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stiffness (ZT8) couplings were designed to transmit 3270 
horsepower at 13,820 rpm.    For one type of coupling, 
simple design equations were derived to eise a coupling 
for any helicopter application.   A ZT8 coupling in a 
helicopter drive train acts aa a torsional vibration 
isolator and can provide significant damping that is not 
otherwise available to the designer. 
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link» tnm tb* drlvin« to th« tfrivM ting« of Htm oouplliag. Pravloiu «•- 
•IgM of «ueh cou^'linc« tor lo«-«|i««d applleatloaa h«»« bcw ua«d MOMM- 
fulljr In iwrln* «l«««l drtvaa. 

IKalgn aquatlotta for too tjrpoa of iwra-atiffnaaa ooupllnca auttabl* for blfk 
eurboabatt-pooorod bollooptara ara dovalopod. 

Coaputar alaulattona of th* dynaale partonaano* of drlva tralna, with and 
without a saro«toratonal•otlffnaaa coupllnf. ar* prtofad.    Both opaa-loop 
and cloa*d-loop (vttli autoaaitlc apaad control) nyataa* ar* alaulatad.    Tb* 
ramilta Indloata that a caroHoralonal-otiffnaaa «ougliac oaa produea thro* 
aajor advantagoa In n ballcoptar pvopulalon ayataat 

1. Th* ooupltnt can taolat« tba anftno and fu*l control fron unavotd* 
ahla toralonal Mcttatlon at tba rotor. 

2. Tha eoupllnc oan naka tba acblavauant of cloaod>loop atabllltjr, 
throurh proper govomor daalgn. a loaa dufloult taak. 

3. Tha coupltng naka* It poaaibla to tacorporata «Ignlflcant anouata 
of danplng lato ^ ballcoptar drlv* train, thoroby laprovlng tor- 
atonal atabillty and furtbar aupproaalng roaonanoa. 
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INTRODUCTION 

Torsionnl oscillation is a significant source of dynamic  loads   in helicopter 
drive trains,  which must transmit ever-increaslnR amounts of horsepower with 
very high overall  speed reduction ratios over significant distnncs between 
engines,   transmissions,  and rotors. 

The automatic speed governor has been a significant development   for heli- 
copter flight control,  ?.s  it relieves the pilot of  the requirement  to main- 
tain constant rotor speed during changes of  load  and flight conditions. 
A special problem,   which has been encountered in almost every  recent heli- 
copter development  program,   is  that of maintaining  torsional  stability  of 
the engine and drive train while at the same time providing a sufficiently 
rapid  response to demand for power and speed changes.     The helicopter drive 
train with closed-loop speed control  is a system which  is difficult  to opti- 
mize without   inducing torsional   instability  at or near a resonant  frequency. 

In the past,   whenever the problem of torsional  stability has been encoun- 
tcrcd.   n  typical  solution has been to reduce the gain of the fuel  control, 
thereby sacrificing desirable speed control  properties of  the governor. 
Howevet ,   there are other critical  parameters of the system,   such as drive 
train  torsional  stiffness and damping,  drive train  inertia,   etc.,  which 
might be used as design variables  to achieve torsional  stability without 
sacrificing desirable control  properties. 

Torsional  stiffness has always been a difficult design parameter to control, 
since it  is  effectively reduced by  the square of  the very high gear reduc- 
tion ratio of  the main transmission  (see Appendix  II).     This very  low  result- 
ing  torsionnl   stiffness produces  a correspondingly  low natural   frequency of 
the drive train  (typically  3-9 Hz)t  which makes   it difficult   to avoid  res- 
onant   peaks   in  the closed-loop  (governed)   system. 

Shaft damping  is perhaps even more difficult  to control   in a drive train, 
since it requires  large amounts of vibratory energy dissipation which usu- 
ally   involves  friction, wear,  or  temperature dependence.     As  ;i  result, 
typical  values of shaft damping normally   found  in helicopter drive trains 
amount  to only a  few percent of  the critical   value,  producing  a vibratory 
system which   is almost completely undamped between engine and  rotor. 

The ma.jor objective of this report  is to document  an analytical   investiga- 
tion of  the  feasibility of  the use of  a   special   type of  shaft   coupling   to 
achieve control  by   the designer over one of  these drive  train  parameters— 
torsional   stiffness—and possibly  another—shaft  damping. 

Shaft   couplings have been developed  Independently   in England   and   In  Russia 
which use centrifugal   force on  link masses   (see Figures 1   and 2)   to produce 
torsional   stiffnesses which  are nonllnearly dependent on speed  and  trans- 
mitted  torque.     In  particular,   these couplings  have been designed  to have 
zero torsionnl  stiffness at predetermined conditions of speed and torque. 
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The designs developed in England by Chapman are being used to eliminate 
torsional resonances in marine drives with diesel propulsion.  Very little 
information is available on the Russian designs, other than Reference 3, 
and the specific applications, if any, are unknown. 

The marine drive applications with diesel propulsion involve low shaft 
speeds (100-2000 rpm), and consequently the couplings developed for such 
use are large and heavy to handle the high torques nnd to produce the re- 
quired centrifugal force. 

At the beginning of this study, it was postulated that a zero-torsional- 
stiffness (7.TS) coupling could be developed for high-speed application in 
a helicopter drive, and could eliminate instability at resonance by decou- 
pling the inertias contributing to the resonance.  deally, a ZTS coupling 
would not transmit any oscillatory deviations of torque because of its low 
stiffness, and would therefore reduce the natural frequency of the system 
to zero.  It should be noted that this is opposite to recommendations'* and 
efforts in the past toward stiffening the system and raising the natural fre- 
quency above the range of excitations, a procedure which has been found to 
be impractical because of the effect of the gear ratio noted above. 

In practice, a ZTS coupling has zero stiffness only over a finite range of 
angular twist, and large excitations drive the coupling into nonlinear re- 
gions with some effective nonzero stiffness.  Thus, one of the questions to 
be answered in Part I of this report is how a ZTS coupling actually affects 
the natural frequency and vibratory response of a helicopter drive train 
with realistic levels of excitation.  Another, more basic question addressed 
in Part I is whether a ZTS coupling can be designed to meet modern helicop- 
ter requirements within the constraints of size, weight, and reliability. 
Finally, results of stability analyses are presented in Part II to indicate 
the predicted effect of a ZTS coupling on closed-loop torsional stability. 

Before proceeding to Parts I and II of the report for the detailed answers 
to these and other questions, the reader may find it helpful to consider 
how zero torsional stiffness can be achieved in a shaft coupling, and thus 
gain some insight into the basic concept. 

The pinned link design shown in Figure 1 lends itself well to a physical 
description of the principle of operation.  Note that only one set of links 
is shown.  A symmetric set of links with another counterweight would be 
required for high-speed balance. 

At zero speed the coupling has no stiffness, since the driving flange can 
rotate freely with respect to the driven flange with no torque transfer 
(until the linkage straightens out). 

At operating speed, centrifugal force holds the link mass (counterweight) 
out at some equilibrium value of or which is determined by the torque being 
transferred.  Now when the driving flange is twisted with respect to the 
driven flange, two effects occur simultaneously.  First, the link mass 



Driving Flange 

Driven Flange 

8=0 Defined for Some Particular or 

Figure 1.    Zero-Tor«lonal-Stiffness Coupling, 
Pinned Link Version. 

\ 



«oves inward to a reduced radius.    This effect results in a reduced cen- 
trifugal  force and therefore tends to reduce the transmitted torque. 
Second,  the linkage geometry Is changed  (the angle or increases), which can 
cither Increase or decrease the transmitted torque,   depending on the link 
lengths. 

The first  effect produces a negative torsional  stiffness  (positive twist 
produces a negative change In torque).     The coupling can be designed so 
that the second effect produces r. positive torelonal stiffness which  is 
equal  and opposite to  the negative stiffness from the first effect.     The 
net result  is zero torsional stiffness at  a particular c'eslgn speed and 
angle of twist.     The link mass is sized to produce the ueslred torque under 
the design conditions. 

In the design of Figure 2,  centrifugal   force  Is augmented by olasticity,  so 
the coupling stiffness enn b«   finite nt  zero speed. 



Driving Flange 

Driven Flange 

9=0 Defined for Zero Stress  in the 
Elastic Link 

Figure 2.     Zero-Torsional-Stiffness Coupling, 
Elastic Link Version. 
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PART I:    REDUCTION OF TORSIOWAL VIBRATION THROUGH THE USE 
CF ZERO-TORSIONAL-STIFFNESS COUPLINGS 

PRELIMINARY CONSIDERATIONS 

Rotating machinery  Is  Inevitably subjected to exciting forces which set up 
torslonal vibrations  throughout the system.     It  Is of utmost Importance 
that the exciting frequency be different from the critical frequency of the 
system.     If a system Is excited at or near Its crlticsl frequency, the sys- 
tem energy will  increase with each successive cycle.     The limiting factor 
for the energy buildup Is internal or external damping which dissipates 
energy In the form of heat. 

Excitation at the critical frequency of a system normally designed to oper- 
ate away from the critical can come about through 

1. Start-up or shutdown 

2. Operation at other than design speeds 

3. Unexpected exciting forces 

4. Unexpected crltlcnl frequencies. 

Figure 3a Is an example of an open-loop system where the torque input is 
Independent of the system response.    Open-loop systems of this type will 
not become torslonally divergent but can experience severe oscillation when 
externally excited at,  or near,  a critical frequency.     For a closed-loop 
system (Figure 3b) where control action is dependent upon system response, 
Instabilities can be caused by Internal or external excitation.     Turbo- 
powered machinery such as helicopters and electrical generators ore closed- 
loop systems where the operating jpeed is controlled by a governor.    The 
speed governor causes a dependence between driving torque and output speed. 
Swlck and Akarvan,5 Poczkowskl,    Canale and MaCabe6 and others describe 
governor systems for free turbine engines.    Part I considers only the 
open-loop characteristics of torslonal systems,  such as free turbine hell- 
copter systems, which  are subjected to external  excitation. 

Removing critical speeds from the operating region in the open-loop system 
will generally Improve closed-loop stability.     In addition,  fatigue fail- 
ure due to cyclic torque variation from external excitation will be lessened. 

Design Considerations 

Critical design parameters such as strength,  weight,  material,  and size 
often dictate the mass distribution of a system.     It may be difficult to 
change the mass or inertia profile of a system without adversely affecting 
machine performance.     Therefore,   the designer may only be left with shaft 
stiffness and damping as free parameters with which to ensure safe oper- 
ation at all expected operating speeds. 
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(a) 

Figure 3.  Torsional Systems. 



With proper damping,  pnssngc through critical  frequencies during start-up 
or shutdown  is usually not  a problem.     This  is due to the short time dura- 
tion that the machine  is driven at a critical  speed.     However,  large 
amounts of damping  are needed when there is continuous excitation at or 
near a critical  frequency.     The damping will  prevent  the system from becom- 
ing divergent  and magnifying  the exciting force out of safe bounds.     Unfor- 
tunately,   this  type of damping  is generally hard  to achieve   in mechanical 
drive trains       In addition,   a highly damped system will   transmit more 
exciting force than a  lesser damped system when operation   is above critical 
speed. 

If the exciting frequency   is  known,   it may be possible to design a shaft 
that has  a  stiffness  which   gives  the  system  n  critical   frequency much 
higher or  lower  than  the  frequency of  excitation.      However,   it may often 
be difficult   to design   a  shaft  with  the desired  stiffness   and still   have 
acceptable strength,   weight,   and deflection characteristics. 

Nonlinear Couplings 

A low-stiffness shaft  coupling may be used to solve  the problem of  excita- 
tion at  a critical   frequency.     This  is done by  lowering   the critical   fre- 
quencies of  a system to nearly  zero,   while at  the same  time  transmitting 
the system torque requirements.     Figures   J  and 5 show  the characteristics 
of some linear and nonlinear couplings.*     It  is apparent  from Figure -1  that 
a  linear torsional   spring with near zero stiffness would  require large 
amounts of twist  in order to transmit  the design  torque.     The nonlinear 
spring,   however,   can  transmit design  torque with zero  torsional  stiffness 
at a small   angle of  twist.     One of the objectives of  this  report  is  to 
determine if such  a nonlinear "spring"   (coupling)   is  a practical possibil- 
ity for high  torques  and speeds.     Present designs of nonlinear couplings 
which have zero or low stiffness for certain operating conditions are in- 
vestigated in the following section. 

For linear systems  the resonant  frequencies are inherent  to the system and 
are not functions of  the exciting forces.    The resonant  frequencies of non- 
linear systems are functions of the amplitude and period of   the exciting 
force,   as well   as  the  system  state when  excitation  occurs.     As  cnn  be seen 
in Figure 5,   if  the  torque   is  varied over a  large range,   the nonlinear 
spring stiffness  increases  on either side of  the  low   stiffness operating 
region.     In order to obtain  an "average"   stiffness over a  cycle,  the  time 
variation of  the torque must  be considered. 

The Helicopter Problem 

One objective of  this   report   is   to develop  a  procedure  for  the design  and 
analysis of  a zero-torsional-stiffness  coupling,   with  particular emphasis 

*Torsicnal stiffness is defined as the ratio of the change in coupling 
torque to the change in angle of twist across the coupling, i.e.. the 
slope of  the torque vs.   twist  angle curve. 
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on helicopter applications.    The values used for the dynaeic characteris- 
tics of the helicopter drive train were obtained from a helicopter sta- 
bility analysis by Swick and Skarvan.5    Figure 6 shows the basic helicop- 
ter drive system. 

It has been found in past helicopter designs that the closed-loop system 
can become unstable under certain flight conditions.    When this happens, 
self-excitatioi. from a small perturbation can quickly cause destructive 
vibrations.     It is hoped that by including a rero-torsional-stiffness cou- 
pling as part of the overall system,  all  torsional  instabilities can be 
eliminated.     The problem of fatigue failure of elastic    members csn also 
be reduced by lowering the amplitude and frequency of self-excited vibra- 
tions as well as the amplitude of vibration caused b-   external  excitation. 
The major external  sources of torsional  excitation :   e: 

1. Pilot excitation of control  parameters 

a. collective pitch 

b. engine speed setting 

2. Aerodynami', excitation of rotor blades. 

As helicopter ground speeds increase,   the whip effect caused by aerodynamic 
excitation of the rotor blades can be expected to increase.     This  is due to 
the changing relative air velocities the rotor blade sees as it enters and 
leaves the direction of flight.     Figure 7 shows that the maximum velocity 
the rotor blades see during each revolution is 

V max -   VH + r i 

and the minimum velocity is 

min VH- 
r iv. 

This effect combined with the cylic variation of the rotor blades to 
achieve forward motion causes substantial torque variations on the rotor 
and drive train. 

An added incentive for the development of a versatile coupling for heli- 
copters comes from the nature of helicopter design and developmctt. 
Nearly every major component of a helicopter drive train is made by a dif- 
ferent company.     It  is usually  the responsibility of the alrframe manufac- 
tuier  to couple all  the drive train components together.    Thus  it  is very 
possible,  unless there is exceptional coordination during the component 
design phase, that the assembled system will have critical  frequencies 
which  are unacceptable. 
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Figure 6.    Closed-Loop Helicopter Drive Train. 
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Twc   "ncepts of xero-torslonal-stlffneas couplings for high-speed helicop- 
ter applications are analyzed later in this report.    In addition,  a Lagran- 
glan fomulation for a dynamic siaulation of an open-loop helicopter drive 
train ia Included.    The simulation la used to determine the effectiveness 
of a zero-torsional-stiffness coupling in reducing torslonal vibrations. 
The procedure used for analyzing torslonal vibrations of the open-loop sys- 
tem readily lends itself to the inclusion of governor dynamics for closed- 
loop analysis. 

A synthesized design of a zero-torslonal-atiffness coupling for helicopter 
applications, and the results and discussion of the drive train simulation 
study using the synthesized coupling are presented in subsequent sections. 

SURVgy OF EXISTING LOW-TORSIOHAL-STIFFNESS OOUPLIWOS 

Low-torslonal-stiffness couplings have been designed to place the critical 
frequency of a system below the excitation frequencies.    The couplings can 
employ rigid and elastic linkages,  as «ell as a variety of torslonal and 
linear springs.    Centrifugal force caused by the rotating links plays an 
Important role in determining the stiffness characteristics of many of the 
couplings. 

Hie geometry of the coupling (arrangement of components) is the dominant 
factor in determining the torque resulting from either the centrifugal 
force of the links or the force due to the elastic deformation of the links 
or springs. 

This section describes various coupling designs which,  for certain operat- 
ing conditions, have low torslonal stiffness and the capability of trans- 
mitting high torque. 

Elastic Link Designs 

The elastic materials used in coupling designs range from rubber to steel. 
For systems with low torque requirements,  a rubber or elastomeric material 
may be used successfully to achieve low stiffness.    For the more comann 
high torque systems, steel links have been employed to achieve low tor- 
slonal stiffness. 

The most notable of the high torque elastic link designs is the half-moon 
(HM)  coupling developed by C.   W.  Chapman.2    Figure 8 is a diagram of the 
HH coupling showing the elastic (steel)  links.    Pins Xj and X2 are equally 
spaced about 0 and connected to the driving flange.    Pins Y^ and Y2 are 
also equally spaced about 0 but are conected to the driven flange.     Mien 
one flange is rotated relative to the other about point 0,  torque can be 
transmitted across the coupling through the mechanism of elastic deforma- 
tion of the steel links.    The zero-speed torque-deflection curve of the 
HM co v ling is shown in Figure 9.    At other than zero speed,  the centrif- 
ugal     jrce of the links enablea additional torque to be transmitted across 
the ^apllng.     The additional  torque is proportional to the square of the 
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Figur* 8.    Half-Moon Coupling. 
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Pigurt 9.    Stlffnos« Characteristic of HM Coupling. 
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coupling speed.  Figure 8 shows that the center of gravity of each link 
Moves toward 0 as the twist of the coupling is increased.  As a result of 
the path of the center of gravity, the amount of additional torque trans- 
mitted across the coupling resulting from centrifugal force is reduced 
with increasing twist angle.  If, at a given speed, the decrease in torque 
resulting from centrifugal force is larger in magnitude than the increase 
in torque resulting from elastic link deformation, a negative torsional 
stiffness will result.  Chapman overcomes the negative stiffness problem 
and the resulting instability for operation up to a maximum design speed, 
by including some torsional rigidity In the bushings at pins Xj , X2. Yj . 
and Y2  The HM coupling has been quite successful In low speed/high power 
applications.  Chapman has Indicated through correspondence that he has 
been unable to design a steel elastic link coupling that can operate at 
the high speeds found In turbine engine helicopter drive trains. 

A modified arrangement of the elastic links in the coupling is shown In 
Figure 10, where the pins Xi, X.j. Y^, and Y2 are not necessarily collnear 
in the unstrained position. The X and Y pins are the same distance from 
0, as opposed to Chapman's staggered pin design.  The next section presents 
an analysis technique for the design of Figure 10 which will hopefully 
produce elastic link couplings with improved stability characteristics for 
high-speed applications. 

Pinned Link Designs 

Two pinned link coupling designs are known to have been developed.  One is 
the toggle link (TL) coupling designed by C. W. Chapman.2 The other Is 
a design of Russian origin.3 An illustration of the TL coupling is shown 
in Figure 11.  The torsional stiffness of this coupling is effectively 
zero at zero speed but Increases as the speed increases.  Chapman has been 
able to produce TL couplings with torsional stiffness-to-mean torque ratios 
of 4 or less for low speed/high power applications. This ratio is a measure 
of relative stiffness which Chapman uses as criteria for effectively elim- 
inating torsional vibrations. The TL coupling, like the HM coupling, has 
some torsional rigidity In the bushings to overcome negative stiffness at 
operating speed.  The Russian pinned link design, shown in Figure 12, con- 
sists of a mass connected by two links, one to the driving flange and the 
other to the driven flange. The stiffness properties of this coupling are 
dependent upon the mass, weights of the links, speed of rotation, link 
length, and pin location on the flanges.  Reference 3 gives very little 
analytical background which Is of much use in designing a coupling of this 
type.  There are no graphs given In this reference and, In addition, an 
equation Intended to represent the torque-deflection characteristic of the 
coupling Is dlmenslonally incorrect. 

Low stiffness couplings up to now have been designed for low-speed oper- 
ation (500-3000 rpm) as would be found In dlcsel engine systems.  For tur- 
bine engine applications, such as found In many helicopter drive trains, 
drive shaft speeds of 10,000 to 20,000 rpm are not uncommon. 

\ 
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Figure 12.     Russian Coupling  (Pinned Link), 
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A new pinned link design la developed in the next section, "Design Analysis 
for     llcoptcr Applications."     It Is shown that a simple coupling can be 
syntheolzed which has zero-torslonal stiffness at high speeds without  the 
aid of bushing stiffness or other added torslonal  stiffness correctors 
which are used to avoid negative stiffness. 

DESIGN ANALYSIS FOR HELICOPTER APPLICATIONS 

Elastic Link Design Analysis 

A procedure for analyzing the elastic link coupling shown  in Figure 10 is 
developed in this section.     The parameters involved  in determining the 
stiffness properties  and strength characteristics  In this analysis  (see 
Figure 13)   are 

2       4 
Density of  linko.  lb-sec    in. 

Dimensions of link    a.b.d.t, in. 

Initial position of link r.?   ,   rad. 
o 

Modulus of elasticity of link E, lb/in.2 

Speed of rotation üU, rad sec 

Yield strength o  . lb in.2 

IB8X 

Number of  links N . 

The location of the center of mass for the half-cylindrical   link is 

3r 

2 2 
a    »  ab ■» b 

a -f b 

Due to the symmetrical distribution of pins A and B about the link center 
line, the force on the pins due to angular rotation, u, of the coupling 
for a link of mass m is 

c  m 2,        ,« „ . , 
y = T = 2 1 fC + r C0S(Ö*90>1 

(assuming c * C(IJ ,F ) (1) 

where 

1       2   2 
m=-rdo(b -a) (2) 
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Figure  13.      Elastic Link Coupling  Parameters. 
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The force in the x direction on pins A and B is a function of the deflec- 
tion, Ax.  It is not a simple relationship and requires a Theory of Elas- 
ticity analysis for accurate results. An expression for the spring con- 
stant, Kp, due to elastic deformation of the link is developed from the 
Theory of Elasticity in Appendix I, the results of which are given below. 

K    =  E d 
P 

e 

2 2 2 2 b, 
f{n     - b )  +   (a    +   b  )   log -1 

3 

2 2 
2TT(a    +  b  ) 

(3) 

For a rotation of iy radians of each pin the change in relative displacement 
between A and B can be related to ^x by 

AX =  2r[sin( 
e + e e 
 o o —r") "sin T1 (4) 

and.   thus,   the force directed between A and B is 

F.    =   -F^, = K IX Ax Bx        p 
(5) 

The torque about 0 resulting from forces acting at A is equal and opposite 
to the torque about 0 resulting from forces acting at B.  Since 0 is on 
the driving flange and A is on the driven flange, the torque transmitted 

by the coupling is 
9 +  6                                9 +   8 o  o 

T =  -F      r cos(—2 > * FBv r Sin  (—2 ) ( 

Equations 1 and 5 ore substituted into equation 6.     The resulting equation 
is divided by d and the  right  side is multiplied by  the number of links,  N, 
giving 

l'        V^.   [(n2-b2).   (a2.b2)   logifl 
n(a    +  b ) 

9 +   9o ö«,       NTT         2     2         2^ •   [sin (1 !2) - sin   o] + _- o tu    (b    . a ) 
2 T^^ 

2                   2 9+6 .4(b+ab+a) .            c (-— ^  +   r cos(—  l3rt         a -f b 2 
■)lr sin(- 

e 

(7) 

It   is necessary  to determine the couplinR twist  angle, ^   which produces 
the maximum allowable stress  in the link.     At zero speed the stress at 
point D in Figure 13 will  be 

Mt      ^Ax 
CD ^ 21  +    td 
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where 

t = b - a,       II = F^U + |), and I = ~ 

giving 

2FAX 
aDÄS"2~ t d 

(3a +  2t) (8) 

At speeds other than zero,   the stress at points A and B raust be considered. 
However, the pins at these points can be made large to account for stress 
without affecting the stiffness properties of the c «upling. 

Finding a coupling with zero or low stiffness which can transmit the speci- 
fied torque requirements at design speed is a formidable problem. Choosing 
» material such as steel for the links removes E, C7max, and p from the list 
of free design parameters,   leaving 

e b 

d 

Since d is factored out of the right side of equation 7, the ratio 

T 
" = d 

can be plotted against  9 for various values of 60,  r,  a,   and b. 

The dv termination of a low stiffness coupling requires finding a w-9 curve, 
whose slope. (1/d) (dT/d6),   is zero or near zero but never negative.    This 
can also be achieved by directly plotting the slope 

K - de 

versus 9 for various values of the design parameters. Using the value of 
0 where low stiffness occurs, and the amount of torque which the coupling 
must transmit at design speed, the value of d can be evaluated from 

Equation 8 must be applied to see if the maximum allowable stress in the 
link is exceeded for the specified set of design parameters. 

A slight change in the design speed or design torque would require one to 
start the search technique over again. The practicality of designing this 
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type of coupling for helicopter use by trial and error, where the design 
parameters are constantly changing,  seems very low.     On the other hand, 
If design charts were generated showing stiffness properties for various 
speeds and torques,   this type of coupling might prove quite useful. 

Under a set of simplifying assumptions,  and with  the design torque and 
speed known and invariant,  a simplified set of design equations can be 
developed which renders a  trial  and error solution more tractable,  as 
follows: 

The assumptions arc  (see Figure 13) 

1. 9 = 0 at design  torque and speed.     (All of the torque transmitted 
at design conditions will be due to centrifugal  force.) 

2. c/a = constant = 0.636 for small  6 (the link   is semicircular and 
t a  is small). 

3. Elastic and centrifugal  effects are independent. 

4. Elastic effects  are approximated by  the bending solution,  using 
the method of Castigliano.17 

5. The pins are symmetrically placed at equal  radii. 

6. The material   is steel. 

The design speed and  torque are calculated from the requirements of the 
Swick and Skarvan model   as 

13.820  rpm  y U =  1447 — 60 sec (9) 

T   =   IHlj^SJ   x 5000 hp = 22.850  in.-lb (10) 
(1447) 

Thus the torque transmitted per link in a two-link coupling is 11.425 in -lb. 

The weight of a semicircular steel link is given by (see Figure 14 for link 
dimensions) 

W = 0.89 abt * 0.445 bt 

The centrifugal   load,   concentrated at the eg of the link,   is 

2 eo F    = mu)     (h +   c)   ,    where    h -  r cos   (-—-) 
c 2 

or 

(11) 

(12) 

F    =   (h   ♦   .636a)(4810  abt ♦   1405 bt   ) c (13) 
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The resulting centrifugal  tensile stress near the pin locations  is set 
equal to the yield stress  (with an approprlnte factor of safety). 

a    = ~ =   (h    +   .636a) (2405a +  1202t) 
y      2bt 

The transmitted torque due to  the centrifuRnl  force  is 

F 
T    = -£ a =   (h    +   .636a) (1202 abt2 +  2105 a2bt) 

c       2 

=  11.425  in.-lb 

(14) 

(15) 

By the method of Castigliano.   the load-deflection relationship for the 
elastic link  (assuming a dinmetrinl   load and deflection)   is 

3 3 
P =     4Et    3 8   ==   (1.59)(106) i- 5 

3TT(2a) a 

where P  is  the value of  the bending  load for values of  ö ?  0. 

The deflection 5   is expressible in  terms of 6 as 

(5*9)       (9 ) 
ö = 2(ä-a) = 2 r sin 

which for small 9 reduces to 

r sin -f-J 

Ö = r 9 cos —- 

(16) 

(17) 

(1H) 

The torque transmitted by elastic bending of the link is then 

T = Ph 
e 

2 3 
(1.59)(106)~- 6 (19) 

and the elastic stiffness is 

k     «= (l.59)(10
6, iL*! 

e   ^ c 3 a 
(20) 

When  9*0, the torque from centrifugal force is 

f = 2405 a2bt (h -. ,636 a) 
c 

(21) 
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where 

fi = r cos 

a - r sin 

(9+9) o 
2 

(9+6) o 

(22) 

(23) 

The centrifugal torque can now he written in terms of the twist angle 9 as 

2    2 3/2        2  (eo+e) (Ve) 
T    = 2405 bt  (a +h  ) sin    —^— cos —^— 

+ 0.63 sin 
(9 49) o 

(24) 

The centrifugal stiffness  is 

*r                           2232 2 (6o+e)           (Ve) 

kc = -^| = 2405 bt  (a +h )        1.9 sin   —^— cos -~— 

(9 +9)         _  (9 +9) , (6 +9) 
o                2      o .So + sin—g— cos    —~  Jin   —-— 

At   9 = 0,   the centrifugal  stiffness reduces to 

(25) 

k  (9 = 0) r  2405 bt   (2ah2 +1.9 a2h-a3) 
c 

(26) 

The overall  torslonal  stiffness of  the coupling is the sum of the elastic 
and centrifugal  stiffnesses,  which is set equal to zero for 9 = 0 to give 

2  3 
k    =   (1.59)(106)  !l-4- +  2405 bt   (2ah2 +1,9 a2h-a3)   =  0 o 3 a 

(27) 

A coupling can now be designed by trial and error, satisfying equations 27, 
15, and 14, simultaneously. 

In addition, it may be desired to introduce a size constraint equation. 
For the example being presented here with 5000 hp. and 13,800 rpm, a 
reasonable constraint on the diameter of the coupling might be taken as 

a + h - I in. (28) 

A solution which satisfies equations 27, 15. 14, and 28, simultaneously, 
is found to be 

a = 3 in. 

h = 1 in. 

b = 0.57 in. 

t ^ 0.302 in. 
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A similar procedure would bo required In order to design a coupling for 
another set of horsepower, speed, and size requirements. 

As will be shown Immediately below, an advantage of the pinned link cou- 
pling over the elastic link coupling described above Is that a very simple 
design equation can be developed for the pinned link coupling, which elim- 
inates the necessity for the method of solution Just described. 

Pinned Link Design Analysis 

The investigation of pinned link couplii^s which have zero- or low- 
torsional stiffness begins with the analysis of the Russlsn coupling shown 
In Figure 12.  Its reduction to a basic kinematic - -»del with one degree of 
freedom, 6, Is shown in Figure 14.  From the prlnc pies of virtual work 
and conservation of energy (assuming no friction), the following equations 
result: 

•v F 6R 

»v T 69 

% = 6*6 

T   = '<& (29) 

Since the system in Figure 14 has one degree of freedom,   then n= f(6) 
where 

9     rn      2"    i. « f(9) = r cos s ♦ v *    - r   sin   - 
2 

(30) 

Taking the variation of f(6) with respect to 6 gives 

OR 1/40 
W    "2  (r8in2 + r    sin 9 

2/7 2^     9 r    sin- 

(31) 

The force F caused by  the rotation of the coupling about 0 is 

2 F s m R (U 

Substituting equations 30 through 32 into equction 29 and letting 

T It     sl2 9 
y -? -8in 2 

gives 

Nmr x T7 = \ I 8in e * z(*in 9/2> + sin 9(cos 9/2) 
2Z 0 
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(33) 

(34) 



Figure 14.     Kinematic Model of Russian Coupling. 
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1 

where N is the number of linkages. 

Valves must be determined for r,   I,   and m which will give the coupling 
zero stiffness  at operating torque and speed.     If the ratio l/r  is 
defined as a  new parameter  S,   equation 34 becomes 

»    2 2 
Nmr x 

=  f(a,e) (35) 

which results in a one-parameter family of curves. 

The function, f(3,e). plotted against 9 for various values of .- is shown 
In Figure 15. As can be seen from the graph, values of S = .87 and 
9 s 100° give nearly zero stiffness over several degrees of coupliii^ rota- 
tion. 

Since the operating torque and speed are given for th« helicopter problem, 
the value of either m or r can be chosen.  The other value can be calcu- 
lated from equation 35 where 8 = .87 and 9 - 100°. 

Design Equation I 

«22 
Nmr i 

f(.87,100) = 2. 115 > 10 
-6 

(36) 

Design Kquntion  II 

where 

B =   *       .87 
r 

T       ft-lb 

(37) 

i       rpm 

in. 

m lb In. 

Equations 36 and 37 are now general   design equations for  a /.ero-torsional- 
stiffness coupling for  any  speed and  torque.     It is necessary  to see  if 
values  for m,   r,   and  1  can be found which  are physically  realizable for 
the helicopter coupling design. 

For high-speed  applications,   it  is very  likely  that   the mass of   the links 
which  has been   ignored up to now will   have a significant  effect on the 
stiffness characteristics of   the coupling.     Fortunately the mass,   m^,  of 
each  link,   and   the mass,  mn,   at point   D in Figure 16 can be combined for 
steady-state analysis   (x     constant).     Figure 17a shows the centrifugal 
force F resulting from the distributed mass m| of a  link.     If mass m| Is 
equally  redistributed to points A and  R (Figure 17b),   the center of 
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Figure 16.  Coupling Mass. 
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gravity of the link does not change; thus the force F does not change. 
The force vector can. however, be resolved Into the two components shown 
in Figure 17b. 

Al A2 
- m. r i 

i  „ ; 
TJ m^ R x 

Figure 17c shows the two links combined, giving 

Fn = «x R . 

1      - 
*A    2 m: r l 

Including m . with m    gives 

2 2 
B  R  n     in 

The forces  K.^i   ;ind  F.\2  cannot   contribute to the  torque T  since  they  art- 
directed radially outward from point  0 iind h:ive no moment about 0. 
This  leaves only  force Fp to produce torque T.     Thus,   the relationship 
between  torque  and  twist  angle can be determined  from design equation  I  by 
setting m _  m^  •   mp.     The prool  of   this  statement,  given below,   comes from 
the principle of  virtual  work. 

.».       :w,  .   'W 
r A B 

where 

6w r- 
:*A      Vr 

'\    KnfR 

thus 

lr -R T   FA r   yn rr 

h „2   ' If 
T      Fn    x-r       (n.   •   n   )Ri      r» 
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Substituting equations 31 through 35 into the above equation gives 

T 
2 2 

X(m^mB)r i 
f(3.f) 

which  Is the same as design equation  1,   with m      m. ^   m . 

Therefore,   to  Include the nass of  the links,  m;.   «1th mnss mB,   simply  add 
mi  to mg      It   should be noted that  adding  the mass of one link,  m  ,   at 
point B will  represent the total  effect of both  links. 

Due to strength considerations,   it may be required  to make the links more 
massive than called  for  in the design equations  36   and 37.    This may  very 
likely be the case in high-speed turbine applications.     Through the use 
of a form of counterbalancing,   the links can be made as massive as desired, 
without altering the prescribed stiffness properties of the coupling. 
After mass m has been determined  from design equation I.   it is necessary  to 
counterbalance any  extra mass.  me,  where 

Design  Equation  III 

m # +  m_ " in 
I B 

(38) 

A negative value for m^ means the link  is  inc. light   and +m   must  be added 
at  point  B or to the eg of each  link.     If mp is positive in equation 38, 
then mass nt    must  be  added at point   V  to each  link  at  a distance r    as ü r e 
shown in Figure 18.   such  that 

Design  Equation   IV 

I 
m r        -mi 

; e      2    e 

or 

im 
e 

a      2r 
(39) 

Coupling Parameters  for Helicopter Analysis 

5 
Representative values of turbine power and speed  from Swick and Sknrvan 
are 

Normal operating power -  5270 hp 

Normal  operating speed -   13.820 rpm 

Equation 40 shows  that  a zero-torsional-stiffness coupling must  be designed 
to transmit  a  torque of 2004 ft-lb at  13,820 rp.n   (1417  rad sec). 

hp(33.000)       5270(33.000) 
(ft-lb)  =     2ti x     

=     2TT(13,820)     ' 
(rpm) 
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Figure 18.    Counterweight ■ 

34 



The Uze and weight of the coupling can diminish the helicopter payload; 
therefore the value of r, which has a direct bearing on the coupling flange 
else, will be kept to a mininum.    A reasonable choice for r which should 
allow sufficient clearance of various existing helicopter hardware Is 
3 Inches. 

For design equation I   (36)  with 

r =  3 In. 

'X s  13,820 rpm 

T =  2004 ft-lb 

N =  2(symraetric coupling) 

S a   .87(zero stiffness) 

a value of m =  .2385 lbm  Is obtained.     The value of  I from design equation 
II   (37)   Is 2.61  in.     All kinematic design parameters for a zero-torslonol 
stiffness have been determined and are shown In Figure 19. 

Helicopter Drive Train Parameters 

The helicopter drive train shown In Figure 20 can be modeled with the fol- 
lowing parameters: 

Rotor Inertia I 
R 

Engine inertia I 
e 

Speed reducer Inertia      I 

Mast shaft stiffness        K s 

Drive shaft stiffness K 

Rotor damping C 

Engine damping C 

Mast shaft damping C 

(see Figure 20) 

For systems with speed reducers. It is common practice to reference all 
springs and inertias to one side of the gearbox (see Appendix II). For 
this helicopter analysis the engine input side will be used. 
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r 

r a 3 in. 

la  2.61  in. 

m =   .2385 

Figure 19.     Kinematic- Design Parameters. 
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Mtturi- 20.     Ii«l U-opttT Driv«'   Irxiln puramvtfr 
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Nuaerlcal values for the above Inertias and spring constants taken from 
Svlc>~ and Skarvan5 are 

I  = 3.888 

I  =0.500 
e 

slug-ft 

slug-ft5 

I     = 0.144 slug-ft 

ft-lb/rad 

ft-lb/rad 

(all values referenced to engine input si. e of gearbox) 

K = 212.1 

Kt = 21,417 

It will be assumed that the aerodynamic rotor drag and engine drag are 
proportional to angular velocity squared.  Nearly all of the shaft horse- 
power of the engine is dissipated in the aerodynamic drag of the rotor, 
where 

DRAG 
•2 c e 

L R 

For steady-state operation with T = 2004 ft-lb and 6=0   =1447 rad/sec, 

C.   = 9.564 x lO-4 ft-lb-sec2 

A value for the engine damping coefficient Ce is determined by aasuming 
a 25-30 percent total power loss due to turbine drag;  thus,  total hp ai 
7400. 

From equation 40 an engine drag torque of about 800 ft-lb is obtained, 
giving 

C 9    = 800 ft-lb e e 

or 

C. = 3.82 x 10"4 ft-lb-sec2 

The speed reducer inertia is small compared to the engine inertia,  and the 
drive shaft stiffness  is much  larger than the mast shaft stiffness which 
is effectively reduced by  the speed reduction ratio. 

Since the investigation of torsionnl vibrations is not directly concerned 
with vibrations of very high frequency, the drive shaft can be assumed to 
be rigid,   allowing the speed reducer inertia to be combined with the engine 
inertia giving a new value I   : e 

l'  =  I    +1 e        e        G 
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The aod«! for the helicopter drive train with Kt - • and ie
s Ie+ IQ 

reduces to the two-degree-of-freedoa system shown In Figure 21 (System 1). 

The aast shaft damping Is assumed to be 10 percent of critical damping. 

C = i (VK I ..) = 2,24 s  10    s eff 

where 

leff 
e R 

e R 

The drive train model in Figure 21. with the zero torslonal stiffness 
coupling developed in the previous section Inserted along the drive shaft, 
has an additional degree of freedom. The inertia of the driving flange of 
the coupling is combined with the engine inertia, since Kt is assumed to 
be Infinite, giving Ife = 1. + lj .  The driven flange of the coupling is 
combined with the speed reducer inertia tu give l' = I_ 4 I. . ir        G        ir 

Figure 22 shows the  three-degree-of-freedom system incorporating  the cou- 
pling  (System 2). 

System Simulation 

The open-loop helicopter drive train model without a zero-torsional-stiff- 
ness coupling can be dynamically described by  the following two differen- 
tial  equations of motion: 

e        e e R        R R 

or by Inspection 

16    =  -K  (9 -60)   - C 6    - C (9   -ej  + T(t) ee seR ee        seR 

e • 

VR - Ks(6e-V  " CL(t)9R * V W (41) 

The most common procedure for numerically solving these equations  is to 
first use two dummy variables   \    and  \   where 

\   =  9 e        e •3 

\-\ \-  \ 

and transform equations 41 into the following set of first-order differ- 
ential  equations. 
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Figure 21. System 1—Helicopter Drive Train (Without Coupling) 
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I 

K - 7 IK.(VeR) - CeXe " C.«VV + T(t)1 

e 

Sl = 4lK.(e.-eR)-CL(t)^+Csae-V1 

K-K 
K - \ (42) 

The equations of motion for the helicopter drive t   oin with  a zero tor- 
slonal  stiffness coupling are much more complex th n the above.    The most 
effective form of solution Is through  the use of analytical  dynamics,  more 
specifically the method of Vance and Sltchln7 for directly obtaining first- 
order difference equations from Hamilton's principle. 

The method will first be used with the two-degree-of-freedom system. The 
resulting equations will be used for the actual numerical Integration due 
to  its generally improved accuracy over other methods. 

Hamilton's principle for nonconservatlve systems is 

S ^      K 
6l « 6 J*      L dt + /       (  Z    F    6     )dt = 0 

t. t.       1=1 q 

where 

1 

L « T-V =  the Lagrangian 

T =  the kinetic energy 

V =  the potential  energy 

F    =  the nonconservatlve forces 

Hamilton's principle is satisfied by  the set of k second-order Lagrange's 
equations 

d      äL dL ._ 
dt  (7r)   ' "3- =  Fi (43) 

*l "i 

coort 
(Figure 21)  are 
The generalized coordinates q     for the two-degree-of-freedom system 

e . e. 
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For the three-degree-of-freedo« syate« (Figur« 22).  the generalised coor- 
dinates are 

V e- \ K • 3 

Equation« of Motion for Syaten 1 

The Lograngian Is 

L   * ,' 92*li   e'-iic (e-e/ 
2ee      2RR      2    s    e    R 

The elements of Logrange's equations 43 are 

= re 
e e 

it. = iJ. 
de. R R 

(44) 

Jr-= K (9 -90) ffS 8    e    R 

^ ■ -wv (45) 

Momentum Is defined as 

'45) 

For the two generalized coordinates 6    and 6 /   the momenta and their 
respective tine derivatiea are 

P  = _±L . i e 
•    de      e e 

e 

p =-^= i e R    d&R    
ln% 

P  ^ (^) e   dt   &e 

(46) 

P =-i(iL) 
R dt *K 

(47) 
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I 
The generalized forces F    can be determined from the principle of virtual 
work: 

for 8 e 

and for    6, 

6W1 - Fl  \ 

4W   = K    6e 
e        e      e 

F    =   -C  e2    - C   (9  -k)   +  T   (t) e e e s    e     R e 

6w    r   F     *9 
R R       R 

• • 
F- = -Ct9B + C (8 -G0) R I. H s     e     R (48) 

Using equations 45,  47,  and -18,   Lagrange's  equntinns 43 can be written 
in the canonical  form: 

P        K  (6 -6»   - c 6    - r  (9 -9,,)  ♦  T (t) e        scR ee seR e (19) 

• • 
p-= -K (9 -e0) - c, 9. + c (9 -en) 

R seR I, H seR 

For dynamical   systems  the P 's  nre always  linear in the q.'s;   therefore, 
from linear  algebra 

rpj  =   (Apqll (50) 

or 
,-1, fqi} =   (A     ]   JP{i     (assuming A is nonsinRular) (51) 

From equations   11  and 50 the remaining  canonical  equaticms  are  rnrmed. 

II 

() 

O 

1   I 

(52) 

Equations  49  and 52  form a  set of  four  first-order differential  equations 
In coordIna ten: 
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p e 
e e 

R R 

These equations can be numerically solved by 

1. Specifying initial  conditions  for P    .  Pn  .  d    ,   and  6 eo    Ro    eo Ro 
2. Finding values for 8    and  ö.   from equation 52 

e R 

• • 
3. Finding values for P    and P    from equation  19 

C R 

• • • • 
4. Numerically Integrating P  ,  P   ,   9    and 9    using routines such  as 

Euler or Runge-Kutta 

Using Euler integration, 

'v. 
= e e n 

♦ 9      ^t e n 

Rn+1 
= 9R n 

+ 
^R    ^ n 

Vl 
= P 

en 
+ P        ui. 

if 
n 

(53) 

*„      = K   + P«   ^ If    . II R 
n+1 n n 

n+1 
t    +  .It 

n 

5.     Using  the ml values,   return  to step 2 and repeat  procedure  for 
desired length of  time. 

Equation of Motion for System 2 

In order  to find an expression for the Lagrunglan of the three-degree-of- 
freedom system,   the linear and angular velocities of each mass  and  inertia 
must be determined^ For the engine and  rotor Inertias  I    and  l       the angu- 
lar velocities  arc 90 and  6p respectively.   The velocities of  the coupling 
links are functions of 9e and G as well   as  6    and 6.    Referring  to Figures 
22 and 23,   the kinetic and potential  energies are 

1 •21,21/*,2l 2      1 2       2 
T 4  'e  9e* 2   'RV*  ,fR(V0)    + 2  NVn >  2 *S*l^ij 

v = i K (e -e-9D)2 
2    s    e        R 

1 2      2 
2 I    \     ^ 

15 

(51) 



where 

v. s linear velocity of eg of link 1 

tu. = angular velocity of link 1 

v, = linear velocity of eg of link 2 
2 

x i ■ angular velocity of link 2 
X2 

(see Figure 23) 

For the static analysis of the coupling,   it was shmrn that raj and HQ can be 
conbined,  but when 6 is not constant  the mass distribution of the links 
will  have some effect on the system response.     A significant effect would 
only be expected when the links are massive  (low speed/high power) but will 
be left in the analysis for generality. 

The expressions  for the v's and JU'S  in the kinetic energy equation 53 are 
developed in Appendix III  and are given below. 

2        '2 2   •      •       2 
v„ =  R    ♦   R   (9 -6/2) 

B e 

vi = VX  + vi  " 5 ^r2(*e"*'e® +  *2/2) "r ^ ®<8ln e/2) 

+   R2 + 2rR(6 -6/2)2 cos  9/2 ♦   R2(e -9/2)2} 
9 © 

u>2 = i)^    + v2,   » -^ fr2(62-9 if92/2) +  r R 9(sln 9/2) 

+  R2-2rR(9 -9/2)2 cos 9/2 +  R2(9 -h/2)2] e e ; 

e 

where R is the time derivative of R in equation 30 

(55) 

R = - | el r(sin 9/2) r    sin 9 

2y/2-r2(sln 9/2) 
-] (56) 

The Lagranglun can now be written  in terms of the generalized coordinates 
as 
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Link I 

nk 2 

Kliiure 2:».     Coupllnu Velocities. 
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■■■*'..»M ^'M ■;«".-«' 
1 "2        2   • •        2 

„.v2 - T? N M0(r R e(8in 9 2) -2rR(e   - *'2)4 cos  9 2] 
2 2 e 

1 2#9,,»9 
-. s N M_[r  (G^-e 9* e^ 2)] 

J J e      e 

- K  (6   - 9- 6,,) 
s     e R 

where 

^ = mn +  "l 2 *  211 ^ 

R,2 = mi2 " 2It^ 

M3 = «x 2 +  21^/1 

The potential   forces,   dL  ^q  ,   In Lngrangc's equsitinns nrc 

||=iNM1[2Ä||+   2R^(9e-9 2)2| 

- ^ NM2rre ^| (sin ^ 2) + i r R  ?tco8  9 2) 

^R     A        X       2 cos e 2 

*  r R(6   -6 2)2 sin 6 21  ,  K_(9   -9-6  )   for 6 

(57) 

dL 
72" =  - K   (6   - 6- P )    for  9 

s    e 

|J-= V9e.6.6R)        for6p (58) 

The momenta.   P  ,   in Lngrnngv's equations are 

At .       . 
P    = — = -  I#n(6   -6) 

T         ' fR    e 
'ir 

*   i NM,12R — - R  (e   -9 2)1 
2      ^ Ht e 

•1H 



- i NM [re ~ («in 9/2) 4 r R(sln 6/2) 
2      z        de 

• • 
+ 2 r R(e   - 9/2)  co« e/2] + i NM0r2(e- 9 )       for 9 

e 2      J e 

P   = 4l =  i    +   1     (0   -6) 
.      a| e fR    e 

e 

+ i NU1l2R2(9e-e/2)l 

+ s NM [4rR(e   -6 2)  cos 6/21 
mm O 

♦ i NM3[2r2(6e-6/2)] ♦or 6 

R  ^   RR 
for 9. (59) 

The expressions for the partial derivatives of R and R used in equations 58 
In terns of the generalized coordinate 6 are 

»R 1 f 
7$ ~ I r (sin 6 2) * r    sin 6 

2>/i
2-r2(8ln26 2) 

-] 

^R !   i f   , o/ov «•     cos   6 35"   -7«Lr(co«e/2) + 
y2       2 2 
l-r (sin 6 2) 

r4 sin2 6 T 

4[i2-r2(sln2o 2)13 ^ 

dR      ^R 

The tine derivative« of the momenta,  P 's,   need not  be taken, 

'T-a^)   '— vAa 

d      *L   " P   , 4L (-h-      for e 
e      dt  V^ 

'.-Äti   '-. 
(60) 
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The general!sad forces F. determined froa the principle of virtual work 
are 

6W = F 69 
e   e e 

r = T (t) -r ce -e-ej -c 9 |e I   for e 
e   e     • e    R   e e' e e 

where T (t) Is any time function of the input torque. 

6WR - FR68R 

FR    --C/^'k'K)-CL()W f01   eR 
where C (t)   is any time function of the rotor lift coefficient. 

6K, = FOG T        T 

F,. = C (9   -6-9,,)-ce-K^CO) 
T s    e R        D        fK 

for 9 (61) 

where C Is viscous hinge friction in the coupling and KfK(9) represents 

any additional springs that might be added to the coupling. C and C 
are the shaft and engine damping coefficients respectively. 

Using equations 58, 60. and 61,'Lagrange's equation^'can be written in 
canonical form: 

• 
p 

e 
F e 

^T FT 

• 
V FR 

(62) 

From equations 50 and 58, 

[A] (63) 

p = i e 
R    R R 

where the elements of the A matrix are 
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■ 

•n =■ I " ' V* f? * I "2' 

+ u (_r ^ (sin 6/2) -rR(«in 9/2) > rR(co« 8/2)+ M3r
2}+ I^R 

n12 =   "5 N(H
I
R2

 
+ ^rRlcoa 9/2) + MgF2) -I^R 

a21 =  "^ 

»22 =   'e "  ^R  " 2al2 

nnd 
• • 
R = Re = dR 

15 

Upon Inversion of equations 63,  the following expressions for the three 
generalized velocities  result: 

ee=   (0ilPR-O21P.)/<0lla22-,,2l,,12) 

6    = P    I 
R        R    R 

(64) 

Equations 62 and 64  form a set of six first-order differential  equations 
in coordinates: 

P 9 e e 

T 

p e R R 

These equations can be numerically solved by 

1. Specifying initial conditions for P  , P  , P  , 9  . 9- nnd eD 
T0       e0       R0      e0      0 R0 • • • 

(initial  conditions for 8    ,  9n.   nnd 9D    can be used with equn- 
e0      0 R0 

tions 63  to produce P    .  PT i  and P    ) 
e0      T0 R0 

• • 
2.     Finding values  for  9  ,   9 and 9„  from equations 6-1 

e R ^ 
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3.     Finding values for P  ,  P and P    from equations 62 
*       X n 

4.     Numerically  integrating P^,  PTI PR,  9e.   6.   eR 

Using Euler Integration, 

9 =9      +   9   At e    , e e n+1 n n 

ml        n        n 

»R    ,   =   6R    +   eR fit 

IUI n n 

5 = P      +  P   At e    , e e n+l n n 

P_.        = P_    +   P^ At T    , T T ml n n 

'R        -"  PR    +   PR Lt 

ml n n 

t    ,  = t    + fit ml        n 

Using the n+l  values from step  1,  return to .step 2 nncl  repent 
procedure for desired length of time. 

THE SYNTHESIZED COUPLING DESIGNS 

Description of Pinned Link Coupling 

Three views of the synthesized zero torslonnl  stiffness   (/TS)   pinned link 
coupling for helicopter application are shown in Figures 24,   25,   nnd 26. 
The various components of  the coupling nre 

A driving flange 

B driven flange 

C link 

D connecting pin 

E olignnent  shaft 

F connecting  tubes 

G dt form ab lo  .stops 

II link pin nnd  fastener 

I torsion bar   (not  shown) 
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Figure 24.     ZTS Coupling  (Front) 
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Figure 25.     ZTS Coupling   (Side) 
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Figure 26.     ZTS Coupling   (Hack) 
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The connecting tubes ore part of the flanges and are designed to fit Inside 
the drive shaft of the helicopter.  A free running alignment shaft may be 
used to prevent lateral motion of the flanges. A soft torsion bar con be 
inserted through the center of the alignment shaft which will close the 
coupling when the system is at rest.  This will prevent banging of tho 
coupling against the stops during Initial start-up.  The end« of the tor- 
sion bar con be attached at any point inside the drive shaft. 

Figure 27 shows the type of link used in the ZTS coupling.  The dimensions 
of the link are 

i = 2.61   in. t     ! . 5 m. 

r    = 
P 

.375  in. H 1.375  in 

rl  - 
.625  in. h .625  in. 

r2  = .6875  in. r 
e 

1.3  In. 

The areas shown In Figure 27 ore 

A    =  2(H -h)t       .375  In.2 

A    -  projected bearing  surface      2tr 

.6875   In.2 

A_ -   2(r -r, )t=.25  in.2 A.     T2
       .Ml«   In.2 

3 2     1 I p 

The bending moment caused by   the  links boing  In different  planes  can be 
eliminated by  replacing  «ach  link connected  to flange n with  two similar 
links of  thickness t  2.     The new  links go on either side of  the  link con- 
nected  to flange A. 

Determining  Counterweight nu, 

The  link,  before counterweighting,   is divided  into  three sections.     Sec- 
tion  1   Is all   mass symmetrically distributed  ab'.ut  point   ».  which   lor each 
link   is mn 2.     Assuming  that   the pin,   bearing,   and   »ink  all   hove   the den- 
sity of  steel   (;  = .2H  lb    in.   )  gives 

m 

"o m-2, 0.20H   lb 
1 2 m 

Section 2 is the portion of the link which has the cross section shown In 
Figure 27c.  The center of mass for this section Is located at * 2; thus 
it can be treated simply as m.. 

m. n, - n(ll-h)(i-2r„)(t)  0.130 lb 
c <s m 

r>fi 



(b) 

2-2 

r 
h 

V 

(c) 
KiRiir«   27.     Coupling Link. 



Section 3  Is all mass symmetrlcully distributed about point A. 

■3 K(>wr*(2t) =   .416 lbm 

This mass does not affect the torque characteristl<'8 of the coupling and 
can be neglected when determining m .     From design equation (38), 

m    = in * + ra_ " m 
e        x        B 

The value of m has previously been determined on   page   35      to be  .2385 lb . 
The value for m    from equation 38 Is therefore 

m    =  .307  lb 
e m 

Design equation IV (39) with r    ■   I 2 gives 
0 

m = .307 lb 
Or        m 

Stress Analysis 

The coupling geometry used for the stress analysis is shown in Figure 28n 
where 

r(cos 9/2) * /i2- r2(sln2e/2) 

h > r(sin 9 2) 

c» m  sin hi 

Figure 28b shows the forces acting on each  link and pin. 

Mass nL  was determined so that m    would not contribute to the torque char- 
acteristics of the coupling.     This was done by making  (me 2)  +  m,, for each 
link have a resulting center of gravity  at point A.     Figure 17 shows  that 
the link mass,  m£,  can be equally distributed  to points A and R.     The 
force acting at point A caused by m.,  m  ,  and m    is 

Fi = (n* + T + T^ ^ 
The force at point A caused by all mass located in section 3 is 

2 

where 

F2 = m3 ^ 

m3 PB *nr2t 
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Figure 28.  Link nnd I'ln Forces. 
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The noncounterbnlnnccd mass m produces a  force nt point   B with mngnitude 

F3 =  mRL 

which causes  euch  link to hnvc a  tension  force 

A       2 

The total force KA acting on the bearing at point A Is the vector sum of 
Vl'   F2' and F4: 

F. = f[(F, + F_Hco« 6 2)4 F. cos a]2 

A      1  2 I 

> r(F1+F0)(8in 6 2) -Fj sin a]2]1  2 

The shear force on the pin at I) caused by the force acting between Un- 
links is 

F    F, sin Or 

(due to symmetry,  only normal   force between  the  links exists) 

Equation  39  shows   that   the moment   caused  by   m    on one side ol   l»olnt  A   is 
equal   to the moment  caused by mt,  2 on the other side ol   A.     The value  for 
the moment where  the open section of  the  link  begins  (point  N)   Is 

t'r2 - me       2 
M        I —i—^ h l   •   ' -4 Itt    I 

I / . 2 / 

projected mo-   force 
ment arm 

The mass m  • m, causes n tension force F,. in each link whore 
n       2 5 

1 2 
F-  - 7i (m_ ♦ m.)R(i     cos a) s     «     n     • 

The  normal   stress   in  the  link at   point  N  Is 

Mr       ''ö 
CN       T 4   Ä^ 

The stress on the- bearing at pin A Is 

'A 
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The normal stress   in the link at the section shown in Figure 27d is 

^r 
nnd the shear stress acting on the pin at B is 

F. 
T  = 
B  A 

B 

The value of each stress and force Is a function of 6. The maximum values 
are computed by the stress program in Appendix IV and are given below. 

Maximum Stress 

o^ * 

60,000 psi 

25,000 pal 

23,000 psi 

13,000 psi 

F. * 17,200 lb 
A 

F.. «= 5,700 lb 
B 

F.. « 5,800 lb 

F. * 13,200 lb 
0 

M M 4,800 in.-lb 

The* stress distribution about pin A is very complex and depends on the 
rigidity of the bearing, flange, and link as well as the moment caused by 
m, nnd the normal stress caused by m.  The pin has been made large to help 
account for these effects and to increase rigidity.  An experimental anal- 
ysis is required in order to determine the exact mode of failure.  This 
region is not critical in the design other than for stress, since the mass 
in the region von tributes nothing to the torque characteristics of the 
coupling. 

The steel links and pins should be as strong or rigid ns possible to avoid 
link deflection nnd prevent damage due to extreme overloading if system 
failure occurs.  AISI 2330 steel drawn at loO'F has a yield strength of 
lOS ksl nnd a Brinoll hardness of 425.  The bearing surfaces are subjected 
to high stress and are difficult to lubricate.  Self-lubricating bearings 
made with woven Teflon have been designed tu withstand loads to 80 ksi. 
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DeBlgn of Deforanble Stop» 

Stops have been Included in the coupling desisn to limit 6 bvtwvcn 1 and 
2 radians.  The stops can cone in contact during 

1. Start-up 

2. Shutdown 

3. High speed/low torque conditions 

4. Low speed/high torque conditions 

5. Low frequency/high magnitude excitation 

An elastomeric material is used for the stops tu reduce impnet.  Th« total 
contact area of each set of stops is 2 in.-.  The spring constant of the 
stops is designed so that the operating torque (2004 ft-lb) at zero speed 
can be transmitted with a .03 radian coupling rotation from initial stop 
contact. 

The center of the contact region is 3.25 in. from the center of the cou- 
pling; thus the force on the stop is 

F ■ (2004 ft-lb)(12 in. ft) 3.25 in.   7.400 lb 

The linear spring constant  is 

K    =   (7.400  lb)   (.03 rnd  •   3.25  in.   rad) 
Li 

. 75,900 lb  in. 

The torsional spring constant is 

K > (2004 ft-lb) (.03 rad) = 66,800 ft-lb rad 

An expression for the approximate value for the deflection of the elasto- 
meric material is 

6 .H 
AK 

where 

P AK 

Lotting I.   (the   Initial   length of  the material)  be equal   to .75  in.   gives 

E =   t75,900  1b  in.)(.75   In.)       ^^ ^ 

2 in 
2 

Low density polyethylene has an elastic modulus range of 1 I ,(i()()-;iH.(MMi 

psi, 
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Docrlptlon of El •■tic Link Coupllnf 

TWO views of tho synthoalsod zwo torsion«! stiffness «lastlc link cou- 
pling tor hsllcoptsr application ara shown In Figures 29 and 30.    The only 
two aajor differences fro« the pinned link coupling are: 

1.    Substitution of aealclrcular elastic links for the straight 
pinned links. 

2.    Reduction of the angle of twist (froa stop to stop)  to 10 degrees, 

As shown In the section on design analysis,  the determination of elastic 
link dlaanslons Is an Indirect and time-consuming procesa.  Link dimensions 
are given on page 25 for the example taken from Swlck and Skarvan. 

The different angles of twist between stops for the pinned link design and 
for the elastic link design represent two different philosophies of design, 
rather than special requirements of each type of coupling, although the 
small twlat angle In the elaatlc link coupling ellmlnatea the necessity to 
avoid negative stiffness st large angles of twist.    The small twist angle 
also ellmlnatea the possibility of a bending failure load in the elaatlc 
link. 

With its small (10°) angle of twist between stops, the elaatlc link cou- 
pling acts aa if it were aolld (no compliance) during acceleration or 
deceleration and exhiblta aero stiffness only at the ateady-state design 
conditions.    Thus the elsstic link coupling, aa designed here,  is best 
suited to providing aero stiffness to Improve closed-loop stability, 
without the capability to abaorb large excitations or dissipate vibration 
energy through damping. 

The two designs presented here (pinned link and elaatlc link) can be 
regarded aa representing the two extremes of design philosophy which con- 
tain the aero atlffneaa cone-,A.    The queatlona of whether pinned links 
or elastic links are superior, or how much angle of twlat between atopa la 
optimum, aust finally be answered by testing for a specific application. 

Provlalon for Danping 

The large angle of twlat between stops Incorporated in the pinned link 
design,  along with the available apace represented by the alignment shaft, 
provides an excellent opportunity to Introduce significant amounts of 
ahaft damping into the helicopter system. 

Figure 31 ahowa a dealgn concept developed at the University of Florida 
to aeeompllah thla.    The alignment ahaft consists of a hollow steel sleeve 
containing an annulua of elastonerlc material.    A ateel  rod is a sliding 
fit Into the elaatomeric material.    The rod is fixed to one flange of the 
coupling and the ateel aleeve is attached to the other flange.    The only 
bonds between steel and elaatomer are at areas "A"  and "B."    The system 
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Figur« 29. El Antic Link Coupling, Front View. 
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Figure 30.     EldHtlc hink Coupling, Side View. 
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Coupling Planges 

Drive Shaft Tube 

Figure 31.     View of Proposed ZTS Coupling Dampener Configuration. 
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is pr«twlat«d on ■■••■bljr to provld« tn «lastic oloslnf torqu« which koops 
th« coupling agalnat Its stops until centrifugal fore« fro« rotation pulla 
It open. Thus, "banging" or lapact of atopa during atart-up la allalnatad. 
Pigura 33 ahowa a aoctlon via«. 

It can ba aaan that toralonal oscillation of tha coupling producaa tha 
following affacts, all of which dissipate energy: 

1. Twlatlng (eliding) of the steel rod with respect to the elaato- 
■arlc annulua. 

2. Twlatlng (defomatlon) of the elaatoaerlc material. 

3. Twlatlng (eliding) of the elaatoaerlc annulua with respect to 
the hollow ateel sleeve. 

It la 8h..*n In Part II that ahsft damping is an extremely sensitive and 
Influential parameter In Improving closed-loop toralonal stability. 

HWBvns or SYSTEM SIMULATION WITH A SYNTHESIZED DESIGN— 
W-LOOP VIBRATION ISOLATION 

The raaulta of the computer simulations deacrlbed previously are 
praaented In thla section.  Appendix IV contains the computer programs 
and numerical data used for the simulation of the drive train. All of 
tha almulatlona reported in Part I were done with the pinned link coupling 
without damping In the system taken from Swlck and Skarvan. 

Modea of Excitation 

Syatom 1 (Figure 21) and System 2 (Figure 22) are subjected to the follow- 
ing external excitations: 

Teat 1—Variation of C. 

Thla teat modele the cyclic change of the aerodynamic rotor drag 
caused by the rotor blades entering and leaving th« direction of 
flight aa well aa cyclic variations caused by pilot excitation of 
collective pitch. The lift coefficient of the rotor, C^, Is 
alnuaoldally varied ±10 percent about its average value. 

C. (t) = C, (1 + 0.1 ein uit) 

(» n 2.5 - 10 Hz 
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Drive Shaft tube 

CoupllnK Hub 

Opposite Hub Tube 

Klaatomeric 

Hub Core 

Kigurb H'J      Swctton \uw of PrupoHed /.TS Cnupling 
Dnmpenor innfigurutIon. 
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Teat 2—Variation of T v 

Pilot adjustment o*  engine «peed as well  as poanibl« feedback 
Inetoblllty la represented by alnuaoldnlly varying the engine 
torque *10 percent about nornnl operating Input torque, T 
(2804 ft-lb). * 

T   (t)   -  T  (1+0.1 sin tit) 
e e 

Ui -  2.5 - IOHü 

Teat 3—T  (t) 
o-—■ 

Syatem atnrt-up   is modeled by  Increasing engine torquo parabolIcnlly 
from 0 to 2H00 ft-lb  In 3 seconds.     System shutdown Is modeled by 
cutting the engine torque to zero when system Is operating ot steady 
state. 

T (t) - , t T (2-t 3) e Je 

T  (t)   =  T 

T  (t)   =.  0 
e 

0 < t < 3 sec 

3 < t < 30 sec 

t  > 20 sec 

Measuring Syatem Response 

A helicopter control  system compares the engine speed with a desired speed 
and slters the various engine torque producing parameters accordingly. 
If external excitations cause largo variations of the engine speed, con- 
trolling syatem stability may prove to be difficult.     A beneficial  effect 
of the ZTS coupling Is to effectively Isolate the engine Inertia from the 
rest of  the system,   resulting  In a reduction of the engine speed variation 
due to external  excitation.     The first measure of system response Is A6ai 
the engine speed variation  about  the normal operating speed  (1447 rsd/aec). 
The second meae ire of system response is ATR,   the variation of  the torque 
transmitted by  the mast shaft about the normal operating  torque  (3004 
ft-lb).     Ute quantity AT,   indicates the torque overload experienced by the 
mast shaft, gearbox,   engine turbine,  and rotor. 

The speed variation, A8A,  has units of rad/sec and the torque overload, 
AT   ,   1»  in percentage of operating torque. 

System Response 

The results of Test 1 given  in Figure 33n show the engine speed variation, 
46e,   and mast torque variation,  ATg,  as u function of the exciting fre- 
quency ui.     Above 5 Hz,  &6e  and ÄTn  are virtually unaffected by the exciting 
force.    At slightly  above 3 Hz,  System 1 experiences a critical  frequency. 
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Systea 2 ha« • critical region below 2.5 Hz where the coupling hit* against 
the stops during each cycle of excitation. 

e 

Due to the nonlinearity of the coupling in Systm 2, the values of A8V and 
ÄTa depend not only on the exciting frequency but on the state (position 
and velocity) the syste« Is In when excitation occurs.  If either Symtfm  1 
or 2,1s excited at very low frequencies ut < . 5 Hz, then the values of 6e 
and 9R will be nearly the name.  For this type of excitation the coupling 
In System 2 may close against the stops, causing the system to assume the 
stiffness of the maat shsft, K . 

Figure 33bshows the results from Test 2.  The engine Inertia Is directly 
excited In this test, causing severe oscillations of engine speed and 
mast shsft torque when excitation occurs at or near the critical frequency. 

e t 

A time response .curve ff 6e and 0R during start-up and shutdown Is shown 
in Figure 34.     9e and flt of System 1  and System 2 closely follow curve 1 
for the first 20 sefonds  (start-up and steady state),    During initial 
start-up, 6e   leads.d» while the mast  shaft "winds up"  and then small  oscil- 
lations of   le and 9R about curve 1  slowly dampen out.     After 20 seconds, 
when T    is set to zero,  6e and  9R of System 1 closely follow curve 2. 
Small oscillations again occur  as the msst  shaft unwinds.     6R In System 2 
closely follows curve 2 but 9e experiences severe oscillations for the 
first 1/2 second wnen the system is shut down.    This Is due to the coupling 
mass traveling radially outward,  causing the coupling to quickly close 
against the reverse stops. 

Other Systems 

5 
Swick and ..knrvan    point out that the difference in the natural  frequen- 
cies of helicopter drive trains depends primarily on mast shaft stiffness. 
A common range for the natural  frequencies  la 2-6 Hz.     The basic helicopter 
design presented thus far has  a critical   frequency slightly  above 3 Hz. 
Increasing  the mast shaft stiffness of  the helicopter design by  a factor 
of four gives  the system a natural  frequency of approximately 6 Hz. 
Figure 35 shows the response of Systems  1  and 2 with Increased maat ahaft 
stiffness  to the excitation of Test  1.     At the critical  frequency of 
System 1   (6 Hz)  the torque variation is over 22 percent while the speed 
variation  is over 11 rad/sec.     With the use of a ZTS coupling  (System 2), 
the critical  frequency of the system is shifted below 4 Hz. 

The time response of 9e, 9R and mast shaft torque to a 6 Hz excitation of 
the systems in Figure 35 is shown in Figure 36 The zero reference speed 
In Figure 36  is 1447 rad/sec and the zero reference torque  is 2004 ft-lb. 

The rotor speed varies ±2.2 rnd sec  for System 1 and ±1.3 rad/sec  for 
System 2.     The engine varies ±12  rad sec  for System 1 while the engine 
variation for System 2 lb  less  than ±.5 rad/sec.     Variation of  the mast 
shaft  torque is ±23 percent  for System 1  and less than 1 percent  for 
System 2. 
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Figure 34. Time Ratpona« of Helicopter Drive Train. 
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Systems which have higher «hnft stlffncHS m.iy represent other turbine 
application* auch oa pump or generntor aystems.     The  final   Invcftlgntlon 
of system reaponae to external  excitation  Is with mnst shaft stlffnenK 
eight times that of the original helicopter deslgp.     Figure :I7 shows the 
system reaponae from Teat 1.     The critical  frequency of System 1  is 
slightly under 7.9 Hz.     Using  a /TS coupling shlfta   the critical  frequency 
of the sy:-tem below 4 Hz. 

SUMMARY OF RESULTS 

1. Torslonnl  vibrations can be reduced or ollmlnnted with a /TS cou- 
pling.    The factors  limiting coupling effectlvunesH  are 

a. Very  low frequency excitation 

b. Very large torque variations 

c. New critical   frequencies in range of excitation 

2. Through link counterbalancing,   the /TS pinned  link coupling can 
enter the domain of high-speed turbo-poworod machinery. 

3.    For aystema where the diag torque Is proportional  to the angular 
velocity aquared  (helicopter system),  the /TS coupling becomes speed Inde- 
pendent  (see dealgn equation  I  with T oa-2) 

4. Low stiffness  pinned  link couplings which can  handle largo torque 
variations can easily  be designed.     If  a  lower value of  6 or 6  is chosen 
for f(B,6)   in equation 36,   then a low stiffncsH coupling will   result, 
Higher torque fluctuations across the coupling will   be possible without 
causing Impact of  the coupling's stops  (NOO Figure 15). 

5. Zero or low stiffness pinned link couplings  can be designed with 
four basic equations, 36 - 39. 

6. The two advantages of  link counterbalancing  and ease of dowign 
analysis make the pinned link dcnign apparentty  aupurlor  to the elastic 
link design for very  high speed applications. 
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PART  II;     EFFECT OF ZTS COUPLINGS 
ON 

CLOSED-LOOP TORSIONAL  STABILITY 

PRELIMINARY CONSIDERATIONS 

When designing a dynamic System,   It  Is essential   to be certain that the 
system will  not become unstable.    This  Is especially true of the closed- 
loop system,   In which a small  perturbation can buMd Into a destructive 
Instability  through  self-excltatlon.     A closed-lot ,> system Is one In which 
the output  Is compared with a desired output,   and the resulting error  Is 
used as on  Input  to  the system.    This Is sometimes called a feedback  loop. 

The complete dynamics of  a modern helicopter Is  an example of such a closed- 
loop system.     The elements of the system are the turbine engine,  drive 
train,   and speed governor.     These are shown  In block diagram form In Fig- 
ure 38.     It has been shown that to make this system stable,  either special 
features must be provided  in the design of  the governor or the gain of the 
system must be reduced which will  increase the steady-state droop.       Ute 
steady-stnte droop of a closed-loop system is  the difference between the 
desired output  and  the actual output obtained.     Equation 65 gives the 
steady-state speed droop  for the closed-loop_helIcopter system,  where SSD 
is the steady-state speed droop in percent, U)e  Is  the steady-state engine 
speed,   and ft  Is  the design speed at which the governor Is set.    Hereafter, 
any equation nomenclature not defined in context will be given in the 
List of Symbols at  the beginning of  this report. 

SSD =  -jr-S X 100 (65) 

The governor modifications mentioned above,   Introduced to ensure stabil- 
ity,  will decrease efficiency   or  increase expense,  neither of which  Is 
desirable. 

A major objective of  Part   II   is to determine  if  system stability can be 
achieved by means of  effectively modifying the drive train without having 
to complicate the design of  the governor.     The proposed method of modify- 
ing the drive  train   Is  to place n zero-torslonal-stiffness-coupling in the 
drive shaft,   to effectively decouple  the rotor  Inertia from the engine 
Inertia.     A particular coupling hns been designed  in Part  I  for the oper- 
ating conditions of   a helicopter.     It will  be attempted  in Part  II   to 
determine and  compare the stability of  the closed-loop helicopter system 
with and without  a  zero torsional  stiffness  coupling  in the drive shaft, 
In this way,   it  will   be determined  if  the use of   a ZTS coupling is an 
effective way of maintaining stability while retaining the desirable 
properties of  a  fast,   simple governor. 
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In the discuss um of  speed governors,   the major cmphiiHlK will  be placed 
on  the direct  fuel   flow speed governor.     It  Is  the simplest  and  least 
expensive speed governor nvnilnbie for use  in helicopter applications. 
Unfortunately,   the ordinary  helicopter system   is  unstable with  a direct 
fuel   How speed governor.       If   it  can be shown  that   the helicopter system 
with  the ZTS coupling   is  stable with a direct   fuel   flow speed governor, 
the  effectiveness  of   the coupling  will  have been  demonstrated. 

THE  UNEARIZED SYSTEM  WITH AN   IDEAL Ü0\ KRNOH 

The helicopter system Is   Inherently  nonlinear.     However,   the govern- 
ing  equations may   be   llnearl/.ed,   which greatly   simplifies   the  problem of 
evaluating  system  stability.      These equations   are made   linear  by  assuming 
that   the physical   parameters  of  the system remain within some small,  well 
defined,  operating  region.     I.lnearl/atlon of  equations  will   be discussed 
in more detail   later,   and the system governing equations will   be derived. 
The results obtained   for the  llnearl/.ed equations  are directly  applicable 
to  the case of  small   perturbations about   an operating  point.      I'hey can 
also be helpful   In getting nn   Intuitive "feel"   for  the more  realistic case 
of   large perturbations   about   an operating point.     More spedfleally,   it 
will  be seen  that  perturbations of  the gas producer  and speed governor 
system parameters   are of  a sufficiently  small   magnitude  lor   realistic IR 

turbatlons of   the drive   train   system parameters,   that   the   1 i.iean/ed 
governing  equations   for   the gas  producer   and  speed  governor   are  fairly 
accurate even   for   the "large  perturbation'   case.      However,   this   is unfo, 
tunately not   the case   for  the   linearized  drive  train  equations,   especi- 
ally  when  the ZTS  coupling   Is   Included. 

A reasonably  accurate open-loop model of   the helicopter drive  train is 
shown   In Figure 39.      This  system can be  represented  by   equations (>(» and (57. 

.2 .      . 
I      i     »CO     ♦    C   (Ö  -6   )   .   Kte -e. )        T (•>(>) 
eg  e e  e sei! e    R e 

I.Ä  •   ('. C   .   C   (8,,  6   )   t   K-(6-6  )       (» ((57) IM! I,   ^ s     11     e ••     I!     e 

The   Inertia   1       Is the   sum of   the power  turbine   inertia,   lc.,   and   the gear- 
box   inertia,   I-».,     The  only  nonlinear terms  In  the  two equations  are  the 
turbine drag  and  rotor  drag.     Actually,   the engine  torque  is   also non- 
linear  for   th<-  closed-loop system    but  that  will   be dealt  with   as one of 
the gas producer  system  parameters.     Inder  the assumption of   small   changes 
in   the  system parameters   frow  some  steady-state operating  conditions, 
equations (>(i   and  fi?   can   be  linearized,     This   is  made   less  difficult  by 
first   applying   a  coordinate   transformation.     A new   coordinate,   Gs,   is 
Introduced  and   the  coordinate   5R   Is  eliminated.      6^   IS  defined   us   the 
angle of  twist   in   the  shaft   and   Is given  by 

s e        "R 
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for this model.  Using this substitution in equntions 66 and  67 yields 

i   "e   + c p2 + c e  ♦ K.e   = T 
eg e        ee ss 6s e 

I   (« -P )  »  C. (9 -9 )     -C«    - KnP     = 0 
Res Les ss 9s 

Since Q
e is now a cyclic coordinate (i.e. , does not appear explicitly in 

the equations), these equations can be rewritten with the following 
substitutions: 

• ••      • 
9 = U) 9 = u> 
e   e e   e 

where w    Is the engine speed, to give 
e 

I     ii)    +   C ui2 •►   C 9    +   K.9     -   T (68) 
ege        ee ss 9s e 

I„(ai  -9  ) +   C. (x   -6  )2  - C   9     - Kne     =  0 (69) 
Res Les ss        6s 

These equations ore  linearized about o steady-state operating point,   by 
replacing the generalized coordinates as  follows: 

u>    » du    ♦ (£ 9=9+9 TTT+T 
eee sss eee 

where  i.e Is  the steady-state engine speed,   and xe  is  the difference between 
the engine speed and  its steady-state value, or  the engine speed perturba- 
tion.     Making these substitutions gives 

• -2- «2 • ~    • -- 
I    m    +  C (i) +2u! m + uj  J +  C  9    +  Kfi(e +o )   =  T 4T ege eeeee ss öss ee 

• •• —2  "2   ^2    —   A       —  • 
I„((W -9  ) ♦ C. (tu +U) +6 +2UJ UU  -atu  9 
Res Lees      ee      es 

- aio9a) - C 9 -Kfi(9 ♦9) = o es s s    D    s    s 

Since all system varlaMes are now small,   any above first degree can be 
ignored as being negligible,  resulting In 

• -9 -  . • - -       . 
I    a;    +   C ID   + 2C uu x   + C 9   ♦ Kc9   + KQe        T   +1 ege ee eee      ss       6s       c s        e      e 

In('jü  -9  )  + C,äJ2+2CI(ü   (a  -6   ) -C 9    -K.e   -K.ö    =  0 Res Le        Lees s f,       r- s       •• s 
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By lettli« the system perturbations and their time derivatives go to zero, 

the above equations can be made to yield   the stendy-state operating condi- 
tions,   which  also represent  the particular solutions  to the differential 
equations.     When the system perturbations and their  time derivatives  are 
set equal   to zero,  the resulting equations are 

C X2 4   KQi    = f c e 9 s e 

C.I2  - KJ    -  0 
L e 6 s 

These equations can be solved for the steady-state operating conditions. 
Meanwhile, the particular solution can now be removed from the differen- 
tial   equations,   leaving 

eg e 
2C * li    +   C 6    +  K.9 e c c s  s 9  s 

ltAjL  -9  )  +  2Cti   (I  -9 )  - C  9    - Kfl9o Res I. ees ss ös 

From these equations   it  can be seen  that   the linearized engine and  rotor 
dampir.g  coefficients  are represented by  equations 70  and 71. 

c    =   2C x T e e 
(70) 

2C   . 
L e 

(71) 

Substituting   these linearized damping coefficients  into the differential 
equations yields equations 72 and 73 which  represent  the linearized heli- 
copter drive  train. 

I     x 
eg e Ve C 9    ♦K.9 s  s 9 s (72) 

r (i. -9 )  .  c d  -9 ) - c 9 Res Des ss K96
S 

(73) 

Figure 40 is a plot f  the torque on the engine due to turbine damping 
as a function of the engine speed.  It is of Interest to note that the 
linearized engine damping coefficiert given by equation 70 is the sann  as 
the slope of the curve at the steady-state engine speed.  This is reason- 
able since. In considering small changes of torque and engine speed, it 
Is the slope of thH curve at the operating point, rather than the average 
slope, which gives the linearized damping coefficient of interest.  It is 
also of interest that these linearized damping coefficients are equal to, 
precisely, twice the average linearized damping coefficient (average slope 
of the curve). 
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Again assunlng snail changes In the system variables, the use of a ZTS 
coupling would reduce the shaft stiffness and shaft damping to zero, 
effectively decoupling the rotor Inertia from the engine inertia.  This is 
represented schematically In Figure 41.  The differential equations repre- 
senting this system are given by 

IB    +C 9 = T - T 
e e  c e   e   c 

R R 
•2 

C 9 
L R 

where Tc is the torque that the ZTS coupling Is designed to transmit at 
speed xe. These equations are cyclic in both 8 and 6 Therefore, by 
substituting  in 

9 

9« = *«« R R 

they can be rewritten as 

9 = u) 
e   e 

It  ► C it = T - T 
e e   e e   e   c 

VR 
4  VR 

(74) 

(75) 

Linearizing these equations ind eliminating the particular solutions, 
using the same method as used above, yields equations 76 and 77. 

e e   T e 

VR * VR 
= 0 

(76) 

(77) 

It Is noted that the equations representing the system without a ZTS 
coupling inc' ide the gearbox Inertia in with the engine inertia, while 
the equations representing the system with a ZTS coupling do not.  This 
is because it is assumed that the shaft connecting the engine to the 
gearbox is completely rigid (a reasonable assumption, in comparison with 
the mast shaft stiffness), and that the ZTS coupling will be located in 
this shaft.  Therefore, the ZTS coupling will also decouple the gearbox 
inertia from the engine Inertia. 

To obtain a feel for the effect of the various components on the stability 
of the drive train system, the preceding equations will be coupled with 
an ideal speed governor, while the gas producer dynamics are ignored. 
In effect, this system represents a single-spool turbine engine with an 
ideal governor.  Figure'42 shows the system of Figure 39coupled with an 
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FlRuro   12.     Schcm.'itic of  Helicopter  Drive Train 
With   Icloal   Speed   Governor. 
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ideal governor.     An idcnl  speed governor  is  one  In which there are no  lags 
or other dynamics  and the output  signal   is directly proportional   to  the 
input signal. 

For the problem presently being considered,   the  input  signal   is  the engine 
speed error  and  the output  signal   is  the engine  torque.     The engine speed 
error is  the difference between  the actual   engine speed  and  the desired 
engine speed  to which the speed governor has  been set.     The speed gover- 
nor can be represented by  equation 78. 

T    -  0(0  - r  ) (78^ 
e e 

Waking the same small change substitutions as before yields 

f   * T   = cc: - ü - x ) e   e        e   e 

From equation 78  the steady-state engine  torque   is given by 

T    r  0(0 - (Ü ) e e 

Subtracting this from the previous equation gives equation 79. 

f = -Qi! (79) 
e     e 

Substituting this     into equations 72  and 73  and  regrouping terms gives 
equations 80 and 81. 

I     W     ♦   (C^G)U»    »   C  6    +   KQe     r   0 (80) 
ege T        c        ss 6s 

I-Cx   -9   ) + CJS    -   (Cn+C   )£    - Kj     -   0 (81) Res De Dss as 

Equation 80   is   a  first-order differential   equation,   and  equation 81   is  a 
second-order differential  equation.     They  are  converted   into  three first- 
order differential  equations by making  the substitutions of equation 82. 

% =  Xl % =  Xl 

*3-s K-h \   h (82) 

The three first-order differential  equations  are 

iegx1 +  (cyo)^ + csX3 + K9X2 = 0 

VVV + W - (CD+Cs)x3-Kex2 = 0 

X
2=   X3 
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Solving thes» aquations for X., X-and X3 produces equations 83 through 85. 

K6     C8 
X1 - - -T  Xt - ~. x0 - -p- X., 183) 

(C+G)      „ 

I     1   I   2   1   A3 
eg       «g     eg 

X2 = X3 

i  _ I D      T    ]       / e      e, Y   r s      D  s ] 

(8-J) 

(85) 

This cnn be written In matrix form as shown In equation 86. 

{CT+G) 

eg eg eg 

rS   (VG)i   (K6   V,  r0.    <Vcs)i 
R eg"" egR'-eg R 

(86) 

In this form the system equations easily  lend themselves  to the evaluation 
of stability by the first method of Lyapunov.     When using this method of 
stability analysis,   it   is  necessary  to have the differential equations   in 
the form of  equation   87,   where x and x    are vectors and A  Is a matrix. 

Ax («7) 

This  is  the form of  equation 86.     The procedure  Is  to subtract  \ from 
each element  along  the main diagonal  of the matrix A    from equation 87. 
Following this procedure for the matrix A of equation  (86)   results  in the 
matrix given by equation 88. 

-X- 
(CL+G) 

T 

eg 

9 
I 
eg 

-  \ 

eg 

(«8) 
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The result will be u polynomial  In \ that  Is the saie order as the matrix 
A^ .     If this polynomial   is  set equal   to zero,   the roots of  X,  or eigen- 
values of the dynamic system,   can be solved  for.     I!   nil  of  the roots have 
negative real parts,   the system is stable,   since  tht   system solution will 
converge to a steady-state value.     If any of  the roots have positive real 
parts,   the system will  be unstable,   since the systen solution will  grow 
toward  infinity.     If one,   or more, of  the roots has  no  renl   part  and  the 
rest of the roots have negative real   parts,   the st:iinlity of  the system  is 
uncertain.     If the above-mentioned polynomial,  known as  the charncterlstic 
equation,   is higher than second order,   finding its  roots may be difficult. 
In such  a case it may be advantageous  to use the "!!■ uth-Murwi t/ Criteria," 
a method for testing  the coefficients of the characteristic equation for 
the existence of roots with nonnegative real  parts     Ithout  having  to actu- 
ally solve it. 

The characteristic equation derived from equation 88  is given in equation 
89. 

(C_+C)(Cn+C )+C^C T D    s 

VR 
DC

S    
K6     Ke "1 

eg        R 

r-K0(C 4-CVG) 

L   i   iD   J eg R 
(89) 

It appears that the  three eigenvalues would be very difficult to soive 
for.     Since the actual  values of the eigenvalues  are unimportant  for the 
stability problem,   it  is much more efficient to use the "Routh-Hurwit/ 
Criteria"   to determine the signs of  the real  parts of  the eigenvalues. 

In order for all of  the roots of a real  polynomial,  of  the form of equa- 
tion 90 to have negative real  parts,   all  of  the coefficients of the poly- 
nomial must be positive. 

X   +  aX^ +  bX +c = 0 

In addition,   the coefficients of equation 90 must  satisfy equation 91 

ab - c > 0 (91) 

(90) 

11 

From equation 89 the coefficients of equation 90 for  this problem are 
given by equations 92  through  94. 

C^+GfC C-^-C 
T s D     s 

a =  —. + 
I 
eg 

I, 
(92) 

(CT+G)(CD+Cs).CDC8       Ke 

 rnr +— 
eg R 

'e 
eg R 

90 

(93) 



c = 
K9(WG) 

I     in eg R 
(94) 

Since all of  ^he physical   system parameters,   Including   the gain of the 
speed governc. ,  must be positive,   then all of  the coefficients must also 
be positive.     Therefore,   the first test  for roots with negative real  parts 
is  satisfied.     Substituting  equations 92  through 91   into  equation 91 
results  in  equation  95,   which  can be rearranged  to produce  equation 96. 

[-VG -Cs      VCs-| p( 

L
      ^        '      «R   JL" 

Cn^-,r(CT+C)(VC8HCDC8 

VR 

K9     Ke1 
eg FT 

VVVG) 
(95) 

[IR(VGfCs)-Ieg(VCs)1(CvVGCD-CTVGCs*CDCs) 

•> 9 

l(CT+GfC   )1^(C^+C  )I2 +2C  1     1D1KQ  r sR      Dseg      »egR9 > Q 
+ 7       2 

(96) 

Since all  of  the physical   system parameters  are positive,   then equation 96 
is satisfied.     Therefore,   the previously described  linearized model of the 
helicopter drive system with an  ideal  governor and no gas producer dynam- 
ics  is stable. 

By  the same method as that Just used,   the stability of  the reduced system 
represented by  equations 76  and 77  is  evaluated.     It  can be seen that 
equations 76 and 77  are decoupled,   and,   since it  is  the dynamics of the 
engine speed,   i.e,   that   is of primary  interest,   equation 77  can be ignored. 
As  in the unreduced problem,   the system will   include an  ideal  speed 
governor represented by equation 78.     This system is   illustrated in Fig- 
ure 43.     Substituting equation 79 into equation 76 results   in equation 97. 

I   i 
e e T e 

-Qi (97) 

Using the same method of substitution shown previously, equation 97 can 
be converted into the matrix form of equation 87 shown in equation 100, 
using the  substitutions  of  equations  98  and 99. 

1 e (98) 
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Figure 43.  Schematic of Helicopter Drive Train 
With /.TS Coupling and [deal Governor 
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\ - = cu (99) 

(OG) 
xi " ~T— xi (100) 

o 

The characteristic equation for the system ran be found easily and is 
given by equation 101. 

(C +G) 
X + —j  = 0 (101) 

e 

Since the engine damping  nnd speed governor gain are both positiv.^  the 
one eigenvalue of this system of equations  is definitely negative.     There- 
fore,   the linearized model  of  a helicopter drive system with  an ideal   '■-. 
s;)eed governor and no gns  producer dynamics  is stable whether or not   it 
has  a ZTS coupling.     However,   in the design and operation of  realistic 
helicopter drive systems,   stability problems are often encountered. 
Therefore,   it must be assumed  that  those instabilities  are due to,  or at 
least aided by,   either the dynamics of realistic speed governors or real- 
istic gas producer dynamics,   or both.     Consequently,   it   is necessary to go 
to n more sophisticated  and  realistic model  of  the helicopter drive sys- 
tem,   including speed governor and gas producer dynamics,   in order to 
determine the cause of  these system instabilities and  the effectiveness 
of  a  7.TS coupling   in eliminating   them. 

THE  Ll>fEARiy.ED SYSTEM WITH A  DIRECT FUEL  FLOW GOVERNOR 

The  equations  for more renlistic models of   t.'ie speed governor  and gas pro- 
ducer  are derived   in  this   section.     These models  are  then  combined with   the 
previously described  linearized model  of  the drive  train   to  form  a more 
realistic model   for   the helicopter drive system under discussion. 

The speed governor of   Interest   Is   a direct   fuel   flow speed eovernor.   and 
the conceptual  model   is  shown,   schematically   in Figure 44, Conceptually, 
the speed governor operates   In  the  following manner.     The speed stick   is 
set  to a desired  engine speed,   fi,   thereby determining  the value of  the 
coordinate S.     The prr  sure,   p,   on  the piston of mass,   Mg,   is produced by 
a  mechanical   or  electsical   transducer  from  the actual   engine  speed,  xe. 
This  pressure  is  assumed   to be directly proportional   to   the actual   engine 
speed.     This   is  represented,   analytically.   In  equation  102. 

p :   K x (102) 
i.  e 

When operating  at  steady  state,   the piston will   be  In  the position to 
allow the correct  amount of  fuel   flow,  such  that  the engine speed resulting 
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from that fuel flo» will create a pressure, p, which will result in a 
force on the piston equal in magnitude to the force exerted on the piston 
by the spring of stiffness, K«.  If the engine speed suddenly decreases, 
possibly due to an Increased load, then the force on the piston due to the 
pressure, p, will become less than the spring force on the piston.  The 
piston will move to the right, decreasing the spring force, until the 
forces on the piston are balanced.  This will result in an inci ,>ased fuel 
flow, increasing the engine speed, and subsequently forcing the piston 
to move back to the left.  This damped oscillation of the piston will con- 
tinue for a  short time until the piston settles down into a new steady- 
state position.  The damping of the piston is assumed to be purely viscous. 
Tins appears to be an accurate assumption.1- Also, an increase in the 
engine speed or a pilot-induced change in the set speed will produce 
dynamic .if the piston similar to those described above. 

The differential equation of motion for the piston is derived by means of 
Newton's law, represented by equation 103. 

El   V\ (103) 
x 

Under  the assumptions   that   the damping  is viscous  and   the spring  is   l'-ear, 
the equation of  motion,   104,   will   be linear. 

MX    .CX    ^KX    =KAx     - K a0 +   K D (104) 
KgRgggojpeg g 

The speed governor can be physically designed so that equation 105 is 
satisfied. 

K a  K A (105) 
B    x p 

If   this  is done,   then equation  (104)  will   reduce  to equation 106. 

MX    +   C X     ♦   K   X     ^  K     fa(j;  -Q)   +   D] (106) 
K  K gg gg g c 

When relating parts of the helicopter drive system, It is much more con- 
venient to use the fuel flow, Wf. as a system parameter, than to use the 
piston displacement, Xg.  Assuming that the fuel flow orifice is rectangu- 
lar, that the fuel flow reduction near the boundary of the orifice Is 
negligible, and that the fuel supply pressure is constant, the fuel flow 
can be related to the piston displacement by equation  107.  Under the 
above-listed assumptions, the partial derivative of the fuel flow with 
respect to the piston displacement is a constant. 

^W 
wf ^ - sr (D-V (107) 
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This constant  is negative,   since an   increase in XE will   cause a decrease 
in the fuel  flow.     Making the substitution of equation 108  into equa- 
tion 107,   noting that Q is positive,   and solving  the resulting equation 
for Xg will give equation 109. 

Q =   - ^- (108) 

wf Xg  =   D - -- (109) 

The first two time derivatives of X„ are taken as shown in equations 
110 and 111. 

W 
f x = - — (no) 

K    Q 

ii 
f 

X  :-- - — (111) 
g   Q 

Equations 109 through 111 are substituted into equation 106, resulting in 
equation 112. This equation is in terms of the fuel flow rather than the 
piston displacement. 

II W, +  C W. + K  W. =  K  QaOx   ) (112) 
g f        g f        g f g e 

A schematic representation of the gas producer and power turbine is given 
in Figure 45. This   is   known  as   a   two-spool   or  free   turbine engine. 
The fuel   flow is delivered  from the speed governor to  the combustor.     The 
fuel   is burned in  the combustor,  which creates  a driving  torque on the gas 
producer,   as well   as on  the power  turbine.     The gas  producer creates a 
driving torque on  the power turbine  as well   as    on  the compressor.     There- 
fore,   when the rate of  fuel   flow  is  suddenly changed   it  has  a direct, 
rapid  effect on the engine torque.     However,   it  also has  an  indirect, 
delayed  effect  through   the  speed  of   the gas producer.     That   is,   a  change 
in fuel   flow causes a change   in the gas producer speed  that   is  not   imme- 
diate,   due to the  inertia of   the gas producer.     This  change  in gas pro- 
ducer  speed  then  causes   a  change   in   the engine  torque created  by   the gas 
producer.     This delayed  reaction of  engine torque to  fuel   flow   is signif- 
icant   in considerations of helicopter drive system  instability. 

The differential   equation of  motion   for  the gas  producer   is  derived by 
means of Newton's  law,   as given  in  equation 113. 

rr    =   I i (113) 
g g K 
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Figure 45.  Two-Spool Turbine Engine. 
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Under  the assumption  that   the relative changes  in  fuel   flow,   gas  producer 
speed,   and  engine torque are   fairlj   small,   equntioi   11-1   is  derived  from 
equation 113. 

I   i     =  W- *~ - i     TT-^ (114) 

Each  of   the partial   derivatives  actually   represent.^   n  set  of  curves  such 
as   those shown  in Figure 46.        For  example,   equation  115  represents   the 
graph  of  Figure 46.      If   the  region of operation   is   relatively   small,   the 
curves can be assumed  to approximate straight  line:   through  the operating 
point,   thereby   making  the pertlal   derivatives cons   int  values   for  that 
operating point. 

dT dr 
Te = sw7Vsr*g (ll5) 

1
        g 

The  same  argument  can be used  to  find constants  to  replace  the  partial 
derivatives   in equation  114.      It   is   likely  that  these  linearized  equations 
are sufficiently accurate to give  reliable results  for realistic pertur- 
bations  about  the steady-state operating  conditions. 

Figure 47   is  an illustration of a   single-spool or fixed  turbine engine. 
The two-spool  engine has  the advantage of  allowing  the gas producer spool 
to spin free of the power turbine   if a  large enough  load   is suddenly 
applied to the power turbine  to stop  it,   or at  least  slow   it down signif- 
icantly  very quickly.      If such  a   load were applied  to  a  single  spool 
engine,   the compressor would  also be forced  to slow down ur stop,   and  the 
potential   for damage  to  the   turbine  engine would be much greater.     However, 
a single-spool engine has the advantage of being  less dynamically complex 
and more inherently stable.     A curve representing  the relationship between 
engine torque and fuel   flow  for a  fixed  turbine engine would  look   like one 
member of  the family of  curves shown  in Figure 46.     Under  the small   pertur- 
bation assumption,   the engine  torque for a one-spool   turbine engine would 
be given by 

Te = Wt 
ttf (116, 

where  the partial  derivative  can  be  considered a  constant. 

In order  to carry out  a  Bode  plot   stability  analysis  of  a  helicopter 
drive  system,   it  is  necessary   to convert   the system differential   equa- 
tions   into Laplace  transfer   functions.     The  transfer  function   for   the 
speed governor  is derived  from equation 112.     Rquntion  117   is   substi- 
tuted   into equation 112   and   the Laplace  transform   is   taken of   the 
resulting equation,  giving equation  118. 

W 



Figure   16.      Fngiru- Torque Versus Fuel   Flow. 

99 



Combust ol- 

io 
Compressor 

£ 

Combustor ""9 
^ 

3 

Figure   17.     One-Spool   Turbine Kngine 

100 



O^JUe) = c (117) 

2 
M W,(8)S     +   C W,(s)S +   K  W,(s)   -   K  OaE(s) (118) 

The speed error,   e.   Is  n variable rather   than a  constant,   and  thorpfore- 
Its Laplace  transform  is  the Laplace  function E(s).     Equation  118   is 
rearranged   to  form  equation   (119).     Also,   since  the system model   is  based 
on  the assumption of small changes,   the transfer  function is written  in 
terms of small  changes  in the system parameters. 

iW   (s) K Qa 

lEÖTT = —T^  (119) 
m S +C SfK 

g        K      g 

Dividing the numerator and denominator of  the transfer function by KR 

results  in equation 120. 

i.V.in) 
f Oa (120) 

LE(s) m       .      C S 

g g 

The denominator of   this  transfer function  can be  fac   .red,   and with   the 
substitutions  of   equations  121   through  123,   equation 124 will   be  the result- 
ing speed governor  transfer  function. 

K     =   0a (121) 
P 

fit Ü 
K a22) 

T     =  _£. i-/ J5_ - ^ 

<!.W,(s) K 
f P =  Y,(s) (124) 

AE(s) (iis+l)(T2s+l) 1 

Equation  124   is  the same transfer  function as given  in Reference  5. 

The  transfer  function  for  the  complete  turbine  engine  is derived 
from equations  114  and 115.     The LJipiace  transform of those two  equations 
is taken after the substitutions ol  equations 125 through 128 are made. 
Equations  129  and 130   result   from  equations  114   and 115  respectively. 
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ci 

Ki 

e 
i*rt- K2 

dT 
e 

g 
K3 

(125) 

(126) 

(127) 

(12«) 

I  ilW   (s)S ^  ÄW<r(s)K,   - ^W  (s)C, (129) 
g     g f 1 g 1 

uT   (s)   = £W,(s)K0 +  LVi  (s)K„ (130) 
e f        2 g J 

It is advantageous to eliminate the gas producer speed Laplace function, 
W (s), from the equations. This is accomplished by solving equation 129 
for W-(s) and substituting the result into equation 130 to give equation 
131. 

KK 
£T   (s)   =  ^.W  (s)K0 ^   LV  (s) — (131) 

C I M I I <S+ Km - 
g 1 

Both sides of   the equation are divided by 1lWf(s)   and the terms on   the 
right  side of  the equation are regrouped  to  form equation 132.     Also,   since 
the equation  is based on the assumption of  small  changes,   the system var- 
iables  are written as small  changes   in system parameters. 

AT  (s)       I K Sf^K.+K.K- 
_£ q 2      12    13 
A»'  (s)   - I  s+r <1J2) 

f g      1 

The transfer  function  is further rearranged  and  the substitutions of 
equations  133   through 135 are made  in order  to derive equation 136. 

K1K3 
KB =   K2  +   — (13:i) 

I 
T     =   -i (131) 

6       Cl 
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T      = 
B K1K3 

(135) 

iT  (s)       Kn(T  Sfl) 
e (IB 

^VVf(s) (T   S*l) 
e 

Y9(s) (136) 

This equation  is   the Laplace transfer  function  representing the two-spool 
turbine engine and gas producer.     It  is the same as  the gas producer  trans- 
fer function given  in References 5 and 4. 

The transfer  function for the one-spool turbine engine is derived from 
equation 116.     The Laplace transform  is  taken of  this equation,   and equa- 
tion 127   is  substituted  in to give equation 137. 

iTe(s)   ^  K2iWf(s) (137) 

This  leads  to the  transfer function given by equation 138,  where K2  is not 
numerically equal   to the K0 found  in equation 133),  since they are found 
from different  curves. 

LT   's) 
e 

iWf(s) Y2(8) (138) 

K2 from equation 137  is  assumed to be of  the order of magnitude of K» from 
equation 136.     That   is,   the steady-state gain of  a one-spool  turbine engine 
is assumed to be  about  the same as  that  for a  two-spool  turbine engine. 

Equations 72  and 73 are used to derive  the  transfer function for the linear- 
ized drive train without  a ZTS coupling.     The Laplace transform of both 
equations  is  taken,   resulting  in equations  139  and 140 with the A's repre- 
senting small  changes  in the system parameters,   from their steady-state 
values,   the same as  the    's  in time domain. 

I     AW   (s)S  +   C-iW  (s)   +   C A?   (s)S  +   K^e   (s)   =  AT   (s) 
ege Te ss 9^s e (139) 

I   (AW (s)S  - A?  (s)S  ) +  C  (AW (s)   - AS   (s)S) 
re s De s 

- C A6  (s)S - K-A?   (s)   =  0 s     s -    s (140) 

Equation   140 is solved for A?  (s)   to give equation 141. S o -• 
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(IRS+CD) 

Aeg(s) = AW (s) —g—^—  (i4i) 
riRs+(cD+c8)s.Kei 

This   is  substituted  into equation  139  in order to eliminntc il6_(s)   from 
the transfer function,   resultir 
solidated  to give equation 1-13. 
the  transfer  function,   resulting  in equation 142.     This equation  is  con- 

(1-S+C  )(C S+KJAW  (S) 
i    AW (s)s . c^w (s) . -I4-! 5     H     c  

[IRS    +   (CD+Cs)S+   KP, 

=  AT   (s) (142) 
e 

AW (s) 
fi   iBs +(c_i_+c 1 +r 1   +ct 1    )s2 

j  eg R T R    s  R    s  eg    J) eg 

[IRs2
+   (CD+Cs)S  +   K61 

(l/   .    (V(s)s   .   Kel 

=   AT  (s) (113) 
e 

This  equation   is divided by ^We(s)   and   inverted.     Then,   the substitutions 
of equations  144  through  119 are made  in order to get   the transfer  func- 
tion  into   the more tractable forn of  equation 150. 

K
L - c-T-c: (lH) 

'H 
^KT 

(115) 

C„ +   C 

*2 - ^ 

B     =    gS R (147) 
1    Ke(cD+cT) 

B     -      ^   D *J i5 !L_£ (148) 
2  " VS >   CT) 
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(WS *   VT ^   Va  ^   Vs 
Ke(CD +   CT) 

(149) 

AW  (s)        K, (A,S 4A0i>fl) 

\T   (s)    ' 3 2 
e (B.S +B„S  +B„S+1) 

Y3(S) (150) 

Equation 150 is  the Laplace transfer function which represents a linear- 
ized helicopter drive train without a ZTS coupling. 

The only Laplace transfer function left to derive for the Bode plot 
stability analysis  is  the one representing the linearized helicopter 
drive train with  a ZTS coupling;   that  is,   the system with the decoupled 
rotor represented by  equations 76 and 77.     Again,   equation 77 has no 
effect on the engine speed and  is therefore of no  interest.     This  leaves 
Just equation 76,   which   is  reproduced  as  equation  151. 

I ii    +  C. 
e e 1*, 

(151) 

The Laplace transform of   this  equation   Is  given by   equation  152 

I   &iW  (s)   ♦   C/.W  (s)   = LT  (s) 
e      e T   e e 

(152) 

£W   (s) 
Solving  this  equation  for gives  equation 153. 

e 

ÄW (s) , 
e 1 

AT (s) := i s + r_ 
e e           T 

(153) 

The substitutions of   equations  151  and  155   into  equation 153 result   in 
equation  156,   which   is   the Laplace  transfer  function which   represents 
a  linearized helicopter drive train with  a  ZTS  coupling. 

KLC = c^: (154) 

I 

T 
(155) 

AW  (s) 
e LC 

T (s)     B;S+I     Y3(S) (156) 
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Equation 153 may  also be derived by allowing the toralonal   -Mffness.  Kö, 
and torslonal  damping,   C  ,  of  the mast  shaft to go   to z    o       1 replacing 
I      with  Ie in equation    143,   which Is.   In effect,   what  the Z.TS coupling 
is supposed to do. 

The total open-loop  transfer function for a helicopter drive system 
without a ZTS coupling  is given by the product of  equations 124.  136.   and 
150.   as shown  in equation 157. 

LV (s)       ÄW  (s)  . T  (s) 
Y-(8)   =  Y,(8)Y0(s)Y0(s) 

0 1     '   2 3 AE(s) LE(s)     »   (s) 

AW  (s) K KK, (T  s+l)(A,s"%   ^s+1) 
.   _f  =  

p BL    B 1 g  (157) AT   (8) 3 2 UO/> 
e (T1s+l){T2s+l)(T   s+l)(B1s   fB s +B s+1) 

The total open-loop  transfer function for  the system with  a ZTS coupling, 
the product of  equations  124,   136,   and  156.   Is  given   in equation 158. 

iW (s) 
Y^Cs)  = Y,(s)\'(8)y,(s)  = 
'0 '     1 2 3X iE(s) 

KDKBKIC(TIlSfl) p  BTTX _B  (158) 

(T,S^I)(T Sfi)(~ stiHB.Sfn l 2 e 4 

A flow chart  of   the  closed-loop helicopter drive system  is  shown  in 
Figure 48.     Since  it  has unity   feedback,   the closed-loop   transfer func- 
tion can be found  from the open-loop transfer  function using equation 15J. 

Y   (s) 
Y  (s)   =   ■     "      .   . (159) 

c 1 +  Y0(s) 

The open-loop transfer function represents the ratio of the engine speed 
to the speed error. This is substituted into equation 159 to form equa- 
tion 160. 

AW  (s) 
*     , AW (s) 

y  (s)   =   AE(S)       =   ^  (160) 
c     ' AW  (s)       AW  (s)  +  AE(s) 

+     AE(s) 

The Laplace transform of equation 117 is given in equation 161. which is 
substituted into equation 16U. resulting in equation 162, 
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£E(s) r. ^.(s) - ^W (s) (161) 
e 

ÄW (s) 
Yc(s) = -rhr a62) 

To find the steady-state speed droop of the system, it is necessary to 
find the steady-state value for the entjine speed.  The transfer functions 
Yi(s)  V2(s) , and ¥2^) cr.n be used in their present form.  However, the 
engine and rotor damping coefficients of Y..(s) and Y.'is) were derived for 
the purpose of giving a change in damping torques.  In order to give the 
actual damping torques at steady-state operating conditions, it is neces- 
sary to use the average damping coefficients, which are equal to exactly 
half of the linearized damping coefficients.  With this substitution in 
¥3(5), the Ä's are removed from equation 162.  To find the steady-state 
droop, the set speed is considered to be a step input, and then the engine 
speed can be represented by equation 163. 

W (s) = V (s) - (16:5) 
e      c   s 

In  this equation,   Yc(s)   is   the closed-loop  transfer  function which will 
give the actual   system parameters,   with   the  intent of   finding   the steady- 
state system parameters. 

The  steady-state value of   a Laplace transfer  function can be  found by- 
using  the final   value theorem,   given  in equation 164. 

Limit Limit (16.,) 
t -• » s -*0 

Using  the final   value  theorem,   the steady-state value of  the  engine speed 
is  found in equation 165. 

x     =  ?Y   (0) (165) 
e        "  c 

Substituting   this   equation   into  equation  65   for   the  steady-state  speed 
droop  results   in  equation  166. 

SSD =   (1   - Y   (0))   v  100 (166) c 

For the helicopter drive system without the /IS coupling, Y (0) is given 
by equation 167. 

2K K^K,, 
P B 2 (167) 

c,'"   1 4 2K K„K, 
p B L 

Y„(0) 
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Therefore,   the steady-state speed droop of  the system without  the ZTS 
coupling is given by equation 168. 

SSD •d- 2K  K K. / 
p  B L 

X 100 (168) 

For  the system with  a ZTS coupling,   the transfer  function Y-j(s)  was deter- 
mined  for small  changes such  that  n constant  torque,  Tc,   was dropped from 
the governing equations.     Consequently,   that transfer function cannot be 
used  to determine the steady-state system parameters,   since they  would  all 
be off by some factor of that constant torque.     Therefore,   the above pro- 
cedure cannot be used to find the steady-state speed droop for a helicop- 
ter drive system with a ZTS coupling. 

The steady-state speed droop can also be derived directly from the differ- 
ential  equations of motion.     This method of derivation  is  applicable 
whether the system has a ZTS coupling or not.     An attempt  is made to find 
the stationary values,  or steady-state solutions,   of  the system parameters. 
This   is done by setting  the highest time derivatives  in   the system differ- 
ential   equations equal  to zero,   and solving for the system parameters. 
For a helicopter drive system without a ZTS coupling,   equations 68, 69, 
112,   111,   and  115,   at  steady  state,   become  equations  169  through   173 
respectively.     The engine and rotor damping terms are replaced by  the 
average linearized damping   terms. 

— %     +c5    +K.0    =T 2     e        s  s 6 s e 
(169) 

-£ (ID  -9 )   - C 6 
2      e     s s s 

OaC: -  i   ) 
e 

Vs (170) 

(171) 

g 
■D 

^T 
g (172) 

^T 

+   % 

dT 
e 

g^T (173) 

Also, the values of the partial derivatives of equations 172 and 173 
are assumed to be constant all the way from zero to steady-state engine 
speed, for the purpose of determining the steady-state system parameters 
only.  Since  6  is equal to zero at steady state, equations 169 and 
170 reduce to equations 174 and 175. 
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-^- *    +  Kfle    = T (174) 2     e        6 s e 

C 
— ü    - K.i    =0 (175) 
2     e        6 s 

Equations 171 through 173 r.re manipulated in order to get equations  for 
the steady-state values for the system parameters as  functions of  the 
steady-state engine speed.     This  results In equations 176 through 178. 

W, = Qa(0 - w  ) (176) 
f e 

"Si 
g e      dT 

(«    = Qa(n  - tu  ) -s-i— (177) 

^ 

or 
-dr      ar    ^W? |-CTI or ow   -i 

fe = Q.(n - üe)Lar * sr -sr-J (178, 

g 

Using the substitutions of equations 117,  121,   125 through 128,   and 
133),  these reduce to equations  179 through 181. 

W,  ^ K  t (179) 

-Kl 
0Ü     =  K   C  —- (180) 

K        P    ^ 

f     = K K„e (181) 
e        p B 

Equations 174 and 175 are added together and equation 181 is used to 
substitute for f , giving equation 182. 

1 2(CT + C^ = KpKBi (182) 

Using equation 144 and resubstituting for the speed error from equation 
117 results in equation 183. 

ü  = 2K K K n - x > (183) 
e    p B L     e 
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- 
2*  *  K, P B L      , 

c 

SSD - 

I     -JK KK, 
p  B !. 

1 
VI   ,   2K   K  K p   B L 

Solving  for  the steady-state engine  speed gives  equation 181,   and   insert- 
ing   this   into equation  65 gives  equation  185. 

(18-1) 

X  100 (185) 

Equations 168 and 185 are identical. 

The above procedure is repeated for a helicopter drive system with a ZTS 
coupling.  Equations 7-1 and 75 with the average linearized engine and 
rotor damping terms become equations 186 ;'nd 187 at steady state. 

i C I = f - T (186) 
2  T e   e   c 

- C    v    = T (187) 
2  D R    c 

Equations  186 and 187   are added  and  equation 181   is  used  to substitute 
for T   .   giving equation  188,   considering   that  the steady-state  engine 
speed   is  equal   to  the steady-state rotor  speed. 

1   < W^       KpV (188) 

Using equation 111 and resubstituting for the speed error from equa- 
tion 117 results in equation 189. 

JL  = 2K K K (.1 - T ) (189) 
c    p B I,     e 

Solving   this equation  for  the  steady-state engine speed gives  equation 
190,   and   inserting  this   into equation 65 gives  equation 191. 

r 2K  ICK. P  B L     I , 

^VBV ' 

SSD = ^ - ^KJ V 100 (191) 

It can be seen from equations 185 and 191 that the steady-state speed 
droop for this helicopter drive system is the same whether or not it has 
a ZTS coupling. 

i 
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BODE ANALYSIS OF THE LINEAR SYSTEM 

A Bode plot of a frequency transfer function is a plot of the gain and 
phase of the transfer function versus frequency.  The frequency transfer 
functions of interest are derived by taking the open-loop transfer func- 
tions of equations 157 and 158 and making the substitution of equation 192. 

s = J* (192) 

This  results   in equations  193 and  191. 

K„KnK, <T J'^1^! (Jx)2+A JJUII 
F  U«,   =   

P  BL     ^ l- ^-i-  (193) 
(T.jJ^l)(T  j^+lXT   J-j^DIBfjx)   +B(3m)   -B  ix+l| 

1 2 e i J J 

K K„KI^(T   1-x+l) 
F  (1a)) P   B LC     ^  (194) 
'2   ^^ (T1JUJ-.l)(T2J.j;+l)(TeJ.x+l)(B1JX+l) 

The gnin of  the frequency  transfer func*   on Fijx),  given by equation 
195,   is expressed in decibels. 

GAIN   (u;)  -  20  log   |F(.tjL)| (195) 

The phase of the same frequency transfer function is given by equation 
196 and is expressed in degrees. 

/l PHASE (x) =  /F(Jx) 

where 

-180 degrees £  /F(JX) £ 180 degrees (196) z 
A Bode plot is actually comprised of two plots.  One plot is of the gain 
of the frequency transfer function versus x and the other plot is of the 
phase of the frequency transfer function, versus j..  The gain margin for 
a frequency transfer function is defined as the gain increase needed to 
drive the system unstable.   The gain margin is calculated as the nega- 
tive of the gain at the point of phase crossover.  The phase crossover 
is where the phase piot crosses over 180 degrees, or minus 180 degrees. 
The phase margin is equal to the phase shifted 180 degrees at the point 
of gain crossover.  The gain crossover is where the g.iin plot crosses 
over zero decibels.  If the gain or phase margin of a system is negative, 
then that system is unstable.  If the gain and phase margins of a system 
are both positive, then that system will converge to some steady-state 
operating condition following a perturbation.  However, the lower the 
gain or phase margin, the longer the system will take to stabilize. 
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For the type of helicopter drive system under discussion, a minimum gain 
margin of 4 to 6 decibels nnd phase margin of 20 to 30 degrees is neces- 
sary to achieve an acceptable transient response. 

The helicopter (Vive bystem of interest is the helicopter analyzed in 
Reference 5 with a normal operating engine power output of 5270 horsepower 
at a speed of 13,820 revolutions per minute or 1447 radians per second. 
It is assumed that at steady-state operating conditions, all of this power 
is dissipated as aerodynamic rotor damping.  Torsional aerodynamic damping 
is generally assumed to be of the form of equation 197. 

TL = CL^ (1.7) 

The relationship of  torque  to   lorsepower  and  speed  is given   in equation  198, 
with speed  in radians per set jnd u.-.d  torque  In  foot-pounds. 

550 hp 
T     =        _     M (198) 

e 

The value  for C,   can be  found by  substituting  the torque from equation 
198  into  equation  197 and solving  for  the damping coefficient.     The result 
is given  as  equation 199. 

-1 2 
(1    =   9.564   >  10       ft-lb  (rad par  sec) (199) 

From equation 71   the linearized rotor damping  coefficient  is  calculated 
and given   in  <?qiation 200. 

C    =   2.768  ft-lb  rad  sec (200) 

Since  the model   for  the helicopter power  plant   is borrowed  from Refer- 
ence 5,   then   it   is  reasonable  to use  the helicopter drive train  and 
speed governor models  from  the  same reference.     The system parameters 
for  the direct   fuel   flow  speed governor of  Reference 5  are given  as 
follows: 

T     =  0.02  sec 

T     =   0.03  sec 

The gas  producer  and turbine  engine  from  the  same reference have  the  fol- 
lowing  system parameters: 

K.   -_   0.914       ft-lb 

'b " lb hr 

T     =   0.1869 sec 
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T     =0.3 sec 
e 

K     =   0.57     i^. 
2 lb hr 

ft-lb 
K„ =   3.2563 

3 rad 'sec 

The drive train system parameters,  as  referenced to  the engine design 
speed,   from Reference 5 are as  follows: 

I     =   0.5     ft-lb 
e
 A' 2 

rad sec 

I   .    =   0.1944     ft-lb 

gb J 2 
rad sec 

I     =   3.888    ft-lb 
R
 A, 2 

rad  sec 

K        =   21.417 11^ 
TM rad 

KÄ =   93.0 to 837.3 
ft-lb 

0 " ' rad 

The torquemeter stiffness,   K-u.   is  at   least  25  times   the mast  stiffness. 
Kg.     Therefore,   the torquemeter  can be  assumed  to be  rigid  as  compared   to 
the mast.     The range of mast stiffness  listed will give the required crit- 
ical  frequencies of the model  of 2  to 6 cycles per second.     In order  to 
reproduce the stability results  reported  in Reference 5 for  the direct 
fuel  flow speed governor,   it  is necessary   to use a mast stiffness of 
about 800  foot-pounds per  radian,   corresponding  to a   critical   frequency 
of about 5.86  cycles per second. 

The shaft damping,  C  ,   is  assumed to be about 5 percent of  the critical 
ft 

shaft damping for the torsional   two-degree-of-freedom system.     The crit- 
ical  shaft  damping for such  a  system  is   represented by  equation  201. 

CSCR   =   2     ^—^ 

Using the system parameter values given above, the critical shaft damping 
Is found.  Five percent of that value gWes the shaft damping used; see 
equation 202. 
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C =2.24 ft-lb rad sec 
s 

(202) 

The torque necessary to overcome the turbin'-* damping is assumed to be 
about 40 percent of the load torque of equation 198.  The turbine damping 
is assumed to be aerodynamic, as shown in equation 203. 

„ -2 
T,= C X' 
T   e e 

(203) 

Using T , equal to 40 percent of T , and equation 203 , C is calculated 
and given in equation 204. 

C = 3.82 y 10~ ft-lb (rad sec) (204) 

The linearized turbine damping coefficient is calculated from equation 70 
and is given in equation 205. 

C ^ 1.106 ft-lb rad sec 
T 

(205) 

The gain of the drive train. K , is a function of the linearized turbine 
and rotor damping, and is found in equation 206. 

L  CT . CD 
0.258 rad sec ft-lb (206) 

The only system parameter of this helicopter drive system model  which 
Is not yet specified is the governor gain, K   .     Equation 168,   for the 
steady-state speed droop,  can be solved for the governor gain resulting 
in equation 207. 

K    = 
P 

100-SSD 
2V.^ (SSD) (207) 

With  a 5-percent  steady-state speed droop  (standard for this  type of 
helicopter drive  system5)  and values of K    and K     from above.  K     is  cal- 
culated and given   in equation 208. 

40.27   lb hr  (rad sec) (208) 

The transfer functions used in Reference 5 for the direct fuel flow spceu 
governor and the gas producer and turbine engine are identical to those 
derived in this report.  However, the transfer function for the drive 
train used in Reference 5, given by equation 209, is a simplification of 
the one derived in this report, given by equation 150. 
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S   2        25r 
A"   (S) Ul X' 

^= ^~—TTTn—= V3<s> 
6
 (T  S+l)t(~>    + (^S+l] 

n n 

This transfer function is derived  in Appendix V.     To obtain equation 209 
from equation 150,   first shaft damping  is  set  equal to zero.     Then,   the 
denominator  is  approximately factored  and  the  following substitutions are 
made: 

K 
T D 

•ju     = 
wv 

eg R 

CD 

^VR 

5 
2 2 

D eg    T R 

"      2v/KQIDI     (I    +In)J 2 

9 R eg   eg    R 

The error  introduced by the approximate  factoring  is negligible.     However, 
the error  introduced by ignoring  the shaft damping can be significant. 
In fact,   for the value of damping given by  equation 202,   the error of 
stability margin   for the helicopter drive system of Reference 5 is  con- 
siderable.     This  will  be demonstrated by  a comparison of the gain and 
phase margins of   the helicopter drive system model of Reference 5 with 
zero shaft damping  and with  the value of  shaft  damping calculated above. 
The gain and phase margins  are found from Bode plots which are made by 
inserting  incremental  values of 0.01  to 10.0 cycles per second  into the 
frequency transfer  functions  representing  the helicopter drive system 
model with 
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1. Zero shaft  damping—from equation  193 

2. Nonzero shaft  damping—from equation    193 

3. A ZTS  coupling   in the drive shaft—from  equation 191 

The resulting  Bode plots  are given  in  Figures  49,   50,   and 51   respectively. 
The gain  and  phase margins  are given   in Table       I.      It  can be seen  that 
the addition of  shaft  damping makes   the unstable  system of Reference 5 
stable.     However,   it  still does not meet the minimum phase margin criteria, 
in order to give an  acceptable transient response.     It can also be seen 
that  the addition of   a  ZTS coupling gives   a  system stability which   is 
better than the zero shaft damping case,   but   is  not significantly better 
than the case with  shaft  damping.     Furthermore,   the- system with   the ZTS 
coupling does not meet  the minimum phase margin criteria.    Therefore,   it 
appears,   at  least  for  the  linearized model,   that   the  addition of  a ZTS 
coupling  to  the helicopter drive system of  Reference  5 does not   increase 
the stability of  that   system enough   to be  acceptable. 

The points  for   the Bode  plots  are calculated   and  plotted by  the computer 
program listed   in Appendix VI.     The same computer  program also makes Bode 
plots  for  the  two helicopter drive systems  using   two,   other,   more sophisti- 
cated,   speed governors.     These  two speed governors  are  typical   examples  of 
the results of   adding   additional   dynamics   to  a  direct   fuel   flow  speed 
governor in order to achieve stability.     Unfortunately,   they  also add 
additional   cost   and  complexity  to  the direct   fuel   flow  speed governor. 
One of  these other  speed governors   is   a direct   fuel   flow speed governor 
with   lagged gain  reset.      It  is basically  similar   to  a  direct   fuel   flow 
speed governor with   the  addition of  a  feedback   loop  from the  speed gover- 
nor output  to vary  its  speed setting.     This  feedback  loop acts  as a reset 
function  through   a  time   lag.-'    Block diagrams  for  a direct  fuel   flow 
speed governor and a direct fuel   flow speed governor with lagged gain 
reset  are reproduced   from Reference 5   in Figures   52  and 53,   respectively. 
A  transfer function  for   the second  type of  speed governor  is  found  from 
Figure 53  and   is given   in equation 210. 

dW (s) 

TETS) 

(THTT^r^ 

<TiSfl>liHr s+ii(T2Sil) 

r 

Yj (s) (210) 

Bode plots of the helicopter system without a /.TS coupling, using a direct 
fuel flow speed governor with lagged gain reset, are given in Figure 5*1 
for zero shaft damping and in Figure 55 for nonzero shaft damping.  To get 
these Bode plots, values of 0.2 second for the reset time constant, T . and 

«» r 
0.5 (dimensionless) for the reset gain, K., are used.   Also, a value of 

20.14 pounds per hour, per radian per second, is used for the speed 
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governor proportional gain, Kt, to retain a 5-percent steady-state speed 
droop.  Then equation 210 is used in place of equation 124 in finding the 
open-loop transfer function of the helicopter drive system, used to get 
the frequency transfer function, which subsequently yields the Bode plots 
for the system, using the computer program in Appendix VI.  The gain and 
phase margins dctcrminod from nil of these Bode plots are given in Table 11. 
It can be seen that this system is stable even with zero shaft damping, 
although it does not meet the minimun gain or phase margin criteria for 
a practical system.  However, with the ncnzero value of shaft damping 
used, this system is not only stabi . but it easily meets and exceeds 
those minimum gain and phase margin criteria.  This demonstrates the value 
of adding complexity to the speed governor. 

The other, even more complex, type of speed governor presented is a direct 
fuel flow compressor discharge pressure speed governor with lagged gain 
reset.  This type of speed governor is very similar to a direct fuel flow 
speed governor with lagged gain reset, with the further addition of a 
feedback signal from the compressor discharge pressure to be used as an 
additional criterion for determining the fuel flow.5 

A block diagram for a direct fuel flow compressor discharge pressure speed 
governor with lagged gain reset is reprr ijced from Reference 5 in Figure 56. 
A  transfer function for this type of go., -nor is found in the same refer- 
ence and is given by equation 211. 

(T S+1)(T s+1) 
iWr(s)       (1-K )   r   '  e 

f 
.iE(s) T 

(Trs+1),(i^r")s'1|<Tis+1)(T2s'1) 

r " 

Y^s) (211) 

Bode plots are made of the helicopter drive system without a ZTS coupling, 
with a direct fuel flow compressor discharge pressure speed governor with 
lagged gain reset, with zero and nonzero shaft damping, using the same 
method as outlined above, and are given in Kigires 57 and 58 respectively. 
To get this Bode plot, in addition to the valuer given above, a value of 
0.773 second is used for 'r.   The gain and phase margins from these Bode 
plots are given in Table II.  It can be seen from the positive gain and 
phase margins that this system is not only stable, but it meets the min- 
imum gain and phase margin criteria, with either zero or nonzero shaft 
damping.  Also, it is more stable than either of the speed governors pre- 
viously presented, but is also much more complex. 

It was previously shown that the helicopter drive system with an ideal 
speed governor and no gas producer dynamics (one-spool turbine engine) is 
stable, whether or not it includes a ZTS coupling.  This is substantiated 
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; 

by a Bode analysis.     Replacing the direct  fuel   flow speed governor with  an 
ideal  governor  ami using a one-spool   turbine  engine,  whose transfer  func- 
tion  is given by  equation 138,  equations 193  and 194    become equations 212 
and 213. 

K  K0Kt fA^jx)2 +   A9(ji)  +   11 
F.CU)   -     P   -  L ^ ^  (212) 

(B1(.jx)     *   B2(Jx)"  +   Ü^W   *   11 

Fo(Ji)      rg rrr?     n <213> "2^ PBJTJX) *  11 

Assuming   that   the value of K0 for  a one-spf)ol   turbine engine is  the  same 
as the value of KR  for a  two-spool   turbine  engine,   these equations  can be 
derived  from  equations  193 and  19 1  by   setting  all  governor and gas  pro- 
ducer time constants  equal   to zero.     Bode plots  are constructed for this 
system for the  following cases: 

1. Zero   shaft   damping—from equation  212 

2. Nonzero  shaft  damping—from equation  212 

3. 7.TS coupling   in drive shaft—from  equation 213. 

The resulting  Bode plots are shown in Figures 59,  60,   and 61,   respectively. 
It  can be seen  that   there is no phase crossover.     Therefore,   this system 
is stable  for  any positive value of speed governor gain.     This  agrees with 
the previous   characteristic equation analysis  results.     Therefore,   It 
appears   that   the principal cause of the closed-loop  Instability   is  not   in 
the drive train,   but   Is rather  In the governor dynamics or In the gas pro- 
ducer dynamics or  In a combination of both.      However,   If the drive  train 
is not the principal   cause of  the system  Instability,   It does not necessar- 
ily  follow that   it   is not  a contributing  factor. 

In an attempt   to determine the relative effect of  the speed governor and 
gas producer dynamics on  the system stability,   a  Bode analysis   Is done on 
the helicopter drive system with  an  ideal   speed governor and a  two-spool 
turbine engine.     That   is,   the speed governor dynamics are eliminated,  but 
the gas producer dynamics are  included.     The frequency transfer functions 
for  this  system,  corresponding  to equations  193  and 194,   are given by 
equations  213   and  215  respectively. 

K K K  (T   (Jx)+111A   (jx)2+A   (Jx) + ll 
F  (jx) '    " " ji ^  (214) 

I '   (j:)*lHB (ja)  ^B0(jt )~+B  (Ji Ml 

. p   B I.C    D  
2Ul)   =   [T   (Ja)+lllB.(Jx)+ll 

(215) 

e 1 
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Bode plots are mode for  the same three cases as  listed  above,   except that 
the frequency transfer functions given by equations 214  and 215 are used 
Instead of those given by  equations 212 and 213.     The  resulting  Bode plots 
are given in Figures 62,   63.  and 64.     Once again  there  in no phase cross- 
over;   therefore,   this system is stable for any positive gain of the ideal 
speed governor. 

For comparison,   the gas  producer dynamics can be eliminated by using a one- 
spool   turbine engine  in   the model.  whose transfer  function  is given by 
equation 138.   while   the  dynamics  of   the speed governor   are  included.     Bode 
plots  are made for  the helicopter drive system model  with a direct fuel 
flow speed governor  and  a one-spool   turbine engine for  the same three cases 
as were considered above.     The necessary  frequency  transfer functions are 
derived by  substituting   equation  138 for equation  136   In  the derivation of 
equations 193 and  194   in  order   to obtain  equations  216   and 217. 

K K.K   1A  (Jt)" +  A0JIH11 

F   (JO   =  P  "   L       5-= 5  (216) 
['1(ja) + llt'   (Jj-) + lllB1(ji)  +B2(Jx)  +B3(J-.> + l] 

K K K 
F   Mt)   =  P_f_LL  (217) 

2 
[T1(Jx)*ll(-0(Ja)*ll(B1(ji)+ll 

Using   the value   for K     us   the  same   is  the value  for KB of  the  two-spool 
turbine engine,   the  Bode plots   resulting  for  those  three cases  are given 
in Figures 65,   66,   and 67   and   the gain and phase margins  are given in 
Table II.     It appears  that this  system is even less  stable then the system 
with both speed governor  and gas producer dynamics.     Therefore,   it seems 
that   the speed governor   lags  are  the principal   causes  of  the  closed-loop 
system instability. 

In general,   the addition of a  7.TS coupling to all  of   these systems greatly 
simplifies  the Bode plots of   the systems.     That   is,   It  reduces  the number 
of gain crossovers   and  eliminates  the peak   in  the gain plot,   which repre- 
sents  a critical   frequency of   the system.     These  are definite advantages 
to  the use of  a   /,TS  coupling.      However,   from  the   Bode  analysis,   it  also 
appears  to  be generally   true  that   the addition of   an  undamped  ZTS coupling 
to  an unstable,   or   insufficiently  stable,   system does  not,   in   Itself, 
improve the stability of   the  system enough  to be  practically  useful. 

THA.VSIKNT  SOIATION   FOR   THK l.INTAR  SYSTEM 

The  transient   solution  of  the  engine speed,   In  time domain,   is  calculated 
from  the linear Laplace   transfer  functions.      Kquation  162   is  solved for 
the variation   in  the engine speed  from a  steady-state  value  to give equa- 
tion 21H. 
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aw (s) = Y (s) &n(«) (218) 
e c 

The set speed Is  assumed to be a step function of rongnltude H,  making the 
variation of the set speed an Impulse.    Therefore.  ifHs)  can be replaced 
by Afi.  giving  the ratio of  the variation of  the engine speed from Its 
steady-state value to the change  in governor  set  speed as  equation 219. 

&W (s) 

-irr- = V8) (219) 

Since  it  is  the variation of  the engine speed  from the steady-state value 
that   is being solved for,   rather  than the engine sp«cd itsalf,   the solu- 
tion will be harmonic about  zero.     In order  to fin<'  the solution of di 
in the time domain,   it is necessary  to take  the inverse Laplace transform 
of the closed-loop transfer function.     Equations 157 and  159 arc combineu 
to find the closed-loop transfer  function  for  the system without  a ZTS cou- 
pling,   resulting   in equation 220. 

K KJC, (T  Sfl)(AtS
2+A-Sfl) 

Y  (s)  =    P B L    B ^ ?  
C K K K   (•r_S4.1)(A1S2+A,Sfl) 

p  B L     B 1 4 

+   (T  Sfl)(T  Sfl){T   Svl)(Bt S
3+B0S2+B-Sfl) (220) 

1                2                C                X           A          *) 

Using the substitutions In equations 219 and 221   through 227,   this equa- 
tion can be rewritten as equation 228. 

D1  =   T^T^ '221) 

D2 = TlT
2

TeV(TlVTlVT2Te)Bl (222) 

D3 = TlT2TeB3+(Tr2+TlVT2Te)V(VVTe)Bl (223) 

D4  =  Tr2Te^TlT2+TlTe+T2Te)V(Tl+T24Te)Vni+K
P

KBVnAl (224) 

D5  =   IW+W^'l'e^^^^^^VlW^V (L,25) 

D6  =   (Tl+T2+Te)+VKpKBKl/Tn+A2) <226, 

D7   =  KpKBVl (227) 

£.W   (s)                 K  K^, (T   .S+l)(A,.S24A0S+l) 
e  p  B L    B 1 2  
tn      ~ 6 5 13 2 Ui (D, S ♦D0S +D0S +D,S  »^D.S +D-SfD_) 

1 2 3 4 5 6       7 

142 
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In order to find the inverse Laplace transform of this function, the denom- 
inator must first he factored and the function must be broken up by partial 
fraction expansion.  This has been done, with the same system parameters 
used previously for the Bode plots, by the computer program in Appendix VII. 
This is done for both zero shaft damping and for the same nonzero value of 
shaft damping that was used for the Node analyses.  For zero shaft damping, 
equation 229 results and for nonzero shaft damping, equation 230 results. 

:,We(S)   10.138      (0.02 « .j 0.082)   (0.02 - .) 0.0H2) TO.138 
" L(^68.1) (S-0,()55-,j 13.9) 

0.180     (0.041 - J 0.062) 

(S-0.055+J   »3.9) 

(0.041   +   J  0.062)" i         -2 
y 10 

(S+4.87 + J   4.66)  _ (S4 11.2)   (S ♦ 1.87 - j 4.66) 

~We 0.139 (0.022. J   0.083)      (0.022 - J 0.083) 
L(^68.5) ~ (Stl.73 - J  14.1)   'TsTTTSTj 44   1) 

(229) 

L. 

0.175    (0.04 > J 0.062)   (0.04 » J 0.062) 1   -2 
(Sfll.l) + (»4 4.85* j 4.66)* (St4.85-J 4.66) J 

The inverse Laplace transform of equation 229 is given by equation 231, 
while th" inverse Laplace transform of equation 230 is given by equation 
232. 

-£r-= 0.00138e-
68 ^ 

♦ 0.00168e0-   55t  sin   (43.9t  - 0.24) 

-  O.OOlSe"11'2' 

-4  87 
♦ 0.00119e sin   (1.66t   ♦   0.5R) (231) 

!l^=   0.00l39e-68  5t 

" -I73t 
+   0.0()172e sin   (44. It   - 0. 26) 

- 0.00175t'11 ■lt 

-4 85t 
f O.O0147o      sin (1.66t t 0.57) (232) 

These functions art." plotted in Figures «8 and 69.  For the system with 
a /.TS coupling, the closed-Loop transfer function is found to be repre- 
sented by equot ion 233, 
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K KJC    (T  Sfl) 
Y   (c)   -   p  B hC     B ^__^^ r233i 

cV       '"  K Kg^CT^ 1)+ (^Sf 1) {T2Sf 1) (TeSf 1) (B^Sf 1) 

The substitutions of  equations 219 and 234  through  238 reduce the abovt- 
equation down  to equation 239. 

El =  Tr2TeB4 (23» 

E2 = TlT2Te+TlT2VTlTeVT2TeB4 ^35) 

E3 -  TlVTlTe+TlB1+T2VT2VTeB4 (236) 

E4  =  KpKBKLCTB+Tl+T2+Te+B4 (2'J7) 

E5 =  KpKBKLC+1 (2W 

""Sn- = —1 3—5  (239) 

E, S +E0S +E_S +E.SfE- 

Similar to the above situation, the denominator of this function must be 
factored, and the resulting equation must be broken up by partial fraction 
expansion.  This has also been done by the computer program in Appendix VII 
resulting in equation 240. 

AWe(S)    r 0.115 (-0.137Sf8.25) 0.0011  1      ,   -2 „J#.v 

—•LöErTTT* (^ 34,2, l31^-Ts^!eT] > "> 

The inverse Laplace transform of the previous function is given by equa- 
tion 241. 

i (t) . . _ 

—  = f0.145e"     + 0.28e' "   sin (31.8t -0.421) 
n 

-O.OOllOe-5'16'! y 10~2 (241) 

This  function  is plotted  in Figure 70. 

The zero ordinate  lines   in Figures 68  through 70 represent the new values 
of  steady-state engine  speed after  the change   in  set   speed.     Therefore,   the 
initial  peak of  each  curve represents  the overshoot of  the system.     The 
entire curve shows   the   transient   response of  each  system as   it   approaches 
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its steady-state values.     From Figure 68  it  can be seen  that the engine 
speed for the case with zero shaft damping diverges,   and  is,  therefore, 
completely unstable.    However, from Figures 69  and 70,   the other two cases 
are seen to have engine speeds which  converge,   and so are at  least margin- 
ally stable.     Comparing Figures 69 and 70,   it   is apparent that  the helicop- 
ter system with   a  ZTS  coupling has  a greater overshoot,   but  also  a  shorter 
settling-down period,   than   the system without   a  ZTS coupling.     The greater 
overshoot  Is reasonable since the inertia of  the linearized system is 
reduced by the use of  a ZTS coupling.     That   is,  when  the set speed  is  first 
changed,   the initial   change  in the fuel   flow will   be the same,   and  the 
initial  change in engine torque will  be the same,   whether or not the system 
has a ZTS coupling.     Therefore,  the system with  the smaller inertia will 
have the greoter  initial   acceleration,  or deceleration,   and will   likely 
have the greater overshoot.     The shorter settling-down period  is  also rea- 
sonable.     This  is because,   for the linearized  system with  a 7.TS coupling, 
only  the oscillation of  the engine  inertia must  bo damped out.     However, 
for the linearized system without  a ZTS coupling,  oscillation must  be 
damped out of both  the engine and rotor  inertias,   which  are.   in addition, 
out-of-phase oscillations.      It would seem that   a  shorter settling  time  is 
a more  important   advantage,   in considering  transient   response,   than a 
smaller overshoot   is.     Therefore,   according  to  the linearized analysis, 
adding  a ZTS  coupling   to  a  helicopter drive system will   improve   the  time 
response of  the system. 

For comparison,   as was done with  the ßode analysis,   the  time response of 
the engine speed can  also be found  for  the helicopter drive system without 
speed governor dynamics,  without gas generator dynamics,   and without  both. 

First,   for the helicopter drive system with  an  ideal   governor and  a one- 
spool turbine engine,   the frequency transfer functions of equations 212 and 
213 are converted  to Laplace transfer  funct'ons  by  replacing each JJ.     with 
an S.     Then  the closed-loop   transfer  functions   are derived,   with   the  aid of 
equation 159,   to become equations 2-12 and 2-1^ respectively. 

K  K„K. (A,S ♦A-S+l) 
Y (s)   =  —, ^JMr-i (2.12) 

B1S +(VAlKpKBKL)S"  +   (VA2KpKBKL,S+KpKBKLtl 

n    IV —I» ■  —, 

Y (s,   =   ^  B LC     ■ (243) 
V^PVLC*

1 

The inverse Laplace transforms for these transfer functions for the same 
three cases considered above, again us'ng the computer program in Appen- 
dix VII, are given by equations 244, 215, and 2'16. 
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U,e(t) -9    -19  9t 
-S  =  (6.02x10    )e sin  (19.6g+1.59) 

- (1.05  x 10"8)e"15-4t (244) 

ie(t) -9    -21  2t 
-^  =  (8.76 xlO    )e sin  (16.5t +  1.54) 

—8     —16  7t 
- (1.32 x 10    )e (245) 

(i'e(t) -4     -75  8t 
—  .  -  (1.08  x 10^)e 75-8t (246) 

These functions are plotted  In Figures 71,  72,  and 73.     All  three plots 
illustrate n very quick response.     It is much quicker than the response 
of the system with speed governor and gas producer dynamics.     However, 
there is a marked similarity between the response of the two systems. 
That  is, both of  these systems,  when including a ZTS coupling,  have a 
larger Initial  variation from steady state,   but converge to steady state 
much quicker. 

The next model used includes gas producer dynamics,   in the form of a two- 
spool turbine engine,  and an  ideal speed governor.     The closed-loop Laplace 
transfer functions for this model  are derived from the open-loop frequency 
transfer functions of equations 214 and 215 in the same manner as described 
above.    The resulting equations,  247 and 248,  are inverse transformed by 
the computer program in Appendix VII  to give equations 249,  250,  and 251 
for the same three cases used previously. 

K K K   (TnSil)(A1S
2+A_^l) 

Y (S)   =  P  B^     B ? g 5  (247) 
K K0K, (T   S+IHA-S +A0Sfl) + (T  S+IMB.S ^B_S +B_S+1) 
pBLB 1 2 e 12 3 

K KJC10(T *1) 
Y (S)  3 

PDLC     B  (248) 
c _  „ „* T  B.S ^(T  4B.+K  IC,Kf,T   )   S+K KnK     4l 

e4 e     1     p   B IX   B pBLC 

^   (t) 14 7t 
-S  3 0.0056e-     "       sin   (32.4t *   4.5) 

* 

♦   0.04l8e"  ' sin   (3.24t *   2.39) (219) 
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u (t) _16 6t 
-2  = 0.0058c      «In (31. It 4 4.44) 

n 
+ 0.0419e  61t sin (3.25t + 2.38) (250) 

UU (t) 
-2  = 0.00362e      - 0.00381e" (251) 

These three functions are plotted In Figures 74, 75, and 76, respectively. 
It cnn be seen from the first two graphs that this system without a ZTS 
coupling has n rather large Initial variation from steady state, but It 
converges very quickly. However, the time response of this system with 
a ZTS coupling, as shown In Figure 76, Is much Improved. Therefore, It 
appears that a ZTS coupling does help to slgnlfIcently reduce the tran- 
sient oscillations In a helicopter drive system with gas producer dynam- 
ics,   but with no speed governor dynanvjcs. 

The next model  used Includes  speed governor dynamics.   In the form of  a 
direct  fuel   flow speed governor,   but no gas producer dynamics,   modeled as 
a one-spool   turbine engine.     The closed-loop Laplace transfer functions 
for this model  are derived from the open-ioop frequency transfer functions 
of equations 216 and 217  In  the same manner as described above.     The re- 
sulting equations,  252  and 253,   are  Inverse transformed by   the computer 
program In Appendix VI1   to give equations 254, 255,   and 256. 

K KK,(A,S2+A-S+l) 
Y (s) . LJLLJ 2  (252) 

K   K K. (AjS ♦AjjS+l)   +   (T1s+l)(Tos+l)(B1S +B2S +B3S+1) 

K  K  K 
Y   (S)   B   K P 5 ]£  (253) 

TlT2B4S *(WWWS +(VVB4)S+K
P

KBKLC+1 

This   Is   for   the same  three  cases  used  previously. 

• /-.    n in"5»     -71. 5t         -  (7.51   x  10     )e 

>  (1.66 y 10    )c 

♦   (4.84  X lO-'1)»"6"361  sin   (H.Ht  ♦   3.44• (254) 

%(t) „  rr       ,   -5,   -74.9t         -  (7.55  v 10     )v 
n 

4   (1.68  v  10     )e""0 sin   (18.lt  +   4.36) 

+   (4.75  y 10    )e"6' sin   (H.71t  *  3.45) (255) 
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X' (t) e 

sin (39.3t + 4.21) (2S6) 

These three functions ore plotted in Figures 77, 78, and 79. It can be 
seen from Figure 77 that this system with zero shaft damping diverges, 
and is, therefore, completely unstable. This system with nonzero shaft 
damping, from Figure 78, is stable, but it converges rather slowly. With 
a ZTS coupling, this system has both a smaller initial variation from the 
steady state and a more rapid convergence to the steady state. Therefore, 
it appears that a ZTS coupling certainly improves the time response of 
this system. As compared to the previously analyzed ideal governor, two-
spool turbine engine drive system model, this system has a smaller initial 
variation from the steady state, but it also has a much slower convergence 
to the steady state. 

In general, it appears that the results and comparisons of the several 
systems anil cases, deduced from the time response analyses, agree very 
well with the stability information found from the Bode analyses. 

STABILITY ANALYSIS WITH 1.1 SKA HI ZKD ZTS 
COI'PLINC 1ft'NAM ICS AND DAMPING 

In Part I, a ZTS coupling is designed for high speed, high power applica-
tions, such as a helicopter drive system. This ZTS coupling is illustrated 
in Figures 80 through 82. The drive train with the ZTS coupling is shown 
in Figure 83. The governing equations for this drive train are given by 
equations 257 through 262. 

r cos 

) cos 

r cos — e 

(257) 

(258) 

C 0 
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• [ § c o s | + ^ " cos e<z2-r2f,in2|)"^] + IT i2-r2sin 2 | )"3 / 2 

• 2 ( 9 c - | ) 2 [ r cos | + C 2 - r 2 s , n 2 | >* ] [ - § s in | 

-Tsin9 (z2-p2 8in2 §r*]]+ l[-r-2 T{1 [-4-c°sl[rsin I 
• ^ s i n 0 <X2-r" s i n 2 | ) " ^ J s in | £rcos | 

• £ cos 6 ( X 2 - r 2 s i n 2 | f *] • £ s i n 2 0 < l 2 - r 2 s i n 2 § f 3 2 

«. ( 0 c - | ) 2 rcos | j r f i in | s in 0 ( Z 2 - r 2 s i n 2 | f * j l = 0 (259) 

2 r 
•f 

<vs» • I ["-T- 2 rflU I 
1L s in 0 (Z 2 - r 2 sin"' | f * J - < « e - | ) [ r c o 8 | 

• (l~ - r2sin2 | ) ? J 2 j > f [ r ~ 2 3 ] 8 l " i [ r 8 l n I 

r 2 2 2 2 - i f ] ; 0, 0 r 0 4 L;. s in 0 ( i - r s in 8) 8 - 2 ( 0 ^ - 3 ) rcos - Ircos -

. (1
2-r2,ln2 §>*]j . | [^.2 li] pc«-9c)J <»«<» 

p • cJ'i-c <0 - 6 - e > - K . ( « -9 -0> - «> ' r 2 It s e It • f » 

PR " 'R®R 

(261) 

(262) 

It has boon shown that the mass M, located at point 1) of the coupling, 
can be made to include the link mass, mj. It has also been sho.vn that 
the link inertia, 1 has a negligible effect on the dynamics of the ZTS 
coupling. Therefore, by setting m^ and 1^ equal to zero, equations 25H 
through 260 cnn bo reduced to give equations 263 through 265, respectively. 

pc= ne+ Ife)®e+lfR <®e"®>+ m[i -|>[rc"s | + <z2-r"si»" 1^] (263) 
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•      • 
PC . cB(eo-e-eR) - KG(6e-e-6R) + cce 

NMfe2 re    r2   *- o/i2   2 . 2 eril P" T T r     2 + -y »i" e(i -r 8tn  2)  J 12 .OH   - 

r2 a   , .2     2      2  9 - J       r4     .  2ft  , .2 2   ,  2  9 - 3 21 
+ -— cos  6 (i -r s.n    «^ T 8 8        2 I 

i    6 2 r      e      .22    2 9 n r r       s *  2(eo-|)zlrco8 | +   (r-r%ln^ J)8]^- - .m | 

- ~ sin  9  (l2-r2 sin2 |)"*||     0 (264) 

p     .   .,     ,6 -9)  .   ™\*   Trsln | .   £ sin  9  (r-r2sln2 V ^f 1 c f R     e 2   1 2   L 2 2 2      J 

•        6     r 6 2       '*        ^  9 ü i    1 
-   (6^-^)     rcos |  v   (r-i-sln" -) J (2«;5) 

A coordinate transformation  Is mnde,  once agnln employing  9.,   the nnKl«? 
of   twist  In  the shaft.     For  the helicopter drive train with  o  ZTS coupling, 
9     Is given by 

8 9 9-6-9. 
s e R 

Substituting   9     Into equations  257,   263  through  265,   261,and  262.   eliminat- 
ing   ©u n"11   its  derivatives,   and   replacing   9(   by   *     and ^    by  J    ,   results 
In  equations  266   through  271. 

p     +   C T2  +  C  9     ♦   Kc
ö     s  T (266) 

v ee ss ••  s e 

P     -   (I     f   1.  H     +   I   , (L   -9) 
e e fe    e f«     e 

(267) 

P     - C 8     -  Ka c s s 9 

P d    r 9 ,2229 ilfl 
:iM    <'„-!>    rco8 | •   <;   -r sin    ö' 

t n i      ^' [92   T e       r2     .     a/i2    2      2  9,-tl 9    ,   r 9  - ___    __    rsln -  •  -r- sin 8(X -r sin    TT) 
■ c 2   I 2    I 2        2 -J 

Tr 9     r2 Q/,;i     2        2   9rj       r' 2,, ,2     2       2   e-:i2l 
•     - cos ^ +-r- cos   9M   -r  sin    -)*,-— sm  6(X  -r   sin    -) \ 

•                                                                                        > 
9 ?   P         ft          '*  '2       '^  6 ♦!   r* r            ft       i**- 

f  2(i.    --)"     cos -.   (i-r  sin"  -),:      -- sin ^  sin  h 

,   U2-r\in2 If*]]       .. 

p     -    -I,   d   -9) ♦-^    -    rsln -- -— «in 6  (2 -r sin    -) c fre 22^2      2 2J 

hr 9        ,,2     2        2  -J »Vl (260) 
- (x    -s)   rcos - «   (i -r sm    -)••     1 e    2   L 2 2    J J 

(268) 

l<i(, 



P„ ♦ c. (i)   - e - e r - c e  - Kce  - o 

PR = ln(x* " e " V 

(270) 

(271) 

Taking the tine dcrtvatlvoH of equations 267, 269, and 271 «ntl insertlnK 
them Into equal urns 266, 268, and 270. respectively, results in equations 
272 through 27•» 

(I  +1.   )i   »I-nU  -9) e     fe    e     fH    c 

(272) 

---    (2i.  -9)     rcos vj    *   (i -r sin    -)B 

* 2 

+   (i--d.    ){rJ sin  9 cos -  (Z2-r28in2 |)"* *   2r    sin  0 
2 «.•   L 2 2 

.   2r sin | U2-r2  «in2 |)^l|   .   (   i2   »   C 9    .   K_9        T 2 2    J I e  e s  K 6  S e 

.d   •   v        SM [9   r 9       r2     ,      -   , ,2     2      2   e.-fl2 

fR^-e1   *   T    2   LrMn  2   '   T Sln  e   (l  -r  sln    2)    J 
i-i 2       '2 2 

u     •     r 9       .22261]        9    r   «* 
- ■ -x  )   rcos - , ( * -r  sln    -)"J     *  "ö"   " "T sln  6 

r 9   , ,2     2       2   9vj       r3 9 , .2    2   ^   2   S-A 
- - sin - («. -r sin    -)*   *  — sln - cos 9 (X -r sln    -)   ■ 

.   ll sin  9 cos  9   (i2.r2sin2 i)"1  .  *- .Inf ..In^aVsln2 f)-3/2 

r6       3 rt   ,2     2       2   9  -2n       2rr . 9, .2     2 2   9 - J 
•   r7rsin   9(X -r sln    -) . i     -— sin  9  cos -(t  -r     sln    -) 

In J        J el   4 4 - 

.   r"  sin  9 «   rsl 
9    2    2       2  Ö ill 

n ^(T-r-sln" |)?     -C  9 -Kü9    .   C  9 =  0 
2 2    J s  s    9  s c 

(273) 

Id   -B-9   )   ♦   C. d   -9-9   )~   - C  9     - K   9 
Re s I,    e s s   s s   s 

(271) 

In order   lo   lint-nn/e   these equations,   a   Taylor's  series expansion  c . 
each  equation   is   taken  about   the  steady-state values of  engine  speed, 
coupling   angle,   und  shaft   twist   angle.     Assuming   that   the  variations  of 
these parameters  from  their  steady-state variables  are  relatively   small 
all   terms  of   the Taylor's   series   above   the   first   degree  can  be   Ignored. 
An ordinary  Taylor's  series  expansion   is given by  equation   :!7S 
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f(x) - f(a) + (x-)i)f
2(n) + ...4   (X"'.1)     f<n)   (a)   . (275) 

Expanding  this  to cover more than one variable and climlnatlnK  -ill   term« 
above first order results   In equation 276. 

f (x.y,. . . )    fdi.b.. . . ) * (x-a)i df 
^x (y 

xa -^ 
* (276) 

y-h 

Using equation 276 with i   .   9  and  9    and their time derivative»  as  th«> 
variables  and substituting 

i     - ii i 
e e e 

L i 
e e 

e - e - 9 9      A 9      9 

9-99. 9        9 
8 S S S S 

e      e s s 

where  i      Is   the  steady-state  engine  speed und 1     is   the  variation  of   Hie 
e v 

engine speed  from  the  steady   state,   the  result   Is  equation  277. 

f(i,919   ,L   ,6.9   .'M  ,T  >  f(j"   .9.9   .O.O.O.o.o.f )w    w-^— 
e s    e        s se e s e        e \ cü. 

i     i 
e    e 

^f 

0=9 s 

', cf 

G    9 s     s 
e; • 
I'e" 

r>f 

36 
le o 

+   9 I  

8 
39 

9   (» 
s 

9 0 
'de 

9    o s 

(277) 

Using equation 27/ 'o tinenrl/e equations 272 through 271  results 

in equations 27K through 2M(). 

(I +1, )JL » Iri (J - 9) ♦ ^ 1 (2Uü - 9)1 r cos - . I i" - r" sin" -) 
e  fe e  fit e     2 i-  e   i_     2 2 ' J 

^ 
2( x i  • c c • K.S ♦ K.G   T  . i 

e e e   s s   c s   c s    e    e 
(278) 
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■n." - h- f il [■•"" I • T ■'•5I '2 - ■•2 "'"2IJ*]1 

.. 5 ST 2 

4      (X      + 
e 

2 ♦   r    si 

e   :  , r        e     .2    2      2 e n j-^J^r co»-+   I   -r    sin    -jj 

3 / -   ■' 

2u;   >:    [I- »in  6 cos I {l2 - r2  sin2 -) 
ee|_2 2N 2 ' 

s e (.2    2   , 2 efl 
n  9  ♦   r sin r \*   - r    sin    ~J 

'     2 fr3 s I (,2       2.2^'^ 
e I   2 2   v 2/ 

3 -   / -\- ■" 
-l-.ln 5 sln|(z2-r2 »In2 |) 

r5 2  T § ^.2       2 2 ON'3  2 2 
.   —. sm     6 cos rv*"1'    8*n    TJJ +r    coH 6 

+ I co8 ! {r - r2 sin2 iTl /  - C  § - Kj 
2 2 i'J-1 s 9s 

" K
9

9
K  

+   ('c8       (, (279> 

•      v   v _2 - *    1 
iun -9-9 ) + c, i    * 2cIi (^ -9-6 ) H    o s I,  e I. c    e s 

- C  9  - Kü5     - K.e        0 (280) s  s       9  s 9 H 

Equation«  70  nxl  71   arc substituted   into equntlnns 278  through  280. 
In addition,   the  followinn substitutions  are mndu for constant coeffi- 
cients; 

9 -•> 
mf 9 (.2     2    ,  2 $\   T 

Kl        TLr tOS   2   ' V   "'     Sln     2/    J 

NMT 9 r2    (     z  (.2      2     .   2 5V?1: 

2      T    r 8       2  + T ^     " "    2/ 
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!3 ■ T{T "°'c'" i ^'"■' ""2 V * '* •ln 5 

Wirr3 s 6 /'.a      2        2 6^* E4 -TLTC01 5co- 2 V   -r    8in    V 

r3     .     Z 5 A2      2     ,   2  v V ^     r5        2 s § ^2      2     .   2  l\3 2 
- — «in 9 «in - ^4   -r    sin    -^    + — sin    6 cos j ^i   - r    sin    ~J 

2 s      r 6 ^2      2     ,   2  6Y" ■f  r    cos  8 + 5 cos -r \l   - r    sin    ^J 

The resulting differential equations are given by equations 281 through 
283. 

(1   ♦ I#  )(ii    *   I.ji   -0)+{ai   -"e)E1+Cti.2 

•      ft    e fR    e e lee 

♦ c^i  v c e  + K.e  + K.e   -=1  + T Te        ss 8B 9 S e        e 

ltn*-h*W (rVEi+%v ^VeS 
._2 * - i 

+  ftu E, -C 9   - K.e    - Kft9   + c e - 0 • 4       ss        8s 8s c 

(281) 

(282) 

1(5,  -8-9.)   ♦   CB    >   Cn(u;    -8-8  )   - C   8 He ■ LeDe s ss 

- Keeg   - Ke88  =  0 (283) 

Setting    all   system variables  and  their   time derivatives  equal   to  zero 
yields equations 284  through 286. 

-2 - - 
C x    +   K-8    =  T (281) e e 6 s e 

T  En   - K.6  =   0 (285) 
e 3 9 f. 

"2 
C/D       - K.9    = 0 (28fi) 1^ e P s 
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These equations  represent  the steady-state solutions of equations 281 
through 283.     It   Is  the transient  solutions   that  are of primary   Interest, 
since  they determine stability.     The steady-state solutions can be rcnoved 
from equations 281   through 283 by  subtracting  equations 284  through 281 
respectively,   yielding  equations  287   through  289. 

(I      ♦   Ir   )*     »   lfnU     -  9)   +   CiL    - SU' e fe    e fR     e el 

(•„.x   . c- e   ♦ K.e     T 1   e s   s 9  s e (287) 

e J e el s   s        9 s        c   s 
(2HH) 

• • 
1.(1   -6-6  )   .  (' (J    - 6 - 6  )   - c 6    - Kft6 R     e sue s s  .•- 9  s 

(289) 

These are the 1 mean/ed equations for a helicopter drive troln with the 
/.TS coupling designed in Part 1. 

A frequency transfer function is derived from these equations to be used 
in a Bod« analysis.  Hie l.iplace transform Is taken of equations 287 
through ÜH9 to give equations 290 through 292. 

2 2 (I +1, )s:.w (S)  +  i0.(S.'.w (S)-.s £.-(*)) *   (2S£w (s) i?(S))E, 0     fe (It 

♦   C_.tW   (S)   4   C Si"   (S) ♦   K,'-        (S)        ^T   (S) T     e                s       s os e 

fo(S r. (S) - s." w (S)) ♦ -^ s": is) . IV A3(8) - SA* (S)1E, IR e 2 v2 e/1 

, K-d w (S) . x i: ;   (S) - c s.',    (s) 
e  .Je et s        S 

K,^      (S)   •   (   SL   (S)        (l c     s c (291) 

2 o 
I,(Si,W   (S)   -   S  ft-(S)   -  S"A-   (S))    .   (    (AW   (S)    -   S^-(S) 
Re s De 

-   St      (S) )   -  C  SA      (S)   -  K,t      (S)        () 
s s       s 6     s (292) 
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Equation 292 is solved for (S) giving 

which is substituted into equations 290 and 291 in order to eliminate 
A£g(s) from the equations. The resulting equations are given by equa 
tions 293 and 29-1. 

(C S + Kfl)(C - H s m * (s) - - (s)) 

<1W (s) + fR 

(C S+K0)(C_+IDS)(AW <S)-S£ (S)) 

(291) 

Equation 294 is solved for giving 

L (s) 

which is substituted into equation 293 in order to eliminate £••(}>) from 
the equation. In addition, the following substitutions are made: 

fe lit 

K 
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K2      Ej 

K8       3%K3 

h ::Y.X 

'.'he rosultinK equation   Is Rivon by  equation 295 

(K S+ Xl.S.C, )(-2K..S"'+  E-S2 

W       L fa 7 

'  ^t.<»/[['„ii2+(CH+(D,^Kr.] lF7s2 t   C S +   E-) c 9 

*   S(C S»KQ) ( L.S.C". )\ .'.T   (s) 
s        9        H        I.   j v 

(295) 

This f(|uat ion is cnnvvrtecl  Into n l.nplncu trinnfor function *ith  the ai<l 
of  thf  following  substitutions: 

Ai    Vi 

A„       !,(('   >(')   >    (C  •('  ) I, 
2 7     s     li s    c     K 

A:.     '„V  7:;. '   'r^.. ' (tVV('c- 

A.      r, ((   »c, >   .   K   ((   ■(, ) 
i       ;•   s    n c   n 

A5       K.K9 

;1        'l/^S^e' 

il.ri.7< ,•!:.<      •   1VIK   •   (    (K-.K.^iJ--   P HI     7    I       .>   i (>   n N      (      ;>        (>     | 

*    "s^l^'V^-'fa' 

:\      i{|_ 5 '-•   i   i        s   H   c    i J        s    ii 

*   K   (KrF._-K~)   ■   (Kl.tC  C. Ml-   -•_M.   . i:r) ■     f) 7     h e U     s  Ii       7       d     5 

> ' I ,( ,   •    1 ./ c    •   W 
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B4^   WW  +   (VCD)(E6VCcV 

+  K
9[VT

+
   

E
5

C
C
+

   
E6E8+   CD<E7''2VE5)] 

+   (rHCD^   KeIR)(WCT) 

+   <C^CD)E9CT +   CsCDE9 

B6 = KeF:9( W 

The  transfer  function   Is  given by  equntlon 296. 

£W   (s)        A, s'    f   A,^'   ♦   A0S2   t   A.S  .   Ar e 1 2 3 15 
AT   (H) 5 I 3 2 

e R, S     ♦   I)„S    *   B„S    f   B.S    +   B.S  .   n. 1 2 3 1 fi (> 

(29«) 

The correspondtnü   frequency  transfer  function   is   found  by  NubstHuting 
.Jw  for s   In equntlon  296. 

In order  to determine  the values of  the coefficients  of  equations  296,   it 
Is  necessary  to  flmi   the  steady-state  values   for  the  system parameters. 
These are  found by   solving  the differential   equations  of  the system  for 
the  stationary  solutions of  the system pnrometertt.     This   is done by  sotting 
the  highest   time  derivatives   In   the  system differential   equations  equal 
to  zero,   and solving   for   the stationary  solutions.      Fquatlons  179 tluough 
181   for stendy-stnte   fuel   flow,   gas producer  spied  and  engine  torqur, 
respectively,   can  bo  applied  to  the nonlinear  case,   because the differ- 
ential   equations   for  the speed governor  and gas  producer are approximated 
by   assuming  that   the  average values of   the coefficients   In those differ- 
ential  equations   are  approximately  equal   to  the  values  of  those coeffi- 
cients used  for small   changes about  steady  state.     This does not compromise 
the major objective of  determining  the  effect  of   the  ZTS coupling on   the 
closed-loop system.     To   find  the  stationary  solutions   for the engine  and 
rotor  speeds,   equations   272  und  271  arc-  reduced   as  described  above  to 
produce equations  297   and  29H 

C I2   ♦   K-5 f (297) e  e 9   s e 

-2 
C.D      -  K,e 0 (2,.tH) 

I-  e ^  s 

Adding these equations and substituting equation 181 for T  results In 

(C »C, )l2       K K. « 
e L e   p II 
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Substituting  Into   this  equation for  the speed  error  nnd rearrnnKlng  the 
terms gives 

K K.. KKn -2 p  B    - P  B      „ 
<il       4-    ——   (1>       -    - it 0 

e       C +C,      e      C    +   C, 
e    L o L 

This  equation   is  solved   for JJ    using  the qundrntic  oquntion  to obtain 
equation  299,   the  steady-stnte engine speed. 

K   K0 p  B 
2(C *C, ) 

e    L 

P   B 
2(C  fC, ) 

c    I, 

K  K„ 
P  B     . 

* c-7c-J 
o       I, 

(299) 

I'sing the value of Kt) determined for a steady-state speed droop of 
5 percent for the linearized system, and using the values given previ- 
ously for the rest of the parameters in equation 299, x  is solved for. 
The steady-state engine speed for the nonlinear ease is equal to 1378 
radians per second for n set speed of 1447 radians per second.  Substi- 
tuting these values into equation 65 gives u steady-state speed droop of 
about 4.8 percent for the nonlinear system with the same gain that gives 
the linear system a 5-percent steady-state speed droop.  To find the 
stationary solution for the angle of the coupling, 9, equation 273 is 
reduced as described above to yield 

I r   <  5    * /V  2   2 5^ — sin 9 cos TJ I * -r sin -J 

Q   (.2      2 2 eV 
♦ rsm-V* -r sin - J 

S^*   2 
r  sin 9 

K09   0 9 s 

Equation 298 is subtracted from this equation, and the result is divided 
-2 

by   u     to give equation  300. 
e 

--- sin  9 cos , 
5   f.2      2 2  SV 2 x 
- ^A   -r    sin    - J   .   r    sin  9 

»   r  si 
§  (.2      2 2 5f      2C1. 

(300) 

The  /.TS  coupling   is   designed   for   this   helicopter  drive  system,   to give 
the   following   coupling   parameters   (sei-  Pinned   Link   Design Analysis. Part  I) 

3   in 
m       0.2385   Ih-mnss 
*      2.61   in. 
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Using the prevlouHly   introduced value of  rotor damping,   the stationary 
solution for  the coupling   angle   is found  from equation  300  to be 1.64  radi- 
ans.     The  steady-state  speed  error  Is   found   from equation  117   and  the 
values  for r<  and ID     calculated   above.     The  steady-state  fuel   flow  for   this 
set   speed   is   found   from  equation  179  to be  approximately  27W)  pounds  per 
hour.     Kquation   1H0  gives   the  steady-state  value of   the gan   producer  speed 
as   about  294   radians  per  second.     From equation  181,   the  steady-state 
value  for   the   torque  applied  to   the power   turbine   is   found   to he about 
2540  foot-pounds. 

To   find  the  steady-state  values  of engine  and   rotor   speed   for  the same 
helicopter drive  system  model,   but without   a  Z7S  coupling,   equations  6H 
and 69 are  reduced  as   above  to give 

c r * K06    f 
e   e 8   s e 

C. i KJ 1,  e ^  s 

These equations   arc   identical   to  equations  297   and  29H.      Therefore,   the 
stationary   solutions  of   engine  and  rotor  speed   for   this   helicopter drive 
system are  the  same whether  or  not   it   has   a  ZI'S  coupling.      It   follows   that 
the  steady-state  values   for  engine  torque,   fuel   flow,   and gas  producer 
speed  are  also   Independent   of   the use of   this  ZTS  coupling. 

Without  a  special   damper,   the viscous  damping  coefficient  (^  would  l> 
negligible.     However,   in   the hope of   increasing   the  stability  oi   th 
tern,   this  damping  coefficient  may  be  artificially   increased,   througl; 
use of  an  elastomerlc  damper.     Therefore,   in   further  stability  analyst-, 
of   this   /.TS  coupling,   Ct,  will   be  used   us   zero  and   as   .r>0   percent  of   crit 
icul   damping,   for  compariscn,      Since  the  helicopter  system with   the  /.TS 
coupling   is  no   longer   a   simple  two-degree-ot-freedom  torsional   spring- 
mass  system,   the determination  of  th !•  critical   damping   Is  greatly  compli- 
cated.     However,   It   is   assumed  that   the  critical   damping  of   this  system 
is  of  the  same order  of  magnitude  as   the  critical   damping of   the heli- 
copter system without   a   ZTS  coupling.     Previously,   this  was   found  to  be 
about  45   foot-pounds  per   radian  per second.     Therefore,    it   is  safe  to use 
a   value of   10   foot-pounds   per  radian per  second   for  coupling  damping 
without  fear of   exceeding   50  percent of  critical   damping.      Since  the cou- 
pling damping   in  produced   by   an  elastomerlc-  damper,   the  exact  value of 
damping   is   arbitrary,   because   the damper  can  be designed   to  create what- 
ever damping   is  desired.      Part  of   the   intention of   this   Investigation   is 
to  determine   the effect   of   coupling damping  on  the  stabil itv  of  the  system, 
rather  than   to  determine   the  effect  of   a   specific   amount   of   coupling 
damping  on   the   stability   of   the   system. 

There  is  now  sufficient   information  to  determine  the  value <>f   substitutions 
Fj   through   F9  and  all   of   the  coefficients  of   equation   296.     The values of 
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Ei and E2 turn out to bo much smuller than the value» of the Inertins I , 
Ije, nnd IfR. Based 01 this, oquations 287 through 2H9 can be reduced to 
equations 301 through 303. 

e    fe    fR    e       fR T     e s   s 6  s < 

i#D(e^ ) 4 27 E„ä   ♦ c e + iL2r..B - c e   - K.G 
IB e eJe c el s  s 6K 

in(uL -e-'e ) + c'ijo -e-e > -c e  - Kfle - o Re s Oe s HH 9 S 

cm) 

(:io2) 

(303) 

It  can be seen  from equation  302  that  this  coupling doe»  not   truly have 
zero  torslonal   stlffneHH  when  deviated  from  the  equilibrium solution,   but 
rather has a  low-torsional   stiffness with  ;i  spring  constant  given by  tgE*. 

The  frequency   transfer function  for  the helicopter drive  train with  this 
ZTS  coupling,   derived  from  equation  296,   is  combined with   the   frequency 
transfer  functions   for  the  direct   fuel   flow  speed governor   and   two-spool 
turbine enirine,   to Kive equation 304. 

F(.U)   = (K KBITB(JU))*1)IA1(JU))'
,
*A2(JX)

2
 •   A.jUxT  .   A^.Jx)   *   A^ljf/pj ( |. )4 11 

•(TO)+i](Te(j<i.)4ij|n (Jn)3 4 H./IJJ)
1
 -  ».,(.11)    .  n^ih)'. »5<Ja))+B6 

(30-1) 

The coefficients A,   and  n    can  be  factored out  of   the  numerator  and 
5 u 

denominator,   respectively,   resulting   In equatl.-n  305,   where K     is   the  same 
as  defined earlier. 

MJi|     <KpKnKL[Tn(J,)+l1 

•r0(.u)4iiiT (juj)..n 

n 

|__5 r> 
•(.U)' 

1     ";<       3     n.i       2 
(,li)    •  —(,li >    .   rr-(.U) 

« 6 

r^jo^n 

. sa,,).,.1 (305) 

This  transfer  function results in  the same steady-state speed  droop as 
the  similar  transfer  functions in  previous  sections.     Therefor."     to  achieve 
a   5-percent   steady-state speed droop,   the  same  value of   speed  governor gain 
Is  used  as was  used before 

A   Bode  analysis  of   the  frequency   transfer   function ol   equation  305 was  con- 
ducted.     This  was  done  for   values  of   zero  and  2.21   for   shaft   damping,   and 
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zero and 10.0 for coupling damping, all In units of foot-pounds per radian 
per second.  All four combinations were analyzed and the resulting Bode plots 
are given in Figures 84 through 87.  The gain and phase margins found from 
these Bode plots are given in Table II. It appears that all four of these 
cases are not only stable, but they even meet the minimum margin require- 
ments for practical stability as given in Reference S.  Furthermore, It 
appears that, although shaft damping seems to have little effect on system 
stability. Introduction of coupling damping makes the system even more 
stable.  This Is a very desirable situation, because the ZTS coupling can be 
designed with whatever amount of damping is necessary to meet realistic sta- 
bility requirements. Therefore, from this linearized stability analysis, 
it appears that the ZTS coupling designed In Part I can be used to make the 
helicopter drive system stable enough, with a direct fuel flow speed gover- 
nor, to be practically usable without necessitating redesigning the speed 
governor. 

|          TABLE II. BODE RESULTS FOR LINEAR COUPLING DESIGN 

Shaft Damping 
(ft-lb rod per sec) 

Coupling Damping 
(ft-lb rod per sec) 

Gain Margin   Ph 
(db) 

ase Margin 
(deg) 

\               0.0 0.0 7.1 26.5     i 

I      2.24 0.0 7.1 26.6 

0.0 10.0 7.2 64.0      | 

2.24 10.0 8.2 63.0 

J 
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NUMERICAL SIMULATION OF THE WOWL1XEAR CLOSED~lOOP SYSTEM 

In general, there are no known methods to solve the differential equations 
of Motion for the nonllneorlzed system analytically.  It is possible to 
solve the differential equations numerically with the r.id of a digital 
computer.  This is also known as simulating the dynamic system.  The numer- 
ical routine involves marching the differential equations through small 
increments in time.  For the purposes of the numerical simulation, the dif- 
ferential equations of the drive train are used in their canonical form. 

The drive train differential equations for the system without a ZTS coupling 
are converted to canonical form from equations 66 and 67 to form equations 
306 through 309. 

Ce  2  r K      PR\ 
eg        x eg  R/ 

I 
eg 

KQ{9 -eo) ♦ T (306) 
e e R    e 

(307) 

K- -T^R-MTT-T^J-VVV (308) 

I 

PR 
x = -ü (309) R h 

For the drive train with the ZTS coupling, shown in Figure 83, the govern- 
ing differential equations are given by equations 257 through 262.  The 
differential equation for a direct fuel flow speed governor is given by 
equation 112.  After making the substitution of equation 121, the result 
Is equation 

M W# * C «L 4 K W, = K K ( -i ) (310) 
gf   g*   gf   gp   e 

The differential equations for n two-spool turbine engine are derived 
from equations 114 and 115, under the assumption that the average values 
of the partial derivatives are approximately equal to the values used 
under the small changes assumptions.  The substitutions of equations 125 
through 128 are made, resulting in equations 311 and 312. 

Vg= Kiwf - Vg (311) 

T
e=  R2Wf+   K^g <3^ 
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A computer program is developed in Part I to numerically integrate equa-
tions 306 through 309 and another computer program is also developed to 
numerically integrate equations 257 through 262. These computer programs 
arc modified here to include equations 310 through 312, thereby effectively 
closing the loop on the helicopter drive system. These modified computer 
programs are listed in Appendix VIII. These computer simulations are used 
to compare the stability of the helicopter drive systems with respect to 
both time response and frequency response. 

The time response of each system is determined by running the system at 
steady state and then suddenly stepping the set speed from 1447 radians 
per second to 1500 radians per second. The time response of the engine 
speed is then observed and plotted. It is also determined what length of 
time is required for the system's engini* speed oscillations to settle down 
to within 1 radian per second of its final value. For the helicopter drive 
system without a ZTS coupling, and with zero shaft damping, the time 
response is plotted in Figure 88. It can be seen that this system is diver-
gent and is. therefore, completely unstable. Also, when operating ;it 
steady state, any slight perturbation in the system will cause the engine 
speed to diverge from its steady-state value. This is in complete agree-
ment with the results of the linearized stability analyses. 

Also, Ixir the helicopter drive system with a ZTS coupling, and with zero 
shaft dfjnpitig and zero coupling damping, any slight perturbation from 
steady state causes the engine speed to diverge. In addition, in attempt-
ing to find the time response of this system, the coupling numerically 
comes apart. Therefore, this system is, also, completely unstable. This 
does not agree with the linearized stability analyses, which shows that 
some accuracy may have been lost in the linearization of the ZTS coupling. 
However, if a coupling damping of 10 foot-pounds per radian per second is 
Introduced to this system, it becomes convergent as shown in Figure 88. 
Also, from Table III, it takes only 1.27 seconds for the engine *pved of 
this system to settle down to within 1 radian per second of its final 
value. Therefore, this system appears to be quite stable,. 

Next, the time response of the same three systems, but with a shaft damping 
of 2.24 foot-pounds per radian per second, is compared. The system without 
a ZTS coupling, whose time response is given in Figure 89, converges, but 
very slowly. From Table III, it takes 6.41 seconds to settle down to 
within 1 radian per second of its final value. Therefore, this system is 
stable, but it is not quick enough to be practical. The time response of 
the system with a ZTS coupling, but with zero coupling damping, is shown 
in Figure 89. Although its engine speed oscillations are rather large at 
first, it settles down quite rapidly. From Table III. the engine speed 
takes only 1.66 seconds to settle down to within 1 radian per second of 
its final value. Therefore, the time response of this system is a dis-
tinct improvement over that of the system without a ZTS coupling, despite 
the large initial oscillations. However, the time response of this system 
is not as good as the time response of the system with zero shaft damping 
and with a ZTS coupling with a coupling damping of 10 foot-pounds per 
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TABLE III ENGINE SPEED SETTLING TIME 

ZTS Coupling C2 
(-f-t-lb  ) rad  sec 

C 
c 

ft-lb 
'rad sec 

Time 
(sec) 

Without 2.24 0.0 6.41 

With 2.24 0.0 1.66 

With 0.0 10.0 1.27 

With 2.24 10.0 1.05 

With 2.24 20.0 1.14 

With 2.24 5.0 1.21     j 

With 2.24 6.0 1.07     1 

With 2.24 16.0 1.04    j 

With 2.24 17.0 1.14    | 

With 2.24 25.0 1.15    1 

radian per second.     Therefore,   It appears that the ZTS coupling acts as 
a means for artificially increasing "shaft" damping,   in order to  improve 
the closed-loop system stability. 

The system with a ZTS coupling and shaft damping,  and with a coupling 
damping of 10 foot-pounds per radian per second,  shows an even more 
improved time response, as illustrated in Figure 90.    Also,   from Table III 
the engine speed of this system takes only 1.05 seconds to settle down to 
within 1 radian per second of  its final value.    Therefore,   this system is 
much more stable than the system with a ZTS coupling.     It appears that 
increasing the coupling damping increases the stability of the system. 
However,  this  is only true to a point.    This  is demonstrated by determining 
the time response of the above system with an increase in coupling damping. 
A coupling damping of 20 foot-pounds per radian per second  is used and the 
time response of the system is shown in Figure 90.     From Table III,  the 
engine speed of this system takes 1.14 seconds to settle down to within 
1 radian per second of its final value.     Looking at Figure 90,   it doesn't 
appear that doubling the coupling damping has significantly  improved the 
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time response, and  It has,   In fact,   slightly incrvutied tlu* suttllng  time. 
This means not only  that Increasing the coupling damping beyond a certain 
value does not  improve stability,  but  also,  and more  importantly,   as  lone 
as  the coupling damping is some minimum value,   its exact value  is  rela- 
tively  unimportant.     This fact greatly  simplifies  the problem of  desiKn- 
ing  and constructing  the coupling damper.     In order to determine  the  range 
of coupling damping  that will  give  this system  its optimum stability,   the 
time  response of  the  system is   found  for  several   different  values  of  cou- 
pling  damping.     It   is  found that   the time response of   the system   is  vir- 
tually  unchanged for values of  coupling damping  from 0  to IG  foot-pounds 
per  radian  per second.     The time  response of  this  system  for  each  of   these 
values  for coupling damping is  shown  in Figure 91.     Also,   the  length of 
the  time required  for  the engine  speed of  this system  to settle  down  to 
within  1   radian per  second of   its  final  value,   for several   different 
values  of coupling damping,   is given   in Table  III.     It  is of  principal 
importance  that the coupling damping be at  least  the minimum value  in this 
range,   because if  it   is below  this  range,   the time response of   this  system 
gets   perceptively worse.     However,   if  the coupling damping exceeds  the 
maximum value of this  range,   the  time response of  the system becomes only 
slightly worse.     Therefore,   it   Is necessary to design the ZTS coupling 
with  a  coupling damping of at   least 6  foot-pounds per radian per  second, 
and  preferably,  not  more than 16  foot-pounds per radian per second,   in 
order  to optimize  the  time response of  the system. 

The frequency  response of each  system  is determined by varying  the rotor 
damping coefficient  sinusoidally,   as would occur  in forward  flight,   at 
different  frequencies.     The variation  in engine output speed  is  plotted 
as n  function of the frequency of  excitation.     The frequency  response is 
found  for  the helicopter drive system with a shaft damping of  2.24  foot- 
pounds  per radian per second.     For this system without a ZTS coupling,   the 
frequency   response,   as  plotted   In  Figure 92,  displays  two apparent  crit- 
ical   frequencies.     The first   is   found  below 2 Hert/ which  is  below   the 
range of normal  system excitation.     The second critical  frequency   for 
this  system  is at about 7 Hert/..     System excitation at,  or near,   this 
frequency would create engine speed oscillations  that could be destruc- 
tive.     This critical  frequency  lies dangerously near the range of normal 
system excitation,   which   is about  8  to It) Hertz. 

When a  /TS coupling   is  inserted   in  this system,   the frequency  response 
changes drastically,   as  il'ustrated  in Figure 92.     The second,   and more 
dangerous,  critical   freqiK.ey   is completely eliminated.     In addition,  the 
engine speed variation  is    educed for all  excitation  frequencies between 
2 and 10 Hert/.. There is virtually no change in the frequency response of 
this system with a ZTS coupling, if coupling damping is added, for excita- 
tion  frequencies above 3 Hertz.     However,   for excitation frequencies below 
3 Hertz,   the existence of coupling damping  tends  to reduce  the variation of 
engine  speed.     Therefore,   it  appears  that   the introduction of   a   7.TS  cou- 
pling greatly  improves   the frequency  response of   this  helicopter  drive  train 
system,   and  that adding coupling damping  improves the frequency   response 
even  a   little more. 
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SUMMARY OF  RFSULTS 

The  helicopter drive  system analyzed   in  Reference 5,   with  a  direct   fuel 
flow  speed governor,    is not,   inherently,   a  very   stähle  system.     Although 
the   instability   ts  primarily  due  to   the speed governor   lags,   the  amount 
of   shaft  damping   in   the drive   train  has  a  critical   effect  on   the stabil- 
ity of   this system. 

The  ZTS  coupling designed   in  Part   I   acts   In  two ways   to   improve  the stabil- 
ity  of   this  system.      First,   it   provides a mode  for artificially   increasing 
the "shaft"  damping of  the drive train,   in order  to improve  the closed-loop 
stability of  the helicopter drive system.     This   is done by  using an elasto- 
mer ic damper as a  torsional  damper  in  the ITS coupling.     The closed-loop 
stability of  this system  is optimized by designing  the coupling damping to 
be   in   the  range of  6  to 16   foot-pounds  per radian  per  second,   although 
letting  the coupling  damping  be greater  than  this will   not   signw icantly 
hurt  the stability of  this  system. 

Second,   the ZTS coupling   acts   to   isolate  the rotor   inertia  of   the heli- 
copter drive system   from  the engine  inertia.     That   is,   it   removes  rotor- 
induced oscillations  from   the  system before they   reach   the  engine.      In 
this   respect,   the ZTS  coupling   is very  effective   in  that   it   completely 
eliminates one critical   frequency  from the system and  reduces  the ampli- 
tude of   the engine  speed oscillations over  the entire  range of  excitation 
frequencies  examined.     The  existence of  coupling  damping  has   little effect 
on   the  frequency  response of   the  system. 

Therefore,   using  the  ZTS  coupling designed   in  Part   I   with   the  coupling 
damping   in  the range discussed   above   is  an  effective way  of   stabilizing 
the helicopter drive system presented   in Reference 5,  with  a direct  fuel 
flow speed governor.      In  this;  way,   the relative simplicity  of   this  type 
of   speed governor does not  have   to be  sacrificed   in order   to  stabilize 
the  system. 
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CONCLUSIONS 

The principal  conclusions of  this   investigntion and analysis are as 
follows: 

1. A shaft coupling can be designed  to meet  the horsepower and  speed 
requirements of modern U.S.   Army  helicopter drive trains with 
zero  torsional  stiffness at  the design speed and horsepower. 
Specifically,   two different  types of zero torsional  stiffness 
(ZTS)   couplings were designed  to  transmit 5270 horsepower  at 
13,820  rpm.     For one  type of  coupling,   simple design equations 
were derived to size a coupling  for any  helicopter application. 

2. Three significant design  innovations  for ZTS couplings were 
developed during  this  investigation: 

a. The counterbalanced link for  the pinned-link coupling which 
allows applications at much higher shaft speeds than 
were heretofore possible. 

b. The ZTS coupling damper which  allows  the  Introduction of 
significant amounts of  shaft damping  into a drive  train. 

c. The off-center clastic  link which allows operation of an 
elastic-link  ZTS  coupling  at high  speed without  the negative 
stiffness exhibited by  the  English "llalf-Moon"  design. 

3. A ZTS coupling  in a helicopter  drive  train acts as  a  torsional 
vibration   Isolator and can provide significant damping which   is 
not otherwise available  to  the designer.     Kngine and control 
response  to excitation at   the  rotary-wing can be reduced or  com- 
pletely  eliminated with  a   ZTS  coupling,   depending on  the ampli- 
tude and frequency of excitation.     As an example,   the engine 
response to a rotary-wing  excitation of  i IC":  full   load  torque 
was found to be almost totally  eliminated at all   frequencies 
above 4 Hz  by  the use of   a   ZTS  coupling  in the drive train  of 
Reference 5. 

4. The use of  a  ZTS  coupling with  damper greatly   improves   the  tor- 
sional   stability  characteristics  of  a helicopter drive  train with 
automatic  speed control.      For  example,   the drive  train  of   Refer- 
ence 5 with  a simple direct   fuel   flow  governor  and  sufficient 
gain   to  produce 5'   droop was   found   to have negative stability 
margins   (unstable)  with no  ZTS  coupling,   and large positive 
stability margins   (stable)  with  a  ZTS coupling.     These stability 
predictions were verified by numerical  simulations of closed- 
loop drive train dynamics  on  a  digital   computer. 
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APPENDIX  I 
ELASTICITY ANALYSIS OF CURVED LIMC 

The elasticity analysis of the elastic link shown in Figure 94 proceeds 
along a similar vein as for the curved bar shown in Figure 93 which has 
been analyzed by Tinoshenko and Goodler.^6    The pin force P at A and B  is 
replaced    with the shear force shown in Figure 94 so that polar coordinates 
can be used to specify this force as a boundary condition.    The total error 
caused by this nssunptlon is snail  as a consequence of the principle of 
Saint Venant. 

Considering  the external  force p  only and treating this as a plane stress 
problem  (no  stress in Z direction),  then 

0=T      =T=0 (313) 
z        rz        z6 

The equations of equilibrium and compatibility must be satisfied   in con- 
Junction with the boundary conditions by some assumed stress distribution. 

It has been shown for polar coordinates  thst  if a stress function t  is 
defined such  that 

d20 

?>T 

and 

re = 3F (? H) (3l4> 

the equations for equilibrium 

r       1^      re +  _r 9      0 

or        r    d. r e 

1       0 rfl r9      _ 
r ^        "ST r 

are satisfied  for any function 0(r,6). 

If 

0 =   f(r)  sin 9 (316) 
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Unit  thickness 

KlRure 93.     Curved  Bar. 
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Unit thickness 

Figure 94.     Klastlc Link. 
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is substituted into the blhsraorUc squstlon in polar coordinates 

then conpstlbllity is also satisfied by 

3 1 f (r) = Ar    +B—+Cr+Drlogr 

It mist be determined if all the boundary conditions 

a (r=8) « a (r"b) = 0 

Tre(r=0) = Tre(r=b) = 0 

for all e 

for all  6 

(317) 

(318) 

b b 
/   Taften) dr = / - T    (e=0)dr = P 
a a 

can be sstisfied by the stress function 

3 1 
0 *  (Ar    + B — + Cr + Dr log r) sin 8 

Substituting 0 into the stress equations  (314) and applying the B.C. 

a(rsa) ■ 0 gives 

(319) 

2B      D 
a 2Aa j +  - = 0 (320) 

a(r=b) ■ 0 gives 

2Ab-2B+  D      0 

b3      b 
(321) 

r   T    (0=0) = -P gives 
s    rB 

-fA^-s2)  *   B^-~V D log jH   =  P (322) 

Solving equations 320 through 322 for A,  B,   and D and letting 
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2    2     2    2 
N = a -b + (a +b)log b a 

gives 

A = -P 2N 

2 2 
B = (■ b P 2N) (323) 

2 2 
D  P(a ♦b ) 

N 

The term coefficient C in equation (317) is not needed to satisfy the B.C. 
The stresses are now found from equations 314 to be 

2. 2        ,2.2. 
DMr        aV       (a%bV|    . 

r= -PN^r .   -g j^-Jsin 

2. 2        ,2.2. 
« I o a b (a+b  ) a 

L    T5 r—Jsin ae = -P/N | 3r s -^—r-—^ | sin 6 (324) 

r         aV       (a2.b2)-| ö N    r +   —R— -        cos  6 
r3 r      -I re L 

which  are the same as the Tlmoshenko and Goodier's analysis  for the curved 
bar in Figure 93. 

To find the displacements u and v  in the radial and  tangential directions 
respectively,   the strain-displacement relationships  325  are used. 

C    =  5u/^r r 

c0 = ur ♦   1  r(dv  dB) (325) 

Y « = l/rC&u'^S) *   ^v  ^r - v r 

In conjunction with     Hooke's  law, 

€    =  1/E(C     -   U0«) r r 6 

€e = 1/E(0e -  wr) (326) 

vr6 = 1 G(-   „) r9 
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where E is the Modulus of elasticity, G Is the modulus of rigidity,  and 
ti Is Polsson's ratio to give 

öu/dr r-. l/Er2Ar-20/^ + D/r - MCAr +  2B/r    +  D r) ]   sin 9 (327) 

Integration of 327 gives 

u = sin 9/E[(l-3n)Ar2 +   {l+n)B/r2 +   (l-n)D ;- r]  +   f(e) (328) 

Prom the second of equations 325, 

dv/d9 = re    - u 

and substituting € from equation 326 and u from 327 gives 
u 

dv d9 =  sin  9 E[(5+u)Ar2 4   (l+n)B r2 -.   (l-a)D 

-  (l-u)D*- rl  - f(9) 

Integration of  ihe above gives 

(329) 

2 2 
v = - cos 6 F;((5+u)Ar + (l+w)B r + (l-^)D 

(l-u)D t- rl - 1 f(9)d9 ♦ B(r) (330) 

From the last of equations 325 and 326, 

1 du 
^9 = 7 ^ + dv '^r - v'r = T  G 

re 
(331) 

Replacing G with K 2(l»u), differentiating u with respect to 9 and v 
with respect to r and then substituting into equation 331 gives, after 
some rearrangement and canceling of terms, 

-4D cos 9 E = f'(9) + rK'(r) - g(r) ♦ f f(e)d6 

or 

f'(9) + J f(9)de + (4D cos 9 E) = rg'(r) - g(r) (332) 

The left side of equation 332 is a function of 6 only and the right is 
a function of r only.  A solution to this equation can be found if both 
sides of equation 332 are set equal to zero which gives 
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^ -1.'" 
or 

g(r) = Hr (333) 

Differentiating the left side of equation 332 with respect to 8 gives 

f (6) + fcO) = 4D sin Ö/E (334) 

with homogeneous solution 

f (6)u = K sin 9 + L cos 6 (335) 
H 

To find the particular solution of 334, let f(9)p = MO COS 9, then 

f^O) = M cos 9- M9 sin 9 

f (9) = -M sin 9 - M sin 9 - M cos 

and 

f(9) + ^(9) = -2M sin 9 = 4D sin 9/E 

or 

M = -2D/E 

f(9) = (-2D/E) 9 cos 9 
P 

f(9) = (-2D E)9 cos 9 + K sin 0 + L cos 9 (336) 

Th9  Integral of f(9) Is needed in equation 330 and is given in equa- 
tion 337 after integrating 336 by parts. 

/f(9)d9 = J(-2D/E)9 cos 9 - K cos 9 + L gin 9 

p = 9 dp = d9 

dq = cos 9 d9       q = sin 9 

J,f(9)d9 = (-2D/E)f9 sin 9 - / sin 9 d91 - K cos 9 + L sin 9 

J,f(9)de = (-2D/E)(9 sin 9 + cos 9) - K cos 9 + L sin 9        (337) 

After substitution of equations 333,   336,  and 337  into equations  328 and 
330,   the expressions for u and v become 
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u » »in e/B[(l-3n)Ar2 ♦ (l+n)a/r2 + (l-iOD tn r] 

- (209 co« e/E) + K «in 9 + L cos 9 (338) 

v » -co« e/E[(5f(i)Ar3 + 1 + nB/r2 + (l-li)D - (l-H)D ^fj rj 

-20(6 «In 8 r co« 8) „    «..«.. /oo«\ 
•       a K co« 8 + L »In 8 + Hr (339) 

The arbitrary constants H, K, and L must be evaluated fro« the boundary 
condition« for displaceaent, which are: 

u(r,o) = 0 

v(R.O) m  0   where R « (»fb)/2 (340) 

V(R,TT) = 0 

The first ^jC0 when applied to equation 338 gives L=0,   the second BQCQ 
applied to equation 339 result« in the following relationship between 
K and H: 

K = HR ♦ l/ErO(ii-3)   -  (^5)AR2 - (Uu)B/R2 ♦   (l-n)O An R] (341) 

Finally, applying the laat B C to equation 339 give« 

K = -HR - l/EC-D(ti-3) + (t»5)AR2 ♦ (l+u)B/R2 - (l-n)D An r]      (342) 

Adding 341 to 342 and rearranging terms gives 

H = 0 

K = il£|2£ . l/Et(5*u)AR2 *   (Un)B/R2- (l-u)D tn  Rj 

Substituting the values of A,  B,  0, H, K,  and L into   .quation 338 along 
with the coordinates of the position where the deflection is desired, 
U(R,TT), yields 

u(R.tT) = 2W/E -        2£S£2L>  (343) 
E[(b -a ) *  (a +b ) log a/b 

Equation 343 gives for displacement A between points A and B, due to P: 
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2TTP(a2+b2) 
A  = 

E[a2-b2) +   (a2+b2)  log b/a] 

the spring constant K    is P d;  thus, 
P 

B[(a2-b2) *   (a2^b2) gg b/a] ,^4«.«.»..  „ , Kp = 5—u (unit thickness) 
2TT(a +b  ) 

The deflection t  is twice that of curved bar problem solved by Timoshenko 
and Goodier.  This result might be expected if one considers the curved 
bar problem in Figure 93 as simply half of the symmetric elastic link. 
The analysis presented here with the details of each step should suggest 
a method of solution for other curved link problems. 
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APPENDIX II 
REPRESENTATION OF SPEED REDUCERS 

To simplify the dynamic analysis of systems with speed reducers, It is 
common practice to reference all spring constants and inertias to one 
side ol the speed reducer.  Figure 95a shows a three-degree-of-freedom 
system which has the following relationships between the dependent coor- 
dinates 6 and 9 : 

93 = Ne2 (344) 

e3 = N62 (345) 

where N is  the gear ratio. 

If  the coordinate 6    is  referenced to  the left  side of the speed reducer, 
then the referenced position  6,  and the referenced velocity  6'   are 

8'  --   64  N (346) 

9'   =   VN (347) 4 4 

The kinetic energy of the system  is 

KE =  1/21.9? ♦   1/21 A* +   1   21     B2 4   1  21     hi 
11 J  ^1 "i   2 "o 

or upon substitution of equations 345 and 347, 

KE =  1/21^+   l/2I2N2{ei)
2 +   1  2(IC    +   IG    X2)e2 

The potential  energy of  the system  is 

PE = i/2K1(e,-e1)
2 + i 2K0N2(e,>-e'I)

2 

Letting 

K2 = K2N2 

tne three-degree-of-freedom system takes the form shown in figure 95b. 
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(a) 

K2 

(b) 

Figure 95.  Representation of Speed Reducer. 
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APPENDIX III 
FORMULATION OF LINK VELOCITIES 

An expression for the angular velocity of each link as well as the linear 
velocity of the center of gravity of each link Is determined by using 
velocity polygons. 

The velocities shown In Figure 96 are 

V. = velocity of eg of link 1 

and 

f.    = velocity of eg of link 2 
l2 

V., V./i and B = velocities of points A, A , and B. 
A  A 

A velocity in the form V   is the velocity of point 1 relative to point J. 

Velocities with subscripts x and y are component velocities in the x and 
y directions. 

The equations representing the vectors in Figure 96 are 

Vi1 = 
VA + Vi/A 

\  = VA + Vi/A 
lx    X      X 

Vi1  = 
VA + Vl/A ly    y      y 

Vi/A = 1/2VB/A 

V =  V     - V B/A B A 

V =  V       - V B/A B A 
XXX 

(348) 

(349) 

(350) 

(351) 

(352) 

(353) 

V =  V       - V B/A B A 
y        y       y 

(354) 

The magnitude of V,    from equations 349 and 350  is 
ll 

Vl   =   (VA    + V//A )2 +   (VA    +  Vi/A )2 

1 x x y y 
(355) 
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Figure 96,  Velocity Diagram. 
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Using equations 351, 352, and 353, equation 355 takes the following form: 

(vA + vB )2 + (vA + vB )2 

v2.    = * 3 2 L_ (356) 
*! 4 

The expression for the magnitude of the velocity of link 2  is similar to 
equation 356 with A replaced with A' giving 

<V   +  VB >2 +  (VA    *   VB )2 

v~     = 3 1~ 2—- (357) 
X2 4 

For point  B, 

v      = R (358) 

v,,    = R(e     -  9/2) (359) 
y 

thus 

vf =  R2 +   R2(e   - e/2)2 (360) 
B e 

For point A, 

v.    = -rO    sin 9/2 (361) 
A e x 

v.    =  rS     cos  9/2 (362) 
A e 

y 

For point A', 

v./  =  r(e  -9)  sin  8/2 (363) 
A e x 

v./   -  r(9 -8)  cos 9'2 (364) 
A c 

y 

2 2 2 
Let vi ~  vi    +   vi    (see equation  54) (365) 

1 2 

Substituting equations 358 through 364 into equations 356 and 357 gives 
the following equntlon for v? in terms of R, R, 9, ft, and 9 . 
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v? = l/4r(-re    sin 8/2 ♦  R)2 + rG    co« 9/2 + R(e -k/2))2 

•       • 
+  [rO -6) sin 9/2 + R] 

e 

+   [r(9 -9) cos 6/2 + R(9 -9/2)]' e 6 (366) 

Squaring and combining terms In equation 366 gives 

v, = l/2fr  (9   -9 Ö    +  9/2)  - rR9 sin 9/2 

+  R2 +   2rR(9   -9/2)2 cos  9/2 

2   • •        2 
+ R (9   -9/2)*} 

e ' 
(367) 

The angular velocity of link 1  is 

v. 
w, 

B/A 

or 

"L  = -1=   r(VB    -VA  )    +   <VB   "'A >   J li xx y       v 
(368) 

and for link 2 

V 
^. 

B/A 
where V„/A/  = V„-V./ 

B/A B      A 

or 

u,2    = l/X2f(vB   -vA/)2
+   (vB   -vA0

2l 

2 2 2 
Let HJ. = uu.    + a)| 

1 2 

y      y 

(see equation 54) 

Substituting equations 358 through 364  into 368 and 369 gives 

uu2 ^ 2/i2rr2(92-9 9+9/2) +  rR8*sin 8/2 x e      e 

+  R2-2rR(e   -9/2)2 cos  9/2 +  R2(8   - 9/2)2} e e J 
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APPENDIX IV 
OOMPOTER PROGRAMS 

FOR COUPLING DESIGN 

D««lgn Equation I—f(P,9) 

Input Data 

Value 

2 

DlBensions 
Quantity 

N 
none 

■ .2385 lb. 

r 3. in. 

B .87 none 

U) 
13820 rpm 
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Stress and Force Analysl» 

Input Data 

Quantity Value Dimensions 

■ .2385 lb 
m 

"i .130 lb ■ 

r 
e 

1.3 in. 

I 2.61 In. 

li) 1447 rad/sec 

r 3.0 in. 

Al 
.375 in? 

A2 
.6875 in? 

A3 .25 in? 

A4 .4418 in2 

I/C .143 in3 

"B 
.416 lb 

m 

»3 
.416 lb 

■ 
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Simulation of System 1 

Input Data 

Quantity 

Count   (inte- 
gration steps 
Iine of output) 

I 

r 

Value 

Start time 

Fnd time 

10 

.709 

a.8HK 

2.32 

212.1-1696,8 

.000382 

.0009564 

2801.6 

Varinble 

Variable 

Variable 

Dimensions 

none 

slug-It" 

slug-ft2 

ft-lb-sec 

ft-lb rad 

ft-lb-sec 

ft-lb-sec^ 

rt-lb 

sec- 

sec 

rod sec 

2 
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Slaulation of Systg« 2 

Quality 

N 

Count  (Integration steps/ 

Input Data 

Value Dimensions 

none 

line of output 10 none 

r 3 in. 

1 2.61 in. 

* 

»B 
.2385 lb 

in 
* 

0 lb 
m 

ll .0003 slug-ft2 

CD 
0 ft-lb-sec 

TT (reverse stop contact) 1 rad 

K, (reverse stop) 66.800 ft-lb/rad 

TTT (forward stop contact) 1.97 rad 

K  (forward stop) 66,800 ft-lb/rad 

RFL (free length of spring ) 0 in. 

KE (linear spring constant ) 0 lb in. 

C 
8 

2.32 ft-lb-sec 

K 212.1-1696.8 ft-lb rad 

** 

Any combination of ■„ and m. which suns to m can be used. 
B * 

A coupling spring can be added between the link pins  (B)  and the 
center of the coupling  (not used in analysis). 
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Quality 

Start T1M 

End Time 

in 

Value Dtamatona 

.5 •luf-ft2 

3.888 »lve-it2 

.015 slu»-ft2 

.309 •lv*-tt2 

.000383 ft-lb-aec2 

.0009564 ft-lb-aec2 

3804 ft-lb 

Variable aec 

Variable aec 

Variable red/sec 

333 



UJ 

m 

u. 
» 

ai 

u 
\A 
U 

UJ 

u. a u. Q. 
* O ac O 
> UT >• VO 

O 
O 

a » 
o 

o 
a 

V« ^- Ä ►- 0C o • » <  • < oc 
UJ X »- K •- 
•■• • VO    • 1/) o 
• »-►-►- h- UJ 

»- ►-    •»-    • • 
►- • UJ    »UJ o 
» n. z a z *- 

rsi £ M x ~ » 
u» < o < o Ui 
O o z c z X 
• X O Ui U Ui 

0- Z •    »   »    » < »- 
X    • -1 -J _l -J ac • 

z < -< MO-U »- ae — 
N       Z c «- »   *   •   » X & a * o   * _) O J o UI • -t 
X — >- • V »- x r r z •~ Ui   • ««\ 
Ut «4 Z -J   • z *   Ui       K   UJ * C _J •^ 
»-   1   D X x 3 X U X u >r * Ui 
w» < o • »o •>»•>• ^ >- o • 3 
>- — u X z u -J Of  _< Cl v^ II a.   • «r ^• 
«^ eo   • »    * » u.   > a. Of o • oc o 

• z UI X •^ •« «4 •« o z oc u. o o 
a. _j *: z z a:   »«   » ►- UJ «« •   • rg O 
O < z »Ma» -~ uj      at o » -4 UJ Ui ff« ^ — 

Ui   • J O (^ rg u.      u. < r» • eg < • »- • »- af pg O — 
Z AC z c •z o •■" O —     « u. 0-t eg o Of o ct H>    » 1 ^ m — 
o     z -» ^4 Ui o OJ O    •          • • ^- • • -4 O »- pg <« >- «• pg ►- •       •   -4 
*- >- ce  ••rf M M ae     tC Z ra «4 rvi r« ^ »4 X u. h- z UJ t- »- 1 u. uj   «. 
»- — at oe o - «a •.  MM              •-• o -4 • • ff\ -4 -J * Ui < «a U» Zi 3 a ui UJ U. z o 
<   O UJ UJ ZZOKtfN    •    •    • "« >. CM «M •v • U. u> * a: ►- >- o zoo «» 
_j MO O U Ui — < w UJ f-  LJ */i •^ •■4 *«% -J UJ a «> ►- K- <t 11 o o MM » 11 O Z UJ 
3_jVOui».otJa.u«-.z — cc a •s. "s. i. * H o Z X X r» ui H   Irt *- _t   »4 u. n  ^ ^ 
x a. K »•> X    •< of <     .—     • JJ ii -i A. II •1 -1 < m -JJ at N   X z n Z -J   ►- a. O «• *« •-•xzzo«jüJOuj*Nja:rvi > •^ M M -J Ui U. Ui •3C M 3 O- z z a < uu < u. ac 
U)   M MM u o oc Ui a K a. K -£ cc -J X a. JC a. a a X u. m-^^:uuuu X — X • 

try 
O 
o 

•      • U 
^4 
O 
o 

eg 
o 
o 

a 
a 
o 

• 

223 



o 

o 

z 
o »- 
H   X 

o 
o 

o 
o 
• 

Ui  ♦ 
• ZZ 

it 4. 

S.    II 

u. ^ 

UJ 

o 
o 
o» 

»- Of 
< 

o»- 

o ^ 
o o 

o 
z 
o 
oe 
a 
» 

UJ 
c 

►- 

a. 

Z 
o 

o 

c 
z 

.J _J _» _l      u 

a: 
< 

< 
oe 
o 

•5 

O UJ 
tu 3 

d 

UJ tu til UJ 
a CJ a o 

ox •<-j_J .>•••♦ 
•^•-4M ►- ac uj ui u u u t-i u' -^ 
»^«»- uj_joor!Jii~ujfri:ci 
«40    a.       »^3   «UJ*   •   •  a. c i. — c 

auiui«4^MUj^»-.ULjjc»-uinf   ii ux •* 
k. »- CJ   M   ^  k- U "-   ♦   *   *Q.3.  Q.liJH-—  I— 

•*  • JC it z •-     »- uj it II   II   ii :•: z 
Oa:a^:i:uu.-jrii   n   ii»-uj(t — =)a:u 

• _i _i 
tn -^     D 3 o 
lA ^      tu UJ C 

Z 

< -i 
»- IU 
t~ O 
3 • 

I n 
UJ X 
O X 
-c- 

i i r 
i: i x 
% a   • 
U U U 
»- uj c: 
♦ ♦ ♦ 
M tu K 
II II   II 
n ;r z 
H tu a 

XXX 
XXI 
• • • 
u a Li 
N- UJ x 
a. a a. 
♦ ♦ » 
p- UJ a: 
a. a. a. 
II     M     II z z z 
►- ui at 
a a u. 

z 
o: 
o.     — 
*     z 
z — o 
UJ O »- 

»- iu i^ 
a. o «« 
Z OC «M 
a u. — 
»  • ♦ 

Z tu   • 
X UJ ►-  (*» 
S    •    • N. 
♦ Z »VJ n 
tu »- >- »- 
X •— UJ — 
—»- a • 
>- 3 • -J 
II O •-« UJ 
Z »- (-> 
UJ _j UJ   * 
x -J a »- 
-« <    »II 

221 



%c 
< 
H    • 
UJ • 
X 
t-  * 
Qu. — 
•     • V, 
»E - 

-4 '    .U 
««%    • £ 
»- ^ « 
»00 »- 

•   »~ ■ 
Oi    *   •■ 

• 1^ 
h < »- (M 

m *~ U. ~* 
« UJ < »- 

«M X Z    • 
rH »- Ut • 
U. •   •    -J 
* •> • tu 

(f\ rj PJ o 
• rg r* - 

CO ►- >-   • 

u. * »in 
it •    •    «-4 

90 UJ >- t-> 
• Ul H" »«•.<» rg < Q   » 

^ z z •H »- •   - 
a a a u. UJ    • 0C 
*- UJ oc ■h X  -4 

— — a a. a. O »r> »- O u-- 
Z 2 ft   •   • o • O»- 3 
o o  o t> o ~» >    »O 
IU ac   •   •   • z ^H t~t * • •   OC 
ft   ft ««> f^ «*» Ul u. • rg < o 
-» — «v  *» V o •• o r4 »-  ^- 
•    •   •   •   • H- u> «4 K ai • 

m m oj »M rvj z • u. • x   » 
V V*« «. w o o cr * • »- * 
•    • V  *   ♦ •-• o u. r- ui o o 

(V rg   •   •   • ►- ^* * • »     «4 
*»  *^ f^ C^ fO < a rgo <     • H- 
♦   ♦ >^ >^ ^ OC o • «4 ^ ►- C»   • 
•   • o o a t3 »- cr U. ^ IU <r • 

m «<% t- ai of -j UJ 00 u. » ■v X  »-  IU 
>» «v a a a UJ »— ►- -*• rri >. *~     « 
o o — — — c 2 • m • * *    •    UJ 
tu ac ft  •  ft ♦ ►« ►- • O • • < O ^ 
w w _j _j _i ai -J »4 r« •* »- L» O 
•   ft ui LU UJ z: •t us • • a. • H- UJ nc o 
_J _< o o o — ►- 3 OJ — * •V x a -^ 
Ui UJ ♦  ♦  ♦ »» ►- Z Z »- *^ h- »- »- 
u u H> UJ e: ti 3 «-• •— < • < - - o 
♦ 4- a. o. c UJ ^ ^- t- >. rf\ s: » • »- a. 
a» oc ii   ii   ii a: 1 z «- a ** JC — >r rj a 
N    II   H> UJ ITC — UJ a a. O u. O * » o *- z 
ui oc a. a. a. K- O u *-• u. u. •- »- O o a* 

^ • •  •  • 
3 »4 O *4 •r 
ec o ~4 r* 

225 



• «M 
*- ^ 
tu .» 
o UJ • a 
o 4 
CC ►- o 
a. K • z 
• »- • < 
o • • 
UJ ^ • in 

u. • r- 
• ae •  • 

o • • »4 
►- ee •   1 
o. u. csj in 

m M »- «0 
O » «/>  • 
oc UI tu "* 
• u. *- 

o "• X 
tu m o o 
« Z u z oe 

o z> •M < a. 
►- 1- * a 

•> z UJ ••4 < 
tu UJ M ►-          O • 
X z • t« »«  H <M 

o ►- UJ M o 'S 

^• ►- »-     H •"» 
» » H «» 

ae o «V ee O 
£ z V) oa <t 
• < u u. z o ec 

tu • z < in * 
a z Q. Z & tu       • CM 
• o z   • D >- o »• •• 

»- ^» *>• Z < -1 <     «r N. 

CL O »- zo- ►- i- o «*■ nj 
• n •-• • o  • tf *A ¥- ** »- 

oe •«/» «K ►-  • >- « H o 
• _l o »4 z ^   - -1 »- >-v- O *" • 

Uj UJ o. 1 D Z X — -J i/l OU, Ä ►- «4 

• o < o  • • feR« -1 -I   1 < i^ n t^ OC 
*- • u. «• uz z o • J -J 1 tu     a • ■ 

QC O CO •       »H- fM •« « u> »- tu tu -1 »4 

H- U. • Z      ui *' • • z iA co *> oc 
a • v^ —^ z     z o • <M ex a «4 ♦ 
O U' tu *f z •- o •» OJ i ♦ •-• »- z •>« •« ec o »B 

w. >, Oi »_l o ~ _J V • • ►- < < IM *M mm **> • < %A a 
Ui • »-« ce o z  - z o • _J N Oi — Um V >» ►• »- ►- cc • o 
z «M »- ^ Z *< Ui     • j a;** >.Q Z         S< -4 1- »- ■• ■» «•> ♦ -« ac o 
•>« H- << h- et  »*- ^0 ♦ -i _l z UJ UI >» o «• «» z IA sc ►- u sc o 
»- UJ > M4 ec oc     o o v mf X z o «o H-     «r o u> z •* S U O w    |l    0f 
3 U M O UJ UJ Z Z    • -* N N ii o o r«j i/> »- o   • o- i« u < • 1   U JC 
O «•CC ^a O O O a. U to« •^ (M cn •* eg «v >  <   Cl   H o o u u o: -4 II H-  II 
« v« UJ .j ut ui x u ~> •* H »A «^ U« -J • V. »-OOOiAHM»- u a II 11 H ec C3 U »- 
a i- o Q. »> »- a:   OWN «1 1^1 t^ 1A < »4 ►- 1 H M N »-    1    J M    H IM (V O   II o ac oc 
9 UJ XZZO-JU.O_J<<< — H H n Q O O »-        ^. UJ »- »• H» ►— < oc oc ec oc 
V> U ai V« •- — uo -• -» «■ X &. X i- ►- UJ a. »- Ui OC ot ui t aut^v^uococaaa. 

• z • •-» <   H-  UJ 

H» 
z 
•>• MZ ee 

uuu 

226 



— X. 
(V • 
«N »^ 
OC oc 
ec * 
« »- 
ec i/> 
oc • 
• CD 
o o 
H OC 
o ec 
tc • 
ec ** 
o. ec 
• l 
CO t- 
O O 
oc « 
oc o oc 
• »- u. 
NO — 
— OC  ♦ 
• ec 
^ c — 
Irt • -^ 
ut «^ oc 
< oc • 
X   I   — 
w ^ ee 
• • • 
*■> e<4 tf\ 
(M i/t «/> 
"s »/»»/» 
£ < < 
Z X X 

• 
oc 
oc 

oc 
• 
rsi 

«/> 
< 
Z 
• 

I 
ec 
oc 
•   OC 
oc u. 
OC ■- 
• I — 
*A — 
<A ** 
< OC 
X  • 
I    ~4 
~cc • • 
eg i/t 

X 4 
-c X 
— I 
H 

I 
UJ 

o o 
UJ Ui 
• * 

tu ^ rg 
mm to ca 
♦ ♦ ♦ 
«* n o o 
00 ^- ^- Ci 
• • • • 

— N »M rvj ac t/> 
en i <<-»«_> 
n H H ii ii — 

<v fv ►- a« OC i. 
< CD a. a. a < 

z 
> 

o 
o 

o 

o 

o»- 
o • 
oo 
• z 

II < 
.t  • 
UI OJ 
oo 
<••   • 
m I 
• >- 

OJ 

of 

rvi 

«/> 

f>J eg 
oc a 

H- I- OC 

3_jui»-or):^i^—»000 
^ LJ a; -j o : r •-• ^J «-o o < • 
MQ» • • — ^OOOOC-4 
►_ |i l_ ►- II k_ U (J II II M OC 
Z J — — -J 2 II lifMIMOll 
OuJa.lLUJOH.H-fc-»-<0C 
oo — ->ou«^u«^uoea. 

oc 
>■ 

>— 
u> o 
• o 
-< nc 
oc « 
— n 
i o 
n *- 
n Q 
a nc 
ec ac 
ec a. 

to 
UJ 

u 
m O 
O j 
OC 'U 
oc > 
II 

W- oc 
ac < 
ac _) 
a 3 

o 
z 

o • 
OC 

— OC 
Oi  • 

oc oc 
OC   ♦ 
• fr- 
ee •/> 
ec • 
• cc 
oo 
K OC 
O OC 
ac • 
oc ** 
a. ec 
• I 
a) »- 
o O 
OC   • 
ec O 
• ►- ec 
N O tL, 
«» ec ■■* 
• oc ♦ 
~4 a. » 
«/» • ^ 
ut — ec 
< oc • 
x i — 
w — oc 

oc 
ac 

ec 
• 

iA 
«/> 
< 
X 

rg 
I 

oc 
oc 

ac oc 
ac u. 
• •-■ 
— I 
i« -• 
t^ -^ 
< ec 
x • 
i -* 

*• ec 
— OJ m •» w 

3C fM l/t t/l N vt 
•-" V »/»*/»>» »/> 
N. 2 < < X < 
ac Z X X ^ X — 
a — ♦ ♦ «• i  a 

II   H n « 

ec < a < 
• • • 

227 



u. 

•^        CC 
— CC 
-'      a. 

I 
H 

fSJ 
OD 

eg -* 
CD a 
* m 

< < 
II N 

~4 CM 

u u 

o o 

UJ H- 
o. o.   • ~ 

(M • • w^ oe 
H- -4 (M Ui I 
UJ CO < O »- 
Oil«! 
I h- u; O tu 

-4   C   &   U.   «« 
>-    •      • • 
UJ rsj ~4 _J (M Ui 
O S < 4 IC U 
II — — — I   I 
>- II II t— II II 
UJ o C z UJ oe 
o »- tu UJ a u 

o 
a. 

• 
♦ o 
o < 
< CC 
OC   * 
v ^• 

o — 
• rg 
-* • 
ec • 
• rg 
>* *- 
ee. ut 
* mm 

u — 
• * 

^- a • rg 
•   — -<  »s, 
«a — ci o 
O    I    —   H- 
cr: n       i 
U. t-        u 
it  U       UJ 
O ac       n 
££ OC        O 
pc a     u 

« • 
OC »- 
• OC 
O OC 
o a 
■ • 
a -< 
o ac 

o 
n: 
QC 
a 
• 

or 
OC 

or 

QC 
I 

CM 

C   •   -^ (M 
»-  CC 

• 
>- u 
2 • 
OC '-> 
c: ac 
a ec 
• • 
u u 

>- a 

u. 
♦ 

o 
u. 
* 

> 

ac 

2f 
• 

>». 
UJ 
£ 
M Ol 

I 

•       O 

»-       O 

 o 
a a a 

♦   i  ♦ 
•  «/> O O Q UJ 

£♦11 

vO O   I     I     I 
• nr o o 3 
a z: a: u* ez 
<C   U.   —'   -'  — 
• •   •   ■ 
O  C   M  CN»  lM 
«_> UJ   l/>   l/>  I/» 
• K: o o u 
a —  i   i   i 
U _»   ll    II    II 

<  UC  UJ t- 
ac u o o 
UJ u. ^ a> 

• Z 
UJ 
O 

UJ ►- 

♦ a: 
— z 
o • 
UJ ►- 
— oc 

o CL 
< • 
o — 
•   OC 
u x 
IU   t 

c 
II 

u. 

Ol 
o 

< 

I 
o 

L3 u. CC • * Of • a. 
•.u «, 1— r 
U ■ o < 

1 UJ • C5 
xl •)£. nf O -J 
f- II ä i u 
■i ►- «• n II 

i_l d u. ►- -1 

— OC 
• o 

_l  ♦ 
o o 
II   OC 
-J • 
> — 
— a 
m oc 
«4  w 

•   in 

o < •- -J Ä 
• O u. u. u. 

UJ   •    ♦    ♦    ♦ 
3C _J ►- Uj ac ^ 
-«>.-) u ;j Ä 
»-  I    it   n   ii 3 
— n 3 ^ U H O 
u. OC ^ UJ CC U Z 
•-• «^ a. OL o. K M 

228 



V* 
» 

K »• 
» •si K 

~* 1 CO 
cc < • 

m w ►- 
H- o \n —• 
%.» * * o 
CC -1 m» < 
o < nr ee 
< tu * «» 
fiC AC «4 ►- 

oc oc 
z H- 1 a 
o •-• X I« 
w« o • t» z 
»-• «^ X ii a 
o -1 !l a 3 
z fi. o o »- o 
=3 X < < vu Z 
u. •>« tc a. et. Ui 

229 



• • ■— 

*- — > • 
►- IM N   X 
•   1 Ui   If 

t- < O Ui 
«»» fc» a o 
tu CO < ec 
o • ->< 
ac _i ^ ^ 
< < — ^ 
-J Ul h- -* 
K Ot »-H 

MH- 
z »- o •    • 
O —   M H >- 
M O UJ o ^ z 
t- « o .    .  3£ 
O .1« »-I- 3 
z a < - w»- a 
3 r JU. u. in z u. »»- **M fit   Ui 

230 



APPENDIX V 
DERIVATION OF DRIVE TRAIN TRANSFER FUNCTION 

The following Is  the derivation of  the drive train  transfer function used 
In References 1,  6,   and 9,   and given by equation 209.     This derivation wa3 
adapted.   In part,   from a derivation by R.   M.   Swlck  and C.   A.   Skarvan. 

Equations 144 through  149 are substituted Into equation ISO,   and  the shaft 
damping coefficient,   C   ,   Is  set equal   to zero,   to give equation 371. 

s 

ÄW (s) 
e 

AT  (s) 
e 

+ LwvJ   +L vw   J S4.1 (371) 

The denominator of equrtion 371 is factored by long division as follows: 
.2 

(cT+cD) S+l 

[Veg 1-2 4   [Veg+VR    1 
LV1^1^] L(I     ..T)2J 

Sfl 

9     eg     R 

(Ve,       "I ^3       [Veg+VRl   2     rVVVfoSl 
^e^D^TÜ     +      LKe(CT+CD) J      + L     «^W      J 

l1*1*    i s3 + rVg    1 s2 

S* 1 

"2 5 
rC„I     +C_I rVe£VR___'i s2   rVWV^pS-] 
LK6(Ieg+IR)(VCD)J        + LWV J 

fo&A       i s2 + rV^VJ I _ 
LK9(Ieg^R)(VcD)J LAI   .. )2J e^eg^'R' 

-I     +1. 
S ♦   1 

S +   1 
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The term with the asterisk is an approximation which is obtained in the 
following manner: 

K 0 ( C T + C D ) 
s -

• K 9 ( W : J 

V W - CDCT'1 eg" 1 R } ~ (CT' V ' 
K a ( C - r + C n > ( I * I D > " e T D eg R 

'Ke(1ag*lR)3 - V T ' « ' » - f D'L- C T' r 

W W ' / 

v w 3 - ' V „ - V,/' 
V C T * S H W 2 

Under the assumption that 

<cnI - CTIp)2 « K„(I )3 

D eg r R 9 eg R 

the above equation reduces to 

[ 'wy 7w~ 
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For tfc. v.luc. of the »y.te« o.rn.eter used In thi. report. the let. 
of the inequality becomes 

r (2.768) (0.694-i) - (1.106) (3. 888) 1 = 5-65 

while the right side becomes 

2 800.0(-0. 69-14 • 3.88) = 7.68 y 10 

Therefore, the inequality is true and the assumption based on it is a 

reasonable one. 

After the denominator is factored, the drive train transfer function is 

given by equation 372. 

fesfcj'-e&iM 
x*e(») V T iy L e g -» (372) 
AT e 

6 eg 

The following substitutions are made, leaving the drive train transfer 
function in its final form, given by equation 373. 

'< " V C D 
1 C D 

T =r R C = 
r 

L ^ T
+ C „ ' v n 0 * S 

2 2 
Ul - ^ n l * r D eg r K 

C„ = —zzzzzz TH 
2 \ ' K a ! _ I (1 9 R eg ef 11 g y v 

" J 'OB'B 

LVr/ * r / j (373) 
• T < s ) "r- T r / . \ 2 ~n / 2 W 

e 
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APPENDIX VI 
BODE AKALY8IS OOMPirTER PROOKAM 

The plotting subroutines used In this program sre available on the 
FORTRAN IV G Compiler at the Northeast Florida Regional Data Center. 

Input Data 

Qusntity 

SSD 

TB 

T 
« 

T 

I  or 
e 

D 

CT 

Value (snd Meaning) 

5.0 

0.1869 

0.02 

0.03 

0.3 

0.773 

0.2 

0.941 

800.0 

3.888 

(with ZTS) 0,5   or 

(without ZTS) 0.6944 

2.768 

1.106 

0.5 

variable 

Units 

percent 

seconds 

seconds 

seconds 

seconds 

seconds 

seconds 

ft-lb 
Ib/hr 

ft-lb 
rad 

ft-lb 

TJ    2 
rod/sec 

ft-lb 

T,      2 rad/sec 

ft-lb 
rad sec 

ft-lb 
rad sec 

none 

ft-lb 
rad/sec 
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Quantity 

C c 

XfR 

ITFl 

ITF3 

LPHP 

KREAD 

Value (and Meaning) 

variable 

0.015 

0.2094 

Unit a 
ft-lb 
rad/aec 

ft-lb 
2 

rad/aec 

ft-lb 
— ~ — 3 
rad/aec 

1 = CDP/LGR speed governor 
2 = FE/LGR speed governor 
3 = DFF speed governor 

1 = Standard Drlvetraln 
2 = Decoupled Rotor Model of ZTS Coupling 
3 = Linearized Design of ZTS Coupling 

1 = High Power n o n e 
2 = Low Power 

1 = Use Saae Drlvetraln 
Parameters 

2 = Read New Drlvetraln 
Parameters 

4 0 . 2 7 

none 

none 

D O M 

lb/hr 
r«d/aec 
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APPENDIX VII 
LINEAR TIME RESPONSE COMPUTER PROCBAM 

The subroutine DPRQD is available in the IBM Scientific Subroutine Package. 
The plotting subroutines used in this program are the aame as those listed 
in Appendix VI. The units for all input data in this program may be found 
in the data list in Appendix VI. 

Input Data 

quantity Value (or meaning) 

le 
0.6944 

U 0.5 

l* 
3.888 

Ke 800.0 

c. 
variable 

CT 
1.106 

CD 
2.768 

Tl 
0.02 

T2 
0.03 

TB 
0.1869 

T 
e 

0.3 

KB 
0.941 

K^ 40.27 
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APPENDIX VIII 
COMPUTER SIMULATION OF NONLINEAR SYSTEMS 

Any  Input data who«* dimension«  ore oaltted b«low aay b« found In 
Appendix VI. 

I.    Siauletlon of Systwi Without ZTS Coupling 

Unit« 

Input Dati 

Quantity Value (or Meaning) 

Count (integration 10 
steps per line of 
output) 

ln 0.6944 

h 3.888 

Ke 800.0 

c. 
2.24 

Ce 
0.000382 

CL 
0.0009564 

Start time variable 

End tiae variable 

Tl 
0.02 

T2 
0.03 

40.27 
p 

ÖT 

none 

ft-lb 

rad/sec 

ft-lb 

rad/sec 

seconds 

seconds 

•3.3333 
ft-lb 

rad/sec 

0.3S23 
ft-lb 

Ib/hr 
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Quantity 

or 

i 

KEYl 

ID 

Valu« (or Itoanlng) 

0.57 

3.2563 

0 for frequsncy respons« 
1 for time respona« 

variable 

Unite 

ft-lb 

ft-lb 
rad/aec 

none 

rad/aec 
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II.     Slmulntton of Sy»tem With ZTS Cou£llng 

Quality Value  (or Meaning) 

N 2 

Count  (lnU»|{rntlon 
steps per Iinc of 
output) 

TIT  (forward stop 
cont act) 

K     (coupI in« spring; 
not  used) 

10 

r A 

i 2.61 

M 0.2385 

mi 
0.0 

C 
c 

variable 

C s 
variable 

Ti (reverse 
contact) 

stop 1.0 

1 
V 

(>.:> 

'H 
3. HHH 

'fe 
0.015 

•n. 0.2091 

HKl, (frou It ngth 0.0 
of coupIi ng spring; 
not used) 

1.97 

0.0 

H00.Ü 

0.0009S61 

0.0003H2 

Inits 

none 

none 

inches 

inches 

lb-mass 

Ib-mn&s 

ratl» ans 

inches 

radians 

lb  in. 
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Quality 

X (spring constant 
of reverse stop) 

Y (spring constant 
of forward stop) 

Start time 

End time 

T 

or 

3T 
e 

e 

S 

KEY1 

(U 

Value (or Meaning) 

60,800 

66,800 

variable 

variable 

0.02 

0.03 

40.27 

-3.3333 

0.3523 

0.57       • 

3.2563 

0 for frequency response 
1 for time response 

variable 

Units 

ft-lb 
"rad 

ft-lb 
rad 

seconds 

seconds 

ft-lb 
rad/sec 

ft-lb 
Ib/hr 

ft-lb 
Ib/hr 

_ft-lb 
ra d/sec 

none 

rad/sec 
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LIST OK SYMBOLS 

T 

E(8) 

hp 

•6 

K 

I 

mechanical   ndvantnge of   set   speed  control 

cross-Bert lonnl   nren  of   speed  novcrnor   fuel   rejculütinK   piston 

viscous  ZTS  coupl »nj;  damping   coefficient 

linearized aerodynamic   rotor  damping coefficient 

aerodynamic power  turbine damping  coefficient 

speed governor  fuel   regulating  piston viscous  damping 
coefficient 

aerodynamic  rotor damping  coefficient 

viscous  shaft   damping  coefficient 

linearized  aerodynamic   power   turbine (lamping   coefficient 

speed error Laplace fynctlon 

shaft horsepower 

mass  polar moment of   Inertia  of  power turbine 

mass  polar moment  of   Inertia  of  power turbine  and  transmission 

nass  polar moment of   Inertia  of gas producer 

mass  polar moment of   Inertia  of   transmission 

mass  polar moment of   Inertia  of  a   ZTS coupling   link  about 
Its  center of gravity 

mass polar moment of   *' ertia of helicopter rotor 

engine transfer  function gain  torque to  fuel   flow 

speed governor piston  spring  stiffness 

helicopter  load gain 

governor proportional   gain,   fuel   flow   to  spied 

power  turbine governor   reset   gain,   speed   request   tn 
actual  speed 
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LIST OF SYMBOLS   (Continued) 

K governor proportional  gain,   fuel   flow to speed 

IL^ engine torquemeter shaft stiffness 

K helicopter mast  shaft  stiffness 

I leng*    of  ZTS  coupling   link 

M.m concentrated mass   at   end of  ZTS coupling   link 

M mass  of  speed governor  fuel   regulating  piston 

m. distributed  mass  of  ZTS coupling  link 

P compressor discharge pressure 
c 

p pressure proportional   to engine power turbine speed 

r distance  from center  of  ZTS coupling  to  interior link pin 

s,S Laplace operator 

SSD steady-state speed  droop 

T torque 

T torque across ZTS coupling 
c 

T engine torque applied to power turbine 

T (s) Laplace function for engine torque applied tc power turbine 

T torque applied to gas producer 

T load torque on turbine engine 

T power turbine drag torque 

W (s) Laplace function for power turbine speed 

W fuel flow 

W  (s) Laplace function  for  fuel   flow 

W (s) Laplace function for gas producer speed 

X speed governor fuel   regulating piston displacement 

C power  turbine speed  error 
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I.IST OK  SYMBOLS   (Continiu-d) 

helicopter  rotor dnmping   ratio 
r 

• power  turbine  dampinK   ratio 

9 /TS couplltiK angle 

9(s) Laplace  function  for  /TS  coupling  angle 

9 power  turbine   angle  of   rotation 
e 

9 helicopter   rotor   angle  of   rotation 
K 

9 angle of   twist   in  shaft 

9   <s) Laplace  function   for   angle  of   twist   in  shaft 
s 

engine gas  producer   lead   time  constant 
B 

e 
engine gas producer lag time constant 

T load lag time constant 

T power turbine governor reset 1a^ time constant 

speed governor lag time constant 

T speed governor lag time constant 

i power turbine speed 
e 

i! gas producer speed 
e 

■x undamped  natural   frequency   of   po-.er  turbine  and   rotor  on 
" flexible  shaft 

■u natural   frequency  of   rotor  drive  system 

D helicopter  rotor  speed 
R 

H speed governor  set   speed 

.'.(s) Laplace  function   for  speed  governor  set   speed 

^K(s) incremental   change   in   a   Laplace-   function 

f(t) Incremental  change   in   a   time  domain   function 

f{t) steady-state value of   a   time domain   function 

f(t) time derivative  of   a   time  domain   function 
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