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ABSTRACT
¢
\

The evolution of the power spectrum of surface p
\

gravity waves is described by means of a transport |

equation. The effecte of a slowly varying, prescribed .

ocean current and nonlinear wave-wave interactions are
included. A definition due to Wigner of a localized (

power spectrum is used to derive the transport equation

ribing surface wave
|

from the dynamical equations desc

motion.
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I. Introduction

In this paper we present a derivation of a transrco.t
equation to describe the evolution of the power spectrum of
surface waves in the deep ocean. Our transport equation is
obtained directly from the dynamical description of surface
gravity waves and is to be contrasted with more empirical formu-
lations (Barnett, 1968; Thomson and West, 1973). 1Included
will be the effect of a slowly varying, prescribed current
and the influence of nonlinear wave-wave interactions. The
dynanic equations are in rade coupled form and are obtained
by expanding ti'e surface displacement and velocity potential
in Fourier series (Hasselmann, 1961, 1963; West, et al., 1974).
Our treatment begins, as does that of Hasselmann (1961, 1963),
with the time dependent equations for these Fourier coef-
ficients. Using the definition of a local power spectrum
due to Wigner (1932), a transport equation is obtained that
has interaction terms of lower order than those obtained

by Hasselmann (1961, 1963).
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. The Eigermode Equations for Surface Waves

tion of a spectral transport equation (Thomson and West, 1973)
is the inherent uncertainty in modeling the individual inter-

active mechanisms. Also, because of the nonlinear nature of the

The difficulty with a strictly phenomenological construc-
interaction process, superposition of separate mechanisms
is not formally justified, although it may be pragmatically.

To obviate these complications we ure the dynamic equations

' for the interaction of surface waves to construct a
transport equation. We are concerned with a description
of the evolving spectrum of surface gravity waves Jjue both
to the nonlinear interactions among these waves and to the

| interaction with a prescribed oceanic current. Such a

current might represent tidal currents at the mouth of
a bay or estuary, perhaps wind-driven currents, etc. We
assume the characteristic distances over which this current
varies, as well as the ocean depth, to be very large com-
pared to the wavelength of the surface waves being studied.

' The basis for our development will be a set of
eigenmode equations similar to ones published previously (West,

L et al., 1974). Incompressible, irrotational flow is assumed.

The fluid velocity is thus expressed as the gradient of a

velocity potential ¢,

¢ =0+ . (1)
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In Eq. (1) the velocity potential is given by a linear
superposition of the short wavelength, high frequency
surface waves represented by ¢ and the loﬁg wavelength,
slowly varying prescribed current represented by ;.

The undisturbed ocean surface is assumed to coincide
with the plane z = 0 of a rectangular coordinate system.
The z axis is directed upward and the (x,y) plane lies in
this surface. The horizontal flow associated with the

prescribed current is

where V_ is the gradient operator acting in the horizontal
plane, x = (x,y) is a vector in this plane, and we assume

¢ to vary slowly with z so we can evaluate U at z = 0.

is assumed to be very

The vertical flow of the current |%§
small compared with |U| , and the surface displacement
H(x,t) due to this flow is also assumed to be correspon-
dingly small.

When surface waves are present the equation of the

sea surface is of the form,

z = H(x,t) + z(x,t)




where ¢ (Xx,t) represents the short wavelength vertical dis-
placement due to surface gravity waves. Because H(x,t)
is considered to be very small, in our discussion we shall

replace Eq. (3) by the equation
z = g(x,t). (4)

(The self-consistent hydrodynaTic implications of the assump-
tions made about H(x,t) and %% are discussed in Appendix A.)

In West, et al., (1974) the velocity potential ¢ and vertical
displacement 7 were represented as discrete Fourier series
in a rectangular ocean of large area A,. Time-dependent equations
were obtained for these Fourier coefficients, similar to those
previously obtained by other authors (Phillips, 1960; Benney,
1962; Hasselmann, 1961, 1963), and numerical integration of
these equations was described. For our present application,
it is desirable to introduce a somewhat wmodified modal analy-

sis. The velocity potential

o5 x,t) = 0(x,2,t) , atz=g(x,t) |,

is used instead of ¢o , defined as ¢ on the plane z = 0.
The difficulty with the use of ¢o is that the shorter wave-

lengths may undergo many e-foldings of attenuation between

the true ocean surface and the plane z = 0.
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We represent the flow by the complex amplitude 2(x,t),

defined by the equations
*
bg = V(242 )/2
4 *
z * i(%3-8%8 )/2 . (5)

Here V is the "velocity operator" (g is the acceleration

of gravity)

<
11}
Q
e
vu)t"
"

= (.l)x/® ’
® = (-v y o (6)

These quantities are assumed to operate on functions ex-
pressed as Fourier series, for which the proper operation
is self-evident. For example, we assume Z to be a function

defined in a rectangular ocean of area Ao and write

kX
Z(x,t) = A(k) e ' (7)

where the Fourier coefficients A(k) are time dependent.

Thus,
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where ;

v, = (/KT = u/k : (8)

is the phase velocity of a small amplitude surface gravity

wave of wavenumber k in deep water. The corresponding angular
frequency 1is W, = (gk)%.
In our rectangular two-dimensional space representing

the gquiescent ocean surface, the Fourier exponentials

satisfy the relations

~

. 2 .
Aolfd x exp(ik'x) = &

A;l Z exp (ik+x) = §(%) (9)
.3
where dk is the Kronecker and dgg) the Dirac delta function.

The prescribed current is given the Fourier repre-

sentation

~

U(x,t) = Z U(K) cos(K'x = Qut) (10)

K

~

where QK is some (presently) unspecified function of |K|and

the vector mode amplitudes U(X) are also unspecified.
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It is straightforward tc obtain from the fluid dynamic

equations the time-dependent differential equations satisficd
by the Fourier amplitudes A (k) of Eq. (7). This procedure is
outlined in Appendix B for the case that there is no prescribed
current. or U = 0. The additional terms required to account
for this current are obtained in Appendix A in an approxi-
mation that keeps only terms linear in the surface wave

amplitudes. The resulting equations are [here A= dA/dt]

Alk) + iwy, A(k) = Ty(A) + Ty(A) + T,(A) + T5(A) + .... (11)

In obtaining Egs. (11) we have neglected surface tension

and have supposed the ocean to be much deeper than the longest
wavelengths considered. We must therefore set equal to

zero those amplitudes corresponding to capillary waves or
corresponding to wavelengths comparabie to or creater than

the depth, e.g., in Eq.(ll),Tw models the effect of wind

and viscosity. Based on a model of Miles (1957, 1950) (see,
also, Phillips, 1969), we adopt for this the simple linear ex-

pression [an explicit derivation was given in West, et al. (1974)]

o) = [ak/ v - A (12)

(o d

i,

Here g is a vector parallel to the wind direction and having

a magnitude dependent on the wind speed.

- —




o the pre-

The quantity Ty describes the coupling t

scribed current. As obtained in Appendix A, this has the

form
By= =i Z[c(’) (k.K) Alk-K) exp(-ifgt)
X
+ ¢ (k.K) AKHR) exp(iQKt)] : (13)
where
w
¢ k,k) =% ,g,(,__)~[_15_ + GK) ____k__] ! i
“ 1kl

The term T, in Eq. (11) represents the nonlinear wave-wave

interactioa of @(Az) . This is derived in Appendix B and

has the form

) £ . Rk &
T,(A) = 6‘15_‘&_2 F-&'.P. A(L) A(p) + r‘& A(%) A (-p)
2P
k,- u"_&
+ T £ A*(—_&) A*(—R)] ; (15)

The explicit expressions for the coefficients I are given

in Eq. (B.7) of Appendix B.

Finally, the term T3 describes nonlinear wave inter-

actions of B(A3) . This is also shown in Appendix B to

have the form




i k.o % \
T,(A) = 1 Skrn-g-p | AR AR A" (@) :
_&929_{{ i
4 X.pon * *
* o p,-n AQR) A(pP) A(=p) + B ™ &ifg) A (-p) A (n)

_&r" r__&r}l * * *
+ T £ A (-_&) A (—_E) A (n) " (16)
k.n
| Of the above coerficients, only I"R " will ke needed in this
~ !
f pPaper. This is given in Eq. (B.8) of Appendix B. The

remaining terms in Eg. (16) tend to have rapidly oscillating

eéxponentials and are not expected to contribute signifi-
I 4

cantly to transfer of excitation between modes in Eq. (11).

(11) indicate that we have

included only terms to 3(1\3) in the interaction.

The final dots in £qg.

That is,
l W€ suppose the amplitudes to be sufficiently small that

terms of 9(1\4) and higher may be neglected.




III. Correlation Functions and the Power Spectrum of the

Wave Amplitude

We wish to construct spectral transport equations
from Eq. (11). To do this we first introduce an ensemble

average, indicated as

"<ooo>" ’

over many observations of the sea state. In this way we

can construct a hierarchy of average quantities such as

Cak)d , {A(k) A(R)) , etc.

Using Eq. (l11), we then obtain a corresponding hierarchy of
coupled equations for these quantities. To close this set:

we need a statistical postulates to express the higher order

correlation functions in terms of lower order correlation

functions.

The postulate which we adopt is that

CA(R) A(R) A" (K) A (@) =<A(R A" () <Aap) A (@)

+<a A @d<apE At wd (17)

with all other fourth-order correlation functions vanishing.

-




We shall also neglect as small all correlation products
involving more than four factors of A and A*.

The above nostulate permits us to use Eq. (ll)
to express the averages of products of one, two, and three
A's in terms of the (A(R) A*(Q)> and to 2l1lso obtain an
equation to determine this second order correlation
function.

The postulate (17) has arisen in a variety of guises
in other applications of statistical mechanics, perhaps
the earliest being Boltzmann's assumption of "molecular
chaos". It is clearly only an approximation. In the
remainder of {.1is paper we shall accept this postulate and
shall not attempt to assess its validity here.

At this point it is convenient (but not necessary)

to remove the term T, from Eq. (11) with a transformation

on the Fourier amplitudes. W2 write

A(k) = a(k) + G(k) , (18)
where G satisfies the eguation

G(k) + lw G(k) =T,(@) . (19)

This equation may be formally integrated to give

1l
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—iwkt iwkt' {
G(k e e Tz(a) ae* . (20)

: §
Thus G is of Gﬂaz). The difference

T3(a) = T,(A) - T,(a)

’

expressed as a functional of the a's is of (a3). This

lets us finally re-write Eq. (11) in the form !

" f
a(k) + i“’k a(k) = Tw(a) + TU(a) + T:;(a) » (21)

|
where

Té(a) = T3(a) + Té(a) (22)

and we have dropped terms of order higher than &a3) . We

have also dropped the higher order terms in Tw and TU 7
which is consistent with our use of only simple linear

models for these.

Equation (21) contains only terms with an odd

number of factors of the a's. Thus, it is consistent with

this equation to require that the average of any product
with an odd number of a-factors vanish. We have then, for
example,

Calk)> =<a(k) a(g) a“@d =0 (23)

12




etc. The corresponding averages of the A's, obtained with

the use of Eq. (18), ar. not expected to vanish. Since
we are neglecting higher than fourth order.correlation
functions, we may simply replace the A's by the quantities
a in EBEq. (17).

We shall formally suppose that Ty v Ty ¢ and T,

are of the same order of smallness in Eq. (21). This

permits us to evaluate Eq. (20) in a simple approximation,

writing

—iwkt
a(k) = CI(}f_) e

and considering the time variation of the q's to be very

slow. Then, we obtain

k
k. ZE: ?&P a(l) aﬁg)
G(k) = 1 . = —
5 kLR {wy T ¥ T %
/ L.p
~de o=
k=P *
FZ a(L) a (jp) Xi=L/7P ) *( )
~ - a (- a5
+ - . (24)
Wy - wp * g w, + w_ + W,

Substitution into Eq. (22) lets us finally write

-1 ) *
T3(a) * 4 6£+2_£_p C"&'p a(®) a(g) a (11_)
&'2"& o~ ~
+ terms not needed. (25)

13

e e Al




The "terms not needed" here have the form of the final three 4

terms in Eq. (16). They have rapidly oscillating exponentials

‘ 3
and will not contribute to the calculation of the correlation

*
functions {a () a (k) > , according to our statistical postu- '

late (17) and its accompanying postulates. Were we to

evaluate {a(2) a{g)) , on the other hand, we would require
k,n

some of *thece other terms in Té. The coefficient C = is
e

giver in Appendix C.

Following Wigner (1932) we now introduce the power

spectrum of the a's with the definition

k Z el2°% a(ktp/2) a (k-p/2)>

F(x,k)

]

——
)
o>
v

a%r 7KL (}(xt_/Z) 2 "x-r/2)) . (26)

Here

1 7(33,t) Z a(k) X% (27)
Kk

jat 20

' which differes from the quantity (7) by terms of 5’_a2) .

Using Eq. (5), we see that

Z Fix,k) = (r,z(_l(')) + terms of 5(&4) 5 (28
Xk




[ In the next section we shall use Eq. (21) and the
stetistical postulate (17) to obtain an equation for

F(x,k). The other correlation functions, {a(®) a(p)) and

; its complex conjugate, may then be evaluated in terms of

| the F's [of 5nF2)] by an argument similar to that by which
’ Eq. (24) was obtained. Using the above, power spectra for
wave energy or wave amplitude can be constructed. We may

' then consider F(x,k) to represernt an approximation to the

r power spectrum for wave amplitude. The precise power
| spectrum for wave amplitude will contain additional terms
of EﬂFz), whizh can be readily evaluated as just described.
For most applications it is convenient to change fron
discrete to continuum normaliz:tion by replacing the sum
over discrete wavenumbers Dby integrals with the substitution.
v z - _39—5 afe ' . (29)
X (2m)
This allows us to define
;
A
¥(x,k) = ——97- F(X,k) (30)
(2m)
I

with the normalization

a2 v(x 0 & P (31)

15




r‘w = 7

F

o= 4o

in the approximation of Eq. (28). The function Y(x,k)
defined by Eq. (30) provides a generalization of the spectral

function Y(k) described by Phillips (1969) for a spatially

homogeneous ocean.

In practice, the Wigner spectral function [Eq. (304
is useful only if ¥ (x,k) varies very slowly over distances
comparable to k-1 for all k of interest. For oceanic
applications this condition is usually well satisfied
except near physical discontinuities (such as the shore).
We thus introduce a characteristic distance W over which

¥(x.,k) varies appreciably and assume that

k >> Wl (32)

0 *
for thosek of interest ., Referring back to Eq. (26) we

see that Eq. (32) implies that

{atktp/2) a (k=p/2)e 0 (33)

for |p|>>wt.
The spectrum of energy per unit area is, correct to

second order in the a's,

where o is the sea water density.

*
This, for example, implies that k >> K in Egq. (13).




1f we write a(k,t) to indicate the explicit time depen-

dence of the a(k)'s, we may express the spectral distribution
be r

for wavenumber and frequency in the form - \

¥(x,k,t,w) = {A /[2(2n)3]}Zj;1 exp(ipex + iwrt) {
~ (e} 3 ~

o~

*
x {alkep/2, t+1/2) 2 (kop/2 e=t/2)) '

The equation satisfied by this quantity is more complicated

than that derived in the next section for ¥ (x.,k) and will

not be described here.

w—-——_



| IV. The Spectral Transport Equation

In the preceeding section we introduced the

. spectral function in terms >f an ensemble average

over products of the eigenmode amplitudes. In Appendix A '
we presented the dynamic equations for the mutual inter-

action of these surface eigenmodes and their interaction

with a prescribed surface current. In this section we :
synthesize these approaches to construct an equation for the

evolution of the spectral function Y(x,k). To obtain

this equation we differentiate the first form of Eq. (26)

with respect to time;

3_F%‘.é§.2_ - [<'a(_15_+_e/2) a*(_ls_-_e/’2)> + Qalk+p/2) é*Q~3/2)>]
£

X exp(iggg) c (34)

The time derivative of the complex amplitude a(k) can be
/ eliminated from Eq. (34) by substitution from Eq. (21).
e

We then obtain on the right-hand side of Eq. (34) a sum

of terms involving correlation functions such as

r law a" @) (35a)
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@ a@ a' @ a @y . (35b)

The spectral function F(x,k) is of course just a Fourier
transformed version of Eq. (35a).
The classification of correlation functions given

bty Eq. (35) suggest that we rewrite Eq. (34) in the form

at a b . (36)

We consider first the rather simple Ta term. This is

i . ;
T "EZ{[wl)ste/zl “gps2| T ER/2) ol 3/2)]

=
p -
Ll

« Qalktp/2) a (k=p/2))

+

K

~

C(+)(_)5+£/2,l<_) <a (k+p//2+K) a*(_ls-_g/'.’.)> exp(iQKt)

+

& c(')(‘lg-‘g/z,}g) '<a(k+£/2) e (,L<'£/2—5)> exp(iQKt)

(37)

Z [C(_)(l<'+_9_/2,5) <a (k+p/2-K) a" (_L<-_e/2)> exp(-iQ t)

C(+)(_)5-R/2,l<_) <a(_15+£/2) a* (—)5'.9/2+-}$)> exp(-iQKt)] exp (ip+x)




s 2
where a (_}s)—l(g‘h/zvk - vk ) d
\
Because of the variation in Y (%,k) indicated by i
Eq. (33) and the assumption that |k| >> |K| , we need _
keep only the lowest order non-vanishing terms on expanding 4

the functions in Eqg. (37) in p and K. With some little b

algebra, then, we find that ‘

—~

(z,k) + (“'.E/Vk - 2vk2) F(_g_c,)g_) 1

=]
]
[}
0
-
<J
r]

UV, PR [V%Qs'.l.”] '[Vx. Fo.w] |
2
y {st '[(Ldé.-.g/(zk )]}F(zsr_ls) (38)
where '~C-k = Vk“‘}r , Vx is the gradient operator in the hori- ‘

zontelplane and Vk is the corresponding wave vector gradient.

The assumed form [Eq. (17)] of the fourth-order
correlation function allows us to express Ty in Eq. (36) in
terms of the spectral density function F(k,x). A straight-

forward evaluation leads to the expression

T, = A—li ZFZY ”‘L'-E)fdzr Z exp[i_e- (x-x) + ig- Lg-_g)] )
o L

2

k+p/2,L-9/2 k-p/2,L+q/2

ak+g/2,.ls+.e/2-g_ F(r,k-9/2) _Gk"g/Zr.ls-,g/%g F(z.k+q/2) | -

(39)

We expect ‘gand q to have magnitudes of order w'l, and thus

to be very small compared with k and L in Eq. (39). We

20
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can therefore expand & and F in terms of p and g, keeping QJ

only first-order terms. We deline Ql and 32 by the equations

K,L
a . 22 k
~1 = Vk GL,k r
— o »
/ y (40) {
k,Ltg/2 X.L1-q/2
=2 = cl;’g [55-3/2,51-, ‘6£+ /2,k-q

and find that d 3

XL
Tb = ‘6‘]3’5 [V.).(, F(_)EI‘I:)] ® [Vls F(ﬁ,ﬁ)]

]

= F(-)S’-}S-) [-@Z.Vx F(ﬁrl‘)] i g'vx F(ﬁrl‘,) F(igr_}.(_)] . (41)

Using the forms of T, and Tb given by

Eqs. (38) and (41) in Eq. (36), we can express the

time derivative of F(EAE) in terms of F itself. L more
convenient expression may be constructed by using Y (x,k)however.
Employing Egs. (29) and (30) and with a little re-arranging

we obtain,

) ¥(xk) + (@k/v-2vkd)Y(x L)

QY
r’
Q.
r’
<J
Ix
+
(e N
24
<J
-
———
<
)"\
=
i
w
!

(42)




where ﬂ
k,L ]
i 2 ~'~ {
» A = kU +uw, - [d Lgé'}s ¥(x,L) (44) \
.

p
L and &
2 2 '
S(k) = v?s. [‘L‘&'P/(Zk” d‘L@ -8 ‘P(_gg.y] - (45) 4

\

We emphasize that the gradient operator (V.ZS) in Eq. (45) {

does not act outside the curly brackets { } ; i.e., does
not act on Y¥(x,k) in Eq. (42).
Equations (43) and (44) have the form of the familiar

} ray equations of wave propagation in the approximation of
geometric optics. With A having the form #= k'Y + w, they have
previously been used (Whitham, 1961) to study wave refraction
(Kenyon, 1971) by ocean currents. The integral term in Eq. (44)
represents the influence of nonlinear wave interactions on
refraction and propagation. We shall describe some impli-
cations of this term in the following sections.
E Were the right-hand side of Eq. (42) equal to zero,
b this equation could be integrated in terms of the "ray

equations" (43) and (44). 710 do this, one first integrates

Eq. (43) to find a parametrized set of solutions

R e—

X = xQ(O'__lgo't)

—~
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with the boundary conditions
X=X k= Ko at t =0 .
At time t = 0, let us assume that

y = \PO(}"]‘S') .

Then, at time t
Y (5 K) = Yo[Bo@ikit) s ko (xket)] (47)

where Eg. (46) has been inverted to express X, and,&o
as functions of x, k, and t.

The second term on the right in Eq. (42) represents,
in a fairly obvious way, the implications of our modelling
of wind and damping forces. The first term in the function
S(k) can be rewritten in tensor notation as

39U,

2
) ol z 2ty

Ty %L\y (_).SUL) kikj/(Zk ) ‘5;(":' + 3K . .
&= 3

i,i=1 '

This is seen to correspond to the radiation stress term intro-

duced by Longuet-Higgins and Stewart (1960, 1961). The re-

maining portion of ¥S represents a kind of "stress" associated

with the interaction of waves of wavenumber k with the

entire spectrum.

e N g, -y W
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Had we kept higher order terms in Eq. (21) corres-
pondingly higher order terms would have been obtained in
order terms in Eq. (21) would

Eq. (42). For example, fifth-

have led us to third-order terms (simila

py Hasselmann, 1961, 1963) in Eq. (43). To what

one can continue and yet neglect fifth a

order correlation functions is presently not evi

r to those found

order

nd higher

dent.




v. The Phase Velocity of a "Test Wave"

The group velocity at wavenumber X is obtained from

Eqs. (43) and (44) as
B-y+g - a’L &, v, - (48)

The first two terms are obvious. The third term represents
the influence of the nonlinear wave interactions. Since
y(x,L) will in general be asymmetric due to the influence
of wind and/or obstructions, the group velocity can have
a component not parallel to k.

some insight can be obtained into Eg. (48) by
considering a "test wave" interacting with a spectrum of
ocean waves in a uniform ocean. We imagine the test wave
to be mechanically generated with identical characteristics

for each of a sequence of observations. Thus, we write

afg) = ao(‘z“-) + a'(k) 6—15_2 " (49)

L d

where a_ is a random variable describing the ambient sea
and a' represents the small amplitude "test wave". We
substitute (49) into Eq. (21), neglect the prescribed

current, wind and viscosity terms, and obtain a linear

equation for a'(k). Because we have assumed a uniform ocean,
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(oo @) a (@)= Sy-p (Iao(gz,nz) :

Integration with respect to time then giveé us the angular

frequency

" [2' koL
@y = g - d L:LIE YL (50)
where we have indicated no‘i-dependence of Y. The phase
velocity is Gk/k and the group velocity deduced from
Fq. (50) is 5; agreement with that of Eg. (48).

To illustrate the implications of Eq. (50) we consider
the spzctrum of Tyler, et al. (1974), which is based

on a representation proposed by Longuet-Higgins, Cartwright,

and Smith (1963). This is

vy = (0.4x1072nh [eeInN] . for kg <L <k

0 for L < ko or L > kF S (51)

Here the angular variation of the spectrum is given by

G(B8) = a + (l-a) COSS(L)(B/ZE

and m

N=fG(B) dg .

=




In these equations a is very small @»10-2

), and ko and kF
are the respective long and short wavelength cut-offs of
the spectrum, and B is the angle between‘g'and the wind
direction. Finally, s(L) is a functioa of wavenumber which
is near unity for short wavelengths and becomes quite

large compared with unity near L = ko

We shall evaluate Eq. (50) for wavelengths shorter

than the cut-off, or
k >> ko . (52)

In this case the principal contribution to the integral

in Eq. (50) comes from L-values near L = kj and a simple

analytic evaluation is possible.
k,L
The coefficient 6L g is obtained from Eq. (c.l) of

~ e

Appendix C. For k >> L, this is

= -(—%—)LVLL'L . (53)

It U=
=

On evaluating the integralwe find that
g 1 +1.4x10"2 cosg* (k/k_)* (54)
.E - wk . lo) ’

where B is the angle between kX and the wind direction. The

group velocity obtained from Eq. (54) is




2

1]

g

+
1=

[1.4x10‘ cosa(g/ko)”] , (55)

where W is a unit vectcr parallel to the wind direction.
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VI. Wave Shadowing by an Island

g During the series of experiments reported in Tyler, et al.

*
(1974), the "shadow" of an island for receding waves was observed .

At sufticiently large daistances from the island this shadow

is absent. There are evidently several possible causes for

the filling in of the spectrum away from the island. One

of these is nonlinear wave interactions, which we now

discuss as an application of Eq. (42).

We calculate the filling in of the spectrum of
wavenumbers kX directed aw:iy from the island and in its
shadow. That is, W(ﬁhh) will be very small where effec-
tive shadowing occurs. On the other hand, we assume
that W(z,}:) = ¥ (L) will not have much 33—dependence for
those waves L which have "missed" the island. If the
shadowing angle is small, we can take (we now suppose that

y = 0 and the effects of wind and viscosity can be

/ neglected)
d
s =0, a{*so

in Eq. (42) . Equation (48) gives the group velocity with which

waves of wavenumber k propagate into the shadow

Bz =g - 2L P v . (56)

x
| We are indebted to Professor Walter Munk for describing
these observations to us prior to publication.
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If this were a time-dependent problem, with a sharply
outlined shadow at t = 0, say ¥ = Wo(gh&), then at time t

Eg. (47) would imply that
WQ&)=WJ5-£%H,£) . (57)

The expression (55) would lead us to expect a

triangular shadow of half anglo

6, = 1.4x1072 sin(26) (k/k))? . (58
When waves travelling parallel to the wind are shadowed
by the island, then the filling in of the spectrum will
be modified. Should a significant portion of the spectrum

be in the island shadow, then ¥(L) in Eq. (56) must be

appropriately modified.




i

e

VII. Other Correlation Functions

The correlation function {a(g) a(k)y is easily ob-

*
tained in terms of F, or equivalently, {a(2) a (p) D -

Using Eq. (21) (and ignoring Tw and TU), we obtain

Xipon
3

a .
[HE 4 l(wk+wq)] (a(g) a(E)) = Z [6—]5+2+E-& c

LB

«Calg) a@ a (p) a @)
* *
(alk) al(%) a (p) a (n))]

(59)

Thus

Calg) al) Y& -ilrod TG - (60)

Use of Eq. (17) then permits explicit evaluation of this

guantity.
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The Intevaction of Surface Waves with a Current {

APPENDIX A:

In this Appendix we obtain the terms in Eg. (11)

which represent the interaction of surface waves with the

prescribed current U. Bernoulli's equation and the kine-

matic boundary condition at the surface are, respectively, (

3 . » vo)2 +gh=0 ,

at
a_h . - 99_ 4 (A.l)
ot a (VS¢) (Vsh) Y

where both equations are evaluated on the surface

z = h(z,t) = H + C (A.2)

1f we extract the long wavelength, low frequency

(a.1) in linearized form, there results

part of Eq.
3H _ 20
F) ot d {
$
%—E+gH=0 , (A.3)

poth evaluated on the surface z = 0.




The current associated with d is !

~

gu=v96 =10

>
+
c

z
§

where U is given by Eg. (2). We have assumed that

lu,| << |ul (A.4)
Oour conditions also imply that
|vg &n H| << |V %n z| ; (A.5)

or that the surface curvature due to the current 1is much

less than that due to the surface waves.

To extract the high frequency linearized terms from

(A.1) we note that

z=h z=H z=H
9 ~ 00 4 32<b
3z = 5s 5
z=h z=H 92 o
z=H
9%
N = CV U '
52| ,oq s
since V2¢ = 0.
34




Thus, the high frequency part of Eq. (A.l), linear

in the surface wave amplitudes, and evaluated on the

surface z = H, is :
(
A U
9 J z _
gt UVe 4L s+ gl =0 , {
ac L] L] L] ‘—a¢ '
3t LV T+ (T 0)(VH) +2(V_+U) = ~= . (A.6) |

Equation (A.6) is to be evaluated by replacing

$(x,2,t) by

6 (%, H,t) = 0 (X,t) (A.7)

after the indicated differentiations are performed.
Follnwing a treatment of Milder (1973), we re-express

Eq. (A.6) in terms of ¢H . For example, sl

+_ﬁ-vrp

] ]
— = e + B0 ] 5 (A.8)
at 2=H (at s H

This lets us replace the first of Egs. (A.6) by

£

st W) 0, g =0 (A.9)
BUZ
Yo = 9 + 3T (A.10)




The unit normal n, to the surface is, to first order in H,

= >
I
<J
o

A
n =
Lo d

i (A.11)

Thus, the second of Eqs. (A.6) is equivalent to the

equation

2 o -
ETUV) t @ W =nve onz=w

~

. (A.12)

To express this in terms of ¢H + We use the relation

V2¢ = 0 to write

A ?
@ 3‘H
nevé =D+ ¢ ) i (A.13)
|z=H B 5;7 H
and
® = \/-VZ' (A.14)

The conditions (A.4) and (A.5) finally give us the equations

(3¢ + u-v_] ¢ tgr =0 ,

2 5
(ﬁ+2vs);+cvsg-®¢ﬁ . (A.15)




On writing

x
r,=i(z-z)/2

¢>H = (g/(x));i (z + 2"y/2 (A.16)

and using the Fourier expansion [Eq. (7)], we obtain the

required terms in Eq. (11).
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APPENDIX B: The Wave-Wave Interaction

In this Appendix we show how to obtain the terms

T, and Ty in Eq. (11).

2
Extracting from Egs. (A.l) the part which pertains

to surface gravity waves, we obtain the equations

¥ . % W)l +gr=0 , z-=z¢

3t
14 . = 96 =
3—— 12 (vs¢) (Vsc) = s 0 A a : (B.1)

We first re-express these equations in terms of ¢ (x,z,t)

evaluated on the surface z = g (x,t); that is,
¢ (X, t) = ¢[§_. g(x,t), t] . (B.2)

Then, we define

(B.3)

W(x,t) = %%-

=L

and re-write Egqs. (B.l) as

30 =
s _ 9T B 2 7 =
3t 1 5 + % (Vs¢S wvsc) + % W + gt 0

14 A : ”
=T + (VS¢s wvsc) Vsc W




It remains to express W in terms of bg which is a special

and rather simple application of potential theory with a Dirichlet
boundary condition (Jackson, 1962). This is.easily done

by first expressing both ¢ and W as Taylor series in ¢

about the plane z = 0. Then W can be expressed in terms of

¢g bY successive substitution. The result is
o)
W=(@og)- [®(c® ¢>s)-(c®2¢s)] + %E[c@k@@s)] - cb‘(c@cbsi]}

- %@[gz(@za,s)] < gz(@3¢s)} : (B.5)

The term %% can b2 eliminated from the first of
Eqs. (B.4) using the secund of these equations and W eliminated
from both using Eq. (B.5). Finally, a first-order equation

for
z= -i +v'l¢ (B.6)
4 % & ;
can be obtained by differentiation with rcspect to time and
substituting from Eqs. (B.4). The Fourier expansion [Eq. (7)]

then gives us the terms T, and T3 of Bg. -(LL) .

The coefficients in T, [Eq. (15)] are

(- Lomen . TUSENEN e g W AN L T e

e e e ere




5 a1 ‘ t
= = Y = = e — L=k 2 ‘ Y

Pop = § |MVuVp/Vi) otk g) = Vo (kpokep) - Vg (ka<ke) )
k B i c (
~, = l - . - - ; - L] 1
1"&' ol _(Vzvp/vk) (2p ‘&B) Vp(kp+)$ 2) + Vz(kl -)5. “I.L.)d i

) 205 Y
r =37 (vzvp/vk) (2p+‘9"°2) + Vp(kp+)$-2) + VR, (k2+l<_-_&) . (B.7)

The first coefficient in Eq. (16) (the only one réquired in

this paper) is

= %— [(wn-wp) lp-nl (k-|k-&]) + (w -w)) |&-n| (k-|k-p|)

=t

):tJ bled

(w2+wp) |2+p| (k-|k+n|) + wpp(k-p) + wot(k-2) - w n(k-n)

- Wy p'R - Wy A'n - 2w Lp+ (wzwn/wk)k(n—|£—2|+2-|‘&+‘g|)

+

(wpwn/wk)k (n- |£—_&|+p—|2+_&| ) - (wzwp/wk)k (p- |2-2|+E-|‘&-2|]
(B.8)

Since the condition (32) has been used in our derivation of

Eq. (42), we mast restrict ourselves to wavelengths small

compared to the length parameter W. To do this, we suppose

the coefficients (B.7) and (B.8) vanish if any of their wave-

number arguments violate the condition (32).




APPENDIX C: The Coefficients in Equation (25)

For reference we quote the form of the coefficients

of the a's in Eq. (25):

[ X RBR  k t-a.n
kR l(_r.p, r_& 1PN r; Fp' -n r—g'.
C =T + 4 ~ = = ==
LE L “p™n™lpnl  “27n™|g-n]
k.a-p n-p, kop-f n-t.L
£ S P e}
- W ~w_-w - W _-w,-w
n p LE'EJ n % " |L-n|
LR L*p
F“B F£,~ k,n,- (&tp) -(2+p),L,p
= w~ ':(:".w + 2 : W, +w_+w b (@ad
|lpt2| "~ P 27 p |2+

For the evaluation of the coefficients (40) certain of the
terms in (C.l) avpear to be singular, corresponding to the
resonant excitation of arbitrarily long wavelengths. In
accordance wich the discussion following Eq. (B.8), these
terms are to be dropped, corresponding to the assumed
vanishing of the I'-coefficients.

For the evaluation of Eq. (53), one should note the

sequence of cancellations of the terms with powers of k

greater than the first.
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