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LIST OF SYMBOLS
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modified Bessel function of order k
Bessel function of order k
confluent hypergeometric function
Laguerre polynomial of degree k
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SOME INTEGRALS INVOLVING THE Q)¢-FUNCTION

INTRODUCTION

The detection probability for a nonfading signal present on M multiple
observations and subjected to a quadrac.c combination of recaiver matched-
filter outputs 18 given by the \Qﬁ-functloq[\nd. 1}):

4 M-1 2. 2
Qy(a.b) = S dx x(%) ' exp(- x—'gi) Ly ,06%), M21. 1)
g :

Tids {8 also called the nonceniral ehi-squaqfe distribution [Ref. 2}. Physically,
Q) 18 the probability that the random to & [oxy + 0 + Oy + )]
exceeds threshold T, where {x} and } are zero-mean independent
Gavssian random variables with identicdl variances, ¢2, and {c,} and
{dx} are arbitrary constants, The eters a = [u!::n (e + dﬁ)/az]l/-?
and b=T/e, ~

When the signal amplitude 18 subject fo fading, (1) must be averaged with
respect to the dist=ibution g such fadings. In éﬂs.\report. several integrals of
the Qy-function will-be evaluated that aid in computing the performance in
fading channels; direct Bumerical integration of the Qu-function, which is
time-consuming, 18 therefore circumvented. lNumerical evaluation of Qy is
conpidered in Refr<®, x - /v | v ‘

# ,-,\
'GENERAL RELATIONS FOR Q)~-FUNCTION

Derivations of the succe<ding relations are presented in the appendix:

QM(‘. 0) =1 ’ QM(“' ‘) =0 ’

2\ %2, 2\
QM(O.b)=m(-7>§ ﬁ(‘i) Qb = 1. @
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b1 a’ 4 b2
QM(uo b) = QLI-I(a' b) +(;) GKP(' '_-2— IM-I(ab)

az + b2 LS b s
=Q(a,b) + exp(- > )z (;) L(a0), M22, 3) ,
k=1

where Q = Q; is the special case M = 1. The relation Qq(a,b) =1 - Q({,a)
also follows from the first line of (3) and Ref. 3, (5). In the following we will
generally consider the integer M > 1; however maay, but not all, of the fol-
lowing equations apply alsoto M =0,

2 .2 k
Q,(a,b) = emp(— 2:h ) > () yem - )

k-M+1
' 2 2 k
Qe = 1- axp(— %)2 (3) v . (5)
k=M
&2+b2 -~ bk
Qs b) + Q) b,8) =1+ exp(- ——2-—> E (;—) I (ab) . 6
k=-M+1
1 2 an N2 /o2
IPRRRTRRE FEWS ) )
k=1

k keM-1 n [
2 2 2 2
= +b S:( 12) z : h/2
QM(a'b)—axp(‘a 2 )k-o ‘“ =i L{T}- . ®

3Q..(2,b) M-1 2 .2

L;b - -be-) exp(- 2 ;b ) I,.1(aD) . (9)
OQM(u,b) b M-1 u2 + bz
0 = b(;') exp(- - IM(!b) - (10)
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The numerical evaluation of Qpq(a,b) considered in Ref. 2 is based
upon a modification of (8). Notice, from (8), that Qpq(a,b) is an even function
ofboth a and b for a and b real. Also, from (1), Qpq(a,b) is an analytic

function of a and b for all finite complex a and b,

INTEGRALS

Numerous other integrals, in addition to those listed below, are available
by the use of (3) and Ref, 3, provided the integrals on the Bessel functions in (3)
can be evaluated in closed form. Rather than exhaustively list all these possibili-
ties, some of the simpler integrals are considered and evaluated. Extensions
to other integrals, which may be of interest to the reader, may profitably be
pursued via (3), Ref, 3, and a good tabls of integrals such as found in Ref, 4,

In the integrals below, the parameters are presumed to be real and pcsi-
tive. The results may be generalized to negative or complex parameter values
in many cases by symmetry or analytic cortinuation. The integrals have been

checked numerically.
An integral closely related to Q) is defined by

x Yia x2 + az
dx x(;) exp \- =5 — IM(ax) = qM(a,b) i
b

Some of the properties of this functicn follow:

' a . a2 + b2
qM+1(aOb) = qM(a'b) = (;) “p u --2._ IM(ab) b

q0(2,b) = Q(a,b) .

a2 + b2 3 a i
qM(a'b) = Q(a'b) - exp\- —2_‘ Z (;) lk(a'b) o

ay(8.0) = 1-Q, b, a) .

q)(a.8) = % {1 - exp(-az) [Io(az) +2 hf Ik(az)]} ‘

k=1

()

(12)

(13)

(14)

(15)

(16)

s —1_—.&.-...2:2*-"
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BESSEL FUNCTIONS, EXPONENTIALS, AND POWERS

ax exp(-p2x/2) 30 3 00 = i(—:—)m [1 - Q, a/p, b/p)] . an

Oy

ax exp(°x2) 3,00 3,09

= -2—1; {1 - euzp(-a2 pz) [!o(a2/ p?) +2 Mz.l Ik(aZ/ pz)]} ! (8)

k=1

O\’\'

§dx exp -pzxg/ 2) Iy I (8%
0
_eyt (2D (a2h?) Bk (2/:2) (9)
=241 - expla p,loa/p +2Z(-1) La7/o )|
k=1
In integrals (20)-(21), s=\£2-b2. u=\/a(p-s). v=\/a(p+s).

;"" exp(-px) IMM)=";1'§{(D-I)MQM(“.V)+(P+!)M[1-QM(V.“)]}. p>b.  (20)
a

a
de exp(-p%) IMM=::3;{(p--)M[1 -qyfuv)] -+t -q ). prv.
0 @1)

Y

M 2
dx x™ exp (—pzxz/ 2) I, =i-(f§) exp(;’;) Qy (a/p, bP) . (22)
p
-M+1 2 2 1 ¢ ' 12
dxx " exp (-p_x / 2) I, (%) = —2'(9;" apl = [1 -Qy,0p, a/p)] . (23)
p p

Oy
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Q-FUNCTION, EXPONENTIALS, AND POWERS

[ ! N-1
S dx sz”1 exp(-pzxz/ 2) Q(, ax) = 2_(21;;1)1
0 P

o2 p2 o2 \ N1 ) b2 g2
ol - exp| - = —E— - s . 29
T, ( ) pzﬂz)Z(z z) Lk( 2 2 2

© N-i 2
de 2N exp(-p%/2) qax,by - 2— QL= DL _8

2 2\ N-1 2 \k 2 2
b p p b a
e o . I— 25
oexp\ % 2) Gk(pz 2> Lk T3 3 (25)
p +a/ k=0 +a p +a

whe:e

Q

M-FUNCTION AND POWERS

1+u

T2 1+4 ,
2% p(M+E) L, g2

Ton lFl ==y ;M;-? , #>-1, (26
(L+u)a” " (M) '

dx x* Q, (b, ax) =

O g

N - N‘l - .- 2.
ax 2N 1Q“,L.(".ax)'."——'m--—)--z T !t I‘I(MI 1)(-b—-)’ N>1,
- AV '

> (27)
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QM-FUNCTION, EXPONENTIALS, AND POWERS

§dx =M1 e (— 2x2/ 2) Qy,(2x,b)

0 2 K

M-1 2 2 1 2 2
SR 1S3 Rp U N N e | S 28)
2M 2 2 2 k|2 2] °
P P +a/ xm p +a

S ax x° exp (-022%/2) Qy (axb) = G,

0
M-1
2 2
2+ 1\(b_ b
o+ r(*; )(2) “p(' z) LTS W "
M-1 g g 11{ 2 ”2pz+az"’> :
roc- 1 (B2 T
(29)
® M-1
2\(/2 .2
, 22/ 1 b +a
3 dex exp(-p x /2) QM(a.x,b) =—2-exp<- -2—)’(2—2—>
0 P a
2 2 M-2 2 2 V| M2 2\2
b
R ST ST
Bl n p +a n=0

§dx X exp (-pzx2 2) Q) (0. ax) = lz exp (-pzc2 2) Q) (b, ac)
& P

M

2 2 2
1 b p ab "2 2
-7(p2‘ 2) exp(_—é— 2 2) QM(- 2 2 s+ CYVD +a ). (31)
pP\p +a ' p +a R
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gdx X exp (-p2x2/2) Q,,(ax,b) = -15 exp (-pzcz/ 2) Q,(ac.b)
c p

M-1 :
2 2 2 2
+_1.(P_:§_.> m('%ﬁ>l'qm<° /p2+a2’ __ab )

2 2
p +a

32)

de xM exp(—pzxz/ 2) IM_I(cx) QM(ax, b)

0
M 2 '
2 2 p 2 QM [] . (3 )
;(P P (pJpz + az \/pz + a2>

7/8
REVERSE BLANK
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Appendix

DERIVATIONS

(2)*: The first two relations in (2) follow directly from definition (1);
Ref. 4, 6.631 4; and Ref. 5, 9.6.3. The third relation results if we employ
Ref. 5, 9

ef. 5, 9.6.7, and the integral
I _cM"l K
s dx-(M—-_IT!- =e Z k- (A-1)
c k=0

The foﬁrth relation follows by use of
£ M e
QM(a,b) =1- S dx x(:) exp\- =5 IM_I(a.x) (A-2)
0

and as a result of the asymptotic behavior of IM-1 Ref. 5, 9.7.1).

(3): Integrate by parts with
M-1

()

and employ Ref. 5, 9.6.28, The second line in (3) follows by repeated applica-
tion of the first line,

2
Iy @0, dv=dxx exp(— ’i—;—“) : (A-3)

(4): Use (3); Ref. 3, (3); and Ref. 5, 9, 6.6,
(5): Use (3) and Ref. 3, (4).
(6): Use (3); Ref. 3, (5); and Ref. 5, €.6.6,

(7): Let b=a in (6).

*The number at the beginning of each paragraph refers to the equation of
that same number in the main text of this report.

bt

iy i
4
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(8): Expand Iy 3 in (1) in a power series and integrate term by term
ushhg (A-1).

(9): Differentiate (1) with respect to b,

(10): Differentiate (3) with rospect to a, and employ Ref. 3, (8), and
Ref. 5, 9.6, 28,

(11): This is a definition of qy4(a,b).

(12): Integrate (11} by parts using

£\ M x2 . a2
u=(;) IM(a.X), Jv=dxx exp|-- E_ (A-4)
and, from Ref. 5, 9.6,28,
d -n “P-1
) om o en

Then use (11) again,
(13): Use definition of Q(a,b) in (1).
(14): Use (12) and (18).

(15): Add (14) to the second line of (3), with = and b interchanged;
use Ref. 3, (5).

(16): 8et b =a in (15) and use (7).

(17): From Ref. 4, 6,833 2,

10
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the last step was obtained via Ref. 5, 9.1.30. Integrate {A-6) with respect to
b and use (1) and (2).

(18): Set b=a in (17) and use (7).
(12): Repiace a by ia in (18) and use Ref. 5, 9.6.3 and 9,6, 30,

(20): Utilize the method used for (24) in Ref. 3, p. 24; employ (4) and
(5) to sum the series; and then use (3).

(21): Use

a «
Idx g = fdxs(!t) -fdx g(x) (A-T)
0 0 a
in confunction with (2) and (20). The special case of p =b is available directly
in Ref, 5, 11,3.13,
(22): Use definition (1).
(23): Employ (5) and (15).

(24): Express Q in integral form via (1) (for M = 1); interchange inte-
grels; and use (A-1), Ref. 4, 6,631 1, and Ref. 5, 13,1,27 and 13.6.8, I
is a Laguerre polynomial,

(25): Use Ref. 3, (6); (A-1); Ref, 4, 6,631 1; and Ref, 5, 13.1.27 and
13.6.9.

(26): Use (1); interchange integrals; and use Ref, 4, 6.631 1,
(27): Use (26) and Ref. 5, 13.6.9.

(28): Express Q) in integral form via (1); interchange integrals; and
use Ref. 4, 6,681 4, and (A-1),

11

{
1
H
|
i
H
X
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(29): Employ the upper line of (3) and Ref. 4, 6.631 1. For p an odd
integer, the recursion, (29), can be started via (Ref. 5, chap. 13):

 Fp(OiMx) =1,

M-2 xk
(Fy M) = 0 - 131 x ™ apgx; - > =l

k=0
(n,M;x) [(M+1 n) F Mm-2;Mx)+(2n-2-M+x) 1l-‘l(n-I;M;x)], n>2.
(A-8)
For p an even integer, we need _F (-l--M;x) F (3 M;x and recursion
P ’ 1 1\2’ 17 1\2’ g

(30): Use (1); interchange integrals: employ Ref. 4, 6,631 1, and (A-8)
and (A-1); interchange the double sum; and employ

n-l n

klx
k=0

(81): Express Qp In integrz! form via (1), interchange integrals, and
use (22) twice. If we replace p by ip in (31), the intrgral converges for p < a.

(32): Integrate by parts, with
u=Q,(ax,b), dv=dxxexp (upzle 2) , (A-10)

and use (10) and (23).

(35): Take the partial derivative of the integral with respect to b; use
(9) and Ref, 4, 6,633 2;then, utilizing the fact that the integral in (33) is zero
at b=e , integrate on b and use (22),
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