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Abstract 

Through the use of the principle of minimum discrimination 

information estimation, leading to exponential families or 

multiplicative models or log-linear models it is shown, using 

illustrative examples exhibiting different aspects of 

contingency table analysis, that: 

(1) Estimates of the cell entries under various hypotheses 

or models can be obtained; 

(2) The adequacy or fit of the model, or the null 

hypothesis, can be tested; 

(3) Main effect and interaction parameters can be 

estimated; 

(4) The structure of the table can be studied in detail 

in terms of the various interrelationships among the 

classificatory variables; 

(5) The procedures can be applied to test hypotheses 

about particular parameters and linear combinations 

of parameters that are of special interest; 

(6) The procedures provide indication of outlier cells; 

(7) Since the procedures and concepts are based on a 

general principle a unified treatment of multi- 

dimensional contingency tables is possible; 

it 
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(8) The procedure provides estimates based on an 

observed or sample table, which satisfy certain 

external hypotheses as to underlying probability 

relations In the population table.  These estimates 

also preserve the Inherent properties of the observed 

data not affected by the hypothesis; 

(9) In general, the m.d.l. estimate are best asymptotic- 

ally normal; 

(10) The minimum discrimination Information test 

statistics are asymptotically distributed as 

chi-squared with appropriate degrees of freedom; 

(11) Convergent Iterative computer algorithms are 

available for the analyses. 
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1.  Introduction 

Data which result front experiments in the physical sciences and 

engineering are usually outcomes of controlled experiments, and expressible 

In quantitative terms.  In many other fields however, the data are seldom 

results of controlled experiments. In addition, the observations usually 

can be expressed only in qualitative or categorical terms, a yes - no, 

alive - dead, agree - disagree, class A - class 6 - class C, etc. type of 

response. 

For example, an Individual may be classified by sex, by race, by 

profession, by smoking habit, by age, by Incidence of coronary heart 

disease. If we take observations over a sample of many such individuals, 

the result will be a multidimensional contingency table with as many 

dimensions as there are classifications. Contingency tables are cross- 

classifications, of vectors of discrete random variables shewing the number 

of subjects belonging to distinct categories of each of several qualitative 

or categorical classifications. The number of counts of individuals in a 

cell of this table represents that portion of the sample having the 

specific attributes within each of the classifications. A problem of 

Interest, for example, might be to determine the factors that are associated 

with the presence or absence of coronary heart disease. 

Data from many fields are often presented in this manner, that is, 

in a cross-tabulated form. Statistical analyses of these types of data has 

had a long history, as may be seen from the bibliography, but were mainly 

concerned with the simple kind, the two-way table. Analyses of 

I 
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mulcidlmenalonal contingency tables have been Investigated intensively 

only during the last decade or so. 

Conclusions drawn from contingency tables may be only exploratory In 

nature. One of the difficulties can be the availability of meaningful and 

reliable data. The first problem one faces in the analysis of cross- 

classified data is the decision on the number of classifications to be 

Included and the categories within each classification. Typical among the 

problems in the analysis is how to segregate the effect on the response of 

some of the background variables, individually or Jointly, from that of 

the others that are of particular interest. The data analytic attitude is 

empirical rather than theoretical. A more empirical attitude Is natural 

when detailed theoretical understanding is unavailable. Estimation of 

parameters in models should be considered less as attempts to discover 

underlying truths and more as data calibrating devices which make it easier 

to conceive of noisy data In terms of smooth distributions and relations. 

With a given data set, a variety of models may be tried on, and one 

selected on the ground of looks and fit.  (See Dempster (1971).) 

Consider, for example, an experiment performed to compare the 

effectiveness of safety release devices for refrigerators in relation to 

children's safety. Children between two to five years of age are Induced 

to crawl into refrigerators equipped with six different types of release 

devices. If a child can open the door of the refrigerator, from inside, 

within a certain time period, the response is classified as a success, 

otherwise a failure. The background variables studied Included age, sex, 

weight, socio-economic status of parents. The experimental variable was 

one of six devices. (A partial analysis of this data may be found in 
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Kullb.ick oL al. I*)fi2h, p. 'J81)  Some halancip.;; of the Imckground variables 

was achieved. 

In other Instances none of the factors .ire subject to experimental 

control, and whatever available data could be collected is reported.  The 

analysis of this type of data, tbough it nay only be seeking preliminary 

Information can be important In fields of health and safety.  The 

uncontrolled experimental data are sometimes the only realistic data 

available when these data deal with life, death, health, and safety, and 

some of these factors and responses are only expressible in qualitative 

terms. In the present state of art. 

It is expected that the number of problems calling for the techniques 

of the analysis of multidimensional contingency tables will Increase. 

Experience at the George Washington University with such a growing demand 

confirms this. The examination and Interpretation of data from social 

phenomena, housing, psychology, education, environmental problems, health, 

safety, manpower, business, experimental testing of devices, military 

research and development, etc., are potential source areas. 

Critics of methods for contingency table analysis have maintained 

that most of the procedures used, at least in the past, were only of a 

global chi-squared test nature. However, for a recent example of this 

see Patil (197A). Through the use of the principle of minimum discrimination 

information (m.d.l.) estimation, leading to exponential families or multi- 

plicative models or log-linear models we shall show, using illustrative 

examples exhibiting different aspects, that: 

(1) Estimates of the cell entries under various hypotheses or 

models can be obtained; 
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(2) The adequacy or fit of the modtl, or the null hypothesis,  can 

be tested; 

(3) Main effect and Interaction parameters can be estimated; 

(4) The structure of the t«ble can be studied In detail In tdns of 

the various Interrelationships among the classlfIcatory 

variables: 

(5) The procedures can be applied to test hypotheses about particular 

parameters and linear combinations of parameters that are of 

special interest; 

(6) The procedures provide indication of outlier cells.    These may 

cause a model not to fit overall, yet fit the other cells 

excluding the outliers; 

(7) Since the procedures and concepts are based on a general principle 

a unified treatment of multidimensional contingency table« is 

possible.    Sequences of generalizations step by step to higher 

order dimensional contingency tables are not necessary as has 

been the case with other ad hoc procedures (see for example, 

Patil  (1974). Suglura and Otake (1974)); 

(8) The procedure provides estimates based on an observed or sample 

table, which satisfy certain external hypotheses as to under- 

lying probability relations in the population table.    These 

estimates also preserve the Inherent properties of the observed 

data not affected by the hypothesis; 

(9) In general, the m.d.l. estimates are best asymptotically normal 

(BAN)  and in the many applications of fitting models to a table 

based on observed sets of marginal values the m.d.l. estimates 

in particular are maximum-likelihood estimates; 
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(10) The test st.itistics arc minimum discrimination Information 

(m.d.l.) statistics which arc asymptotically distributed as 

chl-squared with appropriate degrees of freedom. In the case 

of fitting models to a table based on observed sets of marginal 

values the m.d.l. statistics are log-likelihood ratio statistic?.. 

The m.d.l. statistics are additive, as are the associated decrees 

of freedom, so that the total under an hypothesis can be analyzed 

into components each under a sub-hypothesis. The analysis Is 

analogous to analysis of variance and regression analysis 

techniques, using a design matrix, a set of regression parameters, 

and explanatory variables. 

(11) In models fitting estimates to an observed table based on sets of 

observed marginal values as explanatory variables, some estimates 

can be    issed explicitly as products of marginal values. 

Howevc. this  is not generally true, and expected cell frequencies 

(functions of marginal values) , can be computed by an iterative 

proportional fitting procedure (Ku et al. (1071)), ar.d the use 

c a computer to perform the iterations becomes necessary.  For 

the foregoing cases which we shall terra Internal, and problems 

involving tests of external hypotheses on underlying populations 

a number of iterative computer programs are available. They 

provide as output, design matrices, the observed cell entries 

and the cell estimates as well as their logarithms, parameter 

estimates, outlier values, m.d.l. statistics and their 

corresponding significance levels, and covarlance matrices of 

parameter estinates, to assist in and simplify the numerical 

aspects of the Inference. In this respect it is of Interest to 
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cite the following quotation from a book review by D. J. Flnney 

In Journal Royal Statistical Society, Series A (General) Vol. 

136 (1973), Part 3, p. 461, "No mention is made of the extent 

to which computers have destroyed the need to assess statistical 

methods In terms of arithmetical simplicity: Indeed the 

emphasis on avoiding lengthy, but easily programmed. Iterative 

calculation'* is remarkable.'' 

Classical problems In the historical development of the analysis of 

contingency tables concerned themselves primarily with such questions as the 

independence or conditional independence of the classiflcatory variables, 

or homogeneity or conditional homogeneity of the classlficatory variables 

over time or space, for example, similar to such tests in multivariate 

analysis as independence, multiple correlation, partial correlation, 

canonical correlation, etc. Such classical problems turn out to be special 

cases of the techniques we shall discuss.  (See for example Kuliback et al. 

1962a, 1962b.) These techniques result In analyses which are essentially 

regression type analyses. As such they enable us to determine the relation- 

ship of one or more "dependent" qualitative or categorical variables of 

Interest on a set of "Independent" classlfIcatozy variables, as well as the 

relative effects of changes in the "Independent'' variables on the 

"dependent variables." The object of the analyses is the study of the 

Interaction between and among the classifications. The term interaction is 

used here in a general sense to cover both dependence and association (see 

for example, Bartlett (1935), Simpson (1951), Roy and Kastenbaum (1956), 

Ku et al. (1971)). It may be noted here that in a seminar on a study of 

the historical development of the concept of interaction in the analysis 

of multidimensional contingency tables, the following series of papers. 

J 
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arncng the many that could be selected, v.-as found to be very Instructive: 

Bartlctt (l'*35), Lancaster (1951), Simpson (1951), Roy and Uastenbaum 

(1956), Darroch (1962), Lewis (1962), Plackett (1962, 1069), Birch (1963, 

1964, 1965), Goodman (1963b, 1970, 1971), Good (1963), Kastenbaum (1965), 

Mantel (1966), Berkson (1968, 1972), Bhapkar and Koch (l*>68a, 1968b), Ku 

and Kullback (1068), Dempster (1971), Ku, Varner and Kullback (1971).  It 

was pointed out by Darroch (1962), "That 'interaction' in contingency tables 

enjoys only a few of the fortuitously simple properties of interactions in 

the analysis of variance.''  (See Kullback, 1973.) 

Following this general introduction we shall consider further aspects 

of contingency tables in greater expository detail. We then present an 

introduction to m.nimum discrimination information estimation, the log- 

linear representation, associated design matrices and parameters, without 

detailed mathematical proofs. This will enable the reader then to r.tudy 

the many illustrative examples that follow and present various aspects of 

the possible analyses. The nathenatical statistical proofs etc. are to be 

found at the end of the presentation. 

--i 
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2.    Contingency Tables 

1 

1. Description 

There are two ways In which statistical data are 

collected.  In one form, actual measurements are re- 

corded for each individual in the sample;  in the other, 

the individuals are classified as belonging to different 

categories.  On many occasions classifications are 

used to reduce original data on direct measurements.  A 

well-known example is that of "frequency-distributions"* 

Data collected in the form of measurements may later be 

grouped and presented as a frequency distribution. 

An important advantage of grouping is that it results 

in a considerable reduction of data.  On the other hand, 

it is not usually possible to convert grouped or 

classified data back into the original form. 

A contingency table is a form of presentation of 

grouped data.  In the simplest case, a group of N 

items may be classified into just two groups, according 

to, say, presence or absence of a certain characteristic. 

For a fixed (given) characteristic the different groups 

of classification are called categories.  For example, 

a group of N individuals may be classified according 

to hair-color (characteristic), the categories being 

black, brown, blonde and "other".  The categories may 

be qualitative as above, or may be quantitative, as 

for example in the classification by weight in pounds 

^i 
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consisting of five categories:  40-80,   80-120,   120-160, 

160-200,  200-240.    When there is only one characteristic 

according to which data are classified we get a one-way- 

table.     If there are two ways of classification,  say 

according to Rows and Columns,  the Row-classification 

having r categories and the Column-classification having 

c categories,  the table is called a two-way table or a 

r x c table.    The latter notation gives the number of 

categories in each classification.    Carrying this 

notation further,   a r x c x d table will have three 

characteristics of classification,  the first having 

r categories,  the second having c and the third d. 

2. Examples: 

Example      1:    The following is a one-way table with one 

classification-characteristic  (Geographic Area)  and 

four categories.     It gives the distribution of students 

by Geographic Area. 

j 

East North West South Total 

4201 4552 2840 5130 16723 ■^Jl 

Example  2:  Consider the distribution of 20 balls 

in six cells 

Cell 1 2 3 4 5 6 Total 

Occupancy 2 4 4 5 1 4 20 

•■*■"■-«.--*■»«:■-■ 
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It may be recalled at this point that in many 

situations such a distribution of N balls in k cells 

is adequately described by the multinomial distribution. 

We may therefore expect that the multinomial distri- 

bution will have an important role to play in the analysis 

of contingency tables. 

Example  3:  The distribution of students by Geographic 

area (as in Ex.   L) and sex gives rise to the follow- 

ing 2x4 contingency table. 

Sex Geographic Area Totals 

East North    West South 
Male 22Ö1 235Ö    14ÖÖ 31ÖÖ 9Ö51 

Female 2000 2202     1440 2030 7672 

Totals 4201 4552     2840 5130 16723 

Note that this is called a 2 x 4 table since the 

Row-classification (sex) has 2 categories.  If the 

geographic areas were written in rows and the sex 

were to correspond to columns we would get a 4 x 2 

table. We will follow this convention throughout. 

Observe that for a two-way table there are two 

sets of marginal totals. In the above table the totals 

on the right can be looked upon as a one-way table with 

sex as a characteristic and two categories, male and 

female. At the bottom of the above table, we see the 

one-way table of Ex.  1. This shows that any two- 

J 
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way ta.ble is associated with two one-way tables given 

by the marginal totals of each characteristic. 

Example  4.:  The data below are octane determinations 

on independent samples of gasoline obtained in two 

regions of the northeastern United States in the summer 

of 1953.  (Brownlee, Statistical Theory and Methodology, 

J. Wiley, 1965, p. 306). 

Region A:  84.0 83.5 84.0 85.0 83.1 83.5 81.7 

85.4 84.1 83.0 85.8 84.0 84.2 82.2 

83.6 84.9 

Region 0:  80.2 82.9 84.6 84.2 82.8 83.0 82.9 

83.4 83.1 83.5 83.6 86.7 82.6 82.4 

83.4 82.7 82.9 83.7 81.5 81.9 81.7 

82.5 

The problem of interest was whether the variability 

in the octane numbers could be regarded as the same 

for the two regions.  Since the number of sample- 

values for region A and D are small (16 and 22 respec- 

tively) the data can be conveniently analyzed in the 

given form. For the sake of illustration, suppose that 

we classify the octane readings into three categories; 

below 83.5 as "poor", between 83.5 and 84.5 as "normal" 

and above 84.5 as "better", we will get the following 

2x3 table: 

' 

--^1 
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Region Gasoline quality Totals 

Poor Normal    Better 

A 4 8 4 16 

D 16 5 1 22 

Totals 20 13 5 38 

This illustrates how to prepare contingency tables 

from actual measurement-data. But the example brings 

out another important point. The contingency table, 

in fact, represents two frequency distributions, one 

from Region A and the other for Region D  laid side 

by side. This table is different from the ones we 

came across earlier in that we did not start the classi- 

fication with a total of 38 values, to be clasciried 

according to Region and Quality; rather we had a priori 

a set of 16 values for Region A and 22 values for 

Region 0.  (Further the sampling for the two regions was 

done independently).  In other words, the set of mar- 

ginal totals (on the one-way table) for Region was 

fixed before the experiments.  Later on we will have 
V. 

ample opportunities to see the effect' of such restric- 

tions on the analyses.  At present, it is enough to 

know that tables as above may be regarded as contingency 

tables with fixed (restricted) marginal totals. 

3. Problems associated with contingency tables 

«''I 
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In the analysis of contingency tables we are 

usually Interested In the relationship between one 

classification and one or more of the other classi- 

fications. Thus in the example  4. on comparison of 

octane ratings we would like to compare the variabil- 

ity of the values for claissifications given by Regions 

A and D. As another example, consider a three-way 

r >; c x d contingency table in which the row-classi- 

fication represents the response of em experiment 

on animals, the column classification types of treat- 

ment and the depth classification sex. The following 

hypotheses may be of interest. 

1. Response is independent of treatment irre- 

spective of sex. 

2. Response is independent of the different 

combinations of treatment and sex (as against the 

possibility that a particular treatment is more 

"effective" in terms of the response, for a particular 

sex). 

3. Given sex, response is independent of treat- 

ment» 

We shall see in subsequent chapters how these 

hypotheses can be formulated mathematically. Of course, 

not all contingency tables can be interpreted in such 

a straightforward marner.  In some instances, all 

13 
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three classifications can be considered as responses; 

then we may be Interested In the Independence or 

association among these responses. In other cases, 

a classification may be controlled, experimentally 

or naturally, like three specified levels of fertilizer 

applied or sex. In which case the classification Is 

termed as a factor. For convenience, we shall group 

all the concepts of association, dependence, etc. 

under the general term of Interaction. No Interaction 

between treatment and sex appears to be a more accept- 

able phrase than  Independence between treatment and sex, 

since the term Independence Is usually reserved to 

express the relationship between random variables. 

We may also say that the Interaction between response 

and treatment does not Interact with sex, meaning the 

degree of association between response and treatment 

Is the same for both sexes. This concept gives 

rise to the Idea of second-order Interaction. There 

are a number of different approaches to the mathematical 

formulation and Interpretation of the concept of "no 

Interaction". One such approach, through the concept 

of "generalized Independence" Is powerful and general 

enough to Include all hypotheses of "no Interaction" 

(formulated In a specific manner) and many other 

hypotheses about homogeneity, symmetry, etc. that 

! j < 
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we come across in analyzing contingency tables. 

Before this concept is introduced, vfe shall need the 

necessary symbolism and notation. 

4. Notation and preliminaries: 

We have seen that the entries in the "cells" of a 

contingency table are frequencies of occurence. We will 

denote these frequencies generically by the letter x, 

with or without subscripts.  These frequencies are a 

result of classification of a fixed number of individuals 

according to a certain probability distribution.  Hence 

the observed frequencies x can  be looked upon as realiz- 

ations of a random variable X. 

The cell of a contingency table and the observed 

frequency in that cell  are symbolically associated in 

the following manner.  In the example  1, we have a one- 

way table representing the distribution of 16723 students 

by geographic area. We denote the occurrence in the 

table by x(i) with the notation 

Characteristic Index 12    3     4 

Geographic area i East North West South 

Thus x(3), for example, equals 2840.  The total 16723 of 

all x(i) for 1-1,2,3 and 4, will be denoted by x(.). 

■* J 
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That is, If,  x(i) = x(.) - 16723.  For the two-way 

table of Ex  3, we denote the frequencies in the table 

by x(ij) with the notation 

Characteristic Index 12     3     4 

Sex 

Geographic area 

i 

j 

Male Female 

East North  West South 

Then x(2,3) « 1440, x(l,4) ■» 3100 and so on. To denote 

marginal totals we will use the dot notation as before. 

The row marginals are 

Ij«! X<13) - x(l.) = 9051, ^=1 x(2j) - x(2.) « 7672 

The column marginals are 

llml  x(il) » x{.l) - 4201, , l*ml  x(i4) = x(.4) - 5130 

The grand total is denoted by x(..) so that x(l.) + x(2.) « 

x(..) = xC.l) + x(.2) + x(.3) + x(.4) - 16723 - N 

Now consider the following three-way table: 

Propagation of plum root stocks from root-cuttings 

s 
I 

At once Spring 
Response 

(Mortality) Long Short Long Short 
Totals 

Alive 
Dead 

156  107 
84  133 

84   31 
156  209 

378 
582 

Totals 240  240 240  240 960 
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The frequencies in the cells are denoted by x(ijk) 

with the notation 

Characteristic Index 1 2 

Mortality i Alive Dead 

Time of planting j At once Spring 

Length of cutting k Long Short 

l^ 

1 

The marginals are as follows: 

One-way marginals:  E^Iv x^J^) " x(i..)# iasl»2 

JJj x(ijk) - *{..k),  k-lf2 

Two-way marginals:  £. x(ijk) = x(.jk), j«l,2r kml,2 

l^  x(ijk) = x(i.k), t«lf2 k-1,2 

Xk x(ijk) - x(ij.)r i»lr2 j-1,2 

Note that l^  x(ij.) = x(,j.), ^. x(ij.) = x(i..)» 

J. xCi..) ■ xC ..) etc. 

For the above table, x(l..) ■ 378, x(2..) ■ 582 and 

x(...) = 960.  It should be observed that x(.jk) = 240 

for all the four combinations of j and k.  This restriction 

is imposed by the method of experimentation; for each 

combination of the planting time and cutting length 

exactly 240 root-stocks ;*ere used and their mortality 

observed. This is another case of fixed marginals. 

17 
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similar to the one encountered in Ex.   4. 

The notation for cell frequencies and for marginal 

totals can be extended in an obvious manner to four- 

way, five-way and higher order tables. 

Let us now recall that in a contingency table a 

number of individuals are classified into cells.  In 

other words for a given cell, an individual is classified 

in the cell with a certain probability.  In a four-way 

table, for example, each cell will be denoted by (irjfk,£) 

for some values of the indices i, j, k and i.    The 

probability that an individual will be classified in this 

cell will be denoted by p(ijkJl) .  Just as we defined the 

marginal totals for the cell frequencies x(ijkJl) we may 

define marginal totals for probabilities. For example. 

P(O.Ä) - Ijjfc p(ijkll) 

etc. 

For a two-way table the cell probabilities will be 

denoted by p(ij), for a three-way table by p(ijk) and  so 

on.  But we would like to develop the theory of all 

contingency tables in a unified manner. For this purpose 

it is necessary to use a ..ymbol, u, say, which will 

generically denote cells like (ij) in a two-way table, 

(ijk£) in a four-way table and so on. For example, 

in a 2x3x5 table, the symbol x{w) will replace x(ijk), 

18 
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being one of the 2x3x5 = 30 cells.  The symbol W here 

corresponds to the triplet (ijk) and takes "values" 

(1,1,1), (1,1,2)...(1,1,5), (1,2,1) (2,3,5). 

Let us now go back to some problems associated with 

the analysis of contingency tables discussed in  3, 

cod see how we can formulate them symbolically, with the 

help of the notation developed. We considered a rxcx2 

table in which the row-classification represents response 

in an experiment on animals, the column classification 

represents types of treatment and the depth classification 

represents sex.  The cell probabilities are p(ijk). 

1.  Response is independent of treatment irrespective 

of sex. 

Since the sex of the animal is immaterial in the 

statement of the hypothesis, we consider marginal totals 

of probabilities of the form p(ij.). Now, since the 

response is postulated to be independent of treatment 

we further have ■' Jl 

p(ij.) =p(i..) p(.j.)  i=l,...,r, j=l,...c. 

2.  Response is independent of the different combin- 

ations of treatment and sex. 

The probability corresponding to a particular combin- 

ation of treatment and sex is given by the (marginal) 

total p(.jk).The hypothesis is formulated, therefore. 

19 
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as 

pCijk)  = p(i..)   pCj^)     i=l...r 

j=l...c 

k=l,2 

3.     Given sex,  response is  independent of treatment. 

Let the conditional probability of being classified in 

the cell   (ijk),  given that the individual is classified 

in the k-th depth classification   (sex), be denoted by 

p{ij|.k).     Also,  the marginal conditional probability 

of classification in the i-th category irrespective 

of the column classification is p(i.k)/p(..k)  and a similar 

marginal probability for the j-th category of the column 

classification,  given k,  is p(. jJO/p(. .k) .  The hypothesis 

then states that 

p(i.k)p(.jk) 
p(ij|k)  =  x    k»»l,  2   ,  i»l...r,  j=l...c. 

P^.-k) 

But p(ij|k) = p(ijk)/p(. .k) , so that the above relations 

can be restated as 

p(i.k)p(.jJü   2  . ,     . , 
p(ijk) = —pTTH?)    ' ' 1 l-"r' l'1--^' 

Observe that L£. p(ij|k) ■ 1, since    given that an 

individual fell into the k-th category, it must be classi- 

fied in one of the (i,j) cells corresponding to the fixed k. 

20 
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This imposes the restriction that 

IJjPCiiHO-l-^EÄ.k.l^ 

i.e. 

IJj  P(ijk)  - p(..k),k=l#2. 

Note that the second hypothesis (of independence) 

led us to the formulation p(ijk) - p(i..) p(.jk) and 

the third hypothesis (of conditional independence) led 

to p(ijk) = p( i.k)p(,jk)/p(..k).  The cell-probabilities in 

each case are expressed as products of marginal probabil- 

ities.  From another point of view, we can say that the 

trivariate function p(ijk) is expressed as a product 

of (simpler) univariate and bivariate functions, of the 

form p(.jk) and p(i..), for example. When the cell 

probabilities are thus expressible as products of functions 

of a smaller subset of arguments, we say that the probabil- 

ities obey generalized independence. By generalized 

independence is meant that the cell probability of a multi- 

dimensional contingency table may be expressed as the product 

of factors which are functions of various marginals (Ireland 

and Kullback, 1968; Ku and Kullback, 1968; Ku et al., 1971). 

The common notions of independence, conditional independence, 

homogeneity, or conditional homogeneity in contingency tables 

are all special cases of generalized independence. This is a 

consequence of the fact that in accordance with the minimum 

V 
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discrimination information theorem,  the m.d.i.  estimates are 

formulated as members of an exponential  family, which may 

also be expressed as a multiplicative model or a logarithmic 

linear additive model   (Kullback,   1959;   Ireland and Kullback, 

1968;  Ku et al.,     1971).    Note that we do not assume such a 

model to start with,  as others have, but derive this model by 

the principle of minimum discrimination information estimation 

(Birch,   1963;   Bishop,   1967,   1969;  Goodman,   1970; Mantel, 

1966) . 

^ 

5.    Estimates 

We shall denote estimates of the cell entries under 

various hypotheses or models by X*((D), where values of the 

subscript a will range over the hypotheses or models. 

For two-way 2x2 tables the primary question of interest 

is whether the row and column variables are independent. An 

example of such a table is shown in Table 1. 

r/ 

Table 1. 

X (ij) 

j  -  1 j  =  2 

i = 1 

i - 2 

x{ll) 

x(21) 

x(12) 

x(22) 

x(l-) 

x(2-) 

x(-l) x(-2) x(-') n 

\ 
■ 
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To answer this question one estimates  the cell entries 

under the hypothesis of independence  as  a product of the 
* 

marginals,   that is,  denoting the estimate by x   (ij)   one uses 

x  lij)  ■ x(i*)x(»j)/n.    Some appropriate measure of the 
* 

deviation between x(ij)   and x   (ij)   is then used to determine 

whether the  differences are  "larger"  than one would reasonably 

expect under the hypothesis  of independence. 

The estimated two-way table under the hypothesis or model 

of independence is given in Table  2. 

i' 

i 

Table  2. 

ESTIMATE UNDER INDEPENDENCE 
* 

r                 x (ij) 

j - i j  » 2 

i = 1 

i » 2 

x(l-)x('l)/n 

x(2-)x(-l)/n 

x(l')x(«2)/n 

x(20x('2)/n 

x(l-) 

x(2-) 

x(-l) x(-2) n 

Note that the estimated table has the same marginals as the 

observed table x(ij). ^Jl 
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A common statistical measure of ttie association, or Interaction 

between the variables of a two-way 2x2 contingency table is the cross- 

product ratio, or its logarithm. The cross-product ratio is defined by 

x(ll)x(22) 
x(12)x(21) » 

though we shall be more concerned with its logarithm 

**   x(12)x(21) ' 

We shall use natural logarithms, that is, logarithms to the base e , 

rather than common logarithms to the base 10, because of the nature of the 

underlying mathematical statistical theory. Note that with the estimate 

for Independence, or no association, the logarithm of the cross-product 

ratio is zero. 

*._ ftfoos     x(l-)x('l) x(2')x('2) 

In  1 - 0 . 
in   * (IDX (22) . ln 

x*(12)x (21) x(l')x('2) x(2-)x('l) 
n       n 

The logarithm of the cross-product ratio Is positive if the odds satisfy, 

the inequalities 

iLÜll>2iÜ2i or 21011 >xl21I 
x(21)  x(22) or x(12)  x(22) ' 

since then we get for the log-odds 

x(12)x(21)     x(21)   ^n x(22)  0 

. Hn 414 - In  **21i > 0 ^ 
x(12)     x(22)  u 

I'he logarithm of the cross-product ratio is negative if the odds satisfy 

the inequalities 

x(ll) . x(12)     x(U) . x(21) 
x(21)  x(22) 0r x(12)  :c(22) ' 

since then we get  for the log-odds 

24- 
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In  XIUMIH 
x(21) 

x(12) 

The logarithm oE ths cross-product ratio thus varies from -» to -f01 . 

Later we shall consider procedures for assessing the significance of the 

deviation of the logarithm of the cross-produce ratio from zero, the value 

corresponding to no association or no interaction. I' 

Similar procedures apply to the case of a two-way rxc contingency 

table, that is, one with r rows and c columns. 

TABLE  3a 

TWO-WAY rxc CONTINGENCY TABLE 

Under a hypothesis or model of Independence of row and column categories 

x (Ij) - x(l')x(»j)/n . Even If the row categories, say, are not randomly 

observed but selected with respect to some characteristic, say time or 

space, the mathematical procedures are still the same fur determining 

whether the column categories are homogeneous over the row categories, 

time or space for Instance. In the latter case we may consider the two- 

25 
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way table as a set of one-way tables. Terms which cover both the case of 

Independence and homogeneity are "association" or "interaction," that is, 

we question whether there Is association or interaction among the variables. 

The estimated two-way    rxc    contingency table under the hypothesis 

or model of independence Is given in Table      3b. 

TABLE      3b 

ESTIMATE UNDER INDEPENDENCE 

Xi 1 

x*(lj) 

2 c 

1 x(l')x(«l)/n x(l-)x(-2)/n x(l-)x(-c)/n x(l-) 
2 x(2«)x('l)/n x(2-)x(-2)/n x(2-)x(-c)/n x(2') 
• 
t 
• 

• • t • • « a • • • ■ • 

r x(r-)x(-l)/n x(r»)x(«2)/n x(r»)x(*c)/n x(r-) 
x(-l) x(-2) x(-c) n 

Note that the estimated table has the same marginals as the observed 

Table      3a. 

A three-way contingency table arises when each observation has three 

classifications with different possible numbers of categories for each 

classification.    The simplest three-way contingency table is 2x2x2, that 

is, with two categories for each classification. 

26 
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In the general notation we have Table A. 

TABLE 

i-l i - 2 

j - 1 J - 2 j - 1 J-2 

k - 1 x(lll) x(121) x(211) x(221) x(--l) 

k - 2 x(112) x(122) x(212) x(222) x(--2) 

x(ll') x(12-) x(21') x(22-) n 

I 
i 

The two-way marginals are 

x(ll-) - x(lll) + x(112), 

x(12-) - x(121) + x(122). 

x(210 - x(211) + x(212), 

x(22«) - x(221) + x(222). 

x(l-l) - x(lll) + x(121), 

x(1.2) - x(112) + x(122). 

x(2-l) - x(211) + x(221). 

x(2-2) - x(212) f x(222), 
\J 
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x('ll) - x(lll) + x(211) , 

x('12) - x(112) + x(212) , 

x(»21) - x(121) + x(221) , 

x('22) - x(122) + x(222)  . 

The one-way marginals are 

x(l««) - x(lll) + x(112) + x(121) + x(122) 

x(2'«) - x(211) + x(212) + x(221) + x(222) 

€(•!•) - x(lll) + x(112) + x(211) + x(212) 

x('2«) - x(121) + x(122) + x(221) + x(222) 

x("l) - x(lH) + x(121) + x(211) + x(221) t^'ij ■ xuii; + xu^i; + xuii; + x 
c("2) - x(112) + x(122) + x(212) + x (222) - 

x(ll*) + x<12*) 

x(21') + x(22') 

x(ll«) + x(21') 

x(12«) + x(22') 

x(l»l) + x(2'l) 

x(l'2) + x(2'2) 

The c itries x(ijk) in Table  A my also be considered as three-way 

marginals. 

With more variables there are more possible questions of interest. 

One may be interested in whether any pair of the variables are independent 

or show no interaction or association. One nay be interested in condi- 

tional Independence, that is, whether t  pair of variables are Independent 

given the third variable. One may be interested in whether the three 

variables are mutually independent or whether one of the variables is 

independent of the pair of the other variables. These questions of inde- 

pendence, no interaction or association are all answered by considering 

estimates which are explicitly represented in terms of products of 

various marginals. We list some of these estimates. 

* 2 
Mutual Independence of i, J, and k        x^ijk) - xd'OxOjOxO'kMn 

Independence of 1 and (jk) Jointly        x*(ijk) - x(i«')x('Jk)/n , 
ft 

Conditional Independence of i and J given k x^(ijk) - x(i'k)x('jk)/x(**k)' 

As might be expected, these estimates also apply in the general three-way 

rxsxt contingency table. 

We note that the estimate under mutual independence of 1 , j , 

and k has the same one-way marginals as the observed table x(ijk) • 
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x*(lll) 

xj(112) 

xj(121) 

xj(122) 

x;(211) 

xj(212) 

xj(221) 

xj(222) 

xj(l--) 

xj(2--) 

xj(-l-) 

xJ(-2-) 

xj(-'l) 

xJ(--2) 

x(l")x(«l«)x("l)/u2, 

x(l")x('l')x(«'2)/n2, 

x(l««)x('2')x("l)/n2, 

x(l")x(«2')x("2)/n2, 

x(2")x(-l')x("l)/n2, 

x(2")x(«lOx("2)/n2, 

x(2")x(-2')x("l)/n2, 

x(2")x(«2-)x(««2)/n2, 

xj(lll) + xj(112) + xj(121) + xj(122) 

x(l'«)x(«l«)/n + x(l'«)x('2')/n 

x(l--). 

xj(211) + xj(212) + xJ(22X) + xj(222) 

x(2")x('l')/n + x(2")x('2')/n 

x(2--). 

xj(lll) + xJ(U2) + xj(211) + xj(212) 

x(l»')x('l')/n + x(2")x(#l*)/n 

x(-l-), 

xj(121) + xj(122) + xj(221) + xj(222) 

x(-20, 

xj(lll) + xj(121) + xj(211) + xj(221) 

x(--l), 

xj(n2) + xJ(X22) + xj(212) + xj(222) 

x("2). 

I J 

However, the two-way marginals of the estimate under mutual Independence 

of 1 , j , and k differ from the two-way marginals of the observed 

table x(ljk) . Thus, for example , 
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x*(ll') - xj(lll) + x*(112) 

- x(l")x('l*)x("l)/n2 + x(l")x('l')x("2)/n2 

- x(l")x('l«)/n , 

and the latter value is not necessarily equal to x(ll*) . 

The estimate under the hypothesis or model of Independence of 1 

and (jk) jointly has the same one-way marginals and the same two-way 

Jk-marginal as the observed table x(ljk) , 

x*(lll) - x(l-«)x(-ll)/n , 

x*(112) - x(l.')x(-12)/n , 
n 

x*(121) - x(l")x('21)/n , 
tt 

x*(122) - x(l")x('22)/n , a 

x*(2n) - x(2-)x(-ll)/n , 

x*(212) - x(2")x(*12)/n , 
a 

x*(221) - x(2")x('21)/n , a 

x*(222) - x(2")x(*22)/n , 
a 

x*(l»') - x*(lll) + x*(112) + x*(121) + x*(122) 
a       a       a       a       a 

- x(l")x('ll)/n + x(l")x('12)/n + x(l«')x('2l)/n + x(l*')x('22)/n 

- x(l««)Ix('ll) + x('12) + x('21) + x(«22)]/n 

- x(l") • 
i 

Similar results follow for the other one-way marginals. 

x*(-ll) - x*(lll) + x*(211) a a a 

- x(l'Ox(.ll)/n + x(2'0x(»ll)/n 

- x(»li) , 

x*(-12) - x*(112) + x*(212) a a a 

- x(l")x(«12)/n + x(2«Ox('12)/n 

- x(-12) , 
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x*(.21) - x*(121) + x*(221) a a a 

- x(l-«)x('21)/n + x(2'«)x(«21)/n 

2A 

- x(-21), 

v^ 

x*(-22) x*(122) + x*(222) 

- x(l'«)x(-22)/n + x(2")x('22)/n 

- x(«22). 

However, for the other two-way marginals,  for example, 

x*(ll-) - x*(lll) + x*(112) 
s s s 

- x(l")x('llVn + x(l'«)x('12)/n 

- x(l")[x(*ll) + x('12)]/n 

- x(l")x(«l')/n , 

and the latter value Is not necessarily equal to x(ll*) . 

x*(l-l) - x*(lll) + x*(121) 
& S tt 

- xd'OxOlD/n + x(l")x('21)/n 

- x(l")[x('ll) + x('21)]/n 

- x(l")x("l)/n , 

dud the latter value is not necessarily equal to x(l*l) . 

The estiaate under the hypothesis or model of conditional inde- 

pendence of 1 and j given k has the same one-way marginals and the 

same two-way Ik- and Jk-marginals as the observed table x(ijk) s 

xj(lll) - x(l-l)x(.ll)/x(..l) , 

xj(112) - x(l«2)x(«12)/x("2) , 

xj(121) - x(l.l)x(-21)/x(.-l) , 

xj(122) - x(l'2)x(«22)/x(«»2) , 

xj(211) - x(2»l)x('H)/x("l) , 

\ 
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5^(212) - x(2'2)x('12)/x("2) , 

xj(221) - x(2-l)x(-21)/x(««l) , 

xj(222) - x(2«2)x('22)/x(«'2) , 

xj(l-') - xj(lll) + xj(112) + xj(121) + xjj(122) 

- x(l'l)x('ll)/x(«-l) + x(l'2)x(-12)/x("2) 

+ x(l«l)x('21)/x("l) + x(l'2)x('21,)/x("2) 

- x(l'l) + x(l'2) - x(l«*)  . 

Similar results follow for Che other one-way marginals. 

xj(l-l) - xj(lll) + xj(121) 

- x(l«l)x('ll)/x("l) + x(l«l)x(»21)/x("l) 

- x(l'l) , 

xJ(l-2) - xj(112) + xj(122) 

- x(l'2)x(*12)/x('«2) + x(l«2)x(«22)/x('*2) 

- x(l-2)  , 

and In a similar manner we have 

xj(2-l) - x(2-l)  ,  xJ(2-2) - x(2-2), 

xj(-ll) - xj(lll) + xj(211) 

- x(l«l)x(«ll)/x("l) + x(2'l)x('ll)/x(*«l) 

- x(-ll), 

xj(«12) - xj(112) + xj(212) 

- x(l'2)x(»12)/x("2) + x(2'2)x('12)/x("2) 

- x(-12)  , 

and In a similar manner we have 

xj('21) - x(«21)  , xj('22) - x(*22)  . 

However, for the other two-way marginals 
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= x(l-l)x('ll)/x(--l) + x(l'2)x(-12)/x('-2)   , 

and the latter value is not necessarily equal to    x(ll*}  . 

We remark that one of the constraints In the determination of the 

estimates was that they have certain marginals the same as  the observed 

table. 

For the three-way 2x2x2  contingency table in addition to the 

classic types of independence,   interaction or association,   there 

arises an additional one,   important historically and practically. 

This is known as no three-factor 

or no second-order Interaction.    No three-factor or no second-ordev 

interactlon Implies that the logarithm of the association measured by the 

cross-product ratio for any two of the variables is the some for all the 

values of the third variable, that is, there is no second-order interaction 

if 
o    x(lll)x(221)       .    x(112)x(222) 
*n x(121)x(211) " Xn x(122)x(212) 

(1) 
L    xail)x(212)       .    x(121)x(222) 
)*n x(112)x(211)      *" x(122)x(221) 

-    x(lll)xa22)       -    x(211)x(222) 
*n x(112)x(121) K *n x(212)x(221) 

i, k, 

i, k  . 

One is concerned with the possible hypothesis or model of no 

second-order interaction when none of the other types of independence are 

found,  tjowever, in this case, the corresponding estimate cannot be ex- 

pressed explicitly in terns of observed marginals although the estimate 

is constrained to have hz  sane two-way marginals as the observed table. 

Straightforward iter.'.tivp procedures exist to determine the. estimate 

under the hypothec ' o   'iel of no secoml-ordar interaction.  For the 

general three-way . J.I;   contingency table there arc of course many more 

relatlo:vj among the i.og  '.ross-product ratios like (1) which nust be 

satisfied, but the iterative procedures to detevrcine the estläate extend 

to the general case with no difficulty. 
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We may be concerned with a set of two-way tables for which it is 

of Interest to determine whether they are homogeneous with respect to a 

third factor, say space or time. Such problems may also be treated as 

three-way contingency tables using the space or time factor as the third 

classification (Kullback, 1959). 

For four-way and higher order contingency tables the problem of 

presentation of the data increases, as do the variety and number of 

questions about relationships of possible interest and varieties of 

Interaction. The basic ideas, concepts, notation and terminology we have 

discussed for the two- and three-way contingency cables extend to the more 

general cases as we consider the methodology (Ku et al., 1971). 
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3^ L<)&-lin«ar R«pr«Mnt«tion 

1. Mlnlaua Discrimination luforaation Bstlnatlon 

To aake the presentation nore specific, and with no essential 

restriction on the generality, we discuss It in terms of Che analysis 

of four-way contingency tables. Let us consider the collection of 

four-way contingency tables RxSxTxlI of dimension rxsxtxu. For 

convenience let us denote the aggregate of all cell identifications, as 

well as their number, by (2 with individual cells identified by u, so that 

the generic variable is u ■ (l,J,k,£), 1-1 r, J"l s, k-l,...,t, 

l"l,...,u. In this case we also identify ß as ?stu. Suppose there are 

two probability distributions or contingency tables (we shall use these 

terms Interchangeably) defined over the aggregate or spec* ß, say pCu), 

w(w), E p(w) ■ 1, E ir(w) - 1. The discrimination Information is defined 

by 

I(p:ir) - £ P(«) t« JM • 

For the various applications we shall consider the ir-dlstrlbutlon, 

v(w), according to the problem of Interest, msy either be specified, may 

be en estimated distribution, or may be am observed distribution. The 

p-dlstrlbutlon, p(u), ranges over or is a member of a family P of 

distributions of interest satisfying certain restralnta. 

Of the various properties of I(p:ir) we mention In particular the 

fact that I(p:ir) > 0 and • 0 if, and only if, p(w) - tr(w) (Kullback, 1959) 
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Many problou In th« analysis of contingency tablaa «ay bo 

charactarlzod aa aattaatlag a dlatributlon or contingancy table subject 

to certain restraints and then conparlng the estlaated table with an 

observed table to detemalne whether the observed table satisfies a null 

hypothesis or aodel lap lied by the restraints. In accordance with the 

principle of ■tiniaun diacrlninatlon inforaation estlaation, we determine 

that aeriber of the collection or faally P of distributions, which nlnialsea 

the discriaination infonutlon I(p:ir). Ve denote the ■Inlwai discrlaination 

inforaation estiaste by p (w) so that 

I(p*:ir) - I p*(w) In ^J^j- - ain I(p:ir), p, p* c p. 

unless otherwiae atatad, the suaaatloo la over fl which will be oaltted. 

It aay be shown that if p(«) Is any aeaber of the faally P of 

distributions, than 

(1)      I(p:w) - I(p*:ir) + I(p:p*). 

The pythagorean typ« property (1) playa an iaportant role in the analysis 

of inforaation tablaa. 

In a wide elaaa of probloae which can be characterised aa "saoothlng", 

or fitting a aodel to aa obaarrod contingency table the reatralats specify 

that the estlaated distribution or contingency table have aoaa eat of 

aarglnala, or aore generally linear functlona of obaerred cell entries, 

equal to thoae valuee for the obaerved contingency table. In auch eaaae 

ir(tt) is token to be either th« uniform distribution «(ijkl) - l/rstu, or 

a dlatributlon already eatlaatad aubject «o restrelnts contained in and 

iaplled by the reatralnts under exaainatlon. Th« latter cess includes 
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the clasalcal hypotheses of Independence, conditional Independence, 

hoaogenelty, conditional hoaogenelty end Interaction, ell of which een 

be considered es Instsnces of generalised Independence. 

To test whether en observed contingency teble Is consistent with 

the null hypothesis, or aodel, as represented by tho mlnlaum discrimination 

Information estlaete, we conpute e ■assure of the deviation between the 

observed distribution end the appropriate estimate by the minimum 

discrimination Information statistic. For notitlonal end computational 

convenience, let us denote the estimated contingency teble In terms of 

occurrences by x (u) ■ np (oi) where n Is the total nuabsr of occurreneen. 

For the "smoothing" or fitting class of problems, that Is, with the 

reetrelnts Implied by a sst of observed marginals (those of e generalised 

Independence hypothesis), or more generally^linear functions of observed 

all entries, the minimum discrimination Information (m.d.l.) statistic Is 

(2) 2I(x:x*) - 11 x(w) An -f^" . 
x (u) 

which Is asyaptotlcally distributed as a chl-squared varlete with 

appropriate degrees of freedoa under the null hypothesis. 

The statistic In (2) Is also minus twice the logarithm of the 

classic likelihood ratio statistic but this Is not necesserlly true for 

other kinds of eppllcatlons of the general theory (Berkson, 1972). 

vJl 

2. Computational Procedures 

An "experiment" has been designed and observations aade resulting 

In e multidimensional contingency table with the deelred classifications 

and categorlee. All the Information the analyst hopes to obteln from the 

"experiment" Is contained In the contingency table. In the process of 
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\^ 

•aalyslt, th« «la la to fit th« obsarvcd .abl« with « Mlniaal or 

paralaottloiM nuabor of par«Mtoro dapandltg on soaa of tha observed 

■arglnals, and/or ooaa gasaral linear coablaatlona of observed cell 

entries» that la, aaaantlally, to find out how auch of this total 

Inforaatlon la contained In a soaaary consisting of sate of aarginels, 

and/or soae linear eoablaatlons of observed cell entries. 

Indeed, tha relationship between the concept of Independence or 

association and Interaction lu contingency tablea and the role the 

■arglnala play la evidenced In the historical davalopaenta In the 

extensive literature en the analysis of contingency tablea. 

Let us denote by x the (bcl matrix of entrlea x(u) of the observed 

contingency table arranged In lexicographic order, and denote by T en 

fix(«+l) design «atrlx of rank afl < fl. We denote the coluana of T by 

T1(M), l<(d<n, 0<l<n. The condition that the eetlaate x (w) have 

soae eet of aarglnals, and/or sons general linear combination of eel* 

entrlee, equal to the corresponding values of the observed contingency 

table Is written In natrlx notation aa 

1/ (3) T'x - T'x . 

Those eoluana of T which laply a aarglnal restraint are the Indicator 

functlona of the «arglnala, that la, tha correapondlng T.di») will be one 

or aero for any call u, according aa tha cell (■> doaa or doee not, enter 

Into the aarglnal In quaetlon.   We usually take T0(w) - 1, for all oi, so 

that Ix (u) ■ £ x(w) > n.   In accordance with the alnlaua dlssrlalnatlon 

Inforaatlon theorea (Kullbaek, 1959), the a.d.l. eatlaate la the 

exponential faally 

(4) x (w) • axp(T0T0(w)+T1T1(«)+...+TBTB(«))niT(tt>), 
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If we denot« the flxl matrix «hose entries ere Jta(x (ü))/mr(u)). In 

lexicographic order on u by ^n. (x /nit), then we have from (4) the log- 

linear regression (Gokhale, 1971. 1972; Ku et al. 1974) 

(5) £n(x /nn) - T T % 

where T Is the (nrfl)xl matrix of the parameters T.,T-,T»,...,T . We set 
~ u x /    m 

the normalizing parameter T0
aL and T. T are main effects and 

Interectlons. The parameters In (4) are to be determined so that x (w) 

satisfies the condition (3). There are convergent Iterative computer 

algorithms of proportional fitting (among others), which yield the 

estimate x (w) satisfying (3), and then the parameters are determined 

from (5). The Iteration may be described as successlvsly cycling through 

adjustments of the marginals of Interest starting with the ir(u) distribution 

until a desired accuracy of agreement between the set of observed marginals 

of interest and the computed marginals has been attained. See Ku et al. 

(1971). Note that although nir((i)) la here a constant and could be absorbed 

Into TQ or L, we prefer to express It explicitly because there are cases 

In which mr(w) Is not a constant and the expression in (4) or (5) still 

epplles (Ireland and Kullback, 1968a, b; Gokhale, 1971; Darroch and 

Ratdlff, 1972). 

3. Analysis of Information 

The analysis of Information la baaed on the fundamental relation 

._ 

(1) for the minimum discrimination Information statistics. Specifically 

If np (w) - x (w) is ths minimum discrimination Information estimate 

corresponding to a set H of given marginal*, and x. (w) Is the minimum 

discrimination Information estimate corresponding to a set H. of given 
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■arginalt, «h«r« H   la nplleitly or Implicitly contained In H. , then the 

beale reletiont ere 

(6) 

2I(X:OT) - 21(x*:nir) + 2I(x:x*) 

2I(x:iiir) - 2I(xJ:nir) + 2I(z:z£) 

21(^:«,) - 2I(,>) ♦ Mta*:.*) 

2I(x:x;) - 2I(^:x;) + 2IU^) 

\ 

f J 

with e correapondlng eddltlve relation for the aaaoclated degrees of 

freedoa. 

In teraa of the repreaeatatlon In (4) or (5), as an exponential 

family, the two extreae eaaea ere the uniform dletrlbutlon for which ell 

T*a except L are aero, and the observed contingency teble or dletrlbutlon, 

the complete model, for which all 0-1 • ratu - 1 T'a In eddltlon to L ere 

needed. 

Msaaurea of the form 2I(x:x ), that la, the comparison of an 

observed contingency teble with an estimated contingency teble, ere 

called meeeurea of Interaction or goodness-of-flt. Haaaures of the form 

2I(x. :x ), comparing two aatlmated contingency tablea, are called msaaurea 

of effect, that la the affect of the marginals In the eat H. but not In 

the set H , or the taue In x. but not In x . We note that 2l(x:x ) teata a oe e 

a null hypothesis that the values of the T perameters In the representation 

of the obaervad contingency table x(w) but not In the representation of 

the eetlmated teble x (u) are aero and the number of these taue la the number 

of degrees of freedom. Similarly 2l(xb:xjt) teeta a null hypothesis that 

the valuea of the eat of T parameters In the rapraaantatlon of the eetlmated 

teble x. (w) but not In the representetlon of the eetlmated teble x^Cu) are 
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z«ro, and the number of these taue Is the number of degre*.« of freedom. 

See section 5, The 2x2x2x2 Table. 

We suamarlze the additive relationships of the m.d.i. statistics 

and the associated degrees of freedom in the Analysis of Information Table 1. 

TABLE 1 

ANALYSIS OF INFORMATION TABLE 

Component due to Information D.F. 

H : Interaction 2I(x:x*) N 

H.: Effect 

Interaction 

21<<!<) 

2I(x:xb) 

N - N. 
a  b 

N, 

Since meaaures of the form 2l(x:x ) may also be Interpreted as measures 

of the "variation unexplained" by the estimate x , the additive relationship 

leads to the interpretation of the ratio 

* * 

(7) 
2l(x:x|i) - 2I(x:xb)  Zlfc^) 

2I(x:x*) 2I(x!X*) 

as the percentage of the unexplained variation due to x accounted for by 

the additional constraints defining x.. The ratio (7) la thus similar to 

the squared correlation coefficients associated with normal distributions 

(Goodman, 1970). 

We remark that the marginals, explicit and implicit, of the estlmsted 

table x («), which form the set of restraints H used to generate x^Cw) are 

the same as the corresponding marginals of the observed x(w) teble end all 

lower order implied marginals. It may be shown that 2I(x:xa) la approxi- 

mately a quadratic in the differences between the remaining marginals of 
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^ 

i I 

Che x(«) tabl« and th« eorr••ponding on«« •■ c«lculnted fro« x (u). 

„ • •. 
SlnllMly, 2I(x. :x ) Is •IM •pprozlutsly • quadratic in the 

diffarancaa batwaan thoaa additional narginal raatraints in H. but not in 

H and tha corraaponding Mrginal values aa coaputad from the x (u) table. 

The T'S are detemined fro« the log-linear regression equations (5) 

aa SUBS and differences of values of An x (w) or aa linear coabinations 

thereof. A variety of statistic« have been presented in the literature for 

the analysis of contingency tables, which are quadratics in differences of 

■arginal values or quadratica in tha T'S or the linear coabinations of 

logarithms of the observed or estlmsted velues. The principle of minimum 

discrimination information estimation and its procedures thus provides a 

unifying ralatlonahlp eine« auch statistics may be seen as quadratic 

approxlmationn of the minimum discrimination information statistic. We 

2 
remark thet the correepondlng «pproxiamte X '• are not generally edditive 

(Berkson, 1972). 

We mention the appxoximationa in teems of quadratic forms in the 

marginals, or the T'a, as a possible bridge to relate the familiar 

proceduree of classical regression analysis and tha procedures proposed 

here. This may aaaist in undaratanding and intarprrtlng the analyais of 

information tables (KullbMk, 1959). The covariance matrix of the T(w) 

funetlona or the t«us can be obtained for either the observed table or 

eny of the estimated tablee, aa ««11 •• the inverse matricea, as part of 

the output of the general computer program. 

4. The 2x2 Table 

It may be uMful to reexamine the 2x2 table from the point of view 

of the preceding diacuasion. The algebraic dateils are simple in this 
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CAM and «zblblt th« unification of tht infonuitlon thoorntlc dT«J.op—nt. 

SnppoM «• hmwm  th« obstrvad 2x2 tabl« in Flgura 1 

x(13) x(12) xd.) 

x(21) x(22) x(2.) 

«(.1) x(.2) n 

Flgura 1 

If va obtain tha a.d.i. aatlaata fitting tha ona-way aarglnalt, tha 

ganaralliad Indapandanca bypotbatia la tha claaalcal indapandanea 

hjpothaaia and tha ninlwai diacrlaination infotaatlon aatlaata la tha 

uaual x (ij) - x(l.)x(.j)/n. By tha itaratlva aeallng fitting procadura, 

«a bagin with z(0)(ij) • n/4 in aaeh call and adjuat tha x(0)(lj) yalua« 

by tha ratloo of tha obtanrad row aarginala to thoaa of z* '(IJ), that la. 

z(l)(lj)-x(0>(i.1)^-x(i.)2 . 

Than «a adjuat x   \ij) by tha ratio of obaanrad eolnm aarglnals to tha 

aarginala of x(1)(lj), 

«(2)(iJ)-.(1)(U)^-^.^ 

- x(l.)x(.J)/n-x*(iJ). 

Sinea tha rov and eolnan aarginala of x (IJ) ara no« tha aaaa aa tha 

obaanrad valvaa, no furthar Itaratlva adjuataant la naeaaaary. For fitting 

a 2x2 tabla to axtamally apaclflad aarginala aaa Zralaad and Kullback, 

1968b or Fiahar'a 2x2 tabla la tha axaaplaa. 

Tha rapraoantatlon of tha log-liaaar ragraaaion for tha eoaplata 

aodal la givan la Flgura 2. Tha antriaa la tha col 
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j 1 Tl T2 T3 

1 1 1 1 

2 1 

1 1 

2 

Figur« 2 

«r«, rtapectlvtly, th« TAIUM of the functions Tjdj), T2(1J), T (Ij) 

associated with the Marginals z(l.)> z(.l)t x(ll), and the coliarn headed 

L corresponds to the notaallslng factor. 

We note the Interpretation of Figure 2 es the leg-linear relations 

(8) 

to^-L + Tl + T2 + T3 

ln^I-L + Tl 

^^^^2 

In j_ ' ■ L , 

Froei (8) we find 

or 

L- In (x(22)/n/4), 

Tj- tn (z(12)/z(22))f 

T2- tn (x(21)/x(22))f 

T3 - In (x(ll>x(22)/z(12)x(21)t 
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t1 - in x(12) - in x(22), 

(9)    / T2 - in x(21) - in x(22), 

T3 - in x(ll) + in x(22) - in x(12) - in x(21). 

The design netrlx T is the netrlx of Figure 2, that ie. 

t^ 
Define the diagonal matrix D with nein diagonal the eleaents x(ij), 

in lexicographic order, that ie. 

rx(ll) 0 0 0 

0 x(12) 0 0 

0 0 x(21) 0 

\o 0 0 x(22) 

then the estlnete of the coverience aatrix of x(l.)» x(.l), x(ll)( for the 

observed contingency table is S«- i» where 

^22.1 " ^22 " ^21 -11 -12 ' 

and ^ is 1 x 1, S22 is 3 x 3( JS^ - S12 is 1 x 3. It is found that 
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'22.1 X(U). *{i'M'i)     iLJMJa    «W«<'2? 

V «mtoiaj «W«<»2?     x(11) . iiiül/ 
n n     / 

and th« IwrarM matrix is 

f   «(12) ' x(22) x(22) 
1             1 

" x(12)      x(22) 

-1 
22.1 x<22T 

1      .      l 

x(2l)  ' x(22) 
1             1 

' x(21) " x(22) 

1            1 1             1 1.1.1. 
^ xÖJT " x(52T  ' x?!iy " x&2)       x(ll) 'xC«) ,x(21)+x(22)y. 

Th« aatrlx si, i i* th« conrarlanc« matrix of tha T'a la (9). 

Similar rasulta hold In ganaral and for aatimatad tablaa (Kullback, 1959). 

Nota that tha valua of tha logarithm of tha croaa-prodnet ratio, a 

maaaura of aoaociation or intaraetion, appaara in tha eoaraa of tha analjaia 

aa tha valua of T. for tha obaarvad valuaa x(ij). For x (1J), the aatlmata 

undar tha hypothaaii of indapandanca, tha rapraaantation aa in Figura 2 

doaa not Involve tha laat coluan, ainca x (ij) ia obtained by fitting tha 

one-way marglnala, and T--0. 

The log-linear relationa for the eatimata x (IJ) are 

(10) 

l^.X,^^ 

nw       i 

nv       * 

In J22i 
nv 

-L , 
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where the nimerlcal values of L, T,, T» In (10) Bust of course depend on 

* 
x end differ froa the values in (b>. 

The nlnlaua discriainetlon Inforaation stetistlc to test the null 

hypothesis or aodel of independence is 2l(x:x ) with one degree of freedom. 

In this case the quadratic approxiaetion is 

(11) 2I(x:x )  (x 
n (x  (11) x (12) x (21) x (22)/ * 

Rcneaberlng that x (ij) - x(i.)x(.J)/nt the right-hand side of (11) nay 

elso he shown to bs 

(12) X2 - I (x(ij) - x(i.)x(.J)/n)2/ 5&jt£k^  . 

the classical X -test for independence with one degree of freedoa. Another 

test which has bssn proposed for the null hypothesis of no association or 

no interaction in the 23:2 table is 

((. ,(U) + t. x(22) - fa .(12) - fa «Ol»1^^*,^^ r- 
which nay be shown to be a quadratic approxinatioa for 2l(x:x ) in terns of 

T. with the covarlance aatrlx estlaated using the observed values end not 

the estlaated valuei. He revark that if the observed values are used to 

2 
eetiaata the covarlance aatrlx than inatead of the classicel X -test in 

(12) there is dsrived the Neyaan aodified ehi-square 

xj - I (x(ij) - x(i.)x(.J)/n)2/x(iJ). 

J 
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5. Th« 2x2x2x2 Tab!« 

A uaaful graphic rapr•••neatIon of cha log-llnaar ragraaalon (5) 

la glvan In Figura 3 for a 2x2x2^2 eontlnganey tabla. Thla la tha analogua 

of tha daalgn natrlx In nornal ragraaalon thmorj.   The blank spacaa In 

Figura 3 repraaant saro valuaa. Tha (Ijkl)-coluana ara tha call Idantlfl- 

eatlona In tha aaaa laxlcographlc ordar aa tha call antrlaa for tha 

aatlaataa In tha eoaputar output. Coluan 1 corraaponds to L which la tha 

noraallslng factor. Bach of tha eoluana 2 to 16 rapraaanta tha corraapondlng 

▼aluaa of t.ha T(w) functlona» eoluana 2 to S thoaa for tha ona-way aarglaala, 

eoluana 6 to 11 thoaa for tha two-way aurglnala, eoluana 12 to 15 thoaa for 

tha thraa-way narglnala, and coluan 16 that for tha four-way marginal. 

Tha tau paranatar aaaoclatad with tha T(w) function la glvan at tha haad 

of tha coluan. Tha auparacrlpta ara uaaful Idantlfleatlona. Tha coaplata 

rapraaantatlon with all tha eoluana of Figura 3 ganarataa tha obaarrad 

▼aluaa. Thua tha rowa rapraaant 

* ^ijS} " L + TM<^) +-+ tJjTjJ(Utt) 

whara w(lJkJt) In tha 2x2x2x2 caaa la 1/2x2x2x2 and tha noaarlcal valuaa 

of L and tha taua dapaod on tha obaarvad valuaa x(ljkl). Tha daalgn 

natrlx corraapondlng to aa aatlaata uaaa only thoaa eoluana aaaoclatad 

with tha narglnala explicit and lapllad In tha fitting proeaaa. Thla la 

a roflaetlon of tha fact that higher ordar narglnala laply certain lower 

ordar narglnala, for axMpla, the two-way aarglnal x(lj..) lupllea, by 

auaaatlon over 1 and J, tha one-way narglnala x(.J..)t x(l...), and the 
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Figur« 3. Graphic r«pr«s«nt«eion 

total ami(....). The representation for the unifon distribution 

corresponds to coluan 1 only. The estlaate x.(ljkl) based on fitting 

the one-way aarglnals will use only coluans 1-5. The values of L and 

the taus for this estlaate will be different frea those for x(ijkt) and 

depend on the estlasts x.Cijkl). The rapraaantation in Figure 3 Implies 

for z*(ijkl) 
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Mini) 
In air 

L + Tl + Ti + Tl + Tl 
,tl<1112)     i   \       k 

x1(2222) 
tn   s— ■ L • off 

The Mtlaatc x2(ljki) b«*«d on fitting th« two-way aarglnals will use 

coluant 1-11 aince the two-way aarginala alao iaply the one-way ■argiaala. 

The valuea of L and the taua for thia eetiaata will be differeat froa 

thoae for the obserred valuea or other eatlaetea and depend on the valuea 

of the eatinata x2(ljki). For the eetiaata fitting the two-way marginals 

the repreaentation in Figure 3 lapliea 

•« X2(1111) . T * Tl 4. TJ + Tk * -t * T1J 4. Tik 4. Tit j.^Jk 4. -J* 4. Tki tn  ^ir  - L + Tl + Tl + Tl + Ti + Tu + Tll + Tll+Tll + Tll + Tll 

tn 

In 

a*(llll) 
air 

xj(m2) 
air 

• • • 

«J(2222) 

L + xj + xj + xj + TJJ + xg + tg 

aw - L . 

The eetiaata z.(ijki) baaed oil fittiag the three-way aarginala will 

uae coluaaa 1-15 aiace the three-way aarginala alao laply the two-way aad 

one-way aarginala. 

Note that in the graphic repreaentation in figure 3 we eat all taua 

with subscript 1-2 and/or J-2 aad/or k-2 and/or t-2 equal to aero, by 

cooventlon, to iaaure linear independence. 
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The analysis of Information tabla corresponding to the hierarchical 

fitting of x*(ljU), z*(ljkl), x*(ljk£) Is shown In table 2. 

TABLE 2 

ANALYSIS OF INFORMATION 

Component due to       Information   D.F. 

*. 
All one-way marginals    2I(x:x.)      11 

All two-way marginals    2l(x2:x.)     6 

* 

All three-way marginals       ZKxjtx.) 4 

2I(x:x*) 1 

2I(x:x1) tests the null hypothesis that the eleven taue of 

columns 6-16 are equal to lero. 

2l(x2:x1) tests the null hypothesis that the six taus of columns 

* 

6-11 are equal to tero. 

2I(x:x2) tests the null hypothesis that the five taus of columns 

12-16 are sero. 

* * 

2l(x:x2)      5 

^ J 

2I(x-:x2) tests the null hypothesis that the four taue of columns 

12-15 «re zero. 

2I(x:x3) tests the null hypothesis that the tau of column 16 Is 

zero. 

In the examples wo shall see other tests on the Interaction 

parameters (Kullback, 1974). We now consider e number of exsmples to 

Illustrate more specifically varloua espects of the enalyals. 

51 

. 

 fa ■        ■rfea^——1^ 



v 
18 

6. Algorithms to calculate quadratic approximations. 

We now present algorithms to calculate quadratic 

approximations to 2I(x:x*), 2I(x*:x*), 2I(x*:x). 

1.  2I(x:x*). 

a) Compute x*. 

b) Using the T design matrix corresponding to x (including 

the L column) , compute the matrix S ■ T'DjT, where D* is 

a diagonal matrix whose entries are the values of x* in 

the same order as for the rows of the T-matrix. 

(hi    hi] 
c) Let   i. ~  \ ' where S11 is a 1x1 matrix, 

\ hi   h2 I 
then S22#1 - S22 - S21  S-J S12 . 

d) Compute §22 1 ' 

e) Consider the marginals which do not enter into the 

specification of x*, and let d* be a one row matrix whose 

entries are the differences between the set of marginals 

just considered, in the x and x* tables. 

i 

J 
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f) Let B be that submatrix of S22 . whose rows and colunms 

correspond to the T columns of the design matrix associated 

with the set of marginals in step e). 

g) Compute d'Bd. 

This  is  the  "marginals"  approximation to 2I(x:x*). 
a 

h) Compute the set of T'S associated with the marginals 

considered in e) for the x distribution, and call the one 

row matrix of these T'S T'. 

Compute T/B T_,  where B~ is the inverse of the 

matrix B in f). 

T'B T is the "tau" approximation to 2l(x:x*). 

i) The "marginals" approximation is also equal to 

" j 
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2.       2I(x*:x*) o    a 
a)  Compute xj*,  x*. 

o)  Using the T design matrix corresponding to xjf   (including 

the L column),  compute the matrix S ■ T'DJT, where D* —  — —a—      ~a 

is a diagonal matrix whose entries are the values of x* 

in the same order as for the rovs of the T-matrix. 

c)  Let S 
-11    ^12 

121    ^22 

-22.1 " -22  ~ -21 
-1 

, where S,,   is a 1x1 matrix, then 

-11      ^12 ' 

d) Compute §.22  1   * 

e) Consider the marginals which enter into the specification 

of x£ but not in x*,  and let d' be a one row matrix whose o    ——    a        — 

entries are the differences between the set of marginals 

just considered in the x£ and x* tables. o     a 

7 
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f) Let B be that submatrix of S~  , whose rows and columns 

correspond to the T columns of the design matrix associated 

with the set of marginals In step e). 

g) Compute d'Bd 

This Is the "marginals" approximation to 2I(x*:x*). 

h) Compute the set of T'S associated with the marginals 

considered in e) for the xf distribution and call the 

one row matrix of these T'S T'. 

Compute T/B T^ where B~ is the Inverse of the matrix 

B in f). 

T'B" T is the "tau" approximation to 2I(xJ:x*). — — — oa 

1) The "marginals" approximation is also equal to 

'/ 

) 

(x* - xj)- 

*i 
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3.  2l(x*!x). 

a) Using the T design matrix corresponding to x* (including 

the L column), compute the matrix S = T'D T, where D is —  — -oc-•      —x 

a diagonal matrix whose entries are the values of x in 

the same order as for the rows of the T-matrix. 

^11 ~ äl2\ 
s22j '  Where hi iB b) Let S = ( s   c It  where S,, is a 1x1 matrix, then 

-22.1 " -22 " -21  -11  ^12* 

c) Compute §.22 1 * 

d) Let d' be a one row matrix whose entries are the differ- 

ences between the I  T(u)x*(a)) and £ T(u)x(h)).  In the 
0) u 

case when x*(ci)) is specified by conditions external to 

the observed values, the value of l  T(W)X*(Cü) is specified 

without having to compute x* (w). 
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e) Compute d'S-, «d. 

This is the approximation to 2l(x*:x).  Note that 

this can be obtained without computing x*. 

f) The approximation 
r       (X*-X)2 

1 X 

requires the prior computation of x*. 
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4. Applications 

In this chaptsr «• consider sight sxsaplss lllustrstlng various 

aspscts of ths aodsl fitting aothodology by ths snalysls of raal data. 

Exsapls 1. Classification of aultlvarlatc dlchotoaous populations. 

This sssapls lllustratas tha snalysls of a £ivs-way 

2x2x2x2x2 eontlnganey tabla. It Introduces ths uss of 

log-odds or loglt rsprsssntatlon, snd ths aultlpllcstlvs 

vsrslon of ths odds ss a product of factors. It also 

lllustratos ths latsrprotatlon of ths parsastsrs, snd ths 

sffsct of Intsractlon on tha nuasrlcal valus of ths 

sssoelotlon bstwasn classifications. It eonsldaro sarsral 

■odsls with rsspaet to ths asrglnsls flttsd, tha dsslgn 

■atrlcss, sad ths datsllad hierarchical snalysls of 

lafonstlon. 
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An Kxample of 

'lultiwEV Contingency Table Analysis Applied to the Classification 

cf Multlvarlatc Dlchotonous Populations 

Introduction 

Multlway contingency tables, or cross-classifications of vectors of 

discrete randoir variables, provide a useful approach to the analysis of 

multivariate discrete data.  In the particular application we consider, 

the individual variatcs are dichotomous or binary. Mote however that tiie 

procedures and analysis are not restricted to dichotomous or binary data 

but are also applicable to polychotomous variatcs. 

For background on the study and problem leading to the data we 

consider see Solomon (1960).  In Ku ct al. (1969) minimum discrimination 

information procedures were applied to problems of multivariate binary 

data In information systems, such as comnunicatlon, pattern recognition, 

and learning systems.  In Cox (1972) there is a review of methods and 

models for the analysis of multivariate binary data and Solomon's data is 

given as a typical example. Martin and Bradley (1972) developed a model 

based on a set of orthogonal polynomials and applied it to Solomon's data. 

'■.'e remark that our procedure based on the principle of minimum discrimina- 

tion information estimation applied to the analysis of multlway contingency 

tables yields a result practically equivalent to that of Martin and Bradley 

(1972). Goodman (1973) discusses Solomon's data in relation to methods for 

selecting models for contingency tables. 
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Solomon's Data 

A total of 2982 high-school seniors were given an attitude question- 

naire to assess their attitude towards science. The students were also 

classified on the basis of an IQ test Into high IQ, the upper half, and 

low IQ, the lower half. The sixteen possible response vectors to each of 

four agree-disagree responses were tabulated. The problem of Interest was 

to determine whether the response vectors could be used as a basis for 

classifying the students into one of two classes and evaluate possible 

classification procedures. 

Contingency Table Analysis 

We shall treat the data given In Table 1 as a five way 2x2x2x2x2 

contingency table, denoting the original observations by x(hljk)l), where 

Characteristic Index 1 2 

IQ low IQ high IQ 

Response 1 disagree agree 

Response 2 disagree agree 

Response 3 disagree agree 

Response 4 disagree agree 

As a first overview of the data to determine the marginals and 

their related interaction parameters which may furnish significant values 

in the log-linear representation of the exponential family of the estimates 

obtained by iterative scaling fitting, we list in Table 2a, Analysis of 

Information, a sequential hierarchical study of Interaction and effect type 

measures Kullback (1970), Ku et al. (1971). 
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Tlio firr.t ostlinate we start with if; 

x*(hl)kJ.) - x(li"«»)x('ljU)/n n 

since  tue minimum discrimination information .statistic  (interaction type 

measure) 

2I(x;x*) - 2LIZZI x(hijk£)£n SÜAhUh* 
a v    J    /      x(h••••)x(• ijki) 

tests a null hypothesis that the IQ groupings are homogeneous over the 

sixteen response vectors kullback (1959, Chap. 8). This null hypothesis 

is rejected and the subsequent study of effect and interaction type 

measures is an attempt to find a good fit to the data and account for the 

total variation as measured by 2I(x:x*). Although the association between 

IQ and the response to the first statement as measured by 2l(x*:x*) ■ 2.376, 

1 D.F., is not significant, it was decided to examine in detail the estimate 

x*(aijk£) whose numerical values are given in Table 1.  It may be shown that 

2l(x*;x*) - 2ZZ  x(hi"')fcn ,*(hi\"}n, r , 
T) a x(h••••)x(•i•••) 

and tests a null hypothesis that IQ is homogeneous over the response to 

the first question. The estimate x*(hijk£.) was selected because the 

interaction type measure, 2I(x:x*) ■ 16.307, 11 O.F., represents an 

acceptable fit, the estimate is symmetric with respect to the four state- 

ments, and is comparable to the first-order model estimate of Martin and 

Bradley (1972), whose values are also listed in Table 1. 

From the design matrix or log-linear representation in Fig. 1, we 

obtain the parametric representation for the log-odds (low IQ/hlgh IQ) 
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ln(x*(llJkll)/xJ(2ljU)) 

over the sixteen response vectors as given In Table 3a. Thus, for example 

xgdllll)   h   hl 
110 x*<21111) " Tl + Tll + '11 

,hj , hk A hJl 
T,, + T,, + T 11 11 

l^5 

that is, a linear regression of the log-odds in terns of a constant T. 

and the main effects of each component of the response vector, namely, 

Tll' ^l' Tll* Tll' The numerical values of the log-odds and the parameters 

are easily obtained from the entries in the computer output and are also 

given in Table 3a. It is clear that the odds may be expressed in a multi- 

plicative model. The odds and the odds factors are easier to appreciate. 

From the log-odds representation above we find 

X*(11.L11)      .      hl     ..     „      hj, 

x*<21111) " exP(V "P^ir exP(Tii) «^^n^ exp^n^ 

and from the values in Table 3a have 

1.237 - (.682)(.816)(1.132)(1.406)(1.396). 

We note from Table 3a that 

In 
xg(lijkl)    x*(lijk2)   hA 

x*(2ijkl) " ln x*(2ijk2) " Tll " 0*3338 ' 

that is, a change from disagree to agree on the fourth statement is 

associated with an increase of 0.3338 in the log-odds (low IQ/high IQ). 

hi 
Note also that T.. represents the association between IQ and response to 

the fourth statement as measured by the log-cross-product - ratio (log 
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relative odds) 

hi       . 
T11 - ?n 

x*(lljkl)x*(2ljk2) 

x*(2ijkl)x*(lljk2)" ' e      e 

and Is the sane for all eight levels of the responses to statements one, 

two and three. 

Similarly, it is found that 

x*(lijU)     x*(lij2Jl)   . 
£n x^ijU) - £n x*(2iJ2£) * Tll " 0-3A11 ' c e 

In 
x*(lilk£) 

x*(2llkÄ) in 
x*(li2kÄ) e 
x*(212k£) e 

TJI - 0.1240 , 

In 
x*(iijke) 

x*(21JkÄ) - In 
x*(12Jk£) 
G 

x*;22Jk£) TJJ ■ -0.2030 . 
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( 

Classification 

Since x(l"«») - x*(l••••) - 1A91, and x(2••••) 
e 

we assign a response vector (IJkC) to the region 

E..  classify as population h-1 (low IQ), when 

x*(2' e -)  - 1491, 

In 
x*(lljU) 

x*(21jkl) 
> 0 

and to the complementary region 

E«;    classify as population h>2  (high IQ), when 

x*(lljkt) 
ln x*(21Jkl)  ' 0  * 

If wc set 

U.CE,) I 
(ljkÄ)eE1 

x*(lljkJO 
C 

1491 u2(h) I 
(IJklDeE. 

X*(21JU) 

"1491 

then the probability of error of the classification procedure Is (Kullback, 

1959, pp.  4,  69,  80), 

Prob Error - pvi^K qu^Ej) - (y^) + u1(E2))/2 

since here p - x(2*«")/2982 - j t <! " x(l»»'»)/2982 - ^ • 
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The relevant compatatIons with x*(hi1kÄ)  are given In Table 4(b) 
e 

and show that the Prob. Error ■> 0.444. The corresponding computations 

with the original data x(hlkj£) are given in Table 4(a) and yield 

Prob. Error - 0.441. 

Other Estimates 

In view of the measure of the effect of the marginal x(hi"2.)(a id 

the associated interaction parameters) in Table 2a, 2I(x*::c*) - 4.316, 
rag 

1 I).F., and the marginal x(h'J'il), 2I(x*:x*) - 3.181, 1 n.F., the m.d.i. 
p n 

estimate x*(hljkJ,) fitting the marginals x('ijk)?,), x(h'j«»). x(h««k«), 

x(hi*'£) and the m.d.i. estimate x*(hijk£) fitting the marginals x(*ljk£), w 

x(h*,k*). x(hl,,£), xOi'j'S.) were computed.    The esMmates are given in 

Table 1 and the relevant analysis of information given in Table 2b. 

The values of the log-odds,  parametric representation,  and the 

associated Interaction parameters arc given in Table 3b for x*(hljk£) and 

In Table 3c for x*(>iijkl).    ;Jotc from Table 3b that w 

x*(lljkl) x*(lljk2)        h,       hU 

*n x*(21jkl) " *" x*(21jk2) " Tll      TU1 0.6469   , 

x*(12jkl) x*(12jk2)        ., 
In —rrssTm - in -rrxttxi - x",  - 0.26fiO . x*(22Jkl) x*(22jk2)       '11 

x*(lljkl) x*(12Jkl) hii 
Än ^rnikiT -ltt £mm' Tii+ Tui" -0-0276 • 

In 
x*(lljk2) x*(12Jk2)        hl 

xM21Jk2) ■ ln x*(22jk2^ " Tll " -0-A065  ' 

reflecting the interaction of the responses to the first and fourth 

statements. 
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From Table 3c, It is found for example, that 

x*(lllkl)    x*(lllk2)   ..   . ,   . , 

*-* £mm - ^ $(nm " hi + hn + Vn " 0-5806 ' 

x*(121kl) x*(121k2)        hA        hjÄ 

in x*(221kl) " *■" x*(221k2)  " Tll + Tlll " 0-2030  ' 

m 

in 
x*(112kl) 

x*(212kl) 

x*(122kl) 
Än x*(222kl) 

x*(112k2) 
%Ti x*(212k2) w 

x*(122k2) 
Än x*(222k2) w 

hR,  .     hl£      f. „,, 
11        111 ' 0-9371  « 

TJJ - 0.5595 , 

reflecting the Interactions of the responses to the first, second and 

fourth statements. 

The computation of the probability of error using the estimates 

x*(hijk£) and x*(hijk£) is shown in Table 4c and 4d respectively, and 

yields probabilities of error 0.444 and 0.446. 

\ 

Remark 

Martin and Bradley (1972) examined Solomon's data in terms of an 

estimate they called a first-order or linear model. These estimated 

values are given in Table 1. It turns out that although the underlying 

approaches are different, the Martin and Bradley parameters, their a., 

and estimates are practically the same as those for x*(hljk ). From 

Martin and Bradley (1972, pp. 216-217) we note that 

x*(12222)   h    ^a^a^ 

^ x*(22222) " Ti ■ Än l-a0-a1-a2-a3-a4 * 
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,    Xe(12221)        h,    M-      0     
1+nO+al+a2+a3-a4 

x*(22221)        1        11 c 1-,,0-ara2"a3+a4  * 

0    ^
(12212)        h4       hk      9    

1+a0+nl+Va3+a4 
£n ^212121" Tl+    Tll' *" e 

l-a0-ai-a2+a3-a4  • 

B     
Xe(12122)       Th4      hj       ,     1+a0+ara2+a3+a4 

Än x*(22122) " Tl +    Tl]  - ^ e l-a0-a14.«2-a3-a4  ' 

^ 

\ 

x.(U222) hl "*VVVV*« 

or to a first approximation of the logarithm 

Tl " 2a0+2a1+2a2+2a3+2a4 , 

Ti + Tll " 2a0+2a1+2a2+2a3-2aA , 

T1I + Tn - 2aO+2ai+2a2-2ll3+2a4 • 

Ti + Tn " 2V2ar2a2+2a3+2a4 ' 

TJ + Xn ' 2a0-2a1+2a2+2a3+2a4 . 

It  Is found that 

.hÄ 
Tll" -Aa4 • 

Thk. Tll 
-4a3 f 

Thj- Tll -s > 

Thi- Tll 
.4a, • 
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The values of the parameters given by Martin and Bradley (1972, Table 3, 

p. 217) are 

aA - -0.042, a, - 0.0A9, a, - -0.031, a, ■ -0.084, a. ■ -0.082 
0 1 2 3 4 

so that 

.hi 
Tj: - 0.3338 - 0.334, -4aA - 0.328 , 

TJJ - 0.3411 - 0.341, -4a3 - 0.336 , 

TJJ - 0.1240 - 0.124, -4a2 - 0.124 , 

TJJ - -0.2030 - -0.203, -4a1 - -0.196 

The computation for the probability of error using the estimates 

are shown in Table 4e and yields a probability of error 0.445. (Martin 

and Bradley give a value of the risk as 0.455). 
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Table 2a 

Analyi-.ls of Infomitlon 

Marginals Fitted Information 

"2I(x:x*)    - 68.369 

D.F. 

«) X(.1JW)»X(»I....) 15 

b) «(.IJki^xChl...) 

i 

. 2l(x*:x*). 2.376 

J 2l(x:xg)   = 65.993 

1 

14 

e) x(.lJki)/x(hl...),Xvh.J'-) 2l(x*:x*) = 4.265 

2l(x:x*)    » 61.728 

1 

13 

d) x(.ljki),x(hi...)>x(h.j..)>x(h..k.) j 2l(x*:xj) " 25.230 

2l(x:x*)    - 36.498 

1 
t 

12 

1 

11 

1 

10 

e) x( .ijki),x(hl...),x(h.J..),x(b..k.),x(b...i) 2l(x»:ic*) - 20.191 

2l(x:xJ)    - 16.307 

f) x(.lJk/),x(h..k.)iX(h...i),x(MJ..) 2l(x*:x*) - 3.016 

2l(x:x|)    - 13.291 

8) x(.lJki),x(b.../)/x(hlJ..)>x(hl.k.) 2l(x*:x*) - 0.0l*2 
8   * 

2l(x:x*)    - 13*249 

1 

1   9 

m) x(»ljki)/x(hlj..)/x(hl.k.)>x(hi..l) 2l(xj:x») - 4.316 

2l(x:x*)    - 8.933 

1 

8 

n) x(.ljki),x(hij..)*x(hl.k.),x(hl..i),x(h.jk.) 2l(xJJ:x*) - 0.983 

2l{x:x»)   - 7.950 

1 

7 
1 

1 
1 
1 

P) x(.lJki),x(hlJ.O*x(hl.k.)#x(hl..i)>x(b.Jk.)ix(h.J«') 2l(x«:x#) - 3.181 
P   n 

2l(x:xj)    - 4.769 

i          t 

_.   ..  L    . 

q) x(.lJkL<),x(blJ..U(bl^.)>x(hl.J)/x(h.Jk.),x(h.J./), 

x(b..kl) 

2l(x*:x») - 0.219 
q   P 

2l(x:x^)    - 4.550 

1 

5 

r) x(.ljki),x(bl..i)>x(b.j.i},x(b..kl)1x(bljk.) 

•                            i 

2l(xJ;:x^) - 0.346 

2l(x:x«)    - 4.20I» 

1 

4 
-I-- 

71 

J 



Aaalyuls of Information (continued) 

Marginals Fitted Info n&at Ion 

2l(x:x»)    = 4.20^ r 

D.F. 

k 

s) x(.lJki),x(h..W),x(hiJk.),x(hlJ.£) 2l(x*:x*) = 2.303 
6     V 

2l(x:x*)   » 1.901 

1 

3 

t) x{.ljki),x{hljk.)/x(hij.i),x(hl.ki) 2l(x*:x£) - 1.375 

2l(x:x*)   * 0.526 

1 

2 

u) x(.ljlt/),x(hijk.)ix(hlj.i),x(hl.k/),x(h.jlt<) 2l(x*:x*) - 0.361 a   t 

2l(x:x*)    - 0.165 

1 

1 

Table 2b 

Analysis of Information 

Marginals Fitted Information D.F. 

e) x(.ljk/),x(hl...)/x(b.j..)ix(h..k.)*x(h...i) 2I(X:XJJ)   = 16.307 11 

v   x(.ijW)/x(h.J..),x(h..k.),x(hl..i) 2l(xJ:x*) -    3.735 

2l(x:x*)   = 12.572 

1 

10 

w) x(.lJk/),x(b..k.),x(hl../)/x(h.J.4) 2l(xJ:x«) "   }M3 

2l(x:x*)   -   9.129 

1 

9 
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Log-odds    injj^^jj 

r-' 

IJk/ Parametric representation log-odds 

1111 '\ < < -s hi 0.2128 

1112 t < < < -0.1210 

1121 < < < 
hi -0.1284 

1122 'i 11 11 -O.U621 

1211 
h 

Tl ^11 ^11 -51 0.0888 

1212 < «s -0.2450 

1221 'J «s < 
-0.2524 

1222 h 
Tl < -O.586I 

2111 
h 

^11 ^11 0.4158 

2112 t 11 < 0.0820 

2121 
b 

^11 
hi 

0.0746 

2122 ^11 -O.2592 

2211 ^ < 
hi 

+T11 0.2918 

2212 ^ < -0.0420 

2221 'J *** 
^11 -0.0494 

2222 ^J -0.3831 

T1  =   - 

hk 
Tll 

0.5831,   TJJ = -0.2030,  T^ - 0.1240 

0.3411, T^J - 0.3338 

Table 3& 
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Loß-odan    ^n  -rrrrr—^ 

IJk/ Parametric representation log-odda 

1111 
h 

Tl < 
L hk 
+T11 

hi ^hli 
^111 0.3571 

1112 i < < +T11 
-O.2898 

1121 
h 

Tl < <i hü 
"ii 

hU 
Tlll O-Oll1? 

1122 
< < < -O.6555 

1211 b 
< ^f. hi 

*T11 ^ 
0.2366 

1212 < < ^i -oAioi 

1221 t < < <l -O.IO88 

1??2 < < -O.7557 

2111 '? < 
hk 

< 0.38V7 

2112 i < < 0.1167 

2121 < < < 0.0390 

2122 
< *% -O.2290 

2211 A < < 
0.26W 

2212 t < 
-O.OO36 

2221 t < -O.O813 

2222 
b 

Tl -0.^92 

-0.3^92,   ^j =  -O.4065,  T^ = 0.1203 

11 0.3^57,   TJJ  =  0.2680,    T^J   =   0.3789 

Table 3b 
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x*(lL.jkiO 
L06-odd3  ln xfjaijia) 

ijke Parametric representation log-odds 

1111 1 < < < 
L tk 
+T11 +T11 Tlll Tlll 0.5285 

1112 
'* < < 

L hk 
+T11 -O.2525 

1121 Tl <i 4T11 
hii 

Tlll Tlll -0.0197 

1122 i      h 
Tl 

4T
II < 

-0.6Oü4 

1211 1      h 
T
l -Ü +T11 

. hi 
+T11 

hit 
Tlll 0.5976 

1212 b 
Tl ^ ^11 c 5596 

1221 Tl < +T11 
.. hii 
+T111 O.CA95 

1222 h 
Tl < -O.8876 

2111 A < «S ^ ^ 
0.55^2 

2112 A < -s 0.1512 

2121 
< < < < 

O.OO61 

2122 t < 
-O.I968 

2211 < < < |      0.4255 

2212 < < 
!     -0.1560 

2221 < < 0.075^ 

9222 A -0.4841 

1 
TJ = -0.4841, T^ = -0.4055, T*J = 0.2875 

x^ = 0.5481, tJJ - 0.5595, r\[i . 0.5776 

hit rui -0.5565 

Table 5c 
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Martin and Bradley 

El 
x(iijw) x(2ijk/) 

1111 74.67 60.33 
1211 12.02 IO.98 
2111 314.50 207.50 
2112 193.45 178.55 
2121 259.17 240.83 
2211 

091.55 
28.26 

726.45 

I 

^-If^,   ^(E2)=^|2^ 

Prob. Error - |   ^gf^ 

2982 

- 0.445 

Table 4(e) 
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EMaple 2.    Leukenla death observation at ABCC.    This exajqile 

lllustratM tha analysis of a thraa-way 5x6x2 contingency 

table.   It Illustrates the estlaatlon procedure for the 

hypothesis of no second-order interaction.    It also 

lllustratss the use of a cell, other than the last one, 

as the reference cell.    Details of the coaputatlon of the 

covarlsnce matrix of a set of estiaated paraaaters of 

Interest is given.    Confidence Intervals for the paraaeters 

are coaputed using the Multiple coaparlson leana. 

I 

i 
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The Analysis of Leukemia 

Death Observation at A3CC 

Sugiura and Otake (1974)  have considered the analysis 

of k 2xc contingency tables and have applied their pro- 

cedures to the data in Table I. He propose to apply 

the minimum discrimination information estimation and 

associated concepts to the analysis of the data in Table 

I. We denote the occurrences in the three-way contin- 

gency Table I by x(ijk) with the notation 

Variable Index 1 2 3 4 5 6 

Age 
Dose 

Mortality 

i 
j 
k 

0-9 
Mot in city 

Dead 

10-19 
0-9 

Alive 

20-34 
10-49 

35-49 
50-99 

50+ 
100-199 200+ 

We get the minimum discrimination information 

estimates fitting the sets of marginals 

a) xUj.), x(..k) 

b) x(ij.K x(i.k) 

c) xCij.), xti.k), x(.jk) 

d) x(ij.)f xt.jkl 

We start with the set of marginals x(ij.), x(..k) be- 
* 

cause x Cijk) m  xCLj.l xC. >k)/n. is the m.d.i. or 

maximum-likelihood estimate under the null hypothesis that 

mortality is homogenous over the age by dose combinations. 
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Wo suiiurarize the results  in the Analysis of Information 

Table. 

L^ 

, 

Analysis of Information Table 

Component due to Information D.F. 

a) x(ij.) , x(. .k) 2l{x:xa ) - 205.983 29 

b) x(ij.) ,  x(i.k) 2l(xb :xa ) 

2l(x:xb*) 

2.326  4 

203.657 25 
 » r- 
c) xCij.), x{i.k), x{.jk) 2I(xc ^ ) 

2l(x:x *) 
C 

175.810  5 

27.847 20 

a) x(ij.) , x{..k) 2l(x:x2. )   » 205.983 
a 

29 

d) x(ij.), x(.jk) 2l(x/,*:x *) = 173.502 a  a 5 

2l(x:xd*)   =  32.481 24 

c) xCij.), x(.jk), x{i.k) 2l(x  :x, ) ■ c "d 

2l(x:x^ ) 

4.634  4 

27.847  20 

■ / 

We may draw the following inferences from the 

Analysis of Information Table. 

1. Mortality is not homogeneous over the age by 
* 

dose combinations C2I(x:xa ) = 205.983.. 29 D.F.) 

2. The effects of age by mortality are not 

significant 121(3^ ;xa ) = 2.326, 4 D.F., 2I(xc :xd ) = 

4.634, 4 D.F.I 

3. The effects of dose by mortality are highly 

significant (21(x :x *) - 175.810, 5 D.F., 2I(x.*:x *) •c ""b d  a 

173.502, 5 D.F.) 
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Since the value of 2Itx:x. ) •» 32,481, 24 D.F. 

is not significant at the 10% level, we obtained the complete 
* 

output for x, and the estimates are shown in Table lib. 

However since four OUTLIER values were indicated for 
* 

xd .and for comparison with the results of Sugiura and 

Otake.it was decided to perform a more complete analysis 

with the estimate fitting all the two-way marginals, 

that is, the estimate corresponding to an hypothesis 

of no second-order interaction. This estimate is given 
* 

in Table I la and we have called it x- (ijk) , that is, 

x2*{ijk) H xc*(ijk). 

Again for easier comparison with the results of 

Sugiura and otake we selected the cell (512) as the 

reference cell so that the log-linear representation 
* 

of x,   (ijk)   is given by 

x2  (ijk) 
An ^jygQ)     - L +  TjTj(ijk) + ...+TjTj(ijk)+TJTJ(ijk) + ...+TjTJ(ijk) + 

+T£T![Cijk)+T^TJ3 (ijjO+.. .+TJJTJJ (ijk)+T^T^(ijk) + ... 

+TjjTjJujk)+T^jTJJcijk) + ...+TjjT^(ijk) 

where L = l,the taus are main effect and interaction 

parameters and the T(ijk} are the explanatory variables, 

the indicator functions of the corresponding marginals. 
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e.g. I    T^(ijk)x- (ijk) = x0 (12.) = x(12.) etc. 
ijk L* 2 l 

* 
Prom the log-lir.ear representation of x2 (ijk) we have 

the log-linear representation of the mortality log-odds 

or logit as 
* 

x2 (i31)    jc 
TF An 

x2 (ij2) 

_ _k . Tik  Tjk 
1     ll     ]1 

where T^O» xjj. 

Since the computer output includes log's of the 
* 

x. we can evaluate the tau parameters, for example, 

as follows 

/ 

An 

An 

An 

An 

jtn 

x2   (511) 

x2   (512) 

x2*(lll) 

x2   (112) 
•       • 

x2*(411) 

x2   (412) 

x2*(521) 

x2   (522) 

• 
• 
• 

x2*(561) 

x2   (562) 

■ T. 

Tk  Tik 
Tl + Tll 

k   ik 
= Tl + T41 

k ,  jk 
Tl + T21 

Tl + T61 

J 
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The following are the values obtained 

J - -7.4714 41- 0.5017 
ik c 
11 

-0.Ü849 41- 0.9685 
ik t 
21 -0.4515 41- 1.2848 
ik 
31 " -0.2655 41- 2.2293 
X- 0.0^71 41- 3.4785 

Sugiura and Otake used the representation for 

the log-odds 

log ip^/U-p^))  = y + ai + $. 

9 

where I    a. * 0, 6. » 0 and give the estimates 
i»l ^^     1 

<Xi ■    0.068 

i2 - -0.299 

03 - -0.113 
A 

04 ■    0.190 

0.153 

l4 
A 

a5 

02 ' 0.502 
A 

0.969 
A 

^4 " 1.285 
A 

»5 " 2.229 
A 

^6" 3.478 

We note that x^ ■ (L,..., TJI ■ ßfi and 21 61 

y + o, 

y + a. 

y + a. 

Tl + Tll 

k ^ 
Tl + T21 

y + o- 

rll 

ik 
21 

ik k s  . 
Tl + T31 

k ik y + a4 - xj + TJJ 
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that is 

Ol-i = 

ot~ = 

ou = 

ot^ ■ 

a.. = 

ik _ . ik   ik   ik  Tikx/g 
Tll   (T11 + T21 + T31 + T41,/3 

ik   , ik  Tik   ik   ik. .. 
T21 ■ (TH + T21 + T31 + T41)/5 

Tik   . ik . Tik . Tik . TikWc 
T31   (T11 + T21 + T31 + T41)/5 

Tik - (Tik + Tik   ik  Tik)/5 T41   lTll + T21 + T31 + T4l'/D 

-(Tik + Tik + Tik + Tik)/5 iTll + T21 + T31 + T41;/:> 

yielding a1 = 0.0680, a, = -0.2986, a3 = -0.1126, 

a4 = 0.1900, a5 » 0.1529. 

We determine the covariance matrix of the tau's 

in the logit representation as follows. 

Let T denote the 60x40 matrix whose columns are 

4 20 

L, Tj(ijk),...,Tj(ijk), T^(ijk),...,TJ(ijk), T^(ijk),... ,TJJ (ijk) 

Tk(ijk), T^(ijk),...,T^(ijkj, T^(ijk),...,TJk(ijkj 

and let D denote a 60x60 diagonal matrix whose diagonal 
* 

values are x,   (ijk)   (in the same ijk sequence as the 

T(ijk)   functions). 

Compute the 40x40 matrix    s = T'DT 

Sll S12 

S21 S22 

where S  is 30x30 and S» is 10x10 
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k  ik     Ik  ik      i The covariance matrix of T. . T..,,,,, T.., TL.,,,,,  xi 

is then given by 

k 
61 

-1 -1   "1 S22.1 " (S22 " S21S11S12) * 

The covariance matrix thus obtained is given 

in Table III. 

ik To compute confidence intervals for the T
J
 'S, 

following the procedure suggested by Sugiura and Otake 

using the multiple compnrison lemma, Ferguson (1967, p. 282) , 

we computed /ll.070xV 77      using the variances in 

Table III and obtained the following confidence intervals 

T21 -0.5463 1.5497 

T31 -0.2295 2.1665 

T41 -0.2762 2.8458 

T51 0.9233 3.5353 

x* T61 2.4185 4.5385 

ik 
The confidence intervals for the T  'S were obtained by 

computing /9.488V ..   using the variances in Table III 

leading to 

Til 

TJJ -0.9689 0.7991 

TJI -0.4515 0.4455 

ik 
31 

ik 
"41 

TjJ -1.1525 0.6215 

-ri?        -0.7759        0.8501 
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To relate with the bounds given by Sugiura and Otake for 

the a's, since we have seen that 

5    l 11 + 21   31 + 41;/:> 

we have that 

b   z3 rn<n 

and from the entries in Table III we finally find 

Var(a5) = 0.0339, leading to the interval 

a5    (-0.4141, 0.7199). 

We did not trouble to compute the others as it is evident 

that the results are the same. 

In the output corresponding to fitting all the two- 

way marginals, the entry corresponding to the cell x(lll) 

had a large OUTLIER value (5.239).  Accordingly we fitted 

an estimate fitting all the two-way marginals but omitting 

the values x(lll), x(112).  This estimate is denoted by 
* 

x (ijk) and its values are given in Table lie. 

The associated Analysis of Information is 

Analysis of Information 

Component due to Information        D.F. 

x(ij.) , x(i.k), x(.jk) 21{x:x2*)  = 27.847  20 

as above but omitting x(lll),x(112) 2l(x  :x2 ) = 6.223  1 

2l(x:x )  - 21.614  19 e 
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Removing x(lll), x(112) from the estimation gives 

an improved fit.  We did not carry ou*- any extensive 
* 

analysis with x  (ijk) but did note the approximate 
6 

equality of 

Tjk _ jk  jk _ jk  jk _ jk  jk _ j 
T61   T51' T51   T41: T41   T31' T31   T2 

k 
21 

*      * 
when computed for x^ and x- , the respective values e      *• 

being 

e 

1.249 

0.949 

0.320 

0.466 

A2 

1.249 

0.944 

0.316 

0.467 

88 



L^ 

Un IU OJ K) I-" H- 

[KJ UJ NJ to ro 
^ 

M cri itk (-< <n II 
o LJ ~J o> ro H1 

OJ ~J it» Ul M OJ. 

>* 
u) a\ (ji m ui H 
ai H ai vo o 
VD Ol «Ti «J H X 
Ln «j oo tn 10 II 

to 
oo oj en oo U) 

Ivo ui ro IO -j 
(D ^O  O 00 ^O 

H 
00 IO -^1 «J ^o 

*■ 

(J1 0J 00 O M II 
O 4». O <Ti CO H' 
^j t-1 •»» <T> ro OJ. 

to t-1 M h-1 H 
VO M O H O 
O Ch 00 00 ~J 
in en (o o IU X 
M M 00 -J VO 
•    •     •     •     • 

II 
to 

it» (T\ (-■ VO ^J 
CD *> VD 0J H 
CO 00 M O VO 

OJ U1 OJ K) *» 
X 

tn m ro on i-1 II 
H •(» (-• O H H 
VO (Ti CM £» U1 0J. 

II 
0J ro OJ ro KJ ro 

*» on -j CM vo 
M <?> VD KJ 00 X 
*. J» ~J 0J -~J II 

to 
OJ 4» -J *» CO 
oo on oo vo oo 
K) on OJ CT\ -J 

M K) I-1 H M 
X 

0J o to O U II 
i^ ^i on (-■ H' (-• 
\D on ^1 O M 0J. 

II 
•tk 0> V£> ^J ~J (Ti 

on ~J vo ^i vo 
on H' <ri o OJ 7 
CM vo ^1 vo ON to 
on to it» vo a 
to on OJ o vo 

to OJ to to to 
*- 

o -j *>■ a\ o II 
^1 VO tO <M ■U M 
00 IU O 00 o 0J. 

■> 
on OJ <Ti on ^J *. 

vo vo vo vo M 
to I-1 ON to vo X 

1 •     •      *     •      • II 
vo to on OJ vo to 
to O 00 0J ON 

'      H 
kn I-1 oo vo ON 

X 
U) ON oo on o II 
•u O K> 00 0J t-1 

0J 00 vo oo to OJ. 

H 
ON to ON ON 00 0J 

00 o to M vo 
VO ON  fc ON H 

II 
ON 0J  K-1  itk  0y to 
on vo -j H o 
klM O M« 

X 
to 

i_J. 

H- 
ft 
ft 
H- 
3 

id 

3 
CD 

H- 
3 
0) 

g W 

I- 

0J to M 
on in o o o > 
o   I 1   1   1 U3 
+ *>■ 0J u-1 VO to 

vo *> vo 
\ 

on £* OJ to H 
v 

a zl 
M ?r to o 
OJ OJ 0J to on o II   fu 

t- CL 
rt 

0J. H- 
II 3 

to 0) h-1       < 
ON 0J  ON on ui on t-1 

0 
on O« (-■ 0^ VO O X H H- 
t-1 vo on CM -J t-" ii <: r1" o on oo vo OJ in to to •< 

CL 
^ M ?r to 
ji •vj vo 00 Ji -J II ft) 

LJ.  O 
II   1 
ro vo 

Ui ' «j t-11-1 M PI 
on vo to O M O M 
o O ON 00 00 -J X H- 
00 on it» to M on II < 
vo OJ on 00 H IO K' to 

Di 
H X to 
vo 0J *» 0J ON 0J II   (U 

»- a. 
LJ.  O 
II   1 

t-« tw 0J it» 
4» to 0J to to to t-1 VO 
0J *. Ul ^J Oi vo X H 
00 H ON vo to oo II < 
00 on ON oo o vo KJ CD 

Oi 
?r to 

^1 to to M M M II   0) 
t-1 Di in 

LJ.  O 
11  ■ 

(U 4» VO 
0J M vo 
00 ON vo -J  ^J ON X H 
00 on ^J vo -j vn II <: 
vo ui to ^1 M 4» to to 

D. 
H X to 
OJ to M OJ OJ *>• 11  0) 

MDi 

1
0

0
-1

 
1 = 5 0) 

to h-1 vo 
oo 0J ON in ^J *» X H- VO 
VO VO vo VO VO H II < 
0J 0J it» ON to 00 to to 

Oi 
it» (-' (-• X (D 
to ONO VO ON (-• II   0> 

M Oi to 
OJ.  O 

II o 
01 ON   + 

K !-• 
- to ON ON 00 OJ X H 
to 00 o to to 00 II < 
00 VO 00 *- O ~J to a 

o 
H- 
in 

tu 
ri- 
ft) 

X 

a 

89 



^mm *m 

06 

. 

P 

r / 

•H 

X 

II 

•n 

ft    '^ 
H     * 

■n 
•H 

X 

ui 
H 
td 
ß 

•H 

M 
(0 
g 

c •H 
■P 
■P 
■H 

•n 
•H 

in vo M <T> r- 
VO t^ O CM CM 
o\ ^r t vo m 

fM • • • • • 
II rH O fl 00 O 
X 0\ r-if-iO a\ 

II 
•n 

n oo vo vo CM 

in ^r oo o n 
rH CO CM CT\ t^ r^ 
II o in in ro «j* 

* VO CM (Tl o> -«r 
rH 

CM«-
1
 Or-lrt 

rH ^T CM o\ n 
rH ^ CO 00 CM 

O rH VO rH CO 
CM O» <Ti Ol <T> 

in 
II 

•r-i 

rr r~ in vo n 

oo vo ON <T> r^ 
rH oo in r« o vo 
II oo in VD rH r- 
,* 

rH n CN n rH 

rH ro VD O Ol 
in rH VO m H 

<N 
II 

r^ vo in CM oo 

n o vo CN in 
o» r» ON r» in 

II 
vo r» r- ON vo 

oi r^ ^ o o 
r-t ^ oo ci in oo 
II CM n ^> r» H 
^ 

rH rH rH rH H 

in r* r>- <n CM 
in n o o> H 

CM o in n CM oo 

oo CM r^ in ^j< 
00 CM ON VO H 
ON vo r» in * 

n 
II 

■r-i 

CM CM CM CO CM 

vo n ■<» oo ON 
rH TT VO ON O 00 
III ON ^r vo r- H 
J«! 

ro co ro 5j» ro 

in CM CM O CM 
rH in in vo o 
CM n rH vo vo 

CM 
II o in r>- n CM 
.* in o CM m m 

r^ oo oo vo o 
O rH O CM ON 

CM 
II 
•n 

rH rH rH rH 

rH m ^> vo m 
rH oo ^> ^ *n o> 
II r^ vo oo n n 
^ 

oo ON oo o r« 
rH 

■"j- r- rH oo oo 
CM in O CM ON H 

CM m oo r^ vo 
rH r^ vo in ON 

rH O ON VO rH vo 
II in in m vo ro 

00 o o O CO 
rH in CO 00 CM rH 
II «* ON r^ o oo 
A! 

(M CM (M CO rH 

•H H CM ro TT in 

CM 

Ü 
H 

s 
9 

CO 
•H 

■P 

si 

•n 
•H 

CM 
X 

e 
o 
u MH 

T) 
0) 
> 
i a) 
M 

M 
0) 

0 

0) 
c 
o 

0) 

"^" N N rH m cK 
o H r- ^f vo 

CM 
II 

vo vo to vo t^ 

o vo '«i
1
 vo ON 

ON H CM O 00 
vo 
II 
•n 

n oo vo vo <N 

00 00 00 TT H 
rH ON oo CM in ci 
II n n vo n CM 

M 
r^ ON oo rH in 

ööb mo vo 
CM oo n ON vo 

CM 
II 
X 

r^ n vo CM ON 

O» CM VO rH CM 
rH ON ON ON ON 

in 
II 

•i-i 

i- r- in vo ro 

ON CM ^r o 'J« 
rH r» H vo H n 
II CM vo ro r* o 
^ 

CM CM (M CO (M 

rH in r^ o m 
i« H r^ oo oo 

CM 
II 
X 

m o r- ON vo 

M H vo H in 
ON t^ ON r~ m 

II 
•I-N 

vo t~- r» ON vo 

ON •<»• n o ■<>• 
r-t in CO CM CM rH 
II «t O» CM O CO 
.* 
H O H CM H 

H o Tf in r* 
l- C^ 00 CM 00 

CM 
II 
X 

^ in oo vo ^r 

!*• n r> <* TT 
00 CM ON VO rH 
ON vo t^ in •* 

II 
■n 

CM CM CM CO CM 

H H r» 00 <* 
rH o ro H r» H 
II in ^> rH ro in 
X • • • • • 
^ CM ro in ro 

in m CM CM r^ 
9N CM CM H CM 

CM 
II 

VO H ^ O 1^ 

00 00 00 CM H 
^r o CM in in 
r- oo oo vo o 
O H O CM ON 

CM 
II 
•n 

H H H H 

ro O ro ^ O 
rH O t^ I-» oo r^- 
11 ro oo in ON CM 
X 
o vo r* H oo 

in CM H in 
00 o ^ VO 
CM ON ^ ro 

CM • • • • 
II in m i

-
^ vo m 

.* H t^ vo tf» ON 
O ON VO rH VO 

H 
II 
•n 

m in m vo ro 

in m rr vo 
rH H ONin ro 
II o r- o in vo 
* 

•  •  ■  • 

CM ro « CM 

•H H CM ro ^r in 



T6 

L^ 

w 

in CM '     H !      "• <* 1  ^ 00 i    o\ i       rH !    m Xr-i m O i     ■>* !      ^ i     H VO vo VO r- H 
•n>X) r» O o !       O o 1  f* r» 1    r« '    r~ 1    

0 

H o O 
i    

0 o 1     
0 o 1    

0 
i    o 1    o iH 

o 
i  •  ! 

O i    o 1    o 
i     > 

1    o 1     11 
o |    o o o o 

o> V£> i    r^ 1    
0 ^r cr> i    o> o ^r 

At  r-1 vo H I     H !    o o vo 1     vo r> !    «* 
•r-i in r- O i     o i    

0 !       O r» r» r^ in 
H o o o 1    o 1       

0 o !    
0 o r-i 

M -H I    * f         * • I             • * i    * • • • 
•t-lVO 0 o i    o !   o o o o o o 

(-• :    '    ! 1    1 1     1   > 

» 
M H ro <Tl CO 00 o> o o CM 
■nin X  r-i 00 •-

, (M i      H I   o r^ ^ O 
H ■r-\rr r~- O O o o r» r» (M 

i- o O O o o o o CM 

>; H o O O o o o o O 
■r^ I   | 

1- 

% 1   (N h» r- ^
-

, 0 o CO 
A! H X H 00 o <M (N H r» <T\ 
•rvro ■nro r» o O O O r» fN 

H H o O O o o o rH 

•h 

o <=> O o o o O 
X H i 1 
•OCN   

H 
<N 1 

0 vo a\ co 1   CO 
% A; rH 00 1 

,
-

, H rH H <T\ 
Xr-i •n<N r- o o o O a\ 
•H ^ W o  1 o o o O 1 

0 
H •     1 \        * • • •        1 1        * 
» 1   1 

o o o o 1 
0 

-H n ■H   I 1 o» rH o r-  1 
H X  rH "* 1  ^ •'r •V as 

-H TT «r I ^ ^j« •T vo 
N I- o 1  

0 o o o  1 
^H •     1 1          * • • •  I 
•., fM 0 

1 
0 o o o 

H l   1 
^ 

>: H n  1 1   (B ■^r <T\ 
■H H X H ** 1   *** ^ CN 

H ■H ro 
I- O 1   "* 

1   
0 o 

CO 
O 

•* •       1 i        • • • 
X H o o o o 

■ 1 
H t    f 

X 
•H 00 1   CO a\ 
u A! rH CO co *r 
+» •rl CM "* 1 1 ^ CO 
(0 H o o o 1 1 
s • 1 o 

• 
o 

0) M 
1 

c 
1 

S m  1 ** ■H A; H "<*  1 1 fl 1 U ■H  rH ^ 00 
tO H o 0 
> •     1 «1         • 

0 o 1 1 o 
u i  ! 

o 
" A; H H 

H H 
•       1 

o 

~r ATH^ AJTfl M7M XTA UTH •WHI ATH ATHI ATH] 
X H   1-H H •H (S •H CO •H "fl ■OCM •r-ico •rrsr •oin •r-ivol 

H    1 1    H    | *-■    1 H   1 H   1 1   H   1 H    1 H   I H   1 H   1 



Exaaple 3. Autoaoblle accident data. This example Illustrates the 

analysis of a four-way 3x4x3x2 contingency table. It 

points out that the nodel fitted determines the form of 

the log-odds or logit representation, but the converse is 

not true. The covariance matrix of the estimated parameters 

is given. 

iJ 
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Lxaniple 

Automobile Accident Data - Driver Ejection 

Data used on cliis example are taken from a study of the relationship 

between car size and accident injuries as given in Kihlberr, et al. (1964). 

The observed data are given in Table 1 and the observed occurrences are 

denoted by x(ijk2.) where 

Characteristic Index i 2 3 A 

Car weight i Small Compact Standard 

Accident  type J 
Col"ision Collision Rollover Other 

with vehicle with object without collision rollover 

Severity k Hot severe Hod.   severe Severe 

Driver Ejection i Not ejected Ejected 

A condensed 2x2x2x2 version of this data was studied by Bhapkar and Koch 

(1963) and Ku et al. (196S). 

Since the question of interest is the possible relation of driver 

ejection on car weight, accident type and severity, we start the fitting 

sequence with the marginals x(ijk.), x(...£).  This first estimate, 

x*(ijkÄ.) ■ x(ijk.)x(.. .£)/n, corresponds to a null hypothesis that driver 
a 

ejection is homogeneous over the 36 combinations of the other character- 

istics. As may be seen from the analysis of information table this 

hypothesis is clearly rejected by the data.  It is found that fitting the 

model incorporating in addition to x(ijk.) the marginals x(l..S.), x(.j.Jl), 

x(..k)l), that is, the interactions of car weight, accident type, and 
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severity respectively with driver ejection, a satisfactory fit to the 

observed data Is obtained  The models fitting In addition three-way 

marginals x(lJ.Jl), etc., showed no significant effects for the associated 

interaction parameters. The results are summarized in the analysis of 

infonnatlon table. 

Analysis of Information 

Component due to D.F. 

a)  x(ijk.),  x(...£) 2l(x:x*)    = 613.102 35 

b) x(ijk.),  x(l..£),  x(.j.Jl), x(..U) 2I(x*:x*)  - 537.584 7 

2I(x:x*)    -    25.518 28 

c) x(ijk.), x(lJ.Jl),  x(l.kJl), x(.jk£) 2I(x*:x*) -    14.491 16 

2l(x:x*)    -    11.028 12 c 

The fitted values x*(ljk£) are given in Table 2.    The log-linear 

regression representation of x*(ijk£) contains the parameters L (a 

11      1      1      i      k      k      £      11       H      11 norraaliziug constant),  x^ T2, xj, T^, T^,  ly  T,,  Tj,  T1^,  T^, T^J, 

ij      Ij      ij      Ik      ik      Ik      Ik      !£      11      jk      jk      Jk      jk      jk 
21' T22, ^23' Tll,  T12, "^l* T22, ^l' T21,  Tll'  T12, T21'  T22, T31' 

TJk      U     J£     j£      k£      k£      ijk     ijk    IJk    IJk    ijk    ijk    Ijk    ijk 
T32'   rll' T21,   l2V Tn, T2V Tlll' T112'T121,T122* 131'T132,l211,T212' 

T221' T222' T211'  T232*    T'ie ^ additional parameters which would appear 

in the complete model for x(ljk£) are hypothesized as zero and represent 

the 28 degrees of freedom of 2I(x.x£).    The log-odds or logit representa- 

tion for the estimate x* is 

£n 
x*(ljkl) 

x*(ljk2) Tl + Tll + Tjl + Tkl 

Parameters not involving £ are common to numerator and denominator of the 
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odds and drop out.  The values of the parameters may be obtained as 

j     x*(3431) 
rl " in  x*(3432)" 

Tll " tn ^(1A32) ~ Tl 
"b 

i 

a    5   ^(2^ 
T21 = £n jjT2'432) xg« r - T, 

etc. 

The values of the parameters are (in this case provided as computer 

output) 

T1 = -0.0083 

TJJ--0,2036 

TJJ - 1.3665 

T^ - 1.1139 

TJJ = 1.6085 

1*1  - 0.3823 

T2l" ■"0'0788 T^ - -0.2405 

We recall that any parameter with a subscript i»3 and/or j"4 and/or k="3 and/ 

or £=2 is by convention zero. 

It is important to note that the estimate xS(ijkS,) obtained by 

fitting the two-way marginals x(lj..), x(i.k.), x(i..Jl), x(.jk.), x(. j .£) ,x(. .ki) 

would also have the log-odds or lofjit representation 

x*(ljkl) 
An  v/V.. ^v = T, + T,, + T., + T, , . 

x*(ijk2) 11  VJ1  'kl 

Tlie values of the parameters would depend however on the values of  the 

estimate x*(ljkJl) 
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The model fitted determines the form of the log-odds or logit 

representation but the converse is not true. 

For easier Interpretation of the numerlc.il values we use the 

representation of the estimated odds as the multiplicative model 

Xb(1Jkl)     (l.        , i)L    , jJL   , kJL 
x*(ijk2)  expd^expd^ exp^^) exp(Tkl) 

The factors which determine the odds of not ejected for any combination 

of the characteristics are; 

Factors 

Base  Car weight Accident type Severity 

0.99 Small 0.75    Collision with vehicle    3.92 Not severe 5.00 

Compact 0.92  Collision with object     3.05 Mod. severe 2.A2 

Standard 1.00 Rollover without collision 0.79 Severe     1.00 

Other rollover          1.00 

By selecting the combination of characteristics with the largest 

factors, it is seen that the best odds for not ejected, 19.40, occur for 

Standard, Collision with vehicle.  Not severe. 

By selecting the combination of characteristics with the smallest factors, 

it is seen that the worst odds for Not ejected, 0.59, occur for 

Small, Rollover without collision, Severe. 

The observed odds for Not ejected from the original data are 4124/707-5.83. 

The estimated odds for any combination of characteristics is easily 

obtained from the values of xf. 
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The covarinnce natrix of  tlic  parameters  for the estimate x*  is 

Clvcn in Table  3. 

Accident  Data 

Table  1 

Drivers Alone Observed 

Accident Accident 
severity 

^ot IJected 1 Kjected 
type 1 Small Compact Standard Small Compact Standard 

Collision 
Hot severe 95 166 1279 8 7 65 

with Mod. severe 31 3A 50b 
(   2 5 51 

vehicle 
Severe I1 17 136 4 5 54 

Collision 
Hot severe 34 55 599 5 6 40 

with Mod. Severe 6 34 241 2 4 26 
object 

Severe 5 10 39 0 1 30 

ilol lover 
Hot severe 23 13 65 6 5 11 

without Tlod. severe 22 17 118 18 9 63 
Collision 

Severe 5 2 23 5 6 33 

Other 
Aot  severe 9 10 13 6 2 11 

Hollover Mod. severe 23 26 177 13 16 78 

Severe  i 8 9 86 7 6 36 

Ilk 393 3452 76 72 559 
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Table 2 

Accident data - Drivers Alone - Estimate x* 

Accident Accident 
severity 

Not ejected Ejected 
type Small Compact Standard Small Compact Standard 

Collision 
Not severe 96.349 163.874 1278.209 6.651 9.126 65.790 

with Mod. severe 28.879 34.973 503.433 4.121 4.027 53.567 
vehicle 

Severe 11.154 17.212 190.913 3.846 4.788 49.087 

Collision 
Not severe 35.817 56.919 604.917 3.183 4.031 40.082 

with Mod. severe 8.448 33.095 234.832 1.552 4.905 32.167 
object 

Severe 3.463 8.099 89.406 1-537 2.901 29.594 

Pvol lover 
Uot severe 21.572 18.000 60.475 7.428 5.000 15.525 

without Mod. severe 23.367 16.516 121.512 16.633 9.484 64.488 
Collision 

Severe 3.676 3.351 24.535 6.324 4.649 31.465 

Not severe 11.804 9.849 78.213 3.196 2.151 15.787 

Other 
Rollover 

Mod. severe 

Severe 

23.082 

6.377 

28.936 

7.174 

179.924 

85.645 

12.918 

8.623 

13.064 

7.826 

75.076 

86.355 

273.988 397.998 3452.014 76.012 72.002 558.983 
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Table  3 

Covarlancc matrix - parameters of estimate x* 

ril hi 11 
r 
21 31 ril 21 

.0017 .0003 .0003 .0005 .0003 .0003 .0005 .0003 

.0039 -.0003 .0000 -.0001 .0005 .0001 .0001 

.0027 .0001 .0000 .0001 .0001 .0000 

.0008 -.0005 -.0004 .0003 .0000 

.0012 -.0003 .0002 .0000 

.0036 -.0001 .0003 

.0008 -.0006 

.0011 

\ 
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Exaaple 4. Minnesota high school graduates of June 1938. This exaaple 

Illustrates the enalysls of a four-way 2x3x7x4 contingency 

t-cMe. In particular Che "dependent" classification is not 

dichotoaous as In the previous exaaples but has four 

categories. The final aodel leads to log-odds representations 

InvolTlng ■aln effects and Interactions. 

\ 

* 
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Example 

Classification of Minnesota High School 

Graduates of June 1938 

The data of this 2x3x7x4 contingency table represents a four-way 

cross classification of the April lf)39 status of 13,968 Minnesota High 

School graduates of June 1938. The data was presented by Hoyt et al. 

(1959).  They formulated and tested various hypotheses of independence 

using chi-squared statistics. The same data was also used by Ktllback 

ct al. (1962b) to illustrate the use of the minimum discriminatioi- 

information statistics in the analysis of various hypotheses of independence 

and homogeneity. Patil (1974) condensed the original data into a 4x3x7 

table by summing over the sex classification and tested for no second- 

order interaction in the three-way table by an asymptotic chi-squared 

statistic. 

We shall examine models fitting certain sets of marginals and 

analyze the data on the basis of the log-linear representation of a model 

that well fits the data. The original data is listed in Table 1 where we 

denote the occurrences in the cells by x(hijk), with 

' J 

J 

Chan.cteristic Index 1 2 3 r 4 5 u 7 

Sex h Male Female 

H.S. Hank i Lowest 
third 

Middle 
third 

Upper 
third 

Father's Occupational 
Level j 1 2 3 4 5 6 7 

Post U.S. Status k 
Enrolled 

in 
College 

.Joncolleglate 
school 

Employed 
full tine 

Other 
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The problem is  to determine  the relationship of  post high-school 

Htatus on  the other variables.    Note  that here  the  'dependent'1 variable 

Is |iolychoLornous.     \lc summarize in Mic analysis of  information Table  3,   the 

results of  fitting  three models to the data,  or the sets of marginals, 

li :  x(hlj-). x(«'-k) , 

1^:  x(hlj'). x(h"..), x('i«k), x('»jk) , 

Hc:  x(hlj-), x(«l-k), x(h'jk) 

L^ 

ihe estimate x*, corresponding to H , is to determine whether the occur- 

fences of post high-school status arc homogeneously distributed over the 

A2 combinations of sex, high-school rank, and father's occupational level. 

Ue note that x*(hljk) ■ x(hij*) x(*»,k)/n.  Since the data do not support 

the null hypothesis of homogeneity we consider the estimate x* corresponding 

to 1L . This estimate will provide a log-odds or logit representation in 

terms of a linear combination of the main effects of sex, high-school rank 

and father's occupational level on post high-school status. Since the fit 

of the estimate x* to the data was not considered satisfactory the effects 

of various interactions associated with three-way marginals wtse examined. 

The interaction with the largest effect, for the additional degrees of 

freedom, turned out to be that of sex x father's occupational level x 

post high-school status, that Is, associated with the marginal xCh'Jk). 

It was decided to analyze the data in terms of the estimate x* corresponding 
c 

to II . The values of x*(hijk) are listed in Table 2. 

From the log-linear representation of the estimate x*, we arrive 

at the following representation for the log-odds 
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dn 
x*(hijl) 1; ^    hk J     ik J     Jk ^    hjk r      +   T +   T +   T +   T 

1 T|ll Tll Tjl Thjl    ' 

in 
x»'(liij2) 

x*(hijA) 
k .    hk  ,     Ik J     Jk J     hjk 

T2 + Th2 + T12 + TJ2 + Thj2   ' 

in 
XC(hlJ3) k^     hi: 11: jk^      hjk ■   . m    T        +T +T +TJ        +T'J 

x*(hlj4) 3        h3        13        j3        hj3 

The values of  the parameters In the log-odds  representations arc 

Tl- 

hk 
Tll- 

Tll 

Ik 
T2l" 

Tll 

Tjk. T21 

jk 
^31 

Jk 
TA1 

jk 
T = 

51 

Ik 
T"61- 

Tlll 

lijk . 
T121 

hjk 
T ■ 

131 

Thjk . 
T1A1 

-1.0345 

0.9935 

-1.5908 

-0.8912 

2.2731 

1.2332 

0.4009 

1.1259 

0.6194 

-0.0321 

-0.7277 

-0.6340 

-1.0923 

-0.8463 

T2 " 
• -2.2548 

hk 
T12• 

■ -0.3523 

ik 
T12- 

• -1.0060 

Tik. T22 
• -0.4542 

T12 ■    0.9905 

T22 
■    0.9822 

T32 
0.3932 

T42 ■    0.3881 

Tjk- T57 
0.3955 

T62 -0.1397 

hjk 
112 ' 

-1.3054 

hjk 
122 " 

• -0.8018 

hjk 
132 ' 

• -0.8080 

hjk m ■ -0.7581 
142 

T3 -1.7139 

hk 
13 

-0.1111 

Tlk 
T13 

-1.0682 

ik 
T23 

-0.4934 

TJk T13 0.8593 

T23 
0.6872 

TJk T33 
0.6333 

Tjk T43 0.6099 

TJk 
T53 

0.5254 

TJk 

63 
(1.1939 

hjk 
113 

-0.4037 

hjk 
123 

-0.3643 

hjk 
133 

3= -0.9709 

hjk n -0.5573 
143 
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''■I1' -   -0.6402 
1 u 1^2 " -n.860.r) T'^ « -0.5503 

Si1; ■ ■"•"'" '162 - -0•233', TilJ1'     B     -(I     A3()7 
clf)3               * 

All parameters with subscripts h"2 and/or i»»3 and/or J*7 and/or 

1^4 are zero by convention. 

From the representation for the log-odds it is seen that the 

association between high-school rank and post high-school status is 

independent of the combination of sex and father's occupational level, 

that is, 

In 
x*(hijl) 

x*(hlj4) - in 
x*(h2jl) 

x*(h2j4) in 
x*(hljl)x*(h2j4) 

x*(hlj4)x*(h2jl)' 

Ik IW 
Tll ' T21 " -0-6096   « 

X*(h2jl)x*(h3j4)        ik 

^ x*(h2j4)x*(h3jl) " T21 " -n-3012  • 

X*(hlj2)x*(h2j4)        lk       ik 

ln X*(hlj4)x*(h2j2) ' T12 " T22 -0.5518  , 

In 
X*(h2j2)x*(h3,j4) 

X*(h2j4)x*(h3.r2)' T22 - -0.4542   , 

in 
x*(hij3)xMh2j3) 

x*(hlj4)x*(h2jÄT 
Tn " T23 " -0-5748 » 

In 
X*(h2j3)x*(h3j3) 

X*(h2j4)x*(h3j4)" T^ - -0.4934  . 
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The association between sex and post hl^h-school status Is of 

course dependent on  father's occupational  level,   that  is. 

In -4 
x*(lijl) 

x*(lij4) 
- JLn 

x*(2ijl) 

x*(2ij4) 
c 

Thk   hjk 
Tll  Tlil ' 

S,n 
x*(llj2) 

x*(llj4) 
In 

x*(2ij2) 

x','(2ijA) 
c 

hk   hjk 
Xn      Tlj2 • 

x>-(lij3) 
In -• 

x*(lij4) 
- In 

x*(2ij3) 

x*(2ij4) 
Thk + Thjk T13  Tlj3 * 

We summarize the numerical values below. 

hk  ,     hjk 
Tll + Tljl 

hk       hjk 
T12 + T112 

Thk       hjk 
T13      Tlj3 

0.265C -1.6577 -0.5148 

0.3595 -1.1541 -0.4754 

-0.0988 -1.1603 -1.0020 

0.1472 -1.1104 -0.6684 

5 0.3533 -1.2120 -0.6619 

6 0.2348 -0.5357 -0.5508 

7 0.9935 -0.3523 -0.1111 

VJe remark that father's occupational level 3 shows a peculiarity 

as compared to other values In the first column above.  Kullback ct al. 

(1962b, p. 593) noted that there was an unusually larRer number of f.irls 

than boys for the third category of father's occupation. Apparently 

there was a tendency for the {»Iris not to enroll in colleße as compared 

to the boys.  In particular, for cxamfle, the association between sex and 

collegiate or noncollcgiate school Is 
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f, ~ 

xMlijl) 

x*(llj2) In 
xc(21jl)       hk       hjk       hk _    hjk 
x*(21J2) = Tll      Tljl " T12      Tlj2 

From the preceding  results we have 

hk A    hjk hk        Ink 
T +T -T -T 

11        Ijl 12       llj2 

1 1.9235 

1.5136 

3 1.0615 

4 1.2576 

5 1.5661 

6 0.8205 

7 1.3453 

The association between father's occupational level and post 

hirji-school status is dependent on the sex,   that is, 

x*(hill) x*(hi71) 
An    IT; ,,,.  - In    c 

x*(liil4) x*(hi7A) c 

hk        hjk 
Tll       Mill   ' 

in 
x*(hi21) c 
x*(hi24) 

c 
- In 

x*(hi71) 
Tjk + Thjk 

x*(hi74)        21        h21 c 

etc. 

x*(hil2) 
1x1 x*(hilA) c 

x*(hi72) 
£n x*(hi74) T12      Thl2  ' 

x*(hi22) 
£n x*(hi24) c 

x*(hl72) 

*n x*(hi74) 
c 

TJk +    hjk 
22      lh22  ' 

106 

mmm 



etc. 

In 
xMhil3) 
c  

x*(hll4) 
c 

in 
x*(hi73) 
c 

x*(hi74)" 
c 

Jk J hjk T   + T T13  Thl3 ' 

In 
xA(hi23) 
^c  
"x*(hl24)" 

x*(hl73) 
In - 

x*(hi74) 
c 

T   + T 
23   lh23 * 

etc, 

A tabulation of these associations is 

h-1 1           h-2 

k-1 k-2 k-3 k-1 k-2 k-3 

1.5094 -0.3149 0.4556 2.2731 0.9905 0.3593 

0.5992 0.1804 0.3229 1.2332 0.9822 0.6872 

-0.691A -0.4148 -0.3376 0.4009 0.3932 0.6333 

0.2796 0.1300 0.0526 1.1259 0.8881 0.6099 

-0.0208 -0.4610 -0.0254 0.6194 0.3995 0.5254 

6 -0.7908 -0.3731 -0.2403 -0.0321 -0,1397 0.1989 

In particular, the association between father's occupational levels 

1 and 2 and post high-school status of collegiate and noncolleglate school, 

for boys, is 

x*(lill) 
ln x*(lil2) 

c 
- «.n 

x*(li21) 
c  

x*(li22) 
c 

Jk J  hjk   jk T   + T     - T 
^11   111  T12 

+ rjk + Thjk + r22  T122 * 

hjk  Jk   hjk 
112 21 121 

V/e shall not pursue this matter any further here.  The reader 

should be able to examine any particular associations of interest. 
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Component due to 

Table 3 

Analysis of Information 

Information D.F. 

a) x(hij-), x('"k) 21(x.x*) a 
2824.43A 123 

b) x(bij'), xOi-'k^, x(«i«k), x("jk)  2I(x*.x*) - 2672.724  27 
i)  8 

z)  x(hij-), x(-i-k), x(h'jk) 

2I(x:x*) 151.710  96 

.(x^x*) 

2l(x:x*) 
c 

52.85U 

98.860 

18 

78 

> 
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Example 3. Coronary heart disease risk. This example Illustrates the 

analysis of a three-way 2x4xA contingency table. It 

Illustrates the test of equality of certain parameters In 

the model of no second-order interaction, both by computing 

the estimate implied by the hypothesized relation among some 

of the parameters, and also by computing the appropriate 

quadratic approximation. 

\ 
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- 1 - 

Example 

Coronary Heart Disease Risk 

We are  Indebted to Professor S.  Greenhouse and J.  Cornfield  (1962) 

for calling our attention to this set of data. 

In this example we analyze data from a 3-way,  R x S x T,   table 

resulting from a coronary heart disease study.    We denote the observed 

values by f(ijk), where 

Characteristic Index 1 2 3 4 

Coronary heart disease R 1 yes no 

Serum cholesterol, mg/100 cc S J < 200 200-219 220-259 260 + 

Blood pressure, mm llg T k < 127 127-146 147-166 167 + 

We ask the reader's Indulgence for not using the notation used elsewhere 

In this report,  that Is, x(ljk), x*(ljk),  etc. 

The complete 2x4x4 table Is given in Fig.  1.    A preliminary 

analysis is given in the analysis of information table shown in Fig.  2, 

where the various sets of marginal constraints and  the corresponding 

information values and degrees of freedom are listed.    Interaction 

hypotheses corresponding to sets of marginal constraints in the table are 

J 

li p(ljk)  - p(l««)p(-Jk) 

J 
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- 2 

p(ijk) - P^J-WM*? pu;l ;     P(-J-) 

H- :     no second-order Interaction. 2 1 
i: 

The effects due to addition of each of the three 2-way marginal , 

tables are shown immediately above these Interactions. We note that V 

both the information values and the degrees of freedom are additive. 

This analysis indicated that a fit to this set of data could be 

made adequately using as explanatory variables the marginal cell l 

I 
frequencies of three marginal tables of dimensions 2x4, 2x4, and 

4x4. The hypothesis tested was that of no second-order interaction 

in the sense of Bartlett [1935], as discussed by Ku et al. (1971). We 

start with H because our first concern is whether the incidence of 
a 

coronary heart disease is homogeneous over the factors serum cholesterol 

and blood pressure. Thus considering 2I(f:f ) in Fig. 2 as the total 

"unexplained variation" we may set up the summary analysis of Information 

table in Fig. 3. 

The interpretation of the no second-order interaction hypothesis 

is: 

a. The association between blood pressure and heart disease is the same 

for different levels of cholesterol, 

b. The association between cholesterol level and heart disease is the 

same for different levels of blood pressure, 

c. The association between cholesi-.urol level and blood pressure is the 

same for subjects with and without heart disease. For the estimate 

ft  under the model of no second-order interaction the log-odds 
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3 - 

(logit) of the estimated Incidence of coronary heart disease Is a 

linear additive function of an average effect, an effect due to 

cholesterol and an effect due to blood pressure, i.e.. 

In 
f*(ljk) 

f5(2jk) 

.Ik 
Ik ' 

Values of it  are shown In Fig. 4 and the design matrix In Fig. 5. 

We note that there are 22 parameters, in addition to T., to be estimated 

from the f* values. A complete model would Include nine additional 

parameters, which, under the no second-order Interaction hypothesis, are 

equal to zero. I.e., 

T,,,       ^lll       T1T»       U  » 
rljk 

'112 113 

TlJk 
T121 

-  T Uk 
122 

ijk 
123 

- 0 , 

rlJk 
r131 c132 r133 

- 0 . 

We note that the number of parameters in the complete model is 

23+9-32, that is, the number of cells. 

The computation of the T parameter estimates is straightforward, 

e.g.. 

.       f*(144) 

^(244) 
- - 0.9374 , 

etc.    The values of the x's are listed in Fig. 6.    For simplicity we use 

T with no further diacritical marking. 
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When the "dependent" variable or response variable Is dichotomous, 

odds and log-odds have long been used as Indices Indicative of risk. 

The estimated log-odds. 

in 
f^djk) 

f*(2jk) 
T1 + Tij  + Tik 
1    1J     Ik ' 

and the estimated odds. 

f*(ljk) 

f5(2Jk) 

^ 

are given In Fig. 7. 

From the design matrix or the representation of the log-odds 

we can compute the difference In log-odds of risk of heart disease for 

change In blood pressure and constant cholesterol concentration In 

terms of the T parameters, e.g.. 

«(132)       f«(ljl) 
J.n -=  - An -=  - In 

f5(2j2) fjttjl) 

fjdn) 
f5(212) 

- In 
^(111) 

f*(211) 

Ik .Ik - T,„ - T,. ■ - 0.0415 . w12 lll 

\ 

Similarly, 

in 
f$(lj3) 

f*(2j3) 
- In 

f5(lj2) 

f5(2j2) 
0.5738 , 

In 
f*(lj4) 

f5(2j4) 
- In 

f5(lj3) 

f5(2j3) 
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The differences in log-odds for change In cholesterol level and 

constant blood pressure are: 

A,n 
f*(12k) 

f*(22k) 
- In 

f*(13k) 
An —  - In 

f*(23k) 

fSCUk) 
in   —  - In 

f5(24k) 

f*(llk) 

f$(21k) 
■ - 0.2079  , 

f5(12k) 

f*(22k) 
- 0.7702 , 

fJdSk) 
0.7818 . 

f5(23k) 

The differences in log-odds for change in cholesterol level and 

change in blood pressure are 

f*(122)      f*(ni) 
In    - In   —  - - 0.2494 , 

f*(222) f5(211) 

An 
^(133) 

f*(233) 
- In 

f5(122) 

f*(222) 
1.3440 , 

in 
f*(144) 

f*(244) 
- in 

f5(133) 

f5(233) 
1.4499 . 

.J 

In view of the negative values of the changes in log-odds 
ik    ik    il ii 

represented by T.2 - T.. , T.^ - T.^ , we may wish to check the 

hypothesis that 

M    .  iJ . ,1k ik 
T    •  T   I  T    "T 
11   T12 ' Tll    T12 ' 
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which would imply that the risk does not begin to manifest Itself 

significantly until the chjlestrol level and blood pressure exceed some 

minimum level, that is, a threshold effect. Let 

Cl T12    Tll - - 0.2079 

Z  - Tik - Tlk ^2    T12    Tll - - 0.0415 . 

The variance-covarlance matrix of the taus for f& Is obtained as 

follows (a weighted version of Kullback (1959, p. 217): 

Compute S - T'DT where T Is the 32 x 23 design matrix for the log-linear 

representation of f* In Fig. 3 > end D Is a diagonal matrix whose entries 

are the values of f* In the order of the rows of the design matrix. 

Partition the matrix S as 

hi        hz 

hi ^22 

where S1t Is 1 x 1 . 

Then the variance-covarlance matrix of the taus Is 

,-1 

(&2 " ^llSu) 0r ^2.1 • 

- J 

The covarlance matrix of Z-, Z. Is found to be: 

a11 - a8'8 + o9'9 - 2o8'9 - 0.2175 

8,11    9,11    8,12 1  9,12 a12 " a21        - 0 *   - 0 '   + o ' 0.0013 
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We found 

11,11    !      12,12 . 11,12 a«,    -    o    *        +   o    '        -    2a    '        -    0.09^2 

['21     "22 / \0- 

1(2   ' l*V h) f (I1]'   " 

5981        0.0648 

0648      10.8469 ) 

.2185 

1 i 

X^ 

does not exceed the upper 5% critical value of a chi-squared variate with 

2 degrees of freedom. 

For this particular hypothesis, we may alternatively revise the 

11 ii ik ik design matrix by combining the columns    T.^ with T.«  , and T... with T.»  , 

and use the iterative procedure suggested by Gokhale  [1972], Kullback 

[1973] for "unusual marginal totals" to obtain the estimated cell 

frequencies.    The resulting estimates f* are given in Fig.    8.    In 

Fig.   9   are listed the log-odds 

Hn 
fjdjk) 

f3(2jk) 

and the odds f*(ljk)/f*(2Jk). The associated analysis of information 

table is shown in Fig. 10. Note that 2l(f*:f*) is a test of the 

11   li   ik   ik 
hypothesis that T.^ - T.J » T-. ■ T.» and is approximated by the test 

previously given as a quadratic chi-squared variate. 
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J: Serum 
cholesterol, 
mg/100 cc 

1   k: blood pressure, inn HR 
I   1 

< 127 
2       3 

127-146  147-166 
4 

167 + 
Total 

1 < 200 2 3       3 4 12 

CHD 2 200-219 3 2       0 3 8 

1 - 1 3 220-259 8 11       6 6 31 

4 260 + 7 12      11 11 41 

j total 20 28      20 24 92 

1 < 200 117 121      47 22 307 

NCHD 2 200-219 85 98      43 20 246 

i - 2 3 220-259 119 209      68 43 439 

4 260 + 67 99      46 33 245 

j total 388 527     204 118 1237 

Total   | 408 555     224 142 1329 

Figure 1. Coronary Heart Disease Risk 
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Component due to Information D.F. 

1)  f(l"), f(-J*), f(--lc) 21(f:f*) - 83.1A9 24 

a) f(l--), f(-ik) 

ST effect 

Independence R x ST 

2l(f*:f*) - 24.423 
a 1 

2l(f:f*) - 58.726 
a 

9 

15 

b) f('jk), f(lj') 

RS effect/ST 

Conditional Independence 

R x T/S 

2I(f*:f*) - 31.921 
b a 

2l(f:f*) - 26.805 
D 

12 

2) f(-jk), f(lj-). f(l-k) 

RT effect/ST, RS 

Second-order interaction 

2l(f*:f*) - 18.730 

2l(f:f*) - 8.075 

3 

9 

Figure 2. Analysis of Information - Coronary Heart Disease Risk Data 
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Component due to Information D.F. 

f(i--), f('jk). Total 2I(f:f*) - 58.726  15 
a 

f(-Jk), fCijO. Cholesterol effect   2I(f*:f*) - 31.921   3 
b a 

f('jk), f(ijO, f(l'k), Blood Pressure effect 2Iii%:t*)  - 18.730   3 
given Cholesterol 

Second-order Interaction     (Residual)      2T(f:f*) - 8.075   9 

Figure 3. Analysis of Information 
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■""] 
j: Serum k: blood pressure, mm Hg 

cholesterol, 1 2 3 4 
mg/lOO cc < 127 127-146 147-166 167 + Total 

1 < 200 3.550 3.553 2.488 2.409 12.000 

2 200-219 2.14A 2.340 1.754 1.762 8.000 
CHD 
1-1 3 220-259 6.501 10.827 6.227 7.446 31.001 

4 260 + 7.805 11.287 9.531 12.382 40.998 

Total 20.000 28.000 20.000 23.999 91.999 

1 < 200 115.450 120.447 47.512 23.591 307.000 

2 200-219 85.856 97.660 41.246 21.238 246.000 
NHCD 
1-2 

3 220-259 120.A99 209.173 67.773 41.554 438.999 

4 260 + 66.196 99.720 47.469 31.617 245.002 

Total 388.001 527.000 204.000 118.000 1237.001 

TOTAL 408.001 555.000 224.000 141.999 1329.000 

Figure 4. Estimated Cell Frequencies under No Second-Order 
Interaction Hypothesis, it.  Coronary Heart Disease 
Risk. 
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f! 
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Figure 5.    Design Matrix - Coronary Heart Disease Risk 
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1 
- 0.9374 

- 0.2929 

- 0.3979 

TJ    .        0.2733 

■1 

k 
r2 

_k 

0.7389 

1.1A81 

0.4064 

~ 1.3441 

- 1.5520 

- 0.7818 

r
ik    -    - 1.2004 

rll 

rik    =    - 1.2419 r12 

Tik    - T13 
0.6681 

Tll 
-    0.8491 

T12 
=    0.4817 

T^ =    0.2938 
13 

r21 
0.6580 

TJk    -    0.3770 
22 

TJk    -    0.2574 
23 

TJk    -    0.3527 

TJk    -    0.4675 
32 

TJk    -    0.0828 l33 

NOTE:    Any tau parameter corresponding to a 
and/or j ■ 4, and/or k ■ 4 is zero. 

subscript 1 ■ 2, 

Figure 6.    Values of Estimates of Tau Parameters 
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k - 1 k - 2 k - 3 k - 4 

J - 1 

J - 2 

J  - 3 

j - 4 

3.482 

.0307 

3.690 

.0250 

2.920 

.0539 

- 2.138 

0.1179 

- 3.523 

.0295 

- 3.731 

.0240 

- 2.950 

.0523 

3.158 

.0245 

- 2.961 

.0518 

- 2.387 

.0919 

2.179 

0.1132 

1.605 

0.2009 

Figure  7.    Log-odds and Odds 

Entries are log-odds    In 
fjdjk) 

f$(2jk) 

and odds 
f$(ljk) 

f*(2jk) 

2.281 

.1022 

2.489 

.0830 

1.719 

.1792 

0.937 

0.3918 

/ 

' J 
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J: Serum 
cholesterol, 
mg/100 cc 

k: blood pressure, mm HR 
1 

< 127 
2 

127-146 
3 

147-166 
4 

167 + Total 

1   < 200 3.189 3.323 2.289 2.225 11.026 

CHD 
2   200-219 2.358 2.680 1.969 1.968 8.975 

i-l 
3   220-259 6.350 11.000 6.217 7.437 31.001 

4    260 + 7.640 11.460 9.525 12.374 40.999 

19.537 28.463 20.000 24.001 92.001 

1   < 200 115.811 120.677 47.711 23.775 307.974 

NCHD 
2   200-219 85.692 97.320 41.031 21.032 245.025 

1-2 
3   220-259 120,650 209.000 67.783 41.566 438.999 

4    260 + 66.360 99.539 47.475 31.626 245.000 

Total 388.463 526.536 204.000 117.999 1236.998 

TOTAL 408.000 554.999 224.000 142.000 1328.999 

o.,.. j        1J        lj        Ik        ik      -* Figure    8.    Estimate under T^ - T^  , T^ - T12  , f*. 

Coronary Heart Disease Risk 
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I 

t^ 

Serum 
cholesterol 

J - 1 

J - 2 

J - 3 

Blood pressure 

k - 1 

- 3.592 - 3.592 - 3.037 - 2.369 

0.0275 0.0275 0.0480 

3.592 

0.0275 

- 3.592 

0.0275 0.0480 

2.944 

0.0526 

- 2.944 

0.0526 0.0917 

0.0936 

- 3.037 - 2.369 

0.0936 

- 2.389 - 1.721 

0.1788 

j - 4 

- 2.162 - 2.162 - 1.606 - 0.938 

0.1151 0.1151 0.2006 0.3912 

Figure   9.    The log-odds    Hn f*(ljk)/f*(2Jk)   , and the 

odds fJdjkmjUjk). 

In f*(ljk)/f3(2jk) 

T* - - 0.9384 

1 ^    ij ,,    Ik ■   T     +  T +  T 
1       U       Ik 

■zu - TJJ - - 1.4306 T^ - T!
-
« •      12212 

11      '12 

T^ - - 0.7828 

11      l12 

T13 - " 0-6678 

v ,/ 
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Component due to Information D.F. 

a) £(!••) f(«Jk) 2I(f:f*) - 58.726 
a 

15 

d) f(-Jk), f(lj-), j - 3,4 

f(l«k), k - 3,4 
21 n:fv 50.429 

f(H») + f(l20: f(i'l) + f(l'2)     2I(f:f*) - 8.297 11 

2) f(-jk), f(ij«). f(l-k) 2I(f*:f*) - 0.222 

2I(f:f*) - 8.075 

2 

9 

Figure 10. Analysis of Information 
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Example 6. Hospital data. This example Illustrates the analysis of a 

pair of related three-way 2x2x2 contingency tables. In 

particular It Illustrates the procedure to obtain an 

estimate satisfying certain observed marginal restraints 

and having certain of the tau parameters predetermined, 

that is, the "Inheritance" of certain parameters. It also 

mentions that the T-functions of the two-way marginals are 

the products of the T-functions of the related one-way 

marginals. 

1 

130 



- 1 - 

Example 

Hospital Data 

The data used are from the field of hospital 

administration and relate to the matter of innovation 

in hospitals. We begin with the assumption that the 

use of electronic data processing (EDP) in hospitals 

in the late 1960's was innovative.  This assumption is 

substantiated by a variety of surveys of the use of EDP 

in hospitals, Hammon et al. (1972).  On this basis the 

data in a survey of hospitals using EDP conducted by 

Herner and Co. were combined with data from the Guide 

Issue of Hospitals for the same period so that a file of 

records reflecting characteristics of hospitals and 

levels at which EDP was used by these hospitals was 

- 
131 
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created.  The hospitals in this survey were selected 

by stratified sampling. The stratification (fixed 

variable) was on the basis of hospital size.  All 

hospitals in the large-size category (200 or more beds) 

were included in the survey and a ten percent sample 

was taken of those in the small size category. The 

data from these files were tabulated and arranged in 

multiway contingency tables.  The analysis of the 

tables for the large and small hospitals will be des- 

cribed here and interrelated-  See Kullback and Reeves 

(1974). 

On the basis of these analyses we conclude that 

there is a distinct relation of innovation on location 

and length of stay with a common factor for large and 

small hospitals.  The association (measured by the 

logarithm of the cross-product ratio) between use of 

EDP and length of stay is the same for the large and 

small hospitals.  The log-odds (logit) of use of EDP 

in descending order of magnitude within the large hos- 

pitals and within the smal 1 hospitals are parallel in 

132 
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terms of the combinations of the  factors  location and 

length of stay.    The usage of EDP is generally greater 

in the large hospitals than in the small hospitals 

except that the best log-odds for the small hospitals 

is greater than the poorest log-odds  for the large 

hospitals. 

L/~ 
^ 

\ 

In a study to identify characteristics which dis- 

tinguish hospitals which use EDP from those which do 

not,   that is,   to identify characteristics which are 

significantly associated with use of EDP,  data on 1176 

hospitals,   923 large and 253 small,  were collected with 

respect to use,   location,  and length of stay.    The data 

appear in the two three-way 2x2x2 contingency tables  1 

and 2.     In order to determine the relation among the 

free variables use,  location and length of stay,  index- 

ed by size of hospital,  and interactions that may exist 

among these characteristics it seems  intuitively clear 

that an analysis based only on two-way tables would not 

suffice. 

J 
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We shall denote the occurrences in the observed 

tables 1 and 2 respectively by x(ijk), y(ijk) with 

i=l, user;  i=2, non-user 

j=l, urban;  j=2, rural 

k=l, short;  k=2, long. 

The proposed procedure provides estimates for the 

original data analogous to a regression procedure 

using sets of observed marginals as explanatory var- 

iables and we shall try to find an estimate which 

does not differ significantly from the observed 

data. The set of acceptable estimates will indicats 

the nature of the significant interactions for which 

we can compute numerical measures. 

As a first step in the analysis we shall find 

"smoothed" estimates of the original data.  We shall 

do this for the large hospitals also even though the 

data for all large hospitals was collected. We ex- 

amine the minimum discrimination information estimates 

obtained by a convergent iterative algorithm starting 

with a uniform table and successively adjusting for 

sets of observed marginals. It turns out that the sets 

of two-way marginals are best and the resultant esti- 

mates provide a satisfactory fit. The estimated tables 

have the same two-way and also the same one-way margin- 

134 
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alo as the original tables     .  These estimates 

which we denote by xidjk), yidjk) respectively for 

the large and small hospitals are given in tables 3 

and 4 and imply no second-order (three-factor) inter- 

action. Note that the estimate for the observed 

y(122)=0 is y*(122)=0.137. 

The estimates are given analytically by the log- 

linear representation of an exponential family 

x*(ijk) 
^nTtdjk) = L+T1T1(ijk)+T2T2(ijk)+T3T3{ijk) 

(1) 

+ T4T4(ijk)+T5T5(ijk)+T6T6{ijk) 

where n=^nxtijk), IT (ijk)=l/2 x2 x2 , L is a normalizing 

constant, the taus are main-effect and interaction par- 

ameters, and the T(ijk) are a set of linearly indepen- 

dent random variables, in this case the indicator func- 

tions of the respective marginals. A similar represen- 

tation holds for ySUjk). The log-linear representations 

are shown graphically in Fig.  1   .  The values in 

the various columns of Fig.  1, zeros or ones, are the 

values of the: respective functions T(ijk). Note that 

135 
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r./ 

T4{ijk)=T1(ijk)T2{ijk),T5(ijk)=T1(ijk)T3(ijk), 

T6(ijk)=T2(ijk)T3{ijk). 

To test the goodness-of-fit of the estimates we 

compute the statistics [3,4] 

2I(x:x*)=2nix(ijk)£n(x(ijk)/x*(ijk))=0.481, 1 D.F. 

2I(y:y*)=2niy(iJJO£n(y(ijk)/y*(ijk))=0.294, 1 D.F. 

Since the statistics are asymptotically distributed as 

2 
X we conclude that the "smoothed" values xS^yS are good 

estimates and we shall use them in our subsequent analy- 

sis. 

From the log-linear representation (1) or the graphi- 

cal presentation in Fig.  1, we find that the log-odds 

or logits of the use of EDP for large hospitals is gi- 

ven by the parametric representation 

x*(lll) 
£nx*(m) = Tl + T4 + T5 

x*(112) 
£nx*(ili) = Tl + T4 

x*(121) 
£nx*(221) = Tl 

x*(122) 
£nx*(i22) " Tl 

(2) 

+ T. 
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where the values of the parameters for the estimate 

x5(ijk) are found to be 

T. = -1.4842, T4 = 0.5113, T5 = 1.5103. 

From (2) we also see that for the large hospitals 

x*(lll)^*(221) ^ x*(112)x*(222) 
^-fax2Mill)x*(121)^x|,212)x|(1„r0.5U3, 

that is, the association between usage and location 

for either short or long stay.  Similarly 

x*(lll)x*(212)  x*(121)x*(222) 

V^x* (211)x* (lli)^nx* (221)x* (l^r1 *5103' 

that is, the association between usage and stay for 

for either urban or rural location. 

For the small hospitals the log-odds or logits 

are 

\ 

y^dii) 
■*- 

2 *nyfT3TTT 

y*(112) 

^1(212) 

y|(i2l) 

y$(l22) 

^y*(222) 

- Tr+ T4 + T5 

= Tl + T4 

= T. 

= T. 

+ T, 
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where the values of the parameters for the estimate 

y5{ijk) are found to be 

x1 =  -3.3357, T4 = 1.3088, T5 = 0.9836. 

For the small hospitals we also have 

y*(lll)y*(221)   y* (112)y*(222) 
T4= ln  y*(2il)y*(121)"£ny*(ilJW5(l")'1,3088' 

that is, the association between usage and location for 

either short or long stay.  Similarly 

.=£n 
y*(lll)y*(212) ^ y* (121)y*(222) 

=ln- =0.9836, T5"^y|THTTy|Tnnn *-nY*{i2i)Y*2{lW 

that is, the association between usage and stay for 

either urban or rural locations. 

Since the data for the large hospitals reflect 

observations over all such hospitals, it will be of 

interest to determine whether there exists a suitable 

estimate for the small hospitals, other than yi(ijk), 

which will have some of its interactions (associations) 

the same as the corresponding values for the large 

hospitals. This can be accomplished by using the iter- 

ative algorithm fitting various subsets of marginals 

of y*(ijk) (or the original y(ijk)) but starting with 

a distribution which has the same tau parameters as 

x*(ijk). The tau parameters of x*(ijk) not affected by 

^ Jl 
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i 

the iterative fitting procedure will be "inherited" 

by the resultant estimate. We shall use the table 

v(ijk)=(253/923)xJ(ijk) which has the same tau para- 

meters as the xidjk) table with total adjusted to be 

the same as the observed total of small hospitals. 

We summarize the procedure: starting the iterative 

fitting algorithm with v(ijk) (recall that y(ijk) and 

yJUjk) have the saune two-way and one-way marginals) 

Marginals fitted Estimate 

Tau parameters 
"inherited" 
from v(ijk) 

a) y(i.k),y(.jk) u*(ijk) T4 

b) y(ij.),y(.jk) ug(ijk) T5 

c) y(ij.),y(i.k) u*(ijk) T6 

d) y(.jk),y(i..) uJUjk) T4'T5 

e) y(i.k) ry(. j.) u*(ijk) T4'T6 

f) y(ij.),y(..k) u*(ijk) T5'T6 

g) y(i..),y{.j.),y(..k) u*(ijk) T4'T5'T6 

In order to test whether the u* estimates differ sig- 

nificantly from the yi estimates, that is, whether the 

interaction parameters in yJ differ significantly from 

the interaction parameters in u* "inherited" from x* 

' J 
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or v, we compute the statistic 

2I(y*:u*) = 2niy$(iJJO^(y5{ijk)/u*{ijk)) m 

2 which is asymptotically distributed as x with 1 D.F. 

for m=a,b,c, 2 D.F. for m=d,e,f, 3 D.F. for m=g. 

The only case which yielded a non-significant 

value was u/(ijk) for which 

2I(y*:u*) = 0.408,  1 D.F. 

The values of u^(ijk) are given in Table 5. 

The log-linear representation for u^(ijk) in terms 

of v(ijk) is 

u*(ijk) 
£nv(ijk) = L+T1T1(ijk)+T2T2(ijk)+T3T3{ijk) 

(3) 
+T4T4(ijk)+T6T6(ijk) 

Note that T5 does not appear explicitly in   (3).     By 

using the  log-linear representation  for v(ijk)   itself 

we  also get the reparametrization or log-linear repre- 

sentation for u^(ijk)   in terms of  the uniform distri- 

bution 

^nn°(ijk)   " L+T1T1{ijk)+T2T2(ijk)+T3T3(ijk) 
(4) 

+T4T4{ijk)+T5T5(ijk)+T6T6(ijk) 

We remark that the numerical values of the taus in (3) 
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and (4) are not the same. 

The log-odds or logits of the use of EDP for small 

hospitals may now be given by the parametric represen-

tation 

~(121) 

tnut (221) - 't 1 

~(122) 
tnU:t222) • '(1 

where the value• of the parameters in (S) are 

'(1 · ·-3.8569, '( 4 - 1.3354, 'ts • 1.5103. 

Por the amal1 boapitala we now have the aaaociations 

llota that 't 4 , the aaaociation between usage and 

(5) 

locatioo for tba ... 11 boapitala la atill different 

froa tbat for tba large hoapitala, but that the aaao-

·,. 141 
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elation between usage and stay, T., is now the same for 

both large and small hospitals. 

Arranging the log-odds of usage in descending 

order of magnitude within the large hospitals and with- 

in the small hospitals we find 

Large hospitals Facors Small hospitals 

x*(lll) 

^xfrmr 0-5374 Urban,Short 
u*{lll) 

x*(121) 
£nx*(221)" 0-0262 Rural,Short 

u*(121) 
£nu*(22ir-2-3466 

x*(112) 
Urban,Long 

u*(112) 

x*(122) 
■tn-|-Tyygyl.4841      Rural,Long 

u*(122) 

142 
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Table 1 

Large Hospitals x(ijk) 

User 

Non-user 

1  Urban Rural 
l 
Short Long Short Long 

376 

217 

40 

112 

52 

54 

15 

57 

483 

440 

593 152 106 72 923 

143 
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Table  2 

User 

Non-user 

Small Hospitals y(ijJc) 

i  Urban Rural 

short Long Short Long 

28 

80 

2 

14 

11 

114 

0 

4 

41 

212 

108 16 125 4 253 

f./ 

144 
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Table 3 

Large Hospitals xi(ijk) 

User 

Non-user 

Urban Rural 

Short Long Short Long 

374.305 

218.693 

41.694 

110.308 

53.695 

52.307 

13.306 

58.692 

483.000 

440.000 

592.998 152.002 106.002 71.998 923.000 

145 
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Table 4 

Small Hospitals yi(ijk) 

^ 

User 

Non-user 

!     Urban Rural 

Short Long Short Long 

28.137 

79.863 

1.863 

14.137 

10.863 

114.137 

0.137 

3.863 

41.000 

212.000 

108.000 16.000 125.000 4.000 253.000 

' / 
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User 

Non-user 

Table 5 

Small Hospitals u*{ijk) 

1           Urban Rural 

Short Lonq Short Lonq 

28.810 

79.190 

1.190 

14.810 

10.917 

114.083 

0.083 

3.917 

41.000 

212.000 

108.000 16.000 125.000 4.000 253.000 

■ 
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Figure 1 

Log-linear Representation 

x  3  k       L  ^     ^2     ^3     ^4     T5     T6 

111 11       1       1       1       1       1 

112 111 1 

12   111                1 1 

12  2       11 

2   111 11 1 

2   12       1 1 

2   2  11 1 

2   2   2       1 

Jl 
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Exaaple 7. Partitioning using OUTLIERS 

Outliers are observations In one or aore cells of a contingency 

table vnlch apparently deviate significantly from a fitted model. These 

outliers may lead one to reject a model vhlch fits the other observations. 

In other cases even though a model seems to fit, the outliers 

contribute much more than reasonable to the measure of deviation between 

the data and the fitted values of the model. In other words, the 

outliers make up a large percentage of the "unexplained variation" 

2I(x:x*). 

A clue to possible outliers Is provided by the output of the 

computer program. In the computer output for each estimate five entries are 

: 
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listed for each cell.  The fourth of these is titled OUTHER and its 

numerical value provides a lower bound for the decrease in the corre- 

sponding 2I(x:x ), if that cell were not included in the fitting 

procedure. Since the reduction in the degrees of freedom is one for each 

omitted cell, values of OUTLIER greater than say 3.5 are of interest. The 

basis for the OUTLIER computation and interpretation follows. Let x 

denote the minimum discrimination information estimate subject to certain 
* 

marginal restraints.  Let x,  denote the minimum discrimination infor- 

mation estimate subject to the same marginal restraints as x  except 
*   a 

that the value x(w..) , say, is not included, so that x, (ui-) * XCOK) . 

The basic addltivity property of the minimum discrimination information 

statistics states that 

21(x:x*) - 2l(x^:x*) + 21(x:x^) 

or 

2I(x:xa) - 2I(x:x*) - 2I(xb:xa) . 

These results are summarized in the Analysis of Information Table. 

But 

(15 

TABLE 

ANALYSIS OF INFORMATION TABLE 

Component  due  to Information D.F. 

2I(x:xa) 

H,   :  Same as H    but omitting xCu.) 2I(?5 
21 (xsxj) N,   - N    - 1 

b a 

2I(^:x*) 
(*       w       * 

k xa(W:L)       f2-u.1 

XCIüJ 

2lx(ü)1)   lTl~j~~ +    I    xbCu))   In —^   . 

1 ./I 

and using the convexity property which implies that 
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(2) 
I x^Cu)  £n~ *( I   ^ CO)   in^—j: ^    { 

1 xacu)    \n-w1      /       [z   x cu)\ 

(n - ^(ujj^))  ü-n 

/ Z    x*CU)\ 

n - Xj^C^) 

n - x  (oon) 
a    l 

we get from     (1)      that 

*    *    > 
2I(Vxa)  - 2 

(3) 

(x<wi)       /       *    \       \n-a)1
Xb ^ j 

x(a) )   £n -j + / I    3L (U)\   Jin -) i r    ( 

x^)   in -j + (n - xOd^Hn ~ 
x (w,) a    i n - x (a),) 

a    1 

J 

The last value can be  computed and is  listed as the OUTLIER entry for each 
* 

cell of the computer output for the estimate    x 

The ratio 

*    *. 
2I(x:xa) - ZKx^)      2I(xb:xa) 
 _ .  _—    , 

2I(x:x ) 2l(x:x ) a a 

then indicates the percentage of the "unexplained variation" due to the 

outlier value. 

This property Is also utilized in the next exaaple. Sec Ireland 

(1972) and Ireland and Kullback (1974) for further discussion and 

«pplicatioh. 
i ? i : 

u 

ju. f- 

.12^ 

y.[ 
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Partitioning Using Outliers 

We shall usr. the OUTLIER feature of the CONTAB 

program to partition a 2x7 table into homogeneous seg- 

ments . 

Table la presents data on leukemia cases observed. 

Denoting the entries in the observed table by x(ij), 

isl,2, j=l,2,...,7 we first test whether the incidence 

of leukemia is homogeneous over the doses by fitting 

the marginals x(i.), x(.j). The corresponding output 

is shown in Table II. We observe that large OUTLIER 

values are associated with values of j=l,2,6,7 and that 

2l(x:x*) = 44.65, 6D.F. 

Since the doses are arranged on a scale we repeat 

the process omitting the cells corresponding to x(ij), 

i=lr2, j=6f7. The corresponding output is shown in 

Table III. We observe that a large OUTLIER value is 

associated with j=3 and that 2l(x:x ) = 18.92, 4 D.F. 

We continue the process using the original cells 

corresponding to j=3,4,5. The computer output is given 

in Table IV. Now there are no large OUTLIER values and 
* 

2I(x:x ) » 0.09, 2 D.F.  For the original cells with 

j=6f7 the computer output is given in Table V and again 
* 

there are no large OUTLIERS and 2I(x:x ) = 0.37, 1 D.F. 

For the original cells with j"l,2 the computer output is 
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given in Table VI and again, there are no large OUTLIERS 

and 2-Cx:x ) = 0.91, 1 D.F. 

We may summarize in the Analysis of Information Tables, 

i 

Component due to Information D.F. 

cells j=l,... ,7 2I(x:x*) = 44.649 6 

omit cells j=6,7 

cells j~l,... 5 ^ 

*  * 
2I{:<  :x ) 

2l(x:xa*) 

= 25.734 

= 18.91.r. 

2 

4 

omit colls, j=l,2 2l(xb :xa ) a 18.826 2 

cells j=3f4,5 v 2I(x:xb*) - 0.089 2 

2I(x:x*) 44.649 6 

omit cells, j=l,2,3,4,5 2I(xc*:x*) s 44.283 5 

cells j=6.7 V 2I(x:xc*) = 0.366 1 

21{x:x*) 44.649 6 

omit cells j=3,4,5,6,7 21(xd :x ) = 43.740 5 

cell j=l,2 V 2I(x:xd*) = 0.909 1 

v Note that x (ij) a 

xa (ij) 

x(i.)x{.j)/n, i=l,2,j=l,2,...,5 

x(ij) , i=l,2, j=6,7 

V Not e that x, (ij) x(i.)x(.j)/n, i=l,2, j=3,4,5 

xb (ij) = x(ij)  , i=l,2, j=l,2,6,7 

v Note that x *(ij) 

xc*(ij) 

x(i.)x(.j)/n, i=l,2, j=6,7 

x(ij), i=l,2, j=l,2,3,4,5 
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y Note that x, (ij) = xCi.)x(.j)/n, i=l,2, j=l,2, 
* 

x, (ij) = x(ij) ,  i=l,2, j=3,4,5f6,7 

We now define an overall estimate by 

xe (ij) 

xe*(ij) 

xe*(ij) 

xd (ij) , 1*1,2, j=l,2 
* 

Xj^ (ij) , i«l,2, j=3,4,5 

xc*(ij), i-1,2, j=6,7 

and we have for the associated min-discrimination inform- 

ation statistic 

2l(x:xe  )   =  1,364,   4  D.F. 

The values of x (ij) are given in Table lb. e 

The data of Table la comes from Sugiura, N. and 

Otake, M. (1973). Approximate distribution of the maximum 

2 
of c-1 X statistics (2x2) derived from 2xC contingency 

table.  Communications in Statistics 1(1), 9-16. We 

arrived at the same partitioning by a different approach. 
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Exaaple 8. Respiratory data. This exaaple deals with two three-way 

9x2x2 contingency tables which are essentially narginal 

tables of a higher dlnenslcnal table, not available to us, 

listing data on respiratory synptoms avong a group of 

British coal alntsrs. It Illustrates the use of OUTLIER to 

partition second-order Interaction In a three-way contingency 

table. Also Illustrated are aultlvarlate loglt analysis and 

the relations aaong the parameters Ixplled by loglt linearity. 

The generalised Iterative scaling algorltha of Darroch and 

Ratcllff (1972) Is used to obtain the «.d.i. estimates under 

the hypothesis of loglt linearity. 
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EXAMPLE - RESPir^ATORY DATA 

This example deals with two three-way contingency tables arising 

from respiratory symptoms . \ong the same group of British coal miners. 

The analyses progressively consider more complex hypotheses because of 

basic differences In certain properties of the two sets of data. Among 

other features the example Illustrates a test of the hypothesis of no 

second-order interaction In a three-way contingency table, multivarlate 

loclt analysis, and the partitioning of second-order Interaction in a 

three-way contingency table. 

The techniques are based on the principle of minimum discrimination 

information estimation, the associated log-linear representation and 

analysis of Information tables (see Uu et al. 1971, Kullback 1959, pp. 

36-34, 153-186; 1970). The computational procedures for this example 

utilized the Uemlng-Stephan Iterative marginal fitting algorithm and its 

extension to general linear constraints by Darroch and Ratcllff (1972). 

Since our m.d.l. estimates are constrained to satisfy certain linear 

relations based on observed values, they are maximum likelihood estimates 

and the associated m.d.l. test statistics are log-likelihood ratio 

statistics. The log-linear model has been discussed in many papers and 

further references may be found in Dempster (1971), Gokhale (1971), Ku 

et al. (1971), Plackett (1969). 

In Grizzle (1971) a model developed by Grizzle, Starmer, and Koch 

(1()69) is specialized to the case of fitting models to correlated logits. 

Grizzle (1971, p. 1060) says, "Unfortunately a test of the goodimss-of-fit 
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of the loglt model to the joint response data has not been developed." 

For Its methodological Interest, we first consider the problem as 

presented by Grizzle (1971) from the minimum discrimination Information 

estimation approach. Our results (maximum likelihood) are numerically 

In close agreement with those of Grizzle (BAN), but also Include estimates 

of the cell entries under the loglt model and a test of the goodness-of-f It 

to the joint response data. 

In Table 1 is given a 9x2x2 contingency table of coal-miners 

classified as smokers without radiological pneumoconiosls, between the 

ages of 20 and 64 years inclusive at the time of their examination, 

showing the occurrence of breathlessness and wheeze over nine age 

groupings. We denote the observed frequency in any cell by x(ijk) with 

v.. 

J 

Variable Index! 1  1 2  | 3 | 4 1 • • • 9 

Age Group A 1 20-24 25-29 30-34 35-39 • • • 60-64 

Breathlessness B j yes no 

Wheeze W k yes no 

These data are discussed and analysed from a different point of view by 

Ashford and Sowden (1970) , Mantel and Brown (1973). 

A log-linear representation of the observed values x(ljk) In 

Table 1 is given in columns 1-36 of Fig. 1. The representation In 

Fig. 1 is a graphic presentation of the design matrix of the complete 

log-linear regression 

£n ^ijfcr ■L + TM(iJk) +- • •+ TX(1Jk) + T?TJ(iJk) 

(i) + T^(ljk) + T^T^dJk) +...+ T^J(ijk) + T^T^(ljk) 
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t...+ T^C(W. 

where l!(ljk) - 1/9x2x2, n Is the total number of observations, L Is a 

normalizing factor (the negative of the logarithm of a moment generating 

function) and the T(ljk) are linearly independent indicator functions 

(explanatory variables) taking on the values given by the columns of 

Fig. 1 and whose mean values are the various marginals. 

Since Grizzle (1971) Is concerned with the marginal loglts of 

breathlessness and wheeze, this means implicitly that one is concerned 

witli the minimum discrimination information estimate, or log-linear 

representation, obtained by fitting tue marginals x(ij.) and x(i.k). 

If we dtnote this estimate by x*(ljk), then its log-linear representation 

or design matrix is given by columns 1-27 of Fig. 1.  It may be verified 

that x* has the explicit form x*(ljk) - x(ij .)x(i.k)/x(i..) and 

consequently we have the marginal loglts 

,. !^ . Än x(ii.)x(i.k)x(i..) . ln xyjLJ. (breathle88ne88) 

x*(i2k)     x(i..)x(i2.)x(l.k)     x(12.) 

^ *J^1 . ,n xdjOx^i.lMi..) . ,n xO^I      (wheeze) 
X*(1J2)     x(i..)x(ij.)x(i.2)     x(i.2) 

Th» values of Iln(x(ll.)/x(i2.)) and in(x(i.l)/x(i.2)) are given in 

Grizzle (1971, p. 1060) and the values of x*(11k) are given in Table 2. a 

From Fig.  1 we have the parametric representation 

9     
X3(ilk)         B         AB         9     «5<Ul> W ,    AW ,   ,   , H 

In " Tl       Til   '     in ' Tl      Til   * i-l,2,...,8 
x*(i2k) " x*(iJ2) 
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r 

4 - 

L 

x*(91k) „ 
In ~* T^ 

x*(92k) 
d 

XM9J1)        w 
Hn  T.   . 

X*(9J2) 

The values of Che parameters in Che parametric representation of 

Che logics are 

T? - - 0.3196,  xi * - 0.2263, and 

1 - 

AB 
il 

AW 
ril 

1 - 4.4762 - 2.6512 

2 - 3.6872 - 2.3380 

3 - 3.0106 - 1.8714 

4 - 2.4191 - 1.6241 

5 - 1.8993 - 1.1955 

6 - 1.4214 - 0.8840 

7 - 0.7823 - 0.5713 

8 - 0.4394 - 0.3466 

9 0 0 

\ 

In parCicular,  Grizzle's objective was Co calculate two lines 

relating the marginal logits to age, that it,  to estimate and test the 

hypothesis 

x*(ilk) 
Ito _9  o^ + iBj^ ; in 

t;!j(12k) 

x*(ijl) 

x3(ij2) 
- a2 + iß2, 1-1,....9. 

But this hypothesis Implies that the first-order differences in logits 

across age groups is constant, or in view of the parametric representation, 

that Che first-order differences in the effect parameters are constant 

\B AW 
These chains of equalities permit us to express the parameters T"     , T . 

j    . * ,AB       .    AW in terms of T      and t..  as 
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AB  9-1 TAB  TAW , 9^ AW 
Tll ' 8 Tll ' Tll   8 Tll '   1 1 ö• 

These relations among Che parameters mean that In the log-linear 

representation the terms 

... T^T^(lJk) + T^TjJ(lJk) +...+ xjjljjdjk) ... 

reduce to 

Tii(Tii(iJk) + o^n^v + lT3i(iJk) ■•■•••+ Ki^^» 

and th« terms 

... T^lJJdjk) + T^^(ijk) +...+ T^Tt^(lJk) 

reduce to 

Tii(Tii(iJk) + M^1^ + fyn^M +-""f i^1^» 

If we denote the estimate satisfying loglt linearity by x* then Its m 

design matrix or log-linear representation Is given by Columns 1-11, 

AB     AW 37, 38 of Flg> 1, where we use T  and T  respectively instead of 

AB   . ,AW T11 and Tir 

J 

The values of x* were determined using the generalised iterative 
m 

scaling procedure of Darroch and Ratcliff (1972) subject to the 

constraints 

x*(l..) - x(i..), x*(.J.) - x(.J.), x*(..k) - x(..k), m mm 
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The values of x*(ljk) are given In Table 3. The values of the tau 

parameters appearing in the linear model of the logits are 

TJ - 0.2098, T^ - -4.0996, "rj - -0.1841, TAW - -2.6068. 

The corresponding values of the logit representation in terms of the 

a's and ß's as used by Grizzle (1971) are obtained from 

B 
al + 9ßl " Tl 

o2 + 932 - T" 

al + ei " Tl + TAB ■ 2      ^2 " Tl 

v^ or 

Oj - -4.8219, ßj^ - 0.5125, a2 - -3.1167, ß2 - 0.3259, 

We also note that 

VarCc^) - VardJ) + (81/64) Var(TAB) + (18/8) COV(TJ, T^) 

Var(S1) - (1/64) Vard^) 

Var(a2) - Var(T^) + (81/64) Var(T
AW) + (18/8) COV(T", T

AW
) 

Var(ß2) - (1/64) Var(T
AW). 

The variance-covariance matrix of the taus for x* is obtained as 
m 

follows (a weighted version of the procedure used in Kullback 1959, 
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p. 217 ) • Compute S • T'DT where T is the design matrix for the log-linear 

representation of x* (columns 1-11, 37, 38 of Fig. 1), and Dis a diagonal 
m 

matrix whose entries are the values of x*( ij k) in the order of the rows 
m 

of the design matrix. Partition the matrix S as 

-1 -1 Then the variance-covariance matrix of the taus is (s22 - s21 s
11 

s
12

) • 

For comparison we list the values as given by Grizzle (1971) and 

as computed from x* . 
m 

Grizzle (1971) 

a l: -4.8174 + 0.0848 

f\: 0.5123 + 0.0124 

(l2! -3.1135 + 0.0558 

S2: 0.3253 + 0.0090 

x* m 

-4 . 8219 + 0.0835 

0.5125 + 0.0129 

-3.1167 + 0.0549 

0.3258 + 0.0089 

The associated analysis of nformation table 4 provides a bas is 

for tests of significance and goodness- f-fit . 

Component due to 

Interaction (linear 
logit model) 

Effect 

Interaction 
(marginal logite) 

Table 4 

Analysis of Information 

Information 

2I(x:x*) • 3077.154 
m 

2r<xa:x:> • 25.3oo 

2I(x:xa> - 3051.854 
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We infer from 2I(x:x*)  and 2l(x:x*)  that neither x* or x* is a m a ma 
good estimate for the Joint response data, that is, 2I(x:x*) (2I(x:x*)) 

is a measure of the goodness-of-flt of the linear logit model (marginal 

logit model) to the joint response data. 2I(x*:x*) is a measure of the 

A'P    AR AR 
effect of the relationship among the parameters T,., T«., .... T». and 

T.., „.,..., 01 of x^Cijk) implied by the hypothesis of logit 

linearity. We remark that x* and -:* correspond respectively to model 3 

and 8 of Mantel and Brown (1973). 

We shall return to the question of finding a model providing an 

acceptable fit to the Joint response uita of Table 1 after considering 

data giving the prevalence of persistent cough and persistent phlegm 

amongst the same group of miners. 

In Table S is given a 9x2x2 cross-classification of the same 

miners as in Table 1, but showing the combined prevalence of persistent 

cough and persistent phlegm. We denote the observed frequency in any 

cell by x(ijk) with 

" 

Variable Ind»x | 1  { 2  | 3  ] 4 • * • 9 

Age Group A 1 i 20-24 j 25-29 30-34 35-39 • • • 60-64 

Cough C J yes no 

Fhlngm P 1  k yes no 

Since Table 5 has tie same dimensions as Table 1 the design 

matrix and log-linear representation in Fig. 1 and the log-linear 

regression (1) for the x(ijk) values of Table 1 will be the aamc for Che 

x(ijk) of Table 5 with the replacement of the superscripts B, W by C, P 

respectively. 
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To determine the significance of effects and whether or not there 

Is second-order Interaction we fit a sequence of nested models based on 

the marginals 

11:    x(l..), x(.jk) 

x(.Jk), x(lj.) 

Hc:    x(.Jk), x(lj.), x(l.k) 

and denote the corresponding m.d.l. estimates by x*, x*, x* respectively. 

Ue note that x* and x* have the explicit form x*(ijk) - x(l..) x(.Jk)/n, 

x*(ljk) * x(lj.) x(.Jk)/x(.J.) but x* cannot be explicitly represented as 

a product of marginals.    H    Is  the null hypothesis that the Incidence of 

cough and phlegm Is homogeneous over the age groups.    H.   Is  the null 

hypothesis that the Incidence of phlegm Is homogeneous over the age 

groups given the Incidence of cough.    H    Is the null hypothesis of no 

second-order Interaction.    The columns of Fig.  1 Implied for the design 

matrix or log-linear representation of the three models are 

v 1-11,  28, 

V 1-19,  28, 

v 1-28  . 

The hypotheses nay also be stated as Implying that the parameters 

corresponding to the column« of Fig.  1 not used In the design matrix or 

for the representation are tero.    Analysis of Information Table 6 

summarizes the results. 
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a) x(l..), x(.Jk) 

- 10 - 

Table 6 

Analysis of Information 

Information 

b) x(.jk), x(ij.) 

c) x(.Jk), x(ij.), x(i.k) 

2I(x:x*) - 1259.090 
a 

2I(x*:x*)- 1180.385 

2I(x:x*) - 78.705 

21(x*:x*) - 72 .009 

2I(x:x*) -  6.696 
c 

Ü.F. 

2A 

8 

16 

8 

8 

From Table 6 we infer that the 8 interaction parameters 

corresponding to columns 29-36 of Fig. 1 may be taken as zero.  Prom 

Fig. 1 we see that the parametric representation of the log-odds or 

logits under the model of no second-order interaction are 

in 
x*(ill) 
c 

in 

In 

In 

x*(i21) 
llT  lllT  lll  ' 

x*(112) 

x*(i22) c 

TC +  TAC 

x*(ill) 

x*(il2) 

P        AP        CP 
A+ Tfi+ Tri • 

x*(i21) 
TP + T^   . 

xj(i22) 
1 ' kll ' 

1-1,2,...,9. 

The values of x* are given in Table 8. c 
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The values of the parameters In the parametric representation of the 

lot',Its are 

r p rp 
T^ - -2.0987, T^ - -2.4756, TJJ - 3.8500, and 

AC 
fil 

AP 
'll 

1 -1.7955 -0.7132 

2 -1.5083 -0.6904 

3 -1.1155 -0.6729 

4 -1.0052 -0.5734 

i - 5 -0.5939 -0.5473 

6 -0.3801 -0.4448 

7 -0.1422 -0.3070 

3 -0.1103 -0.0639 

9 0 0 

The covarlance matrix of these 19 parameters has been computed, 

but is not given herein. 

CP 
We mention ' jwevcr that the variance of T.. is 0.003116 so that 

X2 - (3.85)2/0.003116 - 4756.90 

is approximately a chi-squared with one degree of freedom. We see in 

Analysis of Information Table 7 a verification of the fact that the 

CP 
nsnociatlon parameter T,., is very significantly different from zero. 
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Component due to 

Table 7 

Analysis of Information 

Information D.F. 

e) x(lj.), x(l.k) 2I(x:x*) - 6273.746 

c) x(ij.), x(l.k), x(.jk) 2I(x*:x*) - 6267.050 
c e 

2I(x:x*) -   6.696 
c 

1 

8 

We remark that H :  x(ij.), x(l.k) represents the model that 

cough and phlegm are not associated given the age grouping. The 

corresponding estimate may be explicitly represented as 

x*(ljk) - x(lj.) x(l.k)/x(l..). 

CP 
2I(x*:x*) tests the null hypothesis that T.. ■ 0 and the value of 

2T(x:x*) - 6.696, 8 D.F. Implies that the association between cough 

and phlegm has the sane value over all the age groupings. 

We now examine the hypothesis that the loglts of x* vary linearly 

with age, that is, that successive differences of the loglts are 

AC  AP 
constant. As before we can express the parameters T.., T.., under this 

AC     AP 
hypothesis In terms of T.. and T.. as 11 '11 

n  Til   8 Tll ' Tll   8 Tll *   1 i ö' 

If we denote the estimate satisfying logit linearity within the model of 

no second-order interaction by x*, then the design matrix or log-linear 
n 

representation corresponding to U ^given by columns 1-11, 28, 37, 38 of 

Fig. 1, of course, with the replacement of the superscripts B, W by C, P 
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respectively and the use of T  , T  instead of T  , T.. respectively 

for convenience. 

The values of x* are Riven In Table 9. The values of the 
n 

parameters in the loglt representation under the logit linearity model. 

Jin 
x*(ill) 
n 

x*(i21) 
n 

C . 9-i AC . TCP Ti + T T + Tu ' 

An 
x*(il2) 
n  

x*(i22) 
n 

TC + ^ TAC Tl   8 T 

in 
x*(ill) 

x*(il2) 

TP . 9-i TAr . TCP Tl + T T  + T1I ' 

£n 
x*(i21) 
n 

x*(i22) 
n 

Tl   8 T 

are 

TJ - -1.8939, TJ - -2.5495, 

TAC - -1.8312, T^ - -0.7646, xJJ - 3.8442. 

The covarlance matrix of these five parameters is given in Table 

10. The associated analysis of information is given in Table 11. 
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Table 11 

Analysis of Information 

Component due to Information D.F. 

H 2I(x:x*)  - 28.831 22 n n 

H 2l(x*:x*) - 22.135 1A c en 

2l(x:x*) - 6.696 8 c 

The value 2I(x:x*) Is a measure of the goodness-of-fit of the logit n 

linearity model and 2I(x*:xA) Is a measure of the effect of replacing the 

AC  AP    AC  AP common parameters T , T  by T -, T.., i"l,...,8. It is clear that x* 

provides a better fit to the original data than x*, vsing more parameters 

however, but at the 5* level of significance the loglt linearity model 

provides an acceptable fit, with a simpler model. 

In our analysis of the incidence of cough and phlegm over the age 

groups we concluded that the association of these factors was the same 

over all the age groupings. However, in multldltncnsional contingency 

tables In which, for example, time or age Is one of the classifications, 

there nay occur an age effect such that an hypothesis of Interest may be 

rejected for the entire table, but an hypothesis taking the possible age 

effect into account may produce an acceptable partitioning.  We now 

propose to Illustrate techniques applicable to the solution of such 

problems a further study of the 9x2x2 contingency Table 1, containing 

nine age groupings, for which the hypothesis of no second-order Interaction 

is rejected. An acceptable partitioning is determined. Within the 

partitioned model we then consider a subhypothesls of loglt linearity 

(Kullback and Fisher, 1973). 
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Let us now find the estimate under the classic null liyputhcsls 

of no second-order interaction.  The minimum discrimination information 

estimate x*(ijk) under the hypothesis H of no second-order interaction 

is obtained by iteratively fitting the marginals x(ij.), x(i.k), x(.jk) 

(see Ku et al., 1971, for example) and is given In Table 12. The 

ilesign matrix or log-linear representation of xi(ijk) is given by the 

cjlunms 1-28 in Fig. 1.  Indeed, the no second-order interaction 

hypothesis is that the values of the last eight parameters in x(ijk) 

have the hypothetical values 

(2)        Tlll " T21l' •" "T811 - 0 ' 

Computing the associated minimum discrimination information statistic 

we find 

21(x:x$)  - 2^x(ijk) £n(x(ljk)/x*(ljk)) - 26.673, 8D.F. 

We recall that this is the same as the log-likelihood ratio chi-squared 

statistic (see e.g. Darroch 1962). We reject the null hypothesis of no 

second-order interaction, that is, the hypothetical values in (2) are 

not acceptable parameters for x(ljk). 

Among other properties the null hypothesis of no second-order 

interaction implies a common value for the association (measured by the 

logarithm of the cross-product ratio) between breathlessness and wheeze 

over all age-groups. In terms of the parameters defining x*(ljk) this 

common value as determined from columns 1-28 of Fig. 1 is 

x*(ill)x*(i22)   _„ 
in -£ £  T„ - 2.8348, 1-1,2,...,9. 

x*(112)x5(i21)   " 
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We suianarlze the results and supplernen analysis of information 

Table 4 by analysis of information Table 13 , 

Component due to 

Table 13 

Analysis of Information 

Information D.F. 

d) x(ij.), x(i.k) 

U2:  x(lj.), x(lA), x(.jk) 

2I(x:x3)  - 3051, 85A 

2l(x*:x*) - 3025.181 

2l(x:x|) -  26.673 

The value of 2I(x*:x*) implies a significant (nonzero) association 

between breathlessness and wheeze but the value of 21(x:x*) leads roe to 

conclude that there is not a common value of this association over all the 

age groups.  We note that the estimate xi corresponds to model 9 of 

Mantel and Brown (1973). 

It seems reattonable to conjecture that the presence of second-order 

interaction may be related to an age effect. That is, there may be a 

common value of the association between breathlessness and wheeze over some 

of the younger age groups and a common but different value of this associa- 

tion over the remaining age groups. We therefore re-examined the computer 

output for x*.  Among other items there was given for each cell a number 

called OUTLIER, the value of 

2(x(ijk) *n(x(ijk)/x*(ijk)) + (n-x(ijk) £n(n-x(Mk))/(n-x*(iJk))) 

Ireland (1972) has shown that large values of OUTLIER are effective in 

recognizing outliers under the estimation procedure in question.  In 
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the crse at hand tha  value of OUTLIER for cell 812 was A.959 with the 

next largest value 2.722 for cell 212. 

Lot us therefore consider a partitioning of the second-order 

interaction for the age groups under 55 and for the age groups 55 and 

over by computing the minimum discrimination information estimate 

x*(ijk) subject to the marginal restraints of x*(ljk,) and also the 

restraints 

, ABM        ABW ABW  ABW   ABW U) T111 - T211 - ... " T711, T3U - T911 

The design matrix or log-linear representation for x*(ljk) is given by 

columns 1-28, 39 In Fig. 1, that is, with the eight columns corresponding 

ABW  ABW       ABW    ...  ...        .    ... .  ABW  _, to T..., T_.., ..., TK.. replaced by the one column labeled x  . The 

values of x*(ijk) are given In Table 14. In terms of the parameters 

defining x*(ijk), from columns 1-28, 39 in Fig. 1, it is found that 

x*(ill)x*(i22)   RU   ._,. 
fcn-J E T^+T^" - 3.0007,  l-l....,7 

x*(112)x*(i21) 

x*(lll)x*(i22) 
ln _E i  T»«      . 2.5212,  i-8,9 . 

x*(il2)x*(121)   " 

The associated analysis of  Information Table IS summarizes results. 
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Table 15 

Analysis of Information 

Component due to Information D.F. 

No second-order 
Interaction 

2I(x:x*)  - 26.673 

Effect 2I(x*:x*) - 16.700 

Interaction 
vpartltion) 

2I(x:x*)  - 9.973 

L^ 

\ 

We note that 2I(x*:x*) which measures the effect of the hypothesis 

in (3) is very significant, and from the value of 2I(x:x*) we may accept 

the inference that there is a common association between breathlessness 

and wheeze for the age groups under 55 and a different but common value 

for the age groups 55 and over and that in fact x*(ijk) is a good fit to 

the original data. 

We remark that, as a matter of fact, the values of x*(ljk) were 

computed by Iteratively fitting all the two-way marginals of the 7x2x2 

table of the age groups under 55 and separately iteratively fitting all 

the two-way marginals of the 2x2x2 table of the age groups 55 and over. 

To verify the indication given by OUTLIER we also examined the 

other possible "break points" with the following results 

Partition 21(x:x*) D. 

Under 35 
Over 35 

0.612 
15.990 

2 
5 

Under 40 
Over 40 

1.856 
11.541 

3 
4 

Under 45 
Over 45 

3.311 
8.373 

4 
3 

Under 50 
Over 50 

8.420 
7.861 

5 
2 
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These values confirm the Inference suggested by OUTLIER. 

If we now consider the logits for breathlessness and wheeze, 

respectively, for the age groups under 55, from the design matrix or 

log-linear representation for x*(ijk) in Fig. 1 (columns 1-28, 39) we 

see that 

x*(ill) 
^n 

x*(i21) 

x*(ill) 
In 

x*(ll2) 

B .  AB .  BW ABW 
Tl + Til + Tll + T   ;   ln 

^(il2)    B.  AB 
- - T. + T.., 1-1,...,7 

x*(i22) 

Ti + Tii + Tn + TABW' ^ X-^- 
x*(i22) 

il 

W .AW . . 
T, + T.,, 1-1,, ir ..7 

The corresponding logits for the age groups 55 and over arc given by 

x*(811) 
in — - 

x*(821) 

B 
Tl 

x*(011) 
in -i  

< 

, AB+ BW  p ^812) 

+ T81 + T11; ^n-  
x*(822) 

BW „ ^l2) 

B ,  AB 
h + T8i 

x*(811) 
en  

x*(812) 

■In 
x*(911) 

x*(912) 

W ^ AW 
Tl + T31 

W 

■ lll' 
x*(922) 

ll 

BW 
+ T11; 

x*(821) 
£n -i  - 

x*(822) 
>  c 

W ^  AW 
Tl + T81 

BW 
+ T11; 

U*(921) 
ln*~  - 

.'x*(922) 

W 
Tl * 

The numerical values of these logits are given in Table 16. 

We now consider the hypothesis that within the partitioned no 

second-order hypothesis, that is, within tht x*(ljk) model, the logits 
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are linearly related for the ap,e groups under 55, in other words, we 

consider the fitting of straight lines to the logits for the age groups 

under 55 by assuming that the differences ff logits for successive age 

group« are constant. 

Thus we shall consider a null hypothesis that 

A3 
r71 

AB 
:61 

AB   AB 
T61 " T51 

AB   A3 
T51 - T41 

AB   AB 
" T2I ' Tll ' 

AW   AW   AW   AW   AW   AW 
r   -T   ■ T   -T   • T   -T 
71  T61   61   51   51   41 

- T 
.AW 
21 

AW 
ril 

If, as a matter of convenience, we consider the design matrix or 

log-linear representation of x*(ijk) as in Fig. 2, that is, a repararaetri- 

zaticn of the log-linear representation in Fig. 1, then the chains of 

equalities yield the relations among the parameters 

AB  7-1 AB  AW  7-1 AW  ,. .    , 
Tti" —Tir Tll"~Tll' l"1'2 7 

The design matrix or log-linear representation for the linear logit 

AB     AW Aii 
model estimate x*(ljk), using x  and T  respectively, instead of T , 

AW 
and ^,1 Is given in columns 1-11, 28-31 of Fig. 2. The values in 

columns 30, 31 arise from the fact that in the log-linear representation 

as in (1) the terms 

T^dJk) + T^djk) +...+ T^CiJk) 

and the terms 

TllTll(1Jk) + T21T21(ijk) ■'"•••+ T61T61(1Jk) 
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because of the relations among the parameters reduce to 

N TAD(T^(iJk)  +  (5/6)T^(lJk) +  (4/6)T^(lJk) +...+  (l/6)T^(ljk)) 

and 

TAW(^(ijk) + (5/6)T^(lJk) + (4/6)^(lJk) +...+  (l/6)T^(ljk)) 

respectively. 

The iteration used to compute x*(ijk) is (see Darroch and 

Ratcliff 1972) 

x(5n+l)(iJk) . x(^J  x(5n)(ljk) 

xUn;(l..) 

x(5nf2)(ijk) - *{££. x(5ttfl)(ijk) 

:(5nf3) . xi^L  x<5^2)(1Jk) 

x(5lH"2)(..k) 

x^^^ijk) 

ai<1Jk)/h \a2(iJk)/h l»3(iJW (h^ ^Vai(1Jk) / h^ ^Va2(iJk) /h^ \ 

\^7     y^J     Vh3(5n+7 

x^^djk) 

x 
/k \bl(1Jk)/ k \b2(iJk)/k \b3(ljk)   ,      ,. -wfwj1   (^)2   (Jw)     .->- 

7      2      2 
x(0)(ijk) - n/28,    n-    I      I      I    x(ljk)   . 

i-1 J-l k-1 
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Ail marginals refer to the 7x2x2 table and the values of a (Ijk), 
in 

h (ijk), 10=1,2,3 and the restraints h , k , m-1,2,3 are given in Fin. 3. 
m ' mm 

We remark that since x*(ijk)"X*(iJk) for 1=3,9, we can perform the 

iteration by consideration of the /'x2x2 table only. The values of 

x'(ljk) are given in Table 17. 

"esults are sunroarized in analysis of information Table 13. 

ir^ 

Table 18 

Analysis of Information 

Component due to Information 

Interaction 
(linear loglts) 

Effect 

2l(x:x*)  - 29.560 
v 

2l(x*:x*) - 19.587 

D.F, 

17 

10 

Interaction 
(partition) 

2I(x:x*) 9.973 

f. 

Since 2I(x:x*) and 21(x*:x") fall between the 5" and 17,  values 
v        t v 

of the tabulated clii-squared values with the appropriate degrees of 

freedom, we might accept the null hypothesis of linearity of the logits 

within the partitioned second-order Interaction model, that is, infer 

from the value of 2I(x*:x*) that the parameters T.., T-., .... T7. and 

AW  AW       AW Tii» Tii » •••» T-7i 0f x?(ij^) satisfy the relations among the parameters 

implied by the logit linearity and that the estimate x*(ijk) under the 

iogit linearity model is an acceptable estimate for the original 

observations, 
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Table 12:  No second-order Interaction estimate 
for the data of Table 1 

x*(ijk) 

J-1 

 , k-1 
1 7.547 
2 17.089 
3 45.954 
4 111.407 

i-5 162.527 
6 271.823 
7 398.159 
8 431.692 
9 380.802 

k-2 
8.454 

14.914 
27.054 
5/.611 
60.504 
85.231 

122.871 
126.271 
97.091 

In 
x*(lll)xft(i22) 

x*(il2)x*(i21) 

Ü. 
k-l 

96.448 
110.907 
185.040 
266.585 
279.467 
321.175 
250.848 
199.319 
123.210 

k=2 
1839.547 
1648.037 
1854.947 
2347.390 
1771.497 
1714.769 
1318.129 
992.729 
534.909 

11 2.8348 

1 
2 
3 
4 

1-5 
6 
7 
8 
9 

5 

Table 14: Partitioned second-order 
Interaction estimate 

x*(ijk) 

J-1 
k-1 
3.182 

18.306 
48.466 

116.719 
168.521 
280.217 
408.590 
411.545 
366.455 

k-2 
7.819 

13.695 
24.539 
52.292 
54.497 
76.810 

112.349 
146.550 
111.450 

In 

x*(lll)x*(i22) 

x*(il2)x*(121) 

k-1 
Jüi 

95.816 
109.692 
182.532 
261.27? 
273.479 
312.784 
240.417 
219.454 
137.546 

k-2 
1840.183 
1649.306 
1857.463 
2352.709 
1777.504 
1723.192 
1328.652 
972.450 
520.550 

- 3.0007,      i-l,...,7 

' Jl 

In 
x*(ill)xft(l22) 

x*(ll2)x*(i21) 
2.5212,       1-8,9 
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Table 16:     Logits 

in 
x*(llk) 

x*(i2k) 
in 

x*(ijl) 

x*(iJ2) 

k-1 
1 
2 
3 
A 

1-5 
6 
7 

-2.A605 
-1.7904 
-1.3261 
-0.8058 
-0.4842 
-0.1100 
0.5303 
0.6288 
0.9799 

-5.4611 
-4.7911 
-4.3267 
-3.8065 
-3.4848 
-3.1106 
-2.4703 
-1.8925 
-1.5413 

J^L 

1.0326 
1.1903 

JrL 
0.0455 -2.9552 
0.2902 -2.7104 
0.6806 -2.3200 
0.8029 -2.1977 
1.1289 -1.8717 
1.2942 -1.7064 
1.2911 -1.7095 

-1.4887 
-1.3309 

Breathlessness Wheeze 

8 
9 

Table 17:     Linear logit estimate within 
partitioned second-order 

Interaction model 

x*(ijk) 

k-1 
J^. 

k"2 k-1 
J^l 

411.545 
366.455 

146.550 
111.450 

219.454 
137.546 

k-2 
11.360 9.990 108.934 1821.215 
20.398 13.952 120.522 1636.127 
44.705 24.830 169.946 1873.519 
107.932 48.677 263.913 2362.476 

i-5 158.232 57.944 248.880 1808.943 
288.909 85.919 292.375 1725.797 
416.964 100.688 271.429 1300.919 

972.450 
520.550 

J\ 

in 
x*(ill)x*(i22) 

x*(il2)x*(i21) 
2.9881, i-1 7 

in 
x*(lll)x*(i22) 

V V  

x*(il2)x*(i21) 
V V 

2.5212, i-8,9 

J 

188 

H^ 



^ H 

■ -1 

ft H H 

 ( 
1 
H 

1 

_ _ , .           

s a M        M A         CO .•J          it) U        CO en      0> 

,-i     <n 

at      CO 00        00 
v.    V 
r4          ^ 

K a ^^ oo m 

r- r- 

M C3 »00 CD 00 a oo 

MM 

00 00 

a- H 

H 

" as " 
H 

' 

a« -H 

-4 

^( • 

o a - 
M i 

H 

n   (0 *. rH -4 -i -4 -4 -4 H H H 

•H        H 

-4       -I ' 
in   K -i 

C                 * 

Tj    »«i   < in 
o 

-1       ^1 

-H       H 

rH         ^ 

1 a 55 
i-^        ^1 

r*         ^ 

M             ^ • 

t3 ^ -i -1 

-. H a^ *<* 
S ü 9-^ 

WH 

>HH 

- 
HH 

«   eg -< 
H  rH 

^-4 

M a -i 
i- 

M rH 

W        rH •4        M H       »H -4       M -*       M -1       »-I -t       -1 H        ^1 H        W 

o  a ^-i »H ^H H H ■< ^H -IH -l-l -<-H -i i-l H •-H H iH 

-* ^1 fH PH 

-1 W^l ^4 

H-H ^-H 

io   j. in 4 i-lrH H 

*   <? ■* rHH i-J 1 

^     < IN 

i 

4 V-l  .   (  • 

1  Ci'- 1 

t ^t ^ ^^ 

1 
1 Reproduced from       §pP 

best available copy. ^H 
•H        .1 ..^'„„„„l- 1 r 1 * ( r-l |-4 r4 #-4 w[-t ^4 W ^11 

fl 

...... |L I *  ' '   ■'  f" >
b- i-i r i f   ■ ^t r-' '. j 

'.'""' 
- ■ r^  ' J '■ . .     .      %, J 

189 



^n 

A 2 

S  9 

•O '■& s0 yO \3 *0 

r»       IO       »#       »»       «n      rt 

as- 

i 

3 -• 
r* V 
>o 3 ~ 
«M 

H 

•A a -< 
W V" 
•* 3 •< 33 
n 3 * 
<M V 

3 ^ 3 H s H 

u 3 -< 
M 

u H 
C 
V • 3 ^ • <  -H 

H 

« 
V« (Tv 93t -■4 
b K 
« 
c eo 5S •4 -H 

F4 *- 

1 33 

M 9R « 
3 «fl 33 *4 

b. H 

^1 V 
»-I 3S ^ 

a 3S 

Si 

'0<m iHr-lr-lr4 >fc*V 

*•*     ^N H H #4 «^ ^V       vv 

«4    ^H ^4iH>-4r4f>4NNr>mmri<«^sf^mtAiAirtNO>x>««or^f^^^cou}ooooAov»» 

^JE 

101 

Preceding page blank 



- 30 

r-4 &      *0 

\0    -d 

^-4 
'S. 

K 
+ 

<o «o 

4} o 

+ 

K 

> ■f 

IM       \0 

+ 

r^l-o 

+ 

K K 

•f + 

H M M 

n|»o      i**\&      «-ilo 
■»• + + 

1 
H 

M 

+ 

M M 
«rive     rsl« 

K 

+ ■f 

^% ^». *^ 

+ 

M 

+ + 
rHl%0 3 

l-t 

a 

MM* 

193 
Preceding page blank 



ipa 

5. The General Linear Hypothesis 

I.  Minimum Discrimination Information Estimation 

In chapter 3, Log-linear Representation 

the minimum discrimination information theorem was 

examined with particular emphasis on problems of fitting 

contingency tables based on a set of observed marginals. 

In such cases the T(Sü) functions are indicator functions 

and hence take the values 0 or 1 only.  In Kullback 

(1970) quadratic approximations to the minimum dis- 

crimination information statistics were considered 

and the relation of these quadratic approximations 
2 

with K. Pearsoris X  (Berkson, 1972). 

We now propose to consider problems in which the 

T(ü)) functions are general linear functions of the 

p(«)'s.  In theso problems the restraints are deter- 

mined by hypotheses of interest and one is concerned 

whether the observed data are consistent therewith. 

Although these considerations really are part of the 

general theory already discussed it seems worthwhile 

to examine them in detail. We shall use the notation, 

terminology, and concepts of the preceding 

chapters with some slight modifications. 

Appropriate computer programs have been prepared to 

make application feasible. 

195 
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As  in Chapter  3,  we want  the 

value of pim)  which minimizes  the discrimination 

information 

(1.1)   I(P:TT)   =  £p(a)  in   Ej^j 

over the family of p- distributions which satisfy 

the restraints (using matrix notation) 

(1.2) Cß = i 

where 

C is (r+1) x f2, p is fl x 1, e_ is (r+1) x 1, and the 

rank of C is r + 1 < fi. 

If we denote the elements of the matrix C by c^Cw), 

i = l,...,(r+l), u = 1,...,   n, then (1.2) is 

(1.3) ^c.(w)p{iü) «6. , i = l,...,r+l. 

We shall usually assume c, (w) = 1, all w, and 6, = 1. 

In accordance with the minimum discrimination 

information theorem, or by differentiation of (1.1) 

with respect to piui)   and using Lagrange multipliers, 

the minimizing distribution has the form 

(1.4) p (u) = exp {X1c1({i)) + A2c2(a)) + ... + ^r+iCr+i^^ ^w) 
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or 

p   Cm) (1*5)  £n    nSf = AlclU)   + A2c2Cto)   +   *••  + Ar+lcr+lv'u, '  w=1'--.^ 

This  is equivalent to the  version 

(1.6)   In ^Jj = L +  TJTJ^W)   +   ...  +  TrTr(w) 

as used in Chapter 3,  Log-linear hepresentation    with 

(1.7)  X-L = L, xi+1 = Ti, c^u)  = i, ci+1(äj) = ^(o,), ei+1 = ei 

1    —   J. ^ . . . /TO        i 

with the restraints 

(1.8)   Jp*(w)   = 1,   [Ta(a))p*(w)» e*,  o. = 1,  2,...r 
Ü Ü 

In accordance with (1.3) - (1.8) we consider 

the partitioning of the matrices as follows: 

lC-l\ — =lc lw*lare Ci is 1 x ^, C- is r x fi , 

8 = I 6 I where 9 is r x 1 , 

that i i-s £iP = 1' C2P = 9 

In the applications we take TTU) = X(Cü)/N/ where 

*       * 
N = ^C^ •  Setting x (to) = Np (UJ) , the minimum dis- 

n 
crimination information statistic is 
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* 
(1.9) 2ltx*:x) = 2lx*it*)ln  —^ , 

■ i 

which is asymptotically distributed as x with r 

degrees of freedom if the observed table x(w) satisfies 

the null hypothesis or model implied by (1.2). 

In accordance with the discussion in Kullback 

(1970, section 4, and 7) the quadratic approximation 
* 

to 21(x :x) is (see Chapter 3, section 6 herein) 

(i.io) 2i(x*:x) * (Ne^-Nej's^ 1  (Ne*-Nej » 

where C^TT » 1, ^TT = 6,  §. =(c1) Sx(-1'^2) 

CAP-i £1^2 

C2Dxy  C2DxC^ 

-11 -12 

^21 ^22 

, S -22.1 -22" 5.21-11-12 » 

and D„ is the ß x fi diagonal matrix with main di- 
""X 

agonal entries x(u)) . We shall see that the right- 
2 

hand side of (1.10) is the minimum modifiad X . 

^/i 

J 
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Some examples of the matrix C 

Consider a 3 x 3 contingency table     Table 

11 12 13 
21 22 23 
31 32 33 11 12 13 21 22 23 31 32 33 

U) 1 2 3 4 5 6 7 8 9 
1 1 1 1 1 1 1 1 1 
0 1 0 -1 0 0 0 0 0 
0 0 1 0 0 0 -1 0 0 
0 0 0 0 0 1 0 -1 o| 

e 
T 
o 
o 
0 

Hyp. of symmetry 

p(12) = p(21); p{13) = p(31); 
p{23) = p(32),- 

11 12   13  21   22  23  31   32   33 
u)12     34     56789 

1 1 1 1 
0 11-1 
0-101 

"I I I I 1 
0 0-100 
0     10-10 

Hyp. of marginal homogeneity 
p(ll)+p{12)+p(13)=p(ll)+p(21)+p(31) •• 
p(21)+p(22)+p(23)=p(12)+p(22)+p(32). 

Consider a 2 x 2 contingency table Table 

11 
u 1 

12 
2 

21 22 
3  4 6 

"T 
i 
i 

" 1 
1 
0 

1  1 
0 0 
1 0 

1 
3/4 
3/4 

11 
21 

12 
22 

Hyp of specified marginals 

p(ll)+p(12) = 3/4 ; 
p(ll)+p(21) = 3/4. 

Implies p(21)+p(22)=l/4, p(12)+p(22)=l/4. 

Consider a 2 x 2 x 2 contingency table 

111 112 121 122 211 212 221 222 1 
U  I 2 3 4 5 6 7 8 

1 1 1 1 1 1 1 
1 1 1 0 0 0 0 
1 0 0 1 1 0 0 
0 1 0 1 0 1 0 

Table 

L 2 
11 12 11 12 
21 22 21 22 

9 
1 

1/2 
1/2 
1/2 

Jl 

i 

'■ 

Hyp of specified marginals 
pCl..)«p(lll)+p(112)+p(121)+p(122)=l/2 
p(.l.)=p(lll)+p(112)+p(211)+p{212)=l/2 
p(..l)=p(lll)+p(121 +p(211)-§-p(221)«l/2 
Implies   p(2..)=p(.2.)=p(..2)=l/2   • 
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2.     Minimum Modified y    Estimation 

We shall use  the same notation as before.    For 

minimum modified x     estimation we want the value of 
2 p(u)) which minimizes the modified x § 

(2.!,  lx.2 =|(p(a.) -.(cu))
2 

n Tr(ü)) 

Lr^ 
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subject to the constraints (1,2) or (1.3). 

2 
Differentiating x  with respect to p(w) and using 

Lagrange multipliers we have 

(2.2) SM^jLiüL) . x^u) - ... - Ar+1cr+1(W/ = o, u,^,...,n. 

If we set 5(wj » (p(w)-ir(a))/7r(cü) , i' = (^ (1) ,. .., C (fi)) » ^ = 

(^,,...f^  ,), then (2.2) way be written as (matrix notation) 

(2.3) i = C'X , 

or 

(2.4) £ = £ + D^'X , 

where £' = (p(l) ,...,?(«)), J' = (TT(1) ,... ,iT(n)) , and D^ 

is the Ü x ft  diagonal matrix with main diagonal 

TT(1). /irCfi). If we set (see (1.10)) 

(2.L)  CTT = ^, r    m    (l,e«) , 

then from (2.4) we get 

(2.6)  C(£ -l)   « 0 - ^ - CD^C'X , -''I 

or 

(2.7) X - (CD^C1 )"1(J - ♦)  , 

that is 

-1 (2.8)  £ = 1 + D^C' (CD^C )   "(6 - £) , 
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IT 

or 

with x = N£, x = NTT , 

(2.9)  x = x + DxC' (CD^*)'"
1 tNe - N*) , 

where D = ND.  Since 
—x   —it 

(2.10)  min x'2 =1 a(u):^r))   = (R:1/2   (X-X) ) • (DZ1/2 (X-X)) 
a X(OJ) —x 

and from (2.9) 

J 
(2.11)  D"1/2(x - x) = DyV (CD C') "1 (NO - Ni), 

we have 

[2.12)      min  x'2  =   (No   - Nj) ' (CD  C' ) "1CDy2Dy2C' (CD  C' ) "1 (Ne-N(t>) —x — —x- 

= (NO - Ni)' (CD C« )~1(Ne - Ni) 

Using the notation of (1.10) 

(2.13)  (CD C') ' - S 
.^-i.^i./s11 s12 

s21 s"1 -22.1, 

(2.14)  (Ni - Ni)' = (0, NO  -No)' , 
-''I 

hence 

.2 . 
fS11 S12 

(2.15)  min x  = (0» Ne_ - NO)'  21  _1 
§"* S 22 I '  ^Ne  " N9 

= (NO* - NO) ' S22 !(NO* - NO) , 
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that is, the right-hand side of (1.10). Note 

that if we use the approximation 

w) 

then (2.2) is an approximation to (1.5). 

I 

►Jl 
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3. An iterative comnntwr alaorithn» - Sinale Sample 

L^ 

For convenience in discussion let us call the pre- 

ceding discussion the single sample case. We shall con- 

sider an extension of the concepts to the k-sample case 

but it will be helpful not to go to the k-sample case 

directly.  We now consider an iterative computer algorithm 

which will provide the minimum discrimination information 

2 
estimate with the minimum modified x estimate as a by 

product. The single sample algorithm is a special case 

of the k-sample algorithm, but it will be helpful to 

consider the single sample case in detail (see Dempster, 1971). 

C3.1)     C £ =   8,   C  -  [c
1 ,  C,   is 1 x n,  C-  is r x n. 

i 

e = 

C3.2)     C x = N ^,  ^ € 
,   6* is  r x 1 » 

,   eisrxl,  xisßxl 

matrix of observations,  N =  ^  x(a>) 

(3.3)     D    is  ^ x ^ diagonal matrix of observations# 

-11    ^12' 
(3-4)     S.C^C'-I |,  ^  is  1 xl,   8^^8,2 

2.21     -22 

is 1 x r,  S~2  is r x r 

vJI 

C3.5)     S -  S^   -   S.,   S~} B 2-22.1 " -22   " 2-21  -11 2-12   ' 
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L 
■ ■ 



11 

/ 0 \ /0\ (3.6) ^ = Ni - N^ = |     AW 

d - N^* - N^ is r x 1 , 

(3.7) t(j) = S^J-j1 d(j), j-0,1,2,  

Let in  y denote an n x 1 matrix and In  x the n x 1 

matrix of In  x(l) ,... ,Än x(n), where x(l),...,x{ü)   are 

the original observations. 

(3.8) (tau) (j+1) = (tau) (j) + t(j), (tau) l:i) E 0 for j=0, 

lr^ j=0,lf2,... 

(3.9) in y^   = An x + C^ (tau) ^) ,   j=l,2,... , 

(3.10) y(j)(l),...,y(j)(n), j=l,2,... , 

Cj)   N C3.ll) LVJI = in  -7T, " rrr*  , j=l,2,... , 
y13' (D + .-.+y^' (ß) 

(3.12) 
«.n xtj) (1) = L1^ + in  y(:i) (1) 

j=l/2 r.. . t 

in  x(:j) (ß) = L^ + An y(j) (fl) 

C3.13) x^1 CD ,...,x(j) (n) , j=l,2,... 

In step C3.7), j=0 corresponds to the values computed 

in steps C3.D to C3.6) using the original observations, 

and j=l,2f... corresponds to the procedures in steps (3.1) 

to (3.6) however using the values 

x(:j) (l),..wx(j) (fl) instep (3.13). 
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Note that in step (3,9) ^n x is always composed of the 

original observations. 

The iteration is continuäd until the maximum value 

of the absolute values of the differences between suc- 

cessive iterates is less than a specified small value. 

The final iterated value x -^  is the m.d.i. estimate 

x* and 2lCx*:x) is computed and is asymptotically a 

chi-square with r degrees of freedom. 

The matrix S22 , for the last iterate is the 

covariance matrix of the taus which are the parameter 

values of x*. 

2 2 If the min. mod. ^ estimates and the min. mod. x 

value are desired the program continues and computes 

,12 

(3.15) u - C' 1 = C'(C ^ C')'1 A , 

.."I (3.16) X = x + Du = x + D  C' (C D C)   A , 

.11 .12 
o\ / S    S' 

(3.17) X2 = A« X « A'(C Dx C')"
1 ^ = (O,^-)  "21  ^ 

\-  -22.1 

= i' s^.i ^ 
2 

The St in (3.16) are the minimum modified ^ estimates 

2 2 and X in (3.17) is the value of the minimum modified ^ with 

r degrees of freedom and is the quadratic approximation to 

2l(x*:x). 
2 

Note that X in (3.17) can be calculated without first 

getting x. 
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To illustrate the single sample algorithm let us 

consider a 2 x 2 contingency table discussed by R. A. 

Fisher, Statistical Methods for Research Workers, 

7th Ed. p. 314 and also considered in 

Ireland and   Kullback, (1968b) 

using a different algorithm, viz, adjustments of the marginals, 

The 2x2 contingency table gives seedling counts 

on self-fertilised heterozygotes for two factors in 

maize. Starch v. Sugary and Green v. White base leaf. 

Table 

Green White 

Starchy 1997 " 90(5 25Ö3 

Sugary 904 32 936 

2901 938 3839 

In accordance with genetic theory, the marginals 

should occur in the ratio 3 to 1 and it is desired to 

calculate an estimate consistent with the genetic theory 

and test whether the observed values are consistent 

therewith. 

The C matrix and e are 

11 12 21 22 

u) 1 2 3 4 e 
1 1 
1 1 
I 0 

1 
0 
1 

1 
0 
0 

i 
.75 
.75 
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x = D  - -x 

1997  0  0 0 
0 906 0 0 
0   0  904 0 
0   0  0 32 

ün x = 7.599401 
6.809039 
6.806829 
3 465736 

C x = % 

N  =   3839 

1     1     1     1> 
110     0 
10     10; 

S   = C   D  x — 
/3839 

C'   =     2903 
\2901 

2903 
2903 
1997 

3839 
2903 
2901 

-22. -  ( 
2903 
1997 

1997^ 
290lJ 

/2903\ 
\290l) 

1 (2903       2901) 

- ( 
2903       1997\ /2195.2094       2193.6971 
1997       290V      "   V2193.6971       2192.1857. 

= (- 
707.7906 
196.6971 

-196 
708 

.6971\ 

.8143/    ' 

(0 \ *    A 

J j ,   d = Ne-Ne 

_/2879.25\       /2903\ 
~V2879.25/   ~ 1.2901/ 

/-23.75\ 
" \-21.75>' ' 

-'% 

S"1 -22.1 
1 

Det 

708.8143  +196.697.1 \ 

^+196.6971 707.7906 
, Det « 463002.3496 
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-( 
.00153 
.00042 

.00042\ 
,(10153,/ 

CO) /. 00153 
^.00042 

,a0Ü42\    /-23,75\       /-,0454725\ 
.00153^    ^21.75/ "  U.0432525^ 

Ctau)(11   =   f--0454725\ Itauj -   ^0432525,1 

CA Ctau) (1)   _ 
-.0454725^ 
-.0432525 ,088725 

,0454725 
,0432525/ 

0 

An y(1) (1) 

in y(1) (2) 

in y(1){3) 

An y(1) (4) 

7.599401 

6.309039 

6.806829 

3.465736 

.088725 

.0454725 

.0432525 

0 

7.510676 . 

6.763567 , 

6.763576 / 

3.465736 » 

y(1) (1) = 1827.448 / 

y(1) (2) = 865.733  » 

y(1) (3) » 865.733 , 

y(1) (4) = 32.000 r 

y111 (l) + ...+y(1) (4) = 3590.914 / 

L(1)
 » to 3^0?914 = 0.066805 , 

.^l 

in x(1)(l) = 0.066805 + 7.510676 = 

In  xC1) (2) = 0.066805 + 6.763567 = 

In  xC1)C3) - 0.066805 + 6.763576 = 

in  x(11C4) = 0.066805 + 3.465736 = 

7.577481, x(1)(1) 

6.8303'72f x
(1) (2) 

6.830381, x(1)(3) 

3.532541, x(1) (4) 

1953.701 , 

925.535 , 

925.543 » 

34.211 » 

X2 = (-23.75, -21.75) (Z^J^^) = 2.021 . 
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Retaining two decimal places we ta.k.e 

x*a) « 1953,71 - x*ai), 

x*C21 * 925,54 = x*C12), x*Cl.) = 2879.25, 

x*(3) = 925.54 = x*(21), x*t.l) = 2879.25, 

x*(4) 34.21 = x*C22). 

3839.00 

Since d(1>  - (°) , 

^ 

and there will be no change in the estimate 

by  further  iteration. 

2lCx*:x)   =  2(1953.7Un 1953.71 
1997 + 925.54Jln 925.54 

T06 

+  925.54An 92^^4   +   34.21Jln 35^) 

2(-42.8174  +  19.7492 +  21.7946 +  2.2846) 

2(1.011)   =  2.022   . 
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4.  k-samples 

The extension of the previous single sample discussion 

to the case of k-samples makes use of an approach due to 

Gokhale (1973). 

Consider the k discrete spaces ft., i=l,2,...,k, 

where we designate the "points" or "cells" of ß. by 

^(j) f j = l,2,...,fii ÜK = (Wi(l) f... ,Wi(ßi)) .  We use fti 

to represent both the space and the number of "cells" 

in it.  Let gi = (p^fc^U)) ,... ^(^(JK))) » i=l,...,k, 

be k sets of probability distributions defined respective- 

ly over ft., i=l,2,...,k.  Let £' = (gi r • • •/gO be a 1 x ft 

matrix, where ft = ft,+ft0+...+ft1 .  Let P be the collection ' 12k 

of all such matrices (vectors) ja.  For a given 

2L' = ^Hi' • • •'Lc^ e^ anc^ E-e^ t'le generalized discrimination 

ini-ormation is given by 
ft. 
i 

C4.1)  I(p:7t) « V w. X  p, (w. (j)Hn(p. (w. (j)/Tr (u) (j))), 
i   j=l x    ± x    x ^     x 

where the constants w. are known and are such that 

y w. = 1, 0<w.<;l.  Let us denote the elements ("points" 

or "cells"! of ft = ft1+ft2+...+ft. by (j)(ij) ,i«l,... ,kf j=l,... ,ft., 

so that udl) ,... ,(jü(ift.) are the components of ft belonging 

to ft.. 

-yl 
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The minimum discrimination information estimate 

is the value of ja which, minimizes the generalized dis- 

crimination information in  C4.ll  over the family of 

g/s which satisfy the restraints 

(4.2)     B £ = 6  , 

where B is   (k+r)xfi,  £ is ßxl,  £ is   (k+r)xl  and the rank 

of B is k+r<fi.    We shall now transform the problem to a 

canonical  form similar to that of the single sample case 

Let 

(4.3)    W.   be an fi.xfi.  diagonal matrix with diagonal 

elements w., 

and 

(4.4)     W = 

W,   0   .   .   .   0 

o    w2.   .   .  0 n x Q     , 

o   o . . . y^ 

(4.5)     P = W £,  P,= (P(U)(11) »...»PCwd^) f...,P(ü)(kl)) ,...,P(w(k,fik))) 

(4.6)   n = w u, n» = (n(a)(ii) r...,n(ü)(kßk))), 

(4.7)     C = 3 w"1,  C is   (k+r)xn,  W-1 = V . 

-.^l 

We note that 

ß. 

(4.8)     ^P(w)  =    l    w.p^üj  (j)) + .. 
ß j=l    * i     '• j=l     K   K     K 

"      "1 '    •   •   •   ^      ''I-      "^       •       / 

.?12 
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n. «k 
(4.9) J IlCw) = I      V1TT/(

Ul^J,+*,,+ .1      ^k^k^ )) 

ft. k  Mi w.p. Cw. Cj)) 
(4.10) I(E:n) = J^ ^ W.p.U.fj))^ w^^{j)) 

= ^P(a,Un rof= I(P:n)' 
C4.11) B £ = B w-1 W £ = C P = e . 

In terms of the canonical transformation the 

k-sarople problem may now be formulated as finding the 

m.d.i. estimate PMu) minimizing 

(4.12) I(P:n) = I 
Q 
PU)«n^f, 

subject to 

f 

\ 

(4.13) c P = e , 

where C is (k+r)xJ2, P is ßxl, £ is (k+r)xl and the rank 

of C is k+r<fl. Paralleling the discussion of the single 

sample case, with appropriate modifications, we denote 

the elements of the matrix C by C-(u), i=l,...,k,k+l,... ,k+r, 

w=ll,...,lß, ,....kl,...,kß. .  We may write (4.13) as 

(4.14) ^ c,. (a))P(w) » e., i=l,.../k,k+l,... ,k+r. 
a   * 1 

We shall usually assume bi(w.(j))=1,j=l,... ,n.,i=l,... ,k, 

r .>] 

\ 
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and zero otherwise, that is, 

(4.15) c^C«! ~ v^ for w-il,,.,,!^, v^ P ^/^^ 

= 0 otherwise, i=l,2,...,k, 

6. — 1, x—l,2,...,k. 

In accordance with the m.d.i. theorem we have 

(4.16) In  ^gf = Alcl(ü,) + ---+Xkck(<i,)+Xk+l
ck+l(ü), + ---+Xk+r

ck+r
(a,)' 

Oü =11, . . . »kflj. 

We now partition the matrices as follows: 

/£l\ (4.17) C "lc I i  where C, is kxfi, C, is rxft, 

(4.18) 6 -/QJ , where 1 is a kxl matrix of I's, 6* is 

rxl that is, C^ P = 1, C2 P = £*. 

If we have k samples corresponding to n.,..,,^. 

where the sum of the observations  in the i-th sample 

is Ni  and N = 1^ + N2+...+Nk,   then w,   - Nj^/N , Jl 

(4.19)   x*(a))   = N P*(ü)), 

(4.20)   X(ü))   = N  11(a)), 
ft n. 

(4.21)   ? xCa»   =    I    N,  -4  +...+    I     N.   -g  
fi j=l     ■L    Nl j=l     K    Nk 

=  NJ^+^.+NJ^ =  N. 
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The minimum discrimination information statistic 

JLS 

(4.22) 2l(jc*:xl  = 2mü?*jJU   = 2 J x*Cw)Än ^p- , 

2 which is asymptotically distributed as x with r degrees 

of freedom if the observed values satisfy the hypothesis 

or model implied by (4.2) or (4.13). If we set 

(4.23) CNn=cx=N£, $=(gl, where x is ßxl, 

1 is a kxl matrix of 1's, 6 is rxl, 

then the quadratic approximation to 2l(x*:;<) is given 
2 

by the minimum modified x with rD.F., 

(4.24) x2 = (Ne*-Ne)'s22>1(N0*-Ne)f 

where 

(4.25) S CDxC' 

^2^1 

0,0 c'\ —1-x—2 

C_D Ci, —2—x—2/ 

/. 

-11 ^12 

-21 -22' 

where S,, is k x k, Slj = S21 is k x r, S. 21  -21 -22 is r x r 

and ^22.1 " ^22"-21-ll-12. 
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An elementary example illustrating the 21 Cx  :x) 

quadratic approximation using the several  sample 

approach. 

Suppose we have observed two binomial samples 

x(ll)f  x(12),  x(ll)   + x(12)   = Vi1, 

x(21),   x(22),   x(21)   + x(22)   = N2 , 

and we want to test the null hypothesis that p(ll) = p(21/ 

The set up corresponding to Bp = 9 is 

11 12   21 22 

at : 1 2 3 4 e 

1   1 1 0 0 i 

0 0 1 1 i 

1 0 -1 0 0 

Using V1 = i = N/N^ V2 = i = N/N2, N = 1^ + N2, 

the transformation to CP = 6 is 
Jl 

a) : 

11 12 21   22 

1 2 3 4 6 

vl Vl 0 0 1 

0 0 V2 V2 1 

vl 
0 

-V2 
0 0 

We must compute CD C* , that is 
—-—-X— 
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lvx     vi     0       0 

0       0       v2     V2| 

v1    0     -v2     0 

^xdl)     0 0 0 

0     x(12)      0 0 

'v1    0       v1 

v1    0       0 

o      o   x(2i)   o    no    v2 -v2 

0 0     x(22)/ \o       v,     0 

'vJuUD   +  x(12)) 

0 

vjx(ll) 

0 vjx{ll) 

v2(x(21)   + x(22)) -v2x(21) 

-v2x(21) vjx(ll)   + v2x(21)^ 

We now find 

S22.1 = vlx(11)   + V2X(21) -   (vjxdl) ,   -v2x(21); 

^1    0 

0     v2N, 

v^x(ll) 

•v2x(21) 

:■ 

= v^xdl)   + v2x(21)   - 
vjx2(ll) 

-   V 
2 x^(21) 
2       N0 

= v2x(ll)(l-^)+v2
2x(21)(l-^-). 

r^-J 

But 

d = 0  -   (v^dl)   - v2x(21)), 

hence   X2 = d'S^^d    is 
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CVjXdl)   - V2x(21)) 

~ ^xUD fl  "    N 

xtllL\   + v^xt21)    /I 

h 

/Nx(ll)   _ NX(21)\ 
(-iq—     N2    ) 

l^^.-xcn,^ x(21) 
No 

i^ 

) 

^p(ll)   -  P(21)I 
gdD^dl)    .   ^(21)4(21) 

^T" , ^iD = ^l' vw = 1-p(11)' 

;(21)   =  *L21).,   q(21)   =   1-P(21) . 

See KullbacK (1959, p. 311), Snedecor and Cochran (1967, p. 496). 

11 
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5.  An iterative comouter alaorithm - k-samolfts 

Por convenience Ccomputer-wiae) we yha,ll use n. 

for ß. and n for flf that is, n = n1fn2+., .fn,, where 

n. is the number of "cells" in the i-th sample whose 

total number of observations is N. . 

(5.1)  C P = 9,  C =1 _,■"" I , C, is k x n, C9 is r x n, 

£=\6*l    flisakxl matrix of ones,   6*  is  r x li 

I 

(5.2) Cx = N^, ^ = l^),lisakxl matrix of ones, 

6_ is r x 1 y 

(5.3) D is n x n diagonal matrix of observations, 

(5.4) S - C D C »(        , S,, is k x k, S'  = S,, is k x r, 

U2I §.22/ 
S22 is r x r , 

(.5.5)  ^^ = S22 - S21S11S12 , 

(5.6)  A ■ N^-N^i = 1,1,0 is akxl matrix of zeros, 

d * Ne*-N0 is r x 1 , ^ /l 

(5.7) tW   = S-W   d^ f  3=0,1,2,... 

Let JJI y denote an n x 1 matrix and in x the n x 1 

matrix of in xCl),...,£n x(n), 

(5.8) Ctay) Cj+1) = (tau) (j)+t(j) ,   (tau) (j)=0  for j=0, 

3=0,1,2,...   , 
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C5.9)    ^n yCjl  « ^n x + C^(tau) (;jl ,  ^lf2f...   l 

.CJ) 
C5.J,QI jr^ai,,.,,^ (nil ^if2f y) 

'Sr*    " I    y^'Cwl   for w the n,   values  in the first set 

C5.U1    « 

Sj^1  = I     yÖl (wj   for OJ  the n    values  in the k— set, 
n 

N.. 
C5.12)  vh L^j)  = M^-1'   - An -jjy ,  h=l,2,...,k, 

(5.13)   An x^1 (u)  = Mj^+An y^ ((D) ,   for w  in set h-1,2,... ,k, 

j-*»*»•••   t 

(5.14)   x(j)(l) ,...,x(j)(n),   j=l,2,... 

In step (5.7) , j=0 corresponds to the values computed 

in steps (5.1) to (5.6) using x and j=l,2,... corresponds 

to the procedures in steps (5.1) to (5.6) however using 

the values x^'(1) ,... ,x^ (n) in step (5.14).  Note that 

in step (5.9) jja x is always composed of the initial 

values x. 

The iteration is continued until the maximum value 

of the absolute values of the differences between successive 

iterates is less than a specified small value. 

The final iterated value x ^ is the m.d.i. estimate 

x* and 2I(x*:x) is computed with r degrees of freedom. 

2 2 If the min. mod. x estimates and the min. mod. x 
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value are desired the program continues and computes , 

/s12 d 

\ä.22.X ^ 

(5.16) ü =  C'   A. =  C'CC Dx C')"1  A , 

(5.17) x=x + D     y =  x + D    C'CCD     C')"1   A   . 
— — —X   — —        —X   — X   — —   ' 

= *'  lu.l I' 

The x in   (5.17)   are the minimum modified  x    estimates 
2 

and X    in   (5.18)   is the value of the minimum modified 
2 

X   with r degrees of freedom and is  the quadratic approx- 
2 imation to  2l(x*:x).     Note that X    in   (5.18)   can be 

computed without getting x. 

xy| 
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6.  Computer Programs 

A basic program using the marginal fitting technique 

was prepared by Professor C. T. Ireland of The George 

Washington University.  The current version in The George 

Washington University Computer Center is CONTAB III. 

A modification of CONTAB was prepared by Marian Fisher. 

This program is in The George Washington University Computer 

Center as CONTABMOD.  It provides as output, in addition 

to the estimates and their logarithms, the design matrices, 

values of the taus, and the covariance matrix of the taus. 

The following programs are applicable to problems as 

described in the preceding chapter, as well as the "smooth- 

ing" or fitting problems.  These programs were compiled by 

John C. Keegel and are in The George Washington University 

Computer Center. 

For its interest we first illustrate the marginal 

fitting algorithm for the two-way marginals of a three-way 

table. 

~JM 
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1.  Iteration, marginal fitting algorithm. 

Tne values of tne p*-taDle can De computed Dy an Iterative 

scneme wnlcn adjusts tne n-table to satisfy successively tne given 

marginal restraints. For a tnree-way table vmen all two-way marginals 

P(iJ«)» Pli'K)» P(«JK) 
are given, tne Iteration cycles tnrougn 

P(1JK) - Pii±lp(ijK) 
( a B ; 

•P(1J.) 

(3«+2)     (.        \   (»«+1) 
(1)  p(ijK) - Pii^p(ijK) 

p(i.K) 

C3«+3)   ,   »  (i»+a) 
P(IJK) - £Lili P(IJK),  n - o,i,... 

(3i+a) 

P(.JK) 

(0) 
wnere p(ljic) may De 1/rcd or p*(ijK). For a four-way taDle wnen 

all tnree-way marginals p(ijK.)) p(lj.t), p(l.K*0, p(.JKt) are 

given tne iteration cycles tnrougn 
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(2) 

P(ljKt) 

(4 »+a) 
p(ljKt) 

(4 n + 3) 

P(iJK.)  I* ") 

P(1JK.) 

P(lj-t)   ( * » + ! > 

(4- + l)  P^^) 

pUj.-t) 

-TTTTTTP^
1
^) 

p(l.fct,) 

p(ljict) - ^. '_ P(lJ^) 
(4»+3) 

p(.JKt) 

(O) 
wnere p(ljitt,) may De l/rstu or p*(ljK^) or p*(ljiet). It can De 

snown tnat tne Iteration converges to p* and p* Is unique 

Altnougn tne above iteration      nas Deen In terms of 

proDaDillties, in 

practice it nas Deen found more convenient not to divide everytning 

Dy n and tne iterations are carried out using 

observed or estimated occurrences nrT(ljKt)-n/rstu,x(i...) ,x(ij ..), 

etc., x* (ijitt)««np* (ijict), and in fact our suDsequent discussions 

will DO in terms of oDserved or estimated occurrences.  In certain 

cases wnen tne estimates can De given explicitly in terms of specified 

marginals tne Iteration is completed after tne first cycle, for 

example, given tne oDserved one-way marginals xf(ljK't)- 

X(1...)X(.J..)X(..K.)X(...t)/n3. 

Jt 

Usually 5 to 7 cycles nave Deen found to De sufficient to oDtain 

agreement Detween marginals to wltnin 0.001 wnen more tnan one cycle 

Is required. 

It may De nelpful to elaDorate somewnat tne iterative algoritnm 

given in (i)  in terms of occurrences as follows: 
(O) 

1. Start witn x(ijK) - n/r.c.d. 
(0) 

2. Compute tne marginals oc(lo.)« 
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(0) 

3. Adjust X(1JK) Dy tne ratios of tne ooserved marginals x(lj.) 

to computed marginals x(lj.). Tne adjusted entries are X(1JK). 
(i) 

4. Compute tne marginals x(i.K). 
(i) 

5. Adjust x(ijK) Dy tne ratios of tne ooserved marginals x(i.K) 
(i) 

to tne computed marginals X(1,K).  Tne adjusted entries are 
(3) 

x(ijK) . 
(2) 

6. Compute tne marginals X(.JK). 
(2) 

7. Adjust X(1JK) by tne ratios of tne observed marginals X(.JK) 
(2) 

to tne computed marginals X(.JK).     Tne adjusted entries  are 

x(ijK)  and one cycle is completed. 

8. Continue tne procedure from steps  (2)  tnrougn (7)   above uslivj 

x(ijK)   as tne starting entries. 

9. Continue tne process until tne tnree  sets of ooserved marginals 

agree to witnin tne specified tolerance. 

We snail illustrate tne Iterative algoritnm    (1)     witn Cocnran's data 

(1954)    for tne  2x2x3 Table      1. 

TABLE 1 

Data on number of motners witn previous infant losse: 

3irtn Order Number of motners witn 
losses     no losses 

2 

3-4 

5+ 

Problem 
Control 

Problem 
Control 

Problem 
Control 

xflll 
x(211 

x(112 
x(212 

x(113) 
x(213) 

20 
10 

26 
16 

27 
14 

x(121 
x(221 

x(l22 
x(222 

82 
54 

41 
30 

x(123)   - 22 
x 223    - 23 

x (. J K) 
30     4^ ■■ 41 

Tne sets of observed marginals are 

y(ij.) 
7:1     145 

40      107 136     71      45 

We snail find tne values of x*(ijK)  fitting tnese marginals. 
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(0) 
Using x{ijk) = 365/(5! x 2 x^3) = 30.416 the sequence of 

values in Table 2 is obtained.  After the first cycle, the 

"resemblance" between x(ijk) and the final values xt(ijk) is 

already evident, and the tolerance requirement of 0.001 is met 

after 5 cycles. 

i^ 

'/ 
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2.  KULLITR 2 

KULLITK 2 is the computer program that performs the steps 

and procedures described in Chapter 5, sections 

4.  k - samples, 5. An iterative computer algorithm - 

k - samples. 

The program is flexible and can accomodate a variety of 

experimental situations.  In some problems the value of Ne_ may 

be determined from some known distribution x by N6^ = C x.  In 

such cases it is not necessary to supply NB but furnish x and 

the program computes N9 = C x.  For k - samples it is not 

necessary for the analyst to compute the appropriate weights v 

and the matrix W, since if the user provides the B matrix the 

program computes C = B W .  Of course if the user desires to 

use arbitrary weights not rele id to the sample sizes one may 

have to supply the C matrix since in such cases the program 

cannot compute it.  In those cases where N6 is provided by 

"external" hypotbesep the program will also compute the minimum 

modified chi-squared estimates unless the user specifies other- 

wise.  By properly setting appropriate parameters, in the case 

of complete contingency t  les, cells will be coded lexicograph- 

ically as in other prr - • xou    or contingency table analysis. 
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The information that must be supplied to the program is 

divided into three segments: 

(1) Parameters 

(2) Factor names 

(3) Table data and constraints 

The parameter list (1) must be followed by ; .  The factor 

names (2) must be followed by ; . 

For segments (1) and (2) the 

parameter name followed by = followed by the parameter value 

must be punched on the cards.  The parameters must be separated 

by a blank; however the order of punching the parameters within 

segment (1) is not important.  In segment (3) , only numerical 

values are punched» and the numbers must be separated by blanks, 

Observed values of zero are punched as 0 but the program treats 

them automatically as 0.000001. 

JCL Instruction 

1. // Standard Job Card 

2. // EXEC PL1XG, DSN = ,Ü.ST6630.IRELAND; PROG=KULLITR2 

3. //GO.PUNCH DD SySOÜT=B, DCB=(RECPM=F, BLKSIZE=80) 

4. //GO.SYSIN  DD* 

(1) Parameters 

(2) Factor names 

(3) Table information 

5. /* 
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The cards numbered 2,3,4,5 above make up the EXEC program. 

Card 3 is necessary only if punched output is desired and may 

otherwise be omitted. Card 5 followr the parameters, factor 

names and data and indicates the end of the run. If several 

jobs are to be run, the parameters , factor names and table 

information for each may be separated by a blank card and card 

5 of the EXEC program placed at the very end. 

(1) Parameters - * items are mandatory 

PARAMETER DEFAULT EFFECT 

TITLE - 'NAME' 

(Title name must 
be in apostrophes) 

*OBS = n 

*CNSTRNT « m 

CARDS = _ i • B 

FACTORS = number 

0 

0 

O'B 

Identifies the run by name. 

The RHS must be in ' '. 

The number of different "cells" 

All the constraints imposed on 

the final distribution. If £ 

is an mxn matrix then OBS=n 

and CNSTRNT ■ m 

'I'B causes the final distribu- 

tion to be punched on cards and 

included as part of the output. 

The number specifies the dimen- 

sions of a contingency table and 

causes the cells to be coded 

lexicographically. 

J 
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PARAMETER DEFAULT EFFECT 

NUMSET » k 1 The number k is the number of 

samples in the k - sample problem. 

INTERNAL = ' 'B •l'B 'I'B causes N£ to be calculated 

as C x from a user supplied 

distribution x.  'O'B implies 

that No will be supplied. 

MATDIF = ' 'B 'O'B •I'B implies that ill conditioned 

matrices appear and inverts with 

special procedures.  'O'B uses 

standard procedures and will 

apply in most cases. 

TOL 1 = .01 TOL 1 is the maximum absolute 

difference allowed for NO-NO for 

the first k constraints in a 

k - sample problem.  The tolerance 

value should not involve more than 

6 digits. 

TOL 2 = .01 TOL 2 is the maximum absolute 

difference allowed for the last r 

components of Nö-NS.  (See TOL 1) 

TOPCOUNT = 15 If the program does not converge 

(satisfy TOL 1 and TOL 2) after 

the number of iterations specified 

f 
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PARAMETER 

BMAT = ' 'B 

DEFAULT 

• n i O'B 

AOK = ' 'B 

./ 

'l'B 

UNIF = ' 'B l'B 

EFFECT 

by TOPCOUNT, the tolerances are 

relaxed by moving the offending 

tolerance one decimal place to the 

left in steps of 5 iterations. 

If BMAT = 'l'B the program expects 

only the B matrix to be supplied 

and will compute C = B W    If 

BMAT = 'O'B the C matrix must be 

supplied. 

If AOK = 'l'B the program computes 

the minimum modified chi-squared 

estimate.  In this case INTERNAL ■ 

'O'B.  AOK = 'O'B suppresses the 

minimum modified chi-squared esti- 

mate.  Should be used if the matrix 

S »CD C' will cause problems 

in the attempt to invert it. 

This parameter applies only when 

INTERNAL ■ '1'B.  If UNIF = 'l'B, 

the initial distribution in the 

iteration will be the uniform 

distribution and need not be 
supplied, the program computes 

it.  If UNIF-'O'B the initial 

distribution for the iteration 

must be supplied. 

Jll 
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PARAMETER 

CONDIF B 

LISTS = ' ' B 

FTRSTEST = ' 'B 

DEFAULT 

'O'B 

•O'B 

• 1 « l'B 

EI'TECT 

CONDIF ■ 'l'B is used if there 

will be difficulty in convergence 

particularly when initial distri- 

bution is uniform and table is 

large or cell entries have a 

wide range. Make TOPCOUNT 

large if used. 

•l^B lir^s the S matrix 'O'B 

suppresses the listing of the 

S matrix. 

'O'B suppresses listing first 

estimate, 'l'B lists the first 

estimate. 

THE PARAMETER LIST MUST BE FOLLOWED BY ; 
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(2) Factor names 

This segment is used only if FACTORS > 1.  Each factor name 

in '   'is preceded by FACNAME (f) -    where f is the factor 

number.  For example, for a 2x2x2 table where the first factor is 

time, the second factor is cutting and the third factor is 

mortality  we have 

FACNAME (1) = 'TIME' 

FACNAME (2) = 'CUTTING' 

FACNAME (J) = 'MORTALITY' 

This segment is optional and if used must terminate with ; . 

If not used ; must still be supplied only if FACTORS > 1. 

(3) Table data and constraints 

In this segment only the numerical values must be supplied follow- 

ing the indicated sequence. 

Levels.  If FACTORS > 1 and we have a 5x6x2 contingency 

table then the numbers 5 6 2 are punched.  If we had a 4x3x2x2x2 

contingency table then the numbers 4 3 2 2 2 are punched.  If 

we had a 12x2x2 contingency table then the numbers 12 2 2 ate 

punched.  If FACTORS - 1 no values are punched. 

PARTITION NUMBERS. If NUMSET > 1, that is f k. - samples, 

then the number of distinct observations or cells in each set 

must appear.  These will add to the number of columns of the 
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C matrix.  For example if NUMSET = 3 with 16 observations in 

sample 1, 4 observations in sample 2 and 4 observations in sample 

3 than the numbers 16 4 4 are punched.  (The C matrix has 24 

columns).  If NUMSET = 4 with two observations in each set then 

the numbers 2 2 2 2 are punched (the C matrix has 8 columns). 

If 

The B or C matrix by rows. The B matrix if BMAT = 'I'B, 

anü the C matrix if BMAT = 'O'B. 

The observed values must be punched in lexicographic order 

corresponding to the columns of the C matrix. Observed values 

of zero are punched as 0 but the program au-omatically treats 

them as 0.000001. 

1 

N£.  This is supplied only if INTERNAL = 'O'B.  The number 

of values must be the same as CNSTRNT ■ m, that is, the number 

of rows of the C matrix. 

The initial distribution for the iteration. To be supplied 

only if INTERNMi = 'I'B and ÜNIF = 'O'B. 
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Remarks.  In the cases when INTERNAL = 'O'B, the output 

2 
includes X the minimum modified chi-squared value (the quadratic 

approximation to 2l(x*:x)) and 2I(x*:x) where x* is the minimum 

discrimination information estimate and x the observed values. 

2 
Both X and 2l{x*:x) are asymptotically distributed as chi-squared 

with r = m-k degrees of freedom. 

2 
In the cases when INTERNAL = '1'B, the output includes X , 

the chi-squared approximation to 2l{x*:x) where now x is the 

initial distribution of the iteration, and also 2l(Z:x*) where 

2 
Z is the observed distribution. The degrees of freedom for X 

and 2I(x*:x) are (m-k)-(m,-k) = m-m' where the C matrix for the 

determination of the initial distribution is m' x n. The degrees 

of freedom for 2l(Z:x*) are n-m where the C matrix is m x n.  In 

this case we also have the analysis of information relation 

2l(Z:x) = 2l(x*:x) + 2l(Z:x*) 

n-m*      m-m*     n-m 

with the associated degrees of freedom.  The use of x for the 

initial and Z for the observed distribution should cause no 

difficulty in this case as the output specifies "Z IS OBSERVED 

TABLE AND X IS INITIAL DIST." 

' Jl 
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3.  DAÄRAT 

The generalized iterative scaling procedure described by 

J. N. Darroch and D. Ratcliff (1972), Generalized iterative 

scaling for log-linear models, Annals Math. Statist. 43, No. 5, 

1470-1480, extends the Deming-Stephan algorithm to cases in 

which the "design matrix" does not consist only of zeros and 

ones. A discussion of the procedure and the proof of the 

convergence of the iteration are to be found in the cited re- 

ference. We shall present an exposition of the iteration and 

a user's guide to the related computer program DARRAT similar 

to that for KULLITR 2. The basic concepts discussed for the 

analysis of k-samples are applicable here too. The basic 

difference with KULLITR 2 is the Iterative algorithm used. 

For convenience as a frame of reference we give the genera- 

lized iterative scaling algorithm as given by Darroch and Ratcliff. 

Let I be a finite set and let p - [p(i) ;iel,p(i)>0,  E p(i)=l] 
iel 

be a probability function on I. Suppose that p is a member of a 

family of distributions satisfying the constraints. 

I  b .p(i) » k ,s = 1,2...d I  p(i) - 1 (1) 
iel sl      8 iel 

where for all s there exist iel such that b .^0.  The constraints 
si 

in (1) may be reformulated into the equivalent canonical form 
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E a .p{i) = h ,r = 1,2,...c , 
iel ri 

(2) 

a -=0,  Z a . = Ifh >0, L    h = 1 , 
ri   r-1 ri r=l 

by defining 

Si " W1^' a11 i' 
h. - ta(u +k ), s«l,2,...,d , 
8     S   S   S 

(3) 

where u -0, t >0 are chosen to make 

a .>0 and Z a .<1 for all iel. 
81= 3*1 Sl= 

If  E a .=1 for all i define c=d, otherwise define c=d+l and 
s-1 sl 

let a , - 1 - Z  a ., h - 1 -  Eh. ci      a=1 si  c      s=1 s 

Now let J ■ [ir(i), iel, Tr(i)>0,  E Tr(i)<:l] be a subprobability 
iel 

function on I. The minimum discrimination information estimate 

p*(i), iel,.is that member of the family p satisfying the 

restraints (2) and minimizing 

(i) I{p;Tr)  =    I P(i)   itnEii 
~   ~ iel Trix' (4) 

and is given by 

-^ 

c 
Z a   .T 

ri r   , r-l (5) 
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where the T are parameters to be determined so that p*(i) 

satisfies the constraints (2). The values of p*(i) may be 

determined by the convergent iteration 

(n+1)    (n)   c / h  \ ari 
p(i)  = p(i)   TT | -TITI '   n=0,l,2,... (6) 

P
(0)(i) «.(i) .  h^n) =  Z arip

(n)(i). 
r     iel i 

I 
We remark that if we use the relations i=ü) , I=f2, k=e, 

b .-b   (w) , then the constraints in (1) above are the same as 
Si  a 

the constraints (1.2) in Chapter 5, section 1 or (4.2) 

in Chapter 5, section 4. 

DARRAT is a computer program that performs the steps and 

procedures of the Darroch-Ratcliff generalized iterative scaling 

procedure. The iteration will converge at a faster rate if 

instead of modifying the appropriate design matrix as a unit 

into the canonical form as above the design matrix is subdivided 

into blocks of related rows (similar to the notion of marginals) 

and each block reduced to the canonical form. The user must 

decide which rows of the design matrix are to be put into a 

common block and the program then converts these blocks to cano- 

nical form for cycles within an iteration. As in KULLITR 2 the 

program is flexible and can accomodate a variety of experimental 

situations.  In some problems the value of N6 may be determined 
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from some known distribution Z_  by N6=CZ.  In such cases it is 

not necessary to supply N9 but furnish Z and the program com- 

putes the restraints N6=CZ.  For k-samples it is not necessary 

for the analyst to compute the appropriate weights and the 

matrix W, since if the user provides the B matrix the program 

^       computes OBW . Of course if the user desires to use arbitrary 

weights not related to the sample sizes one may have to supply 

the       C matrix since in such cases the program cannot 

compute it.  By properly setting appropriate parameters, in 

S   the case of complete contingency tables, cells will be coded 

lexicographically  as in other programs for contingency table 

analysis. 

The information that must be supplied to the program is 

divided into three segments. 

(1) Parameters 

(2) Factor names 
f 

(3) Table data and constraints 

/ The parameter list (1) must be followed by ; .  The factor 
/ 

I 

names (2) must be followed by ;. Segment (2) is only used when 
In case FACTORS > 1 

the parameter FACTORS is > L.and factor names are not used the 

; must still be used.  In case FACT0RS=1 the ; must not be used. 

For segments (1) and (2) the parameter name followed by = fol- 

lowed by the parameter value must be punched on cards. The 

parameters must be separated by a blank. However the order of 

punching the parameters within segment (1) is not Important. 
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In segment (3) , only numerical values are punched, and the 

numbers must be separated by blanks.  Observed values of zero 

are punched as 0 but the program treats them automatically 

as 0.000001. 

JCL Instructions 

1. // Standard Job Card 

2. // EXEC PL1X6, DSN=IU.ST6630. IRELAND1, PROG=DARRAT 

3. // GO.PUNCH DD SYSOUT = B,DCB = (RECFM = F, BLKSIZE = 80) 

4. // GO.SYSIN DD * 

(1) Parameters 

(2) Factor names 

(3) Table data and constraints 

5. /* 

The cards numbered 2,   3,   4, 5 above make up the EXEC program. 

Card 3 is necessary only if punched out put is desired and 

may otherwise be omitted.  Card 5 follows the parameters, 

factor names and table data and constraints and indicates the 

end of the run.  If several jobs are to be run with one 

execution of DARRAT, the parameters, factor names table data 

and constraints for each may be separated by a blank card 

and card 5 of the EXEC program placed at the very end. 
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(1) Parameters - * items are mandatory 

PARAMETER DEFAULT EFFECT 

TITLE « 'NAME' 

(Title name must be 

in apostrophes) 

*OBS = n 

*CNSTRNT = m 

CARDS 'B 

FACTORS = number 

in" O'B 

Identifies the run by name, 

The RHS must be in '   ' 

The number of different 

"cells" 

All the constraints imposed 

on the final distribution. 

If C is an m x n matrix then 

OBS = n and CNBTRNT = m. 

'I'B causes the final distri- 

bution to be punched on cards 

and included as part of the 

output. 

The number specifies the 

dimensions of a contingency 

table and causes the cells 

to be coded lexicographically 

J 
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\ 

i^ 

'/ 

PARAMETER DEFAULT EFFECT 

NUMSET = k 1 The number k is the number 

of samples in the k-sample 

problem. 

INTERNAL  = '  'B 'I'B 'I'B causes the restraints 

N£ to be calculated as C Z^ 

from a user supplied distri- 

bution Z^.  'O'B implies 

that No will be supplied 

TOL 1 ■ .01 TOL 1 is the maximum absolute 

difference allowed for 

N£ - Ne^ for the first k 

constraints in a k-sample 

problem.  The tolerance value 

should not involve more 

than 6 digits. 

TOL 2  = .01 TOL 2 is the maximum absolute 

difference allowed for the 

last r components of 

NO - N£ (See TOL 1) . 
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PARAMETER 

TOPCOUNT 

^ 

BMAT i i B 

UNIF B 

I 

\ 

DEFAULT EFFECT 

50 

O'B 

• i i l'B 

244 

J 

If the program does not 

converge (satisfy TOL 1 and 

TOL 2) after the number of 

irerations specified by 

TOPCOUNT, the tolerances 

are relaxed by moving the 

offending tolerance one 

decimal place to the left. 

If BMAT = 'l'B the program 

expects only the B matrix 

to be supplied and will 

compute £ = B w" .  If 

BMAT = 'O'B the C matrix must 

be supplied. 

This parameter applies only 

when INTERNAL = "l'B.  If 

UNIF = 'l'B, the initial 

distribution in the iteration 

will be the uniform distri- 

bution and need not be 

supplied, the program computes 

1/-,  If UNIF = 'O'B the 

initial distribution for the 

iteration must be supplied. 
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PARAMETER DEFAULT EFFECT 

BLOCKS = 1 Specifies the number of 

sets of rows of C to be put 

into canonical form for cycl 

ing through the iteration. 

THE PARAMETER LIST MUST BE FOLLOWED BY ; 

(2) Factor names. 

This segment is used only if FACTORS > 1.  Each factor name 

in '  'is preceded by FACNAME(f) = where f is the factor number. 

For example, for a 2x2x2 table where the first factor is time, 

the second factor is cutting, and the third factor is mortality, 

we have 

FACNAME(l) = 'TIME' 

FACNAME(2) ■ 'CUTTING' 

FACNAME(3) - 'MORTALITY' 

This segment is optional, and if used must terminate with ; If 

factor names are not used and  FACTORS > 1 ; must still be supplied. 

(3) Table data and constraints 

In this segment only the numerical values must be supplied 

following the indicated sequence. 

a)  Levels If FACTORS >1 and we have a 5x6x2 contingency table, for 

example, then the numbers 5 6 2 are punched.  If we had a 4x3x2x2x2 

contingency table, for example, then the numbers 4 3 2 2 2 are 

punched.  If we had a 12x2x2 contingency table, for example, then 

the numbers 12 2 2 are punched.  If FACTORS = 1, no values are 

punched. 
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b)  BLOCK numbers oratt if BLOCKS = 1.  The matrix C is divided 

into a number of sets of rows specified by the parameter BLOCKS 

in segment (1) .  The number of rows of C in each set (or block) 

must be specified.  These numbers must add to the number of 

rows in C (the value of CNSTRNT) .  For example if 

1 

C = 1 

1 

1 

0 

1 

1 

1 

0 

1 

0 

0 

we might specify BLOCKS ■ 3, treating each row as a unit and 

punch 1 1 1. There will be three cycles in the iteration. 

For example if 

1 

B = 0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

1 

0 

0 

-1 

0 

1 

0 

0 

0 

0 

0 

1 

0 

-1 

0 

0 

1 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

1 

0 

we would specify BLOCKS ■ 2,  treating the first four normalizing 

restraints as one block and the last row as another block and 

punch 4  1.  For example if 

^1 

B 
1 
0 

1 
0 

0 
1 

0 
1 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

1 
0 

1 
0 

0 
1 

0 
1 

1 0 1 0 1 0 1 0 

0 0 1 0 2 0 3 0 

J 
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we would specify BLOCKS = 3, treating the first four normalizing 

restraints as one block and each of the fifth and sixth rows 

as other blocks and we punch 4 1 1.  The Iteration would 

proceed through three cycles. 

c)  Partition numbers. If NUMSET > 1, that Is, k-samples, 

then the number of distinct observations or cells In each set 

must appear.  These will add to the number of columns of the 

C matrix.  For example If NUMSET = 3 with 16 observations In 

sample 1/ 4 observations In sample 2 and 4 observations In sample 

3 then the numbers 16 4 4 are punched.  (The C matrix has 24 

columns).  If NUMSET = 4 with two observations In each set then 

the numbers 2  2  2 2 are punched.  (The C matrix has 8 columns) . 

d) the B or C matrix by rows.  The B matrix If BMAT ■ 'I'B, 

and the C matrix If BMAT - 'O'B. 

e) The observed values must be punched In lexicographic order 

corresponding to the columns of the C matrix. Observed values 

of zero are punched as 0 but the program automatically treats 

) them as 0.000001. 

f) NO  .     This Is  supplied only If INTERNAL =   'O'B.     The number of 

values must be the same as CNSTRNT ■ m,  that Is,  the number of rows 

of the C matrix. 
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g)     The Initial digtrlbution for the iteration.     To be supplied 

only if INTERNAL =   'I'B and UNIF =   'O'B. 

In the cases when INTERNAL =■   'O'B,  the output includes 

2l(x*:x)  where x* is the minimum discrimination information 

estimate and x the observed values   (also the initial distri- 

bution of the iteration}.     21{x*:x)   has r ■ m-k D.F. 

In the cases when INTERNAL =   'I'B,  the output includes 

2I(x*:x)  where x* is the minimum discrimination information 

estimate and x is the initial distribution of the iteration 

and also 2I(z:x*)  where z is the observed distribution.    The 

degrees of freedom for 2I(z:x*)  are n-m where the C matrix is 

m x n and the degrees of freedom for 2l(x*:x)   are   (m-lc)-(m'-k)   ■ 

m-m' where the C matrix for the determination of the initial 

distribution Is m'xn.    In this case we also have the analysis of 

information relation 

2l(2:x)   «  2l(x*:x)   + 2I(z:X*) 

n-m'     m-m'      n-m 

with the associated degrees of freedom. The output carries the 

Statement "Z IS OBSERVED TABLE AND X IS INITIAL DISTRIBUTION." 
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4.  GOKHALE 

^ 

GOKHALE is a computer program that implements an algorithm 

presented by D.V. Gokhale (1972), Analysis of Log-linear Models, 

Journal Royal Statist. Soc. Ser. B» 34, 3, 371-376. The algorithm 

may be characterized as a method of steepest descent.  The algo- 

rithm calculates the minimum discrimination information (MDI) 

estimate that minimizes 

(1) I = Eptln (PtAt) 

subject to the restraints 

(2) C£ = 6. 

This is achieved by examining only estimates that satisfy the re- 

straints (2) and following the gradientA(l) in the direction of 

steepest descent.  The procedure converges to the MDI estimate. 

The program is designed to be as flexible as possible.  It 

accepts either complete or partial tables and weights the design 

matrix in the latter case if the user so indicates (gimilar to 

KULLITR2 and DARRAT).  Constraints are either supplied or the 

program will calculate them from a user supplied distribution. 

In the output are listed the values of the MDI estimate, the 

values of the parameters in the log-linear model, and the covari- 

ance matrix of the values of the parameters.  By properly setting 

appropriate parameters in the program, in the case of complete 

contingency tables, cells will ba coded lexicographically as in 

Jl 
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other programs for contingency table analysis. 

The  information  that must be supplied to  the program is di- 

vided into three segments : 

(1) Parameters 

(2) Factor names 

(3) Table data and constraints. 

The parameter list (1) must be followed by ;.  The factor names (2) 

must be followed by ;.  Segment (2) is used only when the para- 

meter FACTORS is greater them 1.  In cases FACTORS >1 and factor 

names are not used the ; must still be used.  In case FACTORS-l 

the ; must not be used.  For segments (1) and (2) the parameter 

name followed by - followed by the parameter value must be punched 

on cards.  The parameters must be separated by a blank space. 

The order of punching the parameters within segment (1) is not 

important.  In segment (3) only numerical values are punched, and 

the numbers must be separated by blank spaces.  Observed values 

of zero are punched as 0 but the program treats them automati- 

cally as 0.000001. 

JCL Instructions 

1. // Standard Job Card 

2. // EXEC PL1X6, DSN-'U.STöe30.IRELAND' , PROG=GOKHALE 

3. //GO.PUNCH DD SYSOUT=B,DCB= (RECFM=F,BLKSIZE=80) 

4. // GO.SYSIN DD * 

(1) Parameters 

(2) Factor names 

(3) Table data and constraints 

5. /* 
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The cards numbered 2,3,4,5 above make up the EXEC program. 

Card 3 is necessary only if punched output is desired and may 

otherwise be omitted.  Card 5 follows the parameters, factor 

names and the data and constraints and indicates the end of the 

run.  If several jobs are to be run with one execution of GOKHALE, 

the parameters, factor names, table data and constraints for each 

may be separated by a blank card and card 5 of the EXEC program 

placed at the very end. 

(1) Parameters— * items are mandatory 

PARAMETER 

TITLED NAME* 
(Title name must 
be in apostrophes) 

*OBS=n 

*CNSTRNT=m 

EPZ=numbei- 

CARDS=' 'B 

FACTORS=number 

NUMSET=k 

BEFAULT 

0 

0 

.0001 

EFFECT 

O'B 

Identifies  the run by name. 
The RHS must be in   ' '. 

The number of different  "cells." 

All the constraints imposed on the 
final distribution.     If C is  an 
m x n matrix then OBS=n and 
CNSTRNT=m. 

When  the  length of the gradient 
becomes  smaller than EPZ,  the 
algorithm is  deemed to have 
converged. 

'1'B causes  the  final distri- 
bution to be punched on cards  and 
included as part of the output. 

The number specifies the dimen- 
sions of a contingency table and 
causes the cells to be coded lexi- 
cographically . 

The number k  is the number of sam- 
ples  in the k-sample problem. 

^J 
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INTERNAL^   'B 

TOP COUNT- 

. 

BMAT= _ i   i B 

UNIF= w I I, 

MATDIF='   'B 

I'B 

36 

• ni O'B 

I'B 

O'B 

'I'B causes the restraints Nö^ 
to be calculated äs CZ  from a 
user supplied distribution Z. 
'O'B implies that N6 will be 
supplied. 

If the program does not converge 
(satisfy EPS) after the number of 
iterations specified by TOPCOUNT, 
then EPZ is multiplied by 10. 

if BMAT='1,B the program expects 
only the B matrix to be supplied 
and will compute the C matrix by 
weighting the B-matrix properly. 
If BMAT=,0,B tiTe C-matrix must 
be supplied. 

This parameter applies only when 
INTERNAL='1'B.  If UNIF='1IB, the 
initial distribution in the itera- 
tion will be the uniform distribu- 
tion and need not be suppliedr the 
program computes it.  If UNIF=,0'B 
the initial distribution for the 
iteration must be supplied. 

'I'B implies that ill conditioned 
matrices may appear and inverts 
with special procedures.  'O'B 
uses standard procedured and will 
apply in most cases. 

THE PARAMETER LIST MUST BE FOLLOWED BY A SEMI COLON 

} 
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(2) Factor Nantes 

This segment is used only if FACT0HS>1.  Each factor name 

in '   'is preceded by FACNAME(f)= where f is the factor num- 

ber.  For example, for a 2x2x2 table where the first factor is 

time, the second factor is cutting and the third factor is mor- 

tality we have 

FACNAMEUH'TIME'  FACNAME (2) = 'CUTTING'  FnCNAME (3) ='MORTALITY' 

This segment is optional and if used must terminate with ;. 

If not used ; must still be supplied only if FACT0RS>1.  If 

FACT0RS=1 no factor names are given and no semi-colon is punched. 

(3) Table data and constraints 

In this segment only the numerical values must be supplied 

following the indicated sequence. 

LEVELS.  If FACT0RS>1 and we have a 5x6x2 contirgency table 

then the numbers 5 6 2 are punched.  If we had a 4x3x2x2x2 con- 

tingency table then the numbers 4 3 2 2 2 are punched.  If we 

had a 12x2x2 contingency table then the numbers 12 2 2 are punched. 

If FACT0RS=1 no values are punched. 

PARTITION NUMBERS If NUMSET>1, that is, k-samples, then 

the number of distinct observations or cells in each set must 

appear. These will add to the number of columns of the C-matrix. 

For example, if NUMSET=3 with 16 observations in sample 1, 4 

observations in sample 2.and 4 observations in sample 3 then 

the numbers 16 4 4 are punched. (The C-matrix has 24 columns)%' 

If NUMSET=4 with two observations in each set then the numbers 

2 2 2 2 are punched (the C-matrix has 8 columns). 
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The B or C matrix by rows.  The B-matrix if BMAT=,1,B, 

and the C-matrix if BMAT-'O'B. 

The observed values must be punched in lexicographic order 

corresponding to the columns of the C-matrix.  Observed values 

of zero are punched as 0 but the program automatically treats 

them as 0.000001. 

^ 

N£.  This is supplied only if INTERNAL«'0'B.  The number 

of values must be the same as CNSTRNT=m, that is, the number 

of rows of the C-matrix. 

The initial distribution for the iteration.  To be sup- 

plied only if INTERNAL»'1'B and UNIP-'O'B. 

Remarks In the cases when INTERNAL»'0 *Bf the output in- 

2 
eludes X , the minimum modified chi-squared value (the quad- 

ratic approximation to 2I(x*:x)) *nd thß mi^iwum njodvfled chl- 

squared estimates which are used as the initial values in the 
2 

iteration, since they satisfy the constraints.  Both X and 

2I(x*:x) where x* is the MDI estimate and x the observed values 

are asymptotically distributed as chi-squared with r=m-k degrees 

of freedom. 
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5.  MATGEN 

/ 

MATGEN is a computer program that generates and provides 

punched card output of design matrices, the B or C matrices, 

for use as input for the programs KULLITR2, DARRAT, GOKHALE. 

We recall that the program CONTABMOD generates the design ma- 

trices for models fitting various sets of observed marginals for 

use in computing the tau parameters and their covariance matrix 

as part of the program output. 

By considering the string of the successive rows of the 

matrix as made up of vectors of appropriate sizes it will usual- 

ly be found that a relatively small number of different vectors 

have to be assembled to compose the matrix. 

The input to MATGEN consists of two segments.  The first 

contains parameter values and these must include parameter name 

followed by ■,  The second segment consists of a set of numeri- 

cal values that must be entered in a prescribed order. 

(1) Parameter xjist 

PARAMETER 

ROWS=m 

COLS=n 

VECTSIZES=k 

DEFAULT 

1 

1 

1 

EFFECT 

m is the number of rows of 
the m x n matrix 

n is the number of columns 
of the m x n matrix 

k is the number of different 
size basic generating vectors 

THIS PARAMETER LIST MUST TERMINATE WITH ; 
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(2) Numerical Values 

NUMBER SIZE LIST.  This Is a list of ordered pairs of numbers. 

The first of the pair is the number o* basic vectors whose 

size (length) is given by the second of the pair.  For example 

2 4   3 2 

means two basic vectors of length four and three basic vec- 

tors of length two.  For this case VECTSIZES=2. 

BASIC VECTOR LIST. The vectors must be entered according to 

the lengths specified in the NUMBER SIZE LIST.  All vectors of 

length four would be entered first followed by the vectors of 

length two. 

GENERATION LIST.  This list consists of pairs of numbers.  The 

first component of the pair is the number of successive occur- 

rences of the vector whose ordinal number in the basic vector 

list is the second component of the pair. 

JCL Instructions 

i.  // Standard Job Card 

2. //«EXEC«PLlX6rDSN-'U.ST6630.IRELAND',PROG«MATGEN 

3. //GO.PUNCH#DD#SYSOUT=B,DCB=(RECFM=FB,BLKSIZE=80) 

4. //GO.SYSIN«DD«* 

5. /* 
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Note that # represents a blank space.  Card 5 follows the 

numerical values and terminates the program. 

Example.  Suppose we want to generate the following matrix (Of 

course we would not use the program for such a matrix but would 

punch it directly.  However, it will illustrate the procedure.) 

1 1 0 0 1 1 0 0 
10 10 10 10 
0 0 10 10 0 0 
0 0 0 0 110 0 
1 0 110 0 1 1 
1 1 1 1 0 0 0 0 
0 0 0 0 1 1 1 1 

EXEC Cards 

ROWS=7     COLS»8     VECTSIZES=2   ; 

2  4        3  2 

1100        1010 

11       0   0        10 

2  1 

2  2 

14 1234     11 

15 11     3  3 

4   4     2   3 

/* 
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i 

Note that the vecters in ordinal number are 

1st    110 0 

2nd    10 10 

3rd    1 1 

4th    0 0 

5th    1 0 

It is not necessary that the elements of the matrix con- 

sist only of 0's and I's. Negative values may occur also. A 

vector may be 

.833333  .833333  0  0 

or 

0-10-1 

or 

0  12 

etc. depending on the problem requirement. 

i 

^ J 
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7. No Interaction on a.  Linear Scale 

in a 2 x 2 x 2 Contingency Table, 

1.  Minimum discrimination information estimation. 

Consider the population 2x2x2 contingency table 1 

Table 1 

B     j=l ß  j=2                | 

C k=l Y  k=2 C k=l Y k=2| 
km) 
K211) 

P(112) 

P(212) 

p(iii) 

P{221) 

P(l22) 

P(222) 

i=l A 

i=2 a 

The experimental procedure selects a fixed number of 

observations under the four possible combinations of the 

factors (B,ß), (C,Y) and determines the number of occurrences 

of (A,a) for each case.  In effect then the procedure is 

examining four binomials with 

(1)  PCljk) + P(2jk) « 1, j=l,2,k = 1,2. 

The corresponding observed values are shown in table 2. 

It is desired to test whether the observed values are 

consistent with a null hypothesis of no interaction on 

a linear scale, 
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Table 2 

J=.J, j^2 "    '         i 
k«X •' k^   ' kwr •■■k^2" 

i=l »am "kaui ' xUSli    ' xa221 
i=2 ict211) XC212) XC221) xC222) 

icC.ll) x(.12) x(.21) x(.22) 

that is 

(2)  H0: P(lll) - P(112) = P(121) - P(122) 

or P(lll) - P{112) - P(121) + P(122) 

x^ 

It 

■ 

We shall determine estimates for the cell entries 

subject to the null hypothesis and compare the estimated 

and observed values. The estimated table is given in 

table 3 where the X's are to be determined. 

Table  3 

1        j-1 j=2                          | 
lk=l k=2 k=l k=2            | 
klllD+Xj^ 

ic(211)-x1 

x(112)+x2 

x(212)-x2 

x(121)+X3 

x(221)-.X3 

x(122J+x4 

x(222)-X4| 

x(.ll) x(.12) x(.21) x{.22j 

i=l 

i=2 

We shall use the principle of minimum discrimination 

information estimation and thus determine the X's which 

minimize 
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xdlD + X. x(211)-X1 

x(112) + X, x(212)-A, 
•Kx(112) + X2)an x(ixs)    4(x(212)-x2))ln x(il^— 

x(121)+A                                   x(212)-X3 

(3)/+(x(121) + X3) An- -JYJY^—^ (x(212)-X3)iln-5jYJX^  

x(122) + X4 x(222)-Xi 

+ Cx(122)-l-X4)to x(122)     +^^22)-X4))ln-^I7y|  

XUID + X,        x(112)+X2     x(121)+X3       x(122)+X4 

^TC x(.ll) x(.12) x(.21) xTT275 

where T   is a Lagrange undetermined multiplier and   (2) 

reflected by the condition 

xdlD+X,       x(112)+X2       x(121)+X3       x(122)+X4 
(4)       x(.ll) Zum x(.21)       +    x(.2i)       = 0- 

Differentiating (3) with respect to X,,...,X4 leads 

to the "normal" equations 

r      xdlD+X]^    x(211)-X1     T 
ln    x(lll) in  x(2ll)   + ^TTTlT Y ' 

(5) 

x(112)+X. x(212)-X. 
y 

ln   x(112) " " Än x(2l2) ZUUT -  ö ' 

x(121)+X3    x(221)-X 
ln   x(l2l) ilx x(22i)  ~ TTTH 

3  ._— "3     t  = 0 ; 

Jtn 
x{122)+X4    x(222)-X4     T 

x(122) ln  x(222)  + 777527 = 0- 

There are a number of different iterative approaches to 

determine the solution to (5) but our interest here is to 

examine the relation of an approximate solution to other 

proposed methods. 
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Assuming that the ratio of the Vs to the observed 

values are small, vre use the approximations 

xtllim 
in 1 * xC2jLl)-X1 

tiiu    * xTim ' *n xinw snrnT ,  etc. 

. 

L^ 

in  (5)   and get 

xdii) + x(ni) + jrmr 0   -    > X(.ll) T 
0 " Xl x(lll)   x(211)  + x(.llj 

(6)< 

X2 .        X2 T 
x(112i + x(212)  " 5rmT) 

X3      X3     T 
x(121) + x(221) " x(.21) 

XA ^A 

x(122)   x(222T  xr,22) 

0 -X 

= 0 »X 

x(.12) T 
2 x(112) x(51i) " x(.12)  ' 

x(.21)      T 
3 xliti)   x(2ili " x(.21)  ' 

n ,X     xC.22)      T 
0  X4 x(l22) x(222) + x(.22)  * 

From (6) and (4) we have, introducing the notation 

x(lij) - x(.ij)p{ij), x(2ij)» x(.ij)q(ij)/ p(ij) + q(ij) = 1, 

f/ 

3 

C7) 

^T 

x(lll)x(211)   T 

(xt.ll))2 
= - p{ll)q(ll)T  , 

X2 =       x(112)x(212)   T .       p(12)q(12)T 

(x(.12)) 

xC121)x(221| 

(x(.21)) 

I rT 

x(122)xC222) 

Cx(.22))2 

p{21)q(21)T   , 

- pC22)qC22lT   , 

pUD   - PU2)   - pC21)   + pC22)   

x{.ll) x(.12) x(.2li xC.22) 
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Let us write 

Lr^ 

x*ciiii = xtiui + ^1, x*c2iii ^ 
C81 

xC2111 

x(2121 

-  * 1  ' 

x2 » x*U12)   = xai2)   + \2,  x*t212) 

etc. 

where  the  X's satisfy   (5). 

If we also  use  the approximations 

x(lll)+X, x(211)-X1 
C9)     2{{x(lll)+X1)   An      x<111^1 +   (x(211)-X1)   In      x(211^   } 

x2 
-x2   /       3.       . 1     .   .  .?■ x(.ll) _ 1 
-Xl   (x(lll)   +  x(211))        Xl  x(lll)x(211)   " x(.li)p(ll)q(ll) ' 

then we get  for the minimum discrimination  information 

statistic 

x*(ijk) (10)      2l(x*:x)=2^   I   I   x*(ijk)Jln j^g 

. 
'/ 

-T 
1.   p(ll)q(12)        p(12)q(12)        p(21)q(21)    ,   p(22)q(22). 

,   (pCll)-p(12)-p(21)-hp(22))<s  
- p(ii)q(ii) ; asBBnTTRBSlsa , EB5I55 

x(.n)    +   x(.f2)—+   x(.5i)    +   x(.«j— 

tXi(7nTn"t 3rr5iir1+A2tnmT + 3rnTJTl+'"+x4c5rrr22r+ xfäii^- 

Note that the last value in (10) is the modified 

2 
Neyman x 

tu) x2 - I  lob^xt" 

263 

^ 



and indeed the equations in (6) are those to determine 

2   . 
the nanunuin modified X  estimates. The next to last 

value in (101 is the statistic given by Bhapkax and 

Koch (1968, p. 116) based on a criterion due to Wald. 

The square root of this value is the statistic used by 

Snedecor and Cochran (1967, p. 496). 

In accordance with the minimum discrimination 

information theorem the log-linear representation for 

x*(ijk) is given graphically as in figure 1 where the 

interpretation is 

Tor, xMlll) _ n xdll) = ^1 + x/x(.ll) 

In   X*C211) _ 111    x(lll) - Jl ' 

(12)Vn Xx(112i = ^ " T/x<-12) ' 

On x*t212) 
4 

h 

Recalling (8) we see that (12) in fact leads to 

(5).  If we write 

(13) 

v x(. iiT-s^§f-tBH-+l^-p'll>-p<12'-p(2l>+p(22' • 111)    X 
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then as shown in Kullback (1959, p. 101-1.061 

a41  2lCx*;xi. R Cß*-9)2/(J2 , 

2 
where a is determined as follows.  Let T denote the 

8x5 matrix in figure 1, that is. 

(15) T 

0 0 l/x(.ll)x 

0 0 0 
0 0 -l/x(.12) 
0 0 0 
1 0 -l/x(..U) 
10 0 
0 1 l/x(.22)/ 
0 1 0   / 

and D the 8x8 diagonal matrix with entries x(ijk), 

that is. 

/x(lll)   0 
0 x(211) 

(16) Dx =| 
x(il2) 

x(212) 
x(121) 

x(221) 
x(122) 

.  x(222)i 

Compute the 5x5 matrix S = T'D T and partition it as 

follows 

C17) 
\221 ^22/ 

, S., is 4x4, SJJ  is 1 x 1, 

^21 = S^ is 1 x 4 , 
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2 
then o in (14) is given by 

(18)  o =• Sjj ^21-11^12 • 

It may be verified that this results in 

(19)  a2 = xflll)xC211) |x(112)x(212) yx\12l)x(2Zl) |x(122) x(222) 

ix(.ll))3    (x(.12))3    (x(.21))3    (x{.22))3 

- P(ll)q(ll) ,p(12)q(12) .pUDqUl) ■p(22)q(22) 

But e* in (13) is zero and we see that (14) is indeed 

the next-to-last value in (10).  It is interesting to 

note that 2l(x*:x) can be approximated without necessarily 

computing the values of x*(ijk). 
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Figure 1 
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2 

L       L       L       L 
0.       2       3       4 
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1 

l/xt.Ul 

-l/x(.12) 
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10 

r W^t*«^, 
WG shall illustrate the preceding discussion by Bartlett's 

data on root cuttings used .Mso as an example by Snedecor 

and Cochran (1967), Bhapkar and Koch (1958), Berkson (1972) 

\^ 

The following from Bartlett (]935), •eonfeiwreaey table inter ^ 

aq»*ong^-iLBey Stati^h See, üupyjb-.—^> M^^^ML, who refers 

to data from Hoblyn and Palmnr, is the result of an experiment 

designed to investigate the propogation of plum root stocks 

from root cuttings.  There were 240 cuttings for each of the 

four treatments. 

At Once 

j=l 

In Spring 

j=2 

Long 
k=l 

Short 
k--? 

Long 
k=l 

Short 1 
k=2 | 

Dead 1=1 
Alive i«2 

84 
156 

133 
107 

156 
84 

209 
31 1 

240 24 0 240 240 j 

From (7) it is found that i-4 U40)V46918, X.«-!.117183, 

X2=l.213266, X3=l.117183, X =-0.552368, and hence the minimum 

2 
modified x estimates a::e: 

i=l 

i=2 

3=1 

k=l 

82.88281? 

1157.117183 

V-2 

134..'13266 

lOü.786734 

3^2 

k=l 

157.11^183 

82.882817 

k=2 

208.447632 

31.552368 

From (10) it is found that 21 (x*x^ is approximately 0.08184492, 

1 degree of freedom.   jga 



11 

Bartlctc's root cutting data was also used to Illustrate other 

computer programs.    The Input cards for KULLITR2 were 

TITLE -   'BARTLETT'S  ROOT CUTTINGS' 

TOU -   .001      T0L2 -   .001        C1STRNTS - 5        OBS - 8 

BMAT -   'I'B      INTERHAL -   'O'B      :IUMSET - A       FACTORS - 3  ; 

FACNAME(l) -   'TIME'     FACi;AME(2) -  'CUTTING'     FACNAME(3)  -   'IWRTALITY'   ; 

2      2      2 

2 2 2 2 

1 1 0 0 0 0 0 0 

0 0 1 1 0 Ü 0 0 

0 0 0 0 1 1 0 0 

0 0 0 0 0 0 1 1 

1 0 -1 0 -1 0 1 0 

84    156    133    107    156    84    204    31 

960    960   960    960      0 

Note that the computer output gives 2I(x*:x) - 0.080972 and the minimum 

2 
modified chl-aquared as X   - 0.081845.    The computer output follows. 
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HftKlL- M'b   KuClT   CUT! ir.tiS 

i   MllHh   TAbLh:TiMC*CüTTlHÜ*K^riTALl TV 

H   MAT MX 

i L i ^ J t / E 

k i I J 0 0 11 J u 
i. J J 1 1 t L „ 1. 

} J J J 0 i 1 w u 
^ J >) J 0 0 u 1 1 
b I u -I J -1 J I u 

r.bIGhl(2)s   O.i'^ÜOOt. 

tat fuHl (<•! *   U.2..0UOO 

[NV   WL 1GHT( 1 »=   A. v. - JJ? J 

1\V_^E IGhl ( j) =   «t.üüJüw'J 
1\V>( IGE !('«>=   'i.v-Ju)0J 

f   CtslCN   MATRIX 

1 

1 
? 

! 

i. 

Ü 
0 
J 

Ü 
u 
J 
u 

J 
■t 

J 
J 

• t 

0 

0 
0 
Ü 

0 
u 

0 

u 
J 
J 

0 

u 

l!HStl-VFC    VALotS 
I 
1 
I 
I 

L 

i 

I A(J)= lij.O^COj« L'N_Ati)» S.oVÜily 
* Am)^ I«J/.V  ;OfJj'j L>_A('0' ^.Llthti 
1 X(-jJ= I'Jü.ö0OO"O LV_A(-))= •j.u<»9b5i. 
t AIC)= O^.LJJUJO LW. A(LI= «i.'.jCäl/ 
I X(7J= ilW.COÜÜJÜ L'\_A(/J= ^.JS^JJ'« 

/ /(ö)= il.'JiiOÜJu L^„A(i!)= J.'.ji'na/ 

LLNS1 h MM '. 
\'ThU / ( U = 
MHf 1 £ U) = 
jlHMMi)- 
MHfl rm ^ 
MHf TMb» = 
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13 

t STiy/ME   CF   MbtIA   AT   ClUNT = 
.^THÄT (1 J* 
iMTHAT (/)* 
f-THAI » J)« 
MTHAT (<»J« 
\iIHAT ('j| = 

libd.C )J0ÜÜ 
S60.JOüOÜÜ 
SöÜ.OJL'ÜOL) 

16.J JO000 

i 38«»U Ü wl J 13-«'. 
? U 3UtU IJ Ü -tlib 
J *..' 0 3 bHU (J -^«♦90 
1 '•j 0 0 Jb^J 3J<»^ 
b U-t't -<: l«.^ -t't'.O 3.^t*t 931^ 

S2i.l 

S^2.1_ INV 

3i^ .',000^^3 

0.0JJ320 

.)tLTMl)= O.OJJOOU 
L)ELTA(2)- O.CLOüOü 

UELTA(3)= O.OJJüÜU 
ÜELTA(4)« O.OüuüUO 
JfLTA (5»=-l6.C0Ü00u 

,, 

XSU = C • OHlb'tS 

uSTl^ATt    LF A t.T   CLl;NT = I 
I 1 XSTAMl) = 6i.6tt,iäb LN.XSTAK (U* ^.'«i 7<iCo 
i 1 ASTAt- UJ = li7.il373S LM_XSTAKU • 5.LLo9 7U 
1 2 XSTAM(3)= l3<i.21lb9S LK.xSl/lHti, = '».CSS't^v) 
1 2 XSTAK«^)= I3b.7e«l0l LU.ASTäM'») = '..66i<»36 
2 1 Xi,TAM;>) = 1^7.113739 LH_XSTAk(iii = t;.Lt/0S7Ü 
I I XSTA(il6) = AZ.oiibi.bi LN_XS1AF.(t.J = '«.'li /At1» 
c ! AiTAH7) = cOo. H<IJJ4A LN_XS1AK(/)^ 1*.3J56C7 
2 2 XSTAP1H)* 3l.530bÖC LN_XSTAklb)= 3.s^l7ot 
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,.■ I (X:, 1/ i- :>» «.'.oblKJ 

1AU(1 i^-C. Jf »lit 

Tb Tl^^Tt   C»- X   AT   LLOM- J 

l      1      I XSURtU» 82.8sit>J7l LN_ Ail <i>< I i - i. <♦ I 7 H j J 

I      1      2 XbTAK(^)^ lb?.IIH77/ LIM_A bl ^C (,. - i;. t b t, S <.. 

I     i      I XSTAMil- I J^.2li<Jtv LN_XS1AK(^ = M . t' V <» <♦ « 0 

1      i      I KSTAP(<»|» lOb. 7dC>4l i LN^AbTA1  (-• = A.tt i'..: 1 

2      1      I XSlAf. lb) = Ib/.IU622 LN_XS1 *K l^ = 1J.KJ-JL*-, t 1 

2      1      ? KSlAÜtöM d<-'.äotil7ö LN^ASIAKU) r 1.^1 /'♦.(' 

2      <      I x biAh (n = 2 Jo.^12006 LN..ASTAH17 = Jj. •Jijfcc« 

2      i      2 XSTttRt^J« ii.5i>m<i LlX^XSTAf in a 3 . <» 5 I / S o 

TAUU »=-G.0C5l20 

kSIIMAIC   CF   MHE1 A   AT 
MTHATIU*   ga'V^^Sb^ 
NTHAT(2)= -.»Ou, JOOJOO 
NTHAT(iJ= 96w,00ü000 
NlHAT(/«)= SCU.COUUOO 
NThAT(b»= J,000<iä6 

r.CUNT« 

S22.1 

1 J 

1 idJS.^Sö?/1* J.tOOOUJ J.OCJJJO J.JüJJJ- i><.^*iu<: it> 
2 U.OOOJOJ 3H40.ÜOÜÜOO J.JOouuU Ü.OtOvJüO -11 ^ 7 . ■♦ 01> H <: 

i Ü.OOJJOO 0.O0ÜU00 id J*<JOÖOJO V> • '-U>J'JVJU -CJIJ.OJ/13 

4 U.UOJDOJ O.JOOOgj J.OUJJJO ib'iC. C J'JJOJ JJJ'J.JJUI3 

i. 1 J26. 1623V'« -2l*«7.'409^2'. -2bi J.b3/ir>ü 3j33»UCultJi 7.)i;^.t'>^ lo 

il2l.3til>AV« 
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b,V.l    1NV 
15 

J.O >)o^O 

ÜfcLTA(l)» O.OüiKbö 
bELTA<^»« J.OQJJüü 
JELTA13»« O.OÜÜJOi) 
ütLT/il^)= O.OQUJÜO 
UELTAIbls-O^OOO^bS 

1      1      1 üOTLlLP(l)=   O.OUUVÖ 
l      1      ^ UUTLIEK(<>)=   O.0C7938 
l     ;      l UliTLIERli)--'  0.üll(U<i 
1 i      2 UU1LIEH(4)»   J.0Ub3«J 
2 l 1 ÜU1LltK(!))= Ü.ÜO/Sj8 
2 1 2 UUTLIEM6)= Ü.Ül»bV5 
2^1 UUTLlEk(7J= O.OOl'tHä 
2     i      2 ÜUUIEK18)=   O.ÜüSiV2i 

ITERA1ICKS=   3 

roLi-c.ooio     TI:L2=U.UUIU 

S_INV 

5 
v- 

1 U.UGUiOO -O.oOOüb^: -Ü.OOUü/3 U.0000^7 -0.000112 
2 -C.ÜU0062 C. J003'JS O.OJüllt) -U.OOJU^ O.üOCl // 
3 -Ü.ÜÜÜÜ73 0.000115 0.0003^5 -O.OOUldl C.0ÜU2Ct 
4 Ü.OOOUS7 -U.00U15A -Ü.000181 0.000503 -0. JÜÜ2/6 
5 -Ü.OJOH2 0.000177 G.JOO^Üb -C.iJUC^7fa 

i 

• J 

LAHRCA(!)< Ü.U01/SÜ 
LAMPL^(2I=-0.ÜU2635 
LAHeCA(2)=-ü.üu3325 
LAMbCA(A)' 0.00<*455 
LAHRCAI5I»-0.Ü05115 

MU(l)<-0.Cli300 
MU(2)- C.C07161 
*U(J)' C.U09122 
HU(<»}=-C.0ll33y 
MU(5)« C.Ü07lol 
MU(6)s-0.C1330Ü 
MU(7J«-C.0026^3 
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MU(e)^   C.ClViilb 
16 

XSÜ' t.Ühi8tj 

HINim.M MLLlUtÜ   Lhl    h^   LS'IMATL" 
I 1 1 XH<iT(l)=      B^.BB/'HLi 
I 1 2 XHATU»-    It»/.U7172 
I t i AHArUI»    ii^.^l^tt)? 
I i 2 XHAr(^)=   lüb,7U072Ö 
1 1 I XHAT(bJ=    15/.117172 
2 1 2 AHAT(O)= b^.8ö^bl> 
2 «: 1 XHAT(7)= 2UO.^^/6J^ 

2 2 2 Xh»\Tlb)=     3l.5t)2jlj3 

LN_XH/il (1 ) 
LN.XHATl^) 
LN_XHATt ji 
LN.XriAl U) 
LN_XMM1 (t.) 
LN.XhAf (c )^ 
LN_AiUTi / j 
LN_XHM(b) = 

b.Jbc';',.! 
H . f S ^r'i i \j 

t).33SLt / 

21(Xh/»l :>) = u.OblbO/ 

L^ 

'/ 
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17 

We also lllusCrate Che first two Iterative steps In the Darroch- 

Ratcllff Iterative procedure applied to Bartlett's root cutting data. 

V^ 

BW -1 
C - 

111 211 112 212 121 221 122 222 9 
1  1 1 

1 1 
1  1 

1 

1 
1 

1 1 

B£ - 9 

1     -1 -1     1 0 

111 211 112 
4  4 

4 

212 

4 

121 2?.l 122 

4  4 

222 9 
1 
1 
1 

*1 " K2 " N3 " N4 " 240 

W - 960 
w. - w- ■ w- ■ w, - 240/960 

4     -4 
4 

-4     4 
4 1 

0 
Vl " V2 " V3 " V4 " 4 

1/4 

wl2345678 

111 211 112 212 121 221 122 222 
1/4 

1/4 

1/4 

1    1/4 - h. 

■ 

8 
4 
0 

-4 

-4 
4 
8 
0 

0 
4 
8 

4 
0 
8 

0 
4 
6 

4 
0 
8 

8 4 
4 8 
0      0 

0 
4 
4 
4 

3 ul2345678 

111 211 112 212 121 221 122 222 
QL  2/3 1/3 0 1/3 0 1/3 2/3 1/3 1/3 - ^ 

1/3 2/3 1/3 - k0 a2 1/3 2/3 1/3 0 1/3 0 

a,  0  0 2/3 2/3 2/3 2/3 0 1/3 

\ 
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19 
vo r- 

•* rH ^• •«r 
00 in VO in 
■«r rH H ro 
00 • • 00 • VO ro • 
ro m ro vo 
00 rH H o 

rH 
II II II 

00 ^ ^ II 
in H •sc ^ 

^ 00 00 -X ^ ^< 
00    • -x 
fN vo • ^ ^ «> 
00 o u ro vo * 
r«5 H •p (N «M 

v6 
p- 

i-^ 0) •<r ^f r« 
vo II o r* r» vo 

^2 «k rH CM VO 00 
r^ O GO 00 00 

+-"- ro a\ o in CM 
r- X o (N JO rH rH 
VO • ■«r o a\ 1- 
ro   • o * ■ CO vo 
n tN ^r ^r in • • 
O ro CM ■♦ ^r 
O 00 II II 
VO N II II II 
00 ^ (N in 
n TT 00 00 00 00 (N 
H H rH in in rH ro 
o r^ in vo ro CT> 00 
o VO 00 ro in O CM •   • • ■>* (N ^r tr 

l ■* VO o\ rH r- ^J1 

o <N in rH H 
II  II rH •^ o o\ r^ 
^> + » • 00 VO 
j- <N t in • • 

o*- in + + ^J« ^r 
X 00 rH rH + + 

H <T> W r« r^ 

cS 
• in m «» •«r 

n rH rH m in + m VO vo H rH 
-.      U H rsi CM 'S1 ■"T 
O      +J ■«r T in in 
VO         0) II o o rH rH 
a\ o o o o 
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o • • o o 
vo >*: 1 1 • • 
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X -x -x ^ -X 

cS 
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The DARRAT cosaput«r program using the Initial distribution as  the 

uniform after  31 iterations yielded the minimum discrimination information 

estimates 

U) x*(w) 

111 82.886 

112 157.114 

121 134.212 

122 105.788 2l(x*:x) - 0.082 

211 157.114 

212 82.886 

221 208.443 

222 31.557 

279 



iy 
22 

The  computer output using the G0K11ALE program on Bartlett's root 

cutting data follows. 

\ 
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The DARRAT computer program using the Initial distribution as  the 

uniform after 31 iterations yielded the minimum discrimination information 

estimates 

i^ 

U) x*(w) 

111 82.886 

112 157.114 

121 134.212 

122 105.788 

211 157.114 

212 82.886 

221 208.443 

222 31.557 

2I(x*:x)  - 0.082 
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8.     Further Applications 

J 

In this chapter we consider six examples illustrating the 

application of the k-sample and the general linear hypothesis 

techniques. 

Example 1.  Gail's data.  This example illustrates the 

procedure for getting m.d.i. estimates under hypotheses about 

the underlying probabilities of two contingency tables and 

testing the null hypothesis.  An analysis of information table 

is also given in this case, including a subhypothesis.  Note 

r.he difference in the analysis of informacion from those for 

the fitting problems. 

3 
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Example 

Gail's Data 

As an illustration of the k-sample approach consider 

the following two contingency tables (artificial data) con- 

sidered by Gail (1974, p. 97). 

20 5 5 30 

6 4 2 12 

26 9 7 42 

a) 
Table 1 

15 15 2 32 

10 5 5 20 

25 20 

b) 

7 52 

The problem of interest was whether the underlying pro- 

babilities 1 - the two tables were such that the respective mar- 

ginal probabilities of the two tables were the saune.  If so, could 

it be 'i consequence of the fact that the tables were homogeneous? 

Let us denote the observed values in the two tables as in 

Table 2 

x(lll) x(il2) x(113) x(ll.) 

x(121) x(122) x(123) x(12.) 

x(l.l) x(1.2) 

a) 

x(1.3) Nl 

x(211)  x(212)  x(213) 

x(221)  x(222)  x(223) 

x(2.1)  x(2.2)~irr2.3) 
b) 

Table 2 

For the hypothesis  H,   that the respective marginal pro- 

babilities are  the  same  the basic values  for the  k-sample ap- 

proach  follow. 
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U) XU) in x(w) 

Ill 1 20 2.995732 Nl 
= 42 

112 2 5 1.609438 N2 
- 52 

113 3 5 1.609438 N = 94 

121 4 6 1.791759 Wl 
= 42/94  = 0.446808 

122 5 4 1.386294 W2 
= 52/94   = 0.553191 

123 6 2 0.693147 Vl 
V2 : 

1/W1  = 

l/w2  = 

2.238094 

211 7 15 2.708050 1.807692 

212 8 15 2.708050 

213 9 2 0.693147 

221 10 10 2.302585 

222 11 5 1.509438 

223 12 5 1.609438 

The B matrix for H, and the values of e_ and N8_ are given 

in Table 3. 

f ! ^i 0 0 0 0 
ü\ 

W2 
0 0 0 0     0 

I   0 wl 
0 0 0 0 0 w2 0 0 0     0 

1       -1 = i   
0 0 wl 0 0 0 ^2 1 o 0 W2 

0 0     0 

!    0 0 0 wl 0 0     i |   0 0 0 W2 
0     0 

\ 1 o 0 0 0 wl 0     ' \o 0 0 0 w2  0 

\ 
0 0 0 0 0 Wn    ; 0 0 0 0 0     w 

1/ 

W =; 

C = 

Hi 1 
2 w2, 

BW"1, c-iii c^ s 2 x 12, C- is 3 x 12 
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The C matrix is obtained by multiplying all the elements 

in the first 6 columns of the B matrix by 2.238094 and by mul- 

tiplying all the elements in the last 6 columns of the B ma- 

trix by 1.807692. 

C x == N (J> u 94 94 
9.296700 
12.998163 

\-16.010971 / 

8=000'   = — x— 

,-1 

-11 -12 

-21     -22 
_i 

-22.1  "^-22   "  -21-11--12^ 
-1 0.012198 -0.0Q1927 -0.001776 

-0.001927 0.022284 0.017520 
-0.001776        0.017520        0.027101 

I 
d = N - N 

-9 296700 1 
-12 998163 
16 010971 

The minimum modified x value, the quadratic approxima- 

tion to 2I(x*:x) is X2 = d's"^ ■£  = 4.512, 3 D.F. 

After 3 iterations the values of the minimum discrimi- 

nation information efatim^tes are as follows. 

Ü) X*(ü)) in  x*{u)) 

Ill 1 16.50A 2.803630 
112 2 6.46(i 1.866627 
113 3 4.04 2 1.396620 
121 4 6.320 1.843785 
122 5 6.604 1.887611 
123 6 2.064 0.724458 
211 7 10.263 2.904873 
212 8 12.70 5 2.541984 
213 9 2.4"6 0,906704 
221 10 9.996 2.302228 
222 11 3.477 1.246192 
223 12 5.083 1.625813 
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It is found that 21{x*:x) = 4.333, 3D.F.  We now pro- 

ceed to test the hypothesis H_ that the two contingency ta- 

bles are homogeneous.  The B matrix, 6_, and N3_ for 11 „   are 

given in Table 4. 

Using the B matrix of Table 4 we have 

C« BW"1, C ^/fl]»  ^ is 2 x 12, C2 is 5 x 1." , 
^2 

C x = % = / 94 
94 

| 17.646500 
j-15.924902 

7.575089 
| -4.648350 
\   -0.086081 

and x2 = 
1 

d 

is now a 5 

9 

x  5 matrix,  we   j.nit  the detailed values 

300,   5  ,0.F. 

After 3  iterations  the values of tlie minimum discrimina- 

tion information estimates  are: 

U) x*U) in X*(Cü) 

111 1 15.901 2.766356 

112 2 8.559 2.146J48 

113 3 2.808 1.0'i2321 

121 4 7.419 2   J04il0 

122 5 4.219 1.439503 

123 6 3.095 1.129803 

211 7 19.686 2.979930 

212 8 10.596 2.360522 

213 9 3.476 1.245895 

221 10 9.18'J 2.217686 

222 11 5.;23 1.653077 

223 12 3.832 1.343370 
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It is found that under H» 2l(x*:x) = 9.Ü08 5 D.F.  If 

we denote the m.d.i. estimate under the marginal homoge- 

neity hypothesis H, by x£ and under the homogeneity hypo- 

thesis H- by x*, then we may summarize the results in the Ana- 

lysis of Information Table 5. 

Analysis of Information 

Component due to Information  D.F. 

H. 21 (x* x) = 9.008 

H, 21 (x. :   x*)   =  4.675 
M 

2 

2I(*. :   x)   =  4.333 3 

Table  5 

We see that the tables are homogeneous; hence the mar- 

ginals are also homogeneous. 

Note that 

2 Zx* iln XH  2 Lx* in *& 2  Zx* Jin XM 
x H 

X^ 
^ x 

But x* also satisfies the restraints for x* (homogeneity im- 

plies marginal homogeneity) hence 

2 Ex* Jin XM =2 Ix* Jin XM .x" Jin ^M M x x 

and we have the analysis  as  in Table 5. 

The statistics given by Gail   (1974)   are  the  same  as  the X    va- 

lues    gitten above. 
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111 112 113 121 122 123 211 212 213 221 222 223 

u 1 2 3 4 5 6   7 8 9 10 11 12 1 

1 

Ni 
]. 1 1 1 1 1 0 0 0 0 0 0 94 

0 0 0 0 0 0 1 1 1 1 1 1 1 94 

1 1 1 0 0 0 -1 -1 -1 0 0 0 0 0 

1 0 0 1 0 0 -1 0 0 -1 0 0 0 0 

0 1 0 0 1 0 0 -1 0 0 -1 0 0 0 

Table 3 

U)    1 2 3 4 5 6   7 8 9 10 11 12 8_ 

1 

NÖ 

1 1 1 1 1 1 0 0 0 0 0 0 94 

0 0 0 0 0 0 1 1 1 1 1 1 1 94 

1 Ü 0 0 0 0 -1 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 -1 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 -1 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 -1 0 0 0 0 

0 0 0 0 1 0 

Tab: 

0 

.e 4 

0 0 0 -1 0 0 0 
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Example 2.  Gokhale discrete distributions.  This example illus- 

trates the application of the k-sample procedure to test 

hypotheses about the means and variances of two discrete 

distributions, not in the form of contingency tables.  An 

analysis of information table is given. 
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C=BW     • 
3     3   3   3   3   0 0 
0     0   0   0   0   1.5        1.5 

-6   -3036   2.25   -2.25j 

x  = 

x(l) 
x(2) 
x(3) 
x{4) 
x(5) 
x(6) 
x(7) 

6 
18 

9 
24 

3 
72 
48 

IT: 
In 
In 
In 
In 
In 

x(l) 
x(2) 
x(3) 
x(4) 
x(5) 
x.(6) 
x(7) 

1.791759 
2.890371 
2.197225 
3.178054 
1.098612 
4.276666 
3.871201 

NO   = 
fl80 

'   Ni = Cx =|180 

S  =  C  D     C — x — 
540       0 0 

0   270       81      | 
0     81  1309.5/ 

S22   1   m  1309.5  -   (0     81) 1)        ^0 l/27(y\8lj 

1285.199951 , 

I' 

) 

-1       = 0.000778,  A = 
S22. 1 - 0),  d = -54 , 

1-54 

X2 = (-54)2(.000778) = 2.269, 1 D.F. 

After two iterations there is obtained 

x*Ci) »  7.618 In  X*(l) = 2.030505 
X*(2) = 20.180 tn  X*(2) = 3.C04ö73 
X*(3) =  8.909 ^n X*(3) = 2.187082 
X*(4) = 20.978 ^n X*(4) = 3.043467 
X*(5) =  2.315 tn  X*C5) = 0.839582 

-2 x 7.618 = -15.236 
-1 x 20.180 = -20.180 
0 x 8.909 = 0 
1 x 20.978 = 20.978 
2 x 2.315 = 4.630 
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11 

X*(6) = 66.538 
X*(7- = 53.462 

In  X*(6) - 4.197771 
in  X*(7) = 3.978971 

-1.5 x 66.538 = -99.807 
-1.5 x 53.462 =  80.193 

2I(X*:X) = 2.248, 1 D.F. 

(-15.236 - 20.180 + 0 + 20.973 + 4.630)/60 = -0.1635 

(-99.807 + 80.193)/120 = -0.1635. 

Under H2 the restraints are B_p = 6^ with 

B 
1        1111        0 
0        0     0     0     0        1 

■2-1012        1.5 
4        10     14 -2.25 

1 
1 
0 
0 

r_^(o otc  that the  last row of  the matrix derives  from 

(-2)2?i(-2)   +   (-1)2P,(-1)   +  O'P^O)   +   l^jd)   +  22P1(2)   -   ((-1.5)2P: 

(-1.5)   +   (1.5)2P2 (1.5)) . 

C=BW 

NO   = 

3 3 3 3     0 
0 0 0 0     1.5 

-3 0 3 6     2.25 
3 0 3 12   -3.375 

CX  = N4)   = 

S   =  CD  C'    = 
0 0 

270 81 
81 1309.5 

•607.5 -344.25 

702 
-607.5       ,, 
-344.25 
3040.875/ 

S 2 2.1     = 
(1309.5 
\-344.25 

-344, 
3040. 

.25 \ /     0 81     Vfe40        0\~   /   0     702     \ 

.615)   -     \102     -607.5A    0   270/     \81   -607.5J 

■ itl 285.19^951     -162.0 
62.0 761.399902 )- 

294 

L 



12 

i      /.000800 
;I2. i = V.oooivo ;). 

000170^ 
001350/, A = 

/.000800      .000170Y-54N 
,171)      V.000170      .001350 Al71/= 

d  = 
/:54\ 
U71/ 

X     =   (-54, 
After  four  iterations  there  is obtained 

38.652, 2 D.F, 

x*(l) = 18.134 Jinx* (1)=2.897783 
x*(2) = 13.081 Änx*(2)=2.571174 
x*(3) = 4.000 Jlnx*(3)=1.386ir>9 
x*(4) = 16.586 Jinx* {4)=2.808560 
x*(5) = 8.199 Jinx* (5)=2.104045 
x*(6) = 70.910 Jinx* (6)=4.261405 
x*{7) = 49.090 Jinx* (7)=3.893661 

2I(x*:x)=29.546,  2 D.F. 
(-36.268-]3.081+16.586+16.398)/60=- 
(72.536+13.081+16.586+32.796)/60=2, 

-2(18.134)=-36.268,4(18.134)=72.536 
-1(13.081)=-13.081,1(13.081)=13.081 
0(4)     " 0     ,0(4)     =0 
1(16.586)=16.586,1(16.586)=16.586 
2(8.199)=16.398,4(8.199)=32.796 

-1.5 (70. 910) =-106. 365, (-1. 5)* (70 . 910) 
=159.548 

1.5 (49. 090) =73. 635, (1.5) (49.. 090) 
=110.453 

•0.2728, (-l06.3 65+73.63 5)/120=-0.2728 
,2500, (159.548+110.453)/120=2,2500 

We may summarize in the analysis of information table. 

Analysis of Information 

Component due to 

H. 

H2-H1 (Effect) 

H. 

Information 

2I(x*:x)=29.546 
2 

2I(x*:x*)=27.298 
2   1 

2I(x*:x)=2.248 

D.F, 

1 

1 

We reject the hypothesis H- but accept the hypothesis H,. 

The effect of the differences in the variances is significant. 

We   also used       the Darroch-Ratcliff iterative 

scaling procedure for this example. 
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Example 3.  Marginal homogeneity of an rxr contingency table. 

This example illustrates the application of the k-sample 

procedure to a set of data previously estimated using a different 

algorithm.  It also serves as an introduction to the next 

example.  It points out a case in which the Il-distribution is not 

the uniform distribution and shows the estimate to retain 

properties of the original observations not involved in the null 

hypothesis.  For applications of the notion of marginal homo- 

geneity to higher order contingency tables see Kullback, 1971a, 

1971b.  The latter paper includes an example of the quadratic 
* 

approximation to 21(x :x) . 
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Example 

Marginal Homogeneity of an r x r Contingency Table 

In the paper "Symmetry and marginal homogeneity of an r x r 

contingency table," by C.T. Ireland, H.H. Ku, S. Kullback Jour- 

nal of the American Statistical Association, Vol. 64 (1969) , 

1323-1341 the principle of minimum ^isrriminationinformation es- 

timation was applied to obtain RBAN estimates of the cell frequen- 

cies of an r x r contingency table under hypotheses of either sym- 

metry or marginal homogeneity. 

The procedures were illustrated with data from case-records 

of the eye-testing of employees in Royal Ordnance factories ana- 

lysed by A. Stuart. 

Table 

7477 Women Aged 30-39; Unaided Distance Vision x(ij) 

.AigftEye  Highest  Second  Third  Lowest  Total 
Right Eye   '       — Grade Grade   Grade  Grade  

Highest Grade 

Second Grade 

Third Grade 

Lowest Grade 

1520 266 124 66 1976 

234 1512 432 78 2256 

117 362 1772 205 2456 

36 82 179 492 789 

1907 2222 2507 841 7477 

We shall supplement the discussion in Ireland et al. (1969) 

by using the single-sample algorithm to derive the m.d.i. esti- 

2 
mates as well as the minimum modified x estimates and relate the 

results to values given by A. Stuart, "A test for homogeneity of 

the marginal distributions in a two-way classification," Biometrika. 

Vol. 42 (1955), 412-416 and V.P. Bhapkar, "A note on the equiva- 

lence of two criteria for hypotheses in categorical data," Journal 
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of the American Statistical Association, Vol. 61 (1966), 228-235. 

The reader ia referred to Ireland et al. (1969) for further 

discussion and references.  The basic table will also be used to 

illustrate the k-sample algorithm applied to incomplete data. We 

remind the reader that the graphic form of the log-linear repre- 

sentation using (^(u) =» L, C2(ü)) = T1(w), CMw) = T^CJ), C4 (w) = T3(w) 

presents 

in ^*^j =L + T^J^CU))^ T2T2(w) + T3T3(a)) 

wh«re from the output 1=0.000805, T^-0 .159043, T-^-O. 105379 , 

ft ^^^      T-= -0.050000.  The T design matrix is of course the same as C . 

\ Bhapkar's test statistic is the minimum modified x and he 

y2 gave xB _ 11.976 with 3 D.F. He did not give the minimum modi- 

fied x estimates.  The program yields  3r.« 11.975717.  Stuart 

gave no estimates either and he used as his statistic^s=d S-.d = 11.957. 

Stuart estimated the covariance matrix of the d's under the null 

hypothesis.  From the computer output we see that S-- and S-? i 

are not very much different in this case. 

From the log-linear representation of the m.d.i. estimate we 

see that associations in the original table are the same as in the 

estimated table, thus 

ffn x*(ii)x*(jj) _ ._ x(ii) x(jj) Än x*(iiix*(5i) *n x(ijS x(n) ^ 

pn x*(ij)x*(44) _ 8n x(ii) x(44) 
in x*(i4)x*(43) %Ti  xdi) xUj) ' 
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2 2 
Based on the values Xc = 11-957, Xn =: ll»976 with 3 D.F. Stu- 

art, and also Bhapkar,rejected the null hypothesis of marginal homo- 

geneity.  We find that 2l{x*:x) = 12.017, 3 D.F. and reject the 

null Hypothesis of homogeneity. 

We remark that the discussion in Ireland et al. (1969) used 

a different iterative algorithm. 

Log-linear representation 

ID 

11 

12 

13 

14 

21 

22 

23 

24 

31 

32 

33 

34 

41 

42 

43 

44 

0) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

1 

1 

1 

-1 

0 

0 

0 

-1 

0 

0 

0 

-1 

0 

0 

0 

0 

-1 

0 

0 

1 

0 

1 

1 

0 

-1 

0 

0 

0 

-1 

0 

0 

0 

0 

-1 

0 

0 

0 

-1 

0 

1 

1 

0 

1 

0 

0 

-1 

0 
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Example 4.  Several samples, incomplete data. 

This example uses the complete contingency table of the 

preceding example and row and column marginals only of additional 

samples.  The example illustrates the application of the procedure 

to samples which may include fragmentary data. 

/ 
/ 

\ 
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Example 

Several Samples, Incomplete Data 

We shall illustrate the k-sample algorithm of testing several 

samples with incomplete data in terms of a specific sample.  In 

Table 1 the 7477 observations in the 4x4 contingency table are 

Stuart's data, which we have already examined under the null hy- 

pothesis of marginal homogeneity, 
it 

The remaining 1100 observations are artificial data for 600 

women for whom only left eye vision was reported and  500 women for 

whom only right eye vision was reported.  It will be presumed that 

the incomplete data for women with vision claspified only for one 

eye arose in a completely random manner which was statistically 

independent of the true classification of their vision with respect 

to both eyes.  This assumption allows us to say that the marginal 

probabilities pertaining to left eye vision and right eye vision 

for women classified on both eyes are the same parameters as the 

probabilities pertaining to left eye vision for women only for the 

left eye and to right eye vision for women classified only for the 
it 

right eye respectively  (Koch et al 1972. p. 665, 666). 
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The results for the k-sample algorithm computer output are 

summarized in Table 2, in which we also give the values derived 

by Koch et al (1972) by their approach. 

We  also estimated    this set of d^^a using the Darroch- 

Ratcliff algorithm. 

In view of the small values of the test statistics with 6 D.F, 

we accept the null hypothesis of the homogeneity of the data with 

respect to the underlying population. 

Using the m.d.i. estimates of the entries in the cells of the 

complete contingency table as "improved" values over the original 

observations we repeat the test for the noil hypothesis of margi- 

nal homogeneity.  The resulting values are summarized in Table 2. 

There is no change in our inference that the data show no evi- 

dence of marginal homogeneity. 

Table 3 gives the graphic presentation of the log-linear re- 

presentation. The relationships may be checked using the appro- 

priate values from the computer output. 

Table 4 lists the input for the KULLITR2 computer program. 
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Table 1 

UNAIDED DISTANCE VISION; 8577 WOMEN AGED 30-39 

Left eye 

J 

Right Eye 

id) 

Highest 
Grade 

(1) 

Second 
Grade 

(2) 

Third 
Grade 
(3) 

Lowest 
Grade 
(4) 

Sub- 
Total 

Right 
Only 

Total 
f 

Highest Grade 1520 266 124 66 1976 140 2116          | 

Second Grade (2) 234 1512 432 78 2256 150 2406          | 

Third Grade (3) 117 362 1772 205 2456 160 2616 

Lowest Grade (4) 36 82 179 492 789 50 839 

Sub_Total 1907 2222 2507 841 7477 500 

* 

7977 '        , 

* Left Only 160 180 200 60 600 

Total 2067 2402 2707 901 8077 * 8577 

1 

See  Koch,   G.G.,   Imrey,   P.B.,   and  Reinßurt ,   D.W.    (1972),   Linear 

model  analysis of  categorical data with incomplete response  vec- 

tors.  Biometrics  28,  663-692,   in particular p.665. 
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■ Pable  2 

j 1   w x(w) X* ((» ) x(aO A ,   .a xt-) *(ü.Ob 
X**CUJ)C 

1 1 1 1520 1530.227 1530.155 1529.495 1532.573 1531.372 

1 2 2   j 266 267.148 267.151 266.331 252.107 253.216 

1 3 3 124 124.403 124.405 123.670 110.966 111.552 

1 4 4 66 65.671 65.643 65.573 !      55.529 56.202 

2 1 5 234 234.664 234.676 235.301 247.726 247.955 

2 2 6   ' 1512 1512.657 1512.810 1512.672 1515.085 1513.898 

2 3 7 432 431.729 431.773 430.600 408.454 408.742 

2 4 8 78 77.311 77.282 77.387 69.555 69.857 

3 1 9 117 117.190 117.195 117.838 130.215 130.894 

3 2 10 362 361.721 361.751 362.784 382.343 382.648 

3 3 11 1772 1768.752 1768.905 1769.357 1771.597 1770.209 
~i 4 12 205 202.944 202.863 203.748 193.837 193.836 

4 1 I3 36 36.006 36.007 36.114 41.662 42.121 

4 2 14 82 81.818 81.822 81.798 90.284 90.690 

4 3 15 1   179 178.413 178.422 177.878 186.975 187.084 

4 4 16 492 486.360 486.142 486.528 487.092 486.710 

1 • 17 140 132.904 132.898 132.745| 

2 . 18 150 150.887 150.899 150.860 

3 • 19 160 163.876 163.884 164.085 

4 • 20 |     50 52.333 52.320 52.310 

• l| 21 1   160 153.919 153.915 153.966 

• 2 22 180 178.415 178.430 178.434 

• 3 23 200 200.880 200.897 200.736 

• 4 24 60 66.787 66.759 66.864 1 k 

X2=1.764  X2=2.33 21{x*:x) 

=1.771 

6   D.F. 6  D.F.        6  D.F. 

a)   See Koch et al   (1972)   p.669 

b),c)   Using  "improved"  estimate to test marginal homogeneity 

b)   is min.  mod.  X*  and C)   is ir.d.i. 

X =11.741     2i(x**:x*) 

=11.730 

3   D.F. 3   D.F. 
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Table  3 

Log-linear  representation 

•r-i Ü) Ll  L2  L3 Tl ^  T3  T4  T5  a"6 

1   1 

1  2 

1  3 

1  4 

1 

2 

3 

4 

Vl        ' 
Vl 
Vl 
Vl 

Vl         Vl 
Vl            Vl 
Vl                Vl 
Vl 

2 1. 

2  2 

2  4 

5 

6 

7 

8 

Vl 
Vl 
Vl 
Vl 

Vl     Vl 
Vl         Vl   | 
Vl             Vl 
vi               i 

3  1 

3  2 

3  3 

3  4 

9 

10 

11 

12 

Vl 
Vl 
Vl 
Vl 

vi vi 
vi     vi 
vi         vi 
vi           1 

4  1 

4  2 

4  3 

4  4 

13 

14 

15 

16 

Vl 
Vl 
Vl 
Vl 

vi       1 
vi   | 

vi 

1 . 

2 . 

3 

4  . 

17 

18 

19 

20 

V2 
V2 
V2 
v. 

4 

-V2 

-V2               1 
"V2 

.  1 

.  2 

.  3 

4 

21 

22 

23 

24 

V3 
V3 
V3 

1 

-V3          | 

-V3 

-V3  ! 

v1=l/w1 = 1.147118 
v2=l/w2 =17.153992 
v3=l/w3  =14.294999 

«.n  x*(l)=  v,Ln +1^,+ 

T4V1 

etc. 

Hn x*(17)=v0L_  -T,vn ^rrnT 2 2   1 ' 

etc, 

In x*{21)=v0L,  -T.v 
"xTIT) 3^3     M'S 

etc. 

An x*(l)-&n  x*(4) = 
x(l) xHTT 

v1t>.=  Ärix*(5)   -Jlnx*(8) 1 4     ^TTST    -rm 
or 

)lnx*(l)x*(8)= )lnx(l)x(8) 
x*(4)x*(5)        x(4)x(5) 

etc. 
Certain associations are retained. 
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Taftle 4 

Input for KULLITR2 Computer Program 

TITLE  =   'SEVERAL  SAMPLES*     TOLl   =.001     TOL2  =.001 

INTERNAL  =,0,B 

NUMSET  =   3     BMAT  =   'I'B     CNSTRNT  =   9     OBS   =   24; 

16     4     4 

111111111111111100000000 

000000000000000011110000 

000000000000000000001111 

111100000000000 0-1 0 0 0 0 0 0 0 

0000111100000000 0-1 0 0 0 0 0 0 

00000000111100000 0-1 0 0 0 0 0 

1000100010001000000 0-1 0 0 0 

01000100010001000000 0-1 0 0 

001000100010001000000   0-10 

1520  266   124  66   234  1512   432   78   117   362 

1772   205   36   82   179   492   140   150   160   50 

160   180   200   60 

8577   8577   8577   0   0  0  0   0   0 
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bailable copy. 
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Example 5.  Specified log-linear representation. 

In this example the problem specifies the form of the 

log-linear representation and consequently the design matrix, 

The general linear hypothesis approach is necessary. 

^ 

> 

\ 
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Example 

Specified Log-linear Representation 

D.V. Gokhale, "Analysis of log-linear models" Jour. Royal 

Statistical Soc. Series B Vol 34 (1972) p, 371-376 formulates a 

problem for a 2 x 2 x 3 three-way contingency table of fitting a 

model such that the log-linear representation is of the form 

in  xMijk) » L + (i - Dx1 + (j - l)-^ + (k - 1) 
n Tt ik + (i - 1) (j - DT13 + (i - 1) (k - 1)TJ-

,V
 + (j - i) (k - 1)T 

-r (i - 1) (j - 1) (k - l)Tijk 

This implies that the graphic version of the log-linear represen- 

tation is as given in Figv !• 

JJc 

1 2 3 4 5 6 7 8 

CO i j k L T1 I3 Tk T1^ Tik x3k Tijk 

1 1 1 1 0 0 0 0 0 0 0 

2 1 1 2 0 0 1 0 0 0 0 

3 1 1 3 0 0 2 0 0 0 0 

4 1 2 1 0 1 0 0 0 0 0 

5 1 2 2 0 1 1 0 0 1 c 
6 1 2 3 0 1 2 0 0 2 0 

7 2 1 1 0 0 0 0 0 0 

8 2 1 2 0 1 0 1 0 0 

9 2 1 3 0 2 0 2 0 0 

lo *1 ,. 2, .-1 1 0 1 0 0 0 

11 2 2 2 1 1 1 1 1 1 

12 2 2 3 1 2 1 2 2 2 

Figure 1 
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The observed values (fictitious) are 

i j k x(ijk) 

1 1 1 58 

1 1 2 49 

1 1 3 33 

1 2 1 11 

1 2 2 14 

1 2 3 18 

ijk x(ijk) 

211 75 

212 58 

213 45 

221 19 

222 17 

223 22 

Gokhale used an iterative procedure that might be described 

as a "steepest descent" procedure.  We shall set this up using 

the k-sample algorithm (of course here k=l) and using the uniform 

distribution as the initial distribution.  In this case the C ma- 

trix is the transpose of the T matrix in Fig. 1  and is given a- 

gain for corvenience in Fig. 2. 

i 1 1 1 1 1 1 2 2 2 2 2 2 

j 1 1 1 2 2 2 1 1 1 2 2 2 

k 1 2 3 1 2 3 1 2 3 1 2 3 

CÜ 1 2 3 4 5 6 7 8 9 10 11 12 

1 1 1 1 1 1 1 1 1 1 1 1 

0 0 0 0 0 0 1 1 1 1 1 1 

0 0 0 I 1 1 0 0 0 1 1 1 

0 1 2 0 1 2 0 1 2 0 1 2 

0 0 0 0 0 0 0 0 1 1 1 

0 0 0 0 •tt 0 1 2 0 1 2 

0 0 0 0 * 0 0 0 o i 2 

0 0 0 0 - J 0 0 0 0 1 2 

Figure 2 
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The estimated values as given by Gokhale are 

j k x*{ijk) ijk x*(ijk) 

1 1 59.73 211 74.97 

1 2 45.54 212 58.06 

1 3 34.73 213 44.97 

2 1 10.98 221 17.85 

2 2 14.05 222 19.29 

2 3 17.98 223 20.85 

2 
The goodness-of-fit X statistic is 0.8083, 4 D.F. 

The input values for the KÜLLITR2 computer program are 

given in table 1, 

The input values for the DARRAT computer program are 

given in table 2. 

324 



T" 

42 

TITLED 30KHALE ANALYSIS' 

OBS= 12 

CNSTRNT = 8 

FACTORS = 3 

TOL 1= .001 TOL 2= . 001 • 

FACNAME(1)= •I 

FACWAME(2)= 'J 

F^CNAM£:(3) = 'K • 

2   2 3 

1   1 1 1 1 1 1 1 1 1 1 1 

0   0 Ü 0 0 0 1 1 1 1 1 1 

0   0 0 1 1 1 0 0 0 1 1 1 

0   1 2 0 1 2 0 1 2 0 1 2 

0   0 0 0 0 0 0 0 0 1 1 1 

0   0 0 0 0 0 0 1 2 0 1 2 

0   0 0 0 1 2 0 0 0 0 1 2 

Ü   0 0 0 0 0 0 0 0 0 1 2 

58   49   33   11   14   18 

19   17   22 

75 58   45 

Table 1 

Input to KULLITR2 Computer Program 
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TITLE=,GOKHALE,,S  ANALYSIS' 

BLOCKS»8 

TOL1=.001     TOL2=.001     CNSTRNT=8 

OBS=12     FACTORS«3; 

FACNAME(1)=,I,      FACNAME(2)=,J,      FACNAME(3)«'K'; 

2     2     3 

J> 11111111 

111111111111 

000000111111 

000111       0       0011       1 

01 2012 0 12012 

000 0 000 00 111 

000 000 0 120 12 

00 00120 0 0 012 

OÖÖÖ00000012 

58  49 33 11 14 18 75 58 45 19 17 22 

Table 2. 

Input to DARRAT Computer trogram 
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ÜÜIU ALL'S   MIMALVSI S 

j   hACTU-<    TAdLE: l« J«^ 

C.üLSlbiNi   MAI k IX 

l l 3 4 b fc 1 ü           9 1U          i J 12 

i i 1 1 1 1 1 1 1            i 1             J 1 
<L 0 ü U 0 0 0 1 1            1 1             i 1 
3 0 j 0 l 1 l 0 ü          0 1             J i            1 
^ 0 L 2 J 1 2 ü i           2 U            J L            2 
b 0 0 0 0 u u 0 U           U 1        i 1 
b 0 0 J 0 0 J 0 1           2 0            J 2 
I u U ü 0 1 2 IJ ü           Ü 0            j 2 
b ü 0 u 0 0 l) ü 0           U 0             ) L             2 

UbSEkVtU   VALUES 
1 1 1 M i) = ^6. OOUJÜü IrN-Xi 1) = H ,U6Üt43 

l 1 z X( 2) = H9. OJOOOO LN_X( 2) = 3 .o9io2Ü 

1 i 3 X( 3) = ^3. OOOOOJ Li\_X( 3»- 3 .^96^06 
1 z. 1 X( 4) = 11. üOUOOO L.N.Xt 4) = ^ .3^/693 
i z 2 X( bi = 14. 0 30000 LN_X( b) = 2 , oi9utJ7 
l z 3 X( o) = 13. OOÜOOU LiM_X( ü)- 2 .ii^U371 
2 i i X( 7) = /ü. OiJUOüü L.VI_A( n = 4 .31 /^bö 
2 1 Z X^ ü) = b8. JJüJOO LN_X( d) = <» .Uö0443 

Z i 3 ,\( 9) = tij. ÜJOOOÜ LN_X( 9) = 3 ,B0üO63 

z z i X( i3) = 19. 300000 L.\i_X( 10 ) = 2 ,S44'-t3 9 
l z Z X( ll) = 17. 000000 Lhi_X( il» = 2 .833213 
t z 3 X(12)= 22. 000000 LN_A(12)- 3 ,U9U)43 

CüiMSIkAINTS 
NTHbTAm^ 419.00000) 
NThfcTM2)= 236.00)OJJ 
NTHtTAl3)= lOl.OUOJOO 
NTHLT«(4)= 374.000000 
NTHtTA(5)= i>B.000000 

l\ThcrA(6)= 2U9.0UOOOJ 
NTHtTAtn* ill.00)000 
NTritTA(d)= 61.000000 

ESTlf-.AlL   OF    MTHETA   AI   tüUNT = 
i^TtiAT ( 1 ) = 
MHAT(^| = 
NThAT(3<= 
NlMAi (4i= 
NTnAT(3 J = 
NTHAl lö 1 = 
l\t I HA T ( / ) = 
NThAT (fU = 

413.999756 
2U9.499939 
2US..H99939 
410. ^99 Ibb 
lü'». 749969 
2U9.499939 
2JS.499S>39 

1ü4.7499O9 
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1 2 I AS!AR ( 4) = 1^.61^3^*3 L .._XoT Ar, ( •V ) - ^  .  (-O l OtlÜ 

1 2 i. XiTAKI j i - lo.lüiüJü L.,_Xj  • -r ( '>\ - ^. 16Z LJJ 

i Z 3 XSTAH ( o) = 1 7.8360^^ L i'i_A:) 1 AK I o J - s ,>ibZ i'tH 

A i i ASI At- I n = 'J'J..j6J^/l L ^_X', i MI- t /J - 'i . /i ,i'i.-,/ 

I i Z XS1 üf' ( d \ - yd.üüO^^H L^_X,S 1 a|. l til - '. . J / ^Hcv.i 

z i 3 AST AK ( H i = 3'}.lHUi.9 L i|_.Xo ( Ah K H .. Ot 1 ..", i 

z z 1 XSTAF ( 1 3) = 1 /.bt>OÜ /9 L.\_A j 1 -.Hi I -, I - ■i . ti o «d .J ')  1 

I z c XSTAR I li)~ 1« . h 3 9 8 9 3 L:.I_XSTAM iU = ^ . 9 ^ ^ 5 Ü J 

z 2 1 Xbl A^ U2) = IV. <♦ i> b i 11> Li\l_AST Aft I i Z) = ,  . lHjJZtj-t 

I    lb   LiiSthVtl)   TAbLE   ANJ   X    IS    INITIAL    U1S T 

2HZ:XS1A^ ) = 

TAlHi )= 0.^34-572 
TAli(^)=- U Jbf242 
TAUli )--U.J>J 7990 
FAUl't J=-0.2i3ö95 
TALU? ) =-ü.U/ 100^ 
T&Ulü)= ö.H^üZZK 

TAU(7)^   U.0l4.j2i) 

7.095874 

ES 

J 

T MATL   CF X   AT   CUÜNT= t) 

1 1 XSTAP1 n = 59.727356 LN. .XSTAK ( ii- 4.0ö9790 

I 2 XSTAM 2) = 45.S43640 LN. .XSTAKl z) = 3.618671 

1 J XSTAR I 3)- 34.7-10195 LN. .XS1 Akl 3i = 3.54/552 

t. 1 XSTAK( <+) = rj.9764d9 LN. .XSTARl 4) = 2.39 5 7 5b 

2 2 XSTARl ^) = 14.047031 LN. .ASI AR( ji - ^.C-t^'lil 

*- 3 XSTAP{ 6) = 17.976517 LN. .XSTAk( o) = 2 • öä906& 

1 1 XS1AR( 7) = 74.960704 LN. .XSTARl 7J = 4.317071 

I 2 XSFAM H» = 5ü.0ü2469 LN_ .XSTAR I oJ = 1.ÜO1520 

1 3 XS1A(<( 9i = 44.96B7ü5 LN. .XSTAM 9) - J.B Jt>9 68 

2 1 XSTARl 10) = 17.852737 LN_ .XSTAR l J.Ü) = ^.86^156 

2 2 XSTAR(11*= 19.294540 LN. .XST AK<1 i J = ^.95^822 

2 2 3 XSTAR(m = 2J.d527bü LN_ XSTAK ( J ^) = 3.0 374 bo 

'!) 

L    16   OScKVt.i)   TAHLt   AllJ   X    IS    INITUL   OiST 

21 (XSTAR :/>=       141 ,13051'» 
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oClK.hALt'S   ANALYSIS 

3   hACTOk   TAt'LF: I «J^K 

50 

DARRAT 

C_Übb K.H   MATt« IX 

Ihb    INITIAL   ÜISTFIBUTIÜN    IS   UNIFÜRM 

10 11 U 

1 I I i i 1 1 1 I            i 1           J I 
z 0 0 0 0 0 Ü 1 i            i 1           J L               i 
i 0 0 u 1 i 1 0 u          0 i L            L 
H 0 1 I 0 1 z 0 1           Z 0          1 c 

b ü u 0 0 0 0 u 0         u 1 I                1 
0 0 0 0 i) Ü u 0 1       2 0 I         z 
7 0 0 J 0 1 z 0 0         c 0           J v                   c. 

8 Ü u J 0 Ü 0 0 0          0 0           J z 

.loSth VLÜ   VALUES 
i 1      I X( u = 5b. J 00000 L.M_X( u = ^.OoO^^i 

1      I X( l) = 49. 000 JO0 LN_X( 2) = ->.6S»Ib20 
i      3 xl 3) = 33. 300000 LN_X( 3) = 3.496t)08 
i      i X ( M = 11. oooooo L;M_X( •+) = 2.3970^5 
I     I X( 5)- 14. O000OU LNJU 5) = ^.6 3 905/ 
I      i X( 6) = 18. oooooo LN_X( o) = <:.690371 
I      1 X( 7) = 75. ooooou" LN_X( 7) = ^.317^96 
1      Z Al d) = 5b. 0000>0 Lfi_X( b) = 4.000443 

I 1      3 X( 9) = 4t». O000OÖ LN_X1 9} = 3.800663 
I 2      1 X(10)= 19. UOOOOO LN_X(10)= 2.944439 
I 2      Z Xlll)= 17. 0000JO LN_X(li)= ^i. 0 >j.2i3 • 

I 2     3 X(lÜ)= ZZ. oooooo LN_X(] L2) = 3.091ui3 

CCJiNiTKAlNTb 
- 

.JTHtTAC Ii = ^14 .000000 
;4ThcT AUi = lit .ÜU00OO 
i4THüTA(3) = 101 .000000 
iMThEl A(^i = 37^ .OOOUUO 
MThtTA{i>i = bu .000000 
MThfcT A(ü) = 2 09 .00)000 
'4THt:TA(7J = 111 .ooouoo 
MTl-tTA(öJ = 61 m   .i )OoC0 

ITERATIONS 6 3 

r.STMrtTEO 01SU IbUTIQN 
1      1 1 XSTAfv I 1) = 59 . 0 'J 3 3 9 7 LN. .XiTAKl    i)=   't.Ubdb^l 
1      1 t~ ^STAkl l\^ •♦b. b4t2';6 L.Ni. .XbTAri    21=   J.öIöCOü 

1      1 3 XSTA^( 3) = 34.7 7224/ LN .XSTAK{    .J)^   3,548823 
1      Z 1 XSTAP I «+) = 11.JUÖ032 LN. XbTAKt    ■■+)-    2.j96o<_t 

1     z 2 XSTAh ( 5) = 14.036249 L,V .XSTAK t    t>J =   2.UH32U^ 

1     z 3 XSTAIM 6) - 17.9^3644 LN^ .XSTArl    uJ=    <:.bc779j 
Z       1 1 ASTAM 7) = 7A.J6 8l%4 LN. 
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ÜUTLlEkX( 
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üU!LIEKX(   4)= 
UUTLIfcKA{    5)= 
aiJTLltRX(    o) = 
OuTLiEkXl    /)= 
UbTLlthXi' 8)=' 
nUTLlCRX(   9) = 
ÜüTLlfcRA(10l=' 
OUTLIEkX(ll)= 
GUTLIEKX(12)= 

X    IS   INIVI^L   aiSTKläUTICN 
li=   13.2^8081 

ÜUT1.1 

UIJTLI 

ÜUTLI 
ÜUTI.1 
bUTLl 
UUTLI 
UUTLI 
ÜUTLI 
nuTu 
ÜUTLI 
OUTLI 
GUT LI 

ERZ( 
ERZ( 
EkZl 
ER2( 
ERZ( 
ERZ1 
EHZ{ 
EkZ( 
ERZi 
EKZUOi 
fcRZdl) 
EkZ{12) 

1) 
2J 
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6) 
7) 
d) 
9)^ 

2.8239^2 
0.00059 8 

27.i>^üÖ48 
18.97602ö 
11.2d326J 
3O.629203 
Tl.77ii)8i 

2.i)j)820J 
"11.449886 

9.26011^ 
7.2^6758 

■0.040474 
0.^52732 
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O.UOÜÜUü 
J. 000242 
0.000119 
O.Ö0O0Ü2 ' 
0.JC0069 
0.0OÖ039 
0.071710 
0,290512 
0.0oll8i 

2I(XbTAR:A)=       141.023143 

/1(Z:XSTAR*= J.813237 

TllLi= O.OlC'oüO T0L2 = 0.010000 
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Example 6.  Four point bioassay - fit of logistic function. 

This example illustrates the application of the k-sample 

procedure to fitting data based on restraints using the observed 

values.  The procedure was also used on the data of examples 1 

and 2 of chapter 4, with results the same as there given.  It 

has also been applied in a number of other cases, not given here 

as additional examples. 

/ 
/ 
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We reformulate the data first as the 4x2 contingency ta- 

ble 2, with entries x(ij), i=l,...4, j = 1,2 

j =   1 j = 2 

Deaths Alive 

1 1 9 10 
2 6 4 10 

3 3 7 10 
4 8 2 10 

18 22 40 

Table 2 

The log-linear diagram of the representation of the minimum 

discrimination information estimate is shown in Fig. 1. 

U) l ] L1  L2 L3 L4 Tl T2 

1 1 1 1 1 0 

2 1 2 1 0 0 

3 2 1 1 1 1 

4 2 2 1 0 0 

5 3 1 1 1 2 

6 ; 3 2 1 o 0 

7  4 1 1 11 3 

8  4 2 1 0 
1 

0 

Figure 1 1 
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For the procedure fitting observed ma   finals or other  re- 

straints,  we note  that Fig.   1  implies  the  following relations. 

**(il)   + x*(i2)   =  x(il)   + x(i2);   i =  1,2,3,4   , 

x*(ll)   + x*(21)+ x*(31)   + x*(41)   =  x(ll)   + x(21)   + x(31)   + x(41), 

x*(21)   +  2x*/.31)   +   3x*(41)   =  x(21)   +   2x(31)   +  3x(41) , 

in x*(ll) 
x*(12) 

in x*(21) 

x*{22) 

In x*(31) 

x*(32) 

On x*(41) 

Tl' 

*    ^1     +    T9     » 

x*(42) 

1 2 

=   T.   +  2T0   , 

Tl +   ^T2   ' 

For the k-sample algorithm this is a case of 4 samples, two 

observations per sample. The basic B matrix is given in Fig. 2. 

11   12   21  22   31  32   41 42 

LO12345678 

1 1     0 0 0 0 0 0 

0 0     1 1 0 0 0 0 

0 0     0 0 1 1 0 0 

0 0     0 0 0 0 1 1 

1 0     1 0 1 0 1 0 

0 0     1 0 2 0 3 0 

Figure 2 
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In view of the relations given above between values of the 

x^s and the x's, in this case the C matrix is derived from the 

B matrix by the relations 

B=/M   cJCj\,   C, = B^  C2  =B2 , 

where B is 6 x 8, B, is 4 x 8, B» is 2 x 8 with similar dimen- 

sions for the C matrix and its components. 

We remark that instead of starting the iteration from the uni- 

form distribution, tun    ini'.ial distribution .used in the compu- 

ter output attached was x *(ij) = x(i.)x(,j)/N as calculated from 

table 2.  tfe comment that another run using the uniform distribu- 

tion NTT(ij) = 5 as the initial distribution for the iteration 

yielded the same final values.  The computer input data is given 

in table 5. 

By computing the maximum likelihood estimates of o and ß in 

his formulation, Berkson derived the estimates given in table 3. 

Berksons-Estimate (Max. Likelihood) 

Deaths Alive 

1.901431        8.098569 10.000000 

3.445099        6.554901 10.000000 

5.405505        4.594495 10.000000 

7.247965 2.752035 10.000000 

18.000000       22.000000 40.000000 

Table 3 
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Berkson  gave  a value 2l(x:x*)   =  5.985432,   2 D.F.   (on p.   447 

of Berkson   (1972)   the degrees of freedom are  incorrectly given  as   1) 

The m.d.i.   estimates after 4  iterations  are given in table  4. 

M.D.I      Estimate—4  iterations 

Deaths Alive  

1.901434                       8.098566 10.000000 

3.445101                       6.554895 9.999996 

5.405508                       4.594491 9.999999 
7.247968 2.752036 10.000004 

18.000011 21.999988 39.999999 

Table 4 

2I(x:x*)   =  5.985401,   2   D.F. 

We also have the analysis of information 

Analysis of Information 

Component due to Information D.F. 

x(i.), x(.j) 2I(x:x1*) = 12.863 3 

x(.j) , x(21)+2x(31)+3x(41) ,x(i.)  21 (x* :x1*)=6 . 878  1 

2l(x:x*)=5.985   2 

From the output and Fig. 1 we see that since xf  was the ini- 

tial distribution 

j^x^U) = £nxl*(1) + Tj^ or -1.449079 = -0.200671 - 1.248407 , 

"  x*(2)     x1*(2) 
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in x*(3)      = 

x*(4) 
In  I 

(3) 

x1*{4) 

+T1  +  T2        or  -0.643259   =   -0.20067] 

-1.248407   +  0.805820 

in x*(5)   =   in  x1*(5)   +  T1 +  2J2     or  0.162560  =  -0.200671 

x*(6) 
(6) -1.248407  +  1.611640   , 

£n x*(7) = In  x1*(7) + ^ + 3T2  or 0.968380 = -0.200671 

X*(8)      x1*(8) -1.248407 + 2.417460  , 

or 

in  x*(3) - in  x*(l) = 0.805820 , 

x*(4)      x*(2) 

In  x*(5) - in  x*(3) = 0.805819 , 

x*{6)      x*(4) 

Hn x*(7) - in  x*(5) = 0.805820 . 

x*(8)      x*(6) 

Note that X2 = 6.545451 = (9)2(.080808), that is, the quad- 

ratic approximation to 2l{x*:x1*) also obtainable as 

2l(x*:x *) = Etx*(ij)-x1*(ij))
i
=     10      ((2.599)

2+(1.055)2 + 

Xj^Mij) (4.5) (5.5) (#906)2 + (2.748)
2) = 

0.40404(16.2401) = 6.562 
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Computer Input 

JOB CARD 

EX PROGRAM 

TITLE = 'LOGISTIC FIT BERKSON"S MDI' 

UNIF = ' O'B 

NUMSET = : 4 

BMAT = ' I'B 

TOL1 = . 001 TOL2 = .001 

CNSTRNT = 6 OBS • = 8 ; 

2  2  2 2 

110 0 0 0 0 0 

0  0  1 1 0 0 0 0 

0  0  0 0 1 1 0 0 

0  0  0 0 0 0 1 1 

10  1 0 1 0 1 0 

0 0 1 0 2 0 3 0 

19643782 

4.5     5.5     4.5     5.5     4.5     5.5     4.5     5.5 

Table  5 

342 



"T- 

Li'OL.I i(     MI      t'.tHKsC ^'S    ■Ül 

*m 

H 
60 

li   MA i 

i 1 1 > Ü u ^ J J 

t 0 0 i 1 w u rf Ij 

3 Ü u u ü I 1 Ü I' 
<♦ ■J 0 Ü U u Ü 1 1 

L 

5 I ü I Ü 1 C 1 u 
(5 0 0 1 0 iL rj J u 

*tlb*-1(^»= C.2'J3U0U 

WMÜHKiJs Ü.2yauOU 
»»bIGl-llA)=   C.21JCC00 

INV..WE ICHT ( li = 
IN V_ «El 11-7(2) = 
INV_«t lLt-T( J» = 

'».UUüJüu 
^.OOJUUO 
'♦.ÜÜ3JUJ 

C   DtSIbN    ^ATkIX 

1 ^ 

1 

3 

b 
b 

0 
J 
Ü 

I 
0 

4 

0 
0 
Ü 

0 
0 

Ü 

J 
u 
I 
i 

o 
4 
0 
0 
0 
0 

Ü 

0 

Ü 

1 

u 0 
ü 

Ü 

0 
ü 

OBSbPVFC   VALütS 
Ä(l) = 

xm = 
X{3) = 
X(^J^ 
X(b) = 
X(6) = 
X{ 7) = 
X(8) = 

I.cCOOOO 
S.GCOOOC 
t.CCCOUC 
M.Ot JÜÜÜ 
-.CCÜUOU 
7.CCO0OO 
a .ccouuo 
^.COÜUUG 

L\_X(1)= 
LN_X(2)= 
LN_A(i)= 
LN_X('<» = 
L iv._ X ( J ) = 
LN_X(o)= 
LN_X( /» = 

o.ccooco 
2.1V722^ 
1. /SI /b'i 

l.ÜSb6U 

2.079^^1 
LN_X(J)=   O.fcSilt? 

CCNS1M1NTS 
1THET«( l) = 
NTht r^(2» = 
NlHtTM Ji = 
NTHtT/! C« > = 
NTHE r/l (5» = 

40.0J9000 
^fü. J0ÜÜÜO 

40.^00000 
lu.uuoüüu 

343 



N I hf ' « lo ) =    ->'■. v-t JOO J 

*^i 

61 

M ' T I U    I  ISTi' irll IUH 

A s u ' n 3) ^ 

X S I /> r- 1 ( 5 ) ^ 
Ä S T A k 1 (o ) = 

XSl A-t 1 ( 7 )- 

'♦. -J JüOUÜ 
'j. t>Uo<'OÜ 
'♦. !J 0 J J 0 C 

'♦ • J 0 J > 10 0 
ASTr-iuy)^ 'j.socroo 

t rs   x S T A - T (i 1 = 
L "*_ XSlAf T (^1 » 
L 4. XSTAnT(.j) = 
I M.XSTAkT IH) = 

LN XSIAH (bj = 
LN„XST»»HT (0) = 
Ll>. XSTAHm = 
LN.xSTAKT IU)- 

I. V u i U 7 7 
I. / J'« /<»c 

1. hi<* l<*v 

i. 70-i 7^c 
1.50^077 
i. t :iHi& 

f h T IN A T E   1.1-   NTI»( T A   Al    LL,Ll\ T 
■MlHAI  ( 1 J = 

NIHAT i3 H 
N1 n * T (4 ) - 
NTHA1 (b ) = 
M T M A I ( u ) ^ 

HO,üUJUOO 

^C,CwUr JO 
4Ü.UJ JuOU 
it.. ^JOIJOU 

^. JOJÜOO 

oo 0 u 0 
'J LuO u j 

0 v) IbO 0 
0 0 0 icO 

It 10 lb lb 
J lb 3L. rJt 

Id 

Id 
Id 

10 
3b 

^7 
b3 

*<:?.l 

1 

it.y'jOOu^ 
I't.rtiOOCK 
3H.650009 

S ^ ^ . 1_ I N V 

I 

-0. U'l^U 
-Ü. 1^121^ 

J. -dUÖ'jb 

344 



D b l T A ( ^ ) -- 
UlLTA(3)= 
Ütl TAJ^tr 

-OtLTAIt ) = 

0 . J u ü J u U 
0. JJ J )'JJ 
O.WUO JuO 
0. üüO Jf3 ] 
O.üüi) JuO 
9.JUOJUU 

62 

XSÜ^ (. . bV>4b i 

I 

ESUffilf    LF   A   uT   LGUM 
XSTflK ( l ) = 
XSTAf m = 
XSTAP (i) - 
XSTAk(^J= 
Xb'Uk (*: )^ 
XSTARd » = 
XSTAfi (v i = 

1, lj S 3 ^ h H 

^. ^ l JoOti 

1 
LN_.XSTA'- li J = 
LN..XbU(- (c; ) -- 
LW_.XS1 A'-.(i ) = 
L.M Xbl Hf (-i J - 
Lu.XSTAh(J)- 
LK_XS1 At- (o r- 
LN..XS 1 A*- i/i = 
l u..XSTA(, U ) -" 

^ . •., 'J '> l b / 

l. ^i <: i c i "•. 
i • vj D LO 1J V 

Z    IS   (e'-tt-Vl^   TAbLE    A:,,;   X    IS    INITIAL    LIST 

JI(XSlAk:>)= U./üUO'/J 

M(Z:> JUK J= u.Oi.l3 7b 

TAU(1)^-1.OVJ^UH 

FSTiy^ll    LF   A   Al   COUNT* 
XSTAR ( I )- 
XSTARl« ) = 
XST/^f- (2) = 
XSTAH 1^.) = 
XSTAP m = 
XSTriR ((, , = 
XSTAh <7 )^ 
XS1A»{üi= 

b.0 9b!>oü 

^,b4A4SL 

^./bt03e 

LN_XSTAk( i) = 
LiNi_Xi>TAk{^ ) = 
LiN._XSTAF ( ji = 

LN_XS1 ÄkUJ = 
LN^XSTAk(j)^ 
Li\_Ail AK (o J - 
I N_XSI AM7 ) = 
LN_XiTA»" (o) = 

1 • t J fc '> -J J 

'Z    IS   LbSlhVt.J    TAoLt   <»Kü   A    IS    INITIAL    11 Sl. 

^l(XSm:X)= c . Ö 7 a '.^ i 

345 

*i 



*m 

63 

21IZ: > 1 At; » ^ .^üb^t J L 

TAU(U--1 .24u^U7 
TAUU1-   C.dC.)b2ü 

I'jTU'/T'    cr   MTHfclA   AT    LLUM 

(MlhAl ( I > = 
NTHATU ) = 
NT HAI ( -] ) = 
i^TrlAI lH » = 
UtlAT lc) ) = 
\lhAT(0)= 

'iC.Cü J'. JO 
iS.9qc;Shb 
lb,000u3l 
3(;.CvvJ'jOO 

f 

S22.1 

I 
l3.tüS3ul 

Ij.2US3tl 

S^.l. INV 

1 

Ü. I 761 to 
-ü.i/ol2t 

J. UUib^ 

DtLTA(?|=   Q.JÜÜGOU 
DCLl »• (^ )-   o.OtOJuU 
üLLi/ (^M a.omoie» 
ütLTA V5 )=-ü.3Ü JU31 
IJLLT/i U J=   C. Jis     JO 

JUTLI TK 1 1 )= ^./^Mböt; 
OUTLI fl- U »^ I. Jr.lj^tL 
UUTl llk(i)=   0.r-Hl7H'> 

Reproduced  from 
best  available copy. 

346 



Ulli 1 f h ('■ J= ». KioOlu 
OUTL HI- (».. 1= •) . iOe't^i 
'lUTLlt> ( / )= 1 . j«ls- /^S 
jTLUMü)= 1.90^/10 

TLLl-t.UÜlO        TLL^=Ü.0OlU 

64 

\ 

\ 

347 



ip- ^^ 

- 1 - 

9.  Bibliography 

The bibliography lists publications, reports, etc., primarily 

dealing with the analysis of contingency tables. Items are listed by 

year starting with the most recent. Additional references to related 

topics may be found In the bibliographies contained In the books by 

D. R. Cox (1970) and H. 0. Lancaster (1969). The bibliography depends 

In large part on compilations prepared by Dr. Marvin A. Kastenbrum 

and Dr. H. H. Ku. Permission to use their results Is gratefully 

acknowledged. We make no claim that all Items that should have been 

Included are contained herein, and we express our regrets to authors 

of Items so omitted. 

348 

■M* 



^ 

43  ' ^^^^mmmami^^^^—mBm^m 

- 2 - 

1975 

KEEGEL, JOHN C. (1975). Several numerical procedures In regression and 

parameter estimation in contingency tables. Ph.D. dissertation. 

The Graduate School of Arts and Sciences, The George Washington 

University, February 1975. 

1974 

FISHER, MARIAN R. (1974). Deer's guide to CONTABMOP.  (now at National 

Heart and Lung Inatitute, Bethesda, Md. 20014) 

GAIL, MITCHELL. (1974). Value systems for coaparing two independent 

multinomial trials. Biometrika. 61 (1), 91-100. 

IRELAND, C. T. and KDLLBACK, S. (1974). The information in contingency 

tables—an application of information-theoretic concepts to the 

analysis of contingency tables. Submitted for publication. 

KASTENBAUM, M. A. (1974). Analysis of categorical data:  some well- 

known analogues and some new concepts. Conmunications in 

Statistics. 3 (5), 401-417. 

KU, H. H. and KULLBACK, S. (1974). Loglinear models in contingency 

table analysis. The American Statistician, Nov. 1974. 

KULLBACK, S. and FISHER, MARIAN. (1974). Multivariate logit analysis. 

Biometrische Zeitschrift, to appear. 

KULLBACK, S. and REEVES, P. N. (1974). Analysis of interactions between 

categorical variables. Biometrische Zeitschrift, No. 8, to appear. 

PATIL, KASHINATH D. (1974). Interaction tei.t for three-dimensional 

contingency tables. Journal Am. Statist. Assn. 69, no. 345, 

164-168. 

SU6IURA, N. and 0TAKE, M. (1974). An extension of Mantel-Haenszel 

procedure to k 2xc contingency tables and the relation to the 

logit model. Communications in Statistics, to appear. 

349 

nM 



i^ 

- 3 - 

1973 

GOKHALE, D. V. (1973). Approximating discrete distributions with 

applications. Journal Am. Statist. Assn. 68, no. 344, 1009-1012. 
<V\; 

GOODMAN, L. A. (1973). Guided and ungulded methods for selecting modele 

for a set of T nultldlmenslonal contingency tables. Journal Am. 

Statist. Assn. 68, 165-175. 

KULLBACK, S. (1973). Estimating and testing interaction parameters in 

the log-linear aodel. Biometrische Zeitschrift, 15, 371-388. 

KULLBACK, S. and FISHER, MARIAN. (1973). Partitioning stcond-order 

Interaction in three-way contingency tables. Journal Royal 

Statist. Soc., Series C (Applied Statistics) 22, 172-184. 

MANTEL, NATHAN and BROWN, CHARLES. (1973).  A logistic reanalysls of 

Aahford and Sowden's data on respiretory symptoms in British coal 

miners. Biometrics, 29 (4), 649-665. 

SUGIURA, NARIAKI and OTAKE, MASANORI. (1973). Approximate distribution 
2 

of the maxiaum of c-l x -statistics (2x2) derived from 2xc 

contingency tables. Co—inlcatlona In Statistic», 1 (1), 9-16. 
" """     "       *       ' "'     "*"   ^ 

1»72 

ADAM,  J.   and ENKE, H.   (1972).     Analyse mehrdimensionaler koucingenztafeln 

mit hllfe des  informationsmasaes von Kuliback.     Biometrische 

Zeitschrift    14,  5,  pp.   305-323. 

BERKSON,  J.   (1972).    Minimum discrimination information,   the  "no  inter- 

action" problem,  and the logistic function.     Biometrics     28,   2, 

pp.  443-468. 

BRUNDEN,  M.  N.   (1972).    The analysis of non-independent  2x2  tables  from 

2xc  tables  using rank sums.     Biometrics    28,  2,  pp.  603-606. 
 — 'V\, 

CAUSEY, B. D. (1972).  Sensitivity of raked contingei cy table totals to 

changes in problem conditions.  Ann. Math. Statist.  43 2, 

pp. 656-658. ^ 

COX, D. R. (1972).  The analysis of multivariate binary data.  Appl. 

Statist.  21, 2, pp. 113-120. 

350 



- 4 - 

DARROCH,  J.  N. and RATCLIFP, D.   (1972).     G«nerallced Iterative scaling 
for leg-linear modele.    Ann.  Math.  Statiat,    43,  5,  pp.  1470-1480. 

FIEMBERG,  S.  E.   (1972).    The analysis of incomplete multiwey contingency 

tables.    Biometrics 28,  1, pp.  177-202. 

FISHER, MARIAN, R.   (1972).    An application of minimum discrimination 

information estimation.    Ph.D. dissertation. The Graduate School 

of Arts and Sciences, The George Washington University, 

September 1972. 

GAIL,  M.   H.   (1972).     Mixed quasi-independence models  for  categorical 

data.    Biometrics    28,   3,  pp.   703-712. 
' '\AJ 

GART,  J.   J.   (1972).     Interaction tests   for 2xsxt  contingency  tables. 

Biometrlka    59,  2,  pp.   309-316. 

GOKHALE,   D.   V.   (1972).     Analysis  of   log-linear models.     J.   Roy.   Statist. 

Soc.   Ser.  B      34,  3,  pp.   371-376. 

GOODMAN,   L.   A.   and KRUSKAL,  W.   H.   (1972).     Measures  of  association for 

cross-classifications,   IV:     simplification of asymptotic variances. 

J.  Amer.  Statist.  Assoc.     67,  pp.  415-421. 

GRIZZLE,  J.   E.  and WILLIAMS,  0.  D.   (1972).     Log-linear models  and tests 

of independence for contingency tables.    Biometrics     28,   1, 

pp.   137-156. 

GRIZZLE,   J.   E.   and WILLIAMS.   0.   D.   (1972).     Contingency  tables having 

ordered  response categories.     J.  Amer.  Statist.  Assoc.     67, 

pp.   55-63. 

UAltfON, GARY L., JACOBS,  STANLEY, E. and REEVES, PHILIP,  N.   (1972). 

Surveys of hospital/medical computing.    Hospital Financial 

Managemant, September 1972. 

IRELAND, C.  T.  (1972).    Sequential cell deletion in contingency tables. 

Statistics Department, The George Washington University. 

351 



« 

- 5 - 

KOCH, 6. C,  IMREY, P. B., and REINFURT, D. W.   (1972).    Linear model 

analysis of categorical data with Incomplete response vectors. 

Biometrics 28, 3, pp. 663-692. 

MARTIN, D. C.  and BRADLEY,  R. A.   (1972).    PrrVablllty models, estimation, 

and classification for multlvarlate dlchotomous populations. 

Biometrie«, 28, 203-221. 

NATHAN,  G.   (1972).     Asymptotic power of  tests   for Independence  In  con- 

tingency  tables  from stratified samples.     J.  Amer.   Statist.  Assoc. 

67,   pp.  917-920. 

VICTOR,  N.   (1972).     Zur klassifizierung mehrdimensionaler kontingenztafeln. 

Biometrics     28,  2, pp.  427-442. 
-^—————      -VV/ 

1971 

ALTHAM,  P.   M.   E.   (1971).    Exact Bayesian analysis of the  intraclass  2x2 

table.     Biometrika    58,   3,  pp.   679-680. 

ALTHAM,  P.  M.   E.   (1971).    The analysis  of matched proportions.     Biometrika 

58,   3,  pp.   561-576. 

BELLE,   G.   V.   and CORNELL,  R.   G.   (1971).     Strengthening tests  of  symmetry 

in contingency  tables.     Biometrics    27,   pp.  1074-1078. 

BISHOP,  Y.  M.  M,   (1971).    Effects of collapsing multidimensional  con- 

tingency  tables.    Biometrics     27,  pp.   545-562. 

COHEN,  J.   E.   (1971).    Estimation and interaction in a censored 2x2x2 

contingency  table.    Biometrics    27,  379-386. 

DEMPSTER,  A.  P.   (1971).    An overview of multivariate data analysis. 

Journal Multlvarlate Analysis    1,  316-347. 

FRYER,  J.  G.   (1971).    On the homogeneity of  the marginal distributions  of 

a multidimensional contingency table.    J.   Roy.  Statist.   Soc.   Ser.  A 

134,  pp.   368-^71. 

352 



- 6 - 

GART,  J.  J.   (1971).     On the  ordering of  contingency  tables  for signf f (cancn 

testa.     Technometrics     13,  pp.  910-911. 

GART,   J.   J.   (1971).     The  comparison of   proportions:     a   rüvli-w ol   Hl^nlfl- 

cance  tests,  confidence  intervals,   and adjustments  for stratilicatlon. 

Rev.   Inst.   Internat.  Statist.     29,   pp.   148-169. 

GOKHALE,  D.   V.   (1971).    An iterative procedure for analysing  log-linear 

models.     Biometrics    27,  pp.   681-687. 

GOODMAN,  L.   A.   (1971).     Partitioning of  chi-square,  analysis  of marginal 

contingency tables,  and estimation of expected frequencies  in multi- 

dimensional contingency  tables.     J.  Amer.  Statist.  Assoc.     66, 

pp.   339-344. 

GOODMAN,  L.   A.   (1971).    Some multiplicative models  for  the  analysis  of 

cross-classified data.     Proc.  6th Berkeley Symp.,  Berkeley  and  Los 

Angeles,  University of  Galifornia Press. 

GOODMAN,   L.   A.   (1971).     The analysis  of  multidimensional  contingency 

tables:     stepwise procedures  and direct estimation methods  for 

building models  for multiple  classif icationt,.     Technometrics     13, 

pp.   33-61. 

GRIZZLE,  J.   E.   (1971).     Multivariate  logit  analysis.     Biometrics     27, 

pp.  1057-1062. 

IRELAND, C.  T.   (1971).    A computer prograa for analyzing contingency 

tables.    (Latest version Is CONTAB III) Statistics Department, 

The George Washington University 

JOHNSON,  W.   D.,  and KOCH,  G.   G.   (1971).     A note on the weighted least 

squares  analysiu of  the Ries-Smith  contingency  table  data. 

Technometrics    13,  pp.   438-447. —— —^—   ^^ 

KOCH,   G.   G.,   IMREY,  P.   B.,   and RE1NFURT,   D.   W.   (1971).     Linear model 

analysis  of categorical  data with  incomplete response vectors,   insti- 

tute of  Statistics Mimeo Series No.   790, University of North Carolina. 

353 



- 7  - 

KOCH,   G.   G.,  JOHNSON,   W.   D. ,   and TOLLEY,   ii.   D.   (Ly/1).     An .ippiicaL i.m 

öl   lim-ar models   to analyze  categorical  data  pertaining  Lo  tlic 

relationship between survival and extent  ol   disease.     InstltuU-  ol 

Statistics  Mimeo  Scries  No.   770,   University  ol  North Carolina. 

KOCH.   G.   G.   and REINFURT,  D.  W.   (1971).     The  analysis  of  categorical data 

from mixed models.     Biometrics    27,   pp.   157-173. 
     vv 

Kll,  II.   H.   (1971).     Analysis of  information -  an alternative approach to 

the detection of   a  correlation between  the  sexes  of  adjacent sibs 

in human families.     Biometrics    27,  pp.   .175-182. 
       'VA/ 

KU, H. H., VARNER, R., and KULLBACK, S. (1971). On the analysis of 

multidimensional contingency tables. J. Amer. Statist. Assoc. 

66, pp. 55-64. 

KULLBACK, S. (1971).  Marginal homogeneity of multidimensional contin- 

gency tables. Ann. Math. Statist.  42. pp. 594-606. 

KULLBACK, S. (1971).  The homogeneity of the sex ratio of adjacent sibs 

in human families. Biometrics 27, pp. 452-457. 

NAM, J. (1971). On two tests for comparing matched proportions. 

Biometrics 27, pp. 945-959. 
———^—  v\/ 

PEACOCK, P. B. (1971).  The non-comparability of relative risks from 

different studies.  Biometrics 27, pp. 90J-907. 
——————       VV; 

PLRITZ,  E.   (1971).     Estimating the ratio of  two marginal probabilities 

in a contingency   table.    Biometrics     27,  pp.   223-225. 

RATCL1FF,  1).   (1971).     Topics on independence and correlation for bounded 

sum variables.     Ph.D.   thesis,  School of  Mathematical Sciences, 

the  Flinders  University of   South   Australia,  June 1971. 

SIMON,  G.  A.   (1971).     Information distances  and exponential  families, 

with applications  to contingency  tables.     Technical Report No.   32, 

November 26,   1971,  Department of Statistics,  Stanford University. 

354 



4X 

- 8 

THOMAS,  Ü.   G.   (1971).     Exact  conl Idkmce   LlinltB   lor tlic "UCIB  ratio   In M 

2x2  table.    Appl.  Statist.     20,   pp.   1Ü5-JL0. 

YASAIMA1B0DI   (YASSAEE),  UEDAYAT   (i'l/i).     Ün  comparison of   various  esti- 

mators  and their associated statistics  in rxc and rxcx2  contingency 

tables.     Ph.D.   dissertation,  The George Washington University. 

7.ELEN,  M.   (1971).     The analysis of several  2x2  conMu^cncy  tables. 

Biometrlka    58,  pp.  129-137. 

19 70 

ALTHAM, PATRICIA M. E. (197Ü).  The measurement of association of rows 

and columns for an rxs contingency table.  J. Roy. Statist. Soc. 

Ser. B  32, pp. 63-73. 

ASHF01D, J. R., MBGAN, D. C, RAE, S., SOWDEN, R. R. (1970). Respiratory 

■ynptoBS in British coal miners. American Review of Respiratory 

Disease. 102, 370-381. 
«wv» 

ASHPORD, J. R. and SOWDEN, R. D. (1970). Hultlvariate probit analyals. 

Bio^trics. 26, 535-546. 

BHAPKAR,  V.   P.   (1970).     Categorical  data analysis of some multivariate 

tests.     Essays in Probability and Statistics  (R.  C.  ßose et  al., 

eds.).     The University of North Carolina Press,  pp.   85-110. 

CAMPBELL,  L.   L.   (1970).     Equivalence of  Gauss's  principle and minimum 

discrimination information estimation of  probabilities.     Ann.   Math. 

Statist.     41,  pp.  1011-1015. 

COX,  D.   R.   (1970).     The Analysis of Binary Data.    Methuen & Co.,   Ltd., 

London. 

CRADDOCK,  J.  M.  and FLOOD,  C.   R.   (1970).     The distribution of  the  chi- 

square statistic in small contingency  tables.    Appl.   Statist. 

19,  pp.   173-181. 

355 



*p 

J 

\ 

FIENBERG,  S.  E.   (1970).     Quasi-independence and maximum likelihood 

estimation in incomplete contingency tables.     J.   Aroer.  Statist.  Assoc. 

65,  332,  pp.   1610-1616. 

FIENBERG,  S.  E.   (1970).     An iterative procedure  for estimation in contin- 

gency  tables.     Ann.  Math.  Statist.     41,  pp.   907-917. 

FIENBERG,  S.   E.   (1970).     The analysis of multidimensional contingency 

tables.     Ecology     51,  2,  pp.  419-433. 

FIENBERG,   S.   E.   and GILBERT,  J.   P.   (1970).     Geometry  of  a two by   two 

contingency  table.     J.  Amer.  Statist.  Aasoc.     65,   pp.  694-701. 

FIENBERG,   S.   E.   and HOLLAND,  P.  W.   (1970).     Methods   for  eliminating  zero 

counts  in contingency tables.     Random Counts  in Scientific Work 

(G.  P.  Patil,  ed.).     The Pennsylvania State University Press. 

GOOD,   I.   J.,   GOVER,   T.   N. ,  and MITCHELL,   G.   J.   (19 70).     Exact distribu- 

tions  for x-8<luare(^ an^ for the likelihood-ratio  statistic for 

the equiprobable multinomial distribution.     J.  Amer.  Statist.  Assoc. 

65,  pp.   267-283. 

GOODMAN,  L.  A.   (1970).     The multivariate analysis  of qualitative data: 

interaction among multiple classifications.     J.   Amer.  Statist.  Assoc. 

65,  pp.   226-256. 

KASTENBAUM,  M.   A.   (1970).    A review of  contingency  tables.    Essays  in 

Probability and Statistics  (R.   C.   Böse et al.,  eds.).    The 

University of North  Carolina Press,  pp.   407-438. 

KULLBACK,  S.   (1970).     Various applications of minimum discrimination 

information estimation,  particularly  to problems  of contingency  table 

analysis.     Proceedings of  the Meeting on Information Measures, 

University of Waterloo,  Ontario,   Canada,  April 10-14,  1970,   I-33-l-6b, 

KULLBACK,  S.   (1970).     Minimum discrimination information estimation and 

application.     Proceedings of the Sixteentli Conference on the  Design 

of  Experiments  in Army Research,  Development and Testing,  21 October 

19 70.    ARO-D Report  71-3,  1-38 Proceedings  of the  Conference. 

356 

-     ^ 



J> 

- 10 - 

MANTEL,  N.   (1970).     Incomplete cmitingency  tables.     Biometrics     26, 

pp.   291-304. 

MOLK, YEHUDA  (1970).     On estimation of probabilities   In contingency  tables 

with restrictions on marginals.     Ph.D.  dissertation,  The George 

Washington University, 'ebruary 1970. 

0D0ROFF,  C.  L.   (1970) .     Minimum logit chi-square estimation and maximum 

likelihood estimation in contingency  tables.     J.  Amer.  Statist.  Assoc. 

65,  332,  pp.   1617-1631. 

WAGNER,  S.  S.   (1970).     The maxiinura-lik.elihood estimate for continguncy 

tables with zero diagonal.    J.  Amer.   Statist.  Assoc.     65,   331, 

pp.   1362-1383. 

1969 

ALTHAM,  PATRICIA M.  E.   (1969).    Exact Bayesian analysis o    a 2x2  contingency 

table and Fisher's  "exact" significance test.     J.   Roy.  Statist.  Soc. 

Ser.  B.     31, pp.   261-269. 

ARGENTIERO,  P.  D.   (1969).     x-squared statistic  for goodness of  fit  test, 

its derivation and tables.    NASA Technical Repoit, TR-R-313. 

BISHOP, Y.  M.  M.   (1969).     Full contingency  tables,   logits,  and split 

contingency tables.     Biometrics    25,  pp.   383-400. 

BISHOP,  Y.  M.   M.   and FIENBERG,  S.  E.   (1969).     Incomplete  two-dimensional 

contingency tables.    Biometrics    25,  pp.   119-128. 

DEMPSTER,  A.   P.   (1969).     Some theory related to  fitting exponential models. 

Research Report  S-4,  Department of Statistics,  Harvard University. 

FIENBERG,  S.   E.   (1969).     Preliminary graphical analysis  and quasi- 

independence for two-way contingency  tables.     Appl.  Statist.     18, 
•x/x, 

pp.   153-168. 

GOODMAN,  L.  A.   (1969).     On partition x-squared and detecting partial 

association in the  three-vay contingency  tables.     J.  Roy.  Statist. 

Soc.  Ser.  B.     31,  pp.  486-498. 

357 

L 



^» 

- 11 

GRIZZLE, J.  E.,  STARMER,  C.  P., and KOCH, G. G.   (1969).    Analysis of 

catagorical data by linear modals.    Bloaatrlc«    25, pp.  489-504. 

HKALY,  M.  J.  R.   (1969).     Exact  tests of  significance  in contingency 

tables.    Technomet lies     LI,  pp.   39 3-395. 
 —    vv 

IRELAND,  C.   T.,   KU,   H.   H.,   and KULLBACK,  S.   (1969).     Symmetry  and 

marginal homogeneity of  an rxr contingency   table.     J.   Amer.   Statist. 

Assoc.     64,  pp.   1323-1341. 

KOCH, G. G. (1969). The effect of non-sampling errors on measures of 

association in 2x2 contingency tables, J. Amer. Statist. Assoc. 

64,  pp.  852-863. 
'VV. 

KU,  11.  H.   and KULLBACK,  S.   (1969).    Analysis of  multLdimensional contin- 

gency  tables:     an  information theoretical  approach.     Contributed 

papers,  37th  Session of  the International Statistical Institute, 

pp.  156-158. 

KU, H. H. and KULLBACK, S.   (1969).    Approximating discrete probability 

distributions.    IEEE Trana. on Information Theory. IT-15, 444-447. 

LANCASTER,  H.  0.   (1969).     Contingency tables of  higher  dimensions. 

Bulletin of the  International Statistical Institute.     43,  1, 

pp.  143-151. 

LANCASTER,   H.   0.   (1969).     The Chi-Squared Distribution.     Wiley,  New York. 

NACNUR,  11.   N.   (1969).     LAMST and  the hypotheses  of no  three  factor inter- 

action in contingency  tables.    J.  Amer.   Statist.   Assoc.     64,  pp.   207- ______      „,  ..      ^^ 

215. 

PLACKETT,   R.  L.   (1969).     Multidimensional contingency   tables.     A Survey 

of Models  and Methods,  Bulletin of  the  International Statistical 

Institute.     43,  1,  pp.   133-142. 

1968 

BENNETT,  ß.  M.   (1968).     Notes on x-squared  tests   for matched samples. 

J.  Roy.Statist.  Soc.  Ser.  B    30,  pp.  368-370. 
w 

358 



- 12 - 

BERKSON, J. (1968). Application of minimum Icjit chi-aquared estimate to 

a problem of Grizzle with a notation on the problem of no interaction. 

Bioaetrics 24, pp. 75-96. 
w. 

BHAPKAR, V. P. (1968).  On the analysis of contingency tables with a 

quantitative response. Biometrics 24, pp. 329-338. 

BHAPKAR, V. P. and KOCH, G. G. (1968). Hypotheses of "no interaction" in 

multidimensional contingency tables.  Technometrics  10, pp. 107-123. 
'XA. 

BHAPKAR, V. P. and KOCH, G. G. (1968).  On the hypotheses of "no inter- 

action" in contingency tables.  Biometrics 24, pp. 567-594. 

FIENBERG, S. E. (1968).  The geometry of an rxc contingency table. 

Ann. Math. Statist.  39, pp. 1186-1190. —————————       o/vi 

GOODMAN, L.  A.   (1968).     The analysis  of  cross-classified data: indepen- 

dence,  quasi-independence,  and interactions  in contingency tables 

with or without missing entries.    J.  Amer.   Statist.  Assoc. 63, 

pp.   1091-1131. 

HAMDAN,  M.  A.   (1968^.     Optimum choice of  classes  for contingency tables. 

J.  Amer.   Statist.  Assoc.     63,  pp.  291-297. 

IRELAND,  C.  T.   and KULLBACK,  S.   (1968).     Contingency  tables with given 

marginals.     Biometrika    55,  pp.   179-188. 

IRELAND,  C.  T.   and KULLBACK,  S.   (1968).     Minimum discrimination informa- 

tion estimation.     Biometrics    24,  pp.   707-713. 
———~—  W; 

KU, H. H. and KULLBACK, S. (1968).  Interaction in multidimensional 

contingency tables:  an infonuation theoretic approach. J. Res. 

Nat. Bur. Standards Sect. B 72, pp. 159-199. 
-—^——————————  VX/ 

KU, H. H., VARNER, R. , and KULLBACK, S. (1968). Analysis of multidimen- 

sional contingency tables. Proceedings of the Fourteenth Conference 

on the Design of Experiments in Array Research, Development and 

Testing. ARO-D Report 69-2. 

KULLBACK, S. (1968).  Information Theory and Statistics.  Dover Pub., 

Inc., New York. 

359 



^^—^, 

^ 

/ 
/ 

- 13 - 

KULLBACK, S. (1968).  Probability densities with given marginals. Ann. 

Math. Statist.  39, pp. 1236-12A3. 

LEYTON, M. K. (1963).  Rapid calculation of exact probabilities for 2x3 

contingency tables.  Biometrics 24, pp. 714-717. 

MATHIEU, JEAN-RENE and LAMBERT, E. (1968). Un test de l'identite des 

marges dun tableau de correlation. C. R. Acad. Sei. Paris 267, 

pp. 832-834. 

HOSTELLER, F. (1968).  Association and estimation in contingency tables. 

J. Amer. Statist. Asaoc. j^, pp. 1-28. 

SLAKTER, M. J. (1968). Accuracy of an approximation to the power of the 

chi-square goodness of fit test with small but equal expected fre- 

quencies. J. Amer. Statist. Assoc. 63, pp. J12-924. 

SUGIURA, N. and OTAKE, M. (1968). Numerical comparison of improvised 

methods of testing in contingency tables with small frequencies. 

Ann. Inst. Statist. Math. 20, pp, 507-517. 

1967 

BENNETT,  B.  M.   (1967).     Tests of hypothesis concerning matched samples. 

J.  Roy.   Statist.   Soc.   Ser.  B    29,  pp.  468-474. 

BISHOP, Y.  M.   M.   (1967).     Multidimensional  contingency  tables:     cell 

estimates.     Ph.D.   dissertation.  Harvard University. 

BLOCH,  Ü.  A.   and WATSON,  G.   S.   (1967).    A Bayesian study of  the multi- 

nomial distribution.     Ann.  Math.   Statist.     38,  pp.   1423-1435. 

COX,   D.   R.  and LAUH,  E.   (1967).    A note on the graphical analysis of 

multidimensional contingency  tables.     Technometrics    9,  pp.  481-488. ———————— »^ 

GOOD, I. J. (1967). A Bayesian significance test for multinomial diptri- 

butions. J. Roy. Statist. Soc. Ser. B 29, pp. ".39-431. 

360 



X" 

14 - 

FERGUSON, T. S. (1967). Mathwmtlc«! Statistics. Academic Press Inc. 

N. Y. 

SNEDECOR, G. W., and COCHRAN, W. G. (1967).  Statistical Methods. The 

Iowa State University Press, Ames, Iowa. 

1966 

J> 

ARMITAGE, P.   (1966).     The  chl-square test for heterogeneity  of proportions 

after adjustment  for stratification.    J.  Roy.   Statist.   Soc.  Ser.  B 

28, pp.  150-163. 

BHAPKAR,  V.  P.   (1966).    A note on the equivalence of  two test  criteria for 

hypotheses in categorical data.    J.  Amer.  Statist. Assoc.    61, 

pp.   228-235. 

BHAPKAR,  V.  P.   (1966).     Notes on analysis of  categorical data.     Institute 

of Statistics Mimeo Series No.  477,    University of North Carolina. 

J 

BHAT,  B.  R.  and KULKARNI,  S.  R.   (1966).     LAMP test of  linear and  loglinear 

hypotheses in multinomial experiments.    J.  Amer.   Statist.  Assoc. 

61, pp.  236-245. 

COX,  D.  R.   (1966).    A simple example of a comparison involving quantal 

data.    Biometrlka    53, pp.   215-220. 
—————       r^r^ 

CRADDOCK, J. M. (1966).  Testing the significance of a 3x3 contingency 

table. The Statistician 16, pp. 87-94. 
——^————— f^ 

GABRIEL, K. R. (1966).  Simultaneous test procedures for multiple compari- 

son on categorical data. J. Amer. Statist. Assoc. 61, pp. 1081-1096. 

GART, J. J. (1966).  Alternative analyses of contingency tables. J. Roy. 

statist. Soc. Ser. B 28, pp. 164-179. 

GOOD, I. J. (1966).  How to estimate probabilities. J. Inst. Math. Appl. 

2, pp. 364-383. 
a, 

ROLLBACK, S. and KHAIRAT, M. A. (1966). A note on minimum discrimination 

information. Ann. Math. Statist. 37, pp. 279-280. ——^————^     w 

361 



m      i !■ 

-  15 

MANTEL, N.   (1966).    Models for complex contingency tables «n«i polychotonous 

dosage response curves.    Bloaetrlcs    22, pp. 83-95. 

1965 

ASANO,  C.   (1965).     On eatim.iting multinomial probabilities by  pooling 

incomplete samples.     Ann.   Inst.  Statist. Math.     17,  pp.   1-14. 

BllAPKAR,  V.   P.  and KOCH,  G.   G.   (1965).     On the hypothesis of "no inter- 

action" in three-dimensional contingency tables.     Institute of 

Statistics Mimeo Series No.  440,  University of North Carolina. 

BllAPKAR,   V.  P.  and KOCH,  G.  G.   (1965).     Hypothesis of no interaction in 

four-dimensional contingency  tables.     Institute of  Statistics Mimeo 

Series No.  449,  University of North Carolina. 

BHAT,  B.   R.   and NAGNUR,  B.  N.   (1965).     Locally asymptotically most 

stringent tests and Lagrangian multiplier tests  of  linear hypotheses. 

Biometrika    52,  3 and 4,  pp.  459-468. 

BIRCH, M.  W.   (1965).     The detection of  partial association II:     the 

general case.    J.  Roy.   Statist.  Soc.   Ser.  B    27,  pp.   111-124. ———•    w 

CAUSSINUS,  H.   (1965).     Contribution a  l'analyse statistique des  tableaux 

de correlation.    Ann.   Fac.  Sei.  Univ. Toulouse    29,  pp.   77-182. 

GOOD,  I.  J,   (1965).    The Estimation of Probabilities:    An Essay on Modern 

Bayesian Methods.    Research Monograph,  30.    The MIT Press,  Cambridge, 

Massachusetts. 

KASTENBAUM,  M. A.   (1965).     Contingency  tables:     a review.     MRC Technical 

Summary Report No.   596.     Mathematical Research Center,  The Univer- 

sity of Wisconsin. 

KATTI,  S.  K.  and SASTRY,  A.  N.   (1965).     Biological examples of small 

expected frequencies and the chi-square test.     Biometrics    21, ___________ ^^ 

pp. 49-54. 

LANCASTER, H. 0. and BROWN, T. A. I. (1965). Size of x-squared test in 

the symmetrical multinomials. Austral. J. Statist.  7, p. 40. 

362 



- 16 - 

r^ 

LEWONTIN, R. C. and FKLSENSTEIN (1965).  The robustnt.sa ot liomo)jenul.ty 

tests in 2xn tables.  Biometrics 21, pp. 19-33. 

MOTE, V. L, and ANDERSON, R. L. (1965). An investigation of the effect 

of raisclasslfication on the properties of chl-squared tests in the 

analysis of categorical data.  Biometrika 52, pp. 95-109. 

RAD11AKRISHNA, S. (1965).  Combination of results from several 2x2 contin- 

gency tables. Biometrics 21, pp. 86-98. 
   '\A< 

1964 

ALLISON, 11. E. (1964).  Computational forms for chi-square.  Amer. Statist. 

18, 1, pp. 17-18. 

BENNETT, B. M. and NAKAMURA, E. (1964).  Tables for testing significance 

in a 2x3 contingency table. Tecnnometries 6, 4, pp. 439-458. 

BIRCH, M. W. (1964). The detection of partial association I: tha 2x2 casa. 

Jour. Roy. Statist. Soc. Series B. 26, 313-32*. 

BRDSS, I. D. J. (1964). Taking a covariable into account. J. Amer. 

Statist. Assoc. 59, 307, pp. 725-736. ———————-^     vv 

ClIEW,  V.   (1964).    Application of the negative binomial distribution with 

probability o 

1,  pp.  34-40. 

probability of raisclasslfication.     Virginia Journal of Science    15, 
  w 

GOODMAN, L. A. (1964). Simultaneous confidence limits for cross-product 

ratios in contingency tables. J. Roy. Statist. Soc. Ser. B 26, 1, 

pp. 86-102. 

GOODMAN, L. A. (1964). Simple methods for analyzing three-factor inter- 

action in contingency tables. J. Roy. Statist. Soc.  59, pp. 319-352. „*  ,,„   ,.,._ _ ^^ 

GOODMAN, L. A. (1964).  Interactions in multidimensional contingency 

tables.  Ann. Math. Statist. 35, 2, pp. 632-646. 
———————————   »v/b 

GOODMAN, L. A. (1964).  Simultaneous confidence intervals lor contrasts 

among multinoeial populations. Ann. Math. Statist. ^, 2, pp. 716-725. 

363 



- 17 - 

HARKNESS,  W.  L,   and KATZ,  L.   (196A).     Comparison of the pover functions 

for the test of Independence In 2x2 contingency tables.    Ann.  Math. 

Statist.     35,   3, pp.   1115-1127. 
w 

KIHLBERG,  J.  K. ,  NARRAGON,  E.  A.,  and  CAMPBELL,   B.  J.   (196A).     Automobile 

crash Injury in relation to car size.    Cornell Aeronautical Lab.  Inc. 

Report, VJ-1823R11. 

LINDLEY,   D.   V.   (l.%4).     The  Bayesian  analysis  nt   cor.r ■'ugency   tables. 

Ann.   Math.   Statist.     35,   4,   pp.   1622-1641. 

PLACKKTT,   K.   L.   (19()4).     The  continuity  correction  In  2x2  tables. 

üioinotrika     21,  Parts   3  and  4,   pp.    127-338, 

2 
PUTTER,   J.   (1964).     The  x    goodness-of-ti:   test   for a  class  of   cases  of 

dependent  observations.     Biometrika     51,   pp.   250-252. 

SOMKRS,   R.   11.   (1964).     Simple measures   of  association   for   tin-   tripli 

dichotomy.     J.   Roy.   Statist.   Soc.   Ser.   A     12/,   i,   pp.   41)9-41"). 

TALL1S,   G.   M.   (1904).     The  use  of   models   in   the  analysis  ol   some   classes 

of   contingency  tables.     Biometrics     24,   4,   pp.   H12-839. 

196 3 

BENNETT, D. M. and NAKAMURA, E. (1963).  Tables for testing significance 

in a 2x3 contingency table.  Technometrics  5, 4, pp. rjUl-511. 
——'~~—— ■        ^J 

BIRCH,   M.   W.   (]963).     Maximum  likelihood   In   three-way   contisigeucv   tables, 

J.   Roy.   Statist.   Soc.   Ser.   B     25,   I,   pp.   220-233. 

DAKRÜCH,   J.   N,   and S1LVEY,   S.   D.   (1963).     On  testing more   than  one 

hypothesis.     Ann.   Math.   Statist.     34,   2,   pp.   555-567. 

DIAMOND,   li.   L.   (1961).     The   limiting  power  of   categorical  data   chl-square 

tests  analogous  to normal  analysis ol   variance.     Ann.   Math,   statist. 

34,  4,  pp.   1432-1441. 

364 



- 18 - 

EDWARDS, A. W. F. (1963). The measure of •seocietlon in a 2x2 table. 

J. Roy. Statist. Soc. Ser. A 126, 1, pp. 109-114. 

PELDMAH, S. E. and KLINGER, E. (1963). Short cut calculation of the 

Pieher-Yates e«act test. Psychoaetrika 28, 3, pp. 289-291. 
/VA, 

PINNEY, D. J., LATSCHA, R., BENNETT, B. M., HSU, P. and PEARSON, E. S. 

(1963). Tables for testing significance in a 2x2  contingency table. 

(Supplement by B. M. Bennett and C. Horst 1+28). Camb. Univ. Press. 

103 pp. 

2 
GOLD,   R.   A,   (19b3).     Tests auxiliary   to x     teats  in a Markov chain.     Ann. 

Math.   Statist.     34,   1,  pp.   56-74. 

GOOD,   I.   J.   (19t)3).     Maximum entropy   for hypothesis   formulation,   especially 

for muitidimensionsl  contingency  tables.     Ann.   Math.   Statist.     34, 

3,  pp.   911-934. 

GOODMAN,  L.   A.   (1963).     On methods   for comparing contingency   tables. 

J.   Roy.   Statist.   Soc.   Ser.   A     126,   1,   pp.  94-108. 

GOODMAN,   L.   A.   (.1.963).     On Plackett's   test   for contingency   table   inter- 

actions.     J.   Roy.   Statist.   Soc.   Ser.   B     2S,   1,   pp.   179-188. 

GOODMAN, L. A. and KRUSKAL, W. H. (1963). Measures of association for 

cros^ classification 111: approximate sampling theory. J. Amer. 

Statist.   Assoc.     58,   pp.   J1U-J64. 

KU,   H.   H.   (1963).    A note on contingency  tables  involving  zero   frequencies 

ana the  21   test.     Technometric,     :,   3,  pp.   398-400. 

MANTEL,   N.   (1963).     Chi-tquare   tests with  one degree of   freedom:     exten- 

sions  of   the Mantel-Haenszel   procedure,      I.  Amer.   Statist.   Aasoc. 

58,   pp.   690-700. 

NEWLLL,   D.   J.   (1963).     Misclassl.ication  In  2x2  tables,     biometrics     19, 

1,   pp.   187-188. 

OKAMATO,   M.   (1963).     Chi-square  statistic  based on  the  pooled   frequencies 

of   several  observations.     Hiometrika     50,   pp.   524-528. 

365 



w~ 

- 19 - 

RIES, P. N.  and SMITH, H.   (1963).    The use of chl-square for preference 

testing in multidimensional problems.    Chem.  Eng. Prog.  Symposium 

Series    59,   '♦?, pp.  39-43. 

WALSH,  J.  E.   (1963).    Loss in test efficiency due to misclassification 

for 2x2 tables.    Biometrics    19,  1, pp.  158-162. 

CORNFIELD, J.   (1962).    Joint dependence of risk of coronary heart disease 

on serum cholesterol and systolic blood pressure:    a discriminant 

function analysis.    Federation Proceeding,  No. 4, Part  II,  July-Aug. 

1962.  Supplement No.  11.  58-61. 

1962 

) 
DALY,   C.   (1962).     A simple  test  for  trends   in a  cüatingency  table.     Bio- 

metrlcs     18,   1,   pp.   114-119. 

DAUROCH,  .1.   N.   (ll>»)2).     Interactions  in multi-lactor contingency  tables. 

.1.   Koy.   Statist.   Soc.   Ser.   B     24,   1,   pp.   2^1-263.      ^ 

FISHKR,   SIR  RONALD A.   (1962).     Confidence   limits   for a cross-product   ratio. 

Austral.   J.   Statist.     4,  1,  p.   41.        % 

GART,   I.   J.   (1962).     Approximate confidence   limits   for  relative   risks. 

. .   ..oy.   Statist.   Soc.   Ser.   B     24,   2,   pp.   4'J4-463. 

GAR I,   J.   J.   (19(J2).     On  the combination  ot   relative  risks.     Biometrics 

18,   4,   pp.   601-bU). 

K1NCA1Ü,   W.   M.   (1962).     The combination of   2.xin contingency  tables. 

Biometrics     18,   2,  pp.   224-228. 

KULLBACK,   S.   KUI'PERMAN,   M.   and KU,   H.   H.   (1962).     An applicaLion of    inlur- 

mation  theory   to  the analysis  of  contingency   tables with  a  table  of 

2'A  in N,  N =»   1(1)10,000.    J.   Res.   Nat.   Bur.   Standards  Sect,   h       6b, 

pp.   2i/-243. 

KULLBACK,   S.,   KUPPKRMAN,  M.,   and KU,   H.   II.   (1962).     Tests   for  contiuKcmcy 

tables   and Markov chains.     Technomet rlcs     '♦,   4,  pp.   57 3-608. 

366 



43 

- 20 - 

LEWIS, B. N. (1962).  On the analysis of interaction In multl-dimenslona] 

contingency tables. J. Roy. Statist. Soc. Ser. A 125, 1, pp. 88-117. 

PLACK.ETT, R. L. (1962). A note on interactions In contingency tabli>s. 

J. Roy. Statist. Soc. Ser. B 24, 1, pp. !()?.-166.   ^^ 

TALLIS,   G.   M.   (1962).     The maximum  likelihood estimation of  correlation 

from contingency tables.     Biometrics     18,   3,  pp.   3A2-353. 

1961 

BÜRGER, A. (1961) . On comparing intensities of association between two 

binary characteristics in two different populations. J. Amer. Statist. 

Agaoc.  56, pp. 889-908. 

BHAPKAR, V. P. (1961). Some tests for categorical data. Ann. Math. Statist. 

32, 1, pp. 72-83. 

BILLINGSLEY, P. (1961). Statistical Inference for Markov Processes. 

Statistical Research Monographs, 2, The University of Chicago Press. 

CLARINGBOLD, P. J. (1961).  The use of orthogonal polynomials in the 

partition of chi-square. Austral. J. Statist.  3, 2, pp. 48-63. ^——________  ^ 

FRIEULANDER, D. (1961). A technique for estimating a contingency table, 

given the marginal totals and some supplementary data.  J. Roy. Statist, 

Soc. Ser. A 12A, 3, pp. 412-420. 
  -w^ 

GARSIDE, R. F.   (1961).    Table« for ascertaining whether differences between 

percentages are statistically significant at the 1% level.    British 

Had. J.    1, 874-876. 
<\, 

GREGORY,   G.   (1961).    Contingency  tables with a dependent classification. 

Ausiral.  J.   Statist.     3,  2,   pp.   42-47. 

GRIZ/LE,   J.   E.   (1961).     A new method  of  testing hypotheses  and esti     ting 

parameters   tot  the   logistic model.     Biometrics     17,   3,   pp.   372-385. 

KKNUALL,   M.   G.   and STUART,  A.   (1961).     The Advanced Theory  of  Statistics. 

2,  Charles Griffin and Company,  London. 
\, 

367 



21 

OKAMATO, M. and ISHII, G. (1961). Test of independence In intraclass 2x2 

tables.  Blometrlka 48, pp. 181-190. 

RO(ior, t. M'jbl).  A note on meaaurement errors and detecting real difler- 

IMUL'S.  J. Amer. Statist. Assoc.  Sb, pp. 314-319. 

SUllll I,, W. J. (19bl).  Some problems ol .incJysis of multi-factor tables. 

Bull. Inst. Internat. Statist.  28, Part 3, pp. 2 59-270. 
 'VAi 

YAl'KS,   !•'.   (196L).     Marginal  percentages   in multiway  tables  of  quanta!  data 

willi   disproportionate  frequencies.     Biometrics     1/,   1,   pp.   1-9. 

1960 

S BliNNliTT,   B.   M.   and  HSU,   P.   (1960).     On  the  power  function of  the  exact 

test   tor  the  2x2  contingency  table.     Blometrlka    47,  pp.   393-398. 

GK11)(:KMAN,   N.   T.   (1960).     Card-matching  experiments:     a conspectus of 

theory.     J.   Roy.   Statist.   Soc.   Ser.   A    123,   1,   pp.   45-49. 

ISIlil,   C.   (I960).     Intraclass  contingency   tables.     Ann.   Inst.   Statist. 

Math.     12,   pp.   161-207:   coirections,   p.   279. 
        w. 

KASTKNBAUM,   M.   A.   (19bÜ).    A note  on the  additive  partitioning  of   chi- 

square   in  contingency tables.     Biometrics     16,   3,  pp.   416-422.      ,VAi 

KUPl'i.KMAN,   M.   (1960).     On comparing  two  observed   frequency  counts. 

Appl.   Statist.     9,   1,  pp.   37-42. 

LANCASTER,   H.   0.   (1900).     On  tests on  independence   in several   dimensions. 

J.   Austral.   Math.   Soc.     1,   pp.   241-21)4.        % 

ROBKKl'SON,  W.   II.   (1960).     Prograiuming  Fisher's  exact  method of   comparing 

two  percentages.     Techuometrics     2,   I,   pp.   LÜ3-10/'. 
' ■'   ' ' u 

SOLOMON, H.   (1960).    Classification procedures based on dichotonous response 

vector»,  no.   36 in Contrlbutioos to Probability and Statistics,  Essays 

in Honor of Harold Hotelling. Edited by I. Olkin et al.  Stanford U.  P., 

Stanford, Gal.  1960, pp. 414-423.     (Also in Studies in I tea Analysis and 

Prediction,  Edited by H.  Solomon,  Stanford U.  P., Stanford, Cal.  1961, 

PP.   177-186.) 368 



-J3 rr~ 

- 22 - 

1959 

ANDERSON, R. L. (1959).  Use of contingency tables in the analysis of 

consumer preference studies. Biometrics  15, 4, pp. 582-590. 

CHAKRAVART1, I. M. and RAO, C. R. (1959).  Tables for some small sample 

tests of significance for Poisson distributions and 2x3 contingency 

tables.  Sankhya 21, Parts 3 and 4, pp. 315-326. 
—     'W 

GOODMAN,  L.  A.   and KRUSKAL, W.  H.   (1959).     Measures  of assoc'.ation for 

cross  classification II:     further discussion and references. 

J.  Amer.   Statist.  Aggoc.     54,  pp.   123-163. 

HALDANE,  J.   B.   S.   (1959).    The analysis of heterogeneity,   1.     Sankhya 

21,  Parts  3 and 4, pp.  209-216. 

HOYT,  C.   J.,   KRISHNAIAH, P.  R.,   and TORRANCE,   E.   P.   (1959).     Analysis  of 

complex contingency data.    Journal of Experimental Education    27, 

pp.   187-194. 

KASTENBAUM, M. A. and LAMPHIEAR, D. E. (1959). Calculation of chi-square 

to test the no three-factor interaction hypothesis. Mometrics 15, 

1,  pp.   107-115. 

KULLBACK,   S,   (1959).     Information Theory and  Statistics.    John Wiley and 

Sons,   New York. 

KUPPERMAN,   M.   (1959).     A rapid significance  test   for contingency   tables. 

Biometrics     15,  4,  pp.  625-628. 

2 
NASS,  C.   A.   G.   (1959).     The x     test   for small  expectations   in contingency 

tables,  with special  reference  to accidents  and absenteeism.     Bio- 

metrika    46,  pp.   365-385. 

SILVEY, S. D. (1959). The Lagrangian multiplier test. Ann. Math. Statist. 

30,   2,  pp.   389-407. 

SOMERS, R. H. (1959). The rank analogue of product-moment partial correla- 

tion and regression, with application to manifold, ordered contingency 

tables.     Blometrika    46, pp.   ?41-24b. 
————— r^ 

369 



T 

- 23 - 

2 
STEYN, H. S. (1959).  On x -tests for contingency tables of negative 

biiiüinial type.  Statistica Neerlandica 13, pp. 433-444„ 
  vv 

WEINER, I. H. (1959).  A note of the use of Mood's likelihood ratio test 

lor item analyses involving 2x2 tables with small samples. 

Psychometrika  24, 4, pp. 371-372. 
       '\A, 

1958 

BLALOCK.  H.   M.,  Jr.   (1958).     Probabilistic  interpretations  for the mean 

square contingency.    J.  Aaer.  Statist.  Assoc.     53,  pp.   102-1Ü5. 

GARSIDE, R.  P.   (1958).    Tables for «scertalnlng whether differences between 

percentages are statistically significant.    British Med. J.    1, 

1459-1461. ^ 

KASTENBAUM,  M.  A.   (1958).     Estimation of  relative  frequencies of  four 

sperm types  in Drosophila melanogaster.     Biometrics    14,  2,  pp.   223-228. 

MITKA,  S.   K.   (1958).     On  the  limiting power  function of  the frequency  chi- 

squarc  test.     Ann.  Math.  Statist.     29,  pp.   1221-1233. 

SNEDECOR,  G.  W.   (1958).     Chi-square of  Bartlett,  Mood  and Lancaster in a 
3 

2    contingency  table.     Biometrics     14,  4,   pp.   560-562     (Query). 

1957 

BROSS,   I.   D.  J.   and KASTEN,   E. L.   (1957).     Rapid  analysis of 2x2  tables. 

J.  Amer.   Statist.  Assoc.    52,  pp.   18-28. 

CORSTEN,  L.   C.  A.   (1957).     Partition of  experimental vectors connected 

with multinomial distributions.    Biometrics     13,   4,  pp.  451-484. 

EDWARDS,  J.   H.   (1957).     A note on the practical  interpretation of  2x2 

tables.     Brit.  J.  Prev.  Soc.  Med.     11,  pp.   73-78. 

LANCASTER,   H.  0.   (1957).     Some properties  of   the  bivariate  normal  distri- 

bution considered  in  the form of a  contingency  table.     Biometrika 

44,  pp.   289-292. 

370 



l^ 

- 24  - 

MUTE,   V.   1,     (m?).     An  InvestigaLlon o)    Llie  ellt-ct  ul   misc l.iaul t l( .iLlon 

of   the clii-square   tests  In  the analysis  of   categorical data. 

Unpublished  Ph.D.   dissertation,   North  Carolina State College,   Raleigh, 

North  Carolina  (also  Institute of  Statistics Mlmeo Series No,   182). 

ROY,  S.   N.   (1957).     Some Aspects of Multlvariate Analysis.    John Wiley  and 

Sons,   New York. 

SAKODA,   J.   M.   and COHEN,   B.   H.   (1957).     Exact probabilities for contingency 

tables  using binomial coefficients.     Psychometrika    22,  1,  pp.   83-86. 

WOOLF,  B.   (1957).     The  log  likelihood  ratio   test   (the  C-test).     Methods 

and  tables   for  tests  of heterogeneity  in contingency  tables.     Annals 

of  Human Genetics     21,  pp.   39 7-409. 

1956 

FLSHMAN,  J.  A.   (L956).     A note on Jenkins'   "Improved Method lor Tetracliorlc 

r."     rsychoraetrika    20,  3,  pp.   305. v 
 *        ■\AJ 

GOOD,   I.   J.   (1956).     On the estimation of  small  frequencies  In contingency 

tables.    J.   Roy.   Statist.  Soc.  Ser.   B    18,   1,  pp.   113-124. 

GRIDGEMAN,  N.  T.   (1956).    A tasting experiment.     Appl.   Statist.       5,  2, 

pp.   106-112. 

LEANDER,   E.   K.   and FINNEY,  ü.  J.   (1956).     An extension of  the  use  of   the 

^  test.     Appl.   Statist.     5,  2,  pp.   132-136. 

MAINLAND,   D.,  HERRERA,  L.   and SDTCLIFFE,   M.   I.   (1956).     Statistical   tables 

for use with binomial samples - contingency tests,  confidence  limits, 

and sample size  estimates.     New York University College of Medicine, 

New York. 

ROY,   S.   N.   and KASTENBAUM,  M.  A.   (1956).     On  the hypothesis of  no  "inter- 

action"  in  a multiway contingency  table.    Ann.  Math.  Statist.     27, 

3,  pp.   749-757. } 

371 



25 

ROY,   S.   N.   and MLTRA,   S.   K.   (1956).     An   introduction   Lo  some  non-parametrlc 

generalisations  of   analysis   of variance  and maltLvarlatu  analysis. 

jUuiuPI ril- a     4J,   1'arts   ) and  4,  pp.   361-3/5. 

WAl'SUN,   (..   S.   (,i^5b).     Missing and "mixed--up"   frequencies   in  continyency 

tables.     Uiometries     12,   1,   pp.   47-50. 

195.'> 

AKNITACK,   T.   (1955).     icsts   for   linear  trends   in proportions  and frequen- 

rics.     Biometrics     11,   3,   pp.   375-386. 

ARMSliN,   1J.   (1955).     Tables   for significance   tests  of   Ax.2  contingency   tables. 

Bionu'trika    42,   pp.   494-505. 

COCIIKAN,  W.   G.   (1955).     A  test  of  a linear  function  of   the   deviations  between 

observed and expected  numbers.    J.  Amer.   Statist.   Assoc.   50,   pp.    \ll~'V)i, 

HALDANE,  J.   ß.   S.   (1955).     Substitutes   for x   •     Biometrika    42,   pp.   265-266. 

ILXLUANK,   .1.   B.   S.   (1955).     A problem in  the  significance of   small  numbers. 

Biometrika    42,   pp.   266-267. 

2 
llALDANK,   ,).   B.   S.   (1955).     The  rapid calculation of  x     as  a  test ot  homo- 

Keneity  from a  2xn  table.     Biometrika    42,   pp.   519-520. 

JHNKiNS,  W.  L.   (1955).     An  improved method for  tetrachoric  r.     Psychometrika 

20,   3,  pp.   253-258. 

tCASTKNBA"H,  M.   A.   (1955).     Analysis of  data  in multiway   contingency  tables. 

Unpublished doctoral  dissertation.     North Carolina State  College, 

October 1955. 

LESLIE,   I'.   II.   (1955).     A simple method of  calculating   the  exact  probability 

in 2x2  conti 

pp.   522-523. 

in 2x2  contingency   tables with small marginal   totals.     Biometrika      42, 
  AA/ 

Ml I'KA,   S.   k.   (195 5).     Contributions  to   the statistical  analysis  ol   categor- 

ical   data.     North  Carolina   Institute of   Statistics  Mimeograph Series 

No.   142,   December  1955. 

372 



J> 

■ 

- 26 

ROY,  S.  N.   and KASTENBAUM,  M.   A.   U955).     A generalization of analyats  of 

variance and multlvariate analysis  to data based on  frequencies  In 

qualitative  categorical or class  Intervals.     Nortli Carolina Institute 

of StatiBtlis  Mimeograph Seiles No.   131,   June  19.c),j. 

ROY,   S.   N.   and Mli'RA,   S.   K.   (195')).     An  introduction  to  some non-parametric 

genera1izations  of  analysis of variance  and multlvariate analysis. 

North Carolina Institute of Statistics Mimeograph Series No.  139, 

November 1955. 

SEKAR,  CO.,  ACARIVALA,   S.   P.   and CHAKRABORTY,   P.   N.   (1955).     On  the 

power  function of  a test of .'jignlficance  for  the  difference between 

two proportion».     Sankhya    15,  Part 4,   pp.   381-390. 

STUART, A.   (1955).     A test of homogeneity of   the marginal distributions 

in a two-way  classification.    Biometrlka    42,  pp.   412-416. 

WOOl.K,  B.   (1955).     On estimating the relation between blood group and 

disease.    Annals of Human Genetics    19,  pp.   251-253. 

YÄTES,  F.   (1955).     A note on the application of the combination of proba- 

bilities  test  to  a set of 2x2 tables.     Biometrlka    42,  pp.  4Ü1-411. 

YATES,   F.   (1955).     The  use of  transformations  and maximum likelihood  in 

the analysis of quantal experiments  Involving two  treatments. 

Biometrlka    42,  pp.   382-403. 

1954 

BROSS,  I.   1).  J.   (1954).     Misclassification In 2x2  tables.     Biometrics 

10,  4,  pp.   478-486. 

COCHRAN, W.  G.   (1954).     Some methods for strengthening the common chi- 

square tests.     Biometrics    10,  4,  pp.   417-451. 

DAWSON,  R.   B.   (1954).    A simplified expression  for  the variance of  the 
2 

X    function on a contingency table.     Biometrlka    41.   p.   280. 

GOODMAN, L.  A.   and KRUSKAL,  W.  11.   (1954).     Measures  of  association for 

cross classil ication,    J.  Amer.  Statist.   Assoc.     49,  pp.   /32-764. 

373 



- 27 - 

K1MBALL A. W. (1954).  Short-cut formulas for the exact partition of 

ci i-square In contingency tables.  Biometrics  ^, 4, pp. 452-45«. 

MCGILL, W. J. (1954).  Multivariate information transmission.  Psycho- 

metrika 19, 2, pp. 97-116. 

1952 

COCHRAN, W. G. (1952).  The x  test of goodness of fit.  Ann. Math. Statist. 

23, i, pp. 315-345. 

DYKE, G. V. and PATTERSON, H. D. (1952). Analysis of factorial arrangements 

when the data are proportions. Biotetrics 8, pp. 1-12. 
" " ^ 

1951 

FREEMAN, G. H., and HALTOB, J. H.  (1951).    Note on the exact treatment of 

contingency, goodness of fit and other problems of significance. 

Biometrika, 38, 141-149. 

LANCASTLR,  H.  0.   (1951).     Complex  contingency  tables   treated by  the 

partition of chi-square.     J.  Roy.  Statist.   Soc.  Ser.   B    13,  pp.  242-249, 

SIMPSON,  C.  H.   (1951).     The  interpretation of interaction in contingency 

tables.     J.   Roy.   Statist.   Soc.   Str.   B    13,   pp.   238-241. 

1950 

TOC'HKK, K. D. (1950).  Kxtension of the Neyman-Pearson theory of tests to 

discontinuouE varfates.  Biometrika 37, pp. 130-144. 

374 



- 28 - 

1949 

HSU,   1'.   L.   (1949).     The   limiting  distributions  ol   functions  of   sample means 

and application  to  testing hypotheses.     Proceedings oi   the  Berkeley 

Symposium on Mathematical  Statistics and Probability  (L945,   1946), 

University of California Press,  Berkeley and Los  Angeles. 

IRWIN,  J.  Ü.   (1949).     A note on the subdivision of  chi-square  into compo- 

nents.     Biometrika     36,  pp.   130-134. 

LANCASTER,  H.  0.   (1949).     The  derivation and partition  of  chi-square  in 

certain discrete distributions.    Biometrika    36,   pp.  117-129. 

LANCASTER, H. o.   (19A9).    The combination of probabilities arising from 

data in discrete distributions.    Biometrika, 36,  370-382. Cor rig. 37, 

A52. 

1948 

FINNEY, D. J.   (1948).    The Flsher-Yates test of significance In 2x2 

contingency tables.    Bloaetrlka, 35, 145-156. 
w 

SWINEFORD, F.   (1948).    A table for estimating the significance of the 

difference between correlated percentages.    Paychcmetrllca, 13, 23-25. 
A A. 

YATES,  F.   (1948).     The analysis  of  contingency  tables with groupings based 

on quantitative characters.     Biometrika    35,  pp.   176-181. 

1947 

BARNARD, G. A. (1947).  Significance tests for 2x2 tables.  Biometrika 

34, pp. 123-138. 

BARNARD, G. A. (1947). 2x2 tables. A note on E. S. Pearson's paper. 

Biometrika. 34, 168-169. 

PEARSON, E. S. (1947). The choice of statistical tests Illustrated on the 

Interpretation of data classed In a 2x2 table. Biometrika 34, pp. 

139-167. 

375 



^^mm~ 

x^ 

-  29 - 

1946 

CRAMER,  11.   (1946).    Mathematical  Methods  of Statistics.     Princeton Univer- 

sity  Press,  p.  424. 

1945 

NORTON, H. W. (1945).  Calculation of chi-square for complex contingency 

tables. J. Araer. Statist. Assoc.  40, pp. 251-258. 

1943 

WALD, A.   (19A3).    Tests of statistical hypotheses concerning several 

parameters when the nunber of observations is large.    Transactions 

Aaer. Math. Soc.    54, 426-482. 

1939 

HALDANE, J. B. S. (1939). Mote on the preceding analysis of Mendelian 

segregations. Biooetrlka, 31, 67-71. 

ROBERTS, E., DAWSOM, W. M., and MADDEN, M. (1939). Observed and theoretical 

ratios in Mendelian inheritance. Bloaetrika, 31, 56-66. 

1938 

FISHER, R. A., and YATES, F. (1938). Statistical Tables for Biological. 

Agricultural and Medical Research. Oliver and Boyd, Edinburgh. 6th 

Ed. (1963) x+146. 

SWAROOP, S. U938). Tables of the exact values of probabilities for 

testing the significance of differences between proportions based on 

pair« of snail saiples. Sankhya, 4, 73-84. 

1937 

HALDANE, J. B. S. (1937). The exact value of the moments of the distrlbu- 
2 

tion of x used as a test of goodness of fit, when expectations are 

small. Biometrlka 29, pp. 133-143. 
  v\< 

376 



- 30 - 

1935 

BARTLETT, M. S. (1935). Contingency table Interactions. J. Roy Statist. 

Soc. Supple—nt 2, pp. 248-252. 

IRWIN, J. 0. (1935). Tests of significance for differences between 

percentages based on snail numbers. Metron. 12 (2), 83-94. 

WILKS, S. S. (1935). The likelihood test of independence in contingency 

tables. Ann. Math. Statist. 6, pp. 190-196. 

1934 

FISHER, R. A.   (1934).    Statlatlcal Methods for Research Workers. Edinburgh 

5th and subsequent editions.    Oliver and Boyd Ltd.,  Section 21.02. 
2 

YATES, F.   (1934).    Contingency tables involving snail numbers and the x 

test.    J. Roy. Statist. Soc. Supplement 1    1, pp. 217-235. 

1924 

FISHER, R. A. (1924). Thn conditions under which chi-square measures the 

discrepancy between observation and hypothesis. J. Roy. Statist. Soc. 

37, pp. 442-450. 

1922 

FISHER, R. A. (1922). On the interpretation of chi-square from contingency 

tables, ant the calculation of P. J. Roy. Statist. Soc. 85, pp. 

87-94. 

1916 

PEARSON, K. (1916). On the general theory of multiple contingency with 

special reference to partial contingency. Blonetrlka. 11, 145-158. 

377 



31 - 

1915 

GREENWOOD. M. and YULE, G. U. (1915). The statistics of anti-typhoid and 

anti-cholara inoculations and the interpretation of such statistics 

in genaral.    Proc. Roy. Soc. Madicine, 8, 113-194. 

1912 

YULE, G. U.   (1912).    On the vathods of measuring association between two 

attribute».    Jour. Roy. Statist. Soc, 75, 579. 

1904 

PEARSON, K.   (1904).    Mathemailcal contributlw s to the theory of evolution. 

XIII    On the theory of contingency and r.ts relation to association 

and normal correlation.    Draper's Company Research Memoirs, Biometrie 

Series 1, 35 pp. 

1900 

PEARSON, K.   (1900).    On the criterion that a given system of deviations 

from the probable In the case of a correlated system of variables is 

such that it can be reasonably supposed to have arisen from random 

sampling.    Phllos. Mag.,  Series 5    50, pp.  157-172. 

1898 

SHEPPARD, W. F.   (1898).    On the application of the theory of error to cases 

of normal distribution and normal correlation.    Phil. Trans. Roy.  Soc. 

London. A192, 101-167. 
WXA; 

378 


