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Summary

Maximum likelihood estimation of the parameters A and y
of a simple (linear) birth-and-death process observed continuously
over a fixed time interval is studied. Asymptotic distributions
for large initial populations and for large periods of observation
are.derived and some nonstandard results appear. The related problem
of estimation from the discrete skeleton of the process is also

discussed.
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1. Introduction

Let X  De the population size at time t of the (linear)

birth-and-death process, that is, the Markov process in which

irh + o(h), j=i+1,
1 - i(+wh + o(n), J=i,

.

iyh+ o(h), §=i-1,

o(n), otherwise,

i=0,1,2,..., A >0, u >0, and assume throughout that X

e o 1is

degenerate at some XO > 0. We shall consider maximum likelihoocd
estimation of the parameters A and . assuming that the process
has been observed continuously over some time interval.

The maximum likelihood estimators are the occurrence-exposure

~

rates ) = Bt/St’ ﬁ = Dt/St’ Bt and Dt being the number of
births and deaths and St = ngudu theitotal time lived by the
population in the time interval [0,t]. The sampling properties
of these estimators have been studied by a number of authors, to
be referred to in Section 2, who assumed various stopping rules
depending on the number of births and deaths.

In this paper the sampling properties of the estimators will
be studied under the assumption of a fixed interval [O,t] of
observation. Exact results are as yet scarce; see Section 2.

Asymptotic results for large initial population sizes are standard

snd stated in Section 3. Asymptotic results for large T are



studied in Sections 4 and 5. Two aspects of the birth-and-death process
cause novel features. TFirst, if A > U, X -0 ("becomes extinct™)

x
with probability (u/A) 0% ena X, » ® otherwise, wheress if X <,

X%-* 0 a.s., Accordingly, Section 4 gives asymptotic results conditioned on

) S

+ and Section 5 results conditioned on extinction. Secondly, given

X+, Xt/E(Xt> -+ W a.s. where W 1is nondegenerate. Asymptotic
normal theory no longer holds but is replaced by "Student"-distribution
results. The proof uses a generalization of Lamperti's random time
change transforming the birth-and-death process into a compound Poisson
process, and then transforms the time scale back in a Billingsley (1968)-
type approach.

Finally, estimation under the assumption that the process 1s only
observed st equidistant points of time (the sc-calied discrete skeleton)
is discussed in Section 6 and the results are shown to improve the early
work of Immel (1951) and Darwin (1956). Furthermcre, it is pointed out
that by meking the discrete skeleton infinitesimal, the results for
continuous observation are recovered.

The resulte are related to recent work by Dior (1972) on estimation
in the Galton-Watson process and resulits by Jagers (1973c¢c) on estimation
of the offspring distribution of a Bellman-Harris process.

The particular cases 1y = O (the pure birth process) and )\ = 0
{the pure death process) have been studied previously. Keiding (197h4)
gave results for the pure birth process, using different proofs, and

Beyer, Keiding and Simonsen (fortheoming) give exact and Lp—convergence



results for the pure birth process and the pure death process as well as
a numerical evaluation of the asymptotic results (for these particular
processes), given in Sections 3 through 5 of the present paper.

The literature on estimation in the pure death process is vast,
this problem occurring in a variety .of life-testing situations. We
shall not attempt to review this literature but call attention to the
review by Cox (1965) and a paper by Wolff (1965) on estimation in
birth-and-death processes of queueing theory. Further specific references
are given in Sections 2 and 3.

The asymptotic results in Sections 3 through 6 specialize in an
obvious way to the pure birth and pure death processes. We shall not
state this specialization explicitly in each case and will therefore

assume through those Sections that A > 0 and u > 0.



2., Maximum likelihood estimation from continuous observation

Theorem 2.,1. .The likelihood function is proportional. to -

B‘t‘ D‘t —(}d‘u)s_t

Ljsp) = 2 "y e :

Where Bt and Dt are the number of births.and deaths,.respeétivély,
t

and. St =f Xudu is the total time lived in the population during

[0,t]. (Bt,Dt,St) is minimal sufficient and the maximum likelihood

estimators are given by A = Bt/st  and U = Dt/st 5

Remark . l\Tt = Bt + Dt is to be understood as the number of discontin-
ulties of Xu’ O<uc<t. At Bt of these, Xu Jumps +1, at Dt
of them, X 6 Jumps -1. Thus B_ and D_ depend on '{XuIO <u <t}

only and it is seen thst Xt - Xy = Bt - Dt’
Proof. The likelihood function seems to have been derived first by
Darwin (1956). The other results are immediately derived from the
likelihood function.
Remark. The characteristic functlion and some ofher results concerning
the distribution of the minimal sufficlent statistic were given by
Puri (1968). For discussions of the distribution of {I when A =0
see Hoem (1969b) and his references.

Exact and approkimate small-sample properties of K in the pure
birth process (4 = 0) and of ﬁ in the pure death process (A = 0)

are given by Beyer, Keiding and Simonsen (forthcoming) .

Alternative Stopping Rules. Stopping rules making the observation time




t a random variable have been studied by a number of authors. Thus
Moran (1951, 1953) observed conditional on Nt and on the particular
sequence of births and deaths (thereby avoiding untimely extinction).

Kendall (1952) observed conditional on Dt = x,. and Bartlett (1955,

0]

Sec. 8.3) described briefly observation conditional on N or Dt‘

it
In all such cases, the likelihood function,:and hence the maximum
likelihood estimators, properly interpreted, remain the same (which,
it seems, was not always realized by these authors) but the sampling
properties, of course, differ. Anscombe (1953) studied sequential

estimation with the criterion that ) - p be estimated with a prescribed

small standard error a. He obtained the stopping rule: observe wmtil

St i=Ni/2/a, (Some device must be prescribed to avoid extinction before
then.) Asymptotically (as N, o) unbiased estimates of A + u and
A - u were obtained as aNi/g and a(Bt—Dt)N;l/g3 respectively. We

remark that since under this stopping rule we may substitute St for

Nl/2/a, these estimators are nothing but N, /S and (B, -D,)/S,, or
t £t TRt t
the maximum likelihood estimators once again.
The point is perhaps best illustrated by the reparametrization

(¢,8) = (A + U,u/X). Then the likelihood function will read

N D N

_¢S
6% Tot(r+agt

so that ¢ and 6 are L-independent, and

furthermore, given N S8, 1is S-sufficient for ¢ and Dt S—-sufficient

t? t
for 6 (in Barndorff-Nielsen's (1971) terminoliogy). The probabilistic
interpretation of this reparametrization is that ¢ governs the "split

time" process (Athreya and Ney (1972)) and © the imbedded randem walk, cf.

Moran (1951, 1953).



3. Asymptotic results for large populations.

The birth-and~death process with X can be interpreted as

o~ %o

the sum of Xy independent bitrth-and-death processes with the same

parameters and xo,=.1° The following asymptotic results for Xy
and fixed t may therefore be obtained from standard asymptotic

maximum likelihood theory.

0

\ 172
Sxo(e(k-'u)t - l)) B

- J’

Theorem 3.1 As x> w, (A,1) > (A,u) a.s. and

[o A0

Normal . .
0] Ou

0
I
b

¥

=)
i
=

the factor in { } being replaced by xqt vhen A = .

Proof. It was shown by Puri (1968) that

B (A - wt

E{D, | = |u| & =1y
t A - U 0
S, 1.

(appropriately modified when A = u), and since by the strong law of
- -
large numbers Bt/XO —>-EBt9 Dt/xo —>-EDt and St/XO ESt I
the strong consistency follows. Asymptotic normality follows from
standard theory, we need only compute the information matrix. But
-DlogL -D DulogL B A 0

-D D,logl  -D7logl 0 DM



and the result follows by taking the expectations.
Remark. Sverdrup (1965) gave a careful study of similar properties

for related processes, cf. also Kendall (1949) and Hoem (1969a, 1971).
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L, Asymptotic results for large periods of observation given non-extinction

In the supercritical case, that is, when ) > y, it is well known that

X%/E(X%) = X%/{xoexp(k - Wt} > Wa.s. as t > o, wvhere P{W =0} =
X
P{X% + 0} = (p/A) 0 and the distribution of W, given W > 0, is gamms
X XO—l _wa

(X09X61)9 that is, has the density x. w e /T(x

0 w > 0 (Harris

O)’
(1963)). Similar results hold for a.s. convergence of the minimal

sufficient statistic which Impiies the followlng consistency result.

Theorem 4.1

(a)-A‘s_ *1;—>c>o9

Bt A
-1 —(A-u)t , W
XO e Dt > bu -1 8.5,
1

5t

(®) as t=+e=, (,u) > () as. on the set {X > ).
Proof. (b) is a coroilary of (a). To prove (a), we may use Jagers'

(1973a) results on aimost sure convergence of random functionals of

- general branching processes. In fact, the birth-snd-death process is

a generel branching process with Malthusian parameter A - u, life-

1 - e7H¥

léngth distribution function L(x) = and expected reproduction

process given by the density e "Fax. In the case xy = 1, {a) is now

obtained directiy from Jagers' Corollaries 1, 2, and 5, and the general-

ization to X >1 1is immediate.

The asymptotic behavior of the estimators on the set

{w =0} = {X% + 0} is described in Section 5 below.



Theorem 4.2 As t + o,

5/2( - a2 A
Si/z(ﬁ . U)U_l/2 v | B
(A - u)Ste"O‘ - “)t/xo W

in the conditional distribution, given W > O, where A, B and W

are independent, A and B are normal (0,1) and W is gamma

(xo,xal).
Proof. The almost sure convergence of S _, properly normalized, was
shown in Theorem L4.1.

The asymptotic normal distribution is obtained from asymptotic
normality in a certain compound Poisson process which is converted into
a birth-and-death process by a.random time change, and then applying
Billingsley (1968)-type results to verify that the asymptotic normality
holds after the random time change.

Let a compound two-dimensional Poisson process (Qt’Rt) be
defined in the following way. At each event of a Poisson process Ut
with intensity A + u  the two-dimensional cluster size (M,N) = (1,0)
or (0,1) with probability A/(X + u) and p/(A + p), respectively.
Then if (Mi’Ni)’ i=1,2,... are independent replications of (M,N),
(Q,.R,) = (Zthi, Xftmi). Obviously E(M,N) = (A/(x+u),u/(Mu)) so

that E(Qt’Rt) = (At,ut) and similarly it is seen that

10



2 . .
V(B) = (A + WtB(M) = xt, V(D) = ut and Cov(B,,D ) =

(A + UtEMN) = 0. Since (Qf’Rt) has independent increments,

it follows by the central limit theorem that ((Qt - Kt)(kt)_l/2,

—1/2)

(Rt - ut) (ut) is asymptotically two~dimensional normal with

mean zero and variance matrix the identity.

tTAT
. < + 0
. = - + =
Let K, =Q ~ R +x, and define L, by L, jo KLudu,
where T, = inf{t]KL = 0}. Then K, is a birth-and-death process
i t

with parameters ) and y, which may be seen in a simiiar way as for
the Lamperti representation of the pure birth process (Athreya and

Ney (1972), Theorem III.11.1). Furthermore Q and R correspond

L, L
t t
to Bt and Dt as defined above, and Lt to Stc
Replace now t by Lt in the asymptotic result above to get
(@ - an)05) Y2, (R -y )L )™Y?) which in light of the
Lt t t° Lt t t

interpretation as birth-and-death process has the same distribution as .
(Si/e(i - X)k_l/Q, S%/2(ﬁ = u)u—1/2)e The proof that the asymptotic
normality will still hold sfter the random time change + -+ Lt on the
set {Lt + o} 1is now similar to Dion's (1972) proct for discrete time,
cf. also Jagers (1$73b). From this proof we alsc conclude that the
asymptotic normal dist“ibutibn is independent of W as stated.

Remark. This method of proof will yield a series of central-limit

type theorems for Markov branching processes. Such thecrems will be
useful counterparts to central 1limit resuits e.g. of the type stated

by Athreya and Ney (1972, Sec. III.10).

alhs
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Corollary. As 1t -+ o,

(-2 aw1/2
(A=-u)t 1/2 W
[x.(e =1)/(x=u)] >
0 H (ﬁ_u)u—l /2 ay—1/2

in the conditional distribution, given Xt + . The limiting distribution

is bivariate Student with common denominator (cf. Johnson and Kotz, 1972,

p. 134), that is, each component is Student with EXO d.f. and the com-

ponents are independent for given W.

Remark. As Xg T+ in the Corollary above, the limiting distribution
tends towards the two-dimensional sténdardized normel in accordance with
the result in Theorem 3.1.

Remark. The results of Theorem 4.2 and its Corollary will still hold if

considered in the conditional distribution given {Xt > 0} instead of

{X_ » »}, By this remark, which is parallel to one made by Dion (1972),
t

approximate confidence limits may be obtained.

12



5. Asymptotic results for large periods of observation given
ultimate extinction

x
If X, +0 as t = which happens with probability (/i) 0

in the supercritical case A > u and almost surely otherwise, the
consistency of the estimstors no longer holds, since the sample will
be in effect finite as t + <=,

Since for a supercritical process with A > y, the conditional

distribution, given that Xt <+ 0, is identical to that of a birth-and-

death process with birth parameter | and death parameter )X (Waugh
1958),_the results in the present section are relevant for supercritical
processes, given extinction.

AN

Theorem 5.1 For A<V, (AW (B/S,D/S) a.s., as t » o, where

B and D are the total number of births and deaths until extinction

: co
and B = f Xtdtu

0
The distribution of (B,D,S) is given by the density

X ¢
0_ b d ~{xty)s b+a-o
T A ue s
bidi
b:05192900a9 “‘Bﬂ-xos ] iC‘o

Procf. Most of the results are immediats. The distridbuticns of N
and of 'S given N were given by Puri, (1963). .CGani. and McNeil (1971)
discussed further aspécts of ithe distribution of (N,8).

From the results in the Theorem, varicus resulfs concerning the

limiting distribution of (A,u) may be derived. A couple of examples

are shown below.

13



(a) The expected values of (B/S,D/S) quickly become complicated.

Given N =3B + D, E(S™) = (A+4y)/(N-1) so that
(A+u)(N-xO) N (A+u)(N+xO)

B _ E 0o
E(é" N) = 2(N-1) ’ E(§| N) = - 2(N-1)

and it follows that for x = 1, E(B/S) = (x+1)/2 and for X, = 2

it may be seen that

CES 6113 + 6u°A - 33°u -+:A3

s 12“2

E

N

(b) The estimator A - ﬁ of the Malthusian parameter A - U
is asymptotically equal to -XO/S, whose distribution is given by the

density

1

X
() 5
R 0, (exp i),

-

o
m

u <0, where I 1is a modified Bessel function.

1k



6, PBguidistant ssmpling

Until now it has bezn assumed that the complerns process
{Xu § 0 <u §=t} was cbserved. It may be more realistic to assume
that the prccesgs is observed at the equidistant points 0,7.2T,....KT=t.
The observations Xn’!: (sometimes called "the digcrete skeleton") then
form a Galton-Watson process as is well-known (Harris, 1963, p. 101),
but the transition probabilities are rather messy, and direct maximum
likelihood estimation does not seem feasible {ef. Darwin (1956)).

In this Section, however, we shall show that interesting results
nay be obtained by assuming that the fellowing observations are avallable,
Interpret the discrete skeleton Galton-Watzon process in the usual way
as a chain of generations of independently reproducing particles, and
assume that in addition to X% itselif, the nunber Cn of particles
among ‘the X(nml)f

Propogiticn 6.1 Under the sampling scheme desaribed above, the likelihood

that have 0 offspricg is known.

function 1s proportional to

kel
I S T
C = TR t X, -x_+C
ey tr,. y -0 = t =0 .
L{a,u) = o {{i-aX{i-p)} B t, A= O0,u >0
where
e A= ; k
e 1__1_ b _ -
o = Ble pack Log=2%0 md ¢ = i
)\e‘/\ (YW T |5 — T qey &

The meximum likelihood estimstors of o and B are given by

15
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_ k-1 _ k
a=2C./ g X, emd B= ()gG - xg * ct)/ % X

Proof. Let Z
e n nt

is a Markov ichain. with stationary transition probsgbilities

: . . . ®i
qi(z,c) = P{Zn=z, Cn=c | Z 155 Cn_l=3} given by qi(z,c) =q (z,c),
the i'th convolution, ql(z,c).= uc(l—u)l—ce(z—l>(l—c)(l—B)l—c, and
qO(O,O) = 1. The likelihood function is then derived as

p{z } oo plz=z. c | 7 =0},

k-1"Ck-1 17212015 | Zg™%5C
Theorem 6.1 Assuming ﬁhat only XO’XT’°"’XkT-= X, are observed, the

e Gy | B qmm s ©

maximum likelihood estimator of the Mslthusian growth parameter A - U

is given by

X 4., 4%
T = ,—Jl} log/X +T e s
\ 0 °* “{k-1)T

Proof. We have A - [ = T % log{(1-a)/{1-B)}, and the result is

therefore true by Proposition 6.1 if X . and C  were observed.

But since A - U is a function of the XhTs only, the result holds
in the more narrow sample.

This proof is patterned after Harris' (1948) derivation of the
maximum likelihood estimator of the mean in an unrestricted offspring
distribution of a Galton-Watson process and settles g question left

(X0t (Au)T

open by Darwin (1956), who studied e as an estimator of e

without proving that it is the maximum likelihood estimator. Darwin

obtained results concerning bilas and asymptotic variance of this estimator

16

X and let C0 = 0. Then clearly '{(Zn,Cn)|n=0,l,2,.,,}



as well as asymptotic efficiency relastive to the maximum likelihood
estimator exp{(Bt—Dt)T/St} obtained from conmtinucus observation.

E. R. Immel (1951) also remarked in his unpublished UCLA thesis
that estimation directly from the discrete skeleton is unfeasible.
Inmel then considered the problem of estimsting the-pérametric function
8 = W/A in the restricted model with (logu - logh)/(u-A) = T and

showed that in this situstion the maximum likelihood estimator was
k-1 k '
given by [ = g XhT/ E XﬁT. Immel proved consistency and asymptotic
' 1

normality of this estimator for large :x

0 within the restricted model

and proposed to use B as an approximation in the general case.

In the restricted model 9 = e(u _X)T, so that the maximum

likelihood estimator of e MMT in tne restricted model is 7.

From Theorem 6,1 we see, however, that 6 is in fact the maximum

likelihood estimator of e(qu)T

in the unrestricted model, which
indicates that Immel‘'s proposal of using 86 as an estimator of @
in general should not be followed.

Comparison with permanent observation. The infinitesimal
discrete skeleton

By applying Dion's (1972) results for the Galtoun-Watson process
one may give asymptotic results as k » « for the maximum. likelihood
estimators (%,u) of {(A,u) in this sampling situation as well as
efficiency results. This was shown in detail by Keiding (1974) for
the pure birth process and we shall not give the full details for the
birth-and-death process.

We may, however, call sttention to the fact that when k = o,

17
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T+ 0, krt+1t, the likxelihood function of the equidistant sampling
situation approaches that of continuous observation given in Section
2, (When observation is continuous, the number of deaths in any
interval is (almost surely) given by the knowledge of the total
population number at each instant in that interval and, in particular,
C, + Dt.) It may be seeﬁ that not only will the estimators

() -~ (i,ﬁ) wnder this limiting process but that also the asymptotic
distributions are asymptotically equal. As was assumed by Kelding
(1974), the infinitesimal discrete skeleton again yields an alternative
way of deriving the correct results, but it should be emphasized that

this success depends on the introduction of the observation of Cn

gbove.

Acknowledgement. My thanks are due to Steffen lauritzen for discussions

through the preparation of this paper.

18



[1]

[2]

[3]

[4]

(5]

[6]

[7]

[8]

(9]

[10]

[11]

[12]

[13]

Anscombe, F. J. (1953). Sequential estimation (with discussion).
J. R. Statist. Soc. B 15, 1-29.

Athreya, K. B. and Ney, P. (1972). Branching Processes. Berlin:
Springer.

Berndorff-Nielsen, O. (1971). On Conditional Statistical
Inference. Arhus. Reprinted in: O. Barndorff-Nielsen
§19735°.Expgnential Families and Conditioning. Copenhagen:
Wiley.

Bartlett, M. S. (1955). An Tntroduction to Stochastic Processes.
Cambridge: Cambridge University Press.

Billingsley, P. (1968). Convergence of Probability Measures.
New York: Wiley.

Cox, D. R. (1965). Some problems of statistical analysis
connected with congestion. Congestion Theory (¥W. L.
Smith and W. E. Wilkinson, eds. )}, University of North
Carolina Press, 289-316..1. .

Darwin, J. H. (1956). The behaviour of an estimator for a
simple birth and death process. Biometrika. 43, 23-31.

Dion, J.-P. (1972). Estimation des probabilités initiales et
de la moyenne d'un processus de Galton-Watson. Thése de
doctorat, Université de Montréal.

Gani, J. and McNeil, D. R. (1971). Joint distributions of
random variables and their integrals for certain birth-
death and diffusion processes. Adv. Appl. Prob. 3, 339-
352.

Harris, T. E. (1948). Branching processes. Ann. Math. Statist.
19, L7h-Lok,

Herris, T. E. (1963). The Theory of Branching Processes.
Berlin: Springer. '

Hoem, J. M. (1969). Fertility rates and reproduction rates in
8 probabilistic setting. Biom.-Praxim, 10, 38-66.
(Correction note: Biom.-Praxim. 11, 20.)

Hoem, J. M. (1969). The sampling distribution of an estimator
arising in connection with the truncated exponential
distribution. Ann. Math. Statist. 40, T02-T03.

19



(14] Hoem, J. M. (1971). Point estimation of forces of transition
in demographic.models..J. R. Statist. Soc. B, 33, 275-289.

[15] Tmmel; E. R. (1951). Problems of Estimation and of Hypothesis
Testing Connected with Birth-and-Death Markov Processes.
Thesis, University of California, Los Angeles. (Abstract:
Ann. Math. Statist. 22, 485.)

[16] Jagers, P. (1973a). Almost.sure convergence Qf general branching
processes and functionals thereof. Tech. rep. 1973-13,
Dept. of Math., Chalmers Univ. Tech. and Univ. Goteborg.

[17] Jagers, P. (1973b). A limit theorem.for sums of random numbers
of i.i.d, random variables. Mathematiocs and Statistics.
Essays in Honour of Harald Bergstrom (P. Jagers and L.
R8de, eds.) Goteborg. 33-39.

[18] Jagers, P. (1973c). Maximum likelihood estimation of the
reproduction distribution in branching processes and the
extent of disintegration in cell proliferation. Tech. rep.
1973-17, Dept. of Math., Chalmers Univ. of Tech. and Univ.
Goteborg.

[19] Johnson, W, L. and Kotz, S. (1972). Distributions in Statistics:
Continuous Multivarigte Distributions. New York: Wiley.

[20] Keiding, N. (1974). Estimation in the birth .process. Biometrika
61. '

[21] Kendall, D. G. (1949). Stochastic processes and population growth.
J. R. Statist. Soc. B 11, 230-26k.

[22] Kendall, D. G. (1952). Les processus stochastiques de croissance
en biologie. Ann. Inst. H. Poincaré 13, 43-108.

[23] Moran, P. A. P, (1951), Estimation methods for evolutive processes.
J, R. Statist. Soc. B 13, 141-146,

[24] Moran, P. A. P, (1953). The estimation of parameters of a birth
and death process. J. R. Statist. Soc. B 15, 2L41-245,

[25] Puri, P. S. (1968). Some further results on the birth-and-death
process and its integral. Proc. Camb. Phil. Soc. 64, 1ki1-
154,

[26] Sverdrup, E. (1965). Estimates and test procedures in connection
with stochastic models for deaths, recoveries and transfers
between different states of health. Skand. Akt. 52, 184-211,

20



[27]

[28]

Waugh, W. A. O'N., (1958). Conditioned Markov processes.
Biometrika 45, 2h1-2L9,

Wolff, R. W. (1965). Problems of statistical inference for
birth and death queuing models. Op. Res. 13, 343-357,

21



10.

11.

12.

13.

TECHNICAL REPORTS

OFFICE OF NAVAL RESEARCH CONTRACT NOOOLL-6T7-A-0112-0030 (NR-042-03k)

"Confidence ILimits for the Expected Value of an Arbitrary Bounded Random

Variable with a Continuous Distribution Function," T. W. Anderson,
October 1, 1969.

"Efficient Estimation of Regression Coefficients in Time Series," T. W.
Anderson, October 1, 1970.

"Determining the Appropriate Sample Size for Confidence Limits for a
Proportion,”" T. W. Anderson and H. Burstein, October 15, 1970.

"Some General Results on Time-Ordered Classification," D. V. Hinkley,
July 30, 1971.

"Tests for Randomness of Directions against Equatorial and Bimodal
Alternatives," T. W. Anderson and M. A. Stephens, August 30, 1971.

"Estimation of Covariance Matrices with Linear Structure and Moving
Average Processes of Finite Order,”" T. W. Anderson, October 29, 19T71.

"The Stationarity of an Estimatéd Autoregressive Process," T. W.
Anderson, November 15, 1971.

"On the Inverse of Some Covariance Matrices of Toeplitz Type," Raul
Pedro Mentz, July 12, 1972.

"An Asymptotic Expansion of the Distribution of "Studentized" Class-
ification Statisties," T. W. Anderson, September 10, 1972.

"Asymptotic Evaluation of the Probabilities of Misclassification by
Linear Discriminant Functions," T. W. Anderson, September 28, 1972.

"Population Mixing Models and Clustering Algorithms," Stanley L.
Sclove, February 1, 1973.

"Asymptotic Properties and Computation of Maximum Likelihood Estimates
in the Mixed Model of the Analysis of Variance,'" John'James Miller,
November 21, 1973.

"Maximum Likelihood Estimation in the Birth-and-Death Process," Niels
Keiding, November 28, 1973.



UNCLASSIFI®D
SECURITY CLASSIFICATION OF THIS PAGE (When Data Enterod)
REPORT DOCUMENTATION PAGE L AL S SO

T, REPORT NUMBER 2. GOVT ACCESSION NO.| 3. RECIFIENT'S CATALOG NUMBER
Technical Report No. 13

4. TITLE (end Subtitie) §. TYPE DF REPDRT & PERIDD COVERED,.

MAXIMUM LIKELIHOOD ESTIMATION IN THE BIRTH-AND- e
DEATH PROCESS

6. PERFORMING ORG. REPORT NUMBER

7. AUTHDR(®) — 8. CONTRACT OR GRANT NUMBER(S)
Niels Keiding ' NOO014-67-A-0112~0030

S. PERFORMING DRGANIZATIDN NAME AND ADDRESS 10, PRDGRAM ELEMENT, PROJECT, TASK
Department of Statistics AREA & WORK'UNIT NUMBERS
Stanford University NR—0L2—03k

Stanford, California 94305 ( 3k)

t1. CONTROLLING DFFICE NAME AND ADDRESS 12. REPGRT DATE

Office of Naval Research { November 28, 1973
Statistics & Probability Program Code 436 13. NUMBER OF PAGES

Arlington, Virginia 22217 21

14 MDNITORING AGENCY NAME & ADDRESS(I! difforent from Controlitng Olfice) 15. SECURITY CLASS. (of thta report)

Unclassified

15a. DECLASSIFICATION/DOWNGRADING
SCHEDULE .

16. DISTRIBUTIDON STATEMENT (of thie Roport)
Reproduction in whole wr in part is permitted for any purpose of the
United States Government. Distribution is unlimited.

17. DISTRIBUTION STATEMENT (of the abetract entered in Block 20, it dtfiereat lrom Repsort)

18. SUPPLEMENTARY NOTES
Also issued as Technical Report No. 51
National Science Foundation Grant GP-30711-X
Stanford University

19. KEY WDRDS (Continue on roveree elde t! necessary and identity by block number)

Birth-and-death process, Maximum likelihood estimation, Estimation in Markov
processes, Discrete skeleton of Markov process, Weak corvergence under random
change of time -

20. ABSTRACT (Continue on reverse stde if neceesary end identity by biock number)

Maximum likelihood estimation of the parameters 3 and 31 of a simple (linear
birth-and-—death process observed continuously over a fixed time interval is
studied. Asymptotic distributions for large initial populations and for large
periods of observation are derived and some nonstandard results appear. The
related problem of estimation from the discrete skeleton of the process is also
discussed.

DD 5o 14 EDITION DF 1 NOV 65 1S OBSOLETE
vamzs 1473 S/N 0102-014+ 6601 | UNCLASSIFIRD

SECURITY CLASSIFICATION OF TiiS PAGE (When Data Bntored) .




