements in the structure.   The quantity NR is given by 

NR = Z   (a; - 1) 
i=1 

(56) 

where a; is the number of elements connecting the same pair of nodes and p is the 
total number of pairs of directly connected nodes.    If the structure consists of bar 
and/or beam elements only, NR is always zero.    For the example shown in Figure 1, 
the value of NR is 3. 

The quantity Papoarent i$ dependent on the nature of the solution scheme used, 
union with no pivoting (LDLT), Pappanjm may ** defined as For Gaussian eliminat 

n 

'apparent " **. Qj 
i*1 

(57) 

where Q: 
element   in   the 

j - R: + 1 and where R: is the row number of the first nonzero 
jth column.   The so 

"apparent 
to attain. 

nef 

The solution scheme is most efficient when 
However, in large practical structures this condition is difficult 

The value of Papparent en*"!*9* *•* **** node numbering scheme of the finite 
element model.   The example shown in Figure 2 illustrates this point.   A seven 
node three dimensional bar structure (n ~ 3) is numbered in three different ways 
and the resulting effect on the respective stiffness matrices is shown.   The non- 
zero elements are marked by (+1.   The populations for the three cases are also 
given in the same figure. 

^apparent represents the number of storage locations required for the stiffness 
matrix end an equal number is required for the mass matrix.   This is the procedure 
used for storing the stiffness and mass matrices for all the problems discussed in 
Section 8. 
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6.     FREQUENCY GRADIENTS AND NUMERICAL SEARCH 

Tha recursion relation derived in Section 4, Equation  46 , it extremely rapid 
in effecting changes in ti»e frequencies of the structure.   If the object is simply to 
obtain a minimum weight structure with maximum stiffness, then Equation   46   is 
adequate and there is no need for determining frequency gradients.   However, wher 
the situation demands that less than a maximum stiffness structure is required, then 
finer adjustments can be made by a numerical search using frequency gradients. 

The expressions for the frequency gradients are derived here with the aid of 
the Raleigh quotient.   Similar expressions are derived earlier in a number of papers 
(References 24, 20, 28, etc).   Trie i* frequency of the structure may be written es 
a function of the design variables 

"i ■ F. (Aj, A2, . . ., Am) (58) 

ith A_ are the m desjn variables. where Xj is the r" eigenvalue and A*, A2, 
The function F: is actually the Raleigh quotient corresponding to the itn natural 
mode, and it may be written as (Reference ?4) 

Xj * F; (Aj, A2, . . ., Am) 
Xj KX. 

x; M x: 
(59) 

where Xj is the Ith natural mode of the structure, and K and M are the generalized 
stiffness and mass matrices, respectively.    If the change in Xj due to a change in the 
variable A: is dXjj, then its value can be determined by the Taylor's series expansion 

dXw 

3Aj 
dAj + 

d'F 
21 dA2 

J 

dA2 + (60) 

In the following derivation the terms beyond the first are neglected.   From 
Equation   59 

_3Fj 

3A: 
dA: ix\) (K-X.M1X.+ [x! AK.X.-X.X!AM.X.] 

J    * i    i J   i 

XJMXj (61) 

where A K: and AM:   are the change in the stiffness and mass matrices of the 
structure due to a change in the variable A.-.   Since a change in the size of the 
element effects only the stiffness and mass matrices of that particular element, 
A R: and A U- are the j* element matrices expressed in the'general structure 
coordinate system. 

From Equation   25   the first term in the numerator of Equation   61   is zero. 
Then Equation   61   becomes 

dF:      X'AK.X.-X^AM.X; 
_L-     !      i   ! 
dA, X. MX. 

(62) 
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Thus, to the first order of approximation, dX» can be written as 

dX: (4vv-v5 •iV (61) 
X  MX. 

where SJ: is the displacement vector of the jtn element when the structure is 
vibrating in the i*0 mode, and k: and m: are the stiffness and mass matrices of 
the jtn element corresponding to the change in size dAi, the value of dA: is assumed 
to be equal to A: in determining dX«.   The numerator in Equaton   63   represents 
the difference in the strain energy and the kinetic energy of the i™ element in free 
vibration in a finite time interval (Equation   29 ).. As can be seen from Equation   63 
determination of frequency gradients is computationally inexpensive when once the 
frequencies and modes are determined.   This situation is quite contrary to the calcu- 
lation of displacement gradients in the static case (Reference 2). 

The numerical search algorithm using frequency gradients for the adjustment of 
frequencies is represented by the following recursion relation. 

a»+1 «    a" ± AD" (64) 

where a is the design variable vector, v refers to the cycle of iteration and A 
represents the scalar step size. Each element 0: of vector D is assumed to be 
directly proportional to dX» and inversely proportional to the length I: 

dXii D:   ■   C —-Ji J (65) 

The change in Xj corresponding to the change D: is 

dX; 
6X 'J JL     D: (66) 

I 

The total change in Xj due to a change in the size of all the elements may be 
written as 

m m      1        (dX::)2 

«X: - I  5X» - c I —   :Z-!L' 
' i-1   "   i-1 °j   'j 

Thus, the proportionality constant c is given by 

6X: 

m    1      MX,,)2 HL' 
j-1   aj        'j 

(67) 

(68) 
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Then the element 0: is given by 

SXj dXj|_ 

1   ; j_ w^,)2    !i 
p-i a

P   "p 

(69) 

where 6 X j is the desired change in the ith frequency of the structure.   A similar 
search algorithm is derived in References 1 and 2 for displacement and stress- 
constraint problems. 

The value of   A   is set equal to 1.0.    By adjusting A the rate of change can 
be further adjusted. 

DYNAMIC RESPONSE AND OPTIMUM DESIGN 

The response of a structural system subjected to a time dependent forcing 
function is governed by (Equation   20 ) 

Mr + Kr - R0F(t) (70) 

where R0 is the generalized force matrix whose elements are assumed to be functions 
of the spatial coordinates only.   It is further assumed that the time funct'on F(t) is 
the same for all the generalized forces. 

If the number of degrees of freedom of the system is n, then Equation   70 
represents n coupled second order differential equations. 

The Sturm Sequence property in conjunction with a bisection procedure and 
invert« iteration permit the determination of the frequencies and normal modes 
economically at any range of the frequency spectrum.   Then the normal mode 
method can be used for finding the response of the system. 

In the normal mode method the response vector is approximated by a finite 
number of normal coordinates in the following form: 

r - * q (71) 

where each column of the matrix    ♦ is a normal mode and q represents the vector 
of normal coordinates.   If all the normal modes are included in  * , then Equation 
71   represents the exact response of the system.   However, in practice only a small 

number of normal modes contribute significantly to the response of the system and 
the remaining modes need not be included in  * .   Which modes are significant 
depends on the nature of the forcing function.   A procedure for determining the 
significant modes is discussed later in this section.   Thus, the number of normal 
modes included in  * is p (p < n).  Substitution of Equation   71   into   70  and 
premultiplication by ♦ * gives 

*<M*q+    ♦tKfq«    f*H0F(t) (72) 
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Equation   7?   represents a set of uncoupled second order differential equations in 
normal coordinates and can be written as 

Wq + Kq=    ♦tR0F(t) 

where IM and K are diagonal matrices and their elements are given by 

(73) 

M: (74) 

IK; *iK*i (75) 

Now the number of uncoupled equations is equal to the number of normal modes 
(p) selected to approximate the response.   It should be pointed out that the sub- 
script i in Equations   74   and   75  does not refer to the i* column of the nxn 
normal mode matrix, but instead it refers to the itn column of the nxp normal 
mode matrix selected to express the dynamic response. 

ith The ixn uncoupled equation may be written as 

Hi + wpQi- ^-*i"0F(t) (76) 

where «,- is the natural frequency corresponding to the ith normal mode selected for 
expressing the response.   With the use of the convolution integral the solution of 
Equation   76   can be written in the following form (Reference 34) 

qj(t) 
1 

jsr *!Ro°i<t) (77) 

where Dj(t) is the dynamic load factor or magnification factor and in the absence of 
damping is given by 

D,(t) - /   Wj sin Wj (t - r) F (r) dr (78) 

where t represents the time at which the response is desired and r is the intermediate 
time variable. 

The complexity of evaluating the integral in Equation   78  depends on the nature 
of the forcing function F(t).   When F(t) is periodic or aperiodic and satisfies the 
Dirichlet conditions in any finite interval, it can be expanded into a Fourier integral 
and an approximate solution to the integral can be obtained.   If F(t) is obtained by 
experimental or other empirical data, the integral can be evaluated by any of the 
numerical integration schemes. 
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Substitution of Equation   77   in   71   gives the response of the system in the 
following form 

tflD tlR, (79) 

where Q and D are diagonal matrices with elements given by 

1  n,- 
«,11, 

Dj(t> 

(80) 

(81) 

The dynamic response of the system in generalized coordinates is given by Equation 
79 .   The element generalized coordinates, forces and stresses can be determined by 

substituting Equation   79   into Equations   14 ,   23 , and   24 . 

If the structure is subjected to a static load vector RQ( then the dynamic load 
factor matrix D becomes an identity matrix end Equation   79  can oe written as 

r0-   *O#tR0 (82) 

In the static case the generalized masses are unity, and w, and   ♦ are the eigen- 
values and eigenvectors of the stiffness matrix. 

A comparison of Equations   22   and   82   reveals that 

K_1 <* ♦ a *l (83) 

assuming K is non-singular.   Equation   82. represents the static response of the 
structure.   When the loads are time dependent, the static response is magnified by 
the dynamic load factor matrix D. 

The dynamic response as given by Equation   79   can also be written as a linear 
combination of natural modes of the structure 

P 

i-1 
r»   Zc,*, (84) 

From Equations   79  and   84  c; may be written as 

Wj W; ♦:«. (85) 

where the dynamic load factor D, is given by Equation   78 . 

Each term in Equation   84   represents the contribution of one mode to the 
dynamic response.   If all the modes of the system are included in the summation, 
the response given by Equation   84   would be exact to the degree of approximation 
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expected of a discretized model.   When the forcing function is in the low frequency 
range compared to the actual frequencies of the structure, two or three modes at 
the lower end of the frequency spectrum are adequate for satisfactory representation 
of the dynamic response.    In high frequency vibrations, however, the number of 
active terms are expected tc be larger. 

It should be recognized' that the nature of the time dependence as well as die 
spatial distribution of the forcing function determine which of the modes predominate 
in the dynamic response.   The design procedures that simply stiffen the structure to 
raise the fundamental frequency are inadequate or even produce grossly non-optimum 
designs for some types of forcing functions.   The procedure outlined in this paper 
does not suffer from this deficiency, because it takes into consideration the nature of 
the dynamic response as represented by Equation   84 . 

The modes that predominate in the dynamic response are called the critical modes, 
and a trial procedure for filtering these modes is presented here.    It is based on a 
study of the virtual work of the peak dynamic forces when subjected to the dynamic 
response as given by Equation   84 .   Tiie virtual work of the peak forces is defined as 

'w R0r (86) 

■: 

■ 

i 

I 
i 

Figure 3 illustrates two possible cases uf the variation of *Jw v.uual work, Vw, with 
the number of modes included in the dynamic response.    In the first case, the five 
modes at the lower end of the spectrum are significant.   In the second case modes 
7-11 are significant, and the remaining modes can be left out. 

The recommended procedure for determining the critical modes is as follows: 
For a given design the dynamic response is determined by adding the effect of one 
mode at a time in Equation   84 .   After each addition the virtual work, V™, is 
determined from Equation   86 .   A plot of the virtual work against the number of modes 
would reach a plateau when an adequate number of modes are included in the response. 
In general this filtering proceduie need not be repeated in every optimization cycle.   It 
would be adequate to go through this procedure for the initial design. 

Thus, the step by step procedure for the minimum weight design of a dynamically 
loaded structure is as follows: 

1. For an initial design the critical modes are determined by the procedure 
outlined in the foregoing discussion. 

2. The peak dynamic response of the structure is determined by including all the 
critical modes in Equation  84 . 

3. The dynamic stresses corresponding to the peak response are determined by 
Equation*  73  and  74 . 

4. By scaling the design to the constraint surface, the feasible design and its weight 
are determined.   (See Reference 2 for the scaling procedure and other details). 

5. The frequency of the forced vibration of the structure is determined by substituting 
the dynamic displacement vector r (Equation 84) into the R-leigh quotient 

w 2 . r*K r 

r(Hr 
(87) 

6.  The structure is resized by substituting the dynamic displacement vector r 
(Equation 84) and u2 (determined in the last step) into the recurrence relation based 
on the optimaiity criterion. Equation (46). 
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7.    Steps 2 thru 6 are repeated as long as there is an improvement in the 
design. 

The above procedure is valid for both stress and displacement constrained prob- 
lems.    However, in the case of displacement constraints the design can be further 
improved by a numerical search at the end as in the static case, Reference 2. 

In the foregoing discussion it was tacitly assumed that the forcing function 
could be expressed by a finite number of harmonics. 

8.     DESIGN EXAMPLES 

The design examples presented in this section may be grouped into two cate- 
gories.    The first group of four examples are for the purpose of studying the varia- 
tion of the natural frequencies and material distribution when the structures are 
designed in their natural modes.    Designing in one of the natural modes is tanta- 
mount to designing in the actual dynamic mode if the given forcing function acti- 
vates only that natural mode.   The scaling of the design to the constraint surface is 
the only additional step required to obtain the actual design.    For instance« if a 
loading condition activates only the fundamental mode, then the relative distribution 
of the material obtained by designing in the fundamental mode would be the same 
as that obtained by designing in the actual dynamic mode. 

The recursion relation based on the optimality criterion derived in Section 4 
gives the stiftest structures when they are designed in their fundamental mode.   The 
stiffness of the structure is measured by th« ratio of the fundamental frequency to 
the relative weight. 

In the next group of two examples the structures are designed for dynamic loads. 
.The first example in this group is a rectangular frame with beam elements.    This frame 
is designed for three different loading cases.   These loading cases are devised to show 
how the spatial distribution of the forcing function activates different modes even 
though the dynamic characteristics -re the same in all cases.    The second example in 
this group is a wing structure idealized by bar elements.   This structure is designed 
for a periodic forcing function.    It represents a medium size problem in terms of 
degrees of freedom and number of elements. 

In the examples involving beam elements the principal moment of inertia is 
assumed to be the design variable.    It is further assumed for the problems solved 
in this paper that the radius of gyration of the beam section is the same for all 
the elements.   A sandwich beam with constant depth and variable face sheet thick- 
nesses would conform to this assumption.   The elastic constants, mass properties, 
and other design data are given in Table 1 for all the examples. 

Example 1:    Cmtilever Beam - Design in the First Mode. 

The cantilever b am shown in Figure 4 is designed in its fundamental mode. 
The design started v   h the assumption of equal sizes for all the elements.   The 
elements are resizec   >y the iterative algorithm based on the optimality criterion 
(Equation   46 ).    '   6 first four natural frequencies, the relative weight, and the 
ratio of the fundamental frequency to the relative weight are given in Table 2 for 
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Table I:    Design Data for all Examples 

t. 

Example 1.2£ 4 5 6 

Elastic Modulus (106 Lbs/In2) 
Radius of Gyration (In) 
Mass Density (10~2 Slugs/In?) 
Stress Limit (103 Lbs/Jn2) 

29.000 
2.646 

.884 

29.000 
3.426 
£84 

29.000 
8.731 

.888 
29.000 

10.000 

£13 
25.000 

Table 2: Cantilever Beam - Design 
.2 106/E 

in First Mode 

'*>; 

Cycle No. x, x2 *3 *4 Rel. Wt. X1/Wt. 
1 .316 12.312 97.680 377.734 16.966 £19 
2 2.353 31.270 150.098 448.047 7.413 £17 
3 5.043 46.914 179.102 483.203 5.885 £57 
4 7.398 58.164 200.195 504.297 5.280 1.401 
5 9.086 65.195 210.742 511.328 4.991 1£20 
6 10.264 70.117 221.289 518.359 4.840 2.121 
7 10.967 72.578 224.805 525.391 4.754 2.307 
8 11.494 75.391 228.320 525.391 4.704 2.443 
9 11-846 76.797 231 £36 532.422 4.673 2.535 

10 
i  

12.022 76.797 231.836 532.422 4.653 2.584 

Sizes of the Elements in the Final Design 

Element No. 
Re). Siie 

1 
.0002 

2 
.003 

3 
.018 

4 
.082 

5 
£50 

6 
.566 

7     j 
1.00 
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•ach iteration. This table also contains relative »rat of the element» in tha final 
design. Tha distribution of the mordant of inertia along the length of the beam 
is shown in Figure 4. 

Example 2;   Simply Supported Beam:   Design in tha First Mode 

The simply supported beam shown in Figure 5 is designed in its fundamental 
mode.   The first four natural frequencies, the relative weight of the beam, and tha 
ratio of tha fundamental frequency to tha relative weight are given in Table 3 for 
each iteration.   It is interesting to note that tha values of the natural frequencies 
are reduced slightly but the reduction in weight is n".uch more pronounced.   The 
relative sizes of the elements in the final design are given in Taole 3.   Tha graphic 
i apresantition of tha material distribution is shown in Figure 5. 

Example 3:    Fixed - Fixed Beam:    Design in tha First Mode 

The fixed-fixed beam shown in Figure 6 is designed in its fundamental mode. 
The results of this design are given in Table 4 and tha graphic representation of tha 
material distribution is shown in Figure 6. 

Example 4:    Rectangular Frame:   Design in tha First Four Modes 

The rectangular frame shown in Figure 7 is designed independently in tha first 
four modes.   The natural frequencies and the relative sizes are given in Table 5.   Tha 
natural modes and tha material distribution of the final designs are shown qualitatively 
in Figure 7. 

Example 5:    Rectangular Frame:   Design for Dynamic Loads 

Tha rectangular frame shown in Figure 7 is designed for three different cases of 
dynamic loads.   In aJI three oases» tha forcing functions are periodic and have the seme 
circular frequency.   The spatial distribution of tha forcing functions are shown for tfw 
three cases in Figure 8. 

The dynamic load factor, Dr(t), corresponding to the periodic forcing function 
after integration (Equation (78)) H given by 

1 P 
Dr<l> *    T~5— <"n P* -7T *n "r* > 

A plot of tha dynair.ic load factors corresponding to the firt four natural 
frequencies of the final design in Case 1 is given in Figure 9.   The peak values 
of Dr(t) are used in tha dynamic load factor matrix in evaluating response (Equation 
84 ) even though they do not occur at the same time.   This approximation, in 

general, produces conservetivs designs.   A more accurate procedure would he to 
evaluate tha dynamic iespouse at sufficiently small time inter*!*1.» and to select the 
response at which the dynamic stresses are a maximum. 

Case 1:    Dynamic Lateral Force 

In tha first case the frame is subjected to a periodic lateral force.   The design 
started with the assumption of equal sizes for all the elements.   For this design a 
plot of tha virtual work, Vw, against the number of modes in the response is given 
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CASE 2 

R„ Sin pt 

CASE 3 

PFAK   FORCFS                                     *Note:     p/wr  <<1/10 in all cases 

CASE 1 1000 LBS AT NODES 2 TO 7 (X-DIRECTION) 

CASE 2 1000 LBS AT NODES 7 TO 13 (Y-DIRECTION) 

CASE 3 COMBINATION OF CASES 1 AND 2 

FIGURE 8:  DYNAMIC LOAD DISTRIBUTION 
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Table 3:   Si.nply Supported Beam - Design in First Mode 
X; - wj2 Ifjß/E 

Cycle No. *1 x2 *3 *4 Rel. Wt. X1/Wt. 
1 .155 2.494 12.549 30.883 33.932 .005    | 
2 .145 2.248 11.846 38.477 21.921 .007 
3 .143 2.213 11.846 38.477 21.402 .007 
4 .143 2.213 11.846 38.477 21.365 .007 

1        5 .143 2.213 11.846 38.477 21.362 .007 

Sizes of the Elements in the Final Design 

Element No. 
Rel. Size 

1 
.119 

2 
.313 

3 
.508 

4 
.687 

5 
.836 

6 
.944 

7 
1.00 
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TABLE 4:   FIXED - FIXED BEAM - DESIGN IN FIRST MODE 

Xj - wj2 lO^E 

Cycle No. *1 x2 *3 h Rel. Wt. X1/Wt. 

1 .796 6.027 23.183 63.789 33.933 .023 
2 .993 8.242 33.379 76.797 18.034 .055 
3 1.009 8.102 31.973 72.578 18.231 .055 
4 1.044 8.102 31.621 70.117 17.879 .068 
5 1.062 8.242 31.621 69.414 17.691 .060 
6 1.062 8.242 31.621 69.414 17.597 .060 
7 1.062 8.242 31.621 69.414 17.553 .061 
8 1.062 8.242 31.270 68.711 17.530 .061 
9 1.062 8.242 31.270 68.711 17.518 .061 

10 1.062 8.242 31.270 68.711 17.512 .061 

SIZES OF THE ELEMENTS IN THE FINAL DESIGN i 

Element No. 
Rel. Size 

1 
1.00 

2 
.657 

3 
.330 

4 
.089 

5 
.307 

6 
.545 

7 
.684 

TABLE 5:    RECTANGULAR FRAME (DESIGNS IN FOUR MODES) 

I 
- \- «i2 106/E 

Initial Design 
*1 X2 H H Rel. Wt. 

.413 1.343 10.440 24.590 34.700 

& 

2 
1 
u. 

1st. M-xte 
2nd. Mode 
3rd. Mode 
4th. Mode 

1.062 
.175 
.164 
.589 

1.642 
.979 
.852 

1.896 

9.506 
9.367 
8.242 

11.494 

31.270 
23.184 
26.699 
22.832 

11.227 
16.198 
15.026 
14.866 

SIZES OF THE ELEMENTS IN THE FINAL DESIGN     ' 

Element No. 1 2 3 4 5 6 7 8 9 

u 1st. Mode 1.C00 .733 .475 .234 .066 .236 .292 .198 .079 
e/> 2nd. Mode .206 .062 .154 .316 .473 .620 366 .518 1.000 
^i 3rd. Mode .183 .060 .125 .231 .288 .293 .433 1.000 .574 
oc 4th. Mode 1.000 .267 .621 .947 .722 .219 .334 .180 .169 

SYMMETRICAL ABOUT CENTER LINE 
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in Figure 10.   This plot shows that the first mode is the most, significant one, and 
the modes beyond the fourth have tittle contribution.   The first four natural frequen- 
cies of the initial and the final designs for this loading case are given in Table 6. 
Table 6 also contains the sizes of the elements in the final design.   The graphic 
representation of the materiel distribution is shown in Figure 11. 

Case 2:    Dynamic Vertical Force. 

The plot of the virtual work, Vw. for this Case (Figure 10) shows that only the 
second mode contributes significantly to the dynamic response.   All other modes 
including the first have very little contribution.   The final design and the first four 
natural frequencies are given in Table 6.   The material distribution is shown in Figure 11. 

Case 3:   Combination of Lateral and Vertical Forces. 

For this loading case the first two are the significant modes (see Figure 10).   The 
modes beyond the fifth have little contribution.   The final design and the natural fre- 
quencies are given in Table 6. 

It is evident from the results of this example that the spatial distribution of the 
forcing function determines primarily the modes that participate in the dynamic response. 

Example 6:   Wing Structure Subjected to Periodic Forces 

Figure 12 shows a typical transport wing idealized as a three dimensional bar 
structure.   It has two hundred forty degrees of freedom and four hundred forty 
elements.   The wing is subjected to a sinusoidal forcing function.   The final design 
and the first four natural frequencies are given in Table 7. 

9.    SUMMARY AND CONCLUSIONS 

The optimization method presented in this paper may be called designing in the 
dynamic mode.   The dynamic mode may be a single natural mode of the structure 
or a linear combination of a set of natural modes depending on the spatial distribu- 
tion and dynamic characteristics of the forcing function.   There are three oasic steps 
in this optimization procedure.   The first step consists of determining the number of 
significant modes necessary to represent the dynamic mode.    In the second step»the 
given design is scaled to satisfy the dynamic stress and displacement constraints. 
After this step the weight of the feasible design can be determined for comparison 
with the designs in the previous iterations.   In the third step» the elements of the 
structures are resized by the algorithm based on either the optimality criterion or the 
numerical search.   Only the last two steps are repeated in each iteration for obtaining 
the optimum structure. 

Each of the three major s*eps consist of several substeps.   The details of these 
substeps are pointed out throughout the body of this paper.   For instance, Section 2 
contains a summary of the equations of dynamic analysis.   They are presented in the 
context of the displacement method of finite element analysis.   An optimality criterion 
for minimum weight structures is derived in Section 3.   It is based on the study of 
the strain energy and the kinetic energy of the elements in the dynamic mode.   An 
iterative algorithm for attaining the optimality criterion is derived in Section 4.   This 
section also contains a step by step procedure for using the algorithm in the design 
of minimum weight structures.   In Section 5. a procedure for Ihe evaluation of eigen- 
values and eigenvectors of banded symmetric matrices is discussed.   The eigenvalues 
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CASE 1 

CASE 2 

CASE 3 

FIGURE 11.   MATERIAL DISTRIBUTION OF DYNAMICALLY 
LOADED FRAME 
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TABLE 6: RECTANGULAR FRAME:    DESIGN FOR DYNAMIC LOADS 

Case 1:    Periodic Lateral Forces 

Xj - Wj2 l^/E 

Design *1 \2 *4 Weight 

Initial 
Final 

2.67 
6.52 

3.66 
12.73 

67 JO 
71.17 

155.37 
21426 

1080 
522 

Cycle No, 
Weight 1080 808 528 522 

Elern. 1 2 3 4 5 6    ! 

Area 
Inertia 

6.61 
503 20 

3.75 
285 .51 

1.56 
119.11 

026 
27.77 

029 
7543 

1.18 
90.05 

Elem. / 8 9 10 11 12 

Area 
Inertia 

0.91 
69.64 

0.53 
40.16 

0.19 
1423 

0.36 
27.64 

0.76 
57.64 

1.16 
88.47 

Eicrr.. 13 14 15 16 17 18 

Area 
itartia 

0.99 
75.77 

0.30 
2234 

0.63 
4820 

129 
105.64 

2.15 
16329 

222 
222.61 

Dc* 2:    Periodic Vertical Forces 

U; ■? 10% 

Design *1 *2 *3 *4 Weight 

initial 
Final 

2.67 
1.57 

8.66 
754 

6721 
63.79 

15527 
15126 

563 
506     ! 

Cycle No. 1         j      2 3 4 
Weight 563       !     534 517 506 

Elem. 1 2 3 4 5 6 

Area 
Inertia 

0.77 
58.71 

0.35 
26.40 

0.48 
3629 

025 
7?26 

1.48 
11221 

2.02 
154.19 

Elem. 7 8 9 10 11 12 

Area 
Inwtia 

122 
8228 

1.13 
85.76 

226 
157.17 

226 
157.17 

1.13 
85.76 

122 
822b 

Elm. 13 14 15 16 17 18 

Area 
Inertia 

2.02 
154.19 

1.48 
11221 

025 
7226 

0.48 
3629 

025 
26.40 

0.77 
58.71 654 
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Case 3:    Periodic Combined Forces 

Design *1 *2 *3 *4 Weight 

Initial 
Final 

2.67 
2.53 

8.66 
8.10 

67.31 
63.09 

155.37 
20020 

940 
718 

Cycle No. 1 2 

Weight 940 718 

Elem. 1 2 3 4 5 6 

Area 
Inertia 

3.41 
260.18 

1.73 
131.87 

0.65 
49 34 

0.26 
19.70 

026 
19.70 

0.82 
62.16 

Elem. 7 8 9 10 11 12 

Area 
Inertia 

0.70 
53.40 

1.79 
136.49 

2.35 
178.89 

182 
138.87 

0.69 
52.90 

2.98 
227.35 

Elem. 13 14 15 16 17 18 

Area 
Inertia 

3.83 
292.10 

2.30 
175.65 

0.90 
68.02 

0.98 
74.49 

2.41 
183.49 

3.91 
297 JO 

TABLE 7:    WING STRUCTURE:    DESIGN FOR DYNAMIC LOADS 

Design h *2 *3 Weight 

Initial 
Final 

23.887 
880.469 

146.582 
1043.95 

448.047 
3337^9 

9220.312 
2115.030 

Cycle No. 1 2 3 4 

Weight 9220312 3278.977 2389.517 2115.030 
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are determined by the use of the Sturm Sequence property and a bisection proce- 
dure.   The eigenvectors are obtained by inverse iteration.   A search algorithm for 
frequency constraint problems is derived in Section 6.   It is similar to the one 
derived for displacement and stress constraint problems in References 1 and 2. 

Section 7 contains a step by step procedure for the design of structures with 
dynamic stress and displacement constraints.   This section also describes a procedure 
for filtering the significant normal modes of a structure subjected to a given dynamic 
load.   It is based on the virtual work of the peak forces in the dynamic mode. 
This is the most crucial section for the successful application of the method presented 
in this paper. 

Section 8 contains applications of the general procedure presented in this paper 
to specific problems.    In the first group of problems the structures are designed in 
their natural modes.    In the second group, the structures are designed in the dynamic 
mode when they are subjected to periodic dynamic forces. 

ft should be pointed out that the method is not limited to the case of periodic 
forces only.   Extensions of the method to the design of structures in dynamic modes 
such as the ones resulting from aperiodic forces, flutter modes, and static stability 
modes are contemplated for the future.   It is assumed that these dynamic modes can 
be represented by a linear combination of the natural modes of the structure. 
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The paper presents an efficient finite element method 

for evaluating the elastic stress intensity factors at the 

tip of a sharp crack. The method is based on a hybrid 

stress model for which special stress terms which represent 

the correct singularity behavior at the crack tip can be 

included. The magnitudes of such singular terms which are 

among the unknowns of the final matrix equations are, in 

fact, the stress intensity factors to be evaluated.  Example 

solutions include plane stress cracks of both the opening 

type (Mode I) and in-plane shear tvpe (Mo*<? TI) for isotropic 

materials and of the opening type for anisotropic materials. 
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SECTION I 

INTRODUCTION 

The fundamental quantity to be considered in fracture mechanics 
is the "stress intensity factor" (Reference 1).  For example, for 
an elastic plane stress or plane strain problem, in the immediate 
vicinity of the tip of a through crack the stresses varies as 1/ fr 
where r is the radial coordinate of any point in the plane with the 
crack tip as the origin. The coefficient of this singular term is 
a measure of the strength of the singularity and is called the 
stress intensity factcr k.  It has a unit of ksi /In.  The two types 
of crack governing the plane stress and plane strain problems are: 
(a) Mode I or the opening mode (b) Mode II or the in-plane shear 
mode (Figure 1). Another type of crack which involves out-of-plane 
is classified as Mode III crack. 

For the two types of crack in the plane stress and plane strain 
problems, the singular terms of the stress distribution for iso- 
tropic materials are given respectively bv: 

Mode I: 

" JIF 

r 

Mode 

<r   = 

II: 

«5 
4)n& cos— Cos4~ 

•* 
^ 

*           * -J*,±(2 + c0*lc*s%) 

<T     a 
Jir 

(1) 

(2) 

where 8 is the angle measured from the x-axis, kT and kTT are 
directly proportional to the magnitude of applied loading and is 
dependent on the geometry of the structure, the size and shape of 
the crack, and the nature of the applied loading.  For an infinite 
sheet with a straight crack of length 2a under uniform tensile 
stress a  along the direction normal to the crack, the stress inten- 
sity factor k_ is equal to a JT.    The stress intensity factors for 
a single cracR or for a crack array in an infinite sheet under 
different loading conditions can be determined directly using, for 
example, the complex function approach.  However, for finite struc- 
tures and for irregular cracks, approximate methods mu«t be employed 
for evaluating the stress intensity factors.  If the stress dis- 
tribution near tha tip of the crack can be estimated, then a fitting 
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Mode I crack 

(opening mode) 

Mode II crack 

(in-plane shear mode) 

//// 

Mode III crack 

(out-of-plane shear 

mode) 

Figure 1. Three types of cracks 
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with a function of 1/ ,/r shape will permit the determination of the 
quantity k„ 

The displacement field in the vicinity of the crack tip is also 
relcted to the stress intensity factors. For the two typas of crack 
in plane stress and plane strain states, the displacement components 
u and v in the vicinity of the crack tip are given by, 

Mode  I: 

il (2t) 
a 

Mode   II: 
I'J 

&G 

ir 

&x(2t)' 

8$ -(2t'5)c*sl-cosl£ 

(3) 

(4) 

where G is the shear modulus and 16 takes the value (3-4v) for plane 
strain state; and, (3-v)/(l+v), for plane stress state, v being the 
Poisson's ratio. It is seen that the stress intensity factor k can 
also be evaluated bv examining the displacements field near the 
crack tip. For example, for the Mode I crack a particularly con- 
venient displacement component to be used to determine the quantity 
k_ is the opening of the crack. 

Irwin (Reference 1) has shown that the stress intensity factor 
is related to the strain-energy release rate £f   ,   i.e., the change 
in strain energy in the structure per unit distance of crack exten- 
sion.  For the two modes in the plane stress and plane strain 
problems, the relationship is given by 

Mode Is 

£ 7TIK.+ 

86r 

i\kt 
(5) 

Mode II: 

K - 8<* 
)ix (6) 
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It is seen that a third approach for estimating the stress intensity 
factor is to determine the strain energy release rate.  Another 
quantity which has been shown to be equal to *[   is the so-called 
J-integral, or a line integral involving the strain energy and the 
displacement gradient around any closed boundary surrounding the 
crack tip (Reference 2). 

The critical value of k for which a crack becomes unstable is 
designated as kc. The critical value of kj is sometimes referred to 
as the fracture toughness kIc. The fracture toughness is a material 
property and xs a function of plastic zone behavior at the tip of 
crack; hence it is related to the ductility of the material.  For 
design purpose, the fracture toughness *TC is considered as an equiva- 
lent or fictitious stress intensity factor corresponding to the point 
of crack extension instability and is determined by assuming the 
material as elastic.  When the fracture toughness *lc for a given 
material and plate thickness has been determined by tests, the 
estimation of the critical state of stress at the crack extension 
instability then is reduced simply of the determination of the 
elastic stress intensity factor kj.  The use of the concept of elastic 
stress intensity factor in structural design is valid for high 
strength materials used in aerospace applications such as aluminum 
alloy, steel and titanium, for which the plastic zone size at the 
tip of the crack is small in comparison with the crack length. 

Elastic stress intensity factors for a number of crack con- 
figurations have been catalogued in various texts (Reference 3 and 
4).  For many configurations which involve cracks in an infinite 
plate closed form solutions for the stress intensity factor are 
available.  Many of the cases given in Reference 3 were treated by 
approximate methods such as (1) the boundary collocation of stress 
functions (2) the conformal mapping technique and (3) continuous 
dislocation arrays and singular integral equations (Reference 2). 

Practical fracture mechanics analysis often calls for the 
estimation of stress intensitv factors for structural elements of 
irregular geometry and design.  For such problems the use of the 
approximate methods listed above would require considerable alge- 
braic manipulation for *--he set-up of each individual problem.  The 
finite element method which has the advantage of easy adaptation to 
modern computer technology for obtaining a complete analysis of com- 
plex structures with very simple input instructions certainly becomes 
the most logic technique for the crack analysis. 

The finite element method is also versatile in many other as- 
pects.  For example, the extension of the finite element analysis 
of isctropic materials to that of anisotropic materials usually 
involves the change of only a few cards in the complete computer 
program.  The extension of stress analysis under mechanical loading 
to that under thermal loading again does not require a very extensive 
program revision. For the analysis of the stress distribution near 
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a crack in a general 3-dimensional solid, the finite element method 
appears to be the only feasible scheme. 

There have been a number of papers and reports dealing with 
the use of finite element methods for evaluating the elastic stress 
intensity factor of Mode I cracks (References 5 to 9).  All of these 
are based on the assumed displacement approach.  In the solutions 
of References 5, 6 and 7, the finite elements used at the tip of 
the crack contain no singularities in strains and stresses. As 
shown in Reference 10, in such a case, no matter how high the order 
of the polynomials is used for the assumed displacement functions, 
the rate of convergence of the finite element solution remains pro- 
portional to JT where z  is the element size.  In order to obtain an 
accurate evaluation of the stress intensity factor, the size of the 
elements must be extremely small.  Kobayashi and his co-authors 
(Reference 5), for example, indicated that in order to obtain suf- 
ficient accuracy for their assumed displacement finite element method 
the size of the element near the crack tip must be smaller than one- 
twentieth of the half-length of the crack.  They, in fact, concluded 
that it is not reliable to obtain the stress intensity factor by fit- 
ting the approximate stress distribution obtained by the finite 
element method, and that, instead, the fitting of the crack surface 
displacement distribution is a more accurate scheme.  This method 
of using crack surface displacement for determination of the stress 
intensity factor has also been followed by other authors (Re^srences 
6 and 7).  Anderson et. al. (Reference 6) also pointed out:  the use 
of the energy release rate £f   for crack extension is a more efficient 
way of determining the elastic stress intensity factor.  The energy 
method, however, is not applicable for the cases which involve the 
combination of Mode I and Mode II cracks (such as an inclined crack 
under uniform in-plane tensile stress or a crack in a general aniso- 
tropic material).  The use of crack surface displacements is also 
not very convenient for problems which involve the singular behavior 
of both types of crack. 

References 8 and 9 concern the use of special elements which 
contains singularities at the crack tip.  Levy et. al. (Reference 9) 
used a special element which was derived mainly for elastic-perfectly- 
plastic material, hence it contains an 1/r type strain singularity. 
Thus, although they included in this report an elastic stress dis- 
tribution solution obtained bv using this special element, only a 
qualitative discussion of the accuracy for the stress intensity 
factor was given.  Reference 8 involves the use of an assumed 
strain distribution which contains the correct singularity, but 
since the assumed displacement does not satisfy the interelement 
boundary compatibility, the convergence of the solution cannot be 
guaranteed. 

The present paper consists of the formation of the finite 
element solution of the crack stress intensity problem using spe- 
cial finite elements derived by a procedure similar to the hybrid 
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stress model (References 11 and 12).  In the formulation of the 
hybrid stress model by Pian, a stress distribution in terms of a 
number of undetermined stress parameters is assumed within each 
element, and boundary displacements which are compatible with the 
neighboring elements are interpolated in terms of the nodal dis- 
placements. The stress parameters within each element are inde- 
pendent of those of the other elements and, hence, can be elimin- 
ated by the use of the Principle of Minimum Complementary Energy, 
and the resulting stiffness matrix of the element can be obtained. 
For the crack problem, special stress terms which represent the 
correct stress singularity behavior at the crack tip are included 
in addition to the non-singular stress tennis for several elements 
in the- neighborhood of the crack tip.  The parameters for the non- 
singular stress terms which are independent for different elements 
can be eliminated first but those for the singular terms are kept, 
together with the nodal displacements, as the unknowns of the 
final matrix equations.  The magnitudes of these singular terms 
are, in fact, the stress intensity factors k to be determined. 
Since in this method the singular Dart of the solution is ex- 
tracted out in the correct analytical form, the nodal displace- 
ments of the finite element analysis correspond to a solution which 
has no singularity.  Thus, the convergence behavior of this method 
remains the same as that of a common elasticity nroblem which con- 
tains no stress singularity. 

Detailed discussion of the formulation of the assumed stress 
hybrid model for the crack analysis problem and numberical exam- 
ples for the evaluation of this method are given in the following 
sections. 

SECTION II 

FORMULATION OF HYBRID STRESS MODEL 

The variational principle which governs the assumed stress 
hybrid model is a modified principle of minimum complementary 
energy (References 12 and 13) for which the functional to be 
varied is 

where 

o. . = stress tensor 

G. ... * elastic compliance tensor 

V = volume 
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S = surface 

So = portion of S over which the boundary tractions are 
prescribed 

T. = component of surface traction 

u. = boundary displacement 

n = nth finite element 

3V = entire boundarv of nth element n 

The stress tensor o.. satisfies the equilibrium equations 

<rj/,j +Fi = o (8) 

where F. is the prescribed body force. 

In the present finite element formulation for which the nature 
of the stress singularity near the crack tip is known it is a sim- 
ple matter to include the correct singular behavior of the stress 
distribution in the assumed -jpproximate functions for a. .   for the 
elements in the vicinity of the crack tip.  For simplicity in the 
present development we assume that the body forces are not present. 
The assumed functions for a.. are then divided into two parts, one 
of which contains no singularity while the other contains the pro- 
per singular behavior.  In matrix form the assumed stresses are 
expressed as 

<r   =   P/9  + Ps fis (9) 

»re Pg may be simply polynomials which satisfy the homogeneous 
ress equilibrium equations while Ps&s corresponds to the stress 

whe] 
stress*"#quilibrium equations while Ps&s corresponds to the stress 
singularity terms.  For example, J3S~= ikj kij} are the stress in- 
tensity factors for the Mode I and Mode II cracks and for isotropic 
materials the elements in Ps matrix are the functions for these 
two types of crack given in Equations 1 and 2.  For ani30tropic 
materials the behavior of the stress singularity at the crack tip 
can also be obtained by the complex variable method (Reference 14). 
As a reference the singular stress terms for the opening type 
crack in an orthotropic panel is given in the Appendix.  It should 
be noted that Psßs represents a stress distribution which satis- 
fies not only the equilibrium equations but also the compatibility 
equations. 

The surface tractions for each element are related to the 
assumed stress distribution and can be expressed as 
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T = KP +Rsßs (10) 

For elements away from the crack tip where the stress singularity 
effect is no longer important only the ££ parts appear in Equations 
9 and 10.  Similar to the procedure used in formulating the regular 
hybrid stress method?, the element boundary displacements uB are 
interpolated in terms of ths nodal displacement q, i.e. 

«3    = kt (11) 

Substituting of Equations 9, 10 and 11 into Equation 7 and 
realizing that the singular stress terms are included only in a 
certain number of elements, say p elements from n « 1 to n = p, 
in the rjrir.'   /  of ehe crack tip, we obtain the following expres- 
sion 

-lT(zt -fat * «7 ) (12) 

*f dßTHß -Ar*f * at) 
r* *Ptl 

where 

H =   / PTSP JV 

H« «  f    PjSP: dV 
(continued on nexc page) 
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(13) 

and m is the total number of element«; 

The stationary conditions of the functional given by Equation 
12 with respect to variations of ß which are independent from one 
element to the other then yields ** 

Hß    +   Hs &    -  Gl=0 for    n*p 

(14) 

By solving for j>  from Equation 14 and substituting back into 
Equation 1? ' >t  can express t^e functional ^nc in terms of tne 
aeneralizc Hsülacement q and the stress intensity factors 6 , 

?S0 ^ s i.e. 

*V  «V «V.       -N. X, 
(15) 

whero 

(16) 
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By expressing the element nodal displacements q in terms of 
independent generalized global displacement q* and by realizing 
that ßs is in common for the p element in the neighborhood of the 
crack~tip ve can write 

7U =-{%'*? •£#%' 
(17) 

where K, M, N and Q* are obtained bv assembling the corresponding 
element matrices. "*" 

The stationary condition of the expression of ^mc  with re- 
soect to q* and Ss then yields 

and 
A4 ft*  . VA = 

(18) 
= O 

The solution of Equation 18 then yields the nodal displacements 
q* and the stress intensity factors 6S. 

A few remarks should be made concerning this hybrid model 
formulation: 

(1) The present formulation leads to a matrix mixed method 
with nodal displacements and some stress parameters as unknowns. 
Thus, although this formulation has the advantage of yielding the 
unknown stress intensity factors directlv, it is not compatible 
with the most commonly used finite element formulation, i.e. tne 
matrix displacement method.  The formulation, however, can be 
easily modified by first grouping the p elements at the crack tip 
and then eliminating the stress parameters ßs of the singular 
terms as explicit unknowns among these elements,  .^n element 
stiffness matrix can thus be evaluated for the super finite ele- 
ment consisting of this group of elements.  Thus except that this 
super element will have much larqer number of degrees of freedom 
than that of the remaining conventional elements, the formulation 
now becomes a matrix displacement method. 

(2) For most crack problems the crack surface is stress 
free,  Thus, for those elements which contain the crack surface, 
the assumed functions Pe should be so chosen that the stress free 
boundary conditions are observed.  Such ster has been demonstrated 
to offer considerable improvement in the accurac of the finite 
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element solutions by the hybrid stress model particularly when the 
number of finite elements is small (References 15 and 16).  Tt will 
be shown in the following section that this step is even more cru- 
cial for the present formulation.  Since the elastic stress inten- 
sity factor refers to the stress distribution at the immediate 
vicinity of the crack tip it is essenti,»] to provide an accurate 
description of the stresses for the elements near the crack tip. 

(3) According to Equations 3 and 4 the displacements u and v 
corresponding to the stress singularity term should be proportional 
to the square root of r. This suggests that an appropriate inter- 
polation function of the boundarv displacements for the elements 
in the vicinity of the crack tip is one which includes a /r term. 

(4) In order to obtain a converging solution when the ele- 
ment size becomes smaller and smaller the singular stress terms 
must be included in a fixed region and not in only a certain fixed 
number of elements.  For example, if the singular stress terms is 
included only in the elements which contain the crack tip, then if 
the element size approaches zero the stress singularity effect 
will completely disappear and the solution will certainly not con- 
verge to a correct stress intensity factor. 

(5) Since Psßs satisfies both compatibility and equilibrium 
equations, the volume integral for Hss (Eouation 13) can be trans- 
formed into a line integral 

(19) 

where Ls is a boundary displacement matrix corresponding to S_Pg. 
In fact, in the case of isotropic materials Ls can be evaluated 
from Eouations 3 and 4.  Since Ps and Ls  are proportional tc 1//r 
and JTr  respectively the integrand in Equation 19 involves only 
sine and cosine functions in 9.  Thus, although in the volume 
integral form the integrand in Hg_ is prooorticnal to 1/r, in the 
transformed form the singularity disappears. 

In the similar manner, since £{£, satisfies the equilibrium 
equations the volume integral for Hs can also be transformed into 
a surface integral, "" 

dt (?0) 

It is seen that the integrands of Hs and Gs are proportional 
to J"r and 1/ /T resDectively.  When the~integrals in these two 
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matrices are evaluated numerically special care must be taken to 
insure the accuracy of the integration when the range of r starts 
from zero.  In the present formulation a transformation of vari- 
able is introduced prior to the application of the Gaussian quad- 
rature.  For example, for a line segment passing through r=0 the 
integration is carried cut in terms of a variable z defined by 
r=z2; thus, dr=2zdz, /rdr=2z2dz and dr//"r=2dz. 

SECTION III 

RESULTS OF DETERMINATION STRESS INTENSITY FACTORS 

To illustrate the method outlined in this paper several 
numerical results are presented in this section. 

1.  The first problem concerns a rectangular panel with sym- 
metric edge cracks under in-plane tension (Figure 2).  This problem 
has been solved by Bowie (Reference 1?) using the complex variable 
and conformal mapping technique.  For the present finite element 
solutions the elements eight-node recLangular elements of various 
mesh sizes were used.  Since the structure possesses double sym- 
metry only one quarter of the panel is needed for the finite 
element analysis, and the only stress singularity term is the 
Mode I type.  In all the solutions the stress singularity term is 
included only in the two elements at the crack tip. 

In these solutions the non-singular stress terms include 
complete cubic functions in x and y for o , o  and c  .  This 
means that 18 £ 's are used for those elemintsvwhich 9*X not have 
stress free boundary conditions or for which such conditions are 
not enforced.  In the case that the stress free boundary conditions 
are enforced there remains only 10 independent ß's.  Since the 
elements used are rectangular elements with three nodes along each 
side, quadratic displacements are assumed for the boundaries of 
most of the elements.  Only for the two elements at the crack tip 
the displacements are also assumed to be proportional to a+b 
7r+cr.  As we have pointed out earlier, the /r~term is included 
here because it corresponds to the singular stress term. 

Finite element solutions have been obtained using four dif- 
ferent element sizes and arrangements as shown in Figure 2.  The 
values of the stress intensity factor kj were determined from the 
finite element solutions by three different methods:  (1) by 
direct calculation of the stress coefficient £a, (2) by using 
Equation 3 and considering the crack opening displacement v at the 
lower left corner of the element at the left of ehe crack tip, 
(3) bv calculating the strain energy release rategf from the 
finite element solutions of two problems with the crack lengths 
differ by A£=0.0S.  Values of kj have been evaluated for the four 
element sizes by the first two methods.  The third method was 
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applied only to the case of 2x4 mesh. These values are listed in 
Table I.  By comparing with the analytical solution by Bowie we 
can conclude that all three methods provide about the degree of 
accuracy. The first method, of course, is the most direct one. 
The error of fcj obtained by the first method is less than 0.5% 
when the 4x6 mesh is used.  It is only about 6% when the 1x2 mesh 
is used. 

Table I also includes the result of an investigation of the 
effects of different assumed stresses and boundary displacements 
on the solution. The effect of not including the /r term in the 
boundary displacement is apparently not very large although the 
solution for the case of 4x6 mesh is rather ooor when compared 
with the result obtained when the /r term is included.  However, 
if the stress force boundary conditions for the element at crack 
tip are not enforced the resulting k would be completely unaccept- 
able. * 

The second example consists of a rectangular isotropic panel 
(2bx2c) with a center crack of length 2L and four edge cracks of 
length a as shown in Figure 3.  The stress intensitv factors k 
and kii for the edge cracks-; due to uniform tension loading are 
determined by the finite element method.  The effect of the length 
of the center crack on kj and kjj is investigated.  In each solu- 
tion a quarter of the panel is subdivided into fcrty-two 8-node 
elements which include special elements around the tips of the 
crack. A plot of k.. and k-j versus L/c is given in Tigure 3. 

The third example consists of a rectangular orthotropic panel 
(2bx2c) with a center crack of length 2L as shown in Figure 4. 
The crack stress intensity--*! due to uniform tension loading are 
determined by the finite element method using twenty-four 8-node 
rectangular elements for a quarter of the panel.  In formulating 
the special elements at the tip of the crack the stress singularity 
terms are given by Equation A-3 of the Appendix.  Values of kj are 
obtained for different ratios of the principal Young's moduli, 
Ex/Ey.  The results are compared with the numerical results obtained 
by Bowie and Freese (Reference 19) by complex variable approach and 
extension of the modified mapping-collocation techniques.  In de- 
termining kj for the orthotropic panels in Reference 19, the parame- 
ter Hi in Equation A.2 is kept as unity while n2^ l-Ex/Ey)   is left 
as a variable.  For the present finite element analysis the indi- 
vidual orthotropic elastic constants are needed. A reference value 
of Ex is first chosen, E can then be determined by Equation A.2. 
The Poisson ratio vXY is then taken as 0.38 and the shear modulus 
Gxv 

c*n he calculated.  It is seen that the comparison between the 
present finite element solutions and the complex variable solutions 
is, indeed, excellent. 
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SECTION IV 

CONCLUSIONS AND REMARKS 

The following conclusions and remarks can be made for the 
present method for evaluating the stress intensity factors of 
sharp cracks: 

(1)  The hybrid stress model is an ideal scheme for setting 
up a finite element method for evaluating the stress intensity 
factor.  It can easily take into account the stress singularity 
in the elements near the crack tip.  It is very convenient to 
take the correct behavior of boundary displacements and prescribed 
boundary traction into account. 

(?)  The numerical results indicate that fairly accurate 
estimation of the stress intensity factors can be obtained even 
when the size of the eight-node rectangular element is as large 
as the length of the crack. 

(3) The present formulation leads to a matrix mixed method, 
but it can be easily modified to fit the conventional finite 
element programs based on the matrix displacement method. 

(4) The method is suitable for isotropic as well as aniso- 
tropic materials and is adaptable to problems for which behaviors 
of Mode I and Mode II cracks exist simultaneouslv. 

(5) For plates and shells with through cracks there also 
exist stress singularities at the crack tip and corresponding 
stress intensity factors can be defined.  Hartranft and Sih 
(Reference 18) have concluded that for such problems one must 
employ the Reissner's refined plate theorv which considers the 
transverse shear effect instead of the ordinary Kirchhoff plate 
theory.  Since the hybrid stress model has been shown to be a 
convenient method for treating the transverse shear effect 
(Reference 11) it is also a logic scheme for the problem of 
through cracks in plates and shells. 
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APPENDIX 

The determination of the near crack tip stress distributions 
and the stress intensity factors for a general anisotropic material 
in plane stress or plane strain states has been presented, in 
details, in a survey paper by Sih and Liebowitz (Reference 14). 
The stress distributions are functions of two complex parameters 
si and S2 which are related to the anisotropic elastic constants. 
For the orthotropic panel with Ex and Ev as the principle Young's 
moduli, v

Xy» 
tne Poisson ratio and Gxy, the shear modulus, the 

parameters s^ and s^ are taken as the roots of the characteristic 
equation 

' s,'+ f '      2* G.,       £, )SJ   *   ey 
= S, V     ' G,i       £. ) V  T  ev ~ "        (A-i) 

The parameters Sj and ,2 are purely imaginary, i.e. .^ and s2=in2, 

7,1, = <£*/£r)Vi 

i.+n*~ji■[(*'/*,)*+ E
*AM.,) -fy)A ,A -2) 

to thehx-axfrisfgivenabythe  tiP °f * ^^ Cr*Ck which is P«allel 

<r  S^LP   f S'Sj.   r J* s, 1 
(2r)*   c [ 5. -Jx < (a>s9 * Sxsi*B)* " (cose +s, sin$j* )] 

7     (Z 0 (S, "JA I (<*tfi * Tj Staff)*     (CT& i-S, Sm0)>Ä )J 

/   farf     l*''S* \(**0*S,S**$)*    CcosO+SxSi.nB)''*)\      (A"3) 
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FINITE ELEMENT ANALYSIS OF PLATE BUCKLING 

USING A MIXED VAEIATIONAL PRINCIPLE* 

by 

D. J. Allman** 

(Royal Aircraft Establishment, Fernborough, UK) 

August 1971 

A (mixed) variational principle for stresses and displacements is pre- 
sented from which the governing differential equations of the bifurcatxonal 
buckling of thin elastic plates are derived. Subsequent finite element 
analysis, using a linear approximation for the bending moments and a cubic 
appropriation for the displacements within each element, leads to the familiar 
linear eigenvalue probleu for determining the critical intensities of in-plane 
loading. Numerical solutions are given to a number of simple examples involv- 
ing square plates using a recently published eigenvalue algorithm which takes 
advantage of the banded properties of the final matrix formulation. Compari- 
sons are made, where possible, with results from the finite element analyses 
of other authors and with exact or classical Rayleigh-Rits solutions. 

«British Crown copyright, reproduced with the permission of tne Controller, 
Her Majesty's Stationery Office. 

**Senior Scientific Officer, Structures Department. 
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1.   INTMODUCTIOM 

Although the analysis oi plat« buckling problem« using the finite 
element method it closely related to the analysis of plate bending it has not 
received the aaae enthusiastic attention. The displacement formulation is 

favoured by most authors  , although their attention is often restricted to 

rectangular plates " and in many cases ' ' the principle of minimum potential 
energy is applied in a manner which is not strictly correct. Convergence to 
the exact solution with consistent refinement of the finite element mesh sise 
is thus unassured. Examples of the associated difficulties can be seen in the 

4 5 
work of Anderson et at.   , as reported by Clough and Felippa , in the context 

of the non-compatible triangular element of Baxeley et al. 

The development of a satisfactory triangular element is an important 
step in dealing with the buckling of plates of arbitrary shape. However, the 
possibility of using compatible triangular elements for this purpose is 

unattractive. The simplest displacement elements * use, as unknown parameters, 
the values of the transverse displacement w and its partial derivatives 
dW dmf dmf ■5— and -r— at the element corners together with the normal derivatives -r— 

at the odd-points of the element sides; a total of twelve degrees of freedom 
for each element. Now, in the interests of computational efficiency, it is 
desirable to eliminate the element mid-side nodes. This can be achieved quite 
simply by assuming a linear variation of normal slope along the element 
boundaries, but unfortunately the resulting triangular element with nine degrees 
of freedom produces an excessively over-stiff idealisation. In an effort to 

overcome this difficulty Clough and Felippa derive a quadrilateral 'compound' 
element which is synthesized from four compatible triangular elements. Solu- 
tions to the plate buckling problem using this element show an improvement in 
accuracy over the former triangular element with nine degrees of freedom, but 
this is, to some extent, offset by the corresponding increase in computation 
required in the calculation of the element stiffness matrix. 

In the present work, a finite element solution to the plate buckling 
problem is presented which is based on a mixed variational principle of the 

a 
t;T>e given by Reissner . This approach has also been previously considered by 

Cook using a mixed formulation '  of the constant bending moment equilibrium 
12 13 

element * , but the accuracy of the numerical results was found to be poor. 

The element 'stiffness' matrix used here is identical to that derived by Allman 
for plate bending problem, where a linear banding moment field, defined inside 
a triangular element, is used in conjunction with a cubic displacement field on 
the element boundary. The so-called element 'geometric stiffness' matrix, which 
represents the contribution of the in-plane loading to the transverse stiffness 
of the plate, is calculated using the relatively simple non-compatible cubic 

displacement field given by Batelcy et al.       This is shown, in Appendix A, to 
provide a correct application of an associated mixed variational principle. 
The unknown parameters of the finite element model are the values of w, 
3w     3w ■3- and -r~   at the corners of the triangular element, so that the connection 

6 7 
properties are identical to those of the simple displacement elements ' 
mentioned previously. However, the elimination of the mid-side nodes does not 
here affect the numerical accuracy to such a marked degree. 

12 
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In the numerical solution of the buckling problem, advantage is taken of 
the banded form of the linear eigenvalue problem, as described by Peters and 

14 
Wilkinson . This is beliaved to be a new feature in the solution of plate 
buckling problems and a brief description of the method is included in the 
present paper. A number of simple numerical solutions involving uniform plane 
stress states is calculated to illustrate the accuracy which can be attained 
using the mixed finite element formulation. These are compared, where possible, 

to the classical solutions given by Timoshenko and Gere 
the finite element analyses of other authors. 

15 and to results from 

Although the numerical examples given in the paper apply specifically to 
cases of uniform plane stresses, the finite element analysis can also be used 
to calculate the buckling loads of plates which are subjected to more complex 
in-plane loading systems. For these problems, the distribution of plane stress 
resultants in the plate may be calculated to an accuracy which is probably 
adequate for the buckling analysis using a mesh of compatible triangular 
elersn*« with Hnearly varying displacements;  the same mesh being subsequently 
used iVr the eigenvalue formulation. This procedure, which gives a uniform 
stress field in each element, has the two-fold advantage of making the calcula- 
tion of the geometric stiffness matrix a relatively simple matter and ensuring 
that the homogeneous equations of plane stress equilibrium are aatisfied 
identically in each element, as required by the associated mixed variational 
principle for plate buckling. 

2.   A MIXED VARIATIONAL PRINCIPLE FOR THE BUCKLING OF THIN PLATES 

The finite eleirent analysis, which is presented in this paper, is 
g 

based on a mixed variational principle of the type given by Reissner . 
here, the governing differential equations of plate buckling, together with 
their homogeneous kinematic and traction boundary conditions, are derived by 
considering arbitrary variations of an appropriate mixed functional. 

Consider a thin elastic plate of area 
rectangular Cartesian coordinates 

A, 
x. (i - 1,2), 

lying in the plane of the 
which ie in equilibrium 

under a system of applied membrane loads. In the absence of body forces, the 
distribution of stress resultants AN.. (i,j - 1,2) in th? plane of the plate 

satisfies the homogeneous equations of equilibrium, so that, employing the 
usual summation convention, 

(2-1) 

where the parameter X is the ratio of a critical intensity of applied loading 
to the actual intensity of loading. The critical values of \    are now sought 
at which the plate can buckle out of the plane x. and still remain in 

equilibrium under the action of the applied membrane loads. 

To avoid ambiguity, the plate is assumed to be singly connected and 
and bounded by a piecewise smooth contour C • C_U c. , C Ck   being 

respectively those parts of the total boundary   C   on which traction and kine- 
matic boundary conditions are prescribed.    The distance    s    around   C    is 
measured anti-clockwise starting from some suitable reference point, while    n. 
and t. ere the Cartesian components of the unit exterior normal n 

anti-clockwise unit tangential vector t 

and the 

(see Fig.l). On the boundary C the 
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field of bending and twisting moment* Mj. gives rise to e normal bending 

moment M , • twisting moment MQi and a shearing force (^ given by 

Mn " Mijninj 
Mns " "ijVj 

% 

(2-2) 

The transverse Kirchhoff force is given by 

3M_ 
Vn   -   Qn+Fs 

ns (2-3) 

while at 'corners'    Hs    which occur on the piicewise smooth contour   C,    the 
twisting moment   M       produces concentrated forces 

mi 
(2-4) 

where the points s~ and s* immediately precede and succeed the corner 
point N respectively. 

Furthermore, because of the rotation of the mid-surface of the plate 
which occurs in the change from the unbuckled to the buckled position of 
equilibrium, the distribution of plane stress resultants contributes to the 
total transverse force on the boundary C. This resultant force ia defined as 

Vn   "   Vn + XHn§+Utn.£ (2-5) 

where    AN     and    AN       are the normal and tangential components of the membrane 

atress resultants    AN..,    on the boundary   C,    defined by 

**n    -    »ijVj        1 
«        -    AN..n.t.     .   I ns lj i j        J 

AN 

AN (2-6) 

Using the above notation, the functional of the mixed variational 
principle is now defined as 

dA //{WiA. ♦»«%%! 

A CT 

" / Vd« *  ( Mn S d'     • (2-7; 

CT.      .       CT where   C,..       is the elastic compliance tensor which, for an Isotropie plate 

of thickness   h    and Young's modulus   E,    is written 
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"ijkt 
D(l 777 l(1 * V)öikaji "    Vki*    5 <2-»> 

v   being Poitson's ratio and   D - 

plat«.    The Kronecker delta    6 
ij 

Mi4 

 =2  the flexural rigidity of the 
12(1 - v2) 
0 for i # j, while 6..  • 1 (no sum 

on i). The functional J haa no subsidiary conditions and is to be guide 
statin»*;/ by considering arbitrary variations in both the bending moment and 
displacement fielda. 

Recalling the Green'a formulae 

2 A AM 4 

A A ~ _ 

and 

a 

(2-9) 

I 

1 

• i w6Vnds - A 

wdA 

w6V ds 
n (2-10) 

and noting that the laat term on the LHS of equation (2-10) vaniabea because 
of the plane equilibrium equations (2-1), the variational equation 

ÖJ - 0 (2-11) 

is the required stationary condition of equation (2-7). The Euler equations 
and natural boundary conditions of equation (2-11) are the governing equations 
of the plate buckling problem; these are: the equation of equilibrium of the 
buckled configuration 

32M. 
♦ AN, 

a2 3 w 
3x£3x. 

T '"'ij Sx^x 

the three constitutive relationa 

32„ 
3VXj 

♦ C ijkAi " °  J 

the homogeneous traction boundary conditions on C , 

*» " Mn * *M " ° • 

and the homogeneoua kinematic boundary conditions on C., 

■ ■ U - • • 

(2-12) 

(2-13) 

(2-14) 

(2-15) 

I 
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3.   FINITE ELEMENT ANALYSIS 

For the finite element analysis, it is convenient to transform the 
functional of equation (2-7) into a slightly different form. This is achieved 
by using the identity of equation (2-10) with 6v   replaced by w and requir- 
ing that the kinematic boundary conditions (equation (2-15)) are satisfied 
a priori  on C. . It is then found that, for a typical element e, 

the contribution J  of the element to the total functional J is given (in 
e 

an unabridged notation) by 

j       -   1 //   1 _ [(M    ♦ M )2 ♦ 2(1 ♦ v)(M2    - M M )]dA 
"   D(l - v2) 

e JJ   rwi  _ >A        x        y xy        x y 

rr/3M 3M 3M\ 

~Y   VN' -/vd«+/Mn!Sd- 

-!//k(H)2»»w££*h$\u • 
A 

3v . 
with subsidiary conditions w » -r— ■ 0 on C . Here, the surface integrals 

are calculated over the area L    of the finite element and the summation and line 
integrals are evaluated at the element corners and anti-clockwise around the 
finite element boundary C^ respectively. This formulation of the functional is 
more convenient than that given in equation (2-7) because, as in the conven- 
tional stiffness method, the process of numerical calculation of J  is 

' e 
identical for each element, while the kinematic boundary conditions are 
applied as a separate operation after the calculation of the global matrices 
is complete. 

The details of a mixed finite element for plate bending have been given 
12 

previously by Allman . Here, that analysis is extended to deal with plate 
buckling and, for convenience, some of the previous results are repeated below. 

A linear field of bending moments is defined by 

M 
x 
M 
y 

M 
L*YJ 

- ^6 , (3-2) 

where N  is a (3 * 9) matrix which renders the individual linear fields 

orthonormal with respect to the strain energy metric of an element and ß is 
a vector of nine undetermined moment parameters ß., ..., ßQ. The twelve 

generalised loads at the boundaries of a triangular element are given by the 
components of the vector 
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Q - 
T 

(3-3) 

where G  it a (12 x 9) matrix calculated from th« linear bending moment 
field of equation (3-2). Twelve generalised di•placementa corresponding to 
the generalised loads are given by :he components of the vector 

TW (3-4) 

«here T is a (12 * 9) transformation matrix calculated from a compatible 
displacement field defined on the element boundary in terms of a vector of 
nine generalised displacements, via. 

[3wt    3Wj 8w2    3w2 3w3    3w3~| 

V  3x~» W W2' TT* W W3* 3x"'  3yj    ' (3-5) 

The subscripts 1, 2, 3 refer to the corners of the triangular element numbered 
in anti-clockwise order (see Fig.l). 

The calculation of the element 'geometric stiffness' matrix involves the 
determination of the first derivatives of the displacement w inside an 
element. However, for a mixed finite element analysis, it is unnecessarily 
restrictive for this purpose to employ a displacement field with both w 

and — continuous across element boundaries. In fact, it is demonstrated in 

Appendix A that it in  adequate to use the simple expression proposed by 

Baseley et al.   , denoted here by w, which violates slope compatibility on 
the element boundary. The potential energy of the iu-plane loads ie written, 
.'.n terms of the nrn-compatible field w, as 

IHM + 2N     |£ —■ ♦ N xy 3x dy       j m dA A    T 
(3-6) 

where 

II p* 9y] 
N 

xy 

3w 
xy 3x 

3w 
y JyJ 

N„     ■£■   dA 

N 

(3-7) 

is a (9 x 9) element 'geometric stiffness' matrix (otherwise known as the 
2 1 

'initial stress' matrix or the 'stability coefficient' matrix ) and wher 
W is the vector of nine generalised displacements defined previously. 

The functional of equation (3-1) can now be written, in matrix notation, 
as 

Je ■ leTe - QTq - i\v\v 

and, substituting from equation (3-3) and equation (3-4), we have 

Considering variations 66 and 6W, the contribution of J 
system of equations is 

- JßTß - ßT(GT)W - iAW^KjW 

(3-8) 

(3-9) 

to the total 
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6J      -    «6T[ß - (GT)W) - 6WT((GT)Tß ♦ XK.Wl e l (3--10) 

and since    58    is quite inde-e .dent of inter-element continuity, 

0    -    (GT)W    . (3-11) 

Substituting for    B    in equation (2-10)  and summing over all elements, we find 

I 6VT[K0 ♦ XKjlW (3-12) 

where 

KQ - (GT)A(GT) (3-13) 

is a (9 x 9) elastic 'stiffnr-.ss' matrix for the element. Finally, noting 
the arbitrary nature of 6W when the kinematic boundary conditions of 
equations (2-15) are applied, and defining global matrices by 

"b " Y "o; h - Y KI ; *" Yv • 
equation (3-12) may also be written as 

(3-14) 

- KjW MK0W (3-15) 

where w - —, Here, K  and K  are real banded symmetric matrices; 

being positive definite when the rigid body degrees of freedom are restrained 
(see Apnendix B). The critical intensities of the applied in-plane load are 
now determined from the eigenvalues v    of the above system of equations where, 
in view of the inverse relation between y and X, the first critical value 
of X corresponds to the maximum positive value of p. 

4,   DETERMINATION OF EIGENVALUES OF BAWD SYMMETRIC MATRICES 

The determination of the buckling loads from the finite element formula- 
tion presented previously involves the calculation of the eigenvalues of the 
linear matrix equation (3-15). In general, both of the global matrices KQ 

and K  are real banded symmetric matrices with K. positive definite. 

However, if equation (3-15) is reduced to the standard symmetric eigenvalue 
problem by using the Cholesky decomposition of iL given by 

LL (4-1) 

where L is a lower triangular matrix, we obtain 

-1-  -T   T- T- 
- (L \L  r)(l/W)  - u(L*W) (4-2) 

-1- -T 
where the matrix (L KL ) is full and the advantage of the banded property 

of the matrices K. and K. is lost. 
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W 14 In a recent paper, Peters and Wilkinson  describe how the eigenvalues 
of equation (3-15) canbe calculated in a way which takes account of the intrin- 

I sic banded nature of K. and K.. Their method is based on the fact that the 
M - 

leading principal minors of the matrix (K, ♦ vO form a Sturm sequence. 

This implies that the number of eigenvalues which is greater than y is equal 
to the number of agreements in sign between consecutive members of the sequence 

I of leading principal minors 

det (Kr ♦ pK0)r , (r - 0,1, ...,n) , (4-3) 

1 
where n is the order of K  and K  and, by definition, 

det (Kj ♦ yKQ)0 - 1 . (4-4) 
i 

In ths computational algorithm, the leading principal minors are not deter- 
mined explicitly but only the sign of det (K,+ UKL) . in terms of the sifm 

of det (K. ♦ pKn) . This is done by comparing the signs of the pivotal 

elements (the products of which give the minors) of the triangularisation of 

the matrix (K. ♦ ylL) given by Martin and Wilkinson  which is specially 

designed for the band symmetric case. 

The algorithm is, perhaps, best described by considering its use for the 
calculation of all the eigenvalues p. (i - 1,2,...,M) in the interval 

a < v.  < b. The Sturm sequence counts S  and S  are first determined at 
l ab 

a and b. This shows that M - S - S  eigenvalue« lie in the given range 
b   a 

and that a and b can be taken as lower and upper bounds for all of them. 
To determine each eigenvalue, repeated bisection of the interval combined with 
the Sturm sequence count is used until upper and lower bounds are found which 
contain just one eigenvalue. Every time a Sturm sequence count is made, the 
upper and lower bounds for each eigenvalue are updated. When a single eigen- 
value is isolated in this way, an alternative technique with a higher conver- 
gence rate is used to locate that eigenvalue to the required accuracy. For 

this purpose, Peters aad Wilkinson  recommend the use of a method of succes- 
sive linear interpolation ,and an effective procedure is described in their 
paper. Notice that this means all multiple eigenvalues are determined entirely 
by bisection, since an interval is never attained which contains only on« such 
eigenvalue. 

In the present work the kinematic boundary conditions are applied in such 
a way (see Appendix B) that the corresponding eigenvalues are determined as 
v  " -1. Hence only the positive eigenvalues of equation (3-15) represent a 
solution to our plate buckling problem, and the initial lower limit can be con- 
veniently chosen as a - 0. The choice of a suitable initial upper limit is, 
however, not straightforward, but a convenient procedure is described by Peters 

14 and Wilkinson  as follows. The quantity p is calculated which is given by 

(4-5) 

where the «-norms of K  and K  are defined as 
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0 • ax ^KVijI  . 

J (4-6) 

The Sturm sequence is then obtained for 

■ P.4p,4 P, (4-7) 

0) until an upper bound is obtained to ths largest eigenvalue (i.e. when S. 

Usually, in practical problems, it is necessary to calculate only the 
lowest intensity of loading \    at which a plate buckles;  in consequence 'he 
maximum value of u is to be determined. In this case the lower limit a 
is continuously updated to the value of the previous upper limit b during 
the process of calculating the Sturm sequence of equation (4-7). It is then 
a matter of simple programming to arrange for the largest eigenvalue to be 
located by bisection before transferring to the more rapidly convergent inter- 
polation scheme. This process can be extended in an obvious way so that, if 
desired, several of the lower order critical intensities can be calculated. 

5. NUMERICAL RESULTS 

The results of a number of simple examples, computed with the mixed element, 
are given in Tables 1 and 2 for the cases of isotropic square plates subjected 
to various simple uniform stress distributions along their boundaries. The 
kinematic boundary conditions are assumed to be either all simply supported 
or all clamped edges and the finite element solutions are compared with the 

classical solutions quoted by Timoshenko and Gere . All the examples are cal- 
culated using both a (4x4) mesh and an (8 x 8) mesh over the whole plate, taking 
advantage of symmetry as shown in Figs.2a, 2b and 2c. Poissor's ratio is taken 
as  v - 0.3. 

Where possible, the results are also compared to those given bv Clough 
and Felippa5 for their compatible element and to the results quoted Dy 

4 6 
Anderson et dl.    using the non-compatible displacement element of Bazeley et dl. 
Although all of these solutions involve the sane final number of unknown para- 
meters, it must be remembered that those given by Clough and Felippa involve an 
additional partial solution to build up their compound element. It is apparent 
that the results from the mixed element are, for the cases g ven, mainly 
superior to the other two- Furthermore, the results obtained from the non- 
compatible element appear to converge very slowly. 

A cotxparisofl is also made with the solutions obtained using the more 
1     2 restrictive rectangular elements given by Kapur and Hartz , Dawe and 

3 
Carson and Newton ; of these, only the last is a correct application of the 
principle of minimum potential energy. The results given by Carson and Newton 
converge more rapidly than those given by Kapur and Hartz and Dawe and are 
also more accurate than those obtained from the present mixed element. However, 

their element involves an extra degree of freedom ( namely the twist  t 

each of the element corners. \ * y/ 
at 
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6. CONCLUSIONS 

It is shown that a variational principle for stresses and displacements 
can be used to derive the governing equations of the plate buckling problem. 
Solutions to simple numerical examples, using a finite element scheme based on 
this mixed variational principle, indicate that very satisfactory accuracy can 
be achieved for the critical states of in-plane loading. In the solution of 
the final eigenvalue problem use is made of a recently published algorithm 
which takes account of the banded nature of the final matrix formulation. 
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Appendix A 

CALCULATION OF THE GEOMETRIC STIFFNESS MATRIX 
USING A NON-COMPATIBLE DISPLACEMENT FIELD 

In section 3 it if found convenient to calculate the element geometric 
stiffness matrix uaing the simple displacement field proposed by 

Basaley at at,    which satisfies continuity of only the transverse displacement 
on the element boundaries. It is shown below that the use of this approxima- 
tion still represents a valid application of a nixed variational principle. 

Let the non-compatible displacement field inside an element be denoted by 
w, while on the element boundary a second displacement field, denoted by w, 
is defined which satisfies the kinematic requirements of both displacement and 
normal slope continuity. The contribution J  of an element e to the total 

functional 
with i,j • 

J is now assumed to be given by (using the tunmation convention 

A l 

r       p A 

ij        V* 
IjkAj^i * ^xTäxT "i dA - / i    j   J L-j 

dA (A-l) 

!SSi!!?,,ldi*!y CTHti0,n     W * *, on C*-   Con«id«iog variation» in both the benaing moment and displacement fields it is found that 

6J 
dA 

(A-2) 

The stationary condition 
T 

0    thus provides the governing eqr^tions 

of the buckling problem and,  in particular, the last term of equation (A-2) 
dw      Ow restores the condition of slope continuity   r— • r—   on the element boundary. 
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Appendix B 

APPLICATION OF HOMOGENEOUS LINEAR CONSTRAINTS TO BANDED MATRIX EQUATIONS 

A general aud convenient procedure for applying non-honogeneous linear 
17 

conatrainta to banded aatrix equations ia given by Morley ' . This procedure 
can be ainplified conaiderably tor the plate buckling problem, which ia 
formulated in terms of the banded global matrices KQ and K-» where the 

linear conatrainta correspond to the application of homogeneous kinematic 
boundary conditions given by equation (2-15). 

It ia required to solvj the eigenvalue problem 

«vF^ + nKx)W - 0  , (B-l) 

where the variations 6W are not arbitrary, but are subject to homogeneous 
linear conatrainta imposed by the kinematic boundary conditions 

PW rw (B-2) 

It is alwaya poaaible, by suitable row and column interchanges, to arrange 

that P is a non-aingular tri-diagonal matrix (aee Morley ), whereas r is 
a diagonal matrix with unit and aero elements on the leading diagonal; the 
zero elements corresponding to the boundary values. As an example, 
equation (B-2) ia written out in full for typical homogeneous linear 
conatrainta, via. 

1 n 
pi.i   pi,i*i 

"i*1'1 fVl.i*l 

"I 

i*l 
1 
1 
1 Nl 

r-i 
1 

'i+1 

Li -i 

... (B-3) 

Incorpiration of equation (>-2) into equation (B-l) leads to the result 

6WT(P-1r)T(K0 ♦ uKjHP"1!-)« (B-4) 

where 6W is now an arbitrary quantity which may be deleted from equation (B-4). 
It ia apparent, from the form of equation (B-3), that the calculation of the 

inverse matrix P~ 
»-1 and that   P 

requirea the inversion of submstrices of order 2 at most 
is, moreover, a tri-diagonal matrix.    Consequently, the matri 

lnxT 
operations of pre-multiplication by (P r)  and post-multiplication by 
,-1 

(P r) neither increase the bandwidth nor disturb the symmetry of the global 
matrices KQ and iL, and it is possible to take advantage of the banded 

I 
1 
4 
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syamatric for» of aquation (B-4) in computer programs. The effect of these 
matrix operations is to replace th« elements of certain rows (and correspond- 
ing columns) in aquation (B-l) by aero alamanta. This makes the matrix 1LQ 

singular. In the present work, in order that the eigenvalue algorithm of 

Patera and Wilkinson  may be used, the matrix L is made positive definite 

by substituting a unit element in the leading diagonal position of a aero row 
(or column); an identical substitution is also made in K . All the eigen- 

values of equation (B-4) which correspond to the homogeneous linear constrainta 
of equation (B-2) now take the values u • -1, Thus, in our plate buckling 
problem., only the positive eigenvalues of equation (B-4) correspond to the 
critical intensities of applied in-plane loading. These are determined as 
described in section 4. 
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APPLICATION OF FINITE LT.EMENT METHOD 
FOR CONTINUUM MECHANIC:; PROBLEMS 

Arup Chattopadhyay      and    A.V.  Setlur 
** 

General nonlinear equations for a continuum are formulated 
such that they are convenient for discretization by the finite ele- 
ment method. The resulting set of nonlinear algebraic or ordinary 
differential equations are linearized and solved by the parametric 
differentiation method. The scope of application of the procedure 
is very wide. Numerical examples are presented to indicate the 
scope. The results, in general, show excellent agreement with known 
solutions for one step or short range processes. For long range so- 
lutions, the incremental step becomes a critical factor. 
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INTRODUCTION 

fc 

>": 

The major tasks in the development of a procedure for 
solving problems of a wide class may be listed as: 

a) The formulation of the basic equations for this wide class 
of problems in a variational, differential or integro-dif- 
ferential form. The form of the equations should be con- 
venient for the envisaged method of solution. 

b) The evaluation of physical constants appearing in the field 
equations. Even though general theories being rapidly put 
forward, their use is inhibited by the lack of available 
experimental values. Also, experimental procedures have to 
keep pace with sophisticated theories so that the experimen- 
tal errors do not nullify the accuracy of the formulation. 

c) The development of efficient mathematical and numerical tools 
for solving the equation?. 

In this paper, an attempt is made to solve a wide class of 
problems in the field of continuum mechanics. Attention is focused 
on tasks (a) and (c). It is assumed that values of physical con- 
stants would be available in some form. 

The general field equations of continuum mechanics has been 
derived from thermodynamic principles and the hypothesis of material 
frame *.-ä    'arence^. The procedure for formulation follows the 
concept     irded by Green and Rivlin'^J, Monopolar and dipolar 
stress f. ä  :»nd temperature field are considered. 

Constitutive equations whic: should follow certain basic 
axiomsO) form the most difficult part of the general formulation. 
These equations bring out the particular behavior of a given ma- 
terir under prescribed environmental conditions. In this study, 
these equations are kept in a general form and, later, in the il- 
lustrative examples, particular forms are specified. 

Finite element method is employed to annihilate the space 
dependency and express the field equations and constitutive rela- 
tions in terms of chosen field variables at discrete points. The 
field equations are put in a form convenient for finite element 
idealization. It should be noted that It is not necessary to have 
the equations in variational form for use of finite element method(4), 
The discretized algebraic or differential equations, depending on 
whether or not time derivatives are involved, are, in general, simul- 
taneous and nonlinear. This obviates the use of any direct method 
of solutior. Parametric differentiation method^»"»'' is employed 
to obtain a stepwise solution. 
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Two numerical examples are presented to Indicate the ge- 
nerality of the approach. 

GOVERNING EQUATIONS 

The complete mathematical statement describing the state of 
an ideal deformable medium can be expressed through 

a) law of conservation of mass 

b) thermodynamic laws 

c) constitutive relations 

d) environmental stipulations expressed as boundary and 
initial conditions on loads, displacements and heat 
flow. 

The variables commonly employed to describe these changes of 
state are:  stress and displacement components, temperature, entropy 
and heat flow. A complete description covering a large class of pro- 
blems and materials would be rather cumbersome to handle besides being 
intractable even for come of the simpler cases.  Hence, in this paper, 
simplifying assumptions are made which would yet be general for a fairly 
wide class of problems. 

Assumptions 

1. The hypothesis of material frame indifference is applicable. 

2. Concept of force defined through work rate principle is valid. 

3. Displacement derivatives up to second order will be active for 
the internal energy expression (Grade II material) 

4. Supply of non mechanical energy is only due to thermal effects. 

5. Multipolar kinetic energy and hoat flux has been neglected. 

6. Antisymmetric parts of dipolar stresses I.e. T ^   are non- 
existent. 
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7. Only monopolar and dipolar stress fields are considered. 

Under these restrictions, the foregoing laws would be in- 
voked to arrive at the final set of equations. 

Since the derivation of these equations is rather lengthy, 
only a few salient steps would be indicated. The detailed derivations 
could hu  found in Reference 8. 

All quantities are referred in :erms of the undeformed curvi- 
linear coordinate system X* or the initial position vector X (at time 
t = 0). Any point X with position vector X will be denoted after de- 
formation as x and its position vector as x where 

x = x(X,t) (1) 

The deformed position vector x can also be expressed in terms of the 
deformation vector u, puch that 

x = X + u (2) 

where ü = ü(X,t) and G(X,o) = 0 

(1 2) Material Frame Indifference '  : 

Any event has to be specified with respect to a reference 
frame for space as well as time. This specification is not unique and 
depends upon different observers. But the fundamental measurable quan- 
tities such as distances, angles and time intervals are independent of 
the observer.  Consequently, any change in frame must preserve them a- 
long with the temporal orders of all events. The most general relation 
for such a change of frame may be expressed as, 

x (X,t*) = R(t) x(X,t) + D(t) ; t* = 

-* 

(3) 

where (x",t") ana (x,t) represent the same event in different 
frames, D(t) is a constant vector, R(t) is a proper or- 
thogonal tensor and a is a real number. Two motions of 
a given medium related by Eq.(3) are said to be equi- 
valent. 

For a change of frame, 

(a) a scalar remains unchanged 

(b) a vector V transforms to V (X,t ) = R(t) V(X,t)      (4) 

I 
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(c) a tensor ;1 transforms to S (X.t ) = k(t) S(X,t) R_t(t) 

(5) 

Functions whose values are scalars or tensors will be called frame In- 
different, if both dependent and independent variables transform ac- 
cording to the above laws. 

Definition of Forces: 

The quantitative definition of forces is not unique uor 
straight forward, though it can be conveniently derived through the 
concept of work rate. The basic idea is that if P1 is a component of 
vector, and V^ is an arbitrary velocity component and if the scalar 
.?*Vj_ is the rate of work corresponding to the velocity vector V, then 
A may be defined as force in the direction of X1. In continuum me- 
chanics, this idea may be readily extended to define forces of more ge- 
neral nature(2,8)t Considering only the monopolar and dipolar cases, 
the work rate for body forces F* and F*-J per unit mass, surface forces 
P* and pij per unit area and stresses T*J and T^J* per unit area nor- 
mal to axis X1 are given respectively as, 

Po(F
iV1 + F

1JVj|1)i ?\  + P^VjIi ««I I*3^ + ^Xjj       <M 

where p_ is the initial mass density and bar indicates co- 
variant differentiation. 

Basic Laws: 

An element of a continuum will obey the following three laws 
through any stage of evolution^»'). 

a) Conservation of mass: The mathematical expression for conser- 
vation of mass may be expressed as 

p(x,t) = v*-°> / Iffrl <7> 

This relation may be taken as a_deflnitlon of density, 
p(x,t), at time t and for the point x. 

b) Second law of thermcc/namics: This law asserts the existence of 
a quantity called entropy, n, such that 

n = n(e, va, f) (8) 

712 



i■■■ iL i mi Li - m mi j 

where e is the internal energy density and va are a certain 
nun-ber of mechanical parameters influencing the motion. 

The absolute temperature T is defined through entropy as 

- " & (9) T  de Kyf 

* 
If dQ is the increr-p:. of heat energy at temperature T, then 

the increase of entropy can be vritten as, 

dn = dn± + ~L- (10) 

where dn. is the production of entropy inside the system. 

The second law asserts that for any process in nature, the 
production of entropy inside the system cannot be negative, i.e. 

dn, > 0 (11) i 
r 

f 

i 

where the equality stands for reversible process and the in- 
equality for irreversible process. 

The second law does not provide any additional equation but 
restricts the form of the constitutive relations. 

c) Balance of energy: This law is expressed as 

K° + E° = P + I (12) 

where K and E are the kinetic and internal energies respec- 
tively, P and F are the power supplied by external me- 
chanical forces and the total non-mechanical power, in 
the present study, due to heat. Eq. (12) may also be 
termed as the first law of thermodynamics. 

Considering an arbitrary material volume, v, of a continuum 
bounded by a ourface, s, having a unit normal, n, in the reference 
configuration, Eq. (12) can be written as 

i 

po(V\ + e)dv =     po(q + ¥±Wi + FiJvjli)dv 

+      (h + P^ + PljVj|i)ds (13) 
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Letting the arbitrary internal volume shrink to a point, 
and then applying the frame indifference principle, it can be shown 
that Eq. (13) reduces to 

P1 = OjT*1 ; P*1 = n/J1 and h = n/ (14) 

Substituting relations (14) into Eq. (13) and transforming 
surface Integrals to volume integrals and again applying the same prin- 
ciple, it is found that, 

i^lk ♦ V1" v1 s ° (15) 

t*«1* = 0 (16) 

Pel=t^>Vlij+T^>Vl|jk+Poq + Q^ 

where    t^^^p/^1 

In Eqs. (15), (16) and (17), the volume Integral has been 
dropped, since these relations are true for any arbitrary volume. Eqs. 
(15) and (16) are the Cauchy's laws of motion whereas Eq. (17) has to be 
satisfied by constitutive relations for a medium. 

If sufficient smoothness requirements are assumed, Eq. (8) may 
be Inverted to give 

e = e(n, vo, X) (18) 

Since Eq. (17) involves terms upto second derivative of the mechanical 
parameters, ercpresslon (18) can be prescribed in the form 

e = e(n, E^, E1Jk, X) (19) 

with the restriction on E^j and EJJJ. that the scalar function e should 
be invariant under rigid body rotation. 

One of the several ways is to prescribe the classical strain 
tensor for E.. end Toupin's strain gradient'*™ for E... , i.e. 

8ijs MJ + «j|i+ Mi «k|j 

(20) 
and       EiJk = B^^ + E^ij - Ejk(l 
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The dependence of the density function e on X accounts 
for the non-honogeneity of the material. 

Comparison of the time derivatives of e in Eqs. (17) and (18) yields, 

(21) (t*(U) . Jdj), Aij
dv = 0 

(T(kj)i _ «(kjHj ^^dv u 0 (22) 

PT8 = dT
(1J> AlJ ♦ f™1  Vl|jk + p0q ♦ Q*|±      (23) 

where, A^ = (V^. + V.,±)  /2, 

the disslpative part of the stresses, 

xUJ) = t*(iJ) _ jdj) . J(kJ)l = T(kj)i _ -(kj)i 
d e    * d e 

and the thermodynamic tensions, 

e     o du 
Jli 

;ex <kj)l = p   3e_ o 3u~^ 
i|Jk 

Here, prefixes e and d are used to denote recoverable and Ir- 
recoverable parts of the stresses. Eqs. (15), (16), (21), (22) and (23) 
constitute a set of 40 equations in 31 unknowns and.hence do not form a 
determinate set. However, the part of the stress TI*JI* does not con- 
tribute to the equations of motion nor produces any work(&), although it 
may have an important role for the boundary conditions(2). For the saxe 
of simplicity, this part will be assumed to be non existent within the 
body or on the bounding surfaces. This makes the set determinate. 

Eq. (23) may be put In a slightly different form as: 

^o11 dT 0 + poT« - Tu^ * wdT)dv +   niTqi d8 = ° 

: 

(24) 

where   Wd = ti
Qi\ ♦ „T (kj)i v 'ihk and * = nT rePre8entin8 

Helmholtz free energy. Eq. (24) furnishes the thermal equation of state. 
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Constitutive Equations: 

The general physical laws in themselves do not suffice to 
determine the deformation of a body subjected to given loading. A 
vast amount of literature is available on the mathematical deriva- 
tions of constitutive equations based on the concepts of Irreversible 
thermodynamics"lp2) as well as those obtained from considering the 
differential type'ljJ and the axiom of fading memory'1*'. Any dis- 
cussion on their general nature is beyond the scope of the present pa- 
per» 

To solve any problem, it Is necessary to prescribe the con- 
stitutive relations for: 

?(ij)  ;(kj)i 
» d4 

;(ij) :<kj)i and ,i 

One of thi forms may be of the following type: 

9<ij> s ¥dj)   . Jhi + ÜtL) n 

i|J 

3E. 

"J  1 

du 
i|Jk 

(25) 

(26) 

* = *(VEiJk' VAiJk'T'*' t?) (27) 

Q1 = 5i<Eki- W T|k« t?> (28) 

where f*1" and f * J'1 are Plola type stresses, 

A s are the Rlvlin-Eriksen tensors 
p 

and t denotes the dependence of the function on their 
history of their arguments for t }  tp * -» where 
t is the present value of time. 

The two illustrative examples presented at the end use particular 
forms of Eqs. (25) to (28). 
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Summary: 

Eq. (14) may be combined with Eq. (15) and (16) to yield: 

(T^ij + P0F
i - p^1) V^ +  (P1 - n^1) V^s = 

i 
% 

9 

i 
P ti- 
lt 
» 

I 

(29) 

(IJ1 . t*(Jl) t T(kl)l|k t p^l> Ti|jdy 

«» - ,k 
,(kj)i ) vl|jd8 = 0 (30) 

Eqs. (24) to (30) form the final set of equations. The final 
form is quite convenient for discretization by the finite element method. 

The surface integrals In Eqs. (24), (29) and (30) would in- 
clude the work done by the unbalanced surface stresses or heat flux vec- 
tor. Thus, the discontinuity in stresses or heat flux vector would be 
taken into account in 'the mean'. 

717 

I   immmm mm i^mj^^^MM^^uuiiEia>i 



w« -r-^-^r^i-^rr- 

SOLUTION TECHNIQUE 

Once the general equations are obtained, it is a matter 
of technique to get a solution out of them for a definite problem. 
Theoretically, it is possible, but the amount of complexities en- 
countered for the exact solution are virtually prohibitive. Hence, 
finite element method will be employed here, since it may be con- 
sidered as one of the most powerful discretization techniques a- 
vailable among the approximate techniques. Application of this me- 
thod annihilates the space dependency and expresses the field equa- 
tions in terms of the chosen field variables at discrete points. 
The resulting equations, in general, will be nonlinear and simul- 
taneous which obviate thv use of any direct method of solution. 
Hence, a parametric differentiation scheme**»0»'»'' will be applied 
to obtain a stepwise solution. 

Parametric differentiation technique is a systematic and 
straightforward 'marching* approach. The method consists of dif- 
ferentiating the governing equations with respect to a chosen para- 
meter, A, (say load) reducing the original set of nonlinear equa- 
tions to linear equations in the differentials. The reduced net can 
be solved straightaway using any integration technique for a anall 
step increment through a quadrature formula. This way the solution 
will march out from A to the required value of the parameter, say 
Ai. In essence, the nonlinearity of the problem is restricted only 
in the quadrature manipulation which virtually poses no difficulty. 
The method can be best demonstrated by taking a simple example  Say 
it is required to solve the nonlinear differential equation, 

CU + L = 0 (A) 

with boundary condition 

U = U   at t = t 
t o 
o 

(B) 

where, C = C(U,U) , L = L(t) , U - U(t) and U * dU/dt 

Choose the forcing parameter A such that 

L = L(t,A) Aere L(t) = L(t, A-) 

and   Ö = fl(t,A) where U(t) = iUt.Aj) 
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Consequently, it Is possible to construct 

C = C( Ü(t,X), Ü(t,X) ) 

where, C(t) = C( Ü(t,A1), ÖU.X^ ) 

Hence, the new differential equation can be written as, 

C Ü + L = 0 

with boundary condition, 

Ü(to,A) = Ut 

(C) 

(D) 

The function Ü has to be chosen in such a way that it satisfies (C) 
and (0) at X = XQ. Now differentiation of (C) and (D) with respect 
to X yields, 

and 

3C r* . , 3C  - „ -*     -* 
— U + ( -^ + C ) U +L =0 
9U      3U 

ü*(to,x) 

(E) 

(F) 

where, U* = §   and L* = # 
ax       ax 

The modified equation (E) and (F) is linear with respect to Ü and with 
variable coefficients. It can be solved, at least numerically, and the 
solution will be: 

U*(t,XQ). 

From this, Ü(t,X + AX) can be easily obtained by the integration, 

0(t,Xo + AX) = Ü(t,Xo) 

+ /X°+AA ü*(t,X )dX 
X ° Ao 

(G) 

In similar way, the solution can be marched upto X = \\  when Ü will be 
the same as U which is the solution of (A) and (B). The advantages of 
this method are that it allows the solution to be obtained throughout 
the range of X and no iterative technique is needed. 
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For efficient execution of the quadrature in (G) the fol- 
lowing two forward-integration methods are recommended: 

1. Improved Euler-Cauchy method 

2. Runge-Kutta-Gill method. 

Both schemes are easily available in any text of numerical analysis, 

APPLICATIONS 

To show the application of the above general procedure, two 
simple problems have been illustrated with the assumptions that acce- 
leration terms are neglected and dipolar stress field is not existent. 
Modified Euler method has been used for integration in the following 
problems. 

Problem 1; The first problem has been selected as the heat conduction 
across a half space (second Danilovskaya) for a coupled thermoelastic 
illustration. This is solved considering rectangular finite element 
model having linear distribution of variables in the coordinate direc- 
tions. The variables are two displacements, three stresses and tem- 
perature. For simplicity, Fourier law of heat conduction and only 
large rotation but small strains are considered here. 

The finite element solution and the values as given by Nickell 
and Sackman(15) have been compared in Fig. 1. For the comparison, the 
following values are assumed: 

P = 0.008 , o = 15.3 x 10"6 , PC = 0.96 , k = 0.04 , 

X = 42.0 x 104 , u = 4.0 x 10* 

where ?, a,  Cy, k, X and u are respectively mass density, linear ther- 
mal expansion coefficient, specific heat per unit mass, thermal con- 
ductivity and isothermal Lame's coefficients. The convectlve heat 
transfer across the surface is assumed to as, Q* = b(T-T0) where, di- 
rection 1 is normal to the boundary surface, b is the film constant 
which is taken as 0.78, T is the temperature of the surface and T0 is 
the outside ambient temperature, which is 300.0. The boundary surface 
temperature is.prescribed to vary linearly from 300 at t = 0 to 600 at 
t = 1.45 x 10   and then it is kept constant. 
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Fig. I - THERMAL   LOADING   ON   AN  ELASTIC   HALF   SPACE. 
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It is seen that u£ and T agree satisfactorily up to 
t = 1.60 x 10" ; After that, they start deviating rather sharply. 
But, even before t = 1.45 x 10~10, the accuracy of stress is rather 
poor, the maximum error being about 8%. 

Problem 2: A viscoelastic cylinder stiffened by an external elastic 
encasing with ablating inner surface has been chosen as the second 
example. This problem is analyzed using ring shaped element having 
triangular cross section with linear distribution of displacements 
in cylindrical polar coordinate system. The Young's modulus and 
the poisson's ratio of the elastic encasing are respectively 10° and 
0.25. The ablating rate for the inner surface has been taken as 
(16\  a (t) = 25/(l-3t/4), where a(t) is the inner radius at time t. 

The pressure variation with respect to time is assumed to be 
p(t) = 1- e~*t.    The constitutive relations for the viscoelastic ma- 
terial are prescribed as, 

(Tn, T22) = J J(t-t')  Eu ♦ E22 dt' 

t 
+ / K(t-t') E.., E„ dt' 
0 11'  22 

t 
and   T33 = / J(t-t') En + E22 dt1 

where K(t) and J(t) for this problem are taken as, 

K(t) = 82.0 + 9282.0 e~
1,126t  and 

J(t) = 12472.7 - 3094.0 e"1,126t 

Due to ablation of inner surface, at every new integration 
step, the arrangement of the element has to be modified. This is 
done by reducing the inner most column of elements and interpolating 
the previous values of strains at the centre of gravity of new reduced 
elements. The integrations necessary for obtaining the material coef- 
ficients have been achieved by trapezoidal rule. 

The results obtained using finite element method are compared 
in Fig. 2 with analytical solution presented by Ting^ °'. It may be 
observed that stresses and displacement at the interface are agreeable 
up to t = 0.6. Also, the stress distributions are quite satisfactory 
except near the interface. 
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CONCLUSION 

In this paper,  following the concept forwarded by Green and 
Rivlin(2),  the general nonlinear equations for a continuum are derived. 
These equations are directly applied to finite element discretization 
of space variable and parametric differentiation for linearization. 

The scope of application of these equations is very wide. 
With minor modifications, they can be appliad to any particular case 
of continuum problems, for example multipolar cases, viscoelasticity, 
viscoplasticity,  coupled thermoelasticity with dissipative properties 
etc.    The application to problems of nonlinear stability or complicated 
fluid flow with thermal effects may also be possible. 

In this study,  utilizing this general technique,  two parti- 
cular cases of simpler types have been solved,  though many more have 
been given in Reference 8.    The results,  in general,  show excellent 
agreement for short range processes.    For long range solutions, the 
incremental step length becomes a critical factor.    Unfortunately, 
due to the limitation in available computer time, no further refine- 
ment  in this direction has been possible.    From the limited experim- 
entation it appears that the approach offers no more complexities than 
the numerical solution of nonlinear initial value problems.    Moreover, 
Davidenko'"'has shown that  the convergency of the process can be improved 
considerably by employing more efficient  integration technique,  such as 
Runge-Kutta procedure.    It may be concluded that the finite element 
discretization coupled with parametric differentiation procedure fcr 
nonlinear    equations forms a powerful tool for solving complex continuum 
mechanics problems. 
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NOMENCLATURES 

All quantities In this study are defined with respect to 
the coordinate system at undeformed state. 

A-n» A...        Rlvlin-Ericksen tensors for mono and dipolar 
1J  1JK       fields 

Elj* Eljk       Strains 

e Internal energy density I 
F , F J Body forces 

G J, g J        Metric tensors for undeformed and deformed state 

i h Heat flux I 
11 

K J Conductivity tensor 

a Components of unit outward normal 
I 

P1, PiJ Surface loads 1 

n1 
*< Heat flux vector 

q 

-S^gr^-t-j&sV -- 

Distributed energy sources inside the body per unit 
MM mass 

T^. TiJk Stresses 

.T % ,T •* Dissipative parts of the stresses 

T Temperature 

I ^' etc. Functlonals for stresses 

T(ij) T ' -^' Symmetric and antisymmetric parts of T ^ 

t Time 

u., V. Displacements and velocities 

V I. Velocity gradient where bar denotes covarlant de- 
'^ rivative 
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1 

X , X Curvilinear coordinates and position vector 

x , x Coordinates and position vector for deformed 
state 

a Indices 

n Entropy 

v Thermodyaamic affinities a 

o , P Mass densities at undeformed and deformed state 

T Thermodynamic stresses 

i> Helmholtz free energy 
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The rate formulation for the quasistatic boundary value problem is rephrased after a brief discussion 
of "weak coupling" between thermal and mechanical processes.   This description of the mecha- 
nical problem under non-isothermal conditions forms the basis for the subsequent finite element 
discretisation (matrix displacement method).   First, a number of two dimensional finite element 
displacement models are investigated in regard to their strain approximation, bearing in 
mind that no thermal stresses should arise from iinear temperature distributions.   Subsequently, 
various possibilities are presented to approximate the spatial distribution of plastic work within 
higher order displacement models. 

Aftei this review of approximation problems, constitutive relations in thermal environments are 
discussed with special consideration of temperature dependent material propc *'. •■. 

First, the linear theory of uncoupled thermoe !a«t icity is restated and extended to non-isother- 
mal problems.   For temperature dependent material properties there exists a fundamental dif- 
ference between the hyper- and hypoelastic description of the material behaviour.   Both for- 
mulations are discussed and applied to solve the thermoelastic problem of a cylinder with a 
spherical cavity under transient theimal conditions exhibiting temperature dependent material 
properties. 

Subsequently, the elasto-plastic constitutive law is reformulated to incorporate a temperature 
dependent loading function.   This general material relation is then restricted to the von Mises 
yield criterion and to the Prandtl-Reuss hardening rule in order to obtain quantitative thermo- 
elasto-plastic stress-strain relations for temperature dependent material properties.   Moreover, 
the formulation is extended to incorporate creep effects, for which the prescribed thermal strains 
are supplemented by initial creep strains at the beginning of each time interval.   The applica- 
tion of this material law to a realistic engineering example is illustrated on a pressure vessel 
nozzle under   steady state    conditions exhibiting temperature dependent material properties. 
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I INTRODUCTION 

Highly stressed componenfs of aircrafts, jet engines, turbines and nuclear reactors are required 
to perform a complex pattern of operating schedules.  A common problem arises thereby due to 
operating schemes   which give rise to rapid changes of temperature and loading and hence to 
looul elastic deformation and associated residual stresses.   Under full operation these stresses 
are furrher redistributed due to creep and relaxation. 

The objective of this paper is a realistic stress analysis of structural components under steady 
state or transient temperature and mechanical loading conditions.   At elevated temperatures 
most materials exhibit strain-rate sensitivity, creep, relaxation and plastic deformations at 
stress levels much smaller than at room temperature.  These phenomena and prior deformation 
history have considerable effect on subsequent deformation behaviour, all of which should be 
considered when stresses are computed throughout the structure as function of time.   Some of 
these aspects are accounted for within the theory of thermoelasticity, thermoplasticity and 
thermal creep which form the scope of this paper. 

Under the assumption of quasistatic motion and weak thermomechanical coupling the solution 
of the thermal stress analysis reduces to two separate tasks:  First, at each instant of time the 
temperature distribution of the structural component is determined independently of the mecha- 
nical state.   Second, for these thermal conditions the stress analysis is carried out for pre- 
scribed temperature and mechanical loading conditions accounting for temperature dependence 
of the material properties.   For the mechanical response analysis it is assumed that no distinc- 
tion need to be mode between deformed und undeformed configuration and that the linear strain 
displacement relationships provide a proper measure of deformation.   For quasi-static motion it 
is inferred that as a result of heot conduction temperatures change so gradually that the veloci- 
ties retrain small. 

The finite element method (matrix displacement method) provides a tool reducing the solution 
of complex initial value and boundary value problems of heat conduction and stress distribution 
to the mere application of computer programs.   In the present paper this method is first applied 
to the determination of the transient temperature distribution for a given thermal environment 
which then forms the input for the subsequent thermomechanical response analysis.   The main 
advantage of treating both problems with the finite element method is due to the fact that the 
same spatial discretisation can be used for the heat conduction and the associated stress ana- 
lysis, reducing the preparation of input data to a minimum. 

II THERMOMECHANICAL COUPLING AMD HEAT CONDUCTION 

The prescrri investigation is restricted to thermomechanical processes of small deformations and 
slow temperature changes, in other words, only uncoupled problem are considered in which 
inertia effects remain negligible. 

The general heat balance equation is briefly reviewed hereafter to discuss in short the assump- 
tions in regard to thermomechanical coupling.   For non-isothen.al processes recourse has to be 
taken to the laws of thermodynamics.   If the equations for conservation of mass, momentum and 
energy are supplemented by the proper constitutive equations of e.g. thermoelasticity the 
local heat balance equation may be expressed as [see 1,2] , 
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where T denotes the absolute temperature, VT the temperature gradient,    tf  the measure 
of total deformation, S   the distributed heat source, 6.   the material conductivity, §o   the 
mass density before deformation and  *i   the free energy function c'so called after Helmholtz. 
Two sources of coupling may be distinguished: 

a)    Material Coupling: 

Conductivity | . | (y T, Vj) 

Free energy <£ • ^ (& ,T) { 
from the principle of 

equipresence of state variables 

b)    Physical Coupling:     Presence of y   inequation (1). 

There is very little experimental evidence indicating that the conductivity   6.   is a function 
of deformat on; in most cases even the dependence on temperature gradients must be neglected 
due to lack of data.   Normally,the free energy ¥ is a function of both, the deformation and 
the temperature, whereby the second term of the righthand side of equations (1)   is solely de- 
pendent on 'temperature implying that material coupling is negligible if physical coupling does 
not occur.   The importance of the physical coupling term involving y becomes clearer if one 
considers an adiabatic process for which 

d T 
c'i 3T T (2) 

Equation  (2)  suggests that physical coupling disappears for quasistatic motions, where the 
body moves slowly through a sequence of equilibrium positions without exhibiting inertia effects. 
Vice versa for the gradual process of heat conduction, where temperatures vary slowly, the ve- 
locities remain so small that inertia effects con be neglected.   From these observations it can 
be concluded that thermomechanical coupling should be considered in the case of e.g. thermo- 
elasro dynamics, but not in the case of thermoelasto statics.   For the solution of certain re- 
stricted classes of coupledthermoelastic field problems using the finite element method, the 
reader may consult for example references [3],  [4] and [5]. 

Since the present investigation deals exclusively with the thermomechanical response analysis, 
the heat conduction analysis is summarized only briefly.  Among the first presentations of the 
finite element discretisation of the uncoupled heat balance equation one should mention refe- 
rences [6, 7, 8, 9, 10], in which the latter three also include the transient case.   The dis- 
cretised form of the heat balance equation may be written in matrix notation as 

cf ♦ KT- a 0) 
C   denotes the consistent heat capacity matrix, K the heat conductivity matrix and Q, the 

thermal flux vector.   This coupled set of first order differential equations is solved for the tem- 
perature distribution either by direct time integration or by spectral decomposition (mode super- 
position) similarly to procedures used for the dynamic response analysis.   Explicit and implicit 
techniques can be applied for the solution of the parabolic problem.   Normally only single step 
algorithms are feasible because of the excessive storage and stability requirements of multistep 

Invariant notation is used to formulate the equations of continuum mechanics.  The symbols 
^ , ;  ,  •    denote vectorfields, tensor contraction and inner products. 
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techniques.   The Wilson-Nickell algorithm [7], c mid-strep algorithm similar to the Crank- 
Nicholson procedure, is utilized in the present investigation.   Reference  [10] gives a more 
detailed account of the finite element technique employed to solve the accompanying tempe- 
rature problem. 

ill QUASISTATIC FINITE ELEMENT FORMULATION 

In the context of non-isothermal rhermomechcnicci problems ;here are two possibilities to de- 
scribe the initiai vo'ue problem, either by differential or by integral formulation.   In exten- 
sion of the standard incremental description this investigation is based on the rate (differential) 
formulation, as the thermomechanicai constitutive relations are defined  n the same form. The 
time dependence may not be omitted in this context, since the «.ress-strain relations contain, 
ingeneroL non-homogeneous expressions of stress- and strain-rates, e.g. for creep and relax- 
ation. 

1. Formulation of Initial Value Problem 

fit 

The governing field equations can be separated into static and kinematic relations, which take 
in invariant notatirn the following form 

Quasistatic Equilib';uni : 7.5 

Kinematic Relations : 

prescribed 

prescribed 

«* 

n • er 

0 

6 

P 
(4) 

t - i ( lL  -v  Vu ; 

(5) 

\h'-i 

An appropriate generalisation of the principle of virtual work provides an equivalent strtement 
to equations (4) and (5). Expressing the virtual work in virtual velocities and equating it to 
zero one obtains the following relation 

olv -    jJu-jUv   -T JJ"a-f «U 

v v s 

Equation (6) may be interpreted in the following way:   If the virtual work is zero for any arbi- 
trary infinitesimal   virtual velocity field satisfying the kinematic relations (5), the mechanical 
system is in quasistatic equilibrium.   Hence, the principle can be used to construct the quasi - 
static relations (4), if stress-strain rate relations are introduced.  This procedure forms the basis 
for the finite element approximation method, using displacement models.   For problems where 
the virtual work expression remains homogeneous in the rate terms the time derivatives can be 
omitted yielding the well-known incremental formulation for the solution of non-linear problems. 

It should be emphasized that the principle of virtual work can be readily applied to non-conser- 
vative loading and that the constitutive relations need not be derivable from potential functions. 
The generalisation of the virtual work formulation is hence more flexible than alternative de- 
scriptions of the initial value problem using extensions of stationary vocational principles. 

For the complete formulation of the quasistatic problem equations (4) and (5) need to be supple- 
mented by appropriate initial conditions at time   t ■ o 
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initial static conditions: ri-Jp   -   £»   I 
n.T   -   r>0   [ "natural conditions" (7) 

Im. ial kinematic conditions: ij ä0 

a  -   ü.„ (8) 

2. Finite Element Discretisation 

The virtu il work equation (6)  is now approximated with the help of finite element displace- 
ment >~.jdels to construct a discrete form of the quasistatic relations.   The finite element 
approximations may be written in matrix notation  as follows: 

Velocity field                              JU   = §u   |0 (9) 

Initial strain-rate field              1^   * ^n    ?*l ('0) 

Initial stress-rate field               t   » $e   f* (II) 

Total strain-rate field                 £   « t+\-   V$0   j„ (]2) 

Effective stress-rate field          €   • EL fi.  ■    E (y - V[) * E.y-»-t 

■ E (Vfu  j,, -   §u j^                      (13) 

E    V$u   ju  ♦     $T j* (14) 

The displacement interpolation $„ forms the basis for the spatial approximation of the dis- 
placement field u with •   denoting the column vector of nodal velocity values.   The spatial 
distribution of elastically suppressed initial strains or equivalent initial stresses are described 
by the interpolation function <£nand Vf   From a comparison of equations   (13) and (14)  it 
should be noted »hat both initial load approximations must satisfy the relation 

$t ft - - E $n jn 
(15) 

The initial stress and strain concept was introduced already in 1954 by the senior author [11] 
within the context of matrix (finite element) analysis of structures.   It provides an ideal mecha- 
nism to account for elastically suppressed deformations arising from environmental conditions, 
such as temperature, moisture, irradiation, as well as mechanical conditions, such as non- 
linearity, e.g. plasticity and creep.   Within the frame of the generalised principle of virtual 
work all initial loads have to be considered prescribed with the exception of the instantaneous 
plastic strains or stresses which should be derived from the total strain-rate field y . 

Substituting the field approximations into the virtual work equation one obtains the well-known 
q> rtiistatic equilibrium equations for a typical finite element 

|C   Ou   S   *P ♦ i (16) 

Bold founts denote matrices nnd vectors 
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The element quantities are defined as follows 

Stiffness k » $ V$* E ^$u dV 

v 

Nodal forces        P *$♦!♦# dV Jf    +   ^ $J $p dS f _ 

Initial loads J = 5 V&» E $-. dV $U 

Hv$:4xdv^ 

(17) 

(18) 

(19) 

Subsequently, the individual element quantities are assembled with the help of the displace- 
ment method furnishing the desired quasistatic equilibrium equations of the structure 

Kt = R + *T (20) 

3. Certain Remarks on Finite Element Approximations 

In the previous section it was mentioned that two types of initial stresses and strains should be 
distinguished, those whose spatial variation is prescribed e.g. due to given temperature dis- 
tribution and those whose variation should be derived from the displacement approximate»., 
e.g. in the case of plasticity.   The first part of this section deals with the occurrence of resi- 
dual stresses which arise in the case of certain finite element approximations although the 
continuum is stress-free.   The second part is concerned with additional approximations invol- 
ving higher order elements where the spatial distribution of pltifh: work is represented by 
various interpolation schemes, instead of being derived from the variation of the total sfrcjn 
field. 

a) Representation of Linear Strain States 

Using the compatibility equations of elasticity [l] it can be shown that linear strain distribu- 
tions satisfying internal compatibility do not give rise to effective stresses within a three- 
dimensional continuum, if no constraints are enforced due to kinematic boundary conditions. 
Within the context of thermal problems this implies that no effective temperature stresses may 
occur for linearly varying temperature fields.   Hence, for a finite element discretisation of 
the continuum the selected total strain variation y should contain linear strain states within 
each element.   From equation (13) the linearly varying temperature distribution is described 
by initial strains as follows 

where a and b are sealant and $, denotes a linear interpolation scheme.   If the effective 
stresses should remain zero 

c = E (V<&„?w- $,«T) = o 
hence 

V$u    2    $, (21) 
Note, that equation (21) holds only symbolically, implying that the order of variation of 
the displacement gradients V$w*houId contain linear strain states.   General finite element 
theory states that the finite element approximation must include rigid-body modes as well as 
constant strain states to ensure convergence in the energy sense (completeness requirement, 
see e.g.   [12] ).   Equ. (21) represents a further restriction on the finite element approxima- 
tion, if artificial residual stresses due to linear initial strains are to be avoided.   Although 
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this requirement is not necessary for energy convergence, the exact reproduction of linear 
strain variation is a highly desirable feature for practical applications. 

TK» question «•■<$»* r?w about the edd!*lor!c! restrictions on the finite clement approximation, 
which are necessary to retain linear strain states.   To simplify the cgebra, only the u -dis- 
placement component is considered together v-ith its variation in the * -direction.   The other 
components of the vector field follow the same argument.   It is obvious that an element con- 
tains linear strain states, if the approximated displacement field is able to vary with the square 
of the coordinates at any point of the element.   In other words, if the nodal displacements are 
defined by 

5.   =. a *(
l where  a   is a scalar, (22) 

then   « «ax1 should be satisfied everywhere.   Substituting these nodal displacements into the 
finite element approximation of equation (9), one obtains 

If the element geometry is described by the interpolation scheme   $*   / *nen 

X       -      <±>    . X ■ 
1*1   * 

(24) 

and 

ax* .,   a ($„j«i)' (25) 

The linear strain condition is satisfied if equations (23) and (25) yield identical results at 
every point of the element leading to the following condition 

q.A    2   i$*>*iV (26) 
We recall that <lü   denotes the approximation of the displacement field defined by i nodes, 
while i'.   denotes the description of the element geometry which may be defined by j nodes. 
Condition (26) demonstrates clearly that in isoparametric elements where    $„> £u   linear 
strain states are not contained. 

Isoparametric elements:       (j>„   =  <J>    =   <£ with 

Linear strain condition:        <£; x.1    ±.    ( to   x. )l 

* J (27) 

(28) 

Equality in equation  (28) cannot be achieved due to the presence of the mixed terms on the 
right-hand side.   The linear strain condition (26) suggests that subparametric elements where 
<jy 3 4>„can reproduce linear strain states if the order of the displacement approximation con- 

tains the square of the geometric approximation.   For example, consider a linear interpolation 
scheme for the geometry and a quadratic one for the displacements 

with        <$„ -- i t and        <J>a 

One may expect satisfaction of the linear strain condition if 
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freedom, using Lac"?ng?cn interpo^t^n.  The ef'cct of two parameters is investigated, t!-.= 
order of geometric approximation and the order of displacement approximation. 

»eles Fig. 2 illustrates the finite eler.snf lay-out of Phase I, where en!/ square e!e..ie..:, -   —  
triangles an? used.   This discretisation implies that 4>«-$0 , which is synonymous t« n constant 
" Jacobian".   It also shows the element types used for the analysis, the linear displacement 
models like TRIM3 and QUAM4 with   $„»*. , and the quadratic displacement models like 
TRIM6,   [14],    QUAM8 {40],   l>l]   and  QUAM9   [42] , having   $u-& with the excep- 
tion of QUAM 8 where  $„ c $t. 

Fig. 3 illustrates the finite element lay-out of Phase II, where general quadrilateral and trian- 
gular elements are used.   This discretisation implies that $«« $,   , which is synonymous to a 
linear variation of the Jacobian. 

ft-: 

i 

■■■• 

h 

t 

« 

Finally, Fig. 4 shows the curvilinear finite element lay-out of Phase III, where isoparametric 
quadrilateral and triangular elements are used  [42] ,   [43] .   This discretisation implies that 

&« " 4*1» which is synonymous to a quadratic variation of the Jacobian.   The associated curved 
elements are denoted by QUAMC 9 and TRIMC 6. 

The results of »his investigation are summarised in Table 1, where values for the residua! stresses 
are given which arise solely from the finite element approximation.   The mean square root of 
all nodal octaheder normal stresses shear stresses       are presented in perce.it of the 
initial thermal stresses after averaging first the nodal values. 
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The results for TRIM6 and QUAM9 clearly confirm that elements with a quadratic or biqua- 
dratic displacement field c d .-> linear or bilinear geometric description do contain exactly 
the linear strain states, which m >st be expected from equation  (30).  All other elements give 
rise to residual stresses due ta linear variation of initial thermal strains.  This has to be expec- 
ted far the constant strain triangle TRIM3 and the associated quadrilateral QUAM4, since 
they simply cannot reproduce linear strain states due to the low order of the displacement 
approximation.   The residual stresses from QUAM4 are consistently worse than those of 
TRIM3, because simple averaging of the linear initial strains is only possible for the TRIM3. 
It is interesting to note that the element QUAM8 does not contain the linear strain states for 
a linearly varying Jacobian, since it is based on an incomplete quadratic displacement inter- 
polation.   Furthermore, the isoparametric elements TRIMC6 and QUAMC9 create considerable 
residual stresses due to their "geometric distortion".   It should be remarked that a more severe 
distortion of the elements gives rise to «.«en larger residual stresses, an eccentric positioning 
of the midside nodes being particularly harmful to the quality of stresses. 

The variation of some   «ssfdual stresres is illustrated in form of contourline plots on Figs. 5 to 
8.   There the distribution of octaheder$hear,which is normalised in respect to the initial ther- 
mal stress, is shown for Phase II and Hi using the isoparametric elements TRIM3,  QUAM4, 
TRIMC6 and QUAMC9.    It should bt -nentioned that some resulting stress components are of 
an order higher than the octahederstresses which are proportional to the first and second stress 
invariant.   Moreover, the contour line plots are based on average nodal values which are 
used as base points for a linear interpolation scheme; hence they can not reflect the stagge- 
ring discontinuities of stress components which occur e.g. at the center node raising the old 
question of an appropriate stress evaluation.   When using average nodal values, it is quite 
clear that the amount of data handling reduce.* considerably for nodes en the element boun- 
dary versus internal element nodes.   Furthermore, the user is mainly interested in the values 
at the corner nodes which are easily identified and which also allow a very useful check of 
the accuracy of the finite element idealisation for nodes where the "natural" boundary con- 
ditions should be satisfied.   On the other hand it is interesting to note that the stress distri- 
bution in the interior of an element seems less affected by the geometric distortion discussed 
above.   This is particularly true in the vicinity of the element centroid suggesting the use of 
centroidal stress points. 

Since this investigation is rather preliminary in nature, only a few observations could be 
made. In conclusion one can say that the subparams i. • elements TRIM6 and QUAM9 are 
preferable to other elements as they do not give rise to artificial residual stresses in case of 
linear initial stress or strain problems. Caution should be exercised in the case that distorted 
elements are used to describe the geometry of the structure. Especially the eccentricity of 
the midside nodes impairs the resulting stress distribution which may offset the improvement 
gained by a more accurate geometric representation of the real structure. 

b) Plastic Work Approximation in Higher Order Elements 

For finite element displacement models the kinematic assumptions form the basis for the de- 
scription of internal energy within each element.   Given a unique relationship between 
stresses and total strains the spatial variation of internal energy is completely determined by 
the distribution of total strains.   It is obvious that non-linear constitutive laws create addi- 
tional problems for representing stresses or initial strains in higher order elements, in which 
the total strain distribution varies inside the element.   In what follows, certain questions of 
approximation are dealt with in connection with the tangential stiffness method as applied to 
the elasto-plastic analysis using higher order elements. 
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The incremental elasto-plastic stress-strain relation is described by 

8- = Ti (31) 

For duality of the transformation laws the states of stress and strain are defined for the case 
of plane stress by 

^[^Sl3f.yl K= W*x   **y itf-yi (32) 

For isotropic materials and the von Mises yield criterion with the Prandtl-Reuss flow rule the 
elasto-plastic material law can be written as follows ,r38] 

with 

S-TIT*» '   =   > *>* (34) 

where the subscript u denotes deviatoric components and where   I   , the plastic strain- 
hardening parameter, is obtained from uniaxial data 

^T   = j  £ (35) 
The linear elastic mateiial law reads for the isotropic case 

E. = 2G(I,+ -~r •»,<) (36) 
with 

«*..= ( '   '   °\ (37) 

A more detailed derivation of the elasto-plastic relationships is given in Section IV for tri- 
axial conditions. 

The elasto-plastic element stiffness is obtained simply by replacing the linear elastic material 
law in the expression of the strain energy density by its elasto-plastic extension, such that 

k.- £*,'*♦ v, dV 
* (38) 

Note, that in this case the elasto-plastic stiffness refers to the straining modes fy   , which 
are identical with the so-called natural deformation modes QH   introduced in     [13] .   it is 
obvious that the Integral in  (38)   has to be evaluated numerically even for simple element 
configurations. 

The question arises now about the representation of the elasto-plastic material law for devia- 
toric stresses which vary within the element domain.   Basically, there are two possible avenues 
for implementing the tangential stiffness formulation using higher order elements:   The direct 
integration route involving the construction of the elasto-plastic material lav-  (33)  at every 
pivot point of the numerical integration s:heme, and the Interpolation of th» nonlinear stress- 
strain law from a chosen set of base point/ which can be written as 
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Our main goa! !„ ..„w to obtain quantitative resoli* foi i!.c effect of i!>e u'iffeienl schemes 
when forming the Jasfo-plastic stiffness mutriA.   To this end, trie ipectrum of eigenvalues 
of the difference mohix between the refeience und current stiffness provides a convenient 
norm to measure liie difference of internal energy between t vo associated matrices.   This 
rnefhou has proven useful in  i45j   to compare stirtness matrices ot an element family having 
identical nodal configurations.   The total internal energy rate of an elasto-plastic element 
is given by 

* t L    • 
U,   = ?v   Kr%* (40) 

This increment of internal energy can be ex >r seed in terms of the eigenvalues of   Kp in 
the following form 

x1 k.x 11 (41) 

increments   . 
where any set of nodal strain ^       ?x can be represented as a linear combination of the 
set of eigenvectors X .   The spectrum of eigenvalues of  K   represents a measure for the 
total internal energy rate of an element, hence this tool can also be utilized to determine 
the energy difference between a reference element and the element currently under investiga- 
tion.   It should be emphasized that only the eigenvalues of the difference matrix kr- kc 

form a proper measure of this energy in contradistinction to the difference of eigenvalues of 
each individual stiffness matrix which in general do not correspond to the same eigenvectors. 
Thus 

CU^-^cX"   A   (.K^ ~«0„X    ~ A (42) 

X denotes the matrix of orthonormal eigenvectors of the difference matrix   v" Kt   and A 
stands for a diagonal matrix containing all eigenvalues. 

The associated spectra! radius of the difference matrix forms a suitable norm to Measure the 
'distance" between the reference stiffness and the current stiffness under investigation.   The 
spread of eigenvalues indicates the variation of the difference between the two matrices for 
all possible deformation states, while the arithmetic mean yields a value illustrating the 
deviation  of internal energy representation which can be expected in an average sense.  Note 
that only positive or neg Mve definite difference matrices permit a simple conclusion about 
the current stiffness beir    more flexible or more stiff than the reference stiffness. 
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In general the element stiffness is affected by two parameters, the material properties and the 
geometry.   For the present considerations, attention is restricted to an equilateral linear strain 
triangle TRIMo, where the geometric effects are eliminated and where the ""otal strain variation 
is defined by the linear interoolation scheme 

*,- * (43) 

A representative choice for the "true" variation of the elasto-plgstic material law forms the 
main difficulty in illustrating the evaluation of the eiasto-plastic stiffness matrix using different 
interpolation and integration schemes.   In order to avoid any bias in the representation of «•he 
material law, it should be assumed that the whole element domain plastifies instantaneously, 
while for simplicity the deviatoric stress components vary linearly over the element domain, as 
illustrated in Fig. 9.   This stress assumption is valid for incipient plastic deformation only 
where no plastic deformation history yet distorts the linear stress distribution in the element. 
It should be mentioned that this condition cannot be realized since for a linear stress distri- 
bution the equivalent stresses form o second order surface over the element domain for which 

*" - f << A    toi»t (44) 

To achieve instantaneous plastification ot the whole element it he* to be further assumed, 
either that the yield limit varies over the element domain according to the shapeof the equi- 
valent stress or that the plastic deformation history is followed only at the point where 
<T- ?„. „.We adopt below the second fine of thought with the following material properties 

assuming that constant strain hardening, as illustrated in Fig. 10, prevails throughout the ele- 
ment and that the plastic deformation histories of other points need not be considered. 

In the example, the following data were assumed: 

Yield Stress: «•j  «   H.4 kp/mm 

Strain Hardening: C      =      0.3 kp/mm 

Elof.tJc Modulus: £     s.   2IOOO kp/mm 

Poisson's Ratio: V      =       O. i 

I 

The elosto-ploslic stiffness matrix calculated with a 30 x 30 Gaussian quadrature rule is re- 
garded as the "exact"  reference stiffness for the subsequent investigation of various matrices. 
This implies that the eiasto-plastic material law is evaluated at the 900 pivot points for the 
assumed distribution of deviatoric stresses and material constants.   Subsequently, eiasto-plastic 
stiffness matrices are constructed either by direct integration involving the evaluation of the 
eiasto-plastic material law frcm t1 — governing stress distribution of the pivot point considered, 
or by interpolation from a chosen set of base points.   We then compare these eiasto-plastic 
stiffness matrices with the reference matrix using the concepr of eigenvalues of each difference 
matrix mentioned above. 

The following numerical integration schemes are selected for comparison:   1 point, 2 point, 
3 point, 4 point, 6 pcinf C-HJ 12 point Gauss;jn quadrature rules.   The range of eigenvalues is 
illustrated in Fig. 11 tor each stiffness difference matrix. 
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Order of Integration:       int.   =    1,   2,   3,   4,   6,    12 

(46) 

The results ore plotted in terms of the numbers of material data points which coincide in this 
case with the number of pivot points of the quadrature rule. 

This presentation is particularly useful since it illustrates the deviation of the elasto-plastic 
stiffness from the reference stiffness as function of the amount of the necessary data handling. 

Alternatively to the direct integration route, five Lagrangian interpolation schemes shown in 
Fig. 12 are selected to approximate the distribution of the elasto-plastic material law over the 
element domain.   Besides the constant, linear, quadratic and cubic interpolations,a piecewise 
linear interpolation scheme over triangular subregions, as proposed in [44] , is chosen to rep- 
resent the material lew.   The elasto-plastic stiffness is evaluated using a 30 x 30 Gaussian 
quadrature rule, but in contradistinction to the reference stiffness, only the base points of the 
interpolation scheme now form material data points.   The range of eigenvalues is illustrated 
in Fig. 13 for each stiffness difference matrix.   Again the results are presented in terms of the 
number of material data points involved in different interpolation schemes to allow a direct 
comparison with the range of eigenvalues of the direct integration methods.   Note that only 
linear interpolation preserves the positive definiteness of the material law within the element 
domain.    E.g.   Fig.  14 illustrates the non-positive definite material regions which are arti- 
fically introduced by cubic interpolation even though the material law at the base points is 
positive definite; therefore, Fig. 13 shows two different results for the cubic interpolation as 
the elasto-plastic stiffness can be evaluated either neglecting or considering the type of mate- 
rial lew encountered at each pivot point, the second of which may lead to a non-positive 
definite stiffness matrix.   From these observations it is quite clear that higher order interpo- 
lation of the material law should be avoided altogether since it changes the character of the 
material law instead of improving its representation. 

Comparing    Fig.  11 and Fig.  13 one can see the distortion of the "exact" elasto-plostic 
stiffnti: due to the direct integration method anH the interpolation method for the same 
number of material data points involved.   It seems that the interpolation schemes yield con- 
sistently worse results than the corresponding direct integration »ehernes except for the linear 
interpolation over triangular subregions.   This method of material representation offers a slight 
advantage considering that the total amount of data handling reduces sharply for the element 
assembly, where the valency of the edge nodes varies between 2 and 6 in contradistinction to 
the single valency for the interior data points of the direct integration method. 

Finally, it should be mentioned that this element investigation using the eigenvalue technique 
of stiffness difference matrices is preliminary in nature and should be accompanied by similar 
numerical experiments on the structural level to verify quantitatively the qualitative element 
results. 
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IV CONSTITUTIVE LAWS 

In this section a number of engineering thsones are considered to describe the material beha- 
vior in thermal environments.   Emphasis is placed on the time rate formulation of constitutive 
relations fitting the scope of the quasi static formulation.   The following discussion is restricted 
to thermomechanically simple materials where the response at a given instant or time is deter- 
mined by the histories of deformation and temperature. 

i 

A realistic material description should consider temperature dependent material properties 
leading in general to stress-strain relations non-linear in the temperature.   Under non-iso- 
thermal conditions this temperature dependency gives rise to time variable material behaviour. 
The sjbtfe point of the material ageing will be treated in the following section on thermoela- 
stictty, where two fundamentally different material descriptions are reviewed and applied to 
solve a thermoelastic problem.   Subsequently, the well-known elasto-plastic stress-strain 
relations ar? extended to include temperature effects including temperature depeMent yielding. 
It will be further shown how the engineering theory of creep may be simply incorporated in the 
thermoelasto-plastic material law to account for viscous effects.  This general constitutive law 
is then applied to the solution of a realistic engineering problem. 

It should be emphasized that the virtual work formulation in terms of the rates permits the in- 
corporation of very general constitutive relations as long as they define the instantaneous 
material response as function of deformation ~rtd temperature history.   For this direct route 
there is no need to claim the existence of potentials from which the stress-strain relations may 
be derived. 

1. Thermoelastic ity 

As :ntroduction, the linear stress-strain relations are briefly reviewed for isothermal conditions. 
The three-dimensional cartesian form of Hooke's law may be stated in matrix notation as follows 

(T   - E. t (47) 

where  y        , the stress vector, having six components, is related to the corresponding strain 
vector t   by the linearly elastic material law E involving  21   constants in case of general 
anisotropy.   The thermal expansion due to a temperature change may be interpreted as mapping 
of the neighbourhood of a material point into a new configuration assuming all mechanical   con- 
straints can be temporarily neglected.  Although the stress free thermal expansion may physi- 
cally not be possible, this new configuration can be thought of as a reference state from which 
effective, stress producing, deformation is measured.   Assuming that the changes of temperature 
remain »roll in regard to the reference temperature  To, the thermal deformation may be de- 
scribed by the following expression which is linear in temperature 

*«*(T-7.)«*e (48) 

where for the isotropic cose the vector of coefficients of thermal expansion degenerates to 

•C K  <* *M with e„ =   { I   i  !   O   o o } (49) 

The coefficients of thermal expansion are independent of temperature for changes of temperature 
9 *T-To    less than 40° C    [2 J.   This linear form of the fundamental decomposition for thermo- 

mechanical deformation forms the basis of the well-known generalisation of Hooke's law also 
named after Duhamel-Neumann 
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or 
* • E (g-ot Ö) -   E^Gjb-   EK + ^O 

where the initial temperature stresses are defined by 

tG»G/S «* y6«-Eoc 

(51) 

(52) 

Under the assumption of weak coupling the distribution of transient temperatures ran be con- 
sidered prescribed at each instant of time as 

t) and 0 - 0(0 (53) 

Hence, for temperature dependent mate-icl properties the thermal stress analysis involves age- 
ing material properties or in other words a time variable system since 

£ (T) -  ECO 
(54) 

£(T)  --   /h   CO 
For non-isothermal conditions there are two possibilities to describe the elastic material re- 
sponse, which differ fundamentally if temperature dependent material properties are considered: 
the classical hyperelastic formulation and the hypoelostic characterization which are summa- 
rized below  [I] . 

a) Hyperelastic Formulation 

in the classical sense an elastic material possesses a natura' state in thermodynamic equilibrium 
at which   0**0 and  T-To  exhibiting a unique one to one correspondence between stress and 
strain in an appropriate neighbourhood of this reference state.   The material is characterized 
by its return to the natural state after removal of loading, or in other words the domain of the 
hyperelastic response functional contains no history effects.   From this postulate of elastic 
material behaviour   (51) can be generalized, leading to the following "integral" relation 

c »   E COy «■   f £to«L* (55) 

Equation (55)describes essentially an ageing viscoelastic material with infinitely short memory. 
It should be emphasized that this characterization is restricted by the definition of an appro- 
priate neighbourhood from the natural state.   Formal differentiation in time furnishes the equi- 
valent rate formulation exhibiting non-homogeneous terms in y and   9 

«   - E(Oy *)bWe * E(t)y +yft(oe (56) 
TMs equation represents a total differential ensuring revenibifity and path-independency of the 
thermoelastic process.  These properties are intrinsic prerequisites for the existence of a thermo- 
elastic potential from which hyperelastic stress-strain relations are usually derived. 

It «hould ^» ne+ed that d«.«e to the terrp-rature dependence of E and ß equation (56) is basi- 
cally non-1 insar in temperature.   In spite of this non-linearity there is no need to pursue an 
incremental approach for the thermal stress analysis.   Since the temperatures are prescribed in 
the uncoupled problem the total stress relation of equation (55) can be used directly to deter- 
mine the hyperelastic response at any instant of time.   Note that In this case the material must 
possess a natural state to which it returns after unloading and that an appropriate neighbour- 
hood is defined for the excursions from this reference state. 

744 



• 

:. 

b) Hypoelostic Formulotion 

In contradistinction to the iiyperelastic description, the hypoelastic characterization of an 
elastic solid it formulated wither; reference to a natural stats, and expresses the components 
of sties» «ate es homogeneous linear functions of the components of the total strainrate and 
temperature rcie . 

6 - E (O ^  + A W T (57) 

This implies that this constitutive low invrilv*s in addition to the *">mogeneous state variables 
W,   f  and T only mechanical prorw»rties choracteriTln^ the instantaneous state of the sol'H. 

These tit« variable »«ndu,: nre ind*«»nd*»n» of the «peed at which changes of th« »*ate v—■■- 
ables are affected.   Thus 

E Ct)* /SCO -   o (58) 

An equivalent integral forrrulation may be obtained from the principle of superposition on the 
rate expressions 9 , jjf and T .   The well-known siep formulation for ageing hypoelastic 
materials yields the following total stress expression 

*(*)-   f   ECO    -4L    {^(x^-Q(x)} ^ (59) 

After integration by parts the equivalent impulse formulation furnishes 

c CO - 6.(0 {y <*V OCtt}-^* -~^ i*<0- 8Wl^    <** 
t» 

where the pseudo temperature © is defined by 

OU'i • 'f «C (^ Ai (61) 

The integral formulations clearly show that the stress at time t is a function of the entire strain 
and temperature history, the functional being linear in strains, but non-linear in temperature. 
Mence, this characterization basically implies that the elastic solid exhibits path dependency 
and irreversibility due to ageing effects similor to viscous phenomena.   It should be remarked 
that the theory of hypoelas'icity forms the basis for the hereditary integral representation of 
vis« "»elastic behaviour. 

A comparison between the impulse formulation of equation (60) and the hyperelastic stress- 
strain relation (55)   indicates that both material characterizations of elastic bodies coincide 
for time-invariable systems.   Of course, the same conclusion is reached from a comparison of 
the analogous rate formulations, equations (56) and (57) .   ft j$ obvious that, if atten- 
tion is restricted to close neighbourhoods of the natural state, such that constant material pro- 
perties prevail, then the hypoelastic formulation degenerates to the hyperelastic one. 

c) Numerical Implementation 

The finite •»le^snt analysis of the transient thermoelastic problem reduces to a straight-forward 
application o» the initial '"ad concept, see equations(16) and(20). 

The integral relationship of the hyperelastic formulation (55) yields for temperature dependent 
mechanical properties 3 time-variable set of equilibrium relations of the following fore, 
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Note   that the instantaneous stiffness K(t)as well as the initial loading due to temperatures 
Tt#tt) can be evaluated directly for any stage of the prescribed transient thermal conditions. 

For temperature independent mechanical properties equation (62) reduces to a time-invariable 
system in which K(t^K i *ucri *hat transient temperature conditions involve solely the solu- 
tion of a number of loading conditions. 

The rate type relationship of the hypoelastic formulation (57) furnishes for temperature depen- 
dent material properties a time-variable set of incremental equilibrium relations of the follow- 
ing form 

K(t)rA(0 = RJtUrWU (63) 
It should be emphasized again that the hypoelastic solid requires an incremental strategy for 
the thermal stress analysis, since the whole temperature history needs to be considered.   There- 
fore, this formulation is far more laborious than the total stress analysis for the numerical im- 
plementation of hyperelastic material behaviour.   In case of temperature independent mecha- 
nical properties the incremental equilibrium equation degenerates to equation (62) with a time- 
invariable stiffness. 

d) Example 

In conclusion the transient thermoelastic stress distribution is determined for an "infinite" 
medium with a spherical cavity, the boundary of the cavity being subjected to the sudden 
temperature rise 9; = 600° F.   Both, constant and temperature dependent material properties 
are dealt with using a hyperelastic and a hypoelastic description of the elastic behaviour. 
Thispolarly symmetric problem is selected as theoretical solutions are available for comparison 
with the finite element results for the case of constant material properties   [16] as well as for 
the case of temperature dependent properties   [17] . 

For the finite element analysis the infinite medium is idealised by a finite cylinder with a 
radius ten times the radius of the inner cavity and a height equal to the diameter of the cylin- 
der.   Because of symmetry only the upper half of the cylinder needs to be analysed.   Both, the 
transient heat conduction analysis as well as the thermoelastic stress analysis is carried out 
using the same finite element mesh lay-out which is illustrated ir. Fig. 16.   192  axisymmetric 
TRIAX6 elements are used to discretize the cylindrical structure with the cavity involving 425 
nodal points.   The reader is referred to   [15] for a description of the triangular ring element 
TRIAX 6 having 6 nodes. 

Two cases ate treated, a medium with constant, temperature independent material properties 
and a temperature sensitive medium exhibiting more realistic material properties as occur in 
the case of SAE 1095 steel   [18] .   The temperature dependency of the elastic constants is 
described by 

Shear modulus G -    »I 55  » to6 (l - O.S4G2>»> lo"6 Q1} 

Poisson's ratio v -    0 US ♦ 0.1 * \6l (© - !>C5^ (64) 

Thermal expansion «  -    O 65  . SO-*   (U OVlil »IGT*©*) 
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Fig. 17 illustrates the variation of the elastic properties with temperature.   For rhe finite ele- 
ment solution of the heat conduction problem the thermal diffusivity i/jc is assumed to remain 
constant.  The boundary conditions of the thermal problem consist only of the prescribed tempe- 
ratures   0j = 600° F at the inner surface of the cavity and 9$ = 0° F on the outside surface. 

In order to simplify the comparison with ths theoretical solution the following non-dimensional 
quantities are introduced 

*"   1&    IS- t Time 

Temperature 

Radial Displacement 

Radial Stress 

Hoop Stress 

9«    O/öi 

I-»" 1 
UV <*„ 9i «. 

l-v 1 

io+o& «. ©i 

*-v I 

ur 

«r 

(65) 

t(u^G.     «. Ö. 

To define the geometry of the problem, the radius of the spherical cavity is taken as   a.= i.o 
and the thermal diffusivity is assumed to be  A/fcri.o.   Since the theoretical solutions are 
based on thepolarly symmetric treatment of the infinite medium, the results of the problem are 
only presented at various radial distances of the midsection through the cavity. 

Fig. 18  illustrates the radial distribution of the transient temperatures 9 = 9/0; after the sud- 
den temperature rise 9;   = 600° F at the cavity.   The results of the theoretical heat conduc- 
tion analysis for the infinite medium agree very well with those of the finite element solution 
for the cylinder.   In the vicinity of the spherical cavity there is virtually no difference be- 
tween both results.   The time integration of the heat balance equation was carried out with 
variable time steps ranging from * = '/aa to **■<►• 

Two parameters are investigated by means of the following transient elastic stress analysis, the 
influence of temperature dependent material properties and the type of elastic formulation. 

In Fig. 19, 20 and 21 displacements and stresses are compared in a temperature-sensitive and 
insensitive medium at different times       t        after the temperature rite at the cavity.   In the 
case of temperature-independent material properties, the finite element results for the cylinder 
are shown in addition to the theoretical solution for the infinite medium presented in    [16] . 
The finite element results for the temperature-sensitive medium are obtained using the hyper- 
elastic formulation; this means that at every instunt of time the tangential stiffness hat to be 
determined from the temperature dependent material properties of Fig. 17.   It should be men- 
tioned that a linnai interpolation scheme is used to describe the variation of the elastic moduli 
within each TRIÄX6 element.   Fig. 19 illustrates the radial distribution of displacements at 
various times X .   Note, that the displacements at the spherical cavity remain zero irrespective 
of the temperature rise at the cavity.   For the temperature-insensitive properties *here is very 
little difference between the analytic and the finite element solutions;   these results deviate 
considerc      from the temperature-sensitive results in regions of high temperature gradients. 
Fig. 20 presents an analogous illustration of transient radial stress components.  Again, there 
is a significant difference between temperature-sensitive and insensitive properttes in areas of 
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high temperature gradients.   It may be of interest that the violation of the stress boundary 
condition <St- 0 n* the cavity is very small in comparison to the large changes of ?* 'n 

radial direction, hence the discretisation error seems negligible.   In case of the long-term 
response of radial stresses the analytic sol'?»ion deviates considerably from the finite element 
results in regions influenced by the cofferer* boundary conditions.   Fig. 21 illustrates tJ.d dis- 
tribution of fanger.**-l st-?:ses at vcrlou; times.   Th..; Is hardly any ..^ficeabL J.T.'erence 
between the *w> finite element solutions except right at the spherical cavity. 

In Fig. 22, 23 and 24 transient displacements and stresses are compared in a temperature- 
sensitive medifrr,, ths rc:p. ... of ./hid; is described either by the !./rJw.elastic ui h/^oeia»tib 
formulation.   The finite element results are shown for the cylinder in addition to the corre- 
sponding theoretics! solution of the infinite medium, presented In   [17] .   The finite element 
solutions are obtained using both, the total stress approach of the hyperelastic formulation for 
different instants of time, and the incremental stress approach of the hypoelastic description, 
proceeding through the temperature history.   Poisson's ratio is assumed to remain constant at 

V = 0.4 since the theoretical results are based on that value.   Fig. 22  illustrates the radial 
distribution of displacements at various times.   Note that there is very little difference be- 
tween the hyperelastic and hypoelastic results even in regions of high temperature gradients. 
The deviation of the analytic results can be explained due to the difference between the ana- 
lytic and finite element temperature distributions, arising from the dependency of conductivity 
on the temperature in the former case   [17] .  The transient rodia! stress components, illustra- 
ted in Fig. 23, exhibit a more pronounced effect of the two possibilities to describe the elastic 
behaviour.   Again, the long-term results of the analytic solution deviate considerably from the 
finite element results in regions influenced by the different boundary condition.   Fig. 24 illu- 
strates the distribution of tangential stresses at various times; these components are hardly affec- 
ted by »he twe alternative formulations except near the spherical cavity. 

In conclusion one may state that a realistic stress analysis should accommodate the temperature 
dependence of mechanical properties, since the assumption of temperature insensitivity under- 
estimates considerably the structural response.   The type of formulation to describe the elastic 
behaviour seems to have little influence onto the results.   However, this statement applies only 
to the type of problem considered here, where the temperature sensitivity of the material pro- 
perties remains relatively small.   On the other hand, these quantitative results indicate that the 
hypoelastic formulation can be utilized if an incremental formulation is necessary, such as in 
plasticity and viscoelosticity.   However, this costly method does not justify the expense, if 
applied to account for path dependency due to temperature dependent elastic properties in a 
transient thermal environment. 

2. Thermoelastoplosticity and Creep 

Following   [19] and  [21]   the flow theory of plasticity is first reviewed in regard to non-iso- 
thermal conditions without taking recourse to thermodynamics.   Subsequently, the general con- 
stitutive law is specialized to construct a set of thermo-elasto-plastic stress-strain relations 
which can be used to solve realistic engineering problems where high stresses of short duration 
occur under applied loads and temperatures.  After presenting the time-independent stress-strain 
relation for plasticity, the formulation is extended to incorporate creep.   Omitting history de- 
pendence of creep deformations, the phenomenological description of the engineering theory 
of creep is dealt with, which provides a simple means to account for viscous effects in metals. 
It is shown that the initial load techniques for the iterative solution of plasticity problems are 
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easily adjusted to incorporate creep.   In conclusion an example is presented to illustrate the 
thermo-elasto- plastic and creep behaviour on a realistic engineering problem. 

a) Thermo-elasto-plostic Formulation 

Cersider en ehsto-plastic workhardervng solid where for a given state infinitesimal changes 
of temperatures and stresses produce a unique infinitesimal change of elastic and plastic strains. 
It is assumed that the constitutive law is homogeneous of order one involving only the time 
rates 4T , \*   and   T   , while the material properties characterize the instantaneous state 
of the solid analogous to the hypoelastic formulation.  An additional state variable need to be 
defined to describe the dissipation of mechanical energy via 

t. 

i-i (66) 

where «.  denotes the workhardening parameter as a non-decreasing function of time.   It is 
further assumed that there exists a function of the state variables    ?(W,Hr,T,t.) which de- 
scribes initial and subsequent yield surfaces for all plastic states.   The time rate of the loading 
function £ is utilized to define loading between two plastic states   ? and $tdf, where 

The state of loading is defined by f»0. 
f < o     Unloading 

_|1_ *   +  .|i_ f   i = o    Neutral Loading W> 

| > O    Plastic Loading 

and 

The "normality condition", which follows from Drucker1« stability postulate for inelastic ma- 
terials   [20] , forms the basis of the associated flow rule 

\. • •* & (69) 

The positive scalar A can be evaluated from Prager's consistency condition   ?>0 

X •- 

(£ * H-^Äc 
(70) 

The generality of this formulation leaves ample room for experimental evidence which can be 
described by a variety of yield conditions and flow rules. 

To be specific, the following discussion is concerned with the extension of the von Mises yield 
condition and the Prandtl-Reuss flow rule to non-isothermal conditions with temperature depen- 
dent hardening in extension of the formulation presented in  [38] .   pr»r cyclic loading condi- 
tions, Prager's method of kinematic hardening or Ziegler's modification of this theory could be 
easily incorporated to account for the Bauschinger effect.   Furthermore, in case of ^on-metallic 
materials the yield condition and flow rule could be adjusted to include the effects of hydro- 
static pressure similar to Drucker's formulation for materials with internal friction and cohesion. 

The formulation below is restricted to isotropic conditions where 

E - 3LG C I  ♦    TIT   «W*M) 
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For duality of stress and strain transformations the corresponding stress and strain vectors are 
defined as follows 

t i , i T (72) 

For thermo-elasto-plastic behaviour the total deformation can be decomposed into 

g -   a. +  v^P + « f (73) 
For metals experimental evidence indicates that the initial yield condition and plastic defor- 
mation ore not affected by hydrostatic stress and thai plastic deformation takes place without 
volume change.   Therefore, it is convenient to decompose stress and strain into hydrostatic 
and deviatoric components 

e.«,^8 and £«   tf« ♦ tfx> (74) 

For Isotropie materials the initial yield function may be expressed entirely in terms of the in- 
variants of the deviatoric stresses.   The most widely used yield function, also known under 
the name of von Mises, describes the incipience of plastic deformation by the second invariant 

?=    -I-*»**»    -cl-0 -* ^--I-*»*. (75) 
This yield condition also provides a definition for the scalar function § , the so-called 
von Mises equivalent stress, in terms of the deviatoric stress components.   The associated flow 
rule yields then an expression for the plastic strain increment in terms of deviatoric stresses 
and an unknown scalar function X 

\* ' -I H-t   • Al«. (76) 
This scalar %  can be determined either with laborious manipulations from equation (70) or 
directly horn KM- workhardening expression 

n t   • -- -**.•* i-rr\ 

This definition of the equivalent strain ^, ensures that the plastic work remains the same for 
uniaxial and multiaxial conditions.   Substituting equation (76) into equation (77) one obtains 
readily 

J • TT    \* (78) 

Inserting 1 into the flow rule (76) leads subsequently to the following expression for the pla- 
stic strain increment 

^{.Z with *■■&-•. (79) 

In thermal environments the equivalent plastic strain is a function of stress and temperature 

(80) 

with 
V>U*'T) -o        ^,   - -y*-<ST 

\. _3L£. and 
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The physical significance of »he parameters J and <$ is illustrated in Fig. -25. This formu- 
lation was first presented in connection with the elasto-plastic matrix displacement analysis 
in  [32] . 

There are two possibilities to proceed from now on: The equivalent plastic strain-rate can be 
defined either in terms of the effective stress rate or directly in terms of the total strain rate, 
leading to the following initial load schemes. 

"Initial Strain Approach" ^p •  f[P (A
1» , T ) 

This formulation describes the equivalent plastic strain-rate in terms of the increment of the 
elastic energy of distortion 

TL„  .    '   §   4^T.^S» + «jT (82) 

leading to the following form of tru flow rule 

i^.. 4- as1*- ^f (83) 

The total deformation rate can now be expressed by 

Hence, the desired strain-stress-temperature rate relationship can be written as 

i- ^(x*^M*)««-(**$«vi" (85) 
Note the additional plastic loading term <?ft arising from the temperature dependence of 
the hardening law, see equation  (80). 

"Initial Stress Approach" \v -    \9 ( »* jj , T ) 

This formulation describes the equivalent plastic strain-rate in terms of the increment of the 
total energy of distortion 

\. -  -±-stE(i-V+>+5'i' 

leading to the following form of the flow rule 

This forms the basis of the desired thermo-elasto-plastic stress-strain-temperature rate law, 
where the effective stress rate is defined by 

*   ■    E i -   e (i-V-T) (88) 

6"    -     V $   +   Q t (89) 

The "tangential" thermo-elasto-plastic material behaviour is described by F and G, where 
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F-  E  (I-  ^5 *S) (90) 

<5    -E   (- ♦  -y^g ,•) <"> 

This thermo-elasto-plastic constitutive law furnishes the desired linear relationship between 
stress-, total strain- and temperature rates, which is strictly valid only in the differential 
sense. 

It should be noted that the first terms on the right hand sides of equation (90) and (91) repre- 
sent the linear elastic portion of the constitutive law and that the second terms constitute 
their corrections due to plasticity.   It is easily verified that the tangential material law in 
equation (90) is the inverse of the first term on the right-hand side of the total strain rate 
relationship, equation   (85)   • 

b) Extension to Include Thermal Creep 

The following discussion is restricted to the engineering theory of creep for metals in which it 
is assumed that the material does not possess any memory.   This characterization of creep be- 
haviour has very much in common with the theory of plasticity.   There, strain increments are 
considered only in respect to a monoton ica I ly increasing parameter instead of real physical 
time as <n the cose of creep.   In the following it is supposed that there is no interaction be- 
tween the time independent plastic deformations which are thought of as occurring inrrantane- 
ously,and the creep deformations developing during a time inferval.   It should be emphasized 
that this working hypothesis of no coupling between plastic and creep deformation is open ta 
questions.   In the formulation of a unified theory [22, 23] for rate sensitive dissipative proces- 
ses the uncoupled engineering theories of creep and plasticity play the role of two extreme 
abstractions; but at the present it is only for those that quantitative experimental data are 
available which can be used in structural analysis. 

The total deformation rate y can be decomposed into instantaneous and time dependent com- 
ponents 

i-E+4» ♦*"'"♦ ic (92) 
In contradistinction to the plastic strain-rate ifp which is derived from the current state vari- 
ables  T , & or y   and their time derivatives,     the creep strain-rate *lt is fuily defined 
by rhe state of temperature T , stress 9 and a hardening parameter as shown below* The creep 
strain-rate forms hence a prescribed initial strain-rate similar to that due to temperature change:. 

Corresponding to plasticity it is assumed that only deviatoric components contribute to the energy 
dissipation in case of creep in metals.   Hence, the von Mises yield criterion and the Prondtl- 
Reuss flow rule provide a consistent tool to describe the energy dissipation of the tensor field 
variables by equivalent uniaxial quantities, see equations  (75), (77), (79). 

s93) 

-* V t 
Equivalent stress • •   ^ 8B68 

Equivalent creep strain-rate      Tjc "   -^ *\« t|c 

Flow rule ^*  -    t\a S where d -  -j^~ ^o 
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The question remains then how to compute the effective creep strain-rates ^c for transient 
stresses and temperature conditions.   In the following development attention is restricted to 
the description of uniaxial creep which can be extended to multi-axial states over the mecha- 
nism of equivalent stresses and strains. 

In the present approach it is assumed that there exists a mechanical equation of state which 
describes the creep rate of the solid as a function of state variables [24,25,26] 

•?(' T, t, 0 (94) 

This equation implies that at any given time t the creep rate depends on the current state of 
the system and is independent of the path or previous history.   However, similar to the pro- 
blems arising in context with the deformation theory of plasticity there is conclusive evidence 
that the creep rate Redoes also depend on history of stress, deformation and temperature, 
hence the memory theory of viscoelastic-plastic solid would form a more appropriate way to 
describe this type of material response.   The question arises then how the creep data, obtained 
from constant stress and temperature experiments, could be used for the case of time-varying 
stresses and temperatures.   Different cumulative creep theories have been proposed; however, 
only the well-known time-hardening and strain-hardening rules are considered below. 

ILl!SZy2I^SD'nÄi'Pw_ 
The time-hardening rule assumes that the creep rate depends only on the current stress, the 
current temperature and the time fromithe beginning of the creep process.   The creep rate at 
any instant of time is then detined by the following equation of state 

The creep strain may be frequently written as a power function of time 

such that 

>■   J.M ^(Tjt1 (96) 

^c -  £00 ?iCT) f^' <97> 

Note that for secondary creep, where £» I , the creep rate remains constant in time. 

Strain-Hardening Law 

The strain-hardening rule assumes that the creep rate depends only on the current stress, the 
current temperature and the accumulated creep strain. The creep rate at any instant of time 
is then defined by the following equation of state 

*-$C«,T,*) <98> 
Elimination of the time t from equation (96)and (97) leads to the creep rate expression below 

Note that for secondary creep, the time-hardening and the strain-hardening method yield 
identical formulae. Fig. 26   illustrates the difference of both hardening rules for a varying 
stress and temperature conditions at time t =t,.  Although experimental data rather supports 
the strain-hardening rule, this method may lead to difficulties in describing creep during un- 
loading if the accumulated creep strain is large.  Hence, the simpler time-hardening method 
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I; generally favoured for numerical calculations involving primary creep. For multi-axial 
conditions the rate of creep strain components are determined from equation(93) simply by 
substituting for ^t either the time-hardening or the strain-hardening laws of equations(97)or (99) 

j 
Time-hardening < f    {f, <j^ &CO £ t*'}    3 

Strain-hardening [     I t L*.» *COJ      t^ $S 

The final rate formulation of an Isotropie solid exhibiting elastic, plastic, therma! and creep 
effects can now b* written as 

An extension of the inverse relationship, equation (88), yields the following expression for the 
effective stress rate 

«• - E t * r i * GT - ^c e s o°2) 
For the definition ot" the tangential material properties F   and  Q see equation (90)   and (91) , 
It should be emphasized again that the creep rate components have to be considered prescribed, 
since they are determined from the existing state of stress, temperature and time or equivalent 
creep strain and not from their time derivatives. 

c) Numerical Implementation 

The finite element analysis of the transient thermal problem involving plasticity and creep 
requires the treatment of a set of coupled first order differential equations.   With the help of 
incremental methods this problem reduces to the solution of algebraic equations.   Euler's algo- 
rithm forms a very simple procedure in which the information at the beginning of each time 
step is used for the incremental treatment of the differential equations.   There are various al- 
ternatives possible, such as the modified Euler method or the improved Euler method besides 
the more sophisticated multisteptime integration algorithms; however, the latterare unpractical as they 
create considerable storage problems and require a certain degree of smoothness of the state 
variables with time.   The following discussion is restricted to simple incremental strategies 
for solving the quasistatic equilibrium equations.   To this end the differential stress-strain re- 
lation (102),is recast into an incremental form for the finite time interval   t ,t + tA .   The 
resulting equilibrium equation may then be written as 

(K ♦ K*)(t) rjt) - R4(« +WO ^ WO + WO      <,09> 
The incremental tangent stiffness  Ka.lt) may arise from the temperature dependent material 
properties under transient conditions as well as from the non-linearity due to plasticity.  The 
increments of prescribed initial loads due to temperature   R» JO and due to creep fkctU.) can 
be evaluated directly from   (19) for the given thermal condition and the mechanical state at 
the beginning of each time interval.   These prescribed initial loads are simply added to the 
mechanical loading.   The increment of the "instantaneous" plastic loads fcp»Ct)arises either 
due to the temperature dependence of the hardening law in case of the direct "tangential 
stiffness" approach for the solution of the thermo-plastic problem, or altogether from the 
iterative treatment of the plasticity problem using initial load techniques. 
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The tangential stiffness method involves the repeated formation and decomposition of the 
structural stiffness matrix for each time increment, a rather costly strategy- Due to the finite size 
of the rime interval further refinement is mostly required to cvoid <. ccumulation of lineari- 
zation errors, hence multistep methods or equivalent iterations ne=>d to be employed together 
with equilibrium corrections before the beginning of a new time step.   In case of temperature- 
independent properties modification techniques provide a very useful tool to account for lo- 
calized plastifications.   They furnish directly the desireu information on changes of the results 
due to single changes in the stiffness without requiring the new formation and decomposition 
of the stiffness matrix [38, 39] .   In case of temperature-dependent elastic properties under 
transient conditions the stiffness changes are not restricted to small areas, hence the modifi- 
cation procedures hardly apply.   In case that the elastic properties remain independent of 
time equation (103)   can be recast into the following form 

Creep and temperature only give rise to prescribed initial loads which add to the mechanical 
lood increments.   The non-linearity due to pLjticity is treated using initial iooditeration in 
order to avoid the new formation and decomposition of the structural stiffness.   This proce- 
dure accommodates a time variable system, in which the loading accounts for rhe time change 
of the structure due to creep and temperature dependent hardening as well as for the instanta- 
neous changes due to plasticity [29, 30, 31, 32, 33, 34, 36, 37, 38] . 

AJ mentioned above the formulc»ions of the plastic flow rule in equations (83)   and (37)  lead 
to two olterrvtive initial lood schemes for the iterative treatment of the incremental plasticity 
problem. 

"Initial Si rain Method" 

For the initial strain approach the plastic strain increments are defined in terms of the increment 
of the elastic energy of distoition and in terms of the temperature increments, see equation (83). 
These plastic strain increments ii» are then utilized to construct the initial load increment 3n 

leading to an iterative process,  since the current stress increments are not known a priori [38] . 
Fig.  27 a illustrates this formuiation for the one-dimensional case.   If convergence con be 
assured at all, this method provides better rates of convergence than the alternative initial 
stress approach;  on the other hand, the initial strain method breaks down in case of non- 
hardening materials, where       f = O . 

"Initid Stress Approach" 

For the initial itress approach the plastic strain increments are defined in terms of the total 
energy of distortion and in terms of the temperature increment!, see equation(87). These plastic 
strain increments ij, are then utilized to construct the initial lood increment 3r leading to 
art iterative process, since the current total strain increments are not known a priori.   Fig. 
27 b illustrates this formulation for the one-dimensional case.   This procedure was presented first 
in form of initial stresses in [37j.Note that the expression for the   flow »*!.j (87)  clearly indi- 
cates that Ihis method also applies to non-hardening plastic material wnere   $=0;  hence this 
formulation enlarges considerably the range of convergence h  comparison to the associated 
initial strain approach.   It is interesting to note that the differences between the initial stress 
and initial strain schemes arise solely from the alternative descriptions of  *>T   in equation 
(82) and (86) . 
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For a «detailed theoretical discussion of the numerical implications, such as range and rate of 
convergence,, the reader is referred to [38] , In which the iterative initial load techniques are 
investigated.  Basically, three methods may be distinguished which are denoted in short by 
DIM, the direct incremental method,  NIM, the normal iterative method, and VIM, the im- 
proved iterative method. DIM is based solely on load incrementation without iteration where f<ie 
mognirw «s of the current elastically suppressed plastic strains are estimated directly from the 
previous Sod increment.   NIM incorporates additionally within each load increment an itera- 
tive scheme accounting for the error mode due to the finite size of the load increment.  VIM 
is a Nrwton-Raphson procedure applied to the plastic variables in crdei to accelerate the con- 
vergence properties of NIM.  A schematic representation of these initial load techniques is 
given in Fig. 28   [35, 36, 38] .   It should be mentioned that none of these methods dters the 
initial elastic stiffness. 

In the following the results of two elasto-plastic problems are presented to illustrate these 
iterative schemes.   The number of iterations necessary to achieve a preset accuracy of plastic 
strains or stresses is of particular interest, as i* gives an indication of the range and rate of 
convergence for the individual methods.   The first example deals with the elasto-plastic ana- 
lysis of the statically indeterminate truss, illustrated in Fig. 29, while the second one invoiv» 
the rectangular membrane with central crack, shown in Fig. 30.   For both cases a modification 
of the Ramberg-Osgood equation describes the uniaxial stress-strain law 

i 

1- &  U-M"- Mrf 1 (-05) 
The following material constants are chosen to characterize the aluminium alloy 2024-T3: 
Young's modulus E. = 11.4 x 10° lbf/in2, initial yield stress ^ = 34 500 lbf/in2, exponent 
"* = 10 and elastic Poisson's ratio   v  = 0.3 .   An elastic solution determines the loading at 

which local yielding occurs first while the subsequent load increments are described by the 
non-rlimensional scalar load factor X which is incremented by X4 - o. i . 

Dhcvuion of Results: 

Tables 2 and 3 summarize the results of the elasto-plastic analyses of both structures shown in 
Fig.   29 and 30.   Both tables present the number of iterations necessary to obtain a relative 
error    «   less than 10"*  for the equivalent plastic strain-rates in equation (82) or (86) , 
where 

e-    In'y^H    x        iA^J       <   to* (106) 
*»•« (*\,.-^ ■»•■ («v>->^ 

In addition the maximum equivalent stress is given for each loading step \ . Both iterative 
procedures, NIM and VIM, are applied to *he initial stress and initial strain formulation of 
the non-linear elasto-plastic problem. 

Table 2 presents the results for the simple truss of Fig. 29 verifying the theoretical predictions 
mode in [38]   in regard to the convergence properties of the normal iterative method. The range 
of convergence of NIM is larger when the initial stress formulation is used versus the initial 
strain formulation, which diverges already at \= 1.5.   However,  if it converges at ell, the 
initial strain formulation converges faster.   Moreover, VIM, the Newton-Raphson modifi- 
cation of NIM, improves considerably the rate of convergence if applied to both, the initicl 
stress and initial strain approach.   It should be noted that in case of VIM and initial strain, 
the range of convergence is also considerably enlarged in comparison to NIM. 
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Table 3 presents the results of the rectangular membrane with central crack illustrated in Fig. 
30.   The comparison for this structure agree» very well with the theoretical predictions mode 
in   .38] .   N!M-ir>itia! stress now requires far less iterations then in the case of the truss. 
Only at relatively high loads fhe number of iterations can be markedly reduced by the appli- 
cation of VIM.   Whilst NIM-inlttal stress converges more quickly when the number of con- 
straints is greater, the converse is true frr NIM-initia! strain.   Even for X ~  ■•■ there are 
22 iterations necessary end divergence occurs afready for  j -- 1.2.   Note that VIM-initial 
strain requires in most loading step' the same number of iterations as VIM-initial stress. 

In conclusion it can be stated that VIM improves considerably the range of converge ice of 
the initial strain approach as well as the rate of convergence for structures with few kinematic 
constraints.   In case of continuum problems the initial stress formulation seems to be suited best 
for automatic computations.   It should be mentioned that the improved iterative method VIM 

is considerably more costly per iteration than NIM depending on the number of Newton-variables 
involved.   An optimum approach in regard to computational effort is adopted if Newton variables 
are considered only above a certain threshold. 

Two more remarks may be pertinent to the discussion of different initial load techniques: the 
first concerns the treatment of tbermo-eiasto-plastic p-oblems under trarsient temperature 
conditions, while the second deals with the choice of time steps for the creep analysis.   From 
equation (80) one can see that there are two sources for plastic loading in the case of transient 
temperature distributions, the customary mechanical source due to the change of equivalent 
stress 5 and the thermal source due to changes of temperature T .   Fig. 25 a illustrates the 
two paths which are possible for transient temperature conditions.   It clearly indicates that 
very large increments of plastic strains are to be expected for temperature loading, path O-A, 

leading to numerical stability problems particularly for materials with little strain-hardening. 
On the other hand, unloading due to a temperature decrease from T» to T, is simply accoun- 
ted for by increasing the current   i«., corresponding to point o by the value at R .   It should 
be mentioned that a similar phenomenon occurs in the case of primary creep analysis if cyclic 
loading is dealt with by the strain-hardening method.   There unloading is being presented by 
path A-0 in Fig. 26 a, where o may not be reached an/ more if sufficient strain-hardening 
has preceded unloading. 
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The last comment pertains to the choice of time steps used in the creep analysis.   Here the 
same stability problems occur as in the classical numerical treatment of plasticity problems 
with the aid of the direct incremental method, denoted above by DIM.   Experience has in- 
dicated that the increments of creep strains should be less than the elastic strains to insure 
stability, see also   [29j 

^c<yU£   a /U. — with o4^i=o.2S (107) 

For numerical computations the simplest method is to derive from the prevailing state of elastic 
strain an admissible increment of creep strains which can be easily transformed into a physical 
time step via equation  (°7).   It should be emphasized again that the:e is a basic difference 
between plastic and creep strain increments due to the homogeneous and non-homogeneous 
definition of these quantities.   Iterative techniques similar to NIM and VIM do not apply to 
the virtual work formulation of the creep problem in which it is tacitly assumed that the state 
of stress or total strain remains constant within a given time interval for the rate of creep or 
corresponding relaxation method.   To this end an extension of the Hellinger-Reissner variational 
principle  [25] ,    [28] could provide an alternative platform to deal in a more efficient way 
with the creep analysis of structures. 

d) Example 

A realistic thermal stress analysis is performed with the help of the initial load technique on 
a spherical pressure vessel with radial nozzle.  The inside of the vessel is subjected to a sudden 
temperature rise for which the steady state temperature distribution is firrt determined.   Subse- 
quently, the instantaneous thermo-elasto-plastic stress distribution is evaluated for the vessel 
accounting for temperature dependent material properties.   Thereafter, the stress redistribution 
due to creep is traced as. function of time.   Finally, in addition the elasto-plastic stress ana- 
lysis is carried out for internal pressure under which limit design would predict partial coilapse. 

The meridional section of the structure is idealised by 230 axisymmetric TRIXC6 elements re- 
sulting in 551 nodal points. The same discretisation is employed for both, the temperature and 
the subsequent stress analysis , see Fig. 3], 

The thermal boundary value problem is defined for the steady state case as follows.   The inside 
surface of the vessel is subjected to a prescribed temperature of 250° C, while the ambient 
air temperature on the outside is 20° C.   The upp-ir surface of the nozzle flange and the bottom 
rim of the idealised structure are insulated against heat flow. 

The following thermal material properties are chosen: 

Thermal conductivity fc. =  0.398  Iccal/cmh ° C 

Specific heat c =  0.114  kcal/kg ° C 

Heat transfer coefficient between the outride surface of the v«sse! and the air 

* = 0.0426  kcal/cm2h°C 

Density o »  7.9 x '0"3 kg/cm3 
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Fig. 33   illustrates the resulting steady state temperature distribution in form of contour lines. 

For the subsequent mechanical analysis of the structure the material constants are taken for 
mild steel where the elastic properties are defined as 

E  =   21000  kp/mrr,2        and V = 0.30 

The coefficient of thermal expansion is assumed to be temperature dependent 

ex =     «.,-'« (108) 
where 

*o      *   1.0 x 10"5   1/°C 

<*0     =   1.7 x 10"5   1/°C 

1 =  720 °C 

and its variation is accounted fo' during the course of incremental loading which is required 
for the thermo-eiasto-plastic stress analysis. 

In the plastic range a Ramberg-Osgood type stress-strain law as given in Equation   (105)   is 
used.   The temperature dependence of the yield stress is described by 

where 

'i '- "-4,      - ■.---! 

^o = 26  kp/mrrr 

~o = 850° 

m = 20 see Equation (105) 

(109) 

Fig. 32 shows the unaxial stress-plastic strain relationship as function of the temperature. 

The incremental procedure starts from a stress free reference state with applying a fraction of 
the steady state temperature distribution for each loading step.      The final temperature 
condition is reached after 13 increments.   Subsequently, the stepwise calculation is continued 
to account for secondary creep effects.   The following creep law given in [24^ is chosen to 
compute the initial creep strain increment at each time step 

.= -.       t i   »s      -    - 

L^9 0 
.«c 

*   rr*s [HO) 

The time interval was automatically odju/.ted such that the change of the maximum equivalent 
stress occurring in the structure never exceeded 5% of the instantaneous maximum equivalent 
stress.   The procedure was terminated after 21 increments which corresponds to a time of 181 
days. 

Fig. 34, 35 and 36 illustrate the resulting stress distributions.   One observes that the plastic 
zones   (shaded areas)  develop first at the inside of the flange.   This may be explained by the 
relatively low temperature it the outside of the flange which prevents the expansion of the hot 
inner portion and thus induces large compressive hoop stresses.   Plastification of the inter- 
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section between the nozzle and the sphere,where pronounced stress concentrations occur, 
starts only at a later loading stage.   Note that in the case of a temperature dependent yield 
surface the maximum equivalent stress is not alone responsible for plastic flow, but rather a 
combination of the state of stress and temperature.   Figs. 35 and 36 illustrate the stress re- 
laxation due to creep causing a significant redistribution of stresses in the flange. 

For comparison, the spheric«! ihel! with nozzle is also subjected to a monotonicaUy increasing 
pressure whereby the temperature and creep effects are disregarded.   Fig. 27 shows the equi- 
valent stress distribution for (he pressure  p - 33.4 kp/cm   at the beginning of plastif u at ion. 
The internal pressure is further increased to 90.2 kp/crrr for which the theory cf limit design 
predicts a collapse mechanism at the junction between the nozzle and the sphere.   The stress 
distribut'on for this limit pressure, which is attained after 17 loading step:,is shown in Fig. 37. 
It once again indicates that linit design procedures yield   but c conseivative lower bound. 

In conclusion one ma/ state that an important class of thermomechanical problems can be solved, 
accounting for plasticity as well as creep by the initial load technique without altering the 
initio' stiffness.   The extension of this type of analysis to transient temperature conditions 
may seem trivial, but experience has shown that particularly the temperature dependence of 
the yield surface in general leads to serious convergence problems of the iterative scheme, 
especially if there is little strain hardening.   Particular care has to be exercised in choosing 
an appn , riote time-step for the associated heat conduction analysis in order to avoid any 
spurious oscillation of the temperature evolution in time and to keep small the plastic loading 
term due to temperature changes. 
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NONLINEAR THERMAL STRESS ANALYSIS 
FOR NUCLEAR POWER PLANT 
BY FINITE ELEMENT METHOD 

; I 
i 

WATARU M1ZUMACHI 

Toshiba Electric Co.. 
Atomic Power Division, Tokyo, Japan 

This paper presents the non-linear thermal stress analysis for the nuclear power plant by the finite 
element method. The heat equilibrium equation becomes the non-linear differential equation when tht 
thermal conductivity is dependent on the temperature of the body. And the heat flow due to the radiation 
is in proportion to the fourth power of the absolute temperature by Stafen-Boltzmann law. The finite 
clement method has proven very successful in analyzing these non-linear problems. 

besides, there are two types of non-linearity as far as the stress analysis is concerned. One is the 
material non-linearit> problem and ttte other is the $eometrical non-linearity problem. The material 
non-lineanty problem, namely the eiastic-plastic analysis, , expected in the case of designing ti;e nuclear 
power plant. 

The non-linear heat problems and the material non-linearity problem can be analyzed by the same 
nodal;   ~ts and the same elements with application of trie finite element method. 
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1.     INTRODUCTION 

The thermal loads cause severe stress conditions in the nuclear power plant. Therefore, a precise 
analysis is required. In the case of the thermal stress analysis, we have to first know the temperature 
distribution in the structure. Then, the thermal stress can be solved. 

A remarkable advantage of the finite element method lies in the fact that both analyses can be done 
by the same meshes. In general, the non-linear problems are not very fuccessful from the mathematical 
point of view. It has become convenient to use this method to solve the non-linear problems. 

The thermal stress of the reactor pressure vessel, etc.. is a self-balancing stress produced by a 
non-uniform distribution of temperature or by differing thermal coefficients of expansion. If the stress, 
neglecting stress concentrations, exceeds twice the yield strength of the material, the elastic analysis may be 
invalid and successive thermal cycles may produce incremental distortion. But if the stress does not exceed 
twice the yield point, the structure shakes down. The shakedown is the absence of a continuing cycle of 
plastic deformation. A structure shakes down if after a few cycles of load application, the deformation 
stabilizes and subsequent structural response is elastic, excluding creep effects. Therefore, not only the 
elastic behavior, but the plastic behavior should be analyzed. 

2.     FINITE ELEMENT METHOD 

The finite element method was originally developed for the vibration problem of an airplane. And 
then it proved to be applicable to several other fields, as well as very useful in analyzing the non-linear 
problems. 

However, the big problem is to solve the large matrix (the author calls it the Jumbo Matrix), the order 
of winch is 10.000 to 100.000. It becomes so large because the geometrical shapes of structures in the 
nuclear power plant are complex and require a three-dimensional analysis. The author has used the 
conjugate gradient method to solve such complex systems. 

Although this method has the remarkable advantages mentioned above, there exists no method 
without defects. The inherent disadvantage of this method lies in the fact that a lot of elements and nodal 
points are geometrically required to represent real structures so that reasonably accurate results are 
obtained. Consequently, the input data specifying the geometry and the topology are inevitably large in 
quantity and have to be accurate. In order to avoid the large quantiy of input data, the automate nit "h 
generation routine which provides for an automatic means of discretization for continuous (/omains is 
useful. Only the input data lor geometrically irregular points are required. The advantages of auf or? u.t .g 
the generation of input data «re obvious. This facility can reduce the quantity of input data drst.c^i y. ai.J 
so saves the hand-labor time and avoids the probability of human error involved in the preparation of data. 
Nevertheless, there might exist input errors It is ridiculous to find the input errors after the data have been 
computed because the calculations to analyze the complex systems such as the nuclear power plant, take a 
couple of hours and need the large core memory in the computer. Therefore, any errors in geometry and 
topology shouid be previously detected by using a plotting system. This device also produces plots of the 
deformed structure, and stress contours. 
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3.    NON-LINEAR HEAT TRANSFER ANALYSIS 

The finite element method is effecient in getting the solution for non-linear tteat transfer problems 
because it is completely general with respect to geometry, material properties, and boundary conditions. In 
general, non-linear problems are idealized to linear ones in order to avoid difficult and clumsy calculations. 
However, non-linear problems can be solved as they are by the iteiavion of the same procedure by using this 
method. 

The transient heat equilibrium equation is expressed as the first order non-linear equation. 
9T(I) 

C(")—r—   +K(T)T( t) = Q(t) °\ 
where 

(3.1) 

! 

•". 

C : Heat Capacity Matrix 
p : Density 
K : Conductivity Matrix 
0 : External Heat Flow 
T : Temperature 
t: Time 

It is reasonable to assume that the flow-temperature curve consists of linear segments. Namely, the 
conductivity r.airix is constant v/ithin eacf time increment. We consider equation (3.1) at time t and at 
time (t + At). Then equation (3.1) can be written as follows: 

AT,-AT,-A, 

At 

Then equation (3.2) becomes 

4 KATi = Qt+Ai -Qt •(3.2) 

K   AT, = Q,         (3.3) 

where 
* 

K   = 
At (3.4) 

Q*=   --        Tt_,,t    4   (Qt + A,  ~  «,) -(3,5) 

T, (3.6) 

9T, T, -  T 

At 

I-At 
(3.7) 

The non-linear heat equilibrium equation yields equation (3.3), which can be solved directly for the 
temperature increments at the end of the time increment. 

In order to determine the conductivity matrix, the temperature distribution within each elemen» is 
assumed to be linear to the coordinates of the nodal points. Dr. t.L. Wilson (Univ. of California, Berkeley) 
gives this method. 

For radiation problems, the net flow transferred from one surface to another is given by 
Stafen-Boltzmann law. 

y      "(T,4- 1? ) (3.8) 

where 

o = 4.88*10 •     kcal/m3h   K4 

(Stafcn Bollzmann Coefficient» 
T ;  Absolute Temperature 

Assuming :hat the difference between T, and Tj is small, the pscudo-conduUrvi:> matrix is (tuen. Then the 
temperature distribution due to the radiation can be solved by the finite clement method. 
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4.    STRESS ANALYSIS 

The element stiffness matrix of the finite element method can be written as follows by applying the 
principle of virtual work and the Castigliano theory. 

IKL e-(A',]T((fU)TLD)CB)dV)[A•,) (4.1) 

where 

IK!«:   Element Stiffness Matrix 

I A)   . Matrix of Displacement Functions (Coordinate Matrix) 

IB]   : Strain Coefficient Matrix 

|D)   : Stress Strain Matrix (Material Matrix) 

The stiffness matrix of the structure is given by assembling the element stiffness matrices. 

(K)-f(lO-  
e=l 

As tar as the thermal stress is concerned, the thermal load is given as follows: 

sT, 

(4.2) 

{F} = -JJffCB)TCD)|«,|dV (4.3) 

where 

(  <*   1 

K, « 
r«r 

Jt 

V 

<t,T 

0 

0 

0 

—(4.4) 

j F} : Thermal Load 

{tt) : 1 henna! Strain 

a    : Coefficient of Thermal Expansion 

At first displacements of each nodal point due to the thermal load can be solved. 

{u} = UO-{F)     — (4.5) 

The stiffness matrix [K] of equation (4.5) has the order of 10,000 to 190,000 to analyze structures 
with get metrically complicated shapes. This order is too Urge to appiy normal methods, for example, the 
Gauss method. Therefore, the special method to solve equation (4.5) is expected for the finite elcmcu< 
method 

Hie conjugate gradient method is successful in solving the large sparse matrix. Ft is inherently requir-d 
to stun. <he addresses of non-zero etements in the computer core. On the other hand, the addresse. of 
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non-zero elements should be stored when the finite element method is applied, because this method 
requires knowing each number of nodal points. This fact shows that the conjugate gradient method is 
especially nice for solving the finite element method. Besides, there is one more big advantage. The order of 
the stiffness matrix becomes so large because the element stiffness matrices are assembled by equation 
(4.2). In the case of using the conjugate gradient method, the values and addresses of non-zero elements are 
needed. In other words, the element matrices need not be assembled. 

The following is the procedure by which the stress analysis can be done directly by the element 
matrices without having the assembled stiffness matrix of a structure. Assume the initial vector to solve 
equation (4.5). 

{ u}, — (Random Number} 

Iteration 

where 

i: Iteration Number 

The remainder{Q}is 

{Q)i+l = {{F}-ClO{u}j}- 

The direction of movement} S }is 

fs}l+1-{QU +>Jsh 

where 

(4.6) 

Or unless specified, it is assumed to be equal to the thermal load vector defined by equation (4.3). 

{"h={F} (4.7) 

(4.8) 

-(4.9) 

•(4.10) 

|0}]+1 Mm 

{0}J {0|, 
(4.II) 

The step length a along the direction is 

«. = {s}fio}, 
(4.12) 

The convergence condition is 

r 
<« 

(4.13) 
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5.     PLOTTER OUTPUTS OF THERMAL ANALYSIS 

(I)   Atomic Reactor Building 
®    TSURGA-1 

This photograph is the nuclear power station at Tsurga, site s. f the Japan Atomic 
Power Co., which provided electricity for Expo '70 held near Osaka. The type is the 
Boiling Water Reactor (BWR). 
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(2)    TEPCO-1. II, and III (FUKUSHIMA) 

- 
■- 
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(3)    Thermal Stress Analysis 

THERMAL   STRESS   »NALYSIS 
ATOMIC    «EACTOH   1UILI5ING 
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(2)   Reactor Pressure Vessel, Primary Containment Vessel and Pedestal 
KU    Reactor Pressure Vessel (TEPCO-I) 

(2)     Primary O ntainment Vessel (TSURGA -1) 
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(3)   Plastic Analysis for Turbine Nozzle Box 
CD    Turbine Nozzle Box 

The stress of the turbine nozzle box due to the thermal load and pressure is very 
severe. The stress should not exceed the yield stress. However, it is important to know 
the plastic behavior. Fallowing are the results of the material non-liner analysis and 
those of the temperature distribution. 
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(2)    Temperature Distribution 

(3)    Eiastic Thermal Stress Analysis 

STRESS ANALYSIS 

(PRESSURE/THERMAL) 

TURBINE NOZZLE BOX 
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(4)    Plastic Thermal Stress Analysis 

The black area exceeds the yield point. 
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6.     CONCLUSION 

Some kinds of stress analyses are expected when we design a nuclear power plant. These are the 
thermal stress, the stress due to pressure, and the stress due to the external force including its own weight, 
earthquake force and so on. Normally, the value of the thermal stress is the highest one among these kinds. 
Therefore, a precise thermal stress analysis should be expected. 

The remarkable advantage of the finite element method lies in the fact that this method has complete 
generality with respect to geometry, material properties, and boundary conditions. Besides, the non-linear 
hoat problem and the material non-linear stress analysis can be solved by the same meshes. 

However, this method has two disadvantages. One is that the order of the matrix is very large. Another 
is that the input data specifying the geometry are large in quantity. The author uses the conjugate gradient 
method to treat the large matrix and develops the automatic mesh generation routine in order to avoid the 
large quantity of the input data. 

Finally, it should be emphasized that it is not better to divide the model into more elements, even 
though the large matrix can be treated easily. We should select the point where the error of the geometrical 
shape and that of the numerical calculation balance. And also, we should select the most reasonable 
displacement function for each problem. 
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DISPLAYS OF KINEMATIC AND ELASTIC SYSTEMS 

by 

Henry N. Christiansen* 
Brigham Young University, Provo, Utah and 
University of Utah, Salt Lake City, Utah 

This paper reports on a continuing exploration of computer graphics 
technique? as they apply to the analysis of kinematic and elastic systems. 
The report deals with two aspecte of the work; the creation of a simulator 
for kinematic and elastic systems, and the utilization of computer graphics 
software and hardwav-   tc produce continuous tone images.    The simulator is 
a computer progi-crr. vhiah utilizes a linear finite element stiffness model 
to achieve exact solutions for large displacement kinematic problems of 
foldable plates and trusses, as well as approximate solutions for large 
displacement, small strain, elasticity problems.    Various techniques 
associated with the production of continuous tone images have been utilized 
to aid in the display of stress, strain, and/or displacement results 
producible with the simulator and other finite element programs. 

^Professor of Civil Engineering Science, BW, and Research Associate Computer 
Science, Univ. of Utah. 
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SECTION 1 

INTRODUCTION 

The original purpose of this study was to develop a computer program 
which would simulate the kinematic and elastic behavior of foldable 
plate and truss structures.    The more recent purpose has been to explore 
possibilities for displays  •■</ the output of the simulator and other finite 
element programs. 

The requirement for the simulator was generated by Resch   who created 
what he terms "kinematic folded plate systems."   The commom property of 
these systems is that, by allowing only folding along the edges of a 
continuous line pattern, a flat sheet may be transformed into a variety of 
three dimensional shapes.    Figure 1 illustrates a paper model of one 
system which is a repetition of only two non-identical vlate elements. 
Figure 2 shows another pattern which requires four non-identical elements. 
These systems give promise of the mass production of non-identical 
structures of unusual beauty and structural efficiency. 

Resch's initial investigation involved the manual folding tf sheets of 
paper upon which the pattern had been scribed.    The model could then be 
moved by hand to produce a variety of shell forms.    When a desirable shape 
was obtained,  the system, could be stabilized by providing sufficient supports 
or the addition of truss and/or plate elements.    These constraining 
systems change the character of the motion of the model from kinematics to 
elastic deformation. 

This approach, while yielding pleasing visual effects, had several 
drawbacks.    First, the process required repetition (the model shown in 
Figure 1 took 30 hours to fold) to investigate any parameter change in the 
"wrinkle" definition.    Second the dimensions of elements added to stabilize 
the shell are unique to the shape chosen.    Thus, each element had to be 
individually measured and created to fit the kinematic pattern.    Inaccuracy 
in this process prevented duplication of a particular configuration. 
Finally, while the investigators were impressed with the apparent stiffness 
of the stabilized, shells, the model was not useful in an analysis of stress 
and strain. 

The functions of kinematic and elastic analysis were accomplished as a 
result of a finite element stiffness approach to the linear elasticity 
problem.    Developments which allow this approach include the modeling of the 
folds as elastic hinges and the generation of applied force systems which 
tend to restore the original dimensions of the elements. 

Upon completion of the simulator, effort was directed toward the 
utilization of the ability vo produce continuous tone pictures to display 
the stress, strain and displacement results of the finite element solutions 
producible with the Simulator and other programs.    Three methods of data 
presentation were devised and developed.    In the moat primitive mode, the 
object  '"! displayed under load and variation of the light intensity of the 
surface of the object is utilized to indicate the level of stress or strain. 

794 



»a 

1 

1 

Figure 1.    Folded Plate System with Two Non-Identical Elemente 

Figure 2.    Folded Plate System with Four Non-Identioal Elemente 
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i4 yartatton on ifttfl scheme results from making the light intensity 
proportional to the square of a harmonic function of the selected stress 
or strain component.    In this way fringe effects develop which have a 
character much like that produced using phuto-elastic techniques.    In 
another scheme the object is warped euoh that the out of plane coordinate 
is proportional to the stress or strain function.   The resulting three 
dimensional shape is displayed in a conventional manner.   The results of 
these efforts are discussed and displayed in following sections. 

SECTION II 

STRUCTVPAL ANALYSIS OF KINEMATIC FOLDED PLATE SYSTEMS 

Two major functions are performed in the structural analysis of folded 
plate structures.    The first function is the large displacement kinematic 
analysis associated with positioning the structure in the desired shape. 
The second function is the small displacement elasvic analysis of the 
properly positioned and stabilized structure.    While both functions are 
accomplished as a result of a finite element stiffness method approach 
to the small -displacement elasticity problem, the targe displacement 
kinematics analysis requires a repeated application of the linear theory. 

Kineinatia analysis is achieved by: 

1) modeling the plates as constant strain, plane stress 
elements and the folds as flexible springs, 

2) performing an elastic analysis, 

3) adding the computed displacements to the nodal coordinates, 

4) computing nodal force syst&z« which tend to restore the 
plate (or truss) element dimensvons, and 

5) repeating steps 1 thru 4 until convergence is achieved. 

When the fold element is not restored (i.e. no attempt is made to 
reestablish the original angles between the elements) convergence is 
either to a kinematically possible configuration or to the large 
displacement, small strain, elasticity solution.    The elasticity solution 
results when the prescribed displacements are not possible through rigid 
body motions of the individual structural elements.    In either case, the 
fold elements will be unstressed during the final iteration.   If the fold 
elements are restored, convergence is to an elasticity solution. 

After each iteration, the displacement constraints may be modified. 
Thus, the solution achieved is a function of the order in whioh the 
constraints are applied and removed.    When the desired kinematic arrange- 
ment is achieved, the structure is stabilized with additional elements 
and/or displacement constraints.   Additional iterations may then be 
performed, for specified   loading systems, to obtain elastic displacements 
and stresses. 
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Mucfc of this procedure is inherent in any finite element analysis 
and has been documented many times.    To prevent an additional redundancy 
only those parts of the proctdure which are thought to be at least 
relatively unknown are described in this paper.    Two developments are 
judged to be in this category.    The first is the definition of a stiffness 
matrix for a fold element and the secon i is the procedure by which 
corrective forces are generated. 

v: 

I 
-- 
'■:' 

'-: 
- 

STIFFNESS MATRIX FOR A FOLD ELEMENT 

In this formulation,  the fold between two triangular elements  (see 
Figure 3) is assumed to have a stiffness  (i.e.  resistance to folding) 
which increases linearly with the fold length. 

Figure 3   Fold Element jklm 

The strain energy associated with this stiffness is equal to the work 
done by a system of fores couples  M in decreasing the dihedral angle between 
the two plate elements by the small angle 9 and is thus written as 

V=jMe (V 

The assumed stiffness suggests a generalized force-displacement relationship 
of the form 

M   = KLQ (2) 

where K and L are the stiffness per unit length and length of the fold. 
With this substitution,  the strain emrgy is 

IT ■j-ft}7']{3 (3) 
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where 9£ and 8   are the rotations about the axis jk of elements jkl 
and jkm, and 

[-]■[:, •;] 
The next step is to express the rotations in terms of the nodal 

displacement components.    Starving with element jkt a,*3 introducing 
a local coordinate system (X^) as shown in Figure 4t 

where 

{<} ■ 
%■ 

"i 
>. 

'[']-7k[a'»-U    an>    4 

and Ufa is th.  displacement in th? X^ direction at node i. 

Figure 4.    Local Coordinate System .^-. 

In like manner (see F-'.gure 5) for element jkm 

W-Mfch 

(4) 

(5) 

(6) 
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and V$i is the displacement in the X   direction at node i. 

Figure S.    Local Coordinate System X. 

Combining the rotation-node displacement relationships 

W L 4 UJ 
(7) 

Transformation to tte global coordinate system displacement components 
is facilitated by 

{■}-[•]{•} 
(8) 

where 

{"¥ \»U U2j Hj "lk U2k U3k Hi Hi Hi Hm U2m U*n\ 
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[']■ 

t I , 

d31 d32 d33     ,'     ,'       ' 
a31 a32 d33     ,'   '  .' 

f    A"     ," d31    32 d33 
a31 a32 a33     ."     ,"      '• 

a31 aZ2 d33 ,"      ••     ," 
31    32 d33 

U.    is the displacement in the X.  (global coordinate) direction at node in 
n, and d_. and d7. are cosines of the angLes between the X. axis and the 

X, and X, axes respectively. 

With this substitution,  the rotation-node displacement relationship is 

m 

> = 

m [']{'}• (9) 

and the strain energy expression becov&s 

IT "HWMMMHW (10) 

The stiffness matrix, by application of the pri.nciple of virtual displace- 
ments, is 

H-N'M'HMM (U) 

CORRECTION FORCES SYSTEMS 

The plane stress triangular element requires correction forces 
which will restore the original length of each side of the triangle.    Since 
the columns of the eleinent stiffness matrix are the sets of force systems 
required to produce individual unit nodal displacements components, by 
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exprea8ing the change in length of each side of the triangle in terms of 
an equivalent set of nodal diaplacemtnt oomponenta, a set of corrective 
foroea may be obtained.    This corrective nodal force component vector is 
given by the negative of the product of the elegant ctiffneee matrix and 
the equivalent set of nodal displacement components. 

To achieve the equivalent set of nodal displacement components, 
dieplacement modes which each represent the elongation of a aingle side of 
the triangle are introduced as illvstrated in Figure 6 a, b, and c. 

(a) 

Figure 6.    Side Elongation Modes for Triangular Elements 

In ihe coordinate system shown, Figure 6a depicts a mode for which 
sides jl and kl have been preserved in length and side jk has been 
stretched.    Figure 6b illustrates a set of nodal displacement components 
for which aides jk and jl are preserved in length and aide kl ia atretched. 
Figure 7c 8howe sides jk and kl unatretched and side jl atretched. 
Letting «V.-^,  5.^ and by^represent the change in length of sides jk, jl, 
and kl respectflvely as calculated from the current and original nodal 
coordinatee, the relationship between the nodal displacement components 
and the aide elongations ia 

U2j 

"ik 

U2k 

hi 
"21 

'Ljl/X2l 

1.0 

nlk - xu)/xn - Ljl/
X2i 

"jk 

. 6- 

5H 

(12) 
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Traneformation of this system of nodal displacement components to the 
global coordinate system is achieved by the use of the proper direction 
cosine matrix.    The nodal force system is then computed by a premultiplica- 
tion of the displacement components by the element stiffness matrix. 

If the fold element is to be restored,  the change in the angle of 
the fold is computed and a corresponding set of nodal displacements is 
introduced.    For the coordinate systems shown in Figures 4 and 5,  this 
set is simply U$Q = - A0 X21.    A transformation to the global coordinate 
system and premultiplication by the fold element stiffnese matrix generates 
a set of force couples which (if structure were otherwise unconstrained) 
are the small displacement approximation of the forces required to produce 
the observed fold opening.    The correct im fcrce system is the negative of 
this vsctor. 

Judgment of convergence is made by the user from a print-out of the 
largest absolute relative kinematic errors in the trus3,  triangle, and 
fold elements.    For kinematic analysis the error associated with the fold 
element is ignored.    Experience suggests that for rather large imposed 
displar.zn&nts the first or second iteration solution is satisfactory for 
viewing purposes.    Depending upon the constraints on the structure, it is 
normal for the kinematic error to reduce an order of magnitude for each 
successive iteration until limited by machine accuracy. 

SECTION III 

COMPUTER GENERATED DISPLAYS 

Following the adage that "a picture is worth a thousand words," the 
past decade has seen the emergence of the field of computer graphics.    The 
early work centered around the problems associated with the reduction 
of three dimensional data onto a two dimensional surface.    The problem 
of perspective was treated by Smith^ and Johnson4, and a significant 
improvement was made by Roberts   with the elimination of hidden lines 
performed at a reasonable cost.    Another important advance came as a result 
of the introduction of shaded picture § at the University of Utah (Rornney^, 
Warnoak7, and Watkins8), GE9 end MAGI'0. 

COMPUTER GENERATION OF CONTINUOUS TONE PICTURES 

Computer generation of continuous tc.ie irragea refers to the rendering 
of shaded objects by means of a raster driven -.jthode ray tube.    The 
discussion is limited to a point source of illumination located at the 
eye-point so as to ave'd the complication of shadows.    The imagee produced 
are recorded by a camera mounted in front and pointed at the screen.    As the 
images are being computed and displayed one line at a time (t)ie pictures 
in this paper have 1024 lines), the camera, with the lens open, performs on 
integration function. 
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Hidden surfaces are removed as a result of comparisons of elements 
in the scene in order to determine which is in front of which.    A 
simplification is obtained by applying a perspective transformation such 
that the observer is legated at infinity in the direction of the Z axis, 
reducing the problem to a comparison of Z coordinates. 

Some systems have been derised (MAGI10, Comba1*, Weiss   , and 
MahV-Z) which have the capability to remove hidden parts for curved 
surfaces by restricting the class of possible surfaces or accepting long 
execution times.    Recently at the University of Utah, GouraudF* perfected 
a method which uses a small polygon approximation of the surface to solve 
the hidden surface problem and then computes the shading on each polygon 
according to a linear function such thit visual discontinuities between 
adjacent polygons disappear.    The method (used in pictures shown in this 
paper) is both general and efficient. 

SECTION IV 

DISPLAYS OF KINEMATIC SYSTEMS 

Figure 7 is a photograph of a computer generated continuous tone 
picture of a typical kinematic folded plate system.    This hexagonal 
arrangement of approximately 600 triangular elements is shown in what has 
been termed "the flat configuration."   That is, in this very regular 
geometry, the equilateral triangle elements all lie in a common plane. 

Starting with the flat configuration, systems of constraints are 
applied to create x>arious shapes.    Figures 8, 9, and 10 indicate the 
dome like configurations achieved by holding nodes on the outer edge of 
the pattern and raising the center node.    Characteristically, such shapes 
have quite uniform "star patterns" in the shallow dome configuration and 
non-uniform openings in the deep shell configuration. 

Figure 10 shown an extension of the system which is close to the 
kinematic limit.    That is, if the center node is raised much higher, pop- 
thru (a local buckling) of the star pattern will occur and/or convergence 
will be to an elasticity solution.    Pop-thru (which is monitored by the 
simulator) is difficult to control and once begun often produces 
c "dilations in the computational process. 

Figures 11 and 12 show a warped effect which has been achieved by 
holding the center riode and alternately raising and lowering the six corner 
nodes of the hexagonal system. 

In both modes of behavior, there are six axes of geometrical symmetry 
which considerably reduces the computational problem for the simulator. 
However, as a perspective view of the structure is being created for an 
arbitrary point of observation, structural symmetry cannot be taken 
advantage of by the hidden surface routine. 
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Figure 9.    Intermediate Dome 

Figure 10.    Deep Dome 
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Figure JJ. slightly Warped System 

Figure 12.    Highly Warped System 
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SECTION V 

DISPLAYS OF ELASTIC SYSTEMS 

INTRODUCTION 

One compelling attraction of the photo-elastic technique is that it 
allows the analyst the opportunity to "see the stresses."   With the thought 
that this benefit might be made available to finite element users, a study 
was launched into possible schemes for the presentation of stress, strain 
and/or displacement data available in a discrete digital format. 

It was apparent that displacement data could readily be displayed in 
the form of a continuous tone picture of a highly distorted structure.    The 
problem,  then, centered upon ways to superimpose stress or strain informa- 
tion on th'i distorted geometry.    Three methods have, so far, emerged from 
this effort.    The first two involve the variation of the light intensity of 
the surface to indicate the stress or strain level.    The third involves 
geometry modifications to accomplish the same purpose.    Each method has, so 
far, only been applied to plane stress problems. 

In each method,  the data may be displayed in a "flat" or "smooth" 
manner.    The "f!,at" presentation preserves the identification of the individ- 
ual elements by "painting" the entire element the same average light inten- 
sity.    "Smooth" shading utilizes the recently developed curved surface 
capability to create the illusion of continuous stress or strain variations. 
This is accomplished by employing linear interpolation to the light inten- 
sities computed for each corner node.    In each of the pictures presented in 
this section, both formats are shown. 

To facilitate these two formats,  the elastic analysis capability of 
the simulator was modified in two ways.    First, a quadrilateral element 
(composed of four constant strain triangular elements) was introduced.    This 
element is more convenient with respect to automatic grid generation and 
provides relief from the grid bias problem.    Second,  the procedure utilized 
to calculate element stress and strain was changed.    In order to achieve 
node values instead of element values, the standard procedure of premulti- 
plying the displacement vector by stress matrices, was replaced by a least 
square fit routine.    This procedure allows the prediction of strain com- 
ponents as a result of "fitting" the node displacement components with an 
incomplete cubic polynomial in the in-plane coordinates.    The function, 
based upon a local coordinate system, is 

H = Hi + HP + ai3y + H4*2 + Hs3* + He*2 + ai?*2y + He3*2 

The 'fit" is applied to a local set of nine nodes. 
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BLACK TO WHITE SKADING 

The initial scheme involved the shading of the elements according to 
the magnitude of the stress or strain component selected for presentation. 
Elements with a high value appear bright (i.e. highly reflective) and 
those with a low value appear relatively dark. 

Experimentation suggests this to be a good procedure whenever high 
gradients are involved.    For this reason, the method is useful in the dis- 
play of beam problems.    For these simulations, the mo3t effective function 
for display is maximum shear stress (or strain).    T}iis function allows the 
combined display of the bending moments and shear diagrams.   At the neutral- 
axis, the maximum shear stress is equal to the absolute value of the shear 
stress on the cross section and thus (at least for uniform beams) propor- 
tional to the shear diagram.   At the top and bottom fibers, where shear 
stress on the c/vss section and the lateral normal stress components are 
both zero, the maximum shear stress is equal to one-half the absolute 
'Jerque of the axial stress component and, thus, monitors the bending moment 
'iagram. 

Figure 13 illustrates the "flat" and "smooth" shading of a uniform beam 
with "built-in" end conditions.    The model, containing 504 quadrilateral 
elements, was assigr^d a modulus of elasticity of 28 million psi and 
Poisson's ratio of 0.25.    The desired level of displacement was achieved 
by the epeaificati-m of the displacement magnitude of the quarter span 
location.    By s^xcnning along the upper or lower edge of the beam, four 
changes in sign of the bending moment diagram can be observed.    Repeating 
the scan along the neutral axis shows uniform shear with abrupt changes in 
sign at the three load locations (indicated by computer generated arrows). 
The "smooth" shaded picture, especially, suggests a local drop in the 
maximum shear stress under the one-quarter span loads.    This is because the 
axial and lateral stress components are both approximately the same negative 
value, which results in a small value for the maximum shear stress.   At mid- 
span the lateral and axial stress components are unequal and a local maximum 
is observed. 

Figure 14 shows a beam with linearly tapered segments.    This model also 
contains 504 elements with a modulus of elasticity of 10 million psi and 
Poiseon's ratio of 0.15.   Like the uniform beam this problem was posed in 
the for?" of specified nodal displacements and symmetry was utilised to 
reduce t'ut computational effort.    Note the very local compression at the 
tips of the beam and the interesting stress distribution above the supports. 

Since this shape is not as familiar as the uniform section beam, the 
observer may lose track of the undistorted shape if large displacements are 
displayed.   For example, many observers of this picture are imcertain of the 
linear taper for the unloaded geometry.    On the other hand, the display of 
small displacements leaves the distortion pattern in doubt.    The conflict is 
not easily resolved. 
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FÄIJIWE PATTERNS 

A modest change in the "black to white" scheme results in the 
display of fringe patterns.    The effect is not unlike experimental 
stress optic patterns but has the advantage that the user may display 
the stress or strain component of his choice.    The modification is 
to display a new function,  $, instead of the stresst a, where, 

cf> = co82(an+$) 

■ 

The constants  a and ß are chosen so as to select a particular number 
of fringes and to shift the pattern. 

Figures 15 and 16 illustrate this technique applied to the analysis 
of thin plate configurations.    In both examples the modulus of elasticity 
is 1 million psi, Poisson's ratio is 0.45, and there are two axes of 
geometrical and loading .■jmmetry.    The function displayed is the maximum 
principal stress. 

Figure 15 is a perspective representation of a rectangular \45 
by 30 inch) plate with a circular hole {diameter J.5 inches).    The 
model contains 800 quadrilateral elements.    The axial load varies 
from 66, 700 psi at tne center to zero at the outer edges.    A complete 
shading cycle (white to black to white) represents a stress change of 
50,000 psi. 

Figure 1C illustrates a perspective view of a strip containing a 
circular ring section.    The overall length is 8.4 inches, the width at 
the end is 2.4 inches and the diameter of the hole is 3.5 inches.    The 
model contains 840 elements.    The loading is a uniform axial stress of 
20,000 psi.    In this picture a complete shading cycle represents a 
stress change of 75,000 pci. 

The main drawback in this format is the lack of identification of 
the stress level associated with any particular fringe.    That is, if one 
scans from white to black, he may not know if the stress level has 
increased or decreased.    Further, if he continues the scan into a new 
white zone, has he changed fringes?   Color variation in parallel with 
light variation is currently being investigated a3 a possible solution to 
this problem. 

A similar effect has recently been achieved by Sanford^^ who produced 
computer generated }iolographic interference patterns for known theoretical 
stress solutions.    His patterns are shown in the undistorted geometry.    An 
interesting contrast with Sanford's work is that, with closed form solutions, 
the analyst may ask for more fringes and (until the fringe width approaches 
the resolution of the equipment) he gets them.    However, with finite element 
results, to ask for a large number of fringes usually results in a random 
pattern that looks much like a very poor quality Navajo rug. 
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WARPED SURFACES 

The previously described display formate utilized variation in 
the light intensity of the surface to describe a chosen stress or 
strain function.    An alternate procedure is to introduce geometry 
modifications in the form of computed out of plane coordinates which 
are proportional to the stress or strain function.    This seems natural 
as functions of two variables are often dieptsryed as a surface whose 
height above the reference plane is proportional to the function. 
Light variation is also utilized, but now to indicate the angle 
between the normal to the surface and the direction to the illumina- 
tion source (the eye of the observe!).    For "flat" shading,  the 
element normal is chosen as the average of the four normals com- 
puted on the basis of vector products of the adjacent sides.    This 
average normal is also the normal obtained by the vector product of 
the diagonals of the quadrilateral.    For the "smooth" shading 
version, the least square fit routine is again utilized to obtain 
normals at each node. 

i 

Figures 17 and 18 illustrate this display format for the problems 
previously dismissed and displayed in a fringe effect format in figures 
IS and 16. 

In viewing this display form, the observer is acutely aware of 
the apparent stress concentrations (perhaps for the first time). 
While 3tress concentrations and sharp gradients do occur in these 
regions, the shapes displayed are dependent upon the local element 
definition and behavior of the least square fit procedure as utilized 
to generate strain values. 

Comparing the "flat" and ,:smooth" shading versions, in the 
vicinity of the stress concentrations, suggests that very good 
definitions of curved surfaces may be developed from rather crude 
models.    This is generally true.    However, several drawbacks are 
also apparent.    If this were the only display format available each 
picture would have to be accompanied by an undistorted picture to 
describe the geometry«    Further it is difficult to find a satis- 
factory viewing angle and magnitude of distortion.    The problem is 
somewhat compounded by the errors made by the hidden surface routine 
in the form of small holes in the surface.    These errors apparently 
arise fr-M difficulties the routine has in treating highly warped 
quadrilateral elements in a complex hidden surface environment. 

It is expected that this form of display will come into its own 
when movies are made showing the transition from the undistorted to 
distorted geometry and allowing the observer to see the surface from 
many angles. 
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SECTION VI 

CONCLUDING COMMENTS 

Usage to date suggests that a repeated linear analysis which 
employs the concept of corrective forces is an effective way to 
solve kinematic problems.    Indeed, rapid, convergence to an exact 
result has been the usual experience.    Nevertheless, a greater 
potential is envisioned for the display techniques.    Even heret 
the most likely occurrence is the development of superior methods 
of presentation as opyosed to the adoption of these procedures. 

In this regcra, a current research project at the University of 
Utaht to desicr. and build hardware to perform the hidden surface 
calculations, is very promising.    Currently, the hidden surface com- 
putations require from one to two minutes of PDP-10 time for each pic- 
ture.    The hardware should accomplish the same task in 1/30 of a 
second.    This will bring computer produced movies into their own, and 
make possible the recording of computer simulations in real time. 
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Th ? development of an extensive series of computer generated graphics 
passages for large-scale finite element analyses is described.   Suitable 
examples illustrating the means by which such graphics are used for 
eliminating input errors, output data reduction, report preparation, and 
radically reducing overall task time spans are presented.   Programs for 
which such computer generated graphics have been developed include two- 
dimensional geometries, general structures and arbitrary three dimensional 
solids while special purpose versions have been used for such applications as 
movie generation and interference studies.   Finally, Lockheed's recent 
activities in the development of interactive computer graphics for large scale 
production finite element analysis are discussed and illustrated. 
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SECTION I 
INTRODUCTION 
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THE NEED FOR GRAPHICS 

The rapid development of the finite element method together with its 
widespread acceptance and increasing application in structural mechanics 
has brought with it a series of problems in addition to its many obvious 
advantages.   Such problems as programming errors, machine accuracy and 
element shortcomings have been fairly commonplace.   Nonetheless, the major 
problems have undoubtedly been concentrated in three areas: the difficulty in 
ensuring the input of correct mathematical models, the questionable ability 
to assess the validity of results, and, thirdly, the problems associated with 
assimilating, compressing, and organizing the voluminous output of data 
inherent in a finite element analysis into a usable engineering format and 
presentation.   In all these areas it is clearly evident that the development of 
an extensive graphics capability simultaneously with the implementation of a 
finite element code would minimize and, in most cases, eliminate such 
Eroblems.   Over the past five years, therefore, the Missile Systems 

^vision of Lockheed has pursued, as a major research effort, the develop- 
ment of a wide range of graphics packages for our library of large scale 
finite element programs, and these packages are now production features 
for all current codes. 

The need for graphics was quickly established with the advent of the original 
Wilson axisymmetric code in 1965 (Peference 1).   Reduction of the printed 
output from the first major analysis task required two months to complete, 
a timespan clearly unacceptable for a production oriented analysis group. 
Additional unfortunate early discoveries i egarding the sensitivity of finite 
element analyses to such parameters as element aspect ratio and correct 
nodal geometry only served to emphasize the importance of graphics for 
input checks and determining validity of results.   Finally, experience has 
shown that extensive graphics packages rapidly change from desirable aids 
to-mandatory requirements as the complexity of programs and analyses 
increases, and as higher-order elements are developed and utilized (Refer- 
ences 2, 3 and 4).   Elements such as nonlinear isoparametric hexahedral 
solids (and the structural models for which they are employed) possess a 
degree of complexity far removed from earlier, two-dimensional constant 
strain formulations.   The output data generated by such elements ranges 
from the ample to the awe-inspiring, thereby demanding that extensive 
graphics packages be present in order that the analyst can perform his 
studies with any semblance of confidence and rationality of scheduling. 
Hence, the true value of these graphics packages lies in their ability to 
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reduce errors, task time-spans, and computer and reporting costs.   With 
these aims in mind, graphics in the batch process mode can be applied in two 
areas: prior to solution as a means for model debugging, and following exe- 
cution as a method of display and data reduction.   The debugging of a model 
using graphical model play-back allows the user to quickly identify and cor- 
rect model errors, thereby eliminating the possibility of a faulty model being 
assumed correct and run for results which are obviously erroneous, or worse 
yet, containing hidden errors which could go undetected even through the out- 
put data reduction stage.  One node out of place or the addition of an unwanted 
element could easily remain hidden through task completion, while destroying 
the entire model's validity.   However, errors in input nodes and elements 
stand out clearly on a plot of the structure (Figure 1), particularly when the 
ability to automatically rotate and view the model from any position is present. 

Model Showing Error Corrected Mode] 
FIGURE 1 

DISPLAY OF INPUT ERROR 

Thus, for input, time is saved by the user's ability to quickly and thoroughly 
debug his model, while costs are minimized by eliminating the need for re- 
runs to obtain correct results.  At the other end of the scale, computer gra- 
phics are needed as a means for reduction of output data both in an initial 
scanning mode and in producing a final format ready for direct insertion into 
a report.   To accomplish these output tasks the engineer requires such gra- 
phical tools as element and nodal numbering displays, deflected figures, 
automatic stress and strain cuts, and isostress and isostrain contouring. 
For example, a deflected picture of the structure, by itself or superimposed 
over the undeflected figure, condenses all printed deflection output into a 
single visual entity.  Another advantage of a deflected plot of the structure is 
that by magnifying the deflections and then plotting the structure, areas in 
which small deflections occur are exaggerated to a degree which allows the 
viewer to quickly determine the overall validity of the pattern of the model's 
deflections. 
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Plots of output results along any cut through the structure, together with a 
picture of the model defining the cut being taken, give the user a compact 
set of graphs showing stress and strain variation throughout any region in the 
model which can be compared to strain gage data (when available) along an 
identical cut, or inserted directly into a report.   This concept compacts 
large quantities of output data into a few pertinent cuts allowing the user to 
pick out element stresses and strains at a glance.  As presently developed, 
anywhere from one to nine of these graphs can be generated on a single 
page, depending on the quantity of data per graph and the amount of informa- 
tion to be displayed overall.   Such schemes allow the engineer to signifi- 
cantly compress the area needed to present his analytical results. 

An even larger amount of output data can be compressed into one picture 
through the use of contour plots.   Using such plots the engineer is able to 
view the stress or strain pattern of an entire surface.   Such patterns point 
out areas having high stress gradients.   The first contouring program 
obtained by LMSC (Reference 5) contoured only data from a rectangular grid, 
but the same method of contour generation has now been adapted to handle 
models having arbitrary boundaries and deleted interior regions. 
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FIGURE 2 

GRAPHICAL DISPLAY OF MISSILE STRUCTURE AND 
LAUNCH-TUBE INTERFERENCE STUDY FOR A SERIES 

OF POTENTIAL MISSILE ROTATIONS AND TRANSLATIONS 
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As noted in Reference 6, a large percentage of time on each structural 
analysis task is dedicated to the generation of a final report.  With the use 
of computer generated plots this portion of a task is reduced to a minimum. 
The results are compact, complete, and entirely machine generated in a 
format which can be inserted directly into a final report, including page 
number, dates, names, ind contract numbers.   This report format is totally 
flexible and, hence, may be output directly as an 8-1/2 x 11 page with 
sufficient margins on al.. sides, or joined with additional data and output on 
an 11 x 17 page as demonstrated in Reference 7. 

t 

Neither is the use of computer generated graphics limited solely to the 
presentation of structural models and analytical results, for such schemes 
can be used to pro-lace a display of a structure's proposed operating function 
or a visual representation of theoretical data such as to determination o:J 
interference failure limits for a missile and launch-tube interface for a 
large matrix of possible rotations and translations of the missile within the 
tube (Figure 2).   Furthermore, it is often advantageous to present graphics 
data in the form of a movie to enhance, visual representation.   For example, 
a missile wing (Figure 3) was still in the preliminary design stage when a 
movie was completed by means of computer graphics which showed the pro- 
posed wing pivoting to its deployed position and deflecting under the maxi- 
mum flight load conditions.   Such movies have also been used to show the 
reaction of a model to a given load or to display various bending and 
torsional modal shapes.   A model may also be positioned in space and then 
spun around and viewed from all sides, or an element-by-element build-up 
of the structure can be displayed to enable close examination of complex 
interactions between different sections of the model. 

In the following section of this paper a detailed description of the means by 
which LMSC has employed such graphics packages to substantially reduce 
the time span and cost for both the input and output of finite element 
analyses is described in detail, together with recent extension of such 
activities into the area of interactive computer graphics. 

A. B. C. 

FIGURE 3 
WING STRUCTURE SHOWING VARIOUS STAGES OP DEPLOYMENT 
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SECTION n 

GRAPHICAL PRODUCTION TOOLS 

GENERATION OF GRAPHICS PACKAGES 

There are a variety of machines currently available which can be used to 
present computer generated graphical data including both pen and CRT 
plotters.   Lockheed's needs for a plotter with both hard copy and microfilm 
output, rapid plot generation, and a high degree of resolution have over the 
past eight years been filled through the use of a CRT plotter, specifically the 
Stromberg-Carlson 4020 system(generating plots in about. 25 seconds and 
having 1024 x 1024 addressable rasters)* Additional flexibility and resolution 
have recently been realized through the implementation of an m FR80 CRT 
plotter having 16,300 x 12,900 addressable rasters together with variable 
line width and character size.   The improved resolution offered by the FR80 
is illustrated by Figure 4.   Every machine has different individual features 
(Reference 8) such as method of generation, resolution and speed, but the 
basic routines available to the programmer are the same.   The generation 
of any graphical output, no matter how complex, is merely the manipulation 
of these few basic routines: line drawing, character display, scaling, and 
grid generation.   The programmer uses these routines to pass his model's 
node and element information together with his output results from the com- 
puter to the display unit in a mode suited to his display needs.   The display 
unit may be a hard copy or microfilm generation or any of the number of 
interactive display scopes, but in general the large scale batch process user 
relies on the hard copy option. 

The structural graphics packages developed thus far fall into three main 
categories, depending on the finite element codes to which they are linked: 
1.) Two-dimensional structures, 2.) Mixed structures, and 3.) Arbitrary 
solids.   Each type of code varies in the form of model generated and the 
output quantities determined, while a similar variation exists in their 
accompanying graphics packages.   The following section describes the 
current graphics schemes employed to reduce and display fata for each of 
these three types of structural codes.  A final section discusses the imple- 
mentation of an interactive graphics mode for such codes, which further 
reduces task time span and costs. 
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TWO DIMENSIONAL GRAPHICS 

These codes analyze structures in which the finite element model can be 
defined in two dimensions.   Examples are axisymmetric structures and 
plane stress structures o£ constant thickness,   m the finite element 
approach the continuous struct re is replaced by a system of axisymmetric 
elements which are interconnected at circumferential joints or nodal circles. 
Hence, such structures only require that graphics packages work with and 
display on the basis of a single XY coordinate system. 

The model for an axisymmetric program makes use of mesh generation 
routines in which the user inputs model boundaries and a mesh pattern, 
with the program using this data to generate the finite element model 
(Figure 5). 

While setting up the initial model, a user can vary the grid intensity in the 
critical regions to ?.tt more detailed results which may later be presented 
as contour plots (Figure 6), at the same time setting up definite element 
boundaries between different materials.   A model can then be graphically 
displayed both in its entirety, or with any portion of the structure blown up 
to clarify a region with a denser grid. 
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FIHITE ELEMENT MODEL GENERATION 
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A representation of the structure with element or nodal numbers displayed 
(Figure 7) is invaluable to the user when he is reducing nodal deflection data 
and element stress and strain outputs, or when he is attempting to detect 
input errors. 

On symmetric structures, only a portion of the structure need be modeled 
for analysis, but for visualization purposes symmetric models may be 
'Hip- flopped" to generate the entire structure (Figure 8) from a single 
plane of symmetry. 

After the model has been analyzed the data may be reduced through the use 
of stress and strain cut plots (Figure 9), deflected plots (Figure 10), element 
state plots, contour plots, and time history plots, all of which may be output 
in a specific report format if desired.   Deflected plots may be of the entire 
structure or any portion, and may show actual or magnified deflections 
(Figure 11).   Element state plots display which elements are plastic, and 
which elements have been loaded and unloaded during an incremental solution. 
Contour plots of the full structure or any portion may be obtained with the 
number of contour lines being automatically selected to the desired line 
density (Figure 6).   In the case of thermal loadings, contours of the temperature 

FIGURE 8 

SYMMETRIC FIGURES MAY BE REVOLVED ABOUT 
THE AXIS OF SYMMETRY RESULUN6 IN A 
PLOT OF THE ENTIRE FIGURE 
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UNDEFLEC7ED FIGURE 

ACTUAL DEFLECTION 
MAGNIFICATION   r   5 

FIGURE 11      DEFLECTED FINITE ELEMENT MODEL 
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gradient applied to the structure may also be obtained.   Output stresses and 
strains may be graphed along any cut through the structure in a variety of 
output modes, and in the case of incremental solutions, time history plots 
may be obtained showing how an element has reacted di ring a series of 
static and thermal loadings and unloadings, including plastic deformation of 
elements during a load increment (Figure 12).   The collage presented as 
Figure 13 summarizes a typical graphics package currently available for 
two-dimensional analysis, 

GRAPHICS PACKAGES FOR MIXED STRUCTURES 

A mixed structure, being an assemblage of links, beams, membranes and 
plates, must be viewed graphically in three dimensions.   A series of 
advanced general purpose codes in this category exists in the field of 
structural mechanics (References 2, 3 and 4), and these cod's are capable 
of handling highly complex problems containing many thousands of unknowns, 
an example being the submarine hull launch tube model shown in Figure 14. 
Being three-dimensional, it is advantageous to examine the structure from a 
variety of viewpoints in order to clearly define a specific portion of a model 
in which the analyst is interested.   LMSC's codes therefore have the ability 
to generate three orthographic views and, through a series of axes rotations, 
virtually any isometric view of the model.   Again, as in two-dimensional 
packages, any portion of the structure may be expanded to clarify dense 
regions and similarly, element and nodal definition may be graphically 
represented on both partial and entire models (Figure 15). 

FINITE ELEMENT MODEL 

FIGURE U 

SUBMARINE HULL AND LAUNCH TUBE ANALYSIS 

833 



i...i... mBWPWwwwww'**   "-"■■■■ 

FIGÜHE 15 
PARTIAL FINITE ELEMENT MODEL 
SHOWING ELEMENT DEFINITION AND 
NODE NUMBERS 

UNROLLED HULL 

VARIOUS DENSITIES 

CONTOUR STRESS PLOTS 

SIGMA-I 

A 

FIGURE 16 
ISO-STRESS CONTOURS OF UNROLLED HULL 
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In mixed structures it is often necessary to overlay one element type on top 
of another, such as a beam along the edge of a plate, in order to approxi- 
mate as closely as possible the actual structure being examined.   The 
ability to separate each element type and plot them individually allows the 
user to check his model and insure its validity.   The user may also gener- 
ate any special combination of elements on a single plot.   Thus a user can 
proceed with a model buildup, starting with a beam structure, next adding 
links, and finally generating the required number of plates and membranes. 
Such techniques almost eliminate the possibility of obtaining a solution con- 
taining possible hidden errors due to a faulty model. 

As in the case of two-dimensional analysis, models which are symmetric in 
nature may be "flip-flopped" to generate a larger portion of the structure, 
and models which are a combination of smaller components may be displayed 
as an exploded view giving more detail to each component individually 
(Figurel7). 

FIGURE 17 
FINITE ELEMENT MODEL AND EXPLODED PARTTALS 
DISPLAYED ON AN INTERACTIVE SCOPE 
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Structures being modeled using bending elements can be contoured, showing 
stresses and strains in both the local and global coordinate systems, both in- 
side and outside the structure (Figure 16),   If the surface of the model being 
contoured is curved, the program unrolls the surface bringing it into two 
dimensions for clarity of contour patterns.   Again, the density of the contour 
lines, the limits of the contours and the contour increment are all controlled 
by the user.   However, the program is automated to make a "best guess" on 
all of these quantities, if not overridden, thus saving the user from excess 
work, or having to "guess" at the magnitude of resultant stresses and strains 
prior to initial execution.   The reduction of output is again aided through the 
use of deflected plots showing both actual and m    lified deformations of the 
entire structure, any partial structure, or any element type.   A deflected 
structure may be displayed either by itself or superimposed over the original 
undeflected shape (Figure 18).   The user may also c^tain a set of stress cuts 
along any series of elements through the structure plotting any output quantity 
generated.   The collages presented as Figures 19 and 20 summarize graphics 
packages currently available for mixed structures. 

Finite Element Model 
FIGURE 18 

FINITE ELEMENT MODEL AND DEFLECTED 
SHAPE OF PRESSURE VESSEL DOME 

Deflected Shape 
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GRAPHICS FOR ARBITRARY SOLIDS 

The addition of solid elements into finite element codes (Reference 9) has 
further emphasized the need for more extensive display methods as discussed 
in References 10 and 11.  Structures composed of such elements inherently 
contain large quantities of internal lines which tend to unduly complicate a 
plot of the entire structure (Figure 21).   For purposes of clarity, packages 
have therefore been developed to show slices of elements or nodes (Figure 22) 
distinct from the rest of the model, with or without element and node defini- 
tions (Figure 23;, with each slice being able to be rotated to any desired 
viewing angle.   Similarly, deflected plots of portions of the structure may 
be displayed showing actual or magnified deflections.   Such deflected figures 
can be displayed individually or superimposed over the undeflected structure 
(Figure 24).   The viewer can, therefore, display any block of elements, any 
plane of elements through the structure, or any surface of elements.   Fur- 
ther graphical displays allow stress and strain cuts through the structure and 
plotting output quantities for any element faces in addition to element centroids. 
Defining the stress cut visually is greatly aided by displaying the elements 
being graphed in reference to a plane of nodes, thus orienting the stress cut 
within the entire model as shown in Figure 25. 

FIGURE 21 
ENTIRE SOLID FINITE ELEMENT MODEL 
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FIGURE 22 

SINGLE LAYER OF ELEMENTS 

«H 



^nevpffBu. igu EPU ,^y HpppfgüiHaw pgaggi 

wmwiw i 
W'***"W*   :*^'-«w»lffW^m>WWWiJWlH^^ JÜ^müV-.LBttAftiJWttj 

9. 

CUT   7 CUT   8 

FIGURE 23 
PARTIAL MODEL SHOWING SINGLE 
PLANE QF ELEMENTS 

SUPERIMPOSED DEFLECTED 
PLANE OP NODES 

UNDEFLECTED AND 
DEFLECTED SURFACE 

FIGURE U 
DEFLECTED STRUCTURES FOR ARBITRARY SOLIDS 
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        FIGURE 25 
OUTPUT STRESSES AND STRAINS ARE GRAPHED 
ALONG ANT SERIES OF ELBMENTS 
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FIGURE 26   
OUTPUT STRESSES AND STRAINS ARE CONTOURED 
PCS A GIVEN PLANE OF ELEMENT FACES 
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Contour plotting in three dimensional structures can be performed on any 
surface of the model or on any planar slice of element faces through the 
model (Figure 26).   In any view, output quantities for element faces as well 
as element centroids may he contoured to aay desired degree of density. 

The problem of generating a picture with hidden lines removed for any arbi- 
trary three-dimensional structure has been solved using several different 
methods (References 12, 13 and 14), but the computer time and cost of 
federating such a picture for a structure made up of over 1900 nodes and 

300 planar surfaces cannot always be justified by the value of the final out- 
put plot.   This problem is one of current interest and hidden line programs 
are now being tested, optimized and incorporated into both interactive and 
non-interactive production codes.   However, through the use of graphics 
packages already existing in production codes the user can quickly generate 
a "pseudo" hidden line picture by displaying only a portion of the total model's 
element faces and edges (Figure 27). 

FIGURE 27 

iPSEUDO*HIDDEN LINE PICTURES 
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SECTION III 
INTERACTIVE GRAPHICS 

INTERACTIVE HARDWARE 

Interactive computer graphics, employing a cathode-ray-tube display termi- 
nal attached to a digital computer (Figure 28), allows the user to communi- 
cate with, and control the flow of, his own program in real time.   The devel- 
opment of interactive graphics from a research analyst's aid to a production 
analysis tool has enabled the engineer to radically reduce the time span and 
overall cost of a given task from the levels previously required in a batch 
process mode.   The magnitude of this savings is illustrated in Figure 29. 
The time necessary for a series of computer runs submitted under a batch 
processing mode is, of course, highly dependent on the job turnaround time 
of the system.   Hence, while input tasks and model debugging may take days 
under the batch system, the same series of jobs can be completed during a 
single session at an interactive scope. 

FIGURE 28 
COMPUTEK £00 INTERACTIVE GRAPHICS TERMINAL 
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The heart of the interactive graphics system currently in use at LMSC is the 
Computek Series 400 Interactive Graphics Terminal (Reference 15) jvhieh is 
direct-coupled with a CDC 6400 Digital Computer and complimented by an 
on-line hard copy generator, joystick, digital graphics tablet, and DIS211 
scope (Figure 29).   The Computek is a storage tube type display retaining 
information it has received, as opposed to refreshed CRTs such as the IBM 
2250 and the CDC 274 which are updated about 30 times per second from a 
memory device.   Although response time is slower on a storage tube and 
partial screen erasing is not possible, this type of display is an order of 
magnitude less expensive than the refreshed type tube, while, at the same 
time, being more than sufficient to handle the size and type of work neces- 
sary to accompany very large finite element codes (Reference 12).   In struc- 
tural analysis the interactive scope is currently used to debug finite element 
models prior to problem solution and also as a means for selective data re- 
duction at task completion.   The solution of the problem, however, can be 
run on any machine, thus eliminating any machine dependence on the com- 
puter to which the CRT is coupled.   It has been shown to be economically 
advantageous to do interactive model debugging on a smaller inexpensive 
computer in a time-sharing mode, subsequently running the computer model 
for analysis results on a machine with large core memory and mass storage 
devices which can handle the size and complexities of a model containing 
more than 6500 unknowns and finally returning to the smaller interactive 
computer with analysis results for data reduction and report preparation. 

INTERACTIVE METHODS 

The Computek, as a time-sharing terminal, allows the user to substantially 
compress the time scale required to accomplish a particular analysis goal 
due to improved response time over conventional batch processing tech- 
niques . 

|    I   DO GRAPHICS 

FIGURE 29 

USING GRAPHICS TO REDUCE TASK TIME SPAN 
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In the preprocessing mode, an initial finite element model is generated using 
modular programming techniques and data input cards.   This data is passed 
to the display program.   The engineer, sitting at the scope terminal, has a 
variety of options available to him to alter and debug his model.   Hence, he 
can display his model wholly or partially in any given view, add new nodal 
points and element*, change existing data, display on the screen any of the 
storage tables generated, and finally, recycle using these modifications to 
generate a corrected model (Figure 31).   This pattern is repeated until the 
model is completely debugged, then a card deck is punched containing the 
model definition in a compressed form, and this punched output is fed to a 
larger computer to obtain analytical results.   Interactive programs are cur- 
rently being developed which would allow the user to reduce these results 
through the use of deflected pictures, output graphs, and contour plots, and 
thus generate a final analytical report in real time and by total reliance on computer graphics packages. 

At any time during the interactive mode the user can obtain a hard copy 
print of the contents of the Computek screen, or store this data on a tape in 
a format accepted by the SC4020 and FR80 external plotters in order to 
obtain copies with a higher degree of resolution.  Just as output from the 
Computek can be displayed by an FR80, so also can a tape generated for the 
FR80 be displayed on the Computek giving the user the ability to edit and 
delete results before final processing. 
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A. Cosmand Table Display 

C. Input Mesh Display 

E. Element Number Display 

B. Data Table Display 

D. Finite Element Model 

FIGURE 31 

INTERACTIVE DISPLAYS 
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SECTION IV 
PRODUCTION GRAPHICS 

To demonstrate the utility of graphical tools and to emphasize the extent to 
which such schemes are used, a short discussion of some major analytical 
tasks that have recently been completed is offered here. 

Figure 32 shows a three dimensional analysis of a pipe tee that was per- 
formed using the "DAISY" code.   The model consisted of 8fi6 nodes, 872 
quadrilateral bending elements, 4242 unknowns, and was analyzed for five 
mechanical loading conditions including internal pressure.   Contours of sur- 
face stresses, deflected plots, and graphs of stresses along preselected 
lines of the structure were used extensively.   The entire reporting task 
required less than a week and consisted primarily of assembling graphical 
computer printout onto larger report format sheets. 

A further value to be obtained from graphical output is shown in Figure 33, an 
output from a re-entry vehicle analysis.   This figure shows the automatic 
model geometric changes as the model ablates and demonstrates the variation 
in the structure with altitude that is used as thermal load input.   The struc- 
tural model is overlayed directly onto a thermal model which has been run 
previously to determine thermal loads at various altitudes.   The entire analy- 
sis from the time the thermal loads are obtained is accomplished in 24 hours, 
including stress, strain, temperature and geometric histories.   All graphics 
are automatically prepared and output directly in a report format. 

Another example of the use of computer graphics as a data reduction tool 
for complex structural analysis is shown in Figure 34.   The problem, an 
advanced elastic-plastic incremental analysis of an aircraft disc brake com- 
ponent, required the calculation and display of stresses and strains at any 
point during multiple thermal cycling.   The collage summarizes the computer 
graphics     V in the presentation of output as an illustration of the ease of 
v'sr-<1 as? filiation of results.   This problem was quite complex and the 
exit. ;ive use of graphical output added immensely to the engineer "feel" and 
understanding of the problems. 

Two final examples demonstrating the ability of graphics to bring complex 
finite element analysis to full production fruition which can be cited are:  a 
thru-bulkhead initiator subjected to severe plastic deformations was modeled, 
analyzed and visual reporting made in less than one day; a diode subjected to 
four thermal load cases resulting in plastic deformation was analyzed and 
graphically presented in two days, the model being generated and debugged 
using interactive graphical procedures. 
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SECTION V 
SUMMARY 

While a widespread effort on all aspects of finite element development is 
being pursued at Lockheed including; non-linear analysis of general struc- 
tures, incompressible arbitrary solids, thermal fatigue and creep, dynamics, 
buckling, super-elements, and high-speed equation solvers, we believe that 
the major factor common to, and necessary for, the implementation of all 
such developments into a usable production mode of operation is the avail- 
ability of an extensive range of graphics packages.   Such packages obviate 
the necessity for poring over many hundreds of pages of printed output, 
enables rapid checking of results and input data, and, finally, allows large 
scale, complex analysis tasks to be successfully completed in a minimum of 
time and with a minimum cost.   Therefore, in addition to the rapid develop- 
ment of an extensive library of finite element codes we are firmly committed 
to the concept of advanced graphics packages, for both the interactive and 
batch modes, to enable such programs to truly become viable tools for large 
scale structural analysis problems. 
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A PRQCEDTJRE FOR 

FINITE SLEMENT PLATE AND SHELL PRE- AND POST-BUCKLINQ ANALYSIS 

by Richard H, Gallagher, S. Lien,  and S. T. Mau 

Cornell University 

A procedure for finite element analysis of geometrically 
nonlinear problems, extending over the pre-buckling and initial 
post-buckling regimes, snap-through buckling, and accounting 
for initial imperfections, is described. The computation of 
the nonlinear pre-buckling path is accomplished by direct iter- 
ative solution. The bifurcation point is established by inter- 
polation of solution points of the pre-buckling and immediate 
post-buckling analyses. A static perturbation method is then 
developed for determination of the post-buckling path of the 
bifurcating structure or the limit point of a structure with 
initial :jnperfeeicions. Three numerical examples, involving an 
arch, flat plate and shallow shell, are presented in illustra- 
tion of the procedure and in comparison with alternative approaches 

INTRODUCTION 

The analysis of instability phenomena of complicated thin 

shells has drawn intensified interest due, in part, to the dev- 

elopment of finite element analysis procedures for such struc- 

tures.  ' Structures of this class may collapse at load levels 

which are less than those predicted by linear instability theory 

because of the role played by initial imperfections and geometric 

nonlinearities. The extensive efforts in the development of 

theories to cope with this problem have been surveyed by 

Hutchinson and Kolter,(2) Haftka, et al(3) and Bienek(i,). 

Although the various types of instability phenomena which 

might occur in the complete range of load-displacement behavior 

*  Professor and Chairman, Department of Structural Engineering 

•* Presently, Research Enginver, Westinghouse R*D Center, Pitts- 
burgh. Fa. 

+  Presently, Research Engineer, MIT Aeroelastic and Structures 
Research Lab. 
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prior to final collapse are not as yet fully understood, certain 

forms are known and are of considerable practical Importance, 

especially those which occur In the earliest stages of loading. 

Figure la applies to "perfect" structures and represents the 

case In which the structure first displaces along the path de- 

fined by OAB (the fundamental path) and bifurcates (or branches) 

at th* Point A to another path, AC.  In contrast to a rising 

post-buckling path, as AC, a descending path AD (as pictured In 

Figure lb) may be encountered. 

When the structure possesses fabrlcatlonal Imperfections, the 

load-displacement behavior follows the paths Indicated by dotted 

lines. The structure with a rising post-buckling path will have 

strength exceeding the bifurcation load. The strength of an 

Imperfect structure with a descending post-buckling path In the 

perfect statt will not achieve strengths as high as the bifur- 

cation load unless the load-displacement path again rises at larger 

displacements. Such structures, under the appropriate load con- 

dition, are termed "Imperfection sensitive" and the maximum load 

attained (Point E) is termed the "limit point". 

A non-bifurcating load-displacement behavior may also occur 

for a structure assumed to be devoid of imperfections and may 

take the for» similar in shape to the curve OE (Figure lb) of 

the Imperfection-sensitive structure. For this case the buckling 

phenomenon is of the 'snap-through' type. 

A landmark development of procedures for establishing the 

shape of the post-buckling path and for determining the limit 
( e) 

point for imperfection-sensitive structures is due to Kolter. 

This approach uses the concept of perturbations from the bifur- 

cation point and enables an efficient definition of load-dis- 

placement behavior in the Immediate post-buckling range. Further 

contributions or alternative forms of these concepts have been 

d by 1 
(8,9) 

presented by Budiansky and Hutchlnson ', Sewell  , and 

Thompson 

Extensions of Kolter's procedure to the format of finite 

element analysis, as well as other finite element approaches to 

the same physical problem, have recently appeared <10"*12'. 

Morin    applies a predictor-corrector scheme in calculation of 
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non-linear prebuckling behavior, in which a perturbation approach 

is employed as the predictor and Newton-Raphson Iteration is 

employed as the corrector. The perturbation approach, In both 

the pre- and post-buckling computational phases, reflects 

earlier work by Thompson  . Thompson * has also advocated 
(■3) 

a new perturbation approach. Haftka, et al J propose the de- 

finition of an "equivalent structure", one in which the non- 

linear terms are treated as initial imperfections, in order to 

exploit the concepts derived by Kolter for imperfect structures. 

Oupuls, et al   , attack the solution of the nonlinear equa- 
te) 

tlons in an incremental-iterative manner. The work by Lang 

is a direct adaptation of Kolter*s concepts, including retention 

of the condition of a linear prebuckling state. 

Recent analyses have shown    that the assumption cf a 

linear prebuckling state may lead to Inaccurate results. One 

of the principal aspects of the work described In this paper i« 

the method of determination of the load and displacement state 

on the fundamental path, at the bifurcation point, following upon 

a nonlinear prebuckling state. The calculated information fur- 

nishes the necessary ingredients for a perturbation analysis of 

the post-buckl'ng or limit point behavior. 

The starting point of the present small strain-finite dis- 

placement formulation Is the definition of element stiffness 

equations In the Lagrangian frame of reference. The element 

stiffness matrices extend to both first- and second-degree geo- 

metric nonlinearitles in the element displacement parameters, 

Then, direct iteration is used for solution of the nonlinear 

algebraic equations in the prebuckling range. Unlike many wide- 

ly used and seemingly more efficient procedures, direct itera- 

tion permits calculation of the fundamental path beyond the bifur- 

cation point and definition of the latter by Interpolation of 

the determinants of such solutions through the zero point. 

For post-buckling, and fcr snap-through buckling for initial- 

imperfection situations, both displacements and loads are ex- 

panded about the bifurcation point of the perfect structure In 

power series in a single parameter which is related to the ampli- 

tude of the eigen-function in the deflected shape of the structure. 
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Upon determination of the series coefficients, the solution Is 

a parametric representation of load vs. displacement. 

Three problems are solved In verification of the present 

procedure and for the purpose of comparison with other methods. 

The first problem consists of a uniformly loaded shallow cir- 

cular arch. This case, for which an exact solution is avail- 
1 

able, illustrates the calculation of the bifurcation point fol- 

lowing upon a nonlinear fundamental path and demonstrates pre- 

diction of behavior for both perfect and Imperfect structural 

forms. The second problem concerns the familiar case of post- 

buckling behavior of a perfectly flat, simply-supported rec- 

tangular plate under unlaxlal compression. Finally, a solution 

Is obtained for a hypothetical cylindrical, shell structure which 

has been employed as the basis for numerical verification of 

alternative analysis methods. 

A.  ELEMENT AN3 SYSTEM FORMULATIONS 

The purpose of this section is to define the general alge- 

braic form of finite element stiffness equations for the present 

geometrically nonlinear analysis. This form, which applies to 

any given type of element, is subsequently employed in the develop- 

ment of procedures for pre- and post-buckling analysis of the 

complete structure. Presentation of the equations for specific 

elements Is beyond the scope of this paper, although the for- 

mulative bases of certain arch, flat plate, and1 shell elements 

are outlined In Section E. 
Ml) 

It has been shown  ' that the element stiffness equations 

of a "perfect" structure (no initial displacements) for small 

strain non-Incremental finite displacement analysis, for con- 

servative loading and a Lagrangian frame of reference, are of 

the general form. 

[k]{A) ♦ [n^AJKA} + [n2U)]U> - <F}       (1) 

where IP} and {A} are the element Joint forces and corresponding 

displacements (degrees-of-freedom) respectively. 

[k] Is the linear (small displacement theory) stiffness 

matrix. 
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[n^A)] is the first-order ("geometric") stiffnese matrix, 

where the individual terms are linear functions of the degrees- 

of-freedom (A). A simplified form of this matrix permits linear 

stability analysis, as in Euler buckling. 

In.Aä)]  is the second-order ("geometric") stiffness matrix, 

with individual terms a quadratic function of the degrees-of- 

freedom {A}. These terms arise from the components of strrIn 

energy which are the first derivatives of w with respect to the 

spatial variables raised to the fourth power. 

Upon assembly of the element relationships defined by Eq. 

(1) to form a representation of the complete structure, (global 

representation) the following equations are obtained. 

[K]{A) + [N^A^U)* [N2(A)]{A) - \{?}  - 0      (2) 

where the definitions of K, N., and N- for the global repre- 

sentation correspond to those given above for k, n,, and n? for 

e respective elements. The "normalized" load vector G»} repre- 

sents the relative magnitude of the loads corresponding to the 

respective degrees-of-freedom {A}; thus, the joint loads are 

applied in fixed proportion to one another.  X, the loading 

parameter is a scalar which can be adjusted to define a desired 

intensity of loading. 

In lndicial notation, Equation (2) becomes 

KuAj + \fkVk+ NukiVkAi - APi" ° (2a) 

lndicial notation is especially useful in nonlinear finite 

element analysis since the constants of the problem (N.,. and 

N....) are readily identified and can be stored permanently, in 

contrast to the matrix format where [N.(A)] and [Np(A)] are 

dependent on the displacements and change continually during the 

numerical aralysls process. The matrix (Eq. 2) and lndicial (Eq. 

2a) notations will be employed Interchangeably throughout. 

The "perfect" structure, to which the above equations apply, 

constitutes an analytical reference base for the study of the 

behavior of imperfect structures or for structures for whicn the 

applied loads deviate slightly /rom those which produce bifur- 

cation, by use of the perturbation method. Analysis of such 
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problems requires an extension of Equations (1) and (2) to In- 

clude the Influence of Initial displacenents and the above- 

cited load deviations. To account for the former« we assume 

that the Initial displacements are distributed throughout the 

structure In a form Identical to the elastic displacements; 

hence, the Initial displacements are properly described by Joint 

values A y Also, we designate the total displacements by A.. 

The system equilibrium equations now become (see Ref. 15 for a 

representative detailed development) 

KiJ(AJ " V + NiJkAJAk " NiJkAJAk + NiJklAJAkAl 

_NlJklAJAkAl " XPi 

Noting now that the net displacements are A. - «,  u., 

stltutlng this in Eq. (3) ar<d collecting terms, we have 

Ai - 

(3) 

sub- 

K1JAJ  + NiJkAJAk * NiJklAJAkAl 

* 2NiJkAjAk + 3NiJklAlAkAl " APi (4) 

At this Juncture two assumptions are made, consistent with 

Koiter's original development, ' which simplify considerably the 

above equation. Pirst, the term 3^..,^.A. A, is assumed to be 

negligible and Is discarded. Secondly, the evaluation of the 

term 2Ni.jcA.Ak is to be based on a linearized pre-buckling solu- 

tion for Ak. Thus, we can write AR as *(A°J where X is the load 

parameter and (A?) Is the slope of the linear pre-buckling load- 

displacement relationship, and 

A(2N 2NiJkAj\ ijkAjX> > -XYI
I (5) 

where I. is the component of a "load" vector representative of 

Initial imperfections and y is a parameter which can be adjusted 

to define the severity of the initial imperfections, Eq. 4 becomes 

KUAJ + NUkAJAk * NiJklAJAkAl ~ X?l -  X^i ' (6) 

It is clear that one may deal with loads which deviate 

slightly from those which produce bifurcation by assigning such 

load values directly to the vector (I).  It should also be noted 

that the restriction of A° above to the linearized prebuckllng 
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state does not exclude consideration of a nonlinear prebuckling 

state In the total problem; the latter Is Included In all sub- 

sequent operations. 

B.  PREBUCKLINQ ANALYSIS 

The perturbation method Is based upon an expansion about 

the bifurcation point of the perfect structure. In the present 

development It Is necessary to trace the fundamental path of the 

perfect structure, represented by the solution of Equation (2) 

to points beyond bifurcation. The method chosen here Is that of 

direct Iteration. 

In the basic form of the direct iterative method, assume 

that the solution Is to be obtained for a load Intensity desig- 

nated by Aq. Also, assume that solution data from a prior load 

level (say Aq~ ) is available and is designated as {A}0. Thus, 

the matrices [N.] and [N21 may be formed using {A}° and we may 

solve Equation (2) to yield 

(A)1 - [K]_1 Uq {P> - [NjU)0] <A°>- [N2(A)°]{A>°)  (7) 

where the superscript 1 on {A} denotes the first iteration in 

the solution at *q. We then re-form [N,] and [Np] on the basis 

of (A)1, so that 

(A)2 • [K]"1 Uq {P> - [N1(A)
1] {A}1 - [NgU^HA)1} (8) 

which is now solved for {A} . In the general, J , Iterative 

solution 

{A}J - [K]"1 Uq {P} - [N1(A)
J_1] {A)J~1 - [NgU^"1] {A)J_1 (9) 

The Iterative sequence continues until {A}' is within {A}^ 

to a specified tolerance. No«;e that direct iteration requires 

only the inversion of the linear stiffness matrix and continued 

re-formatlon of [N.] and [N-]. 

The knowledge of a nearby solution, as for {A}0 In Equation 

7, enhances the efficiency of the iterative process. Hence, the 

analysis Is performed at various load levels, extending from a 

level close to zero load through to a level somewhat beyond the 

bifurcation lo&d. 
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{Convergence difficulties are encountered when the non- 
linearities are severe. Such difficulties are often manifested 
by continued iteration in a loop about the convergent solution. 
In such cases an Improved procedure is to employ a higher-order 
iterative scheme as described in Reference 16. 

w 
C.  DETERMINATION OP BIFURCATION 

fc ■ i 
1 To determine the first branching from the fundamental path 

(the bifurcation point) w£ invoke the familiar stability condi- 
tlon that the second variation of the potential energy be zero 
at such a point. The equilibrium equation (Equation 2) represents 
the first variation of the potential energy and by applying the 
second variation one obtains the following condition at X • A 

;. 
Det - | [K] + 2 [NjU)] + 3 [Ng(A)] | » 0       (10) 

where Det symbolizes the determinant of the Indicated matrix. 
(The factors 2 and 3 on [N.] and [Np] arise from Imposition of 
the second variation; see Equation 2a). 

To illustrate the manner in which the above condition is em- 
ployed in identification of the bifurcation point Figure 2a shows 
a representative load-parameter-displacement (X-A) plot while 
Figure 2b shows the corresponding variation of Det with X. Thus, 
Det > 0 for 0 < X < Xc and Det < 0 for X > Xc. By establishing 
m solution points to either side of Xc and by Lagrange interpola- 
tlon we have    m  ^ ffl    Det.Det 

X " * ( n       Bet -Det > Xi (11) 
1-1 J-l, J-l+1 Detj-Deti  l 

where Det. and X. denote the corresponding values at the 1th 
lead level. From Eq. (i: 
by setting Det - 0, I.e. 
load level. From Eq. (11), the bifurcation load Xc is calculated 

A "  A|üet - 0 
Since the displacements and their derivatives at Xc are needed 
for determination of the postbuckllng path, they are also cal- 
culated by Interpolation. 

m   J-l, m    X-X.    . 
A,(X) - I    ( n       r—f- ) AJ (12) 
1     J-l  k-1, k-J+1 Ak"AJ   x 

where A^ denotes the value of A. at the Jth load level X.. 
Then the desired displacements A? are found by setting X-X . The 
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derivatives of L^  are found by direct differentiation of Eq. 
(12) with respect to X and evaluation at Xc. 

D.  POSTBUCKLINQ ANALYSIS 

Figures l.a and l.b illustrate, in a representative X-A 

space, the single post-buckling path of a perfect structure 

emanating from the bifurcation point. We now consider the use 

of the perturbation method in establishment of an analytical 

description of this path and, simultaneously, of the path of 

imperfect (or differently loaded) forms of the same structure. 

Thus, we direct attention to the more general equilibrium re- 

lationship (Equation 6) which accounts for these imperfections 

and/or load components. 

In Initiating the analytical description of these paths, 

we describe the displacement state in terms of "sliding coordi- 

nates" (8) „ 
{A> - {!} + Up} (13) 

where now {£} describes displacements on the fundamental path of 
p 

the perfect structure and {A } gives the displacements on the 

postbuckllng path with the fundamental path as a reference base. 

Thus, a mapping of the postbuckllng behavior in X - {Ap} space 

can be effected with {Ä"} - 0. 

To obtain the equilibrium equation in terms of the new co- 

ordinates, we substitute Equation (13) into Equation (6).  It 

is convenient to revert to indicial notation with {A} ■ A,, 
{A} ■ Ä. and {Ap> ■ A?, since in effecting the products A.A. 
and A.AjtA1 the term A. ■ (Ä, + A?) can be treated as a binomial 
in conventional manner. Thus, we have 

Vj + KiJ&J + NiJk(*J + AJ)(*k + Ak> 

+ Nijkl (*J + Aj)(*k + Ak)(*l * Al> " XPi + X^i  <**> 

and, expanding and collecting multipliers of A? and noting that 

a group of the resulting terms satisfies Equation (2), we obtain 

the equilibrium equation in the new coordinates 
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(K1J    +    2Nijk   \   +    Nijkl   h   ri)AJ 

+    <NiJk   +    3NlJkl    h>    AJ    Ak   +   "ijkl    AJ    Ak   Al    *    X^i        (1?) 

An analytical representation of the fundamental path must 
now be established. Thus, by Taylor series expansion about the 
bifurcation point 

2 
A" - it0}  + (A-AC){I'C) + \  (A-Ac)  {Ä"c} + ...     (16) 

and, by substitution Into Equation (15) 

r<Ku * 2Nuk K * 3Nuki K AJ> ♦ <2Nuk Kc ♦ 6Nuki *k
c*!><*-*c> 

* <\,k V + 3N1Jkl(I'
C IjC ♦ SJ ffjC) (A-Ac)]Aj 

+ "»IJk + 3N1Jkl J
C
1)+(3ll1JIÜIJ(A-A«»]iJ A* ♦ N1JklAj A* A? - Ayl, 

(17) 
where the Indicated result is obtained by truncation of the 
series (Equation 16) at the third term and discard of terms high- 
er than third order in A? or in the product A? and (A-Ac). 

It is assumed that the postbuckllng path can be described by 
the series 

"! 

ln' 

>= 

I Q. 

+ U{) 
I  • 

+ (AJ)' 

' 0 

(18) 

n2 sV 
2     '    3       J 

i.e., (Ap) - Aj {q^ + (Aj)  {q2> * (Aj) {q3> + ...        (19) 

or, ln indlclal form 

Al " Al qi + Ul) qi + (Ar qi + •••     (19a) 

where each vector ({q1}»{q2)» etc.) is a mode of displacement to 
be determined as described below, and AP, the T'path parameter", 
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la a pre-selected degree-of-freedom. Equation (Iß) designates 

this parameter as the first-listed degree-of-freedom. This can 

be done without loss of generality since It Is always possible 

to arrange the equations so Chat a chosen degree-of-freedom 

(generally, the displacement at a prominent point) appears In 

the first location. 

An expansion of the load parameter In the post-buckling 

regime Is also required and Is given In terms of the path param- 

eter. 2        3 

\-\c - TX  (AJ) + r2 uj) + r3 (AJ) + ...    (20) 
1 

where the load parameters r., r2, r_, .. are as yet unknown. 

We next substitute.(19a) and (20) Into (17), write the lmperfec- 

tlon term Ayl« a« ——-3 x  (Atj , and collect terms In like powers 
(A ) 

of A?. We obtain, fir A? t 0 

I *ij % " ° (21a) 

1 <*u % + % ri % + ^jk % V ■ 7^72 <21b> 

(K 
ij  % * rij(f2 X + Pl V  + K«   'I % + ^^1 % 

* *ijk ri qj.x \ + Nijki X \ V ' ° (21c) 

The Initial Imperfection term Is accounted for In the manner 

Indicated since It would have no effect if represented as a con- 

stant and would disallow the overall procedure of definition of 

the postbuckllng path If represented as linear In A?. Thus, a 

quadratic representation in A? is chosen. 

Now, from (21a) It is clear that <q1) is the eigenvector of 

[K--], normalized on the term corresponding to A?. The value cf 

r. Is obtained by solution of an equation resulting from the pre- 

multlpllcatlon of Eq. (21b) by {q1>, and then (q,) is obtained 

from Eq. (21b) after back-substitution of the expression for I\. 

The values of r. and {q.} are determined by similar operations 

on Eq. (21c).  If additional terms are taken In the above series 

the corresponding load parameters and postbuckllng displacement 

vectors are also obtained in this manner. 
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Space limitations do not allow here the presentation of 

details of this procedure, or of the specific form of the results 

In terms of the basic quantities K.., etc. This information Is 

given in Reference 16. It may be of interest, however, to cite 

a single term of the series Eq. (20), the post-buckling load- 

displacement parameter relationship. Thus, for T. it is found 

that *ijk 'VjAi (A1)2 + Xyl*  qi, 
r .   1 1 1 1        (22) 

Kij w (A1> 
Note that when the Initial imperfection is zero (represented by 

Y ■ 0), a nonzero value of I\ remains, defining the postbuckllng 

path of the perfect structure. 

E.  ILLUSTRATIVE EXAMPLES 

The present section is devoted to a general description of 

numerical results for three illustrative examples, Involving a 

shallow arch, a plate, and a curved thin shell structure, respec- 

tively. Although ths problems solved are elementary from the 

standpoint of finite element representation, they delineate all 

features of the more complex situations and are among the few 

cases which have been studied thoroughly and for which compari- 

son solutions or test data are available. Such comparisons are 

essential to a study addressed to a class of problems for which 

a multitude of alternative procedures have only recently been 

proposed. 

1. Clomped Thin Shallow Circular Arch 

The problem of Instability of the thin shallow circular 

arch with clamped ends has drawn much attention In the litera- 

ture of geometrically nonlinear and postbuckllng analysis because 

it is perhaps the most sophisticated structure for which "exact" 
(13 17) 

solutions have been obtained**■»»*", The objectives of this il- 

lustrative example are to verify accuracy in determination of 

the bifurcation point following upon a nonlinear fundamental path 

and to demonstrate prediction of behavior for both perfect and 

Imperfect forms of the arch by use of the present perturbation 

method. 

The geometry of the arch (see Figure 3) is characterized by 
2 

tne parameter RQ /h and this parameter also governs in part the 
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for« of buckling, i.e., snap-through or bifurcation. The dimen- 

sions chosen here yield a value of 10.0, the sane vai e employed 

in Reference 13. The finite element representation consists of 

eight equally-spaced arch elements. 

In the case or uniform radial loading of intensity p , bi- 

furcation occur? prior to snap-through as Illustrated in Figure 

3 by solid lines for the classical solution. The direct itera- 

tive scheme discussed in Section C is used to yield the solution 

points on the fundamental path as given by the circled points. 

Lagrangian interpolation gives the bifurcation load Xc ■ 1.9075» 
which is within 0.2% of the exact value. The numbers of itera- 

tive cycles to achieve convergence at each load level for various 

specified convergence criteria are plotted In Pig. 4. It is of 

interest to note that near the bifurcation point the number of 

cycles Increases sharply, but, that monotonlc convergence is ob- 

served at all load levels above or below the bifurcation point. 

2. Plat Plate Post-Buckling 

Th* vjxt example refers to the post-buckling behavior of a 

flat,  'aply-supported rectangular plate under uniform axial com- 

pression. The element employed in these calculation» is dourly- 

cvrved shell element portrayed in Pigure 5, whose properties are 

based upon a 16-term (bicubic) expansion of each of the diaolace- 

ment components u, v arid w. This element Is a generalization of 
( I u ) 

the cylindrical shell element Introduced by Bogner, et al   . 

Pormulation of the present representation is described in Refer- 

ence 19. Por this problem the principal radii of curvature are 

set equal to infinity. 

The problem data are shown in Pigure 6; due to symmetry, 

the analysis Is performed with a single element in one quadrant. 

It should be noted that the analytical model permits freedom of 

Inplane displacement; the usual restriction of classical solu- 

tions'   to linear edge displacement states, etc. are not Invoked. 

The bifurcation point, calculated in a linear stability analy- 

sis (the pre-buckllng state is zero In the transverse displacement) 
(21) 

Is found to be 36.3 lb./In. compared to the classical result 

of 36.1 lb./In. (0.5* error). The postbucklinft path calculated 

by the present perturbation method Is shown via a clashed line In 
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Pig. 6 and is compared with the solution by Coan'22' who also 

permits unrestricted lnplane displacement. The two solutions 

are In close agreement. These results were checked by performance 

of an Iterative solution of Equation 2 at applied load levels 
ax/ox  * i*193» 1*385, and 1.7*8. These solutions, designated 

cr 
by triangular symbols In Pig. 6, confirm the range of validity 

of the perturbation solution. 

The analysis of the plate with initial geometric imperfec- 

tions of the form w ■ w°sin »C sin wn, with w° the central dis- 
placement and £ - x/a, n - y/b, was also attempted. Por this 

case it Is convenient to effect an iterative solution of Eq. 3, 

rather than to apply perturbation concepts,  The solution points 

of this procedure are shown circled in Pigure 6. The solution 
(22) 

by Coanv   for the same data is com ared and good agreement is 

again indicated. 

3. Cylindrical Shell Under Uniform Load 

As a final example we consider the clamped circular cylindri- 

cal panel subjected to uniform lateral load, whose properties are 

described in Pig. 7. This structure has been analyzed in several 

studies, but only Morin   defines bifurcation and analyzes for 

higher load levels. The present computation is performed with 

4 elements of the type shown in Pig. 5 (2x2 grid In a quadrant). 

Again, direct Iterative solution Is employed in preference to the 

perturbation method. Results are shown in Pig. 7. 

The displacements of the linear analysis were chosen as the 

Initial guess for the first load level.  Subsequent initial 

guesses were obtained by multiplying the displacements of the 

previous load level by the ratio of the current to the prior Xoea 

levels.  It Is interesting to note that the lowest determinant 

In the present analysis occurs at X » 0.230 p.s.l., compared to 

the 0.223 p.s.l. calculated by Morln.     The present results 

and those of Refs. 23 and 24 compare well and are collectively 

In significant disparity with those of Ref. 10. 

P.  CONCLUDING ilEMARKS 

A procedure for finite element analysis of geometrically 

nonllneai prob)ems, covering the .-.-e-buckling and initial post- 
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buckling regimes, snap-through buckling, and accounting for 

Initial Imperfections, has been presented. The Initial post- 

buckling and snap-through aspects of this procedure correspond 

closely to Thompson's approach(9', differing In detailed applica- 

tion to the limit points of Imperfection-sensitive structures 

where the present method Is believed to be computationally more 

efficient. 

The present development applies only to the case of a single 

post-buckling path. Certain classical situations are known to 
: possess multiple post-buckling paths; these stem from linear pre- 

buckllng analyses. Even If analysis based on the more realistic 

representation of a nonlinear pre-buckllng state discloses only 

a single post-buckling path at the first critical point, a serious 

problem may arise due to the closeness of adjacent critical points. 

It does not appear that the present approach Is capable of deal- 

ing with this situation, due to the restriction of Its validity, 

as an asymptotic theory, to behavior In the vicinity of the criti- 

cal point. 

In an alternative approach developed by the writers, and also 

detailed In Reference 16, none of the limitations of an asymptotic 

theory are present. This approach Is based upon an extrapolation 

of determinants of the equilibrium equation and applies to limit 

point problems. The computational costs are higher than for a 

perturbation approach, however, and the reliability of an extra- 

polation is always In question. 

The relative efficiency and accuracy of the subject prjeu- 

dures and various alternative approaches (e.g., references 3, 

9, 10) remain open questions. Since analysts cannot agree upon 

the optimum procedures in the restricted area of nonlinear pre- 

buckllng analysis (see Reference 25) it Is unrealistic to expect 

the definition of the most appropriate approach to post-buckling 

analysis at the present time. These measures will be obtained 

only after significant experience In practical application is 

recorded. 
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A GENERAL APPROACH TO PROBLEMS OF PLASTICITY ANO 

LARGE DEFORMATION USING  ISOPARAMETRIC ELEMENTS 

0. C. Zienkiewicz* 

G. C. Nayak" 

University of Wales, Swansea, U. K. 

A unified formulation of large deformation, large strain and 
plasticity problems is given.    Lagrangian forms are preferred but 
an alternative Eulerian system is given.   Various solution schemes 
are discussed and a program capable of dealing with alternatives 
is outlined.    Isoparametric formulation is shown not only to 
possess merits of economy but to be highly versatile in the 
Lagrangian and Eulerian formulations of materially and geometri- 
cally nonlinear problems. 

INTRODUCTION 

Recent years have seen a growing interest in the application of the finite element 
method to nonlinear problems of structural mechanics.   The three classes of problems 
which have been usually approached *. wately are: 

(1) geometrically large deformation associated with small, elastic, strain 

(2) geometrically large deformation associated with finite strains 

and 

?3)    nonlinear material properties 

Further, differing methods of formulation and of the solution of the noniinear 
system have again introduced another classification.   Most of these solution processes 
fall into two broad classes of 

(1 incremental procedures where a 'marching' type of approach is uwd and 
equilibrium path is only approximately followed, with equilibrium checks 
occasionally introduced, and 

(2)    iterative procedures in which equilibrium is approached at all stages of 
computation. 

The different approaches to the formulation and solution of nonlinear problems 
have! been often confusing and, we believe, have led to ».»isunderstanding en occasion. 
Several notable attempts at introduction of some degree of precision in the definition 
of formulation and solution have been made by Marcal (Reference 1 and 2) 

'Professor - Head of Civil Engineering Department 
*'Commonwealth Research Fel'ow (Reader, University of Roorkee, India 

Preceding pace blink 881 



.■iKPMi. iiiu i   »■ I'Ji-.ii u-'—■ **<m I'iP.ijliPiW 

Oden (References 3 and 4), Haister et al (Reference 5) and others (References 6, 
7, and 8), and similar formulation was achieved in our Institute in 1968.    In this 
paper we shall pursue this problem again and attempt to present 

(a) the essentials of the formulation wnich has a degree of generality and 
conforms to the matrix-finite element schemes 

(b) a generalized solution process which can use the advantages of several 
possible alternatives at will 

and 

(c) the advantages of isoparametric elements which appear to ha. naturally 
Juited to this broad class of problems 

2.    A general formulation of equilibrium equations in finite element context 

Let 

x = [x,y,z] T (1) 

define the rectangular coordinates of a material point P in a body shown in 
Figure 1 before deformation.    If this point is displaced by 

u s [u,v,w] T (2) 

measured relative to the fixed frame of reference, its new coordinates will be 

X = x + u (3) 

Further, using the usual finite element appuximation we shall take the displacements 
as defined by suitable shape functions N of coordinates x, and a set of nodal para- 
meters 8, element by element, as 

u = N6 (4) 

If p denote« the surface forces per unit area of the deformed body, and q the body 
forces per unit mass, then a simple application of the virtual work principle yields, 
by equating the external and internal work, the approximate equilibrium conditions 
as 

/     p aTdu uV + /_ pTdu dÄ   = /_»Td» dV ,K. 
V A V ,0' 

in which V, and Ä refer to volumes and areas of the deformed body, p~, is the 
density in the deformed state and 9 --«no de refer to vector forms of the Eulerian 
(real) stress and deformation increment (see Appendix I, Equation (A15) in the dis- 
torted coordinates   X . 

Alternatively, we may rewrite Equation (5) in terms of variables referred to the 
original, undistorted, coordinates and now obtain 

/   pqTdu dV + / [-^-P7!  du dA = /   o7de dV 
V /i|-dA     J V 

(7) 
V 
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in this * stands for the Piola-Kirchhoff stress, and de for the increment of Green's 
strain, both referred to as the Laoranqe formulation and both again written in vector 
form. 

•: 
The equivalence of the two woik statements and the derivation of the appropriate 

definitions is relegated to the Appendix where appropriate matrix forms are given. 
We shall content ourselves by giving here only the general statements applicable in 
finite element analysis.   Thus, from the above definition we can write always 

dr = B°d« (8) 

for the increment of Eulerian deformation using updated coordinates or 

dc = Bdf (9) 

for the increment of Green's strain in Lagrangian (original) coordinates and obtain by 
substitutions in Equations   k, and   8  or   9  respectively 

t" e R- /_ BoT»dV* 0 (10) 
V 

# = R - /   BT0dV - 0 (II) 
V 

as the equilibrium equation in Eulerian and Lagrangian systems respectively.    Here 

R * R = /_ pNTqdV + /_ HTpdA 
V A 

- /   pMTqdV + /   MTpdÄdA (12) 
V A dA 

gives the equivalent external nodal forces while the second term in Equations  10 
and    1)  can be inters eted as the internal force reactions. 

In general both R and B depend on the displacement parameters 4 and as the 
stress may be       jnlinear function of strain, the set of equations implied in Equations 

10 and U is nonlinear, and special solution methods will have to be used. The 
solution of these equations for the displacement parameters, 8, gives the solution of 
the basic problem. 

In both forms. Equations   10   or   11 , the 'residuals  # or f can be visualized as 
nodal forces required to bring the assumed displacement pattern into nodal equilibrium 
and therefore these should be reduced to as nearly zero as possible.   This physical 
concept is useful with calculations, which at times are to complex as to elude simple 
interpretation. 

3.   Outline of the solution of the solution of the nonlinear equations. 

The Lagrangian Equation   II   or its Eulerian equivalent   10   can be solved in a 
variety of ways.    If the loaoi are proportional and are represented by some proper 
tionality parameter, X, tSen we can write either of the equations in the form 

# & #(6.A) - 0(6).X - F(o) - 0 (13) 
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with F standing for 'internal forces' oquilibrating the external loads and Q is the value 
of R for unit X.   j>, will be called the residual force vector.   Ht solution of Equa- 
tion    M two alternative processes can be used: 

Incremental solution 

The Equation    13 is considered as a function of one parameter X and by differen- 
tiation we have 

where 

at = -XK> **- + Q - KT 41 
dX dX dX 

dQ = -K> d< 

(14) 

(15) 

defines what may be called the 'initial load' stiffness matrix (which will be zero with 
conservative loading) and 

dF - KydS (16) 

gives the well known tangential stiffness matrix. 

Taking small increments of the parameter X one can write 

A« - (KT + Kxr
1 QAX (17) 

and starting from known initial equilibrium conditions solution can be incremented. 

Clearly, though this process Sas been used by many investigators, very small incre- 
ments of X will be required not to diverge from the equilibrium condition.   Such 
numerical refinements as the Runge— Kutta process etc. increases the accuracy of this, 
essentially marching, process but suffer from the same possibility of divergence. 

An alternative to the incremental solution is presented by: iterative, Newton- 
Raphson solution. 

Here the load parameter X is considered as fixed and the solution of Equation   13 
is attained iteratively.    Noting that now dX - 0 we have by Equation   fit 

-1 d# - -<K>t + K-rX)-' df (18) 

and if the ntn iterate 4n gives a nonzero residual force #n, the next iterate becomes, 
using the Newton-Raphson method 

•n+1 «n + *«n (19) 

with 

At, -<KX ♦ K-r)-1 *n (20) 

A modification frequently used to avoid repeated recalculation and inversion of a 
continuously varying stiffness matrix is to keep this matrix unchanged during several 
successive iterations.    Indeed, on occasion, convergence can be combined with economy 
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replacing the matrix (K^ + Kj) by K0 matrix corresponding to small deflection and 
elastic behaviour.    Indeed, this is the basis of so called 'initial stress process' introduced 
by Zienkiewicz, Valliappan, and King in the context of plasticity (Reference 9). 

In the Newton-Raphson process and even more so in its modifications there is no 
guarantee that convergence will rlways be achieved, or indeed that when it is achieved 
that the correct solution is obtained if multiple equilibrium states are possible. 

It is thus most expedient to combine the various advantages of the alternative 
approaches in a combined algorithm. 

Combined algorithm 

In this the load parameter X is incremented in several finite steps.    In each step 
the first approximation to the solution is obtained by the incremental process using 
Equation   17   and the value of Ky pertaining to the initial conditions (or the value 
last found in previous step).    (K^ is not included as its value is generally small). 
Considering this value as the first approximation, the residual f0 is evaluated and 
iteration then commenced in one of the following ways. 

(a) using Equations   18   - 20    and continuously updating K-j- 

(b) proceeding as in (a) but updating the matrix once only and keeping it 
subsequently constant in the increment 

(c) proceeding as in (a) but using the original value of the matrix at the 
initial conditions of the increment 

(d) following the procedure (c) but replacing Equation   20  by an accelera- 
tor which gives 

A«n=»KT
1#n (21) 

where a is a diagonal matrix modifying suitably the correction by using 
'accumulated experience'.   Various methods of arriving at such an accel- 
eration have been proposed and one such technique was devised by 
Nayak and shown tc be particularly effective (References 10, 11, and 12). 

A program written on the basis of providing such options is nut difficult to arrive 
at and gives, as its extreme cases, boir the simple, incremental process and the Newton- 
Raphson method.   For each class of problem one of the options described provides the 
optimum solution scheme and has to be determined by experience.   For a great major- 
ity of problems» (b) and (d) offer the best economy using typicclly 8—12 load para- 
meter increments. 

Haisler et al (Reference 5) make an assessment of nine solution combinations pre- 
sented above in the context or a few numerical examples. 

4.    Explicit forms of Laoranqian formulation 

Before a finite element solution can be attempted, a more explicit presentation of the 
various terms arising in the previous two sections is necessary.   This will be heie pre- 
sented in the context of a full thre-» dimensional solid with specialization to axisym- 
metric and plane problems given in Appendix II, 

886 



«BW ———Wl 

Strain - displacement relationships 

The Green's strain in vector notation can be written using the engineering defini 
tions as 

y     =    $H.   -i   ÜY. + ("3u. du + dv. Jy + dw. dyy~j 
'*V       dy       3x     Läx   dy     3x   3y     3x   3y J 

with 

c - leX'eycr'Tyz'1rzx'''rxyJ e° + eL 

(22) 

(23) 

where c° is the usual linear, infinitesimal, strain vector (Reference 13) and cL is the 
nonlinear contribution.    The nonlinear part is conveniently written as 

0 

0 

0 

•z7 

(6x1) 

where *x = fe   $v    öwlT 
x      [3x    dx    dxj 

*y 

0 

»z1 

0 

0 

0 

'x 

0 

•!*• (24) 

- (6x9) x (9x1) 

etc. 

Rewriting, in the usual manner the approximate expression for displacements Equa- 
tion   4   as 

u - SNjUj,     v = INjV;,      w = SNjWj, (25) 

we have after substituting into the expression for c°, and differentiation 

d«0   -   8°   d«,   6j  «   [ujVjWj]1" (26) 

with the well known small displacement matrix given by a typical component sub- 
matrix for node i 

I 
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dNj 
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dNj w 
(27) 

dNj 

IT 
3N; 

dNj 

3y 

dNj 

dx 

Differentiation of eL yields 

d«L   - 4-o-A# + 4-Ad# 
2 2 

which due to the structure of the matrices involved becomes simply 

de' Adf 

(28) 

(29) 

The manipulation of Equation (29) is made easy by an interesting property of A 
a..d • (Reference 10). 

It is easy to verify that if 

~x1 

*   =    i   x2 

-X3J 

is a (9 x 1) arbitrary vector then 

,m   T Ä 

dAx 

0 

0 

0 

df y 

0 

d#, 

d«. 

0 

0 

d#y
T 

d# 

x1 

x2 

x3 

Kt'     0 

0 *2
T 

0      0 

0 *3T 

L"2T -iT 

0 

0 

"11 

0 (a) 
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Thus 

dA« - AdO 

Similarly if a 6 x 1, vector 

Vs lVv \ 'o VelT 
■ »6' 

then, 

"x 0            0 0 d'z döy 

dATy = 0 d#y          C d«z 0 <"x 

0 0          d«z d'v <"x 0 

! Vl'3        V6'3        V5I3 

V2'3        V4'3 

ISYM V3I3 

Use of this second property given by (b) will be made in Equation  39 

Now, the (9 x 1) vector $ in Equation   2k   can be written as 

• = G* » [Glf . ] 
I.«1 

if'J 
where 

3 3x 

,3 a 
3 ay 

, dNi 
'3 aT 

and, I3, is a 3 x 3 identity matrix. 

Substituting Equation   30   into Equation   29 we have finally 

deL - BLd* 

with 

BL - AG 
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Thus the strain displacement matrix B of Equation    9    now becomes 

B   *   B° + BL 

It can be observed that the total strain of Equation   23   can now be written, using 
Equations   2k ,   30 , and   32 , as 

(B° +-1BL)   8 
(33) 

This relation was used by Oden (References 3 and 4) in obtaining a non«*"ii,7»etric, 
secant, stiffness matrix. 

For computational purposes, it is convenient to obtain B explicitly by multiplying 
out the appropriate terms in Equation   31 •   The expression for full three dimensional 
analysis thus becomes 

B,L. 

du . 3Nj 
3x   dx 

|  dv . 3Nj 
!  3x   3x 

! dw , dNj 
! dx   dx 

3u . fNj 
3y   3y 

du . 3Ni 
3z   32 

J  dv m  £Nj 
,'  dy   dy 

,' 3w  dN\ 
| dy   dy 

j  3v . 3Nj 
•  3z   dz 

j dw . 3Ni 
• dz   dz 

3u . £Ni 
32    3y 

du   3Nj 
3y   32 

1  3y_ m  dNj^ 
!  3z   dy 

+ 
dv   3Nj 
dy ' dz , 

: dw . £Nf 
! d2   dy 

+ 

dw . ^!i 
dy   d2 

du   3Nj ; 
dx *  d2  J 

+    1 

du    w, : 
d2 * dx  1 

dv   3Nj  ; 
dx * d2  ■ 

+   ! 
dv   »Nj  | 

dz ' dx  ! 

dw  3Ni 
*r ' d2 

+ 

dw  3Ni 
3z ' dx 

3u . £N[ J 
3y   3x J 

+    1 

3u   dNj j 

_dx   dy ! 

3v . Wj. ! 
3y   3x  J 

+    • 

dv   £N| j 
dx   dy  ! 

dw , £N|_ 
dy   dx 

+ 

dw  £Nj 
dx   dy 

(3*) 

To obtain the tangential stiffness matrix of Equation )$    we find the increment 
of the internal force term of Equation   Jl 

d(/   BTa dV) - /   (dBTcr + BTda) dV s K-fd« 
(35) 
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As B° does not vary with 6 we have by taking the variation of Equation   32 

dBT = d[BL]T = G d AT (36) 

With the notation defining the tangential material property we can write generally 

da = DT de (37) 

and therefore, after some transformation utilizing the properties of 0 matrices des- 
cribed in Equation (b), we arrive at 

KT = /   (GTMG + BTDTB) dV (38) 

in '.which 

°x'3' ''xy'3' rxz'3 

ayl3, Tyz'3 

SYM °z'3 

(39) 

is a 9 x 9 matrix arising from a   rearrangement of the stress terms. 

In this derivation we have implied the constitutive law for the material relating 
directly increments of the Piola-Kirchhoff stresses with increments of the Lagrangian 
strain.    For small strain elasticity this definition is obviously most convenient and 
indeed the matrix Dj is the familiar one of elastic constants referred to original co- 
ordinates.    For large strain elasticity this formulation again can be used as in general 
energy expressions and are specified »n terms of Lagrangian strain (viz. Mooney mat- 
erial) and coefficients of Dj now become simply the derivatives at the strain energy 
with respect to the various strain components. 

For plasticity involving small strain, the terms of Dj are well identified {Reference 
9) and their derivation will be given in Section 7.    For large strain, plasticity consti- 
tutive relationships are more complex and the discussion of these is relegated to 
Appendix IV. 

Ali the ingredients for the numerical calculations are now available for the Lagrang- 
ian approach and it will be observed, by comparison with the next section that this 
is generally most convenient.    In particular, specification of anisotropy is easy as this 
is always referred to axes coinciding with the undeformed structure. 

One word should be added concerning the interpretation of stresses.   While these 
for all cases of small strain correspond with real stresses, when iarge strain? used 
stresses occur in the computation are the Piola-Kirchhoff definitions and require a 
transformation of the true (Eulerian) stress. 

5.    Explicit form of Eulerian formulations 

Now we continuously update the coordinates to the new system x which now 
defines the independent variables.   The displacements u are still referred to the same 
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space directions.   Strains are now determined by the derivatives of displacements with 
respect to the updated coordinates and are given explicitly es 

'xy 

3u _ J_[72M^ 2 + /3v\ 2   + /3w\  21 
3*       2\\dx/ \9x)          V3*7      j 

du   +  3v   _l"3u du   .   3v        3v    .  3w 3w| 
37       3x      [äx 3y       3x       3y       3x '  3y J 

(40) 

etc. 

With the shape functions Nj now being given in updated coordinates, x, i.e. 

N,    m     N, fy 7,2) 

we can write 

e = c° + e-L 

with 

eL s    M 1 
2 

ÄÖ 

(41) 

(42) 

(43) 

where A and $ have the same form as in Equation   24   but with differentiation 
referred now to S system of coordinates. 

The strains can now be determined for all large displacements; and. if strains are 
small, we can find stresses JS the Eulerian stress definition coincides with that of 
conventional stress if the material is isotropic.    If anisotropy of any kind is present, 
however, a difficulty arises immediately as the strain directions are now those of the 
global axes the material properties have to be specified in rotated coordinates.   Eu- 
lerian formulation is thus not particularly well suited tu the study of anisotropic 
situations. 

To determine the residual forces of Equation   10   we need to determine 

BHB° (M) 

where B° is given by Equation  27   with derivatives of the shape function being now 
taken with respect to x system. 

This very simple fact presents one of the advantages of the Eulerian formulation 
and providing ö is known the residuals are determined very simply.   Indeed the pro- 
cess is identical with that of small displacement formulation providing the coordinates 
are adjusted. 

The derivation of the tangential stiffness matrix now presents a more complex 
problem.   Proceeding as before we find the increment of the internal force term of 
Equation    |0  i.3. 
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dF   -     d(/-BolVdV) - /-(dBoTädV + 

BoTdSdV   +   BoTöd(dV)) 
(45) 

noting that now all terms, being functions of x, depend on u and hence on the 
nodal parameters 6.   Before proceeding further we must define the stress-strain rela- 
tionships.   These are complicated by the fact that increments of Eulerian (Cauchy) 
stress and strain cannot be related by a constitutive relation.    It is therefore necessary 
to introduce Jaumann stress increments (see Appendix I).   Denoting this stress by 
öj we can write the relation between the two stresses as 

d*j » dö + dTro (46) 

and the constitutive   Jationship must be given by 

dSj * Djdl (47) 

where, for an isotropic material the tangential matrix of constants the same as are 
used in Equation  37   but in general this now referred to a direction changing with 
each increment. 

Substituting into Relationship   45   we find that this can be written as 

dF - [K0 + K0) d« (48) 

I 
I 

I 

in which often the predominant term is 

*o   /_ B ° DTB° dV (49) 

The expression K0 is usually very small numerically and we find can be safely 
omitted from the calculations.    In Appendix III we discuss some of the complexities 
of its form but as the equilibrium check is performed exactly, we conclude that the 
approximate tangential matrix in its very simple form is adequate for practical use. 

6.   Special features of the isoparametric formulation 

The formulation and numerical integration of the isoparametric element h J been 
widely discussed and is given in detail elsewhere (References 13, 14, and 15).   Sum- 
marizing succinctly,we note that the Equation   4  which lepresents the parametric 
variation of displacements is written in component form as 

u - ZNjUj,     v - TNjVj, w SN:W: (50) 

where uj( Vj and Wj are the parameters associated with the nodes, and Nj are scalar 
shape functions associated wi h a curvilinear coordinate system £,«?,£ 

Nj sN,(f, T,, n (50 

I 
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The relationships of the curvilinear and cartesian coordinates are given in an 
identical form with 

and (52) 
x = SNjXj   ,       y = ZNjYj ,       z = SNjZj 

with Xj, yj and Zj being the nodal coordinates in the global, cartesian system. 

The derivatives of Nj with respect to the two coordinate systems are related by 

idN 

5Ü -1' 
-1 

I9«) i 
(53) 

where dN: 3N|)    _   [3Nj ^ 

J3N) 

!*) i 

and 

f*3N| dN; 

L3x 17, 

= ra(x.v.z)l 

2&T au 

aNjlT 

3zJ 

(54) 

is the 3 x 3 Jacobian coordinate transformation matrix.   This has to be evaluated at 
each integrating point and inverted to obtain the Cartesian derivatives. 

It is of 'merest to observe the structure of this Jacobian.    On substitution of 
Relationship   52, we observe that it can be written as 

GTX 

with 

GJX GTX 

■»c    - GTY GTY 
1 

5Z G^Z 

GT  m   pN,     3N2 

I      La*,    a«. 
3N, 

. . . df . .j 
XT  -     [x 1,  x2, . . . ,        Xj, . • .] 

r 

GTZ 

(56) 

(57) 

etc. 
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m* 

This form allows the most convenient numerical evaluation and is useful to note in 
the context of programming. 

When proceeding to evaluate the 3 matrices in the context of Lagrangian analysis, 
it is useful to observe that the separation into small a:id large strain components is 
not, in fact, convenient.   Thus adding Expressions   27   and   34   we have on noting 
that x * x+u, y * y+v, z * z+w the form 

B, 

dx dNj dy dNj dz dNj 

dx dx dx dx 3x dx 

dx dNj dy dNj dz" dN; 
3y dy dy dy dy dy 

dx dNj 3£ dNj dz dNj 

dz dz 3z dz dz dz 

• 3x dNj 3£ dNj dz dNj 
dz 3y dz dy dz ay 

+ + ■i- 

3x dNj >y 
dNj dz dN; 

3y dz t/ dz 3y dz 

3x dNj dy 3N; dz dNj 

dx dz 3x dz 3x dz 
+ + + 

3x dNj dy dNj 3z dNj 

dz dx dz dx dz dx 

dx dNj 3y dNj dz dNj 

dy dx dy dx dy dx 
+ + + 

dx dNj 37 dNj dz dNj 
dx dy dx dy dx dy 

AK1 
With -;-i etc. already known, the derivatives -|*- etc. have now to be found, 

dx dx 

These again are components of a Jacobian matrix 

(58) 

[d (x,y,z)J 
(59) 

which we shall call the deformation Jacobian matrix and which is given by a similar 
form to the coordinate Jacobian matrix already established. 
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where F 

GTX 

GTY 

GTZ 
x 

dN 1 

GTX 
y 

y 

y 

GTY 

G^Z 

dN« 

GTX 

G! Y 
z 

GTZ 
z 

(60) 

üüll 
• ,    x J , (61) 

and   XT * [x1 , x2 » «i ]  etc. 

in which Sj ■ Xj + Uj represent simply the updated nodal coordinates. 

As the vectors Gx etc. given by Equation   61   have already been calculated, it 
is a simple matter to calculate the new coordinates and thus all the terms of the 
deformation; Jacobian matrix. 

With the value of the B matrix known, all the residual forces can now be found 
and also the second part of the tangential matrix given by Equation   36   evaluated. 

In evaluating this part of the stiffness matrix, the economics conventional in linear 
analysis which take account of zero terms cannot, in general, now be used (Reference 10). 
However, the evaluation of the first term of the tangential stiffness relation (the initial 
stress matrix given by Equation   36 )automatically results in many such zeros, as will 
be noted from the Expressions  30   and   39   in which the identity matrix figures 
prominently.   Here it is most convenient to do the multiplications explicitly.    It can 
then be simply verified that the typical terms become vmply 

■,TM * .3 (., * dx 
3Nj 

dx 
dN 

3y 

3N; 
+0* JBT 

3N: 
äi1  +  rxy 

/3N,   #dNl+ 8N,   tm\ 
\dx       3y       3y       3x / 

/3N:        3N:    .   3N:        3N:\ /SN: 3N:    .   dN: 3N:\ 

This particular structure of the initial stress matrix is of consideiable importance when 
numerical integration is used where, for the basic element stiffness the full multipli- 
cation of submatrices has to be repeated at each integrating point.   The number of 
operations is vastly reduced if the advantage of I3 in the explicit multiplication carried 
out in Equation   62  is used.   For instance, in a solid isoparametric element, the num- 
ber of operations at each Gauss point is 1830 if full multiplication is carried out, while 
with the explicit expression only 210 operations are needed. 

For the Eulerian formulation the calculations proceed in a parallel manner.    Indeed 
it will be noted that the transition from one system to the other is particularly simple 
in the isoparametric formulation. 
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Now the shape functions are implied as functions of the updated coordinates x 
or their curvilinear equivalents {. 

If the nodal coordinates e«-e continuously updated the calculation follow precisely 
the same pattern as used in smail displacements - infinitesimal strain analysis where 
evaluation of B°, volume elements and of the approximate stiffness matrix of Equation 
**9   is concerned. 

The coordinate transformation Jacobian is now found from Equations  53   to 
57   by replacing Xj with Xj etc., as is implied in the previous statements. 

Thus, for instance 

(63) 

CT-X GTX GTX 

GJY GTY G^Y 

GTZ GTZ *? 
with X etc., defined by Equation  61 . 

The matrix [B°]  is simply given by substitution of X coordinate with Equation 
27   i.e. 

I 

I 

1 
SV 

i 

B? 

"dNj 

Is 

0 

dNj 

dz 

3Nj 

3y 

dNj 

W 

0 

dNj 
~W 

0 

dNj 

dNj 

ar 

dNj 

If 
dNj 

with the derivatives given similarly to Equation   53, 

»],■*" GS 

v64) 

(65) 

I 
1 
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The only outstanding difference from simply pursuing a small strain analysis with 
continually updated coordinates, is in the determination of strain and stress components 
as already pointed out in the previous section where the Jaumann stress increment was 
introduced. 

The case of a linear elastic and Isotropie material with smell strains but large 
deformation is of particular interest. Now one can establish the Erterian stress 9 
directly from the strains by the usual relation. 

a = De (66) 

where e is the Eulerian strain found by Equation   kO  and in which D is the matrix 
of usual elastic constant;.    These strain? defined in Expression   kO   an most oon 
veniently found by using a new deformation Jaco'ran 

HM (67) 

which is found by Expressions   60   to   61   with the bar symbols interchanged.   Now 
vectors   X   listing the otiginal coordinates are of importance.   The same expressions 
used for evaluating Lagrangian strains are used with the above substitution to obtain 
Eulerian strains, i.e. 

(68) 

J = G   x x      ,     G     y     X, 

3x 

dN; 

■l- 

etc. 
as in   58 

(69) 

7.   The tangential modulus matrix for plasticity 

In previous sections we have introduced the concept of the tangential modulus 
matrix Dy.    For elastic problems thir is well defined.    For various nonlinear con- 
stitutive relations this matrix is perhap« nrr 
available. 

obvious and on occasion may not be 

The case of plastic deformation is of particular internst and here indeed the 
sceafk >f">n of material behaviour is most conveniently given by this matrix and 
i .2 cx .'~,e»pOiiding deformation Equation   37   i.e. 

do   =   DT de (37) 
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in which Lagrangian «rains are raised.    Although the matrix has been derived earlier 
(Reference 9) in context of KRMI strain, it is convenient to present here a more 
compact derivation (References 10 and 12) as this will be used in the numerical 
examples following and is also applicable for large displacements (Reference 16). 

Dividing the total increnwnt of strain into its elastic and plastic components we 
can write 

dc » d«e ♦ d«P 

The yield surface is generally given as 

F ( a  , K) - 0       and the plastic potential 

Q (0, K) = 0 

(70) 

(71) 

where e now stood for ihe Piola-Kirchhoff stress are K for a hardening parameter. 
As elastic strains associative with plasticity are always small, we can write 

dee* ' D do 

For plastic strains the normality rule requires that 

d«P = dX a 

where 

.T. ao 
3ox. 

(72) 

(73) 

and dX is an undetermined positive proportionality constant. 

During plastic deformation the stress remains on <he yield surface and thus 

d   F   = aT     da - A d X = 0 

where 

'-fr-l 
and 

JL 
dX 

aF 
3« 

dx 

For associative plasticity a = u and if the yield surface is defined in terms of a 
uniaxid r:ven stress A is equal to the slope of the uniaxial stress - plastic strain; 
curve. 

Substi*uting Equation    72 and   73   with Equation   70   we have 

dc   ■ dXa + D~1 da (75) 
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and on premultiplying by a'D and using Equation   75  to eliminate dar 

•TD de « AdX + aTD« dX (76) 

From above dX can be found.   Substitution of this into Equation   75  gives now 
the tangential matrix 

with 

DT - D - Dp 

Dp - D«D«T/(A + «TD«) 

(77) 

This matrix can be evaluated explicitly at all steps of the numerical computation 
providing dX is a positive quantity (if not purely elastic unloading takes place).    It 
is thus necessary to compute dX at all stages of calculation. 

In Reference 12 various yield surfaces are described in detail and the discussion 
of these in here is unnecessary.    It is of interest to observe that the tangential modu- 
lus matrix loses its symmetry in the case of non-associative laws and therefore some 
additional computations or difficulties arise in such a case. 

To illustrate the applicability of the processes outlined, several examples are 
quoted. 

8.1    Tuck cantilever - large elastic deformation   -   Figure 2 

Mere Lagrangian formulation is used and five parabolic isoparametric elements 
approximate to the beam.    Linear elastic laws are used despite the appreciable strain 
due to the thick shape of the cantilever. 

Comparison with solution with an analysis Bisshopp and Drucker (Reference 17) 
is given although the latter does not take the shear deformation or Poisson's ratio 
into account. 

It is of interest to remark that two (and three) dimensional approaches of the 
kind outlined here have been used with success for much thinner sections and indeed, 
give an alternative approach to plate and shell problems (Reference 18).   If thin 
sections are used, however, a reduction of integration order must be used to avoid 
spurious shear stiffness (Reference 19).   Indeed, such reduced integration orders are 
of general applicability and improve overall performance as will be shown later. 

8.2   Shallow spherical cap - large elastic deformation   -   Figure 3 

The example is now axisymmetric and again treated as a simple solid body of 
revolution with 12 parabolic elements.   Comparison is given with results of Haisler 
et al. (Reference 5) and shows good agreement with their most precise solution 
despite the fact this rather large increment was used here (all increments are shown 
in an accompanying figure). 
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It was found in this and indeed other similar examples that the number of 
iterative steps in each increment is reduced considerably if displacement rather than 
load is incremented.   This indeed is the only way of achieving solutions beyond or 
at the peak of load as seen in the next examples. 

Displacement incrementation presents no difficulties for a single load - with 
several proportional loads an artifice requiring two solutions at each step mutt bu 
introduced and this mitigates somewhat against the advantages of displacement incre- 
ments (References 20 and 21). 

8.3   Shallow arch - large elastic deformation   -   Figures 4 and 5 

In this problem displacement of the central point was incremented to allow a 
study of the snap through behaviour.   Exce.^nt comparison with results quoted by 
Biezeno and Grammel (Reference 2?) is achieved. 

8.4 Bellows   -    Figure 6 

This axisymmetric example is given to illustrate a practical application in which 
the nonlinear ioad deformation characteristics needed to be predicted. 

8.5 Thick cylinder - Elastic-plastic Behaviour   —   Figures 7 and 8a, b, and c 

This fairly trivial problem is solved to compare in some detail the efficiency of 
the program with every solution.   Also, the differences between this application of 
Von Mises and Tresca yield conditions are highlighted. 

Three parabolic isoparametric elements are used and integration is carried out 
for 4 x 4, 3 x 3, and 2x2 Gauss points.    It is worth remarking that the latter 
given in this case has no d tcctible difference in deformation but shows a con- 
siderable improvement in stresses. 

Comparison is made with results derived by Hodge and White (Reference 23). 

8.6   Axisymmetric Extrusion - Plastic 'Failure'   -    Figures 9 and 10 

An axisymmetric problem of extrusion is approached here via the solution of a 
fictitious elastic-plastic one of the same configuration.   The development of plastic 
zones shown, as the displacement of the plunger is incremented, is only of academic 
interest.   The "collapse" ioad at which deformation progresses without a further load 
increase does however coincide with the steady state extrusion process. 

For this computation Johnson and Mellor (Reference 27) have obtained a solu- 
tion by an approximate process.    It is remarkable how closely the finite, element 
solution approaches thair predicted experimental results despite the poorness of the 
mesh of parabolic elements employed. 
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This example incidently indicates one of the advantages of isoparametric elements 
in plasticity.   The "chequerband" pattern of plastic zone spread familiar in the use of 
constant strain triangles is substituted by a smooth progression of Gauss points at 
which yield is observed. 

Concluding Remarks 

The formulation given in this paper shows that in essence large deformations 
present few additional difficulties.   The calculation steps in isoparametric form are 
standard end follow a well established pattern.   The cases of infinitesimal and finite 
strain differ only in the form of the constitutive relation established. 

While it is more conventional to describe all the steps in terms of tensor notation, 
the recasting of these in matrix form is computationally advantageous and presents no 
difficulties. 

in all the problems given here, we have used a generalized continuum approach 
and by the use of Green or Almansi strain deformations have avoided all approxi- 
mations involved in the introduction of oriented bodies and as beams, plates, or 
shells.   However, as shown in   Reference 13   the specialization to such cases presents 
no difficulties providing we are prepared to accept restrictions of small rotations. 
With this restriction, approximate relations conventionally used are introduced and the 
formulation in essence remains unaltered. 

Several solution techniques have been introduced into one program and the choice 
between alternatives left to the user.   It is almost impossible to determine the one 
which at all times is most expeditious, and therefore the choice is essential. 

In plasticity problems as stated earlier (Reference 9) we find {Reference 10) 
that modified Newton-Raphson (initial stress) techniques are usually most economic 
especially if used wilh an efficient accelerator.    Indeed, if strain-softening problems 
are dealt with such methods are the only ones applicable as tangential matrix may 
become indefinite. 

I 

In problems involving significant deformation, the same techniques may lead to 
very slow or non-evident convergence end here the alternative of varying the tangen- 
tial matrix in each computation step is often essential. 

It is thus important to "keep all options open" in nonlinear problems and 
indeed it appears that other solution processes as yet unexplored may in future 
provide further alternatives. 
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We have not discussed in detail here the question of deciding at what stage of 
iteration a solution is 'sufficiently accurate'. 

In easier work an absolute maximum magnitude of error was often specified. 
We find in glneral that a norm of residual forces or of displacement changes pro- 
vides a more convenient estimate.,   The question as to the permissible magnitude of 
such norms needs further investigation and at the moment these are specified by 
intuitive reasoning. 

The introduction of the residual force concept is, we find, an essential feature 
of any reasonable approach to nonlinear problems. 

The merits of isoparametric element forms as the basis of nonlinear analysis 
have been brought out in f!;e text.   The accuracy of representation in linear elastic 
analysis seems to carry ov.r to nonlinear situations. 

In three dimensional problems, their use is essential to linear and nonlinear 
analysis alike. 

Although we have shown relatively simple quadrilateral forms only in the 
examples given - the use of hierarchial elements (Reference 28) is worth while in 
complex situations. 

The numerical integration used invariably makes introduction to isoparametric 
elements of any nonlinear formulation easy.    Indeed, the main question at the pre- 
sent time concerns not the numerical methodology but the lack of sufficiently broad 
constitutive relationships to covtr many existing materials. 

In the formulation presented for the tangential stiffness matrix K-j- yf Equation 
j8   we notice that this is given in two parts - conveniently separating the initial 

stress stiffness matrix from the remainder.   We would like to point out that it is 
possible to present the expression in a more compact way in which only 3 matrices 
are involved, i.e. 

KT«/vGTDgGdV (78) 

where D- is a 9 x 9 "generalized modulus matrix".   This form is more convenient 
in some computation and is given in   Reference 10 .   We have, however, retained the 
'split' form which is applicable also in case of 'oriented bodies' such as bars, plates, 
etc. (see Ch   19,Reference 13). 

The program described for plasticity allows the inclusion of any generalized yield 
criteria (Reference 12) by a simple change of four Fortran statement cards. 
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APPENDIX I 

B 

:- 

; 

THE MATRIX FORM OF FINITE DEFORMATION THEORY 

1.    Deformation and Strain 

With xs [x y z] ' denoting undeformed rectangular coordinates, u ■ [u v w] *" 
the displacements measured in the same fram« of reference, the coordinates of a 
deformed point become 

I ■ [x y z I ' » x + i Al 

A line element ds with components dx ■ [dx dy dz] ' on deformation changes to a 
new length ds" with components dx.   We can write 

dx = J dx A2 

where 

J *■ r Mxxj) i Nwrj 

dx 
dx 

dx 
dy 

dx 
dz 

I' d£ 
dy 

d£ 
dz 

dz 
dx 

dz 
dy 

dz 
dz 

A3 

is a Jacobian matrix defining the deformed state in some way with [J] being 
similarly given. 

We note in passing that 

J = J 1     =  [dfwt] 
d(x.7,z)J 

f.om the definition   A2 . 

We can write the change of length measure as 

%(ds~2 - ds2) - VJ(dxT dx   -   dx T dx) 

= dx' e dx s dx^ e dx 

where 

c - %(JTJ - I) 

A4 

A5 
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is the Lagrangian definition of strain (Green's strain 1839-42) and 

e - %(l - JTJ) A6 

is the Eulerian definition of strain (Almansi strain 1911) (in both I is an identity 
(ui.it) matrix). 

The physical measuring of the strains defined above is discussed in many text- 
books, but it is of importance for an engineer to realize that if strains are small 
(but displacements large), the first definition gives elongations and angular changes in 
reference to an element positioned in the undeformed body while the second refers 
to the same quantities of an element positioned in the deformed body. 

Thus,for instance« in Figure 1 we illustrate for the small strain case the meaning 
of the components ex and e x. 

By substituting Equation A1 into the expressions A5 and A6 the explicit engi- 
neering expressions for strain components, Equations  22   and 40   given earlier in 
the text are derived.    In these we arrange the strains in a vector form e or e in 
the usual manner as the strains are symmetric. 

At this stage it is worth noting that the computer evaluation of the Jacobian 
matrices is an economic way of arriving at the strain components as described in the 
text. 

2.    Changes of Geometry 

If dA = [dAx dAy dAz] ' defines an elementary area by its three projections 
(on planes, perpendicular to x, y, z axes) in the undeformed coordinates, and if 
dA  ■ [dAx dAy dAz]T refers to the same area in deformed coordinates then 

dÄ - IJ I JT_1 dA 

and 

dA = IJ I ~1 JT dA A7 

Similarly elementary volumes dV and dV are related by 

d V   = | J |   dV A8 

For elaboration on the proofs, the reader is referred to Murnaghan (Reference 29). 

3.    Variation of Strain 

Let us consider the variation of the strain Jacobian matrix for small changes of 
displacement.    Now 

dJ   -   [a (x+du, y+dv,   z+dw)]    |~3 fx,y,z)l 
L        3 (x, y, z) J     [d (x,y,z)J A9 
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which on expanding gives 

dJ   - Vd J 

where Vw   = p (du,dv,dw)1 
L 3 (x, y, 7) J A10 

is variation of deformation. 

As 

J J   "I  , by taking its variation 

we have 

dJ   = - J Vd A11 

It is simple to show that the variation of Green's and Almansi strain matrices 
is given by 

and 

with 

de   = JT de J 

de   = de - Vd
T e + e Vd 

de   = tt(Vd + Vd
T| 

dö = %(Vd -Vd
T) 

A12 

A13 

A14 

A15 

4.    Definitions of Stress 

The natural definition of stresses is obviously the Eulerian one referring in the 
usual way to the forces per unit deformed areas. 

Thus we can write 

rxy     Txz 

Txy     °y yz 

rxz      ryz     az 

A16 

in matrix notation or simply rearrange in the usual vector form as a. 

The forces acting on an area dA are given by the vector 

dF  « ö dA A17 
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For a Lagrangian definition of stress the situation is by no means so clear and 
various alternatives were proposed in the literature.   Here we shall use the Piola- 
Kirchhoff (1833, 1352? definition. 

This gives an equivalent force vector acting on an original, undeformed area  dA 
by an expression identical to Equation Al7, i.e. 

dF - o dA A18 

and the actual *?rao on the deformed area 

dF  - J dF A19 

From Equations A18 and A7 we have immediately the stress transformation relation 

•   -    | J | J-1 äJ1"-1 A20 

which shows that the above stress definition is still symmetric and can be written 
in as a vector a. 

5.    Rate of Work 

The rate at which work ;s being done internally or virtual work done during a 
displacement du  can b° written in the usual way as in small displacement analysis 

in which 

'v (•
T de) dV 

du 
3x 

dv 

3y 

dw 

< d dz 

3w +    3v 
37 dF 

3u +   3yy 
dz 3x 

& +    du 
dx 3y 

A21 

A22 

corresponds to changes dff and is identical to the expression for infinitesimal strains 
defined with respect to the instantaneous coordinate 5. 
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Purely formal transformations transform the above Eulerian definition to the 
equivalent Lagrangian and which now is 

/   (oTde) dV A23 

This form easily recognizable by similarity wit!) small strain and displacement analysis, 
is oblivious of small strain but large displacements are considered and a represents the 
locally directed stresses dependent on e. In the more general sense of finite strain it 
is the merit of the Piola-Kirchhoff definition that the form is preserved. 

6.    Constitutive Relations and Increments of Strain/Stress 

The additiveness of stress/strain changes needs to be considered in general finite 
element analysis. 

Consider first the question of thermal strains incrementing during 
the deformation. 

In the case of Lagrangian definition such strains can be added to the total strain 
irrespective of whether the material is 'anisotropic' or isotropic.   In the case of Euler- 
ian strain definition isotropic strain can be added but if Figure 1 is considered it will 
be seen that anisotropic initiai strains need to be transformed to account for the ro- 
tation of material axes. 

If small strain linear elasticity is used to define the constitutive relation of the 
usual form 

De A24 

again we note that correct stresses will be obtained for any material in the Lagrang- 
ian definition but, that for anisotropy a rotation of axes is necessary in defining the 
D matrix when the Eulerian system is used. 

The same remarks apply to large deformation, elasticity where effectively the D 
matrix is derived by differentiation of the strain-energy density with respect to strain 
components. 

Here again» anisotropy will favour the use of the Lagrangian definition. 

For more general constitutive relations, such as may be involved in plasticity, 
etc., we derive relationships between changes of strain and changes of deformation. 

In Lagrangian formulation we note that the stress is always associated with 
direction of strains and we can use the form 

do   " Djde A25 

with elements do being simply additive.   In plasticity, for instance, we have to refer 
the straining rate to some form of actual stress changes.   However, it is clear from 
previous discussion that, physically, changes of Eulerian stress and strain cannot be 
related (as changes in these will occur by pure rigid body rotation).   This necessi- 
tates the introduction of another type of stress rate - due to Jaumann (1911) and 
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a relation of the typ« 

d«Tj -   Djdl A26 

These changes of the Jaumann stress cen be related to the changes of Eulerian stress 
components On the additive sense) by writing in vector form 

da   -   da i   + d T J   *a *wa 

where d Tw is defined by Equation A15, and is given by 

d T CO 

0 

0 

0 

0 

%Üy 

0 

0 

0 

0 

%cüz 

0 

0 

0 

WX 

"öx 

0 

-uy 

0 

0 

K5L 

.       - ./dv   _ 3w\_ /3w _ 3u\ /3u       3v\ 

A27 

0 

ttCJy 

0 

A28 

APPENDIX II 

PLANE AND AXISYMMETRIC CASEo 

Plane Strain /Stress: 

The Green strain in vector form can be written as 

where 

Uxey exy]T   -   eo+e« 

eL->i 

3x1 

9  ' 9 "x wx 

9 T 9 *y "y 
2* T g 
^x By 

■V» 

•x'     0 

0 *yT 

wy     *x 

= %A« 

3x4   4x1 

B1 

B2 
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The displacement gradients are arranged in vector form as 

3Nj 

lx" 

2   T^ dy 
4x1 

G5 

4xn   nxl 

where 9X - f*L   ^"|T,    t\ -       !"&   2v]T 
x      Ldx    dxj v Ldy    dvJ 

and 12 is a 2x2 identity matrix. 

Finally, the strain d'splacement relationship is described by 

de   -     B d 5 

where the submatrix for node i 

■l 

dx 

dx 

dx 

3y 

dNj 

lx~ 

dN; 

ly* 

dx 

dx 

dN _I + dx 
dy      dy 

dNj 

"dx" 

dx 

d£ 
dy 

dNj 

"dx" 

dNj 

"dy" 

d£ 
dy 

dN 1+ d£ 
dx      dx 

and the (4x4) M matrix required for 'ir.itial stress stiffness' 

K„ /   GTUGdV 

can be derived as 

oxl2 

>y§2 

Txy'2 

ayl2_ 

dN; 

"iy 

B3 

B4 

B5 

B6 

Axisymmetric Case: 

The Green's strain in vector form in r, z, 6 cylindrical coordinates is written as 

• "    t*r ezTrz «e)T -«°+eL 37 
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where 

,U 

•rT    »r »,T 0 0 r   1 

»zT    »z 0 •zT 0 
r 

- !4AÖ    B8 

2»rT    »z •zT •rT 0 

(JL)2 0 0 (-Ü) L'. —.           f             _ r_ 
4 x5   5x1 4x1 

The displacement gradient 9 for an axisyrnmetric case no**' becomes a 5x1 vector 
and the submatrix Bj for node i in the strain displacement relationship can be 
derived as 

dr 

K 
dz 

B: 3r dz       dz 

f?\   N, a? 
Finally the matrix M is modified to 5x5 matrix 

dNj 

IT 31 
dr 

dNj 

IT 
dNj 

dz 
31 
dz 

dNj 

IT 
dNj 

~dT 
31 
dz 

dNj 

IT 
+ 3z 

dr 

dN; 

"dz" 

arl2 rrz'2 0 

Trz'2 az>2 0 

0 0 °6 

B9 

BIO 

APPENDIX III 

EULERIAN FORMULATION 

For the derivation incremental force displacement relationship in Eulerian form, if we 
consider increment of the internal force term of Equation   10   we have 

d ( /__BoT ä dV 
V 

/_(dBoTädV 
V 

+ BoT dädV   +    BoTäd (dV) C1 
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Substituting in Equation C1 

dS - DT di + dTw i (from Equation A27) 

and 

we have 

d(dV» - (dex + dey + de2) dV C2 

d(/   B° T i dV) - /_B° T DTB° dV d« 
V V 

+ /_ (dB0 T + B° T dTw + (dex + dey + de2) B° T 0 dV C3 

The first term on the right-hand side of the. Equation C3 gives K° and the second 
term gives the initial stress stiffness matrix Ka.   The 6x6 matrix dTw  appearing 
in second term is defined by_Equation A28 and dex, dey — are given by Equation 
A15.    Finally the variation dBoT can be derived by considering equation 

therefore 

[2], -jT M C4 

and as from Equation A10 J'    ' dJ T-1HIT   =ü.T 

m^ [% c: 

From Equation  27   it can be easily seen that the variation dB° T can be easily 
obtained from C5 by rearranging terms.   However, the rearrangement of the whole 
of second term on right-hand side of Equation C3 requires elaborate algebraic 
organization. 

APPENDIX IV 

LARGE STRAIN PLASTICITY 

In tire literature several attempts have been made to establish elastic plastic 
relationships at finite deformations and we shall restrict ourselves to papers by Hill 
(Reference 26) (1958), Green and Naghdi (Reference 16) (1065) and Lee (Reference 
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27) (1969).   We shall classify them into two cases, (i) small strain with targe 
rotation (References 16 and 26) and (ii) finite elastic-plastic strain (Reference 27). 
We shall briefly recollect some of these relationships in Lagrangien form end state 
the counterpoints in Eulerian form.   First of all we shall consider the case of small 
elastic plastic strains witi- large rotations in which the total Green's strain can be 
divided into elastic and plastic components as considered by Green and Naghdi 
(16, section 5).    Thus 

e -    ee + ep D1(a) 

and so the increments of Green's strain 

de   =   dce   + dep D1(b) 

The yield criterion in terms of Piola—Kirchhoff stresses   a   is expressed as (neglecting 
temperature effects) 

F (a. €p, v) « 0 D2 

Where K is & hardening parameter defining subsequent surfaces corresponding to eR 

and whole history.   The usual restrictions for neutral states or unloading hold as in 
the classical plasticity theory.   Also, the subsequent yield surfaces defined in general 
by 

<k   =   die (», ep, da, dtp) 

is restricted to linear relation with dep and thus normality rule is derived as 

dtp =   dX a 03 

with 
1L _     ,T 
dm 

For infinitesimal elastic strains one can write 

da   =   D dee 05 

where D is the usual elasticity modulus matrix (Reference 13).    Now the elastic 
plastic matrix can be derived in the same way (Reference 12). 

dX   =   (A + /J)_1 (dT de)   with d = Da, 

ß   -   a' Da   and A is arbitrary hardening constant and 

da   =   DTde   =   (D-fA + .T^d  dT! D6 

However, an important difference should be noticed at this stage as regards to yield 
criterion D2.   Usually, the yield criterion is expressed in terms of true stresses V and 
for finite strain case with isotropic hardening, following Prager (Reference 31) one ctn 
write 

F     =     f ( |J |  a) - Y(ä) - 0 D7 
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And from Equation A13 the true stresses are related to Piola-Kirchhoff stresses 

|J | i    -    JiJT 

and by transforming it into vectcrial form, one can easily write 

Uli     »     To D8 

where 6x6 matrix T Is function of deformation gradients.   From Equations 07 and 
08 one can derive 

3F      T df        di        _T _ 
dar dar       de 

09 

where aT 3f 
di 

the particular case of Von Mises yield criterion for isotropic material is given by 
equation: 

F     -     V3     J *   - Y Oe) -   0 

where J2 is the second invariant of deviators of stress   a   and Y(K) is the yield 
stress from uniaxial tests.   And 

dF 
dm v/3 "?       *- 

di       *• 
V3 i2 

T T 

The general derivations for various yield criteria are given in (Reference 12).   And 
the hardening constant A can be determined from the slope of work hardening 
curve between Y and plastic work Wp.   The plastic work Wp is obtained by inte- 
grating increments of plastic work per unit volume 

dWp -   mT de. 010 

In Eulerian form one can again divide the strain rate given by Equation Al3 into 
elastic and plastic parts: 

di   -   die   + diF, D11 

Now we shall use Equation 07 for yield criterion and restrict ourselves to 
isotropic materials to derive 

f 
t 

I 

» 
1 

d» j   « DT di 

and noting that relation with elastic component is 

dij    ■     D  die 
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The enential difference with Lagrangian from Equations 05 and 06 is that we have 
to use Jaumann stress increments given by Equation A27 so that in the spatial form 
the constitutive Equations D12 and D13 are unaltered when the continuum is sub- 
jected to superimposed rigid body motions.   After differentiating Equation 07 we have 
have to consider 

dm        J 
IT d*j   =   AdX 014 

where A is again undetermined constant depending upon hardening parameter. 
Writing the normality rule 

di. dXI D15 

we can again derive 

dX   -   (A + jfr1 («TT di) 

with ff    -Diand0-iTDi 

D16 

and 
(O - (A + /F)-1 «TcTT) 017 

It may be noted that in arriving at 017 the transformation 08 used in Lagrangian 
form is now no longer necessary but instead we have to use Equations 012 and A27. 

Lee (Reference 27) considers the case when both elastic and plastic strains are 
finite and so that Equation DI is now no longer valid.   In order to separate 
reversible and irreversible deformation we have to consider the problem of three con- 
figurations, initial, final and intermediate originally recognized by Sedov (1962).   Let 
us denote the rectangular coordinates (XD, yp, z~_) of intermediate configuration corres- 
ponding to irreversible part.   Then the deformation matrix. 

L *' V, *J |vyP^> J       *' v' * J 
JeJ| 018 

replaces Equation 01(a).   Also.it will be wrong to consider Equations 01(b) and 
Oil as valid until one considers tiie elastic strain components infinitesimal i.e. 
J- - I.   The modification thus required for large strain cases is given in Reference 
27 and will not be discussed any further. 
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ELASTO-PLASTIC ATJALYSIS OF PLATES 

USDCG THE FECHTE ELEM2KT METHOD 

Päl G. Bergar«* 

The Technical University of Korway, Trondheia 

Boy W. dough** 

University of California, Berkeley 

The formulation of a general quadrilateral finite eler-nt accounting 
for inelastic material behavior is described. Both flexural and membrane 
behavior are considered. The flow theory of plasticity is adopted, and 
the material is assumed to obey the von Kiess yield criterion and the 
Isotropie hardening lav. Elasto-plastic problems are generally very costly 
in computer t'ias, and emphasis is placed on an efficient formulation of 
the element stiffness. A pure incremental technique is chosen for the 
numerical solution procedure. Results are presented for various types ci 
flexural and ^embrace plate problems. These examples demonstrate that the 
present method exhibits a high degree of accuracy while being highly efficient. 
It is concluded that the element described here is among the most versatile 
and efficient elasto-plastic elements yet devised. 

«Associate Professor of Civil Engineering 

««Professor of Civil Engineering 
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SECTION I 

IKTHOCUCTION 

■ Great advances were nade in the field of plasticity during the lQUO's 
and x?50's, and the development of the smell deformation theory was essentially 
completed by the end of this period.    However, solutions were then available 
only for a very limited number of simplified problems.    The analysis of more 
complex problems was not possible until the advent of the electronic computer 
made numerical solution procedures practicable.    The finite element method, 
which oricinally was applied to linear clastic systems, has proven also to pro- 
vide one of the most effective numerical formulations for problems involving 
non-linear material behavior.    Elasto-plastic finite elenent analyses have 
now been made of nearly every bas^ type of structural system, including plates, 
axisynmetric shells and soli«'':, and general three-dimensional solids. 
References 1-6 are typical of the many papers describing such analyses. 

The purpose of this paper is to describe the formulation and application 
of a highly efficient finite element for the analysis of elasto-plastic plates 

subjected simultaneously to in-plane and out-of-plane forces.    Consideration is 
given here only to the incorporation of non-linear material effects in the 
analysis; however, the formulation could be extended without any essential 
difficulty to account for the non-linear effects of large displacements at the 
same time. 

The organization of this paper follows the sequence of steps involved in 
the formulation of the finite element procedure.    Consideration is given 
first to the constitutive law which expresses the non-linear relation between 
stresses and strains.    In this work, the Prandtl-Rsuss flow theoryCH, which 
assumes the increment of plastic strains to be proportional to the corresponding 
deviatoric stress components, is adopted because it seems the most consistent 
concept both mathematically and physically. 

The next step in the formulation is establishing the strain distribution. 
This is the essential step of the finite element method end is embodied in the 
selection of the element displacement interpolation functions.    Two ^ypes of 

d isplacement functions are employed in the quadrilateral element developed 
here:    (l) the transverse bending displacements are expressed by the linear 
curvature compatible interpolation functions derived for the Q-19 plate bending 
element1-0-),  (2) the in-plane displacements are expressed by the bilinear 
interpolations of the plane isoparametric element familyL9J.    The integration 
procedures used in computing the element stiffness have been modified from those 
of the cited references, however, in order to account for the variation of 
material properties within the element as a function of the strains. 

The last step in the analysis is the formulation and solution of the 
equations of equilibrium.    These equations reflect the non-linearity of the 
material properties, of course, and are solved in this work by an incremental 
tangent stiffness procedure.    This approach has been selected in preference to 
the "initial stress" or "initial strain" methods because of its general reliability 
and its compatibility with the incremental flow theory of plasticity.    (Com- 
parisons between the two methods are presented in References 3, 6 and 10). 
The efficiency of the entire solution process is demonstrated by a series of 
examples at the end of the paper. 
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SECTION II 

GOVERNING MATERIAL RELATIONS 

Basic Assumptions and Material Lavs 

A short outline of the derivations leading to the mathematical expressions 
for the incremental stress-strain relationship will be given in the following. 
Proofs and details will not be included; more complete derivations may be 
found in References 3, 7,11 and 12. 

This derivation is based on three major assumptions« The first assumption 
is that the elastic and plastic strains may be addltively decomposed 

E 
hi " eij + € 

ij (1) 

where E and P denote "elastic" and "plastic" respectively. Both stresses and 
strains are referred to a rectangular Cartesian coordinate system. The strains 
are assumed to be infinitesimal (in fact, Equation 1 is aot valid for finite 
strains). The plastic part of the strains is postulated to be incompressiblet 

P 
«11 (2) 

The second major assumption is that there exists a loading function f 
in 9-dimensional stress-space.' f ■ 0 at time t constitutes the yield criterion 
at that time, f > 0 is inadmissible. As it turns out that f is a function 

of c 
re s& 

p 
and c       three different loading conditions from a plastic state (f » 0) 

of bu <  0 

*alJ 
* 

d0lj 

*I  a.. >0 
da 

'1J 

(during unloading) 

(during neutral loading) 

(during loading) 

(3) 

U 

The dot denotes time differentiation. 

The material is further assumed to be stable as defined by Drucker'- J. 
Drucker's postuDAte has three important implications, namely "convexity", 
"consistency" and "normality". Normality implies that at a regular point of 
the loading surface f ■ 0, the vector de**.. Is in the direction of the outward 
normal to the yield surface (in stress space), so that 

dc IJ dX & 

bo. 
<*> 

ij 
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d\ Is o non-negative scalar.    When she material obeys the von Misea yield 
criterion (as will be assumed here), the flow rule of Eq. k is equivalent 
to the Prandtl-Reuss equation.    By virtue of Eq. k, the loading function 
plays the role of a plastic potential,   f remains zero when going from one 
plastic state to another, hence 

df ,& 
3a U 

*>iJ**P d« 
ij (5) 

The initial yield criterion (von Mises) and the loading function are given by 

(6) f -ff 
c 

T « c - k fi   -0 
o     o 

where T is the Initial yield stress in uniaxial tenrion, k is '»be yield stress 
o       - o 

in pure shear and a is the equivalent stress given by 

n 

ö ■ J&l  mJTZ 
2 ij  ij 

(7) 

in which J. is the second deviatorlc-stress invariant and e     the deviatoric» 
stress components. J 

further, it is assumed that the material exhibits a.i isotroplc hardening 
behavior (Fig. l). Thin .Implies a uniform expansion of the inititu. yield 
surface. (Ehe hardening is aeasured according to the plastic strain hypothesis 
(which is here equivalent to work hardening) and the yield criterion for sub- 
sequent yielding becomes 

H(?) (8) 

E is a function of the •equivalent plastic strain c   which is the Integral of 

(9) d?-vf {<;    **J 
As will be seen later, H' ■ *- ±s of special interest and is easily obtainable 

from a uniaxial tension text curve, as shown in Fig. 2: 

1  -1.-1 (10) 

E_ is the tangent modulus. 

General Constitutive Equations 

The following relation can be derived from Eooke's law and Equations 1, 
1», 5 «nd OLS, lfli 
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FIG. I      ISOTROPIC   HARDENING 
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FIG. 2      EXPERIMENTAL STRESS-STRAIN CURVE 
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where 

de  »A   de ciJ   ijkl ekl 

Aijkl 

<U) 

(12) 

2Ö3(H'+3U) 

In £q. 12, JJ is Lane 'a constant given by 

£ 
(13) 

2(1 + v) 

where v Is Polssons ratio. 

Sie incremental stress-strain relationship is now easily obtained as follows: 

**ij " Eijki (dcki * deki) " c< <" d«. ijki na 

in which 

CiJkJ " Eijkl ä (H' + 3M) 

* 8i.1 8kl 
=^73"  

(1A) 

(15) 

represents the incremental stress-strain relation; it is symmetric in form. 
Si1kl rePresents Hooke's law for elastic deformations. Equation 1$ is valid 

between two consecutive plastic states. According to the loading criterion 
£q. 3,  when 

o < H (16) 

or 

Ö - H and ■   d 6lJ < 0 (IT) 

the last term of £q. 15 should be neglected and only Hooke's law remains. 

CT] A more general incremental relationship may be foand in the book by Kill 
The Isotropie strain hardening law that has been utilized here has some short- 
comings for repeated or cyclic loading because it does not account for the so- 
called 3auschinger effect. However, an expression similar to Eq. 15 based on 
the kinematic hardening law can also be obtained without much difficulty. 

Reduction to Plane Stress 

Having the application to plates in mind, the special case will be considered 
in which 

?i3 do. - 0  1 - 1, 2, 3 'is (18) 

V 
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and also 

de ■ de  "0 
13    33 

(19) 

The only non-vcniohinß terms of the incremental constitutive relation therefore 
become 

C      C      C     C        de 
X   1 1 1   113 3   11131133        1X 

• ■ 

da 
l i 

d0 
3  3 

* 
do 

i a 

do 
3  3 

c c c c 
3211 8333 8 a 1 3 3 3 3 3 

C C C C 
1311 1338 1813 1833 

c c c c 
9311 3338 3318 3 3 3 3 

de 
8 a 

2de 
1 3 

de 
s a 

(20) 

Remembering that do  » 0, a condensed relation D is obtained, the elements 

of which are given by 

D  » C 
DQ   on 

Cmfc °kn 

4 4 

■ - 1, 2, 3 

n - 1, 2, 3 (21) 

where the indices of C now refer to rows and columns of the matrix defined in 
£q. 20. Numerically, it is more efficient to evaluate the elements of D by 
2q. 21 rather than to employ explicit expressions for each element as suggested 
by YamadaCl3]. 

Now using matrix symbols, the stress-strain relation becomes 

do ■ D de • E de 
E 

(22) 

where E is Kooke's law for plane stress and do and de contain the three first 
elements of the vectors in Eq. 20. 

Using Eq. 1 and solving Eq. 22 with respect to the plastic strain incre- 
ment yields 

where 
de     •   A de 

I   -   FD 

(23) 

(2«0 
Here, I is the unit matrix and F is the inverse of E. A is generally not 
symmetric, even though F and D are. 

The matrices D and A will have to be formed repeatedly for all Integra- 
tion points when using the finite element method. 
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S2CTI0N III 

FINITE ELEMENT EQUATIONS 

General Incremental Stiffness Matrix 

The principle of virtual work can be derived directly from th'e equilibrium 
equations for a solid and is valid regardless of material behavior. By applying 
this principle to a finite element, the following work equation arises 

T 
du  S ui ai 

r dc1 a dV 
v 

(25) 

vhere S. and u are the nodal forces and the corresponding displacements. 
e and c? are the strains and stresses over the volume of the element. 

Two configurations of the body during deformation, denoted 1 and 2, will 
now be considered. Assuming thet these two configurations are "cose" to 
each other and writing the virtual work expression for each configuration, 
the following incremental equation is obtained by subtraction 

where 

AS« 

AS, 

A«« 

kI 4ui 

n -1 

1 - "i 

(26) 

(27) 

(28) 

The incremental stiffness matrix in 2q. 26 is expressed as follows, 

kT - I* BV , B dV (29) 

*: 

in which the strain interpolation matrix B defines the relation between nodal 
displacements and internal strains 

€ - B u. (30) 

Kote that small displacements are assumed, so that the same strain matrix 
applies to both configurations. The matrix C represents the stress-strain 

A 
relationship for the increment between Configurations 1 and 2. In general, the 
numerical value of C vill not be known because it depends on the stress path 

A ' 
from 1 to 2, thus an approximate value will have to be used in numerical 
computations. The  simplest approximation would be tne value of C at Configura- 
tion 1; better accuracy but at the cost of greater computing effort would result 
from a "mean value" found by a higher order computational scheme. 
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Incremental Hate Stiffness 

By introducing the usual restrictionc on the displacement field, as stated 
in the Kirchhoff theory for plate bending, and making use of the incremental 
relationship between plane £ ,rcs3 end strain described above, the incremental 
stiffness matrix can be spec "lized for a plate element. The Kirchhoff hypo- 
thesis limits the strains to only three components, e >  c > L, * which vary 

x  y Tcy 
linearly through the thickness. The coordinate system used is shown in Fig. 3. 

The displacements will now be separated into two groups: the in-plane 
displacements defined by 

t>0 vTi 

u-\d the out-of-plane displacement 

W  = rtV 

(3D 

(32) 

where 0 and 0 are the interpolation polynomials and v. and w are associated 

nodal point parameters. By appropriate differentiation of these equations, 
the strains can now be found, expressed in terms of two strain interpolation 
matrices B and B , as follows. 

v "xy 

•['• 
\. 

!zBw 
• 

(33) 

Hence, a partitioned incremental stiffness matrix for the plate is obtained by 
substitution into 2q. 29. 

h ' kv j kvw 
T ' 

*vw ! k 
(3k) 

in which the subaatrices 

*•'! 

vw 

Bv   DABvdV-iBv   D u^ 

■   {zBv\VV"Ä
rB«D 

V    fl    w v -x a    w B   dA 

[ + KhWmlK*„\« 

(35) 

(36) 

(37) 
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FIG. 3       DESCRIPTION   OF THE PLATE IN A CARTESIAN 
COORDINATE   SYSTEM 
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FIG. 4      THE  QI9   QUADRILATERAL 
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represent the in-plane, coupled, and out-of-plane behavior, respectively. 
D, is the incremental constitutive equation for plane stress defined in E*. 21. 
Tfcua it is seen that the plate "constitutive relations" are obtained by 
Integration through the plate thickness 

i i i 
r D. dz 

i  a I DA dz 
ü a a f"i dz (38) 

Out-of-Plane Interpolation Functions 

Die Q-19 plate bending interpolation functions that have been adopted 
here already have been described completely^], and only the main concepts 
of their development need be repeated for the present purpose. As is shown 
in Fig. k,  the Q-19 quadrilateral element is assembled from four triangle 
elements; the coordinates of node 5 of the quadrilateral are the averages 
of the coordinate of the corner nodes. An element similar to these triangles, 
an LCCT-12 (linear curvature compatible triangle with 12 DO?) is shown in 
more detail in Fig. 5. This triangle is divided into three subdomains, each 
having complete cubic polynomial expansions expressed by natural (triangular) 
coordinates for the entire triangle. By matching the deflections and rota- 
tions for all three subtriangles at the centroid 0 and enforcing continuity 
of slopes between these subtriangles at their midside points, all internal 
EOF can be eliminated, dis is a tedious algebraic operation, but the 
resulting interpolation polynomial, which is stated completely in Reference 6, 
is quite simple. 

The LCC/-12 bending triangle with 12 DOF can easily be reduced to an 
LCCT-11 triangle by prescribing a kinematic constraint such that the rotation 
at one midside point is set equal to the arithmetic average of the corresponding 
slopes at the adjacent corner nodal points. This results in a slight modifi- 
cation of the interpolation polynomials of the LCCT-12 element. 

In-Plane Interpolation Functions 

A set of in-plane displacement functions defined over a general quadrilateral 
domain will be needed to develop a "membrane" element consistent with the 
"bending" element. Only two in-plane DOF's at each corner will be used 
here for the sake of simplicity. .An isoparametric element of this type 
has been described by Zlenklewlcz^l. The present element has been Improved 
somewhat by including two internal Interpolation functions associated with 
the displacements at the midpoint and then condensing out these internal 
DOF's. The displacement functions of this element are expressed in the 
natural quadrilateral coordinates. 
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FIG. 6 INTEGRATION   Pf ,NTS  FOR  ELASTIC 
PLASTIC   PLATE BENDING ELEMENT 
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guscrical Integration of the Element Stiffness 

It will be noted In Eqs. 35-38 that the plate stiffness matrix Is 
computed by evaluating integrals involving the constitutive relations, over 
the area and through the thickness of the element. The integration of the 
bending «tiffness submatrices (Eq. 3$) may be done separately for each of the 
four triangular areas making up the quadrilateral, because the LCCT strain 
interpolations are defined independently in each. Similarly, for the coupled 
neabrabc-bending stiffness submatrices (Eq. 36) the integrations may be 
performed for each triangle separately. However, the integration of the 
in-plane stiffness (Eq. 37) is performed over the entire quadrilateral 
because the isoparametric interpolation functions apply to the full region. 

In developing the Q-19 bending stiffness for linear elastic materials, 
the area and thickness integrations were peri'oroed explicitly, the area 
integration being done in area coordinates. However, a basic problem arises 
in the explicit integration of stiffness matrices which represent non-linear 
material behavior: the material properties are cot uniform throughout the 
elecent volume. In some non-linear finite element analyses, the variation 
of properties within the element has been expressed by additional Interpolation 
functions, thus making explicit integration possiblel**!.   However, this 
approach would be extremely complicated if applied with the Q-19 interpolation 
functions described above. Moreover, the Incremental stress-strain relationship 
frequently is a discontinuous function within the element. 

In the present study, the Integration over the area of each LCCT-11 
bending triangle has been replaced by a simple summation of the contributions 
from its three subtriangles. First, the strains and incremental constitutive 
relations are evaluated at the centroid of each subtriangle (defined, for 
example, ty area coordinates k/9, k/$,  1/9 in subtriangle 3 of Fig. 5). 
£.«n it is assumed that these local values apply over the entire subtriangle, 
and the stiffness of the entire LCCT-11 element is found from the following 
expression 

* >T O) 
Kt ■ f *.$ «a *£ <») 

in which the superscript identifies the subtriangle and the subscript c 
indicates that the quantities are evaluated at its centroid. The constitutive 
relation matrix V$  iS evaluated by integration through the element thickness 

at the centroid of element "J", but instead of using the explicit expression 
of Eq. 36 the computation is performed by Gauss quadrature. Generally an 11- 
poict scheme is "sed; however, only half of the points need be considered 
in xhK case of j-re bending or if the material is linear elastic because of 
symmetry about the mid-plane. 

The stiffness k of the complete Q-19 element is formed by assembling 
the four LCCT-11 triangles. If tivre is no coupling stiffness, the internal 
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DOF may be condensed out et this stage resulting in a 12 DOF quadrilateral. 
Although this integration scheme appears quite crude, it is surprisingly 
effective because each quadrilateral is represented by 12 sub-areas. As a 
demonstration of the element efficiency, a square simply supported plate sub- 
jected to uniform pressure vas analyzed using a 2 by 2 quadrilateral mesh for 
one quarter of the plate. !Qie central deflection obtained from the numerically 
Integrated elements was only 0.4 percent greater than that given by elements 
integrated exactly. 

üfce in-plane stiffness of an isoparametric quadrilateral element generally 
is integrated numerically by Gauss quadrature, using a 2 by 2 or a 3 by 3 
system of integration points over the area. This  integration scheme could be 
used with non-linear material properties, es well as for the linear elastic 
case. However, in order to evaluate the coupled stiffness submatrices in the 
present study, it is necessary to evaluate the in-plane strain interpolations 
at the same integration points associated with the bending interpolations. 
Therefore, the in-plane stiffness also is calculated using the same 12 inte- 
gration poi.rfcs and the same type of summation scheme described for the Q-19 
element. In this case, the contributions from the 12 subtriangles may be 
superposed directly, thus the in-plane stiffness for the entire quadrilateral 
i6 given by: 

k v 

12 (m) »x » » B vc 11 B' vc (40) 

in which A   represents the area of subtriangle m, ana the strain interpo- 
lations are evaluated at the subtriangle centroids. As in the bending analysis, 
the constitutive relation £*!?' is evaluated numerically at the centroid by 
Gauss quadrature through the~r,hickness. However in this case only a single 
point is needed (at mid-depth) unless both non-linear materials and combined 
membrane-bending conditions are involved. 

One difficulty is encountered in evaluating the in-plane strains at the 
subtriangle centroids: the isoparametric interpolation functions are expressed 
in quadrilateral coordinates while the subtriangles are defined in triangular 
coordinates, fiovever, noting that the midpoint of the Q-19 element is the 
as the origin of the §-n quadrilateral coordinates, the following relations 
may be derived between the two natural coordinate systems on triangle 1 
(see Fig. 6): 

t ■ -ci1} ru) r(l) ,(1) (41) 

where £* ' and gi  ftre ***& coordinates of triangle 1. From these, and the 
t riengular coordinates of the subtriangle centroids, the quadrilateral 
coordinates of these points may be derived for triangle 1, as follows: 

943 

J 



Triangle Isoparametric 

Subtriangle Centroid citi SI <L £    a 

A« V9 V9 1/9 0     -8/9 

B«1» V9 V9 V9 1/3    -5/9 

C<1> V9 1/9 U/9 -1/3   -5/9 

Similar relations are easily obtainable for triangles 2, 3, and k. 

The coupling stiffness subaatrix (Eq. 36) will exist only when the element 
has non-linear material properties and it is subjected to both flexural and 
in-plane deformations, übe stiffness contribution of each triangular area 
of the element is obtained from the membrane and bending strain intei eolations 
evaluated at the three subtriangle centroids, using the formula 

i»l 

in which the notation is similar to Eq. kQ.   übe constitutive relation matrix 

D£V is evaluated by integrating the expression of Eq. 38 using U point 
Gauss quadrature. In the case when DU' is non-zero, the corresponding 

expressions for Scr' and D*£' also require the use of all 11 points in their 

integration. 

She stiffness k  of the complete quadrilateral is obtained by assembling 

the results given by 2q. 1*3 for the four triangulär &.rcas. Then the system 
of four submatrices shown in Eq. 3fc (which has dimensions 27 x 27) may be 
reduced to a 20 OOF stiffness matrix by condensing out the seven internal 
OOF. The result represents the Incremental coupled membrane-bending stiffness 
matrix of the quadrilateral element. 
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SECTION IV 

EXAMPLES 

Computer Program 

A Fortran IV computer program w&s developed according to the previous 
derivations. The main equations associated with this new non-linear 
capability are those of the plasticity theory, Eqs. 1, 12, 15 and 17, and the 
stiffness relations, Eqs. 39, **3 end 45. Other operations are the standard 
ones for the finite element method. 

In this program the strain-displacement relationships are computed once 
only and retained during application of the entire sequence of incremental 
loads. The initial load is automatically scaled so that initial yielding 
is obtained at the integration point having the highest equivalent stress« 
The experimental stress-strain curve is identified in the input by a set of 
discretized values; linear interpolation is performed for intermediate points. 
If a new state of stress lies outside the current yield surface according 
to the a   - e   diagram (due to the error of increment linearization), the 
stresses are seeled linearly back to the yield surface. 

A few examples are presented in the following to illustrate the capacity 
of this formulation. The non-linear solutions are based on a simple Euler- 
Cauchy incremental technique.» This method has certain advantages from a 
computational point of view because stress-computation and stiffness formu- 
lation can be performed simultaneously. 

Simple Beam 

The first example deals with the bending of a simply supported, rectangular 
beam subjected to uniform loading. In order to demonstrate both the bending 
and the membrane capabilities of this element, two different analyses were 
performed - one involving out-of-plane loading, the other loaded in-plane. 
The dimensions of the beam and the two finite element idealizations used are 
shown in Fig. 7* 

1 

Ztie results of the two analyses in which the material was assumed to be 
elastic, penectly plastic are plotted in Fig. 8. In this figure, the absciss« 
p is a non-dimensional loading factor for which the unit value corresponds 
to full yielding. The ortLnatc represents the ratio of the current value of 
mil-point deflection to the value at iaitial yielding. For comparative pur- 
poses, the results of a closed form solution presented by Prager and KodgeE1*] 
also are plotted in the figure. The good elasto-plastic performance given by 
only four bending elements is evident. On the other hand, 20 membrane elements 
(neglecting symmetry) were required to obtain similar accuracy because these 
elements are not well adapted to representing bending. Figure 8 also shows 
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results obtained with the plate bending elements, when a bilinear material 
property is assumed for the beam for which E   = l/k £ after yielding. 

Scuare Plate 

Figure 9 shows a square, simply supported plate made of an elastic, 
perfectly plastic material. One quarter of the plate has been idealized by 
2 by 2 and by 4 by h  meshes. A graph of the mid-point deflection due to a 
uniform pressure also is shown in the figure. The maximum deflection obtained 
in this analysis can be compared with a yield line "ultimate load" analysis 
and an upper bound analysis given by Armen, et all**]. 

Zones having three different depths of yielding through the thickness, 
due to a loading factor of p * 0.99, are, indicated by different shading 
patterns in Fig. 10. The development of an incipient yield line mechanism 
along the diagonal of the plate is evident. 

Trapezoidal Plate 

The last results to be discussed are those obtained for the plate of 
trapezoidal shape, Fig. 11, subjected to uniform pressure. Again the material 
was assumed to be elastic, perfectly plastic. One half of the plate was 
idealized by a k  by k mesh, and the pressure was applied in increments equal 
to 10 percent of the initial yield load. The deflection of the midpoint of 
of the free edge through 25 load increments is plotted in Fig. 12. The 
deflected shepe of the free edge at two different load levels, and the yield 
line theory shape are sketched in Fig. 13; these curves show how the yielding 
process gradually changes the deflection patterns. The extent of the yielding 
determined at three different pressure levels are shown in Figs. 14, 15 and 16, 
which give some idea of the propagation of the yield zones during loading. 

Further details concerning these and several other examples may be found 
in Ref. 12. 

Computer Time Requirements 

All computations in the preceding examples were made with a CDC 6400 
computer (65K memory). The computer time requirements for forming the element 
stiffness for one quadrilateral element consisting of 12 subregions are 
indicated in the following tabulation. 
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Operation 
Time 

CP sees. 

Incremental stiffness for inelastic plate 

bending element, 11 int. points through 

thickness 

0.170 - 0.330 

Incremental stiffness for inelastic membrane 

element 0.12$ - 0.150 

Incremental stiffness for combined bending 

and membrane action, 11 int. points 

through thickness 

0.?»0 - 0.690 

i 
The computer time requirements for performing the analyses of 

of the previous examples are: 

Sxcjiple 

Ko.  of 

elements 

So. of 

load increments 

Time 

CP sees. 

Inelastic beam, 

bending element 

k 19 2k 

Inelastic beam, 

seabrane element 

10 19 35 

Zrapesoldal plate 16 29 171 
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CONCLUSIONS 

1. The Q-19 bendinc element aay be combined with the linear isoparametric 
neabrane element to provide an efficient element for treating coupled 
membrane-bending effects. 

2. übe area integration required in the element stiffness evaluation ma/ be 
approximated effectively by summing terns evaluated at the centroids of 
the 12 eubtriaagles of the Q-19 element.    Thickness integrations are 
done oost efficiently by Gauss quadrature. 

3. Son-linear analyses may be accomplished efficiently using simple incremental 
load enalyses baaed on tangent stiffness defined by the above-mentioned 
integration processes.    Experience shows that large coupled membrane- 
bending problems can be handled with reasonable expenditure« of computer 
time. *^ 
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ELASTIC AMD PLASTIC INTERLAHINAR SHEAR DEFORMATION 

IK LAMIHATED COMPOSITES UNDER GENERALIZED PLANE STRESS* 

A. Levy 

H. Armen, Jr. 

J. Whiteslde* 

Grumman Aerospace Corporation 
Bethpage, New York 11714 

Elastic and plastic interlaminar shear deformation in a 
laminated fibrous composite is studied by means of c finite- 
element method. A composite element, constructed of orthotropic 
membranes separated by shear-resisting media, is developed and 
utilised. The effect of interlaminar shear deformation at the 
free edges of solid laminates and laminates containing a cutout 
is presented. 

I. INTRODUCTION 

Inter laminar shear deformation, the mechanism by which load 
is transferred through a matrix material between two stiff laminae 
as the laminae tend to slide over each other, cannot be predicted 
by using classical plate theory. This type of deformation de- 
velops along the edges of a laminate and can be important with re- 
spect to strength predictions of composite structures, especially 
for a laminate with a relatively low transverse shear strength. 
Analogous behavior is found to exist in bonded structural joints. 

Recognition of this phenomenon has generated interest in the 
development cf analytic methods that can account for interlaminar 
shear deformation. Recently, this type of deformation has been 
described from ti.ree different viewpoints (Refs, 1-3) for the 
elastic behavior of a rectangular laminate. In Ref. 1 an exact 

These results were obtained in the course of work sponsored by the 
Air Force Flight Dynamics Laboratory under Contract F33615-70-C-1308 

Research Scientist 

Structural Mechanics Engineer 

Precetof ttge Milk 
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solution is presented for a model in which the fiber-bearing layers 
are replaced by homogeneous membranes with orthotropic properties 
and are separated by layers that develop only interlaminar shearing 
stresses. In Ref. 2, the exact equations of elasticity are solved 
by usirg a finite difference method. Here each lamina is assumed 
to be homogeneous, so that there is no physical separation of fibers 
and matrix through the thickness. Both solutions are applicable for 
the analysis of a finite laminate in regions removed from the loaded 
enc's. In Ref. 3, a finite-element method is employed, using a model 
similar to that of Ref. 1, to analyse a rectangular panel of ± 45° 
angle ply construction. 

In this paper, a finite-element method is employed to investi- 
gate the interlaminar shear behavior along straight boundaries and 
around circular cutouts in balanced laminates. The laminates are 
balanced in the sense that the laminae are symmetrically placed 
about the midplane so that no warping exists, that is, there is no 
bending generated as a result of stretching. From the previous 
studies (Refs. 1-3), there is sufficient evidence to indicate that 
the interlaminar shear stress may be of sufficient magnitude to 
cause plastic deformation of the matrix material. Therefore, a 
method to account for the effects of plasticity is included in the 
analysis. In addition, consideration is given to cyclic loading 
conditions involving reversed plastic deformation. This study is 
limited in that it provides for interlaminar plastic deformation 
only, i.e., the elements representing the in-plane behavior are 
assumed to remain elastic throughout the entire load history, while 
those elements representing t)  interlaminar shear behavior can 
assume elastic-plastic properties. While this does not provide a 
complete description of the coupled situation resulting from both 
types of plastic deformation, it does enable us to isolate the 
effect of interlaminar plastic deformation. 

A brief description of the element and formulation of the 
governing matrix equation is followed by results for rectangular 
laminates In both the elastic and inelastic ranges. These results, 
obtained for solid laminates and laminates containing a circular 
cutout, show the effect of interlaminar shear deformation at free 
edges. 

II. THE COMPOSITE EjgjggS 

The idealized model separates the membrane and interlaminar 
properties of a laminated composite by using alternating ortho- 
tropic fiber-bearing segments and Isotropie shear segments, as 
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shown in Flg. 1. The orthotropic segments carry in-plane stresses 
only, and may be considered to be In a state of plane stress; the 
shear segments carry only Interlaminar shear stresses, and are in 
a state of pure shear. This is the same model as that used in 
Refs. 1 and 3. 

The composite element consistent with the idealized model is 
shown in Fig. 2. The membrane segments are triangular orthotropic 
elements in which the total strains are assumed to be uniforu 
(Ref. 4). Here the strain-displacement relation is based on a 
linearly varying displacement field. The stiffness properties of 
the Interlaminar shear segments are also based on a linear dis- 
placement field, so that the shear strains may be written in terms 
of the nodal displacements In the following manner: 

xz 

y 
yz 

dv 

I 

t 

where u and v are displacements in the x and y directions, 
respectively, subscripts identify element vertices, and superscripts 
identify element faces as shown in Fig. 2. Since the displacements 
vary linearly in the plane of a membrane segment, the interlaminar 
shear strain is computed on the basis of centroldal values of dis- 
placement, and thus the shear segment may be regarded as a shear- 
resisting medium connecting the centrolds of adjacent membrane seg- 
ments. Any number of segments may be stacked through the thickness 
to form the multilayered composite element. 

III. FORMULATION OF GOVERNING MATRIX EQUATION 

The formulation of the governing matrix equation is developed 
within the framework of the displacement method of finite-element 
analysis and follows that method as presented in Ref. 5. Accord- 
ingly, assumptions concerning the displacement field within an in- 
dividual element are made in terns of discrete quantities at node 
points. In addition, independent assumptions may be made concern- 
ing the distribution of initial strain within an element. These 
assumptions concerning displacements and initial strains are used 
to derive the force-displacement relations for an individual ele- 
ment. This is accomplished by application of the principle of 
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virtual work or through a consistent energy approach. The tech- 
nique used to incorporate the effects of plastic behavior into a 
finite-element analysis is based on the initial strain concept 
(Ref. 5), according to which plastic strains (interlaminar shear 
components only) are interpreted as initial strains. At any step 
of the loading process, this procedure leads to the following 
governing linear matrix equation, in which generalized displace- 
ments, u, are related to applied loads f, and to the plastic 
shear strains, -yp, 

f1 - k u* - k yl (1) 

where the superscript 1 refers to the current ?oad step and where 
£ and jk~ represent the element stiffness and initial strain 
stiffness matrices, respectively. These element matrices are de- 
fined in Appendix A for a linear displacement field element in 
which the components of both total and plastic strains are uniform 
throughout. 

If, in Eq. (1) the product of the initial strain stiffness 
matrix and the vector of plastic shear strains are considered as 
a vector of "effective plastic load," the equation may be rewritten 
by grouping together the generalized applied nodal forces and ef- 
fective plastic loads, resulting in the following equation, 

f1 4 q1 - k u1 (2) 
f\j ^      ^ ^^ 

where 

q " k y 

A solution for the displacement %*■    in Eq. (2) requires that 
the value of the effective plastic load be krown at the current 
load level, or alternatively be expressed in terms of u*. Since 
the values of the plascic shear strain are not known at the cur- 
rent load step, and since they cannot be conveniently expressed in 
terms of the generalized nodal displacements, we employ a predictor 
procedure solution technique in which the effective plastic loads 
are based on values of plastic strains determined in the preceding 
load step. Consequently, Eq. (2) Is written in the following form: 

f1 + q1'1 - k u1 (3) 
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where 

i-1  .  i-1 
q   - k 7 

and ehe superscript i-1 refers Co Che previous load level. 

The use of this type of predictor procedure results in a 
"drifting" of the results from an exact solution as the loading 
increases. However, the inaccuracies can be minimized by using 
small load increments. The resulting accuracy and computing times 
required for this procedure were found to be competitive with 
those that utilize an iterative procedure and/or those in which 
plastic stress-strain relations are introduced explicitly into 
the governing matrix equations, thereby requiring a reformulation 
of the element stiffness matrices for each increment (i.e., tan- 
gent modulus method). These conclusions are based on experiences 
encompassing a wide variety of problems (Refs. 5 and 6), not ex- 
clusively associated with the particular class of problems treated 
here. A more detailed discussion of convergence and efficiencies 
associated with iterative methods of plastic analysis is presented 
in Ref. 7. 

Equation (3) is written for each element in the structural 
idealization, and then, by an appropriate process of assemblage, 
the over-all linear matrix equation for the entire structure is 
formed. This resulting equation is identical in form to that of 
Eq. (3). Thus, with the present technique, one converts the non- 
linear problem into a sequence of linear problems. Material non- 
linearity is accounted for by introducing subsidiary incremental 
stress-strain relations from an appropriate plasticity theory and 
by the subsequent modification of applied loading through the ef- 
fective plastic load. For the results presented here, the con- 
stitutive relations in Che plasCic range are developed on Che 
basis of Drucker's postulate for work-hardening materials and the 
Prager-Ziegler kinematic hardening theory (Refs. 8 and 9), which 
accounts for the Bauschinger effect in the case of reversed plastic 
deformation. Details associated with the implementation of kine- 
matic hardening in the finite-element analysis are presented in 
Refs. 5 and 6. 
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IV. ELASTIC RESULTS 

I 
B 

■6- 

r 

1 

Rectangular Panel 

A flat rectangular panel Is loaded axially along two opposite 
edges, which are assumed to remain straight and parallel but free 
to strain along their length. Since we are considering layups sym- 
metrically placed about the midplane, no interlaminar shear stresses 
develop in the middle surface, and we may consider only that part of 
the panel on one side of the middle surface. As a result of sym- 
metric geometry and loading conditions, a rotation of 180 degrees 
about the z-axis results in identical stress and deformation pat- 
terns. Therefore only one quarter of the panel, as shown by the 
shaded area in Fig. 3, need be considered for analysis. Further- 
more, for layups in which a rotation of 180 degrees of the struc- 
ture on one side of the midplane about the x-axis results in iden- 
tical stress and deformation patterns, viz., a [ßj/ß2/. • ./-ßs/'ßiL 
laminate, only one-eighth of the panel need be considered. The 
idealisation used for such a case is shown in Fig. 4. 

Results for a four ply [± 45]8 angle ply laminate of boron- 
epoxy construction are shown in Fig. 5. The results compare favor- 
ably with the solution of Ref. 1. The interlaminar region in which 
the stress fields diverge from the classical plate solution com- 
prises a narrow region along the free edge of the laminate and its 
"width of influence" is approximately 1.25 laminate thicknesses 
(5 lamina thicknesses). This interlaminar region, being one of 
high stress gradient, is sensitive to the ratio t/c, the ratio 
of a lamina thickness to a linear in-plane dimension of an element. 
For a structure in which the stresses along one edge, y - b, are 
not influenced by the free edge y - -b, the stress field is in- 
dependent of the width. For problems involving widths greater than 
this limiting value, the same idealization can be used to determine 
the effect of various values of t/c by varying the thickness, t. 
Figure 6 shows some typical results in which good agreement with 
the exact solution is obtained for values of t/c > 0.4. Values 
of t/c > 1/3, or t/c > 1 may be used as a guide_to the con- 
struction of a finite-element idealization, where c is the 
distance from the centroid of the element to the free edge. Ele- 
ments whose centroidal distance from an edge are greater than one 
lamina thickness (1/5 "width of influence") will not in general 
accurately predict the interlaminar effect. 
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Figure 3. Laminate Geometry 

Figure. 4.  Idealization of Quarter Panel 
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The influence of a particular construction of a finite-element 
idealization on the results for membrane stresses in a two dimen- 
sional problem is discussed in Ref. 10 where it it shown that de- 
viations of 8tress from the true solution are caused by inaccuracies 
in the shear stiffness resulting from the use of certain types of 
finite-element patterns. The idealization shown in Fig. 4 has mixed 
patterns that should cause a fluctuation about thj true solution 
rather than a consistent underprediction or overprediction of stresses 
This is substantiated by an inspection of Fig. 5. From these results, 
however, the in-plane idealization Hoes not appear to influence the 
interlaminar shear stress. 

i 
I 
r 

i 
i- 

I 

Different results are obtained when modeling a lamina as homo- 
geneous, as in Ref. 2, as compared with the present model in which 
the fiber-bearing region and matrix region are considered distinct 
through the thickness. Using the present techniques, one can in- 
vestigate an entire spectrum of models ranging from a discrete to 
a homogeneous one. This is done by dividing each lamina into a 
number of segments through the thickness, representing fiber-bearing 
and matrix regions alternately. As Che number of segments increases, 
the individual laminae approach homogeneity. This is illustrated 
by the results shown In Fig. 7, where each layer is idealized into 
one, two, and three membrane segments, separated by shear segments, 
and compared with the results of Ref. 2 for a graphite-epoxy 
[± 45]s laminate. Figure 7a shows the variation of stresses across 
the width at the ±45° laminae interface, while 7b shows the varia- 
tion of interlaminar shear through the thickness. As the number of 
segments is increased, the present solution approaches that for a 
laminate composed of homogeneous laminae. Since the true structure 
of a composite laminate lies between a model composed of homogeneous 
laminae and A model composed of discrete segments, the results of 
the two extreme models can serve to set the bounds for the actual 
stress field. These results are also applicable for laminates in 
which identical laminae are stacked adjacent to each other. As an 
example, the results for a [45/45/-45/-45]g laminate, using the 
present model, are identical to the case in which each lamina is 
idealized into two membrane segments (see Fig. 7). The peak inter- 
laminar shear increases approximately thirty percent over the 
[± 45]g laminate and has a width of influence of approximately 
10 lamina thicknesses, while the peak interlaminar shear for a 
[45/-45/45/-45]8 laminate is approximately the same as that of 
the four layer [± 45]8 laminate and has a width of influence of 
approximately 5 lamina thicknesses. Similar results are obtained 
for other fiber orientations. These results indicate that the in- 
terlaminar shear can be kept to a minimum by alternating the + ß 
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and -ß laminae rather than stacking them together. For a 
laminate with identical adjacent laminae, e.g., a f45n/-45n] 
laminate, the peak interlaminar shear stress increases with in- 
creasing n, having a limiting value given by the solution of 
a [45/-45]8 laminate in which each lamina is considered as 
homogeneous. 

In general there will be both normal and tangential inter- 
laminar shear stresses except in a [± ß]s laminate where only a 
tangential shear stress appears and in a [0/90]8 laminate where 
only a normal stress appears. In Appendix B a closed form solu- 
tion is obtained for a [0/90]s laminate using the methods of 
Ref. 1. This solution and the finite-elemant solution are in good 
agreement as shown in Fig. 8a. The finite-element solution does 
not allow the shearing stress normal to the free edgs, TVZ, to 
approach zero at the free edge; however, there is reason to believe 
that this may be a highly localised inaccuracy. This is indicated, 
to some extent, in Ref. 11 in which a double lap joint is analyzed. 
A closed form solution in which a zero shear condition is enforced 
at the free edge is compared with a finite-element solution, and 
the results are in excellent agreement except at the free edge. 

Peel Stress 

The normal or "peel" stress, oz,    is not taken into account 
in the present model. This may be a shortcoming from two points: 
1) the importance of predicting a2 as it relates to strength pre- 
dictions of composites and 2) the effect of its inclusion on the 
distributions of the other stress components. Reference 12 dis- 
cusses the influence of the stacking sequence on laminate strength 
and concludes that interlaminar normal stress is e significant 
factor in the delamination of composites. This is based on mathe- 
matical arguments and reference to experimental results. The ex- 
periments cited (Refs. 13 and 14) deal with the comparison of a 
[± 45/ & 15)s with a I± 15/ ± 45j,5 boron-epoxy laminate, and 
a [90/0Js with a [0/90)s glass-epoxy laminate, respectively. 
In each case the former laminate results in a higher strength, 
resulting from compressive normal stress near the free edge 
(Ref. 12). Other investigations (Refs. 15 and 16)„ however, have 
concluded that where thermal and/or mechanical stress causes 
matrix cracking between fibers in the laminate plane, matrix en- 
hancement cf fiber strength (above the dry bundle strength) through 
transfer of load from broken Co unbroken fibers depends upon load 
paths through the thickness. For example, both a [0/90]8 and a 
[90/0]s laminate experience transverse residual thermal strains 
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sufficient to initiate such cracks after cooling from the curing 
temperature. Hence higher strengths would be expected with the 
[90/0]s laminate because loed transfer from broken to unbroken 
fibers is possible between the inner layers. This effect is more 
pronounced in a boron-epoxy laminate then in a glass-epoxy laminate 
(Ref. 16). 

The present methods, while not including oz in the analysis» 
can give some insight into its magnitude and distribution. Assum- 
ing for the time being that the introduction of oz    does not ap- 
preciably change the remainder of the stress field, then an ex- 
pression for az    can be obtained using the equilibrium equation 

a        ■ - T z,z     yz,y 

Using the results in Appendix B for a [0/90]s laminate, we find 

,„,  .-2H!O C 
(Q2i! ' Qll> ch & Y *CV       2 T Q12G  o O        r^    » z  z-0      a U       Q11Q22   ch -fp  b 

which is shown in Fig. 9b. Along with these results, qualitative 
curves representing the actual response for xyZ and oz are 
shown. These are based on equilibrium considerations as demon- 
strated in Ref. 12. The inclusion of oz results in a reduction 
of peak interlaminar shear stress as shown in Ref. 11, which dis- 
cusses this very issue with respect to bonded joints in composite 
materials. For comparison a [0/90]s laminate is analyzed, with 
the inclusion of oz,  in Ref. 17. 

A qualitative determination of az    and its effect on the 
other stress components is predictable, and it appears that the 
need for an exact determination of oz, as it relates to strength 
predictions, is open to question. 

Panel With a Cutout 

A flat panel with a circular cutout is loaded along two oppo- 
site edges. The dimensions of the panel are such that the stress 
field around the cutout is not influenced by the external boundaries. 
A typical idealization is shown In Fig. 9, which contains 223 mem- 
bers and 138 nodes. Results for a [± 45]s laminate, where the 
ratio of hole radius to lamina thickness is 100, are shown in 
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Flg. 10. To test the finite-element Idealization, a comparison Is 
made between the finite-element solution and exact solution of the 
mean circumferential stress at a distance slightly away from the 
cutout (Fig. 10a). These results are in excellent agreement. The 
irelusion of interlaminar shear causes the mean circumferential 
stress to deviate from the classical case, this deviation being 
most pronounced in the regions of high circumferential interlaminar 
shear, T«Z. The radial interlaminar shear stress is small com- 
pared with the circumferential interlaminar shear stress. This Is true 
for all values of ß. Along the radial coordinates 6-0° and 
6 - 90°, where the fiber orientations are either ± 45° or + 45° 
when measured from these axes, the stress field behaves in a manner 
similar to that along a free edge of a [± 45]s rectangular panel. 
The straight edge solution of a [± 45]s laminate yields 
Ox/oxa "0.86 and ^XZ^TUL  " 0.28, where o^ is the classical 
normal stress at the point. The corresponding values at the edge 
of the cutout along 6-0° are 0.89 and 0 26 and along 0 - 90° 
are 0.88 and 0.27, respectively. The reason for the deviation 
between these results and those along the straight edge is that the 
interlaminar shear deformation edge effect emanates from points 
along a boundary and extends over a distance equal to the width of 
influence. Therefore a 'circle of influence" exists around each 
point in which the stress distribution influences the stress be- 
havior at that point. Along a straight boundary of Infinite length, 
the stresses within the circle of Influence are uniform in a direc- 
tion tangent to the boundary. Along the edge of a cutout, however, 
the stress field is not uniform in ehe circumferential direction. 
As the radius of the hole increases, the stress field within the 
circle of influence approaches a uniform state, and the resulting 
stress field at a point approaches that of a straight edge solution. 
Figure i.1 shows the resulting inter laminar shear for a [± 45 ]8 
laminate as the rario of hole radius to laminate thickness is varied. 
The straight edge solution is approached at the axes within 5 per- 
cent when the ratio of hole radius to laminate thickness equ» .s 
100, and within 20 percent when the ratio equals 10. As the 
ratio of hole radius to lamina thickness decreases, the interlaminar 
shear stress flattens out as a function of 6    and decreases in 
average value. 

Figure 12 shows results for a [± 30]s laminate. The values 
of oe/oea and T0z/c0a (°da *-8 tne classical mean circumferen- 
tial stress at the point) along the cutout at 0-0° and 6  - 90° 
for a ratio of a/t - 100 is similar to the corresponding values 
of stress along the straight edge of a [± 30]s and [± 60]g 
laminate, respectively. Note the significant reduction of stress 
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concentration in 00 at 0 - 0° and the redistribution of TOZ 

and oe for the cases in which the radius to laminc thickness is 
reduced. The reduction in stress concentration in oa    at 9  - 0° 
is predictable from the straight edge solution of a [± 30Js 
laminate. 

Results for a [0/90]s laminate containing a circular cutout 
are shown in Fig. 13. There is little variation of OQ    from the 
classical solution along the 6-0° and 0 - 90° axes. This is 
similar to the straight edge solution for a [0/93]s laminate 
where there is little diffusion of the axial stress due to inter- 
laminar shear. The circumferential interlaminar shear is zero 
along 9  - 0° and 9  - 90°, as expected, but grows rapidly away 
from these points, and is greater in magnitude than the maximum 
radial interlaminar shear stress. Unlike the behavior in a [± ß]s 
laminate, the circumferential stress varies rapidly in the circum- 
ferential direction near 6 - 90° ai;d in both the circumferential 
and radial directions near e - 0° . This accounts for the differ- 
ence in radial interlaminar shear stress between the results along 
9  - 0° and e - 90° and those along a straight edge of a [0/90]s 
laminate. Of interest is the radial interlaminar shear growth along 
9  - 90° and change of direction along 9  - 0° when the ratio of 
hole size to lamina thickness decreases. This is in contrast to the 
steady decrease of circumferential interlaminar shear around the 
cutout as a/t decreases. 

V.  INELASTIC RESULTS 

The method of initial strains to describe the inelastic be- 
havior is briefly described in Section III. In this first study 
of the problem, it is assumed that the interlaminar matrix mate- 
rial can deform plastically while the in-plane material behavior 
is assumed to be elastic throughout the entire load history. 

I 
The interlamlnar stress strain behavior of boron-epoxy is 

shown in Fig. 14, along with its Ramberg-Osgood parameters. Stresses 
are computed for a [± 45]s bcron-epoxy laminate at a load level 
4.22 times that at which yielding begins (T„ - 3460 psi). Com- 
pared to the elastic response at the same load level, the inter- 
laminar shear stress is lower near the edge and is slightly higher 
at points more remote from the edge, but it does not extend over a 
significantly greater region. Moreover, the effect of the non- 
linearity on the membrane stresses is slight (Fig. 15). 

i 

I 

980 



■ 

■■ 

a-15= Classical Solution at r/a-1.0 
6    x -1.007 

•1.033 
Finite Element Solution 
Including Interlaminar Shear at r/a-1.007 

LUr   fora/HOO 
Oi 

J 1 1 >■      '+ 

0  1.0      3.0     5.0     7.0 

(a) Mean Circumferential Stress 

.2 

.1 

0 

TBl\    a/H00' r/aa,-0 
•1.007 
•1.013  

a/HO, r/a»I.O      
a/t-21/2, r/a-1.0      

.1 

rz   x 

.10 K 

.2       .3 

lb) Interlaminar Shear Stresses 

f  \ 

t")  - 
0      .05      .10 

Figure 13. Stress Distribution Around Cutout 
[0/90]s Laminate. 

981 



I ^L  I. ,,,.'_.    .1..    ..   .   i.Uli.^!i  NJII JI L_ ,1. T»T!SÜ 

Figure 14. Interlaminar Shear Stress-Strain Curve and 
Ram&rg-Osgood Parameters for Boron-fpoxy 
Laminate. 

982 



-S*.* =^-5«=?,*-^»? jfeM=    =* 

30, 

201- 
to 

in 
a> 
</> 

(?) 
L- 
fO 

sz 
CO 

10 

'20 16 

Elastic Reiponse 
Inelastic Response 

(y-b)/t 

Figure 15, Comparison of Elastic anu Inelastic Response, 
[±45]  Laminate. 

983 



*.3mm*w 

A multilayered [0/±45/0/90]8 boron-epoxy laminate Is analyzed. 
The "landed edge" displacements are Increased until a tensile load 
of 112 ksi is reached (slightly greater than the expected fracture 
stress). The load is then decreased to a compressive load of 
112 ksi and finally brought back to zero. In general, similar re- 
sults are obtained during tensile loading of a [± 45]s laminate, 
i.e., a reduction in peak interlaminar shear stresses and little 
change in Che membrane stresses are observed. The interlaminar 
shear components (in the layers in which they have the greatest peak 
magnitude) at a distance of 0.1 laminate thickness from the 
y - - b edge are plotted in Fig. 16 for the complete loading cycle. 
Of interest is the buildup of residual shearing stresses that occurs 
for both components of interlaminar shear. The mean stress, ö„, 
varies linearly with respect to the applied displacement to within 
five percent, an indication that the interlaminar shear nonlinearity 
has Jittle effect on the gro&s laminate behavior. Interlaminar 
shear stresses around a circular cutout in a [± 45]s laminate are 
shown in Fig. 17. High residual shearing stresses occur in the 
vicinity of 6  < 45°, and relatively low residual shearing stresses 
occur for 6  > 45°. 

VI. DISCUSSION 

A finite element program was developed for the study of inter- 
laminar shear deformation in composite laminates. The main build- 
ing block of this program, called COMPEL, is the COMPosite ELement, 
which is described in Appendix A. The displacement method is used 
and the solution is effected by the use of a Cholesky decomposition 
scheme. Typical running times are 29 sec (elastic) and 1.2 sec 
per increment (plastic) for an idealization containing 210 degrees 
of freedom with a mean bandwidth of 132. 

The following observations pertain to the techniques used in 
analyzing a composite laminate w'th the u&e of the present compo- 
site element: 

* To determine accurately the interlaminar shear stresses, 
values of t/c > 1 must be observed in the construction 
of a finite-element idealization. 

* Upper and lower bounds for interlaminar shear stresses 
can be found by varying the number of idealized segments 
through the thickness. 

* A qualitative determination of the "peel stress," oz, 
and its effect on the other stress components is predictable. 

984 



Figure 16.  Interlaminar Shear Stresses at (y-b)/t«0 4 for 
Cyclic Loading, [0/±45/0/«)] Laminate. 
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The fcllowing results pertain to the elastic response of a 
composite laminate: 

* The stacking sequence is the dominant factor in con- 
trolling the interlaminar shear region; e.g., alternat- 
ing + ß and - ß laminae keeps the peak interlaminar 
shear stress and width of influence to a minimum. 

* For a laminate with identical adjacent laminae, e.g., 
a [45n/-45n]g laminate, the peak interlaminar shear 
stress increases with increasing n, having a limiting 
value corresponding to a four-ply [45/-45]s laminate 
in which each lamina is considered as homogeneous. 

* Around a circular cutout the circumferential interlaminar 
shear stress component tends to be of greater magnitude 
than the radial component for all stacking sequences, the 
exception being in the region between 0° and 90° 
laminae, where a higher radial component occurs for small 
values of a/t. 

i 

* For a circular cutout, as the ratio of hole radius to 
lamina thickness decreases, the interlaminar shear stresses 
flatten out, as a function of 6, and decrease in average 
value, except in the case noted above. 

The results pertaining to the inelastic interlaminar shear be- 
havior show: 

* High residual interlaminar shear stresses develop during 
cyclic loading. 

* Interlaminar shear nonlinearity has little effect on the 
gross laminate behavior. 

This study accounts only for the plastic deformation of the 
interlaminar matrix material. Accounting for the most general state 
of plastic deformation requires thut the analysis provide the capa- 
bility to Include a criterion to predict the occurrence of failure 
for a particular stress state in an orthotropic lamina under com- 
bined stress and a technique that can adequately represent the sub- 
sequent phenomenologlcal behavior upon further loading. The first 
requirement, i.e., defining an acceptable fracture or yield cri- 
terion, has been the subject of a large number of studies (see 
Ref. 18 for an extensive bibliography). These approaches usually 
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provide an analytical expression, referred to as "interaction 
formulas," representing a quadratic surface in stress space, which 
best fits some experimental data for a given material. Although the 
reliability of the various criteria available is not established 
and in some cases is open to question, one can choose the "best" 
criterion for a particular material and readily incorporate such 
into an analysis until a "better" one becomes available. Methods to 
treat the behavior of the material beyond initial failure or yield- 
ing have been studied and appear in Refs. 19-21. In Ref. 19 the 
elastic stiffness properties of the structure are modified to reflect 
the development of nonlinear material behavior. In Refs. 20 and 21 
prescribed conditions are imposed on the subsequent behavior of the 
stress components, i.e., set to zero (Ref. 20) or required to follow 
a unidirectional nonlinear relation (Ref. 21). As indicated in 
Ref. 22, these approaches to predict laminate strength represent a 
good beginning but require further work. Efforts toward the goal of 
providing a meaningful description of a general inelastic strength 
analysis represent a logical extension of the work here presented. 
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APPENDIX A 

FORMULATION OF STIFFNESS MATRICES 

The elastic strain energy is expressed as 

u-I o'edV (A-l) 

The elastic strains are written in terms of the total and plastic 
strains as 

€-€-€_ 
»V.     rut     ~P 

(A-2) 

where, for present purposes, all components of total and plastic 
strains are assumed constant within an element. The constant 
strains are represented in the following form: 

»v,p 

£t 

f-uO 

W u 
»V. >\> 

(A-3) 

where c  are the centroidal plastic strains, u are the nodal 
displacements, and $ represents the matrix of coefficients asso- 
ciated with the strain-nodal displacement relations. By using the 
elastic stress-strain relation 

a - C e (A-4) 

and Eq. (A-2)} Eq. (A-l) becomes 

(£,. " O' C(e.   - €jdV 
<vt   <vp   »v <\»t   ~p 

u.I 

From a consistent energy approach, or equivalently from the appli- 
cation of the principle of virtual work, the following equation is 
arrived at: 

f ■ k u - k e (A-5) 
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where 

k 
«V 

w' C WdV 

(A-6) 

k W' C dV 

These general principles are applied to the specific element 
model outlined In the text and shewn In Fig. 2, and It Is found 
that the contribution to the stiffness matrices, expressed In 
Eqs. (A-6), of each of the two components of the heterogeneous 
material, viz., the In-plane fiber-matrix and lnterlamlnar matrix 
segments, is uncoupled. The total strains, gt,    are represented 
in the form 

At <££> 

where em   contains the in-plane membrane strain components, e x» 
«y, and yXy, and ^ contains the interlaminar shearing strains 
>xz» y-yz'    To derive the stiffness matrices for an individual ele- 
ment explicitly, a notation that describes the contribution of the 
various segments is used. This is shown for the strain components 
and elsewhere, when necessary for clarity. The strain components 
are denoted as 

<vtQ 
/ 1    2 (e e  ... 
«vm »vm 

€ ) 

/ 1.2 2,3 
y   - (y      y 

n-l,n* 
y       ) 

where n is the number of layers, and 

1 
i»m 

s x. y rxy* 

""  rzy ' zx 

In which a single superscripted quantity, say ejj:, denotes an in- 
plane pre rty associated with layer 1, and a double superscripted 
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quantity, say -y|^J, denotes an interlaminar property associated 
with the matrix region between layers i and j. 

The total strain-displacement relation, Eq. (A-3), is 
pressed as ex- 

y 
r i 

/w * 

W 
r8; 

Conforming to the outline notation, 

's'' 
8        ,2,3 

w 

and 

>vS 

\ 

yn-l,n 

u 

/w1 
/~m 

W 

~m 

/ 

2 

(A-7) 

,n 
<vm 

where 

u - (u1 u2 
.. u ) 

u n WM •www . 
subscripts denoting nodal points, and, 

10    10    10-1      0-1      0-1 

010101      0-1      0-1      0 

0 

•1 
/at1^   , 

with t*»J representing the thickness. The quantities associated 
with the triangular in-plane orthotropic layers are available in 
the literature (see, e.g., Ref. 4), and will not be represented here 

The material property -atrlx, C tarn Eq. (*.«), i. expreaaed a. 
Im r\     1 

(A-8) 
C 

v2 c ~s/ 
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c t.J . 0l.j 

where £m represents the in-plane material properties, and Cg 
represents the material properties of the shear segments, where 
£|»j is expressed as 

10 

Ol]' 

with G »J denoting the interlaminar shear modulus. 

The elastic stiffness matrix can now be separated into its 
membrane and interlaminar components by substituting Eqs. (A-7) 
and (A-8) into the first of Eqs. (A-6), resulting in 

where 

k    - 

k - k   + k 
*v     »v>m     *\<s 

W' C    W    dV    ,     k <\<nj <v«ni «,m »    ^g 

JV 

Written explicitly, 

y 
l~m      „ 

vr 
I 

k ~m 

kn 

<vm 

k   -A 
£s      9 

W' Ce W    dV ■vS  <vS  ~s 

V'2 z1'2 + z2>3 -i2'3 

,n-l,n 
I 

where A is the plane area of the element, 

(A-9) 

i.j G1^ 
ii ■   i 

1 0 1 0 1 0 

0 1 0 1 0 1 

1 0 1 0 1 0 

0 1 0 1 0 1 

1 0 1 0 1 0 
0 1 0 1 0 1 
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and k^ Is the stiffness matrix for the ic^ orthotropic layer. 
The material properties ard thickness can be varied from layer to 
layer, as can be seen from £qs. (A-9). 

Allowing plastic deformation in the interlaminar region only, 

€D - (0  Y
P
)  . 

This reduces kp€0 in Eq. (A-5) to ,&„#£, where k?*-»^  is ex- 
pressed as 

G^A 101010-1      0-1      0-1      0 

[010101      C-l      0-1      O-l) 
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APPENDIX B 

NOKMAL INTERLAMINAR SHEAR 

A closed form solution for a [0/90]s laminate Is obtain- 
able by using the methods of Ref. 1 where, as mentioned In the 
text, the model Is the same as that used In this paper.  In the 
following, the notation used Is that of Ref. 1. The reduced 
stiffness coefficients are 

*l?  - <® - «X! 
Q(1) w22 

-Q<2) 

Q(1) W12 ^12 

Q(1) w33 
- Q<2) 

^33 

Q 22 

- } 12 

Q33 

This leads to a set of differential equations as follows: 

(Q33P - k)A + kB - 0 

(Q33P - k)B + kA - 0 

(Q22p - k)C + kD - 0 

(Qnp - k)D + kC - 0 , 

where k » G/hh0, and the coefficients correspond to the 
tudes of the displacements, 

(B-l) 

ux - AePy u. Be py Vx - Ce?
y 

De py 

at the center, y - 0. The four roots of Eqs. (B-l), and 
corresponding amplitude ratios are 

magni- 

(B-2) 

their 

pl " 2k/(*33 

Po - 0 

Al - * Bl 

^ - B„ 

P3 " 
k«U + «W^ll«^ . Cj - - (QU/Q22)D3 

P4 - 0 

(B-3) 

• C4-D4 

?«e 
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T„ - (G/h)(Ul - u2)  , Tjy . (G/hXVj - v2) 

0 

( y 

1 
xyj 

Q(i)  C^ 
^11   Q12 

Q(i) y22 

SYMM 

Q(1) 

Q(i) ^23 

Q(i) y33 

i 

i 

i - 1,2 

the laminate stresses are obtained, 

* <Q22-Qn> 

*11 T y22 
r 

I    - - a2 - - a! q,    .1
Q22 • Qll>  , chVFvN 

a1   .«. x        a 

„2     u 
a     ■« — x        a 

ch Vp b 

2Q" J2%2 ■ Qn> ch v? 
I11   "n + «22   Q^Qirngy ^ 

2Q-     äSaliui sidli __^12 

l*y 

where 

"     «11 + 122     «t^Tc^K 

P - k(Qu + Q22)/Quc;Mhho 

For sufficiently wide plates the classical plate theory solution 
Is recovered In the central region of the laminate. 
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STRUCTURAL ANALYSIS AND THE HUMANITIES 

by 

,  . Joh" c-  Abel* 
rlnceton University, Princeton,  New Jersey 

The con temporary challenge that engineers should become more 
sensitive to the effects of their technological  decisions  is  in essence 
an exhortation to assimilate the cultural values  implicit  in "historic 
insight and social memory."    A Princeton University program is described 
which responds to this challenge by  introducing engineers to their own 
humanistic tradition. To illustrate how matrix analysis of structures 
can be taught  in a humanistic context and can be applied to humanistic 
research, five case studies  from the Princeton program are discussed. 
These  include:    the arolysis of Eiffel's Maria Pia Bridge, a design 
study of Rewll's Toronto City Hall,  research of the structural 
performance of the ribbed vaults of Gothic cathedrals,  the analysis of 
a Mai Mart concrete plane frame,  and a  critical  study of Saarinen's Kresge Auditorium. 

Humanistic Studies   in Engineering 

Matrix analysis of structures  is being increasingly applied to 
humanistic studies at Princeton University.    These endeavors are part of 
an overall educational program which  is responding to the pervasive 
concern in American society regarding the role of technology  in modern 
culture.    The purposes of this paper are to describe briefly the 
Humanistic Studies  in Engineering program and to discuss some of the 
projects from this program which entail  the matrix analysis of structures. 

Humanism and Engineering Technology 

Much has been said  in the  last few years about the effects of 
technology on society.    Engineers are certainly conscious of the 
criticisms   levied against their profession for the failings and ill 
effects of engineering technology:    the deterioration of the environment; 
the dehumanization resulting from computerization and automation;    the 
apparent  inability of public works engineering to ameliorate the blight 
of urbanization;    and the unconscionable development of frightening and 

Research Assc late and Lecturer,  Department of Civil and Geological Engineering. 

Preceding page blank 
1001 

■■    —III ■■•   -—■ 



. m^^nm! ■_■ i. ■■ ui^wi ■■»!w ^V «»r-v?--^^»^- KWB; pgffg ^.;"»f*  i^--t--uinn'   gBWgWtl^^P^gpmWBaiP^ip^Bip    -     ■■■' 

expensive weapons systems. On the other hand, the engineering profession 
has made acknowledged contributions to the positive aspects of the 
prevalent western life style, a style based upon a high standard of 
living with its familiar technological underpinnings:  industrialization, 
mobility, public health services, modern utilities, etc. Thi« superficial 
listing of some, favorable and unfavorable effects of technology on 
society neglects the complex technical-political-economic interactions 
that characterize societal processes. Nevertheless, it is clear both 
that engineering technology is a major influence in modern culture and 
that cultural values are invoked in the discussion of technology and 
society. 

One might define humanism as a concern with cultural values, with 
the "expressive, moral and contemplative aspects of 1iving"(l)*. Thus 
when Lewis Mumford criticizes engineers for lacking "historic insight and 
social memory" in conceiving and executing projects, he is accusing the 
profession of a lack of humanism. This is the essence of the contempo- 
rary challenge that engineers should become ever more sensitive to the 
widespread effects of their technological decisions. Of course, the 
development of a closer relationship between technology and the humanities 
presents a challenge to humanists as well. They must recognize and 
explore the new possibilities created by technology, the "new attitudes 
and perceptions, new belief systems, and new ways rf looking at the 
world."(1) To meet the goal of a closer relationship between engineering 
and the humanities, an experimental program in engineering education has 
been initiated at Princeton. 

The Princeton Program(2) 

The first objective of the Humanistic Studies in Engineering program 
is to educate engineers who, while fully competent in engineering science 
and design, will center their careers on a union of technology and the 
humanities. The principal focus here is on introducing engineers to 
their own humanistic tradition through a modified engineering curriculum 
as well as through the usual approach of elective courses in the humanities. 
To include humanistic considerations in their own teaching, the engineering 
faculty involved in the program have been studying in the humanities.  In 
addition, humanistic scholars such as art and architectural historians 
have been increasingly involved in the program through collaboration 
with the engineering faculty and through the broadening of their own 
interests and course content to include aspects related to engineering. 

In striving to &-.hieve a closer relationship between engineering 
and the humanities, the program must develop a communication that is 
mutually stimulating. Therefore, the second major objective is to 
establish a tradition of engineering research directed toward new 

Numbers in parentheses indicate references listed at the end of this 
paper. 
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humanistic understanding.    Significant  research will encourage the 
involvement and collaboration of humanists  in engineering education. 
So far, the research efforts at Princeton have centered on the history 
of architecture and the related arts.    Throughout the research aspects 
of the program, a consistent effort  is made to maintain a strong 
technical  component that  Is absent from the research of traditional 
humanists.    For instance, quantitative structural analysis has proven 
to be a decisive tool  in the study of Gothic architecture. 

The program is being implemented in several ways.     In the class- 
room a humanistic emphasis has been  incorporated into the context of 
several  civil eng'neerlng courses by discussing applications and 
examples which h.ive cultural and historical  as well  as  technical 
significance such as James Eads■  St.  Louis Bridge.    Undergraduate 
students are encouraged to undertake course projects and  independent 
work which further explore, for example,  the relationship between engi- 
neering and aesthetics.    Research efforts  involving graduate students 
and faculty in  ...ie humanities as well as  in engineering are another 
aspect of the implementation;    these efforts concentrate on history, 
biography, the relation between engineering and aesthetics, and the 
evaluation of contemporary engineering works.    A natural adjunct of 
this  research  is the accumulation of documents and other source material 
related to humanistic studies  in engineering.    Publication of the 
research  Is an  important element of the program;    additional  types of 
publications planned are engineering textbooks written  in the context 
of the humanities and critical essays regarding specific engineering 
and architectural projects.    Faculty and student interaction is 
furthered by periodic colloquia on humanistic research  related to engi- 
neering and on value judgments encountered  in engineering practice such 
as  in the development of low-cost urban housing.    Finally, to broaden 
the  impact of the program and to stimulate similar undertakings elsewhere, 
public lectures are given at various campuses and other locatons, research 
fellows from other institutions are brought to Princeton, and a national 
conference ("Civil Engineering:    History, Heritage and the Humanities") 
has been held. 

Structural Engineering and the Humanities 

The Humanistic Studies  in Engineering program is presently based 
in the civil engineering department.    Moreover,  it strongly emphasizes 
structural engineering,  largely because a major stimulus for the develop- 
ment of the program was the interaction between engineering faculty and 
architecture students  in structures courses.    The interests that these 
students  initially expressed are reflected In the nature of the current 
program studies:    the analysis of the structurss of architects such as 
Antonio Gaud! and Eero Saarinen, the study of the life and works of the 
great engineer-builders such as Pier Luigi  Nervi and Eduardo Torroja, and 
the analysis of other structures significant In the history and theory 
of architecture such as Gothic cathedrals.    Corresponding to the close 
relationship between structures, architecture, and the visual  arts, the 
humanists from the Princeton faculty who are most actively involved in 
the program at present are architects and art historians. 
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The intermediate level courses in structural analysis and 
design have been broadened to include a humanistic perspective, and 
thus they serve as examples of the implementation of the program in 
the classroom,  in addition to the customary rigorous consideration of 
engineering science and design, two emphases are present in these 
courses. The first is the consideration of the origins of modern 
structures and practiced). The humanistic tradition in modern structural 
engineering is firmly rooted In the careers of the great, builders of the 
late 19th and early 20th centuries, men like John Roebling, James Eads, 
Gustave Eiffel, and Robert Hai Hart. The discussion of the ideals and 
accomplishments cf these men serves a dual purpose: not only do their 
works have a definite influence on modern architecture and art, but the 
technical aspects of their structures also provide worthy examples for 
the study of structural theory and design. The second humanistic 
emphasis in structures courses is the criticism of contemporary 
buildings. Qualitative and quantitative analyses of both outstanding 
and ordinary structures permit the student to develop an ability to 
relate visual elegance to structural efficiency. 

Humanistic research in structural engineering is a natural 
extension of the classroom emphases, that is, the three main elements 
are history, biography,and criticism. Several topics are worth mentioning 
to illustrate the current thrust of research. Studies of Eads' St. Louis 
Bridge and Roebiing's Brooklyn Bridge highlight the cultural and historical 
significance of these structures. Not only are the structures themselves 
symbols of the city and the era that produced them, but the historical 
investigations are enlightening introductions to 19th century politics. 
Moreover, both bridges have had an impact on the visual arts, especially 
the Brooklyn Bridge which is profusely represented, for example, in the 
paintings of Joseph Stella and the etchings of John Marin. Another 
research topic is a biographical study of Robert Mai Hart. This effort 
is still in an early stage wherein source documents and interviews are 
being obtained from Mai Hart's family and colleagues. An example of 
criticism is an examination of some of the buildings of S!r Owen Williams, 
a civil engineer turned architect. Finally, an investigation of the 
relation between engineering and aesthetics is a joint study by engineers 
and a social scientist cf the design competition for the Washington 
Bridge over the Harlem River and of the planning decisions involved in 
subsequent changes in the urban area adjacent to the bridge. 

Model studies are the primary structural analysis method In many 
of the projects that have already been mentioned. However, computer 
techniques are being increasingly applied to humanistic research, both 
atone and as a complement to model studies. In the remainder of this 
paper various case studies that utilize matrix methods of structural 
analysis will be discussed in further detail. 
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Case Studies Involving Matrix Analysts 

The work reported here Involves no original contributions to the 
technology of matrix analysis with one exception (k) which will be 
published In detail elsewhere.    The purposes, therefore, of recounting 
these investigations are first to demonstrate how £he   matrix analysis 
of structures can be studied In a humanistic context and second to 
Indicate a range of humanistic structural   research to which the powerful 
tool of computer analysis can be applied.    Consequently,  In the discussions 
which follow emphasis will be plsced upon the description of the problems 
and their significance rather than upon detailed quantitative results. 

Eiffel's Maria Pia Bridge 

The work of Gustave Eiffel has had a profound effect not only 
upon the practice of engineering, but also upo.i architecture and art.(3) 
His technical contributions  included advances both in the design, 
fabrication and erection of metal structures and in the analysis and 
design for wind loadings.    Developments  in these areas can be traced in 
the series of Iron railroad viaducts designed and constructed by Eiffel 
and his associates from 1864 to 1886.    The crimination of Eiffel's 
structural work, the tower bearing his name,  Is a classic of metal 
construction.     Its form is an eloquent expression of proper design of a 
tall structure to resist wind loading.    This engineering work has become 
the best known symbol of France.    Further evidence of the cultural 
significance of Eiffel's work is the fact that such influential observers 
as LeCorbusier(5) and 5. Gled I on(6)  prominently feature his viaducts 
and tower in their treatises on architecture. 

A study project on Eiffel, presently concentrating on one of the 
Eiffel  viaducts,  the Maria Pia Bridge across the Douro River at Oporto, 
Portugal,  is providing an opportunity for engineering learning 
experiences  in a humanistic context.    The bridge, designed and construced 
during 1875 to I878, was the first fo-hinged arch executed by Eiffel and 
with a span of 160 meters  (525 feet) was the longest metal arch constructed 
up to that time.    (See Figures  I and 2.)    An erection scheme was 
devised wherein the arch was erected without scaffolding from the 
springings upward;    the two rising segments of the arch were suspended 
from the side*span superstructure by steel cables as successive pre- 
fabricated sections were lifted from barges.    The overall design and 
erection was nearly 501 cheaper than  Its nearest competitor in the 
bidding.    Historically, this structure marks the development of many of 
the new ideas that were later Incorporated on a grander scale into Eiffel's 
most famous bridge, the Garablt Viaduct.    Like the Garabit,  the Maria Pia 
elegantly expresses Its efficient structural function(3).    For example, 
in plan the wider spacing of the legs of the arch at the support reflect 
the resistance to lateral overturning by wind forces. 
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Fortunately, a paper by T.  Seyrig(7),  the project engineer from 
Eiffel's firm for the Douro bridge, gives a reasonably complete account 
of both the structural dimensions and the structural analysis of the 
bridge.    Because the current investigator was seeking an exercise in 
the computer analysis of structures, the technical aspect of the study 
was  the analysis of the arch for vertical   loads with  ICES-STRUDL II  and 
a comparison of the modern analysis  results with the original analysis. 
Seyrig's analysis of the internally and externally indeterminate trussed 
arch is  interesting in itself.    By using the gross areas and moments of 
inertia of the arch,  the horizontal  thrusts are computed by an approx- 
imate method*    analogous to Castigliano's Second Theorem.    The axial 
forces  in the chord members are then determined from the gross moment 
and axial  force in each panel.    Apparently,  the web member forces are 
conservatively estimated by first omitting one set of diagonal web 
members to obtain an  internally determinate truss and then  repeating 
the process with the other set of diagonals absent.    A comparison of 
some typical   results  for horizontal   reactions and chord member stresses 
's presented in Table 1;    the agreement  is quite good. 

Many student exercises undertaken  in current structural  analysis 
courses are portrayed as anonymous  line drawings or are simple example 
drawn from current practice.    A supplemental  purpose of studies such as 
the one described is to develop student exercises based on structures 
which are technically outstanding and historically significant.    Such 
problems provide a natural  opportunity to explore further the aesthetic 
and other humanistic aspects of these and associated structures.     In 
the particular case of the Maria Pia Bridge analysis, additional 
opportunities accrue to the student.    He can observe the application of 
hand methods of approximate analysis which, although now out of fashion, 
are still  useful   For preliminary analysis.    On the other hand, he can 
see the clear advantage of computer techniques  for a complete a>?lysis 
when he observes  the labor  required for hand analysis  for, say,  vind 
loadings and assymetrical  vertical   loads. 

Revel1's Toronto City Hall 

A senior thesis that exemplifies undergraduate structural engi- 
neering  in a humanistic context   is a design study of the Toronto City 
Hal I(8).    One component of this work is an examination of the origins, 
design competition, construction, and functioning of the municipal complex. 
This treatment  includes a critical  analysis of the aesthetic appeal and 
structural efficiency of the buildings.    A second, more technical 
component of the study If  the exploration of an alternative structural 
scheme for one of the buildings  in the complex.    Enough structural 
analysis and design was undertaken  in th      aspect to provide the student 
with an insight Into engineering practice for concrete buildings. 

This method is attributed to deDion(7) 
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In  1957 the city of Toronto launched a worldwide architectural 
design competition for a city hall and civic square.    The city was 
seeking a building that would be a dramatic symbol of Toronto, a symbol 
of achievement &/>d promise.    The plaza accompanying the building was to 
be designed for the pleasure of the urban residents.    From among 520 
entries  in the first stage of th« competition, eight finalist were 
chosen to submit more detailed designs.    Ultimately,  the unanimous 
decision of the Jury was  that  the design submitted by the Finnish 
architect Vi1 jo Revel I was the most original  and that  it should ba 
implemented (Figure 3).    However,  the jurors were not without reser- 
vations  regarding the design.    There was no doubt  that  the strikingly 
curved buildings would remain a prominent feature on the Toronto sky- 
line rtqardless of other buildings  that might surround it  in the future. 
Nevertheless, a minority of the jurors were disturbed that  the windowless 
outer wall  turned a blank face on the urban  redevelopment area to the 
north.    This  lack of windows on one wall   is also a potential  shortcoming 
from the standpoint of  internal  space utilization. 

The structural  concept of the curved towers  is of particular 
concern here.    To avoid  Interior columns,    Revel 1  had envisioned the outer 
walls as curved shells  from which the floors would be cantMevered. 
The jury's  reaction to this scheme was that the omission of columns 
wouid unnecessarily add to the cost of the building without significantly 
altering the visual effect.    Oddly,  despite the jury's  recommendations, 
the original  structural  design proceeded without columns;    however, this 
approach was abandoned when the shell  thickness  reached 32  inches and 
still was  inadequate to support the cantilevered floors(8).    Radial 
beams and a row of columns along the midline of the buildings were 
added.    Nevertheless, the overall towers were designed as vertical 
cylindrical shells made orthotropic by the horizontal  floor slabs and a 
system of reinforcing co1umns(9).    As built, the outer wall of the east 
tower is an  18-inch  thick concrete monolith, horizontally and vertically 
reinforced. 

Stimulated by reservations about the windowless wall  and about  the 
structural  rationale of the shell, the student decided to investigate a 
structural scheme that might permit 3 greater architectural  flexibility. 
If the towers were designed as frames,  the shell wall  could be partially 
or totally omitted.    No changes  in the basic floor plans were considered 
in order to limit the scope of the work so that one man could reasonably 
accomplish the study.    The taller east tower was chosen.    An  initial 
design based on the existing framing dimensions was selected:    radial 
beams, columns along the outer wall,  and interior columns were already 
present, while tangential beams were added to complete the framing.     ICES- 
STRUDL  II was employed to analyze selected vertical  and horizontal seg- 
ments of this three-dimensional  frame for dead,  live, and wind loadings. 
It was found that by current code standards, concrete framing with the 
existing cross sections could be adequately reinforced to satisfy the 
necessary strength requirements.    Although no new design for the outer 
facade was specifically proposed, the results of the structural  study 
demonstrated new aesthetic potentialities. 
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Gothic Cathedrals 

One of the major influences on arch.tecture and art has been the 
Gothic cathedral.    These buildings have a manifest historical and 
cultural significance but in addition they have played a key role in the 
formulation of the architectural theory of rationalism(10).    This theory 
was succinctly stated by Louis Sullivan as "form follows function." 
The first modern GotMc scholar, Eugene Viol let-le-Duc,  laid the 
foundations for the rationalist theory in studies associated with his 
work of preserving and restoring the -French Gothic cathedrals.    He 
abstracted the theory from his contention that every element of the 
Gothic cathedral had a structural  function(U), and he soon acquired 
a following among contemporary architects such as Sullivan.    More recent 
inheritors of the rationalist tradition include Antonio Gaudi, Frank 
Lloyd Wright, and Hies Van der' Rohe and engineers  like Hai Hart, Torroja, 
and Nervi.    The rationalist theory is more completely delineated In 
References 3, k, and 10. 

Counter to the rationalist school of thought are those who 
believe that architectural form is derived from purely aesthetic 
intentions,*   Host of the debate on these opposing theories that has 
occurred since Viol'et-le-Duc's time has  involved structural theory but 
has consisted essentially of qualitative arguments set forth by 
architects and historians.    There is a clear opportunity for modern 
structural analysts to contribute to the settlement of some of these 
controversies.    Hence, a continuKg line of faculty and graduate research 
at Princeton has been studies of the theory of rationalism. 

Although the theory of rationalism is not specifically tied to 
Gothic architecture, many of the particular structural questions under 
debate by the theorists Involve the Gothic simply because the influential 
Viollet-le-Duc drew most of his examples from his own broad experience 
with Gothic cathedrals.    In Figure 4, two sectional views of the nave of 
Amiens Cathedral are shown.    Although dimensions vary from church to 
church, essentially the same structural elements r.re present in other 
Gothic cathedrals.    Host of the arguments about the rationality of 
Gothic construction are concerned with the vault and buttressing systems. 
In particular, the elements whose structural functions have been most 
disputed are the vault ribs, the flying buttresses, the outer fc.ittress, 
and the pinnacles.t   Numerical structural analysis  in progress at 

As evidenced by their buildings, modem architects who an decidedly 
nori-rational 1st  include Eero Saarinen and Jtfrn Utzon. 

Photoelastic model studies «t Princeton have indicated that the 
pinnacle must be present and must be locate.; *s srown in Figure k in 
order to overcome tensions in the outer buttress cf Amiens Cathedral. 
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Princeton are concerned with two aspects of the behavior of the ribbed 
vaults.    The first project is to compute the horizontal thrusts developed 
by the vaulting system,    these must be known  in order to evaluate fully 
the role of the buttress system.    The second study is to investigate 
the structural  function of the ribs. 

The geometry of the vault shells  is quite complex.    Figure 5 
shows a model of two nave-vault bays of Cologne, a cathedral  for which 
relatively complete geometric data is available.    Note the double curva- 
ture of the shells, particularly a;cng the nave-axis crown.    The finite 
element method is being i'«sd for the numerical studies.     In addition 
to the complex geometry, the difficult points  in the analysis are the 
diagonal  groins, the out-of-surface boundary conditions at the crown, 
and the  introduction of the ribs.    Dr. Sachs has developed a double 
curved shell element that accomodates the groin and the necessary 
boundary conditions, and he has computed the thrust(4).    Further analyses 
are utilizing quadrilateral element assemblages of plana" triangles(12). 
Preliminary numerical  results art being verified by comparison with 
photoelastic model studies of the vault model shown  in Figure 5-    Because 
the project  is still   incomplete,  it is  too early to present any conclusions 
about the structural action of the ribs.    Nevertheless, this  research 
effort  is an example of how matrix analysis of structures can contribute 
to architectural history scholarship. 

A Concrete Frame by Mailiart 

An  independent-study project recently undertaken by an undergraduate 
was the analysis of a concrete plane frame by two methods, matrix analysis 
and photoelastic modelling.    The frame is a rather unusual one designed 
by Robert Mailiart.    The technical  phase of the study enabled the student 
to learn more about the two methods of analysis by comparing their results. 
The nontechnical aspect was a critical  study of the structure as  it 
related to other work by Mailiart.    Hence, the general approach of this 
project  l> similar to that of the Maria Pia project discussed earlier. 

hcillart (1872-19^0) was a Swiss engineer-builder who, although 
less wetl-known and less  influential  than Eiffel, has made a considerable 
contribution to both engineering and the arts.     In contrast to Eiffel's 
concentration on metal  structures, Mailiart was an early master in 
reinforced concrete construction.    His arch bridge:: are concrete 
manifestations of    rationalist design and visual elegance(6).    Maillart's 
cultural   impact  is epitomized by a distinction few engineers  receive:    a 
sculptor, Max Bill, has assembled an architectural book entirely devoted 
to Maillart(13).     In addition to a variety of examples of rational design, 
Maillart's technical  contributions  include the development of flat-slab 
floor construction with mushroom columns, the testing of large-scale 
concrete structures, the origination of the concept of the "shear center", 
and the advocacy of a theory of design for uniform safety  in concrete 
structures(14). 
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FIGURE 5.    MODEL OF COLOGNE CATHEDRAL NAVE VAULTS 

FIGURE 6.    MAILLART'S SHED ADJACENT TO MAGAZZINI   GENERAL I, 
CHIASSO.  SWITZERLAND 
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The Hal Mart frame selected for this study Is a typical bay of 
the shed adjacent to the warehouse Magazzlni General I  in Chlasso, 
Switzerland, Figure 6.    This frame has been admired for its airy, plant- 
like form but also has been criticized as affecting a form too technical 
to be intuitively grasped(13).    An elevation of half of the frame is 
shown in Figure 7-    rrom this an engineer can certainly see that the form 
follows the function.    The "truss" region with parabolic profile between 
the columns corresponds to an Inverted moment diagram for a uniformly 
loaded beam;   hence the chord members should tend to have little bending 
and equalized axial forces.    Table 2 gives some results of both an 
ICES-STRUDL II analysis and the photoelastic model analysis.     In general, 
both analyses confirm the functional   interpretation of the form. 

However, the two analyses dc not agree very well for many of the 
individual members;    it is  in understanding this disagreement that much 
of the technical educational value of the analysis lies.    Many of the 
members are not slender enough to enable the idealized frame to fulfill 
the assumptions  inherent  in the computerized frame analysis.    On the 
other hand, although the photoelastic study is a full-field, two- 
dimensional analysis which accounts for complex behavior at the joints,. 
it  is not easy to obtain very accurate measurements of axial  forces and 
bending moments  in the members from the fringe photographs.    (The 
forces and moments were chosen for comparison because thay would be used 
in frame design.)    Finally,  it is valuable to contrast these linear 
elastic approaches with Mai 11 art's  ideas regarding design for uniform 
safety,  ideas which implicitly call  for an understanding of the real 
(cracked, nonlinear) behavior of the structure as a whole(H). 

Saarinen's Kresge Auditorium 

The modern  implications of the theory of rationalism in architecture 
become evident in the critical analysis of contemporary structures.    One 
such study undertaken at Princeton is of Eero Saarinen's Kresge Auditorium 
on the M.I.T. campus, Figure 8.    This shell, completed in 1955, is exactly 
one-eighth of a sphere, supported at three points.    The distance between 
abutments  is 155 feet and the arched edges rise to 27 feet.    Although 
the design was originally hailed by architectural critics as a rational 
solution, the structure has experienced enough structural shortcomings 
to indicate the contrary. 

The first part of the study, the investigation cf the particulars 
of the design, construction, and performance of the building, has 
historical significance because Kresge was one of the first  large shell 
structures to be built In the United States.    This part of the research 
was conducted by surveying the architectural and engineering literature 
and by interviewing individuals who were involved in the design and 
construction of the auditorium.    A couplet« account of this study will 
be reported elsewhere;    however, a few key findings are of interest here. 
For example,  in the design stage, the engineers  recognized the necessity 
of edge beams.    Nevertheless, when the forms were removed from the shell, 
the edge deflections proved to be excessive, particularly with creep; 
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TABLE 2. COMPARISONS OF ANALYSES MAGAZZINI 

GENERAL I SHED FRAME 

Member 
Type 

-1 

1 

Member 
Number 
(Fig. 7) 

Axial Force (kips) 

....... 

Bending Mon 

~STRUDL~ 

tent (k-ln) 

I STRUDL Model Model 

1 
! 

1        -70 -69 

...}._. 

750 1260 

1 
Supporting 2 -25   1  -21» 16 21 

I 
Frame 

3 -73  ! -101 840 900 
1 
1 
i 
i- 

1 

 ..... , 4 +24    +18 
i 

• 75 160 

Bottom 7 +78  ! +88 i 24 i    21 

i Chord 9 +78    +94 
i 

8 25 
=. II +78  j 4P... 7 ._ 12  

Top 

Chord 

8 

10 

-93    -113 

-96    -123 

98 

170 

150 

160 

; 12 -95    -102 150 i ,5°  . 
> 

Web 14 -12     -17 91 60 

! Verticals 
t 15 -11     -21 17 5 

; 

16 +12 +24 0 0 

Notes:  See Figure 7 for member numbers'. 

Loading Is dead and snow loads only. 

STRUDL analysis Includes member end sizes and 
transverse shear deformation. 

Bending moments compared are the highest 
quarter-point moments. 
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FIGURE 8.    bAARINEN'S KRESGE AUDITORIUM, M. I. T. 

ft 

FIGURE 9.    CENTRE NATIONALE DES INDUSTRIES ET DES TECHNIQUES (CNIT), PARIS 
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and despite aesthetic objections by Saarinen, mil 11 ions were added to 
the window walls to support the edge.    Despite these and other efforts 
to strengthen and support the shell, the performance of the structure 
has not been satisfactory.    Cracking and leaking have occurred, especially 
near the abutments, and the flexing of the shell  under varying thermal 
loads höj necessitated the refurbishment of the roofing at a cost of at 
least  $2S0,G00(15). 

The second phase of the investigation was a comparison of Kresge 
with other large, point-supported shell  structures that were of similar 
concept and function.    This comparison involved not only aesthetics but 
also a qualiiat've structural evaluation.    One of th- buildings considered 
was the Centre Nationale des  Industries et des Techniques  (CNIT)  in Paris, 
Figure 9.    Several  architects and engineers participated in the design 
of  this structure(l6);    Pier Luigl  Nervi, Eugene Freyssinet, and Nicolas 
Esquillan were the well-known engineers who were successively  involved. 
The CNIT consists of theee intersecting cylindrical segments and,  like 
Kresge,  is supported at three points.    However, the building is much 
larger than Kresge (675 feet between abutments,  152-foot rise)  and for 
stability considerations  is a double shell. 

The final aspect of the study was a numerical sti. ~tural analysis 
of Kresge to provide a more detailed focus on the deflection and stress 
problems at  the edges.     In addition, £ structure of CNIT's configuration 
and Kresge's span was also analyzed for contrast.    The finite element 
method was used(12).    The analysis confirmed that only the central  portion 
of Kresge acts truly as a shell;    in essence,  the central  spherical  dome 
is supported by the edge arches, and the in-surface and arch bending are 
responsible for the cracking and excessive deflection along the edges. 
Some of the numerical analysis results of Kresge and CNIT are qualitatively 
compared in Figure 10.    The upward flow of forces  in Kresge represent 
tensions arising from,the  in-surface bending behavior necessary to provide 
adequate support for the central portion of the dome, which acts as a 
membrane.     In addition, the edge deflection? of the Kresge-sized CNIT 
structure were found to be one and a half orders of magnitude less than 
those of Kresge without mull ions. 

This case study provides a modern example for architectural 
theorists.    More significant, however,   is the fact that  It combines 
criticism, one of the main characteristics of the humanistic approach, 
with engineering.  Since architectural design from purely aesthetic or 
decorative considerations may have unacceptable social, functional, and 
monetary costs, engineers must become critics and participate in non- 
technical value judgments. 

Concluding Remarks 

The Humanistic Studies ir Engineering program, &s exemplified by 
the five structural engineering studies discus.ed abo/e, I; designed to 
enhance engineering education ai>d 'jitir.i« tely professional  oractice.    A 
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humanistic emphasis which is now generally ignored in engineering 
courses and texts is being integrated into the curriculum. In addition 
structural engineering is contributing to research in the humanities, 
including criticism. 
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THREE-DIMENSIONAL FINITE ELEMENT MODEL FOR LAKE CIRCULATION 

John W. Leonard*, Illinois Institute of Technology 

David Me.lfi**, State University of New York at Buffalo 

A solution technique is presented for the three-dimensional (3-D) 

circulation of water in shallow lake basins. The basis for solution 

is a finite element analogue to the shallow lake equations due to 

Eckman. Galerkin's method provides the minimization functionals for 

the derivation of rectangular paralleloplped element equations. Since 

the matrix equations include a nonlinear boundary condition linking 

the free-surface elevation to the interior elements, the Newton-Raphson 

Method is suggested as a solution method for the governing matrix 

equations. 

* Illinois Institute of Technology 

** State University of New York at  Buffalo 
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INTRODUCTION 

To date, no complete understanding of the complicated phenomenon 

involved in the circulation of large lakes has buen obtained. In order 

to gain some insight into this problem, it is necessary to simplify the 

dynamic equationu of motion. It is then possible to obtain a crude 

prediction of the response of the lake to various factors, thereby 

developing in a systematic way a better understanding of a more compli- 

cated phenomenon of interest. However, analytical solutions to even 

these simpler equations are rare and often crude or unduly restrictive. 

It is the purpose of this paper to present a formulation of a three- 

dimensional finite element model for the circulation in shallow lakes, 

e.g. Lake Erie. 

Simplified dynamical equations of motion describing massive water 

circulations were obtained by Ekman (l)* in 1905« Analytical solutions 

for idealized rectangular basins have been derived by Lai and Rumer (2) 

based on this theory. Gheng (3»^) has presented a finite element analogue 

for irregular basins. However, in those works depth averaging techniques 

were used and the problem «as formulated in terms of the average stream 

function. This eliminated the essential nonlinearity involved in the 

free surface elevation and reduced the problem to that of a two- 

dimensional basin. Such a formulation has no meaning near the boun- 

daries of the basin where spurious flow across the boundaries occur. 

In addition, any numerical solution based on derived variables such as 

the stream function implies less accurate results for the real variables, 

i.e., velocities, because of the necessity to differentiate numerically 

to obtain them. For these reasons a solution technique for the three 

r Preceding page blank 1027 
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dimensional problem was sought. 

Matrix equations o.?ed on the simplified three-dimensional Navier- 

Stokes, continuity, and boundary equations due to Ekman (l) are obtained 

by the use of a combination of the methods of finite elements (5) and of 

weighted residuals (6). The specific method of weighted residuals chosen 

was Galerkins' method (?) in which the approximating function itself is 

taken is the weighting function. 

In the succeeding sections, the metho.' of weighted residuals as used 

in a finite element context, will be* developed and applied to the governing 

differential equations for massive lake circulation. A finite element 

analogue to these equations for an irregular lake basin using rectangular 

parallelopiped elements will then be presented. Since the resulting alge- 

braic equations are nonlinear in nature, an iterative convergence method, 

the Newton-Haphson method, is used to develop a solution technique for 

these equations. An outline of the solution process is given along with 

a selection technique for the initial guess required for the Newton- 

Raphson method. 

GALERKIN, FINITE ELEMENT METHOD 

The method of weighted residuals (7) consists of assuming a trial 

solution to the governing equations in the form of a finite series of 

known functions of position multiplied by undetermined parameters, and 

requiring that these parameters be such that the field equations and 

boundary conditions be satisfied in some approximate sense. The manner 

in whicn the governing equations are satisfied determines the particular 

subclass of the method of weighted residuals used. 
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The subclass chosen for the work described herein is Galerkin(s 

method which consists of using the approximating functions as the 

weighting functions. Consider the set of differential equations 

D.(u ) =0  x V   i,j = 1,2 . . . M 

with associated boundary conditions 

(1) 

u (x) = ü.   x-S (2a) 

L(u.) = 0    xeST (2t) 

where !,(•) and D. (•) denote differential operators involving spatial 

derivatives of the dependent variables u., and where V is the total do- 

main of interest bounded by S = S + ST. 
u   L 

If a trial solution of the form 

N 
uj= & ckj K ("x) (3) 

is chosen, where #(x) are specified functions of x which satisfy the 

boundary conditions on S , then the residuals, or errors, in the dif- 

ferntial equations and boundary conditions on ST can be constructed as 

follows: 

Vckj' *k' *cV) * Di(u3) 

W^'V -LCup 

C^a) 

C+b) 

If u* had been the true solution, the residuals would be identically 
J 

zero. Therefore, the best choice of the c »s for a given set of fur.c- 
KJ 

tions ft   is that which makes R    and R.  minimum.    Gaierkin's method 
K O      1 

consists of making the residuals orthogonal to each of the approximating 

functions 0, , 
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(5a) 

(5b) 

I 

which leads to a set of algebraic equations for c, .. 

The rationale behind this criterion is as follows (7): the <jt  's are 

members of a complete set (convergence) and K.  and B. are piecewise con- 

tinuous functions; a fundamental property of a complete set is that each 

member of the set (A ) is orthogonal to a continuous function (JL and 

H.) only if that function is identically zero; therefore, if a finite 

number of members of a complete set are used as approximating functions 

and each member is made orthogonal to the residuals, then in the limit 

N-*°°the residuals are identically zero. 

Galerkin's method, per se, cannot be easily applied to problems 

with complicated domains in that it is not feasible to derive approxi- 

mating functions applicable over the total region and which also satisfy 

all boundary conditions of the form u(x) = ü, x*S . However, the use of 

Galerkin's method within the context of a finite element scheme allows 

one to use simple, approximating functions within small regions and to 

replace boundary conditions with simple interface continuity conditions 

for interior elements by expressing the approximating solutions in ' 

terms of nodal values of the basic unknowns rather than in terms of 

arbitrary parameters c. .. 

It is possible if simple element formulations are used that not 

all of the interface continuity conditions are satisfied. Because of 

the approximate nature of the finite element method, and because of the 

possibility of successive refinements in the numerical modeling of the 
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region, it has been shown in many instances that acceptable results are 

still obtained despite the lack of satisfaction of all of the interface 

continuity conditions. Of course, it is possiDle to derive more compli- 

cated element formulations which satisfy a greater number of these con- 

tinuity conditions through definition of additional element nodes or of 

additional nodal variables, e.g., nodal derivatives of the variables. 

DERIVATION OF LAKE EQUATIONS 

The governing differential equations for flow in a large lake are 

the Navier-StokeE equations in the three Cartesian direct_ons x. (a comma 

denotes differentiation with respect to the succeeding subscripts) 

i 
i 
i ■-: 

Lf, 

Du. 
l 

P Dt~ " CT-i "i "i " P 
jr. = o i = 1,2,3 

the continuity equation 

u. . = 0 

(6a) 

(6b) 

and the constitutive relation between stresses g. .  and the velocity 

gradients 

■ p 6. . + ep (u   + u  ) (6c) 
ij 

Df 
where ■=£• ^  convective derivative = -"r + u.f . 

p = mass density, F., u. = body force per unit mass and velocity com- 

ponents respectively in the x. direction, p = hydrostatic pressure, 

and 5. . = Kronecker delta and e = vertical turbulent momentum transport 

coefficient (eddy viscosity). The use of the eddy viscosity as a crude 

measure of turbulerce effects is justified only by the lack of a more 

accurate measure. 
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u. 
1 

— 0 on S 
s 

u .n. 
3 J 

= 0 on Sf 

»ij'j 
= Ti on Sf 

"Vj = q on S 
a 

The boundary conditions for these field equations are 

(7a) 

(7b) 

(7c) 

(7d) 

wherv S s solid boundary, Sf s free surface, S = inlet/outlet region, 

n. = -components of outward unit normal to the total boundary surface, 

S=S +Sf+S,q= flow rate per unit area of S , and T- = applied 

tractions on S_. 

The Rossby number, the ratio of inertial to Coriolis forces is 

small for currents observed in the Great Lakes. For this reason, the 

convective terms in Eq. 6a can be neglected. (8) Also, neglecting the 

horizontal components of the Coriolis force due to vertical motion, 

and assuming that the Coriolis parameter f = 2 ojsinf is constant 

(tu = angular speed of rotation of the earth and $ = mean latitude of 

the lake), one can write the Navier-Stokes equation as 

K-^+ UJV ■ °      i = i'2 (8a) 

where e. . = permutation tensor, and g = acceleration of gravity. If it 

is row assumed (l) vertical momentum transfer is negligible compared to 

the gravitational force, Eq. (8b) reduces to that of the assumption of 

hydrostatic pressure distribution 

P = p S  (11 - Xj) (8c) 
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where T\ = TlCz-.x ) is the free surface elevation above the datum x^ = 0 

on the mean surface of the lake. 

In summary, the governing equations for massive c.i -culction in 

large lakes are 

1 
— er- ..+fe..u.=0 

u. . = 0 

i = 1,2 

7 cr• -j = - g(T] - x J + e (u. . + u. .) 

(9a) 

(9b) 

(9c) 

along with the boundary conditions, Eqs. (7), of which Eq. 7b is of 

special interest. In terms of the free surface elevation j\,  Eq. 7b 

can be written as 

which introduces a nonlinearity into the system of field equations. 

An approximation to the solution of Eqs. (9) is taken in the form 

ui * I Vki Cl0a) 

ir =yv, c, L H^ko 
k 

where 0,  , 0,  are assumed functions of position, and C^..  C, are ■V "ko 

known parameters. Equations (9) become 

ki, "ko 

-,- ,  1* e . . u* = I? 
0  !JiJ      ij  j   11 

i = 1,2 

jtd "" "23 

7^--«^-X3)6iJ + ,C«Jfj +«3|i) 

(10b) 

un- 

(11a) 

(lib) 

(lie) 
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"l ^1 + U2 ^2 " U3 = Boo 0n X3 = ° (lld) 

where R.     denotes the errors, or residuals,  introduced by the approxi- 

mations.    Galerkin's criteria for this system of equations are 

J h> «a '■■ tf = 0 i =.- 1,2;   j = 1,3 

FAR     dS = 0 J  Hco    oo 

(12a) 

(12b) 

In order to recover the boundary conditions, Eqs. (7), from Zqs. 

(12), it is necessary to integrate Eqs. (12) by parts and to apply the 

divergence theorem (6). This yields 

I Ki </' - *kf eij uj>dv = § K °ij h *       (13a) 

v S 

K.j utj * ■ K u3 ij * il%) 

v S 

J ^ko (U1 *1 + U2 ^2 " U3} = ° (i;5c) 

S
f 

If Eqs.   (7) and (lie) are substituted into the right hand sides of 

Eqs.   (13), there results 

J^k^ij+^-e^ir-^-. «33 dv 
V 

= 'I * X3 *k,i dV + J K T4/P * + J WJHJ*       &*•> 
s. s +s f s    q 

J\.i uj dV=J ^Vp <* tt*) 

J *ko (U1 Kl + U2 ^2 " ^  M = ° (lfc) 
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where u? and T)* are given by Eqs. (lO) in terms of the unknown parameters 

C, . and C . Equations (lk)  constitutes a set of algebraic equations 

for those parameters and for the tractions a* -T\-  on the side and bottom 

boundaries of the lake basin. 

It should be noted that the tractions n* ,r\.  on S    + S cannot be 

determined from Eq. (lie) since that equation provides an inaaequate 

description for the complex state of stress in the boundary region. 

Instead, as will be seen subsequently, the boundary tractions are de- 

termined directly from the finite element analogue to Eq. (l4a) once 

the interior distribution of velocities has been determined. An analogy 

can be drawn to structural mechanics problems in which unknown tractions 

are specified at points of prescribed displacements. 

FINITE ELEMENT ANALOGUE 

Consider the lake to be subdivided into a finite number of rec- 

tangular parallelpiped elements interconnected at prescribed nodal 

locations (see Fig. l). A two-dimensional rectangular grid of elements 

is superimposed at the datum x, = 0. This grid is to account for the 

free surface integral, Eq. l^+c, and for the surface elevation f) present 

in Eqs. (l*la,b). In other words, each node of each volume element in 

the lake is considered to be connected through the f\  term with the 

corresponding node in the surface grid directly above the interior 

node. , 

The finite element analog to Eqs. (10 ) and (13) is obtained by 

identifying the unknown parameters C, . and C,  with nodal values of 

fly 

uf and 7)*, respectively. Thus 

u?=^C*3CA] u. (15a) 
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* *  b^ [*cW Hi (15b) 

where b. = length of element in x. direction, f = approximating poly- 

nomial over the volume element, ^ = approximating polynomial over the 

surface element, U. = nodal values of u. , H = nodal values of T|» A and 

A = matrices of coefficients (dependent on nodal coordinates and choice 

of 4) guaranteeing continuity of u. and T] across element interfaces. 

The products ■> A/b, and * * /b,bp corresPond to the weighting functions 

0  and 0 in Eqs. (lO). 

The matrix form of Eqs. (12) are 

1 r T T 
J t J A ♦ Ri dVe ■    ° 
% 3 V 

(16a) 

1  r  T T 
r  r-r   A  *  B ds = 0 '    b..b_ J  0 *o  o  e eS "^ 3 

(16b) 

where e denotes the total number of volume elements, and e„ denotes 
v '     S 

the total number of surface elements. Therefore, after substitution of 

Eqs. (15) :nto Eqs. (16) and (1*0 and after regrouping of terms, the 

matrix form of Eqs. (l4) are found to be 

e 

Dll    D12 D13 Dlk 
\K 

■*l" 
"o 

D21    \', D23 hk h F2 0 

_D31    V D33 ^ r I«. 
.">. ". .•J (17a) 

E 
e„ 

(Cß, %1    \>  %      *W> 

where (1 = 1,2 and j = 1,3) 

'IS 

2S 

'3S 
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[D..] = ±> « CA]T | CCij[*jk]TC*ik] + CtfJ3%fl3 - *WW.M   (18a) 

CD3j]=^C^TJ[*t/Ct]dVe[A] (18b) 

l\J " f&T  J C*ti3TCt03dVeCAo3 
'l"2"3 

CD^] = CO] 

Vi s_ 

Cl8c) 

(l8d) 

(l8e) 

(l8f) 

blb2 S_ 

F.    = J- [A]T J ^]T f dSe - b iL-r*-.1 
[A]1/    x3[^.]TdVe (l8h) 

e e 

no.  faces        -    . „ 
Q   = S £Aj2    I    C*J      q!    dS Cl8i) 

k=i     b. i       —   e 

3     sk p 

where in Eq. (l8h) T. = 0 if the element in question is not at the sur- 

face of the lake, or j.  = wind stress on the upper face of an element at 

the surface of the lake. In Eq. (l8i), the summation extends over all 

faces of the element and a = 0 if the kth face is not an inlet/outlet 

region, or a = flow distribution across the kth face of the element at 

an inlet/outlet region. 

Before the element matrices given above can be evaluated, particular 

choices of [f] and [A] must be made. In this instance a trilinear poly- 

nomial was assumed in the form 
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♦ = CV0 , *}  t03 (19a) 

^o = [l^.^yj (19b) 

and a node numbering scheme as shown in Fig. 1 was assumed. Therefore, 

A = 
blb2 

Ao - V2 

>o 
*     -    1 -x, A 

3   o 

-A o 

r 1        X 
1      *1^2        X2 

1      <      *l+*2        -2 

1      \      V2        ^ 

(20a) 

s 
**.. + + ..--+ x1x2     -x1x2      x1x2     -xj 

X2        x2 ~*l        *l 

+ - x„ 

-1 1       -1 

IT**   *i     -h   *i 
where x± = x.-coordinate (+) face. Substituting Eqs. (9) and (20) into 

Eqs. (18) and integrating, one obtains 

(20b) 

I 

l;*" 

1J 
^VV^^'W 

J^   KK   1J       Jl      c   1J   ^2   !j      00J 

i3    b 

-M  . 
01 

-M . 
01 

M  . 
oi     ' M . 

oi 

CMkk6ii+Mii-clei^^M   3 KK -"-J    J1    e x0 v2 ij   ooJ 

KK   1J      Jl      C   1J   v2wlj'   00J 

iiJ - 1,2 

(21a) 

i = 1,2 
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F.   = 
6blb2 Ti 

+ 
x3 M 

o 
l 

^ 
«p -xZ M 3 L   3 o J 

2M. | 
, 10 | M. 

nt - J 10 

3 J 
M. 1 2M. 

10 • 10 

D      -i- 
33 " b? 

-M 
oo -M 

oo 

M 
1_    oo M 

oo    _ 

(21c) 

i = 1,2 (21d) 

(21e) 

\k = =? 

% - ^oo3 

M. 
10 

M. 
IO 

i = 1,2 (21f) 

(21g) 

V = b^f ° ^JCM^J u15 [CM^   u15   +[Ml]   u25 

Q=3b1b2/0E-qk[^+lf] 

■] [Moo^ U25 3CA03 | (21h) 

(21i) 

where Ti and q denote average values of stress and flow over the face of 

the element, and M  and M (i,j =0,1,2) are given by 
A J A 

\r ife [VT J CM V^dY"¥V 
s 

e 

Mo = bT7 CA/  JpJ dSlds2 
S 

e 

"i^tA/J.^C^ds^s^l 

(22a) 

(22b) 

(22c) 
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(22d) 

X=Xr- 
1 

where x. denotes the x.-coordinate,x. or x7, of the flow face, and where 

*   = * . The integrals in Eqs. (,22)  are given in Table 1. 
0,0     TO a 

Once Eqs. (17) have been obtained for the typical element, the 

individual submalrices being dafined by Eqs. (21), it is possible to 

generate a single master matrix equation for the total lake using assem- 

bly techniques developed for problems in solid mechanics (5). This has 

not been done in this instance because of the nonlinear nature of Eq. 

(l?b), i.e., observe that D^<   given by Eq. (21h) is a function of nodal 

velocities. Instead, the assemblage is postponed until the governing 

equations of the solution procedure have been developed. 

SOLUTION TECHNIQUE 

To generate numerical solutions to the governing nonlinear alge- 

braic equations developed in the preceding section, an iterative 

solution technique is required. The technique described in this sec- 

tion is a well-known convergence acceleration scheme—the Newton-Eaphson 

method. 

In essence, the Newton-Raphson method (9) consists of obtaining 

r r 
the improvement e to an initial guess u by means of the equation 

er * -CJ(ur)] f(ur) 

where f(u) = 0 are the governing nonlinear equations, and 

(23a) 

J..(ur) =  i 
10      öur 

(ur) 
(2?b) 
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The new approximation is then given by 

r+1   r   r 
u   = u + e (23c) 

Therefore, given an initial guess, u , repeated application of Eqs. (23) 

will yield successively better approximations to the true solution. 

The primary tasks in the application of the Newton-Raphson method 

to the current problem are to generate [JJ and to obtain an initial 

guess in the neighborhood of the true solution. For the typical element 

the governing equations are given by Eqs. (17). Applying Eq. (23b), 

one obtains for each element 

m 
,-,. 

E ( 
e 

Jll  J12  J13  Jl4 

J21 J22     J23  J24 

J3l     J32     J33     J# 

V 
% 

s 
. .«H   - 

' Dll      D12     D13     \k 

>21      *22      %     D24 

31     ^     D33     B^ 

—        r-     ^ 
ul Fi 

0 
r 

U2 
r F? )- 0 

y3 

y _ JJ UJ 

(24a) 

([J4l      Jk2     J43     JHJ 

IS 

42S 

'3S 

CH   J 
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CD, 'kl     D42     D43     DW 
»■   r u 

u 

IS 

r 
2S 

r 
U5S 

if 

)   ■ (2<rt>) 

where 

r.. = D.. + AJ. 
13      ij    u ij 

AJ. . = 0 
1J 

AJ^  « 0 

i = 1,2,3; j = 1,2,3,4 

J == M 

(24c) 

(24d) 

(24e) 

AJ4j = ^"J<Vd] ^ )+CM>j3* CCV ^ 3-I C2Zff) 

j = 1,2 

In Eq. (24f) A±  = ith row of matrix A given by Eq. (20b) and LB]'(f) 

denotes multiplication of the matrix B by the scalar f. 

If it is assumed for the moment that an initial guess U., IT at 

every node is readily available, then the assemblage and solution scheme 

could be as follows: 

1) Calculate all D.. for element e.  (If this element adjoins 

the free surface calculate all D. . except Du.)« 

2) For a surface element use appropriate subvectors of U° and H° 

to calculate Be. and the elemental vector V* 

D. . hk' ru°" i 

H° 

F. 
l 

.0- S tj (25) 

3) Add subvectors of P  to appropr: ite locations of master 

matrix P_ arranged by nodal groupings of variables. 
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*0 Generate all J. . for element e using Eq. (24c) and add sub- 

matrices to appropriate locations of master matrix [J_J also 

arranged by nodal groupings of variables (note that only «L , 

and Ji_ differ from values stored in submatrices of D and that 

J.. are associated with the corresponding surface nodes for 

element e). 

5) Account for boundary conditions by setting the forcing function 

to zero at boundary nodes and by replacing the rows and columns 

of Jg associated with boundary nodes by rows and columns of 

zeros with an identity matrix in the diagonal position. 

6) Solve for the correction vector €m. 

Cj = CJj3   Pj {&) 

and update the most recent trial solution. 

7) If CT 
is sufficiently small, output the final solution. If 

Cm is not sufficiently small, repeat steps 2 through 6. 

The problem remains of determining an initial guess, lT. and a . 

Since the governing equations are only slightly nonlinear, the equiva- 

lent linear solution to Eqs. (17) can be used as an initial guess. 

The matrix D ^ is suppressed and Eq. (17a) yields a system matrix of 

the form 

(27) 

0 "u. 

3 - 
= 

- 
F. 

.is 
c DL- L S D,, 

The solution to Eq. (27) can be seen to be 

% ■ t v 
-1 
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H * civ ("ir1^^ 
"hi  x T  1 

which are then taken as the initial guesses for the solution process 

outlined above. 

The selection procedure for an initial guess can in fact be incor- 

porated easily as a substep between Steps 1 and 2 above. For the first 

iteration: l) set w and H equal to z«sro; 2) suppress D.. ,D..., and J. .; 

3) set J, i and D. . equal to identity matrices; 4) solve for eT and up- 

date; S) insert the proper values of D.. , D. ., D.. , J.. and Jr.; 

6) set J, . = 1).. and resolve for eT» and finally, 7) rejoin solution 

process given above at Step 2. 

SUMMARY 

A finite element model of the massive circulation in shallow lake 

basins has been formulated based on the method of weighted residuals. 

Unlike previous analytic and finite element models, the three-dimensional 

character of the basin was accounted for by using rectangular parallele- 

piped elements with associated surface nodes. 

The governing field equations assumed in the derivation of the 

model are those due to Jkman (l) in which vertical momentum transfer is 

neglected compared to gravitational forces implying a hydrostatic 

pressure distribution. Also, inertia! forces are neglected compared to 

the coriolis and surface wind forces. 

The field equations and their corresponding finite element ana- 

logues are linear. However, the auxiliary equatLons expressing the 

free surface boundary conditions is nonlinear in nature. Therefore, 

an iterative solution technique, the Newton-Raphson method, is the 
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basis for solution to the algebraic matrix equation. An outline of this 

method as applied to the problem at hand is given along with a schäme 

for the automatic generation of an initial trial solution required for 

the Newton-Raphson method. 

Numerical results to verify and demonstrate the formulations pre- 

sented herein are as yet unavailable. A computer program to obtain auch 

results has been written and is currently being debugged. One difficulty 

anticipated :n verifying the model is that there are no exact, or even 

approximate, results uvaiiablc for three-dimc.-J.onal flow in a lake ba~—*. 

•Only depth-averaged two-dimensional flows (with inherent inaccuracies) 

have been considered. With auch models only relative ratl.cr than abso- 

lute values Jcr the free surface elevation are obtainable. Also, experi- 

mental data suitable for ra;:.^:.riscn purposes arc scarce and scattered. 

It is feasicle to consider various extensions of the finite element 

modti presented herein. Steady-state flow in thermally stratified lakes 

ean be incorporated by allowing different values for the pertine.it fluid 

properties in different elements. Transient flow capabilities can be 

added to the linearized model by retaining the linear portion of the con- 

nective derivative in the Navier-Jtokes equation. If the assumption 

o' negligible inertial forces is not used, the fully nonlinear field 

equations can be modeled by a finite element analogue as described in 

Reference 10. Such a model would be useful to describe the complicated 

flo < in the regions of inlet or outlet rivers where in fact the Coriolis 

and surface wind forces are negligible compared to the inertial force 

rather than the converse as assumed herein. 
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