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NOISE CANCELLATION IN THE PRESENCE OF
CORRELATED SIGNAT AND NOISE

INTRODUCTION

Noise cancellation using the "estimate -subtract' approach is fundamental
to the operation of numerous so-called optimum filter signal processors.! In
particular, adaptive implementations of a noise -cancellation capability in a mul-
tichannel system forra the basis for the optimum/adaplive processing ol data
outputs from an array of sensors as typificd by beamforming applications. 2-5
Typically, in evaluating the performance of a sensor array processor with noise
ca 'cella ion, on. assumes that the signal is uncorrelated with o - noise. 5 7 In
facv the signal can be higinly correlated with the noise over a tin -« interval com-
paraile - the response time-constant implicit in an adaptive system thay is first
required to "learn' about the time-varying noise beloce it can cancel i,

This report considers the effects of gignal and noise correlation (noise
estimator characteristics and signal- (interference-) to-noise riatios) on the per-
formance of an array signat processor with noise cancellation implemented by
means of a noise estimation-subtraction scheme,

THE ESTIMATOR-SUBTRACTOR NOISE-CANCE,.LATION
PROCESSOR

Consider the general K-channel noise-cancellation system shown in
figure 1. The filter weights {wl./k 1,2, ..., l\'} can be expressed in vector
2N
form as

I
\_\'I : [\\i \\'Z)' e Wlil, (H

where 1 o denoies the matrix complex conjugate transpose, and * indicates the
complex conjugiate of 2 complex scatar, Similarly, the K noise sample chan-
nels, referred to as the anxiliary channels. can be expressed in vector notation

as
ST . . .
X [xl{v) xz(t) xK(t)] )
= I:a‘ @, ... uh] i) + [nl(t) nz(” nK(l)} (3)
= X i@ *_I\_J" , (4)




—

TR 4639

SIGNAL o (t) s {t) (1) " ng(t) B t(\} RAU
CLIALEL it -f  NOISE.CANCE LED
), (1) a,i(y n, () b A OuTPUT
1 et SIS i(t) ESTIMATE OF
| INTERFERENCE
Ll wl- .\
AUXILIAF: ! W |
NOISE X, ¢, i nal) oy Ly AUXILIARY
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Figure 1. A K-Channel Estin rtor-Subtractor Noise-Cancellation Device

where T denotes the matrix transpose. The waveforim i(t) is the noise com-
pcnent, or inlerference, " that is to be 6stimzlte(1, then subtracted from the
s.gnal channel, Also, {nkrt)/k 0,1,2,..., K} are Lhe noise components, which
are uncorrelated from charnel to channel., The coefficients {ak/k: 1,2,... ,K}
represent the interfere « » 1 glitude and phase difference [actors between the
gignal channel and aux, ary channcls, Notice that the signal s(l) does not ap-
pear in any of the aux‘liary inputs. This type of noise canceler is a "best-case"
cenfiguration, in the sense that specifving the filter weight vector W to mini-
mize the signal channel interference 1s not constrained by the problem of signal
suppression resulting from "2 presence of signal in the auxiliary channels.
Thus, any signal suppression that does occur is a result of the similarity (or
correlation) of the interference component i(l) of the noise with the signal s(t).

An estimator-subtractor noise-cancellation processor works by seleeting
the filter weight vecetor W so ag to minimize the mean-squared error (MSE),
i.e.. noise canceled output power

1)

eflywl} - s, 0 - 1]} 5)

with respeet to W, In equation (6), E { } is the statistical expectation opera-
tion and T{t) is 1 minimum MSE estimate of the interference component gener-
ated at the output of the auxiliary array. Since T(l) can not contain a signal
component, the process of minimizing equation (5) would work primarily on re-
ducing the level of interference ift) in the signal channel,
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Expressing the MSE noise-canceled output power in terms of the filter
veetor Wogives

Hyoft - el

I
S+ 1 +N < 2RefPr |- 2Refw A FD} W aAA R W, (T)
31 - 7 sl - -

s(t) 4 i(Y) F 0 (b) - \.&'U&)ZI (&)

where I{c’7} denotes the real part of a complex argument 7, and

8 l';“s(l)izf (1)

1ol ()
0

Nk o (10)

RN (11)

b Efs) im0} (12)

(Sl)]'“ [, (13)

where [ oig the normalized value of the signal and interference correlation.

Notice that Py is assumed to be separable in terms of the expected power

levels S and [ lor the signal and intevicerence,  The noise-canceled output
power is minimized with respect to W for W W such that, il [IQQ” : EJ"]

exists, then

1/2 neo1!
W {(sn’ rwf][lg\é FR} A. (ER0Y

The minimum value of pov or at the noise subtractor output is therefore

/

12 /2 RS SUURR 1T S T R
FAlv ()] })\v s RN 2(51)l jedt} - Jsn fFad™ A [1,;3,_\ F R

B A
ST (1.))

I Q and P are Hermitian, then the identity

n -1 I = i i — ] i
M oGNP L-LMNEM S Q) MP (16)
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can be used, and equation 19 can be rewritten as

H_-1
i . /. 5
f'T{I.v(t)IZ}lW__W S8 1N ragEn'/? Reff}- jisn' 2 0o ff —2

: (17)
o LHIAR A

If it is assumed that the level of uncorrelated neise in the auxiliary array noise
reference channels is given by

YN, i
Edn.(t) n* (1)} - ;
{niu) n ) I (1)
0, i#i
then
R =N, (19)

whore | is a K-by-K identity matrix. Using equation (19} in equation (17)
vields

1 1)1/ | < 1+2 11/2

‘ + - iy S "N

B {ly ) L d ), 7;\” Al |,y |Lr2en R,,,M. 20)
= S0 1+ (I/4N)IAl 1+ (1/4N) AL

The performance of the noise-cancellation processor can he expressed in lerms
of the subtractor output signal-to-total-background-noise ratio S/13. This per-
lormance metric is obtained directly from equation (20) as

2 2

S/N [1+ @ - I0%)a/mNlal
e 1/2 L o 2 ’
L, /N +2[8/N)1/N)] T Redr] 1+ (I/yN) A 1
1+ (l/yN)|/}|2

s/B
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AN EXAMPLE

Consider the specific case where the signal, nterference. and uncorre -
lated noige are given, respectively, by

1/2  jlwt + t)

sy - @2 Jlt o) (22)
/2 + &

ity = (1) /2t ¢;(1)] (23)

ng(t) - narrowband Gaussian noise with power N (7 0,1,..., N). (24)

In an actual implementation of the noisce-cancellation processor, only a time-
limited estimate of the correliution Pgj (sce equation (12)) is available, namely,

T/2
P /1 )f S i) dt @5)
H -1/2
1/%
s i), (26)

where f(T) is the normalized signal-interference correlation

T
(1) = (1/'1‘)f R LA (27)

T/2
For this example, let A be of the form

LU e 1 LS (28)
where a is a real-valued scale factor and U is o K-dimensional vector with
clements of the form ¢l Furthermore, Jet the uncorrcelated noise level in
the auxiliary channels be the same as the level in the signal-plus-noise channel,
i,e., v - 1. With the above simplitications, equation 21) hecomes

S/N 1+ [1 - If(']’)I:lJ(],'N) ”:‘)K (2
L) refis/man] refian) /N K

v
i

I« (I/N)ya K

S/ 8
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Several 1imiting cases of equation (29) arc of interest, First, in tk limit
as normailized corvelation {(T) approaches zero,

lim S/N
S/ i3) — . 30
{(T)-0 ° /3) O /N (30) 1
2 i
I+ (I/N)ya K
For f(1) 0, perfect cancellation (8/B = S/N) of the interfering noise com- «

poneat is approached ag the auxiliary array gain factor a%K becomes large. If
only /N is large and 22K 21, then the performance is 3 dB worse than per-
feet for a2K - 1, and is essentially optimum for a?K > 10, A second limiting
case of interest oceurs as cither I/N or the auxiliury arrav gain factor become
large. For a given normalized signal-interfereace correlation f(T), the noise-
canceled output signal-to-background-noise ratio 8/B becomes

S/N -
[-1rm]2]. @1

lim (S/.B) = > 8
/N, 12K- o 1o /a"Ky [ 2/t Refien)]

As the normuilized signal correlation approaches unity, the signal-to-background
ratio approaches zero, regardless of cither the auxiliary array gain factor or
the ratio S/1.  Finally, for perfectly correlated signel and interference, (1) = 1,
and equation (29) provides the general ¢spression of 8/ as

ot B/ = - = — (22)
d 1+ (1 +a K)I/N) - 2[1/N)S/N)]

This result indicates that, with a small S/N (even with unity signal-inter{erence
normalized correlation), complete signal suppression wiil be approached only
as aK(I/N)enr,

Figure 2 shows the noise-canceled cutput srgnal-to-background ratio S/ 13
versus the normalized signal-interference correlation, These curves were
computed using equation (29). They illustrate the effeets of (1), S/N, I/N,
and a2K on $/B. The input signal-to-background-noise ratio S/(NtI) is in-
dicated to show either the relative improvement or degradation of performiance
resulting from implementing noise cancellation, The distance above the 8/(N+I)

6
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shaded area. is (he degree ol degradation, As o specilic oxample, consider
the easc inwhich the signal and interference are smusoidal at frequencies o
and (w PN, respectively, For thrs example,
/2 jwt
s ST (33)
, 1/2 jwiZn AN
ity (h o (3-1)
- s AT
e ——. (35)
LFAY

When equation (35) is usced in cquation (29), the noise-conceled output sipnal-to-
total-background -nois. ratio S/B is found and plotted in figure 3 for several
values of 8/Nand I/N as a function ot AT, Again, the input signal-to-total-
hackground-noise ridio S/ (N+1) before cancellation is indicated to emphasize
relative performance,
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DISCUSSION

The assumption that sipna! and noise arve uncorvelated s conmimon in the
theory of optimum filtering. 1 practice, the Tinite correlation times uscd to
adaptively realize the so-called optimum filter for noise cancellation can lead
to signal and noise correlation. his corrvelation degrades system performance,

To investipate this degradation, this vepost has derived o peneral expres-
sion for the signal-to-total-background-noise ratio at the output of & K-channel
noise canccellation device. The primary resulls ave as follows:

| e An adaptively realized opltimum noise-cancellation devicee can per-
form worse than a system without cancellation il the signal and
} interference are correlated, particularly for the small interfer-

ence-to-noise ratios;

o'T'he normalized signal snd interfering noise correlation must
exceed 0.5 (see figure 2) for serious signal suppression (o occur
as a result of implementing an interfering noise-cancellation
devieoe;
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o If the signal and interference are single {requency with separation
N Hz and if the adaptive neise-cancellation correlator has an effec-
tive integration time of T seconds, then the product AT must ex-
ceelunity to prevent signal suppression cesulting from signal and
inter ference correlation,

Consider some of the rume rical results presented in figuee 3, Becall
that these results were obtained wi & in auxiliocy array consis’ ' nz of K chan-
nels, each giving a sample of a single-frequencey interiering noize component
in the presence of uncorreiated noise.  Thus, the elfectiv 'ness of the interfer-
ence-cancellation capalb ility quite naturally is a function of the auxiliary array
(interference) gain factor oK, where a o the atlenantion factor of the inter-
ference in an auxniiary array channel relative ‘o the sipnal channel,  As av K
becomeaes large, the interference waveform enn be entimated better, simply
because of array pain considerations in the presence of uncorrelated noise,
However, this "clean' interference estimate can be getrimental when the cor-
relation time-bardwidth product AT is less than unity. ‘This is because
better-quality interference estimite allews more sipgnal cancellation (sunpres-
sion) when the signal and interfoerence are correlated.  On the other aand, as
the interference-to-noise ratio 1N becomes large and significant inteiering
noise cancellation is possible, then some signal suppression cian Le folo raied,
proviried the background noise is canceled more than the signal = suppres .ed,
(See figure 3H, for example.) Complete interfering noise cancellation without
signal suppression is possible only vwwhen either tne rusiliavy arvav gain factor
42K or the ratio 1/N is Farge and the signial-mterference corre lition vanishes,
i.e., 1y o,

In contrua ! he example given previously, supposc that o1l ot the terms
in the cuxiliary vogain veetor A are not of equal magnitude.  For example,
let N of the auxaiary arvrav gain factors have magnitude  Guaand the remain-
ing (K - N) lactors have magnitude o, Accordingly, there results

2 2 2 ) :

|f_\| = NG (K - N) o (36)
= 3

9 a

I\(‘“, , (37)

where Kqy - (NG2 = K = N) is an effeetive value of the parameter K which is
referenced in equation (29). In other words, the results ebtained using constant
auxiliary array gain factors can he used for the variable gains case, provided

an effective auxiliary array size Keff can be computed as illustrated above. In
particular, consider the case of interest for equation (36), wherein G- K and
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N = 1. If the high interference-to-noise :2se is assumed, cquation (31) gives
Keaff = K2 + (K -1) ~K” for large K. Accordingly,

/
SN

$/B - —— e (N TToTA I

1+ (1/a Kz) L {s/l)‘/2 I{C{f('s‘)}]

Thus, for a given value of {(T), the processor performunce improves (i.e
5/B -8/}, ata rate determined by K2 rather than K. This can be noted by
compal ‘ng equations (31) and (38).

SUMMARY

Sizna! and nois: correlation can be a major source of degradation in a
noise-cancellation gystem that has a finite response time adaptive realization,
For given signal and interi»rence noise ratios, the sigaal supprs esion effects
are strictly a function of the interference gain factor for the noisc estimation
array and of the product between the signal-interference bandwidth and the con-
vergence time-constant for an adaptively realized noise-car celladon system,

14
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