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NOISE CANCELLATION IN THE PRESENCE OF 
CORRELATED SIGNAL AND NOISE 

INTRODUCTION 

Noise cancellation using the "estimate -subtract" approach is fundament«! 
to the operation of numerous so-called optimum filter signal processors.-'   In 
particular,  adaptive implementations of a noise-cancellation capability in a mul- 
tichannel system form the basis for the optimum/adaptive processing of data 
outputs from an array of sensors as typified by beamforming applications. 
Typically,  in evaluating the performance of a sensor array processor with noise 
ca cella ion, or^ assumes that the signal is uneorrelated with L      noise."' '    In 
faci   the  signal can be highly correlated with the noise over a tir,   ■ interval corn- 
par.uje t',  the response time-constant implicit in an adaptive system thai is first 
required to "learn" about the time-varying noise before it can cancel ii. 

This report considers the effects of signal and noise correlation (noise 
estimator characteris,;cs and signal- (interference-) to-noise ratios) on the per- 
formance of an array signal processor with noise cancellation implemented by 
means of a noise estimation-subtraction scheme. 

THE ESTIMATOR-SUBTRAGTOR NOISE-CANCELLATION 
PROCESSOR 

Consider the general K-channel noise-cancellation system shown in 
figure 1.    The filter weights   jw^/k     1,2, ..., Kj  can be expressed in vector 
form as 

W w* w*  ... w* 
I     2. k (1 

where   H   denotes the matrix complex conjugate transpose,  and   *   indicates the 
complex conjugate of') complex scalar.    Similarly,   the   K   noise sample chan- 
nels,   referred to as the auxiliary channels,  can be expressed in vector notation 
as 

X    ~[x,,ox2(t)...xK(t)] 

-ja, a, ... aKli(t)+[n](t)n2(t) .. •  nK(r 

\   i(0 + N    , 

(2) 

(4) 

I 
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Figure 1.    A K-Ch.'innel Estin ntor-Subtractor Noise-CancHlalion Device 

whore   T   denotes the matrix transpose.   The waveform   i(t)   is the noise com- 
penent,  or "interference, " that is to be estimated,  then subtracted from the 
signal channel.   Also,   In^iU/k     0, I,2,...,K[  are the noise components, which 
are uncorrelated from channel to channel.   The coefficients ]«^/'<r 1,2,.., ,K| 
represent the interfere ü ' 'ü. ulitude and phase difference factors between the 
signal channel and auxi   ary channels.    Notice that the signal   s(t)   does not ap- 
pear in any of the aux'hary inputs.   This type of noise cancelcr is a "best-case" 
configuration,  in the sense that specifying the filter weight sector   W   to mini- 
mize the signal channel interference is not constrained by the problem of signal 
suppression resulting from i> ; presence of signal in the auxiliary channels. 
Thus,  any signal suppression that does occur is a result of the similarity (or 
correlation) of the interference component   i(t)   of the noise with the signal   s(t). 

An ostimator-subtractor noise-cancellation processor works by selecting 
the filler weight vector    vV   so as to minimize the mean-squared error (MSE), 
i.e.,   noise canceled output power 

Ej|y(t)|2|- K||x()(t)-i(t)| (•r.) 

with respect to W.    In equation (1)),    K | [ is the statistical expectation opera- 
tion and   i(l)   is a minimum MSK estimate of the interference component gener- 
ated at (he output of the auxiliary array.   Since   i(t)   can not contain a signal 
component,  the process of minimizing equation (?>) would work primarily on re 
ducing the level of interference   i(t)   in the signal channel. 
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Kx^irossing the MSK noisc-cancelcd output power in terms of the filter 
vector   W  gives 

Hy(U>E| s(t) ^ i(t) ^ n  (t) - VV   X o - 
(G) 

S +1  i-N  ' 2Ue|p*.} - 2Re|w   A(P*    \-\)\ ' VV   (1AAH + R) w,        (V) 
'si* si ~      —       ~   - 

where   Rep.j  denotes the real part of a eomplex argument   z,    and 

i    KIIMDII 

N     Hi|no(t)|2j 

R     KJNN   } 

P  . -   K s{t) i'(t) 
si ' ' 

(Si) 

CM 

(10) 

(11) 

(12) 

(i:i) 

where   f   is  the normalized  value  of the signal  and  intorferenee correlation. 
Notice that   I,sj   is  assumed to be separable  in terms  of the expected power 
levels   S   and   I   for the signal and interference.    The noise-canceled output 
power is minimized with respect, to "V  for  W     W0 such that,  il     IAA."  '  R " 
exists,  then 

W (SI 
,1/2 

IAA     ^ R (14) 

The minimum value of pov er at the noise sulilractor out]>ut is therefore1 

'.> ■> 

;||.v(t)t   } ..,  ...      S i I ■ N : 2(SI)   ' " Kejlj - |(Si)    " f i  if A 
W  W 

If   \l   and    P   arc  llermitian,   then the identity 

■      II       I"1 

IAA     i KJ      A. 
(1.,. 

II    -1 
M   C^      M 

;i il        -i 
I'M    (MPM      i-C^)      Mi' (10) 
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can be used, and eciuation ;il)) can be rewrit^n as 

Ki|y(t)r[ 
II  -1 

w- w 
■o 

S  •  I +N  h2(SI)1/2 Rcjfj-  i(SI)1/2 f M|2—AJ^-A_.     (17) 
i MA'V'A 

If it is assumed that the level of uncorrelatcd noise in the auxiliary arra\  noise 
reference channels is given by 

K{n.(t) nj(t)| 

(7N,   i      j 

o, ■ / i 
:IH) 

then 

3 - 7NI, :19) 

where   1   is a K-by-K identity matrix.    Using eciuation (ID) in equation (17) 
yields 

E||y(t)l: 

w- w 
1   Ml - Ifl   )(1/7N)|A|' 

1 + (I/7N)|A|' 
+ N + 

1 + 2 (SI)       Rejfj 

1 +(l/?N)|Ar 
!0) 

The performance of the noise-cancellation processor can be expressed in terms 
of the subtracter output signal-to-total-background-noise ratio S/Ii.    This per- 
formance metric is obtained directly from eciuation (20) as 

S/R 
S/N 

W 
1 | a/N)+2[(S/N)(l/N)]  ^ Rcjfj 

1   •- (1  - |f|2){l/-yN)|Ar 

1 + (l/7N)|Ar 

1   ^ (l/7N)lAr 

(21 
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AN KXAMPLE 

Consider the specific case where the signal,    nterferenee,  and uneorre- 
latcd noise are given,  respectively,  by 

s(t)   -(S^e^^s^ (22) 

(2;!) 

n«(t) -  narrowband Gaussian noise with power   N   (P     0,1,...,  N).       (24) 

In an actual implomentr.tion of the noise-cancellation processor, only a time- 

limited estimate of the correlation   Psj.   (see equation (12)) is available,  namely, 

P  .      d/'i ) 
f i 

rT/'Z 

J-T/2 
Hit) i + (l) dt 

fSi)1/J irr), 

(25) 

(2 0) 

where   f(T)   is the normalized signal-interference correlation 

rnMi/'nT 2ej[^-^] (II 

'-T/2 

For this example,  let   A   be of the form 

(27) 

A     ay , (2H) 

where   a   is a real-valued scale factor and   V   is a K  dimensional   vector with 
elements of the form   eJ".    Furthermore,   lei the uncorrelated noise level in 
the auxiliary channels be the same» as the level in the signal-plus-noise channe 
i.e.,   7 -  1.   With the above simplifications, equation (21) becomes 

S/B 
S/N 

ß/N) )2[(S/N)(I/N)]'/ ^ Ile|i(T)[ 
■) 

1   ' (I/N) a  K 

Ij   '- D  - |f(T)rj(l/N) :i'\i 

i   i- (1/N) a"K 
(21)) 
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Several limiting cases of equation (29) are ol interest.    First,  in lb • limit 
as normalized correlation   f(T)   approaches zero, 

lim 
fn>o (S/B) 

S/N 

1   (-■ 
I/N 

(30) 

1   i (1/N) a   K 

For   f(T)     0,    perfect canccUation   (S/B -  S/N)   of the interfering noise com- 
9 

punent is approached as the auxiliary array gain factor   a K   becomes large.   If 
only   l/N   is large and   a^K > 1,    then the performance is .'{ dB worse than per- 
fect for   a"K -   1,    and is essentially optimum for   a2K >10.   A second limiting 
case of interest occurs as cither   l/N   or the auxiliary array gain factor become 
large.    For a given normalized signal-inter fere.ice correlation   f(T),    the noise- 
canceled output signal-to-background-noise ratio S/B becomes 

lim (S/B) 
S/N 

9 / iy 
[/N, a2K—"■ 1   i  (1/a K)   [l  • 2(S/l)i'"  Re|f(T)|] 

[l-!f(T)|2J.       (3]) 

As the normalized signal correlation approaches unity,  the signal-to-background 
ratio approaches zero,  regardless of either the auxiliary array gain factor or 
the ratio S/'l.    Finally,  for perfectly correlated signrl and interference,   f(T) = 1, 
and equation (2!)) provides the general expression of S/B as 

lim , S/N 
(S/B) — 

1 1  + (]  +a   K)(l/N) +2[(f/N)(S/N)] 
(32) 

This result indicates that,  with a small S/N (even with un;ty signal-interference 
normalized correlation), complete signal suppression will be approached only 
as   a^K(l/N)--. 

Figure 2 shows the noise-canceled rutput signal-to-background ratio S/B 
versus the normalized signal-interference correlation.   These curves were 
computed using equation (29).    They illustrate the effects of   f(T),  S/N,  l/N, 
and   a"K   on   S/B.   The input signal-to-background-noise ratio   S/(Ni-I)   is in- 
dicated to show either the relative improvement or degradation of performance 
resulting from implementing noise cancellation.   The distance above the S/(Ntl) 
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Figure 2G.    S/N     -10 dB, 
I/N = 0 dB 
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Figure '!F.    S N        10 dB, 
I 'N 10 dB 

Figure J.ll.    S N        10 dB, 
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Figure 2 (Cont'd),   Output Signul-to-Total-Baokgrcmnd-Noisc Ratio vorsus 
Normalized Correlation Between Signal and Interference 
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Ncriiializcii Corrt'lntiou Relwoon Signal and [aterlcfence 

line 1" the curves is the degi'ee nj i mprov i■ nn nl: the distanee I K• 1'nv ,   in the 
shaded area,   is Ihe degree oj degr'adal io;i.    As a spceilic example,  consider 
the eas(   in which Ihe signal and inlcM'ference   ire sinusoidal at  rreciuencies   w 
and   (ui < L'TTA),    re.spcH'livtdy.     I'or I his example, 

1/2    ju)l 
s(l)      (Si        e 

.  ...        ,,   1/2    ,i(uM27rA)l 
1 (1)        (ll e 

CKi) 

(:M) 

(TO 
sin   JTAT 

rrAT 
(35) 

WIKM! equation (.'!.'')) is used in e(|uation (29),  the noise-canceled output slgnal-to- 
tntal-background-noisc ratio S/H is found and plotted in figure .'! for several 
values of S/N and l/N as a function of   AT.    Again,   the input signal-to-total- 
background-noise ratio   S/(NM)   l>efore cancellation is indicated to emphasize 
relative performance. 
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Figure 3 (Cont'd).    Output Sign;il-to-Total-R:ickgruund-NoLse Ratio versus 
Integration Time-Bandwidth Product 
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DISCUSSION 

The assumption that signal and noise are uneorrelaled is i tiinuiDn in the 
theory of optimum filtering.     n [iiactice,   the linile correlation limes used to 
adaptivel\ realize the so-ealled optimum filter for noise c^aneellalion ean lead 
to signal and noise correlation.    This correlation degrades system performance 

To investigate this degradation,  this ropo/t has derived a general expres- 
sion for the signal-to-totnl-baekground-noise ratio at the output of a K-ehannel 
noise cancellation device.   The primary results are as follows: 

«>An adaptivcly realized optimum noisc-canccllation device can per- 
form worse than a system without cancellation if the signal and 
interference are correlated, particularly for the small interfer- 
ence-to-noise ratios; 

»The normalized signal and interfering noise correlation must 
exceed 0,5 (see figure 2) for serious signal suppression to occur 
as a result of implementing an interfering noise-cancellation 
de\ice; 

12 
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o If the- Hi^nal aru' interference arc: single frequency witii Separation 
A Hz and if the adaptive nciso-cancellation correlator has an effec- 
tive integration time of T seconds,  then the product  AT   must ex- 
ccc'i unity to prevent signal suppression resulting from signnl and 
intei fere nee correlation. 

("^onsidei- some of the numerical results presented in figure 'i.    Hecall 
that these results were obtained wi .    m auxiliary array ennsis'.'r.^ of   K   chan- 
m l.c, each giving a sample of a single-frequency interfering aoi.se component 
in the presence of uncorreiated noise.    Thus,  the effectiv mess of the interfer- 
euee-canceiiation capal-llity quite naturally is a function of the auxiliary array 
(interference) gain factor   ..'K,    where   a   Is the attemation factor of the inter- 
ference in an auxiliary array channel relative 'o the signal channel.    As   a-K 
becomes large, the interference waveform can be esiimated better,  simply 
because of array gain considerations in the presence of uncorreiated noise. 
However,  this "clean" interference estimatt  can be detrimental when the cor- 
relation time-bardwidth product   AT   is less than unity.    This is because a 
better-quality interference estimate allrws more signal cancellation (suppres- 
sion) when the signal and interference are correlated.   On the other ,iand,  as 
the interference-Lo-noise ratio 1,'N becomes large and significant iu'e-iering 
noise cancellation is possible,  then some signal suppression can be tol< rated, 
provided the background noise is canceled more Mian the signal i;- suppres .ed. 
(See figure .ill,  for example.)   Complete interfering noise cancellation without 
signal suppression is possible only \vhen either tne auxiliary arm gain factor 
a^K   or the ratio 1/N is large and the signal-interference corn lalion vanishes, 
i.e.,    f'T)     ». 

In contra  '        he example given previ uisly,  suppose that all ol the terms 
in the auxiliary  >       ;. gain vector   A   are not of e(iual magnitude.    For example, 
let   N   of the auxiliary array gain factors have magnitude   (ia   and the remain- 
ing   (K - N)   factors have magnitude   a.    Accordingly,  there results 

\2 2  2 2 
I    = NC a     t- (K - N) li 

K   ,   a 
ell 

(36) 

(3 V) 

where   Ke|j -  (NCi"  '- K - N)   is an effective value of the parameter   K   which is 
referenced in equation (2!)).   In other words,  the results obtained using constant 
auxiliary array gain factors can be used for the variable gains case,  provided 
an effective auxiliary array size Kefl'  can be computed as illustrated above.   In 
particular,  consider the case of interest for equation (36),  therein   (1     K   and 

13 
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N - 1.   If t!io high intcrference-to-noise ;ose is assumed, equation (31) gives 
Kcff-^  K2 + (K - 1)«K?'   for laige   K.   Accordingly, 

S/B 
•/M 

1 •  (l/a2K2)   [l i 'ä/l)i/2 Re|f(T)}] 
[l-llTDl2] (38) 

Thus,  for a given value of f(Ti,   the processor Performance improves (i.e  , 
S/B — S/P /   at a rate determined by   K2   rather than   K.   This can ho noted by 
oompai'ng equations (31) and (38). 

SUMMARY 

S'^nal and nois.-. correlation can be a major source of degradation in a 
noise-cancellation system that has a finite response time adaptive realization. 
For given signal and intcmrence noise ratios,  the sig.ial suppr' f;sinn effects 
are strictly a function of th^ interference gain factor h r the noise estimation 
array and of the product between the signal-interference bandwidth and the con- 
vergence time-constant for an adaphvely realized noisc-carcellauon system. 

14 
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