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S.   KullDacK 

THE ENTROPY  OF  A  MARKOV INFORMATION  SOURCE 

Let S  De a first-order MarKov source witn alpnabet 

fs   , s     . ..,s  ],   time-nomogeneous transition probaDilities 

P(si    |s  )   and  stationary dlstriDution p    «  ProD(s =  s  ), 

i  =  1,2,.,.,q.     Tnese  define  a simple  stationary MarKov 

main witn tne matrix of transition proDabllities 

1)     P 

P(S:ISi 

PCM3. 

P(s3lsi) 

p(3sl
s

2) i        ■        a 

P(s   | s   ) P(so I s 

P(s 
q i    i 

P(SJS 

P( s 
1 I    1 

wnere 

(2)     P(sils1)   + F{s3\si )   +...+ P(sjsj)   =1,        J - 1,2,...H 

and 

(3) Pi     = piP(s1 fsj   + p2P(sJ |s2)   +...+ p(iP(sJ IsJ,     j  = l,2,...,q. 

If we  set £'   =   (p   ,p_,...,p  )   tnen in matrix notation tne 

relations  are expressed   by 

(4) p'P=£'. 

J  ^   a Ik 
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I 1"  tne  source  is  In  state   s     tnen  Its  transitions   to 

tne  different  states  s I t   J  -   1» 2, . . . ,q form a finite  scnerre 

5) 
P(si|si)       P(s2lsi )    ...   P(sjsi 

,     P(3i'|Si   )-!-...  f-P 
«  '     1 

Tne  entropy of tne  finite   scneme  in  (5)   we  write  as 

6)     H(S|si )   =  -    X    P(s   lsi )   log P(s   |si 
i =i 

and  may   De  regarded as  a measure  of tne a.mount  of  Information 

obtained wnen tne  source   (MarKov process)   advances  one   step 

forward,   starting  from tne   state  s, .     Tne mean value   of  tne 

quantity  in  (6)   over all  states   s   ,   tnat  is, 

(7)     H^S)   =    i    p,    H(S   lst )   • 
i =i 

=    - i      i    P(s. ,s,)   log    lÜLiiii 

i      I    P, ■J(S1I
S

1 )log p(s1 I3, 

i =i   j =i 

-I i   P(S       S    )    lüg   P(S1 ,3    )    +      f, i      P(S      S   )    log   p 
1 =1    3 =1 t =i     j =i 

1. i    P(si ,s   )   logP(si,s)   +    %    pi    log pt 
I =1   ^ =1 1 =1 

=    H(SxS)   -  H(S)   =  H(S3)   - H(S) 

may   De   regarded as  a measure  of tne mean amount  of  information 

oDtained  wnen tne   source   (MarKov process)   moves  one   step  anead. 

Tne  quantity H(S|S)   wnicn we   snail call tne  entropy of  tne  source 

oDviously cnaracterlzes tne  source, 

■ ■ ^'c- I^MM. i^^^ ■i MiMfli 
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and   Is uniquely determined   by tne aDsolute proDaDllltles p 

and  tne conditional proDaDilitles P(s   Is  ),     1 <   1 ^  q, 

1   <   3  <   q. 

Note tnat   (7)   may   be written as 

(8) H(S2)   =   H(S)    f   H(S1S   ) , 

wuicn is essentially  a  special  case of tne  general   result 

(9) H(x)U)   =  H(i)   +  H(U|x) . 

It   nad  been snown tnat  generally 

(io)   mu) ä H(uix) 

wnlcn in tnis case  of a MarKov source   becomes 

(11) log  q  ;>   H(S)   ^   K(S|S) . 

If we now consider sequences of   (n + 1)   successive  signals 

wnlcn we may also consider  as constituted  of tne pair consisting 

of  a sequence of n signals  and a single  signal tnen we nave 

(12) H(Sn + 1)   =  H(Sn,S)   =   H(Sn)   + H(SISn)- 

But tne MarKov cnain property tnat tne conditional probability of 

a state depends only on tne immediately preceding state 

■ i iJki -J 
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Implies tnat 

13)     H( ';;>)   =  K(S|S) 

or 

14)      H(Sn + 1)   =  H(Sn )    +  H(S|S) 

and   by  successive  application of   (14)   we  get 

^ 
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n + 1 
(15)     H(s       )   =  H(S)   + nH(S|S),   tnat  Is 

(16)     H [(n + 1)- ti-.ple]   =  H( single)   + n H(transitlon) t 

We  may also write 

(17)     H(Sn + 1)   =  H(S,Sn)   =  H(S)   + H(Sn|S) 

so tnat  comparing   (15)   and   (17),   ^e  see tnat 

18)     H(S  |S)   = n H(SIS) 

and 

19)     H(S" + nlS)   =   (m + n)H(S|S)   = m H(S]S)   + nH(S|S) 

=  H(S" IS)   +  H(Sn IS) 

tnat is, tne entropy in (m + n) transitions is tne sum of tne 

>. ^ 
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entropy  In m and n transitions. 

From   (15)   we  see  tnat 

Page lj 

?0] 
THT 

H(S 
n+1 

H r.)   + ^HOIS) 

GO tnat 

^1)     lim   JL    H(Sn + 1)   = 
n -.00    n+1 

00, 

tnat   Is,   tne mef^n entropy per  signal in a long  sequence  of 

signals  is  simply tne  entropy  of tne MarKov source. 

For a source wltnout  memory   (independence)   we  nave  tnat 

{22)      H(S2)   =   2H(S) 

and for a MarKov (order 1) source we nave tnat 

(23) H(S2) = H(S) + H(S|S) . 

Since we nad in Cll) tnat H(S) 2 H(S|S). a measure of tne 

correlation between successive signals may be taKen as 

(24) 2H(S) - H;S) - H(S|S) = H(S) - H(S|S) = 2H(S) - H(S2). 

Note tnat 

.-t -* *■ *- 
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(?5)     I  = IJ. P(si ,s  )   log ESh-Lhl    *   (ft F{st ,s  ))   log E  P(Gt L!jJ     = 0 

Pi pj ä       " ;■ j p. p. 

and 

(26) I  -  JJ  P(si ,3^)   log  P(si ,3^)   -  ZI  P(si .Sj)   log  pi    -  Z5   P(si ,3^   log  pi 

-   ZJ,   P(Sl   ,3^ )    log   PfSj   ,3^ )     -   Z   P,  log   Pj     -       ^    Dj     log   p, 

= - His2)   +  2H(S) = H(S) - H(S|S), 

wnere I = 0 » P(s s ) =p, p., tnat is, no memory. 
1    ' 1   J 

Tne reader 1~ reminded tnat all tne preceding was 

relative to a first-order MarKov source. 

Let us now turn our attention to tne case of an m-tn 

order MarKov source, tnat is, tne conditional proDabillty 

of a signal value or state depends only on tne preceding 

m signal values or states.  As before we nave tne relation 

in (12) (wnicn we repeat nere) 

(12)  H(Sn + M = H(Sn,S) = H(Sn) + H(SISn) 

but  now tne  specification of an m-tn order source  implies tnat 

(27) H(S|Sn )   =  H(S|SB ) n ;> m 

-    - —^   - -   -    -       — -^—M——^—^^i 
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(;"H)  H(Sn + 1 ) = H(Sn ) + H(S(S° 

and Dy successive application of (28)  we get 

(29)  H(Sn + 1) = H(SB ) +(n - m + 1) H(SISM),  n > m. 

As  In   (11)   we may  also write 

(30)      H(Sn + 1)   =  H(PF ,Sn-D41 )   =H(Sm)   +  H(Sn-» + 1 | Sffl ) 

so tnat comparing  (29)   and   (30)   we  see tnat 

(31)      H(Sn-» + 1 |SB )   =   (n - m + 1)   H(S|SB ) , n ^  m; 

and 

(32)      H(Sni + n2 IS" )   =   (r^    + n )H(S| S" )   =  r^ H(S|SB )   + nBH(S| Sm 

= HtS^IS")   + H(Sn?|SB),     r^   5   m,   r^   ^ m, 

From   (29)   we  see tnat 

1 j + i ] 

(33)   rrr H(sn+1) 
n-m+l 

n+] T H(^ )   h-rrr H(sls" )»        n ^ m 
n+1 

so tnat 

(34)     llm_^ H(Sn + 1 )   = H(SISB ), 
n-ro  n+1 ' ' 

.*■ 1 ii ML 
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tnat IF, tne mean entropy per signal In a long sequence of clgna] 

Is simply tne entropy of tne m-tn order MarKov source. 

If we use tne notation P(Sn) to represent tne probaDility 

of a sequence of n successive signals, tnen Dy tne convexity 

property 

p / c   o \ 

35)  I = Z Z P(Sm,S) log  ~— 
SBS P(S )p(s, 

= 1 log .i = 0, or 
1 

z z P(S ,. log 
P(Sn ,S) 

Z, P (s 
s« 

P(S 

(36)     z Z  P(SB ,S)   log P(SD ,S)   - 
S 

Z    Z   F 
S"   S 

k 
[                             = Z     P(S= + i)   log P(SB + 1 ) 

gm+l 
-  Z     P( 

S" 

= -   H(S" + 1)   + H(SB )   + H(S) =   -   H( 

i 

1                         so tnat 

- Z Z P(3m ,S)log P( 

log p(sm) - z P(S) log p(s; 

H(S|SB) + H(Sm )   +  H^ 

37)  I = H(S) - H(3lsB 0 

wltn I = 0 o a signal Is independent of tne preceding rn 

signals, is a measure of tne relation between a signal and tne 

preceding m signals in an m-tn order MarKov source. 

To assist tne reader to relate tne exposition and notation 

in tnese notes witn tnat in tne text by ADramson we indicate 

equivalent values and results in tne following table 

-t * * *-1 MMHMMMil mmmmm 
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(2- 

(2 

(2 

(2' 

(2^ 

(2- 

29 

-37 

■41 

■42 

-45 

■44 

H(S) 

H(S) 

H(^) 

H(Sn ) 

H(Sn ) 

p.   28 

P.   31 

p.   31,   (2-4o)  p.  31 

p.   31 

P.   32 

p.   32 

IK 

H( 

H( 

H( 

H( 

H( 

order  1  source 

order m  source 

S] S) order 1 source 

SI 3" ) order m source 

S) 

sB!S) 

sn is" 

(11) 

(18^ 

(15) 

(29) 

(34) 

(10)   wltn i4=Sn ,  i=Sa ,   oraci1 m   source 

cf.     On tne entropy of Martcov cnalns  by G.A.   AmDarcumjan 
12v.   AKad.NauK.   Armjan.  SSR Ser.   Flz.   Mat.   NauK.   11(1958)   no, 
31-40.     Selected  Papers  in Matn.   Statist,   and  ProDaDillty, 
Vol.  4 (•1$63),  pp. 1-11.  

-^-k I   I   fcjki m* 
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EXAMPLE - Entropy MarKov Cnaln 
s 

1 
S2 S3 S4 

Gl 
_ p .8 0 0 

S2 
0 0 .1 • 9 

3 0 0 .2 .8 

S 
4 .7 .3 0 0 

using (?) 

H(S|S) = 7/24H(.2,.8)+1/3H(.9, .1) 

4l/24H(.2,.8) + 1/3H(.7,3) 

=7/24(.721928 + l/3(.^68996) 

+1/24(.721928)+1/3(.881291) Dits 

= .690738 Dits 

Stationary ProDaDilitles 

.2pi   +   .7p4   =  P1 

•8 Pa   ^   •3P4  = P2 

•^   +   -^   = P3 

.9PB   +   •8p3  = p4 

-8pi   +    7P4   = 0 

Ps   -    8p3  = 0 

72p3   +    8p3   = 10p4 

8P3   = P4   = P8 

7/8p4   + p4 + l/8p4   + p4   = 1 

p4 = 1/3, pi   = 7/24 

P, = 1/3, P,   =  1/24 

H(S)  = 7/24 log 24/7 + 1/3 log 3 + 1/24 log 24 + 1/3 log 3 

= 1/3 log  24 + 2/3  log 3  -  7/24  log 7 

= 1/3(4.584962)   + 2/3(1.584962)   - 7/24(2.807355)   Dits 

= 1.76615  Dits 

-k. 1 * -1^- mk 
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a m n 1oSa n s 

sl sl • 2(7 /24) - 14/240 14 53.30297 

sl sa .8(7/24) - 56/240 56 325.2119 

s1 s3 0 8 ~~.0000 

s1 s4 0 72 444.2346 

sa sl 0 2 2.0000 

sa sa 0 24 110.0391 

sa s3 .1(1/3) - 8/240 

s. s4 .9 ( 1/3) - 72/240 2H(S) - H(S~) ... 

s3 sl 0 

s3 s. 0 3-~3230 
-2.~~ 

s3 s3 . 2(1/24) - · 2/240 
i.p 

s3 s. .8{1/24) - 8/240 H(S) - H(SIS) 
s4 s1 . 7{1/3) - 56/240 - 1.7661~ 
s. s. .3{1/3) - 24/240 - .6,~ T .. oi 
s. 83 0 

s. s. 0 

H(S8 ) 
_ 14 log 240 + 56 log 240 + 8 log 240 + 72 log 240 

240 14 240 56 240 8 240 72 

+ _L log 240 + _Jl_ log 240 + ~ log · 240 + 
240 2 240 8 2 0 56 

24 log 240 
240 24 

- log 240 -
1308.0005 

24o 

- 5.321928 + 2.584962 - 5.45 D1ts - 2.45689 D1ts 

H(g8) - H{S) • 2.45689 - 1. 76615 • .69074 D1ts 


