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RANDOM ORTHOGONAL SET FUNCTIONS AND

STOCHASTIC MODELS FOR THE- GRAVITY POTENTIAL OF THE EARTH

by
Steffen L. Lauritzen¥®
Institute of Mathematical Statistics
University of Copenhagen
Abstract

The covariance function of the Newtonian potential of a random orthogonal
set function on the unit sphere in three dimensions is derived, and it is shown
that the coefficients to the series expansion of this are simply related to the
moments of the covariance measure of the random set function.

Furthermore, as an application, it is shown that available gravity data
indicates a mass distribution inside the Earth which becomes more and more

irregular as one approaches the center of the Earth.
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1. Introduction

Tn Lauritzen (1973) a derivation of stochastic models for the gravity
potential of the Earth was given. It was shown how measurements of gravity
anomalies and deflections of the vertical can be treated as linear operations
on the random potential function, thus giving opportunity to estimate the
covariance function under the assumption that it be invariant under the ortho-
gonal group, and to predict linear functionals of the potential where these
are unknown. A specific expression of the covariance function was shown to
fit data very well.

However, the derivation was based entirely on analytical properties of
harmonic functions and did not utilize the relation between the mass density
in the interiocr of the Earth and the corresponding potential, thus making it
difficult to give any physical interpretation of the results.

The present paper gives a derivation of stochastic models for the dis--
turbing potential based on the variations of the mass and it'is.showﬁ that
the available data indicates the mass distribution becoming more and more
irregular as cne approaches the center of the Earth.

The disturbing mass is described by a random orthogonal set function
and it is shown that the "degree-variances" of the potential covariance
function are simply related to the moments of the.covariange measure of the
random crthogonal set function.

As a consequence, it is shown that the problem of determining the possible
covariance functions for the disturbing potential arising from models with the

above mentioned structure is equivalent to the classical Hausdorff moment problem.



Finally, the covariance measure corresponding to the model proposed

in Lauritzen (1973) is derived.

2. Potentials of random orthogonal set functions on the unit sphere

in 3-dimensional Fuclidean space.
Let Z TDbe a random érth;gonal set function on the Borel sets of S ,
the closed unit sphere in R3 , 3—-dimensional Euclidean space, with covariance
measure  satisfying p(S) < o , i.e. Z 1is a stochastic process on the
Borel sets of S with
i) EZ(A) =0
ii) EZ(A)Z(B) = pu(a A B)
iii) zZ(a) + z(B) = zZ(AU B) a.s. for AN B=¢ , A and B being

arbitrary Borel sets of 8 .

For ¢ é S , define the stochastic integral in the Lg—sense by
E(t) = T 2 (du)
||t~u]|
ues
This defines a stochastic process on R3\S with mean value
Eg(t) = -ﬂt—i—l—l—EZ(du) =0
u€s v
and covariance function
r 1
EE(s)E(t) = — E{Z(au)z(av)}
< |ues | ves TTE=IT TTe=vT]
r 1
= p(au) ,
ues TRERIT TTs=T1

see e.g. Grenander and Rosenblatt (1957) p. 25 ff.
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The stochastic process £ shall be called the Newtonian potential of
Z , in accordance with the .classical potential theory, where the Newtonian

3

potential of a Radon measure Vv on a compact set KC R is defined as the

function qb:R3\-K + R given by

Y=
(};(X . yéKWv(dy)

As we have the expansion (e.g. Hobson, 1955)

1 1 g uf [ \?
e TRT L (FRH) % o)

where wtu is the angle between the t and the u vectors and Pn are

the Legendre polynomials, we get

| |u| |n+mPn(cos. wtu)Pm(cos wsu)

(o) [o0]
1
B (s)E(t) = T 3 ) u(au)
111 [1s]] n=0 m=0 |u&s ||t||n ||S||m
If we assume that p is uniform on spheres of the form {| |u|| = p}, and
introduce spherical coordinates
/ S4 /I'S sin es cos )\S /rs “‘
s = 55 =4 Tg sin es sin }\S - es
53 r, cos es \ XS. ‘
we get
: Y
1 o0 0 1 xn+m ,/ 21 il
EE(s)E(L) = — z Z — nax)i i anm(s,t,ﬁ,)\)sin 0dedxy ,
s “t m=0 n=0\|0 r ‘30 0
s 7t A
where



u{dr,d0,dr) = n(dr) sind d8 dx,

and

anm(s,t,ﬁ,k) = Pn(cos wsu) Pm(cos wtu) , 1~ (1,8,0) .

Using the well-known formula )
(%

P ( 5 (cos 8 % (n=i)!

o (cos wsu) = Pn(cos s) Pn cos B8) + 2 Tari) T

L g Pni(coﬁ es) Pni(cose)cos i(AS—A)

where Pni are the Legendre functions, we get

anm(s,t,e,x) = iio jgo bijnm(s,t,e,x) .
where
bijnm(s,t,e,x) = cijnm[Rni(es,As)ij(et,xt)Rni(e,A)ij(e,A)
+ Rni(es,xs)smj(et,xt)Rni(e,A)smj(e,A)
+ 8 (es ,AS )ij (et’xt )sni (8,X )ij (6,))
+ sni(es,ks)smj(et,Xt)sni(e,k)smj(G,X)]
Here

P .(cos 8) cos 1A
ni

R (8,))

Sni(e,X) Pni(cos 0) sin iA

are the surface spherical harmonics. Using the orthogonality property of
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these, the only terms in the sums contributing anything to the integral will

be those of the form R .R . R .R. or 8 .8 .8 .S . As for 1 # 0
ni ni ni ni ni“ni“ni"ni
rfm on(m o (n+1) !
Rni(G,k) sin® ad ax = (e A) sinb dedk—-(2n+1)(n—1) .
010 01]Jo0
on (m
2 . _hmw =
RnO(Q,A) sin® dd gr = 5T ° Sni =0,
0 JoO
and A
fh (n~1) \2 for i # 0
TH?i ' J
iinn .
1 otherwise,
{
we obtain by using (¥) again, that
2T m h
anm(s,t,e,l) sinb 40 aix = & wm BT T (cos w )
0 jO
Hence
. \n+l P (cos ¢ t) 1,
Eg(s)g(t) = by 2 ( - ) o+ | X nlax)
t 0

1 2n
X

o nldx) , we obtain that

S 2 _
Defining o, = J

2 _ o 5
Op Yn °

' . 2
where is the n'th moment of the distribution of the random varisble X~ ,
Yn

where X follows the distribution

* n(au)

P{X < x} =



In terms of the covariance measure, we get

od = |l uaw
uss

The problem of when a prescribed sequence Yn can be a sequence of moments
Of a distribution on the unit interval is the classical Hausdorff moment problem,
having the solution that (Yn, n¥0,l,2, ... )} is a moment sequence iff it is
completely monotone, i.e. iff (—1)vAVYn > 0 for all V,n , where AYn =Y -Y

see Feller {1966).

3. Application to the gravity potential of the Earth.

Lauritzen (1973) studied stochastic models for the disturbing gravity
potential of the Earth, and showed that the general form of a rotational in-

variant covariance function for a random potential is

v oof 1 ¥
Eg(s)g(t) = y a Pn (cos 8) ,
= t
where ai just have to be so that the series is convergent.
The random disturbing potential can be represented in a series expansion

with random coefficients ¢ and B
nm nm

® g sntl/ n n
glt) = nzoéAE;) mZO %nm an (et’kt) * mZO Bnmsnm (et’ht)
As one has rather precise knowledge of the coefficients O m? Bnm for n=0,1,2,

one could consider those as fixed, i.e. consider the covariance fumction of

g(t) conditional on the known values of O o Bnm for n =0, 1, 2, as also

done in Laeuritzen (1973); this can be shown (same paper) to affect the covariance



]

————

function only by putting ag e Tap = 0

From an empirical covariance function obtained from gravity anomalies,

it was demonstrated that an expression of the form
0] _ forn =0, 1, 2
for n > 3

n-1) (n=2

gave an extremely good fit to the observations.

The investigations in section 2 of the present paper give us a possibility

of an interpretation of these coefficients in terms of the variations in the

mass distribution inside the Earth. We have the relation

2 _ 2 bm 2 _2ontl 2
n %n2nr1 7 %n LT “n

Now, suppose that the Earth is the unit sphere in Rj and the deviations

between a homogeneous and the actual mass distribution is given by a random

orthogonal set function 7Z with covariance measure absclutely continuous w.r.t.

Lebesgue measure on S and density f given by

0 for ||u|| < g
£lu) =
A 5 3
T — - for ¢ < ||u]] 2.
2 5 = =
Ul (]

This corresponds to n{dx) = g(x)dx , where
0 for x < ¢

g(x) =

A (5 3
2ﬂ(5~x3) for s;x;l,



corresponding to for n > 3

Q2o A _ontl . A 2o ﬁ_i)
by (n-1)(n-2)  um n-l  n-2

For € TDeing small we then have the approximation

ar21= (—n-‘-i_—)%m + 0(62) ® O(il__.) forni3 5

the main term of which exactly is the one proposed by Lauritzen (1973).

The good fit of this form for ai should then indicate a mass dis-
tribution inside the Earth which gets more and more irregular in absolute

variation as one approaches the center of the Earth,
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