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It is interesting to note that only a short decade or•~ ago, 

neither the theory nor the computational capability (let alon~ the 

requireNnt) for attackint the problem of this thesis toric existed • 

In the early 1960' • • P.. F.. Kalman presented his theories on optirn.11 

control and filterinr. technioues. The advent of that electronic marvel 

of our aae. the diiital coDputer. provided the tool for applying 

IC.al.Nn'• filtering theory. ~any Saturday and Sunday morning• u well 

u weeknight• were spent with our dear friend, the CDC 6600 computer, 

in order to brine to you. the read~r, the meticulous CALCOMP plots of 

the ayaten state variable covariances presented throughout this report. 

Althour,h there were uny individuals from both the Air Force 

Avionic• Laboratory and the School of Engineering faculty who rendered 

ua aaaiatance fro~ time to tirr.e during the preparation of this thesis. 

there are two people to whom we are especially indebted. we would like 

to express our moat sincere appreciation to Lt Peters. Maybeck. faculty 

advisor for this thesis topic. Even though he was endurin~ the trials 

and tribulation• of an expectant father and also attending the Acadetr.ic 

Inatructor School (in addition to his everyday faculty duties) during 

the time p•riod of this study. he somehow always managed to find time 

to talk with us. For his patient guidance and instruction we are indeed 

grateful. We al•o gratefully acknm,.l~d~e the assistance of Mr. Richard 

M. laeve• of the Avionic• Laboratory r. providing us with c0111puter 

programa and other document• related :n our atudy. Ue especially. 

thank him for aharintt with us hi, 11: · ' , 1•r.C' and expertise in th~ 

application of Kalman filter desir,n tn<~ory. 
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appreciation to our wives, Dottie and Carolyn, who arc pRtiently waitin, 

to uelcOU\e us heme. 
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' Abstract 

This report is a Kalman filter design study for the proposed 

Integrated !Invigation ,tcllite/Inertial Systet:\ (I?a). F.riir.ary 

emphasis is placed upon determination of the "best" filt•!r state 

va1·inble vector 1nd f.nvestigntion of variou~ rr.easurement rates usinr, 

external ranee measure~ents from a set of 27 non-synchronous sate­

llites. The INI system errors are assuncd to be represented by a 

44 atate linear aystem model, and the filter operates uithout benefit 

of an altimeter. A one-hour INI flight at constant speed and altitude 

ove1· a ,reat circle path i• simulated on the digital cor.,puter and 

filter desiens are com~ared by plottin~ the syste~ rosition, velocity, 

and attitude error covariances versus tir.\C. .\ 15 state filter ,dth 

weak coupling terms rel!\Oved is determined to provide the best tradeoff 

between accuracy and computational burden. Filter ,erfornauce is 

COll!Pared at 5, 15, 30, 60 and 90 second measurement update ratea • . 
Additionally, "optimal" sequcncint of aatellite observable• i8 shown 

to provide ic,proved performance. 

\ 
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XALMAN FILTER DESIGN FOR AN INERTIAL 

NAVIGATION SYSTEM AIDED BY NON-SYNCHRONOUS 

NAVIGATION SATELLITE CONSTELLATIONS 

I. Introduction 

Thia report ia a Kalman filter design study for the propoaed lnte­

arated Naviaation Satellite/Inertial Syatem (INI). Thia design ia a 

aubproblea of the proposed INI ayatea which ia a current reaearch ad 

davelopaent topic of intereat to the Navigation Division of the Air 

Force Avionics _Laboratory at Wright-Patterson Air Force Baae aa well aa 

other govenaMnt ad private agencies. 

'l'b• developMnt of this atudy ia presented by chapter• in the 

following aequence. 'l'be preliainariea such aa reference fraaea and 

their anaular rates are preaented in the aecond chapter. Chapter III 

diacua••• theory which ia peculiar to the uae of navigation •Atellitea 

u a updating aid to iuertial navigation ay•t-. Chapter IV ia a 

developaent of the lCalun filter equations required to 1olve the naviga­

tiOD probl•• The forty-four state ayatea IIOdel selected for this study 

1a preaented next in Chapter V. 'l'be intent of Chapter VI ia to deter­

lliDa the ''beat" atate variable vector, both in tens of di•naion and 

Nlection of coaponenta for iapl-ntation in the filter. Chapter VII 

ilneatiptu the effect• of varying the Ma•ureaent update rate of this 

.. 1p. A deacription of the computer prograa uaed in 1iaulating the 

Dl f11aht 1• aiven in Chapter VIII. 'l'be re•ulta and concluaion• coa­

poae tbe fiul chapter of thia design atudy. 

lnte1rated HAVSAT/Inertial Sy• taa 

TIie buic idea of the 1111 i • to cOllbine external navigation 
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information (such as range, range rate, and attitude) received from 

orbiting constellations of satellites with the inertial navigation 

•Y•tem (INS) of an aircraft or missile to provide highly accur11tc posi· 

tion and velocity information, such as would be required for instrument 

landing or weapon delivery. The Navigation Satellite (NAVSAT) portion 

of the system consists of a total of 27 orbiting satellites. The num­

ber of satellites and their orbits are arbitrary and the particular 

configuration selected for this study will be discussed in detail in 

Chapter III. A filter design study utilizing a cluster of four satel­

lite• in a Y-configuration with the central satellite in synchronous 

orbit and the remaining satellite• orbiting about it is detailed ~n 

Reference 1 of the bibliography. There are several existing satellite• 

under consideration for adaptation, one of which, the Timation III, will 

be used a• a baseline. Each satellite contain• a transmitter, receiver, 

and a clock (i.e., quartz crystal oscillator). A ground tracking net­

work periodically measures and updates the ephea~ria and satellite clock 

phase and frequency ao a• to maintain synchronization of all satellite 

clock•• The satellites in tum continually transmit this information 

together with identifiable range codes to the user. The signals from 

uch satellite are modulated by orthogonal codes so that they may be 

diatinguished fro• each other by the uaer. By •an• of a correlation 

detector the ti• shift batween each satellite signal and the user'• un­

synchronized clock is •aaured in the user'• receiver (Ref 1:1-2 & 1-3). 

The portion of the system on board the aircraft consists of a computer, 

receiver, and an inertial aeaaure•nt unit (IMU). The receiver ia re­

quired for acquisition of the satellite aignal. 'ftle IMU consist• basi­

cally of a set of accelero•ter• and gyro• which provide internal or 

2 
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on-board navigntion infomation uAinr. specific force and ancular rates 

along three nutually orthogonal axeB. The computer is used to apply the 

Kl\lman filter equat1.on!l 1 i.e.• to conpute the Kalman gains or weir,htin~ 

coefficients, to est1.m11te the state variables, and to aprly the control 

to the u;s. 

Kalr.,an Filter 

The Kalman filter is simply an optimal recursive data processing 

aleorithm which resides in the central processor or on-hoard com~uter. 

This filter. or computer progrAlll1 combines all available nieasurement 

data. plus prior knowledge of th~ ~ystem and ~easuring devices to pro­

duce an esti~ate of the desired variables in such a Nnner that the 

resulting error ia minil!li.zed statistically. Stated in simpler terms, 

it provides the best estimate ~ossible subject to certain MOdelinR 

a•amnptions. 

The filter will enhance the attitude and position information 

accuracy by weighting each data source heavily in the frequency regime 

where it provides sood information, and suppressing it in the region 

where it is in error. The inertial system provides good hich frequency 

information, but it drifts slowly and therefore exhibits poor low fre­

quency performance. On the other hand, the NAVSAT data ia good on the 

average, but s~bject to high frequenr.y noise. Thus the filter will use 

the good low frequency NAVSKt infomation to damp out the slowly crowintt 

error• inherer.t in the inertial systc: ·• 

Basic Assumptions. l'nder the t:1. --~ restrictions of system linear-

ity, noise whiteneoa, and Gaussi:ir'.H'. · ·" noises, the Kalman filter can 

be abown to be the beat filter of .-... ~ ~ _, . ..;..:~vable form. Although the 

3 
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system itself is actually nonlinear, the formulation of an approximate 

linear error model makes linear analysis possible. The justifications 

for the lineer syst~m model are that (1) the use of linear models in 

enginee~in~ studies has proved fruitful and (2) the techniquP-s of linear 

systems analysis are well developed, whereas those for nonlinear system 

are not, in p.eneral. "WhiteneH" im9lies that the noise value is not 

correlated in time and also has equal power at all fre~uencies, 

Ga~oienneas pertains to the ••~litude of the noi1e; at any 1ingle point 

in tine, the probability density of a Gaussian noise e.mplitude takes 

on the shape of a normal bell-shaped curve, These three assw:,ptions 

greatly simplify the mathematics of the problem and, in fact, render 

them tractable (ilef 2:3-11 & Ref 31132). 

lX2!, ~ Filter Iryploved !!l .!!!!. .!fil.• An indirect filter estimates 

the errors in the navigation infon:ation using the difference between 

INS and external NA\'SAT data a1 the anaaeuremente to drive the filter. 

Thia is in contrast to the direct Kal~an filter which utilize, the 

total etote apace foniulation, The filter is mechanized in a feedback 

configuration (aa oppo1ed to feedforward) which keeps the INS error• 

. •mall by continually feedin~ back a correcting siimal (see Fi1ure 1). 

Since the l~TS i • corrected after each ~•aaurement sample, the predicted 

error • tat•• and 111eaaure111ent difference• at the next sar:q,le tin will 

be aero. Consequently, there i • no need to ,ropagate the error state 

variable e• tiv~tea. 

A diacueaion of the relative nrit• of both direct versus indirect 

and feedforward versus feedback conficuration• is found in P.cference 4 

papa 1-10. It is not the intent of this report to d~ell on the develop­

MDt of Kal.ll&n filter theory, rather the purpose here is to apply thi• 
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Navi"ation 
Information 

Fig. 1. Block Diagram of 1ilter in Feedback Configuration 

theory to a .practical engineering problem. Therefore, the reader who 

i • either unfamiliar with Kalman filter theory and it• applicaticm• 

to inertial navication • ystema or else seeks nore detailed information 

on this •ubject i• referred to References 2 through 5 in the bibliography. 

Lilllitation• .2!, 5l!!, Studv 

It is realized that no utter what ay• ten reference model or "truth 

model" 1• selecte~ it will only be an approxination • ince the complex 

real world dynmnica defy exact mathematical description. The validity 

of the filter design is •enaitive to erroneous reference system models 

and • tatistica; thus great care must be taken to r.odel the reference 

•J• tea u accurately a• pos• ible in the COllll'uter aiaulation to yield 

•aninaful re•ult•• 

5 
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11, Coordinate Syste~s, Transfot'l!'ition ~ntrices, ~ Angular Rates 

Coordinate Fr11r.,e Definitions 

Three different coordinate fraaies are defined for use in the cor.­

puter •imulation, These are the inertial reference frame, the Earth­

fixed fraMB • and the navitation fra". The follouinJ pararrapha will 

• U111Urize the definitions of the•• coordinate system. 

Inertial r..eference Frame. The inertial coordinate •Y•tem i1 fixed 

at the center of the Earth and maintain• a constant orientation with 

rupect to inertial • t'ac•. The coordinate •ystem thus defined ia not 

trul) an inertially-fixed fram, but for the error analysi• of a vehicle 

mving near the Earth, the error• introduced by this definition of 

inertial apace are Mftligible. The au• of the coordinate •y• te11 form 

an orthogonal riftht-laanded triad with the x-axi.• pointing froa the 

center of th4 Earth throu,h the ~orth Pol• in alicnment with the Earth'• 

•pin axi• , 

Earth-fixed Frane. Thi• coordinate •ystn is identical to the 

inertial reference 1y• tem with the exception that it i• allowed to 

rotate with the Earth. The axe• of thie coordinate ay1te11 are oriented 

with the x-axia directed outward through the ~orth Pole, the y-axia 

directed outward throuRh the interHctiO'l of the 90 degree We• t Nridian 

and the equator (0,-90), and the ••axis directed through the interaection 

of th• Greenwich •ridian and the equator (O,O). Since thia fr&M ro­

tate• vi.th the Earth, any point on the Earth'• surface can be 1pecified 

in tera of a aet of Euler annle rotations in the Earth-fixad !raa, A 

about the x-ui• (longitude) and O about th• y-axi1 (latitude). 

Rana•tion Frame. The navicatiaa frw i1 the coordinate 1y1tn in 
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which the navigation probln ia •olved. 111a po•ition, velocit1, and 

attitude error• are expre••ed in navigation coordinate•. Since the 

probl• involve• a giaballed platfora (u oppo•ed to •trapclovn) which 

reaain• e••entially locallJ' level at all tiae•, the a-ul• of the naY­

iaation fraae reuin• perpendicular to the Earth (po•itive u,.,ard). 

There are •everal choice• available for mechanization of the locall1 

lnel ayatn in teraa of the aaiauth anaular rate. Aaong th••• are 

uiauth wander, con•tant uiauth, unipolar, and free uiauth. There 

are certain advanta1a• to each, for euaple, uiauth wander would be 

\'JN in naviption near the polar reaiona. 1or thi• •iaalation, however, 

coutant uiautb •chanisation with the x-ui• of the •y•t• alway• 

pointin& Korth wa• •elected. The y-axia 1• then cho•en u pointinJ 

V..t to coaplete the riaht-handed orthogonal •et. 

'traaforution Katrice• 

In order to tranafora vector quantitiea auch a• poaition• and 

ftlocitiea fra one of the above coordinate fr ... • to another it 1• 

COGftllient to firat derive a aet of ti• varying tran•forution utricea 

which will be uaed in aubaequent development of the aiaulation equations. 

Inertial~ Earth Tranafoniation. The tranaforution froa the 

inertial reference fr ... to the Earth fixed fr- involfta aiaply a 

rotation about the x-uia throuah an angle equal to th• Earth anplar 

rate (which la CODIJtaDt) aultiplied by th• tiM. Projectina vector 

COIIPOQenta of the inertial fraM ale.,~ the ax•• of the Earth fr- allcl 

inatallina th••• aa coluana of tha t . :, s formation utrix yield• 

1 C 

0 C08\Wit!t} 
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Earth!!:!. Navigation Transformation. Thia transformation matrix 1• 

derived ai• ilarly to the previous one only this ti• involving two 

rotations. The firat one through an angle A about the x-axis, and the 

second a rotation about the y-axia through an angle e. 

C n • • O 1 O O cosA sinA • 0 1 cosA I • inA 2) 
[

coae O - • in8J ~l O O ] rose 
1
sin8 ainA ~co•A sin} 

sine O coae O -ainA coaA 1ine:-• inA coa~ cos8 co1A 

Inertial!!:!. Navigation Tranafoniation. Thia tranaforution 1• 

aillply a product of the abo•• tvo. 

C1n • Cenci• (3) 

Also note that cei • (ci•)-l • (c1e)T and ai• ilarly for cni' en•• 

Angular Rat•• 

The angular ratea are nov obtained and coordinatised in the na,ri­

ption fr ... , since this is the fr ... in which the coaputationa vill be 

perforMd. A profile generating coaputer progra• which will be dis­

cuaaed in detail in Chapter VIII is used to calculate and store values 

related to the dynaaic• of the aircraft and satellites at each time 

incre• ent of n1111erical integration. The velocity and acceleration 

coaponents (u well aa other pertinent valuea) are atored and available 

in narigation coordinate• and are thua used in the following developaent 

of angular rat••• The•• angular rat•• and acceleration• will be re­

quired in the propagation of the Pinaon inertial ayate• error • odel 

plant atat••• Also note that the aircraft'• diatance fro• the Earth'• 

center ia approxi• ated aa being equal to the radius of the Earth. Thia 

:la justified by the fact that the altitude of the aircraft ia on the 

order of tvo • ilea a• coupared to approximately 4000 • ilea for the 

9 
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radiua of the Earth. 

The angular rate of the Earth vith respect to the inertial frame 

and coordinatized in the navigation fraae i • 

. [~] (4) 

To get the angular rate of the navigation frame with respect to 

the Earth-fixed fraae uaing the stored value• of aircraft velocity 

coordinatised in the navigation fraae 

(1) rotate through an angle A about 8x 
(2) rotate through an angle e about Ey 

where Ex and Ey are defined in Figure 2. Then 

and 

and 

e A e A 

!en• A •x + e •y• 

1. -v, 
a co•e 

• 'x e •­ll 

(5) 

(6) 

(7) 

vbere •x and •y• are unit 'ftctora along the ax•• about vbich rotation 

occurs. The angular rate of the navigation fraae vitb respect to the 

larth in navigation coordinate• becoaea 

• 
Px • A co• e • - v1/R 

Py• 8 • Vx/R 

• Pa• A • in e • - v1/R tan e 

10 

(8) 

(9) 

(10) 

(11) 
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where R is the radius of the Earth. The angular accelerations are now 

obtained by taking the time derivatives of the angular rates. 

•ft - .x ( ) 
[
p ] 

!!en = i! 12 

• d 
Px • dt (- V1/R) • - Ay/R (13) 

p • .!l_ (V /R) • A /R (14) y dt X ·-x 

;, • ~ (- .2 tan 8) • - ~ tan e - !i 6 aec2 e (15) 
& ut a I I 

The angular rate of the navigation frame with respect to the inertial 

fr- expreaaed in navigation coordinate• ia then, 

. .n • .. n + wn • 
.!!in .!!!.ie -en (16) 

(Reference 6:3-27 thru 3-43) 
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Ill. Satellite Geoaetry and Range Meas·1re•nt Equation 

In this chapter, theory which is peculiar to the use of Navigation 

satellites as updating aids to the INS is developed. First, the ran~• 

--• ure•at equation i• derived. Next, a Mthod for deteraining whether 

or not a satellite is observable or "in view" is presented. Finally, 

the •atellite motion generator, a computer routine which ~alculates 

satellite orbital element• and unit vectors from the aircraft to the 

satellite as functions of tm, is discussed. 

Range Measureme.,!!l ~uation 

The range divergence equations, characterizing the range measurint 

proc•••• are generated by the user froa a combination of INS and satellite 

infonaatioa. The range measurement process involves the comparison of 

a •••ured value of range againat a predicted value of range. The 

Ma• ured range to a satellite i • deterained by IM!a•uring the incremental 

pba• e shift between the user and satellice clocks which were •ynchronized 

at an earlier time. The computed range is obtained from satellite ephe­

•ri• Jata and user INS • upplied position information. Both the measured 

and computed range values contain errors; however, if the measured and 

COIIFUted values are subtracted, the difference will contain only the 

error•• Thi• difference is called the range divergence. If these error• 

can be IIOdeled a• the outputs of linear systeu driven by white Gaussian 

noi•e, then a lCalman filter can be constructed to estimate these error• 

and areatly improve upon the accuracy of the raw range data. 

In order to avoid the notational inconvenience of using subscripts 

to keep track of which satellite is being referred to, consider the case 

where a si,·,gle satellite is observed. The results are identical for any 

12 
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one of the 27 satellites and therefore easily extended. The range vector 

of interest is the vector!. fro~ th~ aircraft (or user) to the s~tellite. 

It is related to the two vectors !a and !a which are illustrated and 

defined in t;1e following figure. 

It follows that 

-
r • position vector from user to 

satellite 

!a• position vector from rarth'a 
center to aircraft 

!.a• position vector from Earth's 
center to satellite 

Figure 3. Definition of Ran~e Vector 

r • r - r - .:.a .::.a . 
r = 1.rl • 1.!a - !al 

r • yr • r • y (!_a - !a) • (!a - !a) 

(17) 

(18) 

(19) 

Tue measured range to tl1e satellite, r', is composed of two parts, 

r' • r + c5r' (20) 

where r ia tne true range, and c5r' is the error in the measured range. 

The computed range to the satellite, r*, is also composed of two 

parts, 

r* • r + c5r* (21) 

where r is the true ranre, and c5r* is the error in the value of the 

computed range. The quantity that is being observed ia then the 
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difference of ti1ese two range values and is called tl.e ranee divergence, 

Ar. 

Ar• r' - r* • 6r' - 6r* (22) 

£rrord !!! .~mputed Range. The co~puted satellite position is in 

error due to errors in the ephemeris data, while tile u;s errors account 

for tne uncertainty in the aircraft's position. 

r* • r + 6r* 
~ ~ --
r* • r + 6r* -- .... ---

(23) 

(24) 

lhe error equation is then obtained by noting from equation (19) 

that 

(r*) 2 • !.* • !.* (25) 

l'al..ing the differential of both aides of the equation, 

2r*6r* • r* • 6!_* + or* • L* (26) 

or, 

6r* • l (r~ • 6r*) • ( ! r*) • 6r* 
ri: - - r-=-

(27) 

Noting that the ·quantity in parentheses on the right h11nd aide of the 

above equation is simply a unit vector from the aircraft to the satellite 

and also that 

the computed error is t~en 

6r* • ir* • . ~~·,) 
-·-rl 

(28) 

(29) 

(30) 

Satellite orbital parameters are urhlatad by the ground tr11ckine network 
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on a periodic basis and relayed to the user alon8 with the range tlata. 

tilia ephemeris data is highly accurate; any uncertainties in computed 

aatellite rai13e can be accounted for uy increasing the satellite clock 

phase error. Thus, it is a~sumed that 6!. is appro~imately z~ro, and 

t,1e computed range error is 

6r~ • - ir* • ~r• -a (31) 

The computation of the above equation requires values for the unit vector 

fr°'1 the aircraft ~o the satellite and current values for the x, y, and 

z INS position error states (a,a • [Ax, Ay, A1]T). Actually, the root-

aean-aquared (PJ1S) value• of the covariance of the position errors are 

used, aince this is a stochastic process simulation; this statistical 

upect of the problem will be discussed in later chapters. 

Errors .!!!_ ?~asured l'.ange. ~fodelinr. of t!1e range measurement error 

requires a knowledge of the various error sources ~.,hich are contained in 

the measurement and fitting these error sources with empirical data. 

The model used in this simulation is a somewhat simplified version of 

the one found in Reference 1. It is a linear combination of three 

comronenta for eaci1 satellite measurement corrupted by white Gaussian 

noise (v). tach of the separate components is a linear system driven 

by white Gaussian noise. l1leae lin~ar models will be discussed in detail 

in Chapter v. 
The range measurement error h modeled as 

(32) 

where 
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C • the speed of light 

6Tu • user clock phase error 

6T
8 

• satellite clock phase error 

6b • range uias 

v • measurement noise 

The bias term in the above equation accounts for the minor effect 

of both tropospheric delay and velocity of lizht bias uncertainties in 

each of the 4 satellite range measurements. The error due to iono•phere 

delay is a function of the elevation angle and on the order of 15 feet. 

As will be explained in Chapter V, this ef feet is assumed to be in­

cluded in thd satellite clock phase/range error (6T8 ). 

Substitution of equations (31) and (32) into equation (22) yields 

the final form of the range divergence equation. 

6r • ir* • 6_t% + c6Tu - c6T
8 

+ 6b + v (33) 

A minimum of four range divergence equaUons, or in other 1vords 

at least four satellites, are required as observables to correct for 

the three coaponents of position and tl1e clock phase or tine difference. 

Also note that for notational convenience the asterisk(*) will be 

dropped in subsequent equation development. 

Satellite In-View Criterion ------
In order to obtain measurer.ients from a given satellite, the sate­

llite must be observaule by the user; that is, it must be at sone 

•pecified minimum angle above the aircraft's horizon for a useful ai~al. 

Thia miniMuM angle is arbitrary and dependent upon the capabilities of 

tho user equirment. A,nominal value of ten degrees was selected for 
I 

implementation in this study. This in-view criterion alon~ with the 
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selection of 27 for the number of satellites globally deployed insures 

that, regardless of the user's location, a reasonable number (say seven 

or eight) satellite~ will always be observable, from whic!1 a "beat set" 

of the required four satellite& 1:\8Y be chosen. 

A method for determining wh,ither or not a satellite is in-view using 

infori.l8t1on calculate\! in tile sat~·llite orbit generating computer proRr~m 

ia now presented. 

- Satellite 

Local Horizon 

Center 

Figure 4. In-View Criterion Geometry 

Ea.in• minimum angle of elevation for useful satellite signal 

Dux • 9o• - Ead.n 

,t, !a• !a• and c: are as defined in the previous section. 

!a is moat readily expressed ir t:le naviRation frame, 

(34) 

(35) 

where R • radius of Earth, h • aircr~ft altitude, and the superscript 
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denotes the frame in which the vector ia coortlinatized. Since re is .... 
cierived from the ground track latitude and longitude of the satellite 

in the orbit generator and readily available, the vector!. from the 

aircraft to tl,e satellite coordinatized in the navigation frame is 

written as 

[~] (36) 

A unit vector along rn is given by 

(37) 

where, 

(JS) 

:-loting that the z-component of the above unit vector is sil'lply the sine 

of the elevation angle or the cosine of D, 

i • [~] • i • cos D -r 1 rz 
(39) 

It foilowB that if the unit vectors from the user to the satellite 

expressed in navigation coordinates are computed, the in-view criterion 

becomes 

D < Dmax (40) 

cos D > cos Dmax (41) 

If irz > coB Dmax satellite is in view. 

If irz ~ cos Dmax satellite is not in view. 

For the arbitrarily selected u,ini~um elevation angle of ten degrees 

this criterion requires the z-component of this unit vector to be 

greater than coB so•. 
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.. 

ir > cos so• (cos so•: 0.174) 
z 

04 

(42) 

A sample output from the satellite orbit generator program listing 

satellites which are in view at a particular time instant is included 

at the end of this chapter. 

Satellite :.:otion Generator 

It is apparent from previous sections that in order to si:uulate an 

INI flight, a satellite motion generator is required to provide necessary 

information regarding the satellites' orbital elements. This section 

presents tae equations necessary to calculate required parameters of the 

satellites and also describes the selected arbitrary initial conditions 

on the satellite constellations. It should be noted that this particular 

configuration is a leading candidate for ii:iplementation in tae proposed 

nu system. 

Total deployment conlists cf three rings or "constellations11 of 

nine satellites each. All satellite orbits are assumed to be circular; 

in fact, the orbital period (and thus t~e orbital velocity and altitude) 

of all satellites is assumed constant and equivalent. Since global 

coverage is desired, the satellites on any given ring are equally spaced; 

thus, the circular arc between any two adjacent satellites on a ring 

subtends a central angle of forty degrees. A satellite is identified 

by a two digit code, the first digit (1 through 9) indicates ~hich 

satellite of the nine on the ring is referred to, and the second di~it 

indicates the particular conatellation (1, 2, or 3). Thua, satellite 

62 is tt.e sixth satellitu on the second ring. 

I!!!. Euler Angles. ~o specify the orientation of any one satellite 

with respect to the Earth-fixed frame require• three par11111eters; the 
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aoat convenient pa~ameters are the Euler anp,les, froa which the direc­

tion cosines or unit vector to the satellite 111ay be detemined. Figure 

5 ehowa two unit ortho~onal rir,ht-hnnded triads (1, l, ,l) and (!, !, 19 

vith origins at point o. The triad (1, 1• t,) has ~ pointing to tbe 

1atellite, and the triad (!, :1,., ~ repreaent11 the Earth-fixed frAN. 

The first Fuler anele tis the nn~le bet~ean i and I, and is - -
the angle of inclination. The secnnd ancle n is the Anr.le between the 

plane (!. !) and the plane (!, J); thia ia the ancle reaultina froa 

the Earth'• rotation. The third angle~ i• the angle between the plane 

(!, J) and the plane (!, .!) ; thil ia the anr.le resultin~ from the 

1atellitea ll'Otion about the Earth. 

Initially let the triad (!. ,1, l) coincide with (!, :1,., !9. 'ffle 

triad (!, ,1, k) can be brou~ht to the general position ehCNn in Figure 

5 by applying the follauing rotation• in ordars 

(1) A rotation " about !; thi11 brin1• the movable triad (!, ,1, l) 

into coincidance with (!, d' • !i,'). 

(ii) A rotation c about ~•; this brin,ta (!, .1, .!) into coincidence 

with (!, t,' • !i,') .. 

(iii) A rotation r,; about !; this brin~s (1, ,1, Ji) into the rcq\lired 

final position. 

It ia observed that all ~os11iblc positions of the body can be ob­

tained by assigning values to C, "• ~ in the ranges 

0 < t < w - - 0 < 'I'\ < 2,r - 0 < t < 2,r -
Let A be the rotation matrix tr :. ·,:, forminr. a unit vector from the 

1eneral coordinate frame (!, J., ~~- . · .,1rth-fixed fral!II. Then, 
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Fig. 5. The Euler Angle• 
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I i 8 1 l •12 al3 i 

J • A j • 8 21 •22 a23 j (43) 

K k 8
31 •32 a33 

,. ·~ 
Where I, J, 1~, i., j, k represent the scalar components along their 

respective a~es. ~ince the unit vector to the satellit~ i • coincident 

with ~ (i.e., i • j • O, k • 1) this si1:1plifie• to, 

m -r:::] (44) 

These direction cosine~ 11111y be obtained by reaolvin& vector• in Figure 

S. Alternately, the cosine law of spherical triangles raay be applied 

at this point (See nof 7 :17-10. tains either oethod the follcr..,ring 

valu~• are obtained. 

a 13 • ain r; ain t (45) 

a23 • -(sin fl cos t + cos n • in t cos t) (46) 

a33 • cos fl cost - sin Tl ain ,: cost (47) 

(Ref 8:259-261). 

a
13

, a23 , and a33 represent the com;,onents of t:1e unit vector along 

~• the vector from the center of the earth to the satellite expreased 

in Earth coordinatea. 

Initialization of Satellitc:1. ~'.le initial co~1ditiona and cont:tant 

parameters of the satellite orbits ;r~ niven in the followin~ two tahles. 

Hote tnat m refers to the r;ith snt•.; J. t ,:.: on tl.e designated ring; for 

ex,lmple, the entry of ml in th, ,. !1 ttinl conditions represents 

the remaining eig,1t satellite::1 o .. i. •. _ ~ .. i:t;t constellation. The nucbers 

22 
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which are missing froi:i the table (represented by---) are dependent upon 

the initial values oft, n, and t which are specified. The latitude 

and lonzit.ude value• refer to the ground track of the satellites. 

11 

al 

12 

m2 

13 

a3 

TABLE 1 

Orbital Desi,n Constanta 

Orbital Period 

Angle of Inclination Ct) 

Altitude 

TABLE II 

8 Hrs. (all satellites) 

ss• (all three satellite rings) 

7496 n. Iii. (all satellites) 

Navigation Satellite Initial Condition• 

Initial Initial 
Latitude Longitude to 

(deg) (deg) (dep,) 

0 0 0 

-40(m-1) 

0 120 0 

-40(m-1) 

0 -120 0 

-40(m-1) 

These satellites may be initialized at any given time relative to 

the flight time since they are in reality not yet in orbit and their 

orbits remain arbitrary. For computational ease, the satellites will 

be given the aLovc initial conditions at the start of the 1~1 fli~ht 

(t • O). However, if the satellites were actually in orbit, then 

23 
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initial positions would be dependent upon the user take-off time. A 

pictorial representation of the satellite orLits is shown in Figure 6. 

Co:nputational Sequence. The sequence of equations required to com­

pute unit v~ctors for each of the 27 rn is n01,.• presented. 

t • 55• 

n • 12o•(n-l) - (1•/240 sec)t 

t • -4o•(rn-1) + Ct 

(48) 

(49) 

(5~) 

Where•• aatellite deaignator, n • ring designator, and 1•1240 aec 

repreaenta the rotational speed of the Earth. Also, 

C • ✓c./r8e • orbital • peed 'the satellite (51) 

The components of ~ are now computed tJs ... ng the Eulerian Anglea. 

sin t sin t 

- -(sin n cost+ cos n sin t cos() (52) 

cos n coat - sin n sin t cost 

The ground track latitudes a11d longitudes are given by 

(53) 

(54) 

The required components of the unit vector along rn J!IBY now be computed. 

(55) 

(56) 

r • /(r )Z + (r )2 + (r )2 
X y Z 

(57) 
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i • r0 /r • -rn -

A test on the in-view criterion is ?Nlde 

ir > cos so• ? 
z 

(58) 

(59) 

The three components of the unit vector, the latitude, longitude, 

and in-viev criteria for each of the 27 SRtellites ia calculated and 

atored at each time increment of nUT11erical inter.ration along the flight 

path. A sample output of these values is presented in Table III. This 

table shows the output of the rrofile r,enerator pror,rn~ for the 27 

aatellites. The first block is rin~ 1 consisting of nine satellites. 

Colums 1, 2, and 3 are the x, y, and z components of the unit vector 

from the aircraft to the satellite expressed in the navir,ation frame • 
. 

Colw:m• 4 and 5 are the satellite ground track latitude and longitude 

reapectively (in decrees). Column 6 is the in-view criterion, the 

component of the unit vector in the z direction. If this value is 

ereater than cos so•= 0.17, then colurm 7 will contain a T (for True) 

·indicating the satellite is in-vi~l. The 2nd and 3rd blocks repreaent 

ring• 2 and 3. Note that the satellites in view of this particular 

time instant are satellites 52, 62, 72, 13, 83 and 93. 
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Table III 

Satellite Position and In-View Criterion at Ti~e • 360 sec 

Satellite 
Nuri>er 

11 
21 
31 
41 
Sl 
61 
71 
81 
91 

12 
22 
32 
42 
52 
62 
72 
82 
92 

13 
23 
33 
43 
53 
63 
73 
83 
93 

-.~7b 
-.11c. 
-. •~7~ 
-.76& 
-. 2 lt3 

• 'J63 
• 817 
.c:;H:! 
• :; e 1 

• &t&t7 
• t£t5 

... 3~0 
-.72&t 
-.e36 
-,&t&6 

• io3 
, 7't0 
,723 

•,3E8 
-. 5'clt 
- • 4 c.e 
-.2ce 

• 1t 7 
, It 1 Ci 
,6i5 
,SEC 
, 101 

__ _,_ --- --

- , 91:o 
.. , b«;S 
-,i:,11 

• 517 
·":!3 
,773 
• J66 

-,243 
.. , 7 4:8 

• 196 
-, 1Z9 
•,ltu7 
-. 561 
-,486 
-, i.;58 

, 496 
, 65& 
• lt93 

,a,.~ 
,7eC 
• 4 ftl 
,007 

-,ft13 
-,716 
•,772 
-.3~1 

,391 

-.u:+'+ 
• • .j7 8 
-,217 
-.382 
-.'49& 
-,521 
-. 'tlt7 
-.29q 
-,1J7 

-,673 
-. 991 
•,b 3 J 
-. '+ 0 0 

,256 
• e SJ 
, o 14 
,145 

-. Ct 8 3 

,J6U 
-.i11 
-,717 
•,'?78 
-,e;ui. 
•• !-S6 

, 0 :.! 3 
, 7L, 
.91~ 

27 

~.7 
-28,~ 
-52. 5 
-lt7,7 
-1c;.9 

12,6 
C.2,5 
;c.. 6 
3 !) , 1 

3,7 
•28,lt 
-52,! 
-a.1.1 
•19,«: 

12,E 
42,5 
s:..e 
:!5, 1 

3,7 
-26,lt 
-52,5 
-47,7 
-1q,g 

12,& 
t.2, 5 
!,;!+. 6 
35,1 

Rinr 1 

1,1 
-2~.7 
•f7,2 

-1:!1,2 
•HE ,e 
1fS.5 
1n.1 7~."' 

n,CJ 

P.ing 2 

1,1.1 
~6.3 
52,8 

-11.2 
•C.6,8 
-70,5 

•101,3 
•1E1,f) 

1 .. 7. 9 

P.in'5 3 

•110,9 
•11t3,7 
112.e 
108,8 

73,2 
ltCJ .s 
18,7 

•41,0 
•92,1 

•,J4 F 
•• l 6 F 
·• 2 2 F 
•• 38 F 
-,;a F 
•,52 F 
•• -t5 F 
•,JJ F 
•, 1&t F 

•,87 F 
•,9«: F 
•,8:! F 
•,ltO F 

,2t l 
.ee T 
,81 1 
,15 F 

•,lt8 F 

,3£ T 
-,31 F 
-.1e F 
... qe F 
-.9~ F 
-.se F 

• O:! F 
,71 T 
,91 T 
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IV. Kalm!!l Filter Equati~ns 

Desicn of an INI Kalman filter requires extensive cor,puter simula­

tion. This chapter is a diBcussion of the equations which are required 

not only for the mechanf zation of the filter but also those which are 

necessary to si~ulate the d~rnnmics of the user• or aircraft• and the 

drivinr, error sources. 

The Mthod of covariance analysis will be the principal tool used 

in solution of the problem. In this analysis, arbitrary initial condi­

tions on the di3gonal clements of the covariance matrix, P, are specified 

and the off-diagonal terms are assumed to be zero initially. The 

covariance is a measure of the uncertainty in the kn°"'•ledge of the true 

values of the components of the state vector. In the siculation, the 

covariance matrix of both the system and the filter are propagated for­

ward in time by nUr.terical integration techniques. When the specified 

update time is reache~, the best estimates of the states are deterudned, 

and control is applied to the system to adjust the values of the state 

variable to the beat estimate obtained with the Kaln:an filter. The 

square root of the individual diar,onal eleu,ents of the systec covariance 

utrix are then plotted as a function of time to yield a basis for 

comparison of filters. 

In this •i~ulation, the error statistics are propa~ated; i.e., the 

standard deviation of the noise is ahrays supplied when a noise value is 

required. This ia in contrast to a "Honte Carlo" type simulation where 

an actual sequence of noise values is measured and recorded for use in 

the simulation. This is possible because the covariance is independent 

of actual measurement values, and can be computed without generating a 

•ample • equence of measurement value•• 
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Syatem Model Eguat12!!!, 

The basic equations used in this process are the differential equa­

tions that describe how the inertial navigator errors propagate with 

ti•• The equations are formulated into a set of first order, linear 

differential equations, driven by white Caussian noise. Linear measure­

ments are made upon the actual system variables, and these are corrupted 

by white Gaussian noise. It is assumed that the equations representing 

a detailed model of the 1yatea are aa followai 

where 

!a 

'• 
c. 

!a 

• .!a• Fa!a + Ga3!. (60) 

is an n1 vector denoting the true state 

is an n1 X Dl aystem dynamics matrix 

is an n1 X 111 gain matrix 

ia an 11
1 

vector of white noise inputs with zero mean and 
variance 

i • j 
i ~ j 

(61) 

where i and j are instants in time. 

The observations obtained from external referenc~• can be described by 

the linear measurement vector equation 

.!s. HA+ .!e (62) 

where 

!a 1• an r vector of measurement• 

H• is an r x n1 measurement matrix 

!a 1• an r vector of white noise inputs with zero mean and 
variance 
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i - j 
i ,, j 

(63) 

It is assumed that the system noise and measurement noise are uncorrelated 

for all time. 

all i,j (64) 

Filter Equations 

The above set of equations are assumed to be a complete and accurate 

mathematical description of the INI system dynamics and measurement equa­

tions for the purpose of simulation. It is also the set of equations 

which would be utilized in the design of a fully optimal Kalman filter. 

However, due to the computational burden of the optimal filter, a sub­

optimal filter design is obtained by reducing the dimension of the state 

vector. The states that are eliminated are the ones that least affect 

the accuracy of the mathematical description of the IUI. Thia auboptiaal 

filter can then be implemented with an aircraft on-board computer. 

Tbe suboptimal filter structure is represented as follows where 
.. 

~ is the design filter state and xf is the filter best estimate of the 

design filter state. 

where 

~ is an n2 vector 

Ff is an n2 x n2 filter dyn, .:1ics matrix 

Gf is an n2 x m2 gain matr: .. 

(65) 

.!!f is an m vector of ~.-i1'! ~, · 
variance 

1 • : ~ inputs with zero mean and 
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The filter measurement equation is 

where 

.!f is an r vector 

Hf is an r x n2 measurement matrix 

i • j 

i ~ j 
(66) 

(67) 

!.f is an r vector of white noise inputs with zero mean and 
variance 

T f Rt (1) 
E[!.fU)!f (j)] • l 0 

i • j 

i " j 
(68) 

The filter design based upon the above design state is given as follow:,: 

.between measurements 

At a measurement 

where 
.. 
!f is an n2 vector denoting the best estimate 

Pf ia the filter covariance matrix 

- superscript indicates the time instant before update 

+ superscript indicates the time instant after update 

Kf Kalman gain matrix 
31 
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The filter takes the actual measurell'ent z and subtracts from it the -a 

best prediction of its value before the actual measurement is taken, 

• Hf.!f• This difference 1s then ~assed throurh an ortinal weir~ting ma-
.. _ 

trix Kf, and used to correct .!f• the beet prediction of the state at the 

time instant before the t11easurement is taken, This Eives the best 

estimate after update, This estimate iR ~ropar,at~d tn the tir.e of the 

• • 
next measure~ent sample with the above •~uation8 i, and P, 

These recursive relationships are initiated from the assumed Gaus• ian 

density that describes the apriori kn01Jledge of the state, 

x(O) -
.. 

• l5o 

P(O) • P0 

(74) 

(7S) 

The Kalman filter will propagate the conditional probability density 

of the desired quantities, conditioD41 on the actual measurements taken, 

The probability density function of 4 Gausnian noise ar.iplitude tal~es on 

the shape of a nomal. bell-shaped curve, ThiR assUffl!)tion of Gaussian 

noise amplituue is justified by the fact that a system or measurelN!nt 

noise is typically caused by a nU111ber of small sources, It can be 

shown mathet'latically that uhen a null'.ber of random variables are added 

together the sunned effect is very nearly a C~ussi:m probability density, 

regardless of the shape of the individual densities, Additionally, the 

use of Gaussian densities maltes the nathe1'llltics tractable, The first 

and second order statistics (menn and variance or stnndard deviation) 

completely detemine a Gaussian density, Thus, the Kalman filter, which 

propar,ates the first and second order statistics, includes all informa-

tion contained in tho conditional probnbility density (Ref 10:4-6 & 2:6-21), 
I 

The mean or expectfttion, (p) 9 of a density is defined as 

32 

hr > ct I h 2 N&I 'to ,, f e • 

i 
! · 

, I 
; I 

I l 

I! 



: .' " - .. ·r~•~··,·~~~~$&-.. ~J..•4~1~1---~R-P~l-•ZZ~. ~-~4.~P~•~-• ~-·--~A~.•·•~•~o~4;~0---~f .. ~44--~,~M~J -W-•~za-4~q«~o~.-•~,;•-•~.~ .. - .~P~.- ~r.w~m---·~'·-o-. •-->~W--•~•·--

0 

0 

0 

GA/F.E/74U-l 

-r. [ x] • µ • !__ xf(x)dx (76) 

This is interpreted as the wcip.hted avera~e of the values of Y., us:f.nr, 

the probability density function f(x) as the v~ir,hting function. This 

value is assul'!f'd to be zero for all Gaussian whit1! ~rivinc noises used 

in this simulation. 

The variance (a 2) of a density is defined as 

-Var[x] • a2 • J ..., 
(x-µ) 2f(x)dx . (77) 

a2 is the weichted average of the values of (x-~) 2 ; thus, a2 is a mea­

•ure of the spread of the density. (r..ef 11:136-146). It is a direct 

measure of the uncertainty: the larger a is, the broader the probability 

peak is, spreading the prohability weight over a larger range of x 

value,. For a CausKian density, 68.3Z of the probahility veight is 

contained within the band a units to each side of the mean(~) vhich 

represents the area under the nomal bell-shaped curve bett-•een •a and 

+a and 95.4% of the rrobability weirht is contained between •2a and 

+2a. 

Equations 76 and 77 give the first and second order statistics for 

the acalar case. Theae equations arc ea!ily extended to the vector case 

(u required in this study) and are 

- -• • / x_f (!)dx1 • • • d"n (76a) 
_..., 

- CIO 

Cov-[.!] • P • £.• • • J <.:.:. - J!) (,! - J!) T f (!) dx1 • • • dXn - (77a) 
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V. System Model 

To apply the Kalman Filter equations developed in the previous 

cnapter, a reference system model that is a good approximation to the 

real world dynamics is needed. Thia chapter outlines the reference 

system equations selected for this design study. The chapter is pre­

aented in four sections. The first section defines the 44 error states 

incorporated in the system model along with their assumed initial condi­

tions. Also, the system dynamic matrix F8 is presented in partitioned 

utrix form. The second section discusses the modeling of the INS plant 

error states. The third section presents ms and satellite error source 

modela, linear system driven by white Gaussian noise. The last section 

displays the •asurement equation (62) explicitly in matrix form. 

State Variable Definition! Initial Conditions 

Table IV presents a detailed liatins of the 44 states utilized in 

the reference syate111" model. The initial conditions on the ms error 

states are highly arbitrary, and values similar to those used in other 

studies are selected. Tho initial conditions on the accelerometer and 

gyro error states are typical of an inertial na~igation system in the 

one to two nautical mile per hour class. The initial conditions on the 

user clock are similar to those in Reference 1. The initial conditions 

on the satellite clock model are claaaified; therefore, reasonable order 

of magnitude number• were selected in order to maintain the unclassified 

status of this report. It should be pointed out that whenever an 

integrator ia required in the simulation diagram, the output of this 

integrator is a ayatem atate variable. Thus, tho addition of an inte­

arator to an error model increases the diMnaion of the error state 

34 
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0 Table IV 

Syatem ,!! State Vector Definition 

Error RMS Initial 
State Symbol Definition Condition 

INS Plant Error States 

1 tax x position error 3000 ft 

2 Ay y position error 3000 ft 

3 A& • poaition (altitude) error 300 ft 

4 • 2 ft/sec Ax x velocity error 

s Aj y velocity error 2 ft/aec 

6 Az z velocity error O.S ft/sec 

7 •x x attitude error 0.14 millirad 

0 8 ., y attitude error 0.14 millirad 

9 •. • attitude (heading) error 2.0 millirad 

INS Err.-or Source• 

10 an x random accelerometer 
noiae--ex?otentially 20 11g'a 
correlated, t • 600 ••c 

11 Gry y random accelerometer 
noiae expotentially 20 ..... 
correlated, t • 600 sec 

,j 
12 • random accelerometer Gra I noiae--expotentially 20 ..... 

correlated, t • 600 aec 
q 

13 x accele _o:net.:r bias 66 µg'• 
·1 

abx • ; j 

!I 
u 

14 Clt,y y accelerooct . r bias 66 ..... 
15 abs • accelero~ct .. ,: lJias 132 111'• 

l 
16 'rx x rando?T: r'.· :· . f t 

0 expo tent i :: : ' · r~ Jnted, 0.012 dett/hr 
t • 3600 ace 

3.5 

,_...,, ... _..___.__.;,, ;,,,,,, . ,•,- l O ii sf j ·t • • . ....__......,._ , 
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Error 
State 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

Symbol 

Table IV 

Syatcm 44 State Vector Definition 

(Cont.) 

Definition 

y random gyro drift 
expotentially correlated, 
t • 3GOO aec 

a ~~ndom gyro drift 
expotentially correlated, 
T • 3600 aec 

x gyro biaa 

y gyro bias 

z gyro biaa 

Uaer Clock Error• -

RMS Initial 
Condition 

0.012 deg/hr 

0.012 deg/hr 

0.025 deg/hr 

0.025 deg/hr 

0.04 deg/hr 

uner clock phue/range error 1c.ooo ft 

uaer clock frequency offaet 

long tena atability error 

Satellite Clock Errors 

aat. clock fl phaae/range 
error 

5 ft/aec 

S x 10-6 ft/aec2 

100 ft 

aat. clock #1 frequency 0.01 ft/aec 
offaet 

aat. clock 11 atability 1 x 10-7 ft/aec2 

term 

aat. clock 11 expotentially 1 x 10-3 ft/sec 
correlated noise. t • 10000 sec 

ut. clock #2 phase/range 100 ft 
error 

aat. clock 12 frequency 
offaet 

36 
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Error 
State 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43· 

44 

Syabol 

Table IV 

Syatem ,!! State Vector Definition 

(Cont.) 

RMS Initial 
Definition Condition 

aat. clock ~2 stability term 1 x 10-7 ft/sec 2 

aat. clock 62 expotentially 1 x 10-3 ft/sec 
correlated noise, t • 10000 aec 

aat. clock 13 phaae/range 100 ft 
error 

Nt. clock 13 frequency 0.01 ft/aec 
offaet 

aat. clock #3 stability term 1 x 10-7 ft/sec2 

aat. clock #3 expotentially 1 x 10-3 ft/aec 
correlated noise, t • 10000 aec 

Nt. clock 14 phaae/range 
error 

100 ft 

aat. clock D4 frequency offaet 0.01 ft/aec 

• Nt. clock i4 stability tera 1 x lij-7 ft/sec2 

aat. clock 34 expotentially 1 x 10-3 ft/aec 
correlated noise, t • 10000 

Satellite Ran~e 3ias Errors 

aat. fl range bias 

Nt. 12 range biaa 

aat. 13 range bias 

Mt. 14 range biaa 

37 

10 ft 

10 ft 

10 ft 

10 ft 
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variable vector by one. Also, x, y, and z are navigation frame axes. 

The initial covariance matrix P(O) has now been completely epcci­

fied. It• diagonal element• are the squared values of the JO'.S initial 

conditions given in Table IV. The remainin8 off-diagonal elements are 

ass1med to be zero initially. Propagation of the linear variance equa­

tion (70) requires additional kno~ledge of the two matrices F and Q' 

where 

Q' • GQGT 

The'• aatrix i• partitioned aa follows 

1-9 10-15 16-21 22-24 25-40 41-44 

F • • 

1-9 F 11 r 12 

10-15 0 F22 

16-21 0 

22-24 u 

25-40 0 

41-44 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

, .... 
0 

0 

0 

0 

0 

0 

1ss 

0 

0 

0 

0 

0 

0 

0 

(78) 

(79) 

The •ub11&trices of equation (79) will be displayed in explicit 

fon aa they are encountered in the following sections. The only non­

sero elements of Q' are all diagonal and will be Riven in the following 

•ection• a• qi where the i • ubacript deno~~v ~he row and column of the 

value. For example, q10 indicates th.it this is the value belonging at 

the intersection of the 10th row ar,d Dth column in the Q' matrix and 

correspond• to a white noiae input o . state variable number 10. There 

are eleven non-zero elements in the ,-_.erence system Q' matrix corres-

ponding to states 10, 11, 12, lt, I 1 ·:2, 25, 29, 33, and 37. 
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Plant Error States 

The plant error state equations are the differenti3l equations 

deacribing the natural unforced dynamic response of the errors in the 

inertial navigation system. This includes nine states: x, y, and z 

position, velocity, and attitude in the navir,ation frame. Additional 

state variables are usually added to these for the purpose of danping 

the inherently unstable vertical channel. Also, an altimeter measure­

lMlllt may be added to the •asurement equations. 1:owever, since the 

navigation satellites provide position information along all three of 

the x, y, and z axes, inclusion of theae additional state• and measure­

•nts to control the altitude divergence is not absolutely necessary. 

In actual practice, an altimeter will be provided on the aircraft and 

may be used aa a back-up for NAVSAT equipment failure or for temporary 

•asurementa during the period a aatellite goes out of vie"' and a ne,.. 

one is being acquired. 

Tiler• are various models of these nine 11,S plant states available 

for implementation. The Pinson error model was selected as it was the 

model used in the SAl·XS and profile generating computer programs which 

will be explained in a later chapter. A derivation of the Pinson error 

aodel is given in Chapter 4 of Reference 9. This model, which makes 

up the r11 matrix is shown in Figure 7. 

Error Source Hodel• 

The error propagation equations given in Chapter IV were developed 

under the assuaption that the system disturbances (u(t)) are not 

correlated in time. The estimation of disturbances which have signifi­

cant time correlation is done by means of "state vector augmentation." 
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That is, the dimension of the system state vector in increased by in­

cluding the correlated disturbances as well as descriptions of their 

dynamic behavior in the appropriate rows of an enlarged F matrix. Be­

cause these quantities are random, their behavior cannot be described 

deterministically. Instead, they are modeled as state variables of a 

fictitious linear dynamic system which is excited or driven by white 

noise. This model serves two purposes; it provides proper autocorrelation 

~haracteriatics through specification of the linear system and strength 

of the driving noise, and the random nature of the signal follows from 

the random excitation. 

The correlated system disturbances utilized in this study are each 

mdeled by a combination of one or more of the several types of basic 

error models described in Figure 8. 

Specification of the block diagram 1110dels of these error sources 

implies the structure of the F and Q' matrices. 

The random constant or bias is a non-dynamic quantity meant to 

model a constant of unknown amplitude. It is simulated as the output 

of an integrator ~ich has no input but has a random initial condition. 

Its constant nature is indicated by the fact that the corresponding 

rows of the F and Q' matrices contain only zeros. 

Random walk, which derives its name from an illustration involving 

a man who takes fixed-length steps in arbitrary directions, is simulated 

by passing white noise through an int !•~rator. In this case, the row of 

the augmented F matrix contains only : ·ros. However, the corresponding 

row and column of Q' is nonzero, the "' fonent at their intersection is q. 

Random errors which exhibit .. It,~ time-growing behavior may 

be described by the random ramp or the random parabola (which is formed 
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by adding a long-term stability state to the random ramp). These models 

will introduce non-zero elements into the F matrix, and when driven by 

white noise, into the Q' matrix. 

The expotentially correlated random variable whose autocorrelation 

function is a decreasing expotential, provides a reasonable approxication 

for a band-lioitcd signal whose spectral density is approximately flat 

for a finite baudvidth. Thia type of random variable introduces a single 

non-zero diagonal element -a into the F matrix. 

(80) 

where t • correlation time constant of the expotentially decaying func­

tion. 

If the value of the corresponding element in the initial covariance 

aatrix P(O) ia specified, then the noise value required to drive the 

fictitious linear system for computer simulation ia determined as follows. 

Since q is constant, in steady state p • 0 so that from the linear vari­

ance equation 

, :a r o· =='• +e: , 

0 • FP + PF T + Q' (81) 

or• in the scalar case 0 • -Bp - p8 + q (82) 

q • 28p (83) 

Therefore, tile expotentially correlated random variable requires a 

diagonal element in Q' whose value is two times the initial covariance 

value divided by the correlation time (Ref 5:3-36 thru 3-49). 

m_ Error Source Models. Through extensive testing and detailed 

knowledge of sensor dynamics many imperfections and errors of inertial 

navigation systems are removed by careful design. But when all the tests 
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for predictable errors and the ingenious design tricks have been ex­

hausted, there still remain errors whose source defies compensation. The 

1tatiatical behavior of these sensor errors can be obtained through 

teating and fitting curves to laboratory experimental data. The error 

aodela chosen for the gyros and the accelerometers are typical of an INS 

in the one to t,.-o nautical miles per hour class. 'l'hey are both modeled 

•• linear coabinations of a random bias and an expotentially correlated 

randoa variable excited by white noise. Note that this requires two 

states for the x direction gyro drift and two states for the x direction 

accelerometer error, and similarly for they and z directions. There­

fore, IIOdeling of the INS driving errors requires 12 additional states 

in the 1ystem error state vector. Block diagrams and corresponding 

aleMnts of the F and Q' matrices are as follows. 

I.C. 

ab 

I 
1.c. 

a 

u(t) I Gr 

Fig. 9. Accelar<"•:: , .. '. · ·· ·n~or Source Model 
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The F and Q' matrix terms are 

10 11 12 13-15 
10 -s 0 0 a 
11 0 -B 0 0 

'22 • a 
12 0 - - -13-1S 

10 

1-3 

0 -8 
- - -·-·- --0 

11 

0 

12 

0 

13-15 

0 -- -
I 
I --- -----

4 1 0 0 I 1 0 0 I 
s 0 1 '12. 0 I 0 1 0 

I 
6 0 0 1 ' 0 0 1 - - - - -7-9 0 

_,_ -- -0 

qlO • 28aP10 

(84) 

(8S) 

(86) 

q10 • 2(1/600 1ec)J(20 x 10-6g)(J2.2 ft/sec2-g)J2 (87) 

qlO • 1.382 x 10-9 ft 2/,ec5 (86) 

Similarly, 

0 

• , i.., .. ... · • ' • '""---•• • • • , .,, ... .:!.:. -i-1 ~ .. ~- -- • f bl lf-'h ' t. 91 

u(t) + 
I 

qll • ql2 • qlO 

I.C. 

I.e. I 
. 
1 

Bg 

Pig. 10. Gyro Error Source Model 
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The F and Q' matrix terms are as follows 

16 17 18 19-21 

16 -s g 0 0 ' I 
17 0 -8 0 I 0 

'u • g I (90) 
18 0 0 -s -- - - - - _g_ ---

19-21 0 I 0 I 

16 17 18 19 20 21 

1-3 0 
r 

0 _J_ 
4-6 0 I 0 __ , ______ 

F13 • 7 1 0 0 I 1 0 0 (91) 
I 

8 0 1 0 I 0 1 0 

9 0 0 1 
I 
I 0 0 1 

ql6 • 2811\6 (92) 

q 16 • 2(1/3600 •ec))(.012 deg/hr)(4.848 x 10-6 ~=:~::c )]2(93) 

(94) 

Siailarly, 
(95) 

Note that the accelerometer error source• are additive to the Ax, Ay, 

and As plant state differential equation• requiring the non-zero ten• 

of the r 12 matrix. Similarly, the gyro error •ource• are additive to 

the diff~rential equation• of the plant attitude error • tate• tx, • y, 

and•• requiring the non-zero terms of the r 13 matrix. 

NAVSAT Error Sources. ~.odeling of the navigation •atellite error 
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sources requires extensive testing, compiling of empirical data, and 

curve fitting. The error source models selected for this design study 

are a modified version of those found in Reference 1 and include: one 

user clock, four satellite clocks, and four range biases (one per sate­

llite). 

In operation, the range cieasuring process would be initialized by 

synchronizing the user'• clock (i.e., oscillator) with the clock signal 

received froa the satellite at aoae arbitrary starting tille. ltange 

increaenta would thcn be measured by counting incre•ntal phase shift 

between satellite and user clocka aa the vehicle moves. If either clock 

drifts, however, erroneous incremental phase shift• will be measured. 

During the tracking process the satellite clocks are in effect aynchro­

niaed to the master tracking station clock by eatimating the satellite 

clock drift model coefficients. These coefficient• are to be updated 

nery hour and relayed via the satellite uaer link to the user for uae 

in correcting raw incremental range measurements. Thu• the satellite 

clock error i• a function of the accuracy of the drift model coefficient 

estimate• (Ref l:_2-14 thru 2-18). 

Reference l suggests the following model for both the user clock 

and the four satellite cloc~.a. Note that although the structure of the 

uaer and satellite clock 110dela are the aame, the uaer clock initial 

errors are order• of magnitude greater than those of the satellite clock 

because of the greater accuracy oft,~ periodically updated satellite 

cloclta. 

Iii I 

The utheutical equation repre ;_; · . tin~ the clock error ia: 

' b tt ~ 

•t • C + •· · u O ~1 .. 
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where 
" . 
c(t) + Be • u(t) 

E[u(t)) • 0 

E(u2 (t)) • 2SE{(c(t))2 } 

(97) 

(98) 

(99) 

The block diagram of the fictitious linear system si~ulating this 

mathematical equation is given in Figure 11. 

+ 

I I 

u(t) I 
• 
£ 

• 
Pig. 11. Clock Error 1-Ioclel 

The value• •uggeated for the •atellite clock error coefficient• 

• (C , c1, c2, £) are claaaif ied; arbitrar:,' numbers • elected for the de-
o 

•igu are given u initial condition• in Table IV. 

The contribution• to the •Y•tem F and Q' matricea by the aatellite 

clock• are then 
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25 - 28 29 - 32 33 - 36 37 - 40 

0 l 0 1 I 
25-23 0 0 l 0 0 0 0 0 0 o o I I 0 0 O -B • - - - -

I~ 
1 0 l I 29-32 0 0 l 0 0 0 0 0 0 0 

I 10 0 o -s.1 
F55 • - - - -

I~ 
1 0 l 

33-Jb 0 0 0 l o I 0 
0 0 0 0 

1
o o o -s. - - --1--

0 l O 1 
37-40 0 0 I o 

1
o o 1 o 
0 0 0 0 

10 0 0 -s • 

q25 • 2(1/10000 •ec)(l x 10-3 ft/aec) 2 

(101) 

(102) 

(103) 

Sillilarly, 

q • 2 x 10-lO ft2/aec3 
25 

(104) 

Tbe auggeated u•er clock error coefficient• are given in Table V. 

Table V 

Suggested.!!!!!, Clock Error Coefficient• 

Error 
Coefficient• 

co 
c, 

C2 

• 
C 

RMS 
Value 

10000 ft 

S ft/aec 

S x 10-6 ft/•ec2 

2.5 ft/aec 
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Th~se numbers are typical of a good quality, temperature controlled 

quartz crystal oscillator suitable for airborn application. These values 

are much higher than the satellites' hut will be greatly reduced by the 

inherent calibration process of the i:u Kalman filter. Random drift of 

the user clock is caused predo111inantly by the acceleration sensitivity of 

the crystal which responds to aircraft vibrations. The short correla­

tion time of this process is due to the relatively wideband nature of 

the aircraft vibration apectrum (Ref 1:2-17 thru 2-18) • 

• However, the correlation time of the£ state variable in the user 

clock is so short in comparison to the numerical inte~ration step size 

used in this simulation that a modification is necessary. The short 

correlation time and hence the wideband nature of this random vari.1ble 

may easily be approximated as a white noise input. Thus, the user clock 

error model used in this study is given in Figure 12. 

+ 
I I I 

u(t) 

Fig. 12. Simplified vser Clock Error Model for System 

'Ihe suggested values for C
0

, c1, and c2 are used; the initial P.MS 

value of the covariance on the woitc noise input u(t) iR assumed to he 

6. 2S ft/sec. 

Thus, 

r .... • 

22 

23 

22 

24 O 

so 

23 

l 

0 

24 

0 

1 

0 

(105) 
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and 

q
22 

• 6.25 ft 2/sec (106) 

Wben tne satellite signal passes through the ionosphere, the signal 

is bent or refracted. Thus, the signal path is not n perfectly straight 

line but has n slight amount of curvature to it. 

range 

user 

- Satellite 

Range 

Elevation Angle 

Fig. 13. Ionospheric Delay 

This increase in signal path length due to unpredictable ionospheric 

delay is on the order of 15 to 25 feet depending upon the angle of 

elevation of the satellite with respect to the us~r. A detailed error 

source model for this ionospheric delay as applied to a set of syn­

chronous satellites is given in Reference 1. However, it is felt that 

this particular model is not applicableto the non-synchronous satellite 

case. As mentioned in Chapter III the errors due to ionospheric delay 

will be assumed included in the phase/range satellite clock errors for 

the purpose of this report. An area for future study would be the syn­

thesis of an accurate error source model for this ionospheric delay in 

the utilization of non-synchronous satellites. 

Tne final error sources used in the system model are the range 

biases. These are modeled simply as arbitrary initial conditions on 

integrators and account for the effect of tropospheric delay and un­

certainty in the speed of light. The cumulative magnitude of these two 
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error sources is on the order of 10 feet. This requires four additional 

• tate variables {one for each satellite) in the system state vector but 

adds no additional nonzero tertrB to the r or Q' ~atricea. 

System !·'eMuref'\ent Eauation 

The r~asure~cnt equation consists of a set of four ran~e diverrence 

eqwitions as derived in Cha?ter III (rquation 33). Three of these are 

needed to reduce the position error and the fourth is required to 

aynchronize the user clock. Thia study is concerned with usinf only 

ranee tieasurements in the filter desis;n. Incorporating an alti~eter 

woulJ require an additional measurement. If ran~c-rate measurements 

were taken, four r.ore equations ~ould be required. 

The syste~ ~easure~ent equation is 

(107) 

where the 44 variables of l5a are listed in Table IV and 

Ar1 

t.r2 
.!s - (108) 

Ar 3 

Arlt 

11
9 

is the 4 by 44 n-atrix sh<Mn in Figure 14. The wh1.te Gaussian noiBe 

vector ,!a is described by the covariance natrix R
8 

where 

a2 
r 0 0 0 

0 o2 0 0 
Rs 

r 
(109) - 0 0 o2 0 

r 

0 0 0 a2 
r 
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The value or is a measure of the white noise corrupting the high fre­

quency satellite signal and a typical value of ar • 10 feet is used in 

this design. 
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VI. Filter Designs 

This chapter discusses a few of the various Kalman filter designs 

which were simulated using the 44 state reference system of Chapter V. 

Not all of the filter designs which were analyzed are presented; only 

those which were significant and illustrate important design differences 

are outlined. These include: (1) the 44 state optimal filter, (2) a 

fully-coupled 15 state filter, (3) a 15 state filter with all weak 

coupling terms removed from the INS error model, and (4) a ten state fil­

ter illustrating degraded performance caused by eliminating too many 

states from the filter. 

Selection of the "best" Kalman filter design involves a trade-off 

study between desired accuracy and the computational time required by 

an onboard computer. Obviously, the most accurate filter is the optimal 

44 state filter; however, the burden this would place on the computer is 

unacceptable. On the other hand, the ten state filter would substantially 

reduce the computational time but yields unacceptable accuracy. There­

fore, the procedure of this study was to successively eliminate a few 

states at a time from the filter state vector and simulate each of these 

reduced-order or suboptimal filter designs on the computer. So long as 

the accuracy of the filter performance was degraded only slightly in each 

step, this process was continued until a minimum acceptable filter state 

vector dimension was reached. 

!!!!, Optimal Filter 

The optimal filter is simply an exact replica of the system model 

(i.e., the same 44 state system and measureaent model as given in 

Chapter V). This Kalman filter computes the optimal gains or weighting 

ss 
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~ 
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coefficients from the filter design and applies them to the system. In 

tbe optimal filter, the values of the state variables for which these 

weighting coefficients are computed are identical to the state variable 

values to which the weighting coefficients are applied (the system model 

is theoretically assumed to be exact). This optimal 44 state filter will 

yield the most accurate performance possible for the given set of system 

state and measurement equations. 

Plots of the RMS values of the nine plant state (position, velocity, 

and attitude) error covariances for the optimal filter are shown in 

Figures 15 through 23. These plots provide the basis against which all 

sub-optimal filter performance will be compared. Note that the time of 

flight is one hour (3600 seconds) for these and all plots in this report. 

Also, the vertical axes are automatically scaled in the computer plotting 

routine and may vary from one case to the next. For example, the optimal 

filter z-RMS velocity error is scaled from 0.14 ft/sec to 0.78 ft/sec, 

whereas the plot of this see variable for the 15 state filter presented 

later in this chapter is scaled from 0.32 ft/sec to 0.96 ft/sec. 

Fully-Coupled 15 State Filter 

The 44 state optimal filter was gradually reduced by eliminating 

the least significant variables of the state vector. No serious degrada­

tion of performance was noted as this state vector was reduced to the 

15 state model. However, filter de~, : :o.ns of lower dimension did diverge 

significantly, one example of this !: iiven in the final section of 

this chapter. The intermediate c.!csi _ . , between the 44 state optimal 

and the 15 state sub-optimal fil '. '. ! ' ·1•d very little variation in 

performance. In fact, the increas~o J~curacy provided by retention of 
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any of the state variables in addition to the 15 selected is so slir,ht 

that it is felt filter designs of higher dimension are unwarranted 

(except for the addition of one or two states when an altimeter is in­

corporated in the system). Filter designs whose state variable vectors 

were of lower dimension than this 15 state design exhibited significantly 

degraded accuracy in performance and are not rccomcendcd. 

All sub-optimal filter designs presented in this report contain a 

model of the li~S error states (position, velocity, attitude). These 

atates are required to propagate the prediction of the predictor-correc­

tor behavior of the filter. These INS plant error states comprise the 

first nine variables of the filter state vector which is shown in 

Table VI. 

The ll,S e1·ror source models (gyro drift and accelerometer errors) 

required 12 state variables in the system model. These can be reduced 

to six state variables by approximating the linear combination of a 

random Lias and an expotentially correlated random variable as a random 

walk (Ref 12:11-14 thru 11-16). However, all of the above 12 state 

variables can be eliminated from the filter design by approximating 

these error sources as white Gaussian noise on the plant states. The 

accelerometer error sources are modeled as equivalent driving white 

noises on the velocity error differential equations and the gyro error 

•ources are modeled as equivalent white noise inputs on the attitude 

error differential equations. 

These equivalent white noises are calculated as qt values which 

provide approximately the same amount of RMS error build-up over the 

given interval of time (3600 sec) as the system error sources which 

have been discarded in the filter design. This may be done ~1th little 
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0 Table VI 

Filter 15 State Vector Definition 

' RMS Initial ! Error 

! 
State Symbol Definition Condition 

:, 
INS Plant Error States 

1 Ax x position error 3000 ft 

2 Ay y position error 3000 ft 

3 Az z position (altitude) 300 ft 

4 • 
2.0 ft/sec Ax x velocity error 

5 Ay y velocity error 2.0 ft/sec 

6 Az z velocity error 0.5 ft/sec 

7 •x x attitude error 0.14 millirad 

0 8 •y y attitude error 0.14 millirad 

9 tliz z attitude (heading) error 2.0 millirad 

·satellite and tser Clock Errors 

10 6Tu user clock phase/range error 10,000 ft 

11 xll user clock frequency offset 5 ft/sec 

12 6Ts1 sat. clock U1 phase/range 100 ft 
error 

13 6Ts2 sat. clock 112 phase/range 100 ft 
error 

14 6Ts3 sat. clock li3 phase/range 100 ft 
error 

15 6Tslt sat. clock #4 phase/range 10) ft 
error 

0 ' . 
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loss in performance so long as the measurement sample frequency is high con­

pared with dominant system time constants (Ref 1:4-3 thru 4-4). This 

requires six diagonal elements in the filter Q' matrix corresponding to 

these equivalent white noise inputs. The general equation used to cal­

culate these q! values is 

2a2 
q* • bi• 202 T 

i - bi i Bi' 
(110) 

where a~1 is the initial covariance of the corresponding system bias 

error source and 81 and Ti are the inverse correlation time and correla­

tion time, respectively, of the corresponding system expotentially corre­

lated error source. The three equivalent noises on the velocity error 

differential equations are 

Similarly, 

q* • 2a2 T 
It abx arx 

(111) 

qt• (2)((66 x 10-6 g)(32.2 ft/sec2-g)J 2 (600 sec) (112) 

qe • 5.411 X 10-3 ft 2 /sec 3 (113) 

q!. q: 

q* • 2.164 x 10-2 ft 2 /sec 3 
6 

(114) 

(115) 

The three equivalent noises on the attitude error differential equations 

are 

q* • 2a2 T 
7 tbx trx 

(116) 

q~ • (2)((0.025 deg/hr)(4.848 x 10-6 ~=:~:;c )) 2 (3600 sec) (117) 

q~ • 1.0576 x 10-lO rad2 /sec (118) 
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Similarly, 

q*. q* 
8 7 

(119) 

(120) 

~fote that since there are no wnite noise inputs on the position differ­

ential equations 

(121) 

The four range bias error sources (on the order of 10 ft) are easily 

eliminated by simply increasing the value of the diagonal elements of 

the measurecent noise matrix (R) to 20 feet. 

Upon examination of the clock error source t:1odels and the relative 

magnitudes of their state variable initial conditions as presented in 

Chapter V, it is apparent that the most significant variables are the 

four phase/range errors of the satellite clocks (in the order of 100 ft), 

the user clock ph3se/range error (on the order of 10,000 ft), and the 

user clock frequency offset error (on the order of 5 ft/sec). These 

aix variables are, in fact, the only ones used in this 15 state filter 

design except for the nine UlS plant error states. 

The user clock is simplified by dropping the long term stability 

state. The filter model for the user clock is shown in Figure 24. 

Initial conditions and noise values remain unchanged from the system 

model. 

I 
+ 

J 

Fig. 24. Simplified User Clock Error Model 
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As in the system, the noise value input to the phase integrator is 

(122) 

The error source model for the four satellite clocks is greatly 

simplified by eliminating all satellite clock variables from the filter 

state vector except for the phase/range errors. The sioplified sate­

llite clock error model for the 15 state filter is given in the follow­

ing figure. 

u(t) 

co 

------~1-----• 6Ts 

Fig. 25. Simplified Satellite Clock Error Model 

Although the satellite clock frequency offset state has been de­

leted from the filter state vector, the phase error build-up caused by 

this offset cannot be ignored. This effect is accounted for by finding 

the white noise input to the clock phase integrator which causes an 

equivalent build-up in phase error over a specified time. From Equation 

(j6) it is seen that a frequency offset of c1 will cause an !UIS phase 

error build-up of 

(123) 

Similarly, a white noise input of q~t to the phase integrator will cause 

an RliS build-up of 

6T • (: ' t.;_)1/2 
8 

(124) 

Substitut-.i.on of the ri~ht-hand :-: i · ition (123) into the left-

hand si~e of Equation (124) and soJ.\IJ.u~ y.1.elds an equation for the 

70 

• ., .,- ,elbrtt ' ' sf ' ts · ere t t ' ••·-----------..._,~ 

' i : 
I . 



.,."""W ..... 1"111"'-------------------------------------_..,.,..-· ---

0 

0 

0 

GA/EE/74H-l 

required equivalent q value of the Q' matrix (Ref 1:4-15 & 4-16). 

q • c2 t.t 
1 

This simple satellite clock model need be valid only over the 

(125) 

satellite cloc~ update interval, or flight time. Thus 6t was set at 

one hour (3600 sec). 

(126) 

Similarly, 

q* • q* • q* • q* 
13 1~ 15 12 

(127) 

The F matrix representing this 15 state filter design is g1ven in 

Equation (128). The 11 Pinson Error :-!odel" is the same as given in 

Figure 7. 

1-9 10-11 12-15 

Pinson I I 
1-9 Error 

Nodel I 
0 I 0 

10-11 

--,- - ,-
(128) 0 1 

0 I I 0 
0 0 

-1- -1-
12-15 

0 I 0 I 0 

The Q', H, and R matrices are identical to those of the filter design 

presented next, and are not displayed here for the sake of brevity. 

Also, the RMS error plots for this filter design were indistinguishable 

from those of the decoupled version discussed next and are omitted. 

n1ia filter design and all others in this chapter were simulated 

using 30 second measurement rate. In the subsequent chapter, this 15 

state filter io used as a basis of cotlparison for various measurement 

rates. 
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15 State Filter - Weak Coupling Removed 

This filter provided the best tradeoff between accuracy and compu­

tational time for the particular problem of this study and.!!_ therefore 

the recocmended Kalman filter design. 

Incorporating the Pinson I~S error model into the filter design re­

quires the computation of 36 non-zero terms, in the F mat~ix many of 

which are complex (see Figure 7). However, for an aircraft cruisinr, at 

subsonic speeds, as in the flight profile of this study, many of these 

terms are negligible and may be deleted from the F matrix. This includes 

terms on the order of magnitude of wie such as VxfR and Vy/R. llowever, 

the Schuler frequency terms (w; and 2w!) are included so that the model 

applicability will not be restricted to short periods of time (on the 

order of 30 minutes). The simplified F matrix along with the Q', H, and 

R matrices for this 15 state filter design with weak coupling terms re-

moved are given in Equations (129) through (132). 

1 2 3 4 5 6 7 8 9 10 11 12-15 

1 0 0 0 1 0 0 0 0 0 0 0 
2 0 0 0 (I 1 0 0 0 0 0 0 
3 · o · o 0 0 0 1 0 0 0 0 0 

Ff• 4 -w2 0 0 0 0 0 0 -Az ~ 0 0 129) 
5 Os -w2 0 0 0 0 Az O -~ 0 0 
6 0 0

8 
2w2 0 0 0 -~ Ax 0 0 0 0 

7 0 0 Os 0 0 0 0 Wz '"Wy 0 0 
8 0 0 0 0 0 0 -wz O IAlx 0 0 
9 0 0 0 0 0 0 w '"Wx 0 0 0 I 

10 _o_ 0 0 0 0 0 oY O 0 0 1 
11-15 -0 --10 

1-3 4-15 

1-3 l I ,) 

- i 
Q' - I 

f (130) 
ol • 

4-15 • 
I • 

L • 
I 

q,~. 
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The values for qlt through q15 are as given in the preceding section of 

this chapter. 

1 2 3 4-9 10 11 12-15 

1 1rxl iryl irzl 
I 0 1 0 -1 0 0 0 

I 
2 irx2 iry2 irz2 0 1 0 0 -1 0 0 

I Hf - (131) 
3 irx3 1ry3 irz3 0 1 0 I 0 0 -1 0 

4 irx4 i ry4 irz4 0 1 0 0 0 0 -1 

1 2 3 4 

1 a 2 r 0 0 0 

2 0 a 2 0 0 r 
Rf - (132) 

3 0 0 a 2 0 r 

4 0 0 0 a 2 r 

Where or• 20 ft. 

The system RMS position, velocity, and attitude error plots for 

this filter design are given in Figures 26 through 34 and should be com-

pared with those for the optimal filter. Table VII following these 

plots compares the system plant and user clock phase/range error values 

for both the optimal and the 15 state decoupled filter at 2400 seconds 

with the initial values to provide a quick comparison of performance. 

These are "average" values as explained in the next chapter. 

Note that the effectiveness of both the optimal and the 15 state 

sub-optimal filter is approximately the same in controlling the x, y, z 

position and user clock phase/range errors. Also, the 15 state filter 

yields attitude accuracy close to that of the optimal filter. However, 

the x and y velocity errors are reduced to approximately 10% of their 
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0 Table VII 

Average ~ Errors of INS .lli!!J~ States 

15 state filter and optimal 44 state filter performance compared 

against initial values. Uaor clock phase/range ia also .included. 

Optimal Filter 1S State Filter 
Variable Initial Condition (t • 2400 ace) (t • 2400 sec) 

tax 3000 ft 45.85 ft 47.47 ft 

Ay 3000 ft 12s.2 ft 126.1 ft 

A& 300 ft 256.3 ft 264.6 ft 
• Ax 2 ft/aec 0.103 ft/aec 0.213 ft/sec 
• Ay 2 ft/sec 0.117 ft/sec 0.217 ft/sec 

Az O.S ft/sec 0.158 ft/aec 0.444 ft/sec 

•x 0.14 millirad 0.06S millirad 0.082 millirad 

0 •y 0.14 millirad O. 065 udllirad 0.084 millirad 

•& 2 m.i.llirad 1.27 millirad 1.45 millirad 

6Tu 10,000 ft 199.0 ft 20S.6 ft f 
I 
! 

I 

I 0 ! 

I 
83 I .. 
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initial-values by the sub-optimal filter as compared to about 5% for the 

optimal case. n1e vertical velocity error is reduced only slightly be­

low the initial value in the sub-optimal case, whereas it is reduced to 

approximately 1/3 its initial value by the optimal filter. Al• o note 

that the altitude error is merely kept from growing above its initial 

value in both cases and altitude accuracy is not significantly improved. 

These results suggest two areas for future investigation. First, range­

rate •••urements could be effective in improving upon velocity errors; 

and secondly, the addition of altimeter mea• urements would almost cer­

tainly reduce the magnitude of the altitude error. Hot.-ever, x and y 

position error, which is usually of pri1'118ry importance, is very effective­

ly controlled by this 15 state filter design. 

!Q. State Filter 

A filter design utilizing only ten states is presented here for the 
. 

purpose of illustrating degraded performance characterized by reducing 

the dimension of the filter state vector too far. In this case, the 

Kalman gains computed by the filter do not include the effect of signi­

ficant variables which have been deleted from the filter. Thus, when 

these gains are applied to the system, the divergent growth of the error 

equations is not effectively controlled. 

In this case, the nine plant error state variables and the user 

clock phase/range error are the only ones retained in the filter. Thus, 

this design is obtained from the 15 state filter by discarding the four 

satellite clock phase/range error states and the user clock frequency 

offset error. The decoupled version of the IUS error model (E(luation 

(129)) is used in the F matrix and the user clock is modeled in a ~anner 
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similar to the simplified satellite clock model of the 15 state filter. 

The H matrix is obtained by deleting the four satellite clock terms 

(-1' s) from the 15 state design. Also, the R!·IS value of the measurement 

noise (or) is increased to 100 feet to account for the increased un­

certainty in the range measurement value. The R.V.S error plots for this 

ten state filter desicn illustrate its unacceptable performance and are 

shown in Appendix A. 

• 
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VII. Measurement Update Rate and Selection of Observables 

The first section of this chapter investigates the effect of 

varying the measurement update rate. The fully coupled 15 state filter 

design of the previous chapter is used in this investigation. The mea­

aurement update rate requirements may vary greatly from system to system 

depending on the accuracy required as well as the capabilities of the 

equipment used to take the measurements for the update. For example, 

a smaller onboard computer would normally require a larger computation­

al time. Additionally, a comparison is made between obtaining measure­

•nts from Aatellites which are randomly selected from those in view 

and obtaining measurements from a sequence of "optimum" sets of four 

aatellites, three of which form a "most nearly orthogonal" set at the 

time of measurement. 

The update rates used in this report are as follows: 5 seconds, 

15 seconds, 30 seconds, 60 seconds, and 90 seconds. The results of 

these update rates are compared, at a specified time in the flight 

profile, in Table VIII at the end of this chapter. 

Comparison of ~pdate r.ates 

A few representative plots of the RMS errors for the nine INS 

plant error states are shown on the following pages. In the previous 

chapter, a 30 second update rate was used in determining the Kalman 

filter state vector dimension. Thcr 2fore, plots of the nine plant error 

states with this update rate are inc · '.ided in that chapter and will not 

be repeated here. Plots of the thre : error state variables; x position, 

y attitude and z VP.locity for u~,h r:,:.-; of 5 seconds, 15 seconds, 

60 seconds, and 90 seconds appear in i·'igures 35 through 46. Plots of 

86 

' . tf • d i 4 I b ·e It+ btt ...... - ~ ..........__ _ _ __ __ . ._,,.._
0
..._ ,._,_...:., .,. _ _ ._ _ , _ J.. ,, ..a._, ___ ~ ...,•• 



0 

0 

() 

GA/EE/74H-l 
0 
0 

• 
0 
0 
N 

0 
0 . 
0 
CD -
0 
0 . 
0 
fD -
C) 

-o ...... 
0 

LL.---
Q:: 

Oo 
Q::O 
Q:: • 

w~ -z 
0 
-c 
...... 0 - . 
(/)0 

0~ 
CL. 

(/) 

Z::o 
Q::O 

• 
x~ 

C 
C) 

• 
C) 
fD 

C) 
0 
• c~--------------....... ..-----------.,0.00 80.00 160.00 

TIME CSEC) 
240.00 

• 1 o• 
320.00 

Fig. 35. x Poaition Error, 5 Second Update Rate 

17 

~·-: 

400.00 



I 
0 

0 

0 

& H bf H,_., d? ttdhtttiib 

GA/'f.E/74!¼-l 

0 
0 

• 
0 
0 
N 

0 
0 . 
0 
CD -
0 
0 
• 

0 
co -
0 

-o .,_c 
l&... --
a:: 
Oo 
a::o 
a:: . 
w~ -z 
0 
-o 
t-o - . 
(/)0 

0~ 
Q.. 

(/) 
Z:o 
a::o . 
><~ 

0 
0 

• 
0 
co 

0 
0 

• o~--------------------------. •o.oo 80. 00 160. 00 
TIME C SEC l 

240.00 
• 1 o' 

320.00 

Fia. 36. x Po•ition Error, lS Second Update RAt• 
88 

' r+etll# Ct ft# tel :1 0 I .. 6e 

400.00 

I 
r, 

I 

I 
I ' 

I ,, 



0 

0 

0 

GA/EE/74M-1 

0 
0 

• 
0 

:1 . 
0 
CD 

"' 
0 

- 0 0 • _o -~ 
-.... 
LL 

0 
0 . 
0 
0 

"' 
_o 

0 . 
a::o 
0 CD 
a::-
a:: 
l.&J 

0 zO 
oci 
-"' ..... --CJ) 
0 a..g . 
CJ)O 
2: CD 
a:: 
X 

0 
0 . 
0 

• 

0 
0 

- .. . -- · '• ·- · - .. .. .... ,\'..l';i.14:r-rr 

• ..,... __________ -r--

°o.oo 
.. , ·• ·-------,r--------. 

80.00 160.·. •J. 00 320. 00 
TIME (SEC) JI( 1 QI 

Fig. 37. x Position error, 60 Second Update Rate 

89 

400.00 

I 
I 

I I 

I • 



- - ------~..,.....,-,-· -·-,--.,i-------....... --~,_,.._..,..-. _,.,.,,.......,...,_._ ................. __ ~,"l'l ..... _,.._,,....,p __ .. .,..,,_, ......,...,.,,.,,,_.,.,,.,_ . .....,., ,,,_....,, ...... ~'1'!""'lll"' 

0 

0 

GA/EE/74n-l 

0 
0 
• 

0 

"' er, 

0 
0 

• 
0 
CD 

"' 
0 - 0 

0 • _o 
.:; 

0 
0 
• 

0 
0 

"' -t--
LL. _o 

0 
• 

0::: 0 
oco 
0::: -
0::: 
~ 

0 
zO . 
0 O 

-"' .,._--CJ) 

0 
a_O 

0 
• 

CJ)O 
Z:: CD 

0:: 

X 
0 
0 

• 
0 
• 

0 
0 •+-----------------------....-------9>. oo 80. 00 160. 00 

TIME CSECl 
240.00 

• l 0
1 

320.00 

Fig. 38. x Position Error, 90 Second Urdate Rate 

90 

400.00 

, 
l 
l 
! 
I 
I 

' 

I 
I 
I 
I 



{ 
I 

I 0 l 
I 
' 

I 

~ 

• 

~ 
:1 
·1 ;,, 
/ 
l . 

· ; 

t ~ 
I • 

!I f I 
.. 

0 • I 
' I 
' j 
; I 
! ' · I 

ll 
:1 
• i 

j 

' 

0 

GA/f.i!./74M-1 

N .. 
• -

.. 
(') 

-
• I 
oco 
-N . ·-

CD -- . -0 
a: 
a:: -

0 
a:: -0 • 
a::-
a:: 
w 

WN 
Oo 
:::> . .... --.... 
t-
a: .. 

0) 

en . 
x:o 
a:: 

• 
CD 
CD 

• 
0 

CD 
r-....... _____________ ___, _________ _ 
9J.oo 80.00 160.00 

TI ME ( SEC l 
240.00 

IC 1 0 l 
320.00 

Fig. 39. y Attitude Error, S Second Update Rate 

91 

400.00 



---u --·--·---,-·--•-·--· ,•,............,,~-~·· · - - - -----rr t- ---· 
-~-- ........ ,....___.....,,,__ __ .. ,,...,.......,.__.. ~~-... ,- ~,_., . __ .. .,... ,. ,",.......-- ·, ,- . - · 

i 
' .. 
i 
~ 

·! 

:I 

·~ ~ 
I 
I 
It 

() 

0 

C· 

GA/EE/74M-l 

-
u, 
(") 

-
.. 
I 

0 r--
-(',I . ·-

CJ) ---0 
a: 
ct: --ct:-
0 . 
Q::-
Q:: 
w 

-.,_ .,_ 
a: u, 

CJ) 
CJ) • 
~c 
Q:: 

>-

. 
C 

CJ) 

r--

''•• ·,~, .... 
... ,,,1~~ 

. +------------.--
.;~ 

... ··------------9>. oo 80.00 l(;G .... •' 

TIME (SEC~ 
._ I.;, o 00 

M 10 I 
320.00 

Fig. 40. y Attitude Lrr,.,r, 1S Second Update Rate 

9l 

400.00 



- - - ;-:a~;- --µq-;;p __ ,._,_,_ , _,> ____ , r•-•-• - ·•-,_,-ww_._,•_,_• •·-•-+•-Pr-•-•~--•-.z-.A_,,-.------v-••-•--·-·~~.,,.,..,..-~ 

I 

0 

GA/Lr./74M-1 

.. 
I 

-

-
OCD 
-"' . ...: 

0 
N . --0 

a: 
0::: -N 
0::: -0 • -0::: 
0::: 
I.LI 

I.LI ... 
Co 
:::> • .,_--t-
I-
a: CD 

en 
U) • 
z:O 
0::: 

• 
CD 
CD . 
0 

0 
CD 

l 

~~ 
•+-------..-----------------r__,;~..____, 

9J.oo 80.00 160.00 
TIME ( SEC l 

240.00 
• 1 Q l 

320.00 

Fig. 41. y Attitude Error, 60 Second Update Rate 

93 

400.00 



f . $.I' ¥ ; 

I 

0 

0 

GA/EE/74H-l 

.. 
I 

CD -• 
0 

In -• 
0 

O• --•o 

(I') -. -o 
0 
cc 
a::: -N 
a:::-
o· a::: 0 

a::: 
lu 

1u_ 
o-::> • .,_o 
• ·• 
t-
t-
a:o -(/) •· 
J:O 
a::: 
>-

en 
0 

• 
0 

CD 
0 

. 

-~-----------.-----------_;........._ ___ 9:J.oo 80.00 160.00 
TIME CSECl 

240.00 
• l 0

1 
320.00 

Fig. 42. y Attitude Error, 90 Second Update Rate 

94 

400.00 

1 
I 
·1 

! 1 
i 
j 
I 
I 

l 

' 
i ' 
I 



r.

l 

t 
! 
i 
l 

' 

' 

f 

I 

L 
·, I 

·t 

I 
I 

·~ 

' 

,Jj! µ:; 

() 
'• •" 

0 

4 wq , IP t # N 

CA/f.E/74H-l 

• 
0 

CD 
(D . 
0 

. 
_o 

-u 
ON 
_J"' Wo 
> 
(/) 
I: 
0::: CD .... 
No 

.... .... 
• 

0 

0 .... 
80. 00 160. 00 

TIME rs- -· 
240.00 

: 1 QI 
320.00 

Fig. 43. a Velocity , -rnr, .S Second Update r.ate 

95 

l • 

' 

400.00 



0 

0 

0 

GA/EE/74H-l 

0 
CD . 
0 

. 
0 

0 
r-

• _o 
u 
I.LJ 
Cl) 

'"' .,_ CD 
LL. • _o 

ct: 
0 
ct: 
ct:O 
I.LJ~ 

0 

>-.,_ -u 
O"' 
.J"' • 
I.LJ 0 

> 
Cl) 
z:: 
ct:c 

II.) 

No 

ID .... 
• 

C 

D .... 

,~,o, "'''""'""""'"'""''~'t!,,,,u ff fl IIUtlllllUIHIIHIUHlll_!IIIUlllflfll!II · lllllllllllllllliflllllllllllffl 

""""'''"'"'""'"''"'''"'"'"""'"''''' -~----------------------9>.oo 80. 00 160. 00 240. 00 320. 00 400. 00 
TIME (SEC) •10 1 

Fla. 44. • Velocity Error, 15 Second tpclate Rate 
96 



___________ __________________ ,. _____ ...... ,.,,,.,, ....,...,...__'."'"_.. .. "'!""',...,,. 

• 

I 
i 

() 

0 

() 

GA/EE/74H-l 

.... 
0 . -
CD 
0) . 
0 

co 
co . 

_o 
u 
Lu 
(/') 

'-o .,_ co 
"'- . _o 

-u 
o• _,co 
wo 
> 
en 
z:: 
0::: CD 

"' No 

co .... 
• 

0 

0 .... 

l 111!!!!11111 
/'I i'1 ;: : ! :! : : : .; i: ji ., , ,:, I 
I . ,.,, • , ,I ,,' I ' I '· ' ,, , I I, 
I ·•: " ,'! ':,•'1 1 

1

/!_1:i:; I I ' ',jil !lilil1'i1_/ I .. , I ' ·, II;, 11 
ii " . I 'I 
' · 

1 
' • · 111 / 

lii1111 . niili11 

I 
•+----------~-°o.oo 80.00 1C1 

TIME (SEC) 
! :- . 00 
M 1 QI 

320.00 

Fig. 4.5. & Velocity Error, uO Second Update Rate 

97 

400.00 



r·:,..._ """·"""•:.~: )OIIII_ ; .... _,,_, ------· ....... -... ·-------.............. ·-·-., • .....,.. ......... " ____ .,..._ .. ...... _, ·-·-·· -· ·-~- - • - . ....... u . ..... .,...,..... .... ......,,_._~ - - ··~"~·-.,_-

r 
I 

t 
i 
I Q 

I 

! 

C: 

GA/EE/74M-1 

0 
(D 

• -
0 

• • -
0 
N 
• --CJ 

lLJ 
en 
'o 
t- 0 
LL- • --
a::: 
0 
a::: 0 
0::: CD 
lLJ • 

0 

• 
t--CJ 
0 0 

-''° • LL.Jo 
> 
en 
r 
a::: 0 • No 

0 
N 

• 
0 

0 
0 . -+-----...------.,..------,i-----------..... 
°o.oo 80. 00 160. 00 

TIME CSECl 
240.00 
•10' 

320.00 

Fig. 46. z Velocity Error, 90 Second Updata Rate 

98 

400.00 



,--
.~

 ., ·-·
 

0 

P
la

n
t 

S
ta

te
s 

z 
JG

IS
 

P
o

si
ti

o
n

 
(f

t)
 

'1 
Bl

-IS
 P

o
si

ti
o

n
 

~
 

(f
t)

 
~
 

RM
S 

A
lt

it
u

d
e 

(f
t)

 

x 
IU

-IS
 
V

el
o

ci
ty

 
(f

t/
se

c
) 

'1 
R.

:-lS
 V

el
o

ci
ty

 
(f

t/
se

c
) 

&
 

RU
S 

V
el

o
ci

ty
 

(f
t/

se
c
) 

x 
~

IS
 
A

tt
it

u
d

e 
(R

ad
) 

y 
IU

fS
 
A

tt
it

u
d

e
 

(r
.a

d
) 

H
H

S 
A

z.
 im

u
tb

 
(l

ta
d

) 

--
--

--
-

·---
--

-
-

• 
-

L
I@

 .
. 

I 
X

ii
 

a 
• 

P
 

0 

T
ab

le
 V

II
I 

_
_

_
 ,..

...
..,

,.~
 __

 .. .,
._

,, 
. ,

...
 

-
~ ....

.... -
...... 

. 
-.

--. 
-.

.... 
,. 

.. 
.. .

... 
... 

....
 -.

. ~
 

w
 

A
 

V
 

~
 

.....
. 
~
 

trJ
 

,. 

A
ve

r!
I!

_ 
!!

!!
 E

rr
o

rs
 o

f 
P

la
n

t 
E

rr
o

r 
S

ta
te

s
~

 1
80

0 
S

ec
on

ds
 

.....
. " ~ ..,, "
j ... 

U
pd

at
e 

K
at

e 
%

 Im
pr

ov
em

en
t 

5 
S

ec
 

15
 S

ec
 

30
 S

ec
 

60
 

S
ec

 
90

 
Se

c 
fr

om
 9

0 
to

 S
 

. 
4

4
.4

0
 

45
.6

3 
47

.2
7 

50
.5

7 
54

.3
4 

1
8

.3
 

i I 

12
9.

26
 

12
9.

59
 

13
0.

11
 

13
1.

10
 

13
2.

4 
2

.3
 

l ' l I 
24

0.
48

 
24

2.
09

 
24

4.
40

 
24

9.
41

 
25

5.
27

 
5

.8
 

. I ' l 
.1

78
 

.2
04

 
.2

27
 

.2
59

 
.2

85
 

3
7

.S
 

I i ; 

.1
79

 
.2

05
 

.2
26

 
.2

55
 

.2
68

 
33

.2
 

.4
07

 
.4

21
 

.4
40

 
.4

75
 

.5
17

 
2

1
.3

 

7.
92

9 
z 

10
-5

 
8.

04
7 

X
 
1

0
-5

 
8.

12
7 

X
 
10

-S
 

8.
28

2 
X

 
1

0
-5

 
8.

39
6 

x 
10

-S
 

S
.6

 

8
.4

3
 z

 1
0

-5
 

8
.5

8
1

 X
 

10
-5

 
8

.6
7

6
 X

 
1

0
-5

 
8

.9
1

3
 X

 
10

-S
 

9.
09

3 
x 

1
0

-5
 

7
.3

 

1
.5

3
3

 X
 

1
0

-3
 

l.
S

3
7

 x
 1

0
-3

 
1

.5
4

8
 x

 1
0

-3
 

l.
S

4
7

 x
 1

0
-3

 
1.

5S
3 

x 
1

0
-3

 
1

.3
 

-·
 

---
-

~ 



-~"""'· ...,,.fi"'l,.,_ _ _.~ __ ._!.,_.::!.t.5.~ .. - . .... ., .... ,-. _, .. ~....,-- ... ..,. . ...• .;_ 1- ? , __, ,.. .. ,.~7 "'--T'''TTTZ f HIPT . Jf ·z if' 'Fl . .., - -.., .,.... ,; • ··-· ·· -~ . ' . ,...,. ' . .,...., - - . · · ... -. - . -.~::.- _:·:.:_·_· -_·.:_:._ ·· ·.--..... 

! 
! 

0 

0 

I 0 

GA/EE/74M-l 

the remaining six plant error states for these measurement rates are 

included in Appendix B. 

It should be noted that the horizontal axis or time scale remains 

constant for all the plots, but the vertical axis, R!IS error, was 

scaled for each plot to effectively show the results of the update rate. 

The plotting program was set to plot points at a miniaum interval of 

30 seconds. Because of this plot control the initial updates occuring 

in the Oto 30 second time period are not shown for the 5 and 15 second 

measurement rates. In these two cases the errors have been greatly re­

duced by the time the first points are plotted and the lower region of 

the vertical axis has been greatly magnified. This illustrates the 

divergent behavior of the position error states at the end of this 

flight profile. This aspect will be discussed in the final section of 

this chapter. 

These plots indicate that increasing the update rate does not 

greatly improve the RNS errors. In general, a slower update rate allows 

the errors to grow to higher values during the initial portion of the 

flight (first 15 _minutea). The error states after this initial time 

period exhibit an almost "steady state" time behavior. The slower up­

date rates provide RUS error values which are a little higher on the 

average than the faster measurement rates. Thia fact is illustrated in 

Table VIII. Thia table shows the average RMS errors of the plant error 

•tatea at each update rate, for a p~ ticular time during the flight 

profile. Also shown in the table i~- . •~ per cent iaprove•nt from the 

90 second update rate to the 5 aecon, update rate. "Average" values 

are obtained by fitting a •mooth ,:1! · , (' th~ data points. Thi• 1a 

acc:a11pltahed lly adding the ~'15 error values of a variable at the time 
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in• tant before a measurement to its value just after the measurement 

and dividing by two. Also, slover update rates permit the errors to 

grow to substantially higher values between measurements. 

Selection of Observables 

When using SAMUS (a computer program detailed in Cbapter VIII), two 

test cases were executed using a twenty-two state optimal filter. In 

both cases four satellites, or observables, were selected for each re­

••t segment by • tudying data output of the profile generator proRram of 

Chapter III, which calculates unit vector• in the navigation frame from 

the user to each satellite. Three of these range measurements are re­

quired for correcting x, y, and z position and the fourth mea•urernent 

1• needed for •yncbronization of the user clock. Three aatellitea hav­

ing the largest components along the x, y, and z axes, reapectively, 

when compared with all other satellite• in-view at a particular time, 

are chosen. These form a moat nearly orthogonal ·•et of measurement•• 

The fourth satellite is chosen a• the one havin, the second largest com­

pODent along the z axis. For example, the "optimal" set of satellites 

at the particular time instant show in Table 111 i • compoaed of sate­

llite• 52, 13, 93, and 62. 

In case one, the flight time was divided equally into tvo reset 

••aaent•• Since the satellite unit vector• are ti• varying, the sat­

ellite• chosen for each reaet segment proTide the best infonaation, on 

the average, over the given ti• interval. SAMUS wu then executed, 

uaing these two reset segments, to calculate the value• of the UfS 

error state• as a function of ti111e over the one hour flight profile. 

The data frma this run wu next input to a general covariance plotting 
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program that provided the plots for the root 111Can square (IU·,S) error of 

the diagonal clements of the covariance matrix for the twenty-two error 

• tates. 1-"igure 47 is a plot of the x and y position error, in nautical 

mile•, for the time period of the profile. Fi cure 48 is a plot of the 

altitude error, in feet, for the same period. The results for tl,e posi­

tion error indicate a decrease from .5 nautical lllile initially to .005 

nautical mile after the first reaet. The error reniains constant for 

about 30 minutes then the error • tart• to increase. The altitude error 

indicatew a decreue from 100 feet initially to 1S feet after the first 

reaet. At this time the error atarta to increase until it reaches approx­

:laately SO feet at the end of the flight profile. 

In case two of the same 22 state optimal filter waa used; however, 

tili• run contained six reset segments. Since the satellite unit vectors 

were tiae varying, more accurate satellite information could be acquired 

by changing ti1• oLservablea, satellites, at shorter intervals. Figure 

49 shows the plot of.the x and y position error for this run. The re­

aulta show that the position errors did not diverge at the end of the 

profile. Figure SO illustrates the elimination of divergent behavior 

in the altitude error. 

A COllpariaon of the two cases indicates that by increasing the num­

ber of reset segments so that •••urements are taken from "optiml'' sets 

of satellites throughout the flight, the IMS plant errors reach almo• t 

ateady-atate values and the tendency toward divergent behavior in the 

latter part of the flight dioappeara. However, the general covariance 

proaraa used in generating the bulk of the plots appearing in thi• re­

port does not have the capability for multirlc reset aepents. Thus, a 

••t of 4 satellites givinR reasonably nood performance throughout the 
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one hour flight was uaed in the siaulation work of Chapters VI and VII. 

Therefore, the divergent behavior illustrated in Figures 35 and 36 can 

probably be elil:linated by obtaining measurements from a sequence of 

"optimal" sets of satellites. Incorporating this capa;,Uity into the 

present covariance analysis program is an area suggested for future study. 
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Thia chapter will outline the computer programs utilized in the 

aillulation of an I~I flight. The first section is a discussion of the 

State apace Analysis of Mliltiaensor Syatems (SAHUS) proRru. SA!-tUS waa 

used in the early stares of this design study, and later abandoned in 

favor of a set of two computer programs which will be discussed in the 

aeconci aection. Ti1ia second set of computer progr ... , conaiatinf of a 

flight profile generator and a covariance analysis progra•, forms the 

analyaia tool used in thia atudy. 

-~ 
The firat co• puter program utilized was the State apace Analysis of 

HUltisensor System• (SAH\JS). Thia is a general purpose computer pro~rafll 

for performing error analyais of cruise inertial navigation syateftl8. 

SAl-aiS was d~veloped and documented (kef 6) under a computer aided design 

effort funded by North American Rockwell Corporation. 

The progre was written to allo~ the user to perform analytical statis­

tical error analysis of typical cruise system problem with little or no 

programming required. lt has been preprogrammed to give the equations of 

motion, a master aystcm deacription matrix, a master measurement matrix, 

aud the error source statistics and coordinate frames which are ·normally 

uaed. In a typical cruise system utilizin~ a Kalman filter, estimation 

and control occur at short, regular i, tervals. This preclude• specify-

ing each control occurrence individw .. . Thus, the program was written 

ao that the resets could be apec:lf :ler '·· ~ei,!'ll(!nts. Each observable sneci-

fied in a segment has an initial t : -~ time in the ee~ment and is 

obaerved at a regular interval for tht! rest of the reset segment. 
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Cruise •yst• problems require investiiatton of a variety of error 

•ource statistics. The SAl-lUS rrograa allows the user to specify error 

• tatistics ranging from a constant to a second order nof•e. The pro~ram 

has the system distribution matrices of the typical cruise error sources 

preprogrammed. n1e user can specify required error sources by means of 

an error source code list (Ref 6:1-2). 

However, the program was not designed to provide the necessary 

•asureaent error •ource• that are needed for the problea undertaken in 

thi• report. In the •y• tea under investigation the mea•urement• are 

taken from •atellite•• A model of a clock ~as neces•ary for the user 

and each satellite. A major modification of the program would have been 

required to model the error sources for these clocks. Alao, the computa­

tional burden of SAHUS wa• prohibitive; for e.x311lJ)le it required approx­

iaately one hundred and forty thousand octals of computer memory and 

aix hundred •ocond• of computer tine to perf ona t!1e calculations for a 

aiaplified 22 state filter pa• s. It waa for these reason• that a more 

adequate and efficient program was needed for thi• investigation. 

Computer Program Final Selection 

A combination of two separate computer routines was adopted to 

perfona the required analysis of this report. The first program is a 

flight profile generator. This program, given the neceasary initial 

conditions, compute• the parameters of the flight profile. Thi• infor­

aation is then stored in a permanent file. The second proRram is a ~ener­

al covariance program. This program propagates the system and filter 

state variable covariances forward in time by numerical int~gration tech­

nique&, reading from the flight profile the values for aircraft latitude, 
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longitude. altitude. ranr,e. velocity. acceleration and satellite posi­

tion information. These values are calculated in the flight profile 

1enerator at the time instant corresponding to the numerical inter.ra­

tion step size of the general covariance progr81ft. The filter covari­

ances are propagated forward until the update time is reached. The 

system is t~1en propagated forward to the update time. Because the fil­

ter and the sy&tem are propagated in a parallel manner requ..i.ring dupli­

cate information. two identical flight profile• were generated. Logic 

vu incorporated in the general covariance prograa to read data from 

the first flight profile for the filter propagation and from the second 

flight profile for the system propagation. By precalculating the flight 

profile and storing the data, computer memory and ti• were saved. 

Profile Generator. The flight profile generator (PROFGEN) was 

written to compute the po• ition, velocity and acceleration of a point 

uas that i• moving above the earth'• •urface. The user must supply the 

program initial values for position, attitude, and velocity plu• comands 

to tum, fly straight, change heading in sinusoidal fashion, accelerate 

or decelerate. The program puts out position data includin~ latitude, 

longitude, altitude and range from the earth'• c~nter and velocity and 

acceleration data in the North-West-Up navigation coordinate frame. 

Additionally, the flight profile generator was IIIOdified to calculate the 

latitude, longitude, in-view criterion, and unit vector components for 

each of the 27 satellites at every specified integration time • tep. 

Thi• portion of the flight profile generator comprises the satellite 

IIDtion generator discussed in Chapter 111. 

The investigation undertaken in this report used one of the two 

• traigi1t flii;ht options available in the program. Thi• option wa• a 
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aector of a great circle path around the earth. The great circle path 

varies the heading angle to maintain flight in a fixed plane passing 

through the earth's center. Thia option was used with a constant veloc­

ity for a straight and level flight of one hour duration. Table IX 

apecifie• the values for the flight profile used in this investigation. 

Table IX 

Flight Profile 

Initial Uead 

Initial Latitude 

Initial Longitude 

Altitude 

Velocity 

Duration of Flight 

45• 

30•N 

1s•w 

10,000 ft. 

600 111ph 

60 minutes 

Note that the above parameters must first be projected onto the naviga­

tion frame (for example, vn • [Vx, Vy, Vz]T) before they are utilized in 

the proolem aolution. 

The input data that the user supplies to execute this program speci­

fies the initial conditions, the flight maneuvers of the aircraft, and 

the method of solution of the differential equations. The program uses 

a NAMELIS'I data input format that permits the entry of character strings 

consisting of parameter nUH:!• with their values in the user'• choice of 

format specification. Two NA.'1ELIST · · ·ut lists are used, PRDATA and 

PAS1>ATA. The PRDAl'A (Problem Data) , · ~ is called at the start of each 

proble11. Thia list contains nine pro. l: :r.1 parameters, all of which must 

be specified and none of which ch ::. . ;_!l'.-1 execution of the problem. 

Taae purpose of these parameters is to :-:;,ccify all initial conditions. 
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Values from the PASDATA (Path Segment ~ata) list are called at the start 

of each path sesment. This contains twelve path parameters that specify 

the maneuver to be followed in a segment and the method of inte,ration 

to use. A problem may be di•,ided into a maximum of 20 path seg'lllents 

(Ref 13:1-5). 

General Covariance Program. The second program used in this investi­

gation was a general covariance program. This proeram pro~agates the 

•y• tem and filter state variables forward in time by numerical integra­

tion techniques. There are four subroutines in this program that the 

u• er must VJdify for the particular system under study. The first sub­

routine to b~ modified (FU!AT) supplies the filter matrix elements. Each 

non zero element of the F matrix is input as either a constant or a 

fWlction of ti0e. A set of indices for each non-zero element is then 

specified. The indices are used to locate the numbered elements in the 

Ff utrix, for example; the element A(4) may have indices 3,4 which 

would locate it in the third row and the fourth column of the Ff matrix. 

The hf matrix was specified the same way. 

The system matrix (SYS!-IAT) is the aecond subroutine to be modified. 

Thia routine is set up the same as r~•IAT, specifying only the non-zero 

elcmeuta of the F8 and H8 matrices. 

The next subroutine to be chanRed ia Trajectory (TRAJ). Thia sub­

routine is called at each integration time instant and reads the flight 

profile information from one of the two permanent files, depending on 

the type of pass being made, filter or system. The pr~file generator 

provides the values for aircraft latitude, lontitude, altitude, range, 

velocity, accel~ration and satellite position information. The angular 

rates and angular accelerations of the coordinate frames which are used 
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to form the Pinson error model are then calculated using thia informa­

tion. This data was placed in a labeled coC11DOn statement so that it 

could be used in tile other subroutines requiring these values. 

the last subroutine to be modified is User Input (USRI~). The 

values for Q and Rare specified for both the filter and thP. system. 

This iufort1ation ,:as also placed in a labeled comr.ion statement so that 

the values could be used in FUlAT and SYS:•tAT subroutines. 

Thia program proved to be much more efficient than SA!fUS. The 22 

atate filter that waa executed uaing SAl·lUS required approximately one 

hundred and fourty thousand octals of computer memory and six hundred 

seconds of computer time. The general covari:ince prograQ required only 

forty-five thousand octals of memory and tvo hundred seconds of computer 

time to execute the same 22 state filter pass. The efficiency of this 

program comes pril!larly from the fact that it only performs operation• 

on tbe non zero elements of the F, H, Q, and R matrices. this savea 

computer memory as w,11 as execution time. For example, the forty-four 

atate system model would require nineteen hundred octals of memory for 

the entire F
8 

matrix. However, there were only seventy-three non zero 

elementa in this matrix. This resulted in a savings of over eighteen 

hundred octals of memory. 

Covariance Plotting Program. Once the general covariance program 

haa calculated the diagonal elements of the covariance for each state 

at a particular time instant, they are read into a permanent file. The 

plotting program reads these values from this file and prepares them for 

off-line plotting. This information is then placed on a magnetic tape 

and can be plotted at any time. Thia program plots the R?-fS error veraua 

time for the 1yatem and the filter over the sixty minute flight profile. 
( 
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The program i1 capable of plottine the R.~S veluea on a regular linear 

acale or a log scale. 

A brief description of the computer tools used in this investiga­

tion wa1 presented in this chapter. It vaa shown that the computation­

al burden of the original computer program (SA.'IUS) vas prohibitive. 

The prograus used in t,1e final analysis proved to he much more efficient. 

A listing of these programs was not included in this report because of 

their utenaive length. 
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IX. Conclusions and Recommendations -
Conclusions 

Based on tne material presented in this thesis, as well as knowledge 

gained throughout thie study, the followin- conclusions are drawn: 

1. The 15 state filter vector consistinR of nine I~S error state• , 

two user clock errors, and four satellite clock errors, provides the 

beat performance tradeoff between high accuracy and lo,.9 computational 

tiae. 

2. The lS etate filter with weak coupling terms removed from the 

Pinson INS error model provide• almoet identical performance aR the 

fully-coupled filter for this particular flight profile. Thie simplifi­

cation reeulta in a substantial reduction of the computational burden on 

the ueer'• computer. 

3. Measurement rates of once every 5, 15, 30, 60, or 90 eeconda all 

provide eatiafactory filter performance (dependin~ upon the uaer's re­

quirements). The slower update rates provide slightly larger PJ!S errors, 

on tne average, and allow more error build-u? between measurements. 

4. Frequent changing of satellite observables so that measure­

ments are taken from "optimal" sets of satellites (as explained in 

Chapter VII) prevents divergence of the error states in the latter part 

of the flight. 

S. The vertical velocity and altitude errors are the moat diffi­

cult to control. Use of an altimeter in conjunction with the filter 

ehould eliminate this divergent tendency. 

6. Acceptable accuracy of the t~S errors is obtained in this 

atudy using only range measurement•. The aimulation reaulta auggest 
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that inclusion of ranr,e-rate measurer.ents ~ould possibly increase the 

filter accuracy (especially in the velocity er1~ora). 

7. Finally, it should •~ain be emphasized that this type of co­

variance analysis is very sensitive to (a) th• arbitrary initial con­

dition• of the covariance ~atrix P(O) (in the initial transient por­

tion), (b) erroneous system reference ~odcls, and Cc) the dynm:dcs of 

the flight profile. 

Reconaendations 

The following reconnendationa are Nde for continued study in the 

aubject area of this thesis and for it:tprovecent of the exi• ting cor.puter 

progra1n: 

1. Incorporation of an altimeter into the filter and systea should 

provide 110re effective control of the vertical velocity and altitude 

errors. Thia would require the addition of two or three INS plant error 

states in both the reference aystm and the filter 1tate variable vector. 

Additionally, this would add one equation to the 1y1ten and filter set 

of r1euurecent equations. 

2. Inclusion of an accurate linear model of the ionospheric de­

lays would improve the reference syateM's accuracy in describing the 

"real world" proble•• A model applicable to the non-synchronous sate­

llite case night be derived through l'tOdification of the ionospheric de­

lay model presented in Reference 1 for the synchronous case. 

3. The effect upon filter perfom.ance of includin: range-rate 

muurements should be investir,ated. A comparison with the usage of 

only range measurements could then be draYn. Use of satellite bearing 

Masure•nts lldght also be studied. 

116 

..... ... 
I ' 

I 



r-"='11111:::!~~-----------~-... , "'.''~~~~:.::-: :""''."'' -.-• .... w .. _,...i;;; _____ ,,..,., .,... _____________ __ f e •• -. __ __ . . ..... 

t r,A/EE/74M-l 

0 

0 

4. An optimal 1equencinc scheme should be developed to auto111atically 

•elect the beet 1atellitea frOl'll which to take meaaure~anta of those in­

viev. (In our •i~ulatim, satellites were selected from ~rior kn0t1-

leds;e of the flir.ht profile). Thia would also require building into 

the cor.puter simulation progr81"8 the capability of multiple reset aeg­

sent• (such a11 in SA.r'l:S). 

s. Another area of interest would be comparison of sequential 

wraua • imultaueoua 111eaaur-.nta. For example, a Hquential •••ure­

Nnt scheme 111.ght take aingle Na•urement• from satellite nUt!lber one 

at t • 15 seconds, satellite nUll'ber two at t • 30 1econda, satellite 

nUlllber three at t • 45 1econda, and satellite nuri>er four at t • 60 

•econda. This aequence would then be repeated throur.hout the reset 

••e-nt. The performance of such a filtor could then be compared with 

one auch a• in this the1i1 where tieaaurementa and updates are performed 

vith four aatellitu aimultaneousl~. Thia comparison i• of interest 

primarily because of the increased coat of equipment required to per­

form • il!IUltaneoua measurements and COt:l!'utationa •• comrared to the 

sequential cHe • . 

6. Various flicht profiles (for exar.i;,le a "figure 8") should be 

aimlated to inveati~ate the dyna~ic effects of clill!binr-, driving and 

tumin1 u;,on the filter desien of this thesis. 
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Appendix A 

Ten State :-ilter Plots - --- -------
Plots of the ~S values of the nine n:s plant error states are 

presented in Fir.urea 51 throueh 59 of this arpendix. The structure of 

this 10 st.itc filter is detailed in Ch3pter VI. These !,'lots illustrate 

the effect of elitdnating too many stateafro~ the filter state variable 

vector 
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Appendix n 

Plots of the Plant Error States .!!_ Specified Update P.ates 

The plots contained in this appendix are the remaining six plant 

error states at the various update rates from Chapter VII. The plots 

on the following pages are as follows: y position error with update 

rates of 5 seconds, 15 seconds, 60 seconds, and 90 seconds are show. 

in Figures 60 through 63, Altitude error with the same rates are 

ahown in Figures 64 through 67, x and y velocity error in Figures 68 

through 75, x attitude error in Figures 76 through 79, and azimuth 

error in Figures ao through 83 •. 
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der,ree in-Aerospace Engineerinr, and was elected to menbership in the 

Sigma Catml4 Tau and Tau 3eta Pi national engineerint honor societies, 

Upon cornpletion of the School of ?'ilitary Sciences, Officer he ~-1as 

cor.unissioned a 2nd Lieutenant in ::ovenher 1972, Lt nutler entered the 

Air Force Institute of Technolo~y Resident School of Fn3ineerin~ in 

pursuit of a ?!aster's Degree in Astronautical Fnr,ineering in January 
• 

. 1973. 
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He enlisted in che United States Air Force in Aueust 1961 

and was trained as a r.•issile naintenance technician at Chanute .\ir Force 

Bnse in Illinois. In 1962 he was stationed tdth the 46 th Air refence 

Missile Squadron at McGuire Air Force Base, New Jersey, and in 1967 

he was transferred to the 22nd Air Defence missile sauadron, Langley 

Air !orce Base, Vir~inia. In 1970 he wa~ accepted for the Aim.an 

Education and Cor.missioninr, :,ror,ran and enrolled at Purdue l'niversity. 

Upon graduation with a Bachelor of Science in Aeronautical and 
~ 

Astronautical Engineering degree, he attended Officer's Traininr, 

School and 'las corr.miss:f.oned as a 2nd Lieutenant in :iovel!'ber 1972. .Hter 

receiving his cot!'fflission, Lt Rhue was usigned to the Air Force Institute 

of Technolor.y to purs~e a Master's Degree in Astronautical Engineerin~, 

Guidance and Control. 

This thesis was typed by Sherry Willr.an. 
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