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13 ABSTRACT

A calculation of the intrinsic reflectance R of aluminum in the vuv indicates that the value
of R =0.92 observed under optimum conditions is very close to the calculated intrinsic limit
and that the present value of If = 20 MW/cm# for melting is within a factor of three of the in-
trinsic limit., It is unlikely that a vuv metallic reflector better than aluminum will be fouad.
There are very few candidate transparent materials for the vuv, and their absorption coeffi-
cients are large (0.1 to lcm"l), surely due to imperfections. Nevertheless, multilayer-
dielectric reflectors and total-internal-reflection devices are more promising than metallic
reflectors (without multilayer coatings). Total-internal-reflection devices are analyzed in some
detail. Calculations indicate that for a single 10 nsec-duration xenon-laser pulse, the failure
intensity If is: ~20 MW/cm2 for melting of a 100 A-thick film of aluminum on magnesium fluo-
ride; ~70 MW /cm? for optical distortion by two-photon heating in windows and total-internal-
reflection devices; ~200 MW /cm?2 for surface damage; ~1GW/cm?2 for thermal fracture by
two-photon heating; ~1 GW/cm? for fracture from enhanced stimulated Ramarn scattering in
Raman active materials; ~500 MW /cm?2 for optical distortion by one-photon heating with ab-
sorption coefficient § = 0,1 em~1; and ~100GW/cm? for thermal fracture by one-photon heat-
ing with 8 = 0, 1cm~1. The failure intensities for thermal fracture and optical distortion are
in general orders of magnitude lower in cw and repeatea-pulse operation than those given (for i
single 10 nsec pulse), A preliminary estimate of two-photon absorption in LiF gives B = 1cnr
for intensity I = 2 GW/cm? at the photon energy fiwy = 7.2 eV of the xenon laser. A study of the
absorption and scattering by rough metallic surfaces, which includes surface plasmon coupling
and effects of non-normal incidence, indicates which of the normal-incidencc results of Ritchie
and coworkers is correct and identifies the error in the other. The Raman-scattering process
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has a sharp-threshold parametric instability that af-
fords explanations of long-standing anomalies in stimu-
lated scattering and possibly self-focusing experiments.
The low theoretical threshold intensity (~ 1 GW /cm?2
tynically) for the instability indicates that this insta-
bility should be important in laser damage. Analysis of
a one-dimensional shell model suggests that the Lax-
Burstein contribution to infrared absorption is greater
than the anharmonic-potential contribution at 10, 6um

in candidate window materials.
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PREFACE

This Third Technical Report describes the work performed on Contract
DAHC15-73-C-0127 on Theoretical Studies of High-Power Ultraviolet and Infrared
Window Materials during the period from December 7, 1973 through June 30, 1974.

The work on the present contract is a continuation of that of the previous Contract

DAHC15-72-C-0129,

The following investigators contributed to this report:
Mr, H. C. Chow, research associate
Dr. C. !. Duthler, principal research scientist

Dr. A. M. Karo, consultant, Lawrence Livermore Laboratory,
Livermore, California

Dr. A, A. Maradudin, consultant, University of California, Irvine, California
Dr. D. L. Mills, consultant, University of California, Irvine, California
Dr. L. ]. Sham, consultant, University of California, San Diegr, California

Dr. M. Sparks, principal investigator

Previously reported results are not repeated in the present report, with the
exception of Section J, where the previous results were included for the convenience
of the reader in considering the changes reported in that section, The emphasis of

the program during the report period has been on ultraviolet materials, although

some time was spent on finishing the infrared-materials projects.
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A, INTRODUCTION AND SUMMAR Y

The emphasis of the program has shifted from infrared materials to
ultraviolet materials during the current reporting period. The motivation for
the study is the realization that the operation and application of recently de-
veloped high-intensity vacuum ultraviolet sources are expected to be severely

limited by the lack of satisfactory optical components,

It appears that we are beginning a new era of materials development in the
vacuum ultraviolet. The output power of the first xenon vuv lasers was limited
by the materials problem of the melting of the partially transparent aluminum
film used as the cavity mirror, Since orders of magnitude greater power would
be feasible if suitable mirrors were available, there is great interest in obtain-
ing improved reflectors. Transparent materials for high -power use as windows,

lenses, and possibly other optical components also are of interest.

In going from the visible to the vacuum ultraviolet to the X-ray region, the
problem of obtaining mirrors with high reflectance and low absorptance and
windows with low absorptanc~ becomes more difficult. In the visible region
there are rather wide choices of mirror and window materials. In the vacuum
ultraviolet (vuv) region there are only a few acceptable materials, as discussed
below, and in the X-ray region, there are no materials with high normal-incidence-
reflectivity or low loss. Since the greatest current need and greatest promise of
obtaining significant improvements lie in the vacuum ultraviolet region, the em-

phasis at the beginning of t1e program is focused there.




Sec., A

The problems of obtaining high-power materials in the vuv are more difficult
and quite different from those in the infrared. It appears that transparent materials
can withstand greater intensities than metallic reflectors can, in contrast to the IR
case. Thus, dielectric reflectors and total-internal-reflection devices are expected
to be important. The choice of vuv materials is greatly restricted. Only aluminum
is available as a metallic reflector, and its absorptance is orders of magnitude
greater than the values for good reflectors in the infrared region. There are only
a smull number of transparent materials with bandgap Eg greater than, say, 9eV,
and most of these are unsatisfactory for use as practical optical components. The
optical tolerances are much more severe in the vuv, and the paucity of materials

makes it difficult to obtain satisfactory antireflection and protection coatings,

In order to obtain an overview of the materials problems of high-intensity
reflectors, windows, and other optical components, the major anticipated prob-
lems were considered briefly, then a number of the most pressing problems were
considered in some detail. As a result, we have obtained conclusions of which
effects are most likely to limit the performance of high-intensity vuv materials,
of which problems to emphasize in the present program, and of which areas of
experimental and theoretical investigations would be the most useful in thc near

future,

First consider metallic refleccors. There are two contributions to the ab-
sorptivity of a metal: The Drude ahsorptivity from the free electron character
of the metal and the interband absorptivity. In order for the Drude reflectivity
to be great, the plasma frequency of the metal must be large compared to the
optical frequency. (Metals are transparent for optical frequencies greater than

the plasma frequency.) The plasma wavelengths and energies (ﬁwp) of a number

of metals are as follows:
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Sec. A
Material A_ (nm) ‘ﬁwp (eV) H
Al 81.4 15,2
Mg 117 10. 6
Tl 122 10.1
Zn 127 9.7
Cd 146 8.5
Li 155 8.0
Na 210 5.9
Ag 254 4.9
Au 306 4.0
K 315 3.9
Rb 340 3.6
Cs 362 3.4

Of the above materials, aluminum has the highest plasma frequency. In fact,
aluminum has the largest metallic reflectivity in the vuv. However for use at the
xenon laser frequency, 7.2 ¢V, the condition that << wp is only approximately
satisfied. It is estimated that the Drude contribution to the absorptivity of alumi-
num at 7.2eV is 0.02, Other materials listed above with plasma frequencies
greater than 7,2 eV have much lower reflectance than aluminum because of both
a larger Drude absorption (from lower plasma frequency and lower conductivity)
and a larger interband absorption. Silver, which is a commonly used metallic
reflector in the visible, has a plasma frequency of 4,9¢V; consequently it would

be transparent in the vuv except. for interband absorption.

With extreme care, values of reflectance as great as R = 92 percent have

been obtained for aluminum in the range from 6-10eV, Without special precautions,




reflectivities of only R = 40 percent and even lower are obtained, To obtain the

highest reflectivity it is necessary to deposit the aluminum on a supersmooth

substrate (roughness ~10A) under ultrahigh vacuum conditions (P ~ 10-9Torr).

Rough substrates result in a broad absorption band extending from ~ 130 nm to

~ 180 nm, which is attributed to abhsorption by surface plasmons. To maintain the

high reflectivity, the aluminum must be overcoated with MgF2 or some other

transparent material to prevent oxidation. Absorption bv oxidized films, which

is not completely understood, will be considered in the next report period.

In this report we have considered two limiting aspecs of the reflectivity of

aluminum. The absorption and scattering by rough surfaces is considered in

]
Section I, Section D) presents a calculation of the intrinsic reflectance of alumi- 1
num. It is found that the reflectance of R = 92 percent observed in the best samples 1
is very close to the calculated intrinsic limit. The gencral problem of damage to ';

optical components is considered in Section B,

In view of the high intrinsic absorptivity and the extreme difficulty in preparing
the best aluminum reflectors, it is clear that diclectric reflectors, cither in the ;
form of thin-film stacks or total-internal-ieflection devices, are needed to ob- 4

tain a veflector with substantially higher damage resistance. Mechanisms limit- 3

ing the transmission of transparer: » aterials also are considered in this report. *

Clearly in order for a dielectric material to be transparent, it must have a
large bandgap Eg > fiw, where w is the lascr frequency, so that direct one-
photon absorption across the bandgap does not occur, In fact, it is desirable
that Eg > 24w in order to avoid two-photon absorption. Bandgaps of several

materials are listed below:
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Sec. A

Lil"  ~13 Sr F2 >9 NaBr 7.7

’\'Ig]’z ~11 Hal?2 >9 5102 ~7.7

K+ 10,9 NaCl 8.6 MgO 7.3

Nal®  >10.5 KC1 P KI >0.2

Rbl* 10. 4 LiBr  ~8.5 Lil >5.9

Csl* 10 /\1203 8.3 Nal  >5.8

LiCl ~10 RbCl1 8.2 Diamond 5. 33
Cal, ~10 KBr 7.8

The onset of one-photon ai'sorption in these materials can occur at 1-2eV
below Eg due to exciton absorption. Materials that are transparent in the vuv
are composed of elements from the edges of the periodic table (generally alkali
halides and alkaline-carth fluorides), Of these, light elements tend to have larger
bandgaps than heavy elements.  Lithium fluoride has the largest known bandgap,
1"g = 13¢V. Unfortunately this is less than two times the xenon-laser frequency,
so that there is no material which is not limited by two-photon absorption. All

alkali fluorides and alkaline-earth fluorides, along with most alkali chlorides,

have sufficiently large bandgaps that one-photon absorption does not occur at the

xenon-laser frequency.

In contrast to infrared materials, the intrinsic ahsorption coefficient of vuv
materials decreases much more rapidly in the tail of the fundamental absorption.
In the Urbach-tail region, the absorption coefficient 8 decrcases exponentially
with decreasing frequency, having a typical value of 7 to 8 orders-of-magnitude
decrease per clectronvolt. Hence in the vuv, it is possible to use materials to

within roughly 1eV of the first exciton peak. This makes possible the use of several

B
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materials with desirable physical and chemical properties. Por example, with

respect to mechanical strength, resistance to water vapor, and resistance to color

center formation, the alkaline-earth fluorides are superior to the alkali fluorides.
However, a careful comparison of two-photon absorption must be made, and the
possibility of damage in alkaline-earth fluorides ., enhanced stimulated Raman

scattering must be investigated,

Presently the best available alkali fluorides and alkaline-earth {luorides have

. -1 - -1 : .

absorption coefficients at 7.2 eV ranging from 10 “c¢m L to lem © due to impurity
absorption., There is little good data available on the intrinsic absorption of sap-

phire. In view of its very desirable physical and chemical properties, the possible

use of sapphire with xenon lasers should be investigated.

In this report, the general mechanisms and thresholds for damage in trans-
parent materials are considered in Section B. It is found that with a single 10 nsec
duration xenon-laser pulse, the failure intensity If is ~20 MW/cm2 for melting
of a 100 A-thick film of aluminum on magnesium fluoride; ~70 MW/cm2 for optical
distortion by two-photon heating in windows and total-internal-reflection devices;
~200 MW/cm2 for surface damage; ~ 1 GW/cm2 for thermal fracture by two-
photon heating; ~lGW/cm2 for fracture from enhanced stimulated Raman scat-
tering in Raman active materials; ~500 MW/cm2 for optical distortion by one-
photon heating with absorption coefficient B = 0. lcm-l; and ~ 100 GW/cm2 for
thermal fracture by one-photon heating with 8 = 0.1 cm-]'. The failure intensities
for thermal fracture and optical distortion are in general orders of magnitude lower
in cw and repeated-pulse operation than those given (for a single 10 nsec pulse).

Multilayer dielectric reflectors have greater theoretical values of If, but technical

problems also should be considered.




A report of work in progress on the theory of two-photon absorption is

presented in Section C. A first estimate is that in LiF the absorption coefficient

-1 . ) 2
has the value B8 - 1 ¢cm ~ for intensity 1 = 2GW/cm™ at the photon energy
Niw = 7.2¢V of the xenon laser. With this value of 8, it is shown in Section B
that the optical distortion caused by two-photon heating of transparent optical
components has the lowest failure threshold of all processes considered. In view
of the importance of the two-photon absorption, an improved calculation was un-
dertaken and is currently in progress. Should other lasers become available with
frequencies such that 2Ty is less than the eleetronic bandgap, thereby eliminating
the two-photon absorption, then multiphoton absorption should be negligible since

it is shown that three- and higher-order processes are negligible.

The theory of stimulated Raman scattering is considered in Section 1. The
Raman and Brilleuin processes have important sharp-threshold parametric in-
stabilitics that afford explanations of long-standing anomalies in stimulated
scattering and self-focusing experiments. Below the threshold intensity lC , the
gain is nonexponential and greater than that of previous theories of stimulated
scattering, and at the threshold the Stokes intensity increases nearly discontin-
uously. Typically, lc ~ 109 W/cm2 for a number of gases, liquids, and solids.
The theoretical results agree well with previous experimental results. The ex-
tension of these results to the vuv is considered in Section B, where it is shown
that at intensities of the order of IC this enhanced stimulated Raman scattering

can cause materiul failure.

In Section I! several total-internal-reflection devices and optical cavities
are considered. laser cavities made from total-internal-reflection elements

have the advantages of alignment stability and possible variable output coupling

using frustrated total internal reflection.

ALl et a sy Siliaah e Ll B N ) e o o Surdy L s gt ¢ aat i
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Sec, A

Multilaver dielectric reflectors, including thin-film stacks of dielectrics,
multilayer overccating on metallic reflectors, and stacks including metallic
films will be considered in the following report, Grazing-incidence reflectors
have not been considered because the technical problems associated with the

large number of reflections needed to turn a beam through a large angle make

this reflector less promising than the others considered.
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B. INTENSITY LIMITS OF HIGH-INTENSITY VACUUM ULTRAVIOLE I MATERIALS

M. Sparks and C. ]. Duthler
Xonics, Incorporated, Van Nuys, California 91406

:l Ihe output intensity I of current xenon lasers is limited by meltirg of the

: thin alurninum-film cavity mirrors. Calculations explain the experimental value .
i of T = 20 MW/cm2 for a 10 nsec pulse and show that this value is only a factor ._
: of ~3 below the intrinsic limit. Multilayer dielectric reflectors and total- ¥
'

"‘ internal-reflection devices miay withstand :ntensitics that are ~ 10 times greater

than 20 M\’V/’cm‘2 according tu the calculations (which are sufficiently accurate f

: only to serve as estimates until measurements aic available), Calculated in-

, tensities If at which transparent materials fail in a single 10 nsec pulse are:
~70 MW /c m2 for optical distortion by twe-photon heating in windows and total-

internal-reflection devices; ~200 MW/c:m2 for surface damage; ~1 GW/cm2
for thermal fracture by two-photon heating; ~ 1 GW/cm2 for fracture from en-
hanced stimulated Raman rcattering in Raman active materials; ~ 500 I\/[W/cm2
for optical distortion hy cne-photon heating with absorption cocfficient g = 0; 1
cm-l; and ~ 100 GW/cm2 for thermal fracture by one-photon heating with
B =0.1 cm-l. The failure intensities for thermal fracture and optical dis-
tortion are in general orders of magnitude lower in cw and repeated-pulse
operation than those given (for a single 10 nsec pulse). Multilayer dielectric

reflectors have greater theoretical values of If, but technical problems also

should be considered.
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Sec, B

I. INTR.ODUCTION

Recently developed high-intensity sources of vacuum ultraviolet (vuv)

radiation” ~ will undoubtedly create interest in materials for high-intensity

vuv use. The outpu* power of the first xenon vuv lasers was limited by the
materials problem of the melting of the partially transparent aluminum film
used as the cavity mirror, Since orders-of-magnitude greater power would be

feasible if suitable mirrors were available, there is great interest in obtaining

improved reflectors, Transparent materials for high-power use as windows,

. lenses, reflecting devices, and possibly other optical components also are of 5

even greater interest,

In the present paper, a number of mechanisins by which reflectors and
4 transparent optical components can fail in high-intensity systems are examined
i

theoretically. The purpecses of the analyses are to obtain estimates of the maxi-

mum intensities at which such systems can operate, to delineate the most im-
portant failure mechanisms, to determine areas in which research is needed, 3
and to otherwise determine how materials and the systems operation could be
improved. The mechanisms considered include: melting (;f the aluminum film 1

on the laser-cavity mirrors; thermally induced optical distortion resulting from

the absorption in the aluminum; fracture and thermally induced optical distortion
from two-photon absorption and from extrinsic lincar (one photon) absorption in
transparent materials; fracture or melting from enhanced stimulated Raman
scattering; and surface-damage mechanisms. The emphasis is on the xenon-

laser wavelength 174 nm (7.2 ¢V), but the analyses are valid for the region of

interest from ~100 to ~200nm. ;

10
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Table BI contains a list of the intensities at which system failure occurs for

these various failure mechanisms for a single 10 nsec pulse with fiee = 7.2 V.

R TN E——

Other conditions and assumptions incorporated into the calculations are dis-
cussel in Sec. VII, where potential difficulties in misusing the values are em-
1 phasized. The limiting intensity If = 20 MW/cm2 for the laser mirrors is set
' by the melting of the alumiium film, as already mentioned. Sce Sec. II. It is
shown that it is highly unlikely that it would be possible to obtain an order -of-
magnitude improvement in the metallic-film cavity mirrors, and obtaining an

increas= even by a factor of three would be extremely difficult,

This small value of intensity If 2> 2() I\/[W/cm2 at which the metallic reflec-
tors fail motivated an investigation of total-internal-reflection devices (Sec. E)
and dielectric stacks (following report). However, the problems of transparent

materials for high-power vuv use also are severe. There are only a handful of

materials with values of the electronic band gap Eg sufficiently great for use

at 7.2c¢V. For example, LiF, Mgl"‘z, Can, BaF,, BeO, NaF, KFF, RbF, and

2’

CsF have Eg > 9.2¢V. The last four of these materials are not expected to

be useful as practical high-power vuv windows. The values of Eg for 5102 and
diamond are too small for use at 7.2 ¢V, The absorption edge of sapphire (at
~8.5¢V) was originally considered to be too close to 7.2 eV for use in the xenon-
laser systems. 'This may well be true, but the superior physical properties of
sapphire and the fact that intrinsic "Urbach-tails" are so steep ¢typically ~ 108
cm—l/eV reduction in the optical absorption coefficient 8) suggests that this
conclusion be reexamined. The results will be given in the following technical
report. It is not known if the problems of vuv generation of color centers and
the resulting increased absorption and of surface contamination in LiF can bz

overcome.
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Table BL. Values of parameters used in calculating the values of intensity If

in Table BI. The calculated values of A'I’f and ATO also are included.

\ ’ C K o n ag E Bn/BT T ATf AT0
{at -i _ _ . . ey -
TR em¥k | wemk | 1075k ! kpsi [ 107psi | 100k 103 | k|«
LiF 4,12 0. 11 3.23 | L4s| L6 | 1.5 | -1.1 | o.8 7 | 0.14
1v
MgF, 3.14 | ~0.2" 1.37 | 146 | 7.6 | 2.45 | +0.2 Lo | 45 | o0.11

"Values between 0.1 and 0. 3 appear in the literature

+Average of ordinary and extraordinary values at 0, 40 pm
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The mechanism having the lowest failure intensity If =70 MW/cm2 for

transparent materials is thermally induced optical distortion with the tempera-
ture rise caused by two-photon absorption. Thermally induced optical distortion6
is a result of the uneven heating of the material by the vuv radiation. Differences
in temperature across the material cause changes in the index of refraction and
in the sample thickness which distort the optical beam. See Sec. III. The above

value of If =70 MW/cm2 suggests that a factor of 4 increase in I, could be ob-

f
tained by using a total-internal-reflection device in place of the metallic mirror.
However, it should be emphasized that the unccrtainty in the calculated value of
If =70 MW/cm2 is great, say a factor of 10-100, which puts the difference in If
between a factor of ~ 10 lost to a factor of »‘103 gained. This failure mechanism
is reversible; that is, the optical component is not destroyed, and the failure is
self healing as the temperature returns to a constant value. As discussed in Sec.

I, the threshold for thermally induced optical distortion in dielectric reflectors

is much greater than in windows and total-internal-reflection devices.

The failure mechanism having the next highest value of If is laser-induced
surface damage,7 which is irreversible and occurs at If = 200 MW/cmz. Thus,
if the value of If for the two-photon absorption were in error by a factor of three
on the low side, or if the system could tolerate the optical distortion, the system
performance would then be limited to If = 200 MW/cm2 by the surface-damage
mechanism. Since this latter limit is extrinsic, that is, set by imperfections such
as inclusions, it is possitle in principle to increase this threshold value by im-
proving the materials. The difficulty of the technical problems of such improve-

ment is underscered by the fact that a single imperfection could cause failure.

13
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The next two (irreversible) damage thresholds, both having If = lGW/cm2, are
stitnulated Raman scattering (Sec. V) and fracture resulting from two-photon
heating. Since Mgl"2 and Can are Raman active while LiF is not, Lil° will have

a higher threshold intensity in the cases where If is limited by the enhanced

stimulated Raman process.

Next consider the usual linear (one-photon) extrinsic absorprion, which is
quite large. Current measured values are of the order of B = 0.1-1 cm—l, as
discussed in Sec, I. In order to keep If = 70 MW/cmz, which is the limit set by
optical distortion from two-photon heating, the value of B for linear absorption
should be '2 lcm l, as seen in Table BI. This large value of B = lcm—l (com-
pared with ~10—4cm“1 for good IR materials), indicates that even though the
current measured values of B are very large, improving materials to reduce
the values of 8 may not result in improved systems performance. Reducing the
one-photon absorption to values below the two -photon absorption would not result

in an increase in the values of If.

In repeated-pulse systems, heating becomes relatively more important, and
such small values of B would be required to keep If = 70 MW/cmz. For example,
for 100 pp sec for 5 sec, B = 10-4 cm—l gives If = 80W/cm2. For continuous
operation of repeated-pulse systems, the methods of cooling the material become
important in determining the values of If, and the analyses of cw IR systems6
should be useful. The two-photon heating could be reduced in principle by using

a higher repetition rate of less intense pulses.

From these results, the following conclusions can be drawn: Measure -

ments and improved calculations of the values of B for two-photon absorption

14
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are important since the two-photon absorption is the most severe system
limitation accerding to the preliminary estimates. The importance of these
investigations is eriphasized by the great uncertainty in the estimated value
of B for two-photon absorption, Dielectric-stack and total-internal-reflection
devices should withstand greater intensities than metallic reflectors without
failing irreversibly and probably without failing reversibly, and multilayer-
diclectric reflector s should withstand even greater intensities. Programs to
determine the sources of the large extrinsic linear absorption coefficients and
to improve the materials to reduce the values of 8 would be useful in general

and especially for repeated-pulse systems.
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II. MIRROR DAMAGE

The cavity mirrors in current xenon lasers are thin aluminum films on
magnesium fluoride substrates.l_4 The thickness £ of the aluminum is ad-
justed to a value, of the order of 100A, to give approximately five percent
transmittance. The laser power currently is severely restricted by the

mirrors, the aluminum coating being melted off the substrate.

The experimental value ot the energy in a 10 nsec pulse at which the
mirrors are destroyed was estimated to be 20 m] (incident on the mirror, or
~1m] outside the c:avil,‘y).8 The damaged area is of the order of 0. 25 cmz,
giving If > 8 MW/cmz. The following theoretical estimate of If for melting
of the aluminum film agrees with the experimental value to within the accura-
cies of the absorptance A, thermal conductivity K (values from 0.1 to 0. 3
W/cmK for MgF2 in the literature), pulse length and shape, and the experi-

mental error,

Consider a 10nsec pulse incident on ~100A of aluminum (melting tempera-
ture 660C, or Tm = 640K above ambient, heat of fusion = 1.07 k]/cm3, A=0,2)
deposited on l\/IgF2 (heat capacity C = 3, 14 ]/cm3 K, K=0.2 W/cmK, linear
thermal expansion coefficient ¢ = 13,7 x 10_6 K_l). During the pulse duration

tpulse » the heat diffuses into the MgF2 a distance d, which is related to t u

pulse
= 2 ]
by the standard result tpulse = 4Cd"/nK; thus
. 172 -5
d = (nKtpulse/4C) = 2 x 10 “cm 2.1
-8 .
for tpulse =10 "“sec. The numerical factor 4/m was chosen to give the exact

result9 for the temperature rise at the surface of the sample. The 100 A thickness

16
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of the aluminum is negligible with respect to d. The temperature rise is
obtained as follows: Consider the volume Asud’ where ASu is the surface
area illuminated. The energy put into this volume by the laser beam is AFASu ,

where F = It is the fluence, or the incident energy density. The resulting

pulse

temperature rise AT is obtained by dividing this energy by the heat capacity of

the volume, which is CAsud. Thus,
AF/Cd = AT . (2.2)

Setting AT equal to the melting temperature Tm » measured with respect to the
sample temperature before irradiation by the laser, and substituting (2, 1) into

(2.2) and solving for I. = F/t

£ gives

pulse

1/2

I = (T_/28)(nCK/t - )% = 20 MW/em® . @. 3)

pulse

The corresponding fluence has the value Ff = 0.2]/ cmz. It is perhaps worth

pointing out that both If (~t “1y/2 )and F ~ 172 depend on t

pulse tpulse ek el

pulse
the failure depends on both the intensity and the pulse length. By contrast, the

total heat absorbed is proportional to F (independent of tpulse

of I"), and the two-photon absorption coefficient is proportional to I (independent

for a given value

of I for a given value of 1),

The heat of fusion of the thin aluminum film is negligible since 10_3J'/cm2 in
100 A supplies the heat of fusion of 1,07 x 103J/cm3. This value of F = 10-3J'/cm2
is much less than Ff =0,2 J/cmz. Since the MgF2 is in compression (with stress
0 = -L4gET_ = -3x10°psi, where E = 2.4 10’ psi is the Young's modulus),

the MgF2 substrate should not fracture at the melting point of the aluminum for a

17
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uniformly illuminated surface. A radial temperature distribution can give rise to

azimuthal tensile stresses, but these are expected to be small with respect to

those generated by the axial temperature distribution for d =

0.2um and a beam

diameter of ~1cm.

Next it will be shown trat the value of If determined by thermally induced

optical distortion resulting from the absorption by the metallic film is slightly

greater than the value for the aluminum melting, The amount of optical distortion

that can be tolerated obviously varies from system to system, and the value of If

could be computed for given system specifications. Since we are not considering

a specific system, a reasonable criterion for the failure of a system is that the

optical path difference § 'e'op between a center ray and a ray at the edge of the

beam of diameter D be equal to %A :

64 = X/8 .

op @.4)

For example, the angle through which a ray bends is ¢ = dﬂ’op /dp, where p is

the radial circular cylindrical coordinate. With ﬂ’op = constant iﬁﬂ,op (p/ 21 D )2,

the value of |¢ | is lg| = 8,4,0p p/D2. 'The focal length f, which is the distance 'j‘

from the optical element at which the ray crosses the optic axis, is, in the small

angle approximation, f = p/¢ = D2/ 86 Lop - Setting the focal length equal to the

PRPCAEG I TR L o ¥

Rayleigh range, D2 /X, gives (2.4), which is the same criterion used in previous

analyses of infrared-window materials.6 For a metallic reflector, 6 ﬂ’o =2h,

- e S

where h is the rise (bulge at the center). With h = o ATd(1+y) and AT
/dC, (2.4) gives

= ]

A t:pulse

ft
I
T NS TP PP Y R Pr o

AC/16a(l+v)t A

pulse

3

100 MW/cm2 .

(2.5)



The factor (1 + y), where v is the Poisson ratio, accounts for the bulging induced

o el

by the radial compression.

Surface damage thresholds If for vuv mirrors are not known, but they should
be considerably greater than the values of 20 and 100 MW/cm2 for melting and

optical distortion.

Great increases in the value of If for metallic reflectors are not expected.
A factor of 10 appears extremely unlikely, and a factor of three would require a
substantial research program. The calculation of Sec. D indicates that the ab-
sorptance A of aluminum at 7,2 eV is 8% . The lowest value measured to date,
which was also A = 87, was the result of extensive programs involving rapid
deposition of aluminum at high vacuum onto supersmooth substrates followed
directly by overcoating with a protective layer of material such as Mng. Since
10

the value of A for the currently used aluminum films is believed to be 20%,

the maximum possible reduction in A is a factor of ~3. :

Since interband transitions are the dominant source of absorption at fic
= 7,2 eV, reducing the temperature, purifying the metal, or improving the sur-
face are not expected to reduce A significantly below the value of 87, as dis-
cussed in Sec. D. It is not likely that a metal with absorptance in the vacuum
ultraviolet lower than that of aluminum will be found. The plasma frequency wp
must be high, and most metals have too small a value of wp . The few with
large wp have greater absorption from interband transitions. Great increases
in the thermal properties of the substrate are not expected. The choice of trans-
parent materials is limited as discussed in Sec, I, and the values of C = 3. 14

]/cmzK and K== 0.2 W/cmK for MgF2 are large.
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IIl. THERMALLY INDUCED OPTICAL DISTOR TION AND
FRACTURE IN TRANSPARENT MATERIALS

The criterion (2, 4) and that of Ref. 6 give the same result for thermally

induced optical distortion in a plane parallel window of thickness £; that is, the

temperature rise AT of the center of the window with respect to its rim tempera-
ture must be less than ATO » Where

AT, = x/8¢|an’r| (3.1)

with anT (an/aT) + a(l+vy)(n-1), where the subscript ¢ denotes con-
o

stant stress, n is the index of refraction, and a stress-optic term S that is typi-

cally small has been neglected in (3. 1). The derivation of (3.1) is simple. The

value of the change of optical path 6'e’op in (2.4) is Gzop = 46n + (n-1)6 4, where

6n = AT 3,/3T and 64 = 2o AT( 1+v) for a window of index of refraction n

in air with .. = 1. As before, the factor (1+y) accounts for the change in
thickness caused by the compression from the restraint of the warm center of the

window by the cooler rim. Substituting this expression for § £,

p into (2, 4) gives
(3. 1) directly.

The expression

ATfr = 20/aE , (3.2)

(where g is the strength of the material and E is Young's modulus) for the tempera-

ture rise that causes thermally induced fracture jn windows will be used formally

for total-internal reflectors and dielectric-stack reflectors, This result, which

is derived in Ref. 6, is reasonable since the stress resulting from a temperature




difference AT is of order o E AT, and the azimuthal stress g 8 becomes

positive (tensile) at large values of the radial coordinate p.

Values of the material parameters and of ATO and ATfr are listed in
Table BII for Lil‘ and Mgl~‘2 . 'The values of A’l‘ﬁ_ are independent of wavelength,
while the values of A'I‘O are much smaller in the ultraviolet than in the infrared.
The factor of )\ in ATO in (3. 1) arises because there is less diffraction at higher
frequencies, roughly speaking, and in order to take advantage of this fact, stricter

optical tolerances are required in the vuv.

The value of intensity If corresponding to AT [ given by (3. 1) or 3.2)] is
obtained from (2.5). The appropriate valuc of absorptance A is A = By for the
caseof B¢ << 1; then I(g) = I(0)exp(-B4) = I(0)[1-B4], and
A=TI(2) -1(0)]/1(0) = B 4. From (2.5) with A = B4, the critical inten-

sity is

g = CAT/Bt o0 - (3.3)

Values of If calculated from (3.3) with AT given by (3.1) and by (3.2) are
listed in Table BI for Lil* and MgF2 for various values of B. These results,
derived for plane windows, also serve as reasonable estimates for total-internal-
reflection ucvices. However, the theoretical values of If for dielectric reflectors
arc greater since the high intensity penetrates only a small distance into the ma-
terial. This reduces the severity of the thermally induced optical distortion and
thermal fracture problems. The optical pathlength through the thin heated layer
in the multilayer dielectric reflector is much less than that in a window or total-
internal-reflection device, and the stresses in the thin layer resulting from the

unheated bulk of the multilayer dielectric reflector tend to prevent fracture.

21
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Table BIl, Calculated values of intensity 1 ¢ at which metals and transparent

optical components fail by various mechanisms.

Fajlure Intensity
Fajlure Mechanism W /sz
Transparent Materials LiF Mgl
two-photon heating to AT = AT 0 0.07 0.07
surface damage 0.2 0.2
*
two-photon heating to AT = AT, 0.6 1.4 3
enhanced stimulated Raman scattering >> 1 ~1
*
linear absorption to AT = ATO
B = 1cm™! 0.06 0.04
B =0.1cm™! 0.6 0.4
B = 102cm! f 4
*
linear absorption to AT = ATf
B = 1cm! 3 14 '
B =0.1cm’ 30 140 ‘
B = 10%cm™? 300 L.4x10°
. 1 = aluminum
Partially Transmitting Film on MgF,
film burn off 0.02
" mirror thermal distortion 0.1 i

*
These estimates are for windows and total-internal-reflection devices. The

values for dielectric reflectors are orders of magnitude greater, as discussed ;

in Sec, III.
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As a rough approximation of thermally induced optical distortion, the value

of A'I'O can be calculated from (3, 1) with g = }&F + d, where JZF is the thick-
ness of the multilayer dielectric coating and d is the thermal diffusion distance.
(Sce Sec. 1I.) With Ly + d of the order of 0.5pum and S = 107k} from
Table BI, (3.1) gives A'I‘() = 4,250K. 'The material would of course fail by some
other mechanism, such as melting, before reaching this great temperature, but
the point is that If is much greater than in the case of a window. For a low value
of AT = 10K, for example, (4.2) below gives If = SGW/cmz, compared with

0.07 GW/cm2 for a window. The technical problems of multilayer dielectric

stacks are not simple to solve, but successful units for use at 7.2 eV have been

constructed,

In passing it is mentioned that thermal distortion is important in frustrated

total internal reflection, which could be used to obtain a variable output from a

total-internal-reflection cavity.
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IV, TWO-PHOTON ABSORPTION

Estimates of the values of If resulting from two-photon absorption are not
as accurate as thoge for the melting of the aluminum and for the optical distortion
resulting from the absorption by the aluminum. The estimated value of the ab-

sorption coefficient 3 for two-photon absorption in LiFF from Sec., D is
. 2 -1
B =[1/(2GW/cm”™)] x 1 cm . (4.1)
Work on improving the estimate is currently underway. As already mentioned,
measurements of the two-photon optical absorption are needed.
The critical intensity If for failure by two-photon heating is obtained by

substituting B from (4.1) into (3.3) and solving for If, which gives

_ -1 1/2
lp = (CATE ) o 2GW/em) . 4,2

uls

Values of If calculated from (4.2) for AT given by (3.1) and by (3.2) are listed

in Table BI for LiI* and MgF2 and are discussed in Sec. I.

L
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V. ENHANCED STIMULATED RAMAN SCATTERING

It was recently proposed that the nearly discontinuous increase in the Stokes

intensity IS at a critical value IR of the laser intensity IL observed in a number
of solids, liquids, and gases is a result of a parametric instability in the three-
Boson Stokes scattering process. The instability is analogous to those in other
three-Boson processes such as ferromagnetic parallel pumping,11 premature
saturation of the main resonance and subsidiary resonance absorption in ferro-
magnetic resonance, = and the instability in the two-phonon summation infrared
absorption proccss.12 The parametric instability in the Raman process causes
nearly complete conversion from laser to Stokes radiation in a very short distance
when IL > IR . Since one phonon is created for cach Stokes photon created and the
absorption distance can be short, the temperature rise can be sufficiently great to

fracture or melt the crystal.

If experimental investigations verify the validity of the enhanced stimulated
Raman scattering (ESRS) theory, it appears that this process could be important
in laser damage in Raman active crystals, such as Mng . The estimates below
indicate that ESRS limits If to a value below that for fracture by two-photon ab-

sorption,

I'or 1L > IR , essentially all of the laser radiation is converted to Stokes
radiation in a short distance R according to the theory. For diamond for ex-

ample, zR = 5Sum for IL= IR and ’eR = 0.02ym for I, =101 Thus, for

L Re*

some value of 1L ~ IR 5 ER < d, where d is the heat-diffusion distance for the
10 nsec pulse. Then the volume heated in converting IL to IS is ASd, where

AS is the areca illuminated. The energy added to this volume is Itpulse Aswf/wL.

25




where we is the Raman frequency and wp is the laser frequency. The factor
wf/wL arises from the fact that one phonon of energy ‘ﬁwf js created for every
laser photon annihilated. Dividing this energy by the heat capacity C Asd gives
the temperature rise A'T:

AT = IRtpulsewf/wLCd . (5.1)

—_—

The value of IR is not known for Mng . However, for the few solids fcr which I

R
has been calculated, the values are a few GW/cmz. Since IR ~ 1/w, avalue of

A _ 2 - _ B8
1GW/cm® is reasonable. For Mgl“2 with this value of IR’ tpulse = 10" sec,

- 4 -
we = 410 cm 1, wp = 5.81 % 10 ecm 1(7.20V), Cn= 3.14]/cm3K, and
d =

oo g s g s

2 10-5 cm, (5.1) gives AT = 1.()31(, which should be sufficient to damage

the crystal. Thus, crystal damage is expected at intensities equal to or possibly

somewhat greater than, IR . ;
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VI, OTHER FAILURE MODES

The transparent-materia. irreversible-failure mechanism having the lowest
threshold, If 2= 200 MW/cmz, is laser surface damage. Extensive studies per-
formed at 0.69 and 1.06um show that the damage thresholds of transparent ma -
terials typically are of the order of 2J/cm2 for 10nsec pulses,7 or 200 MW/cm2
. as already mentioned. The threshold for selected small areas of the surface or
the bulk of the sample can be considerably greater, which indicates the extrinsic

nature of the damage mechanism and the possibility that higher values are in

principle possible., The effect of changing the frequency from the visible and

near irfrared to the vuv is not known. For inclusions near the surface, for cx-
ample, both the diameter to wavelength ratio and the w dependence of the ab-
sorption coefficient are important, Since neither the diameter distribution nor
the absorption coefficient are kriown usually, it is not possible to determine the

effect of the increased frequency. Nevertheless, it would be surprising if the

T T

vuv damage threshold were not at least as low as those at the longer wavelengths:
Almost every type of inclusion is expected to be strongly absorbing in the vuv, and
the reduction in the absorption cross section for ka << 1, where a is the radius

of the inclusion, occurs at smaller values of a since \ = 27 /k is smaller.

The linear absorption at 174 nm of LiF and MgF2 typically is large, with

=0.1-1 cm_l as typical values, as mentioned earlier. Such large values of
yP

A T,

surely are the results of extrinsic processes. The sources of these imperfection

o e

processes are not known, Almost any macroscopic inclusion will have a large ab-

sorption coefficient as already mentioned, and small amounts of inclusion could

A ot

give rise to substantial absorption.13 There are, of course, many types of absorb-
ing centers and other possible sources of 8. This very important problem of the

sources of the large extrinsic absorption in the vuv is currently being studied.

i e b bt atah e i £ gt




i o il B

VII. PRECAUTIONS

The values of the If discussed above and listed in Table .11 are essentially
figures of merit. As such, they are subject to the usual possibilities of misuse.
'The values are not universal numbers which can be applied to any system. They
were derived under the idealized conditions listed below, and the actual value of
intensity at which a given specific system will fail will not be equal to any If

listed in Table BII in general because the actual operating conditions may differ

from those used in the calculations.

A single 10nsec pulse was considered. As discussed in Sec. I, the results
for continuous, quasicontinuous (continuously pulsed system), or multiply pulsed
operation are in general quite different from the single 10 nsec-pulse results
listed. The photon energy is assumed to be 7.2 eV. The expression for the optical-
path difference 6 Eop = X /8 in (2.4) was used formally for total-internal-reflec-
tion cevices as well as for plane windows and plane diele- ‘ric stacks. This is a
typical criterion, but the requirement for a specific system may be different.
The temperature rise ATf at which a plane window will fracture was used for -
mally for total-internal-reflection devices as well as for plane windows. In all
calculations involving the temperature rise, it was assumed that the laser-intensity
profile was a Gaussian truncated at 1/e. Truncation at l/e2 would change the

values of ATf and ATO somewhat .

The calculated value of If for melting of the metallic reflector should be

accurate to within a factor of two or so. The estimated values of If for the other
processes are considerably less accurate. The inaccuracy in the value of the

two-photon absorption coefficient may be as great as two orders of magnitude.
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There are wide variations in the measured values of damage thresholds. The

2

’

intrinsic values for the alkali halides are believed to be of the order of lOlOW/cm

which corresponds to 100 | /<:m2 for a 10 nsec pulse. This value is 50 times

«

2 . .
greater than the value of 2] /cm” chosen as representative of usual experimental

values.

D T

s B e et

29




%

REFERENCES

This section will be submitted for publication in the J. Appl, Phys.

10,

11,
12,

13,

N. Basov, V, Denilychev, and Y. Popov, Sov. ]. Quantum Electron, 1, 18 (1971),

P. W. Loff, ]. C. Swingle, and C. K. Rhodes, Appl. Phys. Lett. 23, 245 (1973).
J. B. Gerardo and A, W. Johnson, J. Appl. Phys. 44, 4120 (1973).

W. M. Hughes, ]J. Shannon, A, Kolh, E. Ault, and M, Bhaumik, Appl. Phys. Lett,
23, 385 (1973).

D. M. Bloom, J. T. Yardley, . F. Young, and S. E. Harris, Appl. Phys, Lett.

24, 427 (1974); It is now possible to obtain 106-1()7 watts in picosecond pulses

tunable from 100 to 200 nm and focusable to 1012-1013W/cmz. S. Harris,

private communication.

M. Sparks, ]. Appl. Phys. 42, 5029 (1971).

See for example several papers in "Laser Induced Damage in Optical Materials, "

ed. A, ], Glass and A. H, Gunther, NBS Spec. Pub, 387 (1973).

Paul Hoff, private communication.
M. Sparks, ]. Appl. Phys. 44, 4137 (1973).

Acton Research Corporation, Box 304, 525 Main Street, Acton, Massachusetts

01720, Product Data Sheet No. 210, unpublished,

M. Sparks, Ferromagnetic-Relaxation Theory (McGraw-Hill, New York, 1964)

M. Sparks and H. C. Chow, Phys. Rev., in press.

M., Sparks and C. J. Duthler, J. Appl. Phys, 44, 3038 (1973).

30

B s o i Y S T e e e ST Lk




Sec, C

C. MULTIPHOTON ABSORPTION

An estimate of the strength of the two-photon absorption in lithium fluoride
indicates that the absorption coefficient has the value B = lcm-1 for intensity
I =2 GW/cm2 at the photon energy fiw = 7.2 eV of the xenon laser. With
this value of B, itis shown in Sec, B that the optical distortion caused by
two-photon heating of transparent optical components has the lowest failure
threshold of all processes considered. In view of the importance of the two-
photon absorption, an improved calculation was undertaken and is currently
in progress. Should other lasers become available with frequencies such that
2fiw is less than the electronic bandgap, thereby eliminating the two-photon
absorption, then multiphoton absorption should be negligible since it is shown

that three- and higher -order processes are negligible.
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I. INTRODUCTION

In this section estimates of the two-photon and general n-photon absorption
in wide-bandgap insulators are made. The motivation for the study is that

failure of transparent materials in high-intensity ultraviolet systems is expected

to be strongly related to the value of the optical absorption coefficient 8. Ther-
mally induced fracture and thermally induced optical distortion resulting from
optical absorption are two examples of such failure. The estimates obtained

liere are used in Sec. B in a study of failure of vuv materials.

Braunstein,l I_.oudon,2 Braunstein and Ockman,3 and others4 have developed
theories of two-photon absorption, with emphasis on the absorption edge. For ma-

terials that are useful in high-intensity systems, the photon energy typically is

well above the two-photon absorption edge. For example, for LiF in xenon-laser

systems, twice the photon energy is 2fiw = 14.4eV, and the band gap Eg is of

order 13eV. The present calculation includes the effects of being above the ab-

sorption edge.

The estimates of Braunsteinl for relatively narrow bandgap (E_ = 1eV)semi-
conductors gave f = 10-5 cm-l for intensity I ~10 W/cmz, or B =1 cm-1 for
I = I1MW/cm. The two-photon absorption coefficient 8 is proportional to I, of
course. If the two-photon absorption were this great for the wide-bandgap ma-
terials of interest for use in the vuv, the performance of windows and other trans-
parent optical elements in high-intensity systems would be severely limited. Thus,
an order-of-magnitude estimate of B8 for LiF, which has the greatest bandgap of

any practical material, was made in order to verify that the two-photon absorption

is indeed important. The results indicate that B is over three orders of magnitude
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smaller than Braunstein's estimated value for semiconductors. Even this much

smaller value is sufficiently great to make

the two-photon absorption one of the

most important factors in system failure, as shown in Scc. B.

These results clearly indicate the need for experimental studies of two-
photon absorption coefficients and for improved theoretical estimates of the

value of B. The improved calculations are in progress, and the preliminary

results are that

T o

A
L
:
3

B=(1/1)em’! I, = 2 GW/cm?

1 : @y

This value must be considered as tentative, pending experimental results and

E
completion of the calculations,

G

The band structure and wave functions are needed in order to calculate the

P

two- and general n-photon absorption. There is not agreement in the literature

cven on the value of the band gap of LiF, and the wave functions are usually less

reliable than the energies, Thus, it appears that an accurate first-principle

calculation of 8 for multipiioton absorption is not realistic at present, Never-

theless, the analysis here, which is based on a simple model that contains the "'

essential physics, should give the value of B correct to within an order of mag-

nitude or so.

In Sec. III it is shown that threc- and higher -order-photon absorption is neg- ]

lig ble. Thus, if it is possible to operatc at a frequency below the two -photon

absorption edge, then multiphoton absorption should be negligible.
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II. FIRST-ORDER APPROXIMATION TO B

The formal expression for the absorprion coefficient 8, which is easily

1,2 .
obtained from standard perturbation theory, is

it MU - X
B=2LE vy (E) |z
ey T h

th* i
Ef" Eh 'ﬁw

2.1)

where ¢ is the dielectric constant, n. is the number of photons, § is the Dirac

delta function, E = Ef - Ei - 2hyw, }Cﬂ] and }Chi are the matrix elements for the

transitions, and Ef, Ei , and Eh are the electronic energies of the final, iniﬁql,

and inter mediate states, respectively. In the initial state i, the valence bands are
full and the conduction bands are empty. In the final and intermediate states f and h

there is one electron in a conduction band and one hole in a valence band.

For the case of a single intermediate conduction band h above the lowest con-

duction band ¢, with spherical bands in the effective mass approximation and with

matrix elements independent of wavevector k, and with the oscillator strength fi'

defined by

. 2
| ¢ilweifiv]j)y|” = 3SmE. ¢

g mE;G o 2.2)
where Eij is the energy difference between electronic states i and j, (2. 1) re-
duces to

4 172
i 18V 2 g ¢ frv fhe (2h¢ - hg) Ey B !
b= 2 _1/2 3/2 . 3 o o ; @9
2 ml/ (av+ac) (hw) [E _+ Y

hv avT“C- (Zﬁw-Eg)-‘hw]

where v and c¢ denote the valence and conduction band, respectively, and the ¢'s

are the inverse effective masses normalized to m; thatis, o = m(a2 E/d k2 )/h.
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By setting (v, = . in Braunstein's result and using (2,2), the equivalence of
4 § wy =

(2. 3) and Braunstein's result is easily demonstrated,

Equation (2, 3) can be written in the convenient foirm

SR ) 1/2 5/2

N fhvfhce thLhc(Zﬁw Eg) (LRY)
e o P2 i) &
o, o 1w [‘hv

1 -1 .

= Icm 2
-1 2 I d 1

-‘hw+(2ﬁw-Eg)ahav(av+ac) ] 0 :

(2. 4)
where, with 3 defined as the Bohr radius,

1, = ﬁcz/a(f(144ncm) = 1.4 GW/em? | *

For f's and ¢'s cqual to unity and Ehv = 2Ry, E = Eg = 1 Ry,

:hc -
fiw = (7.2/13.6)Ry, and € = (L44)2, (2.4) gives

B = (1/1.2GW/em?) v 1 em!

In setting both oscillator strengths equal to unity, the preliminary results of the de-

tailed calculation are anticipated  Since the transition would be classified as

"allowed-forbidden" by Braunstein and Ockman, one of the oscillator strengths

would have been small, The detailed calculation indicates that both transitions

are strong,

The preliminary result of the considerably more involved calculation in pro- ;

gress gives (1. 1), which is in good agreement with the rough estimate., This

result (1, 1) is used in Sec, B in calculating failure intensities.
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I, THREE-PHOTON AND GENERAL n-PHOTON ABSORPTION

It is essentially obvious even before perfor ming calculations that the
absorption by the three-photon process is much weaker than that of the two-
photon process and that higher -order processes are weaker still. The general
argument is that n-photon absorption in gases becomes important for large
values n at intensities that are orders of magnitude greater than the intensities
that can exist in solids without failure. At lower intensities, the higher -order

processes become weaker rapidly as I is decreased.

The following order-of-magnitude estimate confirms this conjecture, For
n =3, the expression for g in (2. 1) contains an extra factor F, which is the

square of a matrix element divided by the square of an energy denominator,

The Hamiltonian is

K = (e/mc)A-g (3.1)
with p = ifiv and
1/2 iq-r
_ Zﬂﬁc ~ o~ D
1}‘ = § (—W—) aq e \Vq + c.c. (3.2)

where V is the volume of the crystal, wq is the unit polarization vector, and

the other symbols have their standard meanings. Thus,

2

| 2
den

/E

2
Fe—$y (zﬂﬁc (3. 3)
C

2 qv ) ny, Ipy

i |2 is given by the left-hand side of

(2.2). From (3.3), (2.2), w=cqe /2 and 1 - ﬁwan/vcl/Z, we find

where Eden is the energy denominator and | Py
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. 2
Jnfijc Lij I

4 mec w2 Edenz

o=

which can be written in the convenient form

3 B (1Ry)®
3 o= ij i G.4)
! (i Eden) F
where
IF = mc(1Ry )3,/3nﬁ2 c2 = 1,2 1016 W/cm2 .

Since a typical value of the coefficient of I/If in (3.4) is ~10, the value of T js

F = 109

for I = lGW/cmz. Thus, B == 5 107 em™! for I = lGW/cmz, and three- i’

photon absorption is negligible as expected,

o e
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D. CALCULATED REFLECTANCE OF ALUMINUM IN THE VACUUM ULTRAVIOLET"

H. C. Chow
Department of Physics, University of California, Los Angeles, California 90024, and ]
Xonics, Incorporated, Van Nuys, California 91406
and
M. Sparks
Xonics, Incorporated, Van Nuys, California 91406

i s O

A calculation of the absorptance A of aluminum in the vacuum
ultraviolet (vuv) indicates that the lowest values measured to date,
A =0.08-0.10 for hw = 3-12 eV, are very near the intrinsic limit,
Operating at low temperature, purifying the metal, or improving the
surface are not expected to decrease A by more than ~0.02, and
metallic reflectors better than aluminum are not likely to be found.
Thus, values of A < 0.06 for metals without reflection-enhancing
coatings are not likely to be attained in the vuv, and lasers with such
reflectors will continue to be limited by the performance of the re-

flectors.
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I. INTRODUCTION AND SUMMARY

The recent development of xenon lasersl—4 and other high-intensity vacuum
ultraviolet (vuv) sourcess has stimulated interest in mirrors for high-power
ultraviolet use. The importance of the mirror problem is illustrated by the fact
that the output power of the first xenon lasers was limited by melting of the par-
tially transparent aluminum film used as the cavity mirror. Orders of magnitude

greater power would be feasible if suitable reflectors were available.

In order to have high reflectance in the vuv, the plasma frequency wp must
be high. The few metals with large wp have greater absorption from interband
transitions than does aluminum. Thus, aluminum is important in the vuv since it
has the highest known metallic reflectance there and it appears unlikely that a
metal with higher reflectance will be found. Since the lowest absorptance A of
aluminum measured to date is not sufficient for current needs, the calculation
of A reported here was made in order to determine if a program to decrease the
absorptance should be undertaken. It might be expected that the absorptance
could be decreased since the great differences in the vuv values of A measured

by different investigators and by the same investigator on different samples sug-

gest that the intrinsic limit may not have been reached. However, the calculation
indicates that th:: is not the case. The lowest measured values of A are very

close to the theoretical limit,

Measured values of the reflectance in aluminum in the vuv were quite low6’ i

. . -1 -
prior to recent improvement programs.8 L By obtaining supersmooth surfaces

(by depositing on fire-polished pyrex substrates,9 for example), by improving

deposition conditions (ultrahigh vacuum and rapid deposition) to remove oxygen
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and perhaps otherwise improve the films, and by overcoating the metal with a
diclectric such as Mng to reduce the deleterious effects of oxidation, the re-
flectance R was increased to 90-92 percent on the frequency range 3 to 12 ¢V.

Such high values of R are not obtained without great care, and they have been

achieved only in a few samples.

Since heating of the aluminum is the factor controlling the maximum inten-
sity in current lasers as mentioned above, it is important to know if the absorp-
tance A can be reduced below the current minimum observed value of 8 percent.
In particular, the broad weak absorption peak with a maximum9 of A=0.10
(10 percent) at iw = 10eV would appear to result from the coupling of the in-
cident photon field to surface plasmons, this coupling being the result of the
residual roughness remaining on the "supersmooth' surface. Rougher surfaces
result in similar, but much greater, absorption peaks, and overcoating with mag-

nesium fluoride shifts the peak to the xenon-laser photon energy of 7 ¢V,

'The calculations discussed below were motivated by the questions of whether
or not this explanation of the peak was correct and, what is of greater practical
interest, if the surface-plasmon absorption and perhaps other extrinsic sources
of absorption could be eliminated, how small would the resulting intrinsic value
of Abe? 'the results of the present caleulations indicate that the theoretical
values of the absorptance range from 8 to 10 percent on the frequency range
3-12 ¢V, the agrcement with the lowest expcerimental values reported to date
being within one percent (| Aexp - Ath | = 0.01) over this range of fiw. The
peak in A at 10eV is not present in the theoretical values, which further sug-

gests that the residual surface-plasmon coupling is responsible for this peak

in A(w).
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Since a central result of the calculations is that the absorptivity of the best
samples measured to date are near the theoretical limit, little improvement
over the lowest mcasured absorptance A = 0.08-0. 10 is expected. An improve-
ment by a factor of approximately three over the value of A = 0.2 for currently
available reflectors is possible, but not simple technically. Since most of the
intrinsic absorption is a result of interband transitions, which are independent
of the electron relaxation frequency in the vuv, reducing the temperature, puri-

fying the metal, or improving the surface are not expected to reduce A signifi-

cantly.

The possible use ot total-internal-reflection devices, multilayer dielectric
reflectors, or reflection-enhancing dielectric coated metals rather than simple

. . 11
metallic reflectors has been discussed elsewhere.
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1I, CALCULATION OF ABSORPTANCE

Ehrenreich, Philipp, and Segall 12 pointed out the importance of parallel -band
transitions in explaining the observed reflectance of aluminum. They associated
the absorption peak at 1.5eV with the parallel-band structure (away from sym-
metry points), which contribute appreciably to the joint density of states. This
idea was further explored by Harrisonls and others, Using a pseudopotential ap-
proach, Harrison identified thc positions for absorption edges for aluminum and
found them to occur at 9,4eV and 1,59V, which compare favorably with the ex-
perimentally determined values of 0.5 e\/14 and 1.5 eV.15 This parallel-band
effect, together with the usual interband transitions considered ear]ier,15 was
included in the general theory of Ashcroft and Sturm for optical properties of
polyvalent metals.16 Excellent agreement was found between the Ashcroft-Sturm
theory and aluminum reflectance data up to 4eV. However, no detailed compari-
son was made in the 4-15eV region of current interest. The purpose of this note
is to report the results of this comparison. The theoretical results cited abovelz_16

are sufficient for the present calculations,

The results of Ashcroft and Sturm for the interband contribution from one
reciprocal lattice vector K to the imaginary part € of the dielectric constant is
2
(K) 4noaaOK(2UK/ﬁw)

€, (w) = (1)
2 w[1- (2Uy /hw)? /2

for UK < hyw < ﬁwo, and is

(K) 2mfimo, agK(2U /fw) (fiwg + hw) (e - hw)
6,(w) = - 2)

1/2
(e K (1 - 20, fe0?
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for ‘hw() < i < ﬁwl . Here UK is the magnitude of the Fourier component

of the pseudopotential cha racterizing the strength of the Bragg reflection in the

R =
plane defined by K, g - c/24qh a, 5.48 x 1()14scc l, a, is the Bohn radius,

N ) = = s = = 2 2
Tw“() % (2 kF/K - 1), l\f =m vf/ﬂ is the Fermi wavevector, €y =KhK"/2m,

’hwl 2 € +1’1w0 » and m is the mass of the electron. The total interband con -

tribution ¢ I(c,u) of the six equivalent (200) planes and eight equivalent (111) planes

in the first Brillouin zone plus the usual intraband (Drude) contribution (:fz (w) is
(200) (111)
65(w) = 6 €y (w) + 8¢, (w) tolw) (3)
where

’

2 2 2
eg(w) £ ws/w37(1+l/w ) = wp/wBT

with 7 the relaxation time of the electrons,

In restricting ourselves to the optical properties in the 3-12 ¢V region,

we
assume that the real part of the dielectric constant assumes its asymptotic
Drude form
23 2
€ (c oy /w® . 4)

The value used for the calc'dations is ‘ﬁwp = 15.3 eV. The justification

for using this Drude approximation is that it agrees with the values extracted

from reflectance data by Ehrenreich, Philipp, and Segatll12 to within the accuracy

of reading their curves, as expected. In this region,

€, is negligible.

the interband contribution to

Since the theoretical interband results become independent of the
electron relaxation time 1 for hyw & 3eV for the value of 7 used by Ashcroft and
Sturm, neglecting the damping in (; should be an excellent approximation unless

T exhibits an unexpected extreme frequency dependence.
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The absorptance of aluminum was calculated with the use of (1)-(4) and the

i standard formula17 for the reflectance R, which can be written as

4n
: A= 1-R = (5)
: (n+1)2+ k2
' 1/2 1/2 1/2 1/2
t where n = ;%[(e?wg)/wl] , k=;21[(€?+€§) '61]: ’

and scattering is neglected. The values of the parameters used in the calculations are

listed in Table DI, and the results of the calculation of A are exhibited in Table DII,

As mentioned above, the Drude contribution to A from the intraband transi-

tions is smaller than that of the interband transitions. The accuracy of the result

for the small intraband contribution is rather low as a result of the common prob-

lem that the value of the electron relaxation frequency I"' = 1/7 typically is greater

f
than the value obtained from the dc conductivity. The value T = 2.0 x 1014 sec-1 ;
used in the calculations is that determined by Ehrenreich, Philipp, and Segall12 from
the values of R in the infrared. The value of T

obtained from the dc conductivity
. _ 14 -1 : 18 _ 3
isT' = 1.3x 10" "sec *. The surface scattering term FS = gV 6, where

P L

6 = c/wp = 125A is the skin depth, is equal to 4.0 x 1013 sec-l, giving I‘dc+ I‘S
14

= 1.7x10 sec-l, which is only slightly less than the value of 2,0x 1014 sec-1

required to fit the IR data. Furthermore, it is not unlikely that in a given sample

the IR and vuv values could be different. The accuracy of T" should be greater

thau (2.0 -1.3)/2,0, or 35%,, which gives an error in the contribution to A from

c; of less than *0.009 for fiw = 3to 12eV.

The accuracy of the interband contribution to A is more difficult to estimate, :

A major factor is the accuracy of the values of UK » particularly U200 since its

;
3,
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] Table DI, Values of parameters used in the calculatior of the absorptance A,

8 1 8

Other values are k, = 1,75x 10" em ~, E; = 11.6eV, a =4.04x 10°°, and

: f
4 1/7 = 1.95x 10" sec™ (or 4T = #i/7 = 0.128¢V).

} - 81( y 20U, €x hw, Tw,
‘} 107 ecm cV eV eV eV
3

200 4q 3.11 1. 60 36.6 4.59 77.8
u_ 111 2n/3 2,69 0. 500 27.5 8,22 63,2
]
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,_r. contribution to e‘,IZ is greater than that of Ulll as seen in Table DII. A reasonable
value of the accuracy of the UK is 10 percent, considering that the values of UK
appropriate to the greater values of fiw may be different from the previous low-
fw values and that the difference may be relatively less important when averaged
over all transitions. A 10 percent error in UK results in ~20 percent error in A,

as shown below. Thus, the value of AI = 0.065 at 7eV is expected to be accurate

curacy of +0.02 in A cannot be considered as a precise value, of course, but

significantly greater errors are not expected.

It can be seen that the error in AI is approximately twice that in UK as
I

4
!
i
E
r
{
E within £0,065(0.2) = +0,01 for fiw = 3to 12eV. The resulting overall ac-
E
; follows: For fiw = 3to 12eV, € ~ Ué according to (1) and (2), and the ex-~

pression for n and k2 under (5) reduce to n == € /2 | € |1/2 and k2 £ | € |

Then (5) gives

1/2

A=2e/le |V (1+]e]) .

. _ I
With Ug = Upo + 68Uy, A

I 2
> ” ~ € ~ Uy [1+2(8U /U

KO) 1.
QED.

By lowering the temperature, T' can be reduced, and it should be possible
to eliminate the small intraband contribution to A. The resulting interband
values of AI (obtained by replacing G; + (g by (5 ) listed in Table DII are lower
than the values of A = AU*F) by 0,015 t0 0,029 for hiee = 3t0 13eV. Thus,
only a small reduction in A would result from eliminating the intraband contribu-

tion by lowering the temperature, as mentioned above.

A i
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E. TOTAL-INTERNAL-REFLECTION DEVICES

I. INTRODUCTION

As has been pointed out in previous sections, the intrinsic absorption of
aluminum or other metals is great, thus preventing the use of metallic reflectors
as cavity mirrors in vuv lasers at high intensities. The reflectivity of an alumi-
num mirror can be increased by constructing a multilayer stack of thin aluminum
layers and approximately quarter -wave layers of Mng.l-3 However, the ab-
sorption is decreased only by a small factor while orders-of-magnitude decrease

is needed.

Therefore we are led to consider reflectors made from dielectric materials
which can take the form of either thin-film stacks or total-internal-ieflection (TIR)
devices. Presently, absorption in all candidate materials for use at 174 nm wave-
length is impurity h'mited.4 As these materials are improved, it is expected that

the absorption will be reduced to very low levels as has been achieved with trans-

parent infrared laser materials.

A limiting factor in multilayer dielectric reflectors is that there are relatively
few materials available which have sufficiently large band gaps to be transparent in
the vuv. Consequently, the choice of refractive indices is limited, especially for
the high-index materials. In addition, the optical quality (absorption and scattering)
of high-refractive-index materials presently is worse than that of low-index materials
such as LiF and MgF2 . In spite of these difficulties and possible technical problems,
multilayer dielectric reflectors have advantages as discussed in Sec. B, They will be

discussed in the following technical report,
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II. TOTAL-INTERNAL-REFLECTION ELEMENTS

A total-internal-reflection device can be constructed from the best optical
material available regardless of its refractive index (as long as the refractive
index is large enough for internal reflection to occur). We have designed several

TIR devices and optical cavities which are described below.

Perhaps the best design is one utilizing crossed roof prisms that has been
described previously by Gould et al.5 In order to visualize the optical path and
the insensitivity of this cavity design to misalignment, a crossed roof reflector
interferometer has been sketched in Fig, Fla. A ray in the cavity follows the
closed geometrical path shown in the figure by the dashed line. This path is
similar to that in an ordinary I‘abry-Perot interferometer constructed with flat

mirrors,

The crossed roof reflector cavity, however, does not suffer the alignment
| difficulties that are encountered with the flat Fabry-Perot interferometer. The
roof reflector cavity is automatically in alignment, If the left reflector is ro-
tated by the angle ¥, the rays will still follow a similar closed path parallel to
the horizontal axis between the reflectors., Rotation of the left reflector by the
angle ¢ will result in the optical path being tilted by ¢ to the horizortal. With
the anglre B deviating from 90°, the path will no longer be closed but will be

rotated about the horizontal axis by 2 (8 - 90°) for each round trip.

Two disadvantages of the plane Fabry-Perot are still preserved in this
design. Diffraction losses will be greater than those that would be obtained with

a spherical cavity, llowever with the dimensions used in present xcnon-laser

cavities, diffraction losses should be completely negligible. (For a 20 cm length 5
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Fig. E1. Crossed roof prism optical cavity (after Gould, et al).
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cavity with 2 ¢m diameter, flat mirrors, diffraction losses will be of the order
of 10—7 per transit. The second difficulty is that paraxial rays will be lost due to
walk-off from the mirrors. Both of these difficulties can be remedied by using
roof reflectors with roof angles slightly less than 90°, In this case, the rays will

. .6
tend to walk toward the axis of the cavity.

A cavity constructed from simple roof prisms would be similar to Fig.lla
except that the roof reflectors are replaced by roof prisms and that the reflec-
tions are now total internal reflections. An undesirable feature of simple roof
prisms is that there are additional partial reflections from the front faces of the
prisms which are out of phase with the total internal reflections. The unwanted
partial reflections can be eliminated by cutting the front faces of the prisms at
Brewster's angle as is shown in Fig, Elb. ('The roof axis must also be tilted to
allow for refraction when passing through the Brewster face.) The cavity in

Fig. Elbwill have very little loss for vertically polarized rays.

In order for internal reflection to occur, the angle of incidence (measured

from the normal to the reflecting plane) must be greater than the critical angle

i = sin (n
c

ext’ Mint

where n'm is the refractive

; is the refractive index of the TIR element and ne

Xt

index of the medium outside the element. Using N = 1. 444 for MgF, and

2

= 1, we obtain iC = 43,8° and

n. . = 1,460 for LiF at X = 174 nm with n
int e

Xt
iC = 43.2°, respectively. With the roof prism cavityv the angle of incidence is
45° which is greater than iC . There are two possible difficulties. First, the

angle of incidence could be less than iC due to misalignment or due to using a

roof angle less than Y0°. Second, the critical angle could be less than 43° if the
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external medium has a refractive index greater than unity. These difficulties
can be overcome either by using a material of higher refractive index (which

may be more absorbing), or by using devices having more than two internal

reflections,

Another type of TI® cavity that has been previously described in the litera-
ture is one made from corner cube reflectors.7 Although this cavity has retro-
reflective properties as does the crossed roof prism resonator, the polarization
properties are less desirable. It has been shown that there are six independent,

elliptical eigenpolarization vectors in a corner cube cavity.  Hence, it is not

possible to reduce unwanted reflections from the cube faces by cutting the faces

at Brewster's angle,

There is a situation where the corner cube retroreflector could be more
desirable than a roof prism. This is where a totally internal reflection device
is used along with a totally or partially reflecting flat to form an optical cavity
as is sketched in Fig, E2, In this case the self-alignment property is preserved
with the corner cube because it is exactly retroreflective. A single roof prism
is retroreflective in one plane while acting as a plane mirror in the other plane.

The undesirable polarization properties and unwanted reflections from the en-

trance face are still present in the single corner-cube cavity.

There are many other TIR devices with Brewster-angle entrance faces that
can be designed. Examples of elements with three internal reflections are shown
in Figs, L3 and E4. Elements with two and four internal reflections are shown in
Fig.E5. For a chosen number of internal reflections there are four possible ways

to cut the Brewster-angle surfaces: For the Brewster-angle surface perpendicular
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Fig. E3. TIR elements with three internal reflections. j;
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to the reflection plane, the Brewster surface can either be a single plane as in
Fig. E3a, or intersecting planes as in Figs. E3b and 4a. In addition, a single

Brewster face could be cut at the Brewster angle to the reflection plane.

All TIR elements with three or more reflections will have spatially separated
beams, except for the intersecting Brewster faces cut as in Figs. E4a and ESh, Ele-
ments with an even number of internal reflections and a single Brewster surface
will be retroreflective, while those with an odd number will act as a plane mirror.
For elements with intersecting Brewster faces, these reflection rules are approxi-

mate.

An approximately retroreflective cavity similar to that shown in Fig. Elb can
be constructed from TIR elements having four internal reflections. However, since
one of the elements will have spatially separated beams, the axis of the cavity will

be inactive.

Spatially separated beams may be useful in some cases such as for a ring
laser. T.ven greater spatial separation can be obtained using elements similar to

Fig. [:4b.
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[lI. OUTPUT COUPLING

Output coupling from a cavity constructed with total-internal-reflection
clements can be achieved by two means. First, variable output coupling can be
obtained using adjustable frustrated total internal reflection (FTIR), Second,
the surface of a TIR device can be modified so that partial or total transmission
occurs at a small area near the cavity axis, in analogy with a spherical mirror

which contains a hole in the center.

Some FTIR output couplers are shown in Fig. E6. The principle of these
devices is that when a second surface is brought near a surface at which TIR is
taking place, the reflection will no longer be total, but transmission through the
gap will occur., The amount of transmission will vary from 1009 with the gap
distance d = 0 to less than 109, with d = ) (assuming the output coupler and
TIR device are made of the same material ). Hence variable output can be ob-
tained by adjusting the spacing d, perhaps piezoelectrically, The exact depend-

ence of the transmission on d is discussed in Refs, 9 and 10.

The scheme shown in Fig, E6a results in two output beams.ll These can be
made parallel by using the arrangement shown in Fig. 136b.9’12’13 The element in
IFig. E6¢ is similar to E6b except that it is reportedly easier to align.13 The ele-
ments in E6a-6¢c all have an exit face which is normal to the output beam which
will result in unwanted reflections. This can be remedied by using a Brewster-

angle output face as is shown in Fig. E6d for the clement in E6b.

Roof prisms that have been modified to transmit rays near the optical axis
are shown in Fig, E7. Part of the roof of the element in Fig. E7a has been cut
normal to the beam. It may instead be desirable to cut this surface at Brewster's

angle as is shown in Fig. E7b to avoid reflection, which also results in a horizontal

output beam.
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Fig. E7, Output coupling by transmission.
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IV, MATERIAL FFAILURE

Beside actual material damage (fracture or surface damage) to TIR elements,
thermally induced optical distortion can also be a problem, Optical distortion will
be especially troublesome with FTIR output coupling, where the coupling can be

changed considcrably if the surface elements expand a small fraction of a wave-

length,

TIR elements will be subject to the same failure mechanisms as windows
such as bulk or surface inclusion damage, impurity absorption, two-photon ah-
sorption, ctc. An advantage of TIR elements over thin-film reflectors is that
absorbed cnergy is distributed throughout the bulk of the element rather than in
a thin film. 'The long path length through a TIR element (of the order of a few
centimeters) requires that the absorption be kept to a very low level. Absorp-
tion coefficients B = 0,1to0 1 cm-1 that are observed at 174 nm in presently
available materia]s4 wiil result in roughly 60% (~1-1/¢) absorption per pass.
Clearly, orders of magnitude improvement in 8 is needed. These problems are

discussed further in Scc. B.
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ABSTRACT

In this paper, we present a theoretical description of the
scattering and absorption of electromagnetic radiation induced
by roughness on the surface of a semi-infinite crystal. We
approach the problem by the use of scattering theory applied
to the classical Maxwell equations. We obtain formulas for the
roughness induced scattering from the surface of an isotropic
dielectric for both S and » polarized waves incident on the
surface at a general angle of incidence. When the real part
of the dielectric constant of the material is negative and its
imaginary part small (as in a simple nearly free electron metal),
we extract from the expressions for the total absorption rate
that portion which describes roughness induced absorption by
surface polaritons (surface plasmons). We compare our results

with those recently puhlished by Ritchie and collaborators for

the case of normal incidence, and we present a series of
numerical studies of the roughness induced scattering and

absorption rates in aluminum.
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I. Introduction

Our purpose in the present paper is to present a theoretical
discussion of the effects of surface roughness on the interaction
of incident electromagnetic radiation with the surface of a
semi-infinite crystal. 1In the presence of roughness, which will
be present on even the most carefully prepared sample, the
incident radiation may be scattered away from the specular
direction, either into the vacuum above the sample, or into
the crystal, where it is absorbed 1if the sample is thick. Thus,
the presence of roughness decreases the value of the meésured
reflection coefficient below the value appropriate to the
ldealized semi-infinite crystal with a perfectly smooth surface.
In a simple metal, for which the real part of the dielectric
constant is negative and its imaginary part small, one physical
process that makes an important contribution to the absorption
rate is the roughness-induced coupling of the incident electro-
magnetic wave to surface polaritons (surface plasmons)(l), which
exist in the frequency region below wp/J?, where Wy is the bulk
plasma frequency.

Over the past several years, several theoretical investi-
gations of these phenomena have appearedgz)-(G) In these papers,
attention is confined to the case of normal incidence, With
one exception(e), the authors have examined only the properties
of the simple free electron metal, which is described by the
(real) dielectric constant € = 1 - w%/wz. We feel it desirable

to extend these discussions to the crse of non-normal incidence,

so the relative effect of surface roughness on incident radiation
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of s and p polarization can be compared. Furthermore, even in

simple metals such as aluminum, the dielectric constant may
have an appreciable imaginary part in some frequency regions,
and the real part of the dielectric constant need not be
negative always.

Also, 1if one examines the recent papers of Ritchie and
his collaboratorsg4)"(6) one: sees that in one of themSS) the
expressions obtained for the surface roughness 1induced
scattering and absorption of radiation normalily incident on
the sample differ substantially from the results of the other
two papers§4)’(6) The question of which set of results is
correct remains.

The remarks of the two preceding paragraphs suggest that
the theoretical description of the surface roughness induced
scattering and absorption of electromagnetic radiation remains
incomplete at the present time. It is for this reason that
we have chosen to examine these questions.

In some of the papers cited earlier, the analysis proceeds
by the use of the formalism of second quantization. The
quanta associated with the incident and scattered waves, as well
as those associated with the surface polaritons, are described
by introducing appropriate annihilation and creation operators.
This formalism, while elegant, is difficult in practice to
generalize to the case where all of the modes have a finite
lifetime as a consequence of the imaginary part of the

dielectric constant.
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We view the problem as a problem in classical electro-
magnetic theory, and we choose to work directly with Maxwell's
equations. We formally expand the dielectric constant in a

Taylor series in the amplitude ((x,y) of the surface roughress,

and use a method described earlier(7) to convert Maxwell's
equations to integral form, with the term proportional to ((x,y)
treated by the methods of scattering theory. Within the first
Born approximation, one obtains from this approach the contri-
bution to the roughness-induced scattering and absorption rate
proportional to gz, where ( is the rms deviation of the rough
surface from a perfect plane.

When our results at normal incidence are compared to the
appropriate expressions in the recent work of Ritchie and g
co-workers$4)-(6) we find agreement with the results of the ?

(4)
(5)

second. We also believe that one assumption in reference 5 %

first and fina1(6) papers, rather than with those of the

is not valid, and as a consequence the results there are not
correct. A comment abovt this point may prove useful.

In reference 5, which confines its attention to the simple
free electron metal, the calculation proceeds by introducing
a transformation to a curvilinear coordinate system within %
which the rough surface is mapped into a smooth plane. By %
transforming the field variables and coordinates, the Hamiltonian

H is broken up into a part HO, independent ot the roughness 3

amplitude ¢((x,y), and a part Hl, of first order in this parameter, ]
with higher order terms ignored. The part H1 is treated via the

Golden Rule of perturbation theory. Since Ho has the form of a
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Hamiltonian of a semi-infinite solid with a plane interface, it
is presumed that the eigenstates of Ho are those associated with
the plane surface problem in a flat space. However, the transg-
formation from the initial flat space to the curvilinear

coordinate system is non-unitary in nature.

The commutation relations between the field amplitudes and
their canonically conjugate momenta are not left invariant
by this transformation. The commutation relations in the
new space contain contributions proportional to the roughness
amplitude ((x,y) (or more precisely, to certain of its
derivatives). Thus, while Ho has the appearance of a Hamiltonian
of a seml-infinite solid bounded by a plane surface, the
equations of motion generated by it contain terms proportional
to ¢((x,y), contrary to the assumption made by Elson and Ritchie.
Thus, their calculation includes some terms proportional to the
derivatives of ((x,y), but not all of them.

In their second paper(s), Elson and Ritchie again use the
transformation to a curvilinear coordinate system, However,
as we do here, they work directly with the wave equation of
electromagnetic theory. 1In this second work, the method
generates all terms proportional to C(x,y).

The transformation to curvilinear coordinates, while it
yilelds correct results when all terms of the same order in
C(x,y) are retained 1in the theory , has one cumbersome feature,

in our view. When applied to the slightly rough plane interface,
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1t converts a problem with a perturbation highly localized in
the z coordinate (normal to the surface) into one which extends
from z = - to z = +®. We use here the very simple and
straightforward approach described earlier which allows us to
work with a perturbation that is highly localized, and which
also generates in a formal sense all contributions to the
scattered fields which are of first order in ((x,y).

This paper is organized as follows. In section II, we

derive expressions for the fraction of energy scattered from

the surface into the vacuum outside the crystal by the roughness,
for both s and p polarized radiation at non-normal incidence. ;
In section III, we use the same form of scattering theory to E
obtaln expressions for the fraction of energy scattered into

the solid (absorbed) by the roughness. In section IV, we

examine the structure of the expressions obtained in section III,
and we obtain from them expressions for the contrlbution to
absorption by roughness induced coupling to surface polaritons,
when the real part of the dielectric constant is negative and its
imaginary part small. In section III and section IV, we find
that at non-normal incidence the Poynting vector has a non-

zero time average parallel as well as perpendicular to the

surface. To our knowledge, the properties of the component

LSTRTV.GY

parallel to the surface have not been considered previously,

and under circumstances described below, it may play a

silgnificant role in the absorption process. In section V, we
present a series of numerical calculations carried out for i

parameters characteristic of aluminum. The purpose of these

e L Y
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calculations 1s to explore the predictions of the theory at non-
normal incldence, and to explore to what extent the simple
expressions derived 1in section IV describe the roughness induced
absorption. Finally, in an Appendix, we derive the complete

set of electromagnetic Green's functions required for the
scattering theory presented in the text. These Green's functions
are also useful for a variety of other problems, and it is

therefore useful to present their full form.
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II, Scattering of Electromagnetic Radiation by a Rough Surface

In this section we formulate the problem of the interaction
of an incident electromagnetic wave with a rough surface, and
obtain the cross sections for the scattering of s~ and p-polarized
incident radiation caused by the surface roughness. In the next
section the general results obtained here will be applied to
the determination of the fraction of the incident radiation
absorbed by the medium bounded by the rough surface.

Let the height of the surface above the Xy-plane be speci-

fied by the equation

z = ((x,y). (2.1)

Above this surface 1s vacuum, while the medlum occupies the
space below it, and is characterized by a (complex) frequency
dependent dielectric constant, €(w), which we assume to be

1sotropic. Thus, the dielectiric constant of the system of medium

Plus adjacent vacuum can he written as
€(z;w) = 6(z~C(x,y)) + CW)B(C(x,y) -~ z), (2.2)

where 6(z) is Heaviside's unit step function. We now expand

€(z;w) in powers of C(#py) e

€(z;w) = € (z;0) + [€W) - 11¢(x,y)6(z) + 0(c2) (2.3)

where
Eo(z;w) =1 z>0 (2.4)

= €(w) z <0
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A surface, even a rough surface, represents a static scatterer

of electromagnetic radiation. Thus, 1f in Maxwell's equation

2
VxvxE=-1 3, (2.5)
~ 2 2 <
[d] ot

we substitute

E(x;t) = E(g;w)e-iwt

(2.6a)
D(xit) = Dlxswye™ Mt (2.6b)

and use the relation
D(x;w) = €(z;w)E(x;w) (2.7)

the equation for the Fourier coefficient of the electric field

E(x w) can be written in the form

2

VXV x E(x;w) - eo(z;w)?g (x:w) =§ e - 100,908 (2)ECxsw) .

\"]

(2.8)

We now introduce the Green's function Duv(x,x';w) as the solution

of the equation

g

w2 82 2}
’ - A Lot
) {EO(L'W)ZE 6Xu.-axkaxu + ckuv J[Lv(i’i jw) = a0, E(x - x7)

==

(2.9)

With the use of this function we can convert the partial

differential equation (2.8) into an Integral equation
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, X 6(z')Ev(§';w), (2.10)

where Eéo)(fzw) 1s a solution of the corresponding homogeneous

equation
2 2
s L 250 (x4 =
Z{eo(z'w):ééuv 3 3%, ¢ S JE T w) = 0,

and describes specular reflection of the incident electromagnetic

field from a plane surface. Since the right hand side of

C(x,y), the first Born approximation suffices to yleld the

scattered electric field

E(s)

. - @ sy — El(@) e
u (xiw) E,(x;w) B, (xiw) (2.12)

to first order in ((x,y), and we find that

E(S)(x:w) = - w22[§(w) - 1j’—jd3x'D v(x,x':W)x
L 4nc é’ Y™ e

XQ(x',y')é(z')Eéo)(i';w) . (2.13)

To proceed farther it is convenilent to introduce the Fourier

representations of qu(i,x';w) and ((x,y),

2, kit G- xi) g
e dw(gs“wlzz ) (2.14)

Eq. (2.10) is already of first order in the surface profile function
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1ky - xy

2
o) = | LKL, ¢k, (2.15)

(2m)

where k; and Xy are two-dimensional vectors whose Cartesian
components are (kx,ky,o) and (x,y,o0), respectively. The form of
the representation (2.14) is dictated by the fact that the
system of medium plus vacuum charceterized by the dielectric

constant Eo(z:w), Eq. (2.4), is invariant against an infinitesimal

displacement parallel to the plane z = o, but not perpendicular

to it. If we also write the field Eéo)(i:w) in the form

(o)
k™" xy
Eio)(f;w) SE - Eéo)({ﬁo)wIZ), (2.16)

(o)

where kj ls the component of the wave vector of the incident
radiation parallel to the surface, we can express the scattered

field in the following form

2 - ik« Xy (o) ]
E(s)(x;w) =B ——‘”3—2 LE(W) - 1JJd2k||e - e(k"-k" ) X ;
Moo~ 16n°¢c - i
X zw[dz'duv(guwlzz')é(z')Eio)(kﬁo)wlz') . (2.17) f

A%

It might be thought that the integration over z’ in this

expression could be carried out directly in view of the presence
of the 6-function in the Integrand. However, as we will see A
explicitly below, the functions duv(gnwlzz') and ESO)(hﬁo)wIZ')
can be discontinuous across the plane z’ = 0. 1In evaluating

the integral over z' we therefore use the rule that 1if F(z') ?

1s a function of z’ which possesses a (finite) jump discontinuity

/




T, = /T R e v

Sec, I

F(z')6(z")dz’ = } [Flo+) + F(o-)] , (2.18)

1
ge—-:38

a result which has its origin in the evenness of the 6-function,
and its normalization to unity, and which clearly reduces to
the usual one if F(z') is continuous across z’=0. The result

(2.18) enables us to represent the scattered field, Eq. (2.17),

as
E:S)(ﬁ;w) = - —12:3—0-2 [E(w) - ljjdzk"eil{‘“'fux
Xe(hn-hu(O))Au(huhu(O)wIZ) , (2.19)
where
Au(hnﬁu(O)w|Z) = 3 Z {duv(ﬁuwIZ+)E5°)(5§°)w|+) +
T TN SN

and the notation + and - denotes o+ and 0-, respectively,

It is shown in the Appendix that the function duv(anlzz:)

can be expressed in terms of a simpler function guv(kuw|zz')

according to

' N .
duv(5'¢|22 ).= A S /“(k”)svlv(gu)gulv/(k”wlaz') ’ (2.21)
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where the 3 x 3, real, orthogonal matrix S(kj) 1is given by

1 Ky 0 1 1 Kaky?

= o - = = 0
S - g ko ), s k) ol R , (2.22)

0 0 k) 0 0k

In calculating both the scattering and absorption of
electromagnetic radiation by a rough surface, we assume that the
Plane of incidence is the Xz-plane. The vector 5§°) 1s then

given by
k(© = ) 5.0 . (2.23)

We will consider only incident radiation which is polarized either
parallel to the plane of incidence (p-polarization) or perpen-
dicular to it (s-polarization). It is then a straightforward
matter to find the electric field 'IEJ‘(O)('}s;w)e_iwt in the vacuum

and in the medium. The results are:

Z>0:

(o)
+e(w)k (o
- ik %}Eil)

(1) (o)
kz —E(w)kz

K (D
Z

i(k(O)X-wt){ ~1x (@),

E(O)(x:t) z
x ~

(2.24a)
(o), (1)
E(o)(x-t) - i(k(o)x—wt){ -ikéo)z m Fz +kz 1kf°)z}E(1)
y =t k(O)_kZi) “ y
z z (2. 24b)

LK Ok-wt)x @) -1k kg€ k() 1x,%)z

Eéo)(i;t)

(1)
5y - E
k.©° kéi)—E(w)ké°j } x

2

(2.24c¢)
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z<0:
(o) (1) (1)
E;o)(x;t) _ ei(k X—wt)eikz Z (i)ZkZ ( j Eil) (2'25a)
= k. '-e@)k. °©
z z
(o) (1) (o)
E(o)(x.t) _ ei(k x—wt)eikZ z 2kz E(l) &I
y =k k(oj_kzij y ’
z z
(o) (1)
i1(k x-wt) ik z (o)
EL) (xit) = e e 2 2k gt (2.25¢)

(1) (o) "x
kz —E(w)kZ

(1) f

The quantities kéo) and kz appearing in these expressions are f
defined by
2 % 4!
k(0 - fu, _ (02 (2.26) i
z 2
c
(1) wz (0)2
kz = - E(w)—§ -k ' (2.27)

where the negative sign for the square root in Eq. (2.27),
together with the fact that dm €¢(w)>o, leads to the result that
Jdm kéi)<o. (We take the branch cut for the square root along the
negative real axis.) In eacn of Egs. (2.24) the first term on the
right hand side represents the incident electric field, while the

second represents the reflected field. The vector E(l) gives

the amplitude of the incident field, and in writing Egqs. (2.24) -

(2.25) we have used the fact that

T e S R =
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(o) (1)
(1) _k
E - kioi Ex
z

z

kZOS X
Z

for the incident and reflected fields, respectively.
It follows from Eqs. (2.24) - (2.25), and the definitions
(2.6), (2.16), and (2.23) that the amplitudss E{) (kf®u|#)

are given by

ok (1)

(o), (0) (o) ,, (0) Z (1)
E (ky "wl+) = E (ky ‘wl-) = E (2.
2 = | x o~ | kz(i)-E(w)kz(oj -

_ok (0)
E;O)(géo)w|+) _ E;O)(5§O)W|-) _ z g (1)

(o)
(0) ,, (0) - 2€ (w)k (1)
E (ky w|+) = E
z  (Ki kéi)_e(w)k§6) X

(1)

(o)
(o) ,, (0) -2k
E (ky wl-) = E
z o~ kéi)—e(w)ké°)

The results obtained so far apply equally to the scattering
and absorption of light by a rough surface. In the remainder of

this section we confine our attention to the scattering problem.
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In the scattering problem the coordinate z in Eqgs.

(2.21) must be positive. The results

that for z>o the function guv(k"w|zi)

U(ZzA
guv(knw|zi) =€ guv(kuw|i)
where %

2 2
k -_-(_ui__klz') w_
z 2 2

c c
2.4 2
= 1 (kﬁ - ) o

c c

The function g.v(kywlzi) clearly sati

i
condition at infinity for (wz/cz) > k

2

decaying waves for (wz/cz) < kj.

A
guv(k;wli) are glven explicitly by

(2.19) -
of the Appendix show us

has the form

, (2.32)

> k2 (2.33a)
2

< kf (2.33b)

sfies the outgoing wave

%, and describes exponentially

The nonvanishing functions

2 k,k
A _ 3 Yy - _ 4nic 17z
gxx(k“w|+) E’xx(k”w| ) w2 kl—E(w)kZ
2 ky k
A A 4nic 1
g, (kyw|+) = g (kywl|-) = -
zX ZX w2 k,-€(w)k,
A A ani
kywl+) = k -) =
g, iwl+) =g, Gkw|-) K-k,
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4nic2 E(U")k"kz
2 kl—E(w)kz

A
gxz(k"w|+)

w

A
By (K1W]-) = -

(2.37b)
2 kl—e(w)kz

2
2 € (w)kj
A _ 4mic
gzz(k“w|+) = 5 kl—E(W)kz 2,38a)

2
é (kjw|-) antc” o
ZZ w2 kl-E(w)kz (2.38b)

The quantity kl appearing in these equations is

2 0 3
k) = - E(w)9§ - kj ) (2.39)

Cc

and Imk,<0. {
b

Combining Eqs. (2.20), (2.21), and (2.32), we can express 3

(o :

Au(5n5“ )wlz) convenlently as

Au(5u§ﬁo)wlz) =e % X (5“5§0)w) (2.40)

I " _

(kykj ‘w) =3 z {éuv(k“w|+)850)(5n5§0)w|+) +

<

+g,, Gaw - el gk (Vul} (2,42 '_‘
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and

e (ki ul ) = Z:Suv(kn)E5°)<£ﬁ°)w|*)- (2.43)

The scattered field amplitude (2.19) can now be written as

2 ik-x _ ?
E(S)('{(,ZW) = _LU___3 5 [E(U))-l] [ d2k||e - e(:xgn"'}sﬁo))z:(k”k“ (o)w), 3
- 1615 c” o
(2.44)
where 5 is the three-dimensional vector 3
. 1
k = ky +zk, . (2.45)

It must be kept in mind that kz is a function of k) given by
Eq. (2.33). ;

If we write the scattered magnetic field in the form

e TTgT——TY

1) ity = 1) raye 10T (2.46)

;
thenfrom the Maxwell equation v x E = - c“l(ag/at) we find directly |
that ,%

13

. 3

b(s)(gzw) = - 6“’3 [E(w)-l] _[ dzkneﬂi - a(,}f,ll‘,}f,l(\()))},f,xZ(kllkﬁO)W)' fi
161 ¢

(2.47) }
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The complex Poynting vector for

the scattered radiation is

therefore given by

147}

- é% E(S)(E:t)* « E(S)(f?t)

3
2 f O, i (kek ).
20481 ¢

X é(gn-§n°))* é(gﬁ—§§°”> E (5n5§°)w)* X (5’xi(5ﬁkﬁ°)’w)),

~

(2.48)

In order that we can compare our results with experimental Jdata

for a metal surface it is reasonable to assume that the surface

profile function ((X,y) is a stationary stochastic process, and

that our result (2.48) for the Poynting vector should be averaged

over the probability distribution function for this process. In

fact we have to average the product é(gu)a(kﬁ). The averaging

restores infinitesimal translational invariance parallel to the

plane z = o, and we have that

2
(é(5n)é(§ﬂ)) = (%F) 6(§n+§ﬂ)<lé(5n)|2) ,

(2.49)

where A is the area of the metal surface, and use has been made

A *
of the reality condition C(-ky) = a(§”) . Following Elson and

Ritchie ( 5)we make the replacement
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A—“l(la(Eu)Iz) = 825 (k) (2.50)

where 62 1s the mean square surface height variation, and the
surface scattering factor g(k)) 1s assumed to depend only on the
magnitude of kj, but not on its direction. With the use of

Eqs. (2.49) - (2.50) the spatial average of the Poynting vector

(2.48) can be written

3 2
(8) = S li;wg—%l I dzkng(lhu-
¢

kﬁ°)|) X

~

(o)

1% - Ragkf®w) & AEdn)  @s

< {1 X Gk Vw) 3
where we have expanded the triple vector product. With the

ald of the definitions (2.41) - (2.43), and the results given

by Eqs. (2.34) - (2.38), it 1is straightforward to establish the

two us=ful results

k- L0kiw)" =0 (2.52a)
(2.52b)
The first of these 1s a consequence of the transverse nature of

the scattered electric field. Thus the spatial average of the

Poynting vector takes the simple form
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3
(5) = 6% ¥ leéwg 11° [afkig Q-6 el k(@ |2, (258
512rm ¢

which is manifestly real. The magnitude of the real part of the
averaged Poynting vector describlng radiation associated with

wave vector components parallel to the surface between k) and

ky + dk; is therefore

4 2
(S(k;))a%k, = 62 ¥ IE(w; él g(iki-k

ﬁo)|)|L(EME§O)W)|2
512n% ¢

2
d'ky

(2.514)
where we have used the result that k = (kﬁ + kg)% = (w/c).
To proceed farther, we require the Ku(gngﬁo)w). We first
record the expressions for the quantities Séo)(gugﬁo)wli).

Combining Egqs. (2.22), (2.29) - (2.31), and (2.43) we obtain

() ,, . (0) 2k e 1) 1) k,©) (1)
o o
E‘,x (5][5" U)Ii) k” { ( E(w)k(o) EX ﬁw E } (2.55)
zZ zZ
(1) (o)
-2k k, 2k k
(o) (o) (1) X z (1) -
by TGk w]) - k" { m e( )k(o) ' T D o By }@se)
zZ zZ
(0) (0) 2 (w)k ) (1)
ez (EHEH w|+) = (i) — )k( o) EX (2.572a)
_oy, (0) (1)
(O)(knk§ wl-) (1)2:( )k(o) E_ (2.57b)

56

b
g
L

Tt i
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Substitution of these results, together with Eqs. (2.34) -

(2.38), into Eq. (2.42) yields the results

(0) ks (o)
A Gyki®w) = - o Ay ik w) (2.58)
(1) (o)
N (kyk(©)yy = =4mi L{ 2k Ky s heky ~ (D)
A B kl-k ky (i) —€ (y )k(O) k(i)_kéo) y
Z
(2.59)
p ek (@) - anic? 1 1
2 K1k e O R Ol
(o)
2 k 2k k
(1) .2 (o) .2 (1) 4mic 1 g (D)
x{2kxklkz ~kirk [E (w)+1]} B - 02 k-€Wk, (i) (57 y
Z

(2.60)

When we substitute Eqs. (2.58) - (2.60) into Eq. (2.54),
the contribution from |Xx|2 + |xz|2 corresponds to scattered
radiation that is p-polarized; the contribution from |Xy|2
corresponds to scattered radiation that is s-polarized. Within

(l)l

each category the contribution containing |E corresponds to

incident radiation which is p-polarized, while the contribution
(1)|2

containing |Ey corresponds to incident radiation which is

s-polarized. We can therefore decompose the differential

Poynting vector (2.54) into contributions associated with the

87
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scattering of incident radiation of a given polarization into

radiation with prescribed polarization. Thus, in an obvious

notation
(0)2
2 2
(S(}E"IS"P)) d2k|| = 62 X IE((;)-II g(|k|| k|| )I) —X——- X
8n-c k"
|k, |12 (1)
|k =€ (w)k Izlk(” k{02 =, 260
2 . (o)
4 2 k® k
(S(ky|s7s)) dzku = g 16(3’51' g (|5u"5ﬁ0)|) —5—55—— X
8nc kj
1),2 '
E,1)| ; |
' |k k| 2|k (D) (0|2 o 252
1l "2 Z z
(1)
4 2
(S(k) | p~s)) d2k" -2 W le(g)Bll g(|k"—k§°)|) _XL____L_ 5 -
8 C o - k" ﬁ
51 2 |
Ik -k, | [k iD= e ()2 e (2-69) |
2 2 3
(St lpaw)y oy = o2 LLEWILIT gy o))y 1, §
8nc k) ,
2 2 :
Ik k k-3 12k (&) + 1y
x X2 |E (l)l a’k, (2.64) ‘

Ikl-E(w)kZIzlkéi)-E(w)ké°)|2
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We can simplify these results somewhat. We note first
from Eqs. (2.24) and the scattering geometry depicted in Fig. 1,
that the incident flux, per unit area of the surface is

(o) _ ¢ (1),2
Sy d = |

B cos eoIEy , (2.65)

for s-polarized incident radiation, where 80 is the angle of

incidence, and

(o) _ ¢ 1 (1),2
Sp 81 cos 80 |Ex l

) (2.66)

for p-polarized incident radiation. We will normalize the
expressions (2.61) - (2.64) by dividing Eqs. (2.61) and (2.62)

by Eq. (2.65) and Eqs. (2.63) and (2.64) by Eq. (2.66). We also
note that Egs. (2.61) - (2.64) give the energy crossing unit area
normal to the direction of h per unit time. We normalize the
scattered flux to unit surface area by multiplying each of

Eqs. (2.61) - (2.64) by cos OS, where OS is the polar scattering

angle. We next note that

2
d'ky = kydkydeg

2
W
:5 cos GS d QS , (2.67)

where d(g = sin Osdesdms 1s the element of solid angle about the
scattering direction (Gs,ws). Finally, we note the geometrical

relations
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k, = -4 [E(w) - sin® es]% ;o k) o g [E(w) = sinzeo]%

Again, we point out that the negative signs attached to the

square roots in the expressions for k (1)

and k lead to the

1
results Jn1k1.< o and Jnlkéi) < o0, required by the boundary
conditions at infinity.

Combining the normalizations described above and the
results given by Eqs. (2.67) and (2.68), with the results
expressed by Egqs. (2.61) - (2.64), we obtain finally the cross

sectlons for the scattering of radiation into unit solid angle

about (es,@s):

df(L{AHIS"P) — 2_1&_]_ b(lk” k||

dQS

2
|€(w)- sin 0.l

X T : =T (2.69)
|E(w)cos(% +[?(w)-sinzes]3|2|coseo-+ Le(w)-sinzeojzlz
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4 2
df (k| s2s) _ 2w lew)=-1 (0) o 0
dgil = 6 ln2c4 l g(l}f,ll‘,}f,ll l) cos 80 cos GS cos cpS X

) 1 | (2.70)
|cos 6+ [E(w) - sinzeS]él 2|cos 6, + [E (w) - sin290]5‘|2

df(}iulp"s) _ 52 w4lG(w)-112 2

g(]k -k(o)l) cos 6_cos> 8 _sin . X
dOg 2t ~ITRI 0 s s

2
| €w) - sin eol

X
|cos es +[€(w) - sinzes]’slzl € (w)cos 6ot [E (w) - sinzeojélz

(2.71)

2

At lp+p) 2w eqw) - 1]
- 2 4

(o
d?g g(IE“-E" )|) cos 80 cos 8 X

S

|cos o [E(w) - sin? 8 ]%[G(w) - sinzoo]% -3 sineosines[_ez(w) + 1]] 2

. -
IE(w)coses + [e(w) - si.nzeo]%lzl €(w)cest +|:€(w) = sinzeo_]|5 | ?

(2.72)
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ITI. Absorption of Electromagnetic Radiation by a Rough Surface

In the preceding section we have developed a formalism for
treating the interaction of an electromagnetic wave with the
rough surface of some medium, and applied it to the determination
of the cross sections for the scattering of the electromagnetic
wave by the surface roughness. In this section we apply the
same formalism to the determination of the absorption of the
electromagnetic wave by the medium arising from the surface
roughness,

Our starting point is the expression for the scattered
electric field given by Egqs. (2.19) - (2.21). 1In contrast with
the scattering problem, in which it is the values of guv(5“w|zz')

for z > o that are required, in the absorption problem

it is thelr values for z<o, i.e., in the medlum, that are
required. From the results of the Appendix we find that for

Zz<0 we can write

ik.z A

guv(k||w|zi ) =e 1 B, v (kyw| £) ) (3.1)

where the coefficient functions éuv(kuwl t ) are given explicitly
by

2 k. k
A - A -y = _ Amic 17z
Byx (Knwl+) = g Geywl-) 2 K€k, (3.2)
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A (k _ A o 4nic2 k"kz
Bux (KW +) =g, Gu| =) = "z k- €WK, (3.3)
A A 4mi
g, kyw| +) =g (k| -) = 22— (3.4)
yy yy k) -k,
2 ki k
A 4dnic (RS |
g,, (kyjw| +) = - - (3.5a)
XZ wz ky e(w)kz
2 kik
A 4“10 I h |
g, (kw|-) = —r (3.5b)
x4 w2€(w) ky €(“")kz
2
2 k
A 4ric I
k + = ot o
gZZ( ||UJ| ) wz kl_ G(w;kz (3.63)
2
2 k
A 4nic I
g, (kjw|-) = — (3.6b)
27z w2€(w) k1 E(w)kz

Thus we can write the function Au(E"k#o)w|z) entering Eq. (2.19)

in the form

~

(o) 1 -
Au(guﬁno w|z) = et¥12 xu(gukﬁo)w) (3.7)

Sk gy N o T - g

93




where iu(gngﬁo)w) is again defined by Egqs. (2.41) - (2.43), with

A
the only difference being that the functions guv(k”wli )

appearing in Eq. (2.42) are now those glven by Egqs. (3.2) - (3.6).

The scattered electric and magnetic filelds are now glven

by
2
E(S)(i‘,;t) - g lut Y [e(w) - 1] j akye 1k X a(k||-kn(°))z(5n,‘£|$°)w)
16 ¢ -
(3.8)
E(S)(z;t) = g~ lut — [E(w)-lﬂdzku|ei5'§ ¢ (5,,-5”(0)) X
l6n"c

x (k x Z(kngﬁo)w)) ,(3.9)

where the three-dimensional wave vector 5 1s now given by

k=ki+zk)

I't should be kept in mind that k; 1s a function of k, through

Eq. (2.39), and is complex,

1

k, = k{l) - 1k{2), k{z) St . (3.11)

The vector k, therefore, 1is also complex.

The complex Poynting vector obtained by substituting

Egs. (3.8) - (3.9) into Eq. (2.48), and averaging the result with

respect to the distribution function for the surface profile

function ((x,y), now takes the form
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(2)

3 2 2K,z

($(2)) = 6% ¥ li;w;-éL Id2kn6 . g(llf,u'!sﬁo)l) A
T C

x {k1X kw2 - L0k (Ow) G Tk (P00} L (6a12)

(
not vanish, and both terms in braces contribute to (§(z)). It 1is

therefore convenient to define two vectors £(§"§ﬁo)w)
and g(gugﬁo)w) by
- 2
ﬁ(gugﬁo)w)= k |L(§u§ﬁo&)| (3.13)
( - - * !
BOgkf®w) = Taokiw G ekl Vn (3.14;

With the aid of Egs. (2.22) and (2.41) we can revwrite these

vectors in terms of the functions Xu(gugﬁo)w) as

2 _ 2 2
A =k A7, A, = kyly , A, = Y (3.15)
B =L (k. -k A)GA + kA5 (3.16a)
x ky x"x yhy? iy KRy - 104
B =L (ka +k A& + kD (3.16b)
y ky y X Xy e 17z )

T R
Bz z 1y 1 z) ) (3.16¢c)
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i Sl o sanany Lo 0

¥e now require explicit expressions for the functions
ku(k“kﬁo)w) appearing in Eqs. (3.15) and (3.16). Combining

Eqs. (2.42), (2.55) - (2.57), and (3.2) - (3.6), we find that

T T N T . N AT T g T .

k
A ik ®w) = - g A ki ®w) (3.17)
(1) (o)
X (k||k|$o)w) s i, —1—{ 2k k E(1)+ 2kxkz E(l)
; (3.18)
A (k"klo) ) = dric? 1 1 y
;
x {2k g k(D) k(o)kﬁ[e(w)-+€"1(w)]} {1
(o) :
LU e g (3.19) |
02 k) - €k, kZ(i) 107 y

To obtain the power absorbed by the medium we need the real part
¢ ° the complex Poynting vector (3.12). If we combine Egs. (3.17) - i

4 (3.19) with Eqs. (3.15) - (3.16) we find that the real part of

(§(z)) depends on the following quantities:
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(3.20)

(2)
k|| +Re(k ) 9 9 kl "
Re[A -B ] { " 124 1y | } ok ) R D)
(3.21)
ki +| |12
R[4, - B, | = kI {—52— |2 |2+ | . (3.22)

With these results we can now write down the components of
the real part of (S(z)) in the case that the incident light is

s-polarized. We have that

(0)2, . (1)
2 k, IE | (2)
_ g2 W lE(w)-—l] 2k "z
Re(S (z)) = d%kpe“"1
X S 8TT3()2 |k(i) (0)I2 J I
; | (o )I Ky { ks [04 [ 2 2 ]l l2
x g( k”-k ) —= — | ki + Re (k) ||k -
ki k- ek |2 byt ol

2 k, - €k
c (2) *]
2 <5k Re(ikz — ) ]+ T } (3.23)
w 1| Ikl- z
Re (Sy(z))S = o (3.24)

97

R T P Wy ¥ AP




Sec, F

(0)2, (1) (2)
3 2 k, |E |2 2k, “’z
2 wl€(w) -1} .2 1
Re(S (z))_ =56 d°k e X
: z s 8n302 |k§i) (o)l 2 J I
(1) 2 ) 2
k 4 (ki + |k ] K% k_|
X g(lbu"hﬁo)l) :5; EZ L Y 22 . X 5 } . (3.25)
ow kg - €k, | k) - k|

The vanishing of Re(Sy(z))s is due to the fact that the integrand
of the expression for it is an odd function of ky.
We can simplify Egqs. (3.23) - (3.25) by going to polar

coordinates and setting

k, = ky cos o k. = ky sin o : (3.26)

In this way we obtain

(1),2 (2)
Re(s (z)y = 2 @olew) -1]% o2 |E,"| 2 (2,
X S

cos 6 d"k e X
8“3(:2 o |k(i) (o)|2 J

2
sin“p 9
x& (kg - ki) Dkycose i S [ aef + g 1Pk |2 -
|k1— E(w)kzl |
3 2 cos m 5
= 2k{2) D e(k"--——)] T } (3.27)

|k
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(1),2
: E
Re(sz(z))s = 52 W lew) - 1[ l l Kk (2)

VA
8ﬂ3c2 cOoSs 90 lk(i) (O)|2 J.d k"e 1 X

2 2 2

(ki + |k, )]k, | 2 cos @

X g(lk“-kl )I) k(l){ 5 sinch 1 ; +£D_§ }
|k, - €k, |

lk

(3.28)

;2) = (k% - (wz/c2))£ , and the term in which

In Eq. (3.27), k
2 2,2

it appears contributes only when kj > (w“/c”), as the presence

of the Heaviside unit step function indicates.

Turning now to the case of p-polarized incident light we

find that
(1),2 (2)
3 2 |E;"7] 2k,“’z
Re(S. (z)). = 62 @_1€W) - 1] % d%kpe ! X
X P 81302 lk(1)_ E(w)k(°)|2 J I
z z
(o) 1 1
x g(|ky=-k;°'|) = (M+Rﬂk)m X
I ? {l s 12 L, [ q
2
X Ikxkzkéi) kKOrZew)+ e Twn|Z+ e iﬁ k?k{z) X
€(wk, .
(1)1 * (1) (0), 2 * ]
X Re(ikz KK, (k k k, =" = 3k k] (e +e W) )))J i ]
%_
& K lk(i)l
+ (3.29)
Re(S (2)), = © (3.30) g
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(1),2 (2)
3 2 |E."’ 2k, z
- 52 wolew)-1] 1
Re(S (z))_ =6 d k"e X
Xg(lku-k" I)—'z‘{‘}(kll"'lk I

|k1- G(w)kz|2

k2lk(i)l2
+_y__z___2}.
k) - k|

(3.31)

The function Re(Sy(z))p vanishes for this geometry also, because

the integrand i *he expression for it is an odd function of k

We have ..+ rded here the expression for Re(S

x(z))p

associated with p-polarized incident radiation for completeness.

However, in what follows we will consider explicitly only the

component Re(Sz(z))p induced by p-polarized incident radiation.

With the use of Egs. (3.26) we can write 1t as

0
IEJ((].)IH

3 2
Re(Sz(z))p - 2w l€ew)-1]

3 2

(1) (0)2
32nc |k, "7 - €Wk, |

2 (1),2r.2 2k{2) (1
x {4 ig k11 2%k e g(ky - ki° et

2 2 2
2 o (ki + |k |9k | 2 sin? Py

X [E— cos o SN . - I ]
w? S k- ek, |? 0 e® fk -k |2
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(2) 2 c2e 2 0(1)

N 2k zZ (k|| + |k | )k" k

+ € l(w)lzjdzkue ! g(lhn"5§°)|) L 21 -
|k, - €Wk, |

2 2 2 1
o8 9 2k§ )z ), . i + |k, | )k"k{ )
- 4 =3 sin eojd ke g(lk" -k ‘) 5 X
W ~or |k - €k |
z
X cos @ Re(k;kéi)*(é(w)-FE-l(w)))} . (3.32)

Having obtalned the real part of the complex Poynting vector,
averaged over the surface roughness, inside the medium, for both
s- and p-polarized incident radiation, we now turn to a discussion
of the physical significance of these quantities.

Let us denote by Po the energy incident per unit time on
unit area of the surface. Explicit expressioas for this quantity
are given by Eqs. (2.65) and (2.66), for s- and p-polarized
incident radiation, respectively. We then define the vector

8 (z) by

8(z) =5~ Re(S(z)) (3.33)
o

where it should be kept in mind that in this section z is negative.

The z-component of the Poynting vector gives the energy
crossing unit area perpendicular to the z-axis per unit time.

To obtaln the portion of the incident flux entering the medium
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wve clearly require the Zz-component of the Poynting vector
evaluated at z = 0-, If the incident beam strikes a rectangular
area of the surface of linear dimensions Lx and Ly’ then the
total energy carried into the medium per unit time by the

scattered waves ig

dEz
gt ° Sz(o-)EO (3.34)
where
Eo = LxLyP0 (3.35)

is the energy per unit time that strikes the area LxLy' Thus 1if
we denote by fz the fraction of the energy carried off by the

scattered waves in the direction of the normal to the surface,

we nave

fz = Sz(o-) . (3.36)
Combining Eqs. (3.28) and (2.65) and Egqs. (3.32) and (2.66)
according to Egqs. (3.33) and (3.36), we find that this fraction

fz is given by

3 2 cos 6

(s) 2w lew)~1] o 2 (0) .+, (1)
T = § dkjg(lky~k Yk

z w23 DREMOL: Ja®kiexy - k(0 1

2 2 2
(k||+|k1| )lkzl 2

2 Ccos
C 2 P
X {—2 sin“p_ 5— + ‘”-2 -~—S§ } , (3.37)
w Ik1-€<w)kzl c |k1—kz|
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for s-polarized incident radiation, and

3 2 cos B
(p) 2 wlew) -1} o { (1),2 j
f =6 - 4 |k |© 1d%ky  x
z 2 3 (1) (o) z B2
4n“c |kz - €(w)k,
2 2 2
e 2 (ki + |k ]| x| 2 sincp
G 1 2 I 1
x ek - ki it i‘z‘ cos o == B % lz]

2
|ky = €k, |

2 2, 2
Geff + |k, | £ ki (D)

p)
|ky - €k, |

2
+ 95 sin260|€(w) +€-1(u))|2 szkug(lkn"kuo)l
m

2 2 (1)
3 (k"-+|k | )k"k
- 4 c—3- sin 60 Jd2k||g(|’ls|| -Eﬁo)l) 1 ; cos Pg X
w |k, =~ €k, |
x Re (k kD" (e w) +etwn)} (3. 38)

for p-polarized incident radiation.

Turning now to the x-component of the Poynting vector, and
consequently of the vector §(z), we see that Re(Sx(z)) gives the

energy traveling parallel to the surface which crosses unit area

at a depth z per unit time. The total energy per unit time

carried by the wave is therefore

dE 8 S
=L, l dz Re (S (2)) = Lypq_i dz8 _(z) .  (3.39)
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We divide this expression by Eo to obtain the fraction fx of the

incident energy absorbed by the medium and carried off in the
x-direction,

(o]
£ =Li Iszx(z) . ‘ (3.40)

X

Thus the quantity Sx(z) itself has no direct physical meaning.
The physically meaningful quantity is fx’ which is obtained

from Sx(z). Combining Eqs. (3.27) and (2.65) with Eq. (3.40), we
find for fx the result

2 3 2 cos 8 kjcos
I 2.3 Do | a®kpg (K, - Kk |>__(_7_ N |
z k, |

2 2 2 (2) (2)
(ki + |k, | )|k - 2k, kif 0(k2 =)
. |k1‘5(“’)k2|2[ N+ 1k 1) ]k, | | I —z]

[\

coOs

w

. , (2.41)
2 lk -k IZ}

for s-polarized incident radiation.
The numerical evaluation of the results of this and the

pPreceding section will be carried out in the following two sections.
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IV. The Contribution to the Roughness Induced Absorption from

Coupling to Surface Polaritons

1)

Many of the earlier theoretical studles (i of the roughness-
induced absorption confine their attention to the simple free
electron metal, which is described by the dielectric constant
€(w) = 1-w§/w2. In the frequency region where €w)<-1,
surface polaritons may propagate along the interface between
the crystal and the vacuum(.8 The waves are described by the
dispersion relation

2, 2
c k"
7 T EW AT (4.1)

Notice that for the surface polariton cky >w, a condition that
must be satisfied if the surface wave 1s not to radiate its
energy into the vacuum. Then in some of the earlier papers,
the roughness induced absorption is presumed to arise from the
roughness induced coupling of the incident wave to the surface
polariton.

The purpose of the present section is to examine the
general results of Section III whken the real part E(l)(w) of
the crystal is negative, and the imaginary part 6(2)(w) is
small. In this case, we find contributions to the absorption
rate that may be identified with roughness induced coupling
to surface polaritons. For small Ea%w), we extract from the

general expressions simple expressions for the contribution
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described above. We do this for the cases of s and p-polarization
at non-normal incidence. In Section V, we shall make a
quantitative comparison between the results obtained in the
present section, and numerical computations of the total absorp-
tion rate calculatec rrom the general expressions
given above. We do this for the case of aluminum metal, the
material for which the approximate results should hold best.
In their most recent paper(6), Elson and Ritchie have carried
out an analysis similar to the one presented here, although they
confine their attention to the case of normal incidence, and
they have not carried out numerical studies of the sort reported
in Section V.,

We begin with the general expression for the quantity
fés), the fraction of the energy of an incident wave with
s-polarization absorbed by the roughness induced energy flow in
the direction normal to the surface. We saw earlier that this

quantity is given by

(s)
fzs = Re(S,(0-))_ / P_ (4.2a)

where

L o(1)2
P c|Ey | “cos 6 / 8n . (4.2b)

We have the explicit form from Eq. (3.37):
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(s) 62w3|€(w)- 1|2 cos 6
£257 =
z

[ a®rie (K k(D k)«

2,3 (D) _ (0))2
Z V4

sin"op +
w S kg - €k, |2

2 2 2
2 (ky + |k, )]k, | 2 cos @
c 2 1 A
X {_i } (4.3)

o|e
£

[k

The first term in braces arises from scattering processes
which transform the incident wave of s-polarization to a scattered
wave with p-polarization, while the second term describes
scattering of the initial wave into a scattered wave of
s-polarization. It is the first term which contains a
description of the roughness induced absorption by surface

polaritons. This may be seen by noting that

|k, - €Wk, | k% - e w’|?

or after some small rearrangements,

2
1 Ry ek | 1 . (4.4)

2 2 2
[k, - €(wk,| le”(w) - 1] ‘kz_ﬁ € () |2
! o2 €Ew) +1
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Thus, when the left hand side of Eq. (4.4) 1is considered
as a function of kj, when 6(2)(w) 1s small and E(l)(w) negative,
a strong resonance at the surface plasmon wave vector (Ea. (4.1))
appears. We may obtain the contribution to fés) from roughness
induced coupling to surface polaritons by considering only the
part that arises from this resonance. We proceed to obtain this
portion in the limit 6(2)(w)*o, by replacing k; everywhere in

slowly varying factors by the value

w2 W) _w? 1MW)

k = ._.w_.
sp 2 eV w) +1 2 Ie(l)(w)l- 1

, (4.5)

where, as the last step Indicates, we confine our attention to
frequency regions where E(l)(w)<o. With such an approximation

applied to Eq. (4.4), one obtains

1 N (g)z 4|€(1)(w)|2 1
k- e, 1? Vel eW ) - 131Dy +1)2 k2= 02 € W) L) 2
2 €W)+T
(4.6)

Notice also that when 6(2)(w) 1s small and 6(1)(w)~<o

’
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kD o ¢?) @)

p) ) -3
20 [ef+25e P wy]
(4

’ (4.7)

1.e. the quantity k{l) 1s proportional to 6(2)(w) in this
1imi1t 9 )

When the approximations described above are carried out
for all the factors in the appropriate term of Eq. (4.8), the

results may be arranged to read (for small 6(2)(w))

26“cos 8 6 (1) 2
(s) _ o (uw le ™ ()] (2)
f = —— (= 4 € (w) x
z m (c) (|€(1)(W)I- 1)9/2
J*Z“ 12y g(|kk -k(°)|)rm dky ky
X [ do _sin“o_ g(]ky sp_ ~Il D) 5 .5 E 5 6(2)(w) = -

(4.8)

To obtain this result, it 1s useful to note the identity (as
6(2)(w)-'o and with E(l)(w)‘<o)

|kéi)-kz(°)|2 = 14] @ ()] (4.9) ]

X
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As e(z)(w)-+o, the integral over ky 1s readily evaluated to

give the simple result

2n

4 (1) 2 do

2 | e (w) ] s
6“cos 6

fés) - (

ole

x g(|kyk 55 "5§°)|) , (4.10) |

At normal incidence, this result becomes equivalent to the

result of Crowell and Ritchie(4), who derived it through the

use of quantum mechanical perturbation theory, and also with

the recent results of Elson and Ritchieﬂs)lt is interesting to

note that in the classical theory, this contribution comes from

a small "leak" of energy out of the surface polariton into the

crystalline interior, due to the (assumed small) value of

6(2)(w). This 1s evident from Eq. (4.7), where one sees that

for each kj, the contribution to the time average of the

Poynting vector in the direction normal to the crystal surface

vanishes identically as 6(2)(w)-'o. As we have seen, the

integrated strength of all contributions to féS) remains

finite as 6(2)(w)'+o.
We next examine the behavior of fés), the fraction of the :

energy of the incident wave absorbed by the energy flow parallel !

to the surface. We shall find for fés) a behavior that differs

qualitatively from that of fés), in the 1imit € (%) (y) a0,
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As explained earlier, if the incident beam illuminates a
rectangular area o1 the surface with length Lx for the side

parallel to the x axis and Ly for the side parallel to the

y axls, then

(¢]

(s) _ r
fx (LY-?L dzRe (Sx(z))) / (LxLyPo) ,

where PO 1s given in Eq. (4.2b). Thus, we have

£8) _ 0% ew) -1]2 cos 0, x
x 2n2c3L Ik(i)__k(o)lz
z z
2
dkﬂ I I {Cz sj_ncp
£ J '(_7 g(ky -ku )k cos @ —5
2 |k, - €(wk |2
2 2 2 (2), (2), 2 2 w2 - w2 coschS
X [(kn R Dk 17 - 2k %k, 2 ki 8 (ki - &5 )J*‘—z '
“ c € Ikl-k|
%
(4.11)
As in the case of fés), the term proportional to

|k1-€(w)kzl-2 contains the contribution to the absorption that
arises from the coupling of the incldent wave to surface pulari-
tons. We may proceed with the evaluation of fis) exactly as

before. We shall simply state the result as a consequence.

However, before we do this, we make two general observations.
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First, notice that fis) is proportional to L;l. The
reason for this is that the incident wave illuminates a
rectangular area of the surface with area LxLy’ while the
energy absorbed from the incident wave which flows parallel
to the surface is carried in a small channel of dimensions
Ly x (the skin depth). This is evident from the factor of
l/kgz) in the integrand of Eq. (4.11). Because f(s) is
inversely proportional to Lx’ it will not appear in any
calculation which assumes the incident wave to illuminate
the whole surface, and then takes the limit as the surface
area becomes infinite. Most of the quantum field theoretic
treatments discussed in Section I fall into this class.

It is aprparent also that in the 1limit as 6(2)(w)-+o,

the quantity f(s) will diverge as 6(2)(w)-1. This is apparent

at once because k; cos ¢, appears in Eq. (4.11) in place of the
factor k{l) in Eq. (4.3). As we see from Eq. (4.7), as
(2)(w)'+o (in a frequency region where (1)(w)<:o), the factor
of k( ) introduces a factor of E( )(w) into f(s), and as
8)(w)-+o tiils cancels the factor of (6(2)(w‘) that arises
from 1ntegyation over the surface polariton resonance. We
shall dlscuss the physical origin of the divergence below.
As remarked above, when E(l)(w)<:o, and in the limit

(2)(w)-+o, one may evaluate the surface polariton contribution

to fis) exactly as before. Upon carrying out the calculation,

we find
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6% € M) ) |5 Zcos 6_

lf(S)I - 21 X
x Lel (e W+ ePw-12 @y

(4.12)

2m do
s 2 (o)
X J; — cos o sin‘p_ g(lﬁuksp-:su 1)

] The physical meaning of this result becomes more apparent

1f we introduce the mean free path Lsp(w) of the surface polariton.

E The mean free path is defined by
| ___z_yl = Im(ky) (4.13)
; Lsp W

] where Jdm(k) is the imaginary part of ky, calculated by

inserting the complex dielectric constant in the right hand side

of Eq. (4.1). As 6(2)(w)-so, and with E(l)(w) negative one has

1w e2) ()
) zC 1 ! (4.14)
Ssp |€(1)(w)|2(le(1)(w)| _1)3/4

so that we have

1), .2
£ . 52,4 e ™" W) clzos 8, 2 L (w)
x deMw | + 1 e®wy| - 17/ Ly

2c4

2 do

2
XJ) == coso sin‘y g(|kik - k() . .15

sp

At normal incidence, iﬁo) = 0, and the aagular integral on the

right hand side of Eq. (4.15) vanishes.
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The physical interpretation of the result in Eq. (4.15)
1s the following. The incident wave has frequency y that matches
; that of a surface polariton (when 6(1)(w) < O as assumed here),
but its wave vector component kfo) In the plane of the surface
does not, since necessarily ckﬁ°)<<w, while for surface

(o) =

polaritons ckj W, as remarked above. The effect of the

PP U N L A M T TR T

surface roughness is to mix into the incident wave a broad
spectrum of spatial Fourier components ky, and the electric
field at each ky oscillates with frequency w. There is thus
; In the scattered field a component which matches both the

g frequency of the surface polariton and its wave vector, the

f latter computed from Eq. (4.1) with €(w) replaced by 6(1)(w).

Thus, in the language of non-1inear optics, the surface roughness

Induced interaction between the incident wave and the surface
polariton is phase-matched. For the Incident wave, k| is
purely real, while the surface polariton has the finite mean
free path Lsp(w) parallel to the surface. Thus, the surface
polariton mean free path Lsp(w) Plays the role of the coherence
length of the phase-matched Interaction, and the energy stored
in the driven surface polariton is proportional to the
coherence length.

We can see from the discussion of the preceding paragraph
that the result displayed in Eq. (4.15) 1is valid only in one

limit (which in many circumstances is the one relevant to

experimental situations). 1If 6(2)(w) 1s so small, or the incident
beam so well focused, that Lsp(w) > Lx’ then quite clearly the

coherence length of the phase matched interaction becomes Lx
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rather than Lsp(w). In our discussions, we have implicitly
assumed Lx and Ly are both very large, and integrations over
spatial coordinates parallel to the surface have been freely
extended to £ =, Had they been kept finite, then we would

have found Eq.(4.15)valid only when Lsp(w) < Lx’ and when

Lsp(w) > Lx, the factor Lsp(w)/Lx would have been replaced by
unity. Throughout the visible range of frequencies and into the
ultraviolet, 6(2)(w) is large enough that the condition

Lsp(w) < Lx should be satisfied, unless the beam is focused

very sharply. However, in the infrared, it has been demonstrated
that Lsp(w) can become very large ( 10), and the limit

Lsp(w) > Lx may be appropriate most commonly here.

Notice that when ¢t (w) > L, | fJES) | and f;S) become
comparable in magnitude, so both components of the Poynting
vector must be considered when the total surface roughness
induced absorption is calculated. When Lsp(w) << Lx, then
| fis) | is small in magnitude. However, the energy density
stored in the surface polariton can be very large when
6(2)(w) is small and this may lead to a number of physical
effects, such as the diffuse scattering of the incident radiation
through the surface polariton as ar intermediate state, a

phenomenon observed in a number of experiments(11 ). This

question, along with related problems, is currently under

Investigation.

The discussion presented above is confined entirely to the
case of s-polarized incident radiation. We conclude this section

by stating the expression for the contribution from surface
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(p)

z the fractlon of the energy absorbed from

polaritons to f
the incident wave due to surface roughness that comes about
because of the presence of (Sz>. When Lsp(w)<<Lx, this is the
dominant contribution to the roughness induced absorption, as in
the case of s-polarization.

We find, after a series of manipulations very similar to

(p)is

those above, that the surface polariton contribution to f

(1)
f(p) - 52 (w)4 | € (w)lcoseo )
I [1e™ W lcos?s, +stne | [leP wr]-1 P72

z X

2n do

[ 22 ki, - k(O [cosog (€D w2+ e® wlstn®e )t - .,s
(o]

sp

2
-%(1+|e(1)(w)|2) sin eo] . (4.16)
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] V. Numerical Studies of Roughness Induced Scattering and

Absorption

In this section, we explore the predictions of the results
derived in Sections II - IV, The purpose of the calculations is
to explore the dependence of the roughness induced scattering on

the polarization of the incident wave, on polarization at normal

incidence, and to test the accuracy of the simple results given
by Eqs. (4.10)and (4.16) against the predictions for aluminum, both

because it 1is the material which most closely approximates the

nearly free electron metal for which one would expect Eqs. (4.10)
and (4.16) to be valid, and because one can prepare films of this

material with well characterized surface roughness. We refer

T ¢ e e o

the reader to the very complete study of aluminum films carried i

out by Endriz and Spicer as an example of such studies(lz ).

—
. ot

In the numerical calculations reported below, we have

SRR L N

E presumed a gaussian distribution function for the surface rough-
ness correlation function. More specifically, the correlation e

function (g(zn)g(g)> 1s related to the quantity g(Q) introduced

é in the preccoding section in the following manner,

2
d-Qy 1Qy - x)

€exC@) = 6% [ —— @) e : 5.1)
~ 7 (2m) -

where if g(Q;) is normalized so that
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(5.2)
(2m)?
2 _ 2, _ .2
then ((“(0)) = (¢%) = & » SO the parameter 6§ is then the rms
height of the surface roughness. In the calculations
reported below, we have used a gaussilan
for g(Qy):
2 a2 2
g(Q) =1 a%exp (- = Q) (5.3)

where a 1s a transverse correlation length. With this form of

g(Q)), one finds

@) = 6%exp (= x2,/a2) (5.4)

The gaussian form for g(Qy) has the virtue that all the

integrations over P may be performed analytically, and

expressed in terms of the modified Bessel functions In(x).

Thus, the numerical calculations involve only a single Integration

over 85 in the case of the scattering calculatioa, or ky for

the case of the absorption calculations. In our numerical

o
calculations, we have chosen 500A as the value of the transverse

correlation length a which enters g(Qy). The real and Imaginary

parts of €(w) have been extracted from the analysis of the

optical properties of aluminum by Ehrenreich, Philipp and

Segall(13 ).
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We first consider the behavior of the roughness induced
scattering of light from aluminum. If we let f(s) and f(p)
denote the fraction of the energy scattered away from an incident

wave of s and p polarization respectively, then we write

f(s) f(s+s) + f(s*g) (5.5a)

and

f(p) = f(p»*s) + f(p~p) (5.5b)
where f(i+j) denotes the fraction of the energy of the incident
wave of polarization i1 scattered into the final state of

polarization j. Of course,

£(i+j) = j aq, ﬂ(%ﬂl , (5.6)
S

where the integration is over solid angle with osiesf;ﬂ/z, and
the df(i»j)/dQS are the differential scattering cross sections
presented in Egqs. 2.69)- (2.72).

To present the results, it is useful to introduce dimensionless

quantities R(i+j) related to the f(i+j) of Eq. (5.5) as follows:

£(143) = 62a2(g)4 R(i+j) . (5.6)
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In Fig. 2, we show the variation with angle of incidence
of the two functions R(s2*s) and R(s-p), for a photon of energy
7eV incident on aluminum. The two functions are comparable
in magnitude, and they both fall off smoothly and monotonically
with angle of incidence.

In Fig. 3, we show the behavior of R(p-s) and R(p~p) again
for Aw = 7eV on aluminum. The behavior of R(p-+*p) is quite

striking, since it exhibits the pronounced broad maximum centered

about 8 ~50°.
o

In Fig. 4, we illustrate the variation with angle of incidence i

of the total reduced scattering efficiencies R(s) and R(p), .

defined by

f=o]
~
i
~
|

R(s+s) + R(s-p)

and 1

R(p) = R(p~s) + R(p-p)
The broad shoulder in R(p) reflects the off-center maximum in
R(p-+p) illustrated in Fig. 3.

In Fig. 5, we show the variation of R(s) with frequency,
for three angles of incidence. The fact that R(s) decreases
substantially as w increases means that the total scatiering
efficiency varies with frequency considerably more slowly than

w4. Of course, this comes about because €(w) is strongly

dependent on frequency in this region. Notice that at normal ¢
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Incidence, R(s) displays a feature at the bulk plasma frequency
(1)

;. wWhere
“p ere €

8 = 40°.
(o]

(w) = o. This feature becomes small by the time

We next turn our attention to the roughness induced absorption
cross section. We introduce dimensionless measures of the
absorption rate Aij similar to those employed in the scattering

calculations through the relations

féS) - 52,2 (%‘r [Asp - Ass] (5.7a)
and
f;p) 22,2 (%)“ [Aps .\ App] (5.7b)

The function Aij 1s a dinensionless measure of the contribution
to the rate of absorption of radiation of polarization 1 through
roughness induced coupling to final states of polarization j. In
the general expression for fQS), Asp comes from the contributions

proportional to sinzms while Ass comes from those proportional to

coszws. In fép), A arises from the portion proportional to

ps
2
sin Py and App from the remainder.

In Fig. 6, we show the angular variation of ASp and A for

pp’
the case where hw = 7eV. Note the similarity in the dependence
on angle of incidence to the variation with 90 of the reduced
scattering cross sections Rsp and Rpp. The solid 1ines in the

figure are obtained by fully evaluating the integrals numerically,
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and the dashed lines have been calculated from the approximate
expressions presented in Egs. (4.10) and (4.16). The agreement between
the analytical approximation and the full calculation is

remarkably good at 7eV although for reasons discussed below,

we will see it is less good at both lower and higher photon
energles. At 7eV, we find both ASS and ApS are quite small, of

the order of two or three percent of ASp and App at all angles

of Iincidence.

In Fig. 7, we present calculations similar te those in
Fig. 6 for ww = 9eV. The agreement between the analytic
approximation and the full calculations 1s now less good than that
at 7eV. We believe that the reason why this is so is apparent
from the form of the integral over ky in Eq. (4.8). One sees that
the width of the resonance in the integral scales as 6(2)(w)/
[Ié(l)(w)l = 1]2 . As w increases, IE(I)(w)I decreases until
at = 10.6eV, the surface pPlasmon energy in aluminum, IE(I)(w)|
approaches unity. Thus, even though 6(2)(w) may be small, as
W Increases the simple Lorentzian approximation to the structure
of the integrand in the full expression for Aip becomes less good.
At 9eV, both ASS and ApS remain a very small fraction of the total
absorption rate.

In Fig. 8, we present the frequency dependence of the various
contributions to the roughness induced absorption rate, for the
case of normal incidence. The results of the numerical calculations
are shown as full lines, and the analytic approximation as a

dashed line. The roughness induced absorption rate falls off
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dramatically as one passes through the surface plasmon frequency

at 10.6 eV, and one can see that while the analytic approximation
represents the trend well, the agreement with the full calculations
1s semi-quantitative, with discrepancies of up to 50% in the

range of energies displayed in Fig. 7. Note particularly that

the analytic approximation falls below the full curves below

7eV. We ascribe this to the fact that at these lower energies,

roughness induced absorption by free particle-~-hole pairs

becomes a significant fraction of the total, so the picture which
assigns all the absorption to roughness induced coupling to j
surface polaritons underestimates the total roughness induced
absorption. In the figure, the importance of roughness induced
coupling to single particleexcitations is illustrated by the :
fact that ASS now contributes to the absorption rate significantly,
while above 7eV it represents a very small fraction of the total.
These calculations suggest that while the simple analytic
expressions in Egs. (4.10) and (4.16) provide reasonable semi-
quantitative estimates of the roughness induced absorption rates,
attempts to provide quantitative contact between theory and
experiment should proceed with the use of the full expressions.
In this regard, the calculations presented here should place the
analytic approximations in a most favorable light, since

aluminum is the metal most accurately approximated by the free

electron model.
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E Angendix

In this Appendix we outline the derivation of the elements

of the Green's function tensor Duv(f’i’;w)’ which is the solution

of the equation

2 2
{ € (z;w) L o5, - -—é-—_'+ ) vz} D (x,x';w)
'
4 6kv 6(5 X ), (A.1)
where
Eo(z;w) =1 z >0
= €(w) z<0 |, (A.2)

together with boundary conditions which will be specified below.

We begin by Fourier analyzing th(i’ x':w) and 6(x - x')

according to

, ey(xy - x'y)
DvX x"5w) = J——-ﬂ -

e d  (kywlzz’) (A.3)
(21‘[) UV ~l I

e

2 1k .(x - X '||) ;
wmrebm and x, are two-

dimensional vectors given by(k k ,0) and

The decomposition (A, 3) reflects the fact ,

(meﬂ,respectively.

that the system for which the Green's function D (x,x';w) is

e e N, RIS P 1~

being sought retains infinitesimal translational invariance in
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the x~ and y-directions, even if it has lost it in the
z-direction. Substitution of Eqs. (A.3) and (A.4) into
Eq. (A.1) ylelds the following set of differential equations

for the Fourier coefficlents duv(&nwlzz'):

(€ w? _ k2 4+ dz) k_k ~1x 4 d_d. d
o 2 y 2 Xy x dz XX Xy XZ
c dz
2 2
w 2 d _ a ;
kko (€ =2 ky + ;;5) k42 doy dyy A, é
-1k -4 Sk 4wl k2) d_d_ d 5
x dz y dz o .2 I zZX zy @ zz .
;
:
3
100 ]
= 41 8(z-z") 010 | . (A.5)
001 :
:i

At this point it is convenient to exploit the isotropy
of our system in the xy-plane by pre-multiplying and

post-multiplying Eq. (A.5) by the matrices §(5") and §_1(5”),

respectively, where

k. ko ke =k, o |

1 =l 1 g

= -— S = me— o

S(ky) Ky ky k o [, S (ky) Ky ky k. o |  (A.6) 4
o o Kk o o ky
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(The matrix S(k;) is recognized as the matrix which rotates
. the vector (kx,ky,o) into the vector (kj,0,0).) The result of
; this transformation is the simpler equation
] 2 2
: d d ,
1 e Y. 4 < o -1ky — g g g
: o2 4z dz *¥X °xy Sxz
4 | 2 2
‘ W " d
o € =5 - kj + — o g g g
o c2 dzz YX Cyy ®yz
wz 2
; =Ky dz a En ;§ = ki E2x gzy €2
l.-:
!
] loo
= 4nd(z~2"') olo (A.7)
ool

for Fourier coefficients guv(k"w|zz') which are related to the

coefficients dykywlzz’) by

ry '
duv(5||w|zz ) = Z, gu lvl(k"wlzz )Su /“(’}5||)Sv/v(}£||) : (A.8)
iw'v

In what follows we will obtain only the coefficients guv(k”w|zz').
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We note first from Eq. (A.7) that the functions gyx and

gyz satisfy homogeneous equations

wz 2 d2
otz - d e 3) m e h.90
2 2
w 2 d -
(EO ;“2' k" + -d—zg) gyz 0O J (A.gb)

The functions gxy and gzy satisfy a palr of coupled homogeneous

equations
L d
€ + ———-) g - iky — 2 =0 (A.10a)
627 dzz Xy dz ®zy
d wz 2
’1kH‘aE gxy + (to ;5 = k") :zy =0 . (A.10Db)

These four functions therefore vanish. We are thus left with

the following sets of equations to solve:

wz 2 d2 7
(Eo_z"k" +“’§) gyy=4“5(z-Z) (A.11)
c dz
wz d2 d
U= S = . = - ]
(eo'c'i L dzz) Byx ~ LKIl gz Bpyx ~ 4T0(z - 27) (A.12A)
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d w2 2
-ik 3z Bxx + (Eo g = k") B,y = © (A.12b)
c
) d2 d
€ —5 + -——)g -iky =-g__ = o (A.13a)
( o c2 dz2 XZ dz ®°zz
wz ]
-1k 3z Bxz (Eo ;5 - k") 8,, = 4nd(z - z") . (A.13Db)

From Eqs. (A.11) - (A.13) we see that we can regard the Green's
functions Byx ) gyy’ and Byy AS the primary functions to. be solved
for, since the remaining functions €,x and 8,, Can be obtained
from Byx and Byz respectively.

We must now consider the boundary conditions which supplement
the differential equations (A.11) - (A.13). They are of two
types: (1) boundary conditions at z = + eo, and (2) boundary
conditions at the interface z = o. For the former we assume
elther outgoing waves at infinity, or exponentially decaying waves
at infinity, depending on the values of ky and w. To obtain the
boundary conditions at the interface z = o we proceed as follows.

It is straightforward to obtain from the Maxwell equations
in the presence of an external current leXt(g,t), in a gauge in

which the scalar potential w(x,t) vanishes,

_ 4m .ext
VXE—'—C—)Z +

Ol

.E’ vxE:—

O
1 §=-1

(A.14a)
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_ 1 -
H=vxa4, E=-24, =0 (A.14b)
B=H, D=€¢ E , (A.1l4c)

that the vector potential A (x,w) 1s related to the external

.ext

current JB (5,w) by

A (x,w) = - < T jd3x D __(x,x';w) jeXt(x',w) , (A.15)
where Das(z;z';w) 1s the same Green's function as appears 1in

Eq. (A.1). It follows from Eqs. (A.14) that the electric and

magnetic fields induced by the external current are given by

Ey(xow) = - 2 5 a3y Dy (X,x " 5w) 35%F(x’ ,u) (A.16)
c B
= _ l d 3. . ‘, .ext ’
Ha(i’W) S & EGBY'g;E Jd % Dy6(5’5 ,w)J6 (x’,w)
(A.17)

The boundary conditions on Das(f’fl;w) follow from the continuity
of the tangential components of E and of §, and the normal
components of D and H across the plane z = 0. Since geXt(g,w)

1s arbitrary, we see that the followlng quantities must be

continuous across the plane z = o, for B = x,y,z:
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yB y

(A.18)
2 D__(x,x':w) - B D _(x,x':w) (A.19a)
3y "zB ~’'~ 3z “yp ~'% !’ ’
- D__(x,x':w) - 16 D (x,x':w) (A.19b)
9z "xB R'R ! ox “zB '~ )
a I. ___a_ ?
?x Dyp (X, 5w) 3y Dxp (X:%";w) (A.19¢)

In writing the third of the quantities in (A.18) we have assumed,

for greater generality, an arbitrary position-dependent dielectric

tensor Eaa(x;w) which, however, still possesses a discontinuity

across the plane z = o. The boundary conditions which follow

from the continuity of the six quantities given by (A.18) and

(A.19) are not all independent, however.

With the aid of Eq. (A.3) we find that these boundary

conditions translate into the following conditions on the Fourier

coefficients d,,&Kiw[zz'). The quantities

dxa(ganZZ') » doglw|zz’) EO(Z;w)dZB(guwlzz’) (A.20a)

' d '
ikdeﬁ(lfS“wlzz ) - E dyB (E|IwIZZ ) (A.20b)
d ’
‘a; de(l’g”wIZZ ) - ikx dzB(l’g"wIZZ’) (A.ZOC)
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ikxdya(guwlzz ) - 1kydx6(5"w|zz ) (A.20d)

must be continuous across the plane z = o. Note that the first :%
two conditions imply the last, which will therefore be discarded
i1n what follows. We have also assumed a z-dependent, scalar
dielectric constant in writing these conditions, the situation
appropriate to the problem at hand.

To obtain the boundary conditions on the functions
guv(k"w|zz') for which we are solving, we must combine the

conditions (A.20) with the inverse of Eq. (A.8),

UIZV' SLlLl,(l"(‘") SVVI(E")du;V/(E"wlZz') " f

(A.21)

[
guv(kuwlzz )

and the differential equations (A.5). For example, we have that

=L (2 2
By k% (kx dxx + kxkydxy + kxkydyx + ky dyy)

Since each term on the right hand side is continuous across the

plane z = o, we obtain the boundary condition

Exx Io— T Bxx lo+ ) (4.22a)

In addition, we have that {
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k k
d . 4 L Yk 4L 4
dz Bxx k% (kx dz dxx * ky dz dyx) * k"(kx dz dxy f ky dz dyy)
ik
=X -k A -tk S d )
k dz "xx y dz yx ;
I
]
+1EZ(- ik, L g -1k La )
k% x dz “xy y dz “yy
=L k- (zw) Y 2)@ rk d )
k% 1 E Z;W c S zx y Yzy )

where we have used Eq. (A.5) in going from the second equation to
the third. Multiplying both sides of this equation by

-1
€, (Z5w) [k% - EO(Z;w)(wz/cz)] we obtain

€ (z;w)
o d _ 1 .
- T W Exx T2 [k €0 (Ziwdd, + ko€ (ziw)d,y
- eyl |
kj GO(Z,m) 5
c

et

According to (A.20a), the right hand side of this equation is
continuous across the plane z = o. Thus we obtain the second

boundary condition

——
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2 dz gxx|o+ . (A.22b)

= A.22c
Eyy Io» Eyy Io+ ( )
d - d
.d_Z gyy I o- dz gyy I o+ (A. 22d)
Bxz lo- = Byz |o+ (A.22¢) é
€ €
o d _ . a4
2  dz Bxz lo- 2 dz Bxz |o+ . (A.221)
kﬁ"eow_z kij- €, %5 ,i
c c

Equations (A.22) constitute the boundary conditions at the plane
= | .
Z 0 on the primary Green's functions gxx’ g , and gxz.

In solving the differential equations (A.11) - (A.13)

el A L il b e Lk

the following two results are useful for obtaining the particular

al

integrals:

i A s g

e

eialz-z'l . 3
_Z-T— = G(Z - Z ) (A.23a) 4

133




2 ’
d 2\ 1 io|z-z'| TR | s
(;;2 + o ) 5 € sgn(z-2z") iz 6(z~-2z") . (A.23b)

We illustrate the determination of the guv(k"wlzz,) by
working out gxz(k”wlzz'). We assume first that z’ < o. On
combining Egqs. (A.13a) and (A.13b). and recalling Eq. (A.2),

we find that the equations satisfied by this function are

(-£L§ + k2 8., - © z>o0 (A.24a)
dZ £
2 2
-d—2 + kf) By, =~ 1k —430—5 -&dZ 8(z-2") z<o , (A.24b)
dz - € (ww

2 3 2
2 2
k = (!g - ku) £5 > Kj
C C
2,14 2
=1(kﬁ_w_2) Yoo x? (4.25)
C C
2 3
2
k2 - . (e( ) fﬁ = kﬁ) (A.26)

The choice of the sign in Eq. (A.26), together with the fact that

Idm €(w) > o, ensures that Jmk1 < 0.
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The solutions of Eqs. (A.24) can be written in the forms :ii
" ikz .
Eyr Ae Zz >o0
2nc? -1k |z-2z’| : ik z 3
= iky == ¢ 1 sgn(z-2z') + Be™1 z <o, :
€ (w)w

which, in view of Eqs. (A.25) - (A.26), satisfy the boundary ]
conditions at infinity. We now apply the boundary conditions

(2.22e) and (A.22f) to obtain the following equations for the
coefficients A and B,

k“c ’
A=B+ 2 5 e ¥12
€(w)w
2

k,A kyc ’ 3
1 Il ik.z :
k@ - B - 2ni — e 1 3
k€W € (ww? . i

In obtaining the second equation we have assumed that z’ % o.

We thus find that

K ik .z’ *
A - — e 1 3
w2 k) =€k ;
2ikjc® k) +€(w)k e ﬁ
B = - =

= e 1 ’
E(w)w2 k) - €lwk

from whence it follows that
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f 4TTik||Cz
gxz(,li”wizz ) = - w2

k ikz + ik.z’ p
kl-'E(w) 1 z>0,2 <O

2
2TTik||C k +E(UJ)R ’ n !
- . 1 Gk (z+2")_ -1k |z -z’|

ew)w? ky-€elwk

sgn(z-z')}

z <o,z <o

When z’ > o, the equations obeyed by gxz(k"wlzz') become
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The solutions satisfying the boundary conditions are

2ﬂ1k||c2 kl +€(w)k

' L ik(z +2z')_ ik|z-2z’| _ ,}
€y, (kiw|zz") " K, T €@K ° e sgn(z-z")
z >0, 2 >0
drikyc? K
__ amige 1 Jlkgz t ik’
w2 k, - €(wk ’ :

All of the remaining Green's functions can be obtained in the

same way. The results of these calculations are summarized below.

ry - _4ni ikz + ik.z’ z>0, 2z' <o
gyy(kuwlzz ) K-k © 1
k, +k ’ ’
_ ani {kl—k Lk (z+2") | -1k [z -z |} seat, =D
1 1
k, +k

! !
_ 2ni { 1 glk(z +27) eiklz-z ‘} z>o0, z' >0
k kl-k
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ik.,z + ikz'’
=k4ﬂ-1ke 1 z<o, z'>o0
1
2 ’
| ; 4nikyc K ikz + 1klz ,
g, (kywjzz"') = - - e z>0, z'<o
Xz w2 k, - €k
’
2n1k||c2 ky +€(wk 1k1(z+z') 1k1|z 2’| .
= - — e -e sgn(z - z )}
ew? ¢ K€k
z<o0, z' <o
’ ’
Znik"cz ky + €Wk ik(z+z') 1ik|z-2z’]| ’
= - - e -e sgn(z-z')
w2 k, - €(w)k
z>0, z'>0
2 '
4mikc kl 1klz + 1kz .
w2 k) - €k
4nikZc? ikz + 1k,z’
g, (kyw|zz') = : . e d z>0, z' <o
zz N : wz k; - €(wk ’
2 2 ' '
2nikjc k) +€W)k ik (z+2') -ik,|z-2’| P
= 5 m -E(w)ke ' +e } +—————2 5(z-2")
k€ (ww 1 €(ww

z<o, z'<o

2 2
_ 2nikic k, + €(wk eik(z+z’)_eik|2"z'|} m —2_4"02 6(z-2")
sz kl-E(w)k w .

z>o0, z'>0
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4ﬂikfc2 1 ik 2z + ikz’ )
= = e z2<o0, z >0
w2 k) - €(w)k
1 ' amic? kg ikz + 1k 2’ ,
gxx(kuwlzz )= = . K~ €WK e z>0, z <o

2 ' o !
2mik;c ky +€(w)k ik, (z +2z )- -ikllz-., |

= = e e }

eww? "k -€Wk
z<o0, 2z <o

TP, e R

1 2 k; +€(w)k ’ '
; 2nike 1 ik(z +2z") ik|z -z l} ,
3 = - >
. wz kl-G(w)k € te z>0, 2 >0
_ 4nike? k) eiklz+ikz 5 Zion alim
= , :
w2 kl €(w)k
,.anike® kg 1kz + 1k 2’
= 14
g, (kywlzz’) = N k] = €k © z>0, z'<o
2nik||cz k) +€wk 1k (z+2z') ~1h; |z~ 2’|
= - !
E(w)wz kK, - €WK e +e sgn(z - z )}

z<o0, z'<o
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2ﬂ1k"c2 k; + €k

- ik(z+z') ik|z-2z’| _ ,}
5 K €Wk © +e sgn(z-2z")
w 1
z>0, z'>0
i 4n1k"c2 K ik,z + ikz' '
1 = e . z<o0, z'>0
! 2 K - €@k :

We conclude this Appendix by pointing out that in addition to

the uses to which they are put in the present paper, the Green's

V1
have been presented here,also arise in the evaluation of

functions D v(5,5';w),whose Fourier coefficients guv(k“wlzz')

thermodynamic and double-time Green's functions, and correlation
functions of the electromagnetic fields in the layered medium
for which the present calculations haye been carried out.(14)

For exampie, we consider the retarded Green's function
R v m = . -
Dog (517Kpity ~ tg) = =100t = t) ([A,0x1t)), AgGeyt,)]) (A.27)

where ﬁ(f’t) 1s now the operator of the vector potential in the
Heisenberg representation, and the angular brackets denote an
average with respect to the canonical ensemble described by the
Hamiltonian of the electromagnetic field. The Fourier transform

of this Green's function can be written in the form
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it . =it

5y iw(t, - t,)
Id(t -t.)e 1 2R ap (X1 Xp ity = tp)

R . _
Dae(§1’§2’w) _

-]

= -fax1-e

-0

-ghx, Pyg (X1 %0 i%) (A.28)
x-w~-16

where. the spectral density pas(§1’§2;x) is given by

-BE
Pap X1 XpiX) = L L (m| A, Ge) ) (A g (xg) [ md e (x - (B - E )

mn

(A.29)

in terms of the eilgenfunctions |n) and eigenvalues Erl of the system
Hamiltonian; Z is the partition function. We can express the
Fourier transforms of several useful correlation functions in

terms of paa(ﬁl’EZ;x)' For example, we have that

iw(t

-t )
1 2
(Aa(x L (x2t2))

_id(tl

2npas(51,§2;w) (A.30)

Id(t - t.,) lw(t, - t2)<E ( )E (x.t.)) = 2 w? ( :
-5 1 2 € o X X2 2 - n :"Z pae 251)?52;“))

(A.31)
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The spectral density pas(il,iz;w) can be obtained in a

15)

standard fashion We introduce a function o: the complex

varlable z by

pas(fl’fz;x)

Bog (x1125:2) = -[ax(1 - e7BMX (A.32)

X=z

which coincides with DSB(§1’§2;w) for dmz>o0. (For Imz <o
A
DaB(xl’fz;Z) coincides with the Fourier transform of the advanced

Green's function.) Then we have that

1

TP = 1 . - D ‘w - io) |
Pap(X1:22W) = m 1 - o~ Bhw [6as(?£1’§2"”+1°) Dap (Xy:%Xgiw - 10) j -

(A.33)

The importance of the Green's functions Das(ﬁl’ﬁz;w) studied in
this Appendix for such calculations lies in the fact that

Dzyaloshinski and Pitayevski( 16 have established the relation

R
Das(;g,g':w) = hDdB(g,g';w), (A.34)

from which bas(x,ﬁ';z) can be obtained, and hence the spectral

density paB(i’il;w) and other useful correlation functions.
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Figure Captions

The scattering geometry employed in this paper.
The variation of the scattering functions R(s9#s) and
R(s2+p) with angle of incidence, for a 7eV photon
incident on aluminum. The transverse

o

correlation length a has been chosen equal to 500A.

Fig. 3. The variation of the scattering functions R(p+s) and
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