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DISCLAIMERS

The {indings in this report are not to be construed as an official
Department of the Army poeition unless so designated by other authorized
documents.

When Government drawings, specificarions, or other data are used for any
purpose other than in connection with a definirely related Government
procurement operation, the United States Government thereby incurs no
responsibility nor any obligation whatscever; and the fect that the
Government may have formulated, furnished, or in any way supplied the
sald drawings, specifications, o1 other data 1s not to be ragarded by
implication or otherwise as in any manner licensing the hold¢r or any
other person or corporation, or conveying any rights or permission, to
manufacture, use, or sell any patented invention that may in any way be
re.ated thereto.
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such commercial hardware or software.

DISPOSITION INSTRUCTIONS

Desttoy this report when no longer needed. Do not return it tc the
originator.

F—WJ"" [™ / ,
" L~ <

il Poft ¢:.tha 31
| TR ] o

A -
1] o

[E SV TEPE SR P S

B T T

e

T S

e g gl i e o



Ff?&‘manv;w-w”«. T

E
|

3
3
i

WP we T T

N AT T TS T T e SR p

DEPARTMENT OF THE ARMY
U 3 ARMY A MOBILITY RESEAMCH &4 UEVELOFPMENT LABORATORY
EUBTIS DINECTCRATE
FORT EUSTIG, VIRQINIA 23804

Tile report has been reviewed by the Eustis Directorate, U.S. Army
Alr Mobilicy Research and Development Laboratory and is considered
to be technically sound.

The purpose of this effort was to develop the methods for applying
the tip relief theory of USAAMRDL TR 72-7 to rotor performance
analysis. The tecanique for predicting rotor compreasibility power
lceses {8 discussed, and chavts of calculated results {ilustratiag
power lossen due to tip rellef as funccions of bouth advance ratio
and tip Mach number are included. Computer programs for direct
application of tip reiief to votor performance strip analysis and
for the separate calculation cof tip relief are included.

This progrum was conducted under the technical management of
Kr. James F. Trant, Jv., of the Systems Support Division.
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ABSTRACT

The tip relief effect on the performance of helicopters operating st high
subaonic tip Mach numbers is calculated. The theoretical method based on
the complementary wing model for tip relief is applied. The method of

application in complex dlade element computer programs is described and

results are presented. Similarly, the technique and results from a simpli-
fied application for use in energy type prediction methods are given. '
Since tip relief is closely connected with the problel of pacuiciluyg Llhe B
compreasgsible power loss of rotors. the techniques for predictivg this power i
loes are reviewed and discussed in detail.
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FOREWORD

This investigation was sponsored by the Bustis Directcerate, U.G5., Army Ailr
Mcobility KHesearch and Development Laboratory, under Contract DAAJOZ2~T2-C-

0031, Project 1F162206AA61, during the period Decemver 1971 to February
1973.

The preseut work is a continuation of the work previously reported undei
USAAMWL TR T2-7. The basic concept underlying the application of tip relief

theory tu rotery wings was suggested by Mr, James P. Trant, Jr., Eustis
Directorate USAAMTDI

DL, M. Thiaul was Lo tecliticad represcucaclive of Lie
Contracting Officer for this contract. His continued assistance and guid-
ance during the progrem are greatfully acknowledged. The material frum &

limited distribution paper was made available by the Douglas Aircraft
Company, McDonnell Douglas Corporation.

Preceding page blank

e ———————

e T S T =
o e e ——— T T i

- e s .

s S NI = N N

i, s i . ALl o e il 1 it bt

i il it

A e = s

s

D b’

e e it e Al i

oo




TARLY O} CONTENTS

ABSTRACY. ..o v v e e

FOREWORD. ., ....vvvenenn

LIST ¢F ILIUSTRATIONS. ...
LIST OF SYMBOLS .o vveevnee.,

INTRCDUCTION. o v v eu s

D R R I I S A B Y

COMPRESSIBILITY EXFECTS 1IN EELICOPTER AERODYRAMICS

Compressible Fluid Dynamics of Rotary Wing..
Early Experimental Work..........
blade Element Analysis...........
Empirical Metheds....... Ceesienan
Analytical Calculation of the Compressibility Lriects

on Retor TYerformance. e

i TIP RELIEF 1N ITS RELATIONGHIP 10 COMPREESSIBILITY.........

Description Of THCOTyeeveoe oot anvnennnn
Tre Use of tne Uiy Leldled COF[L&L]OH in Strip
A Simplified Blade Element Analysis To Calculate

Tiy KReljet....o..... it e e e -
Tip Rellef kEtfect on Ferformance-....-..... et
Tip Relief Combtined with Caspressibility.e...oooee.n.
Tip Relief Celcwlation &s Proposed by Proutycccev..o..

i DISCUBS10N OF SIMILANITY LAWS FOR RCTORS........ e .
COMMENTS ON EXPERIMENTAL VIRIFICATION OF COMPHRESSIBILITY
EFFECTS AND TIP BELIEF«eu einiruerneennn. e et .
CONCLUSTURS AND RECOMMENDATLORS . vt et e ttee e cnenen ceennrnnens
LITERATURE CITED.. e N .
APPERDIX. Computer Frograms..:............... ............... e
DISTRIBULION . Lttt ittt eie i aenenerrnennnnnnenn, e e e

preceding page biank vit

L A A B IR SRR Y L R I R L I IR RN I

LR I R S I I I I N R N A P e R R R

D L R R I B R T B S S i S P S R S S N )

.
.
-
-
-
-
-
-
.

v...-.u.--.-..oc.

R R N I R I I A B AR

Asm Voo 3
P aulayuise s

Lage
iii

viii

ix

ro

oW ro

10

14
1¢
21

2¢
2E

31




oo

Figure

L))

LIST OF 1LIUSTRATIONG

Efiects of Compressibility on Rotors in Hover.,...........

Complementary Wing anu Coordinate System for a Finite
Wing.

R R R R N T S e I S S R S I I I L B I I

Application of the Tip Relief Correction,,,

s 48 s ea s s a0 te s

Drag Distribution on a Hovering Rotor,,

“ 8 s et e et " e

Change in Torque Coefficient Due tc Tip Reldef,..,........

Change in Terque Coefficient Due to Tip Rellet,

“s s 4 e s ey

Change in Torque Coefficient Due to Tip Relief, Some
Comparisons

Typical Comparison of Test and Predicted Power Required...

Comparison of Comprossibility Effects.....

vili

AWl

ry

C

n

o it o vt i



LIST OF SYMBQLS
a Speed oi sound, ft/sec
a. Slope of CD with M using a straight-line approximation
b Number of bludes
C Semichord, rt
CD Crag coefticient
i CL Lift coeficient
| < Pressure coelficient
Cp Rotor power coefficient
CQ Koter torque ccefficient
CQo Roter profile drag torque coefficient
CT Rotor thrust coefficient
i D Drag, 1lvu
, D' Distance, ft, = V(x-£)¢ + (y-n? + 2
7 l F z-200rdinate of wing or blade surface, ft
E E; Correction factor, namely, equivalent fracticnual change in
free-stre m velocity, due to tip relief
g G Source potential of camplementary wings, ft
t
g hn Terme of the Taylcr series expansion of E;, re 8
In Geometric churacteristic of airfoil, = l:c F( L(Q(n-l)+l)d£,ft2n
K Constant for parabolic variation of CD with M
z Incompressible lift curve slepe, per radian
M Mach number
F \ M! Mauch pumber at which drag incresses from incompressible
valus foo straight-line spproximation
r
Mdd Drag divergence Much number
1 HLd LiTY diveigeulc Fach uuavgl i
1

ix

3




C e TR Y PEEVICEEAN e T TTERTE SRR TR TSI ST LT meA T T Srem o = = s T AT,
} I
| !

R Total radius of a blade, ft l

: }

: r Ry3iiaus station, ft ;

E r Nondimensional radisl station, = r/R ;

]

b . , '

i u Locel velocity, fi/sec !

E v Free-strear velocity, ft/sec

E v Ferwerd speed, fi/sec

A XY ,2 Coordinate system (see Figure 2), ft

14

' a Angle of attack, radiars

<y~ e

B Frandtl-Glauert factor, v.i-M¢)
Y ! Ratio o1 specific hee®:s

3 T Stegraticn ceompresch:il v factor; 1 + 13; 142

3 A Aspect ratio

{

» Advenze ratlic

b

3 ~ Novmtd.. Cn. . _1r. 3

4 v ~CLDaVy , SLLgS/ L
£, 1 Auxiliary coordinates {cee Figure 2), 1% :
o Solidi*y :
T Thickness rati-,
¢ Fotentiel furction, tuv¢/sec !

i
¥ Azimuthel anglie, deg ;
{ Rotetional zypeed, rcd/sec
L SUPERSCRIPTS

) Averaged
(’) Eeduced value in acuoriup.: with the transcnic

similarity rules




F BT TR T v e T T rRRETTI ST E T S T o wERT YRR . T3S SRATERERTSECI Aot ST SRS R W IS T T Ty o TR SRR s
e B i aic o g 4

SIJBSCRIPTS
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( )eff Effective
( ey Finite wing
(), Tnduced
i
( )im Incoapressible g !
() Maximun i
m ]
( )o Due tv profile drag
( )TR Due tr tip relief ;
( )x Cifferentietion with respect to x 2 {
( )y Refers to local value
( )m Condition in tiie undisturbed siream i i
( )E Differentiation with respect tc the aw:iliary variable i
1 ]
( )l 90 Refers to value at ;=l, and ¢=90° on an advancing rotor 1
*
( )l Refers “o value 8% r=1 on & hLovering rotor }
NOTATICK 3
A{B} A is o function wihcose verieble is B ]
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INTRODUCT1ON

Compressibllity effects have long been recognized as having an important

influence on the perfcrmance of high-speed helicopters. During the 1960's,

i1t gradually became recognized that ore could "live with" compressibility
effecte on rotors. Earlier it wes found, first on propellers and then on
rotors, that adverse effects of comrressibility occurred at higher Mach
numbers thar expected from fixed-wing resuits. The next obvious step

wag to attenpt to alleviete ccmprerssidbility effecte turough such techuiques

as the use of thinner o1 eupercritvicel airfoils near the tip of the olade,
suaping of the tip, etc. Pearallel efforts were directed at developing

techniquee for predicting performance of rotors considering compressibility

aud correlating flight test data. Further studies and experimentation
are .onclnuing st e Sast nace,

This repcri presente the results of uar inve: tigation conducted by
Aercphysics Company to obtaln a better ticoreticel understanding of com-
pressitility effects crn helicopter rotor performance. It exploits earlier
findings by .eNard! based on & hypothesis suggested by Trant tnat a theo-
retical potentiei flow method of svurce - cink 51ngularitieq similar to
the method developed by Anderson for fixed wings could acccunt for *the
effect of the compressible three-dimensional relief on the torque required
for a helicopter rotor. Results of Referencce 1 were systematically
analyzed in the study reported herein for application with existing rotor
performance analyses. Cince the main point of the stufy is tip relief,
i.e., & relief effect not accounted for in conventionsally -used compressi-
bility calculaticns, it wes nececsary tc cercfully review these conven-
tional compreseibility enelysea. Those enalyses are sumnarized in the
first part of the report. Then, & briel review cI' the tip relief enalysis
of Reference 1 is presented. This tip reldef anselysis is then applied ard
used with existing btlade :zlement comguter progrems, both hover and forward
flight, and in a very siuplified biuie element analysis whereby the torque
decrease duc to tip relref is celculated as a seperete  .mponent of the
total torque. HNumerice! examples ere calcuvlated end performance charts

of the tip relief effert, usable for design purposes, are dravn.

- o e .
As some of today'z helicopter reotore enccunter fully transonic Tlows, tue

transonic similarity rules derived for fixed wings were examined. It was
hoped that these sim-larity laws could he extended to rotors and combined
with the tip relief theory. 1though this subject was examined and is
discussed in this report, it has not yet been successfully applied to
rotors.

Experimental verification of the Anderson ~ Lellard theory for tip relief
¢f rotore 128 becu ccnsidered; however, no simple and relutively inexpen-
sive method has “een suggested that will effectively isolate the tip
relief effect tc the precision required to verify the theory.

It .8 concluded that the Anderson - LeNard tip relief method has been
successf U1y reduced to practice. Attention should now be concentrated
on the cther agpects of helicopter rotor compressibility.

5 e et s n o W g
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COMPRESSIBILITY EFFECTS IN HELICOPTER AERODYNAMICS

The problems ot high-speed rotors end propellers have heen under investi-
gation since the early 1940's. Propeller compressibility problems becaue
acute on high-speed fighters during World Wer II. A number of approaches
to subsonic and supersonic propeller rerformance eveolved. During this
period, experiments showed a dlscrepancy hetween the test results and
blade element theory, in that the tests gave an appsrently lcwer drag
divergence Mach number. Many investigators heve attempted to find means
of predicting the compressible flcw effects ac are discussed here,

i At high forward speeds it is difficuit to separate compressibiiity and
stall effects, as both otten occur at the same time cn “he rotor. At

the advancing tip, the forward speed and the rotational speeds add,
resulting 1u speeds approaching Mach one. 3But on the retreating side the
two speeds subiract, resulting in & regior of reverse filow and aress
where the flapping blades are at or above the stall angle of attack.

The dividing line between stall lcosses and compressibility losses 1is

l seldom deducible from test data, and both areas must be taken into acccount
in rotor analysis.

COMPRESSIBLE FLUID DYNAMICS OF ROTARY WINGS

The motion of rotating wings through a fluid should be describable by

iue busiv Gillerential equations of fluid moticn, But the coumplexity of

the rotary-wing problem is such that only recently has any real progress

been made in the basic theory. The fluld dynamic equations governing the
motion of the fluid for a rotating wing can be derived from the equations
of continuity. momentum and energy. This derivation is presented in a

number of places.l*a’“

] b

Sears’ mede one of the first attempts &t beginning rotary-wing theory
with the basic governing equations of {luid motion in 1950. He investi-
gaeted the flow potential function of an infinitely long cylindrical bvlade,
rotating in incompressible flow. The result indicated that the potential per
unit velocity in the plane transverse to the rotnting cylinder ic the

same as fcr a similar cylinder in steady plane flow. Further, immediately
edjacent to the cylinder (at least for the circular cylinder case given

in Sears' paper) the fiow is ordy in this transverse plane. The con-
clusion which may be drawn is that the pressure coefficient and therefore
the force coefficients from potential, incompressible flow are the same

as that from blade element theory. Thus the validity of the blade element
approach was indicated, and it has been used for performarn  calculations
and theoretical work including twrbulent, compressible rotor boundary
layers (for example, see hicks end Nash,é or Clark ani Arnoldj ,9). onmly
in December 1970 was it shown by Goorjian and McCroskey that tue Sears
approach is not necessarily valid when the rotating blade is of finite
gspan. ‘The major theoretical effort over the past 15 years has been

toward determining the effcct of tbe trailing \orti~es. The trailing

v mcod

determining the local anglP ot attack particularly neear the tip aqd in
hover. A great amount of literature is available cn this approach »12




and thus will not be discussed in detail here, but it generally considers
incompressible flows.

In the cese of uniform flows, the well-kuown Prandtl-Glauert transformation
may be used to change the egquation for small pertubation velocities in com-
pressible flows to the equation for an equivalent incompressible flow. It
was shown in Reference 5 that small pertrrbation equations for a rotating
blade do rot reduce to a simple form, wmenable to the Prandtl-Glauert
transformation. Farther assumptions ere needed so that a Prandtl-Glauert
type of transformation may be used, 8s shown in Reference 1. The differ-
ence between the two cases is that for uniform flow the compressible,
small-pertubation equation has constant ccefficients, while in rota*ing
fiow it is agein a linear, second-order partial differentisl equation,

but the coefficients are now functions of the space variables.

There have been twe recent papers concerning the coupressible potential
Tflow over nonlifting, hovering rotor blades. The earlier one %y SopherS
derives the equstion for & source distribution reoresenting e thin airfoil,
rotating blade of finite span in the subsconic, compressible regime. The
inviscid velccity distrivution was then calculated at several spanwise
stations., Results from numerical solutions to the equations fer transunic
flow over e rotating blade were presented by Caradonna and Isom.® This
paper indicated that as the Mach number increasses, "the nonlinear btehavior
of the wing near the tip becomes more severe than that of the rotor'.

Thus linearized theory (subsonic flow) has validity to higher sukcenic
Mach cuwbers Ifor a rctor then for a wing.

The asymptotic expeansion to the lincarized subsonic potential eguation

in terms of the distance from the tip was derived by Caradonna and Isom.®
To a first approximation near the tip, the flow was found tc be the same
as the three~dimensionel flow in the tip region of a semi~infinite wing
moving at & unifcrm speel equal tc the blade tip Mach rnumber. This is
velid for high-aspect-ratio rotors where the Mach number gradient is
Jarge. But in the high-subsonic ccmpressible range, small changes in the
Mach number can result in large changes in the drag. Thus this approxi-
mation must be used with care.

EARLY FYPERIMENTAL WCRK

Although scre experimental work wos done during the 19L0's, by Gutschel3
and Gustafson} arcng others, the rmajor work in this area is “he result
of a series of tests conducted on the NACA Langley test tcwer under the
airection of Paul Carpenter.

The Carpenter tests were performed on a number of different rotors,

varying bvlade uirfoil section. Reports of these tests are given in

references 15 through 25, Comparisorn cf the test resultsl®,20 yi+h strip

analysis of Reference 2?6 using two-dimensional airfoil data indicated

that the theory overestimated the compressibility dreg rise, Carpenter21

gave as reasons for these discrepancies the effect of centrifugal !
runping and the drag-alleviating effects of three-dimensional flow &t E
the hlade tip reeultines freom o roductiva ul local Mach number, This led
him to formulate the cecncept of synthesized blade section data.




Synthesized data is obtained by adjusting the airfoil section properties
until the strip analysis performance prediction agrees with the measured
performance. This is a trial and error approach, but certalu guidelines
from theory and test sre used to obtain reasonable values of the airfoil
section properties.z1

The synthesized dats is obtained from hover teats on & tegt tower.
Reasonably large blades (26.8 feet radius and 16.4 inches chord for the
NACA 0012 airfoil, for example) were used, tc obtain high enough Reynolds
aumbers, but surface condition differerces may be iiportant. Concernirg
application to forward flight, Carpenter states that the synthesized
data should be valid until proved otherwise.?! T¢ dete this hypothesis
has been neither prcved ror disproved,

One of the possible applications envisioned for the tip relief theory

is tc provide a link between synthesized airfoil data and two-~dimensional
airfoil date. <The syrnthesized airfoll data is, in & sense, an average

of the two-dimensional data wiiii tip relierl correcticn.

BLADE ELEMENT ANALYSIS

Blade element or strip analysis forms the basis of almost all performance
and rotor dynamics calculations. The so-called "energy" methods are in
most instances the result of simplifying the strip analysis so that the
integration may be carried out analytically (i.e., resulting in an
algebraic equation), rether than requiring numerical computation.

The basis of blade element theory is the assumption that each element
caun be considered aerodynamically as an independent two-dimensional
airfoll segment. The local forces are calculcted from the resultant
velocities at the elemxent, and the total for~~s are found by integrating
radially snd szimuthally. From the forces, the motion of the element is
determined. But the motion (especially flapping) has an effect on the
local veloccities and therefore the forces, requiring iterations.

The early perfcrmance metlLods made a number of assumptions to avoid the
iterative calculations. These concerned the induced velocities, the
lift and drag coefficients, the flapping motion, ete. An example may be
found in Chapter 8 of the book by Gessow and Myers,?? although other
workers have used different sets of assumptions.

With the development of computers, an iterative method is used, which
ir essence was first outlined by Gessow.2® There have been & number of
improvements made in various areas since that time. The most widely
useq results of this technigue ure the tables and charts prepared by
Tanner.<>»22

There is much work still being done and controversy over the airfoil data

to be used for these computerized strip analyses. The latest suggeetions

concern the problem of unsteady stall hysteresis.>” The Tanner charts?®

use alrfoil data from "two-dimensional wind tunnel tests of & production A
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blade specimer using the RACA 0012 afrfoil section". A similar set of
charts was prepared using the Carpenter21 synthesized data by Kislielowski
et a1.3! To our kpowledge there has been no meaningful comparison of
these two prediction methods, although both appear to be widely used.

The method propos=d to account for tip relief is to use the two-dimensional
airfoil data, but to make the corrections as indicated by the Anderson -
LeNard theory. Detailed derivetion of the tip relief theory is given in
Reference 1, while the technique in general eand the results of use in

strip anslysis are described in the following chapter.

To obtain an indication of the compressible power lose, Gesscv wnd Crimaz.
using compressible airfoil date in the method descrided in Feference 26,
calculated the power required for several rotor configurations. The
compressible profile power loss of the various configurations was cog.-
pared et equul values of the increment in tip Mach numbter above the drag
divergence Mach nuober. The results showed that ths different config-
uwrations had approximately the same loss in profile power coefficient to
solidity ratio when compared in this manner. This suggested that the
incremen. in power coefficient to solidity retio due to compressibility
depends only on the difference between the drag divergence and the
advancing tip Mach numbers. A more detailed discussion is given later
in this report in reference to Figure 9.

EMrindlCAL METHODS

To reduce the data and decrease the amount of flight test required, pe:--
sonnel at the Edvgrda AFB Flight Test Center have been developing an
apprcach, mainly empirical, to account lor compressibility effecte.
Drawing on fixed-ving experience, the power required is divided into two
portions: (1) the incompressible power and (2) aun increment in powar
due to compressible flow, which depends on the difference between the
critical Mach number of the blade section and the Mach number of the
element. The correlation i established empirically using UH-1F, CH-L7A
and CH~3E flight test data.3s3“ References 35, 36, ard 37 give detoiled
flight test data for thees heliccpters flyliug in the compressibie flow
regime. later report338'39 include the effecte of power losses due to
retreating blade stall.

The early empiricail work 33,34 attempted to relate the power increase due
to compressibility to the value of the advancing tip Mach number above
the critical Mach number. These works differ from Reference 32, vhere
the drag divergence Mach numbter is used instead. Good correlation using
test data from two different pelicopters has been reported.3% The
resulting empirical relation for the compressible power rise has deen
used with varying success at Edwards and elsevhere,

More recently, a number of analytical/eemiempiricel techniques were
developed and evalusted,3?8»29 These techniques uaed various approximatinna
iur tne Grag in compressible flow and the 1lift in the stall region. Thus
both the compressibility and the stall regions are considered. The basic
theory was wmodified empirically to obtain better correlation with dats.
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The techniques consider & number of variables, including lift coefricient
at the edvancing and retreating tip, lift curve slope as a functior of
Mach number, an empiricel critical Mach number, maximum lift coeffi-ient,
Mach number distributior over the ereas affected b, compressibility and
stall, and the calculation of these areas, Results are compared to the
CH-3C flight test data in Reference 39. Since this report is widely
availatle, and a number of techniques are presented, we will not discuss
it 1a detail. Somsel3? obtains correletion within ¢ 1 x 10-° in power
coefficiert over 80% of the flight emielcope. But the remaining 20%
occurs at the higher advance ratios, thrusts and Mach numbers.

ANALYTICAL CALCULATION OF THE COMPRESSIBILITY EFFECTS ON ROTOR PERFCRMANCE

By analytical celculation we mean those approaches which attempt to yield
an algebraic expression for the forces on a rotor due to compressibility
e.:d thus separate the forces due to compressibility from the other com-
ponents of the total force. This falls irto the realm of "energy" type
apyroaches, Thete analytical calculations use one of two methods:
actvator disc theory or blade elemernt analysis.

In the late 19U0's and early 1G.9's, the problem of high-speed progellers
vas investigated using &ctuator disc theory in ccmpressible flow.YVs“ls42
In these investigstions, the compressible flow through a coniracting

slreen tube with energy added at the actuastcr disc 1s considered. This
flov model represents axial flight and is more applicable to axial turbines
and "o prepellers ut high forwoard specds. The problen of cowpressible

ti» sy eed does not appear in the results due to the infinite number of
blaac assumptions inherent in the actuator disc apprcach. This actuator
disc approach was combined with blade element theory by Laitone“? for
application to helicopters.

An approach which appears to be more applicable and useful was developed
by Head,““ by the use of theoretical and empirical rules for the variation
of the drag and 1lift coefficients with Mach number. These variations ar:
used in the blade element equations, which are then integrated to find

the rotor thrust and torque coefficient ratiovs (i.e., the ratio of com-

vorbliasm  Mand acad dowe— a4
“!'Egsi).‘le to i::'_"“"pr‘""b"" "CCffiCiC“"‘\. Narthar s siT@U COUDLOUTIB® LUT

increase due to compressibility in induced power, which 1is not done elsewhere.

Head's“"“ paper may be outlined as follows: First, Head hypothesises a
varietion of 1lift coefficient with Mach number. This variation was then
used in the equations for toraue and thrust for the hover case, which
was then solved. He then examined the forward flight case. The com-
pressible profile drag power, for toth hover and forward flight, was
then considered, hypothesizing a varfation of drag coefficient with Mach
number. This outline is followed in the discussion below.

The 1ift coefficient is assumed by hHead to vary in accorcdance with the
Prandtl-Glauert law for Mach numbers up to 1lift divergence. Above lift
divergence, a linear decrease with Mach nuzber is assumed.
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ldaking the usual assumptions, such as smali inflow angles, neglecting the
effects of drag on the thrust and induced torque, etc., the compressible
to incompressible ratio of thrust and induced torgque coefficicnts are
calculated for the hover case. These ratios are functions of e tip
angle of attack, 1ift divergence and rotational Mach nunbers, and the
variution of lift coefficient with angle of attack and Mach number.

For the hover case, it is found that not only the torque dbut the thrust
increases with Mach number. Thus most of the increased induced torque
due to cumpressibility is due to the increase in thrust due to com-
pressibility. Thus, given a required thrust, one would reduce the angle
of attack (actually collective pitch) to uzake Cp./Cpinc equal to unity.
With this condition, the increase in induced torque due to compressibility
dees not excezd 3% at M5 and decreases above the 1ift divergence Mach
number, since there is a relieving effect -1 1lift that results in thre
inboard movement of the centroid of the lc.d. These results from
Reference LL are shown in Figure 1. Parts (a) and (b) of Figure 1 stow
the effect of compressibility on thrust end argle of attack. In part (c),
it can Le seen that the induced torque due to compressibility at constant

thrust is very csmell and mey be neglected, while a6l 8 constant angie ol

attack this is not the case.

These results indicate that in hover, calculating cnly the incompressible
values of the thrust and induced torque is a reasonable assumption in

the usual energy calculations. The major effect of compressible flow on
rotor performance is upon the profile power aid upon the airfoil angle of
attack., Much of the other work, as described herein, has been concerned
with the profile power dve to compressibility. On the other hand, the
effect of compressibility on the angle of attack has been neglected.

For forward flight, Head states thet the effect of compressibility ovu ilhe

induced power may be neglected and that the equation for thrust cannot

be analytically integrated but must be numerically integrated, which he
ives not do.

The calculation of compressible profile drag power is based on the
agsumption that the section drag coefficient variation with Mach number
may be represented by a parebola, Head writes

g —\3 - '

ACQ,C ol s f £. (b Cos ¥ + r) ACD dr dy (3)
(% v T

vhere the limity of integration on y and r are chosen to represent the

"portion of the rotor disc operating above the drag divergence Mach
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number” The incremental drag, AC., is the increase ip profile drag due

to compressibility. Head assumes ically & parabolic variation of 4Cp
with Mach number, but makes further correction, such as an ilncrease

of 0,06 for the rotor drag divergence Mach number above the two-dimensional
value, quoting Reference 14. He carries out the integration indicated

in equation (3) for both hover and forward flight. The results are pre-

sented in chart form, and AC may be calculated given Ml,90. s Mgg and
the parameters for the parabgifc varlaticn of AC_ vs. M

D
Results for hover appedr very good when the Carpeuter15 data i8 compared to

the theory.“ 1p forward flight, some limited cowparison made to the data

of Reference 35 spyears to give low values of the 400 but this result
shouid uot te taken as conclusive.

Further vork with this theory is necessary to determine the importance of
the chunge in angle of attack due to compressibility, the change in induced

torque in forward flight due to compressibility, and comparisons to test
data.
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TIP RELIKF IN ITH KELATLIONGHIP TO COMERESCIBILITY

The ealslence of 8 tip relicef effect has been suggested by various
gources, as discusscd in the previous chapter. The tip relief effect is
o difference bLetween the reul three-~dimensional flow over a finite span
viug or rotor blade and the calculation for this wing or rotor Llade nade
using two-dimensional airfoil data. In this chapter the thecery and
1edults from one apyproach to calculating the magnitude of the tip reliefl
arc given. The equations of the theury were derdved in detail in
Reference 1. llere the basic elewments of the theory for its use are

gilven and the results frow its application in scveral pertormance cal-
culatioas.

DESCKIPTION OF THEORY

For fixed-wing aerodynamics, the major effect of aspect ratio occurs in
the spunwige variation of induced velocity and the resulting induced drag
and angle ot attack. This is all due to the production of 1ift by the
finite fixed wing. At lower Mach nubers this approuch is satisfactory,
but at higher subsonic Mach numbers a furthier correction is needed, as
was described bty Anderson,®

Wleu 8 tiree-dimensional oblact, such as a wing, is pluced in 8 unitform
flow, the stream lines around the body may deviate from tlic frec stream
in both directions perpendicular to the wing chord line. Yor a similar
twe-dlmensldual wiig, vildy douviaatdun 1o Lhe direciion perpenueiculal Lo
the planc including both the chord and the cpan is possible. Thus cne
can qualitutively conclude thst streamvise disturbances produced by
tloee-dimensional bodies are lewer in magnitude than those produced Ly
two~-dimenaional wings. 1In the care of n rectenguluwr pluntorm wing: of
high asjpect ratio, at the midspan the distiabances are newrly the samne 8s
for two-dimcnsional flow and diminish as the tip is wpyprouched, hence the
name tip relief,

This qualitative councept was quantified for fixed wings by Anderson
through the use of linearized wing theory and the copplementary wing
concept. He showed that the difference tetween the two- and threce-
dimensicnal characteristic oI a wing can, by proper averaging, be repre-
sented by a change from the actual free-stream velocity to an effective
free-stream velocity. This will result in a change (decresse) of the
effective Mach number and the dynamic pressure, hence in the drag
coefficient.

Linearized wing theory represents the thickness by a sowrce~-sink
distribution and the camber and angle of attack by & vortex distribution.
The former gives the so-called ronlifting case, while the vortex distri-
tution gives the 1ift. In a qualitative sense, we have shown that tip
relief is due to displacement; hence we need consider only the thickuess
as given by the sowrce-sink distribution,
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The velocity induced duc to thickness of a finite wing is the intcegral,
over the planform, of a source-sink distribution determined by the locsl

chordwise uirfoll slopc.

¢ = Ux - =

where D'¢ =

(x=£)% + (y-n)? + z2
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This same potential function
will result if this finite
spany wing is represented Ly u
wing of infinite span less
“complementsry wings',

The complementary wing is s
slidlar wing cextending from
the tips of the finite wing
to infinity on both sides.
In the equation above the
limits ot the integral,
using the coordinate system
of Figwe 2, i3 +¢ and -c

oii £, and -2X and 0 on n.

Tn the commlementary ving
representation the potential
is

Complementary Wing and Coordinate
Systen for a Finite Wing.

N Y )
+ i‘ j f Uy P; da¢ dn
an - -C D'
(6}

The first integral is identically the potential of an infinite or two-
dimensional ajrfoil, and cun bte represented by the symbol ¢y . - The
last two 1ntegrals give values which vary with pugition throughout the
Let = GlA,x,y.2}/Uy represent the third and fourth terms

flew fileld.
of eguation

G{A,x,y,2) =

(6). Thus
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¢ = Unx + ¢me - U, GiX,x,y,2) (8)
or in terms of the local velocities

u= %f-- U_+u -u Gx(x,x,y,z}

A=

= U (16 {A,x,y,2)) +u, (9)
If an average vilue of Gx can be fcund, then
u = Um(.L-Ex) + N me (10)

and the velocities (and therefore the forces, on & finite wing can be
corpared to the velocities aad forces on an infinite wing. The forces
will ccrrespond if

Um(l.Gx) finite = Um iufinite (11)

wing wving

Thus the quentity Ue G; represents a difference or change ln tree-strean
velocity betwee:n the rinite and the infinite wing free-st:eau velocivies,
With elgne choaen ge chovrn
e u > (12)
Ue ”‘finite T Telintinite /U, =Gy 1z
wing ving

Anderson in Reference 2 did carry out the averaging process over the
finite wing planform to obtsin Gy{i} for use in fixed-ving calculations.
Because of the spanvige variaticn of flow over rotcr biades, an sverage
which 1s alsc a function of spanvise position (or distance from the tip)
would te more useful for rotary wings. Therefore, the averaging will

be carried out only over the chord. Since thin airfoil asswmptious have
been made, the evaluation myy bte dene in the 730 plane,

+C
G (o) = (1/2e) [ G id,xy,za0}ax (13)
Then the two-dimensicnal airfoil data now used in blade elem=nt analysis
can be corrected at each elenent to give the equivalent threa-dimensjonal
data.

Derivation of the equations and the mathematical manipulaticns indicsted
sre shown in detall in Keference 1. The indiceted integration cannot be
done analy:inally, and a Taylor series expension of thrae terms is used.
For helicopter rotor blades of the ususl high aspect ratio, orly the
canplementary wing near the tip need be consider«d. Tne resuit is
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- - e e e arvan m P TR . ¢ 2, s ]
C - é%: = 2= [ de/y) Ij/c + hyle/y} Ty/e® + hofe/y) 15/5 1 (W)
where
RO )
hl{c/y} =2 (13)
YC7v)- +1
4 2
ha{c/y} :-.— []4 0__(_(:/)\ "‘5(C/]) +D] (.{.6)
(c/y)l + l 5/4
hB{C/y} = (17)

1 bo[(c/y)® + (e/v)®] + 63(c/y)* + 36(c/y)% < 8
L (466
5! [(e/y)? + 1)%/2

Tae va'ues of In/t do not vury appreciably between differing airfolls, az
they ere geanetric relatlions between the alrtoll profile and the

rectangle enclosing the profile. Tnese valuez calculated for a parauvslic
arc alrtcil erc

WARRIESPREE
Ié/t = -0. 600 o)
13/1 = -0.57

Tuls change in velocity hecs been derived for iucowpressivle flows. The
Pranitl-Glauert transformetion is applied (in the manner described in
pages S1 and 52 of Reference 1), resulting in the form

1 - .
BU/U, = s &b {8y} 1 /e (19}
The calculation of the valwe of AU./Us, has been progremmed into & sinple
subroutire COFFAC described In the appendix. Thc number of terme of the
Taylor series used car be varied. There is only & slight difference
bet.een using one or three terms, but since the computer time is only
elight)y increasea, it is suggested that three terms be used. Dy edding
the resulit fuund ireom replacing tne variable c/y bty c¢/(2ie-y), since 2ic
definec the spen in feet, the effect of the orposite cumplementary wiry
is found, and a finite rather than & semi~infinite wing is resresented,
The us~ of a finite wing does not appear to have & significant effect;
thus the use of the semi-infinite representation is suggested.

The velocuty difference can be expresced in terms of a change in Mach

number and in crag coeflficlent, by coansidering the compressible quasi-
one-dimensional Ilow througn a stresm tube,
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= =1 .2 _
AM/M_ = (1 + > M) AU/U_=T AUC/Um {20)
ACD/CD = - —3?'—"3-1—-— AN /M (21) i
1+ %Mz

Thus, given the two-dimensional drag coefficient vs. Mach number plot,
the three-dimensional characteristic can be found by ueing the above

two equations as aketched in Figuve 3 (a). We should note that the
change in Mach number giver by equation (20) ceuses & much larger change
in drag coefficieat in the subsonic drag rise range than the 4C
correctior. given in equation (21). D ]

The technique as derived here gives the difference in flow character-
istics batween two- and three-dimensional, inviscid and nornlifting

wirgs. Since it is the change thaet is celculated, the equaticns can be
app-ied to viscour and 1liftiug wings. The tip relief effect is pri-
marily a disnirc~eent effect which is represented by the nonlifting wing.
Gk USE OF THE Tiy RELIEF CCRRECTION TI STRIP ANALYSIS

Strip enalysis calculations as.ume that each element can te considered
aerodynamically as & indeperndent two-dimensional airfcil segment at

- 3 1 T - +- - + + W Vrnemdd o £ 4w~
the welcoitiec, Mach numkeor, etc,, procent at the lgeoticn of the

element on the rotor aisc. The tip relief correction chenges the Mach
number as per equation {20), andl the drag cocfficient is then found

at this new effective Mech number. The drag coefficjent is further
corrected by the ACp given by equation (21). HNo change is made for the
1ift or moment coefficients since the mejor difference vetween calcu-~
lavicns and tegt is in terms of drag, although the technique can be
applied tc these cther coefficiernts.

Lo

s,

The application for the tip relief correction can best be described by
the step-by-step outline given bLelow. Instead of directly determining
the drag ccefficient as is now done in strip analysis, the following
steps should Ye carried out:

e e s 8 i S

1. Celculate tb - correction factur using equation (19) tor the
particulsr b_ade element.

£ bbaan ) amme o

2. Determine M_.. =M, + & using equation (20). (22)

T

w

Determine the drag coefficient C but at M as is now
De f’ M eff
done, all other parameters (&, Rg, etc.) remaining the same.
This is the drag coefficient with Macu correcticn only, CDcff* Mefg

L. Using equation (21), criculate the effective drag coefficient

P

¢ = O (v + LPL/CD \ (23}
Pers “ait, Meff

1k ]
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(a) Determiring finite wing drag veriaticn with Mach
number from infinite wing data. Ncte that the
Prccess may be reversed.

~
;‘Q,Q
S oy
'\,0
4? .
g} C,. of Infinite Wing
“ u% Given Mach Number
C
Deve, M_(q
(Mach Cecrrection Cnly}
T lac
V D
‘\\vCD {Mach & 8Cp, Corrections)
h— 2
A Mach No. of
Mot f Element of
Firdite Wing

(b) Determining effective C_ of finite wing (or its
element; given infinite wing data and Mach muwber
of finite wing (cr its element).

Figure 3. Applicatioa of the Tip Relief Correction.
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The signs used in equations (22) ard (23) need some further explanstion,
as they myy appear inconsistent. The reason is that the derivation of
equations (15) through (21) is made to go from tvo-dimensionsl to
three-dimensional characteristics, or vice versa. But the application
degcribed here is that given the three-dimensionsl flight parameters
(i.e., Machk number) and the two-dimensional aerodynamic characteristic
(namely, drag ccefficient), determine the three—dimens!onal drag
coefficient. This is shown in Figure 3 (b).

These steps have been incorporated intp the strip analysir camputer
programg for rotor performance calculation that are used by the Eustis
Directorate, USAAMRDL. These programs, one for hover and another for
forward flight, use straightforwverd blade element strip analysis

techniques (which will not be described here). These programs determine
the airfoil characteristics by calling an external subroutine which stores
the airfoil data. A simple option was added toc the main programs either

to call the airfoil subroutine as was Qone previously or to calculate

the performance using tip relief by calling the subroutine TR vwhose

listing is in the appendix. The subroutine TR calls the airfoil subroutine
after determining the effective Mach number, but keeping 8ll other parameters
constant. The subroutine TR together with CORFAC cerries out the steps
listed atove.

A number of runs have been made of these programs both with and without tip
relief to determine the change in torque resulting from tip relief. The

+%W - SLLAd ot Ad bl bl e 2. 232 L3 &..
effact of the thoory on the drag coofficient distrivution 1is fndicated in

Figure 4. As expected, the drag is reduced more near the tip und as Mach
mugber increases. The largest change by far is due to the change in Mach
number rather than *r- change in drag co2fficient from the tip relief
theory. A further ciscussion of these results is postponed for a few
pages 0 that comparison cap be made with a simplified strip technique
vhick may be used in energy type calculations.

A SIMPLIFIED BLADE ELEMENT ANALYSIS TO CALCULATE TIP RELIEF

By making a simplifying assumption concerning the variation of the dreg
ccefficient with Mach number and another assumption on the two changes
to the drag coefficient ty +he tip relief effect, a greatly simplified
equation for the change in rotor torque due to tip relief 13 found.

The result of these assumptions is a simplified integral for torque

due to tip relief. The results can he used in a number of ways: as a
generel indication of the magnitude of the torque due to tip relief;
enpirically in performance calculetions; or as part of an energy type
computer program, sinca computing time for the integration routine is
very short,

In & previous reportl, this approach was described for the hovering

rotor. Here the approach is extended and results presented for a rotor
in forward flight.
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The first assumption concerns the drag coefficient variation with Mach
pumber. A very simplified representation, which has been often used,
is by two straight lines as

: C.=C 0 <M< M (24)
i D Dy ne

CD = CD + ac (M - M') Mf < M<1.0 (25)
inc

e B e Wl e et e

Here M' is an arbitrary Mach number to fit the approximation and CDinc ‘
is the incampressible drag coefficient. Since CDi wii) drop ocut

of the derivation, its value and variation around ¥fie rotor disc are

immaterial. Typical values for an NACA 0012 airfoil section would be

W R L YRS SN TER s f e 4 s

M' = 0.8

TV e e Wy

(26}

a = 0.57
(o4

The tip relief correction to the drag coefficient is made up of two

parts: a change in the effective Mach number resulting in a change in

the drag coefficient, and a change of the drag coefficient itself.

The change in drag co=fficient due to the change in effective Mach

number has been found to be much larger than the chenge of the drag

coefficient itself in the subsonic draeg rise renge. Therefore, the

: . latter correcticn can be neglected. By neglecting this correcction,

i there is no tip relief effect on the dreg coefficient below M', since

; the dreg coefficient is independent of Mach number in this range. The ]
equation for the drag coefficient for a finite wing, in the range M !
greater than M', is the combination of the two-dimensional drag '
coefficient with the tip relief correction

= - - t
Cp Cy *a [(M - aM) = M'] + &C
FW inc

5 (1)

The parameters AM and AC_ are the tip relief corrections. Neglecting
4 the ACD term and re

c, =¢C +a [M-M - aM)
DFU Dinc ¢ (28)
= C cC. +C
ins + e Prr
where
C = Incompressitle two-dimensional drag coefficient
D
inc of the section
c = Dreg dve to compressibility effects in iwo-dimenzional
D. flow = a (M- M)

(o
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CDTR = Drag due to the tip relief effect = aCAM

Using equations (19) and (20) and CDTR as defined above for equaticn (28),

CD

= a AM = aT(1/8)(t/Un)[Eh {Bc/y}Ig/TIM (29)
TR c n
Since the drag coefficient variation with Mack number is taken to be linear
and is broken into its components, one being the tip relief drag coefficient,
the torque coefficient on a8 rotor blade may be similarly broken into its
components. The c¢omponent we ave concerned with 1s torque due to tip relfef.
With the usual assumptions cencerning small angles, no radial flow, etc.,
the torque of an element of & rotor blade due to drag is

4Q = r 4D
-—;_-p(nr+vs1nw)7— ¢hp2crdr (30)

Since the equation for the drag coefficient is linear, the change in
torque due to tip relief on the element may be written as

aQp - ..:2‘.p(ﬂr+VSinw)2CDm2crdr (31)

Transforming to coefficient foim,

o = L lmrsvsinw?, 2crar

< (32)
S 2 wR%p(aR)?R TR
with Prandtl-Glauert transformation for solidity
o, = b 2c /R = 2b/mR c,8 = Bo, (33)
and the definition of sdvance ratis u
dac, = (1/2) (o,/v8) (M Sinyp+ 1) C. T dr - (34)
Sm t g

The change in torque per blade due to tip relief is found by integrating
the elemental torque along the blede span and averaging around the
azimuth. Mathematicelly this is expressed as

2on
== R ey (35)
c 0

2%

1 ol ot - o A
1 J gg(uoinw*r)ZCDTerrdw (36)
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Now is given by equation (29) for the case where only the aN effect
of tip'Telief is used.

. CQTR/b 1 oy ' «

S b LR e

37)

B¢ ln - -
[zun{—;-}Y 1 Mr ar dy

If this equation is restricted to hover and to only the first term of
the Taylor series, it will reduce to equation (122) of Reference 1, which

is ctac Il 3 My3 v=-1 ) 1
‘o " T [ g ) 1
T 0 Yy v

& (37a)

e mi
28yAo(1-r

The 1integretion and calculation of this equation are done by the use of
the computer progrems TRDRIVER, TIPRLF and CORFAC. (See appendix.)

The programs are set up so that the latter two subprcgrams may be used
with an energy type progrsm, while TRDRIVER will drive the two
subprograms so that the tip relief effect can be evaluated by itself.
The program TIPRLF carries out the integration using a rectangular

Toswulia as
l 2n

[ ] 5, aray = = 5

Ir ¢t {r,, v.} ar, ay 1 38) '

V% 8%, 3 = 01,0
- - . -1
Ary =T =T rg = (rg +x, )72

-
(39) ‘
and the values of ;i and ny are input to the program. The tip relief

driver has three_sets of ry listed. The program was debugged using the

first set ol 10 ry's. Comparison with the second set of Ty's, with 39 ~ |

values, indicated a big diiference, but comparison of the third set of

15 values and the second set showed ouly a slight difference. Similarly,

& comparison of 24 and 36 azimuthal stations did not show any significant ]

differences.

The cost of computation using these subroutines is minimal. In calcu-
lating the plots presented here on a DEC PDP-10 computer, some seventy-
five light conditions could be calculated in less than twvo minutes of
CPU time at a cost of approximately three dollars including compilation.
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TIP RELIEF KFFECT OF PERFORMAECE

In the previous sections of this chapter, we have described a theory for
the quantitative determination of the tip relief and two calculative
tochniques. In this section, results from these calculations are

shown. The results from the siuplified theury are presented first, as
these results cover a wvider range of parsmeters. The number of calcu-
lations using the various strip methods was limited Zue to time and
cost; tha results from the atrip snalyses are giver and compared to the
simplified theory.

We should note that the equation derived (see equation (37)) has as
the result .

which is identical in magnitude to the Quantity
o
eliel

Vui Lue firsi quantiiy ipdicates tnat the malor parameter of tip relie
is solidity per dblade (o/b). This is related to blade aspect ratio by

b

A= ;—0— (160)
vhere the dlade aspect ratio, A, is defined as the rotor radius to
chord retiio. Only rectangular planforms are considered herein.
Figures 5 and 6 show tae variation of the tip relief torque with
advarcing tip Mach number, rotational Mach number, and advance ratio
as calculated by the simplified method. The twe figures differ in blade
aspect ratio.

These figures show a map of the tip relief torque variation with flight
variebles. Lines of constant rotational Mach number ((IR/a) would be
obtained as a helicopter gained forward speed at a constant rotational
speed (1) and at constant temperature. As the forward speed is increased
from hover, in general the torque due to tip relief increasex slovly.

In some cases of low (only slightly above M') rotational and advancing
tip Mach numhers there may even be a decrease. The slow rise or decrease
in torque occurs becsuse as the Mach number decreases on the iretreating
side, the tip relief erffect is also reduced, vhile there is the increase
in Mach number and tip relief torgue on the advancing side. Their
balance determines the magnitude of the decrease and the rate of rise

of tip relief torque at these low forward speeds. After the Nach number
on the retreating side has decreased to a negligidble value, the

Trenatl-Glaiucit Wype eiievl vevumes duiosani snoa Cq rises,




At very mcderate advance ratios, above about 0.10 to 0.15, the curves
coalesce and become independent of either rotational Mach number or
aivance ratio. A line indicating the lower envelope of these points
has been drawn, which is vsed in the following comparieons, aud is
labeled "high-speed envelope”.

Thus, as far as tip relief is concerned, at rotational tip Mach numbers
below M', the value of the tip relief torque derends mainly on advancing
tip Mach number and only slightly (for practical purposes, negligibly)
on advance ratio or QR/a.

Figure T indicates how tip relief varies with various parameters and
compares calculative techniques and some limited test data. This is
discussed inu detail in the following paragraphs.

The extremes cf these two sets of curves from Figures S and 6, the
hover and the high-speed envelope, are replotted in Figure T{(a) to
show the effect ol solidity per blade on the tip relief torque. The
tip relief is calculated for a semi-infinite wing tip relief model,
it Qoes depend, to an importent degree, on aspect ratio.

The key paramcter for tip relief is distance from the tip in terms

of chord and local Mach number. The tip relief effect diminishes rapidly
wvith distance from tip. The rotor blade with the greater chord (i.e.,
lover aspect_ratio, a higher solidity per blade), will have an element

2% the soxme r, and thue the ceme Mach numbher cloger to the tin ip

terms of chord than a blade with a shorter chord. This element will
therefore have a larger tip relief correction. Thus tle blade with

the greater chord will have greatest tip relief and the larger allevia-
tion of compressible power loss, other thinge being equal.

Figures 7(a), (b) and (c) present comparisons between the simplified
calculation, atrip analysis and some flight test data., These comparisons
must be analy:ced with care, as all of the methods have certain problems
associated with them. The simplified calculations take too few points
near tip Mach numbers of 0.50 and diverge greatly near Mach one due to
the Prandtl-Glauert effect. The two~dimensional airfoil data at high
subsonic Mach numbers may not be as valid as one would like.

In hover (Figure 7(b)), the simplified theory glves a much higher value
of tip relief than does strip analysis. On the other hand, at a high
advance ratio, the agreement, as shown in Figure T(c), could not be
better. Ro explanation for this discrepancy and this agreement has
been found. But note thet computation for both cases vas made only in
the range of 0.82 to 0.89 in advancing tip Mach numbers.

Presented in Figure T7(d) is some ocomparison with test dat&. The method
of determining the experimental values of torque due to tip relief
requires some detailed explanation. Reference 3L (specifically in
Figure 9) presents both test data and theoretical calculations for the
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- variation of the power coefficient
witl sdvancing tip Mach numbesr for
Flight Test tlic U 4-1F helicopter st p = 0.25.
. o Thie test data is presented es a
o curve (as orpused Lo dsta pcints)
[ E L Prediction?® and includes instrument corrections,
& ! cross plotting, faliring, etc.
o / Ferforyancc prediction is tas«d on
S ‘Hh assumed Tanner?® and includes the wolidity
L b ) Hagnitude correction. The full differepce
: 2 ¢ /7 of Tip between the power required test data
a, L Relief of Reference 9 and the -~alcuiated
—_— e . . . 26 .
value from the Tanner charts is
L attributed to the tip relief effect.
Advancing Tip Mach Number A typlcal curve’™ and the power
4 attributed to tip relief sre
Figure 8. Typical Comparison of sketched in Figure 8. Since in
Tcst and Predicted magnitude Cp = Cq, the value of CQ"R
Power chuired.3“ determined in this manner is g
F divided by 0 and replotied in
Figure 7(d), it is sur;rising that
the test data increases with advancing tip Msch nuaber moie raplaly than

the theory w~uld preai:t,

It should be noteld in regard to the eccusacy required trnat the celculevion
is of the chauge in torque ccefficient due to tip relief. The order of
magnitude of Cp is aboul 29 a 107, wirile &l the suwe Lime the chawge in
torque coefficlient due to tip relief is abiout 2 x 10-°. Tnus, th:re

is a fa~tour of 1lC between thece twe numbers, which are subtractad from
each other. Tuvee-place accuracy on LCQTR requires tour-place woCUWriey

of Cq.

The results of the theory c¢verall appear to be useful in performance
calculatioas. Some more detailed calculations are newded to resolve
saae anomalies, especislly calculations using strip theories. Also,
further comparisons with test data would be useful,

TP RELIEN COMBINED WITH COMPRESSIHTITTV

It should be emphasirzred that the cuslculation of the tip relief as pre-
gented here is not a celeulation of the effect of compressibilaty; ratner,
it is a correction to tlie cslcwlasion of compressibilivy effelte, as
presently used for rctor rerformance culculations using two~dimensional
airfoil data. In strip analysis, tip reliefl corrects the two-dimensional
compressible flow sirfoil cocfficients. In energy type calculeations,

care must te taken to be sure thet tip relief is not already included in
the method usca to calculste corpressibility power losses. For exanmple,
empirical cwves fitted 4o test dula will by definitjon irclude the tip
reliel effect.

[ o e a it e e
—

To indicate the impcrtance ctf this point, the calculation ¢f pewer loss
due tc cowpressibiiity from Kefercrce 37 has be-l cumbined with the
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3implified tip relief celi-v.i . 85 presented here. Gessow gnd Crim?¢
calculetad the compress’lle povws 1268 using e strivn analy515'7 with
compressible eirfoil dat.. The coupreszsible power lcoss is defined as the
éifference tetween the power at & 12w and & high tip speed. Filgure 9
indicates the results of Gessow and Crim3” lates celculaticns presented
by Dingeidein,“® flight test results,3? and the combined compressibility
and tip relief power Joss.

The key resuit of calculuting, the ccaupressibiiity power loss of Gessow
ard Crim3% for e series cf edvance ratics (from 0.2 to 0.5), twists
(0°, -8° and -16"), and sclidities (0.025 to 0.08) was ttat the most
irportan. parameter is the differerce between the advancing tip Mach
nurber &nd the drag divergence Mech number <“1,9u - Mgq). They drev a
single, best-ri: curve through the celeulated poin* on & Cpc/o VE .,

M) 90 - Mgq plot. This ies the turve labeled in Figure 9 as being from
Reference 32. We should ncte that the scatter is of the crder of
*0.COL ir Cpe/o, which is one aivision on *he crdinate scele. Reference
LS found an even larger spread, as indicated by the twou limit curves in
Figure S.

The high-speed envelope value of C /37 is subtrected from that of Gesgsow
and Crim3? tc obtain the tip relief corrected coupressibility power

loss curves. Mean vaiues of CQ, /o from the two sclidities (3.0159

and 0.0232 of Fjigures & and 6) are used, as the other curves

represent a wide range of soulidities. TFor the first curve we usad

M = Mig = C.8C {(Curve 1), Dut Maq tu Relerence 532 al wero angle of
attack is about C.TW; therefcre, C /0 was also calculated wi+h

M' = C.7h ané using ac = 0.492 to represent the eirtoil (Cuw've 2).

The tip r2lief corrected compressibility mower loss becomes aslmcst a
straight line in both caces when plotted agajnst M1 gy - Mgg (Figure 9).
The Prendtl-Glauert law increases the tip relief at il samc rate that
compressibility increaszs the power loss. when compared to the AFFY
flight test results,®® the predictinu is still greater than the test
values whicn would be expected co include tip relief. For a mure com-

plete compariscn, a bettaer representarion of the drag coefficien than
equation (25) is needed.
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Figure 9. Compariscn of Campressiblility Effecte.

TIF RELIEF CAICULATION AS "EQPOS:D BY PROUT

Theory - Description, Discusaion and Critigue

in the Cctober 1971 issue cf the AHS Journal, Prouty*® described a
simple, empirical meens of calculetiag the magnitude of the tip relief
effect. The apuroach states that Lhe epparent threz-dimengicnal dreg
divergence Macll number on a rotor differs from the twc-dimensional
measured dreg divergeace Mach number of a "correctica" which was
previously developed by Sophrer.5 A farther empirical multiplication
factor for the forward-fligh. caase ccrounts for the fact that "until a
sigriricant portion of the blade dwells in a region of draq divergerce
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*or & significant time the eXfects are not appareat in measurements
of power."

Thie is similar to the simplified method presented here, in that a
correction to the Mach number is made. The nature of the blade element
integration vill account for the second factor.

e d S L b

Ar examination of Frouty's approach to tip relief appearr to indicate
that it is based oun a theory which is not applicable to the problem.
In the following paragraphs, the Mach number correction as proposed
Ly Prouty will be described along with its theoretical basis and the {
ressons for doubting its theoretical validity.

Prouty applies the correction to the drag divergence Mach number, but
he indicates that the correcticn can be applied to other tharn this
pariiculas volue of the Mach nurbei. The Prouty correction factor is

v'l -

C (k1) ;
l::Lr\.c

where E}i is an average incompreesible~flow airfoil pressure
coefficieg%. For the basis of using this correction factor, Prouty

simply states that it was derived in Sopher's work,s who in turn refers
to Klichemann and Weber.“’

A relstioaship between the theoretical potential flow equations for

compressible flow cnd those for ircompressible flow is the Prandtl- . :
Glauert transformation

g2 =1 ~ M2 (42)

A rfurther refinement for a transformatior between theoretical com-

pressible flow and theoretical irncompressible flov was developed by
Kichemann and Weber“’ and is given as

B2 =1 -M2 (1 -C, ) (L3)
“inc

In the original paper,“7 it was suggested that E%i c should be a
suitable chosen mean value ¢’ tke pressure coeffic?ent over the
suction region of the &irfuil in incompressible tlow. Later similar
extensions of the Prand:l-Glauert tranzformation &ll use the incom-
pressible precsure coelficient but suggest that the local rather than
a mean value be urca (for example, Lock, et al%8),

The extencicr of tbe Klichemann-Weber rule to rotors was made b Sophqi5

by use cf ¢ to-called "equivaleat linear theory tip Mach number." If Cpyy
is e. conizant, then the quantity M vl - Gp can be considered as €

a° "eguivalent" Mach nurber. In the case of a rotor, M, is replaced
vy WR/1., and thus (QR/a)V1 = N wauld wanvasand oo Moo,

Lt a
c O R v LUl Y ALCUL

lircar theory tip Mech number . 1P




Equation (43) was derived for compressible, two- and three-dimensional

flcw over airfoils and wings, end ie the transformation between theoretical
campressible flows and an equivalent incompressible flow. It is nct

related in any way tkat wve can determine to any relation between two- ;
and three-dimensional flows. '

In conclusion, the applicability of the theoretical basis for Prouty's
approach tc tip relief is doubtful.




UISCUSSION OF SIMILARITY LAWS FOR ROTORS

The concept of similarity laws is important for the application of fluid
mechanics in design practice. The governing differential equation of
fluid motion lends itself to a solution only in rare, simplified
ipnstances. But an exsmination of these equations and the boundery con-~
ditions can iead to similarity lawe which can then be used to assess

the effects of varying various characteristics of the flow.

Similarity laws group the parameters (including nondimensional parameters)
of the flow into functional groups, while dimensional apnalysis gives

only tbhe nondimensional parameters such as thickness ratio, Mach number,
etc. The best known of the similarity laws is the Prandtl-(lauert law.
Because the Prandtl-Glauert law is derived only on the basgis of a

linearized, homogerneous equation, it may be stated in & number of ways,
for example,

Cp=Cp 1 L~ (k)
inc #l-Mz

for a two-dimensional airfoil section. 1In this form, the Prandtl-Glauert
iaw states that the pressure distribution will be the same for a family
of airfoils of different thicknesses at different Mach numbers if the
quantity 1/v/1-M? is kept constant. The pressure distribution, of course,
when properly integrated, gives the drag, l1ift and moment; therefore,

the functional variable for drag, lift and moment is very sirilar to

the form given in cquation (LL).

The speed range of interest for high-speed helicecpter rotors is the high
subsonic and transcnic region. Similarity laws for transconic flows
were developed by a number of investigators; & complete description and

bibliography is given by Spre:iter.“9 The transonic similarity rule for
dragz is

CD = CD {M, )} (Ls)
where
~ 7 - v1/1
D T / D
- g 2— 2
M= Z - 2/3
(MT(y+1)x ]~

-~

A= [ME(y+1)7]/3 2

The quantities given by C_., M and A are called reduced drag coefficient,
reduced Mach number, and reduced saspect ratio. Because of the functional
nature of the similarity rule, t is relation may be given in scmewhsat
different forms. The similarity rule simply states that & plot of
against either M or A, while holding the cther constant. will result

in a single curve. The similarity rule by itself does not give the
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equation for this curve. It may be possitle to empirically cross-plot
airfoil dc.a and, for certeln ranges, obtain an equation relating the
reduced variables.

Gt e e o e

The tip reiief theory for either fixed wings? or rotary vingsl is a
similarity law, in that they give the relationship of the drag
variation betwveen tvo- and three-dimensional airfoils. The theory

as derived ies not in & functional form, but in application the tip
relief theory does reduce the number of curvec required to present the
information. For exampie, to present the drag ccefficient of wings of
different aspect ratios, a separute curve would be required for each
aspect ratio. By applying the correction factor from the theory, this
sam: set of data can be presented as a single curve.* This differs
from the usual applicaticn of similarity rules where the data is pre-
gsented with a new set of coordinates.

The posslbility of comparing the results of the similarity rule given
by the tip relief theory and the conventional transcnic similarity rule
has been investigated without any success to date. A notable feature

of the transonic similarity rule relating drag coefficient to aspect
ratio is that thickness is raised to powers other than the first in

the functionel variable, as is shown in the example for drag in equation
(45). On the other hand, the tip relief theory, based ass it is on
ligearized airfoil theory and the linearized, elliptic equauion of

Lo daemn 4 2o —— o Y - m
g\_lhann“in f ow **Mn“ﬁfcmCd t:} tuc ”qlau"a.a.caw .sucamyA CTODAUAT cquﬂv.‘.vuo,

gives a varistion of thicknese ratio to the first power.

Further work in applying transonic similarity laws to helicopter rotor
aerodynamics is needed. Derivation of similarity rules for rotors,
such as those available for fixed wings, would be very useful, but

it appears to be more in the way of a long-term goal. More immediate
applicaticns would include tests of the valiiity of the airfoil data
nov in use and their extension to higher speeds, and the use of
similarity rules tc describe eirfoil data in energy type calculations.
Thia latter application would extend the present use of two-dimensional
data in rotor aerodynamics by use of the transonic similarity rules.
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COMMENTS ON EXPERIMENTAL VERIFICATION OF
COMPRESSIBILIT{ EFFECTS ABD TIP RELIEF

There is 801id theoretical evidence of the existence of a compressibility
tip relief effect on helicopter rotcrs. There are sgimilar experimental
trends to that effect. Assuming the theoretical model to be sound,

it would be desirable to design the definitive experiment to "calibrate"
tip relief. This presents great difficulties, wvhich will be diacussed
here.

Teste for the overall tip relief effect for fixed wings in unifciin
flow were described in Reference 50, where very good correlation was
found. In the extension! to rotary wings, two steps are used: First
the variation of the tip relief correction along the span is calculated
for uniform flow. The second step combines this variation with blade
element theory; nanely, the tip relief correction of a particular
element in a rotor is the same as the tip relief of the element in a
fixed wing that is located at the same distance from the tip in s flow
having the free-stream velocity of the biade element. The Mach number,
Reynoclds number, angle of attacs, etc., are alsc tane same for the two
elements. Thus there are two hypotheses that need experimental
verificetion.

Testa of the spanwise variation of the tip relief effect could be per-
lurmed in a very large iransonic wind tunnel, Since the effect is mainly
in the first chord leagth near the tip, one would need tae detailed
drag distribution in this reg.on. The need for a large chord go as to
be campatible with the instrumentation, followed by the need for a
reasonable aspect ratio and a large throat to avoid interference, vould
require an enormous wind tunnel. As a beginniug in testing for the tip
relief effect, locel pressure distridutions would be useful. Systematic
measurements of the pressure distribution on wings of various aspect
ratios at high Mach numbers are needed. At incompressible speeds,

some data of this nature is svailable,! but the change due to tip
relief is lese than the accuracy of the experiment, and comparison is
not possible. Compressible ajrfoil date appear to be mostly measured

by balances.>2,°3

Tests of the application to rotors, by systematic variation of parameters
which effect the tip relief without changing other aspects ¢of rotor
performance, would be more intellectually satisfying.

As stated several times in this report, tip rellef is correction to the
present calculation of compressibility effects., Assuming that one can
differentiate in a given set of test data between incompressible anad
conyreagible power, one must further be able to fully account for
connged o two-dimensionul compressibility effects before one can calcu-
latie the ithres—dimensional elfects, i.e., tip relief. Today, for
excmple, relisble two-dimensional test results for tne 0012 airfoil
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detailed information on helicopter rotor compressibility effects is
eketchy at best. The Jdetermination of tip rellief therefore requires
trustvorthy calculstion of the rotor performance based on bhlade element
analysise.

S8ince the tip relfef compressibility effects are localized near *the tip,
it 18 tempting to try to test & blade tip element in a stationary
position, vith a spanwvise-varying simulated flow, at transonic speeds.
We were not able to come up with a reasonable wind-tunnel configuration
to accomplish this objective, and we conclude that any tip relief tests
wust be made with a rotating blade and a constant firee-gtream flow, or
in hover.

In this report, limited comparison to flight test data is made

(Figure 7(d)). There is an increasing smount of flight test data at
compressible tip speeds becoming available, and similar comparieons

of these data are recommended. Time did not allow these comparisons to
be pertormed, because no time was allotted to celculate the performance
of the available flight test cases using present performance prediction
methods. The experimental value of tip relief is tsken &8s the
difference between the calculated prediction and the measured power
required. This leaves possibilities for errors in a number of ways,
including the estimate of fuselage drag, and the effects of variable
induced velocity, blade flexibility and unsteady effects. Thus in the
flight test data, differences due to other causes may be thought of as
errcrs in the tip relief theory.

In principle, one can verify tip relief in a manner similar to that used
by Andersnn?s30 in the fixed-wing case. This requires the use of three
or more physically different rotors. Each rotor is identified by its
blade aspect ratic, or o/b. Preferably, ¢/b should vary as much as
possible for the three rotors, say, at least by a factor of 2 tc 1. One
tbhen measures (end calculates from strip analysis) C./o against M) 9o
for verious Mach numbers, say, between 0.7 and 0.9, St a constant éT/o.
Assuming now that one has thrae rctors, identical except for the
parsmeter o/b, each has a different CQ/o ageinst My oq curve, for a
given C,,. However, these curves should superlnpoae'?f the tip relief
correct?on of this report is epplied. This method can be used either
for wind-tunnel tests or for rlight tests.
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CONCIA/SIONS AND RECOMMENDATIONS

The methods used to calculate the effects of compressible flow on the per-
formance of helicopter rotors have been reviewed, The application of a
theory for tip reliet based op the cumplementary wing concept has been
described, and results from various applications have been given.

The results of the calculation and tip relief by the camplementary wing
theory indicate that the technique can azd should be included in blade
element type rotor programs., This is done by modifying the two-dimensional
ajrfoil data nov being used by the technique presented here to odbtain
three-dimensional airfoil data, wvhich better represents the actusl three-
dimensional flow. Simplification of the strip analysis and the tip relief
theary allows the calculation of the power associated with tip relief using
a very quick computer program. These results match reascnably well with
both tests and the more complex strip programs; thus this simplified tech-
nique should also be included in energy type calculations wvhen combined
with proper representation of the compressibility power required.

More work is needed in this area of properly predicting th~ performance of
rotors operating in the c~apressible flow regime, There is available a
large body of test data, including the work of Carpenter at NACA-Langley,
the Edwards flight teste, and the NASA Am~s wind tunnel tests, and a
systematic comperison of the various prediction techniques reviewed here
with this rang+ of test data is needed. By making such a systematic com-
parison, the best of the prediction techniques can be chosen and develcped

for use in gtrip eand energy calculaticns.
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APPLNDIX — COMPUTEL PROGRAMS

The four computei pregrams d4-scussed in this report are listed ia tue

following pages. Thnese programs ere short and very straightforward. Thus
a delailed description will not be givenx.

CORE:C

Th.s program calculaties the vaiuc of the right~hand side cf equation (19).

Ceall Statemeant Varlables

DUOU =~ the correctior facior = value of equation (19)
TAU - thickness ratio

BETA - Prandtl-Glauert var.iatle

MACH -~ Mach number

RBA -~ 7radial statlon as fraction of radius

RAD - radius in feet

CED ~ chord divided by diameter

Switches

1IFR  ~ if equal to zero, does not print; it greater than zero, prints
CORFAC variables

IFW =~ if equal to one, uses finite wing; if equal to zero, uses
gsemieinfindtc wing*

NIFRM ~ if equal to three, uses three terms of tlie Taylor serieg**

IR

This subprogreaan calculates the dreg coefficiernt CD using equaticns (20!
through (23), the subroutine CORFAC, and an airfoil subroutine ERFCYL. Most
of the veariables pertain to ERFOYL and thus will nol be described.

Switches

t

IMD - 1if equal to one, only Mach correction is calculated
if not eyual Lo zerou, thei: results at this point are printed.

[

S —

-

w
TIPRLF

The subroutine TIPRLI", using CORFAC, gencrates & value of the change in
torque coefficient per blade and the change irn torque coefficlent divided
by solidity due to tip relicf. CORFAC provides the tip relief correction
factcr while TIPRLF handles the integration process. The two subroutines
are designed for final use with energy type programs, The integration uses
the value of the correction factor at the mean of the interval, namely at

* As listed, IFW = O

v % Ag ligted, NITERM = 3

&
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. Progrem-Sutprogram Relationship ;
Mai Sul ‘
n Suiprogram 1 Subprogram 2 ;
Driver or TIFILF CORFAC .
} Eneryy {
E Define Ro%or -~  Pick Blade Elements —~— Calculute |
3 Parumeters Correction ;
Do Integration « Factor
Print or use « ——f e Calculatg Change in
Pesults L Torque
3 Identification:

Cell TIPRLF /XMDA, 2MGR, COSAL, VFPS, Cl, XU, NPSI, AC, DCQTR, RAD, CHD,
TAU, SIGPB, BN, DUQIRS, NSTA, NRST, iPR)

e RT—— g

COMMON
The values o the radiel station to be used are in the CUMMON statement.
! Deseriptien:

The integration of & siaplified blade element analysis for the tip relier
correction is done using the meen value within the intervel, Gince the pro-
grem is straightforward and nct lengtihy, only a few exceptions are
described. The value of the integrand is calculatcd and summed along the
radius before advancing to & new azimuth. I f the advance ratic is less “nan
0.001, only one azimuthal station is <alculeted, and hover is essuned.

Werning Scetements:

. It M exceede C.995, the vtal nt below is priated:
(J.,90) s 7. I
ADVANICING TIP MACH NUMBER EXCEEDS ONI', M(l 9U)=vx.yz
»

If the local lMach number at the first radial station exce.n-
the input value cof the drag divergence Mach number, the {ciic~wing
is printed:

SP4R IS AROVE DRAG DIVERGENCE MACH NUMBER

E
l s ¢ statemen
!
b.
i
' :




|
|
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MNEMONICS LIST

Subroutine TIPRLF

Program MathematiIcal Explanation
Eymbol Model hare
AC a, Elope of compressible drag rise
BN b Number ot blades
BETA = V1-M¢ Prandtl-CGiauert factor
Cl & Specd of sound
CiD c/2R Crhord diameter vatio
COSAL COs a Cosine rotor angle of attack
PyTefadut CQTR Change ir torque coefficient for BN blades
DCQIRS C“¢]/c Change in torque coefficient divided by
e solidity for the BN blades
DELPSI Ay Step in azimuthal angle
DUoU su/u_ = E; Correction fector
GAM =1 + lél M2 Stagnation compressibiliity Tactoer
IPR Switch for detail printing
M190 Ml 90 Advancing tip Mach number,lote 1
]
ML M Locel Mach number,Note 1
AN Ml v Tip Mach number at azinuth,Note 1
>
NFSI 360/4y Number ot azimuthal stations
NRST largest number of radial stations used for
the integration at any szimuth
NST Total numwber of stations used for the
integration
OMGk Tl Rotational tip speed in feet per second
i = 3.1L16
PS1 v Azimuth angle, radiaas
R T raalael station as Iraciion ol radlus
Note 1. These variatbtles are declarecd as REAL.
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Program
Symbol

RAD
S1GPB
SINPSI
s
TAU

UL
VALUE

VFPE

Mathematical
Model Bapme

R
a/v
Ein vy
)
T

=4, 8in ¥ +T

=

Explanation

Rotor raltius

8olidity per blade

Sumation of integrani
Airfoil thickness ratio
Local normal velocity
Integrand

Forward speed

Drag divergence Mach number

Advance ratio




TIP RELIKF CALCULATION DRIVER
This is & simple Ariver for TIPRLF written so that a perticular rotor con-

figuration is ipputied and tae tip relief taorque coefficient is calculated
st a geries of advance ratios.

Zoput
The input dats is put on three unformatted cerds:
Card 1
RAD, BN, OMGR, CHD
Card &
TAU , XMDA, C1, AC, COBAL
Cerd 3
1CASE, IPR, NPSI, LXMU, UXMU, DXMU, NRSET

The variables names on the first two cards are identical to those in
TIPRLF.

Variable Name Explanation Card Position

Rotor Characteristics:

AC slope of compressible drag rise 2 L
BN puaber of blades 1 2
CHD chord diemeter ratio 1l h
CO8AL cosine of rotcr angle of attack 2 5
C1 speed of sound 2 3
OwiGR rotational tip speed 1 3
RAD radius 1 1
TAU airfoil thickneas ratio 2 1
XMDA drag divergence Mach number 2 2
Program Switches

Ilmnll (Declared Reel) lover v?luea used in determining g ;
DO§) ;‘t‘ep v's in the calculations 3 6
LCASE case number, negative for last case 3 1
IPR detailed printing if positive 3 2
NP8l pumber of srimuthal stations 3 3
NRSET pumber (ladbel) of set of radial 3 7

stations




Restrictioans

Up to three sets of radial stations meay be used, each with up to 30
stations.

COMMON

The values of the set of radial stations to be used (determined by NRSET)
are transferred by the COMMON.

Rlock Data:

The values of the three sets of radial stations are entered through block
data statements.

Outgut

All output varicbles, except with detail print, are labeled. First all
rotor characteristic variables are printed. Ther a tabulation of u, v,

c c ¢ 38 given. The radial stations used are printed below
» 9
5ié9gnblg?n QrR/

HNote:
ifter a tip Mach number of one is reached, only two more values of the

advance ratiogs are used for calculaticns before golug to the next set of
irputs.
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—-BISTING OF THE SUBROUTINE CORFAC

SUBHOUTINE CORFAC (OUQU,TA'),BETA,MACH,RBA,RAD,CHD+IPR)
C
C THIS VELRSION DIFFHENS IN COMMON AND CALL SYATEMLNTS
C VALUES OF C1 akF ENTERED AS DATa
REAL MNACHW
OATA  C1,02,C3/ «1,333,+0,80,=0,571/
FNB(U) & SQRT ( ¢ UsU) « 1,)
FNO(U) B 1, =SQRYC(I1,7U)%a2)/(8,0(C1./1i)nn2)))
ENE(U) & ((=b,n(limnd}) = (S,eUeU) = 2,) 7 CLFNB(U))Isey)
FNFCUIS(C120,0(UsaB)) P (120, *(Uenn))e (189, m(URRU))e(lO0B RURU)S (&,)
NTERM 32 3
Pl = 3,146
IF (MACH,GT,0,995) MACH = 0,995
BLTA =5 SORYT ( 1, o (MACHeMACH))
SIGPR = CHD » (2,/P])
AR 8 1,/(P1e«SIGPA)
Can = RAETA & AR
1F (ROBA LT ,0,999) GO 10O 49
61 8 2,0
G2 = 0,0b087
63 & 0,40
Gy 10 3%
40 CuUNTINUE

¥ e jeerida

NLAR COMPLEMENTARY niNG

a e Na)

U 1, / (YeCAR » 2

urY 3 1,/U

Gt & +2,9FND(U)

IF (NTEM™M NE L 3) GO TO 30

G ¥ (2,¢PNE(UY U, )/,

G3 % (UB,=(2,oFNF(U)/(FNR{LI)RRQ))) /120,
10 CunTINUE

PAR COMPLEMFENTARY wlING

[a X Nal

31 CONTINUE
I*w 3
1fw 58 0
T# (1Fm NE L) GO TO 30
U s 1, / (RnadeCaRep )
Gl 8 ¢2,¢¢ND(U) * ol
1P (NTER™ NE,SY GO TO 30
Ge 8 (P,oFNE(UYCL, ) /0, ¢ (2
G 8 (LB, =(2,%FNF(U,/(FNR(UIA29)))/120, ¢ GS
11 CUNTINUE
30 CUNTINUE
NUDU & Ct & YAy ¢ G}
TP (NTenM, £0,3) DUOH & DUOUYe (CPeTAlaGEY o (CY o Tau o (3)
NUNU & PULU 7/ ( 4,eP18%: &)
I (IPR,GT,0) AWITF (3,500) Y,CAR,f),u0é,63,0tIUU,UP,U
Jub FURMAT (IM,CFB.3,0(1%,E11.4))
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LISTING OF THE SUBROUT1NE TR
O




LISTING OF THE SUBROUTINE TIPRLF

c 1IF

30a
200

308

21la

SUBKOQUTINE TVIPRLF (XMOA,OMGR,COBAL,VFPS,CL1,XKU,NPSY,AC,DCUTH

A JRAD,CND,TAU,3IGPA,AN,DCUTAS NSTA,NRET,IPR)
IPR I8 POSITIVE, THEN DETALL PRINY
COMMON R(30)

REAL WLV, ML,m190

Pl & 3,1410

OLLPBL & 2,*PI/NPS]

8UN = 0,0

PSI = 0,0

N3TA 3 O

NHST 8 O

M100 = (OMGR ¢ (VFPSeCOS8AL))/CY

I+ (M190,67,0,995) #RITE (3,304) N190

FORMAT (3N ,"ADVAMCING TIP MACH NUMBER EXCEEDS UNE,M(1,90)=°F5,.3)

CONTINUE

SINPS] = SIN(PS])

MLYT 8 (OMGHeVFPS2COSALASINPSI)/CY
IF (ML T, LT, XMDA) 60 TO 202

NRS = 0

DO 201 le3,30,1

1+ (R(1),.,£0,0,0) GO YO 20¢

RAV S(R(I) ¢« R(I=-1))/2,.

ML B MLT o NAV

IF(mL LT .,2xmpA) GO YO 201

NRS 8 NRS ¢

IF (1,6Q,1) WRITE (3,309)

FORMAT (1M ,* SPAR 13 ABOVE ORAG DIVERGLENCL MACK NO”%)
IF (ML ,GT,0,995) ML=20,995

UL 8 XMU » SINPST ¢ RAY

GAM 3 1, o (0,2aM o)

CALL CORFA( (DUQU,YAU,RETA,ML,RAY ,KAD,CHD,IPNR)
VALUF & ULsULaGAMSDUYNUeR ()M (1 ,/(BLTATRR))
NSTA 8 NSTA o §

DELR & R(]) =» R(Il=1)

SUM 8 3UM ¢ (YALUE eDELPSIDELR)

It (IPR,GT,0) WHITF (3,300) PBI, R(I),ML,RAV ,vALUL,5UM
FORRAT (Fide0sT12,0,P0,3,3(4X,E15,7))

IF (R(T1),t0.1,0) GO YU 20¢

CONTINUE

CONT InUE

IF (XMU,GT,0,001) GO 10 214

PSIn u NPB]

Sux s SyM e P3IN

PS1 = 4, 28}%

CONTINUE

P51 s PYI ¢ DELPS]

IF (NRS,GT,NRST) NRST & NNS

IF (PSI,LT,0,28) GN 1V £00

OCQTR = SICPHBebN o ACe 8um & (t,/7(4a,2¥]))
OCQTRY & DCUTH / (SIGPReBN)

REL YURN

EXD
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o
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C YIP RELIEF CaLCULATION DRIVER h -

TOTMENSION RR(3, I
COMMON R(3T)
REAL M102, LXMU
C IF IPR IS POSITIVE, THEN DETALIL PRINT
108¢ FORMAT (4F)
.. ..AR) FOMMATY (OF) L.
102 FCORmaY (31.3F, 1)
183 FOHMAT (4F .21
152 FORMAT (im~)
168 FORMAT (kR 2AX, F o, 3 ) 3XaF8,1,3XaFl0,.5,2(3X2E10%9.%)030Xs]1344X,10%) __.
162 FORKAT (LMe, 31X, IWXMU, 7Y, 4WVFPS,B8Y,76M(1,92),6X,5~0CQTR,12Xx,
_ A LIMDELCQ/SIGHASX, 4RNSTALIX,OHNRSYA) | |
180 FORMAY (31KW1,1X,'LCASE IPR \P31")
181 FORMAT (31ME,1X,'RANJUS BLADES OMEGAK SIG/B6L4ADE “1GMa . _CHORD/L
21A Y
102 FORMAY (1%e,2X,'TAy MORAGNIV AIRFOIL SLCPE SOUNDSPEED. LCSAL')
190 FORMAT (1M ,1X,13,3X,12,2x,12)
193 FORMAY (LW A%, FO8,1 01X, Fd,0,2X,F6,1,2(2%,F2,6),2%,F),4)
’.92 FORMAY (1“ -F5.\5,2Xﬁ5.2,610"8.‘0‘l."7.1.6)(.l'9,6)

¢ DATA (RR{Ls1), 181,30 /7,2,7:4,72,8,.1,8,2,9,7,5,0,97,4,98,0,99,
A B,995%,1,7,190,0/ )
DATA (RR{2.1):181,30) /1, 60,08,79,0, 40,7, K&, 7,b7,,87,7,91,¢,930,
A 0,942,0,952,28,955P,07,9470,0,985™,¢,9722,2,9725, — —
B 0,075Q2,2,983C,F,08%,@,9R%7,0,9875,0,989",7,9%25,¢,992¢,
C 22,9935, ©,9957, €,9967,7,9972, £,995,0,999¢ ,1,2/ -
OATA (RR(J 1)1+ 1%1,20)/0,7,,75:@,B82,2,89,0,879,7,9°2,0,925,
A 019501 3.96?, 0|97elat9751 “0987' V.QDﬁ, "099'11 e.lvgbjloejl‘.._"?/-
Pl & 3,141¢6
1 CONTINPE

READ (2,100) RaAD, 8N, rMGR, ChD

READ (2,1@1) Tau,x~Ua, Ci, AC, COSaL .
READ (7,122) LCASE, IPP, NPST, (XM, (XMU, JXmil, NHSETY
WRI1TE (3,180)

WRIYE (3,198) LCASt., 1PR, ~PS]

SIcPR e CwWD @ (2./P;)

SIGC » S|GPB ¢ BA

XMy s LXMU

UMACH 3 1,00 + (31.,9980%GR o NXMU/CY)
WRITE (Ja.181)

WRITE (3,191) RAD,AN,I“GR,SIGPR,SIG,CHI
WRIYE (3,182}

WRITE (3,192) TAU,xM0A,AC,C1,CCSAL
WHRITE (3,1%2)

IF (I1PR,LY,2) WwRITE (3,161

DO 222 i=1,3¢

202 R(]) & RR(NRSET,]?

202 CONTINUE
VFPS » xMy @ QOnGR/COSAL
MiIYE @ (OMGR « (VFPSeC"SAL))/(

50



L ——
CALL TIPRLF (XMDA,OMGR,COSAL,VFPS,C1,XMU,N/ST,AC,0CQTR,RAD,CHD,
c A TAy,SIGPR BN, DCOTHS I NSTALRST, IPR) e
IF (1PR,CT,.8) WRITE (3,152) o
IF (1PR, GCY,0) WRITEL (3,161)
c WRITE (3,160) XMU,VFPS,M192,0CQTR ,DCATRS, iSTALNRST _

XMy 8 XMY * DXNY
1F (xmyp,CY,UXMI) GO YO 273
IF (M3SEC,0T . UMACH) GO TQ 222

o Yo 2e0d R

281 CONTINUE : , e
WRITE (3,152}
00 203 191,116,149
111 o 11 ¢ 14
goa WRITE (3,176) (Rel) lsll, 111
17€ FORMAY (1w ;15F7,4)
ifF (LCASE.GT,2) GO 7D 2

sTop ST T

€vo

51

oy

e

e e i e i

e, Mt ot s




o I— . _JO o

L = B N E VRIS It s i

I
i

« .., A0 - 775

DEPARTMENT OY THE ARMY
US ARMY AIQ MOBILITY RESEARCH & UEVELCPMENT LABORATORY
EUSTIS DIRECICORATE
FOIT EUSTIS VIRGIN.A 230604

ERRATUM
USAAMRDL Technicual Report 73-71
TITLE: 1Inclusion of Tip Relief iu the Prediction of Compressibilicy
Effects on Helicopeer Rutor Peri~rmance
Change the equation in the ccmputer subroutine TR on page 48 from
DELCDC = = ((2. = MACH)/B1l) * DEMM

to

DELCRC = - ((2. - MACH * * 2)/B1l) * DELMM
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