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NOMENCLATUAR

Constants in Eq. 79. See Key, following this Nomenclature
for defining expressions

Stoichiometric coefficients for bulk and murface reactions
Defined in Section 3.2.2

Specific heat and aversge specific heat per unit mass
Molar concentration

Coefficients of mass diffusion

Total de.ivative operator

Activation energy. Explanation of numerical subscripts given
in Section 3.2.2

Reaction orders of fuel in gas phase reactions

Total specific enthalpy per unit mass, including chemical and
thermal

Thermal specific enthalpy per unit mass
Reference enthalpy

Unattenuated initiating flux density
Diffusion mass flux density

Mags source. Explanation of numerical subscripts given in
Section 3.2.2

Lewis mmier = pCD/)

Surface mass flux density. Explanation of numerical subscripts
given in Section 3.2.2

Reaction orders of oxidizer in gas phase reactions

Pressgure
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0; Beats of rsaction, positive O being exothermic. Subscripts 1,
7 and 8 correspond to reactions 1, 7, and 8 (see Sections 3.2.2.1
end 3.2.2.2). Subscripts S, 6, 10, 11, and 12 correspond to the
equivalent subscript: on By
g Total thermal flux density relative to mass average phase velocity
¢y Radiant hest flux density
qgg Surface rate of heat evolution
R Universal gas constant
z; Chenmical reaction rate (see Sections 3.2.2.1 and 2.2.2.2)
S; Surface sources. See Key for defining expressions
85,56 Reaction orders of oxidizer in surface reactions
T Temperature
t Time
U Total specific internal energy per unit mass
u Velocity relative to stationary coordinate system
Vi Volumetric sources. See Key for defining expressions
v Mass average velocity
v; Diffusional velocity of species i
"Xy Mole fraction of species i

x Space coordinate

Y; Mass fraction of species i (see Eq. 42 and 4(-54 for subscript
meanings)

Ys. 1Initial solid fuel mass fraction
ng Inftial gaseous oxidizer mass fraction

Zi Generalized dependent variable; includes mass fraction and
enthalpy. 2Zf = Y; for i =1, 2, ... 12, 213 = hg, 214 = h,
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Coordinate transformation parsmeter (see Eq. 73 and 76)

Coafficient of thermal conductivity

Pre-exponential factor in rate 2xpressions.

Howarth transformed space coordinate

a

8 Flux actenuation coefficient
A
u; Molecular veight of speciea {
vi

to subscript { on E

© Mass denslity

¢ Transformed coordinate

]

¥ Grodient operator

9 Fartial derivative operator
Scbecripts

¢ Condensed (solid phase)

& Gas phase

s Surface (interface)

o Initial

i  Referring to

Key to numerical

Ay = aglogy ¢ 1 =

By

S

® a /oo * i=
- Lalipg As’cg
= 0

= By/Le

= aA/C,

= 0

Subscript { corresponds

species I unless othervise specified

subscripts

1, 2, --- 9 and 33

0, 11, 12, 14

?

[

1 -1' 2' ves9

i

i

10, 11, 12
13

14

1, 3,7, 8,9
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.
S = -uzd; mg/ujp
Sy = ~usby mg/u10
S5 = usbsms/uyg

S¢ = wugbgmg/u10

‘q, (see Eq. 62) : with subsurface adsorption of radfant flux

=0:1=3,5,6,9
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1. INTRODUCTIOX

Combustible or explosiv: {ngredients are an essential component of
ordnance items ranging in ¢ ¢ from small arms to lonz range missiles.
80114 propellant charges for these devicea consist of premixed fuel and
oxidiser combinstions which must remain in a metastable state throughout
the wseful storsge 1ife of the item. Ignitioa is the stimulatioa of the
materfal by any of various energy sources, overcoming the metastable
barrier. The term ignition, as used in this report, is primarily con-
cerned vith such stimulation at and near the propellant surface. De—
pending upon the application, there may or may not be an identifisble
period of steady state operation.

In a rocket motor, between inftistion and final burnout, there occurs
a series of interrelated processes including mass diffusion, chzmical
roactions, fluid dynamics, and heat transfer by various modes. In order
to simplify the ignition problem and to place the current investigation
in proper perspective, it is instructive to consider three phases of
ignition. Firat, energy from the initiator is directed towvard the pro-
pellant surface. The ensuing physicochemical processes lead to self-
accelerating reactions with ewlution of gaseoua products. Second, the
locally ignited state of the propellant is propagated over the surface
of the propellant by thermal and fluid dynamic means. Third, and often
simultanerously, the gases ewvolved from the igniter and propellant produce
a pressure build up in the device, leading to some desired operation.
Various aspecta of the latter two phases have been treated elsewherel=4

- de Soto, S. and H. A.:Priedman, 'Flame Spreading and Ignition Tran-
sients in Solid Grain Propellants,” AMER INST AERON ASTRORAUT J, Vol. 3,
Ko. 3 (March 1965), pp. 405-12.

2 Ynited Technology Center. Studies on Ig:ition and Flame Propagation
of Solid Propellants, Final Report Covering the Period 22 June 1966 through
22 June 1967, by J. D. Kilgroe, 13 Rovember 1967. (UTC 2229-FR prepared
for Jet Propulsion Laboratory, NASA, Pasadena, Calif.)

3 Peretz, A., and others,"Starting Transient of Solid-Propellan® Rockst
Motors with High Internul Gas Veloc{ties,”" AMER INST AERON ASTRONAUT J,
Vol. 11, Ro. 12 (December 1973), pp. 1719-27.

e Bradley, H. H., Jr. "Theory of a Homogeneous Model of Rocket Motor
Ignition,” (January 1964, AIAA Preprint 64-127). 6 pp.
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and are not considered to be vithin the scope of the current study. It
is tovard the theoretical aspecta of the firat phase, which is called

prope” lant ignition, to distinguish it from rocket motor ignition, that
ve wov direct our attention.

1.1 BACKGROUXD AND REVIEW

An extensive reviev of solid propellant ignition theories was pub—
1ished in 1966.3 It wvas noted there that the distinguishing features of
the theories were: (1) the assumed site (solid phase, gas phase, or
interface) of the key chemical process leading to an approach to steady-
state combustion through a self-accelerating (due to increasing temper-
ature) and self-limiting (due to reactant depletion and diffusional
effects) reaction rate; (2) the nature of the fgnition stirulus (radiant
energy, hot gas or solid, or hypergolic chemical reaction); and (3)
choice of an ignition criterion (e.g., criticsl temperature, go/no-go,
light emission, or rate of temperature rise).

The earliest theory chronologically snd the simplest mathematically
ves the solid ptase thermal theory which was an outgrowth of thermal ex-
plosion theory. In it, a solid phase homogereous reaction is predicated
(fustified by known solid phase 2xothermic reactions iu double-base pro-
pellants) with the ignition stimulus consisting of a radiant source, hot
gas, or hot solid. An obvious deficiency of the solid phase theory was
its ability to prelict or explain fully the experimentally odbserved
effects of ambient gas conditions (pressurc and composition) upon ig-
nition time. The gas phase theory wvas developed in connection with an
experimental program in which a solid frel was ignited by high tempera-
ture oxidizer 223 heated in a shock tute. Several versions of the gas
phase theory have been presented with different degrees of sophistication;
all contain the feature that fuel vapors, produced by heat transfer
from the hot oxidizer to the solid, diffuse into the gas phase and sub-
sequently react. The interface theory grev out of experimental obser-
vatioas in which a highly energetic oxidizer, viz., fluorine, ignited
a solid fuel hypergolically at roum temperature. The chemical reactivity !
wvas assumed to be confined to the surface; hence, the theory has been re- !
ferred to as hypevgolic or heterogeneous. This latter terminology should !
oot be construed as denoting relevance to heterogeneous (composite) pro-
pellants, altaough results of the analysis have been extended heuristi-
cally to include such an 7 plication.

In addition to differences in formulatiop of the three theories,
there has been a diversity of choice, both in experiment and theory, re-
garding the attaiment of ignition. Experimentally, use has been made
of l1ight emission as recorded by photodetectors, pressure or tempera-
ture rise, behavior of the propellant sample after interruption of the

5 Price, E. W., and others. "Theory of Ignition of Solid Propellants,"
AMER INST AERON ASTRONAUT J, Vol. &4, No. 7 (July 1966), pp. 1153-81.

7
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igaitiop stimulus, and physical exam!nation of the specimen after quench-
ing. 1In theoretical models the attainnmen” of a given surfsce temperature
(often called the ignition temperature), rate of tempersture rise or of
cheaical heating, or mathematical solutfon of the equations after interrup-
tion of external heating have been employed, Oaly limited work has been
done in a effort to correlate the different ignition criteria, b1t ft §s
knowvn that the definition of ignition {s important

1.2 PURPOSE OF CURREXT STUDY: URIFIED ICNITION THEORY

While there has been reas>nable agreement betwveen experimeinal ig-
nition results and a particular theory (probably by purposeful design),
lack of common and compatible assumptions has hindered ccomparisons among
theories and betwveen theories and cxperhentlos Hence, the sane experi-
mentsl data have seldom {f ever been subjected to several altermative
theoretical interpretations. One purpote of this investigation is to
facilitate comparison of theories and experiment Ly constructing s model
i{ncluding chemical processes at any or all of the usuzlly selected sites,
but otherwise containing compatible and consistent arsumptions. Results
of solving the model equations are not expected to suostentiate any par-
ticular ignition theory to the exclusion of all others; instead, the results
vill probably reveal corbinations of parameters for which each reaction
site (so0l1d phase, surface, gas phase) is dominaat in ignition. HMany of
the physical quantities involved are nct accurately known; he.ce, quanti-
tative testing f the theory 1s not possible at present., Nevertheless,
the unified ignition model should enable calcuisticns of important sensi-
tivit7 relationships between parameters an? solutions as well as m~aningful
comparison with results frcm appropriately designed experiments. '

A second {mportant ourpose of the study is the determination of the
importance of some of the common assurpticrns which are often made to
sisplify the mathematical treatment of the equations. Examples are in-
clusion or ex=clusion of surface regression, gas phase convection with
coansequent blocking of heat conduction to the surface, arni equality of
the theimal and nass diffusivities (the assumption of uvnity Lewis mmber).

2. PHYSICAL DESCRIPTT:x OF PROBLEM

Consider the transient one-dimensional system in Figvre 1. Inftially,
a condensed phase, cortaining fuel and oxidizer ingredients, occupies the
regioa x < 0 while a gar plase, consiszing of oxidizer and inert ingre-
dients, fills the region x - 0. In general, different uniform initial
texperatures ave permitted for eacl. phasc At time zero a2 fgnition
stimulus consisting of a time-dependent flux is di.ec.ed at the inte face
from a rexote position in the gas phase. Condi “‘ons remote from the in‘er-
face are maintaired at their initial values. Th2 ensuing response of the
systea may in general include:

8
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SCLID (FUEL + OXODIZER) GAS (OXIDIZER ¢ INERT)
INITIAL TEMPERATURE T, INITIAL TEMPERATURE Too

ABSORSED RADIANT ENERGY <—f<e—— RADIANT ENERGY g,
ENERQY CONOUCTION @—eote—e ENERGY CONDUCTION

D | Y cowvecTion

DIFFERENTIAL DIFFUSION
= OF SPECIES RELATIVE
TO MEAN VELOCITY

SOLID PHASE GAS PHASE
EACTIONS

SURFACE REACTIONS
{GASIFICATION, CHEMISTRY)

FIGIRE 1. Schematic Representation of Unified Ignition Model .

1. Bulk chemical reactions confined to one or bath hooogeneous
phases. In the solid phase, the reaction occurs either between fuel and
oxidizer or may consist of a pyrolytic decomposition of the solid phase
to provide a reactive fuel and oxidizer which participate further in sur-
face or gaseous reactions. In the gas phase, reactions may take plice
between pyrolyzed fuel aad either pyrolyzed oxidizer or oxidizer o-igi-
nally present as a gas phase ingredient.

2. Interface prccesses, consisting «f chemical reactions or pyrolysis,
in vhich two phases are involved.

3. Motion of the phase boundary owing to mass transport across the
boundary. In this model, the motion is indv <d solely by surface processes,
either pyrolytic or reactive in nature.

4. Gaseous diffusion of all species, either reactants or prodmcts.

s il
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S. Absorption of the stimulation radfsat flux by the solid phase or
by evolved gases.

6. Heat trsnsfer by conduction and convection.

In the following mathematical section, the appropriate governing
equations are developed vhose solutions describe the relstionships of de-
pendent vsriables (concentrstion snd enthalpy or tempersture) to indepen-
dent vsrisbles (time and position).

3. MATHEATICAL FORMULATION

The equations wvhich describe the behavior of the present system comsist
of conservation equations and constitutive equations combined to give the
governing equations. The former sre general snd independent of the nature
of materials involved; the latter represent empirically observed relation-
ships among the variables appearing in the conservation equations and are
required, vith the initial and boundary conditions, to provide s complete
set of equations. The conservation equations may be further classified as
field or interfsce equations.

In the derivations which follow, a stationary coordinate system relative
to the observer is established at the phase interface. Physically, the model
behaves as if material in the solid phase approaches the boundsry from the
left (see Figure 1) at a velocity vhich varies with time,* crc.3ses the phase
boundary, while undesgoing substantial physical and chemical charges, and
flows away toward the right with a velocity which is a different function of
time and position. All properties are assumed constant along planes parallel

to the interface, so that the model is adequately Jescribed by transient
equations of one space dimension.

3.1 CONSERVATION EQUATIONS

The relationships expressing conservation of mass, momentum and energy
are derived snd presented in cumerous standard works (for example, see Foot-
note 6). In the current study, the effects of gravity, differential exter-
nal force fields such as electrostatic force fields, and viscosity are
neglected; snd gas velocities are assumed to be low enough so that pressure

"ﬂm solid phase bulk density may vary due to differences in density
smong the reactants and solid products, but, more iamportantly, due to sub-
surface evolution of gaseous products. Such phenomena are neg - ted in the
present study; evolution of gas is presumed to occur oaly at the surface,
and solid phase reactions are assumed Lo occur vithout density changes.

For these reasons, the solid phase velocity does not vary with position.

6Bird. R. B., W. E. Stevart and E. N. Lightfoot. Transport Pheromena.
Rew York, Wiley, 1960. 790 pg.

19
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gradients and kinetic ennrgy contributions need not be considared. The
usual Zuler or Navier-Stctes equation of msotion is simplified to the condi-
tion of constant pressure (spacewise). The mathematical description of the
prodblem then is reduced to equations representing mass and energy conserva-
tion for each bulk phase (field equations) and the interface.

3.1.1 Field Fquations

3.1.1.1 Species Conservation. The mass balance of species { for a
stationary element of volume 1s given by

D(Dl") T l(pl'lo‘) 5 1)
ot ox 1

vhere o is the density of the medium, and Y4, k; and u; are mass fraction,
‘rate of production, and velocity of species { rclative to the stationary
coordinate system. By sumaing Eq. 1 over all { and noting that Iy; « 1
and &1 « 0, one obtains the equation for oversll mass conservation

g_%_ - N:')

(2)
Equation 2 defines
} v s I?Iul 3

! a8 the rass cverage velocity, usually identified as the hydrodynamic

t (Pitot tube) velocity. This barycentric dascription is adopted because
of its formal advantage over molar or other descriptions in handling
problems dealing with simultaneous convection and diffusion. Ve may now
vrite Eq. 1 in an alternate fcrm which is more convenient for calculation
purposes. We first define

FE Sl 4)

<
]

as the species mass velocity relative to the local mass average velocity.
The product

(5)

©
-
<
nt
.
[

{ represents the mass diffusional flux of species { relative to the local

mass average velocity. By substituting Eq. 4 and 5 into 1 and maXking
use vl EQ. 2, one may derive

ay Y -} 4 9j
i . i POt 6)
Pae *P3e * i A (¢
L‘ 1
“W-*
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as the expression for species conservation.

3.1.1.2 Energy Comservation. The fundamental derivation of energy

conservation is in terms of specific internsl energy of a stationary volume
element and leads to

) 9 ? v
-a—t(DU)---é—"(wr)-sz'Pb- 7)

vhere the specific internal energy U is made up of thermal and chemical
compopents.

The reduction of the momentum equation to p = constant makes it desir-
able to eliminate the final term, containing dv/3x, from £q. 7. This may

be accomplished by making use of Eq. 2 and the definition of enthalpy (in-
cluding thermal and chemical).

H=U+ p/p (8)

The final result is

d—‘.: — —---a-g- a
FHI M NS

The quantity g represents heat transferred relative to the mass average
veloci y and in general includes heat conduction ouving to temperature and
concentration gradients, transport of the intrinsic energy of diffusing
species, and radiation. In principle, photochemical heat release could
also be included if details of the process were available for the purpose
of establishing the effect on the mass conservation equations. The final
term, 3p/dt is vhat remains of the more general term '

A ~ (10)

vhen spscewise pressure variations are neglected. In the following

sectiory, :p/3t is also ignored; for purposes of studying dynamic pressure
effects it could readily be reintroduced.

3.1.2 Interface Equations

The dboundary between two phases is physically a finite region,
through which the properties are continuous and governed by the same con-
servation laws that are valid fcr a homogenecus phase. The principal
distinguishing features of the interfacial region are the relatively large
spatial derivatives of the properties, the small dimensions compared to

12
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other physical dimensions of the system, ani s large change in relative
importance of various microscopic force terms s¢ the interfacial sone is
traversed. Exsmples are crystal lattice forces and binding forces of
activsted chemical complexes associated with cetalytic resctions. It s
convenient in the current discussion te bypass the details of such phenoa-
ena and to regard the interface as s msthematical surface of discoatinuity
joining two continuous phases. In this spirit, it is assumed that no
accumulation of mass or energy occurs at the interface.

3.1.2.1 Species Conservation. If we ignore molecular diffusion
ia the s0lid phase, the mass balance of species { at the surface is

Pcis * Xis * ®gis * ,913 11)

The = terms represent convective mass transport owing to bulk velocity of
the phase vhich arises from surface cheaistry or pyrolysis, k is the rate
of formation of species { in surface processes, while J i{s the gaseous mass
diffusion rate. Total mass conservation is obtaiped by summing Eq. 11 over
all species:

pc'c - pg'g (12)

3.1.2.2 Energy Conservation. The interface equation of energy con-
servation is readily obtained from Eq. 9 by dropping the 2p/3t term, inte-
grating across the boundary, and setting the net accumulation to zero. The
resulting equation is

+ - + {1.’)
pcvc"c 9c 09‘,9&9 q9

vhich indicates that convective enthalpy plus heat transport relative to
hydrodynamic velocity is conserved across the interface.

3.2 CONSTITUTIVE EQUATIONS

Equations 6, 9, 11, and 13 cannot be solved as they stand because,
vhen applied over all indicated species and relevart phases with appropriate
initial and asymptotic conditions, there are more unknown quantities than
equations. The required additional equatione are provided by the tramsport
relationships, the equation of state (riken for convenience as the perfect
gas lav), kinetic and stoichiometric expressions, and definitions.

13
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3.2.1 Jysasport Relationships

The transport relatioaships express fluxes in terms of forces (grad-
{ents of physical quantities such ss concentration, enthalpy, pressure,
and velocity). A fundamental postulate of the thermodynamics of irrever-
sible processes is that, for systems not far removed from equilibrium, the
fluxes are linear homogeneous functions of .he gradients. Expressions of
higher degree would in general be required for large departures of the
systea from equilibrium; however, little work has been done on the higher
order theories. Ixperimental results have confirmed the adequacy of the
linear relationships over a vide range of conditions.

In the absence of viscous forces, the fluxes to be considered are
mass and energy. The forces involved are related to gradients of pressure,
temperature, axd concentration. In the present analysis, only the direct
effects are considered: the effects of pressure gradient on mass flux, of
temperature gradient on mass flux (thermal diffusion or Soret effect), of
external forces on mass flux (forced diffusion), and of concentration
grsdient on energy flux (Dufour effect) are neglected. The Soret effect
is the most significant under ignition conditions but, even so, it
probably contributes a maximum of only 10T of the total mass flux. With
these simplifications, the epergy and mass fluxes for a multi-component
systea are given by

T
q--x,;;o 2:}18149' (14)
and
n
2 ax
P i E : -
j.! 5 b J.D” 7 (15)
J=1,34

In Eq. 14, the three terms on *he right express energy flux due to normsl
thermal conduction, diffusing species. and radf.ition, all relative to the
barycentric velocity v. Equation 15 1s obtained? from a more general ex-
pression by assuming the perfect gas law. It is seen that for a multi-
comporent system, the mass diffusion fluxes of the individual species are
complicated functions of the concentration gradients of all the species.
The multicomponent diffusion coefficients, DU' are generally functions
of all the concentrations. Equation 15 may be expressed in different
{onbby:

?
Bird, R. B. Theory of Diffusion, ADVA) "
York, Academic Press, 1956, pp. 155-239. e » Vol. 1. New

14
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Yy, -1, VY
(16)

J'I-HJ J=1, 4

Equation 16 represents a set of simultaneous equations relating the mass
diffusion fluxes, the mass concentrations and the msss concentration gradients
UY. An advantage of Eq. 16 is that the binary diffusion coefficients D are
pearly insensitive to concentration; disadvantages are that the fluxes are
expressed implicitly and that n(n-1)/2 binsry coefficients must be specified
to solve the problem. This latter requirement greatly increases the number
of quantities required for s parameter study; other {nvestigations® have
shova that often the principal trends of results may be adequately calculated
by sssuming all binary coefficients to be equal. With this assusption Eq. 15
or 16 may de reduced to the form used ia this report

ar,
Iy = -o0Vr, = -0 —T a7)

vhich is known as Fick’s first lav of diffusfon. We note that the deriva-
tion of Eq. 17 does not depend upon the frequently made assumption of
equal molecular veights of all species.

3.2.2 Kinetics and Stoichiometry .

The conservation equations contain terms representing rates of transé
formation of chemical species (X,, X;5 for bulk and surface reactions) and
rates of mass evolution (-anifested by the convective terms in the interface
equations). Chemical transformations are complicated by multiple path,
opposing, or consecutive reactions, details of wh :h are not fully known in
complex combustion procesies. The assumptions regarding the kinetic lavs )
vhich must be made in order to achieve tractability probably reflect the !
greatest ar¢- of uncertainty in the formulation of any ignition or combustion
theory. It is .onvenient to assume that the rate controlling step at a given
site in a kinetic process consists of s simnle, single step, irreversidble
reaction with rate followving an Arrhenius dependence on local temperature.
The stoichiometry of the overall chemical change will not correspond to that
given by the reaction mechanism if other [aster reactions occur involving
the saxe components. We now consider the xinetic expressions for the changes
appearing in the conservation equatfons. The processes to be considered were
enuserated in Section 2.

3.2.2.1 GCas Phase. The two gas phase reactions included in the formu-
latior are:

% Xendall K. M., R. A., Rindai and E. P. Bartlett. "A Multicomponent

Boundary Layer Chemically Coupled to an Ablating Surface,” AMER INST AERONM
ASTRONAUT J, Vol. 5, No. 6 (June 1967), pp. 1063-71.
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Reactfon 7: [r] ¢+ b210] = b,IP) (18)
Reaction 8: [F] + b‘IOI = b‘lP) (19)

Equation 18 represents reaction of gas phase fuel (pyrolyzed from solid)

vith oxidizer pyrolyzed from Lhe solid phare. The b's are molar atoiclio~
netric coefficients relative to tuel taken at one. Mechanistic rasction
orders vith respect to fuel and oxidizer are taken as FJ anj U7, respeccively.
Equation 19, employing analogous notation, pertains to the reaction o. pyro-
lyzed fuel with oxidizer originally present in the gas phase: reaction orders
are denoted as F8 and 08. Mass balance considerations lead to:

Uy *uby = b, (20)
Uy * ugd, = Lgd, (21)

vhere the u's denote molecular veights, u, referring to the olyzed paseous
fuel. Applying the lav of mass sction o} chemical kinetics’ to Reactions 7
and 8, we may repretent the mass scurce terms k‘ (cf., Eq. 6) as:

Gas phase fuel: X, = -uz(r7 + r‘) €22)

Gas phase oxidizer

(pyrolyzed from solid): k2 - -u2b2r7 (23)
Gas phase oxidizer
(initially in gas): k‘ - -u‘b‘ra (24)
Product of reaction 7: k, = u7b7r7 (25)
Prodoct of reaction €: 14:a - u‘b’ra (26)
vhere
: r? 07
£, = vy (o0 /u, )7 (o ¥ 0u,)" exp(<Ey/RT) (27)
F8 08
re " v’(aq}’llul\ (oql"/u‘) exp(-sa/m‘/ (28)

9 Villiams, F. A. Comdusticn Theory. Palo Alto, Ca., Add {son-Weslcy
Pub. Co., 1965, 447 pp.
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and vhere v and F Tepresert pre-exponential fa~tor and activation cnergy
of the sppropriste reaction. Negative signs in the expressions for x in-
dicate disappearance of tha relevsnt species. Species 3, 5, 6, and 9 are
not generated by gaseous ruiction; consequently, their corresponding k's
are zero.

3.2.2.2 Solid Phase. Reaction kinetics in the solid phase are

more complicated than 1a the gas phase. The coaponents of a solid are

not completely mobile as is the case for a gas; instead, individual
molecules sre constrained to move relatively small distance within crystal
lattices or across interfaces separsting different constituents. Since
each molecule does not ha~ : ejual probability of collision with every other
molecule, the usual method used !{n deriving rate expressions for gases
cannot be employed. Therefore, s0lid phase reactions may be expected to
depend upon first order decompositions or upou reactions vhich occur at
iaternal interfaces. In the latter case, the question of reaction rate
cannot be resolved vithout reference to geometrical considerations. Even
the extenc to vhich the resction can proceed is limited by the diffusion
rstes of the s0lid reactants through films of products built up at the
interfaces. It is clear from discussions oresented in the literaturelO.ll
that no universally applicable rate theory is avsilable and that topochemi-
cal considerations would be required to provide an accurate description of
the s0lid phase process. Howvever, the geners] aspects of s0lid phase re-
actions can be expressed by assuming reaction orders ranging from gero to
tvo. Moreover, it has been shownl2 that, fnsofar as ignition is concerned,
the thermal history of a s0lid undergoiag bulk reaction is relatively in-
sensitive to the kinetic order assumed. For simplicity {in the present
analysis, the folloving assum tions are made: (1) the kinetics is zero
order, and (2) the solid phase compositio.. can be characterized by a
fuel-to-oxidizer ratio (even for homogeneous double-base propellants).
Assumption (1) requires that careful sccount be kept of the amount of re-
actant consumed to prevent the phyeically unrealistic and numerically
. erroneous introduction of negative concentrations during computations.

The single solid phase reaction is assumed to be

Reaction 10: [F] ¢+ blllol - bl)’Pl (29)

vith the product [P] considered as inert, or the 1everse reaction:

bun’] = [F) + bulol (30)

10 Cordes, Herman F. "The Preexponential Factors for Solid-State Thermal
Decomposition,” J CHEM PHYS, Vol. 72, No. 6 (June 1968), pp. 2185-89.

1 Carner, W. E., ed. Chemistry of the Solid State. London, Butterwvorths,

Bradley, H. H., Jr. "Theory of Ignition of & Resctive Solid by
Constant Energy Flux,” COMBUS SCI AND TECH, Vol. 2, Ro. 1 (August 1970),
pp. 11-20.
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representing the bulk phase dissociation into active fuel and oxidizer.
Mass balance yields

kY|
Yo * Y1111 * V12h12 s
and the source terms for reaction 10 (Eq. 6) are given by
K19 ® 10710 : (32)
kip = “U1P1fi0 L8
k12 = V121210 (34)
The rate r),; is given by
- % 35
Tio ™ V) oxp( zl/nr) (35)

vhere E. 1is the activation energy of the solid reaction. The reverse

process may be readily simulated by changing the signs of the expressions
for the x's in Eq. 32-34 or of v) in Bq. 35.

3.2.2.3 Interfacial Processes. The boundary between solid and
gas phases may be the site of chemical transformatinns or of phase changes
involving either simple gasification or dissociation. Rates of chemical
transformation at the interface depend upon adsorption and desorption pro-
cesses. Details of surface phenomena are discussed in the l1iterature?
(see p. 382 et. seq.): the results may be summarized by the statement that
the apparent order of the reaction can vary betveen zero and the true
kinatic order and nay be of order minus one relative to the reaction pro-
duct. The latter occurs when the product is strongly absorbed, theredby
inhibiting the adsorption of additfonal reactants. The surface reactions
considervd in this analysis are: (1) reaction of pyrolyzed oxidizer with
solid fuel und {2) reaction of oririnal oxidizer from the gas phase with

solid fuel. They are represented, respectively, by the following stoichio-
metries:

Reaction 5: [F] + b;lol = by(P] (36)

Reaction 6: (F] + b,[0] = bglP] (37)

Corresponding to reactions 5 and 6, we have

18
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]
Pro * b,y = ugdg

(38)
»
M1o * Vebg = Vgbs (39)
The fuel mass consumption rates for the above are given by:
m_ =0 Y Vv Dru\ssexp‘- /Rt | (40)
s 7 PcYioVs (PgT/V2 s/RT44
i
= °c'zo“% 1ogrk/u‘.f6 exp(-tsjkfi) (41)

It is assumed that the suiface rates are first order with raspect to the

fuel (proportional to fuel surface area) and of order SS and S6 with re-
spect to the pyrolyzed or initial oxidizer.

Ingredients subject to surface pyrolysis include initial solid fuel
and oxidizer together with their solid phase reaction products, if any.
The rates of pyrolysis may be controlled by an A.rhenius temperature
expression or may proceed by an equilibrium vaporization process in which
the gas phase equilibrium vapor prescire, hence mole or mass fraction, is
related to total applied pressure and surface .emperature. Combin.tions
of the two processes lead to intermediate results. The assumption of
surface rate controlling processes leads to more loosely coupled boundary
conditions and 1s adopted here for reasons of mathematical simplicity.

A brief description for the case where at least one equilibrium process
is involved 1s presented in Appendix A. The mass fluxes of the solid

phase fuel, oxidizer, and product are given for { = 10, 11, and 12, re-
spectively, by:

- - 42
o | pc’éisvi exp‘ Ei/Rr:) (42)

vhere fractional surface area of ingredient i has been set equal to 1its

mass fraction. The values of Y.;. cdepend in general upon the initial
composition of the solid phase and the extent of solid phase reaction and
so depend upon a solution of the solid phase equations.

The rigorous application of Eq. 39-42 irvolves consideration of the
changing topology of a heterogeneous surface. The complication is brought
about by the fact that, unless the kinetic parameters and surface areas

of the different components are uniquely related, each component must burn
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at a different linear rate, a conclusion which violstes the assumption of
one disensionality., In steady state burning, it has been speculated that
each component burns at a different temperatureld but this explenation is

not universally accepted. .ictually, i is known that in steady state, each
component burns at a different rate, with the surface topology adjusting
itself to give areas necessary to accommodate equilibrium mass ratios
typical of the solid. PFurther discussion to resolve the problem does not
seem appropriate at present. The simplifying assumption is therefore made
that each component of the propellant regresses at a rate consistent with
the kinetic equation; the degree of departure of the surface from planar
can then be partially assessed by examining the total regression of each
coaponent at the time of ignition and comparing differences with reasonable
particle sizes. If such a test reveals that the surface has indeed becone
two-dimensional, then a two-dimensional analysis sust be made or the alter-
aste assunption adopted that the regression rate of the fastest burning
component governs the overall regression rate. In addition, it is assumed
for convenience that no solid, unrescted material is ejected from the sur-
face to contribute a thermsl effect in the gas phase. It should be noted
that in no one-dimensional aaalysis is it possible to consider mechanisti-

cally the changing surface topology together «ith associated changes in
surface areas of the components.

3.2.3 Radisnt Energy Transfer

Except under hypergolic conditions at ambient temperatures, some
sort of external snergy source serves as the ignition stimulus in ignition
experiments. Ordirarily this consists of a radiation source (laser, xenon
arc, or carbon arc) focused outo the surfrre of the ssmple to be tested.
The fractions of this flux vhich are absorbed and reflected depend upon
the optical properties of the surface and of the bulk solid phase. Absorp-
tion may be confined to the surface for a completely opa‘jue material or
one with an absorbing agent applied to the surface. On the other hand,

‘the energy may be deposited instantaneously in depth for a transluscent

naterial, with attenuation being adequately described by an exponential
relationship between flux density and distance (Beer's Law). With the
passage of time, gases evolved from the surface processes commence to
attenuate the incident cnergy beam. Again, if re-radiation by the gases
i{s a0t appreciable, exponential decay of intensity is a reasonable approx-
imation. This attenuation of the incoming st mulus by the cvolved gases
adds encrgy to the gas phase vhile denying it to the heated surface. As
the temperature of the gas phase rises, re-radiation by the gases also
begins to intervene. All these phenomena are complicated by being wavelength
and species dependent, witu gaseous absorption of reflected energy also
playing a role of some importance. The prinocipal effect investigated here

13 Schultz, R., snd L. Green, Jr. Third AZARD Colloquiwm, Pergamon
Press, 1958. "Studies of the Decomposition Mechanism, Erosive Burning,

Sonance, and Resonance, for Solid Composite Propellants, in Combustion
and Propulsion,” pp. 367-420.
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is the absorption of energy dy the eolid. It is assumed that incident flux
density is spatially and temp-rally constsat, and that the surface reflect-
ivity remains constant during the heating phase. A simplified analysis of

the inclusion of gas phase energy attenustion is presented in Appendix B.

3.2.4 Relationship of Enthalpy to Temperature

In the foregoing sectfons, the energy equation has been presented

in terms of total enthalpy while reaction rates involve temperature, vhich
is related to the thermal enthalpy. The general relationship between the
temperature and total enthalpy 1s

T
&= - r
Iy, D’I(hj of cjdr)
r

r

(43)

vhere X 1is the chemical enthalpy of species i at some arbitrary refer-
ence temperature Tp. One coavention, adopted here, is to assign zero en-
thalpy to the elements at T,, so that h] 1is the heat attending the

formation at T, of species from the elements.

3.3 GOVERNING EQUATIORS

The relationships presented in Sectfon 3.1 and 3.2 describe the
phenoaenon of s511d propellant ignition completely, subject to the
limitat/ons mentionec. Owing to the nonlinear nature of the equations,
exsct analytic solutions have nct been found; recourse sust be to numeri-
cal methods or to one of several available approximate analytic techniques.
A desirable resolution of the problem would be the application of both

approaches and comparison of results; however, only the pumerical method
is to be employed in the current report. ’

While numerical anazlogs may be developed for the equations of
Sections 3.1 and 3.2 as they stand, it is more convenient to combine some
of them, to apply certain mathematical transformations, and to make ad-

ditional simplifications in the interest of reducing the number of physi-
cal quantities to be subjected to a parameter study.

3.3.1 Species Conservation

Equations 6 and 17 may be combined directly to give a single equation
describing the tine and space distribution of each speciles.

For the gas
phase (i = 1, 2 ... 9; x > 0} the result s
dy. 3y
O_L__a_(cv iYon (44)
g dt Ix\g dx b
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In the solid phase (i = 10, 11, 12 x < 7) vhere the mass diffusfon is
negligible, the species halar:es are

dl'!
Pe T " X4 ' e

Equation 11, applied to each species, yields the following interface con-
servation laws:

£} 4

1
fuel: m,, ==Y, - 090 3y (46)
SY, u) '
’s - - - - =
Solid oxidizer: " .3'2 pgD el Wi bZ.S (47,
arJ
Solid product: .12 - D‘YJ - 090 T 48;
BY‘ Mg
Gaseous oxidizer: 0 = my, - 990 .~ —“10 'y (49)
Product of surface
reaction of fuvel with 31’5 u5
pyrolyzed oxidizer: 0 = n‘)’s - pgD = _“10 bsns (50)
i Product of surface
reactfion of fuel with 3Y6 06
gaseous oxidizer: 0 =m.Y - 090~3;7 - ﬁ;;'bG.G (51)
Product of gaseous
reaction of fuvel with 3)’7
pyrolyzed oxidizer: 0 = =Y, - 090 Ty (52)
Product of gaseous
reaction of fuel with 31’8
gas~ous oxidizer: 0 = "sys - 090 - (53)
3)'9
Inert gas: 0 = .sy9 - DgD .-y (54)
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Equatinn (46) deserves specisl comment. Although the total mass flux of
foel contributing to mcis in Eq. 11 includes ms, ng, and m;,, the reaction
terms mg and mg are exactly cancelled by k;g. The quantity m, in Eq. 46-54
representa the sua of all mass “ransferred across the boundary so that

.8..5‘.6’.10'.11 0-12 (55)

The gaseous convection term in each surface conservation equation is rep-
resented by mgY;, vhere the on+dimensional assunption of complete mixing
of gasecus species at the suriace has been made.

3.3.2 QEnergy conservation

if ve assume specific heats are independent of temperature, it is
pos3ible to combine Fq. 6, 9, 14, 17, and 43 to obtain the following equa-
tion for thermal enthalpy h:

I Ir 1z ™
p%-%i%[?ﬁ#(h-l)tb! -aé]i-tbikIOBqneXP(&r) (56)
vhere
h, = cl.(r g (57)
he c"(r - rr) (58)
Le = oC, D/A (59)
Cav = 5% | I

The terms in Eq. 56 have the following physical interpretations:
I Thermal energy accumulatioa in a moving volume element
1I Thermal energy added to volume element by differential processes

IITI Chemical energy generated, alternately represented by “r}:oj"j'

vhere 7; and r; ere the exothermicity and rate of the jth reac*{on
with 0;° evaluated at the reference temperature. The factor u, is
the molecular weight of the ingredient with respect to which heat
effects are computed.

23
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v Radiant energy depdsitéd in depth for the eolid phase. The anal-
ogous ters is discussed in Appendix B for the gas phase.

The portion of the diffusfonal temm covtaining Le-1 as a factor accounts
for two phenomena:

(1) difference in diffusional rates of mass and energy

. (2) difference in specific heats of reactants and products

1t is important to note that in the Chemical energy term, the reaction rate
k; is taken at the instantaneous lucai temperature while the heat effect

is related to the reference temperature. The fact that heat of reaction
is generally temperature dependent is asscciated with the term containing
le~1 as a factor. In the interest of mathematical simplicity, we shall
simplify Eq. 56 by the single assumption of equal specific heats for all
specier. This {s tantamount to assuming a heat of reaction which is large
compared with sensible heats over the range of temperature involved. The
assumption of unity Lewis number is then unnecesscry as the exgression

2.; 3Yj/3x vanishes. Moreover, C,, becomes constant, thereby further
simp.ifying the ensuing numerical procedures. The major effezt of Lewis
mmber still appears in Eq. 44 and in the mass interface conditions when
3‘0 is replaced by its equivalent from Eq. 59. The effects of different
specific heats may be studied, if desired by using Eq. 56 as a point of
departure and considering Cay 88 a function of x, thereby introducing local
values of Y; and 3Y;/3x into Eq. S6.

The boundary condition for the energy equation is formulated by combining
Eq. 13, 14, 17, and 43, with the assumption of equal specific heats for both
phases. This latter step is equivalent to assuming that surface heat effects
(chemical reaction and phase changes) are large compared with changes of
sensible enthalpy. The final equation is

L th izah
“:W.ng;z'qr*qs fad

Although apparently inconsistent with the above assuaption, unequal specific
heats are retained for the terms of the two phases in Eq. 61 because unequal
apecific heats represent only a second order effect on gg, the surface heat
release term, whereas the specific heat is a first order effect im the terms
for conductive energy transport. The term g, is the radiant heat absorbed at
the mathematical interface. This thermal comtribution is included either
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ia Eq. 56 vhen 8 is finite or in xq. 01 vnen §§ 1s infinite, but not ia
both.® The surfacs heating ¢ is givem by s

9, = W05 ¢ B0, + ™0, + ™0, %m0, (62)

in which the five O's are the exothermicities accompanying the various
surface changes (see Sectiocm 3.2.2.3).

3.3.3 Auxiliary Conditions

D cezplete the system of field and interfate equations, initial com-
ditices and conditions in each phase remote from the interfsce are pre-
scrided.

Initial Conditions:

Solid: Gas!
T (x,0) = Teg Tg (x,0) = Too
Puel: Y;, (x,0) = Yg. Oxidizer: y, (x,0) =1 - Yog
Oxidizer: Y); (x,0) =1 - rfc Inert: r, (x,0) =1 - Yog
Product: Y12 (x,0) =0 All other Yy(i = 2=9) = 0

Remote Conditions: Gradiemt: of all quantities vanish at x = —= for the
solid phase and at x = = for the gas phals.

* Mathematically, as B approaches infinity, the behavior of the solu-
tion of the equations is as if the radiation term dissppeared from the
field equation and appeared in the boundary conaition. Pinite difference
nethods fail to realize this, however, and the dual treatment decomes
nece:sary becsuse of limitations of computers to the representation of
finite quantities.
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&. MANIPULATION OF EQUATIORS

The foregoing sections have been devoted to the development of the
fundemental equations of a unified ignition theory. Presented in their
ptysical fora they are valuable in understanding the details of the
physical processes involved; however, appropriate modifications are needed
to convert the equations to a more convenient form for cosputational use.

In general, these include non-dimensionalization through the use of charac-
teristic quantities and coordinate transformations such as the use of
similarity variables and stretching parameters. The equations at hand
reprssent such a diversity of physical phenomena that there is no single
set of chsracteristic quantities wvhich apply in general. The resolution

of this problem will de to delay the normalization procedure until a parti-
culs” subcase of the unified theory has been chosen for study. In this way
ve retain flexibility vhile avoiding the choice of a characteristic quantity
vhose value may approsch a limit of zero or infinity. Similsarity transfor-
nations have not yet been found for the type of equation involving an ex-
pooential nonlinearity in the dependent variable. This section will present

the two coordinate transformations used to convert the equations for compu-
cational use.

4.1 HOWARTH TRANSFORMATION

The substantial or total derivatives which appear in Bq. &4, 45, and 56
contain the local phase velocity implicitly (see Bq. 6 and 9). Owing to the
constant pressure approximation of the momentus equation, only the global

continuity equation remains as an independent relation containing the local
velocity. Let us define

o
V'f o 9% (63)
o o

vith o, taken as some reference (here initial) value of p vhence
3 f‘z (30 f"z 3(pv)
- — (a=]dx = - [— —(-&- dx = = 1— -
LT S ae) J o, Tax o, [tov) - tom) ] (64)
and

2-2
x 0, (65)
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d _p 9
3;'3;w (66)

Then using the"following standard rules of partfal differemtiatioa:

(3e), - (), + (9 (), L
( ) - (5'!) / (‘?‘) (ss)

we may derive

:_: (%): . (;T)' (69)

Application of Eq. (66) and (69) to Bq. (44), (45) and (56) provides the
following:

Y I} 4 Y }
1 f b 4 1 9.2 4 i ®
'5?"_037’;'55'6("”3'0):'? 8
[-]
an_ _"sa 1 a(axab) % 8 - (71)
T TR & TR T A R P ""( ")
o

The interface Zq. 46-54 are not greatly changed except that the diffusion
terms bocc-o

pg mrjﬁt

In Eq. 71 the term involving Lewis number has been eliminated for reasons
pruviously discussed (see Section 3.3.2). The final term of Eq. 71 would

appear only for the solid phase and for finite 8. Equation 70 applies to
the solid phase with D sst to zero.

Results of using the Howarth transformation ars:

(1) The global equation of continuf.y is satisfied identically in the

transform space. As a Tesult the set of Eq. 70 contains one redundint
equation of each phase. This redundancy is retained in the numsrical an-
alysis to provids an accuracy check.
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Y o

(2) The coefficient of the convective term (3/3¢9) is mot a function
of position but depends only upon the instantaneous value of m;, the total
rate of mass transfer across the interface.

2 (3) The coefficients appesring in the diffusion terms, i.r., o)/c and
o D, sre more nearly independent of temperature for a given pressure than
sre their counterparts in the untransforsed equations; hence, they may be
moved outside the partisl differential operator.

A disadvantage of Howarth transformation is the need to perfcra the
inverse (integral) transformation

P 0 ;
) f’ g - _?. d "2,
o o a (120)0 ()

in order to recover the true distauce scale. 1f the surfece conditions are
sll that are required, this extra step i{s eliainated.

4.2 TRAXSFORMATION FROM INFINITE TO FINITE DOMAIN

The extent of the space scale ranges frou minus to plus infinity. How—
ever, computer simulation by finite differences can deal oanly with finite
Quantities. One way out of the difficulty is to repeat the computional
effort for several large finite values for the distance of the remote
boundaries until the solutions converge.l4 The technique employed here is
to use an exponential transformation of the distance scale vhich has the
added feature of providing clos<r spacing of space nodes near the interface
vhere gradients are larger. The transformation relationships sre

6. = -1¢exp (%"c) (73)
> 2

W, " % (1+0.) %, 74)
?? 2 32 2

25 - oluoe)[ 5 53] @

“c C [ of [~ 3°c .c

for the solid phase (-1 < oc < 0)

14 vz
Kaval Weapons Center, Theory of Ignition of A Reactive Solid by Constant

Energy Fiuxz, by H. H. Bradley, Jr., China Lake, Calif., NWC, November 196
44 pp. (W TP 4618). o ’ » NWC, er 1968.
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and
0’ =] - oxp (-ag&g) (76) l
) 9
_L’-.a’(x )(1-0)——-;%— )
av’ v g

for the gas phase (0<Q < 1).

Applicstion of Eq. 73-78 yilelds the fimal transformed equaticns to
be solved u-riuny:

a a’:

2
.F‘.an (1%9) ;.-;‘--alum( 1)-5‘-0 v 79)
(1 = 1-14)
with {nftial conditions
2, (¢, 0) = 2. (1 = 1-14) (80)

and remote boundery conditicas

az
{=1-9, 13 gas
To (108 =0 4 e10-12, 14 solid : (s1)

Interface boundary conditions for species ate given by

3'1

Bg=mi, B =S, (=19 (82)

with the left hand side defined as zero for { > 3

and for energy by

2,4 92,

Bre T3¢ " %1336 * S1314 (83)
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wvhere Snu i{s the surface cnergy source,

In Eq. 79-83 the symlol Z.represents & general dependent variable,
either mass or energy in efther the solid or gas phase. The upper and
lover signs correspond to 80} !4 and gas phase, respectively. Volumetric
and surface sources are dendted by V and §, respectively. Other details
regarding the symbols sre indicated in the table of nomenclature.
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Appendix A

INTERFACE CONDITIONS FOR BQUILIBRIUM PYROLYSIS
OF ONE OR MORE SOLID PHASE CONSTITUENTS

The interface species wass balances for pyrolyzing species are provided
by Bq. 4648 for the case vhere all surface processes are controlled by
Arrhenius type rate expressions. At the other extreme, the interface con—
ditioa msy include equilibrium transfers of one o more species in which the
phase rule governs the relationship between concentrstion, pressure, and
temperature. Consider, for example, the case of equilibrium transfer of
ingredient 10 (solid fuel) wvhile Arrhenius rate expressions govern the solid

?ﬁﬁu and product surface conditions. We have then for the balance of
uel:

10 " %" " 00 3 (A-1)

vhich may be rewritten as

-10 - {&)Yl + .10Y1 = ng g _ (R=2)

In Eq. A-2, mg has been replaced by Ja + =), the sumation being taken over
all species except the one in question (fuel in this case). The mass frac-
tion ¥; (a function of mole fraction and molecular weight of all species)
is determined, for equilibrium processes, by total pressure and surface
temperature through the Clauius-Clapeyron relationship. If fuel is the

_only component undergoing an equilibriua phase change, all the terms in

D8 depend on rate expressions and may be evaluated from surface tempera-
ture and composition. If more than one equilibrium process occurs, a re-
lation analogous to Eq. A-2 applies for each process, leading to a set of
simultaneous boundary conditions. In the present theoretical analysis and
its associated computer program, equilibrium processes are not corsidered;
the condition of constant surface tempersture and coocentration is not
obtaiasble by a simplification of the general expressions unless convection
and surface regression are neglected.
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Appendix B

SINPLIVIED ANALYSIS OF EFFECT OF ABSORPTION OF RADIANT
ENERGCY 3Y GAS PHASE SPECIES

The common essumption made in modeling solid propellant ignition by
tadisnt flux is that the beam suffers no ettenuaticn in passing from the
source to the surfice. Absorption of incoming energy by gaseous species
has the dual effect of adding energy to the gas phase while partially
blocking it from the propallant surfsce. Assuming that only the evolved
gases contribute to energy absorption, that energy reflected from the sur-
face is negligible, and that equal abeorption coefficients apply, the gas
phase energy equation is sodified by addition of the term

= [‘- - ('.1: .ny?‘f")] i ' 1) :

In Eq. B-1, I, represents the unatienuated source flux while Y is the sum
of all s.ecies produced by any chemical or physical tramsformation; hence,
Yel-¥Yg- Y.

We may write
j. - x
- Drdx--jordx+fprdx (B=2)
A / ¢ } o

Also, it is 2oted that all new species must ultimately originate et the
surface, so that at time ¢ '

=l t
.[ DgY dx = ‘[ = dt (3-3)

Carrying out the differentiation of expression (3-1) leads to the addition
of the tem
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: x - 3
TggBgPgY (%) oxp[ [ BgpgY (%} dj (>~4)

to Eg. 56. Bere

t
q‘9 - I. ern (-/ L dt) . (B~-5)

(<]

is the flux at the surface after attenuation by the entire gas column and
the expression (B4) is the energy absorption by the gas at position x.

Transformations into the ¥ and ¢ coordinate systems lead to the additional
terme

" :
‘.'89897‘09) = [-[ BoPg0” (%) ‘w] i
in the gas phase representation of Eq. 71 and ,
i ; Fia s .
75085 ’9)["" ,[ (BoPoo’g)Ya0y/ (1*9)] e

in Eq. 79.

The foregoing is a simplified analysis of an adaittedly complex phenom-
enon. Expansion of the ideas to include other effects such as variable 8

and gas re-radiation would not be difficult in principle. The entire matter

is usually neglected on physical grounds and in addition is omitted in the
current study to avoid introduction of more ccaplicated numerical analysis
than appears warranted by probable gains.
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