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SUMMARY

The typical features of the motion of a nonspherical aerosol particle are
discussed, an overall aim concerning its behaviour in systems of importance
for human cnvironment 1s stated and a prenminary objective of studving .methods
for gencration, size measurement,determination of concentration and assessment
of electric charge 1s set. Previous investigations in these lines are reviewed.

Starting with model shapes, there werc preduced by solution sproy-drying
almost perfect cubes or parallelpipeds and, by suspension gas atomization,
cylindrical pariicles of glass fibers. The problem ot the agglomerate size dis-
tribution obtained with the latter method of generation was studied experimentally
whereby it has been found that the Poisson Distribution can not be assumed un-
guestionably. Dispersion of powders by air turbulence was treated theoretically
and a computational investigation of the adhesional energy betwcenr two parallel-

Fipeds at various 'mutual oricntations begun. Prelimunary results have been
achieved.

The size parameters of the produced particles were determined 1n a - -
scanning electron microscope by a recently developed photcgrammetric method
of ohservation which proved to sufficiently accurate.

A way of asgessing the electric charge of a nonspherical particle is analyzed
in view of the specificity of 1its motien and the relation to the principal transla-
tional resistances brought out. The resistance tc slow motion of an ellipsoid at
Knudsen numbers much smaller than unity has been computed by the numerical T
integration of the equations of Oberbeck, thus conferring an extra degree cf

Lreciine o tne Aimulation of a |yt ]

~TH L.

The effect of Brownian rotation eon the translation of an aerosol particle
was discussed, a series of experiments in this line was set up, and results
which confirmed the direct relationship between the averaging phenomenon and
time achieved.

An anparatus for the determination of the principal resistances of & non-

spherical particle at variour Knudsen numbers has been constructed :ind a

mathematical procedure for the elucidation of results developed.
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I. INTRODUCTION

The dynarnical behaviour of solid, nonspherical aerosol particles is very
little known. In comparison wich the relatively well-studied case of spherical
liquad droplets, the motion of the former is much more complicated. Due to
a lack of spherical symmetry (Fig. 1), these particles manifest a drift in a
direction perpendicular to the acting force and, quite oiten, a coupled rotational
translational movement. In addition, they undergo like their spherical counter-
parts stochastic Browman motion which is caused by the incessant, fluctuating

molecular boribardment of the dispersing medium,

The regular movement of solid particles can be formulated in terms of
intrinsic tensors of transiation, rotation,and coupling that are defined for the

continuous regime, zs an example, by (1)*

- F 3 3 5
I-th = - r(. U AN UR + LR. ) ) r1]
- :‘ - : T
TR’h :-}-L(_ch.) +CR' Ve ) , L2171

3 - —\“'9
wmdvu, fdt = [ v LR SN
R b ) ,
- -
/ = T + - . M 1
dH, dt - Z T en i . (4]
! 8

The stochastic movement can be treated by Langevin type equations in which
- -+
a time-dependent force F{ t) or torque T (¢) are included in the right-hand

gide of LEgs. [3] or [4], respectively (2).

The Brownian and regular rotation of 4 nonspherical particle atfect its

resistance to translation through the change in its orientation with respect to

* Fer nomenclature sec Glossary

vl
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Fig.

Typical Photograph o1 Atmospheric suiu
Particles; Coal Dust,
(Taken from "Particulate Clouds™ by Green

and Lane, Spon, 1964, Plate 3)
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tire acting external ferce and arc quite detrimental for the phenomenon of

acrosol colleetion by various obstacles (3).

The principal resistances to translation and rotation at low Reynolds

nun hers are a function of the particle's geometric shape and dimensions; how-

vor, vory fidgucuny tae latizr can net he gven i terms of one or a few numbers
as 1s tiv: cose with spherical droplets. To satisfy the essential need of size
characterization, there has been adopted a variety of gecometric and dyvnamical
measurcs The first group containg the "projected area diameter! d"., , which
is derivcd fron o circle whose area equals that of the particle's viewed silhouette
(3); likewise, it includes the conceptually if not experimentally used "volumetric

equivalent diameter" d that is related to a sphere of an identical volume. The

v
second group is bascd on simulating significant features of particles' motion
by the movenient of simpler Ladies. It consists of measures such as the

Stokesian,

iy, or the uerodynamic dian.eter, o« (4), which are the diameters
of a solid sphere having a terminal velocity in the direction of gravity equal to
that of the actual aerosol particle and the density of the latter or a density of unity,
respectively. This group contains also the less known "rotationally equivalent
ellipsoid' which has the same radii of gyration about its principal axes as thosc

of the particle itself (5).

The problem of size specification of irregular particles is tied to the
choice of successful models; however, since no one of the existing approachs
does represent all the properties of the particle, it may he worthwhile to use
a combination that will furnish a satisfactory description. Thus, every solid
particle may be described by a set of numhers composed of the diameter of the
"volumetric equivalent gphere', the three axes of a translationally equivaient

and the three axes of a rotationally equivalent,ellipsoid.

Here one should note the specificily of nonspherical particles with
regard to the action of electric forces. Again, as a result of a lack of sphericnl
symmetlry, the real or induced electric charges on the sufrace of these particles
will be unevenly distributed and so, in the presence of external electric fields,

solid zcroesol particles would be subjected to additional torques.
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STATEMENT OF AIM

Similarly to many acrosol studies. we set before ourselves the ultimate
goal of determimnuy the deposition efticlency in systems which are important
for human environment Howcever, in view of the lack of basic knowledge on the
dynanmiical behaviour of nongpherical particles, we prefered to use a methodical
approuch towards this aim. Thus, in the first stage of the investigation, we chose
to deil with medel aerosols and begin a study for:

1. Establishing methods of generation

2.  Developing methods of three-dimensional size measurement

3. Assessing the electric charge of the particles.

The electric cherge can be determined by measuriag the motion of a
particle in a combineu gruvilational — electric field and utilizing thereatter

the terminai state equations (6)

- - 3 Y 3 2
F'8 + F'(-. = ,,l.((<'U‘. + CR-W) L]
- - 3 . 3
Tg.‘+ -T;l' f = ‘H ( fL 3 (u’ + CR' UR) [(’J

'y
- - , 2
which turn in the case of spin-free ( «v = 0 ) symmetric enough ( C, = J)

shapes into

R - 3 . |
my +L11l; = R N o v T 1]
In the latter case it is essential to know the translation tensor and hence,

L

one has to study preliminarily :

a. The principal transtational resistances of the particles at varioug
Knudsen numbers, Kn
b. The effect of the rotutional Brownian motion on the real trajectory.
The last obie * seemed tn iz Ul priuary importance as it reflected the statistical
nature of a particle's movement which stems from the random change of its

orientation (Chap VII b).
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It ought to be remarked with regard . » the general uge of a model that, though
simplitying matters enormously, it stie leaves one with the question of which
proportics are reprozented and ot what aoouraey

PREVIOUS STUDILES

a. Generation uf Aciusols

The formation of solid acrosols {for technical ande vescarch purposes has

been carried .ut by the following methods

1. Epray-drying of solutions and gugpensions (7, 8)

2. Powder dispersion by u turbulent gas (9)

3. Conudensation of vapours by vhermal or pyrotechnice means 10, 11).
The fina! product of these technigues is an acrosol of primary or agglon arate
particles whose initial size distribution /Jenends on the mechanism of ger. ra-

tion and on the immediare coagulation thereaftey,

Fundamantally, the processes of formation have been studied solely tor
solution spray-drying (12, 13) and vapour condensation (14). No direct inves
tigation hus been veported op production of upglomerates during suspension

spray-drying ot in pawder dispersion by air.

b.  Size Measuwrerzent

The sire detesrmimation ot ronsphericisl particles huas been perfornmed by
nmethods based on geometric meassures and operctionally convenient concepls.
The most widely used among the first e the "'projecied area diameter'” which
13 now determined also with some new instrumentation (19, 16). Among the
second is the "acrodynamic Hameter” widch can be measured with Stober's
spectrometer and similar gpparati (17, 18} or a suitable wind tunnel (19).
The "projected area dliancies” depends on the orientation of the micasured

paticie at the surface of collection and so does not constitute an jnstrinsic

property ‘20, 21, 22). Lately, a pheowprammetric way of viewing cach pacticle
from three directions of sight zna colonlating {te dintengions has becn proposcd

and checked (20).

o L il
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The acrodynamic dlameter is founded on the comparisor between the vertcnl

component of the overall velocity of tall and that of o sphere. Thus, {1 does pot

take into account the full complexity of the motion of a nonspherical particle
nor its  stetisudenl nature (Chap, Vil b). Due to the very nature of the move -
mend, it may happen that wdentical particles would be represented by various
acrody ounice diamelers, which shows one of toe inherent limltations in the model

ing proccdure.
¢.  Number Congeentration
The number concentration ot solid acrosols hos been mcasured by .

1. Colleetion of paorticles from o known volunie of pas with the aid of
suitable tilters (S35, 24) or impactors (2o, 26} and a subseguent
counting

- 2 Obgervation of Hebt cipnada praduced by indIvidnal nartioles that
stream at a measured vate wrough some sensing sub-gspace
in the Royco lnstrumaeits (27) and the Derjagin-Viesenko flow
tube (23)
3. Dark-ficld photography of the purticles contiained in a well defined

volume (29).

- d. Electric Charge Distribation

The electric charge of nonspiwerical acrosols has been determined mostly by -

1. Measuring vhe veloeity of individual particles in a uniform electric
ficld (50)

2. Ascertuining the mobility and some convendent size aeasure ot
particles which pass in a lamiuar {low through o suitable cdearic
condenser.

Here, agatin, thorve has been paid no atten fon to the aforementisued compiexity
of motion and what has been deduced from these two methods has been only the

Stokesiun ¢r aeredyuamic diameter,




IV. MODELS AND METHODS OF GENERATION

a.  Sprav-drying of Solutions

To produce particles of a simple shape we experimented first with
2. 44 M aqueous solutions of sodium ¢l oride. The apparatus emploved con-
sisted of a Dauirebande nebulizer (31) and a 210x107%x100 cm evaporation
chamber (Fig. 2) in which the spray-drying was performed. Using this
technique one is confronted frequently with clogging of nozzles by a dried-
up crust of salt; however, we overcarne this difficulty by incorporating in

the sprayer air line a train of wash-bottie humidifiers (32).

The duy particies were sampled with the aid of a thermal precipitator
(Caselia, Loundun) in - bich special arrangemeni was made to a ‘commedaie
stubs of a3 scanning electron microscope (Fig. 3), and were observed there-
after in the latter. The collecting surfaces were prepared by cementing to
the stubg thin coverglasses so as to get a smooth substrate. The produced
particles were found to be almost perfect cubes or parallelpipeds (Fig.4), which
was not seif-evident at all. In general, the shape of the dry residue from
an evaporating dropiet would depend on an interplay between the rate of
aiffusion of the solvent into the surrounding gas and the rate with which the
goiute molecules ad}usi themselves on the firstly formed solid nucleous or
nuclei. Thus, under conditions of high supersaturation, one can get from the

same sodium chloride material almost ideal spheres (33).

The initial size distribution of the particles is related to that of the

primary sclution-droplets and the concentration of the salt by
L&) 2 h (5 (8]

where v= A, (‘u/’CfIS) «ad A, 1is a constant of the crder of unity. One
should note though that the density of the residues is not necessarily equal to

the density of the bulk erysial and so has to be checked.
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Fig. 2.

Block Diag~am of the Spray-drying Apparatus Used for Solutions.
A - Nebulizer, B - Evaporation Chan'ber, D - Dricrs,

I-‘l. 1’-‘2 - Flowmecters, H - Humidifiers, 1 - lmpactor,

Ml' M2 - Manometers, T - Thermal Precipitator.
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Fig. 4.

Sodium Chloride Purticles (Gold Shadowed,

Totai Magntiicaiion - 8335)
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b. Spray-drying of Suspensions

b

This method was emplayed with a suspension of glass {ibers that was
prepared by mashing a filter mat (Whatman, GF/C Glass Fiber Paper) scaked
in demineralized water. The suspension (1.10 g/l) was spray-dried in an
* i apparatus (Fig. 5) consisting of a modified Dautrebande Spraver A equipped
4 with an adjustable impactor (34), and a drying column B. "t'he formed parti-

cles were sampled by gravitational sedimentation on stubs prepared by the

" :‘MWMMMMMMmwmmﬂmm‘MMMMM‘W@M 1 ittt i o s 1 wsct b M\MWMM\

technique 1..cntioned above, and then observed in the scanning electron micro-

scope. The particles were seen to be cylindrical in shape (Fig. 6).

Comparing the typical size of the (vlinders with that of the suspension
droplets, there arose the question of the physicai accommodation of the large
fibers within the latter. It may be interesting to inquire into the problem by

a suitable serirs of experiments, but this was postponed for the future.

Another point to investigate was the agglomeration of primary solid

é’ : particles which was due tothe presence of more than one "primary" in an -
P . ’
Poe evaporating droplet. -
(i} Check of the Poisson Distribution

; & Up to now it has been assumed that the probability of a suspension-

= drcplet to contain n primary particles is goverr.«d by the Poisson Distribution

g (35 - 7)

P - -m =y

femy =TT S [4)

where 11 , the first moment { - the arithmetic average) of the number con-

Ll

centration, is given by

" o= (’1/3) nwor a 1191

- L -

St el

This has been also the guiding formula for performing the necessary dilution
of the bulk suspension in order to obtain pedominantly single particles.

The assumption of a Poisson Distribution is mathematical in nature;

Db ot UL

thus, as the physics of liquid disruption and the distribution of "'primaries"

T
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Fig. 6. Glass Fiber Particles (Gold shadowed,

Towal Magnritication - 3666)
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within the droplets could conform to different laws, we thought it worthwhile

to check the point experimentally.

A

The experiments towards this aim consisted of spraying an aqueous

suspension of Polystyrene Latex particles (Dow Chemical Company, Bio-

ik and ol

physics Department, Midland, Michigan) in a saturated humid atmosphere,

and then collecting the sedimenting droplets on a mixture of Dioctylphthaiate

(DOP)-Diethylphthalate (DEP) which embodied them and prevented their

3l M e

evaporation (38). The collected droplets were photographed through a micre-

scope, the radii of their images measured, and the number of latex particles

g

in each one of them counted.

The apparatus employed in the investigation (Fig. 7' was composed of
a spinning top instrumernt A {Reaserch Engineers, London) which was en-
closed within a chamber humidified by a hot water bath B, a hanging-drop
microscopic slide C that contained the DOP-DEP, and a bureite D from which

o, il iy s

an extra thin layer of the mixture was applied after collection to effect a
complete separation from air. The latex particles used were characterized

by a diameter of 1.305 um and a standard deviation of 0.0158 um. The ' -

by L

original suspension (10% v/v of solids) was diluted 2500-fold with demineral
ized water. To ensure that the photographed droplets would remain spherical

we adjuasted the density of the DOP-DEP to be a little smaller than that of

et sl 1

the la‘ex enuision so that each droplet settled down to the bottom in a time

ol

much greater than that needed for a measurement, It has been found that E

uging unclean micros. opic slides is advantageous as each suspension droplet

that sediments spreads out into a non-circular contour and can be dis-

cerned.
A typical photograph of a droplet immersed in 2a DOP-DEP mixture
is brought out in Fig. 8. The radii of the droplets used ranged between 15

to 50 ym and the average concentration n , deduced from actual counting,

was found to be invariable over the period of the whole series of experiments.
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Fiyy 3. Suspension-Droplet Immersed in a DOP-DEP Mixture.
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As an extra cautlon, the fraction of agglomerates within the bulk suspension

wes checked and seen to be negligible.

Results

The results from particle counts were grouped in the form of a
cumulative frequency I (n) expressing the fraction of droplets which con-

tained n primary particles,

Fl) =2 {(n )30 . (11]
A comparison between the found and expected frequencies is given in Tables
1,2, and 4. To check the fitness between the experimental resﬁlts and the
Poissonian Distribuilon we applied the x* -test whereby a value of 10.1
for Experiment Series 1 and 129.8 for Experimcent Series 2 was abtained.
As the number of the observed suspension-droplets was inevitably limited,
we normalized both the experimental and the theoretical cumulative fre-

quencies by dividing each one of them by the sum

bl

n.3 -
: : T F
P Fn) 2. (n) , (2]
g n. o
which seemed reasonable since essentially the m.aximal number of 2

checked "primaries'’ has been 3. The processed data is brought out in Tables .

3 and 5, from which the pertinent x? values were deduced tobe 5 9 and E

O g

111.9, respectively. The results are shown also in Figs. 9 and 10. The radii
of the suspension-droplets pertaining to Experiment Series 1 were measured
directly under the microgcope with an accuracy of ahout 10 %,whereas the -

determination of the image-radii was carried out with an accuracy of about 2 %.




Number of n
Droplets d(um) 0 1 2 3 4 g(r)
Checked F
£(nn),| 0.85 0.15 0.00 0. 00 0.00
26 16 - 3 0. 086
\"("-")t 0.94 0. 05 0.0l 0. 00 0. 00
(Mmn), | 0.50 0.36 0.10 0. 04 0. 00
28 20 t(nn), | 0.89 0.10 0.01 0.00 0.00 ; 0092
t7lt 076 | o.16 0.07 0. 00 0. 00
: i
8o 24 f(nm7) | 0.82 0.16 0. 016 0. 001 0.00 | 0264
} A4
'L("" n) | 0.2 | 0,18 0. 00 0. 00 0. 00
28 B ] 013 | 023 | 003 | oo00a| o000 %2
s

£(n,7)e | 0.69 0.24 0. 04 0. 03 0. 00
t(n,7), | 0.629 0.291 0. 067 0.010 0. 001

i s R ]
-3
[+ -]
[X]
X
(=}
(&
I3
-3

fmn)| o0.45 0. 35 0.10 0. 05 0. 00
20 % $(n,n) | 0.52 0.34 0.1 G. 02 0.004 | O 068
tn,7) ! 0.36 0.44 0.16 0. 090 0. 04
5 25 40 fOn 5),| 040 0.37 0.16 0. 05 0.0 | 9082
4 (e 5). | 037 0.12 0.37 i 0.00 | 0.12
; 8 44 f(n,7),| 0.30 | 0.36 0.22 | 0.09 .03 | 0026
1 foih] 050 | o20 | vav | 020 | wwo
4 10 * NG| oz | 0ss | oz | o013 [ oo | % i

Table 1: Comparison between Differencial Frequencics
of "Primary" Occurance. Expcriment Series 1

( Q. =2.7x107 particles / cm3;

tora! number of checked droplets — 303)




ol B il

- 19 -
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n (“)e (n)t é
7 0 0. 66 0. 69 g
1 0.24 0. 20 E
2 0. 07 0. 06 :
- .
3 0. 02 0. 01
T T T T Tmm - -
4 0. 007 0. 002

Table 2: Comparison between Found and Expected Cumulative
Frequonceis of "Primary" Occurance. Experiment

Series 1

(Q= 2. Tx107 particles / cm3;
total number of checked droplets — 303)
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Table 3: Comparison between Found and Expected Normalized
Cumulative Frequenceis of "Primary"” Occurance.

Experiment Series 1

{Q =2. 7x107 particles /'cms;

total number of checked droplets — 303)

[~ _ -
n F(n F(n .
(M o ™), .,

— — - 4
0 Q. 67 0.72

A e
] 0.24 V.21

—_—  ——— -
2 0. 07 0. 06
3 0, 02 0.01
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F(n pﬂ
’ 200 423 T,

drogletrn droplets
0 0. 61 0.68 0. 54
1 0.26 0.26 0.15
2 - 0.07 0.1¢0 0.04
3 0.03 0.04 0.01
4 0. 00 0.01 0. 002
Table 4: Comparison between Found and Expect+d Cumulative

Frequencies of "Primary™ Occuranoe.
Experiment Series 2
(Q=2 69x107 particles /om3 ;

total number of checked dropletc— 439)
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F(n)

e Sl 1

0 0.59

0.73
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1 0.26

0.20

2 0.10

0.05
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3 0.05

0.01
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Table 6: Comparison betwecn Found and Expected
Normalized Cumulative Frequencies of

"Primary"™ Occurance. Experiment Series 2

(Q=2. 69x107 particles/cm? ;
total number of checked droplets - 439)




t
E

- 23 -

I THII P M

CFR| s |

PR L T A

0.1

L XO

> Wy

001 o

A el g OO ) AR ot R 1 O RTOF 1w R, M A . P P MRS o TS 1 T S T

0.001 ' n ' ’ '

Fig. 8. Cumulative Distribution of Agglomerate Size .

i
1
; A
(Experiment Series 1, Table 2). i
1
e -~ Theoretical




;
[
B
E
4
{
}
t
t

il s il

Lo,

- 24 -

v Wﬂﬂﬂwmhmu

0.1

001~

G M“‘:W m..mﬂﬂmummdw e

i 1 1 o A s Lo

0001

N
0

Fig. 10,

o - Experimentsal, @ - Theor -1

Cummulative Distribution of Agglomerate Size ,
(Experiment Serles 2, Table 4, 439 Droplets)




it e il

§ - 25 - E
i E = >
Discussion 3
R Tt - 3
I =
y k The conparison between the experimental results and the theoretical - é
5 - -4
§ expectations points out that the distribution of agglomerate sizes in our case : g
3 % of dispersion from n spinning top is significantly not Poissonian. This is i %
i f in discord with the study of Raabe (37). One should note that in general it is g
; not safe to match distributions according to their tails; so, any applicability R |
HE examination has to be regarded only as a test for a representative ma'he- E|
* , matical furmula. %
: The process of "primary" distribution within the droplets depends %
r £ probably on the mechanism of suspension disruption. It surely needs 5
E , further investigation especially to clarify the influence of particle shape. é
R The immediate conclusion,however, is that considerations of pre-dilution j
based on the Poissonian Distribution can not be relied upon unquestionably 5
H =
£ and need be checked in every case. E
:

c. Dispersion of Powders by Air Turbulence

In spite of its extensive use for a long time the dispersion of a powder

by turbulent gas has not been treated in a quantitative way. Thus, we thought

et 1 NI

it worthwhile to try a rough analysis of the problem.

If one pays atteniion to a powder-aggregate that is lifted into air by

L PP

turbulence and is subjected to the niutually opposing action of fluctuating

E
%
|

energy of motion (Fig. 11a) and adhesion between neighbouring '"primaries’, j
then one can formally write for the equilibrium dynamic state (39) ;
s
ET(tC\’i') = ):\" . i3] E

- The average fluctuating energy within au agitated aerosol in which local iso-

tropy is assumed, for example, can be expressed by

S R TR [

PP

o e et 3 o
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5
where V‘(Clﬁ) is given in
—_— 2/3
Prip - Yz 5 i
Py sy e C,H,I ILs]
for the case of 7 &< ]E’%[ <« L,
and in
a7 - > 2 '
viLG ) = 0O e Ct#/C ’J‘/g’) (e

for the case of | g &7 % being the scale of eddies of Reynolds
(s

[ZT
rumber i Dpossesing maximum energy-dissipating properties. The energy
of adhesion, on the other hand, has been calpulated under the assumption of

a Lennard- Jonees, seventh power law for the cases of :

a. Two spheres, or a sphere and a plane as an asymptotic instance (40, 41)
b. Two parallel plates whose area is large compared totheir separation (40)
¢. Two discs of infinite thinness (42)

d. Two parallelpipeds that are oriented parallel to each other (43).

The case of the parallelpipeds was further treated by us in a way wi.. . “he
mutual orientation was allowed to vary, which was thought to be signitic.
also for problems of sticking of particles that impinge on solid planes at an

arbitrary angle (44) (Fig. 11b). In Vold's study (43), the potential integral

E(‘L = - ,‘- <3:i Ai/"'f)‘{sldSL {iv]

Vv,

L, T

is written in cartesian coordinates as

cos el I cot e )

wllll Fal

-

A TR
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wherefrom she gets after two integrations

— '), ( 4 " oy gt , @ e e o ——
h"‘—--(‘{l A,.lfg)”” dx clj dutav L CRES (Fromndue

Ay e s -
T T e ( R )] [ta]

2 i nz 1 Bl 2
in which R = (x"-u") + (g ).

For the instance of two parallelpipeds having one face in the same plane

(Fig. 12), and for identical particles of length 4 , she obtains (43)

E. = - !Q;LJ” ,\\J_'_-"-l)jjfjdx" dj” e HAvr :( 'L/ N

L 3 0 1 o
(?':'l-fca)fez + R:‘: 1-a)1 1? ] L.(.)_‘

that was expanded in powers of ¥ /(< L togive

€, %~ (‘,.{.f ,\,L/z,)ffffdx"dg " (lu”dq"[(gn.cl’b.'?s‘)

n

o 2
SR 2 O S T

m=s

o AT 0y L b

sl

b !
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Fig. 12. Two Identical Parallelpiped Particles

in Various Mutual Orientations.
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Here we extended the mathematical treatment to include mutual orientation
of 0 £ # €12 (fig. 12 ¢). A part of the results for the adhesional
energy vs. 8 is presented in Fig. 13 but studies in this line are still in

progress.
(1) Dispersion of a Dry Power (Experimental )

Dispersion of our glass fiber powder was finally performed by a
vigorous :haking of the dry material and application of an air stream to
carry over the floating particles. The glass powder was prepared by sub-

jecting the commercially available mats to a cutting action of a 2 blade,

3 cm long flat propeller (ESGE, 100 W blender) at 10000 rpm for 3 minutes.

3IZE DETERMINATION

Naturally , the true size of a nonspherical particle would be specified
by the internally-based coordinates of its surface points. This is a difficult
task that can be accomplished essentiully in a number of ways (5, 29). The
method adopted by us wae vhotogrammetric in the sense that a three dimen-
sional pattern was infered from information of a two dimensional space.
Every particle was viewed through an electro-optical instrument from three

directions of sight (Fig. 14), the coordinateg of the

x:-(j) ] ﬁl—(‘]')

~ images noted and the data processed according to the equations (45)

‘ __(i/“‘,gvl)[(xi/Mb)f(xd‘/MJ-)]:XLIJ-‘ (223

/

;"j 2 (i/ 2 3m Lfi)[(XJ/MJ)_(XI/M‘)]: Y‘;J ’ f23]

/J. 4 (":I'J

3
i
%
E
i
El
i
3

bl . o i
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Fig. 13. Encrgy of Adhesion between two Parallelpiped
Particles vs. Angle of Orientation (Arbitrary Units).
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xo = X."I" C(J(.-F + YII'J SI." P ) [)—b‘}
Jo T 7 ",J' Sinp *YL,J' Cos P [26]
and £, = f,' i r27]
where ,:5 = ](/;],) - ( Oyt vL) , [ _1[ 2 and :} = v J

In our study we used the Hebrew University Scanning Electron Micro-
scope (Sterecoscan Mk IV, Cambridge, England) in which the secondary
emigsion mode was employed. Limiting ourselves to cylindrical particles
(Fig. 6). we had a relatively aimple ohject of deteymining only two para-
meters, viz. the length L and the diameter C . The particles were
collected on glass covered stubs, shadowed with gold up to a thickness of
a couple of hundred Angstroms, and observed from 00, 200. and 40°. In
the actual instrumental technique, the angle of sight was changed by small
increments while refocusing constantly on the image. Particle length was

calculated by the equation

kA UE

L= (R Yoy w200 = ()[4 Cay )

. /2
# A O MO G /15 = 7 B /1 M) ] [281

where A = L ('/5'771\71) + (1] we* o )]

and B, =L (1/sin’u,) = (1 Jeas*uy)]
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The diameter of the fibers was deduced from the (unvaried) projeclion C ()

perpendicular to the direction of length,

3 c=C /™ =C /M, L29]
] 40
1 1) Accuracy and Error Determination
a. Systematic Error Estimation
The perspective error which arises from unequal magnification of the
g fore and rear sections of an object, can be estimated by the correction
ﬁ terms (19) =
£
v =
= ~ o N/ =
. AR Y/ s 7 <
: h‘ = '\L - >\‘,J _ 24 o m. oLt -~ Sz ,_ji,i.‘,}_ ; V375 é;
2 W 2L, %
3 Rk, =Y - Y = »(A."'.,f.t\'} 'K' . (x. =) ‘71 "»Ot 1T o %
LT gty T TETT e N L34 : —
4 P L‘l 2 L . =
. ; £ U X sy~ Yo cos vl E
TPV S O STREIER TR, [32] :
F 4 L
® 2
f
and
Moo o e )
¥, t/ ; i1 ;T e 1 - _;’V _1.\..'.,.5,,.2-’_.(_)_1. Lo 2ERMALL L [N
J L,

The tilt error that stems from a change in magnificaiion which is caugsed when
the axis of rotation does not coincide with the optical one, can be calculated

by (45)

e

(M‘/MJ): _L_-(i,xx(LzZooschmf(’%#/L;) b 20, . [
By~ Cfxif La) ot 2 0y + (% Ky [Lz) cosic AUy
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Under the operating conditions of our scanning electron micros:ope

o

L_";; w M

[35]

and 80, for the employed angles of sight and value of L, , one can neglect the

two above-mentioned errors.

e 7

A

b. Operational Errors

g SRR Y

The magnification of the microscope during operation was cons‘ant up to
gni pe g op :

1-1.5% while the specification of the angle of sight was accurate by 1,2°.

2. Results

MW o'l

As the algebraic sigiuof x; or x, could not be ascertained, we calculated

for each particle the possible values L'LJ , L‘: j related to various pairs of '
’, 4

angies, and decided upon the correct legth by {inding the watching pair (20)

J ML bl

Results of typical determinations are shown in Table 6. .

3. Discussion

The photogrammetric method seerus to be operative; however,in

passing from the simple shapes checked here to more complicated ones we may
expect new difficulties

Thus, the general problem of viewing the concave

portions of a surface as well ae its underneath sections can then arise (Fig. 15).

O R R R S MR

Also. the actual nummber of points whose coordinates have to be analyzed,und the

advantageous way of interpolation,should then be tackled.

In our method. the time necegsary to observe one particle from three
directions of sight 18 about 10 minutes, which 18 prohibitive for field purposes:

however, there always e: ‘~ts the possibility of interfacing directly the signal
data to a suitable compute..

N skt s 3.

i i L a1t L
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Ordinal Number Lia Lys Lys L. C
of paruole (t‘w) (r‘,m) ('4111) (,um) (f“")
33.9 35.9 21.1
1 14.7 14.8 14.9 14.8 1.0
69.5 71. 4 15.1
2 14,0 14. 6 37.6 14.6 1.0 -
21.9 12. 2 5
3 12. 3 9.9 12,3 0.90 §
4
Table 6: Typical Analysis of Results Acquired by Sighting the 3
Particle at an Angle of : 1 - 00. 2— 200, 3 ~ 40° 2
to the Normal of the Collecting Surface. §:
L — matched value of length E




VL

VIIL.

- 38 -

DETERMINATION OF NUMBER CONCENTRATION

No attention has been paid in the first period of study to methods of
determination of number concentration. The Derjagin-Vlasenko (28) or the
filtration-counting (23, 24) techniques appear to be appropriate and easy

to carry out. Consequently, we postponed this phase of study for more im-

mediate arnd pressing needs.

ASSESSMENT OF ELECTRIC CHARGE

The determination of the electric charge of a single aerosol particle
and, hence, the charge-size distribution was chosen to be performed by
measuring the velocity of motion in a combined gravitational and uniform
electric field. As pointed our beforehand, the application of the method to
even the simple case of a spin-free (3 = 5) , symmetric particle ( 8 = c:)”)
does require a knowledge of the translation tensor 2 . If one writes
Eq. [7] in an explicit form based on a system of cartesian coordinates
along the principal axes of translation X', 5' ,Z' and an external system

4 £ (6), then

3 - - .
Uy = Cfp) K™ (3 *?E): (.';"f") G K;L;'J“}.'K’l

-5

R -
Rk, ) (mg e« g 50)

-
L

[3¢]
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Fig. 15. Schematical Description of-a "Problematic™ Particle.
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VI. DETERMINATION OF NUM. _.f CONCENTRATION

No attention has been paid in the first period of study to methods of
determination of number concentration. The Derjagin-Vlasenko (28) or the
filtration-counting (23, 24) techniques appear to be appropriate and easy
to carry out. Consequently, we postponed this phase of siudy for more im-

mediate and pressing needs.

VII. ASSESSMENT OF ELECTRIC CHARGE

The determination of the electric charge of a single aerosol particle
and, hence, the charge-size distribution was chosen to be performed by
measuring the velocity of motion in a combined gravitational and uniform
electric ficld. As pointed our beforehand, the application of the method to
even the simple case of a spin-free (& = 0) , symmetric particle ( 8 = g)
does require a knowledge of the translation tensor 3 . If one writes
Eq. {7] in an explicit form based on a svstem of cartesian coordinates
along the principal axes of translation x', 3' , Z'  and an external system

*i 4 £ (6), then

3 ..
Yo k'i’f‘) K ('mh‘?"j):('f‘-)\:zl\;L+3"J' Kzl
- ) . -3
KR Kjl)o('msk qu?) [30]

Al ki B
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3

or

. 1 (‘)».),:"Uw:(l/H)LeiL(eglms'eatS}’E)Kl
cok

- 8, (&, my v fiz?E) Kz'i + t’,m(f33 me + tfu?E) )(3'1]/ [31]
[ Y s - N, -1

; w.,,>3=‘;-uw=o,ra)L€1.. (ejl’Tﬂf)fe“_?t)'\]

t

)y
| - ., R - -1 ) .
i 1 O e *L.;'L?‘;) s +L7.25((3,‘m5 Lt“?E)Kal] [33]
o
o

{

and

nd e d 1 e . - -L
<U'°)z =k.u, = (‘I' ﬂr)[ 3L (e:u mS o+ €u ? Ll) Kx.

b
L ; Sy L e E) e
E t 832 ((31""?» + 611 ? t) Ky + 53;(633 mg + C.a ? E) Kg 1_1. [31]
b
F
E where E;I 4 is the cosine between the coordinates axes ¢ and J" ,
{ etc. In principle, it 18 possible to determine both the charge } and the
? i mass ™M of a simple particle after the rate of motion | O’wl is measured

|

‘ at two orientations CD:., *. and szl %, (Fig. 16).

The theoretical calculation of the translation tensor has been successful
with regard to a sphere (46~48), a spheroid (47, 48) and an infinite circular
cylinder (50), at Reynolds numbers much smaller than unity and for a con-

tinuous medium ( K. << 1 ). The case pertaining to a molecular regime
( K»n > 1 ) has been computed in relation to a sphere (51), an infinite cylinder,
| .. I e .- P [ e
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16.

Schematical Description of a Nonspherical Particle
in a Gravitational-Electric Field.
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a spheroid,and a cube (52). The extremely important situations concerning
slip and tramsition flow have not been subjected to rigorous treatment and

only an approximation procedure exists (53). E

a. Resistance of an Ellipsoid to Creeping Motion: at Very Small

Knudsen Numbers

The translation tensor of an ellipsoid at creeping flow conditions and in

a continuous medium has been calculated by Oberbeck to be (54)

3 ) /‘*'* L 2> -
K= 16wab [< . L/()L; Fﬂ.d‘,)> L\J‘J//(xuw- (},J’PO)>

+<;R/(I<,+ C:Lg‘o')>] [43]
where
Xy = a@cj d)\/((l2+)\)A} P, = a(’:cf cl)-,/(Cln\)(A/
0 0 §
w0 - ' :
Yo = G ¢ ¢ f ('IA/ (c3+2) A, x,:j’(h/gl and a:[(aﬂ-,\)(&“w\)(c’n\)ly‘,

These equations have been integrated only for the case of a spheroid as
mentioned above (47); however, since a general ellipsoid suggests an extra
degree of freedom in the simulation of a solid particle by that form, we thought
it worthwhile to perform the integrations of {40] numerically. These were

carried out according to Simpson's law using the Hebrew University CDC

6400 computer.

o . 1 e 1 ADIRHAAIS 4 4Jn 1 1 b 1M1 ] HEAT L T b 14T 11

Results

The results of the integrations are brought out 1n Tables 7 through 9

B T O T

and Figs. 17 through 19, where Ra/ Re and R. , defined by
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Fig. 18. Resistance of an Ellipsold to Motion in a
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Ry = (3/3) u(;c/( X, + @ ¥oly) [ura]
Re = (8/3) abe/(x, + 6*p,) [416]
R. =(8/3) aCc/(%*o“gf,) f41e] :

are th2 radii of a sphere having the same resistance to motion as an ellispoid
that translates along axis ¢, G or ¢, respectively. The accuracy of the
calculationt wus determined by a comparison between the values for rotational

ellispoids and those obtained by the analytical procedure (55).

Discussion

It turns out thut the accuracy depends on both the interval step
and the value fur the upper himit of the integrals; however, whereas the con-
vergence of the solutions as a function of aX is very fast, most of the problem
is due to the finireressofthe limit. The smaller the product « ¢ ¢ the lower
is the value of the upper limit which is necessary to achieve a specific accuracy,
or in other words, the groater the ratios /& and ¢/a , the higher should
be the sard limit.

The accuracy of tie integrations 15 of the order of 3%, which is suf-
ficient for our purposes. It can be increased but only at a coneiderable expense
of computer time.

From the results, one can gee that the influence of the asymmetry of the

ellipsoid may reach the order >f a couple of hundred percent.

b. Effect of Browman Rotation

The motion of a nonspherical particle may be complicated due to an inter-

action between translation and rotation which constantly changes the orientation
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2
angles. The interaction can be caused both by a fluid dynamic effect ( C X
3 ) and by the unbalanced impacts of the molecules of the medium which
bring forth a rotational Brownian movement. For some symmetrical forms

3
the first factor vanishes (e = 0 ) whereby the orientation of the particle

_becomes neutrally stable. On the other hand, the Brownian action does alwaye

remain,

The extent of Brownian rotation in a continuous fluid is given for a

sphere by (56)

‘N 22Dt :(ikT/grrfwrs)f‘ {421

1

and for a spheroid of &, » o, which turns about its equatorial axis, by

(56) "

9, = 2.0

el

4= al w/( 8T 6.0/ 3 (En(abajan - 25)]E, [43]

The times necessary to achieve a root mean square anglz of 45 ° are shown

in Tables 10 and 11.

From these tablegs it is immediately perceived how inherently stochastic

is the orientation of a nonspherical aerosol particle as well as its whole motion
(Equs. [37) through [39]). In essence, the movement of such a particle may

be cunsidered as a series of random flights of a variable step length. Thus,

»
The restriction to %1> @1 is not needed since one may use

for the mobility of a prolate ellipsoid the expr2ssion (57) :
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time in air at time in water

(pm) 1 atm, (sec.) {sec.)
0.4 0. 00028 0. 015
1 0. 0044 0.24
2 0. 035 1.9
4 0.28 16

10 4.4 240

20 35 1900

40 280 15000

100 44900 240000

200 35000 14900000

Table 10 :

Rotational Brcwnian Movement of Spheres.

Times (sec. ) Needed for a Root Mean Square

Rotation of 452 at 20° C (56)

e @b (1ML Ty
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C(pm)
0.2 0.5 1 2 5 10
L(pm) Air at 1 atm.
1 0. 00081
2 0. 0047 0. 0075
5 0. 054 0.074 0.102
10 0.36 0. 44 0.59 0. 81
20 2.5 3.0 3.7 4.7 7.4
100 229 267 306 358 435 810
200 1650 1910 2130 2456 3020 3680
water
1 0. 045
2 0.26 0. 41
3 3.0 4.1 5.7
10 20 24 _—hés —W;;- - _i‘_
20 136 168 204 260 410 i
100 | 12700 14800 17000 19900 24200 i 45000

Table 11:

Rotational Brownian Moven:ent of Rod Shaped

3
3
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( Ellipsoidal Needle-like) Particles. Times (sec.)
Needed for a Root Mean Square Rotation of 45°
at 20°C (56).
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on the conditions of a fast relaxation time 7 (55), one would have

- ~ 2
, = (U, 45
(UJ)"J"*‘{‘"‘*J <")w’tl [45]
and
? N t-J+A+J .
;2 j (W, o3 [4ed
!
where
> -5 ' z i ‘
(‘)J)"’,f‘ :(UJ)“’/"J ( @bd , 'P‘j ; H.‘./ KL, N3 ,?— b.let) ; [hi]
the orientation angles themselves determined by a probability function
- - K KK 3 i
P < C?ty @*1 oty ¢t‘,' ch'Myz x, K’-/ 3> . [

The averaging of the stochastic motion 18 still carried out by the procedure
(58, 59)

\7 = l?z .<-: 4 . *
» xfi/lj(@;,d,‘v"‘;,‘y).\‘j:tl“ [44]

however, a new way of caiculation has been lately suggested in a computational

(55) and theoretical (60) study where the velocity of the particle is expressed by

> - N R \ -
v, = I—h- { L/ \\d,’ k‘PJ—,'J WJ’J} } R [bO]

)
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On the experimental side of the problem, there has not been any quanti-
tative investigations related to the Brownian rotation of an aerosol particle,

Thus. as the phenomencn is of great practical importance, we set out to

perform a preliminary series of experinients.
(1) Experimental

Schematically, a typical trajectory of a sedimenting particle in a
neutrally stable orientation may look as shown in Fig. 20. So, one can expect
that, because of Brownian rotation, the overall drift of such a particle should
diminish with time. The extent of this effect constituted the aim of our experi-
ments.

In these experiments a model aerosol of glass fiber particles (Chap. IVDb)
was 1ntroduced into a sedimentation chamber A having for a bottom a diaphragm
with a centrally located, wedge-shaped hole (Fig. 21). Below the diaphragm
there was placed a scanning electron microscope stub B to whose surface a
cover glass had been cemented as mentioned above. The distance between the
stub a»A the hole C could be varied, thus affecting ' the time available for a
particle to change its orientation. The actual procedure consisted of sucking
into the chamber a test aerosol which gettled down under convection-free con-
ditions. After an elapse of sufficient time, the stub B was dissembled, gold
shadowed (Chap. V) and then observed in the scanning electron microscope.

To measure the "smearing out' influence of the Brownian movement, we
determined the maximal angle of overall drift ¥ (Fig. 20) by locating the
particle situated farthest from the center of the stub. This particle wus photo-
graphed from three directions of sight and its dimensions calculated according
to our photogrammetric method. Actually, since each measured particle
could have fallen through the diaphragm hole at points bounded by the two

extremes A and B (Fig. 20), the indeterminacy in ¥  amounted to

AY = tan " *(dp/he) - tam (g /h,) (513

%
3
3
3

p

Y b Ll b, e S .

|

t

A 0 i et e b T TP PR

ool wUHmm.MW\JM\MMMM.uhumh‘.‘l‘MM‘MU".\-mw\u‘,LLMM.AMWMMMMJLuJ‘ il 1

ki

o B o 1 o i

i, e

e it

vt 2 b, Tt et ]



o

- 54 -

NNy

-+ Particle

o
o
ALY

t STUB [

oot
( T I

d
9ty

o
p
-+

B8

Fig. 20 Typical (Projected) Trajectory of a Sedimenting,
Rotating Particle.
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‘Asa precaution, we checked the possible influence of electric charges on the
trajectory of the particles by comparing reesults first while using a dielectric
diaphragm and secondly employinga brass one. The pattern of the sediment
in the two cases was observed under a light microscope and the difference
seen to be negligible. The center of the stub was found by a simple geometric
way during observation in the scanning electron microscope. Also, the posi-
tion of the diaphragm hole relatvie to the center was ascertained by the aid
of a bulky deposit of talc particles which were aliowed to fall in the sedimenta-

tion chamber,

Results

The angles of overall drift were determined for various depths and
compared with the maximal deflections calculated from continuous fluid
dynamics according to (fig. 22) (61)

/2 <3 ¢(m (L C)
(fa,,w)tz(u,),o/(u;),,,z-.s-nch/[ w‘ﬂ = (__n<{/c) teosa 9] (52]

which gives
2 12
(T‘Qﬂ W)t m = @_!‘_1)_ (53]
! Ny -1

where

po. iz =3 (n(L/C)
P2 - fm (LC)

The results are presented in Table 12, in Figs. 22 through 27, and in the

summarizing Fig. 28.
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L(pm) C(pm) L/C (Tn-n A4 )4 (tan ¥ (tax \V)*m
, ho = 2.65 mm i
3
f 10.2 0.23 44.6 0. 04 0. 46 0,22
3
3%.6 0.47 81.4 0. 06 0.47 0.23
b
j 32.8 0 55 §9. 7 0. 01 0.43 0.22
1
4 50.3 0.30 167. 6 0. 07 0.49 0.25
27.0 1.18 22.9 0. 00 0. 41 0.19
1
Ei ho = 3,15 mm ;
*’ 14.8 0 96 15. 4 1. 36 1.71 0.21
3 . i
3 1
, 14.6 1.0 14. 6 0.13 0.48 0.16
123 0.88 14.0 0. 35 0.70 0.15
hO = 4,20 mm
7.6 0.34 22,2 0.10 0.36 0.18
E 6.6 0.47 14.0 0. 00 0.26 0.15
1 - i
1 z
i : 6.9 0.14 47.5 0.13 0.39 0.22
i 20. 8 1.23 16.9 0. 10 0.26 0.17 g
¥ i . E 3
| i
f E 25.6 1.68 15.2 0.13 0. 40 0.16
'
; Table 12: Overall Drift Angles ot Cylindrical Particles ;
for Various Depths of Fall.




Table

12 : (cont'd)
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L (pm)

C(pm)

L/C

(fwn V’)n

(thﬂn V) s

(Tam W?‘_}‘m

h

0

= 5,20 mm.

6.1

17.0

0.72

11.8

56.9

0.14

5.85 mam.

11.3

0.21

20.7

0. 05

21. 4

0.70

30.3

0. 08

0. 27

0.20

21.9

0. 46

54. 8

0.03

0.21

0.22

18.2

83.8

0,08

0.26

33.5

73.5

0.03

h0= 7.65 mm.

6.94

0.10

29.8

10.8

0.32

10. 6

42.6

0.70

1.1

0.49
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Table 12: (Cont'd)

)
L(pm) | c(pm) | L/ (tan v, (tam W) (tan ¥), .
h0= 10.75 mm.
3.6 0.26 13.7 0. 41 0.52 0.16
8.5 0.27 31.5 0. 42 0.52 0.20
h0= 10.9 mm :
7.5 0.88 8. 85 0.02 0.12 0.11
8.5 0.50 17.1 0. 00 0.10 0.17
j
13.8 0. 47 10.3 0. 00 0.10 0.14
19. 6 1.13 17.7 0.03 0.13 0.17

h0 = 10.95 mm.

9.8 1.11 8.8 0.02 0.12 0.11

10.1 1.25 8. ¢. 04 0.14 0.10

[
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Table 12 : {cont'd)

L (pn) C (pr) L./C

(TM v)n | (’ta‘n W)

a (f'an W’)*,"'

W M T T TSR .0 YT, SN P T S VNN DY 3 BB BT AP WU AT o

h =14.8
O15

10.

9

0.00

20.

Y

0.10

0. 03

; MM@MW.H ‘\IM 1uuxullwmMJMW‘JNMNMWWMW‘W‘Q ¢ ”“\!1‘MMWWW‘wmmu”w:mmm‘uIm‘\\Ml‘ﬂwhm‘iMwhm{‘ﬂxMWiiw

45 | 018 25.2 0.10 17 0.19
33.0 1.0 33.0 0. 03 10 0.20
h0== 16.35 mm

10.9 0. 32 34.3 0.11 17 0.20

13.1 0.77 17.0 n. 08 .14 0.17

5.1 0. 51 10.0 0.13 .20 0.13
| 5.2 0.19 26. 5 0.16 : .2; 0.19
L1217 0. 40 34.4 0. 04 i 11 0.20

4.2 0.28 15. 3 0.11 ' .18 0.16
'l 7.1 0. 34 21. 3 0.10 17 0.17
| 14,2 | 0.36 39.2 0.04 .10 0.21 J

W

<N o .

Wl o, 11

o T T [ T

imuw\[




. Thalann i i L pe . oA

- e g e

tan {

e A A EA Y 1 =

1 O 1 e S AT ot G R P T Iy ..

0.1 ]

T N
-

) 1_ 1‘_'1 ] | ! L1 1l I !

b 20 40
L/C

Fig. 23. Overall Drift Angle of Cylindricai Particles ve.
Ratio of Length to Diameter.

hy = 4.20mm., e ~tanY¥,, 0 -Tan ¥y a-tn Y,

MM s i

il \\B‘:\ﬂ‘\\m\‘ii &Mk

il

il

aill

e b A i s M A o, Wl v

umw.uhu.‘l-u.ﬂmlu.ﬂwwu '

vl el ad

o ot bt 3

i
bk el i 4

ot Tl o 1o i



- " Sy

- 63 -

tan ()
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L/C

Fig. 24. Overall Drift AnZie of Cylindrical Particles

vs. Ratio of Length to Diamcter.
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Discussion

From these results one sees that:
1. The overall trajectory of our cylindrical partilces 18 not in the direction
of gravity '
2. The maximal, overall drift angle i8 indeed decreasing with time

3. The "smearing out" of the orientatior effect is not complete even in t.mes
of the order of 10 - 100 sec., so that the distribution of overall drift angles
has to be taken i1nto account

4. The maxaimal, overall drift angles are occasionally greater than those

computed on continuous fluid assumptions.

The last finding may be ascribed to the "slip flow'; in which recistance to motion
is smaller than that calculated from classical fluid dynamics. If we express the

principal resistances of a cylindrical particle by the intermediate regime equations =

KEL = KZL (l+ﬁ" ¢/L) [54]
and
P -1 7 -
Ky = K, (l-rﬂb-e/C) [55] 3

where K, K, are the continuoug dynamics values and H‘w A; are surface-

dependent constants of the order of unity (62), then (6)

+ ,
az (tan V), /(tan Y% o

-2 P - 7 )
= ~_(..E.;:.;L<J'_)_(_K‘ 15""2'4) + K:;'ioos“‘(pl‘.__ [56 ]

(7= R (R i 1 )




Some typical values of o« are brought out in Table 13.

(i1) Motion of a Cylindrical Particle in a Liquid

At this stage we thought it worthwhile to check the continuous fluid equations
by repeating the set of experiments of part (i) in a liquid medium. The results
from these experiments would not be applicable to the transition regime but wouid
represent the situation for Kn <<y . The sedimentation cell designed for this
purpose consisted of (Fig. 29) a chamber A, a scanning electron micrcscope
stub B, ana a drainage arrangement C.

Experiments along this line are still in progress.

c¢. Detlermination of the Principal Resistances of Nonspherical Particles

From our analysis it seems that the logical way to study the movement
of a nonspherical particle is the application of a random flight treatment to the
constantly changing fluid dynamic resistgnce, and the employment of suitable

equations of motion for each time interval.

The principal resistances of solid particles have been determined theoret-
ically for a few cases of interest; no systematic, experimental investigation
in this area has been carried out. Thus, we started a study towards the measure-

ment of the resistances, which links with the second-year stage of the project.

Experimental

The apparatus constructed for this purpose (Fig. 30) consisted of a stereo-
sedimentation chamber A where it was possible to observe a falling particle
trom two directions of sight ( § = 120°), and a vacuum system B (Fig. 31)
with the aid of which the total pressure of the medium could be reduced. As the
mean free path of the gas molecules is inversely proportional to the pressure,
one may studythe role of the Knudsen number Kmn (= E/ L while keeping the
aerosol properties constant (63).

The trajectory of a falling particle was observed and recorded by iow-

magnihcation‘microscopes and suitable cameras G G2 (Fig. 31) (Olympus,

1)
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C/2 (pm) L (pm) L/(C/2) ¢ C) o
30 2.46
0.05 2.5 50 40 2.75
54.8% 3.42
i 30 2.04
|
0.1 5 50 40 2.19
04.8* 2.55
30 1. 77
0.2 S 25 40 1.86
54.8* 1.90
Table 13: The Ratio « for Various Cylindrical Particles.

A, ,As and ! areakentobe

0.9, 0.9, and 0.1 um, respectively.

* — Orientation of maximal drift angle

( \;’c’ w =19
fluid dynamics.
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Fig. 29.

Sedimentation Cell for Experiments on Brownlan Rotation in Liquids
(Schematical) .
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Fig. 30. The Stereo-scdimentation Cell (Schematicai).
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P M-6), the light source E was a He-Ne laser (Spectra Physics, Model 134-5,

- §mW), and the time scale device was an electronically stabilized chopper

(Ithaco, Model 382). A special problem was posed by the metallic vacuum

valves C,- C, which were finally made as shown in Fig. 32.

(1) Calculational Procedure

Due to the stereo-arrangement, the (three dimensional) trajectory and

terminal velocity of motion of a solid particle could be calculated unequivocally.

The velocity of fall is given here by (Fig. 33) *

<> PR 2 Fy 2 2 . .
vl :{UL +L(us son®g +u, 5in %2 - 2 Ur Uz 571 Sinas Cos 77'/3)/

1/1
sim?n/3] 5“""95} [57]
) - -L{ . 2 ES L. a
where A, = /2 - 3w [us >m°‘1/( Ug sim oy + Uy 517 0y
: "z
<= 2 UgVa smMoly Smaz Cuvs T/3) ] sm /3 } (58]

and vy, Uz, ws ., s are the magnitudes of the projected velocity and the
angles it subtends to the direction of gravity on the opiical image plane of

the microscope-cameras Gl and G, respectively.

2)
The angle g, (F1g. 33) is expressed by

p = cws P (ue s ay /] Tel) {591]

* gee Appendix
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so, the horizontal and vertical components would be given by

12
(Usda = I-J..:l s.n FL: (lt-l'wll- vt W&ldx) ! [60]

and
(‘jr.x - Vi won S . [(}I]

In the case of a cylindrical particle (Fig. 22) which changes its orientation during

fall and for a negligible relaxation time after each step (55), one has

.1 .1
‘ H:‘;}(‘)A\/JK,L = (Ki - W; ) sm ¢1~ Cos ¢1 I [62]
_1 : -1
(t"lmé)(u‘)oo 1= Ky 5‘"1@1 + KXo Q'O:‘Zq)"/ {e3]
. -1 -1 . :
(prdWdos = (K= K5 ) sim 9o o0 @y Ledd
and
' Vs -4 EX -4 < b
\H*s)(ui)w.z = Ky snd, o+ Ks Cos &g . [6:

-1 -
Thus, denoting K. = X, K, b Y, WUxda s = n: )y = R
(ut)w.‘. = B" (UE)W.I - BI'. Sem ¢1: ;L, P QL: 11, (’"“/’f‘):";

we get trom. Lys. [63] and [65)
1;2 < (f}-ﬂ)/()f - Y )J L%R]

2l s (B ) (XY )y [6¢ 8]
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which gives on substitution in [62) and (64]
(Bl_W)'“.(JX_B')UQ - 'q.
and

(8'-0) -8 = A"

or, after squaring and rearranging,

”

(X +Y) -3‘3)(_ Y = o'e B2 8

and

"

" P " ”1
FBU(X+Y)-oXY z=a+8"=4€

2
At this stage, designating ,)‘(X ~Y)= W XY= U,
we obtain from [69], [70)

FiIXayzW = (0-€)/(B-8") = o L11]
and

l)_LXY =V = B“"' (’,: o (7]

Finally, from Egs. (71} and [72] weé get a quadratic eguation for X which
can be easily solved. It should be noted that, for the cylindrical case,

K,> K, b andso X< Y,

Experiments with ihe sterev-sedimentatipn cell are being carried out now,



- 79 -

Vvi. LITERATURE CITED

1. John Happel and Howard Brenner, "Low Reyrolds Number Hydrodynamics, !
Prenticc-Hall, 19656, 5.2-5. 4.

AN o i o 1 R P ST Y T

2, Chandrasekhar, S., Stochastic Problems in Physics and Astronomy,
Revs. Mod. Physics 15, 20 (1943).

3. Benarie, Michael, Der Einfluss der Form fester Staubteilchen auf ihre
Filtriebarkeit, Staub 23, 50-5) (1963).

4, Davies, C.N., Size, Arca, Volume and Weight of Dust Particles,
Ann, Occup. Hyg. 3, 219-25 {1961).

§. Medalia, Avrom I, , Dynamic Shape Factors of Particles, Powder Technology
F 4, 117-38 (1970/71).

6. John Hanpel and Howard Brenner, "Low Reynolds Number Hyd»dynamics,"
Frenticc-flall, 1965, 5.7.

7. John H. Perry, Ed., "Chemical Engineers' Handhook,”" McGraw-FEill,
1950, Spray Dryers, pp. 839-48.

8. N.A. Fuchs and A. G. Suttugin, "Aerosol Scicnce" (C. N. Davies, Ed.),
Academic Press, 1966, Generation and Use of Monodi.perse Acrosols, Chap. I, 3. 2.

9. N.A. Fuchs and A. G. Suttugin, ibid, Chapl, 3.3: also: N.A. Fuchs,
"Agsessment of Airborne Particles' (Mercer, Morrow,and Stober, Eds.)

; 1 Thomas, 1972, Laboratory Powder Disperser, pp. 2Ub-b.

10. N. A, Fuchs ard A. G, Suttugin, ibid, Chap. 1, 2.2.

11, Pierre St. -Amand, Mucleation by Silver lodide and Similar Muterials,
Procecding Sky-Water Conference, Physics and Chemistry of Nucleation,
U. S. Department of Interior, Bureau of Reclamation, Office of Atmospheric
Water Resources, Denver, Colorado, pp. 305-4¢, July 1967,

it it i st st

T S

: 12. John H. Perry, Ed., "Chemical FEngineers' Handbaok, ™ MceGraw -Hill,
: 1950, Evaporation frem Liquid Drops,;p. 806-7,

; 13. N. A. I'uchs, "Evaporation and Droplet Growth in Giascous Media, " ]
; Porgamon, 1959, Nonstationary Ivaporation and Growth of Dropiets, pp. 65-6. E

.

i
i




b sl L

- 80 -

14, Reiss, H., The Growth of Uniform Colloidal Suspensions, J. Chem. Phys.
19, 482-7, 1951; also: Y. Boisdron and James R. Erock, "Assegsment of £
Afrborne Particles'{Mercer, Morrow,and Stober, Eds.). Thomas, 1972, -
Particle Growth Processes and Initial Particle Size Distributions, Chap. 7. B

1¢. Brian H. Kaye, "Asscssment of Airborne Particles" (Mercer, Morrow,and )
Stober, Eds.), Thomas, 1472, Possible Automation Procedure for the
Zeiss Ender Particle Size Analyzer, Chap. 12,

A AN % e R TR -1

16. P. Kotruppa, ibii., Shape Factors for Aerosols of Coal, UO?. and 'I‘hO2
in Respirable Size Range, Chap. 16. -
H 17. Stober, W., ibid, Dynuamic Shape Factors of Nonspherical Aerosol Particles,
F Chap. 14, pp. 264-6.
i8. Ho~b:ralner, D., A New Centrifuge to Measure the Aerodynamic Diameter
t of Aerosol Particles in the Submicron Range, J. Coll. Interface Sci. 36,
£ 191-4 (1971).

R 19, Timbrell, V., "Agsessment of Airborne Particles" (Mercer, Morrow,and
Stober, Eds.), Thomias, 1972, An Acrusnl Specirometer a.. | its Applications,
Chap. 15. ;
20. Gallily, Isuaiah, On the Orientation of Nonspherical Particles at Solid :

Surfaces. A Method of Analysis, J. Coll. Interiace Sci., 37, 403-9 (1971)
21. Davis, C.N., Ref. 4.
22, Cartwright, J., Particle Shape Factors, Ann. Occup. Hyg. 5, 1963-71 (1962).

23. Millipore Filter Corporation, Zibliography, May 1964, II Contamination
Analysis, p. 19, E

I T T R PR TR

24, Walkenhorst, W. TIcinste Siche fur die Quantitative Probenahme von :
Schv.-bstoflen zur Elektronenmikroskopizhen Auswerlung, Stanb, 30, _‘
246 (1970), %
25. May, K. K., The Cascade Inmpactor: An Instrument for Sampling Coarse

Aerosols, J. Sci. Instrum. 22, 187-00 (1915

26. Littleficld J. B., and Schrenk, H.H., On the Midget Impinger,
U.S. Bur. Mines R.I. No. 34387.

27. Royco Model 200 Particle Counter, Royco Instrumient Inc., Mclno Parl:,
California.

28. Derjagin, B. and V lasenko, G, Kolio. Zhur. 13, 249 (1551).




el B

EE S LT SRICR )

I T T

tg
;E
4
i
£
€
3
£
=
$
L
H
3

ST I ey

g

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

- B1 -

Cadle, R.D., Particle Size Determination, Interscience, 1355 p. 139.

Hooper, V.D. and Labby, T.H., Thec Electronic Charge, Proc. Roy. Soc.
London, A178, 243-72 (1941).

Lucicen Dautrebande, "Microacerosols, " Academic Press, 1962, Production
of Liquid and sSolid Micromecellar Aerosols, Chap. I , p. 6.

Gallily, Isaixah, "Technique for Retarding Evaporation in Gas-Atomiz-tion
of Solutions and Suspcensions,”™ New Technology Transmittal (NT Cou.:ol
Number NPO 11136), JPL, California, January 3, 1969.

Espenscheid, W. F., Matijevic, E., and Kerker, M., Aerosol Studies by
Light Scattering. IIT. Preparation and Particle Size Analysis of Sodium
Chloride Aerosols of Narrow 5izc Distribution, J. Phys. Chem. 68,
2831-42 (1964).

Hochrainer, D., Private communication, (1971).

N.A. Fuchs, "Aerosol Science" (C.N. Davies, Ed.), Academic Press, 1966,
Generation and Use of Monodisperse Aerosols, Chap. 1, 3. 2.

Madelaine, G. and Morel, C., Etude des Spheres de Latex Monodispersees
par Microscope Elcctroaique ot Spectrometer a Diffusion de Lumiere,

Ann. Occup. Hyg. 9, 135-47 (1563).

Raabe, Otto G., The Dilution of Monodisperse Suspeasions for Aerosolization,
Am | Ind. Hyg. Assoc. J., pp. 439-42 (September-QOctober, 1968)

See Ref. 25 for same principle
Shinrar, Reucl and Church, James M., Statistical Theories of Turbulence
in redicting Particle Size in Agitated Dispersions, Ind. Eng. Chemistry

52, 253-56 {1960).

Hamaker, H.C., The London-Van der Jaals Attraction between Spherical
Particles, Piaysica 4, 1055-72 (1927).

Bradley, Stevenson R., The Cohesion between Snioke Particles,
Trars. Faraday Soc. 1058-80 (1436).

Dube, G. P. and Das Gupta, . K., IndinnJ. Phys. {3, 411 (193D).

Voud, Marjorie J., Van der aal's Attraction hotween Apisametric
Puarticles, J. Coll. Sci. 9, 4519 (1454).

T

3
E |

b balb i o b 1 ALl it

e A o s it




T e ———

44,

45.

46.

417.

48.

49.

50.

51.

52.

53.

54.

55.

617.

63.

59.

i
|
“
b
\“
I

- 82 -

M. Corn, MAerosol Science” (C.N. Davies, Fd.), Academic Press, 1966,
Adhesion of Particles, Chap. XI.

Wells, O.C., Correction of Errors in Electron Stereomicroscopy,
Brit. J. App. Physics 11, 199-201 (1960).

H. Lamb, "Hydrodynamics,"™ Dover, 1932, Slow Translation of a Sphere,
pPp. 597-8.

Oscen, C.W., "Neuere Methoden und Ergebnisse in der Hydrodynamik, "
Lelpzig : Akademische Verlag, 1927 ( taken from N.A. Fuchs, "l'he
Mechanics of Aerosols," Pergamon, 1964,pp. 37-40).

Proudman, I. and Pearson, R.A., Expansions at Small Reynoids Numbers
for the Flow Past a Sphere and a Circular Cylinder, J. Fluid Mech. 2,
237-62 (1957).

Aoi, T., The Steady Flow of Viscous Fluid Past a fixed Spheroidal
Obstacle at Small Reynolds Numbers, J. Phys. Soc. Jap. 10, 119-29 (1955).

H. Lamb, "Hydrodynamics," Dover, 1932, Circular Cylinder, pp. 615-6.

Epstein, Paul S., On the Resistance Experienced by Spheres in their
Motion through Gases, Phys. Revs. 23, 710-33 (1924).

Dahneke, Barton E., Slip Correction Factors for Nonspherical Bodies.- II -
Frece Molecule Flow, J. Aerosol Sci. 4, 147-61 (1973).

Dahneke, Barton E., Slip Correction Factors for Nonspherical Bodies.
II - The Form of the General Law, J. Aerosol Sci., 4, 163-70 (1973).

Oberbeck, H.A., Crelles J. 81, 79 (1876) (taken from Lamb,
"Hydrodynamics," Dover, 1932, pp. 604-5).

Gallily, Isaiah, On the Drag Experienced by a Spheroidal, Small Particle
dn Gravitational and Electrostatic Fields, J. Coll. Interface Scl., 36,
325-39 (1971); also, Gallily, Isalah, ibid., 41, 608 (1972).

Daviesg, C.N., The Scedimentation of Small Suspended Particles, Trans.
Inst. Chem. Engrs. Suppl. 25, 25-39 {1947).

N.A. Fuchs, "The Mechanlcs of Aerosols,™ Pergamon, 1964, p. 245.
N.A. Fuchs, ibid., p. 38.

Preininiz, 0., The Stokes Diameter of Ellipsoidal Parcticles, Atmos.
Environ. 1, 271-85 (1967).




!

- 83 -
. E 60.

Brenner, H. and Condiff, D. W., Transport Mechanics in Systems of
Orieatable Particles. III Arbitrary Particles, J. Coll. Interface Sci.
] 41, 228-74 (1972).
61. John Happel and Howard Breoner, "Low Reynolds Number Hydrodynamics, *
Prantice-Hall, 1965, pp. 225-6.
62. N.A. Fuchs, "The Mechanics of Aerosols,™ Pergamon, 1964, p. 26.
t 63. N.A. Fuchs, ibid., p. 64.
{
§
}




R il s ol

T T . e y—y I

AR

e

e

Ay

P A,

s

W e

o

e O

GLOSSARY

6 - gen.i-axis of an ellipsoidal particle
a, -~ semni-equutorial axis of 4 speroidal particle
o' - defined in text
A, - constant defincd in teat
Ay - instrumentul constant, defined in text
A A"/ Ac , A, - defined in text
at A - defined in tex:
& - gemi-axis of an ellipszal particle
6‘ - semi-polar axis of a spoacroidal particle
g

- defined in zext

8 - fluiddynamic mobility of an aerosol particle
B: - instrumental constant, dcfined in text
B'B" - defined in text
c - semi-axis of an ellipsoidal particle
¢! - defined in text
¢, - concentratica of salt in bulk solution
ER - coupling tensor deflined with respect to center of hydrodynamic reaction
C - diameter of a cylindrical particle
C‘: Ca' - diameters of image of a cylindrical particle viewed along ‘-,J. directions,
respectively
C‘_' C, - coi. .2nis defined in text
o - diameier of a spherical particle; d, - 2erodynamic diameter;
d’P - orojected area diameter; o, - Stokesian diameter;
oy, - volumetric equivalent dilameter
Clm 0’»3 - lateral displacements of sedimented particle from projection of points
A and 3, respectively
Drﬁ - rotational diffusion coefficient of a spherical particle
D i - rotati~.al dilfusion coefflicient of an ellipsoidal particle
-

c - intensity of clectrostatic field

il
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{-;T((’m.) ~ relative, kinetic energy of turbulence, expressed in text

-3

g €. - energy of adhesion between aggregate "primaries" separated by ?u&.
i §(n,7) - distribution density of agglomerate size

'% (,(s) - distribution density of dried-up salt particles

't' A force acting on a particle

: F(‘n), F(’n)m - cumulative frequencies, defined in text

;5‘ - acceleration of gravity; ¢ - absolute value of é’

(?C") - distribution density of suspension droplet sizes
- h, - correction term for perspective error, defined in text

distribution density of solution droplet sizes

T X

PN
I

' )

depth of fall of a rotating particle below diaphragm

- angular momentum of an acrosol particle with respect to center of

ol
L

hydrodynamic reaction

MR T e R

:3 - unit vectors along coordinates  x x' , respectiv ly
3" J' - unit vectors along coordinates 3,3 , respectively
; R .- Boltzmann's constant
k, - correction tern. for perspective error, defined in text
t?l R' - unit veotor along coordinates 2/&' , respectively
2 - translation tensor

K,_I Kz' K3 - principal resistances of a nonspherical particle

K» - Knudsen pumber ( = E’/r , for example)

4 ~ length of a parallelpiped particle
£ ?.g_ - effeclive separation between two neighhouring "primaries” in an aggregate
é - step length of 2 randomly moving particle during time interval {-j,{-.’ - A*f;-
¢ - meaun free path of gas molecules within the medium
(L - correction term for perspective error, defined In text
(l',)‘ - cosine between coordinate axes <« and J"
L - length of a cylindrical particle
L, =~ scaleof mainflow in an agitated, turbulent aerosol
L. - distance along uptical axis between the first lens of the scanning electron
microscope uand the surface of che stub
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o - niass of an aerosol particle

My - correction term for perspective error, defined in text

M - magnificatio. of scanning electron microscope
N;' M,’ - magnification of s¢ inning electron microscope when viewing along
¢, J dircctions respectively
n - nun her of primary particles in an aggregate
n - average number of primary particles in an aggregate
?_ - electric charge of an aerosol particle
?L - nuit.ber of atoms per unit volume
a - averadge nunber of primary particles per unit volume of suspension
r - radius of a sphericul particle

re, ra - lir its of size distribution of spherical particles

r, - geparation between elenients of volume in two neighbouring parallelpiped
particles

+ . .

v, - radius vector of a point in 2 turbulent fluid trom origin of a fixed system

of coordinates
R - defined in text
Ry, Re, Re - radii of sphercs having the same resistance as an ellipsold moving

along axes o (¢, respectively

S - size ol 4 dried-up sait particle
t - time 1
T ~ tenwperature {0 XK) 4
TR , - torque of fluiddynamic forces operaling on a particle with respect to ]
/] - -2 g
center of hydrodynamic reaction; 7, 'z .i - torques due to 3
A i i
gravitation and clectrostutic forces, reszectively 3
:
ot w' - cariesiancoordinates defined in Fig. 12 3
/ E
g H ] R r T hed . :i
v - iranslationai velocity of an acrosol particle; ¢, - velocity of center of ;
-
hydrodynairic reaction; " - terminal velocity; ;
- %
(u,)_,, (u; J_., = components of terminal velocity along X 2 coordinates, i

1

recspectively 3
b vy 2 3
U= XY ) 1
3

\/LI Vi ~ voluntes of paralicipiped narticles H
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-’
v( r‘;’,) - velocity of a point in a turbulent fluid relative to a fixed system of coordinates

————

Vil = VRO - V(2.0

w - working distance of. the scanning electron microscope
W=X+Y)y
D =Y, . . (= . -
x“ ( X‘,J ), .j':d (= ‘1 ), iu; (__ 2‘/1 ) cartesisn coordinates

of a photogrammetrically measured particle based on the bisector of the angle .
between direction of sight « and J' (Fig. 14)
Xo, 3‘/ 2, - cartesian coordinates based on substrate surface of a measured
particle (Fig. 14)
(c,5,2), (¢, 4, 2)

particle and along its principal axes of translation, respectively

- cartesian coordinates external to a moving

x*, 3‘, f2 - cartesian coordinates defined in Fig. 12
X = l/ Ky , for a cylindrical particle
Y 5 [ Ky , for a cylindrical particle

Greek Letters

oo - defined in text

o= (o ¥) [ (tam¥)_

d 1, o, - angles between projection nf velocity of fall on image planes of microscope-

camera Gl . G2 and direction of gravity, respectively

"

d' ) d - defined in text

p= w- (v, +0,)

fa R - angle between axis of cylindrica! particle and vertical coordinate
{ = direction of gravity)

defined in text

o
|

defined in text

" <
<~
1 t

angle betwcen directions of observation in the stereo-sedimeontation cell

e

|
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™
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j

local energy dissipation rate per unit mass in an agiiated aerosol
- dummy variables |

scale of eddies of Reynclds number 1 in an agitated aero?ol
mutual oricntation angle between two parallelpiped particles
an:le of Brownian rotation i
cortaeal ellipsoidal coordinate
London constant

v.scosity of guscous mediwm 1

M o, oo b
QIS O FEELOUSs Mesium

et

reiaxation tire of an acresol particle i
natt the pnac’e detween two directions of sight in photogra.uametric
ohservetion

. Hoyd Ty o N (T 13 Al
orinntation ancmie Celined in Fig, 16
.

CA‘.. toavan, 2ty
Car e aeeal o

anciar veioctt ol wonarticic

R e N W

rolallon  ensor deflined with ressect to center of hydrodynamic reaction

Sunerscrints

* -~ den

tes vaiue of 2 "slip flow™ regime

Subscrints

U - denotes reiztion to exnoriwent

el - denotes inflluence of eleeirosiniic forees

oy - genoies relation fo cllinsold

2% - denotes external influence

3 - denotes infiuence of gravicy §

setwenn direction of siht which is closes* *~ the stub and its

heP

e
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4 3 xn 3

te

denotes influence of fiuid dynamic forces

denotes direction of 3 cooxdinate; also ~ an ordinal number in
time intervals

denotes maximal value

denotes relation to center of hydrodynamic reaction

denotes relation to a sphere

denotes relation to theory

denotes true value of coordinates of a photogramm.etrically
observed particle

denotes relation to turbulence

denotcs direction of particle's velocity

relates tc projection on image Manes of microscope-camera Gl' G
1espectively

denotcs terminal state

2|
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X. APPENDIX

Here, the lengths (0 C) and (on) as well as the angles ol 4 and oa

(Flg. 33a) are experimentally measured quantitics whereas the angle & s a

known constant of the system.

From Fig 33a one has
Ces ghy = (f),’>,)/’( 0n) = ((JC‘) A5 ’JJ./(OP'?) [‘_1_,4]
in which (©4) i3 given by

wn) = L(oc)* & (ne)t] 72 . [2A]

To calculate (A C) we proceed by employing the cosine-law (Fig. 33 b) wherehy

e 5 i e ettt bt

(o) = [ (8O +(mn) - 2(me). (BD) cos & ] /*I [341

:

i
il

while (3¢) 2Q¢)smuy and (BD) = (9 D) sma, . Also, according to the
eine-theorem (Fig. 23 b)

(p)C)/ Soan l";_/.')\C - (C.T))/_‘,;n (\- LH;?_‘(

N

. N A\
and consequently, since AP = “/l - BnC , itis possible to obtain ADC

Thus, using again the sine-thcorem, one gets

. /\\ r=
(R ¢) = (€D) sin A DC/b‘m (rr-e¢ )/ ["A )

the length (©9) | and finally, {rom Eq. [1A], the angle P
L




