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Theory indicates that concentrations of less than 0.1 ppm of NO2 , HCO3, SO4', and Cr04 , 
which are molecular ions that substitute for the halide ion, yield an absorption coefficient 
ß > 10"4cm"1at 10. 6(im.  Predicted temperature dependences are given. Divalent ions added to 
strengthen alkali halides should not give rise to measurable (ß^W^crn1) absorption, with two 
possible exceptions. The known result of no correlation between Pb2+concentration and ß is 
shown to be the result expected. The U center is the only known impurity in alkali halides with 
localized vibrational mode -.ufficiently close to 10. ö^m to cause noticeable absorption. Absorp 
tion in the far high-frequency wings of various impurity-absorption resonances should be im- 
portant. Molecular and macroscopic surface absorption, electronic states in the band gap in both 
semiconductor and alkali-halide crystals, and absorption by electrical carriers and electronic 
absorption are potentially important. Electronic levels with small spacing have already been ob 
served to give rise to 1R absorption.  Material fat'ure from absorption by macroscopic inclu- 
sions, electrical breakdown of dirty air, stimulated scattering processes, and electron avalanch* 
breakdown occur at typical breakdown intensities as low as 10", 107, 108, and 10inW/cm2, re- 
spectively. Parametric instabilities of phonons, self focusing, multiphoton absorption, and elec- 
trostrictive defocusing are shown to have higher breakdown intensities. An explanation of laser 
damage cone-shaped surface pits in terms of absorption by inclusions is proposed. Parametric 
instabilities of phonons are predicted to be observable at the Reststrahl resonance and in Ramar 
scattering. Values of the total power 0 that a window can transmit under specified conditions 
are calculated for use as figures of merit for window materials.  For continuous operation, 
large-diameter D > Dpp windows should be face cooled, but small-diameter windows may be 
edge cooled, and & often decreases as the diameter D increases.  For pulsed operation,  9 
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increases as D increases.  For pulsed operation and for 
D > DEp in cw operation, 0 is independent of thermal 
conductivity K, while for D < DEp  in cw operation, 
J«K. Typically, DEF ~ 7-100 cm. The alkaline-earth 
fluorides have the greatest figures of merit for large- 
diameter windows in the 2-6^m range; for smali- 
diameter windows. Si, BaF2, and GaAs have the greatest 
values of ^. For continuous operation at 10.6 ^m with 
bulk absorption, a diamond window with D = 1 cm has the 
greatest value of the existing materials and values of D 
(l-100cm) considered. A new derivation of the multi- 
phonon absorption coefficient yields ß ~ exp (-co T) di- 
rectly, rather than as a sum on n (number of phonons), 
and provides a prescription for estimating the range of 
w over which the nearly exponential behavior extends. 
A proposed quasiselection rule is useful in explaining 
several multiphonon absorption results including the 
small number of two-phonon peaks observed in NaCl- 
structure crystals. The classical theory of absorption 
developed in the previous report is extended to incorpo- 
rate the effects of a nonlinear dipole moment. Ultra- 
violet-induced infrared absorption and low-intensity 
inelastic scattering are shown to be negligible, and 
higher-order multiphonon-absorption vertex corrections 
are calculated. 
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PR H FACE 

This Second Technical Report desciihes the work performed on Contract 

DAHC15-73-C-0127 on Theoretical Studies of High-Power Infrared Window 

Materials during the period from June 30, 1^73 through December 6,  1973. 

The work on the present contract |j a continuation of that of the previous 

Contract DAHCl!S-72-C-0129. 

The following investigators contributed to thu leport: 

Mr. H. C. Chow, research associate 

Dr. C. J. Duthler, principal research scientist 

Dr. A. M. Karo, consultant,  Lawrence Livermore Laboratory, 

Livermore, California 

Dr. A. A. Maradudin, cons tltant. University of California, Irvine, California 

Dr. D. L. Mills, consultant. University of California, Irvine, California 

Dr. L. J. Sham, consultant. University of California, San Diego, California 

Dr. M. Sparks, principal investigator 

The material in this report constitutes the final results on the subjects covered. 

Previously reported results are not repeated in the preset report.   However, the 

list of publications and summary of results in Sec. N include all publications and 

results of this and the prcvicas contract.   The brief overviews in the Introduction 

(Sec. A) and in the general sections B on Extrinsic Absorption Processes and D on 

Very High-Intensity Effects also mention previous work. 

As of the present date, the emphasis of the program will be on ultraviolet 

materials. 
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SUMMARY 

TM. summary covers the material presented in the present report only. 

An overview of the complete program is given in Sec. A. and the list of publica- 

tions and outline of results in Sec. N cover the previous investigations as well as 

those of the present report. 

Extrinsic Absorption.   It is proposed that an important class of impurities 

limiting infrared transmission in alkali-halide laser-window materials are mole- 

cular-ion impurities that substitute for the halide ion in these crystals. Evidence 

is found from a survey of the experimental literature that concentrations of less 

than 0. ippm of No' . HCO^. So]', and Cro]' will yield an absorption coeffi- 

cient ß greater than lO^cm"1 at 10. 6,um.   Predicted temperature dependences 

of impurity-limited ß (10.6Mm) are: T1'6. temperature independent, and de- 

creasing 9 with increasing temperature depending on the particular ionic im- 

purity. 

A theoretical analysis suggests that divalent ions added to alkali halides to 

strengthen them should not give rise to measurable (ß - lO^cm"1) absorption. 

Two possible exceptions, which are believed to be unlikely in general, are that a 

divalent ion could activate another impurity or that the added ions could have elec- 

tronic levels that are very closely spaced.   TUe negative experimental result of no 

correlation between Pb2+ concentration and 10.6Mm absorption in alkali halides 

is shown to be the result expected. 

The U center is the only known impurity in alkali halides that has a localized 

vibrational mode sufficiently close to 10.6^ to cause noticeable absorption.   Ab- 

sorption in the f.r high-frequency wing (a« » *ves ) of the impurity-absorption 
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resonance, in addition to absorption near resonance, may be important, in contrast 

to previous beliefs.   The high-frequency side of the resonance is the more impor- 

tant region because the intrinsic absorption increases rapidly with decreasing fre- 

quency, thus obscuring the low-frequency wing.   Gap-mode and resonance-mode 

absorption are shown theoretically to be negligible at 10. 6 ^m.   Impurity-induced 

infrared activity of phonon modes is estimated to be negligible. 

Analyses and estimates indicated that surface absorption can give rise to an 

equivalent absorption coefficient of ß > lO^cm"1.   Molecular absorption and in- 

clusion absorption are two important sources of surface absorption. Electronic 

states in the band gap in both semiconductor and alkali-halide crystals are poten- 

tially important absorption centers.   Absorption by pure surface vibrational modes 

is believed to be negligible. 

Absorption by electrical carriers and electronic absorption is important. Elec- 

tronic levels with small spacing have already been observed to give rise to infrared 

absorption (near 2pn for Cr in zincblende-structure crystals).   Shallow levels that 

can be emptied thermally can give rise to absorption with ß decreasing with in- 

creasing temperature.   Electronic absorption across the gap is negligible at 10. ö^m. 

Stress-induced multiphonon absorption was shown theoretically to be negligible. 

Very High-Intensity Effects. In a general discussion of nonlinear and other very 

high-intensity effects, it is pointed out that material failure from absorption by mac- 

roscopic inclusioi.s, electrical breakdown of dirty air. stimulated scattering proces- 

ses, and electron avalanche breakdown occur at typical breakdown intensities as low 

as I06, 107. 108, and 1010 W/cm2. respectively.   Parametric instabilities of phonons. 

self focusing, multiphoton absorption, and electrostrictive defocusing are shown to 

have higher breakdown intensities. 

-   ^.    .^.■...,..., ,  ., ^. .^^~.rm^.;. 



An explanation of laser-damage cone-shaped surface pits is proposed. 

An anisotropic, quasistatic stress distribution is found in the material surround- 

ing an absorbing inclusion of a radius a centered a distance d below the surface 

of a transparent host.   Maximum tensile stress greater than the pressure at the 

inclusion-host interface occurs at the angle em = cos"   (a/d) from the line join- 

ing the inclusion center to the surface, resulting in cone-shaped fracture. 

Nonlinear infrared absorption from parametric instabilities of phonons is con- 

sidered in detail, and is shown to be negligible in the low-absorption region of expo- 

nential frequency dependence of the optical absorption coefficient ß.   However, it is 

observable at the Reststrahl resonance and in Raman scattering.  At low intensity, 

the transmission T curve is independent of intensity, as usual, but at high intensity, 

the T(w) curve broadens and the transmission at resonance increases.  The time 

constant for the approach to the steady state is important since the steady s   ce is 

not attained in short laser pulses in important cases in which long-lived phonons 

give rise to low steady-state threshold intensities for anomalous absorption.  The 

threshold for the parametric instability is quite sharp when considered as a func- 

tion of the amplitude of the fundamental phonon, but smooth when considered as a 

function of the incident laser intensity.  In contrast to a previously accepted result, 

even crystals, such as NaCl, having a center of inversion could have anomalously 

low thresholds since the threshold is controlled by the phonon (in the pair> having 

the longer lifetime.  Chain instabiuties and enhanced relaxation from mutual inter- 

action of excited pair phonons are negligible for the phonon instabilities, in contrast 

to previous results for plasmas and parallel pumping in ferromagnetic resonance, 

respectively.  The method of calculation, using Boson occupation numbers rather 

ll^lfcU^MMi ii  , ,__—J-^—^-_  _ - ■  - - -      ■  - 



than mode amplitudes, has the simpUcity and power to allow us to obtain more 

information about parametric instabilities, including effects above the threshold, 

than has been possible previously. 

High-Power 2-6 qm and 10. 6 um Window-Material Figures of Merit with Edge 

Cooling and Surface Absorption Included. Values of the total power 9 that a window 

can transmit under specified conditions are calculated for use as figures of merit 

for window materials.   New features of the figures of merit are: consideration of 

edge as well as face cooling, treatment of surface as well as bulk absorption, use 

of 9 rather than intensity as the figure of merit, effects of improving materials 

and calculation for 3. 8 and 5. 25 qm as well as 10. öqm.   New results include the 

following: For continuous operation, large-diameter window i should be face cooled, 

but small-diameter windows may be edge cooled, and 9 often decreases as the di- 

ameter D increases.   For pulsed operation, 9 increases as D increases, as intui- 

tively expected. Values of the diameter DEF, abo/e which face cooling should be 

used, are surprisingly large, ranging between 7 and 100 cm, typically.  For pulsed 

operation and for D > DEF  in cw operation, 9 is independent of thermal conduc- 

tivity K, while for D < Dgj, in cw operation, ^ <x K.  For small-diameter win- 

dows, the high temperature at the center of the window may limit the value of 9 

and the theoretical thickness may be I ireasonably small. 

The alkaline-earth fluorides have the greatest figures of merit for large- 

diameter windows in the 2-6jim range, with ^ = 76 MW for a one-second pulse 

on a ten-centimeter-diameter window of BaF2 at 3.8|/m with a bulk absorption 

coefficient of 10    cm   .   For small-diameter windows (1 cm-diameter ), Si, BaF2, 

and GaAs have the greatest values of # « 1.8, 0. H and 0. 76 MW, respectively, 

for cw or 1 sec pulse duration at 3« B||m.   For continuous operation at 10. 6pn 

■■— in  i nur-—'■■■       ■ - -.—»■^-~-..—«—.^. - 



with bulk absorption, a diamond window with D = 1 cm has the greatest value 

{& - 0.57 MW) of the existing materials and values of D considered.   If the ma- 

terials are improved (absoipti-jn coefficient ß reduced for ZnSe, strength a 

increased for KC1, and both improvements for CdTe and KBr),  1 cm-diameter 

windows of ZnSe, KC1, KBr, and CdTe will transmit 0.74, 0.58, 0.51, and 

0.24 MW, respectively.   lor one-second pulse operation, a 100 cm-diameter 

window of KC1 transmits 67 MW for a = 330 psi or 260 MW for a  improved 

to 5, 000 psi. 

Explicit Exponential Frequency Dependence of Multiphonon Infrared Absorption. 

The nearly exponential frequency dependence of the infrared absorption coefficient j3 

observed by Rupphrecht, Deutsch, and others has been explained previously by eval- 

uating the individual n-phonon contributions to 0, summing the results, and noting 

that the su n was nearly exponential over a fairly wide range of frequencies. A new 

derivation oi the multiphonon absorption coefficient yields ß ~ exp( - tor) directly, 

rather than as a sum on n, and provides a prescription for estimating the range of 

u; over which the nearly exponential behavior extends. 

Quasiselection Rule for Infrared Absorption by NaCl-Structure Crystals. A se- 

lection rule forbids splitting of a Reststrahl phonon into two phonons on the same 

branch.  We propose that the interaction (summation or difference) of a Reststrahl 

phonon with two acoustical or two optical phonons is much weaker than the inter- 

action with one acoustical and one optical phonon.   This quasiselection rule is useful 

in explaining several multiphonon absorption results including the small number of 

two-phonon peaks observed in NaCl-structure crystals. 

 -■ -      



The Absorption Coefficient of Alkali Halides in the Multiphonon Regime: 

Effectg of Nonlinear Dipole Moments.    The theory of the absorption coefficient 

for a model of alkali halide crystals in the multiphonon regime developed in the 

previous report is extended to incorporate the effects of a nonlinear dipolc 

moment.   The resulting expression for the absorption coefficient is evaluated 

for several different interatomic potential functions and choices for the non- 

linear dipole moment.  We suggest that the relative sign of the contributions to 

the absotj  ion coefficient from crystalline anharmonicity and the nonlinear vari- 

ation of the electric dipole moment with interatomic separation could be such that 

these contributions interfere constructively in the alkali halides. 

Vertex Corrections for Multiphonon Absorptio i.   in the previous technical 

report, vertex-correction factors A^   were calculated for all processes through 

n = 6, where n is the nuinber cf final phonons created in the absorption process. 

In numerical calculations in progress, the value of A    was needed.   Thus, this 

seventh-ordei vertex is calculated. 

Negligible effects.   There are many effects in addition to those considered in 

the present and previous reports that give rise to infrared absorption, but whose 

strengths are too small to be observable.  Simple order-of-magnitude calculations 

indicate that ultraviolet-induced infrared absorption and low-intensity inelastic 

scattering including Raman, Brillouin, and ionic Raman and Brillouin scattering, 

in addition to several processes already mentioned, fell into this category. 
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Sec. A 

A.   INTRODUCTION 

The emphasis to date on the present contract and on a previous contract 

(DAHCJ5-72-C-012t)) has been on theoretii'al studies of high-power infrared- 

window materials.   Since the remainder of :he program will emphasize studies 

on ultraviolet materials, a very brief overview of the infrared results is given. 

A summary of results of the complete program is given in outline form in Sec. N. 

The motivation for the program on theoretical studi.s of high-power infrared 

window materials was the availability of high-power infrared lasers for current 

Department of Defense programs and the realization that lack of transparent ma- 

terials for windows may limit the usefulness of many laser systems.   As higher 

powers and shorter pulse lengths become available, the problem of obtaining 

materials with acceptably low absorption will become even more serious.   At the 

beginning of the program, values of the optical absorption coefficient ß of candi- 

date window materials were needed in order to evaluate the potential performance 

of the materials.   There had been no previous calculations of the numerical values 

of ß in the highly transparent regions for materials of interest (such as KBr and 

ZnSe at 10. 6jim), and the available corresponding experimental values were of 

questionable efficacy since they were believed to be extrinsic (i. e., caused by im- 

perfections that can be removed in principle). 

The paucity of experimental and theoretical information on the values of ß 

was one of the most pressing problems in the Department of Defense high-power 

window programs. It was especially important to know if the values of ß were in- 

trinsic or extrinsic and to have reliable estimates of the intrinsic value of ß before 

undertaking imperfection-identification and sample-purification programs since 
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there were many candidate materials and these expensive programs should be 

undertaken only if there were l pood chance of reducing ß to the required value. 

ThlM an objective of the program was to determine if the current experimental 

values were intrinsic or extrinsic and to obtain reliab'e estimates of the intrinsic 

and extrinsic values of ß for materials of interest.   It was not known if any re- 

duction in the value of ß could be obtained until this former information was 

available.   Furthermore, the frequency and temperature of ß for the extrinsic 

processes should be invaluable to materials-improvement programs in identifying 

sources of extrinsic absorption. 

In order to define the pi oblem in greater detail, consider the schematic illus- 

tration of the frequency and temperature dependence of ß shown in Fig. Al.   There 

is a region of very small intrinsic absorption bounded by the fundamental lattice 

peak and the electronic absorption edge.   At sufficiently small values of intrinsic 

absorption,  ß is expected to be dominated by extrinsic processes, as marked on 

the figure.   In the study of the values of ß, the primary interest is first in the 

value at 10. bjim and second in the 2-bßm range.   It was pointed out in the first 

quarterly report of the previous contract    that the values of ß over large ranges 

of values of co and T are extremely useful in determining if an experimental 

value of ß at, say, 10.6^m is intrinsic or extrinsic and in estimating the intrinsic 

value of ß at 10. 6jim.    Ilms, the calculations included values of u) between the 

fundamental lattice absorption edge and the electronic edge and values of tempera- 

ture between liquid helium and the melting point of the material. 

The value of ß required for a given application varies greatly.   Required values 

-4      -1 
for high-power systems are as low as 10    cm    , possibly lower.   Most of the pre- 

vious theoretical work had been concerned with derivations of formal expressions 
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Sec. A 

for ß, or, equivalently, the imaginary part of the dielectric constant.   Very little 

conciliation had been given to the calculation of the numerical values of ß, and 

all such calculations had been for frequencies near the fundamental resonance where 

ß is large {j3 » 1cm     ).   There are a number of reasons why there had been no 

previous calculations for the numerical values of ß in the range of frequencies 

where ß « 1 cm" .   First, the need for this information has become pressing 

only within the last few years as higher-power lasers have become available. 

Second, previous interest was in obtaining information about the phonon dispersion 

relations, and this information was obtained without the knowledge of the absolute 

magnitude of ß.   Finally, the calculations are not trivial.  Straightforward com- 

puter calculations of ß in the n-phonon region for large n surely would yield 

paltry results. 

n the intervening twenty-four months there has been considerable theoretical 

and experimental progress.  We have explained quantitatively the nearly exponen- 

tial frequency dependence of the optical absorption frequency j3 observed by 

Rupprecht2   and by Deutsch   and the substantial deviations from the expected tem- 

perature dependence observed by Harrington and Hass.    The calculations are based 

on a reasonable model of the lattice with the Born-Mayer interaction potential. 

They include the dispersion relations of the phonons, and the approximations made 

were shown to be reasonable.  The Raytheon measurements of ß(w) and our theore- 

tical prediction that there should be no drastic deviations from the extrapolations 

of the measured ßioc) have settled the question of whether the values of ß mea- 

sured at l().6)jtm are intrinsic or extrinsic for most materials of interest and have 

afforded estimates of the intrinsic values.  With the exception of KC1, the estimated 

10 
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intrinsic values of ßin .   for candidate 10. ö^m window materials are well below 

the lowest measure ' values.   The most interesting problems in the theory of in- 

trinsic multiphonon absorp'    n now appear to be solved. 

The emphasis then shifted to extrinsic absorption and to nonlinear and other 

very high-power effects.  The results are discussed in Sees. B and C and Sees. 

D and E, respectively. 

A number of practical effects such as thermally and pressure-induced optical 

distortion, edge and face cooling, engineering solutions to the window problem, 

tabulations of ^(co) results, and guidelines for selecting materials were con- 

sidered. (See the list of publications in Sec. N. )  Finally, new figures of merit 

for window materials are considered in Sees. G ani H. 

The following will be included in the next technical report:  stimulated Raman 

scattering, higher-order dipole moments, U Center absorption, and results of 

numerical evaluation of multiphonon absorption. 

11 
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B.   EXTRINSIC ABSORPTION 

A theoretical analysis suggests that divalent ions added to alkali halides to 

-4      -1 
strengthen them should not give rise to measurable (ß * 10    cm    ) absorption. 

Two possible exceptions, which are believeci to be unlikely in general, are that a 

divalent ion could activate another impurity or that the added ions could have 

electronic levels that are very closely spaced.   The negative experimental result 

of no correlation between Pb"    concentration and 10.6pim absorption in alkali 

halides is shown to be the result expected. 

The U center is the only known impurity in alkali halides that has a localized 

vibrational mode sufficiently close to lO.öjim to cause noticeable absorption. Ab- 

sorption in the far high-frequency wing (oo » oo^ _) of the impurity-absorption 

resonance, in addition to absorption near resonance, may be important, in con- 

trast to previous beliefs.   The high-frequency side of the resonance is the more 

important region because the intrinsic absorption increases rapidly with decreas- 

ing frequency, thus obscuring the low-frequency wing.   Gap-mode and resonance- 

mode absorption are shown theoretically to be negligible at 10. 6(im, Impurity- 

induced infrared activity of phonon modes is estimated to be negligible. 

Analyses and estimates indicated that surface absorption can give rise to an 

-4      -1 
equivalent absorption coefficient of ß > 10    cm    .   Molecular absorption and 

inclusion absorption are two important sources of surface absorption. Electronic 

states in the band gap in both semiconductor and alkali-halide crystals are poten- 

tially important absorption centers.   Absorption by pure surface vibrational modes 

is believed to be negligible. 

13 
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Absorption by electiical carriers and electronic absorption is important. 

Electronic 1» vels with small spacing have already been observed to give rise to 

infrared absorption (near 2^m for Cr in zincblende-structure crystals). Shallow 

levels that can be emptied thermally can give rise to absorption with ß decreasing 

with increasing temperature.   Electronic absorption across the gap is negligible 

i't 10. 6|jm.   Stress-induced multiphonon absorption was shown theoretically to be 

negligible. 

I.   Introduction 

As discussed in Sec. A, it appears likely that the most interesting problems 

of intrinsic absorption have been solved.   This is not the case for extrinsic ab- 

sorption, although we have made considerable progress recently.   The obvious 

central problem of imperfection absorption is that unwanted imperfections can 

cause unacceptably large absorption.   In addition to unwanted imperfections, im- 

purity ions may be introduced into crystals intentionally in order to compensate 

semiconductor materials or to strengthen alkali halides. 

Before discussing specific impurity absorption processes, it is again empha- 

sized that experimental studies of the frequency and temperature dependence of ß, 

especially on intentionally doped samples, would be extremely useful in helping to 

understand impurity absorption.   The present investigation suggests that interest- 

- -       2- 2- 
ing dopants for the alkali halides are U centers, NCX,, HCO„, 8(3, , and CrO,  . 

Studies of ß in the far wings, particularly on the high-frequency side of reso- 

nance, of the impurity lines for specific impurities would be particularly useful. 

14 
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II.  Classification 

Before considering specific absorption mechanisms, it is useful to classify 

extrinsic-absorption mechanisms as follows: 

Point imperfections include molecules in anion sites and possibly other sites, 

isolated impurity ions, self and impurity interstitial ions, vacancies, and various 

"centers" such as U centers.   A small cluster of the above, such as impurity-ion 

pairs or a vacancy plus a neighboring impurity ion, will be considered as a point 

defect In the spirit of radiation damage studies. 

Extended imperfections include clean and contaminated grain boundaries, voids, 

second phases, inclusions, dislocations, stresses, and regions of deviation from 

stoichiometry (with possible variations throughout the sample). 

Surface effects include effects of molecules and ions on or near the surface, 

surface contamination from solvents, dirt, etc., pits and scratches, electronic 

surface modes, surface free-carrier absorption, and vibrational or electronic 

"pure" surface states (resulting from the discontinuity at a perfect surface). 

Electrical-carrier absorption includes free-carrier absorption, interband 

transitions of holes or electrons, and electron or hole transitions involving 

levels in the electronic band gap. 

A given imperfection can have: vibrational effects, in which the absorption 

involves the motion of nuclei;  electronic effects, in which the absorption involves 

transitions between electronic levels of the impurity, roughly speaking; or electrical- 

carrier effects, in which the imperfections contribute the current-carrying electi-ons 

or holes.  Some processes, such as Raman scattering, involve both vibrational and 

electronic effects. 

15 
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III. Macroscopic Inclusions 

Macroscopic inclusions are extended imperfections such as voids, second- 

phase inclusions, contaminated grain boundaries, and regions of deviation from 

stoichiometry. It was shown in the previous report     that these imperfections can 

be very important in increasirff the value of ß and in causing material failure. 

IV. Molecules in Anion Sites 

This subject is discussed in detail in Sec. C, where it is shown that impurity 
-4      -1 

concentrations as low as parts per billion can give rise to ß ~ 10    cm    . 

V. Vibrational Absorption by Point Imperfections 

Three types of vibrational impurity modes are well known: localized modes, 

having co > co        . where Cü is the greatest of the phonon frequencies, and 

resonance and gap modes having w < wmax.    Light, weakly bound impurities tei d 

to give rise to localized modes, while heavy, tightly bound ones tend to give rise to 

resonance and gap modes.   Order-of-magnitude estimates sht / clearly that the 

latter two types give negligibly small contributions to ß for u; » ^max  
and 

normal impurity concentrations, the reason being that the impurity absorption is 

basically weaker than, and just as far off resonance as, the fundamental resonance. 

In alkali halides, the U center (H    in anion site) is the only imperfection known 

to have localized-mode resonance frequencies co,.  well above co   a   .   The resonance 

frequencies of the U center in KC1 and KBr are 502 and 446 cm    , respectively, for 

example.   The importance of absorption in the high-frequency wing of the absorption 

line and the magnitude of the absorption are discussed in Sec. VI. 
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Imperfections can render phonon modes other than the fundamental mode 

infrared active and ra ■ eive rise to an increase in the value of the relaxation fre- 

quency of the fundamental resonance, thus increasing the value of ß.   Crude argu- 

ments and order-of-magnitude estimates indicate that these effects are negligible 

when oc » a; for point imperfections, voids, second phases and inclusions 
msx 

of nonabsorbing materials, clean grain boundaries, and clean surface pits and 

scratches.   For example, the normal modes in the presence of vibrational imper- 

fections are admixtures of ordinary phonons.   Many of these normal modes are 

infrared active because they contain admixtures of the fundamental-phonon mode. 

Thus, in a sense, the fundamental mode is spread out among the new normal 

modes.   This could cause measurable effects for oc  <  ^max •   However, for 

u »  ui        .it should make little difference whether the phonon modes are ad- 
max 

mixed or not. 

VI. Absorption in the Far Wings of Extrinsic Lines 

At the beginning of the program it was expected that localized-mode absorp- 

tion 8,      would be important only if aJr were within a few line widths of the op- 

erating frequency.  The same argument would have applied to the molecular 

absorption considered in Sec. C.   It now appears that extrinsic absorption 0ext 

may be important at frequencies many line widths Ato above u;r .   The simple 

reason seems to have been overlooked previously.   That is, even though ßext 

decreases rapidly as  | w - Cür 1 /Acu increases, the intrinsic multiphonon con- 

tribution ft       also decreases rapidly, as seen in Fig. Bl.   Thus, it is possible 
mt 

that 0        could be greater than ^  for all  tc > «r«   Notice in passing that 
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the value of Ö,      " 7.5cm'   at resonance from Fig. 131  implies a cross section 
Hoc 

o       a 7.5 cm-1 / 1022 (ions/cm3) ( K)"4 impurity concentration) a-  10       cm 
loc 

at resonance.   This agrees with the fundamental resonance value of af  *   10 

-1 99 1 -17        2 
cm l /{10     ions/cni   ) = 10      cm . 

In Fig. Bl the slope (on the log scale) in the far wings of the U-center absorp- 

tion is assumed to be equal to the intrinsic slope.   In determining the effect of 0ext 

for a,'  »  co   , it is obviously important to know if the slope of 0ext  is greater or 

less than that of ß.    .A theoretical formulation has been developed and is being 
'int 

applied to specific cases to determine the slope of log 0^.   It should be empha- 

sized that measurements of 0.   .(u.1) for co » Ur  for samples with known con- 
ICC I 

centrations of imperfections would be extremely important in impurity-absorption 

studies. 

Until more experimental results are available, reliable estimates of ßext at 

lO.öfim cannot be made.   In the absence of this information, it is interesting to 

notice that the equal-slope-extrapolation of Fig. Bl (for 100 ppm U centers) indi- 

cates that fi,     =8.     at 10. 6 um in KC1 for ~ 10 ppm  U-center concentr ition. 
^loc       int ^ 
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Fig. Bl.   Schematic illustration of the added absorption from U centers 

in KCI, illustrating the greater importance of the high-frequency wing. 
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VII.   Absorption f.-om Surface Hffects 

2 
It has been shown    that impurity ions, atoms, or molecules on sample 

surfaces can give rise to absorption of the order of 0. 1 percent per surfact, 

-3      -1 
which is equivalent to a bulk absorption coei'ficient of /3 = 2 x 10     cm     for a 

one-centimeter-thick sample (with two absorbing surfaces).   That such large 

effects are plausible can be seen by an order-of-magnitude argument.    For a 

5      -1 
5 A-thick surface layer of material having a value of /3 = 10  cm ' at resonance, 

ßi      m $n lO-3, or 0. S percent absorption per surface.   For a one-centimeter- 

thick sample with absorption on both surfaces, this is equivalent to a bulk ab- 

sorption of ß = lO^cm"1.  Thus, this layer could give rise to an equivalent bulk 

-4       -1 absorption of j3 = 10    cm     rather far from the resonance. 

3,4        . 
Molecular absorption (sec See. C) and macroscopic inclusions        such as 

embedded polishing compounds are two of the most likely sources of surface ab- 

sorption.   Absorption by electronic surface states is discussed in Sec. VIII. 

The opinion obtained from the current literature and from discussions with 

workers in the field is that vibrational "pure'  modes will not give rise to absorp- 

tion as large as 0, 1 percent per surface for materials of interest at ~2-10^m, 

but it is not certain that this is the case.   This problem is interesting, and it 

should be easy to obtain an estimate of ß.   However, the problem was not ad- 

dressed under the present contract as it was anticipated that the results would be 

negative and have far less impact than the other results which were obtained. 
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VIII.   Electrical-Carrier and Electronic Absorption 

Free-carrier absorption is sufficiently well understood that no additional 

study was necessary.   The conditions required to avoid free-carrier absorption 
2 

and measurement of "near X " dependence of ß and measurement of electrical 

conductivity as methods of detecting free-carrier absorption were discussed in 

the previous technical reports. 

Electronic transitions across the band gap surely do not give rise to observ- 

able absorption at 10.6 or 3.8^ in the alkali halides or wide-band gap semicon- 

ductors of interest since the absorption edge near cc   - E   /ft (in the ultraviolet 

or visible region) is too far from co.   As discussed in Sec. D, 42 photons typically 

are required to conserve energy.   Furthermore, there is no evidence of ß  in- 

creasing with a:, as would be expected for this electronic absorption. 

On the other hand, electronic absorption associated with smaller-energy elec- 

tronic transitions can be important.   At impurity concentrations so low that the 

usual free-carrier absorption is not detectable, transitions of holes between two 

different valence bands can give rise to broad absorption bands that can be strong 

(ß = 0.3cm     in one case, for example) in the 2-6^m region.     The interpretation 

of such absorption given by Kahn    apparently has been overlc.'ted in recent litera- 

ture.  Transitions of electrons between different regions of the conduction band 

where the densities of states are high also sho^d give rise to observable values 

of |3.   For example, the two conduction-band levels responsible for Gunn-Hilsum- 

Ridley oscillations in GaAs are separated by 0. 36eV, which corresponds to 2900 

cm    , or 3.4 jim . 
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Hlectromc transitions between "crystal-field" levels separated bv infrared 

energies can give rise to infrared absorption.   For example, Vallin, Slack, Roberts, 

7 2+ and Hughes    have shown that Cr     ions in zincblende-structure crystals give rise 

to absorption bands near 2^m (crystal-field-split levels) and probably others near 

20ßm (Jahn-Taller-split ground-state levels). 

Electronic levels in the band gap generally can give rise to absorption. Such 

levels can arise from impurities or from surface states.   Levels near the con- 

duction band that are sufficiently shallow can be emptied thermally.   This gives 
8 

rise to absorption that decreases as the temperature increases. 

Finally, the bending of the bands at the surface of semiconductors could give 

rise to absorption.   This effect was not investigated in view of its expected low 

probability of high-impact results. 

IX. Stress-Induced 10. 6urn Absorption 

It has been observed that KC1 crystals with internal stresses have an absorp- 

tion coefficient which is twice as great as the value observed when the same crystals 

were annealed (|3 ,n ft       = 6 x lO^cm"1, annealed).       The following crude calcu- 

lation shows that the stress-induced absorption most likely is not due to changes in 

the intrinsic multiphonon absorption, but instead arises from changes in the extrin- 

sic contribul  m to ß.   For example, molecular anion impurities (see Sec. C)  are 

likely to be stress sensitive.   The fact that the value of ß for the annealed sample 

is an order of magnitude greater than the extrapolated intrinsic value supports the 

suggestion of a strain-dependent extrinsic contribution to ß. 

Plionon frequencies are known to be temperature and stress dependent.   To 

estimate the effect of stress on the intrinsic multiphonon absorption, the usual 
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exponential dependence of ß on frequency is retained and changes in ß are assumed 

to result from changes in co,, the fundamental Reststrahl frequency of the crystal. 

In the unstressed crystal, a,^ laser ) = 6. 6 a:f.   The stressed crystal will have com- 

pressed regions and stretched regions.  Thus, cof and a:/a:f vary throughout the 

crystal.   Due to the exoonential dependence of ß on oo/cof , those regions having 

w (laser ) > 6.6 u;f will result in a negligible decrease in ß. 

The pressure dependence of u-V in KC1 is derived from the estimated temper- 

ature dependence of ü:f (d cüf / d T w 4 X 10'   cm'  /K)       by assuming that the 

change in frequency is a result of changes in volume producted by either tempera- 

ture or pressure: 

dco f dcü f    dT    dV 
dP dT     dV     dP (1) 

where 

dT/dV  ■ l/3aV (2) 

and 

dV/dP =  V/B    . (3) 

In (l)-(3), T is the temperature, V is the crystal volume, P is the local pressure 

(or stress), a is the linear thermal expansion coefficient, and B is the bulk modu- 

lus. Volume changes, hence frequency changes, are much less sensitive to pressure 

than to temperature.   Using a = 3.93 x 10'   K"1 and B = 1.78 x 1011 dynes/cm2 , 

(2) and (3) indicate that a  1 K temperature change is equivalent to a 300 psi pres- 

sure change. 
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Substitution of (2) and (3) into (1) yields 

dccf 1 dcü 

3aB      dT 
'   = 1.3 x 10   cm   /p«l   . (4) 

Since d(logß)/d(u)/cof) 2= 1, in order for ß to change by a factor of 2, a;/u;f 

must change by 0.3.   With w = 6a)f and oof ■  142 cm"  , the change in fe^ is 

-1 4 7.1 cm    , which according to (4) requires a pressure change of 5 x 10   psi. 

Tins is an underestimate since the stress must be averaged over the volume of 

the crystal.  When the stressed samples are viewed in a polariscope, a shift of 

approximately one fringe of visible light is observed between regions of high and 

lew stress.     Using the stress-optic coefficient and assuming that differences in 

the principal stresses are comparable to the magnitude of the stresses, the 
2 

stresses in the crystal are estimated to be of the order of 10   psi, which is 
4 

much smaller than the above value of 5 x 10   psi estimated to produce the ob- 

served change in 0. 

A similar analysis starting from the potential 

* = E e"r/e - e2/r (5) 

yields the same result.   In this case the frequency changes are calculated from 

d */dr^  and d   */drn, where r0 is the equilibrium lattice constant. 
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Sec. C 

C   EXT1UNSIC ABSORPTION IN 10.6jim LASER WINDOW 
'  MATERIALS DUE TO MOLECULAR-ION IMPURITIES 

C. J. Duthler 

Xonics, Incorporated, Van Nuys, California 91406 

It is proposed that an important class of impurities limiting 

infrared transmission in alkali-haUde laser window materials is 

molecular-ion impurities which substitute for the halide ion in 

these crystals.  Evidence is found from a survey of the experi- 

mental literature that concentrations of less than 0.1 ppm of 

NO~, HCO_, SO^j'; ard CrO^' will yield an absorption coeffi- 

cient I > lO^cm"1 (current value of interest) at I0.6fim. 

Predicted temperature dependences of impurity limited ß(I0.6|Am) 

are: T1,6, nearly temperature independent, and decreasing ß 

with increasing temperature depending on the particular ionic im- 

purity. 
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Sec. C 

I. INTRODUCTION 

Recently there has been considerable interest in reducing the absorption 

coefficient ß of transparent materials used in high-power C02 laser systems. 

Laser windows can fail catastrophically by fracturing due to inhomogeneous in- 

ternal stresses, or less dramatically due to thermal defocusing of the beam 

which result from heating by absorbed radiation. 

Among the most promising mater's for use with high-power 10.6^m wave- 

length C02 lasers are the alkali halides, in particular KC1 and KBr.  The mech- 

anism for intrinsic infrared absorption in these materials is due to multiphonon 

absorption with the fundamental Reststrahl frequency i^ of these crystals being 

6 to 8 times smaller than the C02 laser frequency of 943 cm' .  It has been estab- 

lished experimentally2 and theoretically 3 that for V > V^ the intrinsic multi- 

phonon absorption coefficient ßint decreases nearly exponentially with increasing 

frequency.  Extrapolation of the measured low-frequency intrinsic absorption co- 

efficients yields ß^ = 8 x lO^cm"1 for KC1 and /3int = 5 x 10"7 for KBr at 

10.6^m.   However, absu j 'on in even the best presently available materials is 

impurity dominated with ß > lO^cm"1 at the C02 laser frequency. 

The purposes of the present paper are to present evidence that an important 

class of infrared absorbing impurities are polyatomic molecular anion impurities 

which substitute for the haUde ions in the crystal lattices and to identify those 

ionic impurities that absorb most strongly at lO.öpm (943 cm'   ). The influence 

of absorbing inclusions on the bulk absorption coefficient and the failure of ma- 
4,5 

terials containing inclusions have been considered in previous publications. 
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Nominally pure commercial crystals are commonly observed to contain 

6,7 
molecular anion impurities such as the metaborate ion  '    (B02 ) and the carbon- 

ate ion6 ( CO„   ) using conventional absorption spectroscopy.   The hydroxyl ion 
8 

(OH- ) is especially difficult to remove from alkali halides during purification, 

but should yield little 10. 6fxm absorption.  These anion impurities along with 

divalent metal carton impurities8, C)  are most likely still present in small con- 

centrations in specially purified laser window materials and less than one part 

per million of certain anions can result in the presently observed extrinsic ab- 

sorption. 

Molecular cation impurities are less likely to be found in alkali-halide crystals 

due to the small size of the alklai ions which they replace, although NH4  in KC1 

has been studied.10   Monatomic impurities can also absorb infrared radiation either 

through local model of vibration or by activating phonons other than the fundamental 

Reststrahl phonon.11    However, absorption due to monatomic impurities at 943 cm 

is expected to be negligible because phonon and local mode frequencies are gener- 

ally much smaller than 943 cm"   with the local mode of H     in KC1 (U center) at 

500 cm'1 having the highest frequency of this group.   Absorption due to electronic 

12 
transitions of impurities is not considered in this paper. 

2H 
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II.   IMI^URITY SPECTRA 

The infrared absorption spectrum of a crystal containing substitional 

molecular anion impurities typically consists of a number of sharp lines cor- 

responding to the infrared active internal vibration modes of the polyatomic 

molecular ion.   Generally the internal vibrations of the impurity ions are only 

slightly affected by the host crystal: There are small shifts in frequency and 

increases in the line width which depend on the particular host.    Due to a lower- 

ing of the symmetry of the ion when it interacts with the host, infrared inactive 

modes may become weakly absorbing and degenerate modes may be split into 

several components.   In fact, the technique of aMai-halide matrix isolation 

has been used extensively to isolate and concentrate these ions for study by 

infrared absorption spectroscopy. 

The probability of the laser frequency being exactly coincident with the 

peak of an impurity absorption line is extremely small, with the laser line 

usually falling in the wings of the absorption line.   In order to estimate the 

absorption coefficient ß at v = 943 cm      due to an absorption line centered 

it frequency JA,, a Lorentzian line shape 

ß{v) = (const.)  4* 
(v-vQ)

2 + iAv/2)2 

is assumed, where Au is the full width at half maximum. With 0. 1% impurity 

concentration, the absorption coefficient at the center of an allowed transition 

2-13-1 1 
/3 (fQ ) typically ranges from 10  cm     to 10  cm     with At» ranging from 4 cm 

to 50 cm    , depending on the particular molecular species and host. 
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Although experimentally observed line shapes near resonance are described 

quite accurately by (1) using a constant relaxation frequency Ai/, it is used 

for extrapolation to the wings with certain reservations.  Widths of the fiuidamental 

absorption lines of matrix isolated molecular impurities are in general a result of 

weak coupling between the internal molecular vibrations and the lattice vibrations 

17 
of the host crystal.      With  \ v - V„ \ < v    , where v     is the maximum phonon 1 U ' m m r 

frequency (210 cm    for KC1), there will be structure in Au,   hence in ß{v), 

reflecting the one-phonon density of states and phonon selection rules.   This will 

be important for extrapolation of narrow lines {Av ^  10 cm'   ), since the mea- 

sured line width in this case samples only a small part of the phonon spectrrm. 

For extrapolation far from the line center  \ v - V^ \ > v    , Av is expected 

to decrease with increasing | i^ - u« |   resulting in a more rapid decrease in ß 

than is predicted by (1).   In this region it is likely that ß will decrease exponen- 

tially with increasing | i; - tu j  in analogy with intrinsic multiphonon absorption. 

Nevertheless, judicious use of (1) together with measured impurity line strengths 

and line widths from the experimental literature is felt to be reliable for order-of- 

magnitude estimates of ß (943 cm    ). 

Fundamental absorption lines of molecular ion impurities are often accom- 

panied by other nearby lines which may not be resolved at room temperature and 

may be confused with the fundamental line width.   In the case of small ions such 

as OH    and NO„    the additional lines arise from rotational and local transla- 

17-23 
tional motions of the ions. (Recall that for a freely rotating diatomic mole- 

cule, the angular momentum selection rule requires that the vibrational transition 

be a doublet.)   The fundamental absorption lines of large polyatomic ions are often 

accompanied by nearby "hot" bands from transitions originating from low energy 

7 24 
excited states, and by isotope lines.  ' 
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Measured absorption frequencies of several molecular-ion impurities that 

have been isolated in KC1 crystals are listed in the first two columns of Table 1 
25-50 

The third column presents an estimated impurity concentration in parts per million 

-4      -1 -1 for each ion required to produce ß = \Q    cm     at the frequency ^43 cm    .   These 

estimates were obtained by extrapolating the measured absorption lines using an 

assumed Lorentzian line shape with measured line widths where they were avail- 

able.   Details of the spectra can be found in the original literature references which 

are listed in the fourth column. 

Isolated diatomic ions typically have fundamental absorption frequencies that 

are far removed from 943 cm    .  As a result, impurities such as OH     that are 

commonly observed in alkali halides should have little effect on absorption at 

943 cm      in spite of the large line width of typically 50 cm     at room temperature. 

Using 0(yo) 2= 1 cm"1 and Ai/ ■ 50 cm'1 in (1) for 1000 ppm, OH- in KC1 yields 
-1 -4      -1 22 

0(943 cm M * 10 H cm  \ 

- _        2- 2- ., 
The polyatomic impurities N02, HCO  , S04 , and Cr04   yield ß {943 cm    ) 

-4      -1 
> 10    cm     at concentrations less than 0.1 ppm.   These impurities, if present in 

alkali-halide laser windows, will result in a severe limitation in the laser trans- 

mission. 

In the case of NO™   in KC1 at room temperature, the absorption lines are 

relatively broad with the strongest absorption line occurring at v„  =  1290 cm 

-4 -1 with a weaker (by a factor of 10     ) absorption line at- y-   = 805 cm    .   With 

A v = 38 cm    for both lines, extrapolation using the Lorentzian line shape in (1) 

indicates that the principal absorption at 943 cm     comes from i/„ .    For 0.1% 

-1 3      -1 -1 impurity concentration, /3( 1290 cm    ) = 10  cm    , which results in /3(943 cm    ) 

-1 -1 -4      -1 — ■ 3 cm     at this concentration, or ß (943 cm    ) = 10    cm     with 0.03 ppm NO„ 

in KC1. 
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Table I. Kxperimentally observed absorption frequencies of several impurity ions 

in KC1 crystals and the estimated impurity concentration to produce ß = 10 cm at 

the C02 laser frequency. 

Ion 

ir 

OH"" 

sn_ 

B02- 

co" 

N3~_ 

NCO 

NOJ 

NO 

CO 

BO, 

3 
2-   a 
3 
3- 

3- 
Se03 

ucoZ 
BH 

SO 

CrO 

SeO 

MnO 

NH 

-   a 
4 

2-   a 
4 
2-   a 
4 
2-   a 
4 

2+ 
4 

Frequencies (cm    ) 

500 

3640 

2S90 

2089 

590,1972 

1696 

642,2049 

629,1232,2169 

805,1290,1329 

842,1062,1396 

680-720,883,886,1058,1064,1378,1416, 1488, 15 ]H   10 

736, 949(w), 1222 

broad 738-850 

589,672,713,840,971,1218, 1346,1701, >x; * 

1142,2321 

630,978,1083,1149,1188 

862,890,930,941 

834,860,909,923 

899, 909, 914, 925 

1405,3100 

Conc.(ppm) 

j3(943cri'1) = 10 

for 
-4     -1 

cm References 

>10 11 

> 100 22,23, 25, 26,2-7 

> 100 28              ; 

100 20,21 

10 - 100 6,29,30 

10-100 31 

100 32                           | 

to 15,14,24,7,33 

0.1 19,13,34,18,35 

10 16, 17,13,34,18,36,37,9 

1488,1518   10 6, 38, 9, 39 

1-10 40 

1-10 41 

J339          0.01 42 

10 43,29 

0.03 44,45,46,9 

<0. 1 47,48,49,46 

<0.1 41 

< 0.1 50 

10 10 

a.  Exact frequencies and intensities very dependent on presence of compensating M 2+ 
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With 1IC0„  the principal absorption at 943 cm      is from the Vm ■ 971cm' 

-1 3 
fundamental.   Estimating from published absorption curves that 0( 971 cm     ) = 10' 

cm     and Au = 4 cm     with 0. 1% concentration, (1) yields /3(943cm   ) = 5 cm    , 

Including additional contnb"Uons from i/„ ■ 1346 cm     and v. = 1218 cm     which 

-1 -1-4 
have Av ~ 20 cm     results in ß(943 cm     ) = 10      with a concentration of 0.01 ppm. 

The polyvalent ions listed in Table 1 each have several absorption lines near 

943 cm    .   In order to preserve the charge neutrality of the crystal, divalent im- 

purity anions must be accompanied by compensating anion vacancies, or as is fre- 

2+       2+       2+       2+ quently observed, by a divalent cation impurity (such as Mg    , Ca    , Ba    , Pb    , 

2+ 
or Sr     ) which are usually located at neighboring lattice sites.   In heavily doped 

crystals, the solubility of the divalent anions is enhanced by simultaneous doping 

with divalent cations.   The exact absorption frequencies and relative line strengths 

of the anions are dependent on the particular accompanying cation, especially in 
2- 

the case of CO^    which is strongly perturbed with different metal ions. 

2- 2- 2- 2- 2- 
The group of divalent ions S04   , Cr04 , Se04 , MoO    , and WO.    have simi- 

lar spectra with the strong   '„   fundamental of these ions falling very near to 943 cm   . 
2- 2- 

Due to their large size, Mo04    and W04    are reported to be insoluble in KC1 and 

KBr.       Depending on the particular perturbing cation impurity, the normally three- 
2- 

fold degenerate y.  fundamental of SCL    is split into three strongly absorbing com- 

ponents from 1050 cm     to 1200 cm'    each with Ay ft 15 cm" .   The otherwise 

forbidden v^   fundamental becomes weakly absorbing in the crystal with frequencies 

from 975 cm     to 980 cm     and with A y a- 15 cm' .   Additional absorption lines 

due to the u4  and  pu fundamentals are observed near 600 cm     and 500 cm" , 
2- 

respectively.   The components of the v~ fundamental of CrO.    are even closer 
2" 1 to the laser line than S04   with frequencies in this case varying from 880 cm     to 

950 cm'1. 
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III. TEMPERATURE DEPENDENCE 

Absorption frequencies and line widths of matrix isolated ions are observed 

to be temperature dependent, which can result in temperature dependent absorption 

at 943 cm    .   In the case of ions which have broad absorption lines resulting from 

coupling to the lattice phonons and which have ionic fundamentals within the ap- 

proximate range from 50 cm     to 300 cm     of 943 cm    , the temperature depend- 

ence can be simply predicted.   With  1 l^ - I'Q  |  »(Ay/2), Equation (1) can be 

written 

ß{v= 943 cm'1) ■ (const.) (Av)/(y - i^)2   . (2) 

13        — 13        — 
Above 100 K, the line widths A^  of the nitrite     ( N02 ), nitrate "  ( N03 ), cyan- 

ate     ( NCO- ) and hydroxyl      (OH   ) ions are observed to vary as T     with 

n m 1.6, and will dominate the small temperature dependent changes in y« in (2). 

As a result,  ß (943 cm'  ) will vary as T  '   , especially in the important case of 

NO« , where the approximations are fairly well satisfied.   For OH   , the use of the 

Lorentzian line shape is not justified and the absorption at 943 cm     due to this ion 

if seen at all should have a stronger temperature dependence, with n >  1.6, in 

analogy with intrinsic multiphonon absorption.' 

2- 2- 
With the ions SO.  , CrO.  , and HCO,, , the laser frequency is near many 

relatively narrow lines and the temperature dependence of the absorption is more 

difficult to predict.   Published spectra of these ions taken at different temperatures 

show small increases in line width and small shifts in frequency.   In these cases 

changes in v.. can be nearly as important as changes in Al/,   and it is not clear 

that the observed line widths are entirely due to phonon coupling.   That is, part of 

the absorption in the wings which contributes at 943 cm     could be due to hot bands. 
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and in the case of divalent ions to differing perturbing impurities accompanying 

the molecular ion.  As a result, the 943 cm     absorption of crystals containing 

these ions is expected to be less temperature dependent than crystals containing 

smaller, monovalent ions.   It is interesting to note that Figures 2 and 3 of 

Dem'yanenko et al      indicate that with CrO.    in KC1, the 943 cm     absorption 

could even decrease with increasing temperature. 
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IV.   DISCUSSION 

Table I lists only those absorbing impurities which have been isolated and 

studied in KC1 crystals and serves to illustrate the importance of substitutional 

molecular anion impurities on laser transmission at 443 cm    .   In addition to these, 

there must be other ionic impurities that have been overlooked in this survey along 

with stili others that remain to be studied in alkali-halide crystals.  One such pos- 

sible ion is SiO " which is observed to have strong absorption near 1000 cm     in 

several glasses. 53 

In addition to the substitutional ionic impurities, there are other possible 

molecular impurities tha.. will limit laser transmission at 943 cm    . Neutral mole- 

cules such as H20 or (XL can exist at interstitial sites in the bulk of the crystal 

or condensed on the surface.'     '      Organic molecules condensed on crystal sur- 

.,..,.      57 faces a^e another possibility. 

There has been little experimental work done on the effects of impurities on 

absorption in materials used for high-power laser components.   Further studies of 

impurity-induced absorption at 943 cm'   are needed to more firmly establish the 

relationship between the absorption in the wings and the fundamental absorption at 

the line centers.  The temperature dependence of ß(943 cm    ) found in intentionally 

doped crystals can possibly be used as a guide in identifying unknown impurities in 

other crystals. 

A study of Pb doped KC1 found little correlation between absorption at 943 cm 
CO 

and the Pb concentration.'      Isolated Pb ions are not expected to absorb at this fre- 

2+ 
quency, but complexes of Pb      with the divalent anions listed in Table I do absorb. 

The reason for the negative result of this experiment could be that there were no 
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uncompensated divalent anions in the samples studied.   In crystals containing 

2+ 
divalent anions without accompanying divalent cations, the introduction of Pb 

2- 
could have a significant effect, particularly in the case of COg   . 

2- 
Doping KC1 crystals with OH    and C03   was found to have little effect on 

943 cm"1 absorption when the ions were introduced separately, but a significant 

-1 59  «^ 
increase in ß(943 cm    ) was observed when both ions were present.       It is pos- 

sible that in this case the enhanced absorption was due to the formation of HCO^ 
-1 _ 2- 

which is much more strongly absorbing at 943 cm     than either OH    or C03 . 

In internally stressed KC1 crystals it was observed that |3(943 cm    ) was 

larger by a factor of two than after the same crystals were annealed.     This is 

difficult to explain on the basis of intrinsic absorption.   Although there is little 

information available regarding the effects of inhomogeneous stresses on molecu- 

lar impurity absorption, we may speculate that the increased absorption observed 

in stressed crystals could be due to increased molecular ion line widths and shifts 

in frequencies. 

Discussions with Dr. M. Sparks are gratefully acknowledged. 
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D. VERY HIGH-INTENSITY EFFECTS 

At the present time, high-power long-focal-length systems, with their 

requirement for large windows to avoid severe diffraction effects, have low 
2 

intensities -- possibly up to a few hundred to a few thousand watts/cm .   Thus, 

nonlinear optical effects are not expected to be a problem.   However, as higher- 

power and short-pulse lasers become available, the intensity at the window will 

increase accordingly.   At sufficiently high intensities, nonlinear and possibly 

other high-power ef.ects will become important.   Two key questions are: Which 

high-power effect will first limit the performance of high-power infrared systems? 

At what intensity and under what conditions will the limit occur?  Although the lit- 

erature abounds with nonlinear effects, these two questions have received little 

previous attention. 

In seeking the answers to these two questions, the following effects were 

considered: 

1. material failure from absorption by macroscopic inclusions, 

2. electrical breakdown of air, 

3. stimulated scattering processes, 

4. electron avalanche breakdown, 

5. parametric instabilities of phonons, 

6. self focusing, 

7. multiphoton absorption, and 

8. electrostrictive defocusing. 

The first four are shown to be important.   Values of intensity as low as »«lO , 

7 S 10 2 10 ,  10 , and 10     W/cm , respectively, may cause material failure. 
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Material failure from absorbing inclusions was considered in the previous 

technical report    and in Refs. 2 and 3.   The theoretical results indicate that 

2 
pulse energy densities of ordf t   1J /cm    are sufficient to damage crystals con- 

taining macroscopic absorbing inclusions for pulse lengths ranging from pico- 

seconds to microseconds.   The corresponding intensities range from ~in -10 

2 
W/cm .   Cone-shaped surface damage pits resulting from inclusions near the 

surface are discussed in Sec. B . 

Although the electrical breakdown of air may not be considered strictly as a 

window-material failure mode, it should be mentioned that this can be the phe- 

nomenon that limits the performance of some systems.   The intensity at which 

air breakdown occurs varies greatly, depending on the condition of the air.   For 

2 
dirty air the breakdown intensity can be as low as <^in MW/cm , which is one 

of the lowest limiting intensities studied. 

In the report of stimulated scattering processes to be included in the follow- 

ing Technical Report, it will be shown that there is a threshold intensity 1    having 

2 
a typical value of 10 GW/cm    at lO.öj^m (by scaling from 0.69 to 10. 6)im using 

I    ~ l/cc) above which a large fraction of the laser radiation is converted to 

Stokes radiation. 

Many systems will fail for I > I   .   The angular divergence of the Stokes 

light will be too great for the Stokes radiation to be useful in most long-focal- 

length systems.   Furthermore, the heating of the crystal resulting from the cre- 

ation of the fundamental phonons in the scattering process will be intolerably 

great in many applications.   For example, if ten percent of the laser radiation at 

10.6fim is converted to Stokes radiation, the intensity absorbed (by the phonons) is 
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iabs KV10«^1 (1) 

where f and L denote the fundamental phonon and laser photon, since one 

phonon is created for every laser photon annihilated.   This result (1) cor- 

responds to an effective j3 L of 

(/3L)eff =  uJf/10wL ■   10'3   , 

which is not acceptable in many high-power applications. 

Electron avalanche breakdown, which has been studied in detail by others, 

is believed to be an important very high-power effect.  Very briefly, the cardinal 

results are as follows.   The electric field of the laser can cause a breakdown, 

-8 
just as a dc electric field does.   For 10     sec pulses in alkali halides, the in- 

10 2 
tensity I    required is typically of the order of 10     W/cm .    For shorter pulses, 

12 2 -H 
greater intensities are required, with lc of order 10     W/cm   for 1.5 x 10 

second pulses. 

Parametric instabilities of phonons are considered in Sec. F .   Self focusing, 

which has been the subject of numerous previous investigations,'  is not expected 

to be a problem in large-diameter windows.   The central features of self focusing 

are, very briefly, as follows.  A beam will self focus when the power P exceeds 

a critical value P f.   Typical values of P^ are tens of kilowatts for materials 

that are strong self focusers.  As the power is increased above Psf, the length 

z f of the sample required to obtain self focusing decreases according to the 

relation 

.„•»DM^-^) 
1 

(2) 
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where D is the beam diameter and x   is a constant.  For a strong-self-focusing 

material such as CS2 , P - ^s of the order of B kW. and x is of order 6. ^ x 10" 

cm'^kW)^2.   For I ■ K)10 W/cm2 and D ■ 10 cm, (2) gives l^ ■ 200 cm. 

It is possible that a shorter distance 1^ could result from a self focusing 

of only part of the beam, having a diameter D^ .   For a fixed intensity I, it is 

convenient to write (2) as 

•1 

loc -D10C       K^-^) 

which has a minimum of 

z   .     ■   4x /JIT/I mm st 
(3) 

atDloc  -2^sf/l) 
1/2 With the values of P f  and x   from above, and a 

.vindow thickness d = z       = 1cm, (3) gives I- «X 10  W/cm , Since %/¥^ 

is much greater in solids than in CS2 , the intensity required for self focusing 

is much greater than 8 x 109 W/cm2. 'Ilius, the other high-power effects dis- 

cussed above are expected to set in at lower powers than that of self focusing. 

Multiphoton absorption is clearly negligible.   Two-photon absorption is small, 

and for 10.6jim (0. 12 eV) radiation in a crystal with bandgap Eg ■ 5 eV, 42 

photons are required in order to conserve energy. 

The following order-of-magnitude estimate indicates that electrostriction is 

negligible.   Since the intensity across the window is not constant in most systems, 

electrostriction will cause thickness variations.   The change in thickness AX at 

the center of a window thickness X is 

AX/X   = S E' (4) 
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-18      2      2 
where the electrostriction constant S  has a typical value of 10      cm / V     for 

a solid.        For a pure thickness effect (refracfive index n unchanged), a very 

strict angle tolerance of 5 x 10 '  radians implies n A£/R  • 5 x 10    , where R 

is the window radius.   With R/;, = 10 and n =1.5, this gives 

AX/£   ■   3 x K)'4   . (5) 

7 
Eq. (4) gives this value (5) of &£/£ for Ha: 2 x 10   V/cm, which corresponds 

11 2 
to «*-10    W/cm .   The actual intensity should be even greater since the reduction 

in n as the crystal expands was neglected. 

A similar negative result is obtained by considering the electrostrictive non- 

linear index of refraction 

An  =   n2E
2 (6) 

where7     n2  =* 1.7 x 10"19cm2 / V2.   With X An/R   ■ 5 x 10"5 and R/£ =  10 

7 
from the example above, (6) gives E a: 5 x 10   V/cm. 

Discussions with Dr. Y. R. Shen and Dr. M. M. T. Loy on self focusing are 

gratefully acknowledged. We would like to thank Dr. C. Cason for pointing out 

that the breakdown in dirty air can occur at quite low intensities. 
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E. EXPLANATION 01- LASER-DAMAGE CONE-SHAPED SURFACE PITS 

C. J. Duthler 

Xonics, Incorporated, Van Nuys, California 91406 

An anisotropic, quasi-static stress distribution is found in the 

material surrounding an absorbing inclusion of a radius a centered a 

distance d below the surface of a transparent host.   Maximum tensile 

stress greater than the pressure at the inclusion-host interface occurs 

at the angle 6     = cos"   (a/d)  from the line joining the inclusion 

center to the surface, resulting in cone-shaped fracture. 

Recently micron-size cone-shaped damage pits have been observed on the 

surface of sapphire crystals that have been irradiated with intense 1.06 ^m laser 

pulses.      The statistical occurrence of the surface damage sites suggests that the 

damage is due to absorbing inclusions just below the surface, randomly distributed 

across the face of the crystal.   Due to differing damage thresholds when different 

polishing compounds are used, it is suspected that polishing grit somehow gets em- 

bedded in the surface with subsequent polishing forming surface material over the 

particle. 

Similar damage sites have been observed in multi-layer dielectric films, 

although in this case the surface pits have a stepped structure due to rupture of 

the various film layers.     Statistical evidence again indicates that the damage is 

due to absorbing inclusions below the surface which must be formed during the 

deposition of the films since no polishing compounds are used in this case. 
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The following model is proposed to explain cone-shaped surface damage: 

A spherical inclusion a short distance below the surface expands due to heating 

by laser radiation applying pressure normal to the surface of the cavity in which 

it is contained.   Due to the proximity of the surface, this produces a quasistatic, 

anisotropic stress distribution in the host material which can result in fracture 

w' h a cone-shaped section above the inclusion being ejected intact or in a small 

number of fragments. 

Cross sections for the absorption of laser radiation by inclusions in a trans- 

parent host crystal and localized heating effects in the vicinity of the inclusion 

3 
have been analyzed in a previous paper.    The cross section for the absorption of 

liser energy by a spherical, dielectric inclusion of radius a is approximately 

.3,4 
given by 

aab3   = A^I  ff^ (1) 

where A is a constant of order unity and ß*  is the absorption coefficient for bulk 

inclusion material.   In (1) it has been assumed that ß^a «  1 as is typically sat- 

isfied for micron-sized dielectric inclusions. 

The thermal time constant 

TH  =   CHa /4KH    , (2) 

where C.,  is the specific heat and K,,  is the thermal conductivity of the host, 

is roughly the time required for heat to diffuse a distance a away from the heated 

3 5 
inclusion into the host material. '      For short times t  « T, ,, diffusion of heat 

out of the inclusion is negligible and the temperature of the inclusion increases 

linearly with time and is given by 
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T  "   3CTabsIt/47ra   CI 
(3) 

where I is the laser intensity in the host material and C, is the specific heat of 

the inclusion.   Substitution of (1) into (3) yields 

T -   3 A ßT It/4C I    * 
(4) 

Neglecting the diffusion of heat out of the inclusion, the pressure at the inter- 

face with the host is found by equating the volume change of the heated and com- 

pressed inclusion to that of the unheated but compressed cavity m the host which 

yields 

P =   3 aj Beff T (5) 

where B'L = ^ + ^u  -   ta <5)' al is üie ltoMr ^e*™1 e*P™sion coefficient 

of the inclusion and B^ is an effective bulk modulus obtained from B, and ^ 

which are the bulk moduU of the inclusion and host, respectively. 

Quasi-static stresses will be produced in the host material for times long 

compared to the round trip time Tg  for sound to travel from the inclusion to the 

sample surface.   In sapphire the velocity of sound is 1.1 x 10   cm/sec which 
3 

yields TS  = 9 x lO-11 sec for sound to travel one micron.   Using CH ■ 3 J/cm 

and K    =0.35 W/cm K for a sapphire host, the thermal diffusion time with 

a=l^misT    =3x lO-8 sec.   Hence during nanosecond duration laser pulses 

the conditions  Ts < t < TH are satisfied and the heated inclusion in the host can 

be visualized as a spherical cavity within which quasi-static, hydrostatic pressure 

is applied. 
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At first glance, the cone-shaped damage sites appear ^o be similar to the 

familiar Ilopkinson fractures where a hemispherical cap is removed from the face 

of a large plate opposite the surface on which an impulse force, such as that pro- 

duced by an explosive charge or projectile, is applied. 6   In Hopkinson fracture, 

a compressional pulse of short duration diverges from the explosive charge and is 

reflected from the opposite free surface of the plate.   The reflected pulse is one of 

tension, and failure occurs when the leading edge of the reflected tensile pulse 

passes the trailing edge of the incident compressional pulse resulting in net longi- 

tudinal tensile stress in the material.   This mechanism does not apply in laser 

damage because of the quasi-static  nature of the compression.   After the termina- 

tion of the laser pulse, the pressure applied to the host by the heated inclusion will 

relax at approximately the same rate rH  as the temperature of the inclusion which 

is long compared with the time Tg for sound to travel to the plane surface.   As a 

result, the incident compressional pulse always overlaps the reflected tensile pulse 

so that there is no net longitudinal tensile stress. 

A spherical cavity of radius a at a distance d below the surface of a semi- 

infinite medium is sketched in Fig.El. The exact solution for the equilibrium 

stresses produced in the surrounding material by hydrostatic pressure within the 

cavity is mathematically intractable, and approximate solutions are very tedious 

and slowly convergent.   Exact solutions to the analogous two-dimensional problem 

which applies to uniform force normal to a circular hole in a thin plate or a long 
7 

cylinder in a semi-infinite medium have been obtained by Jeffery   and can be used 

to give insight into the three-dimensional problem. 

50 

mmmmmimmmmmmtlttmimim^ammmt^mmi^^ ■■ - - 



~mmm^~m-m^^mm-^^mmm~~m~~~~m^^^m 

Sec. E 

51 

I 
1—1 

-Q 

0) 
o 
c 
4-1 

M 
9 —^ 

■a a 

c o 
—I 

3 
u c 

0 
JC 

en 

MM IB—l^l^—>■<—■  ■ .     ■ »   .i  .^ ■ l^M—l       .  ^ 



•••—™"^  "      ■ 

Sec. E 

In the two-dimensional case, the tensile stress along the cylindrical surface 

is given by 

a   =  P (1 + 2 tan2 0 ) ^ 

where P is the hydrostatic pressure within the cavity and a point on the surface of 

the cavity is described by either the angle 0 or 9 as is sketched in Fig. El, where 

tan 0 = a sin 0/(d - a cos 6 ). For d/a near unity, the tensile stresses around the 

cavity are very assymetrical and are much larger than the applied hydrostatic 

pressure.   Maximum stress occurs at the angle em = cos"   (a/d) where the 

dashed line in Fig. 1 from the point on the plane surface directly above the cavity 

is tangent to the cavity. 

Along the plane surface the tensile stress is given by 

2 
a    = -4Pa2(x2 -d2 + a2)/(x2 + d2-a2) (7) 

x 

where x is measured along the plane from the point directly above the cavity. 

Maximum tensile stress in this case occurs at the point x = 0 with ax (x = 0) > P 

for d < /51 a . 

The tensile stresses at (6 = em) and ax(x = 0)  are plotted as functions of 

d/a in Fig. E2.   For large d, these stresses approach the limiting values CTt(em) = P 

and a  (0)  =0 that are appropriate for a two-dimensional cavity in an infinite 

medium.   As d decreases, both fft(»m) and ax(0) become larger than P, with 

o  (0) > at(em)  for d< /Ta. 

Solutions for the three-dimensional problem of a spherical cavity are ex- 

pected to be qualitatively similar to those above.   Due to symmetry, maximum 
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tensile stress along the spherical cavity surface is also expected to be a maximum 

at the angle 9 = 6    .   However, the a versus d/a curves will be quantitatively 

different.   In the limit of an infinite medium (d/a -» • ), the tensile stress in the 

-3 -2 
host outside of the cavity will decrease as r      as compared to r      in the two- 

p 

dimensional case and will have the value  P/2   at the cavity surface.     This more 

rapid decrease of stress with radial distance will cause the a versus d/a curves 

to be more strongly peaked near d/a ■ 1 than in Fig. R2. 

For homogeneous, Isotropie material surrounding the cavity, a crack will 

nucleate at the point of maximum tensile stress on the boundary and will propagate 

normal to the boundary with little resistance. When d/a is greater than aiout /T, 

maximum tensile stress occurs at the angle 6m on the spherical surface.  As is 

sketched in Fig. F,3 A, a crack nucleated at em will propagate normal to the cavitv 

surface toward the plane surface, resulting in a cone-shaped surface pit at half- 

angle 8m. 

Inclusions very close to the surface (d/a < /T) will | roduce maximum 

tensile stress at the point x = 0 on the plane surface.  As is sketched in Fig. 3B, 

a crack will first propagate from the point x = 0 to the cavity surface.   Further 

expansion of the inclusion could result in additional failure near 6m  to produce 

a cone-shaped damage site. 

The following considerations favor fracture first occurring at 9m  as in 

Fig. E3A rather than at x = 0 as in Flg. E3B:  fracture in bulk materials is 

strongly dependent on surface cracks and imperfections which have the same 

size as the inclusion.   Similar, but smaller, defects are expected to affect the 

fracture in the present case.   If the inclusion is formed by melting surface 
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material over an embedded polishing grit, more defects are expected on the 

surface of the inclusion than on the highly polished plane surface.   In addition, 

there is much more surface area, hence more probability of finding a defect, 

along the circumference of the inclusion at the angle 9      than at the point 

x = 0. 

Calculated laser pulse energies It  for failure are very imprecise due to 

large uncertainties in the failure strength af   for the material in the vicinity of 

the inclusion and in the bulk absorption coefficient ß,    of the inclusion material. 
4 

The failure stress for sapphire is estimated to be between the af = 6 x 10   psi 

observed in bulk samples and the theoretical strength a . =6x10   psi esti- 

mated from crth        = E / 10 where E is the Young's modulus.   Assuming CTf = 2 P 

5 1 7 at the point of failure and using crf = 6 x 10   psi,  b ,,=  -=- B        . .      = 1.5 x 10 

psi,   and a  = 10     K    , (5) yields a failure temperature increase of 1000 K. 

-1 3 Estimating ß^ ■ 10 cm      and using C, ■ 3J/cm    K   in (4) indicates that failure 
2 

occurs at approximately It = 400 J /cm    accurate to only about two orders-cf- 

2 1 magnitude.   Pulse energies for damage from 30 to 100 J /cm    observed by Boling 

are well within the range of reasonable theoretical values. 

We note that the energy absorbed by a micron-size inclusion at these pulse 

energies has the same order-of-magnitude as the energy required to disrupt the 

molecular bonds on the surface of the cone.   Hence the removal of the cone ma- 

terial intact or in a small number of fragments is energetically allowed. 

For the 30 r.sec pulse durations used in many experiments, the assumption 

of no heat transfer to the host material is not valid.   It is reasonable to expect 

that heating has little effect on the failure strength and that the principal effect 
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will be to lower the pressure at the inclusion-host interface, hence increase the 

required energy for damage, due to thermal expansion of the cavity in which the 

inclusion is contained. 

With very short pulses,  t < Tc. damage could be delayed until the time Tg 

after the laser pulse.   This will occur if the initially formed isotropic stresses 

are insufficient to cause damage but the quasi-equilibrium, anisotropic stresses, 

established after the time Tg  for sound to make a round trip to the plane surface, 

are enhanced sufficiently to cause damage. 

Preliminary discussions with Professor R. W. Hellwarth on the comparison 

of absorbed laser energy to material bond energies which led to the concept of the 

cone material being removed intact, and his continuing comments are gratefully 

acknowledged. 
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F. NONLINEAR INI-RARED ABSORPTION I-ROM 
PARAMETRIC INSTABILITIES OF PHONONS* 

M. Sparks 

Xonics, Incorporated, Van Nuys, California 91406 

and 

H. C. Chow 

Department of Physics, University of California, Los Angeles, California 90024, and 

Xonics, Incorporated, Van Nuys, California 91406 

Nonlinear infrared absorption bv parametric phonon processes 

is shown to be negligible in the low-absorj tion region of exponential 

frequency dependence of the optical absorption coefficient ß,  but 

observable at the Reststrahl resonance and in Raman scattering. 

At low intensity, the transmission, T, is independent of intensity 

as usual, but at high intensity the T(a;) curve broadens and the 

transmission at resonance increases.   This behavior results from 

the parametric instability in the process in which an intermediate- 

state Reststrahl phonon is annihilated and a pair of phonons is cre- 

ated.  An effective relaxation frequency of the Reststrahl phonon is 

greater than the low-intensity value as a result of the increase in 

the amplitudes of the pair phonons above their thermal equilibrium 

values.    The time constant for the approach to the steady state is 

important since the steady s  :te is not attained in short laser pulses 

in important cases in which long-lived phonons give rise to low steady- 

state threshold intensities for anomalous absorption.   The threshold 

for the parametric instability is quite sharp when consk. ^red as a 
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function of the amplitude of the fundamental phonon.   In contrast, 

when considered as a function of the incident laser intensity, the 

deviation from linear absorption with increasing intensity is quite 

smooth.   Contrary to previously accepted results, even crystals 

such as NaCl having a center of inversion could have anomalously 

low thresholus since the threshold is controlled by the phonon (in 

the pair) having the longer lifetime.   Chain instabilities and en- 

hanced relaxation from mutual interaction of excited pair phonons 

are negligible for the phonon instabilities, in contra-   to previous 

results for plasmas and parallel pumping in ferromagnetic reso- 

nance, respectively.   The method of calculation, using Boson occu- 

pation numbers rather than mode amplitudes, has the simplicity 

and power to yield more information about parametric instabilities, 

including effects above the threshold, than has been possible previ- 

ously. 
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I.   INTRODUCTION 

1-4 
Parametric processes are well known in ferromagnetic resonance,       plasma 

physics,5'6 nonlinear optics, especially stimulated Raman and Brillouir scattering, 

and many electrical devices.8 However, apart from Orbach's work showing that it 

should be possible to create large numbers of long-lifetime phonons on the lowest 

transverse optical branch by a parametric instability,9 there apparently have been 

no studies of phonon instabilities. In particular, the effect of parametric instabili- 

ties on optical absorption has not been considered in spite of considerable interest 

in nonlinear optical effects. 

Since the parametric instabiUties typically occur at high laser intensities, there 

are a number of high-intensity effects that could mask the parametric effects. These 

10-12 13» 1^       i-f 
include absorption by macroscopic inclusions, avalanche breakdown, self- 

focusing effects,14 and differential heating by linear absorption.15 In previous calcu- 

lations, the instability threshold for an isolated process, such as annihilation of one 

Boson and the creation of two other bosons, has been obtained simply from linear- 

ized equations of motion of the mode amplitudes or the mode occupation numbers. 

More detailed calculations have been severely hampered by the complexity of the 

nonlinear mode-amplitude equations, especially near and above the threshold, and 

the difficulty introduced by requiring the amplitudes to relax to their thermal 

equilibrium values. 

In the present paper, the nonlinear absorption of infrared radiation by paramet- 

ric excitation of phonons is considered and a general method of solving parametric 

problems is presented.  As dicussed in Sec. II a, an example of a process that has 

a parametric instability is shown in Fig. IT, where the intermediate phonon f is a 
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Photon 

f 
> Pair 

Fig. Fl. Two-phonon processes. 
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fundamental, or Reststrahl phonon (transverse optical mode with wavelength k k 0). 

Special attention is focused on ionic crystftla such as NaCl. though the discussion 

for the most part is quite general.   Absorption, as opposed to scattering, processes 

are emphasized.   The results of a similar study on the effect of parametric insta- 

bilities on stimulated Raman and Brillouin scattering and on self-focusing of optical 

beams will be presented elsewhere. 

The present treatment differs from previous ones in the following ways: (a) con- 

sideration of the nonlinear effects of phonon instabiUties on infrared absorption; 

(b) treatment of transient, as well as steady-state, effects; (c) development of a 

simple method of calculation which is used even above the threshold; (d) incorpora- 

tion of effects of sums over potentially unstable modes; (e) analysis of chain para- 

metric processes and enhanced relaxation of output phonons; (f) treatment of the 

instabiUty in the Lax-Burstein higher-order-dipole-moment process; and (g) con- 

sideration of processes in which two fundamental phonons are annihilated. 

The following results are obtained: (a) prediction that the thin-film infrared 

transmission spectrum T(a>) of crystals is independent of intensity I at low 1 as 

usual, but that for I ^ i- Ic , where Ic is the critical intensity for the parametric 

threshold, the Reststrahl resonance in T(co) broadens and the transmission at reso- 

nance increases with increasing I; (b) calculation of the value of 1    showing that al 

the Reststrahl resonance Ic can range from ~ lO-4 to 1011W/cm2; (c) demonstra- 

tion that the nonlinear parametric-phonon-instability absorption in the infrared 

region of low multiphonon absorption is negligible with respect to the electron- 

avalanche breakdown process; (d) indication that transient effects are important, 

especially in rendering unobservable by present short-pulse lasers the low thres- 

holds resulting from ultralong-lifetime phonons;   (e) demonstration that the instability 
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threshold is sharp when considered as a function of the amplitude nf of the 

intermediate (fundamental) phonon, but is a smooth function of the laser inten- 

sity I; (f) analysis of effects of inany potentially unstable modes which evinces 

that the value of nf is considerably less than its threshold value n    even when 

I » I   ; (g) calculation of an effective relaxation frequency T. for the inter- 

mediate mode which shows that IV  is greater than the usual linear, low-intensity 

value rf as a result of the increase in the amplitudes n~.  of the output phonons 

responsible for the damping rf; (h) indication that even crystals (such as NaCl- 

structure crystals) having a center of inversion could have anomalously low 

thresholds I    since the threshold is controlled by the output phonon having the 

longer lifetime when the two phonons are on different branches; (i) derivation of 

simple closed-form expressions for transmissivity as a function of I, for nil), 

for rf(nf), and for rf(n; (j) calculation of I    for n-phonon processes with 

n > 2 which shows that these nonlinear higher-order processes are negligible; 

(k) analysis of chain parametric-instability processes indicating that these 

phonon processes are negligible, in contrast to the cases of ferromagnetic reso- 

nance and plasma instabilities; and (1) calculation of I    for the process in which 

two Reststrahl phonons are annihilated and two other phonons are created, which 

shows that this process may be important in some cases. 

Significant results will be denoted by underscored equation numbers. 
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II.  TWO-PHONON INSTABILITY 

a. Physical description. In this section a simple physical description of the 

two-phone» parametric instability will be given.  Consider the two-phonon pro- 

cess in which a photon is annihilated, a fundamental phonon is created, then 
16 

annihilated, and two other phonon-. are created, as illustrated in Fig. Fl. 

This process is directly analogous to the Bloch-Bloembergen-Suhl subsidiary- 

resonance process which occurs at high power levels in ferromagnetic reso- 

nance.   The fundamental phonon corresponds to the uniform precession magnon 

(with k = 0) and the pair of created phonons corresponds to a pair of created 

17 
magnons. 

The present section concerns the part of the process in Fig. Fl in which one 

phonon splits into two phonons, called the pair.   The analysis appUes to other 

cases also.   For example, the fundamental phonon could be created in the Raman- 

Stokes process. 

The two-phonon process gives rise to ordinary linear absorption at low power 

levels.18   In that case, the relaxation of the pair phonons maintains their occu- 

pation numbers nQ  at their thermal equiUbrium values nQ.   At higher power 

levels, n     increases above nQ .   As the intensity I of the radiation increases, 

the fundamental-mode amplitude nf increases, and in turn the amplitude of the 

output pair increases.   The balance of power into the pair from the fundamental 

mode by the power out of the pair by relaxation is the first key to a simple ex- 

planation of the parametric instability.   The power into the pair increases non- 

linearly, that is, the power contains product! such as 2nfnQ, since the second 

vertex in Fig. 11 involves three phonons. On the other hand, the power out of the 
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pair by relaxation increases linearly as 2r(n(. - n(-), where T is the relaxation 

frequency of an output phonon.   Thus, at a critical value nc  of nf, the amplitude n„ 

becomes very large. 

This behavior is analogous to that of a pendulum with a force having frequency 

tc = 2a:   , where a;     is the resonant frequency of the pendulum, applied along the 

direction of gravity:  For a small angle 8 , the loss is linear in 6, while the energy 

that the force puts into the pendulum (the scalar product of force and distance) is 

proportional to 9     since the projection of the motion along the vertical is propor- 

tional to 6 .   The pendulum instability is discussed further in Appendix A.   The 

details of this type of behavior will now be discussed. 

b. Instability threshold of a pair.   The threshold value n    of n,  at the 

parametric-instability threshold and the increase of the pair-mode occupation 

number n0  as nf  increases will now be derived, and it will be shown that n„ in- 

creases extremely rapidly as nf approaches and slightly exceeds n   , as will be 

seen in Fig. F2 below. 

First consider the power flow from the fundamental mode to the potentially 

unstable pair in Fig. Fl.   The Hamiltonian for this process (vertex VQ  in the 

...1M9 figure) is 

K =     L       vo o o    An A() AQ      • (2-1) 

Q1Q2Q3     'W^       M     ^2    V3 

wl.   "? Q, ■  ( k ., b. )  specifies the phonon mode with wave vector k    on branch b. , 

An   ■   an    + a n   [with -Q.  ■ (-k., h- )1» and a    and a are tlie usual phonon 

creation and annihilation operators normalized to unit commutators.   From the 

standard second-order perturbation-theory result for the transition probability 
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between the states of a system, the rate of change of nf resulting from the 
4 

coupling to a single pair of phonons Qj and Q2 is 

^-   ^     {|(nf + l.nQi-l. nQ2-l|Klnf. nQi.nQ2)|
2 

-  I<nf-1. nQi + l.nQ2 + l I K | nf. nQi. n^) j2 |  5(2).      (2.2) 

where 6 is the Dirac delta function and  u:  =  ui - UQ   - OJg   , with w the fre- 

quency of the photon. 

In detailed calculations for specific cases it is important to consider the case 

of unequal frequencies UJQ    and COQ     since in NaCl-structure crystals a selec- 

tion rule20'23 prohibits both phonons of the pair from being on the same branch 

and a quasiselection rule24 indicates that the coupling of a fundamental phonon to 

two acoustical or to two optical phonons is small.   However, no essential features 

of the calculation are lost in the case of equal frequencies and equal relaxation 

frequencies ro .   The presentation will therefore be simplified by formally using 

these approximations.   The case of ocQ    }*  00^  and IU   + T^ is considered in 

Sec. II d .   The occupation numbers UQ   of the two phonons in the pair are equal 

since iT^    ■ JL  , where the bar denotes the thermal-equilibrium value as be- 
Ql        Q2 

fore, the two-phonon process creates the phonons in equal numbers, and TQ   = FQ . 

Substituting (2. 1) into (2.2), using the fact that Vf Q  Q     vanishes unless 
1 +2 

k    =  -k0, and using the well known matrix elements of a'   and a gives 
~ 1 ««z 

x pump 

(2.3) 
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where 

n   = 2 n, HQ + rij - DQ , 
-2 C-flT   |3iv(^.Q 1 6 (cc) (2.4) 

The subscript "pump" in (2.3) denotes the rate of change of nQ  from the coupling 

to f.  The energy-conserving delta function will be eliminated by taking into account 

the finite lifetime of the pair, as discussed below. 

In equilibrium, the net rate of change of nQ must be zero.   Thus, the rate of 

increase in (2, 3) is added to the rate of decrease by relaxation 

(dnQ/dt) 
relax 

s 'VvV ' (2.4a) 

and the result is set equal to zero to obtain 

2nfnQ + nf-nQ  - 2nc (nQ - nQ ) ,        nc  ■  rQ/2C     . (2.5) 

The solution to (2.5) is 

(nc - nf )    sgn(nc - nf) 
2 n  nr, + n, 

1 +      C  Q     / 
(nc-nf) 

1/2 

.! (2.6) 

where sgn x = +1 for x > 0 and -1 for x < 0.  Eq. (2. 6) has the limiting values: 

nQ   *   nQ   , for n, « nc    ; (2.7a) 

nn   = [nr(2nn + l)]1/2   , for nf  =   n( 'Q   - l"cx*"Q 

and 

nQ   ^   2(nf-nc)   , for nf  »  n     , 

(2.7b) 

(2.7c) 
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as sketched in Fig. F2. We shall say that the pair has been driven unstable if 

n   5 [ n  (2 n   + 1) 11/2, or nf 5 n , and the threshold of the instability is defined 

bv n  » n . At the critical value n    of nf there is a sharp dramatic increase in 
■'    f      c c i 

the value of nn. The sharpness is illustrated by considering values of nQ slightly 
" - 1/2 

below and slightly above the threshold. At nf = nc - c nc , where [ (2 nQ+ D/nJ 
1 3        —    •-' 

« c «   I, (2. 6) gives nQ a (nQ + ^ )/ €, which is of order 10   for nQ < 1 

and € - U)"3.   At nf = nc + c nc . (2.6) gives nQ = 2 c nc. which is order 10     for 

c = 10'3 and n   ■ 1022: i.e., n0 increases by 16 orders of magnitude for a small 
* c v 

change of nf at nf a nc. 
Q      A 

The behavior below the threshold was previously '    approximated for the 

ferromagnetic-resonance case by linearizing the equation of motion. In the pre- 
2 

sent case, linearizing (2.5) by neglecting the term -n^ gives 

(KQ + nf/2nc) (2t8) 

"Q 1 -(nf/n  ) 
i    c 

which displays the instabiUty at nf - nc vividly, since nQ goes to infinity there. 

On a Unear scale with KQ visible, a graph of nQ from (2.6) would have the appear- 

ance of (2. 8) since nQ would be off scale at a value of nf less than nc according 

to the discussion in the previous paragraph. It will be shown in Sec. Illb that the 

large number of potentially unstable pairs in the present case of phonons restricts 

nf to values below nf - c, so that (2. 8) is a good approximation in all cases of in- 

terest here. 

Next, consider the value of nc in (2.5).  For a crystal with two types of ions 
25 

with masses m> and m< (m> > m<), the vertex coefficients in (2. 1) are 

v .   2  /  «   \        (2<9) 
Q1Q2Q3" ^QJ-QJ     4p(l-2p)NI//     \  2mrm<waJQcoQ   / 
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Fundamental Amplitude n- 
(a) 

a> 
3 

E 
< 

O a. 

Fundamental Amplitude nf 

(b) 
Fig. F2. Increase of the pair amplitude with increasing n^. (a) The ordinate scale is such 

that HQ is visible, (b) The ordinate scale is many orders of magnitude smaller than (a). 
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where B  is the bulk modulus,   N is the number of unit cells in the crystal, 

m    is the reduced mass m . m    /(m    + m    ), u; is the frequency of the elec- 

tromagnetic field, p is the damping-distance parameter in the repulsive poten- 

tial V (R ) ~ exp (-R/pa ) between two ions spaced by R and having equilibrium 

spacing a , and o2 is an angle factor25 that is of order unity for allowed transi- 

tion with large cc.   and is very small for small a)k (acoustical modes with small k) 

20-23 
and for transitions not allowed by selection rules (Oj « 0) and quasiselectlon 

rules24 (a2 « 0). 

In (2.4), the delta function 6 (w ) is appropriate when a sum (approximated 

by an integral) is involved. In the present case no sum is involved since the energy 

2 3 
into a single pair is of interest. Thus, following Callen     and White and Sparks, 

the delta function will be replaced by a normalized Une-shape factor 

ö(co- 2con) -» — 
2 W<2wQ)(2rU) 

Q 11        i 9 2 9 2 
[co2-(2a)Q)2l +(2ü)Qr(2rQr 

(2. 10) 

On resonance, at co » PüöQ, (2.10) gives 

6<ttJ-2«Q) = i/7rrQ . <2-11) 

Substituting (2.10), (2.9), and (2.4) into (2.5) gives 

n   ( 1  -2D)   I»   m^ ^r»N o o   2 99 p_, P> <    Q     ^^2^     2)^+16co2r2]     i (2^2) 
c l8fiia9|

2^ g ^   ^ 

The corresponding value of the critical intensity Ic  and numerical values of n( 

are discussed in the following section. 
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c. Critical intensity.   In order to relate the threshold condition nf = nc to 

the experimentally controllable quantity, which is the intensity I of the incident 

radiation in this case, the relation between I and ^ is first derived.   To do this 

the energy into the fundamental mode f will be equated to the energy out of f by 

relaxation.   In Sec. DD it is shown that near the threshold the increased energy 

flow from f to the pair has rather important consequences including an increase 

in the relaxation frequency of the fundamental mode.   The usual linear, low- 

intensity value rf of the relaxation frequency is used in the present section in 

order to obtain the critical value Ic of the intensity. 

Consider radiation incident on an area A of sample.   If the intensity just in- 

side the front face is I0, the intensity at a distance x into a sample with thick- 

ness » l/ß is I - I0cxp(-{Jx)sI0-ßxI0, where ß is the absorption coefficient 

and the approximate equality holds for ßx « 1.   The rate of energy absorption 

in the layer x is  -A(I - y = Ax/31, where ^ • I.   Equating this rate of en- 

ergy absorbed by f to the rate of loss by relaxation fi u;rf (nf - nf)Ax/V 

a titür n Ax/V, where V is the volume of the sample, gives 

I = 1iajnfrf/Vß   . 

19 
The well known result for ß is 

ß 
4 ffNe 

c mrnr V 

ootoj rf 

n       2,2     .       r  v2 (co   -a)f )  + (u3f rf ) 
(2.13) 

where n    is the index of refraction and N is the number of ion pairs. Substituting 

this expression for ß into that for I gives 
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Ic   =    Y1- [(W    - U»/ )   + («frf)   ] n . (2. 14) 
4TrNe u}f       ( )min 

The subscript min denotes that the value of the threshold intensity is to be calcu- 

lated for all possible pairs, and the lowest of these values determines the observed 

critical field I   .   Recall that the intensities I and I    are internal to the sample, 
G C 

and reflection at the surfaces must be taken into account to obtain the applied 

values. 

There are two resonance factors in the expression (2.14) for I   .   Tne first is 

the laser-resonance factor in the bracket in (2. 14), which comes from the reso- 

nant denominator in (2. 13) for ß.   The second is the pair-resonance factor in n 

appearing in the bracket in (2. 12).   The laser-resonance factor is on resonance 

when the laser frequency co is tuned to ccf.   The pair-resonance factor is on reso- 

nance for the pairs having phonon frequencies CüQ » jtü.   The minimum in (2. 14) 

usually occurs at the pair resonance üCQ ■  jw; it is likely that the pair of modes 

with the lowest threshold will have WQ = jco (since the resonance factor has a 

minimum there) unless there are no phonons having this frequency, or the coup- 

^2 
ling of the fundamental phonon to this resonant pair is very small { \ a9 j   small). 

or there are other pairs having small T and large coupling. 

The threshold usually is lowest at the laser resonance to = a!f . With both 

factors on resonance, (2.14) and (2.12) give 

p2(l-2p)2cmr
2m<

2PrW
4rf

2        J   rQ
2 

'c 2   2 ) i 71 i ' (2. 15) 
36feV ( U2r 

min 
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A useful alternate expression is obtained by retaining ß in the expressions 

above: 

p2(l-2p)2mrm<
2(N/V)fa>4r<      (   TQ

2
   ) 

c 9i52 ß ( 1 «9 I    ) K *        nun 

(2. 16) 

The minimum in (2. 16) occurs at small Tq and large [fltj |.   Physically, the 

amplitude of a pair is large if less energy relaxes out of the pair and more energy 

is coupled into it. 

in order to obtain numerical values of lc and nc , the values of the relaxation 

frequencies Tq  and f, are needed.   Since the values of TQ for various phomm 

modes Q are not well known at present, only rough estimates of the values of I( 

12       - * 
and n    can be obtained:  For NaCl at room temperature, rf ^ 2 x 10    sec 

c 
First assuming that TQ ' F,  and that the coupling is strong (|a2 1 = 0.2S), and 

.     .,   .2..,     - Ix lO^sec"1. D = 1/9, m    = 2.33 x 10'23g, m^ = 3. 84 
using (ti x Uif * * ^Q _ l) X

 
iU » M      '/   »     r *• 

x 10'23g, B »2.4X 1011 dynes/cm2, and nr = 7 (on resonance) in (2. 12) and 

(2.IS) gives 

n   /N  =   0.81  , I    -  3.1X 10inW/cm2   . (2-17) 

c 
18 

c c 

This is a large value of Ic, and in experiments to look for the instability, a 

small value of lc is desirable.   Thus, smaller values of Tf and Tq are needed. 

For small-k acoustical modes on the lowest-frequency branch at low temperature, 

T   is believed to be small.26'27 A conservative approximation to the lower limit of 

T   is l()g sec"l. corresponding to a mean free path of order lym. At low tempera- 

ture, F  also will be smaller, say, an order of magnitude smaller than at room 
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temperature.   Thus, according to (2. 15), Ic may be eight orders of magnitude 

smaller than the value in (2.17), or 

n   /N  =   8. IxlO'7   , I    ä  310W/cm2    . (2.1«) 
c c 

It should be emphasized that the value of I    is sensitive to the value of TQ , and 

it may not be possible to achieve such a low threshold. 

On the other hand, it has already been pointed out     '      that it is conceivable 

that an anomalously low value of TQ =  10   sec"   could be achieved.   In this case, 

the value of I    would be only 2 x 10'4W/cm2.   The results of Sees. lib and V are 
c 

important in considering such anomalously low values of I  .   In the former, it is 

shown that the anomalously low values of I    are not restricted to crystals without 

a center of inversion,    and in the latter it is shown that in the usual case in which 

lasers with pulse lengths of order 10 nsec are used, the steady state is not attained 

and the threshold intensity is increased drastically above the previously expected 

value. 

d. Effect of unequal frequencies (CüQ t CO.Q ).   In the calculations above it was 

assumed formally that the fundamental phonon decays into two phonons with equal 

frequencies. As discussed in Sec.IIb, the threshold may be determined by the decay 

Into two modes having unequal frequencies, especially in NaCl-structure crystals. 

The occupation numbers n. and n2, as well as the relaxation frequencies Fj 

and r9 are now assumed to be unequal in general.   The balance of power into the 

pair of modes from the fundamental against the power out of the pair nvist be con- 

sidered separately for the individual modes.   Following the reasoning of Sec. II b, 

we find 
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CCn^nj f l)(n2 + l) - (nj + Dllj n2 ]  - ^ {nJ -Hj) = 0      , 

C[nf(n1 + l)(n2 + l) - (nf + l)nj l^ ] - r2 {t^ -Hj) = 0     . 

Tlie coupled algebraic equation can easily be solved by substitution, which gives 

I - -     -1 2  1/2 I 
nj = A     sgnA[l + (r2nfn2 -Tyij nj+r2nf t TjI^njC    VFjA]       -lj 

(2.19) 

and 

n2   =  K2 ^ (ri/r2)(n1 -Hj) (2.20) 

where A a [-(FJ + TJ)^ + r2 n2  - Fj fij   h rir2C'1|/2ri 

If we now define n    by 

nc - r1r2/(r1'r2)c (2.21) 

it is easily verified that the various limiting behaviors for UQ found in Sec. lib are 

still valid for the present case.   In particular, the threshold growth at nf  = nc 

remains the same.   The threshold value nc   in (2.21) is the same for both modes 

since R,   and n2   are linearly related, as seen in (2.20).   The values of iij and 

n„   at the threshold are different in general, of course.   Equation (2.21) reduces 

to (2.S) if F.  = r2 .   If one relaxation frequency, 1^ , is much greater than the 

other,  r, , then (2.21) reduces to n    = T./C   Thus the equal frequency ap- 

proximation employed previously introduces no serious error in either qualitative 

or quantitative description of the threshold behavior if TQ is interpreted as Tj for 

the case of T, = E, or as the lesser of 2r|   and 2r2  for the case of T, » r2 or 

r2 » r, 
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This resul: that the threshold can be low if either mode is long lived 

(TQ small) is important.   In the absence of the analysis above, it might have 

been guessed incorrectly that the phonon having the shorter lifei'me would con- 

trol the threshold or that one mode might go unstable before the other,   nie 
26,27,.      ,.      , 

suggestion thr t the phonons on the lowest acoustical branch may have anoma- 

lously long lifetimes at low temperature implies that the value of 1     may be 
OQ_23 

anomalously low.   Since a selection rule" prevents both phonons of the pair 

from being on this lowest branch in crystals with a center of inversion (such as 

NaCl-structure crystals), it was previously believed that such crystals would 
9 

not have the anomalously low values of lc .   The present result, that the relaxa- 

tion frequency TQ   that determines the value of I    is equal to 21^ when one 

value r^ is much less than the other, shows that the lack of a center of inver- 

sion is not required. 

e. Higher-order two-output-phonon processes. As mentioned in the previous 

section, the two-phonon processes arising from the cubic anharmonic terms in 

NaCl-structure materials are subject to rather stringent selection rules20"23 

and quasiselection r-iles.      This is expressed mathematically by the smallness 

of the angular factor a2  in the transition matrix element of (2.9).  By virtue of 

(2.15),  the critical intensity is increased when a„   is small,  a reason- 

able result on physical grounds.  Since for higher-order processes such as the 

creation of two phonons from the annihilation of two fundamental phonons (Fig. 

F3a) or that of one fundamental phonon and one other thermal phonon (Fig. F3b) 

the selection rules are more relaxed, it is of interest to examine whether these 

processes lead to parametric excitation and if so, whether the threshold condi- 

tion is lowered from the previous first-order case. 
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f 

f 

(a) 

(b) 

Fig. F3.  High-order two-phonon output processes: 
(n)  annihilation of two fundamental phonons, and 

(b)  annihilation of one fundamental phonon and one thermal phonon. 
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Both processes (a) and (b) arise from the fourth-order term of the anharmonic 

25 
potential Vn       n n   .which contains a selection-rule-rciated factor a^. 

(a) is analogous to the second-order Suhl instability that is responsible for the 

Process 

premature saturation of the main resonance in the ferromagnetic case.   The in- 

stabil)^' condition can be found in exactly the same way as in Sec. lib, and, within 

the equal frequency approximation, it is 

2        2 2 2 
ft c m   n [(w   - a-v )   +■ (OCJ-FJ)  1 

4 IT N e   a,' f 

(2.22) 
mm 

with 

nc   = 'hrQ,/l VffQ' -Q' I 
(2.23) 

where the prime distinguishes the relaxation frequency of output phonons in Fig. F3 

from that of Fig. FI. One readily obtains the ratio of the critical intensities for 

second- and first-order instabilities as 

I   (2nd order) 
c   

I   (1st order) 
c v 

(2.24) 

The value of the ratio in (2.24) can be estimated with the use of (2.9), and the 

25 
expression for the fourth order potential term: 

a3
B 

ffQ'- Q' 32pz(l -2p)N 
/ ^ \1/2  m i l  m   m< a  cc  WQ. ü,

V
_Q,   ; 

(2.25) 

where a is the equilibrium nearest-neighbor separation and o^ is the previously 

mentioned angular factor related to selection rules.   The result of (2.24) can be 
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•7 

resolved  nto a product of two factors.   The first is the ratio  lo^ |   / lo^ 1» which 

has to do with the selection rules. The second, 8Ba rQ./(l -2p) IT^    mr     U!f FQ, 

3 
is a dynamical factor and is estimated to be about 1.2 x 10l  in NaCl. In obtaining 

the latter, we have used TQ ■ 1. 85 x 10    sec"   .mo TQ.  a 5.56 X 10    sec   .  In 

order for (2.24) to be less than unity, the selection rule factor  | o^ 1  / I «3 | must 

be less than IO" .   It is expected that la3 | will be of order unity since there is 

no selection rule and no reason to expect that there are quasiselection rules for 

this four-phonon vertex.   Thus, if the quasiselection rules on «„ should make 

2 -1 ja, I   < 1()     for ■U potentially unstable pairs, there still would be an instability 

as a result of the higher-order process. 

By proceeding in the same way, one can study the process illustrated in 

Fig. F3b.   It can be easily demonstrated that such a process is characterized by 

essentially linear increase of final phonon occupation as nf  increases and hence 

no threshold occurs.   In passing, also note that the two-phonon difference process 

(two phonons annihilated and one created) does not have a parametric instability. 

f. Anharmonic interaction vs high-order dipole moment.   The process dis- 

cussed in Sees. Ila-IIe is the absorption of radiation by the fundamental mode 

(driven off resonance in general), which splits into two phonons as a result of 

the anharmonic interaction.   TI e same end result, that is the absorption of radia- 

tion and the creation of two phonons, can result from the Lax-Burstein interaction 

22 involving higher-order dipole moments.     In this latter process, the photon splits 

into two phonons directly, with no intermediate state. The Lax-Burstein mechar- 

ism usually is considered to be weaker than the anharmonic-potential mechanism 

(although there is still debate on this point).   Since this implies less energy into 
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the potentially unstable pair of phonons, it is expected that the threshold is great 

for the group-four semiconductors, diamond, silicon, and germanium, in which 

the anharmonic-potential mechanism is inoperative.  The following simple esti- 

mate indicates that this is indeed the case. 

The preceding analysis for instability threshold may be used provided one 

makes the formal replacements of nf by the number of photons np and 

| 3 I V        |2 by the square of the new vertex,  | V   I   .   The resulting threshold 

va1ue of the photon occupation number is 

pc 

2     ^ 
(2.26) 

The value of | V    \    can be estimated from the known values of ß as follows. 

First ß is related to the photon relaxation frequency T , then T   is related to 

lV   I2    The time rate of decrease of intensity on passing through a slab of ma- 
i    p " 

terial with absorption coefficient ß is 

^ -  -c|3I/Ren(oo)  = -c2 ßh con   / V [Re n(oü) ]2 

dt P 
dl (2.27) 

where Re n(cü) is the real part of the refractive index.   Differentiating 

1 = ficon  c/ Ren(co) V directly and assuming linear relaxation gives 

— ■  -chwr n /VRen(w)   . 
dt P P 

(2.28) 

Fquating (2.27) and (2.28) gives the simple relation 

ß -  Ren(w)rp/c    . (2.29) 

HI 
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The relaxation frequency T   can be calculated assuming interaction V  , 

and is given by 

I7    = -V L    lVn|    Ö (OJ - 2ujn) (2nn + 1) 
ft"    Q 

which upon converting into an integral in k-space, neglecting angular dependence 

of the integral, and assuming a Debye frequency spectrum with maximum fre- 

quency co       is approximately 

2 2,^23 F   » 72tN |V   I    (2n ,  +l)w*/ft co, oo mx (2.30) 

Eqs. (2.26), (2.29), and (2.30) lead to 

2     2 
36ff co,  FQ  Re n(a!) 

N c ß to 
( 2 nQ + 1 ) 

mx 

(2.31) 

For U^/itf^  a  1/2, TQ/UJ^ =  1/50, UJ^ *  lO^sec"1,  ß =  10cm"1. 

2nQ + 1 a- 1,  and Ren(üJf) = 7, (2.26) gives nc / N ^ 50 or 

19 2 I   = ■nconcc/V Ren(cü) ■  10    W/cm , which illustrates the great magni- 

tude of the threshold intensitv for the Lax-Burstein mechanism. 
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III.   POWER ABSORPTION AND ENHANCED RELAXATION 
OF THE FUNDAMENTAL MODE 

In the limit of nf «  n   , the steady-state power out of the fundamental 

mode is simply fkvT* rf  for nf » Kf , where rf is the usual linear (low in- 

tensity) relaxation frequency.   As the intensity is increased and nf approaches 

n   , this steady-state power increases, becoming many orders of magnitude 

greater than the linear value fküiTfüf in the formal limit of nf 5 nc. This in- 

creased absorption is a result of the pair-mode occupation numbers n^ increas- 

ing above their thermal equilibrium values caused by the great power flow into 

the pairs from the fundamental mode.   A convenient measure of the increased 

power flow is the generalized relaxation frequency rf defined by the relation 

dnf/dt ■rfnf 
(3.1) 

again for nf » nf. An expression for rf will be derived in Sec. Illb, and rf 

will be used in the discussion of several effects in Sees. IIlc, Hid, and IVa. 

a. Energy flow into a single pair.   It will now be shown that the value of 

the contribution rfl  to fj  from a single pair,  is negligibly small 

for B. C  nc, while rf, /Tf  =  I for nf = 2 nc.   Consider the power into a 

single pair of modes from the fundamental mode.   In equilibrium, this power 

is equal to the power out of the pair by relaxation: 

(dfi tf "Q \ 

dt        ) 
pump 

fi torQ (np - ng)    . (3.2) 

The power out of the fundamental mode by linear relaxation is, with nf »  nf , 
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/ dfioonf \ 

\_dt      / 
relax 

■ fi W rf nf (3.3) 

1/2 
For nf$n ,n0$[n (2n0 + l)] , and the power (3.2) out of the funda- 

mental mode f to the single pair is much less than the power (3. 3) out of f by 

linear relaxation, since rf * F,    usually is satisfied. 

Before considering the effect of the large number of modes into which f is 

coupled, notice that as nf is increased above n   , the value of UQ in (3.2) increases 

rapidly: For nf > n    + c , (3. 3) and (2.7d) give dfucn0/dt = ficoTQU, - n  ). 

When nf = 2nc, the value of n^  is 2 nc, and for rf - lU, (3.2) and (3.3) show 

that the power into the single pair is equal to the total linear-relaxation power 

out of n,.   This is equivalent to the previous statement Tf}/Tf — 1 for nf = 2 n  . 

Thus, the parametric excitation of many pairs is potentially an extremely strong 

sink for removing energy from the fundamental mode.   This fact is important in 

the limiting of the value of m, at a finite value, as discussed in Sec. IVa. 

b. Sum over all pairs; dependence of Ff on n^ .   Since there are an enor 

mous number of modes into which the fundamental mode could put energy, it is 

possible that summing (2.2) over all pairs could give a number greater than the 

total linear-relaxation values of rf nf even when die single-pair value in (2.2^ is 

negligible.   The following calculation, even though highly simplified, clearly illus- 

trates that this is indeed the case.   Summing (2.2) over pairs   and using (2.1) 

gives 

dn, 

"d? 
-  -E 

Q 

,2       - 
"Y   l3:VfQ-Ql    MW)   [(2nQf 1) nf- nQ

2   j     .      (3.4) 

H4 
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_ _       -2 
Setting n0 ■ n0 and using (2 n^ + 1) nf - n„  = 0 reduces (3. 4) to 

dnf _ 
-dT-   -rf(nf-nf) 

where 

rf  -   E   -|"   l3!VfQ-Ql2   6(S)(2KQ+1)      . (3.5) 

At higher power levels the value of I\Q is greater than n^.   Then, neg- 

2 ^ — lecting UQ reduces (3.4) to (3.1) with rf given by (3.5) with n„ replaced 

by UQ.   From (2.8) 

2E   +1 
2 nn + 1  =     j   a    ; . (3. -^a) 

Q 1 - nf/nc 

From this result with n    given by (2.5) and (2.4), 

(jVi).(S).(iVI>^ ^ (3-6) 

where n       is the value of n    at Cü = 2 cün.   From (2.4), (2.5), and (2.11), 
C 111 C v^ 

ncm  =fi2rQ2/2l3!VfQ.Q|2    ' (3-7) 

It is assumed henceforth that n       is the minimum of n   ; i.e., that the mini- cm c 

mum occurs at co = ^uiQ'   From (2.4), (2.5), and (2.10), 

i      _ ^Q      ^Q 
nc-nf ^  n_(l-n,/n_)1/2       nÜJ^J^T^JrJ] cm VW VVK"Q     4W  '  "^Q^Q 

 ä -_   6 ( Wn - y u;) (3. 8) 
2n      (l-nf/nm)1/2 W 

cm f     cm 
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where the delta-function representation was used in the approximate equality and 

FQ 
5  FQ (1 - n,/n      ).   In the second term in FQ , it was assumed that to - 2C0Q 

2 
Substituting (3. 6) and (3. 5a) into (3. 4), neglecting ry., and evaluating the trivial 

integral gives (3.1) with 

(l-nf/n      ) 
t     cm 

T7? 
(3.9) 

for this case of nf <  n       -   e .   The result (3.9), which can also be derived 

starting with 

dnf/dt = -2 E TQ (n^ - nQ) (3.10) 

indicates that rf  *  rf   for nf « n        and T* increases to a value much 

greater than T* as nf approaches n      .   A plot of (3.9) is given in Fig. F4. 

c. Relation between nf and I.    On the basis of the fact that the relaxation 

frequency of the fundamental mode is enormously increased at the threshold, 

one may be tempted to conclude that the power absorption would be increased 

likewise.  This conclusion is erroneous near the laser resonance since en- 

hanced relaxation of the fundamental mode considered in the previous two sec- 

tions vastly alters the linear dependence of n, on the incident intensity I, as 

will now be shown.  Physically, the resonance absorption of a harmonic oscil- 

lator is inversely proportional to the relaxation frequency. In Sec. Hid, the 

new relation between nf and I will be used to obtain the behavior of power 

absorption as a function of 1. 
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o 
K 
o 
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LU 

0 I 
Fundamental Amplitude nf/ncm 

Fig. F4. Enhanced relaxation frequency of the fundamental mode (nf < f      ). 
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In the steady state, the power absorbed is equal to the poym  dflwiif/dt 

out of the fundamental mode.   Thus, with (3. 1), 

Pabs^Vf    ' ^^ 

Eq. (3. 11) may be equated to I V|3 (Sec. 2c) to yield a relation for nf in terms 

of ff and I,  Using(3.9).(3.11U2.12), (2.13), and(2.1^ for the case of laser 

resonance (w ■ ctf ) and assuming that the minimum in (2. 14) occurs at nc ■ ncm 

gives 

r? 
cm        v   c '     \ rf   / 

(3.12) 

For low power levels (I «   Ic). nf ^ ncm(I/Ic), so that n{ increases linearly 

with the incident intensity.   The linear relation is lost with higher intensity, as is 

evident from Fig. F5. The region of changeover from nf « 1 to nf - constant 

is not sharp.   For nf to attain a value within a tenth of ncm  requires I ■ 91c. 

The value of n   is limited to values below ncm even for very large value? of 1. 

Thus, the simple linearized result (2.8) for nQ can be used in studying steady- 

state results.  This will not be the case in the time-dependence analysis of Sec. V 

or in general in other applications. 

d. Absorbed power and rf/If as functions of 1.   It will be shown that the 

power absorption spectrum P^Cw)/!  is constant for 1 « Ic   and decreases 

in peak ampUtude and broadens for I approaching and greater than Ic .   First 

note that (3.9) and (3.12) give 

VrfM./.c + i)
1/2 ^ 
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Incident Intensity I/I 

Fig. F5, Dependence of fundamental mode amplitude on incident intensity from (3.12). 
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1/2 
which is unity for I « I    and is equal to (I/I  )        for I » I   .   The transi- 

tion between the two limiting behaviors is quite gentle, in ccntr ist to the sharp 

increase in Tf/Tf as a function of n./n       at n,/n       ■  1. (See Fig. F4.) 
I. I Jk W 111 X w  ill 

The power absorption at the laser resonance (to = ü)f) is obtained by sub- 

stituting (3.13) and (3.12) into (3,11), which gives 

Pabs  = 1^rfncm 
I/I 

(1 + I/IC) 
IT? 

(3.14) 

From this result (3.14) it is seen that P .     is linear in 1 for I « 1    and 

1/2 increases only as I        'or 1 » I  .  Again, the transition between the two 

limiting behaviors is smooth.   The power-absorption spectrum P .   (a))/I 

decreases at resonance as I approaches and becomes greater than I   .   This 

result (3.14) is discussed in Sec. VII on experiments. 

Since rf, P .    , and T are smoothly varying functions of 1, in contrast 

to the sharp-threshold behavior as functions of nf, the value of I    will be re- 

ferred to as the critical intensity, rather than the threshold intensity. 
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IV. EFFECTS ABOVE AND NEAR THE THRESHOLD 

a. Sticking of n^ .   The result, from Sec. IIIc, that n, < n       evan for 

I » I , which will be called the sticking of n-, is analogous to angle sticking 

in ferromagnetic resonance.    The previous explanation of angle sticking was 

that the energy flow out of the uniform-precession mode u would be so great 

when n    > n    , where n      is the threshold value of the occupation number n u        uc uc K u 

of the u mode, that n    would be reduced to the value n    .  This previous ex- 

planation is not strictly correct since the analysis of Sec. IIIc evinces that the 

strong flow of energy out of u exists for n   < n    .   Thus, n    sticks at a value 

somewhat belo>v n    , just as n, sticks at a value below n    as in Fig. F5. In the 

following section, the previous explanation of the sticking phenomena is consid- 

ered briefly. 

b. Large value of Tf/Tf above the threshold.  The fact that the power 

"fi torf nf out of the fundamental mode would be extremely large if nf were 

greater than n,     is the key to the previous explanation of angle sticking, as 

discussed in Sec. TV a.   This result is easily explained intuitively as follows: 

In Sec. Ill a it was shown that for n, ■ 2n      and TQ ■ IV the energy from n, 

to a single pair is equal to the total energy out to all pairs by linear relaxation. 

Thus, r,/r, is of the order of the total number N of pairs that are above '   V   i pairs      K 

23 threshold (i.e., have nf > n  ).   Since there are of order 10     potentially un- 

stable pairs, the value of Tf/T, is extremely large. 

An order-of-magnitude estimate of the size of rf/rf for the formal case 

of n,  > n       is obtained by extending the analysis of Sec. Illb to this case. 
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For n, > n       + ^, (2.7) is approximately 

nQ -  IIQ   ä   0    , for n, <   n f c 

2:   2(nf - nc )    , for n,  > n f c 

which, with (3.10) gives 

dnf r *+ 
—   =    -4    I        dw 
dt ) 

Qg(a)Q)rQ (nf - nc) (4.1) 

where u,   and OJ     are the positive roots of n, = n  .  With nf - n    given by 

the top equality in (3. 8), (4.1) becomes 

dnf 
—i   =   4n 
dt cm c M 

dw 
g(üJQ) Q Ä 

2 |S2i     ,2     1     2 / 
WQ   1 TQ I - (WQ - 4 üJ   ) 

1/2 
When the length M.  - a3_ = TQ (nf/ncm - 1)       of the integration region is 

short,  g(cüQ )/ro  can be evaluated at COQ  =   y t0-   Evaluating the remaining 

integral gives (3.1)  with 

8n cm ?. 
r —       1 ^f        3Tr(nQ+2-)nf 

\3/2 

(4.2) 

~ -        1 
for this case of nf > n m +   e.   Thus, rf /T{ is of order n

cm/(nQ + J ^ >> 1 

for n, a: 2 n^ . f cm 

c. Chain instabilities.   In some systems, it is conceivable that the occupation 

number nn  of the unstable pair could become so great that the phonons coupled 
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to the pair could also be driven to their threshold.   This chain of unstable pairs 

could be extended to more and more pairs, as illustrated schematically in 

Fig. F6. 

The method developed for deriving the threshold condition enables us to 

argue that chain process does not occur in the anharmonic-potential-induced 

phonon instabilities.   For n, < n   , which is satisfied according to the discus- 

sion of amplitude sticking in Sec. IVa , (2.7) gives 

nQ <   ^ nc(2nQ+l)J . (4.3) 

For these phonons to induce instabilities of other modes, their number nn  must 

reach a value of the order of n   , a requirement that cannot be fulfilled accord- 

ing to (4.3).   In other systems, a very small density of states at the frequency of 

the threshold pair would be required in order to have chain process. 

d. Enhanced relaxation of pair modes.  In the estimates of critical intensity, 

we have used the relaxation frequency TQ derived essentially from linear theory. 

As the instability is approached, the large number of phonons generated interact 

with one another, leading to further relaxation not accounted for in the linear 

theory.  If this enhanced relaxation were significant, the value of the critical in- 

tensity vould have to be allei-v* as discussed in Sec. lie .  It will now be shown 

that this is not the case; i.e., the enhanced relaxation is negligible. 

Consider the most extreme case, in which nn approaches the right-hand 

side of (4.3). The dominant mechanism for relaxation is the process in which 

two of these phonons coalesce to form another pnonon under conservation of 
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f 

Fig. F6.  A chain of parametric processes. 
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energy and crystal momenta, as illustrated in Fig. F7.  Using the standard 
4 

quantum-mechanical method,    the transition probability of this process was 

calculated and expressed in the form dnQ/'dt - "rono» ^Tom which FQ is 

identified as the enhanced relaxation frequency.   Here FQ is a function of m-,. 

Using the steady-state value of (2.7b), FQ is found to be 6 x 10   sec   , much 

smaller than the value used for evaluating the critical mtensity, so that the en- 

hanced relaxation considered here has little effect in altering the critical in- 

tensity. 

e. Parametric processes without intermediate states.   The sticking of nf, 

the non-threshold behavior of I, and the absence of chain instabilities and en- 

hanced relaxation all are related to the fact that the physical process (Fig. Fl) 

contains an intermediate state, which is the fundamental phonon state in the pre- 

sent case.  Other processes, such as the instability of the phonon created in the 

7 28 stimulated Raman process, '       that have intermediate states are expected to 

exhibit similar behavior. 

By contrast, processes that do not havo intermediate states have quite dif- 

ferent behavior.   For example, in the three-stream plasma instability, no inter- 

mediate mode is present and the radiation energy may drive the plasma waves 

29 strongly enough to give rise to a chain instability. '   Similarly, in parallel 
4 

pumping experiments of ferromagnetic resonance,    the rf-field photons con- 

vert directly to a pair of magnons without the intervention of uniform precession 

magnons.  In that case the enhanced relaxation of the unstable magnons is indeed 

30 31 significant, and provides a mechanism for additional energy absorption.    ' 
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Q' 

Fig. F7. Enhanced relaxation for phonons Q to phonons Q' when n^ » n^. 
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V. TIME FOR INSTABIUTY TO OCCUR 

The time T required for the steady state to be established must be less 

than the laser pulse length if the steady-state theory is to be applied to experi- 

ments using pulsed lasers.  It will now be shown that T is of order ro, which 

is sufficiently short under most conditions, but not for ultralong-lifetime 

7      8-1 
phonons (TQ < 10 -10 sec    ).   For this latter case, pulses longer than the 

typical value of 10 ns would be required in order to observe the instability. 

The total rate of change of rj H   UQ + j- is, from (2.3), (2.4), and (2.4a), 

with -UQ  negligible. 

H =r 
dt 1Q '(£-)] T? + T?     H""   " ! • (5.1) 

The time variation of nf is, for nf » nf 

dnj „ 

IT = R"rfnf (5'2) 

where R r  V /3 1 / fi oo is the rate of creation of fundamental phonons by the inci- 

dent intensity, with ß given by (2,13) with rf  replaced by rf. 

Since rf is given as a sum involving the n^'s, the solution of (5.1) and (5.2) 

is not trivial.   An important practical „ase is that in which TQ « rf. An approxi- 

mate solution for this case can be obtained as follows.   For "Q 
= "o' *f is eclual 

to the usual low-intensity, linear value rf.   For all T] equal to the steady-state 

values TJ/( 1 - nfss/
n

c) ft"0"1 (3.5a), where n,      is the steady-state value of 
2 ~ 1/2 

nf, rf is equal to the steady-state value T.       = T, /(1 -n,     /n     )      from (3.9). 11 tsst tss    cm 
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If the time constant for the approach of 77 to its steady-state value is denoted 

by T, then rf a: rf for t « T, and rf ■ rfss for t » T.   For the case 

under consideration, it will be shown that rf in (5.2) is slowly varying; that is, 

T » 1 /rf.   Thus, with rf formally considered to be a constant in (5.2), the 

solution is 

n's T (1■e^f,) <5'3> 

which reduces to 

nf ■  R/rf   = VIß/rffiw (5.4) 

/ ~ \ -1 ** 
for t  ^ ( rf)       " If •   For sti^ greater times, n, decreases slowly as T^ 

*      't=0 
increases, as illustrated schematically in Fig. F8.  At the laser resonance 

(00 = UJf), (5.4) gives 

2 

(5. 5) 1    -L   lT*\ 
nc     «c    \ rf / 

Now rf is a function of a sum over Q's.   In the spirit of (3. 9) and (3.5a), we 

formally assume that 

2 

which is correct at t = 0 (rf = r{ and   77 = TJ ) and in the steady state 

[(3.9) and (3.5a)]. 
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time, t 

Fig.  F8.   Schematic illustration of the time dependence of 

the amplitude nf of the fundamental mode. 

99 

MMMMHMM ■J"--'   -  - ■■—■- -   ■ --' 



Sec. F 

Substituting (5. 6) and (5.5) into (5.1) gives 

77 ' rQ 
r, (l + I/Ic) - T? 

which shows that TJ increases exponentially to the steady-state value 

«      = TJ(l + I/I.)[in agreement with (3.5a) and (3.12)] with time con- 

■cant 

T = i/r 
Q    • 

(5.7) 

In passing, it is mentioned that it can be shown rigorously from (5.1) that 

T  ^TQ^U  /l)it\[l/l   +1   (I + I  )     ].   The proof involves the inequality 

dTj/dt $rQ(T) + TJ nf/nc) ^ rQ [ T?+T?(nf/nc)t=o 1 = TQ ( T? + T?I/IC ). 

12-1 -12 For a typical value of TQ =   10    sec    , (5.7) gives T as 10       sec, which 

is short with respect to nanosecond pulses, so that the steady-state solution ap- 

plies.   For TU    ^ 10'   sec, the steady state is not attained in a 10 nsec pulse. 

In this case, (5.1) gives ri - rj, that is,  nQ as  IIQ .  Thus rf * T^, and the 

effects of the parametric instability are not observed. 
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VI.   INSTABILITY AT HIGH PREQUBNCIBS 

The effect of p»-,onon instabHiües on infrared absorption in the case in which 

the frequency of the external radiation is high, say, about 3-8 times the reststrahl 

frequency of the crystal, is of considerable practical interest.   Two energy 

absorption mechanisms, with the fundamental phonon driven off resonance in both 

cases, will be considered.   In the first case, the fundamental phonon decays into 

two phonons that are off resonance (Wj + co2 fi cc).   In the second case, the funda- 

mental phonon decays into a sufficient number of phonons to allow phonon resonance 

to occur (coj + Cü2+ ••• +w      = co). 

a- Two-phonon instability off resonance. This can be considered as a special 

casr of the two-phonon instabiUty discussed in Sec. II, in which the delta function 

in (2.10) is far off resonance.   For this case (2.10) is approximated by 

Ö(u5 - 2^) 
2     co(2uQ)(2rQ) 
It    r   2    Tn       \2 ,2 [ar-(2a.'Qri 

oo   »   Ut (6.1) 

Substituting (6.1), (2.9), and (2.4) into (2.5) gives 

— Ä|^m'm<V"2-<*V2'2 
(6.2) 

Using (2. 14) and (6.2) together with co - 1.78 x lO^sec'1 and Cü0 = 3.09 x 1013 

sec     yields 

n    = 1.1 x 10° N   , I    -  2.2 x 1020W/cm2 
(6.3) 
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which is about 10-10     times as great as the corresponding critical intensity 

values at resonance and is much greater than the avalanche breakdown value of 
in ? 10,13 

~ 10    W/cm . Thus, the nonlinear absorption by this process is negli- 

gible in the high-frequency multiphonon region.   This is not surprising since 

less energy is put into the pair of phonons when they are driven in the wings of 

their absorption curves than when driven on resonance. 

b. m-phonon instabilities.   The second mechanism leading to nonlinear 

energy absorption at high frequency is the multiphonon process in which a funda- 

mental phonon is annihilated and m phonons are created (Fig. 1-9).   It will now 

be shown that for sufficiently intense extei nal radiation a parametric instability 

can set in, as in the previous process. 

Again using the general relaxation of power balance gives 

f _J.| +     ( —) =   0   ' i = 1, 2, ••' , m   . (6.4) 
pump relax 

Proceeding as in Sec. lib yields 

C(m)[nf(n1 + l)(n2+l)"-(nm+i)-(nf+l)n1n2---nm]-ri(n. - H.) = 0 , 

(6.5) 

where 

C(m) = 2ffti'
2 |(m + l): Vfl2.(.m|2 öfco-u^ - co2 wm).   (6.6) 

In the present general case, the advantages of using the energy balance 

method over the equation of motion method become even greater than in the case 

of m = 2 .  The present method yields a single m-order algebraic equation, while 
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^/\/w/v>A-^w^ 

Fig. F9.  m-phonon processes. 

103 

tamm    ■ ■ 



Sec.  F 

the equation of motion method loads to m coupled nonlinear differential equations, 

the solution to which is not easily found. 

Since high-order multiphonon processes are subject to much less stringent 

selection rules than two-phonon processes are, a reasonable first approximaüon 

is to assume that the m phonons created have equal frequencies.  With this ap- 

proximation, the set of m equations (6 5) are reduced to «-he m-order algebraic 

equation: 

C(m)[nf(nQ+l)m-(nf Hl)nQ
m]-r(nQ-nQ) - 0  . (6.7) 

Here nn and rn refer to the occupation number and relaxation frequency, re- 

spectively, of a final phonon.  The delta function in Cr     will subsequently be 

approximated, at resonance, by 

l( W - ItfI - »2 w
m )  -* 2 / m tr 1Q    . (6. 8) 

It is more expedient to solve for nf in terms of UQ than vice versa, which 

gives 

nf = [nm+rQ(nQ-HQ)/C(m)]/[(nQ+l)m-nQ
m]     . 

For IIQ slightly greater than n0, n, is a sharply increasing function of UQ until 

it attains its maximum.  This local maximum, denoted by nc , may be obtained 

approximately by satisfying the dual conditions that (6.7) yields only one root 

and that ITQ  is small.  It is found that, for m > 2 , 

nc - rQ/c(m)(m + b"Q)      1 + [1 + (2b-m2)/(m + bV]        '   (6'9) 
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where b  =   m( m - 1).  Beyond this maximum, nf as a function of ry, decreases 

until UQ      m FQ/C^    . It then approaches the asymptotic value nf s n(./m. 

These features are exhibited in Fig. FlOa. 

From Fig. FlOa it will be noted that for a given value of nf (< n   ) the occu- 

pation number UQ in the multiphonon region may be multivalued, corresponding to 

the different branches in the figure. The actual value of n,, depends on the stability 

of the solution on a given branch in the presence of fluctuations in the values of ty. 

away from the steady-state solution.   It is not difficult to demonstrate that all 

three branches are stable against even extremely large fluctuations, as long as 

n-, < n   .    For n, > n  , there is only one solution.   This behavior indicates thai f        c f c ' 

the final modes remain on the lowest branch until the fundamental mode is ex- 

cited to a value n  . For greater values of n,, UQ increases to the higher-branch 

value.   The v ^lue of n    can therefore be identified as the threshold for m-phonon 
c r 

parametric instability.   The actual growth pattern is shown schematically as the 

heavy curve in Fig. FlOb.  The growth from the bottom to the top branch, repre- 

sented by the heavy dashed vertical line, is not unde'- equilibrium condition since 

the values in that part of the curve are not steady-state solutions. 

Using (2.14) with n    replaced by (6.9), together with (6.6) and (6. 8), we 

obtain the following numerical estimates: 

m-3, n^O.blN2, 1= 3.9xl013N  W/cm2 .13 K,  ,., ,     2 
c c 

m  =   4   , n    =   14 N3     , I    = 6.5 x 1015 N2 W/cm2 

c c ' 

m  =   5 , n    -   1.3xl06N4   ,       I    ■ 1.4 x 1021 N3W/cm2 

• c c ' 
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Fig. F10. Parametric excitation of m phonons. (a) Schematic illustration 

of the approximate steady-state solution to energy balance equation. In (b) 

the hcjvy dashed line shows the actual growth path of the final mode as the 

incident radiation power increases. 
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In obtaining these estimates, we have not accounted for the Umitation due to 

selection rules so that    e actual values are even greater than indicated.   For 

a sample of an> reasonable size, the critical intensities in all cases far exceed 

that required for avalanche breakdown, thus multiphonon instabiUties will not 

be observed. 
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VII.   SUGGESTED EXPERIMENTS 

In the preceding section the possibility of parametrically exciting phonons 

was considered for a wide range of infrared frequencies.   The analysis shows that 

in the higher frequency region, parametric processes, though possible in principle, 

have large thresholds I    so that other nonlinear processes, such as avalanche 

breakdown, would set in first.  In the case of two-phonon excitation, however, the 

parametric instability should be observable.  Of all the possible absorption experi- 

ments, consider one of the transmission type.   It is necessary to use a sample of 

thickness no greater than a fraction of a micron, this small thickness being neces- 

sary to allow some transmission near the laser resonance. 

2 
According to (2. 18), at least 300 W/cm    are required.   For NaCl, with 

A.    5! 60jim, and two times diffraction limited spot of 120(im diameter, the area 
A J -9 

is ~10     cm , corresponding to a power of  *-3.1 x 10    W.  In practice, several 

orders of magnitude greater power may be required.  Since tunable sources with 

this power are not currently available, a fixed frequency laser must be used. For 

32 example, H2S with lines at 60.3fjm     could be used with NaCl.  A low-power spec- 

troscopic measurement of the absorption as a function of co could be made to deter- 

mine the position of the NaCl absorption curve with respect to the laser frequencies. 

The transmission would be measured as a function of the incident power.  A 

sharp change [increase at resonance -- see (2.13) with H -• X* ]  should occur 

as I approaches I  , corresponding to the increase in rf. 

For a thin film of crystal of thickness d, the transmission coefficient Tr 

.   18 is given by 

T    a:   1 - cod c"1 Jm c(a))   , d «  \/2ir (7.1) 
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where Jm c (co) is the imaginary part of the dielectric function e (OJ) .  At 

0) = Us, (7.1) gives 

o i ^    i "1/2 
I -Tr ■  u:0

2 dc'1 (c0 - c^ ) rf 
1 = (1 - T^^ (I/Ic+ 1) . (7.2) 

In the second equality, the result (3.13) for rf was used.  The subscript "lin" 

denotes that 1 - T    is evaluated at rf = rf.  By correlating this dependence of 

1 - T   on I with the experimental results, parametric processes may be veri- 

fied.  In particular, according to (7.2), the transmission coefficient of a thin film 

driven parametrically at resonance should increase as I increases, while Tr 

decreases with increasing I away from resonance.  This behavior is analogous 

to that observed in the premature saturation of the main resonance in the Suhl- 

Bloch-Bloembergen ferromagnetic instability.   Fig. Fll illustrates the change in 

transmission with increasing intensity. 

In principle, the parametric instability could be used to study the relaxation 

frequencies of various phonon modes as a function of the position of the modes in 
4 

the Brillouin zone, as has been done for magnons in parallel pumping experiments. 

However, the results would be more difficult to interpret than in the magnon case 

since it would be more difficult to determine unambiguously which phonons were 

going unstable in general.  In spite of this difficulty, the parametric instability 

method does give information that cannot be obtained by any other method. 

The effects of the phonon instability on the stimulated Raman process will 

be discussed in the following technical report. 
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Fig. Fll. Spectral transmittance of a thin film schematically illustrating 

the broadening of the resonance at high values of incident intensity. The 

bottom curve was sketched using (3.14). 
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G. HIGiI-io0WER 2-6jim WINDOW-MATERIAL FIGURES OF MERIT 
WITH EDGE COOLING AND SURFACE ABSORPTION INCLUDED 

M. Sparks 

Xonics, Incorporated, Van Nuys, California 91406 

and 

H. C. Chow 

Department of Physics, University of California, Los Angeles, California 90024, and 

Xonics, Incorporated, Van Nuys, California 91406 

Values of the total power 9 that a window can transmit under specified 

conditions are calculated for use as figures of merit for window materials. 

New features of the figures of merit are: consideration of edge as well as 

face cooling, treatment of surface as well as bulk absorption, use of 9 rather 

than intensity as the figure of merit, effects of improving materials and calcu- 

lation for 3. 8 and 5.25^m.   New results include the following:  For continuous 

operation, large-diameter windows should be face cooled, but small-diameter 

windows may be edge cooled, and 9 often decreases as the diameter D in- 

creases.   For pulsed operation, 9 increases as D increases, as intuitively 

expected. Values of the diameter Dpp, above which face cooling should be 

used, are surprisingly large, ranging between 7 and 100 cm, typically.   For 

pulsed operation and for D > Dpp in cw operation, 9 is independent of 

thermal conductivity K, while for D < Dpp in cw operation, ^ <x K.  The 

alkaline-earth fluorides have the greatest figures of merit for large-diameter 

windows, with {? = 76 MW, AT = 50K, and I - 0.5 cm, for a one-second 

pulse on a 10 cm-diameter window of BaF, at 3. 8(im with a bulk absorption 

-4      -1 coefficient of 10    cm    .   For small-diameter windows (1 cm-diameter). Si, 

BaF2 , and GaAs have the greatest values oi 9 = \. 8, 0. 94, and 0. 76 MW, 

respectively, for cw or 1 sec pulse duration. 
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I. INTRODUCTION 

There have been extensive programs within the last three years to obtain 

materials for high-power Infrared svstems at 10.6 ^m.    Window materials for 

the 2-6Jim region have received far less attention.   However, there is con- 

siderable interest in chemical lasers operating in the 2-6Jim range and in- 

creasing interest in window materials for this range. 

In addition to extending the previous figures of merit "   to 3. 8 and 5.25ym, 

the following new features are added: (1) Edge cooling, as well as face cooling, 

is Included for continuously operated (cw) systems. (2) As materials are being 

improved, surface absorption apparently is becoming relatively more important. 

Surface absorption may also be of interest in field use where contamination is 

likely.  Thus, surface as well as bulk absorption is Included. (3) The total 

power ^ that a window can transmit under specified idealized conditions is 

used as the figure of merit.  Use of 9, rather than intensity, is more conven- 

ient when considering the effect of changing the window dlan.eter. (4) Effects 

of improving materials, particularly lowering the absorption coefficient ß and 

increasing the strength a, are included. 

In addition to the new ratings for materials, new results Include the 

following: (1) Edge cooling, which is technically much simpler than face 

cooling, is more effective than previously realized.   Before the importance 

of thermally induced optical distortion and fracture was realized,    edge 

cooling to prevent melting was considered.  Subsequently, only face cooling 

was considered since AT  must be kept small, and large-diameter windows, 
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which have large values of AT for edge cooling, were contemplated to keep the 

intensity small and to avoid diffraction in long-focal length systems.   It will be 

shown that edge cooling can be used for surprisingly large diameters Dp p. 

ranging between 7 and 100 cm, typically.   In order to obtain the greatest value 

of ^ in a cw system, large-diameter windows (D > Dpp) should be face cooled, 

while small-diameter windows ( D < Dpp) may be edge cooled. 

(2)  For pulsed operatirn (pulse length of the order of a second, with rapid 

interpulse cooling), # increases as D increases as expected intutively, but for 

continuous operation,  & often decreases as D increases.   'ITius, for cw systems 

that can tolerate small-diameter windows (without excessive diffraction, for ex- 

ample), there are the dual advantages of technically easier edge coolings and 

often greater ^.   (3) For small diameters, D< Dpp, the value oi ^       depends 

on the thermal conductivity K ; whereas for D > Dpp-  ^c     is independ nt of K , 

For pulse operation,  ^ ui_    is independent of K . 

In considering window materials for high-power infrared lasers, previous 

3 4 theoretical investigations '    have established the effects of temperature gradi- 

ents and pressure differentials.   Briefly, as a result of the spatial Inhomogeneity 

of the intensity of the incident laser beam, a radial temperature gradient is set 

up, bringing about radial gradients in the thickness and the index of refraction. 

The resulting optical distortion may cause significant reduction in the target 

intensity, especially for long-focal length systems.  Optical distortion may also 

be caused by deformation of the window under pressure.   In addition, both the 

temperature gradient and pressure can cause fracture of the window. 
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Application of these considerations to obtain figures of merit for window 

materials involves the following three distinct factors: 

(a) Pressure-induced optical distortion and fracture are avoided by making 

the window thickness £ greater than a critical value i,    .   gr 

(b) Thermally induced optical distortion and fracture are avoided by keeping 

the temperature difference AT between the center and rim of the window below 

a critical value AT, 

(c) The fact that AT must be kept below AT.        limits the total power that 

a window can transmit to values below a critical value 9   ,      for pulse operation 

or ^cw for cw operation.   The relation between 9 and AT depends on the type 

of operation (pulse or cw), the thermal properties of the window (heat capacity 

per unit volume C and thermal conductivity K), the type of heating (bulk or 

surface), and for cw operation, the type of cooling (edge or face cooling). 

Two of the new features of the figures of merit, surface absorption and edge 

cooling, pertain to the relation (c) between 0 and AT. 
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pr 

II.   FIGURE-OF-MERIT ANALYSIS 

The figures of merit are obtained as follows: '     (a) The thickness £ 

required to withstand the given pressure P  is calculated first.   The thicknesses 

i   and i    required to withstand the pressure with      fracturing the window and 

,   . 4,5 
without causing excessive optical distortion are 

i{/D -  0.433(PSF/a)1/2  , (2-^ 

lo/D  - 0.842   I (n - 1) ( P/E )2 ( D/X ) 
1/5 

(2.2) 

respectively, where a  is the window strength,   P the pressure, the safety factor 

SF is taken as SF = 4, n is the refractive index, E the Young's modulus, and X 

the optical wavelength.   In order to prevent both fracture and excessive optical 

distortion, the thickness must be greater than both Xf and Xo;   that is  £ > 1^ 

= greater of I   and £,. 

(b)   Next, the temperature difference AT between the center and rim of the 

window that can be tolerated is calculated as follows.   If AT exceeds ATf or 

AT  , defined as 

ATf - 2a/aESF, ATo = X/8igr | anT 1 (2.3) 

with 9^ (Bn/aT)     + a<l + V)(n-l)+S, in which the derivative is taken 
nT O 

at constant stress, a  is the linear thermal expansion coefficient,  v is the Poisson 

ratio, and S is a small stress-optic term,    then the window fractures from the 

excessive thermal gradient or causes excessive thermally induced optical dis- 

tortion,3 respectively.  In order to prevent both of these system failures. 
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AT  must be smaller than both AT, and AT  ;   that is,   AT <   AT, 
f o less 

■  lesser of AT, and AT  . f o 

(c)   For pulsed operation in which the heat diffusion and, therefore, the 

cooling are negligible during the pulse duration t    .     , the temperature rise 

at every point is determined by the simple expression CV = AE /AT, where 

V is the volume,  C is the heat capacity per unit volume,  AH is the energy 

added, and AT is the temperature rise.   From this expression it is easy to 

show    that for intensity ^ s Vt "T  (P/T^ I   In' where P is ^ radial co- 

ordinate, the spatially averaged intensity (I)  and AT are related by the ex- 

pression 0>pulse  ■ C^T/^tpUiSe-   The corresponding total power ^pulse 

that a window can transmit in the pulse mode of operation is 

%lse  =  ff(lD)    ^pulse  =  ffD2cA,/4%ulse    . (2.4) 

A continuously operated system must be cooled, otherwise AT  goes to 

infinity as t  goes to infinity for fixed 0  .     , as seen in (2.4).   In thi.s case, 

(2. 4) is valid if t,       is replaced by T,       , which is the time constant for 

cooling the window.   For edge cooling, T,        is the time constant T,, for radial 

heat flow along the radius  -j D : 

C /±DJ /4K   . (2.5) 

The exact value of TE  has a weak dependence on the radial distribution of the 

incident intensity.   The value given is for a constant intensity.   For I constant 

inside the circle of diameter ^D and zero outside this circle, the factor -r in 
£ 4 

6 
Tg  is replaced by 1/2.9.     These results are obtained from trivial solutions to 

the heat-flow equation. 
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For face cooling, T, is the sum of the time constant for heat flow across 

the window thickness SL     plus that for removal of heat at the interface of the gr •• 
3 

window and coolant: 

Ci 
TF  = _S£ 

/ h £      \ 
(2.6) 

h \  ■ i 

where h is the heat-transfer coefficient (W/cm' K) at the interface of the window 

and coolant. 

In calculating the figures of merit, it is assumed that edge cooling is used if 

Tp < TF and that face cooling is used if Tp   <  Tp , since larger values of 9 

result.  Accordingly, the cw figure of merit that will be used is 

9     = flTCAT.      /4ßT cw less less 
(2.7) 

where T,        =  lesser of Tp  and Tp. 

The critical window diameter Dpp  that determines whether face or edge 

cooling is to be used is simply the solution to Tp   =  Tp.   Since the factor 

h £    /3K in (2.6) is negligible in all materials considered except Til 173 

glass, this term is neglected, giving Tg  ■ Ci,    /h.   Solving for D gives 

Df - 
6.93 K |Pin 1/2 

D   = o 
13.47K F2(n -1) 

X1/5 h E2 

5/4 
(2.8) 

for i     = X, and  i  , respectively.   The critical diameter D^-  = greater rf gr        i o fcr 

D- and D  . f o 

If the window absorbs the radiation at its surface, rather than throughout 

the bulk, it is easy to show that ß  in (2.4) and (2.7) is replaced by f/^„rt 

119 

i   um um - -   ^Ll    ■^...„■.^ 



^ummm^w^n***» m*M\wm.mmm***9*^^*^^mmmm*9*m^m*im^*^**!*^^^*m i'niii   i  ! Ju^mBm^mm^^mmm 

Sec. G 

where  f  is the fraction of the incident radiation absorbed by the two surfaces. 

Then (2.4) and (2.7) are replaced by 

9 .      = TTD   i     C AT,      /4ft   , pulse gr less pulse 

and 

cw gr less less 

(2.9) 

(2. 10) 

for surface absorption.   Since the values of 0  for surface absorption are more 

strongly dependent on the window size (by a factor of £    )  than the correspond- 

ing values for bulk absorption,  9      never decreases with increasing D, and the 

advantages of using large-diameter windows are greater in the case of surface 

absorption. 

Finally, in strengthening materials there is a critical strength a,      that is 

of interest.  If the strength of the material a is less than CTf_   , then i     = I,, 

-1/2 and increasing the strength allows the use of thinner windows (i     ~ a        ). 

On the other hand, for a > CT,    , i     = Z  .   Thus, increasing a does not f-o      gr        o 0 

a1'' , thinner windows to be used since i is independent of a. The value of 

af_ is obtained by equating i, and i, in (2.1) and (2,2) and solving for a, 

which gives 

2/5 

a,      =  0.264 PSF f-o 
1     /B\*   X 

TTT IrJ  D (2.11) 
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ID. TABULATION AND DISCUSSION OF RESULTS 

Values of 0, I    , ATiess' Tless ' DEF' and Vf are calculated usinS the 

results of Sec. 2 and listed in Tables GI-V1II for various materials of interest 

for X = 3.8 and 5.25^m and D = 1, 10, and 100 cm.   It is also useful to visual- 

ize the results.  Thus, Fig. Gl schematically illustrates the D dependence of 

I    , AT,      , and 1/T,      .   The relative positions of the regions of the three 
cx less less 

curves change from material to material.  The tendency for 9 to increase with 
2 

increasing D caused by the explicit D    factor in Eqs. (2.4) and (2.7) tends to 

be offset by the decreasing factors ATless and l/l*., illustrated in Fig. 01. 

The resulting dependence of 9 and D is plotted in Figs. G2 and G3 for BaF2 , 

Si, ZnSe, and strengthened KC1 (a = 4kpsi). (In the tables, values for un- 

strengthened KC1, with a = 330 psi, are given.)  Formulae that are useful in 

scaling and in visualizing the dependence of 9 on variables other than D are 

displayed in Table GVI1I. 

In the tables and figures all values are computed under the conditions 

P = 14.7 psi, SF = 4, h = iO-2 W/cm2 K, f = 10"4, and t   lse = 1 sec. The 

notation f or o  designates fracture or optical distortion as the controlling 

factor, while F or E accompanying T, signifies face cooling or edge 

cooling.   Values of 9 in Table G VII were calculated using the measured 

values of ß, while those of Tables GII-VI were calculated using ß equal to 

-4      -1 the greater of 10    cm      and the extrapolated intrinsic value. 

This choice of 0 is dictated by the following considerations. There is very 

little experimental information on the values of ß at 3. 8 and 5.25 jim. With the 

exception of AUO« , the experimental values for the materials considered here 
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surely are either extrinsic or characteristic of the experimental calorimetric 

setup, rather than the material.   We have made order-of-magnitude estimates 

of the intrinsic values of the absorption coefficients by extrapolating from in- 

trinsic values measured at shorter wavelengths.   For most materials considered, 
-13      -1 

these intrinsic values are extremely small.  As an example, ß = 5 x 10      cm 

for BaF2 at 3.8^m.   For such small intrinsic values, the observed values of ß 

will be determined by extrinsic processes.  In practice, it is difficult to obtain 

materials with ß = 10'4cm"1.   It is even difficult to measure such low values. 

For references we include the measured absorption coefficients that have been 

reported: at 2.8^m7 ß = 0.027 cm'^Ge), 0.018 cm"1 (Si), 0.7 cm'1 (ZnSe), 

0.004 cm'1 (CaF2)/ 0.0U1 cm'1 (BaF2), and 0.002 cm'1 (TI 1173); at 4.0^m, 

ß - 0.003 cm'1 vG.-), 0.009 cm'1 (GaAs), 0.002 cm'1 (CdTe), 0.043 cm" 

(AKCL), and 0.20 cm'1 (T11173); at 5.2514m,8 ß = 0.0018 cm'1 (Ge), 0.0059 

cm'1 (Si), 0.0016 cm"1 (ZnSe), 5.0x lO^cm"1 (CaF2), 4.1 x 10'' cm" (SrF2), 

3.0x lO^cm'1 (BaF,,), and 1. 5 x 10"5 cm"1 (KC1); andat2.8^m, ß = 3 x 10' 

cm"1 (BaFJ.   From these considerations it is clear that figures of merit based 

on the estimated intrinsic values of ß would be misleading at the present state 

of the art.   In addition to the difficulties in using the experimental values of ß 

already mentioned, the experimental values surely will be decreased as better 

crystals and better measurements become available, as has been the case at 

10.6|im. 

In small-diameter windows,  Tless ( = Tp )  is often less than t    lse , as 

seen in Table GIV and Figs. G2 and G3, and the radial heat flow reduces the value 

of AT.   Thus, the value of 9 is not increased by using the pulse mode of oper- 

ation in small-diameter windows.   This is indicated in Fig. G2 by the dashed 
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portions of the curves, for which t   lge > Tcw (so that #   lse < ^cw formally). 

In Table G1V, for D = 1 cm, only the values of 0     are given since T       is less 

than or only slightly greater than t   ,      ■ 1 sec for all materials except TI1173 

glass. 

The dependence of 9 on the thermal conductivity K is of interest.   For pulse 

operation, thermal diffusion is assumed negligible.   Thus, 0mattmm is independent 

of K, as also seen in (2.4).   For cw operation of small-diameter windows (D < DEp)» 

the thermal time constant T, is equal to TE ~ 1/K, from (2.5).   Thus, 0^ ~ K, 

according to (2.7).   For cw operation of large-diameter windows (D > DEp), Tless 

=  Tp.   The value of TV  usually is controlled by the heat transfer at the window 

face, rather than by the heat diffusion across the window thickness.   In other words, 

the factor h £    /3K in (2.6) is much less than unity, one exception being TI 1173 

glass in large-diameter windows.   For example, for BaF» with D = 10 cm and 

h= 10"2W/cm2K, hi    /3K ■ 1.47 xlO"2.   Thus, 9      is independent of K 

for D > D EF* 

It should be emphasized that the figures of merit 9 are not the actual powers 

that windows in real systems can transmit.   In this connection, two factors must 

be stressed.   First, the figures of merit apply to specific and idealized conditions. 

In spite of this qualification, it is convenient to use & as the figure of merit since 

it does give a rough idea of the power expected and the relative values of 0 for 

different materials are at least as useful as previous figures of merit.   Second, 

the figures of merit are proportional to  1/ß (or to 1/f for surface absorption), 

and an arbitrary choice of the values of ß   nust be made, as discussed above. 
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IV. CHOICE OF MATERIALS 

Some materials that have too great an optical absorption at 10. 6^m are 

expected to have sufficiently small absorption for use in the 2-6^m.   This is 

important since some of these materials, such as Si, Ge, and the alkaline-earth 

fluorides, have better physical and thermal properties than most 10.6|jm ma- 

terials, such as KBr and KC1. 

A study of the tables indicates that of the candidate materials analyzed, the 

alkaline-earth fluorides have the greatest values of the figures of merit at 3. 8 

and 5.25^m and 10-100 cm diameters.   For diameter D = 10 cm the value of 

AT is controlled by the effect of optical distortion for most materials, but for 

the alkaline-earth fluorides, which have large values of AT, it is controlled by 

fracture.   For D = 100 cm, it is the optical distortion effect, rather than frac- 

ture, which limits this temperature difference, with only one exception (BaF« 

at 3. 8 jim).   For alkaline-earth fluorides, the effects of the temperature de- 

pendence of the refractive index and of thermal expansion are opposite and 

nearly cancel each other [first two terms in d T defined under (2.3)], with 

the result that the optical distortion is smaller than that for other materials. 

The value of AT for BaF„ with D = 10 cm is 50 K, compared with »<-1 K for the 

other materials, excluding the oxides and the other fluorides. 

In the case of edge-cooled small-diameter windows at 3. 8^m (Table GIV), 

the alkaline-earth fluorides are arjain relatively good materials because they 

can tolerate large temperatire gradients without fracturing.   However, in small- 

diameter windows, radial heat flow is far more important.   Specifically, (2.7) 

with T, =  Tn ~ 1/K snows a linear dependence of 0     on the thermal 
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conductivity K.   Since silicon has by far the largest value of K , it has the 

greatest figure of merit for small D. 

It has been suggested privately by several investigators that it may be pos- 

sible to fabricate a mixed alkaline-earth fluoride with a T ^ 0, thereby making 

9 approach infinity.  Unfortunately, for a 10 cm-diameter window the value of 9 

already is limited by fracture (or nearly so for BaF« at 3. 8^m); thus no im- 

provement would result from lowering the value of a T unless the crystals 

were strengthened also.   Furthermore, the increase in 9 by decreasing 5 T 

is a result of increasing the value of AT, which already has a value of 50 K in 

the case of BaF« .  In addition, the temperature depentence of 3 — would pre- 

vent ä T a: 0 over the whole window for large values of AT. 

Based on the fact that the multiphonon absorption decreases rapidly with 

decreasing wavelength X for X less than the wavelength Xf at which the lattice 

absorption is maximum, it is sometimes stated that a material that is acceptable 

for 10.6(xm use will be even better at lower wavelengths.  This is not true in 

general for several reasons.  Diamond, with Xf < 10.6fim, may be useful for 

small windows at 10.6(im, but the absorption is too great in the shorter- 

wavelength region.  In other materials, impurities, unterband transitions, and 

possibly deep-gap-level transitions, can give rise to absorption in the 2-6jim 

region.  Since extrinsic processes of unknown origin determine the values of ß 

for most materials of interest, the smaller intrinsic values at the shorter wave- 

lengths have little direct consequence. 

Finally, factors other than the figures of merit obviously must be considered 

in choosing a material for a given application.   For example, if programs to obtain 
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improvements in materials are undertaken, the expected difficulty in purifying 

or otherwise improving a crystal is obviously of interest, and factors such as 

ease of fabrication, resistance to moisture, hardness, and antireflection and 

protective coating must be considered.   The value of i     could be so great 

that the weight of the window could be unacceptably large, or the value of 

AT,       could be unacceptably high. 
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Figure Captions 

Figure Gl. Schematic illustration of the diameter dependence of thickness, 

temperature difference, and thermal time constant. 

Figure G2.   Diameter dependence of figures of merit 0   ,      at X = 3. 8 jim. 

Symbols such as (f,o) in this figure and (f,o, E) in Fig. G3 denote the con- 

trolling factors for 4    , ATless, and Tlegs, respectively: o - optical distor- 

tion; f - fracture; E - edge cooling; and F - face cooling.  Quantities used to 

obtain the curves are those used for Tables GI-IV except KC1 (a ■ 4,000 psi 

for curves; a = 330 psi for circled numbers).  The dashed line indicates that 

Tpulse > Tless' thus * approaches cw value of Fig. G3. 

Figure G3.  Diameter dependence of figures of merit 0      at X = 3. 8 ^im. See 

caption of Fig. G2. 
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Table Captions 

Table GI. Values of material parameters used in calculating figures of merit and 

values of critical window diameter Dgp. The use of symbols, calculation schemes, 

and the meaning of superscripts accompanying numerical values in this and the 

following tables are explained in Sees. II and III. The values of the parameters are 

from Refs. 1-3 unless otherwise stated. 

a. Values of n at X = 4 (im are used in all calculations with the exception 

of TI1173, for which the 10.6jim value is used. 

b. In calculating anT, the values of (ön/öT^ at X = 4jim are used 

except for MgF,, (at X = 0. 7 ^m). 

c. Ref. 3. 

d. P. Miles, private communication. 

e. Estimate. 

Table Gil. Figures of merit, values of thermal time constant Tless. critical thickness 

f    , temperature difference ATless, and fracture-to-optical distortion crossover 

strength af      for the case X = 3.8 »xm and D = 100 cm.  In Tables II-VI, the choice 
4 "2 

of ß = lO^cm'1 for all materi?!« except MgO iß - 8x10' ) and A1203 {ß ■ 2x10 

cm" ) is explained in Sec. III. 

Table GIU. Figures of merit, values of thermal time constant Tless, critical thickness 

|    , temperature difference ATless, and fracture-to-optical distortion crossover 

strength af_    for the case X = 3. Sfim and D = 10 cm. 

Ta-hle GIV. Figures of merit and related information for small-diameter (D ■ 1 cm) 

windows at X = 3.8|,\m. 
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Table Captions (Continued) 

Table GV. Figures of merit, values of thermal time constant T, , critical 

thickness I , temperature difference AT, , and fracture-to-optical dis- 

tortion crossover strength af.    for the case X - 5.25jim and D ■ 100 cm. 

Table GVI,   Figures of merit, values of thermal time constant T,       , critical 

thickness i     , temperature difference AT,       , and fracture-to-optical dis- 

tortion crossover strength af_    for the CftM X = 5.25^m and D = 10 cm. 

Table GVII.  Figures of merit calculated from the measured values of absorp- 

tion coefficient ß. 

Table GV11I.   Formulae useful for scaling ^ to parameters other than D. 
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^N^^ less 
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ATt ^To 

pulse 

2 
TT D  Ca 

(a) 
ffD  C A 

2%ulseaESi; 32^Pulse   \T    Zer 
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8 TrKa 
ßaESF 

(a) 
irKX Tless       TE 

^    ^nTlV 

2           <a) 

TTD ha 
(a) 

ffD   h X 
Tless  :    TF 2ßaESFXgr 32 ß   \T   V2 

:   .1/2 
(a)  |      is the greater of £f  and  £o ;   if «  0. 433 D [ ^-^ j       ; 

lo  =   0.8420   [(n-l)   (|)2(^)]1/5      • 
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Sec. H 

H. HIGH-POWER 10.6^m WINDOW-MATERIAL FIGURES OF MERIT 
WITH EDGE COOLING AND SURFACE ABSORPTION INCLUDED* 

M. Sparks 

Xonics, Incorporated, Van Nuys, California 91406 

and 

H. C. Chow 

Department of Physics, University of California, Los Angeles, California 90024, and 

Xonics, Incorporated, Van Nuys, California 91406 

Values of the total power ^ that a window can transmit under specified 

conditions are calculated for use as figures of merit for window materials. 

New features of the figures of merit are: consideration of edge as well as face 

cooling, treatment of surface as well as bulk absorption, use of ^ rather than 

intensity as the figure of merit, and effects of improving materials.  New results 

include the following:  For continuous operation, large-diameter windows should 

be face cooled, but small-diameter windows may be edge cooled, and ^ often 

decreases as the diameter D increases.   For pulsed operation,  & increases as 

D increases, as intuitively expected. Values of the diameter D^, above which 

face cooling should be used, are surprisingly large, ranging between 7 and 20 cm, 

typically. For pulsed operation and for D > Dgp in cw operation, & is indepen- 

dent of thermal conductivity K, while for D < DEF in cw operation, ^ « K. For 

continuous operation with bulk absorption, a diamond window with D = 1 cm has 

the greatest value {0 ■ 0. 57 MW) of the existing materials and values of D con- 

sidered.  If the materials are improved (absorption coefficient ß reduced for ZnSe, 

strength a increased for KC1, and both improvements for CdTe and KBr), 1-cm- 

diameter windows of ZnSe, KC1, KBr, and CdTe will transmit 0.74, 0.58, 0.51, and 

0.24MW, respectively.   For cne-second pulse duration, a 100-cm-diameter window 

of KC1 transmits 67 MW for a - 330 psi or 260 MW for a improved to 5,100 psi. 
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Sec. H 

I.   INTRODUCTION 

There have been extensive programs within the last three years to obtain 

materials for high-power infrared systems at 10.6pn.     In rating window ma- 

terials, previous figures of merit   '    have proved useful.   However, studies of 

window materials in the 2-6|im range5 have revealed some new features which 

may be of practical importance.   In the present paper these new features are 

incorporated to obtain figures of merit for a number of candidate materials at 

10. 6^im.   The new features include the following: (1) Edge cooling, as well as 

face cooling, is included for continuously operated (cw) systems. (2) As materials 

are being improved, surface absorption apparently is becoming relatively more 

important. Surface absorption may also be of interest in field use where contami- 

nation is likely.  Thus, surface as well as bulk absorption is included. (3) The 

tc^al power 9 that a window can transmit under specified idealized conditions is 

used as the figure of merit. Use of 9$ rather than intensity, is more convenient 

when considering the effect of changing the window diameter. (4) Effects of im- 

proving materials, particularly lowering the absorption coefficient ß and increas- 

ing the strength a, are included. 

In addition to the new ratings for materials, new results include the following: 

(1) Edge cooling, which is technically much simpler than face cooling, is more 

effective than previously realized.  Before the importance of thermally induced 

optical distortion and fracture was reaUzed,   edge cooling to prevent melting was 

considered.  Subsequently, only face cooling was considered since the temperature 

difference AT between the center and rim of a window must be kept small, and 

large-diameter windows, which have large values of AT for edge cooling, were 

contemplated to keep the intensity small and to avoid diffraction in long-focal 
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length systems.  It will be shown that edge cooling can be used for surprisingly 

large diameters Dgp, ranging between 7 and 20 cm, typically.   In order to obtain 

the greatest value of ^ in a cw system, large-diameter windows (D > D^^) 

should be face cooled, while small-diameter windows (D < Dpp ) may be edge 

cooled. 

(2) For pulsed operation (pulse length of the order of a second, with rapid 

interpulse cooling), ^ increases as D increases as expected intuitively, but for 

continuous operation, 0 often dec -eases as D increases.   Thus, for cw systems 

that can tolerate small-diameter windows (without excessive diffraction, for ex- 

ample), there are the dual advantages of technically easier edge cooling and often 

greater 9. (3) For small diameters, D < Dgp, the value of ^      depends on the 

thermal conductivity K; whereas for D > DEF, ^       is independent of K. (For 

pulse operation, 0   .      is independent of K.) 

In considering window materials for high-power infrared lasers, previous 

3 4 
theoretical investigations '     have established the effects of temperature gradi- 

ents and pressure differentials.  Briefly, as a result of the spatial inhomogeneity 

of the intensity of the incident laser beam, a radial temperature gradient is set up, 

bringing about radial gradients in the thickness and the index of refraction. The re- 

sulting optical distortion may cause significant reduction in the target intensity, 

especially for long-focal length systems.  Optical distortion may also be caused 

by deformation of the window under pressure.   In addition, both the temperature 

gradient and pressure can cause fracture of the window. 

Application of these considerations to obtain figures of merit for window 

materials Involves the following three distinct factors: 
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Sec. 

(a) Pressure-induced optical distortion and fracture are avoided by making 

the window thickness i greater than a critical value i^ . 

(b) Thermally induced optical distortion and fracture are avoided by keeping 

the temperature difference AT between the center and rim of the window below 

a critical value ATless. 

(c) The fact that AT must be kept below ATless Umits the total power that 

a window can transmit to values below a critical value ^pulse for pulse operation 

or §      for cw operation.  The relation between 0 and AT depends on the type 
cw 

of operation (pulse or cw), the thermal properties of the window (heat capacity 

per unit volume C and thermal conductivity K), the type of heating (bulk or sur- 

face), and for cw operation, the type of cooUng (edge or face cooling). 

Two of the new features of the figures of merit, surface absorption and edge 

cooling, pertain to the relation (c) between ^ and AT. 
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II.   FIGURE-OF-MERIT ANALYSIS 

3,4 The figures of merit are obtained as follows: '    (a) The thickness  | 
gT 

required to withstand the giv^n pressure P is calculated flrct. The thicknesses 

if and lo required to withstand the pressure without fracturing the window and 

without causing excessive optical distortion are  ' 

if/D =  0.433 (PSF/a ) 1/2 

Xo/D =  0.842 (n- 1)(P/E)Z (D/X) 
1/5 

(2.1) 

(2.2) 

respectively, where j  is the window strength, P the pressure, the safety factor 

SF is taken as SF = 4, n is the refractive index, E the Young's modulus, and 

X the optical wavelength.  In order to prevent both fracture and excessive optical 

distortion, the thickness z must be greater than both lf and |   ; that is, i > i 
to gr 

■   greater of i    and £,. 

(b) N-xt, the temperature difference &T between the center and rim of the 

window that can be tolerated is calculated as follows.   If ^T exceeds ATf or 

AT , defined as 

ATf - 2a/aE SF  , ATo-^8Vl>nTl (2.3) 

with anT =  (Än/öT)    + a (I + v){n - 1)+S, in which the derivative is taken 

at constant stress, a is the linear thermal expansion coefficient,  u is the Poisson 

ratio, and S is a small stress-optic term,    then the window fractures from the ex- 

cessive thermal gradient or causes excessive thermally induced optical distortion, 
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respectively.  In order to prevent both of these system failures, AT must be 

smaller than both ATf and ATo; that is, AT < ATless = lesser of ATf and 

(c) For pulsed operation in which the heat diffusion and, therefore, the cooling 

are negligible during the pulse duration t   ,    , the temperature rise at every 

point is determined by the simple expression CV ■ AE /AT, where V is the vol- 

ume, C is the heat capacity per unit volume, AE is the energy added, and AT is 
3 

the temperature rise.   From this expression it is easy to show   that for intensity 

I « L» - v  (P/T
D

)     
In' where P is the radial coordinate, the spatially aver- 

aged intensity <I> and AT are related by the expression (I)   .^ ■ C AT/ß t   lse. 

The corresponding total power &   ,      that a window can transmit in the pulse mode 

of operation is 

Vl- ■  " (I0)'   <1>pulse = «D^ AT/4»Vlse  ' <2-4) 

A continuously operated system must be cooled, otherwise AT goes to in- 

finity as t goes to infinity for fixed &   ,    , as seen in (2.4).  In this case, (2.4) 

is valid if t    ,      is replaced by T,       , which is the time constant for cooling the 
pulse X6SS 

window.   For edge cooling, T-,     , is the time constant TE for radial heat flow 

along the radius   » D: 

2 
TE   = C  f jDJ   /4K    . (2.5) 

The exact value of TD   has a weak dependence on the radial distribution of the 

incident intensity.   The value given is for a constant intensity.   For 1 constant 
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inside the circle of diameter y D and zero outside this circle, the factor   ^ in 

Tc,   is replaced by 1/2.9.     These results are obtained from trivial solutions to 

the heat-flow equation. 

For face cooling, T,     ,  is the sum of the time constant tor heat flow across 

the window thickness i     plus that for removal of heat at the interface of the 
3 

window and coolant: 

C£ 
_SL (■•*) • (2.6) 

where h is the heat-transfer coefficient (W/cm  K) at the interface of the window 

and coolant. 

In calculating the figures of merit, it is assumed that edge cooling is used if 

TF < TF and that face cooling is used if Tp < TE, since larger values of 9 

result.  Accordingly, the cw figure of merit that will be used is 

0       =  tf D   C AT, cw less /4/3T less (2.7) 

where T,       = lesser of Tp  and Tp . 

The critical diameter D,.. „ that determines whether face or edge cooling is 
tir 

to be used is simply the solution to Tp  =  Tp.  Since the factor h |    / 3 K in (2.6) 

is negligible in all materials considered except Tl 1173 glass, this term is neg- 

lected, giving TE  = C i    /h .   Solving for D gives 

Dx 
6.93 

1/2 

*•   C-f)       ■        °o = 13.47KP2(n -1) 

X1/5 h E2 

5/4 

(2.8) 

for i     = A, and i , respectively. The critical diameter Dg p = greater of Df and Do 

149 

■ I—!<■!■ ! II   ■!■■--—   ■   ■ —       - 



mnv^mpinm^v^    i uiiii.  "HI luu'i "WPHMi ■ \ . tmi,n\*^*rm*^^*mr^**mm^^9        nn   um IJI ■■ m ■■■■■■ u   i     M i. u IMP . n i I.IIH    wr^—*^m^*mr9mu^m*^*^^^^~^^*^™a^^^im    .iw^w^^mimw   .iii. 

Sec. H 

If the window absorbs the radiation at its surface, rather than throughout the 

bulk, it is easy to show that ß in (2.4) and (2.7) is replaced by f/£     , where 

f is the fraction of the incident radiation absorbed by the two surfaces.   Then (2.4) 

and (2.7) are replaced by 

^    ,      =  IT D2 ^     C AT.       /4 f t    , (2.9) pulse gr less'        pulse v      ' 

and 

9      =  TtD2 l      C AT,       /4 f T, (2.10) cw gr      "  less' less i*»*"/ 

for surface absorption.   Since the values of & for surface absorption a^e more 

strongly dependent on the window size (by a factor of I     ) than the correspond- 

ing values for bulk absorption, &      never decreases with increasing D, and the 

advantages of using large-diameter windows are greater in the case of surface 

absorption. 

Finally, in strengthening materials there is a critical strength af_    that is 

of interest.  If the strength of the material a is less than af_   , then Z     = ^f» 

and increasing the strength allows the use of thinner windows (£      ~  or        ). 

On the other hand, for a > af    , I     = £  .  Thus, increasing a does not allow 

thinner windows to be used since Ji    ir. independent of a.   The value of Or     is 
o r t-o 

obtained by equating £f and i    in (2.1) and (2.2) and solving for a, which gives 

af      = 0.264 PSF f-o n-1    \P/     D 

2/5 

(2.11) 

3 4 The principal assumptions '    made in deriving (2. l)-(2.11) are now sum- 

marized: The optical system is diffraction limited before the beam is distorted 
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by the window, and the window distortion halves the intensity at the target.   The 

intensity and temperature distributions across the window are radially symmetric 

and parabolic in the radial coordinate p with the edge intensity equal to one-third 

the center intensity.   The optical calculations were made by assuming an untrun- 

cated Caussian distribution.  It is assumed that the beam is not refocused to mini- 

r optical distortion.  In practice, it is conceivable that an order of magni- 
3 

tude increase in intensity could be gained by refocusing. 

Other assumptions and approximations include the following: The window is 

thin (in the sense that thickness « diameter) and is made of elastically and op- 

tically Isotropie material.  The window diameter is taken to be equal to the diame- 

ter of the aperture of the optical system, which is focused on a distant target when 

the window is undistorted. In all the calculations the window is assumed to be 

clamped; the stress produced by window mounting and the optical distortion re- 

sulting from the static deformation of the window under its own weight are both 

neglected. 

151 

jmmt .MMMfl  ■^—MM— ^ ....   ■ ..   — .   -ij—^.U: 



■ i nuniipu n I .    IIJUII ianiiin>«>9<nn!.i..M   i iJ iainm!«piii^>v>^n>n-«^fppp||p((p|^iiiiii i.mi mrmm^r* • n    11   iniiij    inn    mi i,   i      ■   11 upi ■ i  111,1 i.m I.JUI IJP uu i jam   I   I i i . IIMI 

Sec. H 

III.   TABULATION AND DISCUSSION OF RESULTS 

Values of 0, £gr, AT^, Tless, Dgp, and af_o are calculated using the 

results of Sec. 2 and listed in Tables  I - IV for various materials of interest for 

X =  10.6^m and D = 1, 10, and 100 cm.   Results are given for strengthened 

CdTe, KC1, and KBr with ß lowered to 10"4cm"1.   Formulae that are usefu7. in 

scaling and in visualizing the dependence of 0 on variables other than D are dis- 

played in Table V. 

It is also useful to visualize the results.  Thus, Fig. H 1 schematically illus- 

trates the D dependence of ^, AT^, ami i/Tj^.   The relative positions 

of the regions of the three curves change from material to material.  The tendency 

for &   to increase with increasing D caused by the explicit D2 factor in Eqs. (2.4) 

and (2.7) for 0 tends to be offset by the decreasing factors AT,        and 1 /T 
less ' 'less 

illustrated in Fig. H 1.  The resulting dependence of 9 and D is plotted in Figs. 

H2 and H3 for diamond, ZnSe, strengthened KBr, and strengthened KC1 (a = 4k 

psi in both cases). 

It should be emphasized that the figures of merit 9 are not the actual powers 

that windows in real systems can transmit.   In this connection, two factors must 

be stressed.   First, the figures of merit apply to specific and idealized conditions 

as summarized in Sec. 2.   In spite of this qualification, it is convenient to use ^ 

as the figure of merit since it does give a rough idea of the power expected and the 

relative values of & for different materials are at least as useful as previous figures 

of merit.  Second, the figures of merit are proportional to 1 /|8 (or to 1 /f for sur- 

face absorption).  The values of & based on experimentally determined absorption 

coefficients can be drastically altered as better crystals and better measurements 
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become available.   For this reason the values of 9 for a number of materials 
-4      -1 

are calculated both with the measured values of ß  nnd with /J = 10     cm    . 

The latter choice is made because it is difficult to obtain materials with ß less 

than 10    cm    ; it is even difficult to measure such low values.   For surface ab- 

sorption we use f = 10   .  Despite the arbitrariness inherent in this set of choices, 

the values of 9 given in Tables II-IV are useful since they can be easily scaled 

to any specific j3 (or f) by noting that 9  ~ 1 /ß (or ^ ~ 1 /f). 

In the tables and figures all values are computed under the conditions 

P = 14.7 psi, SF = 4, h = 10'2 W/cm2K, f - 10"4, and tpulse ■ 1 sec.  The 

notation f or o designates fracture or optical distortion as the controlling fac- 

tor, while F or E accompanying T,        signifies face cooling or edge cooling. 

Values of 9 in Tables II-IV were calculated using the choice of ß as explained 

above.   For figures, ß = 10"4cm     is used for all materials except KC1 (ß = 1.5 

x lO^cm"1). 

In small-diameter windows,  Tless(= TE ) is often less than tpulge, as seen 

in Table IV and Figs. H2 and H3, and the radial heat flow reduces the value of 

AT.  Thus, the value of & is not increased by using the pulse mode of operation 

in small-diameter windows. This is indicated in Fig. H2 by the dashed portions 

of the curves, for which tpulse > TCW (so that <?pulse < ^ formally). 

The dependence of 9 on the thermal conductivity K is of interest.   For 

pulse operation, thermal diffusion is assumed negligible.  Thus, #   lse is inde- 

pendent of K, as also seen in (2.4).   For cw operation of small-diameter windows 

(D < DFF), the thermal time constant Tless is equal to Tg ~ 1/K, from (2.5). 
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Thus, ^cw  -  K, according to (2.7).   For cw operation of large-diameter 

windows (D > DEF),  Tless  =  Tp.  The value of Tp usually is controlled by 

the heat transfer at the window face, rather than by the heat diffusion across 

the window thickness.  In other words, the factor hi    /3K in (2.6) is gener- 

ally le»s than unity, one exception being Tl 1173 glass in large-diameter win- 

dows.   For example, for KC1 with D = 10 cm and h = lO-2 W/cm2K, 

h £gr/3K = 9'23 x 10"2,  Thus' •      is "early independent of K. 
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Table V. Formulae useful for scaling 9 to parameters other than D. 

^v.   AT, 
^Nw     less 

9       ^s. 
ATf ATo 

pulse 

2 
TTD Ca 

2                   W 

»DC A. 
2flt   ,    aESF r pulse 

32^We   anTlV 

9 cw 

StrKa 
ßaESF 

(a) 
nKX Tless  :    TE 2^   änT   V 

2           (a) 

TTD ha 
2             (a) 

TTD   h X 
Tless  = TF 20aESFl 

32ßUnT    V
2 

(a) I      is the greater of if and £  ;  jtf =  0.433 D [  j       ; 

^0-B-[(->(|)2(e)]1/5     • 
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log %, 

log AT, et» 

log(l/r,e„) 

r fD2CAW pulse 

Tle$t       pulse 

Fig. H1. ScheMaüc Illustration of the diameter dependence of thickness, 
temperature difference, and thermal time constant. 
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110.6 fim. pulse] V*' *T>M\ 

{\0'A cm)    KCI     KBr ZnSe Diomond ^J/ 

ßr                 1.5        I         1 50P 
9       20 500 
4 7.2 I03y 

Pmeas ,'0 

4 
meas 

a(kpsi) 

10 

7 
j L 

0.0       1 1Ü 

DIAMETER D IN cm 

KBr 

CwZnSe 

0KCI 

2)ZnSe 
^KBr 

4j Diamond 

 I 
100 

Flg. H2. Diameter dependence of figures of merit 9^^ at X = 10.6(im. Symbols such as 

(f, o) in this figure and (f, o, E) in Fig. H3 denote the controlling factors for l^, l&^s.' 

and T,       . respectively: o - optical distortion; f - fracture; E - edge cooling; and F - face 

cooling.  Curves are for improved materials [o ■ 4kpsi for KCI and KBr, and ß = 10 

cm"1 for all materials except KCI (/J = 1.5 x 10'   cm'1)]. and circled numbers are for 

existing materials.   The dashed line indicates that Tplllse > Tlesg; thus 9 approaches 

cw value of rig, H3. 
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10' 

Z 

UJ 

o 
OL 

\ 

\ 
\ 

ZnSe 

Diomond 

g)KCl 

DIAMETER D IN cm 

Flg. H3. Diameter dependence of figures of merit ^ at X = 10.6 ^m. 

See caption of Flg. H2. 
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IV. CHOICE OF MATERIALS 

Figures H 2 and H 3 are useful in selecting the materials with the greatest 

values of transmittable intensity 0.  The curves are for improved materials, as 

indicated in the figure captions.  The values of & for currently available materi- 

als are indicated by the circled number on the figures for D = 1 and 100 cm. 

For example, for both cw and pulse operation with D ■ 100 cm, KBr and KC1 

are the best (highest 0) improved and available materials, while for D = 1 cm, 

ZnSe and diamond are the best improved and current materials.   Note that dia- 

mond has a higher value of &      than does KC1 at D = 100 cm, but the cost of 

even a mosaic 100 cm-diameter diamond window usually is prohibitive. 

The values of 0 for diamond are surprisingly high in view of the large ab- 

sorption,  ß =0.05 cm' , the reason being the exceptional strength (a ■ 10 psi) 

and thermal conductivity (20 W/cm K).  Diamonds were previously ruled out for 

consideration as windows because of prohibitive cost, inclusion-free require- 

ment, difficulties associated with mosaic windows, and other reasons. However, 

Mr. Russell Seitz has recently emphasized that diamond windows may afford 
Q 

practical solutions to some window problemt,.     Apparently, 1/2 cm-diameter, 

inclusion-free, synthetic diamonds are available and may be useful for systems 

that can tolerate a small-diameter window. 

The value of 9      for diamond with D = 1cm is very large, # = 8.   MW. 

However, the values of AT,        =  1,700 K and jP,      = 66 pm are unreasonable 

for many applications.   Thus the value of &      was recalculatpd tot use with 

small-diameter windows for the case of I      =0.1 mm , which gives ATj 

= 110K, as an arbitrary reasonable choice.   The values used above for D = 1 cm 
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are for this choice.   For high-power use, removing the heat at the small edge 

of the window may be a problem. 

Factors other than the figures of merit obviously must be considered in 

choosing a material for a given application.   For example, if programs to ob- 

tain improvements in materials are undertaken, the expected difficulty in 

purifying or otherwise improving a crystal is obviously of interest, and factors 

such as ease of fabrication, resistance to moisture, hardness, and antireflec- 

tion and protective coating must be considered.   The value of I     could be so 

great that the weight of the window could be unacceptably large, or the value 

of AT,       could be unacceptably high. 
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I   EXPLICIT EXPONENTIAL FREQUENCY DEPENDENCE 
OF MULTIPHONON INFRARED ABSORPTION 

L. J. Sham 

University of California, San Diego, Lajolla, California 92037, and 

Xonics, Incorporated, Van Nuys, CaUfomia 91406 

and 

M. Sparks 

Xonics, Incorporated, Van Nuys, California 91406 

The nearly exponential frequency dependence of the infrared 

absorption coefficient ß observed by Rupprecht, Deutsch, and 

others has been explained previously by evaluating the individual 

n-phonon contributions to j3, summing the results, and noting that 

the sum was nearly exponential over a fairly wide range of fre- 

quencies.   A new derivation of the multiphonon absorption coeffi- 

cient yields ß ~ exp(-WT) directly, rather than as a sum on n, 

and provides a prescription for estimating the range of to over 

which the nearly exponential behavior extends. 

The nearly exponential frequency dependence of the infrared absorption coefficient 

ß observed1 in LiF, NaF, NaCl, KC1, KBr, MgF2, CaF2, BaF2, SrF2, MgO, A^Oj, 

SiO     TiO  , BaTiO,, and SrTiO,  has been explained by a theory of multiphonon ab- 
2*2 2 ^ 

sorption in which the individual n-phonon processes were calculated, summed, and 

the sum observed to be a nearly exponentially decaying function of frequency W. Since 

this frequency dependence of ß has attracted wide attention, a derivation of the expo- 

nential dependence in closed form, rather then as a sum over the individual n-phonon 

contributions, is of interest.  A brief description of the results was presented else- 

where2 in connection with the temperature dependence of ß. 
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3,4 
This derivation is accomplished as follows:  First, our previous approximation 

of using the central-limit theorem to reduce the multiple sum over phonon coordi- 

nates to a Gaussian is not made.   Rather, using a well known integral representation 

of the energy-conserving delta function reduces the previous expression for ß to a 

time integral of a sum over n .   This infinite sum on n is expressed as a sum of a 

few simple functions, which are easily integrated to give the closed-form exponential. 

The details are as follows. 

3,4 
The previous formal expression for j3 is ß -  ^    ß    with 

n=2 

A        7 n n 
d   = con. f(u:)oo    (A,;/n!)     E ••• E 6(a)- E   «0 ) n   On (D 

Q,    Qn J-l    gj  A-l    ^ 

where f(co) ■ [ 1 -exp(-a;/oüT)] is very nearly independent of the laser frequency co 

for most cases of interest, ooT = ^T/^i, OQ  =WQ  (ng +1)NUJ   /C^Q , w  =ti/2pK m, 

m is the reduced mass, pK is the damping length in the Born-Mayer potential, WQ   is 

a dimensionless constant that is of order unity for large con   and is very small for 

small cün , nn   are phonon occupation numbers, 2 N is the number of ions in the 

crystal, and the higher-order terms in the perturbation expansion give rise to the 

vertex-correction factors 

A   - l + A   £+e(42)   , A   =£     (°)    m"2 (2) 
n n n    m=2   N     ' 

2 
where A4=1.94, A,. = 3.93, A6=7.15, A7= 12.36, and ^ a 9B0a0/5 (1-2p0)m com . 

Here B is the bulk modulus, p = pK/a, the subscript 0 denotes T = 0, and com is a 

frequency near the top of the phonon spectrum. Eq. (1) can be written down immedi- 
5,3,4 2 2 

ately from the well known expression for ß with üJ » (reststrahl frequency, tof) 

and standard perturbation-theory results, apart from the details of ^ and WQ   which 
3,4 ' 

are not needed here. In the previous calculation,''     the central-limit approximation 

167 

^^-^"   —- —■-■■-■—■ 



pmnvimHffBOT-wvwimipiw.ij      wnwiepflw*"^i»''«PWPH"»wiFw^,^»!jiiP»^piw^w"iii.i  mn in  i^nmn^ni«.M.*i 11 \vim**^^^i iw mj\ im^r^w*^^ummm*m*mm*~i*mm^^*^^*^**^^*mmimmm 

Sec. I 

was used to reduce the n-fold multiple sum over Qj.-.Q^ in (1) to a Gaussian 

whose position, height, and width are given by single sums over phonon coordi- 

nates.    Ihe sum of these Gaussians then gave a nearly exponential frequency 

dependence of ß. 

Representing 6(co - E c.Q_) by (2Tr)-11 dt expdct) n. expC-ia;Q t) 
using the approximation j 

An
2/n4n; - Dn 

reduces (I) to 
00 

ß  ■  [f(«)/2ta,4]      f    dte
iWt£    n4

[g(t)in 

J n=2 

and 

(3) 

(4) 

where g(t)= DE aQ exp(-i a,Qt). The value of D and the range of n over 

which (3) is valid are obtained by plotting in(An
2/n2n:) as a function of n as 

discussed below. 

In order to illustrate the central features of the calculation as simply as possible, 

we first approximate a;4 by n4 Ü4,  where ^  is an average frequency having a typi- 

cal value 5 • «r   Physically, the phonon driven at frequency cc  decays into n 

phonons whose average frequency is ^ .   T^e resulting sum in (4) can be written as 
T     n _  , -1 

n^2 g   - (l - g)    - 1 - g.   When this expression is substituted into (4), the term 

(2ff)-
1Jdtexp(ia)t)(l + g) = 6(c.) + N-1EWQ(nQ+l)nQ-16(a;Q-co) vanishes 

for a; > cog, where a:g  is the greatest phonon frequency.   Evaluating the remaining 

integral   Jdt expOcotHl-g)"1, whi.h has a simple pole at t - ir, where T is 

the solution to 1 - g (i T ) = 0, gives 

R - R    'Tui -4 i p " PQ
6 • ßo = con.f(u)[u}*dg{iT)/dT]. (5) 
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The equation for T , 

1 -Dw   N"1^ WQ (nQ^l)üJQ"1exp(ü:QT) =  0   , (6) 

is easily solved nuiuerically for specific cases.   The following approximate solution 

illustrates the general dependence of T on T, An, etc., although it is too crude to 

afford accurate values of T .   Neglecting the angle dependence of Wp and using the 

Einstein approximation  6(c0 - W« ) to th^ density of states gives 

T s:  -tCj/1 Xn [6DUJ   WE(nE + l)/wE ]   . (7) 

dg(iT)/dT ■ cOp •   Making these approximations to determine the vtlue of T is 

more reasonable than making the same approximation in (1).    The latter gives ß as 

a sum of delta functions.    For NaCl at 300 K with Wg = cof , (7) gives cOj T = 3. 4, in 

fortuitously good agreement with the experimental value of 3.2 in view of the crudeness 

of the approximate solution (7).   Other simple approximate solutions to (6) can be 

obnined.   For example, neglecting the angle dependence of WQ , using the truncated 

1 2 3 
Debye approximation 6 ( a) - -j ^D ) e ( ^"D ' ^ 3 ^Q /^D    ^ the densit:y of states 

(where the truncation at *■ wn accounts for the fact that WQ is small for small 
3,4 ^ 

a;n       ), making the high-temperature approximation n^ + 1 s: fioOg/k^T, and 

reinserting ^u^^/k^T ^ n        +1 after integration gives 0 U       li Cup) 

T 2=  -top1 £n[6DcopWb(nco    + 0/«D ] 

+ aJD'1 2n(u)DT/3) (8) 

wliich is quite similar to (7), since the last term in (8) is small, the value of WpT 

being approximately equal to 3 for typical cases. 

It is not necessary to make the approximation  w = n üJ .    Tie sum in (4) can 

be written as 
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VnV-    /cr_L\       1     _      4!       .   10(3!)       25(2!) 15 1 
-0

ng - (^g) i-g -(1.g)s (7^?" + (T^?"(TV + w- 

Each integral is evaluated by residues, which gives (5) as the leading term, with the 

same value of T as before, but with 

ß0 -  con. f(co)[dg(iT)/dT]">   . (10) 

For the Einstein approximation above, the new value of ßn is con. f (aO/ü^," , 
_4 E 

which is quite similar to the previous value /L = con. f (a;)/a)  aJ., .   (-f the 

F.instein approximation is made in evaluating cö also, then üj = coT?, and the two 

results are identical.)    The small correction terms to (10), which vanish in the 

limit of the single-frequency approximation discusseti above, can be obtained 

simply in terms of cumulcnt moments by carrying out the straightforward details 

of the calculation outlined above.    In this calculation, the results (9) and 

n4  = [(n + 4): - 10 (n + 3) ! + 25 (n + 2) ! - 15 (n + 1) I   f n ! J /n ! 

are useful. 

3 4 It was clear from our previous analysis '    that the nearly exponential de- 

pendence of ß would be valid only over a limited range of frequency. The present 

results make it even simpler to study this range of validity.   Two features of the 

exponential are of interest -- the overall near exponential decay, which could show 

local structure such as multiphonon peaks superimposed on the decay, and the 

smootliness (presence or lack of multiphonon peaks ) of the ßioo)  curves.   The 

3 4 
latter has been discussed previously." '     Briefly, the smoothness of the phonon 

density of states, the phonon lifetimes, the broadening of any structure with each 

convolution involved in going from   ß    to /3     . , and the ratio of the width to 

(9) 
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the spacing of the Gaussians obtained in applying the central-limit theorem are 

important in determining the smoothness of ßiui). 

2     4 
An overall exponential behavior is obtained when: (a) A    /n  nl is an exponen- 

tial function of n, that is, (3) is satisfied; and (b) f(co) is essentially independent 

of u).   The second condition is satisfied for most cases of interest.   For example, 

coT = 208cm"1 at 300K, and a)f =  164cm     for NaCl at 300K; thus f(w) 

as 1-exp( - 164n/208) 2: 1 for co = nco, with n ^ 2.   However, for small Cü and 

high T,   f (a)) does become a nonconstant function of co.   Concerning (a), the func- 

4 
tion in(l /n  nl) is nearly linear in n over a large range of values for n, while 

2     4 
in (A    /n  n Dhas a positive curvature as seen in Fig. II.   Over a limited range 

2      4 
of n, which often includes the experimental values, A    /n   nl is nearly exponen- 

tial in n; consequently ß is nearly exponential in co.   For example, in Fig. II , 

2      4 n 
in (A    /n   n!) is well approximated by the straight line D    with D = 0. 130 

for n = 3 to 5, which is the experiment range over which the nearly exponential 

frequency dependence was observed. 

2 2      4 
The vertex-correct! on factor A     causes A    /n   nl to deviate above the n n 

exponential as n increases.   (The corresponding increase of ß above the expo- 

2     4 nential as a) is increased is not as drastic as that of A    /n   n I since ß contains 
n r 

an explicit exponential dependence in addition to the nearly exponential term 

2     4 
A    /n  nl. )   Thus, larger values of ^ give greater deviation from the exponen- 

tial.   The oversimplified model of Ref. 7  takes 4 ~ ^« which greatly overestimates 

the vertex correction and gives noticeable deviations of ß from the exponential 

even over the small range of experimental values of n .   Our estimate of ( = 0.18 

3,8 
may even be too large. 
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C\J 

c 

c 

< 

c 

4 2     4 
Fig. I 1.  Values of 1 /n   n ! and A^ /n   n ! used in determining rhe range over which ß 

2 
decays exponentially with increasing frequency.   The values of A     are for NaCl at 300 K , 

4 for which ^ = 0. 18.   The straight line is fit to the 1 / n   n !   points at small n . 
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8 
IIK' recently observed     deviation of the   I  dependence of ß from the 

2 
previously expected results has been explained    by including Uie T depend- 

ence of the phonon frequencies and lattice constants in our previous theory. 

The present result displays the temperature dependence in a much simpler 

form, the T dependence being contained in the two parameters ß,. and T. 
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1    QUASISE LECTION RULE FOR INFRARED ABSORPTION 
BY NACL-STRÜCTURE CRYSTALS* 

C. J. Duthler and M. Sparks 

Xonics, Incorporated, Van Nuys, California 91406 

A selection rule forbids splitting of a reststrahl phonon into 

two phonons on the same branch.   We propose that the interaction 

(summation or difference) of a reststrahl phonon with two acous- 

tical or two optical phonons is much weaker than the interaction 

with one acoustical and one optical phonon.   This quasi-selection 

rule is useful in explaining several multiphonon absorption results 

including the small number of two-phonon peaks observed in NaCI- 

structure crystals. 

In recent theories        of the absorption of infrared radiation by alkali-halide 

crystals, an infrared photon is absorbed by the virtual excitation of the fundamental 

reststrahl mode (transverse optical phonon with fl - 0) which decays by emitting 

n final-state phoncns.   Lor crystals with centers of inversion, the fundamental 

phonon cannot split into two final-state phonons on the same branch according to 

a well-known selection rule    '      (matrix element identically zero).   In addition, 

we propose the quasi-selection rule (matrix element small) that splitting (or con- 

fluence) of a fundamental phonon into two final-state phonons on the same type of 

branch (both optical or both acoustical) is a weak process.   Relaxation of the funda- 

mental mode by processes involving one optical and one acoustical phonon is a much 

stronger process. 
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The quc si-selection rule has a number of important consequences: 

(a) A distinguisoing feature of absorption by NaCl-structure crystals is the 

small number (typically four) of secondary max m- , as opposed to zincblende- 

structure crystals where many distinct maxima are observed.   This can be 

understood by considering the widely used model of the density of states with 

four peaks (TA, LA, TO, LO) which results in four quasi-allowed combinations. 

A more realistic model is discussed below, (b) The temperature dependence of 

the lifetime of a fundamental phonon on resonance is strongly affected by the 

quasi-selection rule.   Decay of the fundamental mode on resonance by splitting 

into two acoustical phonons is weak, and the major contribution to the relaxation 

of this mode at room temperature is from difference processes.   As the tempera- 

ture is lowered below room temperature, the contributions to the relaxation from 

difference processes vanishes, and the temperature dependence of the fundamental- 

mode lifetime will be stronger than for the summation process alone,  (c)  The 

quasi-selection rule is also useful in calculating vertex corrections to n-phonon 

processes (n 5 3) where one of the intermediate state phonons that splits from 

the fundamental phonon also splits into two or more phonons.   In this more gen- 

eral case (where the initial phonon need not be a q = 0, TO phonon), the vertex 

is relatively large only if one of the three phonons is from an acoustical branch 

and the other two from optical branches.   This weakens the effect of the higher- 

order processes and gives improved agreement between experiment and theory 

at high frequency. 

When analyzing experimental absorption results, it has been noted that it is 

necessary to actually calculate the transition matrix elements rather than using 

the two-phonon density of states, because the transition matrix elements are 
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small for many regions in the Brillouin zone.   Very satisfactory agreement has 

been achieved by detailed computer calculations of the absorption near the funda- 

mental mode (2 phonon region).  '     Sparks and Sham   and others7'9 have ex- 

plained the exponential dependence of the absorption coefficient ß on frequency u 

in the multiphonon region whcce two or more final-state phonons are emitted. 

Using the notation and results of Sparks and Sham,    dielectric properties as 

a function of frequency can be obtained from the imaginary part of the Green's 

function of the fundamental mode which yields the complex dielectric constant5 

2 

(1) 

u;, 
€    f~ + (f(reoo) -i—2 

co, - co   - icof r(cü) 

where €0 is the static dielectric constant,   e^ is the electronic dielectric constant, 

Wf  is the frequency of the fundamental mode, and r(co) is the relaxation frequency 

of the fundamental mode.   The absorption coefficient ß is obtained from f using 

* = k0 eJ ^"R ' w,iere ko is the wave vector in vacuum,   c. is the imaginary part 

of e ,   and nR is the real part of the index of refraction n = e1^2.   Peaks in the 

absorption coefficient off resonance result from maxima in r(a;).   Contributions 

to He«) from two-phenon summation (splitting, Tg) or difference processes 

(confluence, T^) can be calculated using standard perturbation theory     which 

yields 

and 

3677 rs(a;)     TT   E       ^fo.o   I  ^VV6^"^ "^b >(no, + no»+1) 
ft2    Qfi2       ^

sVri. 

72 n 

Q,   -P2—'Qj   "Q2 

V>2 

(2a) 

rD(a:) =   "T     S VfO n    I    A(q|-q,)ö(aj + cü0 - a^,  )(n     -n     ) 
IT     o 0 Qlg2  ' -1-2 Qj   -Q2       Qj     Q2 

(2b) 
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where Q.  represents the phonon mode with wavevector q.   and branch b., A is the 
J ^J J 

modified Kronecker delta which is unitv when the argument is zero or a reciprocal 

lattice vector and zero otherwise,  Ifr^ «-»    is the transition matrix element from the zero otherwise, Vfn n    is 

interaction Hamiltonian, and n^    is the Bose-Einstein occupation number of the 

mode Q.. 

Assuming nearest neighbor central forces and neglecting terms involving the 

second derivative of the potential energy to simplify the equations presented below 

(quasi-selection rule still valid including these terms), the matrix element becomes 

X 
,(3) 

fQ^ 

3/2        m      1/2 

(iWm^)        (-5;) a. 

where 

a  =   £    (x-wf) üyCQj) Uy(Q2) 
y=l 

(3a) 

(3b) 

with 

U    =  x y y 
1/2 

w<Q   -(m</m>)        w>Q 

j j 

iq. • x 
(3c) 

(3) In (3),  x      is a vector from a light ion to a nearest neighbor heavy ion, V 

3 3 
= d   V/dx     evaluated at the equilibrium lattice spacing x    = a      (see Ref. 2 

for details), m<, m    , and m    denote the smaller, larger, and reduced ionic 

masses respectively;  w   ^   is a polarization vector with T  denoting smaller or 

larger ionic masses, and carets are used to denote unit vectors. 

Because each ion in a NaCl-structure crystal occupies a site of inversion, 

a, hence F and j3,  are independent of the direction of wf .   Choosing wf = x 

(unit vector in x direction) yields 
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1/2  > 
a  = 2i(m./m^)       l  w^   .       w^   ,        - w^   .       w^   .        \  sin(q  a     ).     (4) x    <'    >'       \    <qb1x   >qb2x        >qb1x   <qb2x  I        V4x  nn ^       v ' 

There are several cases where a ,  hence T and ß,  are small.   First, for 

both phonons on the same branch, a  is identically zero as is obvious from (4) and 

as has been established by group theory.  Next, at the zone center and at the symmetry 

point X, the sine factors in a are always zero.  Also at the symmetry point L, 

depending on the branch, either the displacement of the light or heavy ion is zero, 

which causes a to be zero. 

To gain insight into the proposed selection rule, consider q near the zone center. 

Here the polarization vectors are model independent, and the polarization vectors 

1/2 
-j-  / m   \ 

^rqb^"1)   (T^)     *qb (0Ptlctl) ^ 

and 
(m 

I 
m   + m      / 

1/2 

w .      (acoustical) (5b) 

13 
can be used as a lowest order approximation.       When (5) is substituted into (4), 

a and T are non-zero, apart from the sine factor, only for an optical phonon plus 

an acoustical phonon.   Two optical or two acoustical final-state phonons gjve zero. 

Away from the center of Brillouin zone, a more realistic model must be used 

for the polarization vectors which forces us to consider a particular case due to the 

algebraic complexity of these models.   To this end, published polarization vectors 

14 
at 300 K obtained from the deformable dipole model of Karo and Hardy     were used, 

including the Coulomb part and second derivative terms in the potential.   The parti- 

cular crystal, Nal, was chosen because the various phonon branches are easily 

identified due to relatively large separation of the frequency dispersion curves. 

179 

----- 



wmmm^imw^m^—"*"'m^'"»**mmimmmmmmmmm*m*^^^im-i^mi^* ""■ HIL   uBi^tmiii ■■■■MI* n H^^^M« 

Sec. J 

In general, wilh the other alkali halides, branch iden^«cation is more difficult 

due to dispersion curve crossings, although in this case the branches can be le- 

aned in order of increasing frequency (TA-LA-TO-LA).       Longitudinal or 

transverse character and relative phase of light and heavy ions cannot be used 

for branch identification away from the zone center even in the case of Nal. 

Relaxation frequencies in (2) were evaluated at 1000 points in the Brillouin 

zone keeping the contributions to lU and FU from the various branches distinct. 

Frequency delta functions in T were spread out into a histogram, preserving the 

area under the curve.   The results of this calculatiou are shown in Fig. Jl, where 

summation or difference processes are indicated by a plus or minus sign between 

the branch symbols, respectively.  Above co, , the major contribution to T results 

from the splitting of the fundamental mode into an optical plus an acoustical phonon 

13 in agreement with the proposed selection rule.   The two large maxima near 3x 10 

-1 13      -1 sec     and 4 x 10    sec     are from splitting into a transverse optical (TO) plus an 

acoustical phonon and into a longitudinal optical (LO) plus an acoustical photon, 

respectively.   Below cüf , the major contributions are due to confluence processes 

again involving an acoustical and an optical phonon.   Frequency regions where un- 

allowed processes (two optical or two acoustical phonons) occur are denoted at the 

top of Fig. Jl. Contributions to T from unallowed processes that are non-zero on 

the scale of the figure are denoted by double cross hatching, with two acoustical 

13-1 13-1 phonons making small contributions near 2x10     sec     and co < 0. 6 x 10 ' sec 

in summation and difference, respectively.   The fact that the unallowed processes 

are either unobserved on the scale of Fig. Jl or are small illustrates the validity 

of the quasi-selection rule. 
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The overall relaxation frequency presented in Fig. J1 is in qualitative agreement 

with the detailed calculations of others, establishing the essential validity of our 

model. A previous, empirical selection rule that two longitudinal or two trans- 

verse phonons do not combine has been proposed on the basis of experimental 

results at low frequencies where only difference processes between two optical 
16 

or two acoustical branches occur.        This is in agreement with our results at 

low frequency but is a misstatement of the general quasi-selection rule that is 

valid for the entire two-phonon region. 
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ACSTFACT 

The   theory  of  the  absorption coefficient  for  a model  of 

alkali  halide crystals   in  the multiphonon regime  developed 

earlier  b>   the  authors  is  extendec1   to   incorporate  the  effects 

of  a  nonlinear  dipole moment.     The  resulting expression  for  the 

absorption  coefficient   is  evaluated  for several  different   inter- 

atomic  potential   functions  and choices  for  the  nonlinear  dipole 

moment.     We  suggest  that  the  relative  sign of  the contributions 

to  the  absorption coefficient   from crystalline anharmonicity 

and  the  nonlinear variation of   the  electric  dipole moment with 

interatomic   separation  is  such   that   these contributions   interfere 

constructively   in  the alkali  halides. 
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I.  In1roduct ion 

In two recent papers   ' ^ by the authors, a very 

simple model of a diatomic crystal, e.g. an alkali-halide 

crystal, was employed in the calculation of the frequency 

and temperature dependence of the absorption coefficient 

of such a crystal at frequencies several times (up to 7 

times) its maximum vibrational frequency.  In this frequency 

region, the principal contribution to the absorption coef- 

ficient of a pure crystal presumably is from multiphonon 

processes, in which tho number of phonons involved is quite 

large. 

Tho model employed in our work replaced the diatomic 

crystal consisting of N unit cells by an array Of N non- 

interacting electric dipole active, anharmonic oscillators. 

By employing several potential functions for which the clas- 

sical equations of motion can be solved exactly, in closed 

form, simple analytic expressions for the absorption coef- 

ficient could be obtained by the methods of classical physics. 

The results obtained for absorption by a Morse potential 

oscillator i V(x) - D [l - exp (-a[x-X0])J j , and by a 

second potential which possesses a hard core and admits an 

2      2 harmonic approximation (V(x) ■ (a/x ) + b x ), are in good 

qualitative and quantitative agreement with experimental data 

for the absorption coefficients oT several alkali-halide 

crystals in the multiphonon regime, at elevated temperatures (3,4) 
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In the crystal model just described, the electric dipole 

moment of each anharmonic oscillator was approximated by a 

linear function of the relative coordinate of the two atoms 

comprising it, M(x) = qx,  where q is an effective charge. 

(5) However, it is well known    that crystals in general, and 

alkali haiide crystals in particular, possess contributions 

to their electric dipole moment which are nonlinear in the 

displacements of the constituent atoms or ions from their 

equilibrium positions.  The physical origin of these nonlinear 

contributions is the deformation of the electronic charge 

density about each nucleus as it moves relative to its 

neighbors, when the nuclei are displaced from their equilib- 

(6) num positions. 

In this paper, we generalize the results of our earlier 

(1 2) work   '   to include the effects of the nonlinear contri- 

butions to the dipole moment of the anharmonic oscillators 

which form the bayic elements in one simple model, For the 

Morse potential oscillavor, when the nonlinear contribution 

to the electric dipole moment varies exponentially with 

interatomic separation, vo shall see that once again we can 

obtain closed, exact analytic expressions for the absorption 

coefficient at high temperatures, where the methods of 

classical statistical mechanics may be used. 

Earlier work has suggested   that in the region where 

the dominant contribution to the absorption coefficient comes 

from two phonon processes, in a number of alkali-halides, and 

semiconductors of the zinc blende structure, the contribution 
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from the presence of the nonlinear variation of the electric dipole 

moment interferes destructively with the part from anharmonicity in 

the crystal potential.  We find a similar behavior for a certain 

choice of parameters, and since we treat both the anharmonic and 

the nonlinear electric dipole moment contributions to the absorp- 

tion coefficient exactly for our model, we can explore the effect 

of this interference on the absorption coefficient for frequencies 

beyond the two phonon regime.  We shall see that the interference 

between these two contributions to the absorption coefficient can 

have a dramatic effect on its frequency dependence in the inulti- 

phonon regime, although its temperature dependence is not affected 

to any appreciable extent.  However, we shall argue on physical 

grounds that a certain parameter which enters the expression for 

the nonlinear electric moment should have a sign which favors 

constructive interference between the two contributions to the 

absorplion coefficient. 

The outline of this paper is as follows:  In Section II, we 

obtain a general expression for the absorption coefficient for 

the oscillator array, in the simultaneous presence of vibra- 

tional and electrical anharmonicity, by the methods of classical 

statistical mechanics.  In Section III, we apply this expression 

to the ease of an oscillator described by a Morse potential.  In 

Fection IV, we present a set of numerical calculations of the 

absorption coefficient in the presence of the nonlinear electric 

dipole moment, and we discuss the results of these calculations. 
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II.  General Theory 

In this section we obtain an expression for the time and 

thermodynamically averaged rate at which energy is absorbed from 

an external ac electric field by an anharmonic diatomic molecule 

possessing a nonlinear dipole moment. 

Our starting point is the general expression for this 

quantity derived in ref. 1, 

2 

«4|>) = -^  / <M(o)M(t)>ocosu)t e^l^dt .     (2.1) 
— 00 

In this equation 0 = (kgT)" , where kg is Boltzmann's constant 

and T the absolute temperature, E  is the amplitude of the 

external electric field, which is given by E (t) = E cos ujt, so 

that u) is its frequency, and M (t) =  M (x(t)), where M(x) is the 

dipole moment of the molecule as a function of the relative 

separation x of the two atoms comprising it.  The limit r\-* o+  is 

to be taken at the end of the calculation.  The angular brackets 

in Eq. (2.1) are defined by 

<A>o ■ I / "P  / d:c e 
-ß« o A(x,p,t) 

(2.2) 

for any function A (x,p,t), where H  is the Hamiltonian describ- o 
ing  the  relative motion of  the  two  atoms comprising  the molecule 

H 
■fc    +V^ (2.3) 
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Here p Is the momentum conjugate to the coordinate x . and m is 

the reduced mass of the nolecule. The partition function Z is 

defined by 

-PH 
Z ■ 

— CO 

y dp y  dx e P 0   . (2.4) 

We can write the time derivative of the dipole moment as 

M(t)=Ä*-> £- i q(x(t)) p<t)f (2.5) v '   dx   dt   m 

where 

q(x)HiMlxl (2.6) 

can be regarded as a position dependent effective charge. 

When we substitute Eq. (2.5) into Eq. (2.1), we obtain 

2   » 
(A) - 1°   f   <q(x(o)) p(o) q(x(t)) p(t)>0 X 

dt        Am* J 4m 

X Cosu) t e'^   dt   . (2.7) 

In refs.   1  and 2 q(x)  was treated as a constant  independent of 

x.     Our task here  is  to rewrite Eq.   (2.7)   in a form well  suited 

for  its evaluation when q(x)   is a nonconstant  function of x. 

The autocorrelation function  (q(x(o))   p   (o)  q   (x(t))  p   (t)>0 

can be written explicitly  in the form 
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(q (x(o)) p(o)q(x(t)) p(t))o 

■i /*/ 
-ß 

dx c 
k + v(x) 

q(x) p q (x(t>) p(t) 

(2.8) 

Because the Ilamiltonian ia time independent, we have expressed it 

in terms of the values of p and x at time t = o in Eq. (2.8). 

Thus, here and in what follows p and x denote p(o) and x(o), 

respectively.  In addition, as integration of the equations of 

motion shows, the values of the momentum and position at time t 

are functions of the initial values x and p, and wc indicate this 

explicitly by writing p(t) and x(t) as p(x,p,t) and x(x,p,t), 

respectively. 

We now rewrite Eq. (2.8) as 

(q(x(o))p(o)q (x(t)) p(t)) 

= 1   / dEe K"  /* dp  / dx 6(E - V(x) - jj )q(x)p x T^-eE 

— CD —00 

X q(x(x,p,t)) p(x,p,t) 

z /  dEe ^ / dx    / dp  x m 

""min "i (E) 

x q(>:)pq(x(x,p,t))p(xJp,t) 

(2.9) 

where 

=  [2m (E - V(x))]2 (2.10) 
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and XjCE) and x2(E) (with XjCE) <; Xg (E)) are the classical turn- 

ing points for motion in the potential V(x), i.e., they arc the 

solutions of 

V(x) (2.11) 

We  assume  that  the potential  V(x)  possesses  two classical  turning 

points  for energies  E s  E       ,   where E   .      is  the minimum value of mm        mm 

V(x),  The physical interpretation of pE is that it is the momen- 

tum at t = o at the point x in a motion corresponding to the 

total, energy E. 

The integration over p in Eq.(2.9) can be carried out 

directly with the result that 

<q(x(o)) P(o)q(x(t)) p(t) S  / dEe -IB 

E min 

;i  / 
x2(E) 

dx q(:Oq(x(x,pTi,,t))p(x,pv,t) 

x1(E) 

x1(E) 

J    dx q(x)q(x(x,-pE,t))p(x,-pE,t)J- (2.12) 

x2(E) 

Since the momentum at t = o for x in the interval (Xg (E), x1(E)) 

is the negative of that at the same point in the interval 

(x.. (E), Xp (E)), because the motion reverses itself at each 

turning point, the expression in braces is the integral over one 

period of the motion beginning at x^ (E), and returning to x1(E) 

after one period.  Consequently we can rewrite Eq.(2 12) in the 

form 

192 

— I i riiiiHiiiiiiMMiimiaiii 



mmm—— — m i w^^^^w^^ammm«'*!   "     wmm^ mmmmrimimmmmmmm 
111 

Sec. K 

1/ dE  e ■ßE 

Jmin 

(q(x(o))p(o)q(x(t))p(t))i 

X   y dx q(x)q(x(x,pE,t))p(x,pEt) 

The one-dimensional  motion of  a particle   in  a  region 

(2.13) 

bounded by  two  turning points   is a periodic   function of   time 
(7) 

with  a period  T(E)   given  by 

x2(E) 

T(E) .ysi f 
dx 

(2.14) 

X^E)     ^^^T 

This result holds for any initial position x and momentum pE in 

a motion corresponding to total energy E.  Consequently x(x,pE,t) 

and »(x.p^.t) are periodic functions of time with period T(E), 

and so, therefore, is q (x(x,pE,t)).  The integral over a period 

in Eq.(2.13) is thus a periodic function of time with the same 

period, and we expand it in a Fourier series 

ft dxq(x)q(x(x,pE,t))p(x,pE,t) 

where 

= Y    fn(E)e^
(E)t 

(2.15) 

n=-«' 

T(E) 

f (E) ^ YTEJ J   dt  6 dx q(x)q(x(x,pE,t))p(x,pE,t)  x 

o 

,inUJ(E)t (2.16) xe 
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and we have  delined 

2n 
m (E)    - YtEj    ' 

(2.17) 

The solution of the equation of motion for a particle moving 
(7) 

in a one-dimensional potential is given implicitly by 

dx' »-*, =(!)J 1 Xj^CE) 4xsx2(E) 
X^CE) -/^vrrq (2>18) 

if we measure time from the instant to at which the particle is 

at the left hand turning point x^E).  The solution of Eq.(2.18) 

can be written in the form 

xE(t) - x^E) ♦ fE(t-to) (2.19) 

where f (t) is periodic in t with period T(E), is an even function 
E 

of t, is even about t - T(E)/2, and vanishes as t-»o ' .  The 

momentum PE(t,) for the orbit of energy E is 

PE(t) = m -^ fE(t-to) - mgE(t-to) (2.20) 

where g   (t)   is periodic   in  t with period T(E),   is  an odd function 
E 

of   t,   and  is odd about  t  - T(E)/2. 

Using  these  results we can rewrite Eq.    (2.16)   for  fn(E)   l« 

the  form 

inuj(E)t 
fn(E)   "TOflf dX C1(X)   e 

T(
p
E)       ^(E)   (t-t   ) 

x  j  dt e 0    q   (x1(E)   +  fE(t-t0))   x 

o 
x  mgE(t-to) (2.21) 
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Since f^U) and g-it)   are periodic with period T(E) , and the 
£ b 

integral on  t  is over  a complete period,   this  expression becomes 

inujCEU T(E) 

fn(E)   = Y^y f dx q(x)   e J   dt  «C«!^))   PE(t)     x 

X     sin(nu)(E)t) , (2.22) 

where we have used the fact that fE(t) is even and gE(t) is odd 

about t = T(E)/2.  Moreover, because the integral on t is over a 

complete period of the motion, it is independent of the coordinate 

of the initial point, x. 

We now convert the first integral from an integral on x into 

an integral on t 

fn(E) 

-T(E) 

_i   f Ht   dx. 
T(E)  J a o  dt 

T(E) 
inu)(E)t   . 

e J dt q (xE(t))  x 

X PE(t) sin (nuj(E)t) (2.23) 

where x is obtained as a function of to by setting t - o in 

Eq. (2.18).  If we now make the change of variable to = - t , 

and use the fact that fE(t) in Eq. (2.19) is an even lunction 

of t, and that fE(t) and ggU) are even and odd, respectively, 

about t - T(E)/2, we find finally that 

mfn(E) - xk < (E> (2.24) 

where 
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T(E) 

Qn(E) - J dt q(xE(t)) pE(t) Bin(nw(E)t)  .     (2.25) 

It should be kept in mind that the coordinate x^t) and the 

momentum pE(t) appearing in Eq. (2.25) are obtained from Eq.(2.18) 

by setting t  =0. 

If we now substitute Eqs. (2.13), (2.15), and (2.24) into 

Eq. (2.7), we obtain for the average rate of energy absorption 

by a diatomic molecule 

(<~)) 
uußE 

4 m Z 
2?  Z  7f J  dE e~ßE Qj<E)6(«,-II«(K))   . 

n=l E 
mm 

(2.26) 

A quantity more closely related to experiment is obtained 

by multiplying Eq.(2.26) by N, the number of primitive unit cells 

in the crystal, dividing the result by the time averaged energy 

stored in the electromagnetic field, (€ VE2/.Sn, where P  is the 

optical frequency dielectric constant of 1 he crystal and V is the 

crystal volume), and finally mUiplying the answer bv c2/c     to 
'  too   ' 

obtain l/L, where L is the absorption length, the distance over 

which the energy density of the incident electromagnetic wave 

decays to 1/e of its initial value.  One obtains 

2 
I. 

_£.'-'?     1  v    1   r 
2       y   Z   L    n   \ 

a too     n 1    E 

dE o"pI'JQ2 (E) 6(uü-ny(i:)), 

mm 

(2.27) 
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where V  is the volume ol a pi'imilive unit cell of the crystal. 

This result is the desired generalization ol the results of Rel. 

1, to which it reduces wher q(x) E q, a constant. 

III.  Ajipl i cat ion j/> the Study of Mul t iphonon Absorpt ion for the 

Cast» of n  Morse Potential: 

In order to apply the result given by Kq. (2.27) to a 

particular example, we have to choose not only the potential 

function V(x) but the functional form of the dipole moment function 

M(x) as well.  In this paper, we will choose for V(x) the Morse 

potent ial 

,2 
V(x) - D [l-exp (-a[x-xo])J     , (3.1) 

because predictions based on its use have been found to be in 

(2) 
pood agreement with experiment in our earlier work. 

To motivate the choice of the form for M(x), we consider 

contributions with two distinct physical origins.  The first of 

these is the dipole moment generated by the displacement of the 

tw; charged ions, regarded as point charges of fixed strength, 

from their equilibrium positions.  If we consider only the part 

of M(x) which depends on the displacement of the ions from their 

equilibrium position, then this contribution to Mix) may be 

written 

n^Cx) - q (x - xo) (3-2) 

where x is the separation between the ions, and xo is the equilib- 

rium separation. 

The second contribution to the dipole moment arises from 

the deformation of the election charge distributions of the two 
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atoms as they move with respect to each other.  As a result of 

this, the center of negative charge on each atom can be displaced 

with respect to its nucleus, giving rise to a dipole moment on 

each atom, which in the lowest approximation is linear in the 

relative displacement of the two atoms.  It is physically reason- 

able to presume this contribution varies with interatomic separation 

in a manner similar to the repulsive term in the interatomic 

potential, as Szigeti has suggested. vi;  (Strictly speaking, it 

should vary in a manner similar to the short range part of th. 

potential which arises from overlap of the atomic cores.)  With 

this thought in mind, the contribution to the dipole moment 

which results from deformation of the electron cloud will be 

written in the form 

. -6a(x-x )  . 

m2(x) =qvno      1 e 1 f • (3-3) 

The parameter m  is a measure of the strength of the nonlinear 

contribution to the dipole moment, and & is a measure of its spatial 

range.  If we choose s: 2, then the spatial variation of m^Cx) is 

the same as that exhibited by the repulsive contribution to the 

Morse potential.  We shall regard s and mo as parameters which can 

vary over a considerable range. 

Thus, the total dipole moment M(x) assumes the form 

-sa(x-x ) 
M(x) =q [ (x-xo) +moxo{e "     0 -1 } ] 

(3.4) 

for our model.  For small values of (x-xo), M(x) may be approx- 

imated by the form 
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M(x)   a. q   [l-sam x   ]   (x-x   ) . (3.5) 1   L o o o 

We  may   rewrite  this  result   in  Die  form 

4 

where the quantity 

M(x) - e  (x-x )    , (3.6) s    o 

e  = q [1 - sam x 1 (3.7) 
B *   v O   OJ 

is identified as the Szi^eti effective charge of the ion pair. 

If we accept the preceding interpretation of the pieces 

m.. (x) and m„(x) of the total dipole moment function M(x) literally, 

then the charge q must be interpreted as the magnitude of the 

static, or valence charge on each member of the ion pair.  While 

the quantity e  defined in Eq. (3.6) is quite clearly the 

Szigcti effective charge by definition, we wish at this point 

to relax our physical interpretation of the two distinct pieces 

of M(x), and focus our attention only on the properties of the 

complete function.  The reason is that if we retain this inter- 

pretation, then for the simple alkali halides q > e     , so the 

parameter m  is positive.  In Section IV, we shall argue that the r o 

form for M(x) obtained by this means (used also in the earlier 

work of S^igeti) is unphysical in one sense.  A physically reason- 

able form for M(x) is obtained by choosing mo negative; we shall 

see that this choice of m also leads to results for the fre- o 

quency dependence of the absorption coefficient in the multi- 

phonon regime consistent with the existing data.  These points will be 

discussed in detail in Section IV.  For the moment , we regard q, 

s and m as free parameters constrained in value by Eq. (3.7). 
o 
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It must also bo recognized that M(x) is not the electric 

dipole moment which couples to the macroscopic field E which 

enters in the calculation of the absorption coefficient.  Rather 

it is the dipole moment acted upon by the local field, which 

differs from the macroscopic field by the addition of the Lorentz 

field.  We can correct approximately foi the negljct of the 

Lorentz field by noting that the relation between the Szigeti 

effective charge and the transverse effective charge cr   (which 

is the charge which couples to the macroscopic field) is 

eT  -   [-3-)        % ' <3-8> 

where €„ is the high frequency dielectric constant. 

4  '*       "* (This relation assumes the Loreniz field is — P, where P is the 

macroscopic polarization in the crystal.)  Thus, if wa replace 

M(x) by 

f    +2 
M(x) [m1(x) + m2(x) !  , (3.9) :; { "1 ^ 2 

we obtain an approximate expression for the electric dipole 

moment which couples to the macroscopic electric field. 

The position dependent effective charge which enters the 

expressions in Section II is defined by 

q(x) dM 
dx (3.10) 

so we have 

+2 
q(x) I'- 

-sa(x-x ) 
sm ax e o o ] (3.11a) 

■ Qj -^2 exP [-sa(x-xo)J  . (3.11b) 
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Note that q- and Qg are related to the transverse effective 

charge e^ in a simple manner 

Qi - q 2 i: eT (3.12a) 

We shall see shortly that the dimensionless parameter which 

controls the strength of the contribution to the absorption coef- 

ficient from the nonlinear electric moment relative to that from 

anharmonicity alone is the quantity 

R = q2 (3.12b) 

We now turn to the derivation of the form of the absorption 

coefficient for the model described in the preceding paragraphs. 

The solution of the equation of motion for a particle moving 

in a bound orbit of energy E of the Morse potential, with the 

particle at a classical turning point at t = o has been shown to 

(1) be 

I 
XE(t) = Xo+ I ln D^E  + l ln I1'   ^'l   cos^E) * ] 

(3.13) 

for 0 ?; E s D   , where 

1 
^(E) = %(1- |)2 (3.14) 

and 

uu = (   2a2D Y 
o   \       *    ) 

It follows that the momentum P-(t) is given by 
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p m m (EV    w        sinjj(E)t PE(t) ' ä 'vDJ  w(E) •       -T 
1 - (E/D)2cosu)(E)t 

(3.16) 

When we substitute Eq. (3.13) into Eq. (3.11), we find that 

the effective charge q (xE(t)) is given by 

q (x (t)) " Qi - q2 (^f  r^  
i   ^ \ U y  [i-(E/D)i!cosa)(E)t] 

(3.17) 

We  turn now  to  the  expression  for  the  inverse  absorption 

the 

(2) 

length given by Eq. (2.27).  For the Morse potential E   = 0. r mm 
Then   if  we use   the  approximation 

2TT 

u>oß 

and make the change of variable 

E 

we obtain 

5 'i 

(3.18) 

(3,19) 

1 
L 

o2„  " 
WUJ0ß D 

2   ' 
m v c.c 

^  i  ]   d^ e~ßD^ QJ; (D?)6(tt>-ntt(D?)) 
a <»  n—i 

Combining Eqs. (3.14) and (3.19) we find that 

where 

6(li!-nju(D")) 

'o 1 - 

V 

2 2 
n m 

(3.20) 

(3.21) 

(3.22) 

o 
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It  follows  that 

2 «2^              ) 
1 2 UJ ß   D               L 
L 2 m •o v

m€i0   n== U . o 
+ 1 n 

-ßD^ 
0Q2 

n (D?0) 

(3.23) 

In writing  this expression we  have used  the  notation   that  [x] 

is   the   largest   integer contained   in x.     The restriction on   tb« 

summation  in Eq.   (3.23)   stems  from  the condition  that   the   total 

energy  of   the vibrational motion E be  less  than  the  dissociation 

energy   D of   the molecule.     According  to Eq.   (3.19)   this   requires 

that   ?     defined by Eq.    (3.22)   satisfy  the condition  0  ^   Z0 <  1- 

The  function Q     (E)   is  now obtained by  substituting Eqs. 

(3.16)   and   (3.17)   into  Eq.    (2.25): 

i 2TT/UJ(E) 

O  (I)  - 2l (Jh*     «(E)   f     it   sinin(E)t  Sinn„(E)t 

o l - |    costi)(E)t 

mq,. 
2TT/UJ(E) 

flV     (^lENS  ^(E)    r     dt       sin^CE)!   sinnj)(E)t 
\Dj       \   D  ) J  -—^ -^ 

0 [l  - |)  cosuJ(E)t] 

(3.24) 

Thus we can write Qn(DO   in  the   form 

Qn(^) -füi    J   IJr)   - ^ ^   (1"5)S  Jn(^) (3-25) 

where in 

y^) J sinxsinnx 
dx  1  

l-|2cosx 
(3.26a) 
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2TT 

f (?) = | dx  1 —rr  • (3.26b) 
[1-^cosxj 

The inverse absorption length can then be put in the form 
cc 

1   9    2   S2r.        S        1    -ßD^    9 

a  "'o ■ v c*c uu       n ac        o 
OS 

« K + q2 [l - (l - ?0)
s T^y] } ■  (3.27) 

where wo have used Eq. (3.12).  The second term in braces describes 

the effects of the nonlinear dipole moment. 

The integral I (§) has already been evaluated    , with the 

result that 

I  (5) = 2n  [-1 - ,/l^-[n   ^ itW) 
n p2   L    c"2    J 

To evaluate  J   (F),   we  first   integrate  by  parts  to obtain 

TT 

T   ,_v 2n       P   . cosnx  
Jn(5)   =  r dx     1  

s*2     i [1 -   ^2cosx]s 

_2n 

■? 

o 

TT 

t 1       r     ^ cosnx   f   dt   ts-l  e-t(l-^cosx) 
2     r(s)    J J 

o 

Jl     fW   I dt * '^ »"*    'n  ^t' • (3-29> 

where   I      (x)   is  a  modified  Bossel   function  of    the   first   kind, n 
(8) Thus  we  obtain  finally   that 
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n r 
(s4n)     1    p-n /  1 \ 

(3.30) 

u 
Where P  (z) is an associated Lependre function of the first kind, 

(9) 
Since n is an integer, we have the relation 

-n ,   .   m  r(v-n+l) pn ( . 
v U)       r(v+n+l)  v U; (3.31) 

which enables us  to  rewrite Eq.    (3.30)   in  the  alternative  form 

J   it) n   ' 
=     2nrr 

r(s-n) ,n 

tS(l-?)a s    s-1 .vi-5 
(3.32) 

which may be more convenient in certain contexts. 

If we substitute Eqs. (3.28) and (3.30) into Eq. (3.27), 

and use the definition, Eq. (3.22), we obtain 

ID 

1 
L 

8n!    ^    _B!D_      X 

m    J 
wo 

kDT \x       2 2 
1   e     B n tu 
3 

esr K -a-^ nr(s+n) 
s+1) 

n/2 
/^_\   S    /^o^\ p-n       (*o\ 

\n%) V^o'^l s"1    \  m I. 

In the present context a convenient representation for 

.-n 
Ps-1 ^^o^^ is 

( 10 ) 

(3.32) 
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V -n  (%,, 
s-1 I v 

n 
2 

"(n-tl)  \iU)0W    \     2*  I 

s-1 

1 - -Ä 

x F (l-s, n+l-s; n+1;   
\ 1 + 

Ö) 
o 

(3.33) 

where F (a,b;c;x) is Gauss' hypergeomelric function.  With the 

aid of this result we obtain finally 

1 
I 2 

2   2 9y I kBT  I
1 

Ul 2 
2 27 

n »o x 
o v €2c  n - [«-] + 1 D 

^n^-hu/     I eT  +  q2 L1   r(s+l)r(^l)  (^j 

s-1 
njt +a 

2uT F (l-s,n+l-s;n+l; 
nU)0-UJ 

110)04-, uu 

When s vanishes, 

(3.34) 
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when s is a positive integer, F(l-s, n+l-s; n+l;z) is a polynomial 

in K of degree s-1 ; when s is half an odd integer F(l,n+l-s;n+l ;z) 

can be expressed in terms of complete elliptic integrals of the 

first and second kinds. 

In terms of the parameter R = ci2/eT    introduced earlier in 

Eq. (3.12b), Eq. (3.34) may be written in the form 

Hn2 iü! _l!D 

a uu o v i*C a °° 

I 
2 1 

expf-ßDd - -f-j)! 
n UJ. 

n 

n 
/ ««U-« \  r     r,       r(s+n)   /iu \ 

/n^o+ai\ 
s-1 

l'(l-s,n-i-l-s;n+l; 
nn) -to 

n^+u) )])  • (3.36) 

In the limit R-»0, the expression in Eq. (3.36) reduces to 

(2) 
that employed in our earlier work   '.  Upon utilizing the form 

of the hypergeometric function valid for s=o given in Eq. (3.35), 

one sees that as s-»o, we also recover our former result, as physi- 

cal considerations demand. 
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IV.  Results and Discussion 

We have carried out a scries of numerical calculations of 

the frequency and temperature dependence of the absorption coef- 

ficient in the presence of the nonlinear electric dipolc moment. 

In these calculations, we evaluate the expression for the absorp- 

tion length given in Eq. (3.36) through the use of a series 

representation for the hypergeometric function.  In this section, 

we present these results, and we discuss their relationship to 

earlier work in the field. 

In all of the calculations, we have chosen the Reststrahl 

frequency IJU0 > and the Morse potential parameters, appropriate to 

NaCl.  The parameters D, a, and x. for NaCl are tabulated in 

our first paper ^ '.  We are then left with the dimensionless 

parameters s and R.  It is reasonable to presume that s does 

not differ greatly from unity, and the parameter R is less than 

unity.  For NaCl , if we presume the parameter q in Eq. (3.2) 

equals the electron charge e, and note th it the Szigeti effective 

charge es in NaCl is «0.75, then we find R=+ 0.35.  The first 

series of calculations described below employ this value of R. 

In Fig. 1 we present calculations of the effect of the 

nonlinear electric dipole moment on the absorption coefficient 

for NaCl  at 900 K, for several values of s, and R-+0.35.  Recall 

from the remarks at the end of Section III that when s=o, there 

is no effect of the nonlinear electric dipole moment in our 

model, since the effective charge function q(x) of Eq. (3.11) 

becomes independent of x.  Thus, the curve s = o in Fig. 1 
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(2) is the same one that appears in one of our earlier papers,   which 

assumed R = 0. 

We see from Fig.l that for this value of R the presence of 

the nonlinear electric moment has a dramatic and qualitative effect 

on the frequency dependence of the absorption coefficient.  The 

large dip occurs because when R is positive, the contribution to 

the absorption coefficient from the nonlinear electric dipole 

moment interferes destructively with that from anharmonicity in 

the potential.  In ths two phonon regime, this interference effect 

reduces the magnitude of the absorption coefficient compared to 

the value appropriate to the case R = 0, as Szigeti pointed out 

previously.  In essence, within the framework of our simple 

model, we are able to extend Szigeti's calculation outside the 

phonon region, and we see the remarkable interference dip that 

results. 

For a fixed value of R, as the range parameter s increases, 

the position of the interference dip moves to lower and lower 

frequencies.  For s = i, the minimum occurs for a value of uu 

greater than 7UJ , and thus is not exhibited explicitly in Fig.l. 

This interference dip in the absorption coefficient is a 

very remarkable feature, particularly when one notes that in Fig.l 

we plot the logarithm of the absorption coefficient as a function 

of frequency.  One may ask whether the absorption coefficient 

vanishes identically right at the minimum, or whether it is 

simply very small there.  For general values of s, we have been 

unable to answer this question by analytic means, although for 

certain particular values of s, one may see that the answer is 
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that the absorption coefficient vanishes identically for the model, 

at the minimum.  The reason is that for integral values of s, the 

hypergeometric function F which appears in Eq. (3.36) is repre- 

sented by simple analytic expressions.  For example, for s = 1 and 

s = 2, we have 

F(o,n;n+l;z ) - 1 (s -1) (4.1a) 

F(-l,n-l;n+l;z)  - i-itt)' (s =2) . (4.1b) 

If these results are inserted into the expression for the 

inverse absorption length L, then we find the simple results for 

s ^ 1 and s = 2: 

■ - 1: 

1 - [! + R(l - jj- ) ]  lo    ; (4.2a) 

s = 2 

o  UJ ' 
(4.2b) 

In l£qs.  (4.2), the quantity L is the absorption length calculated 

in the absence of the non-linear electric dipole moment, i.e. this 

quantity is given by Eq. (3.36) with R=0. 
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Thus, for these two special values of s, the effect of tne 

nonlinear electric dipole moment may be represented by multiplying 

the expression for the absorption coefficient for RrO by a fre- 

quency dependent factor.  It is clear that for R>0, the absorption 

coefficient vanishes identically at the minimum.  Furthermore, 

for a Riven value of R, one sees that the zero in the absorption 

coefficient occurs for a larger frequency when s = 1 than it does 

for s = 2. 

In Figs. 2 and 3 we present results of calculations of the 

frequency dependence of the absorption coefficient for NaCl at 

room temperature, again for R -  +0.35. and the values of s used 

in Fig.l.  As before, the curve s=0 is the same result that 

appeared in our earlier work.  Once again the dramatic inter- 

ference dip is the most prominent feature in the curves.  Within 

graphical accuracy, the position of the interference dip is 

independent of temperature in each case.  Tho analytic results 

displayed in Eqs.(4.2) show that for s = 1 and s = 2, the posi- 

tion of the zero  in the absorption coefficient is rigorously 

independent of temperature, and the numerical calculations indicate 

that this is so also for other values of s, to a very good approx- 

imation. 

We have explored the effect of the nonlinear dipole moment 

on the temperature dependence of the absorption coefficient for our 

model of NaCl at 10.6 ^m, which corresponds to a frequency of 5.8 % 

for this material.  When R = + 0.35, and for the values of 8 used 

in Figs. 1 - 3, we find that to within graphical accuracy the 

temperature dependence of the absorption coefficient is left 
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unaltered by the finite value of R.  In Fig.4 we present a plot of 

the temperature dependence of the absorption coefficient for NaCl 

at 10 6 um, with the absorption coefficient normalized to its value 
(2) 

at room temperature.  As discussed in one of our previous papers, 

this curve provides an excellent fit to the data of Harrington and 

Hassi4) from room temperature up to the melting temperature of the 

crystal, 

As we indicated in the preceding discussion, the most 

prominent feature of the curves which describe the frequency 

dependence of the absorption coefficient of the model is the 

very large, sharp dip produced by the destructive interference 

between the contribution to the absorption coefficient from the 

nonlinear electric dipole moment and that from the anharmonicity 

in the potential function V(x).  This feature is present in all 

of the curves, with its precise location controlled in any partic- 

ular case by the numerical values of R and s.  This interference 

minimum occurs only when R is positive; for R negative, no such 

dip occurs, and the absorption coefficient exhibits the well 

known monotonic, quasi-exponential falloff in frequency.  To 

illustrate this, for s = 1, in Fig. 5 we have plotted the fre- 

quency dependence of the absorption coefficient for several values 

of R between +0.35 and -0.35.  For R = +0.1, there is a sharp dip 

in the frequency dependence of the absorption constant, but it 

lies at frequencies higher than the value 7u)o, the highest fre- 

quency on the graph.  For negative values of R, the shape of the 

curve which describes the variation of the absorption coefficient 

with frequency is remarkably similar to the curve at R = 0, save 

212 

^Ma .. . ^M.. ..   ■■ --■ jta-r. ^II in .i - -i 



■ "" *^^^™*^mm****~'^mmmmmmi^mi^mmm^mmmm^*-^ 

Sec. K 

for '^n upward shift which arises from the constructive inter- 

ference between the contribution from the electrical and the 

mechanical anharmonicity. 

We next tarn to a discussion of work closely related to 

ours, and also to an examination of the form of M(x) used here 

and by previous authors, to decide on physical grounds which 

sign of the parameter R is most reasonable. 

The only paper to examine quantitatively the effect of 

the nonlinear variation of the electric dipole moment with 

interatomic spacing on the absorption coefficient in the multi- 

phonon regime (i.e. for frequencies beyond that dominated by two 

phonon processes) is a recent work by McGill, Hellwarth, Mangir 

and Winston;11^ These authors also consider the theory of infra- 

red absorption by an anharmonic Morse potential oscillator. 

However, they approach the problem quantum mechanically, and 

assume the effect of anharmonicity is sufficiently weak that 

the energy levels of the oscillator can be regarded as equally 

spaced.  This approach, which is the quantum mechanical analogue 

of the quasi-harmonic approximation employed in our first paper, 

leads to a line rbsorption spectrum which consists of a sequence 

of sharp lines centered at the frequencies nu)0, where uu0 is the 

frequency of the oscillator computed in the harmonic approximation. 

These authors examine the effect of nonlinear contributions to the 

electric dipole moment by assuming for M(x) the form 

(1) 

M(x) ...^.^(^sl^al) (4.3) 
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where S is a dimenslonless parameter chosen to be positive in sign, 

with a value between 0.1 ind 0.5. 

We can see that, in a certain sense, the assumption made by 

McGill et al. that their parameter S is positive corresponds to 

the choice R > 0 for our case.  If our expression for M(x) is 

expanded as a power series in (x-xo), and terms higher order than 

2 
(x-x )  are discarded, we have 

M(x) = e* [x-xo] (1 +-2 axos [^fo] +...)    .(4.4) 
Xo 

Thus, if we choose R > 0, we find that the curvature of M(x) 

at the origin, considered as a function of (x-xo), is positive, 

as McGill et al. assume. 

McGill and coworkers state that they find little effect of 

S on the temperature dependence of their computed values of the 

absorption coefficient, as we do.  However, they find that the 

nonlinear variation of the moment has only a very small quantitative 

effect on the frequency dependence of the absorption coefficient. 

This is a result quite in contrast with the results of our analy- 

sis, and also in contrast with that of Szigeti's earlier study. 

We have no clear understanding of why this is so, since in all 

three papers the nonlinear part of M(x) is presumed to be of 

comparable magnitude to that used here. 

The ilrst theoretical study of the interference between 

the contribution to the absorption coefficient from the nonlinear 

part of M(x) and the anharmonicity in the crystal potential is 

the paper of Szigeti cited earlicr.(6)  Szigoti confined his attention 
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to the frequency region where the absorption coefficient is domin- 

ated by the contribution from two phonon processes.  He writes 

down a general expression for the contribution to the absorption 

coefficient, examines its general structure, and by estimating the 

magnitude and sign of a certain parameter cpjj which enters his 

theory, he concludes tnat destructive interference between the 

two contributions occurs.  Indeed, his estimate of the parameter 

cpj. shows this quantity is large enough that an interference 

minimum similar to that we obtain for R > 0 occurs near or within 

the high frequency end of the two phonon absorption bands.  Szigeti 

then argues that cpy must be smaller in magnitude than the value 

deduced from the simple model he introduces to make this estimate. 

Our model for M(x) is in fact patterned after the one Szigeti 

introduced to provide the estimate of the parameter cpi:j which 

appears in his theory.  He considers a diatomic linear chain, 

with positively charged ions in the even numbered sites, and 

negatively charged ions in the odd numbered sites.  For the electric 

dipole moment M he writes 

M ^ e 5 ^n-^n-l* + B 5 {•«PHJCail-Xan.l)]- exph(x2n+r
X2n) 

(4.5) 

where B is a parameter, presumed positive, with the dimension of 

charge, and x  is the displacement of the r  ion from its equilibrium 

position.  From Eq. (4.5) one sees that the electric dipole moment 
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associated with the bond between the ion at the site 2n and that 

at site 2n-l is 

M2n - e (x2n " X2n-1) + B {exp ['^X2n "  X2n-1)] " 1 }   . 

(4.6) 

We have chosen our function M(x) to have precisely the same 

functional dependence on relative displacement of the ions as 

Szigeti's form.  In fact, he chooses 3 > 0, the sign which 

corresponds to R > 0, in our notation.  Our work and his thus 

agree that when R > 0, destructive interference between the two 

contributions to the absorption coefficient occurs, and that this 

effect is surely quantitatively significant even in the two phonon 

regime, for physically reasonable values of R. 

We next turn in our discussion to consideration of a very 

simple physical argument which suggests that one should expect 

R to be negative, ^nd not positive, as Szigeti and McGill et al. 

have presumed. 

Consider a diatomic molecule constructed from inequivalent 

atoms, so one bears a negative static charge and the other bears 

a positive charge, when the nuclei are at rest. Now, increase 

the internuclear separation, and consider the change in electric 

dipole moment. If the election charge follows the nuclei rigidly 

without "flowing" from one atom to another, the change in dipole 

moment is just e (x-x ), where e is the charge on each ion when 

the nuclei are at rest.  We know when the ions are very far apart, 
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we have two electrically neutral atoms, and the electric dipole 

moment must vanish identically at large separations.  Thus, we 

see that as the internuclear separation is increased, electrons 

must "flow" from to the negative ion to the positive ion at a 

rate which insures the ions become elecrically neutral at large 

separations.  Clearly the dipole moment varies linearly with 

(x-xo) for small values of (x-xo), so we can always write M(x) - 

e (x-x )  where e  is a phenomenological parameter (the Szigeti 

effective charge).  The physical argument suggests es < ev, as a 

consequence of the electron counterflow. 

These arguments are well known.  What we wish to focus 

our attention on here is the fact that necessarily M(x) must 

approach zero at large separations.  This suggests that if M(x) 

varies smoothly with (x-xo), the second derivative ot M(x) in an 

expansion of this function in powers of (x-xo) should be negative, 

since M(x) should begin to turn down and drop below the linear 

law e (x-xo), as (x-xo) increases.  This argument  is not rigorous, 

of course ^but we feel it suggests that on physical grounds the 

sign of the quadratic turn in the expansion should be opposite that 

of the linear term.  To support this view, we note that a recent 

careful analysis of oscillator strengths associated with the 

HCl and the CO molecules bv Toth, Hunt and Plyler(12) has shown 

that for both molecules the quadratic terms in the expansion of 

V(x) have negative coefficients, as our argument suggests. 

With this thought in mind, upon examining Eq. (4.4). we 

conclude that the physical considerations in the preceding 
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paragraph require that we choose a model with a negative sign for 

R, and not the positive sign assumed by earlier authors, which 

produces the dramatic interference minima evident in Figs.1-3 

of the present paper.  In fact, there is no experimental evidence 

for such an interference minimum in the frequency dependence of 

the absorption coefficient in the multiphonon regime in any 

(13) crystal examined experimentally so far. 

Furthermore, in the alkali halides, in our earlier work, 

'   we saw that the simple theory with R = 0 provided an 

excellent account of the frequency and temperature dependence of 

the absorption coefficient.  From Fig.4 we see that for R < 0 

there is little change in the shape of the curve which describes 

the frequency dependence.  The effect of the nonlinear variation 

of the electric dipole momout with internuclear separation is 

principally to increase the magnitude of the absorption coef- 

ficient, leaving the shape of the curve relatively unchanged in 

the multiphonon regime.  It is interesting to note that in our 

second paper we used our theory with R ^ 0 to make a quantitative 

estimate of the magnitude of the absorption coefficient at 10.6^ 

in NaCl and NaF, at high temperatures.  In both cases, the 

theory produced a value for the absorption coefficient that was 

too small by a factor of roughly 2.5 in the case of NaCl, and a 

factor of 4 for NaF.  If we presume R < 0, then the presence of 

the nonlinear contribution to M(x) with interatomic separation 

provides a rensonable explanation of this discrepancy. 

Thas, we conclude that a considerable body of evidence, 

from physical arguments, molecular data, and the absence of an 
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interference minimum in the frequency dependence of the absorption 

coefficient in the multiphonon regime in alkali halides, supports 

the suggestion that the curvature of the function M(x) for small 

(x-xo) should be negative; for our model this requires R < 0. 

If we accept this, and use the functional form for M(x) 

employed here and In Szigeti's paper, then we must abandon the 

physical interpretation placed on the two pieces m^x) and m2(x) 

which led to the final form of M(x).  If we retain this inter- 

pretation, then we must choose q equal to the static charge on 

each ion, and through Eq. (3.7) we shall find R > 0, since the 

Szigeti effective charge e* is less than the static charge on 

each ion, for the simple alkali halides.  It is quite reasonable 

to use the form of M(x) in Eq. (3.4) to describe the variation 

of the electric dipole moment with interatomic separation, and 

to assume that q, R and s are to be determined from experimental 

data and the constraint in Eq. (3.7).  This functional form is 

qualitatively reasonable, and has the virtue that in one simple 

limit (R - 0) it reduces to a function with a linear dependence 

on (x-x ).  It does have one defect.  In the limit (x-xo) - -, 

the physical requirement M(x) ■*  0, is not satisfied.  This should 

not be a serious limitation of the empirical form for M(x) for 

our purposes, since in solid state applications one is always 

involved with the regime where the mean square vibration ampli- 

tudes are a small fraction of the inter-nuclear separation, so 

the behavior of M(x) at values o^ (x-xo) that are large is of 

little consequence. 
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We conclude by noting that we have not yet discussed the 

(14) paper by Flytzanis.    This paper examines the relative magni- 

tude and sign of the contribution to a nonlinear susceptibility 

from anharmonicity and the nonlinear variation of the electric 

dipole moment for some crystals of the zinc blende and wurtzite 

structures, and its relation to the absorption coefficient in 

the two phonon regime.  We are concerned here with the alkali 

halides primarily, so there is little direct overlap between our 

analysis and his.  In fact, a key step in Flytzanis' analysis is 

the replacement of a certain quantity 0  / (which depends on the 

wave vector of each phonon created in the two phonon absorption 

process) by its value at the Brillouin zone center R - 0.  The 

resulting quantity, denoted by 0  /by Flytzanis, vanishes 

identically in the alkaii halides, and any crystal which possesses 

a center of inversion.  Thus, the analysis of Flytzanis cannot be 

extended to the alkali halides.  Furthermore, we are somewhat 

concerned by this one approximation, since ©  / evaluated at 

finite k and the quantity 0  / Flytzanr'.s replaces it by have very 

different synunetry properties, and it is not clear to us that 

this replacement gives one a reliable measure of whether the two 

contributions to the absorption coefficient interfere construc- 

tively or destructively.  For example, in both zinc blende and 

wurtzite, 2     *   is non-zero oily by virtue of the lack of an 

inversion center, while for general values of the wave vector 

0  / is non-vanishing even in the presence of an inversion center. 

Thus, on the microscopic level, these two quantities may depend 

on different physical parameters of the crystal. 
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Figure Captions 

Figure 1:  The effect of the nonlinear electric dipole moment 

on the absorption coefficient at 900OK for several values of s, 

and R = +0.35.  The remaining parameters have been chosen to 

characterize NaCl. 

Figure 2:  The effect of the nonlinear electric dipole moment 

on the absorption coefficient at 300OK for several values of s, 

and R = +0.35.  The remaining parameters have been chosen to 

represent NaCl. 

Figure 3:  The effect of the nonlinear electric dipole moment on 

the absorption coefficient at 300OK for several values of s, and 

R ■ +0.35. The remaining parameters have been chosen to represent 

NaCl.  The dot-dash line shows a portion of the curve for s = 0, 

for reference purposes. 

Figure 4: The temperature dependence of the absorption coeffi- 

cient at 10.6^ in the model of NaCl. We find that the temper- 

ature dependence is unaffected by the presence of the nonlinear 

electric dipole moment. 

Figure 5:  Frequency dependence of the absorption coefficient for 

NaCl at 900OK, for s = 1 and several values of R. 
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Sec.  L 

L.  VERTEX CORRECTIONS FOR MU1TIPHONON ABSORPTION 

In the previous technical report,    vertex correction factors An were calculated 

for all processes through n = 6, where n is the number of final phonons created in 

the absorption process.   In numerical calculation progress, the value of An  was 

needed.  Thus, this seventh-order vertex has been calculated. 

From the previous technical repor or Ref. 2, 

A7 ■  E   s<m>4m 

m=0 

(1) The absorption vertices for S-      are shown in Fig. L 1. Adding the five contrlbu- 

(1) tions from the figure gives S7
v; =  12.360.  The absorption vertices for the other 

S ^m' are straightforward but cumbersome, there being almost one hundred dia- 

grams, which will be supplied on request.   The results are 

2 3 
A7   =   1+ 12.360 5 + 27.2088 ^ + 17. 88235 ^ 

4 5 
+ 4.06695 4    + 0.2274$      . (1) 

For i = 0.18, 

I A7  I     ■   17.766 (2) 

2 3 
For the Einstein model,  4 = 1, and (1) gives  |A7 |    • 3.812 x 10 .   It is clear 

that the value of the vertex correction is sensitive to the model, and that the Ein- 

stein model grossly overestimates the value of the vertex corrections. 
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Figure LI. Absorption vertices for S^ (1) 
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Sec.  M 

M.   NEGLIGIBLE INTRINSIC-ABSORPTION PROCESSES 

There are many effects in addition to those considered in the present and 

previous reports that give rise to infrared absorption, but whose strengths are 

too small to be observable.   Simple order-of-magnitude calculations indicate 

that ultraviolet-induced infrared absorption and low-intensity inelastic scatter- 

ing including Raman, Brillouin, and ionic Raman and Brillouin scattering, are 

in this category.   These are discussed only very briefly in view of the negative 

results. 

Ultraviolet-Induced Infrared Absorption.  One possible, but unlikely, source 

of absorption at 10.6^m is absorption due to free carriers produced by ultra- 

violet radiation present in CO« laser environments.  In an experiment at the 

Air Force Cambridge Research Laboratories, the 10. 6fim absorption coeffi- 

cients of several laser-window materials, including GaAs and CdTe, simultan- 

eously illuminated by 3.6 milliwatts of 325 nm laser radiation and 10.6)Lim laser 

radiation were measured.      Potassium chloride also was studied, but the results 

are less meaningful since the band gap E    > "R to     .  The experiments yielded a 

negative result as the following order-of-magnitude calculation shows should be 

the case. 

3 
Consider a I cm    sample, 1 cm on a side.  Assume that all of the 325 nm 

radiation is absorbed uniformly throughout the sample with each photon pro- 

ducing an electron-hole pair.   Hence the rate of pair creation is 

rate of pair creation = I /"fi to , (1) 

where to  is the ultraviolet laser frequency.  The created pairs will recombine, 

with a characteristic lifetime T^ : 
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rate of recombination =  n/T0 P     K (2) 

where n    is the number of pairs present.   In equilibrium, d n  / d t = 0, and we 

can equate the rates of creation and recombination, which yields 

n    =  I Tp /t» co . 
P R (3) 

-3 2 Using 1      =  4 x 10    W/cm    and underestimating the recombination rate with 

TR   =   10'   sec which overestimates the free carrier concentration and infrared 

absorption, (3) yields n    = 7 x 10     cm    . 

To calculate ß we first use the Drude formula for the complex dielectric 

2 
constant 

to. 

^   '   "2—"  
co   +ia)/T, 

(4) 

where T    is the electron relaxation time and c 

2 2 co      =4Trne/m    . (5) 

In (4) and (5), c     is taken to be unity, co is the frequency of interest, co    is 

the plasma frequency determined by the number of free carriers, n = 2 n   , and 

m and e are effective mass and effective charge of the free carriers which are 

approximated by the electronic mass and charge, respectively.   The collisional 

-13 -15        3 
relaxation time T    usually falls in the range 10       sec to 10       sec.       With 

these values, (5) yields co,    = 7 x 10     sec    .   Substitution into (4) yields the 
P 

imaginary part of the dielectric constant 

2/3 2.3 Q    in-12 ,    0 v in-10 
€„   2:   CO/CO    T      =   CO/CO   T      =   9x 10 to   9 X 10 
v p C p 6 
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-7       -1 -5      -1 Using ß 2= 2tr c»/X yields ß(10. 6fim) = 5x 10     cm     to 5 x 10    cm    , 
4 

which is completely negligible.       Hence under the conditions of the experiment, 

there should be no coupling of the infrared and ultraviolet absorption, and the 

heating should simply be a sum of the two sources separately.   Similarly, in 

the CO„ laser systems there should be no coupling unless there is nearly 

2 
IW/cm   of ultraviolet radiation present. 

Low-Intensity Inelastic Scattering.   A slight amendment to the estimate in 

Sec. D of the effect of Raman scattering at high intensities shows that inelastic 

scattering is negligible at low intensities, that is, for I ^ 0. 9 I   .   As the in- 

tensity decreases through the threshold value 1  , the Stokes intensity decreases 

almost discontinuously by seven orders of magnitude, typically.   The value of 

-3 -10 
(0 L) ff  is reduced from ~ 10      in the high-intensity case to ««10 in the 

low-intensity case.   The ionic Raman and Brillouin processes are known to be 

weaker than the usual electronic ones. 

A number of other effects are shown to be negligible in Sec. D on nonlinear 

effects and Sec. B  on imperfection absorption. 
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NMAB Ad Hoc High Power Infrared Laser Windows Committee Meeting, Washington, 
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APCRL'NYU Mulriphonon Absolution Conference, New York University,  New 
York,  February 7-8,  1^73. 

"Figures of Merit for High-Power Infrared Windows," University of Southern 
California Physics Department, March 2,  1973. 

Review of ARPA-Supported Laser Window Research, ARPA, Arlington, Virginia, 
April 25-26,  ll)73. 

ARPA Materials Research Council Summer Meeting on Materials Problems Re- 
lated to Reflection and Transmission of High-Power Ultraviolet Radiation,  La 
Jolla, Calif., July 19-20,  1973. 

Redstone Arsenal, Huntsville, Alabama, September 28, 1973. 

Combat Surveillance and Target Acquisition Laboratory,  Fort Monmouth, 
New Jersey, Novembers,  1973. 

Avco Everett Research Laboratories, Boston, Massachusetts, November 15, 1973. 

QUTL1NF OF RESULTS 

This outline-form summary includes all results of this program and the previ- 

ous- programs, rather than being restricted to the present report period as are the 

other sections.  A summary of results of the present report period is included at 

the beginning of the report.   A brief overview of the results can be obtained by read- 

ing IA, IB, etc., and skipping the subentries 1, 2, etc. 

I.     Intrinsic Multiphonon Absorption 

A.    The observed exponential frequency dependence of the optical absorption 

coefficient ß was explained qualitatively and quantitatively with no ad- 

justable parameters in terms of multiphonon absorption. 

1. Phonon dispersion was included. 

2. The central-limit theorem was used to reduce multiple sums to easily 

evaluate single sums. 

3. A reasonable model with no adjustable parameters was employed. 

4. The approximations used were shown to be reasonable. 

5. It was demonstrated that confluence processes, in which some thermally 

excited phonons are annihilated, are negligible in the exponential region. 
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6.     The vertex corrections through n ^ 7 for a reasonable lattice model 

were calculated, and it was shown that the Finstein model overesti- 

mates the importance of vertex corrections. 

B. The exponential frequency dependence ß ~ exp(-a3T)  was derived 

directly, rather than as a sum of n-phonon terms. 

1. The range over which the exponential law is valid was determined. 

2. An equation for T  in terms of a single-phonon sum was derived. 

C. The anomalous temperature dependence of )3 observed in the exponential 

frequency region was explained by including the temperature dependence 

of the phonon frequencies and lattice constant in the theory, and good 

agreement with experiment with no adjustable parameters was obtained. 

D. A quasiselection rule that the decay of a fundamental phonon into two 

acoustical or two optical modes is weak in NaCl-structure materials was 

proposed and used to explain a number of observed features of these ma- 

terials. 

E. An explanation involving finite phonon lifetimes was proposed to explain 

the fact that the alkali halides show less structure in the j3-co curves 

than do the   smiconductor crystals. 

F. A one-dimensional model was developed as the simplest model which 

gives nonzero higher-order dipole moments ( Lax-Burstein effect). 

1. It was emphasized that relative importance of the Lax-Burstein 

anharmonic-potential mechanism is strongly model dependent. 

2. It was shown that the simplest model suggests that the Lax-Burstein 

mechanism is not negligible in NaCl-structure crystals, but that 

this result is not conclusive in view of (1) above. 

G. An exactly solvable isolated-molecule classical model of a lattice of nonin- 

teracting anharmonic diatomic molecules was developed and the results 

were applied to a number of potentials without making the approximations 

that previously gave ß as a sum of delta functions to obtain ß(co,T) in 

satisfactory agreement with experiment at high temperature. 
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1. Four potentials were used: a Morse potential, a potential of the 

form V(x) ■ (a/x2 ) + bx2 ,  an infinite square well potential, and 

a triangular-well potential. 

2. The absorption coefficient for large frequencies associated with po- 

tentials which admit an harmonic approximation decreases nearly 

exponentially over the frequency region covered by recent experi- 

ments, in agreement with the results of previous theories. 

3. For the square and triangular well potentials, the absorption de- 

creases Uke co'2 for frequencies large compared to a characteristic 

frequency. 

H.    The isolated-molecule classical model was used to calculate ß{u>) with 

both anharmonic-potential and Lax-Burstein mechanisms included. 

I.     Ultraviolet-induced electrical-carrier infrared absorption was shown to 

be negligible. 

J.      Four inelastic scattering processes (Raman and Brillouin, both electronic ^ 

and ionic) were shown to be negligible at current low intensities (~kW/cm ). 

II.    Extrinsic Absorption Processes 

A.    It was shown that very low concentrations of absorbing macroscopic inclu- 

sions (volume fractions as low as lO-8) can give rise to ß ~ 10     cm    , 

and the temperature and frequency dependence of ß was calculated. 
2    t 

1. The frequency dependence of ß ranges from increasing as to . to 

independent of w. to exponentially decreasing with ut. 

2. The temperature dependence ranges from independent of T to in- 

creasing as Tp in the high-temperature limit, where p - 2-4 

typically. 

3. Correct cross sections were included. 

4. Effects of different types of inclusions were analyzed. 

5. Material failure from localized heating also was considered. See 

III A. 

2. 
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B.     It was demonstrated that very low concentrations (as low as parts per 

billion) of a number of molecules that go into anion sites can give rise 
-4      -1 to ß = 10    cm     at 10. 6)im, 

1. There are many molecules that fit into anion sites in alkali halides 

and retain their free molecule character to a large extent. 
-3 

2. The frequency line widths are small, with ACO/ü; ^ 5 x 10     typi- 

cally, compared with 8 x 10     typically for the fundamental resonance. 

3. The molecules most likely to give rise to absorption at 10. 6 jxm are 

NO~   HGOT, SO^', and CrO^", all of which are estimated to give 
-4 l ß =  10     cm"1 for less than 0. 1 ppm. 

C.    It was pointed out that the U center is the only known impurity in alkali 

halides that have localized vibrational modes sufficiently close to 10. 6 ^im 

to cause noticeable absorption. 

1. Absorption in the far high-frequency wing (co » aJres ) of the 

impurity-absorption resonance, in addition to absorption near reso- 

nance, may be important, in contrast to previous beliefs. 

2. The high-frequency side of resonance is more important because the 

intrinsic absorption decreases rapidly with increasing frequency, 

making the extrinsic absorption relatively more important. 

3. Gap-mode and resonance-mode absorption were shown theoretically 

to be negligible at 10.6^m . 

4. Impurity-induced infrared activity of phonon modes was estimated 

to be negligible. 

D.    Analyses and estimates of surface absorption indicated that surface ab- 
-4-1 

sorption can give rise to an equivalent absorption of ß = 10    cm    . 

1. Molecular absorption (seeIIB) and inclusion absorption (see 11 A) 

are two sources of surface absorption. 

2. Electronic states in the band gap in both semiconductor and alkali- 

halide crystals are potentially important absorption centers. See 

HE. 
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3.    Absorption by pure surface vibrational modes is believed to be 

negligible. 

E.    Absorption by electrical carrier and electronic absorption is important. 

1. Free-carrier absorption and thermal rune -".y were already known 

to be important in conducting materials. 

2. The conditions necessary to avoid free-carrier absorption were 

discussed. 

3. The importance of inter-valence band transitions that were previ- 

ously observed to give rise to strong absorption in a broad band 

(|3 =0.3 cm'   on 2-6\jjn, for example) was pointed out. 

4. Electronic levels with small spacing had already been observed to 

give rise to infrared absorption (near 2^m for Cr in zincblende- 

structure crystals). 

5. Electronic levels in the gap of semiconductors and possibly alkali 

halides can cause measurable absorption. 

6. Shallow levels that can be emptied thermally can give rise to absorp- 

tion with ß decreasing with increasing temperature. 

7. Electronic absorption across the gap is negligible at 10. 6fim . 

8. Strain-induced absorption was shown theoretically to be negligible. 

2+ 
P.    The negative experimental results of no correlation between Pb     concen- 

tration and 10. 6fim absorption in alkali halides was explained in terms of 

the absence of resonances near 10. 6^m . 
2+       2 + 

G.    It was shown theoretically that adding divalent ions such as Mg    , Cn    , 

Ba2+, Sr2+, and Pb      to strengthen alkali halides should not give rise to 
-4      -1 measurable (ß > 10    cm    ) absorption. 

II.    It was emphasized that measurements of ß(o:,T) on intentionally doped 

samples would be extremely useful. 

1.     A classification scheme for impurity absorption was proposed. 
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Sec. N 

III.   Very High-Intensity Effects 

A.    The intensity at which a material fails as a result of local heating of 

absorbing macroscopic inclusions was calculated. 
2 

1. Energy densities of order  1J / cm    were shown to be sufficient to 

damage crystals containing inclusions. 

2. Correct cross sections of inclusions were included. 

3. The damage thresholds as functions of particle size and laser pulse 

lengths were considered. 

4. Effects of different types of absorbing inclusions were analyzed. 

5. The heat flow into the host material was properly treated. 

6. The increase in ß (average absorption) also was considered. See II A. 

B. Laser-damage micron-size cone-shaped surface pits were explained in 

terms of absorption by inclusions near the sample surface. 

1. The correct order of magnitude of intensity damage threshold was 

calculated. 

2. A time-delay effect for damage to occur was predicted. 

C. A new instability in the stimulated Raman process was discovered, 

analyzed, and shown to have important consequences. 

1. Anomalous results such as the nearly discontinuous increase in 

Stokes intensity as a function of laser intensity in materials with no 

self focusing were explained. 

2. It was shown that the instability is one of the limiting very high- 

intensity effects. 

3. The laser threshold intensity Ic for the instability was calculated 

and it was shown that I    ~ 109 W/cm    for a number of gases, 

liquids, and solids. 

D.    It was emphasized that the well known phenomena of air breakdown and 

electron avalanche breakdown could limit the performance of some 

systems. 
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Sec. N 

F. 

Estimates were made of the effects of electrostriction showing that 

this effect should be negligible with respect to other very high-intensity 

effects. 

A new method of solving parametric-instability problems was developed, 

and the method was applied to the calculation of nonlinear infrared ab- 

sorption by parametric processes. 

1. It was snown that absorption resulting from the phonon instabilities 

is negligible in the exponential-frequency multiphonon absorption 

region. 

2. Calculations were performed showing that the transmissivity of 

films thinner than a wavelength changes near the fundamental reso- 

nance, the film becoming more transparent at resonance at high 

intensity. 

3. The time constant for the approach to the steady scate was shown to 

be important since the steady state is not attained in short laser 

pulses in important cases in which long lived phonons give rise to 

low steady-state threshold intensities. 

4. An explanation was given that the effective relaxation frequency of 

the Reststrahl phonon is greater than the low-intensity value as a 

result of the increase in the amplitudes of the pair phonons above 

their thermal equilibrium values. 

5. It was demonstrated that the threshold for the parametric instability 

is quite sharp when considered as a function of the amplitude n, of 

the fundamental phonon.   In contrast, when considered as a function 

of the incident laser intensity, the deviation from linear absorption 

with increasing intensity is quite smooth. 

6. In contrast to a previously accepted result, it was demonstrated that 

crystals, such as NaCl, having a center of inversion could have anoma- 

lously low thresholds since the threshold is controlled by the phonon 

(in the pair) having the longer lifetime. 
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Sec. N 

7. The method of calculation, using Fkison occupation numbers rather 

than mode amplitudes, had the simplicity and power to yield us to 

obtain more information about parametric instabilities, including 

effects above the threshold, than has been possible previously. 

8. Chain instabilities and enhanced relaxation from mutual interaction 

of excited pair phonons were proven negligible for the phonon insta- 

bilities, in contrast to previous results for plasmas and parallel 

pumping in ferromagnetic resonance, respectively. 

IV.  Optical Distortion and Figures of Merit 

A. It was demonstrated that thermally induced optical distortion, rather than 

thermal fracture, would limit the performance of many systems. 

1. Calculations were made on the distortion, including V\e effects of 

mechanical expansion, dn/dT, and strain optic effects. 

2. It was explained that the temperature between the center and rim of 

the window must be small ( < 1 K in some cases). 

3. Refocusing was suggested and analyzed as a method of partially cor- 

recting for the thermally induced optical distortion. 

4. Experiments to study optical dist .rtion were proposed. 

B. The effects of pressure-induced optical distortion were calculated, and 

these effects were shown to be important in general. 

1. It was determined that pressure-indu:ed optical distortion limits 

the window thickness in general. 

2. Static deformation of a window under its own weight was shown to 

be negligible. 

3. It was calculated that the strength of a material above which further 

increase in strength does not improve system performance because 

pressure-induced optical distortion, rather than fracture, limits 

the performance. 
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Sec. N 

C.    Figures of merit for mate-al were developed, calculated, and tabulated 

for a number of materials for operation at 10. 6, 5.25, and 3. 8 |im . 

1. Edge cooling, as well as face cooling, was included for continuously 

operated (cw) systems. 

2. Surface as well as bulk absorption was included. 

3. The total power & that a window can transmit under specified 

idealized conditions was used as the figure of merit. 

4. Effects of improving materials, particularly lowering the absolution 

coefficient ß and increasing the strength a, were included. 

5. In order to obtain the greatest value of # in a cw system, it was de- 

termined that large-diameter windows (D > DEF) should be face 

cooled, while small-diameter windows (D < DEF) may be edge 

cooled. 

6. It was shown that for pulsed operation (pulse length of the order of a 

secof.d, with rapid interpulse cooling), 9 increases as D increases 

as expected intuitively, but for continuous operation, 9 often de- 

creases as D increases. 

7. 

8. 

It was established that for pulse operation, ^   lse is independent 

of K. 

For small diameters, D < DEF , it was explained that the value of 

^      depends on the thermal conductivity K; whereas for D > Dg F, 

&      is independent of K . 
cw 

V.   Engineering Considerations 

A.    A number of engineering solutions to the window problem were proposed 

and analyzed. 

1.    A pulse mode of operation, with pulse duration of the order of 1 sec 

and rapid interpulse cooling was suggested and analyzed to show that 

two to three orders of magnitude increase in average transmitted 

power can be gained over cw operation. 
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Sec. N 

2. Relative motion of the beam and window was shown to be very 

effective in increasing the transmitted power, but the implementa- 

tion of the method is extremely cumbersome. 

3. A suggestion was made that refocusing the optics can reduce the 

effect of thermally induced optical distortion. 

4. Many other possibilities include: 

a. differential cooling schemes 

b. truncating the beam at a relatively great intensity and redirect- 

ing the truncated energy to the low-intensity areas of the window 

c. using two compensating windows 

d. spatially tailoring surface or bulk absorption coefficients 

e. controlling the pressure on the window to reduce the strength 

requirements. 

B. It was shown that in optimized continuously operated systems, edge cooling, 

which is technically easier than face cooling, can be used for small-diameter 

windows, while face cooling must be used for large-diameter windows. See 

IV. C. 5. 

1. The values of D,-,^ at which the crossover from edge to face cooling 

occurs are surprisingly large, with typical values from 7 to 100 cm, 

and some even greater. 

C. A number of problems concerning heating and cooling of windows, absorb- 

ing materials, and metals were analyzed. 

1.    The heat flow equation was solved for model problems representing 

absorption of heat near the surface of a material, and limiting cases 

were discussed and explained intuitively. 

a.    The results are used for absorption by metals, by a thin anti- 

reflection or protective coating, by strongly absorbing materials 

(with ß ~   « thickness), and by painted surfaces. 
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2.    Th? stress and temperature distribution in a material that is 

surface cooled or surface heated were analyzed. 

a. Three thermal time constants determine the thermal be- 

havior of the material. 

b. The maximum reduction in the average temperature b   J d z T 

of a slab of thickness b which can be obtained by face cooling 

in a given time, typically <-1 s, without fracturing the slab, was 

calculated. 

c. The results indicated that Ge28Sb12Se6o  glass can be cooled 

rapidly enough for use at relatively high power levels (possibly 
2 

~400 W/cm   at the center of the disk) in the pulse mode of oper- 

ation. 

d. For a GaAs disk originally at room temperature, a coolant of 

0° K can be used without fracturing the disk. 

D.    The possibility of transmitting short infrared pulses through materials 

with little thermally induced optical distortion was shown to exist. 

-8        -9 1.     For sufficiently short pulses, of the order of 10     - 10     sec, the 

absorbed energy does not have time to thermalize, thus avoiding 

heating effects until after the pulse has been transmitted. 

VI.   Miscellaneous 

A. The need for measurements of ß over a wide range of a) and T that 

present transmission and calorimetric techniques cannot measure, and 

the fact that emissivity measurements should give the required values, 

were pointed out. 

B. It was shown that it may be possible to transmit short pulses through 

materials without thermally induced optical distortion.   See V, D. 

C. Data from literature on ß was collected and all data was reduced to over- 

layable curves of Znß vs aj/cjOf, where 00. is the fundamental mode fre- 

quency. 

D. Guidelines were proposed for selecting materials, and materials from 

which to choose those to study in detail were suggested. 
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APPENDIX:   SIMPLE PENDULUM INSTABILITY 

The instability in a pendulum driven with a time-dependent force along the 

direction of gravity will be considered briefly in order to illustrate several fea- 

tures of parametric instabilities, using the simplest possible model. The cases of 

a single pendulum and of a pendulum in thermal equilibrium with its surroundings 

at temperature T will be considered.  The linearized equation of motion of the 

amplitude of oscillation will be solved in the former, and energy flow considerations 

will be used in the latter. 

For the single pendulum, the linearized equation of motion is 

J + Wo
2e + rä| = Fe m 

where 9 is the angle of the pendulum from the vertical z axis,  a;n  is the resonant 

frequency for small oscillations,  T is the frictional-damping constant, and m£ F is 

the time-dependent force applied along the vertical z axis, with m the point mass 

on a massless rod of length I.    For the more common case of a force applied per- 

pendicular to z, rather than along z, the force, rather than the force times 6, 

would appear on the right-hand side of (Al).   The term F6 just cancels the effect 

of the damping term F do /dt for a certain critical value of F.    For larger values 

of F,  6 grows exponentially in time. 

This behavior is easily demonstrated by substituting the trial solution 

6  =  eo sin «Q t exp ( y t) (A2) 

into (Al) with 

F  =   F« sin 2 WQ t 
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and dropping the small terms of order y/uJ0 ~ T/WQ ~ Fo/wO and the off' 

resonance terms in the product 

FB ■ 7 Fn en cos ü30 t + off-resonance terms . 

This gives the time factor cos CüQ t for all three leading terms.   Cancelling this 

common factor gives 

y ■ir<VFc-1) 

with F    =  2 cü   T.    For F«  < F   , y  is negative and 6   is exponentially damped 
c 0 0 c 

according to (A2).   For F0 > Fc, y is positive, and 6 grows exponentially in time. 

For the case of the force perpendicular to z , the solution to (Al) with 9 deleted on 

the right-hand side has the well known harmonic oscillator solution, which does not 

increase exponentially in time. 

Notice that the frequency of F was chosen as twice the resonant frequency 

en    and that the choice of the phase of the solution (A2) is critical.   Physically, the 

force puts energy into the pendulum if the force is positive (upward) when the pendu- 

lum is traveling upward and negative when traveUng downward, thus the importance 

of the phase.   Since this z velocity of the pendulum has twice the frequency of 6 , 

the force must have frequency 2u:0 in order to drive 9 at co0. 

Next consider a pendulum in contact with an infinite heat bath of temperature T. 

The effect of the bath on the equation of motion of 9 is complicated to treat correctly. 

Thus, the balance of energy into the pendulum from the appUed force by the energy 

transferred to the bath in relaxing toward the thermal-equilibrium ' alue will be 

considered. 
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The time average of the energy into the pendulum is 

W from F /.  « d z / T 
one'cycle 

(A3) 

where T^ is the period of oscillation, f = m£ F, and f •   dr  = f dz.  Substituting 

f = f()sin ,uj0t, dz   -   d (i- £e2) = iBde, and dG ■ WQ^a»««! dt into (A3) 

and evaluating the simple integral gives 

de\ 
dt) 

RF 
0 

from F TUT, (A4) 

The energy out of the pendulum by relaxation is 

de\ 
dt/ relax 

TU -e) (A5) 

where 6    is the thermal equilibrium value of £.   In equilibrium, the net rate of 

change of £ is zero.    Adding the right-hand sides of (A4) and (A5), setting the 

result equal to zero, and solving for £ gives 

£   = r^TT^ (A6) 

where Fc  =  2üJ0 T, as for the single oscillator.    This result (A6) indicates that 

as the strength of the force is increased, the relaxation to the bath maintains £ at 

a finite value until F reaches the critical value F   , at which value £  becomes 

infinite, for this linearized case.   Including the nonlinear terms in either treatment 

above removes the infinity, of course. 
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