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0. Summary

This report analyses the input-output behavicr of feedback systems
whose open loop map can be modeled by an operator, K, defined on a
Hilbert space. In particular, attention is focused on the case where K is
multipower, bounded, and strictly causal. The analysis u’cﬂizes":}‘l'ilbert
resolution space, the causality structure of K and contraction mapping tech-
niques.

The main objective is to clarify questions of the following type:
(1) Given an input, y, is the output, x, well defined ? (Existence, Uniqueness);
(2) If x is well defined, what can be said about the mapping y ~x? (Caus-
ality, Continuity); (3) Given y how can x be computed? (Computational
method). To illustrate the difficulty associated with questions of this type,
it is shown that a system input with a finite energy may generate an infinite
energy, possibly with a finite escape time, feedback system output. The
set of inputs for which this does not happen, however, is unbounded, open
set with interior. Moreover, on this set, the output is a continuous and causal
function of both the input and the open loop system. From a practical
point of view it follows that the output can always be computed by using
a number of nonlinear computational algorithms already available.

Applications are relevant to the area of stability, sensitivity and

controllability of dynamical systems.




1. Introduction

In recent months it has become increasingly apparent that the concept
of the resolution space is a fruitful, and in some cases essential, tool for
the analysis of causality, sta%ility, and sensitivity proble.ns in dynamica!
systems. This study is an addendum to the literature on invertibility and
causality questions of operators on Hilbert resolution spaces. The question
that we would like to answer is the following. If K is a summation of
multipower operators on a Hilbert resolution space: (1, whenisI+ K
one-to-one?, (2) what is the range of I + K? and (3) If y = (I + K)x when
is the map y = x causal?

Questions of this generality are of course elusive. However, by re-
stricting attention to the causality structure of K and how it impinges on
the three questions posed above some progress can be made. In parti-
cular the properties of strict causality and nonmemory play important roles
in the development.

The question of invertibility for, I + K, has received considerable
attention. In particular Browder [1], Dolph {2 and Minty [3], among
others, have given sufficient invertibility conditions for the case in which K
is a monotone operator. Similar results have been obtained by Petryshyn
[4] and Shinbrot [5] who considered operators K with special compactness
properties.

In regard to the cauvsality of (I + K)'l, the early work concentrated
on linear stationary systems, (Foures and Segal [6] and Youla Castriota

and Carlin [7]), and was based on the Paley and Wiener theorem [8]. More
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recently Sandberg [9] considered nonlinear time variant systems and exposed
a connection between causality and energy concepts. Damborg [10], [11]
has established a sufficient condition for the causality of (I + K)'1 in terms
of an expression involving "incremental truncated' phase gain and phase
shift concepts. Saeks [12] has considered line:r systems in Hilbert space
and has established the causality of (I + K)'1 when K is causal and satisfies
an inner product type condition. In a similar context Porter [ 13] has shown
that (I+ K)'1 is causal whenever K is causal and dissipative. Finally
DeSantis [17][ 18] focused attention on those causal systems for which

the future of the output is determined by the strict past of the input; such
systems are said to be strictly causal. This approach leads in a natural
way to the utilization of the Hilbert resolution space framework proposed

in [12], [13], and [14] and is the format adopted in the present article.

The interrelation of strict causality with causal invertibility has pre -
cedent in the technical literature. In particular, some resulis of Gohberg
and Krein [ 16], on the abstract theory of Volterra operators can be inter -
preted [ 18] as showing that if K is linear, completely continuous and strictly
causal then, I + K, is invertible and (I + K)'1 is causal. The scope and
applicability of these results are seriously hampered however by the rather
restrictive requirements of linearity and complete continuity. This article,

together with [20], may be viewed as efforts to remove these restrictive

requirements,

g s e s A b s . ot BTN e o £ 5 S o i -



| 2. Mathematical Preliminaries

In this sec.ion we summarize the main definitions of multilinear

3 operators and Hilbert Resolution Spaces. Consider first a Hilbert space,
H, over the field, F, and its n-th power Cartesian product Hn, equipped
with the usual rules for addition and scalar multiplication. = Suppose
that W is a function with domain H" and range in H. Using the notatioas
(kpseeenx )€ H" and W[x,... xn] in the obvious manner we have:

Definition 1. A function W:H"~H is said to be n-linear if

W[xl,...,xi+ay,...,xn]=W[x1,... R ,xn]+aW[xl,...,y,...,xn]

for every xi,y eH,i=1,...,nandall a € F. *

In the case n =2 the terminology bilinear is used in lieu of n-linear.
Similarly the terminology multilinear is used when n is arbitrary or
unimportant to the discussion. By an abuse of terminology we shall refer
tc W as a multilinear operator on H.

To every n-linear operator w:R*-H there is associated a function
\’)\V:H-'H defined by

el(x)=W[x,...,x], xeH. (1)

A
Definition 2. A function WH=H is called an n-power operator if there

exists an n-linear operator W:H"-H such that eqn. (1) holds.

*Note that a linear operator can ke viewed as a special case of a n-linear operator.




Definition 3. A mapping W:H~H is multipower if it is Jiven by an algebraic
sum of n-power operators.
An n-linear operator W is said to be bounded if
Iwf - suo Wx',.., K] < w
where T = { ﬂxlﬂ = lez" = |x"]] =1}. similarly the n-power operator
# is bounded if

190 = ffer 100 <.

The numbers |]Wﬂ and ﬂGJ" respectively are called the n-linear and n-power

norms, clearly "‘{J\II! s "W" A multipower operator is bounded if it

is a sum of bounded n-power operators.
Let W be a bilinear operator on H. The permutation, \.*, and

the mean, W, of W are defined respectively by

W(x,y] = %{W[x,y}+w[y,XJ} :

If W = W* = W. the bilinear operator is said to be symmetric.
More generally we have

Definition 4. The n-linear operator w* is called a permutation of type p

of the n-linear operator W if the following relation holds
W"‘p[xl,xz, ey X7 =W[x71, xyz, ey X7

where p = {y1.72,...,yn} is a permutation of the ordered set {1,2,...,n};




and (xl,xz, = ,xn) is any element of H"

Definition 5. Wis said to be the mean of W if

!
W[xl,xzy. X =EI,- ri "‘p][xl,xz,. vy X

where {pj: j = 1; n'} are all distinct permutations of {1,2,...,n} and
(xl,xz,. .. ,xn) € H".

Definition 6. W is said to be symmetric if

wixl,. . x"] = WP, L X" = W A

knlds for any permutation p of {1,2,...,n} and for arbitrary (x*, x2, " ,xn)eHn.

In dealing with multipower operators it is obvious that W, W*, and
W all generate the same .

Example 1. Let H consist of the Euclidean space R2 equipped with the

usual inner product. Consider the operator W:[R ]2-°R2 defined as follows:

if z = (zl,zz), x1 = (xi,x;), x2 = (x"l)', xg) € Rz, and z = W[x , X ], then

12 12, , 12 . 12
21=B111%1%1 * P112%1Xa* B1a1X9X) + By ggXaXy

12 12 2
Z9=P911%1%1 *‘3212"1" +Bga1%y "1"5222"2"2'

where f3 Lk is a real number. This operator is bilinear and bounded; it

ij
is symmetric if Bijk = uikj for every i,j,k € {1, 2}.
Example 2. LetH = L2(A) be the Hilbert gyace of square integrable

scalar functions defined on the interval A =[0, g-] . Consider a scalar valued




3
function K ‘t. s,, sz) defined on A and such that

] =[/ jA ; K¢, 5, 5,)]d.ds, ds, < .

For any pair xl, x2 € Lz(A) the following integral
W= ff K(,s,,8 )xl(s )x2(s )ds, ds
* A2 PSP St SR 159/55155

defines a bilinear operator Lg" L2. This operator is bounded because

for each pair xl,x2 € Lz(A) one has

Iyl = [x]- = [- 1<)

It is symmetric if K(t, 8y sz) = K(t, S» sl).

Next the structure of Hilbert resolution spaces will be presented
[12], [14].[20]. Suppose that H is a Hilbert space, and v a linearly
ordered set with t0 and tco respectively minimum and maximum elements.

A family { Pt} = IR, t € v, of orthogonal projections on H is a Resolution of

the identity if it enjoys the following two properties:
Ri) P OH = 0, Py - H, and P*H > P'H whenever k > £;
Rii) if {P'} is a sequence of orthogonal projections in IR and there
exists an orthogonal projection P such that { Pix} -~ Px, for every

x € H, then P ¢ IR.




Definition 7. A Hilbert space, H, equipped with a Resolution of the identity,

is called a Hilbert resolution space (in short: HniS) and is denoted by

the symbol [H,Pt].
Example 3. LetH = R2 and consider the family of orthoprojectors
{P'}, te {0,1,2} defined as follows:
If x,y € R?" andy = Ptx, then

((0,0)if t = 0

y = J(xl,O)ift=1

(xl,xz) if ¢ =2.
The family {P'} is a resolution of the identity and the pair [Rz., Pt]
is a Hilbert resolution space.
Example 4. LetH = L2(A), andforte A = [0,;-] define P' as follows:
ify,xe Lz(A) andy = Ptx, then y(r) = x(7) for 7 <t, y(1) = 0 otherwise.
The family of orthoprojectors {P'} is a resolution of the identity and the
pair [Lz(A) y Pt] is a Hilbert resolution space.

For an operator K on [H, Pt] the notation f dPKdP will denote a

derived operator computed in the following way. First, let Q={t0,t

1, L N ’
tyorost = tw} denote a partition of v, that is tj< 1 allj. For con-

j n
PP,

j=1,...,n. The set of all such partitions is partiaily ordered by contain-

; t
venience, let Pl =P} and form the incremental projection set A

ment, that is Ql 2 92 if all points of 92 are in Ql.




Now if Jor every ¢ > 0 there exists Q'e and a function, denoted

by f dPKdP, such that

| JaPKdP - {_x, AKA || <e
1 7 )
for all 2 2 Qe then the series of sums converge and
[dPKdP = lim ZAjKAj
where the limit is taken over refinement.

Example 5. Consider in [LZ(A) 7 Pt] the bipower operator induced by

the bilinear mapping described in Example 2. For simplicity assume

|K(t,87, 89)| < M < «. Then for any integer N >2, choose
Q - {g§}= {0,74N, 274N, .. "2},

Then obviously €
i+ 1 9 . 3 9
JIf,  K'tt,s),8,)dt ds ds, < (/2N)"M
A
Note that for every {Ej} =9 3 0 one must have

N
() AW[A;, 4] 12 < N (V2N M7

j=1
It follows then that for the operator unde: consideration f dPWdP = 0.

For purposes of familiarity we shall single out three specific properties

that relate to f dPKdP. First if K is n-power and bounded, then

"A].Kij" £ "Mij I jeq xeH ()
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for some scalar M. If f dPKdP = 0 then © can be refined such that M

can be taken arbitrarily small.

3. Causality Concepts

An n-linear (in particular, linear) operator W on [H, Pt] is said to
be causal, (anticausal) it P'w = P'wp', ( (1-PYHw = (1 -PYw( -PY).

W is memoryless if it is simultaneously causal and anticausal. W is

§ i-1

precausal if there exists a partition  €v such that W = _, AiWP :
i=1
W is strictly causal if there exists a sequence of precausal operators

{Wi}, such that {Wi} = W, where the convergence is intended in the uni-
form n-linear operator norm. An n-power operator is causal (precausal,
strictly causal) if it is generated by a causal, (precausal, strictly causal)

n-linear operator. * Similarly, a multipower operator is cavsal (precausal,

strictly causal) if it is the sum of causal (precausai, strictly causal)

n-power components.

Example 1. Consider the bilinear operator W:[Rz, Pt] . "[Rz, Pt] des-

cribed in example 2. 1. This operator is:

causal if =0 j>iork >i;

Biik
memoryless if Bijk #0 only whenj =k = i;

precausal if B.., =0 whenever j2iork2i,

ijk
Example 2. The bilinear operator [LZ(A)’ Pt]2~ [L2(A), Pt]
described in example 2. 2 is strictly causal if K(t, 8y sz) = 0 whenever

either 8y Or 8, is bigger than t. It is precausal if there exists an ¢ >0

*Note .that if W is precausal, then it is also strictly causal and causal;
if W is strictly causal then it is causal but not necessarily precausal.




-
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such that K(t, Ass Az) = () whenever either Al or 4, is bigger thant - €.

Memoryless properties would require: that K(t, Al, AZ) =0 unless A, =A, =t

1 72
in which case a distribution type behavior of the kernal would be necessary
to rescue the example from trivial result K = 0,

Note that if W is causal then the relations

A Wx = A, WA X

1 1771
: : (3)
A Wx = A W[A. + A,
] ]W[ j* 4y +A1]x
hold for arbitrary x € H and any partition Q. Similarly, if W is memoryless
then
A WX = A WA X
J I )

holds for all x € H and arbitrary Aj.

Proposition 1. If n-power W is causal then for every t ev one has that

wa - PY = @ - PYwa - BY.

Proposition 2. ([12], Coro. 4.11). W is memoryless if and only if

W = [dPWdP.

Proposition 3. If W is strictly causal then f dPwdP = 0.

Proposition 4. Suppose that T and W are respectively linear and multi-

linear causal bounded operators. If either T or W is precausal (strictly

causal), then TW and WT are 2lso precausal (strictly causal).

Proof. If T is precausal then one can write T = § AiTPl-l. From
i=1

here, using the causality of W, it follows




Tw=iI atpi-typi-l =§ AiTWPl-l .
i=1 j=1

Thus TW is precausal. Suppose now that T is strictly causal. Then there
exists a sequence of precausal operators {Ti} such that { TiW} - TwW,
where each 'riw is precausal.

Proposition 5. The class of bounded n-linea: causal (strictly causal)

operators is a Banach algebra.

4. Multipower Operator Equations.

Given the Hilbert space, H, and an elementy ¢ H, we will consider

the equation

X=y+Wx (4
where \;J-- glwn, where Wn denotes an n-power operator. We shall need
some causgl-ity structure and for this H becomes a Hilbert resolution space
[H, Pt] . For simplicity and without any loss of generality we shall assume

that our identity resolution has no gaps; that is for every x ¢ H the partition

2 can be refined such that

"ijl! <B allje®
holds for every 8> 0.
The problem of determining the existence and uniqueness of a solution,
x, for equations of the above kind has been studied, among others, by
Rall [21], McFarland [32], and Prenter [33]. Their results concern

the case where the operator G/ and the assigned element y satisfy norm
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conditions of the type described in the following specialized veirsion ol the

contraction mapping theorem.* (See Prenter [ 33].)
R \
Proposition 1. W =1 W_and }, nfy|
n=1 n=
has a well defined solution x. Moreover on its domain the mapping

ln-luwn Il <1, then eqn. (4)

TET o

y = x is continuous and can be computed as the limit of the foliowing series:

Xg =Y

x1 =y +Wx0

............ (5)
E xl=y +Wxi_1

Corollary 1. If in adcition to the hypothesis of Proposition 1 one has that
¥ \TV is causal, then the 3olution of eqn. (4) is a causal function of y.

The contraction mapping result does not rely on the causality structure,
When W does not satisfy the norm condition of Proposition 1 then, at this
writing, the existing literature has nothing further to say about the solution
properties of eqn. (4). It is easy to demonstrate, however, that when
w is precausal then one has the following.

D w

Proposition 2. If W = i
n=1
defines a continuous and causal mappingy = x; (ii) the mapping y =~ x can

is bounded and precausal, then; (i) eqn. (4)

be computed using the contraction mapping iterations defined by eqns. (5).
The above result, together with our definition of a strictly causal
operator as the uniform limit of 1 sequence of precausal operators, leads

to the natural question about whether the precausality condition of Proposition 2

*We shall let Wrl denote an n-power operator on H.

il
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might be relaxed into a strict causality condition. To answer this question
we will suppose that W is strictly causal and will study existence, caus-
ality and continuity properties of the inverse operator (I + ﬁl)'l. In parti-
cular, in the following section we wiil discuss the case where W=T is

a linear operator (this case was studied in [17]). We will proceed then

to the case where W = W is bilinear (sections 6 and 7) and we will finaily
extend ouar results to the more general multilinear case.

5. The Linear Case

One of the main results in | 20] was to the effect that if W=Tis
a linear operator, then Proposition 3. 2 can indeed be extended to the strictly
causal case.

Proposition 1. ([17], Theorem 4.2). If T is a linear bounded and strictly

qq
causal operator then I + T is invertible, the series Z, )y converges in
n=0
the uniform operator norm, and

(TR T L
n=0
For the study of the multipower operator case it is useful to consider

the following extension of Proposition 1.

Proposition 2. Suppose that To is a linear operator such that (I « To)'1

exists and is causal and bounded. Then for every sequence of strictly causal
linear Operators,{Ti}, 1+ T, + Ti) is invertible and (I + 3 IR Ti)'1 is

causal and bounded. Moreover if {Ti} converges to T, then {(I + T, + Ti)'l}

converges to (I + T, + 'f)'l.
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Proof. From the invertibility of (I + To)’ one can write

-1
I+T +T;= [I+Ti(I+TO) ](I+To).

To prove the first part of the proposition, it is then sufficient to show that
[1+T;@+T o)'1] is invertible and that its inverse is causal and bounded.

This follows by observing that Ti(I + To)'1 ig strictly causal, (Proposition
3. 3), and by applying Proposition 1. To prove the second part of the

p roposition, note that T is strictly causal (Proposition 3.4). The re-

sult is then obvious from the identity

-1 | -1,~ o |
(I+TO+T.1) -(I+T0+T) —(I+T0+Ti) (T-Ti)(I+T0+T) .

Corollary 1. If {Ti} is a convergent sequence of strictly causal linear
operators, {Ti}" To’ then the sequence {(I + Ti)'l} is also convergent
with {(I + Ti)‘l} - I+ To)'l.

| Corollary 2. If W is strictly causal, then for every y € H, the equation
x =u - Wy,u-x]

establishes a well defined continuous and causal mapping u =~ x. This mapping
is a continuous causal function of y and W.

6. The Bipower Case

To discuss solution properties of eqn. {4) in the case where
A
W(x) = W[x,x] is bipower and strictly causal, we start by establishing

existence and unigueness of the solution of the homogeneous equation.
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This result is then used first to obtain uniqueness in the nonhomogeneous
case, (Proposition 2), and then causality of (I + W)'l; (Proposition 3).
Our subsequent results concern continuity properties of (I + W)-l,
(Propositions 4, 5 and 6).

A
Proposition 1. If W is bipower, bcanded, causal and [dP®dP = 0, -

then eqn. (4) has a unique solution for y = ¢ namely x = 0.
Procf. Cuppose x € H such that 0 =x + W &x). For any partition

the causality of W implies that

Alx + AIQ’AIX =0

and, using eqn. (2),
lagxl = fa,fax] s [mapx]?

Refining the partition Quntil M < 1 and [|a,x [ <1 it is immediate that

Alx =0, Continuing now we have also

”Azx” = ”Azal[Al ¥ Az]x"

la,Wax|

HA

Iaa,x]12,

which implies Azx = 0. Repeating the procedure over all partition segments

produces the x = 0 result.
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A
Proposition 2. Let W be bipower, bounded and strictly causal. Then

. - A B
ify = X, + W(xl) =X, + W(xz) then X) = Xg.
Proof. Suppose x; £ X, in the proposition, then
A
=Wlx,,x,] - W[x,,x,]

where W is symmetric. Using this symmetry

Xy -y = W[x1 - X9 Xy~ xz] -2W[x1 -xz,xl] s
Using the notation z = Xy - Xo We have
(I +2W[*,x,])z = W[z, z].

However the linear operator 2W[ ',xl] is strictly causal and hence from
Proposition 5.1, I + 2W[*, xl] has a bounded causal inverse. Moreover

applying Proposition 3. 3 it follows that
= -1
W) = @ +2W[e,x,]) " ()

satisfies the conditions of Proposition 1. Using the results of that
lemma we have z =0 = Xy =Xy

Proposition 3. If QI is a bounded strictly causal operator, then on its

domain the map (I + Q’)'l is causal.

Proof. Suppose that Y11 Xy 791 Xg € H exist such that

A
=y, + W(xi).

X
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For t € v suppose Pty1 = Ptyz. Then from the above equations we must

have that

Ptx2 - Ptx1 = Pta'(xz) - Ptﬁ’ (xl)

A
and from the causality of W

bttt tA b .
sz-le-Pﬁr(sz)-Pﬁ'(le).

Invoking Proposition 2 it is easy to se. that this latter equality can be veri-

t

A - A, =
fied if and only if P'x, = P'x;. This implies P'(I + W) 1ot + )it

2
Proposition <. If bipower GJ is bounded and strictly causal then the domain
of (I +$J) " is an open unbounded set. Moreover, (I + GI) g on its domair
is continuous.

Proof. Since W is homogeneous of order 2, the range of I + W is obviously

A, - :
unbounded. To prove that (I + W) i i{s continuous, and that its domain is

open, it is sufficient to show that i{ u and x are such that
X =u+ W[x,x] (6)
then there exists an €¢> U and an M > 0, such that given any Au € H,

”Au ” <€, one can find a Ax ¢ H, ”Ax" s M"Au ", such that

X +AX =u +Au + W[x +Ax,x +Ax] (7)
Using the bilinearity of W and equation (6) we have

Ax = Au + 2W[ Ax,x] + W[ Ax, Ax]. (8)

This we rewrite in the form
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ax = (I - 2W[*,xj) Yau + (1- 2W[+, x]) W] ax, Ax]

where, by Proposition 5.1, (I - 2W[-,x])'1 is a bounded causal linear
mapping, and, by Proposition 3.3, (I - 2W[°,x])-1W[°,°], is strictly
causal.

Applying Proposition 4.1, it follows that if Au is such that

ot - 2wle, x)) au - a-2wie, x) 7 wle o] 5 7
then eqn. (7) does indeed have a unique solution. This implies that if
4flauf = {H(I-ZW[-,xD‘lil~l|(1-2wr-,x]>"‘w[-,-]lﬂ-1=4e
then Ax satisfies eqn. (7) and [Ax| = M[au]|, where
M = 2]|@-2w[-,x]) "}

Proposition 5. If bilinear W is bounded and strictly causal and the pair

u,x € H2 is such that
x=u +W[x,x],

then there exists an € > 0 such that for all bounded and strictly causal

bilinear \~V satisfying ﬂ\‘i’ - W" < €, the equation
X' =u +W[x',x']

has a unique causal sclution. Moreover this solution is a continuous

function of {V and u.
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Proof. Letting AW = W - W and Ax =x' - x, we start by proving that there

exists an € > 0 such that if "AW" < €, then the equation
X +Ax =u + (W + AW)[x + AX, X + AX] (9)

has a unique solution Ax. To do this. note that equation (9) is equivalent

to
Ax =2W[ Ax, x] +W[ Ax, Ax] +2AW[ Ax, x] +AW[ Ax, Ax] +AW[x,x]

that is

Ax =(1-2(W +AW)[+, x] )-IAW[ X,X] +(I-2(W+AW)[+,x] )-l(AW+W)[ AX, AX]
(10)

where the inverses exist by virtue of Proposition 5.1. From Proposition
4.1, we have then that egn. (10 has a solution if

1@-2(w +aW)«, x]) " aW[x, x] |- [ (T -2W +aW)[+, x]) " (WeaW)e ;o] |

1
I

WA

This implies that eqn.(10) has 2 solution if AW satisfies the following

inequality

1
Ja-2(weaw)[+,x1) 1| [W+aW[+,+] ]

lawlx,x]] < 5

But, from Proposition 5.2, we can certainly find an € > 0 such that for

law] < € the above inequality is indeed satisfied.
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The continuity of Ax with respect to both u and AW follows from Prop-
osition 1 which implies [lax| < é-[[ AW[x,x] || and Proposition 4 which
says that x is a continuous function of u.

Proposition 6. Suppcse that {Wi} is a sequence of strictly causal bilinear

operators such that (I + Wi)'lu exists for some u € H. If {Wi} ~W, and
{1 + Wi)'lu} =X, then (I + Wo)'lu alsc exists and is equal to x .

Proof. Denote {(I - Wi)'lu} = {xi} and observe that
H
”xo -u -Wo[xo,xo] [ = |[xo -X, + w[x,, xi] -Wo[xo, x] [

s [x,-x, [+ W[z, %] -Wilx,x )+ W [x,x ] -W,[x . x ][
If {xi} o X and Wi = Wo’ then the second member of the inequality is

as small as desired and we can then conclude that

X, =u+ Wo[xo, xo]

The results contained in Propositions 1-6, can be summarized by the
following two theorems.
Theorem 1. Let bipower Q be a bounded and strictly causal operator.
Then: (i) I + ﬁl is one-to-one; (ii) the domain of (I + #) e is an unbounded
open set; (iii) (I + GJ)'1 is on its domain causal and continuous.
T_hcﬁrﬂ_n_g_. Let {Wi} be a sequence of precausal bipower operators such
that {W,}=® and {(1 + )7} -x . Then: () @+ %)y is a well defined

A . A -
element in H and (I + W) 1y =X, the element (I + W) 1y is a continuous

A
function of both y and W.
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A
Corollary 1. If Wis strictly causal, then a necessary and sufiicient

condition for the equation

X=u+Wx
to have a solution X is that for every € > 0 there exists a partition Qe
such that for every refinement > Qe one has

I« il s BN f<e.
l'—'

A
Corollary 2. If W is strictly causal, then the equation

A
X=u+Wx

has a solution, Xy if and only if there exists a convergent sequence of
A =
precausal approximants {Wi} -~ such that {(1 +Q’i) 1u} - X,

Corollary 3. Let 0 be strictly causal and suppose that {ui} is a sequence

A -
of elements in H such that (I + W) 1ui exists for each i. If {ui} ~u and

AL
(I+w) 1uo also exists, then
LN A -1
IT+w) u, = lim (I + W) u, .
i
7. Results on the Range

We consider the range of the mapping defined by eqn. (4) in the
A
special case where W is bipower and strictly causal. To begin with we
start by showing that contrary to what might be expected from Proposition 4. 2,

A
the operator I + W is not necessarily onto. This is accomplished by the

following (counter) exampie.
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Example 1. Consider the following equation, A = [o, ;-]

t
x®) =y® + [/ x(s)ds]? ten (11)
0

where y Is an assigned scalar valued function in L2(A) and x

is the unknown of the equation. Note that the bipower term is generated

by a bilinear strictly causal operator of the type described in Examéle 3.2.
Observe also that for y(t) = -k2 the solution x is absolutely continuous and
the related differential equation that models our example is the Riccati
equation

2

¢®) =k + %), g =0.

For this equation there exists a unique solution, namely g(t) = k tan(kt).
It follows that the unique solution to eqn. (1) is given by x(t) = g(t) =k2/ cosz(kt).
Note that for K = 1 this solution does not belong to LZ(A) and therefore
y(t) = -1 is not in the range of I + W,

Our attention turns now to necessary and sufficient conditions to guar -
antee the onto property.

Proposition 1. Suppose that W is strictly causal. If y € H is not in the

rangeof I + fv , then there oxists an element t € v such that for s <t

P°y belongs to the range of P°(I + ﬁ') and lim "xs =, where

-

x, = [PS+ By 1pSy].

A
Proof. Lett = sup{s: P5y is in the range of P%(I + W)}. Clearly, from

Proposition 4.1, we have t, # 0. Suppose now that lim ”xs I < .
s—t
o
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Observing that for every s, > s, one has
8 s
(o 2 1
X, -Xg =(P “-p )xs

2 1 2

t
there would then exist a well defined element, P %% € H, such that

t t
lm x_ =P Ox. Moreover, P °x would have the property that
0
t t 1t
P % =pOor+®)lpoy,

This latter equation would imply that Pt°y is in the range of Pt°(I +R).
This implication, however, cannot hold becuase if Pt°y were in the range
of Pt°(I +G’), then applying Proposition 6.4 we would have that, for some
t > to’ Pty also is in the range of Pt(I +Gr). A contradiction to the sup
property of to would then be obtained.

Proposition 2. If QI is a strictly causal bipower operator and there exists

a sequence of precausal operators {611}-07 such that, for every y € H,

the sequence {(I+€Vi) mly} is bounded, then 1+%1is onto.

Proof. Suppose that y is not in the range of I+\IJ\V. Then by Proposition 1
there would exist a t o€V such that for s <t = the element P5(I +€V)'1Psy =X

is well defined and Ll_g\ "xs | = . Denoting x, =P%(1 + &)'lpsy, by

is
Proposition 6. 5, it would follow that

lim ||x [l = 0,
i~ is
g~t S
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One would then obtain a contradiction to the hypothesis that the sequence
A
{a+ Wi) 1y} is bounded.

A
Proposition 3. If W is strictly causal, then the equationx =y + GJx has

a solution x ¢ H if and only if there exists a sequence of precausal operators
{ G/l }~W such that {(I + G/i)‘ly} is bounded.

The above results can be summarized in the following theorem.
Theorem 3. If Q/ is a bounded and strictly causal bipower operator, then
a necessary and sufficient coudition for existence, causality and continuity
of (I + \/Jtl)'1 is that there exists a convergent sequence of precausal operators,
{Gll} "Gl, such that, for every y ¢ H the sequence {(I + W) 'ly} is bounded.

The next result illustrates a different type of sufficient condition for
I+W tobe onto. In the following T, =1 - 2W[x,*] for everyx € His a
bounded linear operator on H. The adjoint of Tx is denoted in the conven-
tional style T ; c
Theorem 4. There exists a sequence {xn} such that

(1) ||xn - Q’(xn) -y| is monotone decreasing

@1 @, - Rix ) - v) =0

A
Corollary. If T is uniformily bounded below on a set {x: [x - Wx) -y [<a}
T n

A A
where inf[a - [[xn -Wi ) -y[[] >0 then the map x~x - W (x) is onto.

- ket iy Tt LY o
oot e bt - T T P LT VU —




—— T

O —

26

Remark. If W is strictly causal then from lemma 5 it follows that for
every x € H, Tx is 1:1, onto, and is bounded below. These properties
are inherited by T;. However, it is not to the authors' knowledge true
that a parameterized family of such operators is necessarily uniformily
bounded below.

To prove the theorem consider the functional on H determined by
A 2
tx) = [x - Wex) -y [

Expanding via the inner product it is rather straight forward but tedious

to determine the first Frechet and second Gateau derivatives of F, namely
| &
F (x;h) = 2<x - W(x) -y, (I-2W[x,*])h>
A
Vv .F = ([-2W[x,*])*&x -Wk) -y) = T¥a)
and

Fu(x;k, h) = 2<T_k, T,h> - 4<a(x), W[k, h] >

A
where a(x) =x - W(x) -y. The theorem follows immediately then from
Goldstein [ 22], page 125.

8. Extension to the Multipower Case.

The discussion about the solution properties of the multipower equation
has thus far been confined to the special case where the operator Q’ is
bipower. It is to be noted, however, that most of our proofs have been based
on Propositions 4.1 and 4. 2 which are valid when ﬁ' is given by the sum of

n-power operators. It is then natural to ask whether our results might
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not hold in this latter, more general context. By way of illustration that
this is indeed the case, we reformulate the statements ¢f Theorems 1, 2

and 3 as follows.

A
Theorem 1'. Let W be a bounded and strictly causal multipower operator.

Then: (i) 1 + (’\V is one to one; (ii) the domain of (I + GJ)'I is an unbounded
open set; (iii) (I + 6\V)'1 is, on its domain, causal and continuous.
Theorem 2'. If {GII} is a sequence of precausal multipower operators
such that {G]l} - ")\Vo and {1 + Gli)'ly} ~x_, then (I + X/)\VO)'ly is a well
defined element in H and is equal to X

A
Theorem 3'. If W is a bounded and strictly causal multipower operator,

then a necessary and sufficient condition for existence, causality. and con-
AL
tinuity of (I - W) 1 is that there exists a convergent sequence of precausal
A A ALl
operators, {Wi} -W, such that for every y ¢ H, the sequence {1 +W,l) y}
is bounded.
A somewhat more delicate generalization of our results is also avail-

able. To see this, suppose that F and G are mappings on [H, Pt] such that
m ”Aj(xl - x,)[|? = ”AjFAj(xl - %) (12)
and
llAjGAj(xl -x,)[| = M”A].(xl - x,) [ (13)

hold for any pair Xy1Xq € H and every suitably refined partition 2.
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Theorem 4. Let F be memoryless and satisfy eqn.(12) and let G be causal
and satisfy eqn.(13). If n> a or n = @ and M < m, then the operator

F + G is one to one and on its domain (F + G)'1 is causal.

Proof. The proof of causality is identical to that givenin connection with
Proposition 3. The one-to-one property of F + G is based on the following

two propositions.

Proposition 1. If F is memoryless and satisfies eqn. (13 and G is causal

and aatisfies eqn.(13) and if n > a@ or n = @ and M < m, then
0 = F(x) - G(x)

has the unigue solution x = 0,
In the proof of Proposition 2 we shall use a result which is easily

verified and is contained in the

Proposition 2. If f, g are functions on R satisfying (mr)% s - (r), and

glr) s (Mr)B for m,M,a,8 >0and 0sreR. If(r)=g()for some
Osr:
i)if B> athenr=0o0rr2 ro
ii) if B= @ andM1<mthenr =0
where ry = (ma/‘MB)B'_a .
Proof. (Proposition 1) If F(x) = G(x) then using the causality properties

of F, G we have

Al FAlx = AIGAIX
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and invoking eqn.(12) and eqn. (13)
HmAlx "a s "MAlx "n

Now since {P'} has no gaps we refine Q until I A Il < r, the scalar of

Proposition 1. Using that proposition then we have Agx = 0. It remains

only to note that
A,FAx=4,G[A, +4,]x
V =B GA %

and hence the above argument again applies and continuing over  we
arrive at x = 0,

9. Application.

Consider the operator X: Lz[ 0, ») = LZ[O’ o) which is defined according

| to the following rule: if u,x € LZ[O, o) and u = Kx, then

t t
u(t) = 121 g . 6[K(t. Spre-e18)X(8). .. x(s ) ds;. .. ds, (14

where
0 0,
l{%x (t,sl,...,sn)dtdsl,,.dsn< w, n=1,2,.,..,N. (15)
This operator has been proposed as a mathematical model to analyze the

| behavior of physical systema such as nuclear reactors [27], magnetic

levitation [28], communication channels [ 28], biological systems,

[24],[30], etc. The potential for representing such a variety of systems

is that an operator of this form provides a good approximation for much
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more general nonlinear operators.

This fact is in part summarized in the following lemma.
Lemma [ 33]. Let C[E] be the set of continuous and causal operators ou
L2[0, T] restricted to a compact set E of Lz[ 0, T] and let the topology in
C[E] be determined by the uniform operator norm. Then the family of
operators defined by eqns. (14) and (15) is dense in C[E].

Motivated in part by the above results, the properties of the operator
K have recently been studied in connection with problems of synthesis [ 24],
identification [ 25],[26] and Optimal Control [27]. A system configuration
of great importance in all these problems is represented in Figure 1, and
a first order of business is to analyze the input-output behavior of this type

of feedback system. This is equivalent to studying the solution properties

of the following equation
x({t) = y(t) +uf) (16)

where u(t) is iven by eqn. (14).

Observing that the operator K is bounded multipower and strictly
causal, the results of the present development can be readily utilized ior
the better purpose. In particular, Theorem 1' tells us that if eqn. (16)
has a solution, x, then this solution is unique and it is a caueal function
of y. This, of course, does not imply that for every finite energy input,

y, the corresponding solution x has necessarily a finite energy nor a finite
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(t) [
O bin

iu(t)

v ]

Figure 1. A basic feedback system
with multipower open loop chain.

escape time (see counter -example 7.1). What it is possible to say, however,
is that the domain of y for which these properties hold is an unbounded

open set in L2[ 0,0). Moreover, if y is in this domain, the solution x is

a continuous function of both y and K (theorem 2').

These considerations are relevant not only tc our qualitative under-
standing of the input-output properties of the feedback system, but they do
also have practical implications in terms of computational methods for
solving eqn. (16).

To illustrate the last assertion let us specifically consider the context
developed through examples 2 and 5 of section 2 and example 2 of section
3. We might stazrt by choosing a sequence of positive real numbers
{¢t i} =~ 0 and computing the secuence {xi} of solutions to the equation

t-,

t-¢
xt) =yt - [ L. [ Koy 8 x(ey).x(e Jasy..ds

Observing that the multipower operator in this equation is bounded and

precausal, this step can be carried by using the contraction mapping iterations
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considered in Proposition 4. 1. At this point either one ol the following
tvo possibilities can occur. The sequence {xi} may turn out to be unbounded:
in this case one can conclude that eqn. (16) does not have a finite energy
solution. Alternatively, {xi} is bounded: in this case it must also be con-
vergent with its limit providing the desired solution of eqn.(16) .(Theorem 3').
The following example illustrates a large class of practical feedback
control systems for which all of the above considerations are applicable.
Example 1,  Suppose that in the scalar feedback system represented in
Figure 2, the systems Ti’ i =1, 2, can be modeled as follows: if X.r 24

€ L2[0,oo) and Z;= Tixi’ then

t
zi(t) = Of Ki(t’ s)xi(s)as
where Ki(t’ s) are such that

o0 O 92
J [k s)["dsat <w, 1=1,2
00

Let N be a memoryless polynomial type nonlinearity, that is a nonlinearity

such that i z = Nx, then
X n
z(t) = alx(t) teo.taX (t)

The open loop chain of this feedback system is a bounded, multipower and

strictly causal operator.
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I

Figure 2. A practical multipower servosystem.

10. Conclusions.

In this article we have investigated a number of connectiors between

some special causality properties of a system, K, and questions related

to the existence and causality of (I + K)'l. This has been done by assuming
that K is given by the sum of a finite number of multipower operators

defined on a Hilbert resolution space. In analogy with a previous develop-

ment, [20], which was addressed to the case where K is weakly additive,

e g s

an important role has been played by the concept of strict causality.

Our results can be biriefly summarized as follows. If K is bounded
and strictly causal, then I + K is one-to-one and its inverse, when it exists,
is causal and continuous (Theorems 1 and 2). Thig is in line with
] Theorems 4.1 - 2 in [20]. In contrast to the main conclusion of that study,
however, when K is multipower the strict causality assumption is no longer
sufficient to insure invertibility of I + K; in particular, as illustrated in

Example 1, I + K may fail to be onto. To further investigate the structure

of the range of I + K it is then natural to look for some appropriate additional
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conditions on K. In this regard, Theorem 3 gives a bounded above type

necessary and sufficient conditions. Theorem 4 gives a bounded below

type sufficient conditions.




Rl is o

[2]

[3]

(4]

[9]

[10]

[11]

35

REFERENCES

Browder, F. E., "The Solvability of Nonlinear Functional Equations."
Duke Math J., Vol. 30, 1962, pp. 557-566.

Dolph, C. L., and Minty, G. J., "On Nonlinear Integral Equations
of the Hammerstein Type." In: Nonlinear Integral Equations,
edited by P. M. Anselone, University of Wisconsin Press, Madlson,
Wisconsin, 1964, pp.

Minty, G. M., ""Monotone Nonlinear Operators in Hilbert Space."
Duke Math J., Vol. 29, 1962, pp. 341-346.

Petryskin, W. V., "On a Fixed Point Theorem for Nonlinear P-
Compact Operators in Banach Space.'" Bulletin of the American
Mathematical Society, Vol. 72, 1966, pp. 329--333.

Shinbrot, M., "A Fixed Point Theorem and Some Applications, "
Arch. Rational Mech. Anal., Vol. 17, 1964, pp. 255-271.

Foures, Y., and Segal, L., '"Causality and Analyticity.” Transactions
f the American Mathematical Society, Vol. 78, 1955, pp. 385-405.

Youla, D. C., Castriota, L. J., and Carlin, H. L., "Bounded Real
Scattering Matrices and the Foundations of Linear Passive Network
Theory." IRE Transactions on Circuit Theory, Vol. CT-6, March
1959, pp. 102-124.

Paley, R. E. A. C., and Wiener, N.,Fourier Transform in the Complex

Domain, American Mathematical Society, Colloquium Publ., Vol. 19, 1924.

Sandberg, I. W., "Conditions for the Causality of Nonlinear Operators
Defined on a Function Space.' Quarterly of Applied Mathematics,
Vol. 23, No. 1, 1965, pp. 87-91.

Damborg, M., "The Use of Normed Linear Space for Feedback System
Stability.' Preprints 14th Midwest Symposium on Circuit Theory,
Denver, May 1971,

Damborg, M., and Naylor, A. W., ""Tiue Fundamental Structure
of Input-Output Stability for Feedback Systems'' IEEE Trans. on
Systems Science and Cybernetics, April 1970,




i o

[28]

[26]

[27]

[28]

[29]
[30]
[31]
[32]

[38]

37

Hsieh, H. C., "The Least Squares Estimation of Linear and Non-
linear System Weighting Function Matrices,"” Information and
Control, Vol. 7, March, 1969, pp. 84-115,

Mosca, E., "Determination of Volterra Kernels from Input-Output
Data, ' International Journal of Systems Sciences. Vol. , No. ,
1972, pp.

Abhmed, N. V., "Optimal Control of a Class of Nonlinear Systems
on Hilbert Space,’™ IEEE Transactions on Automatic Control,
Vol. AC-14, No. 6, December, 1969, pp. /11-714,

Parente, R. B., ''Functional Analysis of Systems Characterized by
Nonlinear Differential Equations,' Technical Report 444, Research
Laboratory of Electronics, M. L T., Cambridge, Mass., 1966.

Root, W. L., "On the Measurement and Use of Time-Varying Communi-
cations Channel s!' Information and Control, Vol. 8, pp. 390-422,

Volterra, V., Theory of Functionals and of Integral and Integro-
Differential Equations, Dover, New York, 1999,

Wiener, N. Nonlinear Problems in Random Theory, M.L T. Press,
Cambridge, Mass., 1959

McFarland, J. E., "An Iterative Solution of the Quadratic Equation
in Banach Space," Proceedings of A.M.S., (1858), pp. 824-830.

Prenter, P. A.,, "On Polynomial Operators and Equations,' in
Nonlinear Functional Analysis and Applications, (Rall edition),

Academic Press, 1971.




