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—

Using transport theoryv ,we have calevlated the radar cross section of an
underdense turbulent wake in the limit when the scale size of the turbulence
is larger than the signal wavelength. \Wa have found that for hListatic scatter
the firat Eorn approximation is valid, even if the wake is many photon mean-
free puths in extent. However, neither the Born approximation nor the modi-
fied Born approximation is valid for the rnonostatic radar cross section when
the wake is many photin ncuen-iree paths in extent. In this case a modified
result, derived in this report, must be used,
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Radar Cross Section of Underdense Turbulent Wakes

1. INTRODUCTION V ;

There has been considerable interest in the radar cross section (RCS) of the ‘ i
turbuient wake of a reentry vehicle. Generally, this has been calcujated using the ¥
Born apprc»xirr‘.:.tionl-3 or a modified bBorn approximation4, and the .bove calcula-
) tion is valid when the dimension of the wake in the propagation direction is less

than the mean free path for photen scatter. Thig is an acceptavle approximation

£ oan.
10Tt

I
1

RCS of a ghur, underdense wake, Houwever, for ionger wakes Ine Born

o

approximation is no longer accurate, and more exact techniques must be employed
to calcuiate the RCS, In this report we will employ transport theory to obtain an
exact expresgsion for the RCS of an underdense turbulent plasms in which the di-

mensions of the plasma are large compared with the photon mean-free path,

i sl ol - o
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2 ANALYSIN

To stucdy the scattering from an underdense turbulent plasma we consider the
model shown in IMigure 1. We assuime that the incident field is a plane wave propa-

gating along the z-axis, and that the r-ceiver is located in the backward hemisphere

TO RECEIVER
f
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T

INCIDENT
WAVE

PLASMA

Figure 1. Assumed Geometry for the Dernivation of the Scattered wntensity

(r/2 < 8 <17).and lies in the Fraunhofer zone of the plagma, We further assume
that: (1) the plasmc is underdense, (2) the scele cize 1 of the tuiLuience is such
thai ko L >>1, where '..0 is the wavenumber of the incident &.¢gna’, ¥ the gcale
gsize L of the turbulence is much less than ihe mean free path, %, . for photon
scatter., When these assuniptions hold, it can be Bhown5 that (hgi cusemble aver-

ared radiative intensity I{(x, f) in the direction of the unit vector n satisfies

(ﬁ-m%)uz.a) = “dﬂ'og(ﬂ,ﬁ')l(n'). 0

Al

In Eq. (1), dQ is the element of solid angle,

P AT ()

'

5. Watsan, I.. M, (1969) Multiple scattering of electromagnetic woves in a dense
plasmna, ! Math. Phys. 10:688-702,
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where wp is the electron plasina frequency, v, is the electron-nauiral cullicion
frequency, and c¢ is the speed of light, The quantity os is the scattering cross

section per unit valume, and is given by

r02 ne (x) T .
gg = ————L—z—- m drg (x, r)exp [xkop,(n-n )'l]' (4)
1,_C2.
w

# " e

where L is the clugsical electron radius, n. is the ensemnble averaged e'ectron

density, gix, r)is the pair correlation function sud Py = T - w'_z,/(wz - v,z’. inaily, f
b s -
the mean-free path, {t . for photon scaiter is given by Y
S “ dQ’c (13, n') (1 + cos®s ). (5}
[ 2 . g L
t (e
L
r where 8_ is the angle between n and n'. 4
We now consider Lq. (1) for the ~ase when fi lies in the batkward he.njsphere, i
and we rewrite Eq. (1) as
lnoee D = Wanre @, a0,
\ / 0 g i !
Q I
) - ! (6) P
« dRo (. ) 1D [ |
b f |
where @ is the fcrward hemisphere and 0 is the backward hemisphere. Nuw +

whr.n ko 1.>>1, it can be shown that in the forward hemisphere iin) is sharply

—~——

peaked about 8 = 0. Therefore, in the first integral on the right head side of

—

Eq. (6), O may be expanded in Taylor series about 8’ = C to give

= o a0, 8,8%)]
) Og“’,"} ~ Ug“’, + o |L ae J’
, 6'=0
2 2% (0,89




Upon using this expression an the Girst term on toe

get

gt and side of g, (6), we
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O\ dgi’ ol = c 9 \\ 14Q’ - (:38';.) .\}\ 6 1d4u’
Q, 0

. . - -1
The second tere on the right hand side of Tgo 17 i ot ordor (k . ) COnaresd
LN

-2
with the first, while the third term i3 of order (k ‘I VU ocomp.ored wath the farst;
A\l

these may be neglected it view of assumiption (2, L urtie tmore nee | 1S so

much larger an the forward nemisphere than in the backward hemy. Cowe iy
further approximate

N ) v, \ _
(\ 1ea’ = \\ ds2’ 1+ o (k ]‘). (1
o ) -
Upon using FEqgs. (7} and (8) in () we obtain
(n ‘T %)l(:‘x) = 0 (&) \‘\ aq’ jtn’y
: X AR
()

+ (‘\‘ a0’ ﬂg (h ~n) 1),

9]

To simplify the last term in kq. (4) we recall that for k L. >> 1, aﬁ(ﬁ -f') is

sharply peaked about n= h'., Therefore | can bLe expanded 1n Tsyvlor series as

PV
HAD = 1)+ (a-i) -0, 1 Q20 2,

A e (o
Upon using Eq. (10} in (9) we oc.ain
ﬁ-v1¢llal-(;—i2—')vﬁzl = og(e) K‘:dﬂ'l(ﬂ'). (1)
where
?'E = 20 r n3 og(n)dn .
t (o]

!
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We inust next caleulate \\ T dfY, ‘This can Le done by multiplving by, (i)

by di? and integrating over all salid angle. Upon using the fact that l(-\ > (\‘[\ og dil,

we obtain

Waman« 55 (Viage = o, (12)

.. a

Four a plasma stratified only i the z-direction 12q, (12) Lecoines

2\ raa i (\1a = o (13)

(Y ..

wluch has a solutwon
Wrdn = 10 exp : | ¢ : (14)

Eq. (14) 1s also approximately correct, evenaf the plasma i8 also weakly stratified

tn the x and v directions. e then have

ﬂ'ﬁ-vmn

‘“ ny %l; dan + g‘\n\ -g—i- ds? + \‘\‘nz % a0

for 2n n
>0 2 3 ¢
= 33 \ sin” 6 cos ¢ Jdgdé + 3y \ dé\ df sin"6 sin g1
0 Y < %
n "
3 \ : )
. +o5g \ dé \ d@sinBras B1 . (15)
9 Yo
Now I 1s sharply peaked around 6 = 0, when kol. >> 1. If we define the width of
pas bt is clear that the first two terimms are of order 003 %—l; , while the lasat isg

¢l 2l N ol
~dor - &= > 1 . a —— » o et
of ordey 00 57 If 3x and 3y are of the same ordzr as T then correct to terms

of order 90 << 1 we can negléu the first two terme 1n Eq. (15), 8ov that Egs.(12)
and (14) are approximately valid even when there is stratification in the x and ¥
directions,

Using Eq. (14) 1 (11) finally yields

. 1y, ¥\, 2 -0 5
R >3 LR F7 ol Ao B og(6)1(7=0)(- . (16)

t
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where a = \ %75 . The solulion of liq. (18) will vield an expressiof for the in-
tensity in the backward hemisp. re (% <8 u) in the case when kol. >>1., The
third term on the left hand side of Eq. (16} is generally important only when the
path length is very large, o1 8 is near #/2. To see this let uy assume * o0
(no true absorption) and neglect the Vﬁzl term, Then the solutjon of Lq. (16) for 1
* can be shown to be
o (A 1.=0)
I(z) = B —— (7.2 .
cos 6 { { )
where z, is the extent of the plasma in the z-direction. Therefore, the ratio of
the neglecied term in Eq. (13) to those retained is
2
Y 2
";" va 1 . !
'—m—*;.—v [ (¢ ) : e r
cus 8

Since 74 <<}, it requires that cither Z, /'v‘ >> 1 or cos 8 << 1 (or both) for the
V thmd term on the 1e{t hand side of (16) to be important., ‘Therefore, if
(/( (y /co:; 9) << 1, wg can approximate liq, (16) Ly

1 -0
. —— y
(n V+La)l = og(&l(o)e . (18)
) - As an exumple, let us consider the case when the plagma {s stratified only in '

the z-direction, as shown in Figure 2. Equation (18' is then readily solved for 1.
} The result is

\z -
Hegy @ M@ S az’ o (2',8) exp {So \ ‘T— (19)

l

t|~

B

4

? where p = cos 8. The above soluty ~ 14 be useful for obtaining the bistatic
RS for the case when & wake is {1.1.. - i«ted by 1 wave travelling along the wake
axis with the receiver located at an angle 6 = ¢ - 6, where 8 >>1/k I.. Equa-
tion (19) doces not give the correct intencity when “0 < "},'nol.) . for reasons ce-

. o . ek _ -

tajl.d by Watson”. When 8 << (1/k°1,). the correct intensity ia 1y = 21 - I,

where 1§ is given by Eq. (18), und I, 19 the intenaity derived in the single scatter

approximation and is given by
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Figure 2. Geometry Assumed in the
Derivation of Egqs. (15)-(21}
z »
. 8y 3 ( gz’
Lo g h B2y T T . N
lgg = -\ (6,z") e e Z dz (20)
‘1
where
57 d s ‘z d I ‘\7 d ’
- daz _ az ar
ﬂ(z)—\\ (-S 34‘\ N
0 0 °
Therafore in tha haskosatter conn 8 il 1 vl
Therefore, | e backucntte s 8 o
oz _vl . R . \ [ K2 . K] . '
1o} . . dr® 1 del1 Y, d ! d .
l-——f‘\ jzog(z.ﬁ)exp[“\ {'. ;\' BJ'e-"h l\ T\’—-;\'—‘l“\ (21)
1 () z N ¥

¢

In summary, for the geometry of Figure 2, we use LEq. (21) v-hen 90 << (ko [,)"

and kEq. (19 for eo» k1. "1 When 60 = (kol.)-lneither for mula is rigorously

vahd, We note that for 6 = 7 and { - % aund z-independence, Eq. (21) reduces
to the previous result of de\k'olr6'7, that is

6. de Woif, D. (1971) Electromagnetic reflection from extended turbulent medium;

nitnuls ive fOrward-singie-oacKscamer approrximation, IEEE Trens, AP-16:
254-262, ~

1. deWolf, D. (1972} Discussios. of radiative transfer methods applied to electro-
maegnetic reflectior from a turbulent plasma, IEEE Trans. Al*-20:605-807.

I Dy ™ . B

I“W SRS 11 i 1 i b




h A 4

—— — ——

o

Vo
“t
IG=n) = og(m I (o) z, '?. -—2?

3. CALCULATIONS G0 7" CN

(.nce the radiative intensity [{x, N has been obtained it is quite straightforward
to oktain the bistatic {or monostatic) RCS. Censider an element of area dS on the
target surface, with the surface normal making an angle & with the line joining dS
to tnhe receiver, .5 shown in Figure 3, It !(S,n) be the scattered intensity cross -
ing dS in the ¢ tention of n [a8 we demonstrated in the last section, this quar’ity

satisfies Eq. (13)). 7Then the received intensity due 1o dS is

ds v 6,
dl = 8 cos ¢ Un, S)

- 2 TURBULENT
PLASMA
/

where r is the distance from dS to the re-
ceiver. Th<~ total intensity received from the

entire scatterer is

o= = SX ds cos v 1A, S)
RL

where SO 15 *he surfece a.'ea or the scatterer,
R .

soc? KR oig the disvante jrom the center of the

5 utieTer {0 thie Yiteive. (we can regiace r by

K, rince the receiver +, agssumed o be in the

Y raunhiofer zoned, Finally, the radar crogae \i,/
mection of the s-utterec is RECEIVER
R, v ) Figure 3. Mod.l Used to
R AU TPy \\ d> cos ¢ I(n, 5, (22} Relate the Scattered Inten-

i sity to the RCS

4 AN Lxav¥pih

£6 s Lums,cel example let ua return to the problem illustrated in Figure 4,
2ocd zeloolate the racnootalic and BistaLid iadar Cives seuliva whitl the rectanguiar
¢y vder is iDuminnted along the z-axis. We will ags. me that the turbulent eddies
in ‘he wake aave an exponential correlation funciion gix, r) = (< Onez> nez)exp {(-r/L),

where Gne is the electron density fiuctuation. Foi this case

=
B3
E
5
=
R
o
s
£
i
EH
B
S
2
=
2
E-
ES
Eé
2
4
3
i
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Figure 4. Scattering by a 7 vbulent Farallelepiped § {
2.3 2 3 t
8rr; LY <bnd 1 s
o (&) = (23)
g v 2 2 . 2 2
(1+ ?) [1 + 4(k,1)" sin (0/2)]
where kl = plko and ‘
. 1292 <6ncz> r213 .
- = - (24)
t= i

(1 + 22"—)(1 +4k2L?

To simplify the calculaiion we will assume that <6ne2> is position independent
and that ¥, = 0. We first consider the case when A, = 7 - 6 >> l/koL. Here the
acatterad intensity satisfies Eq. (18) with { ~. Upan using the solution ol
Eq. (18) in (22) we find that the contribution to the cross section from the top face
of the rectangular cylinder is 0, = Oy (n-8,) tan |0°| 212 w/2 . while the contri-

bution from the front face is (zl wa -(112/2)w tan IOO!) ng(ﬂ -8, so that the net
bistatic cross section is

9
\

0, (7-8p) z) wa

(25)
oy (1-85) V



where V is the total volume of the plasma. Therefore, for /2 >8, >> l/koLo
the rigorous result agreer 1dentically with the result one would obtain from the
first Born approximation.

When 8, = r -6 << lkoL)'l. the scattered intensity is given by Eq. (21). Upon
applying Egs. (2)) and (22) to the illuminated faces ® the rectangular cylinder we
find ihat the net radar cross section of the plasma is (for |Lo|<< (kOL)"l)

-27 N )
s 1-e o t 1 3 =27 -7
o = Og (ﬂ—eo) \Y [4- (T—l— p- (—'a) %-2‘ *(; #T)e -?2e $] (26)

where T = 2"/Lt . In the liriit when |60| = 0, this result reduces to the previous
result obtained by de Wolf, The results of Eqs. (25} and (26} can readily be gen-
eralized to the case when < Onez> and . depend on z. In that case we have from
Eq3. (21) ar.d (22) that the backscatter cross section is

1

0 =z a0 2o

_ \% ( ! ’ [ dz ‘ dZ_ |

%back = z—l- ) dz °g (r,z') exp -25 12 )Z-exp -2 VT \ (27)
A3 o o

where {_ is given by Eq. (3), 4, is given (24), and ag(z',e) is given by Eq. (23).

We note, again, that for 8, ~ (kuL)-l neither Eq. (25) nor (26) s strictly
valid, a1 1 the actual solution in that regime is a smocth transition between these
two soiutions.

5. CONCLUSIONS

We have found that for underdense turhtulent plasmas in which the scale size
of the turbrlen! eddies i larger than the signal wavelength, the following is true:

(2a) The first Born approximation gives the exact bistatic crosa-section,
provided 8, >> (koL)'l and 8, is not 80 close to /2 that the inequality
.25 yz (zl/Lt)lcoJ'seol << 1 ig violated.

{b) For 8, very near zero the backscatter RCS is given by Eq. (27). We
note that for this case, whenever zl/"v‘ >>1 both the Torn approximationl'3 and
the modified Born approximation4 are incorrect,

{(r} Far valuea nf 8  of arder I/E'v'_ neither the Bormn Spproainaaticin iwvi

Eqg. (27) is strictly valid, and the eolution there is a smooth transition between the
golation for 6, << (koLOy'l and for 8, >>(kol.o)‘ 1
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