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In  the  book are discussed  the  features 
of the  structure,  properties  and regulation 
of the  anlsotropy  of reinforced plastics 
(systems  of  the pliable matrix  type  -  con- 
tinuous  reinforcing filaments).     Primary 
attention Is  given to the negative  features 
of these materials  - weak shear  and  tenslle- 
compresslve  strength perpendicular to  the 
direction  of  reinforcing.     Taking these  fea- 
tures  into  account  the traditional problems 
of the  strength of materials and applied 
elasticity  theory   (rods, plate,  thick-walled 
rings)   are  examined.     Special attention is 
given to the  mechanics of winding.     There  is 
estimated the  error Introduced by  the  applica- 
tion of  solutions,  constructed on the  basis  of 
the hypothesis  of undeformable  standards. 
The  book contains  vast  experimental  material, 
obtained during tests of oriented glass 
fiber-reinforced plastics with  fibrous, 
laminated and  three-dimensional   cross-linked 
structure.     Illustrations  162, Tables  ;40, 
References   321  titles. 
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PREFACE 

Among the problems of contemporary technology the problem of 

the creation of new structural materials with controlled physlco- 

mechanlcal characteristics occupies a special place.  From this 

viewpoint reinforced plastics are of great interest, properties 

of which can be controlled in a sufficiently wide range of their 

change. 

The ordered and thoroughly substantiated theory of the strength 

and deformation of anisotropic heterogeneous materials, which 

considers the specific features of the mechanical characteristics 

of material, in particular heterogeneity, strong anlsotropy, 

weak shear resistance, different tensile and compressive strength 

and others, undoubtedly will aid the wide application of 

reinforced plastics in the different areas of contemporary 

technology. 

The account of the specific features of the mechanical 

properties of material can significantly change the traditional 

approach to 4;he calculation of some structural elements, 

manufactured from reinforced plastics.  The fact Is that the 

mechanical characteristics of plastics, reinforced by filaments, 

as a rule, are such that the practical need appears for the 

account of the effect of such stresses and deformations, which in 

the traditional applied theories of calculation of structural 
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elements are considered secondary and negligible.  As applied to 

reinforced plastics these stresses and deformations. In spite of 

their comparative smallness, can become the reason for structural 

failure. 

The authors of this book on the basis of their theoretical 

and experimental data, taking into account the known results of 

other researchers, revealed some specific features of the mechanical 

properties of reinforced plastics and showed how these features 

change the traditional methods of calculation of strength and 

deformation of structural elements.  In the book in detail there 

are investigated the questions connected with the weak resistance 

of these materials to shear, the interesting problems of the 

mechanics of filament winding are examined,, the  questions of 

strength and deformation of glass fiber-reinforced plastics are 

discussed in detail taking into account small irregularities of 

the reinforcing filament, the correct ways of "transition from 

heterogeneous to quasi-homogeneous material are shown and others. 

The questions examined in the book are illuminated so fully 

and thoroughly that the reader-theoretician will find the 

experimental material in it which will help him to correctly evaluate 

the existing theories of reinforced media and to outline the ways 

of construction of new more substantiated applied theories, and 

the reader-applier - those methods and ways by which he will know 

how to correctly calculate the series of elements of constructions, 

manufactured from reinforced plastics. The authors 3f the book 

did not answer all the questions connected with the problem of 

the construction of the mechanics of reinforced plastics, but the 

steps made by them in this area are very successful.  The principles, 

which form the basis of the book, and also the results given in it 

are such that they will Interest a wide circle of specialists, 

who are occupied with the theoretical and applied problems of the 

mechanics of reinforced media. 

S. A. Ambartsumyan 
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INTRODUCTION 

Contemporary technical progress considerably expanded the 

circle of utilized structural materials.  The anlsotroplc composite 

materials and, first of all, reinforced plastics occupy a vlu^L 3 

place among them.  At the basis of the creation of these materials 

lies the Idea of reinforcing.  Attention to this Idea Is caused by 

the tendency to combine lightness with strength and hardness In 

the assigned directions.  Anlsotroplc natural materials have already 

long been used In technology; however, only the creation of 

artificial reinforced materials opens the possibility of the wide 

and purposeful control of the anisotropy of properties.  This 

makes It possible within known limits to coordinate the fields of 

resistances and effective forces.  At present two basic classes of 

composite materials can be Isolated matrix + particle and matrix + 

+ continuous filaments.  The materials of matrix + particle class 

can be related to quasl-lsotropic materials [227].  They are used 

mainly for the manufacture of intricate-shape parts with low 

strength properties.  The materials reinforced by filaments are 

structural anlsotroplc materials.  The anisotropy of properties 

Is created in the process of the production of articles and is a 

controllable value.  These materials received the greatest 

propagation during the creation of Important constructions.  The 

prospect of materials, reinforced by filaments, is doubtless. 

Strengthening by filaments has so many advantages that, apparently. 

In the future It will make up the basis of producing strong 
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engineering materials [116]. The construction of compositions 

is at present the subject of numerous investigations (see, for 

example, [199] and other articles of the collection). 

The leading place among materials of the pliable matrix + 

+ continuous filament type is occupied by reinforced plastics: 

glass fiber-reinforced plastics, asbestos fiber-reinforced plastics, 

boron fiber-reinforced plastics, materials reinforced by carbon and 

graphite fibers, and others.  The idea of the creation of reinforced 

plastics is extremely simple [107, 114].  They are materials, 

the reinforcement of which provides strength and hardness of 

composite, and polymer bonding agent - solidity of material and 

pliability.  This principle of construction of material makes it 

possible to combine high strength and hardness, characteristic for 

reinforcing filaments, with the technical properties, which are 

valuable in polymer substance, and to control the anisotropy by 

means of changing the orientation and mutual arrangement of the 

reinforcing filaments. 

In spite of the wide application of reinforced plastics,1 up 

to the sixties the empirical approach to the creation of the 

materials themselves and constructions of them predominated. 

Recently in connection with the numerous technical applications 

the interest in the mechanics of composite materials, including 

the mechanics of reinforced plastics, considerably increased. 

Large investigations on the creation of the theory of reinforced 

media were conducted by V. V. Bolotin, P. M. Ogibalov, G. N. Savin 

and G. A. Van Fo Fy, Hashin and Rosen, Hill, Tsai and Azzi and 

others. The strength of reinforced plastics and the development 

^he industrial production of reinforced plastics rapidly 
Increases.  For example, the production of glass fiber-reinforced 
plastics in recent years in many countries of the world grew into 
a large branch of industry.  In the immediate future - the 
creation of the industrial production of metals reinforced by 
filaments!  However, while the technology of the creation of reln- 
forced plastics and their subsequent treatment is comparatively 
simple, for metals reinforced by filaments the technical problems 
are the main ones. 
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of criteria of limiting states for parts from these materials are 

examined in the works of I. I. Gol'denblat, N. I, Malinin, 

A. K. Malmeyster, J. Martin, Niederstadt, Norls, Yu. N. Rabotnov, 

S. V. Serensen and coworkers, N. T. Smotrin and V. M. Chebanov 

and others. To the development of methods of calculation of 

parts from composite materials there are dedicated the works of 

S. A. Ambartsumyan, V. L. Blderman, L, A. Galln, E. I, Grigolyuk, 

V. I, Korolev, M. K. Smirnova, A. M. Skudra, G. A. Teters and 

others.1  In J. Hugo's work [294] there are given the methods 

of calculation of typical parts from Isotropie plastics. 

In literature, especially In chemical-technological, it is 

accepted to emphasize the high specific strength and the rigidity 

of composite materials and to keep quite about their negativ« 

properties.  However these materials inherit not only positive, 

but also the negative properties of components; the knowledge of 

negative properties is no less Important for the correct 

utilization of composite materials [224].  The basic features 

of the materials reinforced by filaments, which it is necessary 

to consider during the development of methods of calculation and 

the evaluation of the supporting power of parts, are caused by 

the pliable matrix (for example, polymer bonding agent), by the 

features of the structure and combination of the properties of 

components.  Diagram 1 is an attempt to show that It engenders 

these features, and also the ways of taking them into account 

during the development of methods of calculation and evaluation 

of the supporting power of constructions. 

The strength and deformating properties of reinforced plastics 

(the left side of Diagram 1) are not the deterministic value, and 

lA  detailed bibliography Is given in the list of the used 
literature, and also In the books of many of the enumerated 
authors (for example In [5, 6, 23, 30, 112, 132, 153, 170, 302]). 
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essentially depend not only on the diagram of reinforcing, but 

also on technological, structural and operational  factors.  For 

the designation of substantiated safety factors the knowledge 

of the actual supporting power Is necessary. Unlike the traditional 

materials, which In delivered state have certain preasslgned 

properties, the strength characteristics of parts made of reinforced 

plastics are created In the process of molding and are mainly 

determined by the parameters of this process.  As the experience 

of the manufacture and operation of different parts from glass 

fiber-reinforced plastics shows, in articles it is often not 

possible to realize the strength properties of materials, obtained 

during tesrs of standard samples [227].  This requires the 

optimization of the methods and procedures of obtaining parts. 

Thus, the presence of polymer bonding agent by virtue of the 

specific character of the properties of polymers makes the 

reinforced plastics extremely sensitive to the previous temperature 

and power history of the sample - to the technology of manufacture 

and condition of subsequent operation (temperature, character 

and the duration of loading).1 

The load-carrying capacity of a number of materials reinforced 

by filaments is sufficiently studied in detail.  For example, 

strength and deformation of reinforced plastics taking into 

account structural, technological and operational factors are 

examined in the books published recently (see, for example, [21, 

153, 203, 268, 298]; detailed bibliography is given there).  The 

calculated resistance of glass fiber-reinforced plastics of 

different structure is given in review sources [23, 227], in these 

works there is given a summary of the theories of limiting states 

^he Inelastic properties of polymer bonding agent require the 
complication of mechanical models of the material.  In the book 
this question is not considered.  The Inelastic properties of the 
pliable matrix of composite materials are taken into account for 
example in [66, 67, 130, 171, 200], which contain vast 
bibliographies.  The problems which appear in this area are 
formulated by A. A. Il'yushin and P. M. Ogibalov [103, 104]. 
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for composite materials.  The features of the materials, reinforced 

by filaments, caused by their structure and the combination of 

properties of components (the right side of Diagram 1) and the 

questions engendered by these features are studied In less detail. 

The examination of these questions comprises the basic content 

of the book. 

The composites, reinforced by filaments, are heterogeneous 

structural anlsotroplc materials.  However the existing elasticity 

theory of anlsotroplc body, developed In S. G. Lekhnltskly' s 

basic works [121-123], is developed basically for homogeneous 

materials.  The specific properties of composite materials 

require an account of the real structure and circumspection 

during the replacement of homogenous medium by quasi-homogeneous, 

in any case the error introduced by such a replacement must be 

evaluated.  The theories of reinforced media developing In recent 

years possess precisely such an advantage.  The utilization 

of these theories makes It possible, at least at the stage of 

derivation of the fundamental equations, to consider the material 

as a structurally heterogeneous medium. 

The classical methods of calculation of typical constructions 

are Irreparably indifferent to the transverse mechanical 

characteristics of the material.  In the real ranges of change 

of the properties of reinforced plastics this can lead to sub- 

stantial errors, therefore it is necessary to turn to the refined 

theories, which make it possible to feel the phenomena connected 

with weak shear and transverse characteristics.  For the materials 

and constructions in question the engineering theories 

(E. Relssner, S. A. Ambartsumyan, et al.), considering the Indicated 

features, acquire special Interest. The book contains an account 

of the negative features of materials reinforced by filaments, 

caused by the structure and the combination of properties of 

the components: by the substantial anisotropy of elastic and 

strength properties, by weak resistance to Interlayered shear 
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and compression perpendicular  to the  reinforcing filaments.     On an 

example of  comparatively uncomplicated,   but  principally 
important  problems   there  is  shown  not   only  the  Importance,  but 

also the need  for the  account   of the noted  features  during the 
calculation of parts  made of these  materials.     In every  case  in 
question there  is   given  an estimate  of  the  error  Introduced  by 

the application  of  traditional methods   of  calculation  and  it   is 

shown  that   in many  prccedurally  Important   cases  the  Introduced 
error  Is  Inadmissible. 

The majority   of the  materials   reinforced by   filaments   combine 
the high strengths   In  the  direction  of  fibers  with comparatively 

low rigidity.     For  the  oriented glass   fiber-reinforced  plastics 
with the  strength  approximately  equal  to  steel  the  elastic  moduli 

In the  direction   of  filaments   are   4-7  times   less.1    The utilization 
of the  high  strength of  reinforced plastics   is   connected with 

large  deformations.     At  the  same  time  the  working structural 
deformations  are   comparatively  small.     From here  comes  Increased 

Interest   in  the  refinement  of methods  of  calculation  for the  rigidity 

and stability  of  parts   from these  materials   (since precisely  the 

rigidity  is   often   definite  for constructions   of materials  reinforced 

by  filaments)   and  the  possibility  and  advisability  of  elastic 

examination.2     In  the  book the main  attention  is  given to  the 

Recently  there  appeared monodirectional  compositions   (rein- 
forced by  filaments   of boron  and graphite),   whose  elastic modulus 

c o 
in the direction  of  filaments  exceeds  3.1Cr  kgf/cm    [245,  260], 
I.e.,   is  higher than  for  steel. 

Requirements   for the assigned hardness  lead to the  fact  that 
the material  virtually works  only  in the  initial,   comparatively 
small   section of  dependence  a ^  e,   in which  the  existing composite 
materials  of the  pliable  matrix +  continuous  filament  type with 
loading in the direction of reinforcing  lead  completely to  linearly 
elastic   (see,   for example,   [29,  91,   130]  and others). 
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rigidity of the construction; strength was evaluated only from 

the viewpoint of the danger of failure as a result of interlayered 

shear and compression in the direction perpendicular to the 

reinforcing filaments. 

Research of the materials reinforced by filaments is conducted, 

as a rule, on an idealized model, made up of straight and strictly 

parallel reinforcing elements routinely arranged in pliable 

matrix. 1  In actuality ^he macrostructure of all the types of 

materials In question is far from this model.  The bondings of 

filaments - regular and random - are the unavoidable result of 

the existing technology of manufacture of the materials, reinforced 

by filaments, and parts made of them.  Therefore special attention 

is given to departures from the Idealized model of material 

and to the evaluation of the role of bending and subsequent 

tension of the reinforcing filaments on strength and deformating 

properties.  The effect of small initial bendings is so great 

that the  idealization of the materials in question, reinforced 

by filaments, as systems of direct reinforcing element is 

inadmissible for many problems. 

The book contains vast experimental material, obtained 

basically during tests of glass fiber-reinforced plastics, 

reinforced by rove (ACMS, LSB-F, 27-63S and others) and fabric of 

ordinary and three-dimensional braiding (VPS-7, SKT-11, EF-32-301 

and others), with different anlsotropy, being regulated because 

of the placement of filaments. 

It Is necessary to note that although the examination Is 

conducted on an example of reinforced plastics and in elastic 

formulation, the investigated features are general for all materials 

^he statistical theory of elasticity of reinforced plastics, 
which considers the random character of the arrangement of the 
reinforcing filaments, is developed by S. D. Volkov and colleagues 
[73, 7^, 205, 207] and others. 
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of the  class  in  question.    The  Increase  of  strength and rigidity 
in the direction of  filaments  because  of  the  application of 
stronger and more  rigid reinforcement   is  unavoidably accompanied 
by relative  intensification of negative  properties.     The  elastic 

statement   of the  problem does  not  deprive  the  obtained results  of 
practical   interest,   since  often  in  constructions   it  is  possible 
to use  only  the   "useful   strength"   of  composite  materials.     Spreading 
of the obtained  results  to the  case where  the pliable matrix  is 
linear-elastlc-vlscous   can be  realized  on  the  basis of viscoelastic 

analogy   [8^].     The   investigated  features  of  the materials  reinforced 
by  filaments  are   basically  determined  by  the  pliable matrix, 

which  is  more  sensitive  to  the  duration  of  loading.     For  this 
very  reason many  reinforced plastics  possess  distinctly expressed 

shear creep.     The   account  of  inelastic  properties  should  lead to 
intensification  of  the  effect  of the  Investigated  features. 

The  authors  worked  on the book together.     The basic work on 

writing  Chapters   I  and  IV was  accomplished  by  Yu.   M.  Tarnopol'skiy; 

II  and III  Chapters  were written by  A.   V.   Rose.     In the work are 
used  the  results   obtained by   colleagues   of  the   laboratory  of 

polymer constructions  of the  Institute  of Mechanics of Polymers 
of the  Academy  of  Sciences  of Latvian  SSR  G.   G.   Portnov, 

R.   E.   Brivmanis,   I.   G.   Zhigun,  T.   Ya.   Kintsis, V.   A.   Polyakov, 

V.  V.   Khltrov,   R.   P.   Shlits,   on whose works   are  given references 

In the  appropriate  paragraphs.     On  the  manuscript  and  illustrations 
worked L.   L.   Volglna,  S.   A.  Vanaga,  G.   A.   Klyavinya.     The  authors 
are sincerely grateful  to all  these  comrades.     All  critical 

observations  and wishes  about   the  questions  touched upon in the 
book will  be received with great  appreciation. 
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SECOND CHAPTER 

RODS FROM MATERIALS WHICH WEAKLY 
RESIST SHEAR 

§   2.1, TENSION-COMPRESSION  AND  SHEAR 

2.1.1.     The  simplest  cases.     The  simplest  loading    cases  ar 

uniform tension  and  compression  along the  direction of reinforcing 

x  or in perpendicular direction   (Fig.   2.1.1),   and also pure  shear 

(Fig.   2.1.2).     With  loading at  a certain  angle  to  the direction 

of reinforcing the problem 

a) becomes  somewhat   com- 

plicated,   since normal 

stresses  o    and a x z 
cause  also  shears  YV„I 

and tangential  stresses 

T      -  elongation or 
X2 & 

shortening e     and  er 

*.- 
- X 

b) 

ILLLLLLU 

n HI in 

z 
The 

Fig.   2.1.1.     Diagram of uniform ten- 
sion   (compression),     a)  along the 
direction  of reinforcing;  b)  perpen- 
dicular  to   the  direction  of  reinforc- 
ing. 

[23,   117,    123]- 
features  of  the   structure 

and properties   of materials  reinforced  by   filaments   (see 

Chap.   1)  make  It  possible  to  disregard  the   changes  of  stresses 

and deformations   in the thickness  of  the   separate  layer  of 

Fig.   2.1.2.     Dla- iz 
gram of pure  shear. 

r.« 

r. 
T. 
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reinforcement h' and the Interlayer of bonding agent h" 

(Fig. 2.1.3).  This assumption can be preserved for a broad class 

of problems, where the stressed state Is changed sufficiently 

slowly [^1, 42, 148, 159].  In the assumption that the layers 

and Interlayers work together (without slippage), from the 

examination of Fig. 2.1.4 follows 

„.,» o':i = o"..(; /if., «/lVSj +/i"e''„. 

(2.1.1) 

'i 
7 
1^ 

u < ~~ -----J 
Fig. 2.1.3.  Laminated model of rod. 

(values with one prime 

pertain to layer, with 

two they pertain to Inter- 

layer; the values without 

prime pertain to composite 

material. I.e., are 

averaged along the layer 

On the basis of Hooke law, and Interlayer lying   side by side), 

disregarding the Poisson effect, it is possible to write: 

xtx,      O x - t v« x.        O  x - C   «6  x, 

T«-Oä.Y«; T'«»O'«Y«; 1^=0*«^«. 

(2.1.2) 

The  joint  solution  of   (2.1.1)' and   (2.1.2)   makes  it  possible  for the 
accepted  laminated model  of material  to  express  the  elastic moduli 

of  the composite  material  by    the parameters   of the  layer and 

Interlayer: 

FTD-MT-24-384-73 

r -r 'iUu L"','"\- r'\  r-xh\u lw]' 

P -F"   h  /lx£"AV. 

r      r>   h I, . G'Ji'V* 

(2.1.3) 
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Pig.   2.1.4.     The  elements  of   1-th  layer and 
1-th  interlayer  lying  side  by   side  with  load- 
ing  by   normal   (a)   and  tangential   (b)   stresses. 

Since  the  rigidity   of  reinforcement   is   substantially  greater 

than the  rigidity   of bonding agent   (E'   >>  E"     E^  >>  E",  G'     >>   G"   ), 
the  second  terms   of  the expressions   in  parentheses  can be  dis- 

regarded.     The  rejection of these terms   corresponds  to the 

assumption that   the  layers  work  only  on  compression-tension,   and 

the   interlayers  work only  on shear.     This   assumption  is  widely 

used during  the  study  of the mechanism of the  transmission of 
forces  in oriented glass fiber-reinforced plastics   (see,   for 

example,   [227]). 

With uniform tension-compression  along the reinforcement 
(see  Fig.   2.1.1)   all  the elements  of  the  rod  have  identical 

deformation  e     =   e'   =   e" =  on/E   ,  consequently,  all  the  cross 
X X X U       X 

sections remain flat.  The stresses o' and a" are determined by 
X X 

expressions   (2.1.2),   and the  supporting power  in this  case  - 

basically by  the   strength of the  reinforcing  filaments.     With  pure 

shear   (see  Fig.   2.1.2)   there  is   achieved uniform stressed  state 

x       m  x1     =1"     =   in»   and  the  corresponding  shearing strain  Is XZ XZ XZ 0' r o a 
computed by (2.1.2). Since the stresses in the components of 

material are identical, the supporting power under conditions 

of pure shear is determined by the pliable matrix. 

The stresses received by the matrix, which possesses low 

strength and rigidity (primarily tangential stresses, which 

cause interlayered shears, I.e., shears in the interlayer of 

FTD-MT-24-384-73 
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bonding agent,  which Is   located between the   filaments  or layers 
of reinforcement),1       are  the  most  dangerous   for constructions 
from materials  reinforced by   filaments.     It   is   impossible 
to  completely  avoid interlayered shears  by    means  of the correspond- 
ing placement  of  reinforcement  at   the present   level  of technology 
of reinforcing,   at   least  near places  of application of loads  and 
attachment.     Therefore  there  is a class  of problems,   in the 
examination of which the  main  attention must  be  given to the weak 
shear strength. 

2.1.2.     The  bending  of  cross  sections with  stretching.     In 

the  diagram of loading,   which  differs   from that   depicted on 
Fig.   2.1.1,   the   cross  sections  near the places   of  loading are 
bent.     There  appear  zones   of edge effect,   in  which  T       ? 0 and 
a     ^  const.     In  Isotropie   rods  the  edge  effect   of this   type  in 
accordance  with the St.   Venant  principle  attenuates  very rapidly 
(see,   for example,  the  investigations  of S.   P.   Timoshenko  [236], 
P.   F.   Papkovlch   [157],  M.   M.   Filonenko-Borodich   [249]).     In 
anisotropic  rods  the extent  of the  zone  of edge  effect  due to 
the weak shear strength  can be  substantially  changed depending on 

the parameters  ß  ■ Consequently,  the  purely geometric 

approach,   common  for Isotropie  or slightly  anisotropic  bodies. 
In many instances  turns  out  to  be  insufficient   and  can  lead to 
significant  errors.     Let  us  note that  the estimation of the zone 
of edge effect  is   of interest  not  only during the  calculation of 
constructions,  but   also during the  development   of the procedure 
of tests of substantially  anisotropic materials.     The  heterogeneity 
of the  stressed  state,  connected with conditions  of attachment  and 
loading of samples,   strongly  affects  the results  of tests of such 

'The weak resistance  of the matrix becomes  apparent during 
the  loading of unidirectional  and laminated materials  perpendicular 
to  the  reinforcing  filaments   (see Fig.   2.1.1b). 

..  -■^-k-.rti.i- 
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materials  as,   for example,   oriented glass   fiber-reinforced 
plastics. 

The  loading of  a  rod  by  forces  applied  on  the  ends  is 

examined by  A.   S.   Kosmodamianskiy   [115].     There  Is practical 
interest   in  the   case  where  the  rod  is   stretched  by  tangential 

forces,   applied on  the  sections  of the  lateral  surface 

(Fig.   2.1.5).     The  diagram of  loading  in  question  is   realized, 

for example,   during the  tensile test   of samples made  of reinforced 
plastics. 

The differential   equation of the problem  can  be obtained 
during the  examination  of equilibrium of the  element of the  layer 
and  Interlayer   (Fig.   2.1.6).     After  the  substitution into  the 
equation of projections  to  longitudinal  axis  x 

/l^rf.V+(T.«|-T«lf-«)</.V«0 (2.1.4) 

of  stresses  expressed  through displacements   of  layers  u., 

Oxi —C.t~T~i   T.v:i —l/.v; ~L ' (2.1.5) 

/ 
-«5J- \-tt.3i -\ 

----"■■ —— J-^l 
__   ■   : .—~- 

E       :—•--=: 
mrww *- 

L urn—— 

e. 
"" FT 

^'■'i 

r.. 

0* 

Flg. 2.1.5.  The sample In 
grips and the diagram of 
loading. 

Fig. 2.1.6.  The forces which 
act on the element of the 
laminated rod. 
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1 
we obtain the system of differential-difference equations: 

t"d^ + P :=0- (2.1.6) 

The   second  term of equation   (2.1.6)   can be  considered as  the  second 
derivative  of function u(x,   z)   with respect  to variable  z, 

written  in  finite  differences  with  Interval h.     This   makes   it 
possible  to replace  system  of equations   (2.1.6)  with the equation 

In partial  derivatives 

(32«       1     <I-II     „ (2.1.7) 

Such  replacement  corresponds   to transition  from laminated medium 
to  homogeneous.     The  error made  in  this  case  decreases  with  decrease 

of  thickness  h,  i.e.,  with   increase  of the number  of  layers  n. 

Obviously,  equation   (2.1.7)   can be  obtained directly, 
substituting into  the equation  of  equilibrium 

Ox       it? 
(2.1.8) 

stresses  expressed through  displacements taking into  account  the 

adopted  assumption  about  the   constancy of displacement w: 

0, = /:, Ox 
ii, — • 

■ il: 
(2.1.9) 

If tangential forces are distributed over the lateral 

surfaces of the rod z = +H according to law 

/' = T|.-^i/(= i/VCOS/.m.V 

(X = rmr/Z; m - Integer), the corresponding solution of equation 

(2.1.7) has the form [221] 

-  —^^.-^.-.„^^.i^ ■MM J 
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«-  M„, ill/., f»» CO$/.ri.Jf. (2.1.10) 

In  expression   (2.1.10)   "•••- -rnnluZ~''•''''••ti,t- 

For  other cases  of  force  distribution the  solution  is  obtained 
in the  form of series 

II-   ^  MM,COS)..«*, 
ml 

(2.1.1: 

where during determination of u the value of p  Is the general m m 
term of expansion of tangential load p(x) into trigonometric 

Fourier series: 

»I "1 
(2.1.12) 

In the case in question (Fig. 2.1.5), when the intensity of 

tangential forces along the length of section a is constant and 

equal to p0, 

4pA p,n=--~-sin/.ll.a. 
"■•1 (2.1.13) 

If it is necessary to look over a large number of different laws 

of loading, less work consuming, in comparison with the numerical, 

Is the method of the solution of Laplace equation (2.1.7), based 

on the method of electrolytic  analogy; such an approach is used 

in [186]. 

The diagrams of displacements, which characterize the bending 

TT
3
HE 

of cross sections, are given on Fig. 2.1.7, where u0 ■ u *— and 

ut ■ lim Uj corresponds to the displacement of rods of infinite 
d K-^0  ^ 

■ i       .  ^ ^atmtm MMMHI 



WWWi^^WWf 
•«■a^M^w 

.. a jj'i 

«•;« 

;.n: r/xirn rmn wiW"' 
W'l I IVV '.■!; !/ll Vtfl ia\ii 

S«     «      4«     «lit      0      «>      41-4« 

Fig.   2.1.7.     The  bending of cross 
sections  with  < =   0.1;   K = 1 and K = 
=  2. 

length or from material with  Infinite  shear rigidity   (I.e.,  uJJ - 
displacement   calculated on the basis of hypothesis  of flat sections) 
As  is  evident,  the bending of sections is  substantial at   large 

H values of parameter K = TTjß, characteristic for the materials 

reinforced by filaments, because of large values of ß "^in^—  (see 
>Gxz 

Table 1.1.1) Inherent to the latter.  In this case there appears 

significant nonuniformity of the distribution of normal stresses 

o.   and also tangential T  , the magnitude and the area of propaga- 
A A *J 

tlon of which  can be very substantial.     Consequently,  the  unsuccess- 
ful  selection  of the dimensions   of the  sample during tensile  test 
can  lead  to Incorrect    estimations  of  strength and elastic modulus 
of material. 

2.1.3.    The experimental  evaluation of the bending  of cross 
sections.     The bending of cross  sections with stretching is 
revealed  experimentally during tests  of samples  of unidirectional 
glass  fiber-reinforced plastics  AG-^S   [216] with  special  sensor- 
wires  stuck on two sides   (photograph  of the  sample In grips  and the 

,.     .I ■ -- - — üiiMi ■MMMHMB 



diagram of its loading are  given on Pig.   2.1.5).     During the 
stretching    of samples,   fastened along the planes,  on which the 
sensors   are stuck  (i.e.,  turned  90°), the readings  of  the   latter 
were  identical: 

"^V'-TTZMT-T)- 

Experimental results  during   stretching   by  the  diagram 2.1.5, 
obtained on samples with different  length of wire-sensors   l*   (on 
2  samples  with  I*. =  60,   90  and  120 mm),  and  also  theoretical  curves 
u/u*,  calculated according to   (2.1.11)  on the assumption that 
tensile   force N is  realized  by  tangential  forces   evenly  distributed 
on  the  sections with  length  a   (see Fig.   2.1.5),   are     represet 
on  Fig.   2.1.8.       As   is  evident,  the  character of the   arrangement 
of experimental points  and theoretical  curves  is   identical.     The 
obtaining of more accurate  quantitative  coincidence   is  difficult 
as   a result  of the  impossibility   of  the  exact  determination of 
the   law  of distribution  of  tangential  forces  p. 

i* 1 
f/\ 

CCJ • mtf I      1 
l\ -»■a 

1        / *l   i 
-*A* 

A 
'.» 1.0        1,1        It 

i 
""        "   ' ?^ 

/• jr    

'y- i I 
'#1 

.tstf 

J**Jk 
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C.i      i,}       I.»       O U     (I 

Fig.   2.1.8.     The  experimental  evaluation 
of the bending  of cross  sections. 

2.1.4.    The  bending  of  radii   during  twisting  of  round  rods 

The  cross   sections  of noncircular or nonorthotropic   rods  warp 
[23,   122].     Articles  made  of  materials  reinforced by   filaments, 
as   a rule,  possess orthotropy.     With the twisoing of  round rods 
from cylindrically  orthotropic materials   (axis  of  orthotropy 
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coincides  with  the  axis  of the rod)     their  cross  sections  remain 
planes.     The  edge  effect  Is  exhibited  in  the bending of radii 
near the places  of application of torslonal moment.     The  extent 

of  these  zones  is   determined by  parameter   3, which  for 

the  materials  reinforced by   filaments   can  differ significantly 
from one   (for  Isotropie  rods   gQ  =   1). 

The   effect   of  anisotropy  on  the   bending of radii   is   the 

simplest   to  trace   on  an example  of  a  cylinder,   fastened  on the 

ends   and  loaded  by   concentrated  torslonal  moment  M   (Fig.   2.1.9) 

The   equation   of  twisting of  orthotropic   rod   [122] 

d«l 3   d*V ö'T 
(2.1.1M 

{VQ  = -; v is the circular displacement) by the introduction 

of new variable c,  = ß„  can be reduced to the appropriate equation 

for Isotropie rod: 

,)r- 
1 ÜÜ'« '£!''• 
r'dr        Os- '.2.1,1b) 

r   Ö'l'« «'I', With this T»„ = GM,^-.^. TH, = G«./"
11—. 

?• f,        or 

Fig. 2.1.9.  The diagram 
of twisting of rod. 

The meaning of the introduction of new variable x,  is the fact 

that instead of a cylinder of orthotropic material there is 

Introduced Isotropie, whose length is transformed 3 times 

10 
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with respect to the Initial anlsotroplc cylinder.  The solution of 

equation (2.1.15) for the different cases of loading of Isotropie 

bodies Is examined In detail In [20], and for a number of problems 

with the aid of the Tlmpe method [318] there are obtained estimates 

of the zone of edge effect.  In order to make use of these solutions, 

generally It Is necessary In the appropriate manner to transform 

the zones of action of load and boundary conditions.  For the 

problem in question of twisting by concentrated moment 2M 

(Pig. 2.1.9) this question  loses significance if the rod can be 

considered infinitely long U ■ »).  In this case the length of 
the zone of edge effect is transformed 3fl times.  Consequently, 

if in the Isotropie rod it is possible to disregard stress level 

!„  and the nonllnearity of stresses T.  (i.e., bending of ör öz 
radii) at distance TrR/4 from the place of application of the con 

centrated moment, then in the orthotropic rod the corresponding 

distance is equal to Q^  [223] (Fig. 2.1.10). 

Sf/t Zi»    Sin ir». it P> » P'    ♦ A    ^fh 
i ^c/ l^ 

^ 
*,' 

»~J- 
I ILL. 

Fig. 2.1.10.  The diagrams of tangen- 
tial stresses TQ  and T„ . 9r     Bz 

During the solution of the problem of twisting of a cylinder 

of finite length with its loading by tangential forces on the 

sections of the side surface (such a diagram of loading and 

restraint is typical during torsion tests) the calculation formulas 

can be obtained in a similar manner, i.e., with utilization of 

the solution for Isotropie case [20].  In this case the area of 

the edge effect is not determined through the coefficient of 

an1 sot ropy Jn explicit  form. 

11 
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§ 2.2.  TECHNICAL THEORY OF BENDING 

2.2.1.  Methods of the account of shears. The basic feature, 

subject to account during the construction of the technical 

theory of bending of constructions made of materials reinforced 

by filaments, Is their weak shear strength. The classical theory 

of bending of solid rods,1 constructed on the hypothesis of 

undeformable sections, was proposed by Bernoulli In 1705 [238]. 

The mechanical sense of this geometrically formulated hypothesis - 

cross sections remain planes and do not change their shape - con- 

sists of the fact that the negligible smallness of the effect of 

"secondary" stresses T  and o  (x-axls Is directed along the 
A .Li 2 

axis of the rod, z-axls - perpendicular to It in the plane of 

bending) on the displacements of points of the beam with the 

distribution of "main" stresses a  Is postulated.  The division x   ^ 
of stresses Into main and secondary appeared during the comparison 

of their relative values (see, for example, [175]): 

(2.2.1) 

here h, I are the transverse and longitudinal dimensiono of the 

rod, respectively, i.e., its height and length; symbol ^ means 

that the compared values have identical order.  For anlsotroplc 

materials there is necessary the comparison not only of relative 

values of stresses, but also the corresponding resistances.  Taking 

into account Hooke law on the basis of (2.2.1) it is possible to 

obtain the relationships between deformations: 

y   ">- -    «-.~ K,.   f; 1-1 K,. (2.2.2) 

141], 
'Effect   of  shear   in  thin-walled   rods   Is  examined   In   [1^0, 

12 
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from which it Is clear that the hypothesis of undeformable cross 

sections can be treated as the allotment of material with 

Infinite shear and transversal rigidity. Thus, within the 

framework of the technical theory of bending, constructed on 

Bernoulli's hypothesis, easentially there is examined the bending 

of rods from transversally Isotropie material with G  ■ E ■ , J t xz    z 
= —L-     =       00. 

V zx 

For rods of Isotropie material, for which moduli E  and E 
r * X       Z 

are  equal,   and  shear modulus   G       is   close to  them in  value 
X z 

(E = E  -^ G  ), deformations v   and E become noticeable only x   z   xz ' xz     z 
in very short beams, i.e., with large h/I.  Therefore the bending 

of cross sections, caused by stresses T  . was noticed for the 

first time by St. Venant in 1856 during the solution in the 

refined statement of the problem about the transverse bending 

of a cantilever of narrow rectangular cross section.  Later a 

number of problems of bending of  such Isotropie beam-strips under 

some particular forms of load and conditions of restraint was 

solved by Menage, Timpe (with the aid of polynomial functions of 

stress), Rlb'yer, Faylon, Bleykh (with the aid of trigonometric 

series); for more detail see [129, 236, 238]. 

As S. P. Timoshenko indicates [238], the first expression 

for deflection of the beam taking into account shear was given to 

Poncelet as early as the beginning of the past century; he examined 

a special case - cantilever loaded by force at the end.  The 

elementary derivation of the formula, which describes the effect 

of stresses T  on deflection, was given by Rankine [306] and 

Grashof [288].  They proposed representing the total slope angle 

of the axis of beam w' = -r— as the sum of the slope angles 

from the bending moment M (i.e., from normal stresses 0 ) and 
A 

shearing  force  Q   (i.e.,   from tangential  stresses   T     ): 

«•   — 1»  0 -— u   1 (2.2.3) 
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(the process   of summation Is depicted  schematically on 

Fig.   2.2.1).     Actually  the cross  sections  are bent  as a result 

of the nonuniform distribution of stresses   T       along the height  of 

the beam.     The  connection between  the   bending moment  and the 
deflection  component  w„   is  keot   thp  como   ...    -• 
on Bernoulli's   hypothesis, 

kept   the  same  as   in  the theory  based 

';./*>.-.«„-./.„^ 
'2.2.H) 

(F and 

section 

maximum 

I -  the   area  and  the moment   of  Inertia of the  cross 

),   and   the  supplementary  slope  angle  w'   Is  equated  to  thf 

shearing  strain  in the  corresponding  section Y„„   • 
xz  max" 

aeiormation w•;      after  rotatlon by 

bending moment;    
strain w'. — after further shearing 

A more accurate value of correction from the account of shear 

-Is obtained if instead of y  r7 we use the average (in an 

energy sense) deformation y ,  which Is determined from the xz cp 
equality of the works of tangential stresses in this sectic 
the shearing force Q on Y„^ __! 

.on  and 

(2.2.5) 

This  modified Rankine-Grashof approach  in  literature  carrK 
name Timoshenkn   «nn^^v.     .„.,.. . carrl( 

Imoshenko   approach,   in th the 

developed   In  detaj 
e works  of whom It   Is  the most 

liJ 
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Turning angles w' = Y      or w' = Y 'xz max    T   ' are calculated xz cp 
on the assumption that the tangential stresses are distributed 

according to D. I. Zhuravskly.  For a beam with rectangular cross 

section, whose stress x       along coordinate z is changed according 

to the law of quadratic parabola, 

In general case 

. c <? . v  -.10 -JL Yv: nm = 1 .& yj^:• V" < i.« I .-£ FGi• 

/, = /Ct Aßv:" 
-■•" _  fc' "- I — - At fO« 

(2.2.6) 

where q Is transverse load; K  is the coefficient which depend^ 

on the shape of the cross section and the method of the account 

of shears (according to Ranklne-Grashof or according to 

Timoshenko). 

The differential equation of the elastic axis of the beam 

is obtained If we differentiate (2.2.3) with respect to coordinate 

x and place w" and w" into the obtained expression from (2.2.4) and ^      o      T 
(2.2.6): 

M  A't7 

2   2 or taking into account that d M/dx = -q after double differentiation 

(2.2.7) 

where ß' 
E      pr 

■ ov1 -Vl - xz 
the moment of inertia of the section. 

Equation (2.2.7) can be obtained with the aid of the geometric 

equations of the mechanics of continuum [27]. With the bending 

of beam by transverse load, as is known, the expressions fox1 

deformation components have the form: 

15 
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where  bending moment   M and shearing force  Q  are  functions  of 

coordinate  x.     We  hence  find the  equation 

dx    dz " dx* "   tj + GX.F ' dx ' 

which coincides with (2.2.7) if one considers that 3Q/9x = -q. 

All the mentioned calculation methods of the account of 

shears, and also the experiments and the practice of operation 

show that in constructions of Isotropie materials the shears are 

a secondary factor, the influence of which can be disregarded 

virtually in all real cases. 

The bending of anlsotropic beams taking Into account shear 

(or the adequate problem of the bending of plates along a 

cylindrical surface) Is examined in the works of S. G. Lekhnltskly 

[123], S. A. Ambartsumyan [6], V. I. Korolev [112] and others. 

It is shown that the error of the theory of flat sections 

Increases with an Increase of ratios E /G   and E /E . to which 
X     X2 x     z* 

this  theory   Is   indifferent.     In  the  beams   reinforced by   filaments 

along x-axis   (see  Table  1.1.1), 

For these materials,   as   follows   from  (2.2.2),   tangential   stresses 

T       in  spite  of  their  smallness   (2.2.1),   can  cause very   large 

deformations;   the  account  of E   ,  as  a rule,   Introduces  sub- 

stantiaJly   less   correction   [1^8]:     E     <<  y     .     This  Is evident   from 

expressions   (2.2.2),   If we  consider that   G       ^ E    and  h/J  <<   L. xz z 

16 
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Generally speaking, the traditional (appearing in the 

examination of Isotropie constructions) division of stresses 

into main and  secondary, depending on their relative values, 

becomes meaningless in the case of anisotropic materials.  For 

these materials comparatively small, it would seem secondary 

stresses, if they act in the directions of weak resistance (direc- 

tions of low rigidity or strength), can become dangerous.  For the 

materials reinforced by filaments primarily tangential stresses 

are dangerous, therefore the question concerning their possibly 

more accurate distribution, examined in this chapter, acquires 

practical Interest. 

2.2.2.  Elastic line.  Let us examine bending of a beam with 

length /., height 2H, composed of layers of reinforcement with 

thickness h' and interlayers of bonding agent with thickness h" 

(Fig. 2.1.3).  Without limiting the generality of reasonings, 

we take the width of  beam b equal to one.  As shown by 

theoretical [236] and experimental [1^9] studies, the effect of 

the width can be disregarded if b < 2H.  In another case, where 

b >> 2H, the problem in question changes to the problem of 

bending of a plate along the cylindrical surface.  Its solution 

is analogous with the case of bending of a narrow beam with the 

difference that instead of flexural rigidity E I it is necessary 

2H3E. 
to  Introduce  cylindrical  rigialty  D    = 

A 

241]. 
3(I-v     v xz   zx 

y  [123,   151, 

The  average  shearing strain   (Fig.   2.2.2) 

V««« 
Ui+x-Ui+h-— (2.2.8) 

It  is  expressed through  longitudinal displacements  of the  middle 

of adjacent  layers  u.   -,   and u. ,  angle  of  rotation  of section 

17 
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9  = T^-J  which  Is   Identical   for all  layers  and  interlayers  as  a 

result  of the  adopted  assumption  e
7  

= T7 =   ^ 

From the   condition  of equilibrium of the  element  of the  i-th 
layer  and adjacent   contiguous   Interlayers   (Fig.   2.2.3)   in the 

projection to  x-axls   it   follows   (see  also  equation   (2.1.4))    that 

hJaXi + (rx:i -tx^i-wK*=0- (2.2.9) 

STn*^ 
Fig. 2.2.2.  The determination of 
shearing strains with bending. 

Fig. 2.2.3.  The stresses 
which act on the element 
of beam. 

Transverse force Q in the section of the beam is equal to 

the sum of tangential stresses T  , acting in layers and inter- 

layers.  Taking into account that Q is connected with transverse 

load q by dependence trfr " -Q» we have 

äs 
(2.2.10) 

i i 

where n is the number of layers. 

18 
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The equations of equilibrium (2.2.9), (2.2.10) taking into 

account (2.2.8) and (2.1.2) can be rewritten in displacements: 

AI'''"' j. "■^t-2M. + Mj_| 
P*?4" Äi  =0: 

-4 S^hr^t)]- 

(2.2.11) 

(2.2.12) 

With a rather large number of layers n the finite differences 

and the sums which enter equations (2.2.11), (2.2.12) can be 

replaced by differentials and Integrals respectively.  In this 

case we obtain the system of equations of bending of uniform 

anisotroplc beam: 

"" dx*     J dx 
dhi   , q 

(2.2.13) 

(2.2.14) 

It  is  possible  to  arrive  at  these  equations  by variation 

(energy)  means.     Total  energy  3 of the   system in question   (beam 
with transverse   load q)   is  composed of potential strain energy 

/ // 
5,„J.|   J    (.....  MVl.rT.^..).'..'* (2.2.15 

on 

and potential  energy of load 

(2.2.16) 

where   «r-J    ''»''*   -  the total  transverse   load which acts  on the  rod. 
M 

The connection between the stresses and deformations In 

orthotropic body (x and z are the principal axes of orthotropy,) 

can be represented In the form 

19 
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«•-f.f4+V„/7,f,; 

T»i"0.iV«. 

(2.2.17) 
(2.2.18) 
(2.2.19) 

Here 

F. €. 
1     »«I^M I-VMV,, 

(first  index  in  Polsson's  ratio  v sh 

-auction or tensions  with  stretchi^ iTthTdl 
designated by  the  second  index). 

Taking into  account   that 

ows   the  direction  of the 

rection 

*; •hi . d» f'-^;f'^:v-^+^. 
(2.2.20) 

we expreas pote„tlal stral„ e„erey through dlsplacement 

(2.2.21 

Following [43, US],   the weight of i-hp t 

(2.2.21) can be evaluated uslne th! " ^^^ lnte^^ 
using the approximate equalities 

from the equations of equilibrium 

ox  + d<  0 

»Jr., AT, „ 

(2.2.22) 

(2.2.23) 

w e obtain the estimates al 
-ady given in the preceding paragraph 
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r 
from equation (2.2.22) - x  ^ - a , and from equation (2.2.23) xz  I z 

R .  . /H\2 

7 
"standard" stress o 

(1^ o7  ^ -  TXZ ^ i-jax.   By accepting stress a  from Hooke law as 

'-h'ft* h'-K*'. *"-£,- 

we obtain estimates for deformations: 

I w~ 
Ut,     i 

and potential  strain  energy 

(2.2.25) 

For the materials reinforced by filaments (see Table 1.1.1) 

•jj—'*'»*ti  ^ ^TT' 
c>i      Uii  Ci 

therefore the second and third terms in square brackets (2.2.25) 

can be disregarded.  This formally corresponds to the assumption 

that =— = V  = 0, I.e., to the allotment of material with infinite 

transversal rigidity.  For Isotropie materials E and G  are 

values of one order, which makes it possible to disregard also 

the last term In the square brackets of expression (2.2.25).  This, 

obviously, Is equivalent to the allotment of material with 

Infinite shear rigidity.  Having assumed =— = 0, let us turn 

to hypothesis of flat sections. 

21 

      ...—...     ..,,;... ., ---  ^^^^^^^ ...»   .., ..Mj>Mii««M^aii^_^..^„^^a^iMMtli«JMIlMlMM«ll^^ 



■ ■  "■  "■ ■ ■■ 

As Is noted In [46], the method used makes It possible only 

on the average to evaluate the contribution of the different 

components of the stress-strain state. This method can turn out 

to be unsuitable during the study of local effects, i.e., in the 

zones located near the restraint of edges  and the application 

of concentrated forces.  By excluding these zones  from detailed 

examination, on the basis of the obtained evaluations (assuming 

e  = 0) we will use the expression for total energy of the system 

According to Lagrange principle, the total energy in the 

position of equilibrium should reach the minimum value, which 

requires vanishing of the first variation 63 = 0. The Euler- 

Ostrogradskiy equations correspond to this varlatlonal problem: 

.»/. (2.2.27) 

(2.2.28) 

where  L is   the  Lagrange  function,   i.e..  Integrand of dependence 

(2.2.26).     Using this expression,  from  (2.2.27) we will  obtain 

(2.2.13),   and from  (2.2.28)  -   (2.2.14). 

2.2.3.     The  stress-strained state.     In the absence of tangential 
load,  when  only  transverse  load q  acts,  the   following conditions 

must  be  fulfilled: 

Oz   tlx 
(2.2.29) 

By direct substitution it is easy to check that the solution of 

equation (2.2.13), which satisfies condition (2.2.29), has the form 
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Um m A im Sll >.mP* COS ^„.V + , I'lm sll ).„$Z SID ).'„* + 

-f-/Ij,(^JC-I-/13,,^ f. 14f|Jt +'1 Jn; 

Vfm— - .1 ii-.P sh x,,» sin >.„,.«+' I'n.ip ell •/„, cos }.mx~ 

— Aim "VT — Ai,nX + Atm', 

(2.2.30) 

(2.2.31) 

K    =   X  3H, A , A - constants.  The terms, which contain coefficients 

A- , A-, , Ai, . A,-  and A/- , are the solution of homogeneous equation 2m  3m  ^m' 5m     bra 
(q = 0), which corresponds to (2.2.14).  The homogeneous solution 

describes the displacement of the rod as a rigid Integral 

(terms A,- , A^- ). tension-compression (term Ai, ) and pure bending 5m,  6m ' ^ 4m     ^ 
under the action of stresses a , linearly distributed on the ends 

of the rod (terms with coefficients A0 , A^, ). 2nr     3m 

If transverse  load  is  distributed according  to  lav; 

«/ = ^msin/.mX, (2.2.32) 

where A ■ -»-; m - Integer (the case where a = q  cos A x is 

analogously looked over), then from (2.2.14) it follows that 

Here 

At'n~      Xwfx/ffmpchx« 

X in • 

(2.2.33) 

The terms which contain A,   ,  A'     and are the  solution of Im  1m 
nonhomogeneous equation, describe the transverse bending of 

the rod.  The solution in the case of arbitrary load can be obtained 

by expanding it into trigonometric Fourier series 

^(.t) » V ll'.., >\l\ }.n,X 
wl 

(2.2.34) 

and summarizing the solutions which correspond to fractional loads 

qm sin Ax. m     ra 
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Coefficients q    are  determined by  formula 

qm^—jqix) sin>.,„.»</*. 

For example, for evenly distributed load qn = const 

^"-»n ("'==l'3'5--): 

in the case of concentrated force P, applied at point x', 

2P 
<;»i = ~ sin >.u,x'    (««=1.2,3..,). 

In  the  examination only of bending,  neglecting terms  Ai,   ,   A*.  , 
4m      ijm 

Agm it   is  possible  to  present   displacements  u  and w  as   the   sum of 
components  of transverse  u   ,  wn and  pure  bending u   ,  w   : 

M = /<„ + «,; 

Correspondingly the total bending moment 

H H 

Using   (2.2.30),   (2.2.31),  we  find  the  connection between 
2 2 the  curvature  of the  beam w"  =  d w/dx    and bending moment: 

£,/*•",=-Al,: 

<fmExlv"a=-Ma. 

(2.2.35) 
(2.2.36) 

In  the  case of pure bending the  connection between the  curvature 

and bending moment   (2.2.35)   is   the  same  as In classical theory 

24 

,      ^„^^„„JJB ■  -■■ 



w^mmmmm 

(2.2.4).     This was  to  be  expected    in view of the  absence  of 

tangential  stresses.     With transverse  bending   (2.2.36)  there  appears 
correction  factor  (b   ,   which  Is   a  function of paratmer  <   .     It 

2       Ex depends  on  the degree  of anlsotropy  of material   ß(ß     =   p—),   the 
xz 

H relative height of beam j  and the rate of change of the load 

along the length of beam (number of half-waves m, alon^, length I). 

With <m -> 0 (see Table 2.2.1), I.e., in the case of an Infinitely 

long beam (H/£ = n) or Infinite shear rigidity of material 

(3 = 0), 4) -*■ I  and the obtained dependences change to formulas m CD 

of the theory constructed on the hypothesis of flat sections 

(2.2.4).  The error of this theory Increases with Increase of 

parameter K .  In this case the value of 4) E I, wha ch can be m m x   ' 
treated  as  the given  flexural  rigidity  of  the beam,   decreases 
(Table   2.2.1). 

Table  2.2.1.     The   functions  of the  effect   of 
transverse  shear. 

M 
IX    IhM) 1 1- (Mx1  x«  

1 • 0,Ol> x« 1 'U.W JIX Til K) 

0 1.0000 l.nooo 1,0000 1.0000 1.0000 
(1.02 0.9W8 0.9998 0.9'.I94 1.0002 1.0002 
0.04 0.9994 0.9991 0.9994 1.0006 I.0Ü06 
0.06 0.9980 0.9986 0.9986 1.0014 M.Öl 4 
0.08 0.9971 0,9974 0,9974 1,01)26 1.0026 
0.10 0,9900 0.9960 0,99(10 1,0040 1.0040 
0,12 0.9942 0.9942 0,9942 i,oo:>8 1,0058 
0.M 0,9922 0.9922 0.9912 1,0078 1.0078 
0,16 0,9899 0,0899 0.9898 1,0102 1.0102 
0.18 0,9872 0.9872 0.9870 1,0130 1.0130 
0.20 0.0842 0.9842 0.9810 1,0160 0,0160 

0,2.i 0.97r)6 0.9756 0,9750 1.0250 1,0250 
0.30 0.9652 0.9652 0,9640 1.0360 1,0360 
0.35 0.9533 0.9.133 0,9510 1.0490 1.0490 
0,10 0.9398 0,9398 0,9360 1,0640 1.0640 
0,45 0.9251 0.9251 0,9190 1,0809 I.Ü810 
0,30 0.9092 0.9091 0,9000 1.0998 1,1000 
0,55 0.8922 0,8921 0,8790 1,1208 1,1210 
0,60 0.8743 0.8741 0,8560 1.1437 1.1440 
0,65 0.8557 0.8554 0,8331 1,1686 1,1690 
0,70 0.8364 0.8361 0,8040 1,1956 1,1960 
0,75 0.8167 0.8163 0,7750 1,2244 1.2250 
0,80 0.7966 0,7962 0.7110 1,2553 1,2560 
0,85 0.7764 0,7758 0,7110 1,2879 1,2890 
0.ÜÜ 0,7560 0,7553 0,6760 1,3227 1.3240 
0.95 0,7356 0,7348 0.6390 1,3594 1,3610 
1,00 0.7152 0,7113 0.6000 1.3982 1,4000 

  ■ BM^MtM m^^^^^^^t*H^mttaH*mmiMmmm*mmmmiM 



Table  2.2.1.(Cont'd.). 

H/   ih Kl 

I.I ii.t.r.'.i 
1.2 (i.ü3i>J 
1.3 0..VJS5 
1.4 (i..-f,27 
1.5 0..fi2fi« 
1.6 0,1968 
1.7 0.4609 
I.N 0.4369 
1.0 0.1128 
2.0 0,3Wtj 

2.1 0.3f.J9 
2.2 0,1149 
2.3 0.32J4 
2.4 0.3074 
2.5 0.2'JO6 
2.6 0.2750 
2.7 0.2CO5 

#5 0.2170 
0,2314 

3.0 0,2228 

3.1 0,2119 
3.2 0.2017 
3.3 0,1922 
3.4 0.1831 
3..-) 0,1751 
3.6 0.1673 
3.7 0.IC0O 
3.8 0,1.131 
3.9 0,H67 
4.0 0.1106 

4.1 0.I3J0 
4.2 0,1291 
•;.3 0,1245 
4.4 0.1198 
4.:i 0.1132 
«,6 0,1110 
4.7 0.1069 
4.8 0,1031 
4.9 0,0994 
5.0 0,0965 

6.0 0.0694 
7.0 0,0525 
8.0 0,0110 
9.0 0.0329 

10.0 0,0270 

n.r.73« 
o.am 
O.VM, 
o,:.oci3 
0.5263 
0.4941 
0.1638 
0.4355 
o,.|(»r*2 
0,3816 

0.3018 
0.3106 
0.3209 
0,3(127 
0.2857 
0.2099 
O.ajfi« 
0.2418 
0,2291 
0.2174 

0.2064 
0,1962 
0.1667 
0.1778 
0.1695 
0.1617 
0,1514 
0.1476 
0.1412 
0.1351 

0,1294 
0.1241 
0,1191 
0.1144 
0,1099 
0,1057 
0.1017 
0,0979 
0,0913 
0.0909 

0.0649 
0.0485 
0,0376 
0.0299 
0.0243 

l-O.ix' ... .*• .. 
it*  IH«», 

MM 
1.572 
I.♦172 
1.776 
1,6/) 
2.012 
2.111 
2.278 
2,121 
2.577 

2,732 
2.8(-8 
3.077 
3.257 
3.136 
3.636 
3.818 
4.018 
4.274 
4.481 

4,717 
4,950 
5,208 
5,461 
5.711 
5.988 
6.250 
6.530 
6,803 
7.092 

7,107 
7.752 
8,061 
8,333 
8,096 
9.099 
9.315 
9.709 

10.101 
10.417 

14.19 
19.23 
21.39 
30.30 
37.(M 

■i.i«' 

1.481 
1.576 
1.676 
1.781 
1.9^0 
2,024 
2.156 
2.206 
2.444 
2.600 

2.764 
2.936 
3.116 
3,304 
3.500 
3.704 
3.916 
4.136 
4.364 
4.600 

4.844 
5.096 
6.358 
5.624 
5/KX) 
6.184 
6.476 
6.776 
7,084 
7,400 

7,724 
8.056 
8.396 
8,744 
9.100 
9.464 
9.836 

10,216 
10.604 
11.000 

15,40 
20.60 
26.60 

33.40 
41,00 

For the description of the stress-strained state It Is 

necessary to determine the constants, which enter expressions 

(2.2.30), (2.2.31).  A  Is assigned by transverse load; the 

remaining constants A are determined from conditions on the ends 

of the beam.  For a freely resting beam with x = 0 and x = £ 

w = a = 0.  These conditions are satisfied if we assume A 
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A'       =    A =    A rtlm      A2m      A3m Ai,     =   Ar-     =   Ac     =   0. ^Im        5m        6m In the case of a restrained 
beam different  methods  of  restraint   of the supporting sections  are 
possible   (Fig.   2.2.4).     Some  versions  of accomplishment   of the 

rigid  fixing are  particular  cases   of condition 

+ ajV-=0 iipii.v=0, x=/, *-/,        ax 

(npM  =  when) 

where  a,,   a«,   a-,,  zQ} are     constants. 

a) b) c) d) 

Fig. 2.2.4.  The versions of 
restraint of end sections, a) 
8 = dw/dx; b) u = 0 when z  = 
= +H; c) u = 0 when z 

d) 9u/3z = C when z = 

=  +7  ' 
- 05 

When a-, = ap = 0 and a^ ^ 0 there is realized "rigid" 

fixing with restrained horizontal element of the axis of beam 

(Fig. 2.2.4a).  With this 3u/9z = 0 when z = +H.  In the case 

a^ = a, = 0, a-, ^ 0 we have two restrained points at distance zn 

from the axis of beam (Fig. 2.2.4b and c). With decrease of value 

z0 the pliability of restraint (slope angle 0) grows; zn -► 0 

corresponds to the case where at the level of neutral axis there 

is fixed the vertical element of the end section (Fig. 2.2.4d): 

3u/9z = 0 when z = 0.  With a-, = a-, = 0, ap ^ 0 the slope angle 

of the end section Is fixed at height z,.  Thus, cases a~ ■ a« ■ 

= z0 = 0 and ai = a^ = zi = 0 are equally Justified. 

Differences in the methods of realization of fixing appear 

only in the theory which considers shear and increase with an 

increase in parameter K .  They can become substantial for beams 

made of materials reinforced by filaments. 
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if 
The general   condition   (a,  ^ 0.  a,  /  0.  ^ , 0)   ls  satisfied 

m 11 5 

-T-U.,,,   .1. 

•Un,    .1..„„=-. I«,,,-0; 

AM,;/;", /(J „ 
C,,,; 

f:   := '/, sli A,,^,, f «,/.,„li ch /.,„fi.-t - ^/.,„ßcll x,„ 

Thus,   Including  the   case  of  free   support,   when  C    =   0,  the  solution 
for the  examined   conditions   of restraint   of the  bea 
presented  In  the   form 

sam can  be 

and 
u . 

>..  •/:■,/,,.„ 

Mix,, 
// 

(i di x„ •cos/ V- ( H'^IJ 
.   ,5"',      sin/.„.v   c;„(.v( I    -4-   ■ 

(2.2.37) 

(2.2.38) 

2.2,4.  The bending of cross sections.  The nonlinear term, 

'.vhich contains hyperbolic sine, enters the formula for 

determination of displacements (2.2.37).  This indicates bending 

of the cross sections of the beam, which is more intense, the 

larger Is parameter < .  The direct measurement of the bending 

of cross sections during bending of the beam is done in [216], 

It is measured during the bending of freely supported beams, 

loaded by two concentrated forces (Fig. 2.2.5).  For the diagram 

in question from (2.2.37) taking into account (2.2.34) it foil 
that ows 

i o» X   v »in; 

•i-i. i. 
(2.2.39) 
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Fig. 2,2.5.  Determination of the bending of 
cross sections during bending, a) experimental 
Installation, b) loading diagram. 

The result obtained on the basis of classical theory is expressed 

by dependence 

P, 
(2. 2.-41 

The diagrams of longitudinal displacements for different values 

of x and i2   are given on Fig. 2.2.6, on which there are placed 

the values of relative quantity u1 = U(3TT3E IAPK2^2H).  Straight 

lines (K = 0) are obtained by the classical theory and curved 

correspond to values K = 2. 

The effect of bending of cross sections during bending is 

investigated experimentally on samples with wire-sensors (see 

§ 2.1.3).  The dimensions of samples (with thickness 12 mm), the 

diagram of restraint and loading Is shown on Fig. 2.2.5. 

The study of samples with different length of wire-sensors 

(see Fig. 2.2.5) made it possible to determine longitudinal 

displacements at different values of coordinate x.  On Fig. 2.2.7 

theoretical and experimental data are compared. As is evident, 

tne character of the arrangement of calculated curves and 

experimental points is identical, the latter lie in the expected 

region of parameter <. 
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Fig. 2.2.6.  Diagrams of the 
longitudinal displacements of 
beam. 
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Fig. 2.2.7.  The experimental evaluation of the bending 
of cross sections during bending (Zp = Q.2ls   l?  = 0.3Z, 

Z5 = 0.5Z, In  =   120 mm). 
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2.2.5.     The estimation  of error  of the  replacement of 

laminated beam by  homogeneous.     The  bending equations   (2.2.13), 
(2.2.14)  do not   consider the heterogeneity  of material.     The 
number of layers   of reinforcement  and  interlayers of bonding 
agent  is  taken   as   infinite.     To  evaluate  the  error,   introduced  by 

limit   transition  (transition   from 

system  of  equations   (2.2.11), 
(2.2.12)   to   (2.2.13),   (2.2.14), 
by  A.   R.   Rzhanltsin'a  method   [182] 
there   is   solved the  problem  for 

a laminated   (n =  3,   5,  9,   17)   :'i""' 
beam,   loaded  by  sinusoidal   load 
q =  q^  sin   Ax.     The  comparison mm r 

of these solutions with the 

solution of (2.2.37), (2.2.38), 

corresponding to n = o», shows that 

for real constructions of reinforced 

materials, for which, as a rule 

n > 10, the error introduced by 

the replacement of laminated medium 

by homogeneous is insignificant. 

For the illustration of this con- 

clusion there is given Fig. 2.2.8, 

on which solid lines designate the 

diagrams of tangential stresses, 

calculated on the basis of 

(2.2.37), (2.2.38) and points - 

the corresponding values of 

tangential stresses in the inter- 

layers of composite beam (dotted 

line - diagrams of tangential 

stresses x   according to x z Fig. 2.2.8.  Estimation of 
error with the replacement 
of laminated beam by quasi- 
homogeneous.  N is the 
number of layers. 

D. I. Zhuravskiy). 

V. L. Biderman [29] evaluated 

the error of the replacement of 
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laminated beam by homogeneous on the basis of the comparison of 

coefficients in the equations of elastic line of the beam. For 

homogeneous M^ and laminated M  beams respectively 
O C/l sr * 

where 

X-.«./„g:   .«.„..-W,,,;^ 

2.   -  the distance  between  the  axis  of beam and  the   axis  of the 
1-th  layer. 

As    calculation  showed,even at  n  >  5  values   I     and  I      differ 
en 

by   less than  5! 

Equations  for quasi-homogeneous  medium,   obtained  by 

V.   V.   Bolotin  [37],  make  it  possible to  consider the  flexural 
rigidity of reinforced  layers,  without   resorting to  the  labor- 
consuming process  of  solving a large  number  of  equations, 

corresponding to  the number of layers.     These     equations in the 
case  of a beam have the  form 

dxi+p'dz* = 0; 

3    /»- \/i / J.v4 dx*     J ilxdz Ou 

(2.2.41) 

(2.2.42) 

Equation (2.2.41) coincides with equation (2.2.13), and (2.2.42) 

differs from (2.1.14) by the first term, the value of which 
2 

decreases with increase of the number of layers as 1/n . By 

solving system (2,2.41), (2.2.42) similarly to that shown in 

§ 2.2.3, we find that in the case of a free beam under load 

q = q„, sin A x deflection is determined by formula mm 
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to 
Ar« 

(2.2.43) 

where w Is the deflection, calculated by formula (2.2.38); 

,2 
ko = 1 + !lIL/h!.V 

3n2Vh I 
-  the coefficient which considers the flexural 

rigidity of the reinforcement layers. The numerical values of this 

coefficient, given In Table 2.2.2 (for ~ = 0.5), make it possible 

to draw the conclusion that during the determination of deflections 

of the constructions made of reinforced materials the flexural 

effects in the reinforcement layers can be disregarded for a broad 

class of problems. 

Table  2 2.2.     The  values  of coefficients 

1c     -  1   1   <2    (h'\2   when f 
1 

? =  0.5. 

t ^■"^    * 

1                               ! i 
H         ^""^       -    —   — ■ — 

_ —  — — ** *.. — 

3                  \.W.>3 i.o.ni I.0K13 1.2312 

;       |      i.««'33 1.0133 I.O300 I.0S33 

in 1.0(1(18 l.rii)33 1.11(175 \fi2m 
30 1.01)02 1.0008 um* l jam 

2,2.6.  Estimation of error introduced by neglect of lateral 

deformation.  The equations corresponding to system (2.2.13), 

(2.2.14), but considering lateral deformation, can be obtained, 

by substituting in the equations of equilibrium (2.2.22), 

(2.2.23) the stresses of (2.2.17), (2.2.19), expressed through 

displacements: 

«)SII . ^   «)'«    —        -• «,!*' ^S + C"^I(0'HV,'/M''^"0; (2.2.44) 

(2.2.45) 
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Accepting that half of transverse load q sin X x Is applied mm 
to the upper, and half - to the bottom surfaces of the beam, 

in the absence of tangential load the boundary conditions have 

the form 

T^-O iipn   t-=±ll; 

o.^^p-sin).,.,«      iipn   * = //; (2.2.46) 

(npki  =  when) 

Examining a  free beam,   the  displacement   should  be   sought  In 

the   class  of  functions  which  satisfy  the  appropriate  boundary 
conditions  of freely  supported  beam  (a     = w =   0 when  x  -   0,  x  =   I) 

A 

i-'m^flm Sill ).,...Ve\p (s).mJt); 

Um "Am COS }.mX C.\p (sJ.rn*). (2.2.47) 

Having substituted (2.2.47) into equations (2.2.44), (2.2.45), 

we will obtain the system of homogeneous equations: 

.\m(G.:i*-E.)+B,.,s(Gl: + \-.:r.)=0: 

-.4mJ(C.t + V.tT.) ffl,,(fJS
s-C%..>=0. 

(2.2.48) 

which will have non-trivial solutions, when its determinant Is 

equal to zero 

0.,*»-/;,   -'(Cfv../..) »0. (2.2.49) 

Equation  (2.2.49)  has  four  roots:     +/a   ,  +t/b2,  whe re 
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These  roots  for  real  anlsotrlplc materials  are  real  and different 
(for Isotropie  materials  a = b),  consequently,   solutions  of  (2.2,4?) 
taking into account  the   connection between coefficients  A    and 
B     (2.2.48)  can be presented  in the  form m r 

Um " {C,m sha}.nz+C:n ch a).mj \ C.™ th b}.mz+Cin ch b}.nz) cos >.,„x; 

».. = (<?:,„/», sh).,.,/+ Ci„r>i v-h i./.„;.- + <?,,n/>i, sh b).mz + C;r.pi ch W.„.J) sin ).„x. 
(2.2.50) 

where 

Pi"—- --. ri.' 
g.-fc'C. 

6(01<+v«£,)' 

By substituting (2.2.50) Into boundary conditions (2.2.46), we 

find unknown constants C, . C« . C^ , Cj, .  Thus, there Is 

determined expression 

(2.2.51) 

For materials reinforced by filaments E >> G   (see Table 1.1.1), 
A A <J 

therefore when v  = 0 it is possible to accept zx 

0.s      £, '   "      £, 

and deflection when z 
determine as 

H = +H taking into account that j <<  1> t 

>—w(l+0.4>...V/.^)(, + |^). (2.2.52) 

Here w* is  the  deflection,   determined according to   classical 
theory;  the expression  in the  first  parenthesis   is  the multiplier, 
which  characterizes  the   correction  from shears,   in  the  second - 
from  lateral deformation.     As  is evident,  the  correction caused by 
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lateral deformation for the materials reinforced by filaments is 

negligible, since Gv_ << Ev (see Table 1.1.1).  This conclusion XZ X 
agrees with that given in  §  2.2.2  during the analysis of the weight 

of components which enter the  formula of potential strain energy. 

§   2.3-      FLEXURAL RIGIDITY 

2.3.1.    The comparative analysis  of the methods  of account of 

shear.     The comparison of the methods of account of shear according 
to Rankine-Grashof and Tlmoshenko   (see   §  2.1.1) with the  refined 

method given in  § 2.1.2  can be the    most visually performed on 
an example of a free beam of rectangular cross  section,   loaded by 

sinusoidal  load q = q    sin  X  x.     In this  case the  deflection 
according to Rankine-Grashof wTfTlmoshenko w,,. and refined formula 

(2.2.38)   w is   expressed through  the deflection determined without 
u 

allowing  for shear w*,  and the parameter K    ■ mTTßT: 

::',"U'*(H0.5x,..«): (2.3.1) 
Jt'ji-ti'*(l-fO,W); (2.3.2) 

WMtö#      «a'      . (2.3.3) 

3 
1 m 

As  can be  seen  from the expansion  of  functions -r— =   -/       re       \ 4 3(<  -th K   ) ym m m 

into Taylor series 

J-= |+O14xm»-O.00lW+0.000l W-. ■ • {*'*< 41' (2.3.4) 

Timoshenko's  formula  (2.3.2)  gives the best approximation.    Values 

w and W-J.-J. are  very close to  one  another over a wide range  of 

change of parameter K     (see Table 2.2.1). 0 m 

If Timoshenko's  formula is   presented Jn the   form 

K;=t£;*(l+/v~) (2.3.5) 
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and we  consider coefficient  K depending not  only  on  the  shape of 

the  cross  section of the beam  (see   §  2.2.1),  but  also on parameter 
K nr 

«m   vfm       I 
(2.3.6) 

then  coincidence  (2.3.3  and 2.3.5) will be  complete.     Consequently, 
shear coefficient  K depends   on the  relationship  of elastic  constants 
and  the  relationship  of  cross  and longitudinal dimensions.1     Since 

Tlmoshenko's approach assumes  the  value  of K =  1.2  to be   constant 
for a beam of rectangular cross  section,  the  error  for this 
approach  can be characterized by  how much  function  K(K   )   depends 
on parameter K   .     Elementary  study  shows  that  K(K   )   is  the 

monotonlcally decreasing  function which is  changed within 
sufficiently narrow  limits: 

liniA'/x.„) --I.2.   limW-/,.,)--!. 

When  <     < •» 
m       2 

K{*„)~ 1.2 •0.()ar)7xl,l* +0.00012X,,,»-, (2.3.7) 

This bears out the fact that formula (2.3.2) catches the principal 

part of the correction from shear. 

One should still note that as a result of the bending of 

cross sections the deflection from normal stresses w does not o 
Identically  coincide with  the  deflection determined without 
allowing  for shear w*.     Therefore  into the  formula of superposition 

of deflections   (2.2.7)   it   is  necessary to  introduce  coefficient 

K _: 

'The effect  of the  relationship of elastic   constants  on 
coefficient  K without  allowing  for the  relationship  of geometric 
dimensions  is examined  in   [278]. 
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This coefficient must be determined similarly to how K of formula 
T 

(2.2.5)   is  determined  from equality of works 

2E 
/iic     A«<V (2.3.8) 

M Here w"  ■ K g—j- - the curvature  of elastic line,  caused by normal 
x 

stresses.    Taking into account that  In the case In question the 
normal  stresses are determined by  formula 

_            " inn«       „. « 
Ox - —.—x Sh Xm -77 • 

>f..,<fm Ch X», H (2.3.9) 

on the  basis  of  (2.3.8)  we have 

C      •   (UM*...,). (2.3.10) 

In the limiting case <
m "•" 0f K

a ^ 1» consequently, we have the 
classical connection between curvature and the bend^.e- .üoment. 
With K  ,   different from zero,   i.e., taking into account  shears. 

a- = ^o + tfi - »♦ \KO + /C, ^j. (2.3.11) 

As can be seen from comparison of (2.3.5) and (2.3.11) 

(2.3.12) 

whence 

(2.3.13) 
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This value of K can be obtained from equality (2.2.5) If one 

considers that the distribution of tangential stresses is 

determined by formula (2.4.1): 

ll X,,, -TTl 

T = 2  .  /. "'ZJJ\ 
.7«^' ,,,x\   chxinr 

2.3.2.     Deflection,  caused  by  shears.    The  effect  of shear 

on deflection  is convenient  to   investigate by  parameter  K  ■  -nßY* 

which  simultaneously  considers  the  relationship  of the  geometric 
dimensions  of the beam y and the  degree of anlsotropy  of material 

E /G     .     With accuracy  to multiplier  TT parameter K  can be  treated 
X   X 2 

as the relative height of the beam, given taking into account the 

degree of anlsotropy.  An Increase in the relative height of 1 

beam corresponds to decrease of the  shear rigidity.  Thus, 

beams of reinforced materials of the same geometric dimensions 

as Isotropie, in comparison with the latter, v;ork as the beams 

of greater height. 

The effect of shears is analyzed on an example of free, 

restrained and cantilever beams,1 loaded as shown in Figs. 2.3-1- 

2.3.3.  In these figures are given the relationships of maximum 

deflections, calculated taking into account (w _ ) and without max 
allowing for (w* ) shears.  In these  figures results obtained max 
from formula (2.2.38) taking into account (2.2.33) are given - 

on graphs they are noted by the numeral 3> and obtained from the 

diagrams of Ranklne-Grashof (curves 1) and Timoshenko (curves 2). 

As in the case of sinusoidal load, the amount of deflection 

calculated according to Ranklne-Grashof is high, and the results 

determined accordir.r; ^o Timoshenko and formula (2.2.38) are very 

close.  Therefore the Timoshenko approximation formulas can be used 

^he cantilever is considered as half the symmetrically 
loaded free  beam [26, 220].  The stricter solution for Isotropie 
cantilever la given In [3^]. 
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In practical  calculations.     However,  such formulas  are known only 
for a  limited number of cases  of load  distribution   (see   [239], 

and also   [6,   112]).' 

Fig.   2.3.1.     The  effect 
of shear on  the  deflec- 
tion of  free  beams,  load- 
ed by evenly  distributed 
load   (a)  and  concentrated 
force halfway along the 
span  (b). 

Fig.   2.3-2.     The  effect  of 
shears  on  the  deflection of 
fixed beams,   loaded by  evenly 
distributed  load  (a)  and by 
concentrated   force in the  span 
(b),        3u/9z =  0   (when 
z m   o).   -  -  - dw/dx =  0. 

«i       b)   ,. 

'The number of problems,  during the  solution of which  shears 
are  considered,   is extremely  small.     This  is explained by  the 
fact that  before the appearance of materials reinforced by filaments 
the account  of shear had purely academic  interest. 
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Fig.   2.3.3.     The  effect  of shear 
on the deflection of  cantilevers 
loaded by evenly  distributed load 
(a)  and by concentrated force  at 
the  end   (b). 

In more  complex  cases  it   is   necessary to  use   formula   (2.2.38), 

after expanding the  load  into  series   (2.2.33). 

The   series  for determining the  calculated values  are 

frequently  rapidly  converging,  which makes  it  possible  to   be 

limited to  keeping only the first   or their    several  first   terms. 

Furthermore,  there is  the  possibility  of improving the  convergence 

by  separating  from the  total   series   the  series  whose   sum  is 

expressed  in closed  form  [83].     For example,  the deflection of 

evenly  loaded   (q0 ■ const)  beam with boundary  conditions  w ■  dw/dx •■ 
=  0 with   x =  0  and x s   I  Is  determined  by  expression 

3•^•/Ll.3.S...m!(mX-,hmX,        '    "       /'„.-I.,.S...",(m!t-,h",,{)/ 

By converting the first  sum 

* 
v   .     : /.   „J.   v »IM m.i • 

m' 

♦4  I 
m 1,.«.'.. 

Ill "ly. till «1.1 y 

m (/«/.- Ill «IVil ' 
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we will obtain 

In turn 

"«-I.J.'i... m-i.i.j. 

(I - in«* m«) >in «i.i ■ 

in' 

I  y  -'""•'f i  y  >'""'--(«-f) 
m-l.2.J.., m-l.i. J... 

m» 

x 4 i 
«.-l.;i.5..."

,<mX-,,,ffl*'  ,,«H.t$...ml 

L . J. y   ihww 
«l-l. i. s... 

I  .i« 
Taking Into account that  X In'""1»'    instead of the initial 

expression for deflection (sum) we obtain the sum with improved 

convergence: 

l o/'x« I  y     /  xv/, * V  y 111 m-A 

«1-1.1. j. 
m;("ii<-tlimx) I 

As  can  be  seen  from Figs.   2.3.1-2.3.3   and Table 2.3.1,   for 

free  and,   especially,  fixed beams  the   effect   of shears must 
u 

be  taken  into  account  with  any  practically   important  ratio  j. 
At  the  same  time,   the  effect   of shear  on the  deflection of 

cantilever  is   substantial  only  for very  short beams made  of highly 
anisotropic  material. 

Figure  2,3»^  illustrates  the  dependence  of deflection on 

conditions  of  restraint  of the  ends  of  fixed beams.     The  differences 

in deflections,   caused by  restraint   (see  Fig.   2.3./0,  are   increased 

with  increase  of parameter <.     Consequently,   if for Isotropie  beams 

with  small  K  the  realization of the method  of fixing has  virtually 

no  effect   on  deflection, then  in beams   of  anisotropic  material 
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with large <  this effect Is already substantial - deflection to 

a considerable degree depends on the realization of conditions of 

the restraint of supporting sections, In other words, with an 

Increase of parameter <  the sensitivity to the method of 

restraint of the beam Is increased. 

Fig. 2.3.4.  The effect of the 
method of restraint of the beam 
on deflection:  1 - free beam 
(w*    deflection without allow- 

CB . on 
ing for shear); 2 - 3u/3z = 0 
when z = 0 (Fig. 2.2.4d); 3 - u = 
= 0 when z = +0.5H (Fig. 2.2.4c); 
4 - u = 0 when z = H (Fig. 2.2.4b); 
5 - dw/dx = 0 (Fig. 2.1.4a). 

V. I. Biderman proposed the method which makes it possible 

to determine the deflection of a fixed beam, using the solution 

for the free beam (Fig. 2.3.5).  The fixed beam is considered 

as a section of a continuous beam.  It is obvious that in view of 

the symmetry in the restraint u = 0.  As can be seen from the 

figure, maximum deflection w   of restrained, centrally loaded beam 

with length I   is two times more than maximum deflection w,    of 0 Imax 
centrally loaded, free beam with length 1/2,     Thus, 

tfmai = 2a>i max = 2a 

i.e.,   correction from shear in  fixed beam exceeds the  correction 
for free     beam 4 times. 
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Flg. 2.3.5.  Diagram of 
determination of the 
deflection of fixed beam. 
KEY:  (1) Point of inflec- 
tion. 

(1) 

2.3.3. Experimental estimation. At fixed value of 3, I.e., 

for this material, the value of correction factors which consider 

shear depends only on relative height H/£. For the case of load- 

ing by concentrated force halfway along the span this dependence, 

constructed from parameter 2H/Z,  Is shown on Fig. 2.3.6 (axis of 

abscissa - solution withoi'''" 

. • ntu 

allowing for shears).   For 

the Isotropie materials, 

which have 3 < /3i the effect 

of shears on deflection of 

even short beams Is 

Insignificant.  For oriented 

glass fiber-reinforced 

plastics the values of ß lie 

within 3-8, consequently, 

during the calculation o:1 

beams made of this material 

for rigidity the account of 

shears Is necessary for all 

practically Important design 

concepts.  Shears during 

the calculation of beams from boron-epoxy plastics, for which 3 

reaches 10, play an even larger role.  Figure 2.3.6 also gives 

the results of experiments on unidirectional glass fiber-reinforced 

plastics AG-^S (0 = 4.8), 27-63S (3 = 3.5) and glass laminate 

ST on epoxy bonding agent (3 ■ ^.0) [222].  The theoretical and 
experimental curves have Identical character (see also [149, 

256, 275, 300]). 

Fig. 2.3.6.  The effect of rela- 
tive height 2H/£ and the degree 
of anisotropy 3 on deflection 
from shear -•-•— dw/dx = 0 
when x = 0, x = l\ 

  Iz'z-O = 0 when x = 0. x = 

= I. 

n 
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Fixed beams and cantilevers [220] of unidirectional glass 

fiber-reinforced plastics 27-63S and glass laminate EF 32-301 

with different packing of the reinforcing layers (for example, 

by packing 1:3 it is implied that the ratio of the number of 

layers, packed basically along the axis of the beam, to the number 

of layers packed with weft along this axis is equal to 1:3) 

are experimentally investigated.  The characteristics of materials 

and samples are given in Table 2.3.2; Young's modulus E and 

shear modulus G  were determined on the same samples by the 

methods described below.  The results of tests are given on 

Figs. 2.3.2, 2.3.3.  They confirm the conclusion made in § 2.3.2 

about the substantial effect of shear strain on the deflection 

of beams with both ends restrained and about the negligible 

effect of shears on the deflection of cantilever beams. 

Table 2.3.2.  The characteristics of samples 
and materials of beams. 

P 
ß C 
0) O 

H *H e m 
CO O   0) <M A A s-^ a <^ 
•H 0 O X /*** UD 0  . 
U hO U C\J VD   rvj O C\J ■H OO 
0 a 0 t» 0   a H     B -P      . 
-p •H HH .p  w X H    0 0 CO CM 
CTj X   C •H   (1) g •     \ «w  \ ca a 
S O -H -P H £) E w   (^ N ftn M   . on 

CD   di c a X  hC X!  hi •H   w    . 
OH   U cö § 

0" m 

W   X a   x w  Moo 

Q fo nj 

27-*ViS 1: 0 6 15x19 1.3 (til \7 X 
EF 32y\ 1:  1 |:....I2' 2.1 'I.I!' •v. ■•- 

The   same 1: 3 IV. 12 2.2 •I.'JO »3 a 
••       •• 1: S IV.J2 2.2 (1.27 2.«l 0 
M         " 1:   10 IV.. 12 2.0 (1.21 3.1 • 

0:   1 n>.i2 1.8 0.23 2.H 0 
• 
• 

The low shear strength forces the reexamination of the pro- 

cedure for bending test of materials reinforced by filaments. 

rod 46^8-63 [roCT = COST = All Union State Standard] recommends 

determining Young's modulus by formula 

^8 
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(2.3.14) 

where wm<:>v is  the deflection of free beam  (2H/7  = 0.1)  under 
force applied halfway  along the span.     The  Young's modulus 
determined in this way  is  ficticious,  since  it   includes  also the 
effect  of shears.     On the basis of   (2.2.38)   it  is possible to 

obtain the relationship E,.,  E    and G     : f  X      xz 

(2.3.15) 

The distinction of ficticious module E^ from real E is greater, 

the shorter the tested beam and the higher the degree of anlsotropy 
p 

of materials (g = E/G).  For the materials reinforced with 

filaments, as a result of their low shear rigidity the determine, x., 

of Young's modulus from formula (2.3.1^) when testing samples, 

recommended by GOST 4648-63 (2H/Z = 0.1), leads to incorrect 

estimations, which places in doubt the numerous data available in 

literature on the moduli of oriented glass fiber-reinforced 

plastics while bending (as shown in [269], the aforesaid is also 

related to tests of wooden beams, which have 3 £ ß < 7). 

According to standard ASTM 790-63 [271] the ratio 2H/Z is brought 

to 1/16, but in the case of highly anisotropic materials this does 

not guarantee freedom from systematic error (Fig. 2.3.7, borrowed 

from [275]). 

Thus, bending tests must be conducted only on very long beams; 

during the examination of results obtained on short beams it is 

Fig. 2.3.7.  The error of 
determination of Young's 
modulus of oriented glass 
fiber-reinforced plastics 
by formula (2.3-14). 
- - - pure bending. ? 
Designation:  K«C/MM = 

2 
= kgf/mm . 
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necessary to consider shear.  This is possible if we test samples 

with different 2ti/l.     Dependence (2.3.15) in coordinates (2H/i)2> 

1/Er,  has the form of a straight line, the slope angle tangent 

to the horizontal axis of which is equal to 1.2/GV._; this straight 

line intersects the axis of ordinates at point 1/E .  Having 

a number of values of Ef, found for this material at different 

ratios 2H/1,  this straight line can be constructed experimentally. 

The examined approach reveals the possibility not only of determin- 

ing E , but also Indirectly determining the value of G _ - modulus, X xz 
determination of which from direct experiments is quite difficult. 

An example of the construction of dependence (2.3.15) is given 

on Fig. 2.3.8.  On this figure are plotted the results of testing 

beams of glass laminate EF 32-301.  The straight line Is drawn 

with the aid of the least squares method. 

Fig. 2.3.8. The determina- 
tion of moduli E 

X 

by  bending tests. 
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2.3.4.    The effect of the  length  of the ends, which  protrude 

beyond   supports,   on  deflection.     The  precise support  of  a  beam 

by  its   ends is   virtually  impracticable.     When determining 

deflection under force  P,  applied  halfway along the  span,  there 

Is  actually measured the value  of  f =  w2  - w,,  which represents 

the    difference  between deflections at   points  2 and  1  of  a beam with 
length L  =  Z +  21,  loaded by  forces P «  P/2  (Fig.   2.3.9).   For 
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Flg. 2.3.9. The calculation dia- 
gram to evaluate the effect of 
ends of the beam, which protrude 
beyond supports. 

the loading diagram In question on the basis of (2.2.38) taking 

Into account free ends [217] the expression for deflection can 

be written In the form 

sin1 w.i-77 

(2.3.16) 

If in  formula   (2.3.16)  we perform the   approximate  replacement   of 

mV/» 

3LJ(/nx-^-tli/nxjj 
«I+0,4mV-7y 

(see Table 2.2.1), then we will obtain the expression for 

deflection, which does not depend on ratio l/L: 

where 
PI* ••• 

48£^ * 

384L1 

.1«/» 

sin» 

m-l, 3, S,. 

5,== 4L 
-1; 

sm' 

m-l.3.Jf.. 

m*l 
4Z. 12 

The calculation of the sum of (2.3.16) on a BESM-2 with 

accuracy to 0.3% showed that at values K < 3 (this parameter 

value Is limiting for actual constructions from oriented glass 

fiber-reinforced plastics) the deflection f virtually does not 
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mm*  

depend on the ratio of the overall length of the beam to Its 

working length L/l: 

■ 
i 

'(T) 
0,99 < -j j -' • -" I whe h y- * I -H rt; 

f(l) - deflection for the case where ratio L/l  -  1. 

The effect of ends which protrude beyond supports can be 

estimated also by the formulas obtained by V. L. Blderman [29] 

on the basis of the energy method.  Expressions for maximum 

deflection respectively not taking into account and taking 

into account free ends have the form 

aw »j^nm (I + JViSrtx8 - • o.oor.orx1);       (2.3.17) 
^„.„'^^•„uiCI f O.|8(ixs-0,OI0;J2x'1); (2.3.18) 

In these expressions w „„ - the maximum deflection calculated max 
according to Bernoulli's theory.  When < £ 3 the results 

calculated by formulas (2.3-17) and (2.3.18) differ by le^s 

than 2.2%,   I.e., the effect of the projecting ends is negligible 

(analogous conclusion is also obtained in [1^8, 251]).  At large 

values of < formulas (2.3.17), (2.3.18) are inapplicable, since 

they give the negative values of deflections; from formula (2.3.16) 

it follows that in limiting case <•*«>, when the deflection is 

determined only by shearing strain, It does not depend on the 

length of the ends projecting beyond supports. 

The experimental data, obtained during tests of beams of 

oriented glass fiber-reinforced plastics, attest to the negligible 

smallness of the effect of the ends which protrude beyond 

supports on the deflection.  Work [217] gives the results of 

experiments on three materials:  unidirectional glass fiber- 

reinforced plastics AG-4S, 27-63S and glass laminate on epoxy-phenol 
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bonding agent.  With constant height 2H and working length I  the 

length of free ends I.   was changed. The results of tests on 

determination of relative deflection in the center of the beam 

f(L/Z)/f* depending on L/t  and their statistical interpretation 

are given in Table 2.3.3.  Dispersion analysis shows that at the 

5%  confidence level the results of experiments do not contradict 

the theoretical conclusion about the independence of deflection 

f from relationship L/Z. 

Table 2.3-3.  The effect of the ends of the 
beam projecting beyond supports on Its 
deflection. 

«^ c 
T3  O   O n c 
C         -H rH OH « 0) -P  o 
Ct)  W  -P Kl O cd M b C 'H 

C  ü S 5H # a c OJ -P 
H   O   0) + >> «H cp 3 o •H a 
Cti -H   W P   CO \ C-H Ü -H 
•H   W t-J T^i •H   (U 1 a W  4J •H   SH 
JH   C   W \ 4-> H u CO <u rt 
OJ   0   M + hJ C  CU c ^H C  'H CM   > 
-P 6 O (3 I •rl m CO   > 0) 
K) T-i    f-l H S 3 03 s u 0) a; O «in 
S -O  o f**     c Q? to OH S T3 Ü   O 

Glass 
laminate •illV)»-  '• 1.07 1 1.121.   1.31.1 1,201 0,0.'Mi 4.87 

tfXl7 I.'.I in»! (15 I.JO I l.liil   1.32: I;.1:'.! oAH.r. r.,M2 
2:H 1.-.(H'i.l 1.3 i 7 J.I'U    1.313 I.2i>l o.o ri'. 3.'.i3 
:ji t l.'tttH 3."i 1.17 li l.lll   I.l2;i 1 •.'Mi 0.1251 •t,72 

AF-1*S VI lOOl- 5 l.in 3 1.313 -1.3'S l.3l!l 0.01 III 3,2ii 
fi/ll 2'H |(H(h21 i.-o .1 I.JOM   l.ll't I'.'Ml 0,IIMI7 A ii.27 

MMIIMI) Wl 2.IMt 1 1.2'«I   l,li.o 1,313 O.OÜKi  * '•.BO 

27-63S :H- W»- 5 1.12 10 I.MI-I.I'H. 1.130 0.0107 1.47 
8x11 IJH- Boiiri i.;w 10 ».'mi   I.3.-.I 1.112 0.1 »18 12,94 

2">+ 8(1 (-25 1.02 •( I.ii:'3-I.lh0 1,310 0,1,110 11.50 
3i|- 80+31 I.8H 'J 0.'i7'J -i.-iij'i I.2.VI •Ü.7M0 I4.ii 

2.3.5. Beams with bent and prestressed reinforcement. 

Earlier (§ 1.^) it was shown that the tenslonlng and bending 

of the reinforcement mainly affect Young's modulus E , barely 
A 

changing the value of the modulus  of interlayer shear G     .     As 

applied to  the problems  of bending this means  that    with  tenslonlng 

(or bending) of fibers there  is  changed the  component  of deflection, 
caused by  normal  stresses w   ,   and deflection  from shear w 

O T 
remains constant.  Consequently, total deflection w = w + w 

does not vary in proportion to increase or decrease of Young's 
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modulus of material.  For example, for the case of a free, 

centrally loaded beam the relationship of maximum deflections for 

material with loose vr  (0) and tightened reinforcement wmQV.(N) is 

equal to (see formula (2.3.1)): 

iW(0) ^»(.V) 
inml-VJ" £«(0) (2.3.19) 

As can be seen from this formula and the graph constructed by it 

(Fig. 2.3.10), the nonlinearlty of function w(0)/w(N) grows with 

increase of the relative height of beam H/Z and decrease of the 

shear rigidity of the material G 

Fig. 2.3.10. Dependence of — on E y v* x 
1 - 2H/Z = 1/20; 2 - 2H/1   = 1/10; 3 
2H/Z = 1/5 (G„„ = O.l^-lO^ kgf/cm2) xz 

In the case of bent reinforcement on the basis of formulas 

(1.3.8) and (1.3.13) we obtain the relationship between the deflec- 

tions of beam with straight w(0) and bent reinforcement w(f~) with 

degree of bending f-: 

I - i4f)tffw> 
.(Q),      -yrlw I-H.2 im( 
»(/-) \JffiHN) 

(2.3.20) 

The experimental data on the effect  of bending and tensioning 
of reinforcement  on the   flexural  rigidity  are presented  in 

5^ 
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Table 2.3.4 C72, 100]. They are obtained during tests of 

unidirectional, laminated and three-dimensional cross-linked 

materials. The given data attest to the substantial effect of 

the state of reinforcement ,on flexural rigidity.  The maximum 

rigidity for unidirectional materials is reached with comparatively 

small tightening force, which does not exceed 20%  of the breaking 

stress of the strip. The rigidity of woven materials in the 

investigated range grows continuously with Increase of the 

tightening force of the reinforcement. The last line of 

Table 2.3-3 and Fig. 2.3.11 characterize the correction from 

shears with bending; the tensloning of reinforcement substantially 

Increases the correction from shear both for unidirectional 

(AG-^S) and for orthotropic materials (SKT-11). 

Table 2.3.4.  The effect of bending and tensloning of reinforcement 
on flexural rigidity.* 

R
e
l
a
t
i
o
n
s
h
i
p
 
o
f
 

d
e
f
l
e
c
t
i
o
n
s
 

Unidirectional  AG-4S SKT-11 

Three- 
dimensional 
cross-linked 
material 

2H 
T 

prescribed 
bending of 
reinforce- 
ment ,  f 

s
t
r
a
i
g
h
t
 

u
n
s
t
r
e
s
s
e
d
 

r
e
i
n
f
o
r
c
e
m
e
n
t
 Prestressed reinforcement. 

In portions  of strength  of 
material 

«,IS7 0.0» 0.1 ca 0.1 0.4 0 0.3S 0.5 e 0.» 0.90 

1 
20 

1 
10 Wt 

1.29 

1.14 

1.07 

1.02 

1.00 

1.00 

031 

0.85 

0.84 

0.90 

0,86 

0,92 

0.01 

1.02 

1.00 

1.00 

MIS 

0,885 

. 0.670 

0.b2ü 

1.00 

1.00 

O.d'J.'i 

0.860 

0.815 

0.830 

1.25 '\\» 1.40 1.49 1.50 

* 

"WO 1.58 1.29 1.40 

• 

1.57 1.07 1.04 1.06 

*Data given In the table are_obtalned according to the 
results of testing 8-10 samples; w is deflection when 2H/1 ■ 1/10. 
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Pig.   2.3.11.     The effect of  shear 
on deflection:     1 - prestressed 
fibers   (ß =   5.31);  2 -  straighten- 
ed fibers   (3 -  5.05);  3 - fibers 
with technological bending   (3  • 
-  4.32). 

Thus,   small  Initial bendings  lead  to  a drop  of rigidity.     The 

introduction  of  tensioning of reinforcement   increases  the  flexural 
rigidity   in  the   classical  sense,   i.e.,   decreases w   ,  but 

simultaneously  increases  the  correction  from shear.     The  presence 

of bent  or,   on the   contrary,  prestressed  reinforcement does  not 

qualitatively   change the picture  of deformation of rods made  of 
materials  reinforced by  filaments,   and  does  not  diminish  the  need 
for the  account  of  shear effect  with  bending. 

2.3.6.     Beams   on  elastic support.     With the presence of 

elastic   support   its  reaction can be treated  as  a supplementary 

transverse  load,   proportional  to  deflection   (bed  coefficient  kn). 

The  total  transverse  load is  equal  to  q  -  knw,  and differential 

equations  of bending   (2.2.13),   (2.2.14)   take  the  form  [225]: 

dX'    J OxOz G« 
(2.3.21) 

Deflection of the free beam under sinusoidal load q = q  sin A x 
rn     m 

(A = -a-j m Is whole number) 
Hi 0 

W*n (2.3.22) 
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qm w* ■ —TT deflection of the beam not allowing for shears m   TJTi m x 
and elastic support. 

By introducing shears by Timoshenko's diagram, with the presence 

of elastic support instead of equation (2.2.7) we obtain 

d;y A'*.) </*» At,*»  _£_  K     fPq (2.3.23) 
dx^FGxt'üx*'   EJ ~iU    PGxt 'dx*-' 

2   ^ For a beam of rectangular cross  section,  when F =  2H,   I  ■ ^-H   , 

K =  1.2,   equation  (2.3.23)   assumes  the  form 

ko 
where a0 = jrc~fi  B " 2a03H  (this equation is used in the work 

of V. I. Korolev [112]). 

For two of the most widespread particular cases of loading 

(evenly distributed load and concentrated force applied halfway 

along the span) the expressions for deflection halfway along the 

beams are given in Table 2.3.5.  The graphs constructed according 

to the formulas in this table are shown on Figs. 2.3.12 and 2.3.13. 

The results obtained from Timoshenko's diagram are close to results 

obtained by (2.3.22); for the case of evenly distributed load 

this difference <2%  when L > 0.6 and <5%  when L < 0.6; for the 

case of concentrated force the difference <10J5 when B/L < 8 and 

<5% when B/L < 4.  In this case of sinusoidal load the solution 

of equation (2.3.24) leads to (2.3.22), where 4 is replaced 
i m 

by its approximate value 1 0 r— (see Table 2.2.1). 

As can be seen from Fig. 2.3.12, on which the relationships 

of deflections calculated taking into account (w) and without 

taking  into account (w*) shear are shown, the effect of this 

factor is substantial for all beams loaded by concentrated force. 
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Flg.   2.3.12.     The  effect  of shears  on deflection,     a) 
evenly distributed load;  b)   concentrated force half- 

way  along the  span L =   /2 
l0 

Fig.   2.3.13.     The effect  of the  length of beam on deflec- 
tion,     a)   evenly distributed  load;  b)   concentrated  force 
halfway  along the span,  w* - deflection  in the  center  of 

infinitely  long beam. 

and also  for short beams under evenly distributed load.     The 

dependence  of deflection in the middle  of the beam,  referred to 
deflection  of  infinitely long beam,   on the  reduced length  at 

different   values  of reduced height   is  depicted on Pig.   2.3.13. 
For the majority  of the  values  of parameter B the beams  can be 
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considered virtually Infinitely long, if reduced length L > 3. 

The need for the account of shears during bending of the 

beam on elastic support appears, for example, during the calculation 

of short fixed shells [120], the receptacles of electrical 

machines on plastic housings [210, 250] and in a number of other 

problems.  The restraint of lams (Fig. 2.3.1^a, b) is a cantilever 

beam-strip on an elastic base with elastic support in the span. 

The refined solution of the problem taking shears into account 

in this case made it possible to decrease the  dimensions of the 

supporting section, and the account of shears led to lowering of 

the moment in the supporting section by 20-25%. 

b) 

(1) 
. jc.ijjfitit—c ;ei<*ii 

C) 

(2)_ 

i T1 M I i I I r M I i-r^l   , _ v 
mi n '^H \ \3 ) 

I, 

Fig. 2.3.1^.  The restraint of lams of recertacle in 
plastic housing.  a) cutaway of receptacle; b) rein- 
forced ring projection; c) calculation diagram. 
KEY:  (1) Distributed reaction of elastic support; 
(2) External load; (3) Steel ring. 

2.3.7. The effect of shears on the extent of the edge 

effect for cylindrical shells.  Cylindrical shell (see, for 

example, [239]) can be represented as a system of strips. Isolated 

from one another by planes passing through the axis of the 

cylinder.  In the  case of axlsymmetric deformation each strip 

is under the same conditions as a beam on an elastic support with 

bed coefficient k0 ■ 2HE R 
, where 2H and R are the thickness and 
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radius of the shell, and Eg - Young's modulus In circular 

direction.  In this case the flexural rigidity of the strip 

2H3E 
D * T7T—;—TT-^ (E "  Young's modulus in axial direction; vfl , :3U~v0xvxe;  x ÖX 

v e - corresponding Poisson ratios). Thus, results obtained in 

the examination of beams on an elastic support can be used during 

the study of cylindrical axisymmetrically loaded shells, in 

particular for determining the zones of edge effect.  In this 

case by the zone of edge effect there is meant the area in which 

the heterogeneity of the stressed state, i.e., the phenomena of 

bending, cannot be disregarded. The deflection of the shell under 

uniform pressure q near the restraint of edges is changed wavelike 

with decreasing wave amplitude, approaching value w^ = QQAQ 

(Fig. 2.3.15).  Bending stresses (normal a and tangential x  ) 

analogously attenuate. 

It Is accepted to estimate the extent of the zone of edge 

effect depending on the prescribed accuracy according to 

coordinate x = s0 (Fig. 2.3.15), with which relative bending 

w = w - w or bending stresses reverse sign (see, for example, 

[7. 169, 172]), or at distance s (Fig. 2.3.15), for which with 
prescribed p-percent 

accuracy (In [228, 247] five- 

percent accuracy is accepted) 

the stressed state of shells 

can be considered moment- 

less.  The expression for 

estimating the zone of edge 

effect for elastic 

orthotropic axisymmetrically 

loaded cylindrical shells, 

obtained on the basis of 

Fig. 2.3.15.  Change of the deflec- 
tion In the zone of edge effect, 
  not allowing for shears; 
- - - taking into account shears, 

the Kirchhoff-Love hypothesis by S. A. Ambartsumyan, has the form 

 c}2RH       _ 

i//"£r(l~v*öV*') 
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here  2H is the thickness  of  shell;  R Is  the radius   of shell; 
E   ,  E0  are elastic moduli  in axial  and circular directions;  v „, 
v„     - Poisson ratios  (first  index shows the direction of 
ÖX 

transverse contraction, the second - the direction of force); c is 

a constant which depends on the prescribed accuracy of estimation 

of the extent of the zone of edge effect (with first approach 

c = TT, when evaluating with five-percent accuracy c ■ 3.33). 

The effect of shears on the extent of the zone of edge 

effect is investigated in detail in [228],l In which equation 

(2.3.24) is used.  The estimation is accomplished on deflections 

and tangential stresses.  More exact determination of the zone 

of propagation of tangential stresses Is necessary for establish- 

ment of the length of the section of strengthening and the "winding" 

diagram of the thickened places of shells made of glass fiber- 

reinforced plastics.  As can be seen from Fig. 2.3.16, when 

evaluating according to coordinate sn ( according to deflections) 

or s0T (according to tangential stresses) the account of shear leads 

to an Increase In the zone of edge effect.  When evaluating 

according to distances s,, and s^. (Fig. 2.3.17) the length of the 
W        T 

zone of edge effect, determined taking Into account shear, is 

less than the corresponding length determined with the 

utilization of hypothesis of straight normals (with the exception 

of estimation of s  for the case of free support).  In this case, 

with certain values of B there are observed skips, caused by 

the accepted accuracy of estimation of the edge effect; the reason 

for the emergence of skips is clear from Fig. 2.3.18. 

^n [112] It 1 
to the damping of e 
Indicated work was 
shears during the s 
cylinders of glass 
V. T. Tomashevskiy' 
the hypothesis of s 
deflection of shell 
V. V. Vasil'yev [68 
during tests of pip 
expression (2.3.25) 

s noted that the low shear rlgldi 
dge effects; however, this quest! 
not investigated in detail. The 
tudy of the behavior of thlck-wal 
fiber-reinforced plastics is cont 
s works [242, 243]. The error in 
tralght normals during the calcul 
s loaded by ring pressure Is estl 
, 69']. In [169, 172] tu evaluate 
es made of glass fiber-reinforce 
Is used. 

ty contributes 
on in the 
account of 
led restrained 
ained in 
troduced by 
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the edge effea 

d plastics 
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Flg.   2.3.16. Pig.   2.3.17. 
Fig.   2.3.16.     The  effect  of shears on the  extent  of 
the zone of edge  effect:     1 - rigid  fixing   (dw/dx =  0); 
2 - pliable  fixing   Ou/3z  =  0 when z =  0);   3 -  hinged 
support. 

Fig.   2.3.17.     The  effect  of shears  on the  extent  of the 
zone of edge effect   (p  =0.05):    1 - rigid  fixing 
(dw/dx =  0);   2 - pliable  fixing  (9u/3z ■  0  with  z  =  0); 
3 - hinged support,    with respect to deflections; 
- - -  stresses. 

Fig.   2.3.18.     The  zone 
boundaries  of edge  effect 
S,,  Sp and S^ when 

evaluating with prescribed 
accuracy  (B,   < Bp  < B^) 

The need for the  account   of shears  is determined by 
parameter 

ß5   ^«fö^(i-v-^T) 

and  also by  the  accepted diagram of support  and the  required 

accuracy of estimation of stresses and deformations.     Conducted 

analysis   [228] showed that  in the majority of practically interest- 
ing cases  for estimation  of the  zone  of edge effects  it  is possible 
not  to  consider shears. 
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§ 2.4.  BENDING STRENGTH 

2.4.1.  The effect of shear on stress distribution. The 

results obtained in the preceding paragraph attest to the fact 

that the determination of the deflections of beams of materials, 

which weakly resist shear, according to the formulas obtained 

on the basis of the hypothesis of flat sections can lead to 

inadmissible errors.  The error introduced by neglecting the 

shears during the determination of stresses requires analogous 

estimation.  Taking into account that within the framework of 

the assumption ^ = 0, ax = EJ^, ^ = Q^ + |^ (subsequently 

stresses a  and T  and moduli Ev and G _ are written without 
X       XZ X       X z 

subscripts x and z), on the basis of (2.2.37), (2.2.38) we obtain 

the following expressions for determining normal a and tangential 

T  stresses in the case of sinusoidal load q = q sin X x: m M  ^m     m 

/XmShXm- 

i     chxm-n-\ 

'-Art'—afirh^ (2-'<-ii 

For the three most widespread load cases the expressions for 

the stresses in free beams (C = Q), obtained on the basis of 

(2.^.1), are given in Table 2.4.1 in conjunction with the formulas 

derived on the basis of the hypothesis of flat sections.  They 

are the limiting case where K -► 0. m 

The diagrams of normal stresses for the case of a sinusoidal 

load are presented on Fig. 2.4.1.  As Is evident, the deviation 

from linearity of the distribution of normal stresses a is greater, 

the larger the value of K "rate.  With increase of <    there is m m 
observed an increase in the degree of deviation of the law of 

distribution of tangential stresses from parabolic (Fig. 2.2.8). 
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Table  2.4.1.     Bending stress  distribution, 
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Fig. 2.4.1.  The effect of 
shears on the diagrams of 
normal bending stresses 
(q = q sin X x). ^  Hm     m 

41 

During the  Investigation  of the questions  of  strength the 
values  of maximum stresses  are  of the greatest  interest.     The 
dependences  of relationships  a      /a*      and T       /T*       on parameter max max    max max 
< for the three methods of loading are presented on Pig. 2.4.2. 

The maximum normal stresses are calculated with x = 0.5£ and 

z ■ +H, tangential are calculated with x = 0 and z = 0.  (In 
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the  case  of concentrated load the  corresponding  series with 
z  =   +H,   x ■  0.51    diverges,   therefore a        and o*       of the  extreme ~ max max 
fibers are compared with x ■  OAl.)    As can be seen  from the graph 

(Fig.   2.4.2),  the effect  of  shear on the maximum amounts  of stress 

Is substantial only with 
sufficiently large  K,  I.e.,  for 

short beams  of essentially 
anlsotroplc  materials.     For 
example, with the permissible 

error of calculation  10% for the 
examined    cases  the  deviation of 

the law of distribution of 
normal stresses  from linear 

and tangential  from parabolic  can 
be  disregarded  If <   <   1.2.     This 

makes it  possible during the 
calculation  of stresses  to  use 

elementary formulas  of the  strength 
of materials. 

Flg.   2.H.2.     The  effect   of 
shears  on  maximum stresses. 

The  deviations  of the distribution of a   from linear  law and 

T  from parabolic  can be Judged by  the exoanslons   of  stresses into 
Taylor series according to  parameter K   [K  < ij: 

rtV.«* //     yi/i-   10///  "■ \i20//'  mm ' JmuJ (2.4.2) 

X— X 

V 
211 
0 

npn 

npn 

-ll<z<H; 

z~±H\ 

liino» 
>«-• at c npn 

npn r-±fr. 

[npn   = wb en] 
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For maximum stresses 

la        .Vi5 n IIMI 
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(2.4.3) 

By  comparing series   (2.4.3)  with the appropriate  series  for 
deflection  (2.3.4),  we see that  the effect of shears  on stress 
Is  substantially less than for deflection. 

Near the ends of the beam the  stress distribution can 
noticeably differ from the classical,  obtained on the  basis of 
the  hypothesis of flat  sections.     At these places there  are 
observed the greatest differences   in the  results  obtained  during 
the  application of different   theories, which consider shear. 
For example,  according to the  formula given  in S.   G.   Lekhnitskly' s 
work  [123] the stresses  in a  free  evenly loaded beam are  defined 
as 

02 = (2.4.4) 

The  stress diagrams,  calculated by   (2.4.4)  and corresponding to 
formulas  in Table  2.4.1,  are given on Fig.   2.4.3.     As  is evident, 
near the  supports  appears noticeable divergence  of diagrams, 
which is the result  of the  fact  that formulas   (2.4.4) are derived 
under the  condition of the  Integral satisfaction of the boundary 
conditions  (o ■ 0)  on the ends of the beam. 

The addend of expression  (2.4.4)  is stress a*,  determined by 
Bernoulli's elementary  bending theory.    The augend a** -  the 
corrective correction,  which does not depend on coordinate x and 
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Fig.   2.^.3.    Diagrams  of normal   (a)  and 
tangential   (b)  stresses  In the sections 
evenly  loaded beams.     -  -  -  K  = 2;   
=   0. 

of 
• < = 

therefore does  not  disappear  on the  ends   (with x =  0 o**  =  cO. 
Relation 

(i 111.1t 
0.054 IK*. (2.^,5) 

characterizing discrepancy with boundary conditions a = 0 when 

x = 0, is Increased with an increase of parameter ic.  It is small 
p 

for Isotropie beams, which have 3  <_ 3, but it becomes substantial 

for oeams of highly anisotropic materials, when as a result 

of large 3 parameter K is great even for long beams. 

2.4.2.  Expansion of the area of failure from shear. With 

bending of rods of Isotropie materials the relationship of the 

maximum tangential T and normal stresses a   is of order max max 
2H/Z, and strengths with respect to normal na and tangential n 

stresses are close to one another (see, for example, [247]). 

Therefore, the calculation, as a rule, is performed by normal 

stresses.  For the materials in question n and fl differ by 

an order and more (experimental data are given earlier in 

Table 1.1.1).  Due to the low shear strength of material the 

tangential stresses, in spite of their relative smallness, can 

substantially affect the strength and character of bending fracture 

[92, 274]). 
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The maximum normal and tangential stresses Increase In 

proportion to the growth of load.1  In axes o  -T    (Fig. 2.4.4) B max max   & 

the course of loading is described by a ray, outgoing from the 

origin of coordinates.  One ought to emphasize that this ray does 

not depict the path of loading in the usual sense of theories 

of strength and plasticity, since ornDV and T  v are reached at mdA     max 
different points of the beam 

(omax w: 

z  =   0). 

SP 

(cr     v when  z  ■  +H,  -r     v when max —  '    max 

The   slope  of the  ray 

depends  on  the  type of 
effective  load,  relationship 

2H/Z   and parameter 3. 
Or. Fig.   2.4.4  rays  are  con- 
structed  for three types 

of  loading with  2H/7  =  0.2 

and   0.05   for materials with  infinite  shear rigidity   (ß  =   0)   and 
materials  of the oriented glass  fiber-reinforced plastics   type 
(ß  =   4).     The  effect  of parameters   £  on the  slope  cf  the  ray  for 

small  2H/Z   is   insignificant:     with  2H/Z   =  0.05 the  rays   for 

8=0  and  ß  =  4  virtually  coincide,   since in this   case  <  <   0.5 
and,   as  can be  seen from Fig.   2.4.2,  at  such values   cf <  the 

correction  introduced by  taking  into  account   shear is  negligible. 

rr 
Fig.   2.4.4.     The  diagrams   of th 
growth  of maximum normal  and 
tangential  stresses  with  an  incrase 
in the   lead.     fi 5 1   .   T =   H  . 

The  disposition of  limiting  straight   lines ana kncwi 

for this material, on the graph (Pig. 2.2.4) makes it possible to 

udge the expected form cf failure.  In the case :ted 

Fig.   2.4.4  there  is  expected  the   failure  cf teams  with  2H/Z   = 

loaded by  transverse  load  q  ■  q'   sin  TT^- and qn =   censt,  frcrr. 

^hls  is  confirmed for glass   fiber-reinforced plastic; 
disregard  some nonllnearity  cf deformation diagrams. 
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shear,   since  the  four lower rays   corresponding to these types 
of loadings   Intersect boundary  n   . 

For Isotropie  material  fl    and n    - values of one order. 
o T 

Consequently,     the  boundary  of failure with    respect  to tangential 

stresses   Is  moved  far to the  right  and  failure  from shear Is 
virtually  Impossible.     For oriented glass  flber-relnforced plastics 
nT/na =   0.05-0.10   (see Table  1.1.1),   and rather long beams  can        ' 

be destroyed  from shear,  therefore experimental research  on this 
phenomenon acquires practical  Interest.     Research on the  failure 
from shear when bending a beam of reinforced plastics  under condi- 
tions  of elevated temperatures has  special  Importance.     The  strength 

of polymer bonding agent  Is  substantially     lowered with rise  of 
temperature.     It  Is  obvious that   an Increase of testing temperature 

exparls  the  area of failure of glass   flber-relnforced plastics 
from shear when bending. 

2.4.3. The effect of ends, which protrude beyond supports, 

on the    bending  strength.     In  §  2.3-3  It  was shown that the 

effect  of ends,  protruding beyond  supports,   on deflection  Is 
Insignificant.     The  effect  of ends  on  strength is  Investigated 

on the  samples  of three different  materials.     The  results   of the 
test  are   given  In Table  2.4.2.     Dispersion  analysis  shows   that 

the  obtained  results  at the    5%  confidence   level do not  contradict 
the  assumption about  the independence  of breaking load from 

the  length of the  ends, which protrude  beyond the  support.     However 
this  question,   especially  in  the  case  where    the  length of the 
ends,  which protrude beyond  the  support.  Is  comparatively  small, 

needs  further  study. 

2.4.4. Experimental   study.     The  effect  of relationships 

2ti/l  and  n^/n^  on the type of bending  failure  is studied on three 

series domestic  glass    flber-relnforced plastics - AG-4S,   27-63S 

and EF32-301   [217]  with different  packing of filaments  in  two 

mutually  perpendicular directions.     The  relationship    of the 
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Table  2.4.2.     The  effect  of the  ends of the 
beam projecting beyond the   support  on the 
bending strength. 
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27,-^33 

27-63S 
1:0 

AG-l+S 
1:1 

10X12 

10X19.4 

10X17.4 

50 

100 

100 

180 

5Q 

100 

10 
30 
UO 

10 
70 

10 
40 

100 

10 
50 

10 
30 
90 

10 
70 

710 
779 
G78 

550 
517 

1501 
1315 
1570 

953 
943 

713 
717 
653 

492 
460 

5.0 
6.2 
4.1 

4.1 
6.3 

2.7 
5.6 
2.3 

0.3 
0,7 

7.0 
6.5 
1.1 

8.1 
8,6 

number of longitudinal and transverse layers for the tested 

materials is shown in Table 2.4.3.  The samples are tested by 

the scheme of a free beam loaded halfway along the span by 

concentrated force P. The speed of movement of the punch 

10 mm/mln.  Figure 2.4.5 gives the characteristic osclllogram with 

the recording of force P and the displacement under force w. 

The results of tests are given in Table 2.4.3.  All the 

samples, with the exception of those shown in the last part of the 

table, were bent In the plane perpendicular to the layers.  In 

the table above the line are given the values of the greatest 

normal stresses in kg/mm , calculated by formula o 3PZ (P 
max  8bH2 

corresponds to point D on Fig. 2.4.5).  Alongside in parentheses 

are given the normal stresses, which correspond to the origin 

of failure (point C on Fig. 2.4.5).  Under the line are given the 
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Table  2.4,3,     Experimental  data on  the bend- 
ing strength. 

o Distance between  supports, mm 

1:3 

1.3 

1:1 

3:1 

■".; I 

10:1 

1:3 

1:1 

3:1 

5:1 

10:1 

1.74  ~ 

£j.«(2l.«t) 
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210(21,0) 
2.05   " 

25.IJ25.I) 
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2.19** 
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2JW28.6) | 
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4.53       j 

43,2(43,2) ' 
4.24 

17,8 (47J) 
5.28      j 
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c 
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c 
4.7 
c 
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c 
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■''.8 
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1.2'J 

2ß,3(2-.,l) 
1,31 "" 
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r.s 

ja i (Ki.i) 
1,04 

3\0(3.ri,il) 
I.7Ö 

10.8(10.8) 

AG-H2 
i 

2,13 
I 

• ti 

C.6 

N 

3.3 

c 
0.7 

ll-C 

5.6 
c 

2,6 

c 
1.0 

21.5(2.10 
*' (».KJ 

ii 
4.4 

2I.3<2I,2) 
'    Ü/JÖ 

H 
6.4 

2f., 1(22.2) H 25.8(25,0) H 
0,84 4.0 0.61 1.0 

31.3(20,5) 
1.03 

II 
0.« 

31.6(30.'») 
0.81 J 

N 
7.5 

4l.7(10.'t) 
1.38 

N 
2.9 

15.0(15.0) 
~ 1.12 

H 
3.4 

43.0(43.0) 
1.13 

H. 
7.2. 

40.1(49.4) 
•' i.fa 

a 
1.0 

.Ml ((17.5) II—c 
9.9 

51.3(49,2) 
1.38 

M 
3.2 

27-63S 
c 

'J.'J 
c 
8.2 
c 

10.1 

c 
4.2 

c 
2.3 

31.0(31.CQ 
I.G3 

3.10 

_?t.3(7l.81 
3.55 

75.7(75.7) 
4.13 

64.1(55.4» 
3,26 

C-   II 

4.5 
32... (30.3) H 

2,2 
c 

4.7 
00,3(60.3) 

1.99 
H 

3,8 
c 

2,7 
70,0(70.0) 

2.38   ' 
II—c 
2,5 

c 
3.8 

73.4(75.1) 
2,80 

c 
0.5 

ll-C 

8.3 
64.6(01.6) 

2,38 
II 

7.2 

29,3(29,3) 
0.76 

59,7(54.5^ 

EF32-301 
1:0 31,7(34.7) 

4.15 

1:10 28.5(28.5) 
3,50 

1:3 31,6(31,6) 
3.85 

1:5 38.5(36.5) 
4.69 

c 
2.4 

c 
2.3 

c 
3.6 

c 
2.3 

33.2(13.8) 
2.10 

36,1(34.2) 
2,21 

87.404.0) 
2^27 

40.7(3:),6) 
2.47 

II 

4.2 
H 

35,1(31.0) 
1.37 

34,8(33.4) 
4.7 

H 

3.1 
II 

1.44   - 

36,0(33.2) 
1.47 

38.8(36,1) 
1.9 1.57 

II 

3,0 

H 

4.7 

H 
3.6 
II 

5.3 

1.43 
60,3(62.8) 

1.73 
iU)(84,0) 

2.6« 
00.5(68,2) 

1.95 

35.5(35.5) 
1.06 

37.2(37,2) 
1.14 

37,5(36.1) 
1.14 

39.7(39.7) 
m 

H 

3.3 

H 

3.2 
n 

10.4 
n 

5,3 
H 

6.2 

3,5 

H 

3.5 
N 

1.7 

H 

3.1 
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Table 2.4.3.  (Cont'd. ). 

Bending in the plane of layers 

II      .*  3.01 " 
AG-kS * MMn.^ 

3   1     i     4.3ii"" 
27-63S;«il.2(«"'2.2» 

3:1     j    "ü.30    ' 

Note;     c - destruction occurred as  a 
result  of shear along a plane,  close to 
neutral;  H - material  failed  from normal 
stresses. 

.. IVNV ii II IV.IiJrli ! i. 3l.-.i:!i -.i 
4.2 I..I 2.1 l.'i x* o..-' 

M—v <<;.it4«.it II ;'V!.iv;» H I2.»ii«j.si 
0.2 S,» 1." l.iit 1.2 i.»;" 
II—c M.'ifiZ«! II tVlSitA't II W,U"7.'i 
7,7 3.32 2.« 2.1: s.-t i.n 

II 

l.'i 
It 
if, 
H 

r>2 

Fig.   2.4.5.     Characteristic 
oscillogram during bending 
test. 

values of the greatest tangential stresses   (in kg/mm  ),  calculated 
3P by  formula  T ■ wgw.     To the  right   of these values  is  given  the 

coefficient   of variation  (in  %) t   letters   "c"  and  "H"  designate the 

form of  fracture. 

As   can  be  seen from Table  2,4.3,  the  range of failure  from 
2H 1        1 shear encompasses  the area of relationships -=- = F—rr«     Only 

2H       1 »■ 5       ly 
when -f =  pT)  are  a11 samPles  destroyed by normal stresses.     The 
characteristic  types of  failure  are   shown  on Fig.   2.4.6.     Failure 
from shear occurs  approximately  at  the  level of neutral  line, 

as  a rule,  along the plane of the  joint  between layers 

(Fig.   2.4.6a).     Sometimes  it  occurs  virtually simultaneously   along 

all Joint  planes  between  layers   (Fig.   2.4.6b).    With bending 
in the plane  of layers the tangential stresses do not  act  along 

joint  surfaces,   therefore these  samples  even with  large  relationship 
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=£ do not  fall from shear  (Fig.   2.^.6c).   Failure  from normal 
stresses  (Fig. 2.4.öd)  for materials AG-^S  and 27-63S,  as a rule, 
Is observed In the  stretched zone,  and  for material EF32-301 In 
the compressed zone. 

Fig.   2.^.6.     The  characteristic types  of 
bending failure:     a) EF-32-301;  b-d)  27-63S. 

For Illustration  of the effect  of the  ratio  of the height  of 
the beam to the  span  and the arrangement  of  layers  of reinforcement 
in the material  to  the  character of failure   Fig.   2.4.7 depicts 
the  results  obtained  during the test   of  Inspection materials 
(see Table 2.4.3);  the  light  points  correspond to  failure  from 
normal stresses,   dark  from tangential  stresses.     As  can be seen 
from the  figure,  transition  from one type  of  failure to another 

2H occurs with relationship -y,  characteristic   for this material. 
Sufficiently  long beams  fall when o        reaches  the boundaries " max 
na % const.     Figure  2.4.7  and Table 2.4.3  show    that with bending, 
as  also with  stretching,  the ultimate  strength 11       virtually 
linearly increases with increase of the number of filaments,  packed 
in the direction  of  the  effective  forces.     With  failure from shear 
constancy of D    is not  observed - it is increased with increase of 

2H relationship -j-.  The  analogous conclusion  follows  from the results 
of  [2/4]   (Fig.   2.4.8).   This  can be partially  explained by the  local 
failures of separate glass  fibers before the  total  loss of supporting 
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power,  since  large  normal  stresses  correspond to  smaller values  of 
2H 
-p It is possible to consider this phenomenon formally when 

using a diagram of the type of Fig. 2.4.4, if instead of vertical 

boundary n we constructed the curve which corresponds to the test 

results. 

?; 

«-:♦*.• 

r*^ vr t~^^ im ^ 

//y ̂ ^s*'* all • 
• II 

$> 
^ ^U.4'l «It 

■ <1 r,..."*"* 
. i J 

Pig.   2.4.7.     De- 
termination of the 
normal  and tangen- 
tial breaking 
stresses when bend- 
ing a)   AG-^S;  b) 
27-63S,  c)  EP32-301. 
The  light points 
correspond to  fail- 
ure  from normal 
stresses, dark from 
tangential  stresses. 

c) 

Fig. 2.4.8.  The maximum 
bending stresses n during 
failure depending on span/ 
height ratio [274]: 1 - 
unidirectional glass 
fiber-reinforced plastics; 
2 - packing 1:1; 3 - glass 
laminate. 

J5 

/J.-"/-.* 
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The main reason for the expansion of the area of failure from 

shear is the smallness of the ratio of ultimate strength with 

respect to tangential stresses n to strength with respect to 

normal stresses fl .  For the investigated materials D /fl was 
o 0 TO 

changed within from 0.03 to 0.12 (as can be seen from Fig. 2.4.8, 

these limits can be still wider). The anisotropy of elastic 

properties barely influences the type of failure.  Transition from 
2H 

one type of failure to another occurs with the relationship -j- 

characteristic for this material, which for the majority of the 

investigated cases proved to be less than that recommended by 

GOST 4648-63 (2H/Z ■ 0.1). This places doubt upon the numerous 

data available in literature on the flexural strength of oriented 

glass  fiber-reinforced plastics, especially during tests under 

conditions of elevated temperatures (see, for example, [14?]). 

During the determination of bending strength it Is necessary to 

indicate the type of failure, since otherwise the results are 

virtually Incomparable. 

2.4.5.  The effect of tensioning of fibers.  The inurod   on 

of tensioning of fibers leads to the growth of strength with 

respect to normal stresses and to the noticeable growth of shear 

strength, in comparison with fL and T0> for materials with 

straightened, but unstressed fibers. Typical data for material 

AG-4S are presented on Fig. 2.4.9. Relationship d/T somewhat 

drops with rise of the degree of tautness.   The zone of 

failure from shear (Fig. 2.4.10) is changed insignificantly.  When 

testing rods of woven materials the strength grows in the entire 

investigated range of change of forces. 

When evaluating the rigidity according to the ultimate load 

for prestressed short beams the obtained results prove to be 

significantly higher than shown In Table 2.3.3.  This is explained 

by the fact that without exception all the beams of I.he indicated 

dimensions are destroyed from shear, and the shear strength 

(Fig. 2.4.9) increases with increase of the tensioning force. 
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This,  apparently.   Is   consisted In the error of  Goldfeln  [287],l 

who obtained overstated data on the effect   of  stretching force 
on the strength and  flexural rigidity.     The  estimation with respect 
to  ultimate load  Is  possible only with  sufficiently  large ratios 
of span and height. 

t» 

H A 
(» • 

4 
/ 

'» A 

1 
in 

/ A 
ft« i 

/ 

^ 
i ! 

Fig.   2.4.9.     The effect  of 
tensile  force  on the bend- 
ing strength:     1 - growth 
with respect  to normal 
stresses   (f -  AG-4S,  A - 
SKT-11);  2  -  growth of 
strength with respect  to 
tangential  stresses   (*  - 
AG-4S, ■ -  SKT-11). 

V o.i o.i 

Fig.   2.4.10.     The  character of 
failure of beams  of uni- 
directional  material AG-4S 
depending on the tenslonlng 
of fibers.     • -  samples with 
straightened,  but  unstressed 
fibers;   *  -  prestressed 
samples. 

'The effect   of  the  force of pretenslonlng of reinforcement  on 
the rigidity and  strength of oriented glass  flber-relnforced 
plastics,  apparently, was  investigated for the  first time by 
Goldfeln  [287]|  however,  the processing of experimental results 
by him was performed without allowing for the weak resistance 
of these materials to  shear, which led to overstated estimations 
of the effect  of tenslonlng on the properties  of material. 
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§2.5.     STABILITY   AND LONGITUDINAL- 
TRANSVERSE  BENDING 

2.5.1.     The account of shear in  problems of the stability 

of  rods.     Shears  In the problem of stability of a straight rod 
were  taken into account  for the  first  time  by Engesser in  1891 

[282] according to  the diagram,  which  is  accepted to  call 
Timoshenko's  diagram  (see   §  2.2.1).     Taking  into account  that 

the  bending moment,  caused by  longitudinal   stretching  (+)  or 
compressive   (-)  force N,  is  equal  to  M =  -Nto, Engesser derived 

an equation  of stability of a centrally  compressed rod: 

(2.5.1) 

whence for the case of a rectangular cross section the value of 

critical force is obtained [183]: 

V  -s V-""•_-. (2.5.2) 

N* -  Eulerian  critical  force,   i.e.,  the   critical  force up m ' ' 
calculated  without   allowing for  shear,  which corresponds  to  case 

<    =  0.     Let  us note that  if shears   are introduced according to m 
Ranklne-Grashof's  diagram  (§   2.2.1)   [237],   then in the  second 
term of the  denominator of expression   (2.5.2)  instead of multiplier 

O.^  it  is  necessary to substitute  multiplier  0,5« 

Formulas   for  determining the  critical  forces  in round and 

rectangular  plates,  close to  Timoshenko's   diagram,   i.e.,   derived 

on the basis   of the postulate  about   the  fact  that   shears  do  not 

change  the  picture  of distribution of tangential stresses   (for 

a beam this  means  that they  can be G'_.ermined according to 

D.   I.   Zhuravskly),   are given  in   [6,   14,  112,  136,  137,  162,   163] 

and others.     Stricter solutions  are  obtained  in  [39,   ^3,   49,   93]. 
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In book   [317]   (see also  [193])  there  Is  given the equation 
of stability,  modified  (according to  the terminology of the 

authors  of book  [317]) In comparison with   (2.5.1): 

(2.5.3) 

It can be obtained from the system of equations of transverse 

vibrations of a stretched rod, given in [181], taking into account 

shearing strain, if we change from the equations of dynamics 

to the static case.  In the case of rectangular cross section 

from (2.5.3)  follows the expression for critical force: 

(2.5.4) 

Experimentally the stability of rods of materials reinforced 

by filaments is extremely insufficiently studied.  The results 

obtained in [15^] during tests of free rods of circular cross 

section of three brands of glass fiber-reinforced plastics are 

depicted on Fig. 2.5.1.  Experimental points attest to the 

noticeable effect of shears on the value of critical force In the 

investigated range of flexibility of rods.  However, due to the 

unsuccessful construction of the supporting unit of the fixture 

for testing rods for stability there is obtained a large scattering 

of values of N  , which does not make it possible to decipher 
Kp r F 

the experimental data with sufficient accuracy.  In the article 

of L. V. Bayev and N. G. Torshenov1 an attempt is made at the 

experimental estimation of the effect of shears on the value of 

critical force for circular rods whose diameter is 8 mm, length 

I  for the cases of support:  hinge-hinge and hlnge-flxlng.  As 

can be seen from the given table, the experimentally measured 

lL. V. Bayev, N. G. Torshenov.  The Stability of Rods of 
Glass Fiber-Reinforced Plastics. - Mechanics of Polymers, 1968, 5. 
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value of critical force N 3 

determined taking into account shears N 

is close to the critical force 

,  and it can be 
KP» 

noticeably  lower  than Eulerian critical  force N* 
Hp 

I. MM 
X,,\ tue 
X\9. MC 
XUf, ate 

Hinge-hinge 
ICO 120 100 S2 72 C2  S4 
330 500 720 I ICO 1470 IJSO 24CO 
340 Ö3J 773 1293 ICSO 2270 2990 
331 510 723 1171 1480 1915 2400 

[K«C  •  kgf] 

Hinge-fixing 
132 117 92.5 72 
G73 1038 i:.60 2142 
710 IMS 1743 2G80 
C87 1070 1562   2250 

V 

k  '/^ 
^^* ■■■" 

-**0 

in/ A 
0-« 

• •1  

tlir 

M      ■-/ - 

m 

Pig.   2.5.1.     The  effect   of shears 
on the value of critical  force 
[15^].     -  - - calculated  curves; 
0,  f,  A  are experimental  points 
obtained during tests of glass 
fiber-reinforced plastics with 
different   structure   (A and C 
are  glass  laminates reinforced 
by   fabric     of different  weave, 
B is unidirectional material). 
KEY:     (1)   Structure. 

so m ISO Ml 

(X)CTpyKTypi |     ^      |      a     |     C 

£,(.|0»). vclcM'l   2.93   |   3.46   |   2.62 

2.5.2. The effect of shears on the amount of critical force 

of compressed rods.  As was shown in § 2.2, the basic correction 

during the refinement of the technical theory of bending is 

introduced by the account of shears, therefore their effect on 

the amount of critical force is investigated under the 

assumption about the negligible smallness of lateral deformation 

(tt  -  0) and the compressibility of the axis of the rod (a  << E ). • r * _ v    Hp X 
In this case,  assuming that the loss  of stability occurs  in plane 
xz,  from system of  equations   (2.2.13),   (2.2.1*1) we obtain the 
system of equations  of stability   [188]: 
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(2.5.5) 

(2.5.6) 

If we make  use of known solution of   (2.2.30),   (2.2.31),   equation 
(2.5.5),   equation   (2.5.6)   car be given the  form 

illmßXm'cIl XFn(?.»nC1/<rm +A') Sl'll Xm*- 

-/l'lmßXm»Ch X„P.mS/:,Af ,„ +A') COS >.,„*-/12,^ = 0. (2.5.7) 

Equation (2.5.7) will be satisfied if A«  =0 and 
2m 

A* =-).,„*£./?«. 

Critical  values  of parameter  A,^ ^  are determined  from the  boundary 
K p    III 

conditions  which  form the  system of homogeneous  equations.     The; 

values   (or equations  for their determination)  under some  usually 
examined  boundary   conditions  are given  in Table 2.5.1. 

■se 

Table 2.5.1.  Values of Am   for different 

methods of restraint of the rod ends. 

Method of restraint of rod 

B
o
u
n
d
a
r
y
 

c
o
n
d
i
t
i
o
 

With one 
restrained 
end 

Hinge- 
supported 

With one re- 
strained, 
the other - 
hinge- 
supported 
end 

With restrained 
ends 

Jt=0 
w-O; w-O; 

a?-0 

o-O; 

dx 
da   ft 

x=/ 
c—0; w0; 

dx 

t?-0; 

If-' 

*    2/ 
(a=l.2.3...) (a- 

= 1.2.3...) 
u-ietJ (a- 

= 1.2.3...) 
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The expressions for critical force N    and for critical 
stress a . M   /?H r^>, ^ Kp rn       critical 

HP m7^" lor the cases of support of ends rn ., rn
/"" iur une cases of support of en 

examined in Table 2.5.1, when shears do not affect the 

A  ni (Table 2.5.1), can be presented in the form 
value of 

A f p H - «»m.V,,, ,„•, O,,. „, ^«f „.«l», p ,„; 
(2.5.8) 

A*. •vv, 
i,«»->.»:|.r«

8/?ji/i o'.i"""-«//" ' the cr,ltlcal forces and stresses, 

calculated without allowing for shears, $     -  the coefficient 

which determines the correction from shear.  The solutions by 

formulas given in [239, 282 and 317] give the appropriate 
correction factors (see § 2.5.1): 

I I 
"■-'-mW '"-rfäw- * ■-''"■o.,^ 

The  accuracy  of these  dl 

Taylor series   for  coefficients   ^T, 
agrams  can  be  evaluated  by  comparing  thu 

'ml'   ^mll'   ^nlll1 

•fm= I -0.4x„1H01IGI9x,n
s-0>065Gx,„«+... 

«fmi- I -O.Sx^+O^SOO*,,.» -0,I23xmH... 

T". II= 1 -0.-lxm= + e.lG0(W-0,0G40xm«+. 

«Tm ni= I -0,-lx..,t:-r0.3200xlll*-0.3200xm«+... 

(2.5.9) 

(2.5.10) 

(2.5.11) 

(2.5.12) 

This .a.es  It possme to eStabllsh that  ooemolent  * , ls un(ierstat 

change of parameter <m u ,..er, close t0 (see also Ta        
g 

As can be seen  mom formulas   (2.5.9-2.5.12),   coefflcl ents 
*m and thereby    relation o        /a        *  decree w^h  < 
oarampfpr.  flH  * Hp m    KP m    aecrease  wlth  increase  of parameter  ßj faster,   the larger A             is     -t    ■ 
t-K^         .     / HP m    ls>   i-6-,   the more  rigid 
the  restraint   of ends   of the  rod   (Tihh    ^   ^       ,,,,,, 

H ' '     ■■•■•).     With   Increase 
e     "'■    '■n"C-   -'■■■■'■e   "'  '"^  ^ aroint    ,,   „„a.:   „eaKn 

32 
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(Flg. 2.5.2).  When K = 0, which corresponds to infinitely m 
long rod (H/Z ■ 0) or to material with infinite shear rigidity 
(3 = 0), ())m = 1, consequently oHp = aHp*- 

Fig. 2.5.2. The effect of 
shears on critical force under 
varied conditions of restraint 
of ends of the rod. 

2.5.3 

cases. 

Ways  of increase of  the  critical   force.     Limiting 

Critical  stress 0       can be  increased In two ways:     by KP 
Increasing the shear modulus G       or a*       ,   I.e., Young's modulus 

TT x2 K p  m 
E   ,   relation j or the rigidity  of restraint  of ends.     The 
effectiveness  of one method or other  can be  investigated by 
examining the  partial derivatives: 

jfahp m        3 Ih* Xm _ JFm . 
ooVm" W 2   ' 

<?<Ti,p m _ I _ 3 thitin I 

(2.5.13) 

(2.5.1^) 

The graphs of these functions are presented on Fig. 2.5.3. 

With K = 0^ip m = 1,  "p m = 0 with K = ~, on the contrary, m   da"        oG„_ m   ' a ' 

3a 

Hp m 

9a 

xz 

M m =  0,  9gP 
m = 1.  Consequently, Increase of aH 

is 

Hp XZ 
p m 
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effective only with small K m With large tc     (order 1-2), 

characteristic  for rods of materials reinforced by filaments,  an 

increase of o*        without Hp m 
a simultaneous Increase of 

the shear modulus G  becomes 

Fig. 2.5.3.  The effectiveness 
of Increase of Gjr, and a* xz Hp m 

ineffective. 
< 

With still  larger 

the  change of aM        virtually m ^ np m J 

no longer affects the critical 
stress  G , which when np m 
E    -> 00 or H/l •*■ w approaches 
not  infinity, as follows  from 

Euler formula (o\pm=-p-5^5). 

but toward a finite quantity 

equal  to  shear modulus G     : 
XZ 

III« <lKpm=0«. (2.5.15) 

(The obtained result   is  qualitatively  analogous  to results  of 

[56,  93].) 

The  conducted  analysis Is  related not  only to the problems 
of stability,  but  generally to the question concerning increase 

of the total   (taking into account  shear)   flexural rigidity, 

which is  directly proportional  to critical  force.     For greater 
clarity  it  is  possible  to use Timoshenko's  diagram,  with the  aid 

of which,  as  follows  from §  2.2,  the  basic   correction from shear 
is  caught.     The  replacement  of coefficient   $     in formula  (2.5.9) 

by coefficient   4  -  corresponds  to the  transition to this diagram. 
Hence follows 

l 

As is evident,  total  flexural pliability  1/a consists of np  m 
flexural pliability  of the  classical  sense  1/a*        and shear np m 
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pliability 1.2/G xz Obviously it is more effective to decrease 

the large component.  For Isotropie materials always 1/a*   >> 
Hp m 

>> 1/Gxz (according to Bernoulli's theory, 1/G  =0); however, xz 
for materials  reinforced by   filaments cases  are possible where 
1/a*       <   1.2/a Hp m /   xz 
Fig.   2.5.3). 

(this   takes place when  K     >   1.7;   see 

A model,  composed  of  coaxial absolutely  rigid rods,  hinge 

connected with  rigidity  Gv^   (Fig.   2.5.4),   corresponds  to the 

examined  limiting case   (2.5.15).     With  such a  form of the  loss 

of stability it  is  theoretically  impossible to  predict  which of 

the  equal  forms   (see,   for example. Fig.   2.5.5a,   b),  adjacent  to 

the  initial  form  (Fig.   2.5.5c),  the rod  takes  when  the  stress 

reaches  its  critical  value     a ■ G    . 
Hp m        xz 

)fcO( 

O« •'» 

Fig.   2.5.^ 

Ä 

4M* 

d 

Fig.   2.5.5. 

Fig.   2.5.4.     Model  of the  shear form of loss  of  stability. 

Fig.   2.5.5.     The  possible  shear forms  of the  loss  of 
stability during compression  (a, b)  and tension   (d,  e). 

Result  0 =  G       when  E    ■* co can  be  obtained also by the 
HP m        xz x 

energy method,  taking into  account  that   in  this   case  the potential 

strain  energy of the  rod  is  determined only  by  shears   31  = 

=   0  5Y    
2G    FZ   (F - the   cross-sectional  area of the  rod,  y      - 

angle  of shear).     The  corresponding change  of potential  of external 

force N =  Pa,  with this  32=Fn/(I-cos>•.,•:)«fo/^-    ^om equality 

3     =  3p  follows   equality  0       m = G^. 
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During the action of tensile force  the  shear form of loss of 
stability of the solid rod Is Impossible,  since with the 

observance of conditions of continuity of deformations a potential 
of external forces  less than with the Initial form cannot  exist 

(Fig.  2.5.5c,  d).     Such a loss of stability  is possible with the 
expansion of a spring  [248],  each coll  of which  can slip relative 
to the adjacent  coils   (Fig.  2.5.5e).     In this case for 3,   and 3p 
we obtain the same  expressions as for a  compressed solid rod,  and 

therefore, the  same final result a      « ■ Q (here G        - the * Hp  m yen   v yen 
conventional  shear modulus, which corresponds to the shear modulus 
of an equivalent  solid rod). 

From equation   (2.5.4)  it  follows  that  when E    -»■a. or H/l  ■* °° 

a -*• GxZ/K,   i.e.,   according to Tlmoshenko's diagram  (and also 
according to Ranklne-Grashof),  in the  examined limiting case the 

critical  stress  must  depend on the  shape  of  cross  section 
(coefficient  K).     However,  as  follows  from the derivative  of formula 
aur, = Gv* by the energy method, the shape of cross section when 

u 
E -•■ oo or T "*" ^ does not affect the value of critical stress. X       c 

The disagreement of results is caused by the fact that in 

the approaches of Ranklne-Grashof and Tlmoshenko the distribution 

of tangential stresses over the section of the rod is accepted 

as not depending on the relationship of geometric dimensions 

(H/Z) and the elastic characteristics of material  (E /G ), i.e., 

on parameter <  ,     However, as can be seen from Fig. 2.2.8, with 

increase of K the law of distribution f(z) increasingly differs 

from parabolic (a rod of rectangular cross section is examined). 

Coefficient K (see the method of its determination in § 2.2.1) is 

the function of parameter K , but this is not considered In the m 
indicated diagrams,  according to which it  is  accepted as constant. 

For a rod of rectangular cross section in the  limiting case 
(K    ■ 0;  shears are absent) K = 1.2  (according to Tlmoshenko) or 

K ■ 1.5  (according to  Ranklne-Grashof).     In another limiting case 

(K    -♦ 0°) the tangential stresses are distributed over the section 

of the rod evenly,  regardless of the shape of its  cross section, 

consequently,  K =  1. 
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Formula (2.5.^) in the limiting case (K -► <») gives result 

11m a m = «, qualitatively different from formula (2.5.15). 
K    ■*c°       HD 

m r 

Furthermore,  from equation   (2.5.3)  it  follows  that   for a rod under 
tension the shear form of the  loss  of stability  is  possible when 
o  =  G    /K  [106]. 

The nonconformity of these derivations to the results 

obtained earlier is due to the inconsistency of the account of the 

force factors, which act in the section of the rod.  Equations 

of equilibrium for an oblique-angled element (Fig. 2.2.1) are 

composed the same as for rectangular [317]. 

As a result of the intense decrease of critical force, caused 

fcy shear, difficulties appear during the tests of materials of 

the type of oriented glass fiber-reinforced plastics for 

compression, since even very short samples (Z/2H ■ 5-10) lose 
stability.  A sample made of glass laminate on epoxy bonding 

agent (Z/2H ■ 7.5) loses stability if the compressive stress 
reaches values of the same order as the shear modulus, which 

qualitatively agrees with (2.5-15) (Fig. 2.5-6).  The limiting 

relative height of the rod, at which failure of material begins 

earlier than the loss of stability, is determined by  Inequality 

oi,p<no~ 

whence, by using Timoshenko's formula (2.5.2), for a beam with 
■ 

hinge-mounted ends  we  obtain 

-T>f(,£-'4" 
The given analysis  shows  that  the calculation  for stability 

of  rods  of matei'lulu reinforced  by  fllamentr; must  be performed 

taking  Into  account   shears.     For constructions mad<    of uucli 
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materials  cases are possible where an Increase In the  shear modulus 

Is more effective than an Increase in Young's modulus of the 
relative thickness or rigidity of restraint. 

Fig.   2.5.6.     Sample  2H  *   2  =  8 
2 

x  60 mm    with loss  of  stability. 

2.5.4.    Longitudinal-transverse bending.    The  simultaneous 
account  of longitudinal  forces N  (we will consider them positive 
when they  stretch the bent  rod)  and transverse  load q leads  to 

the  system of equations which describes  longitudinal-transverse 
bending: 

dx*+ ji-'t^ ~ü; 

Wo-^+o» f &*- -9- 

(2.5.16) 

(2.5.17) 

The course of solutions of system of equations (2.5.16), 

(2.5.17) is completely analogous to that given in § 2.2.3.  Thus, 

instead of (2.2.37), (2.2.28) we have 

(2.5.18) 
«7.,    M'*-//        i 2x\\ 

v'*~-K^jmiMM~CA*~T% (2'5.19) 
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In the case of sinusoidal load (q = q sin X x) the expression 

for deflection assumes the form 

»i. 
K'%i 

m pm + <f,H 

(2.5.20) 

or with small K rn 

KVi» v*ml\ + 0, lx,„J- -fir-A 

(w* - deflection according to Bernoulli when N = 0: N* m & '  Kp m 
Eulerlan critical force). 

As can be seen from (2.5.20), the tensile force decreases 

the deflection.  For compensation of the component of deflection, 

caused by shears, it is required to apply the tensile force 

.\W%(i-<rm). (2.5.21) 

With not very large K , when the approximate replacement of 

d) = 1-0.4< 2 is permissible (see Table 2.2.1), 
m       in * 

(V1-0,I3.W. (2.5.22) 

In the   case of compressive  force  the deflection Is  increased and, 

as  one   ought  to expect,  when N =  N      m =  ^NJ    m becomes   infinite, 
i.e.,   the  rod  loses  stability. 

The  effect  of the  longitudinal  force and shear  on  the 

deflection is  illustrated by  Fig.   2.5.7  and Table   2.3.1,   on which 
there  is given relation w  „  /w*       with different  relations N/N max max np 
for beams loaded with evenly distributed load and by force 

applied halfway along the span.  As is evident, relation w v/w* nia.x max 
insignificantly depends on the type of transverse load, therefore 
formula (2.5.20) can be recommended to evaluate the effect of 

axial forces also in the case of loads different from sinusoidal. 

When <m -•' 0 and ♦„ "♦ 1 formula (2.5.20) turns into known 

approximation formula [239]. 
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il) 
Kpi'aaa ! 2 3 4 5 

.V 
v.» 

0.1 0.2 0.3 0.3 0.75 

Fig. 2.5.7. The effect of shears on 
deflection of flattened beams,  a) 
evenly distributed load; b) concentrat- 
ed force halfway along the span. 
KEY:  (1) Curve. 

If the calculation is performed on prescribed deformation, 

then the low shear rigidity of reinforced plastics with prescrio i 

relation N /N sharply limits the permissible transverse load. KP 
Relation qn/qÄ  (asterisk notes the permissible transverse load 

for a beam with infinite shear rigidity) turns out to be Inversely 

proportional to the ratio of deflection wmax/
w*ax

; 

Jt.m^jm, (2.5.23) 

Relation   -32-=/(x -JL)  is  shown  on Pig.   2.5.8.     From the  presented 

data it   is  evident  that  the  permissible transverse  load  can be 

decreased several times.     Thus,  the  account  of  shears  is  necessary 

during the  calculation of critical  force  and the  calculation of 

deflections for all practically important  constructive uses of 

flattened beams made of reinforced plastics.     Utilization in 
these problems of the  hypothesis  of  flat  sections  can  lead 

to  inadmissible errors. 

Fig.   2.5.8.     The  effect   of 
shears on the value of 
permissible load at pre- 
scribed deflection of 
free  evenly  loaded beams. 
KEY:     (1)  Curve. 

(1) Kpim.™ I 2 3 4 s 

s 0.1 0.2 0.3 0.4 0.5 
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2.5.5. Longitudinal-tran s verse bending of beams on an 
elastic support. With the presenc e of a linear elastic s upport, 

:he r e ac tion of which is proportio nal to deflect on w, t he 

e ua ions which describe longitudinal - transverse ending have 

the f rm 

( 2 . 5 . 24) 

(2.5.25) 

( 0 - bed oefficien ) . The e luti on o f system (2 . 5 . 24 ) , 

( . 5 . 25) (metho d o so uti on is anal o ous to tha given in § 2 . 2) 

f o r the ase of fre e sup o r t 1 ad to the followin g de e nd ences 

for displacemen s : 

z 
!>hx,,.H 

h co· ' •· 
,,.. .,. - - - --- N - - •• --)· 1\ch" x~ '·'"'·· 

) . .,. 'Ex/(.,-,.,+ ).,,.i£./ + ).,.•£;/ 

'"' . ) . , nr:t ... __ -------- .v·--- ,.- ) 510 .... x. , .... = l . 
).,.•E,.t( ..... + , =E·-1-+-, E--1 . • . A* a ... a 

(2 . 5 . 26) 

(2 . 5 . 27) 

A can be seen from formulas (2.5.26), (2. 5.27), t he displacements 

ecome infinite (t is attests to the l o o f s ability) when 

l o ngi udinal force r eaches cr t cal va e : 

.V,.'''~ - l....~E , t('f • .. + 1,-.~;:·,;)· ( 2 . 5 . 28) 

s is ev ident , the c rit ical f o rce in c r e ses with increase o f 

rigidity of elastic base (c oe fficient k0 ) . The relationship 

etween di mensi onless quantities = z2
;n

2
E I and KP m Kp m x 

k = k z4;n 4E I is linear: 
X 

-~ i • . ~ " ... ,-.m'f,.+m:. 

Thi s relationship at dif fe ren t values o f the parameter K • nS~ 
is represented on Fig . 2 . 5 . 9. The i nc lination o f straight line 

Kp m = r0< 0 ) does n o •iE::p '=' r cl c 11 sh :a1· • 'I'he lat t ,. aft' ·c t on .I y 
the loc ation of t he point o f intersect! n o f t h E' PL1·aigh t line with 

the axis of rdina t :;.; . i·Jhe n k 0 = 0 the miniml..d .• · lue of critical 

force corresp nds Lo one half- wu v · (m = l) ; however , with increase 
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of k« the number of half-waves, at which the minimum of critical 
force Is reached, Is Increased. 1 

T
V"» 

1 
1 

X-9   1* 
^^ 

> 
^XQS,  

^X^i 

A- *' 
i 
i 

*•/   ' 

Af-Hi 

/f. 

Fig.   2.5.9.     Change  of the 
critical  force depending on the 
rigidity of elastic  support   at 
different  values  of parameter 
K,  which considers  the  effect 
of shears. 

The  transition  from m half-waves  to m + 1  half-wave  is 
determined  from condition: 

whence 

N        '        (wi+l)8—«I8 

(2.5.29) 

(2.5.30) 

or for values  of K   ,  at  which the  approximate  replacement   of 
<i>m z   (1  +  0.4K  )-l  is permissible   (see Table 2.2.1), 

Äo=Ä*oTtii<Pm+|. (2.5.31) 

With <m ■*" 0 and 4) ■*  4» +1 ■* 1 formula (2.5-30) changes to the 
formula not taking into account shears [76]: 

'Analogous results are obtained in work of B. L. Pelekh, 
G. A. Teters, R. V. Mel'nik "The Stability of Glass Fiber- 
Reinforced Plastic Plates, Connected with an Elastic Support," 
Mechanics of Polymers, 1968, 6, 1082. 
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X-»0 
(2.5.32) 

'5»Ti-^-T r 

As can be seen from Fig. 2.5-9, the effect of shears Is 

manifested In the fact that the boundaries of transition from 

the less number of waves to greater are shifted toward smaller 

values of parameter IL.  This 

effect can be Judged from 

Fig. 2.5.10, on which there 

are shown the zones which 

correspond to m = 1-4 half- 

waves, depending on parameters 

< and JL. 

The obtained results       F1S- Z'5']0'     ^he  ar?as„W?4
i°h, 

correspond to loss of stability 
can be used for determining     with number of half-waves m ■ 

= l-H the upper critical forces 

of cylindrical shells.  If 

we examine the axlsymmetrlc problem of a round cylindrical shell 

with Young's modulus along generatrix E and in circumferential 
A 

direction Eö, then 

where 

Xm' %mt~. 
tnln*EsH* 

(/««/'(l-vü'viiy 

/ -  .1(1-v*!/* 
(for Isotropie shell «»»,,,,»,).  Consequently, the critical 

axial pressure 

P,.t 
mWEJI*       M 

3/J •f"« ^^i- 

9^ 

i n in--—^—" 
itfti ^rifl 



§   2.6.     FLEXURAL VIBRATIONS 

2.6.1.     The account of shears  in  problems of flexural 

vibrations.     Shears In the problem of transverse vibrations  of 
a beam were  introduced for the   first   time  by S.   P.   Tlmoshenko 
[240]: 

d'ü» d'tt 
AG„,J*d/»"*/:/djcd<« + 

0*1 £«   d/» 
(2.6.1) 

here  p  - material  density,   K -  the  coefficient which depends  on 
the  shape  of the  cross  section    and the method of the  account   of 
shears   (see   §   2.2.1).     The  last  two terras  of equation   (2.6.1) 

consider the  rotary inertia of the  section.     Disregarding  it, 

i.e.,   taking  into  account  only  shears.   Instead of  (2.6.1)  we  obtain 

dv= +Ex'T'UF~Kü~'Wör'=0' (2.6.2) 

which follows from (2.2.7), if In it on the basis of the 

d'Alembert principle we replace the transverse load by inertia 

term 

cd
!w 

In the case of a free beam1 from equation (2.6.1) follows the 

equation of frequencies 

{^)'-m^'-^+mi^wk:r-o. (2.6.3) 

^n [192] It Is proposed to use formula (2.6.4) for determining 
natural beam frequencies with different conditions of restraint 
of ends. 
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where  io*m = >-m-iw——    ^ angular frequency,   determined without  allowing 

for shear and  rotary  Inertia;  1  =Wp -  the  radius of Inertia 
of the  cross  section of the beam;   X    ■  m-n/l,  m - Integer.     The 5    m 
roots  of equation   (2.6.3)  are determined  by  expression   [l8l]: 

(2.6.^) 

  "Im " 
'-" in expression (2.6.4)).  Taking into account the smallness of 
the augend under the square root in formula (2.6.4), we have 

^«-rr^ l+a^l+AW (2.6.5) 

--Ä—'• (2.6.6) 

Without taking mto account notary Inertia wo have only one 
series of freouencles %. Mhlch corresponds  to .    . 

Om" 

Wm  
l+WW.' (2.6.7) 

In S. P. Timoshenko's work [2401 th*™  ^  . 

into account rotary Inertia r^r: ^ 

wom=ü)V[l-015i5Xm»(|+/Cps)l (2 6 8) 

and taking into account only shears: 

o)m=o*(l-015/CßVXm«). 
(2.6.9) 

Formula (..o.8) follows from (S.6.„. and (2.6.9) - from (..6.7, . 
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if one assumes that parameters X  (lowest frequencies) and ß m 
(Isotropie materials)  are small. 

The  examined approaches  obtained  their    development   in the 
theory  of vibration of plates  and  shells   (see detailed 

bibliography   in  [2,   98,  138,   142,   155,   156,   l60]).     As  applied 
to  constructions  made of anisotropic  materials    a series  of 

problems  taking into account  shears  has  been solved by 
S.   A.   Ambartsumyan   [6], V.   I.   Korolev   [112]  and  others   (see 

review   [142]).     V.   V.   Bolotin and  coauthors  developed the 

theory  of vibrations of constructions  made  of reinforced 
materials   [38,   43,   52,  270],  on the  basis  of which there  is 

solved a series  of problems,  which makes  it  possible to  consider 
the  flexural  effects  in the  reinforcing layers. 

2.6.2.     Basic  dependences.     The  equations of vibrations 

of the beam can be obtained  from equations (2.2.13),    (2.2.14)  by 

the  addition  of  inertia terms to  them: 

'ok** p» * ♦>*» "t;* 01*'' 
H 

(2.6.10) 

(2.6.11) 

These equations can be obtained on the basis of the Hamilton 

principle (see, for example, [52]), according to which the proper 

motion of the system is such that it imparts steady-state value to 

integral 

•Jcr.-a.-as )dt 

(at the ends of interval (t0, t, ) the expression is not varied). 

Expressions for potential strain energy 3, and potential energy 
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of external  load  32  are  obtained earlier  in   §  2.2.     The  kinetic 

energy  of the  system T    is determined  by  expression 

lM'^)'h- 
By  presenting  displacements  u,  w  in  the  form of periodic 

functions  of time 

« = t/(.v12)sin(«/+6); 

w~Vr(x)sln(at+6), 

from  (2.6.10),   (2.6.11)   we obtain  the   system of      equations 

for  the  amplitudes   of vibrations  U,  W: 

i ru 
(2.6.12) 

(2.6.13) 

Conditions of free beam 

[npn = when] 

will be  satisfied  if   (see   §  2.2.3) 

U",n = /lwslll>.mJf, 

(2.6.14) 

where   ,,,,:=>.,,.:-«-££,   x,,.-.,,^//.       ln  thls   caJc   equatlon   (2.6.12)   is 

satisfied  identically,  and from  (2.6.13)   follows  the equation foi 
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determining the  circular frequency: 

where 
••fH 

3(Xin-thXm) 

(2.6.15) 

2.6.3.     The effect of shears  and  rotary  inertia.     If we 

disregard the  forces   of Inertia in the  direction of the  axis 

of the rod,  I.e.,   rotary Inertia and bending of cross  sections, 

then equation   (2.6.10) will not  have  a right   side.     Hence  It 
follows that   y    =   X     and correction from shear for the  square  of mm ^ 
circular frequency   Is  the  same as  obtained  earlier   (see   §   2.5)   for 
critical  force: 

Wm*0«*1!«?»!». (2.6.16) 

Taking Into account the rotary Inertia and bending of cross 

sections. It Is necessary to solve transcendental equation (2.6.15). 

The circular frequencies are determined by expression 

1        M   ^m^/Z'-Xm« (2.6.17) 

where K    are  the roots  of equation: m 

Xm UlXm-^i-^-Oxm. (2.6.18) 

Equation  (2.6.18)  with fixed m has   (see Fig.   2.6.1)  one real 

positive  root   <Q   »  which corresponds predominantly to  flexural 

vibrations,   and  infinitely many Imaginary  roots.     Consequently, 

the account of inertia of bending of sections  Instead of the 
averaged value   (rotary Inertia)  leads to the  appearance of an 

infinite multitude  of series  of frequencies.     Formally  equation 

(2.6.3)  follows   from equation  (2.6.15),   If  In the latter we 
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Flg.   2.6.1.     For determina- 
tion of  the  roots  of 
equation   (2.6.18). ffa-fA** x 

^th *fl'£ngK 

^y«i* 

replace  function  ^ by   its   approximate  expression   L 
1+0.4K 

(see 

in 

Table  2.2.1)   taking  Into  account  that   for the  beam In question  of 

unit  width and with    height   2H the radius  of inertia  i =  /3H. 

The determinatlcn  of  frequencies  w0    by  formula   (2.6.5)  Instead 

of the more  accurate   (2.6.17)   leads  to error  <6%t   if  2E/1   <  0.1, 
m  <  10,  6    <  60. 

The  imaginary  roots  of equation   (2.6.18),  taking  into  account 
that   for materials  reinforced by  filaments   3     >>   1,   can be 
determined with  sufficient   accuracy by expression 

Consequently,  m  frequency  of n  series 

«nm-l^-j-w" (2.6.19) 

The comparison of values of natural frequencies for beams 

with relative height 2H/1  =  0.1, calculated according to the given 

formulas, Is given in Table 2.6.1, from which it is clear that 
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Table  2.6.1.     The effect  of shears  on the 
natural vibration  frequency of beams. 

  

2" 
to 

(1)         ""• "*-     (2) 
•",*. .-•.. 

«*J.. 

M 
c 

It II 

t.M.  .1 

'1-1.M» 
i.;riiN« 

f i 1   V1"* 
l:iir|illllH 

Uli illfNIM 

W V'T 

-•« 

t:i>it 
11) 

i.'f, i"» 

•*.7H 
27.00 
IK.II2 

1 
O.'.ISl 
o.üll 

n.'isa 
O.h'i? 
0.7()0 

0.'<H7 
O.'HI 
0.7^2 

o.w 
O.'MII 
0,701 

70.l.-i 
27.:'« 
IM.o« 

20.'i.6<» 
74.(11 
44.12 

312.20 
I2.J.7» 
72.06 

2 
2.6 

to 

U.UM 
0.7l,r, 
0.542 

0.,»:J2 (l.'t.ll ,    O.'ll'l 
0.7171   IMKKi 
O..-,II <0 

20.K'. 

I?.' 
(i.'tä 

I7.«r. 
h.27 
o/iO 

.'•1.62 
ljt.30 
12,0» 

»Ml 
18.01 

3 
3.6 

211 
60 

fl.87:.|    O.HI« 
(),.'.931   0.075 
O.3'JJ;<O 

«l.Vi't 
o.:j'«i 

o.asj 
I).II3 

<o 

«.61 
4..^^,) 
S.Hh 

H,I3 
4.Ö8 
4.00 

23.0'» 
9.01 
6.00 

38.15 
I4.l<4 
•*.22 

S 
2.0 

20 
CO 

0.73.1 
0.403 
0.2.W 

<0 
<o 

OJ"'J 
0.410 
0.2-.I 

O.(,«0 
<0 
<0 

3.53 
2.32 
2.2-> 

"3.52 
2.11 
2.28 

fl.W 
3.60 
2.70 

13.88 
5.40 
3.61 

10 
2.6 

20 
10 

0.478 
0.216 
0.128 

<o 
<o 
<0 

0.219 
0.12!» 

<o 
<o 
<o 

MR 
1.09 
1.04 

1.30 
M3 
1.10 

2.32 
1.33 
1.18 

3.59 
1.06 
1.31 

KEY:     (1)   Taking Into account  rotary  Inertia; 
(2) Not  taking into  account  rotary  Inertia; 
(3) By. 

Timoshenko's   formulas   (2.6.8),   (2.6.9)   even  during the 

determination of  frequencies   of the   lowest  tones     give perceptible 
2 error at  large  values   of parameters  8   ,   characteristic  for the 

materials reinforced by   filaments.     For these     materials  the  shears 

strongly  lower the  values  of natural  frequencies,  therefore 

disregarding them can  lead to incorrect  estimations  of Young's 

modulus,  determined according to the  frequency  of flexural 

vibrations.     When determining  frequencies  üJQ     for these materials 
the   correction,  introduced by  the account  of  rotary  inertia, 
is   substantially less  than the  correction  from shears,    which 

makes  It possible with  sufficient  accuracy  for practical 
calculations   to use  formula  (2.6.16). 

2.6.4.    The effect of elastic  support and  longitudinal  force.1 

The  equations  of vibrations  of the  beam on  an  elastic  support,   the 

lThe effect   of  longitudinal  force  or:  the   vibrations  of cylin- 
drical  coll  springs,   considering them as  a bar with  low shear 
rigidity, was investigated In detail by V.   I.   Blderman  [181]. 
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mass of which can be disregarded with the presence of longitudinal 

tensile (+N) or compresslve (-N) force are obtained from system 

of equations (2.5.24), (2.5.25), if to them we add the inertia 

terms: 

H 

(2.6.20) 

(2.6.21) 

By solving this system for the  case of a beam with freely resting 

ends, similar to the solution of system of equations (2.6.10), 

(2.6.11), we come to the transcendental equation 

where 
<». r - w i, I <( •„ •.—j-1 »f"» I' 

,h -  '  /*• J.K'\ 
f.'LJ \>.m>  / 

(2.6.22) 

Circular frequencies are determined by expression (2.6.13), In 

which < - the roots of equation m 

th (2.6.23) 

If in the equation of frequencies   (2.6.22)  we perform the  approximate 
replacement 

«Fm«!— 
I 

I +0,W ' 

then  it   Is  converted into  biquadratic equation 

x (:'?■) +'+*• •+o.4>.mJ//5p^m=o. \w ml 
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By disregarding the rotary Inertia, the correction from which for 

materials reinforced by filaments is an order less than the 

correction from shear, we have 

©„.^(»♦mOpm + ^m). (2.6.25) 

After the  approximate   replacement  of 

for small values  of K   
2  formula  (2.6.25)   can be  simplified: 

Wm=w»m (1 - 0.2//sp!?.m2 + 0,5^ m+o. 1 ifmH*pXm*). (2.6.26) 

If we disregard shear (G  ■* <»), then formula (2.6.25) changes 
to the known formula obtained on the basis of the hypothesis of 

flat sections [240]: 

In another limiting case (E ■* oo) the natural vibration frequency 

approaches not infinity, as follows from classical formula (2.6.27), 

but a finite quantity, equal to 

From formula (2.6.28) folxows 

\\mo*~~'£pi. (2.6.29) 

i.e., the error of the approximate solution Is the same as in the 

problem of stability of the rod (§ 2.5). 
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With an Increase of the  rigidity of elastic  support  the 
vibration  frequency,  as  can be  seen from formula   (2,6.25),   is 
Increased.     The  longitudinal  tensile  force +N has  analogous 
effect.     In the  case of compresslve force the vibration  frequency 
decreases  and  vanishes when 

N--*N*9M (2.6.30) 

where .Vl!p),1=-<fmA'*M,m+—    - the  critical   force,   calculated  taking 
Am 

into account the elastic support (§ 2.5). 

§ 2.7.  CURVED BARS 

2.7.1.     Introduced observations.     Recently winding has become 

one  of the  principal methods  of manufacture of important   con- 
structions  for materials  reinforced by   filaments.     In  this  case 

there  Is   created material which possesses  curvilinear  anisotropy 
[123].     The strong effect  of  the  winding parameters   (tenslonlng 

force,  number  of turns,   conditions  of polymerization  and  others) 

on the properties  of the  material   in the  article  required  the 

development  of  corresponding methods  of tests  of the  wound  articles 
and materials.     It  is  recognized   (see,   for example,   [266]   and 

others)   that  the most  acceptable   are  samples which have  the  shape 

of a  ring  or its part -  segment.     During the manufacture  of ring- 
shape  samples  the technology  of winding  is  comparatively  easily 

reproduced.     The testing    technique of these samples  is quite 
simple.     However,  In the majority   of cases the results  of  tests 

of rings   and  segments  are processed,  as   a rule,  according  to 
formulas   of classic  strength  of materials.     Depending  on  the 

relative  thickness of the  sample  and the  degree  of anisotropy  of 

material  the utilization of these   formulas  can lead to high errors. 

Two dangers are possible.     For comparatively thin samples  geometric 
M 'M I in r'ir 11;,    1,,   di-.'hptd.     WJUi   an   Increase  of relal Ive   l.lilckesr. 
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the  weak  shear strength begins  to  play an Increasingly  greater 
role.1       This  is  illustrated well  by the  experimental data presented 
in  Fig.   2.7.1.     From the  figure 
one   can  see that    the Young 

"apparent  modulus"  of oriented 

glass  fiber-reinforced 
plastic,   determined by  the 

formula of strength of materials, 
depends   substantially  on the 
relative  thickness  of the 
sample.     Let us note that  the 
error Is   intensified by  dis- 

regarding the "reptation"  of 

samples   from supports. 

Fig.   2.7.1.     The  experimental values 
of Young's modulus  of glass  fiber- 
reinforced plastic,   determined 
sample-segment  tests.     The  calculated 
curve Is  constructed by  the  formula 
which does  not   consider the effect 
of shear ana slipping on supports. 

The   account  of non- 

linearity  Is given  in  [226]; 

the  effect  of shear when testing  such samples   (and  also  In the 

work of  similar constructions)   can be taken Into  account   as  is 
done  for  straight  rods   (§   2.3).     The corresponding  equations  of 

bending  are derived  for  a uniform    curved  beam,   which possesses 
cylindrical orthotropy.     The  effect  of heterogeneity  - the  effects 

of  bending In the  layers  of reinforcement  - is  examined  in the 
works  of  V.  V.   Bolotln  and his  coworkers   [38,   ^3,   53,   118]). 

2.7.2.     Equation  of bending.     The rod Is    related to 

coordinate    system  6,   z   (Fig.   2.7.2);  the  corresponding  displace- 

ments  are  designated by  u,  w.     The curved beam is   limited by 
circular  arcs  of radii   a and b  and radial  planes   6=0  and  6 = 

The   cross  section is  a  rectangle  of unit  width,  with height 

2H   =  b  -  a.    The axis  of cylindrical orthotropy  of material is 

0" 

'The weak shear strength presents an even larger danger during 
endurance tests of rings, when shear creep of materials reinforced 
by   filaments  is  sharply manifested. 

105 

■■  -■  — ■MMWMi 



 I 

Fig.   2.7.2.     Diagram of 
curved bar. 

located  at  point  0.     Considering the  height  of the  rod  sufficiently 
low,   in order to disregard  the   change   of radius  along  it   (2H  << R), 
and,   as   for  straight  rods   (§  2.2),  assuming e    =  0   (effect   of 

E    estimated  in  [180]),  we  represent   Hooke law and the   connection 
between  deformations   and displacements   In the   form 

I Ida ,    \ du t   \ Idw     \ 
(2.7.1) 
(2.7.2) 

The potential  energy  of deformation 3.   can be expressed 
through  displacements: 

«, // 

,9'=K/ /T {t'(ia* H*Y*' x»')Rded*? 
ft   -II 

■flmH^h0^'^-^'- 2.7.3) 
0     -II 

The  potential  energy  of normal  load q 

3i 

■ 
RdQ, (2.7.4) 

n 

q=i j qzdz — total normal  load.     By  composing the     expression  for 

t.otaJ   energy  n = 3.,   + 3„,  analogous  i.    5  2..°. 2,    i J  . . J ving 

varlatlonal  problem 63 ■  0,  we  obtain  the equation of bending 
of curved beam: 
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where 

(1.^+R.^+(l+^-.-Oi 
(2.7.5) 

(2.7.6) 

By   introducing curvilinear coordinate x - RO  instead of  angular 

coordinate   6,  instead of   (2.7-5),   (2.7.6) we  obtain  system of 

equations 

dx 
r.u      1   ffiu . l±ß!.^_JL«=0; 

„..^x-  .   ?'Ai   ,     2//ps        1+ps fOu q 

which,   as   is  easy to  establish,   changes to the  systen. of 
equations  of a straight  rod   (2.2.13),   (2.2.14), when the  radius 

of  curvature R -♦ oo. 

2.7.3.     Bending of circular  ring.    The effect  of shear during 

bending of  rods with circular  axis   is  investigated  on  an example 

of a solid ring,  loaded by  two  concentrated  forces,  applied  at 
diametrically opposite points.     Any  transverse  load q(e)   can be 

represented in the  form of Fourier  series: 

<7(0)=<7O+  5) «/mCOSHlO, 

where 
m-l 

.1 

^m=— /? (6) cos werfe. 

In the  case  In question   (Fig.   2.7.3) 

2P «7.«=»^    (m = 0,2.4...). 

(2.7.7) 
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Fig.   2.7.3-     The  calculation  diagram and 
attachment  for loading and measuring def 
tlons.   (Failure  from  shear is  distinctly 
evident  - discontinuity  of black  lines, 
applied to the  sample  before   loading.) 

g deforma- 

Since the ring the closed, the solution of system of equations 

(2.7.5), (2.7.6) should be searched for in the class of functions 

which satisfy the condition of periodicity on coordinate 6 
(period 2TT) : 

«(6.?)=      V;      „n,{z)sinmQ; (2.7.8) 
"«-2.4.«... 

M 

»(6) =^o+     I      »mCOSWe. (2.7.9) 

As   is   easy  to  check by  direct   substitution,  to  the  term of 
expansion  of load qQ -  2PAR corresponds   the solution of 

«o=0:   -•«=^.- (2.7.10) 

With this  particular load ^  =   const   the  deformation  of the 
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ring Is axlsymmetrlc (shear Is  absent), and therefore formula 

(2.7.10) coincides with the known formula of the strength 

of materials [239]. 

For finding expressions u , w  (m ■ 2. 4. 6. ...) system m*  m      >  J  > 
of equations (2.7.5), (2.7.6) should be converted into system 

of ordinary differential equations by substitution of expressions 

(2.7.7)-(2.7.9) in (2.7.5). (2.7.6): 

-T-J HmI"m=  nj »-mt 

H 

-2//(//i«+ßI)u'm+m/[^-(l+PI)«p=^- 

(2.7.11) 

(2.7.12) 

where 

Mm« a*— 

The  solution  of  equation   (2.7.11)   is 

I T I»"'""  . 
(2.7.13) 

Constants C  are determined from the condition that tangential m 0 

load on the surfaces of ring z = +H is absent: 

„Ott , du? A 

Substitution  of expressions   (2.7.8),   (2.7.9)   into  this  condition 
with  z   =  +H gives 

whence 
r   —D    r       r (//ts—l)iPm .. 

(2.7.11*) 
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Further,   from  (2.7.12)  we  find 

qmRk_ 
(«Js-l)!£e/<fm (2.7.15) 

2H- where, as In § 2.2, I = —^— - the moment of inertia of the 

section 

<fm = 
3(xIII-lhXm) 

Thus,   the  deflection of points  of  the   ring,  loaded by   two 

concentrated  forces   (Fig.   2.7.3),   is  equal  to 

JW      WW      y cos we (2.7.16) 

2.7.4.  Experimental study. During tests of rings by the 

diagram of Fig. 2.7.3 there are measured the normal displacements 

of points of vertical w(0) = W(,TT) and horizontal w(iw-) diameters. 

After the replacement of parameter $ In formula (2.7.16) by its m 

approximate  value   s-     (see  Table   2.2.1),  the  expressions 
1+0.4K 

in 

for these displacements have the form 

(//i- -I)- 
(2.7.17) 

(2.7.18) 

By disregarding the  stretching    of the  axis  of ring,   I.e.,  by 

rejecting    ttn-m,   whi   h c^il'Jn  II     i '   wlih.jui   I'.I-.I   i/ i-' ,  cunalder 

ing that   |d3 I 
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instead  cf   (2.7.17),   (2.7.18)  we  will   obtain Tiraoshenko  formulas 

[239]: 

(2.7.19) 

(2.7.20) 

The  comparison  of experimental  and theoretical  results   Is  give: 
on  Fig.   2.7.^   [226].     As  is   evident,   the  coincidence  of  results 

is  quite  good.     The  overstated  values   of  experimental  results  with 
2H small -5- can  be  explained by  the  extensibility  of the  axis  of 
n 

the ring. 

The determination of Young's modulus Efl of the materials 

reinforced by filaments, according to the test results of rings 

(analogous to that conducted during testing of beams, see § 2.3) 

according to the diagram presented on Fig. 2.7.3 can lead to 

substantial errors if we do not consider shears, i.e., determine 

Young's modulus according to formulas [239]: 

£■(0) =0.149^; (2.7.21) 

(2.7.22) 

The values of Young's modulus obtained in this case are ficticious. 

The connection between Ef and E, can be obtained by comparing 

formulas (2.7.21), (2.7.22) with formulas (2.7.19), (2.7.20): 
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Fig.   2.7.4. Fig.   2.7.5. 

7.4.     The  effect  of shears  on  the  normal displacements  of 
of vertical   (*,  curve  1)  and horizontal,.(t,  curve  2)   dla- 

G, 

Fig.   2. 
points 
meters 

=  2.2'1 

Fig.   2. 

rings  o 

of rings  of material JSB-F  (Efi  =   B.ö'lO3  kgf/cm^ ,   v.,v 

0^ kgf/cm  ). 

7.5.     The    determination of    moduli  EQ  and G  „ when testing 9 rö D 

f different   relative thickness. 

I        1     0.503 (2//^. 
/:((0)'"£.+ Oe.. \R] ' 

_1      1     0.365/2/A» 

(2.7.23) 

(2.7.24) 

Formulas   (2.7.23),   (2.7.24)  have the   same   structure as   (2.3.15). 

Consequently,   the  values  of moduli EQ  and GQ     can be determined 
2H by testing rings  with different  relationships   -£ and plotting 

(2H\2     1 
-Ö-I ,  g—  (Fig.   2.7.5),  analogous 

to  system of  coordinates  on Fig.   2.3.8.     With  loading of rings  by 

nonaxisymmetric   load  It  is necessary,   as  when  testing beams,  to 

r ['allure  from shears V:.v cii't. errnlni rr 
II 

;;JK: id;, r  t he   |.(i: sib 1 L 

tii-   relal Ive   t hl ckriv^;     ff,  with  which   there   in   MCCMIII 11 'IUMI   t.hi 

transition  from failure  from normal   stresses   to  failure  from 
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tangential stresses, similar to that done In the case of straight 

rods, let us disregard the deviation of the diagram of bending 

stresses from linear and tangential stresses from parabolic. 

Then maximum normal stresses1 

_ SMnrn      3PÄ . 3P 
On».--2Hr"2^77« '   T,n"" 8H • 

Consequently,   the  type  of  failure   Is  changed  with 

R -z•55^;• 

whereas   for  straight  beams  this  occurs  when 

T  ^rv 

For the examined materials JT-  = 0.03-0.12, consequently, critical 
o 

relationship ^ = 0.0765-0.306. 

2.7.5. The effect of shears on the value of critical 

pressure.  By considering the ring thin and Its thickness constant 

(e = 0), the equations of stability in the case of hydrostatic 

pressure p can be obtained by substituting in (2.7.6) q = 

,2 
[50]: 

= fc + ") 

(2.7.25 

^hen  loading before the failure  of thin  rings  from normal 
stresses  it   Is  necessary  to  consider the  geometric nonllnearlty. 
Generally this  diagram of loading is  hardly  suitable for determining 
na  [226]. 

113 

 — --   
- ■ - - ■•■■■MIMMMI 



•W^^^^^^^^"^^""""" ' »       I        II«™»      1 ""I      ' 

(2//Ge.. -/?)™-(2///re+/>/?)» + 

^"fyrni-v+^'-o- (2'7'26> 

The  solution  of  equation   (2.7-25)   is   known   (see  2.7.13). 

Equation  (2.7.26)   will  be  satisfied  when 

p=('«!-i)^<rm. 

Thus,   critical  pressure 

^P = P*KpTrn, (2.7.27) 

where /J*i.p= «3  critical pressure, determined not taking into 

account shears.  By coefficient $ there is determined the correc- m 
tion from shear and the compressibility of the axis of ring.  In 

2 
the case of essentially anisotropic materials ß  >> 1, therefore 

K ~ rrteß and the correction according to formula (2.7.27) is 

analogous to the correction from shear for critical force of 

compressed  straight rod (§ 2.5). 

2.7.6. Free flexural vibrations of the ring in its plane. 

The equations of vibrations of the ring can be obtained by 

addition of the following corresponding inertia term (p 

material density) to the equations of bending (2.7.5), (2.7.6): 

(2.7.28) 

(2.7.29) 

The solution of system (2.7.28), (2.7.29) must be periodic with 

respect to coordinate 9 with period 2TT, since the ring is closed. 
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and periodic  with respect  to time,  since  the   oscillating process 

is  examined.     Accepting 

ifnCAnO) sinwÖsin («-i/f A); 

*• -■' \\",. cos mti «.in (o)/ + A), (2.7.30) 

from equation   (2.7.28)  we  obtain ordinary differential equation 

ilU„        ,..     //«(I f fjs) l7 (2.7.31) 

in which enters parameter 

containing unknown value - the circular frequency of oscillations 

(here wm = i'>m—y-r    dimensionless frequency; 1 = —R-) .  The 
'        3R 

solution of equation (2.7.31) is known (see (2.7-13)).  After the 

substitution of expression (2.7.30) taking into account (2.7.13) 

into equation (2.7.29) we will obtain the equation for 

determining the circular frequency 

•p=«-W+«J(ß!+1) (««HI)- («is- !)«+ 

(2.7.32) 

For thin rings, when it is possible to disregard the terms which 

contain powers of small parameter i higher than the second, from 

(2.7.32) follows the known formula for vibration frequency, 

determined not taking into account the shears: 

(2.7.33) 

If we also disregard inertia in circular direction, i.e., reject 

the right side of equation (2.7.28), then parameter u will not 
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contain w    and instead of  (2.7.33) we will obtain 

^S=2^("'S-,),• (2.7.3M 

As is evident, the difference between frequencies w* and wf is 

decreased with an increase in wave number m.  The frequency of the 

ba3lc tone (when m = 2), determined by formula (2.7.33), is 

10% lower than this frequency determined by formula (2.7.3^): 

>5 

By   disregarding inertia  in  circular direction,  but  taking into 

account   shears,  we will  obtain  the  formula analogous     to  formula 
(2.7.21)   for determining  critical  pressure: 

taJ = (.)*2i(fm. (2.7.35) 

The structure of formula (2.7.35) is analogous to the structure 

of formula (2.6.16), by which is determined the frequency of 

flexural vibrations of beams.  Therefore the results of § 2.6.3 and 

2.6.^4 can be directly used for analysis of the effect of shears 

on the vibrations of a ring in its plane. 
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THIRD CHAPTER 

PLATES WEAKLY RESISTING SHEAR 

§ 3.1.  REFINEMENT OF THE CLASSICAL 
THEORY 

3.1.1.  Brief review.  The problems of bending of plates in 

strict setting are three-dimensional proolems of the theory of 

elasticity, the direct solution of which even in the simplest cases 

is very complicated.  Therefore the majority of the problems of 

bending of plates is solved within the Kirchoff-Love classical 

theory, which assumes only three strain tensor components - c   , 
A 

e and YXV 
to ^e nonzero (plane xy is parallel to the middle plane 

of the plate).  This makes it possible to bring the initial three- 

dimensional problem to a two-dimensional, which naturally is 

solved much more easily. 

The Kirchoff-Love hypothesis, called also the hypothesis of 

conservation of normal element [86], postulates that the normals 

to the middle plane of the plate with deformation retain their 

length and are not bent.  This hypothesis contains two assumptions - 

about the negligible smallness of lateral deformation e and 

shearing strains y       and Y„_.  By emphasizing the last property, 

the Kirchoff-Love hypothesis is occasionally referred to as the 

hypothesis of straight normals.  The question concerning the 

replacement of Kirchoff-Love hypothesis by less strong hypotheses 

recently attracted the attention of many researchers (see, for 
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example, [71, 82, 12h,  133-135, 1^-1^6, 161, l65, 177-179, 

25^, 255, 261, 286, 297, 303]).  The aporoach proposed by Reissner 

[307-309] Is the most widely used.  In this theory, besides basic 

(precisely in the classical sense) stresses a , a  and T  , there x  y     xy 
is also considered the effect of "secondary" stresses T  , T  , a , 

the law of distribution of which is determined from the assumption 

of linear change of stresses a , a , T  along the thickness of & x'  y'  xy    & 

the plate.  As shown by A. L. Gol'denveyzer [87], the Reissner 

theory can be easily generalized in the case of applying other laws 

of distribution iHz) of stresses a , a  and T  different from x'     y xy 
linear.     The  refined relationships   of the   Reissner type  theory 
differ  from  classical   (according  to  Kirchoff-Love)   by  the  terms 

that   contain multiplier  h    -  square  of the  relative  thickness  of 
the plate.     Furthermore,  these terms  contain numerical  coefficients, 
which,   as   shown  in  [87J,   depending  on the   selection  of function 

iHz)   can  vary within very  wide  limits. 

The  theory  of anisotroplc plates, which makes  it  possible to 
consider  "secondary"  stresses  T     ,   x       and a   ,  is  developed  in 0 xz *     yz z' ^ 
detail  by  S.   A.   Ambartsumyan and  his  coworkers.     The  basic   results 
of the   carried out  cycle  of investigations   [8-10,   13,   15,   16]   ire 

generalized  in books  [5,   6].     In the theory  of S.   A.   Ambartsumyan, 

unlike  the theory  of Reissner,  there  is  already postulated  not 

law iHz),   but  law f(z)   of distribution of tangential   stresses  T     , X z 
T  according to thickness of the plate.  The proposed theory 

makes it possible to examine any law f(z) of their distribution. 

However, the solution of the majority of problems is constructed 

on the reasonable (according to S. A. Ambartsumyan's terminology) 

selection of function f(z).  As approximating function there Is 

selected quadratic parabola.  As will be shown subsequently, 

precisely the parabolic law of distribution of tangential stresses 

Is of the greatest practical Interest.  The assumption about the 

parabolic law of distribution of stresses T  and T  is used also r xz     yz 
by V. I. Korolev, in whose book [112] there is solved the cycle 
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of problems which are of practical Interest for calculating plates 

and shells of laminated reinforced plastics. 

Since E  > G   (a = x, y), the basic correction to the 

classical theory will be given by the account of shears (see 

§ 2.2.6).  Quite many investigations are devoted to the theory of 

plates and shells with small shear rigidity (see, for example, 

[1, o3, 197, 203, 20^, 229, 230-233]). '  In all these works, 

which differ among themselves by the approach to determination of 

the stress-strain state, close results are obtained for the 

deflectJons and "basic" stresses o , 0 , T  .  As 
xJ  y'  xy 

S. A. Ambartsumyan showed [5], when determining these values it is 

possible to be sufficiently freely   directed by the law of 

distribution f(z) of stresses T  , T  , which, according to xz  yz 
classical theory, are considered secondary.  However, for materiali 

reinforced by filaments (with low interlayer strength), the so- 

called secondary stresses can be the reason for failure.  This 

forces relating them to the number of basic stresses, the more 

precise determination of which acquires practical interest. 

Thus, the application of refined technical theories, con- 

structed on the postulatlon of the law of distribution of shear 

stresses, to materials reinforced by filaments, requires the 

estimation of error introduced by such an approach.  In this 

chapter on an example of the simplest problems, which are solved 

in the refined formulation, i.e., without postulatlon of law 

f(z), there are estimated the  limits of applicability of the 

mentioned theories of bending of plates, which consider shears, 

to the materials reinforced by filaments.  In this case on the 

basis of the analysis done in § 2.2.5, the material is considered 

as homogeneous; the effects of bending in rigid layers [36, 37, 

^0-43, ^5] are not considered. 

^he weak shear strength is manifested in the examination of 
problems of stress concentration around the openings in plates and 
shells of reinforced plastics [22, k5t  66]. 
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The examined approaches are based on the different assumptions 

relative to the character of the stress-strain state of the plate. 

Such approaches, In spite of some inconsistency, in view of their 

simplicity during sufficient experimental check give practically 

applicable results faster than stricter theories (which in 

no way diminishes the value of the latter), which give the 

possibility in principle to obtain as exact a solution as desired 

of the initial three-dimensional problem of bending of the plate. 

The works of I. N. Veku, I. I. Vorovich, B. G. Galerkin, 

A. L. Gol'denveyzer, N. A. Kil'chevskly, S. G. Lekhnitskiy, 

A. I. Lur'ye, Kh. M. Mushtari, V. V. Novozhilov, P. F. Papkovlch, 

V. K. Prokopov, E. Relssner, K. Friedrichs, et al. are dedicated 

to the exact solution (for detailed review see [77-81, 88, 89, 

108, 109, 119, 128]). 

3.1.2.  The application of the refined theories to materials 

reinforced by filaments. The classical theory, which disregards 

shearing strains Y,,„» Y..„ and lateral deformation E , in essence xz  yz z * 
examines plates from hypothetical transversally Isotropie material 

with infinite moduli of Interlayer shear (G  ■ ») and Young 
modulus in transversal direction (E = °°). Error of classical 

tu 

theory, obviously, is greater, the greater real plate differs from 

hypothetioal (E ■ G  = <»), i.e., the smaller the actual moduli 

G  and E in comparison with E . az     z      ^ a 

The available, although to be sure scarce, experimental data 

obtained during bending tests of plates of glass fiber-reinforced 

plastics and processed according to formulas, which do not consider 

transverse shears, attest to the fact that the measured values of 

deflections considerably exceed the calculated.  As an example 

Fig. 3.1.2 shows the dependence of deflection in the center of the 

annular plate (Fig. 3.1.1) on the degree of orthotropy a, 

characterized Ly the relationship of elastic moduli in radial E r 
and  circular Ee dix'ections   [9^].     This  relationship was  changed 

120 

-—---———--•-■■'■•'■■'■"•^''•■-•••'-■•■-•'•-■■^^ 



tmwmmm 

because of the number of reinforcing fibers, stacked in the 

indicated directions in the process of manufacture of plates. 

Fig. 3»1«1-  Annular plate 
of glass fiber-reinforced 
plastic.  Diagrams of 
loading (a) and packing 
(b) of reinforcing fibers. 

\            1 
■- __■ — 

o 

«1 
«1 

V ojt 

Fig. 3.1.2.  The effect of the pack- 
ing of fibers on the rigidity of 
annular plate.    is calculated 
curve (not taking into account 
shears); 0 are experimental points 
for packing 10:1 (a = 0.53), ^:1 
(a = 0.60), 1:1 (a = 1.00). 

T, 

The presented experimental data (Fig. 3«1-3) attest to the 

possibilities, which open the rational packing of reinforcing 

for the creation of constructions of the greatest rigidity and 

strength.  In the considered example the strength of cover with 

packing 10:1 is 22%  higher, and deflections 25% less than for 

a plate with packing 1:1 [206]. 

For polymer materials reinforced by glass and boron fibers 

G E 
—. Z   0.01-0.1, |4 = 0.1-0.2 (see Table 1.1.1).  Consequently, 

a a 

the calculation of plates of such materials according to Klrchoff- 

Love theory, which is indifferent to the terms which have 

multiplier of type E /G  , E /E , can lead to inadmissible errors; 
Ob       \Xi-i Ob      2 

plates of anisotropic materials of the type in question work as 

plates of greater thickness (In comparison with Isotropie plates 
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of the same dimensions), therefore for them the deficiencies of 

the Klrchoff-Love theory appear very strongly.  In the problems 

examined in the Third Chapter there is considered only the 

correction from transverse shears y       and YVZ'  It, as a rule, 

substantially exceeds the corrections from the account of trans- 

verse deformation e and flexural effects of the reinforcement. z 
This is distinctly evident on Figs. 3.1.4, 3.1.5, borrowed from 

[54]. 

Fig. 3•1.3.  The dependence of 
maximum deflection on the packing 
of reinforcement.  The ratio of the 
number of radial layers to circular; 
1 - 10:1; 2 - 4:1; 3 - 1:1; 4 - 
with chaotic packing of fibers. 

Fig. 3.1.4.  The effect of different factors 
on the deflection of a square plate (a * a * 
x 2H) under sinusoidal load [54]; n ■ 5, 
E'/E" = 20, hV(hf + h") = 0.7 (axis of 
abscissa - deflection according to Klrchoff- 
Love:  1,2- deflection of the upper and 
lower faces of the plate, calculated taking 
into account v xz*   'yz' e    and flexural 
effects  in the  reinforcement;   3  - deflec- 
tion not  taking into account  e   ;  4  - 

Zi 

deflection taking into account   only  y 

and Yyz). 

isgi-jp^r' T" 
_.. ! 

/ •    ,         .   , 

f i    i 1   J 

Fig.   3.1.5.     The  effect of flexural effects 
in the  reinforcement  on the deflection  of 
n-layer plate   [54],       is the deflection 
calculated taking into account   flexural 
etTecLs; Is  not   Laklni"   Into act'ounl 
flexural effects• 
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§ 3-2.  RECTANGULAR PLATES 

3.2.1.  Basic dependences.  The orthotroplc plate, referred 

to coordinate axes x, y, z (Fig. 3.2.1), so that Its middle 

plane, which Is simultaneously the plane of elastic symmetry, 

coincides with plane xy, 

b ^^ and planes xz and yz are 

parallel to the two remaining 

planes of elastic symmetry.1 

If we disregard the change of 

the thickness of plate 2H 

--:-::i^h 
»• r 

sM/ 

Fig. 3.2.1.  The diagram of load- 
ing of orthotroplc plate. 

(e  =0), then Hooke law 

in the case in question has 

the form 

where 

(3.2.1) 

Accordingly the potential strain energy 

3t   flulS, (3.2.2) 

where S Is the area of the middle surface of plate. 

I 

'■|raT / (f*n*"* p*ff«HT««Yvi» + T..iVw + r,,;Yi/.)</*=« 

■1 fir /,,MV ur WJ o    T ,lu (k' Lr   Idu^dA* 

1l!he  rectangular orthotroplc  plate,   loaded  at   an  angle to the 
axes   of  elastic  symmetry.   Is   examined by  L.   I.   Balabukh   [25]. 
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Potential  energy  of  transverse  load q(x,   y) 

where 

3,-fL^S, 

Lz^-qv. 

(3.2.3) 

Since the total potential energy 3=3, + 3„ in the case of 

equilibrium must have minimum value, it must be 63 = 0.  The 

Ostrogradskiy-Euler equations correspond to this variatlonal 

problem  (see, for example, ['43]): 

du 
dL dL dL 

<L   dL. -A. -AL _A   dL 

=0; 

dL    d      dL 

dL_d_ 
u*'    dx 

dL dL 

«m •" i%) '-r=0. 

(3.2.M 

After substitution  of integrand  L =  L-,   +  L?   of total   energy  of 

system 3  in   (3.2.4)   there are  obtained the  equations of bending 

[185]: 

»•« iPu tPv (3.2.5) 

(3.2.6) 

(3.2.7) 

which are simplified Lame equations for orthotr body 
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where 

""^'O^H«...'-,.;^ dxtiy 

'Oydi 
+ (^rful/1)^:-0; 

«'..«-^U-v-v.-,»;    U^^d-v^,,);    a:: = ^n-v^v); 

fr ^, "   .. " «fv =» -g f V.v + Vv;V..v) =    '£ (vK + V^V..,) : 

f., £ 

f. £ 

In this   case v;here  the hypothesis   about   absolutely  transversal 
rigidity  of the  body  is  applicable   (!/£„   =  v„v  = vw„ =  0). 

3.2.2.       Freely  supported plate  under  sinusoidal   load.     The 
system of initial  equations   (3.2.5)-(3.2.7 )   can be  converted  Into 
a system of simple  differential  equations,   if 

'/(.v.//)    (/,„„ sin/.,„.v«.in/.,.//. (3.2.8) 

and displacements u(x, y, z), v(x, y, z), w(x, y) are sought 
in the form 

'.'«„.,{.•) cos ^„A-sin/.„//; 

i'- '' {:) sin/.„.v cos >.,.//; 

»•-"•„,» sin/.,„A-sin/.„//. 
(3.2.9) 
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Here >.*■"":  /..--^ (/«./;--1.2.3...); a-   Is an unknown constant; 

u (z), v  (z) - unknown functions of variable z.  In this case 

at the edges of the plate (Fig. 3.2.1) x=0, x=a, y=0, y=b 

the conditions of free support are automatically satisfied 

,. tin th 
■■-*    °"^^:%^ 

„ (h' ,)u "^•g+^ — .O. 

Substitution of (3.2.9) In equations (3.2.5), (3.2.6) converts them 

Into a system of two ordinary differential equations: 

:- 'ii,.,('■,« + ■'■••iiiii'iiui; 

> .  ~. I.IIMII'II.M.-r .«IIIMI»-mil. 

I 
\u»-r.   (f./.^^G.,/.,.-); .U,,.-^ (Gv^ + vv^v))«^.:    (3.2.10) 

GX: 
'G.j: 

.1:.,i.-^Wm^ " ;  •'...- p {£y'f..,Z + GVy}.u-\. 

Characteristic equation of system (3.2.10) 

■s-M,..,^!,,,:,)*=-.I, l„.,H-/1wU„„-0 (3.2.11) 

(for real materials, reinforced by fibers, which have Aimn
Aii 

- A- A-,  > 0) has four real roots:  +s, and +sn, where 2mn 3mn — 1    — 2' 

mn 

•V    .•li.,.,    - ,j        f li,,,..       ,. 

.. ,     ,       I -/»    ,  i        • ♦•/».  
.1;"      .lli.n. n r.ll.MM ,« • 

P:nt,"    |lT'»(HH   <       '-'IlllI^,^^      y   •   " "• '»' 
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In the  case  of absence  of tangential   load  on the  surfaces  of the 

plate  (z =  +H) 

tin , «'«•  n <k i Ota  n 

the solution of system of equations (3.2.10) will have the form 

»■„.I «Ci,,,,, sll «IZ + CJIMM sll Stf; 

I'IMH ^ Cj,,.,, sh Ai* + Ci,,,,, sh .-.%/, 
(3.2.12) 

and constants   C       will be determined  by  dependences: mn 

C' "~2«,iW/(, + V ^ : 

fnin"»t 
'•Srnii — Limn (/» f no,:' 

c* """'asschs»«^ "Y ,tt, : 

v -p-r+G..-/../ )• 

The unknown constant w ^ is found from equation (3.2.7) after mn 
substitution of (3.2.8), (3.2.9) in It taking into account 

(3.2.12): 

(3.2.13) 

In equation (3.2.13) 

III .7/1* 
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Thus the solution Is obtained of the problem of bending of the 

plate without a priori postulatlon of the law of distribution 

of transverse shears f(z) along the thickness of the plate. 

The analysis of this solution (estimation of the effect of shears) 

and its comparison with the solutions obtained on the basis of the 

postulatlon of law f(z) can be the most visually accomplished on 

an example of a transversally Isotropie plate. 

3.2.3.  The effect of shears on deflection and stresses.  In 

the case of transversal isotropy of material (planes of istropy 

are parallel to the middle plane of the plate), when 

i-a X  - ■"' C to ~~ V,  T- 
E 

/: 

V.\y -- Vyj  -• V; 

•'. -PI(?....s+>.,.!!~-j:   .I:,,,.,-.!,,,,- 1^.,, >.,,-£- ' 

• 1 ;.,„,-p-'f^HX,,.'—-!; fi» ii — 
2>.i.>.„   . 

••in        '•« 

(3.2.14) 

Xi,: + XnS. 
/.HI An 

«IM ii 4 Xlllll*        I   "' V •    .       c ' ^   »"1111        •        .   t I 

Iji •   •S2"~   flT"'2"    Y''''?T|. 

s* f.m ft ., — n       /' /■•        '•"» 
''linn53" '      "V"" ,      l»;ii,«*,wSniiis»U;      l-.uei;  "lilicii":—• 

»<iiiii cn XMH /.„ 

the expressions  for  displacements   (3.2.12),   (3.2.13)  are 

substantially  simplified: 

/.„,//.sll X,nn TT 

Mrm —        ~"'~ü KVIM 
'■■ i cn y.„ln 

* IT. I|  =- 

/.„//shxm)1  ^ 
(3.2.15) 

K,MM = a'*M(,frn.n~l, 

where  K... 
"I Xin,,3 
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deflection, found without taking Into account shears; p 

flexural rigidity of the plate. 

21:11* 
.1(1  v) 

The law of distribution of tangential stresses -r  and x /n\ xz     yz 
along the thickness of the plate fKVJ{z)   (Table 3.2.1) Is the 

same as in the beam bent by sinusoidal load (§ 2.2).  In 

S. A. Ambartsumyan's works [5, 6] there are examined laws f   (z), 
(2) (1) f  (z), fVJ/(z), given in Table 3.2.1 , where expressions are 

also written out for other calculated values when ra = n = 1, 

a = b.  It is easy to check that when < 

expressions change to classical. 
mn 0 the refined 

Table 3.2.1.  Deflections and stresses with 
different laws of distribution of transverse 
shears along the thickness of the plate. 

fin 
it Ti.i«« 

n   m — ■— 
"mit 

3(x„ -Ihx,,) .•'jX.lCll Xu 
flcllX||--| 

sll XH 

'"    '     //T 1 i O.lx,.' 1   n.ixH'to.ii,^,,*^- /»Xi, 

"2.4 i 0.134X,,« 

^ ;;:. 1 lO.SSlx,,' 1  o.or.x.iMoos.jx.^ii. ßXll 
2.4+0.11'.xV.« 

/'"   vt.;l>l 1 KUMx,,' 1 ÄK11 
"  3 ' 

In the table «'••-J^V-,- The asterisk 

designates the values calculated without 
taking Into account transverse shears. 

Figure 3.2.2 gives graphs w/w* and o ov/o* v, characterizing max max 
the amount of correction to the classical theory, introduced by 

the account of shear for the area of practically Important 
u 

values  of parameter K, ,   =  TT/2S—.     As  can  be  seen  from the  given x x a 
graphs,  this  correction is most  essential when determining 
deflections. 
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The  disagreement  between  results,  obtained  without  postulatlon 

of law f(z)   (we  find  law   f^ ,   .   In the  course   of  solution)   and with 

Its  postulatlon In the   form 
f(l)     f(2)    f(3) is 

(0) illustrated by graphs w/w 
(0), T  A^i provided o  /a max max 

on Fig. 3-2.3; the diagrams of 

tangential and normal stresses 

along the thickness of the plate 

are given on Figs. 3.2.4 and 

3.2.5.  From these results it 
(0) follows that f is 

satisfactorily  approximated by 

law  f (1) whereas  the 

arbitrary  selection  of 
(2) H) law  f^   ;   or rK^J  leads   to 

substantial error during 

determination of i „„ and max 

Fig. 3.2.2.  The effect of shears 
on deflection and stresses a and 

A 

a   .     1-3  -  laws   investigated by 

S.   A.  Ambartsumyan  [5];   0  - 
solution without   postulatlon of 
shears. 

p.     Generally  speaking,   with 

replacement  of f(z)  by   a parabola the error can  be  significant 

(see   [87]);  however,   for  a sufficiently broad  class  of problems 

It   is   small and the  utilization of such an approach can be 

fruitful. 

Fig. 3.2.3.  The effect of the taken law f(z) on deflec- 
tion, maximum normal and tangential stresses and rela- 
tionship p = c ^/T ^ .  1-3 - laws investigated by 

S. A. Ambartsumyan [5]. 
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Fig. 3»2.4. Diagrams of nor- 
mal stresses a and a  along 

x     y    & 

the thickness of the plate. 

; :l\v 

Flg.   3.2.5.     Diagrams  of 
tangential  stresses  -r xz 
and  T       along the  thickness yz 
of the  plate. 

3.2.4.  Deflection of orthotropic plate.  In the case of - 

square plate (a * a), reinforced identically In two mutually 

perpendicular directions x and y, E = E = E, v  = v  ■ v, G 
x y xy y ^ 

=  G       =  G,   and the  roots  of   characteristic  equations   (3.2.11) 
y <J i 

are  determined by  expression 

"ir 'l't'"' |.i«»)(l - |i) -'- lirtW-ivfiii8»- («4ms)(l -i«) 1 
r?,B(l-v') 

The general term of expansion q  of transverse load q(x, y) into 

double trigonometric Fourier series 

</(v.»/) = X £ <i>»«sin }">x sin }-"y 

is  determined by  formula 

.i  i. 

'/-... ^ j j 'I(v.y)!>i" >.»..v sink„!tdxdy. 
u   u 

For the case of load evenly distributed along the area of a 

rectangle with the center at point U, n) and sides a' and b' 
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(Flg. 3.2.1) with Intensity q = P/a'b', where P Is the total 
load. 

«/ -tfmna'b*     /"*sin ",l     '""Tsin " 2" 
(MI, « = 1,2,3...). 

Hence for even load along the entire area of the plate, when 

t,  = 0.5 a, n s 0.5 b, a' ■ a, b' « b 

V....-^,,  (/".«-1.3.5...). 

For concentrated force P, applied at the point with coordinates 

C. n, 

11 '""ah si,>i-5>i",",l' 

If force P is evenly distributed over the area of the 
circle of radius c* with the center at point (£, n), then 

of'C  I/...- • /.„■ 

where J,   Is  the Bessel  function of the first  order.     The deflection 
at the point with coordinates   (x,  y)  is determined by  formula 

SUM I    V% (3.2.16) 

The form of multiplier S depends on the assumptions forming the 
basis of the calculation scheme.  If we disregard transverse 

shears [123], then 

„, y y 9 sin >.»..«• sin>.„// 

If we  consider transverse  shears and accept that along the 

| w.i.17 i 

132 



thickness  of the plate they   are  distributed  according to  the  law 

of  quadratic parabola  C5]j   then 

S.« I  I     - 
"l    I n 

■OJWfnjM^.+M1) ■i.in-ii-{ I --giiy-v»)} 

xi,(wia-fMs)(n{«i4+«v)-i«isrts(l--2nv- v-t] 

X</„r. sin ^.„.v sin J.,,^ (3.2.18) 

(formulas given in [112] coincide with expression S-,). Without 

being given the law of their distribution (according to formula 

3.2.13),   we obtain   [218] 

(/,„M sin /..„vsin >.„i/ 
. ,    .,1/.>

t!lS-•   U»Sil" ,"- r"'r sr- srr ■•(••I n ■ i 

|4«%'(V + (11«+ («8-~!WnS( I - |lI \ s ^ 
(3.2.19) 

As  is  easy to check,  when K,   -> 0 S-,   ->• Sp -*• S*,   i.e.,   refined 

solutions   (3.2.18),   (3.2.19)   coincide with  classical   (3.2.17),  if 

the plate  is  infinitely  thin or has  infinite  shear  rigidity  in 

the  transverse planes.     It   should be noted that  when  a'   ->  0,  b'  -»■ 
■*  0,   i.e.,   in the  case  of  concentrated force,  the expression for 

deflection w at  the point  of  application of  force,   calculated 

by   formulas   (3.2.18)  or   (3.2.19),   diverges,   since  the  sum of 

11^ d0 es not  have  a  limit   [83]   (the physical  unreality of 

such a result  shows  the groundlessness    of the  assumption about 
the     fact   that the  force  is   applied at  ihe  point).     The  expression 
for  S*  converges  everywhere.     The   quickness  of  convergence  of 

series  Sp   is  represented by   Table   3.2.2,   in which  the  values 
are  given  for particular sums  of  S0  In fractions  of the  addend, 

if we are  restricted to terms  In which m <_ r and n   <_ r.     The 
results   given in the  table   arc  calculated for v  ■   0.1,   y  =  0.1, 
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Table 3.2.2.     For estimation of the  con- 
vergence of series   for determining the 
deflections. 

9 
11 
13 
i:. 
17 

1 «''9fit a •»••0.10 J     a • OJrta a'-a 

l.ooo 

«„"»I   | 

I.OflO 1.000 1.01X1 l.iK» 

1.102 1.182 1.138 O.litll \m 
1.233 1.259 I.IKi 0.060 1.072 

1.283 1.303 1.19.* 0.ri40 1.071 

1.315 1.329 1.3»! 0.04!» 1.074 

1.3 Ul 1.346 I.IV» 0.044 1.074 

1.300 1.3*6 l.lvtt 0.647 1.074 

l.3;6 1.361 1.191 0.615 1.074 

1.390 1.364 I.I93 0.646 1.074 
1.401 

1 
I.HI l.lftl o.fijr, 1.071 

1 

•a'-O.»« 

"„JO.«   | 

l.(<00 

I.I3H 

MM 
1,1«? 

1.300 

1.999 

1.1% 

1.194 
I. IMS 

i.rus 

LliOO 

1.24« 

1.333 

1.368 

1.374 

1.371 

1.365 

1.360 

1.358 

l.3r.7 

10 

i.i 

♦.» 

mi'" Via »M  -«.♦f /Am 
r »•* ••»»     r       ff/ff-i 

s-M •«»• WA *M-:u 
■ /V'SSJ- —*■»    mr/jjr '"Mr „.^ JW?.  

i^*^ 
«rf-*^"^                    w 

V II ».» 

x=y=C=n= 0.5a.  The correction from shear, calculated by 

formula (3.2.18), for case c = n = 0.5a, a' • b' - 0.2a is 

Illustrated by Fig. 3.2.5, on which 

there are given graphs Wp/w* ■ S2/S* 
at different values of Polsson ratio 

v and parameter y.  For the comparison 

of results obtained by formulas 

(3-2.18) and (3.2.19) Fig. 3.2.6 also 

gives curve w,/w* ■ J-/C* (designated 
 • ), constructed for the case 

v « 0.5, u ■ 0.25.  As is evident, it 

differs little from the corresponding 

curve Wp/w*, which attests to the good 

approximation which the selection of 

function f(z) in the form of quadratic parabola gives. 

3.2.5.  Experimental estimation. The experimental study 

(in the range of loads at which deviation from linear elasticity 

was not observed) of the effect of transverse shears on deflection 

Is conducted on freely supported square (a * a) plates made of 

Fig. 3.2.6.  The effect 
of shears on the de- 
flection of centrally 
loaded plates. 
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glass fiber-reinforced plastics equally reinforced In two 

directions (packing 1:1) [218].1   The device for the loading of 

plates and measurement of deflections in the center of the plate 

is shown on Fig. 3.2.7.  The necessary characteristics of the 

material of the investigated plates are given in Table 3.2.3 

(elastic constants are determined according to the methods in 

§ 2.3).   As can be seen from Fig. 3.2.8, the results on determining 

the deflection in the center of the plate w   satisfactorily ^     max J 

agree with the calculated curves constructed by formula (3.2.19). 

The amounts of deflections of the points located on the diagonals 

of the plate (plates No. 5 and 6, Table 3.2.3) at distance d 

from the center are given on Fig. 3-2.9«  As Is evident, they can 

be calculated with sufficient accuracy by formula (3.2.19). 

Fig. 3.2.7.  Device 
for bending and 
measurement of deflec- 
tions of free 
rectangular plate. 

^he experimental check of the dependences, which consider 
transverse shears, is virtually absent.  An exception is [273j 31^] 
In [31^0 the Increase of deflection as a result of shear Is 
Investigated on round metal plates; in [273] the diagram of 
tangential stresses, calculated by Relssner, is compared with 
the experimental results obtained by the photoelastic method. 
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Flg.   3.2.8.     The effect   of 
degree  of anlsotropy  ß  and 
=Ä on deflection,  caused by 

cL 

shears.  In the upper corner 
Is shown failure from shear. 

Table 3.2.3.  Parameters of the Investigated 
plates and breaking load. 

-TO  
E 
E * 
-\ T3 

<u CM rö 
-p rH P £ OJ hD ru 0 
CO CO § g E ^sj S H 

r-H •H E >> N     6 
a u A A •> \ 1«! m >>   \ bO 

OJ aj K t»»1^ > 0 O            «tH C 
^H -P (M U    6D rH to •H 
o cO 

II n 
II             ^ 

n3 
■ m >» N on QJ  «H 

o XO X *X   0 &  bO 
s W   H O O        H m ^ 

, 
A0.4S Ht.r 2.1 f'.ll 0.2« n.13 'Wf) 

it AO-US 11.8 I20i» 

A 27-63S 81», 131). 10.3 2.7 <|.I3 0.32 (V23 IM«) 
i 27-633 18«.  230 10.8 I'iKH 

E WM 19.4 
19.4 

2.1 0.13 0.12 0.21 2300 
2»JUI 

Fig. 3.2.9.  The comparison of 
experimental and calculation data. 
  deflection calculated taking 
into account shears by (3.2.19); 
- - - deflection not taking into 
account shears (3.2.17). 
KE7:  (1) Plate. tnäncrtunaK-tO 

i^'armuua /*»■ It) 
i ntarmuto ne'f» 

xe H« 

136 

■ —^„^M^«_^M. HMMMMMHHMMi J 



Plates  80  *  80 mm    were brought  to  failure.   In this   case,   besides 

the   failure   from normal  stresses   (Fig.   3.2.10)  there  was   also 

observed  failure  from Interlayer  shears   (Fig.   3.2.8).     Therefore, 

as   In   §   2.4,   strength  calculation  Is  necessary  not  only  with 

respect   to  stresses a   , a     and  x     , but  also with  respect   to 
y xyj ^ 

tangential  stresses  i       and   i D xz yz 

Fig.   3.2.10.     The  character 
of  failure  of plates:     a) 
top  view;  b)    bottom view. 

§   3.3.      ROUND  PLATES 

3.3.1.     Basic dependences.     A round plate with thickness  2H 

and radius  R   (axis of cylindrical  orthotropy of material  coincides 

with  the   axis   of the  plate)   is   examined  In the  system of 

cylindrical  coordinates     (r,   6,   z)   (Fig.   3.3.1);  the  corresponding 

elastic  displacements  are designated u,  v, w.     If,  as   in  the 

case  of  rectangular plates,  we  disregard  lateral  deformation, 

i.e.,   assume   e    =  0,1  which  is  formally  equivalent  to   1/E    = & z 
=  v       =  v  fl  =   0   (v      and  v       -  Poisson ratios,  which   characterize 

Zx1 Zo Z]? Zu 

abbreviation in direction z when stretching ir direction r or 0), 

then Hooke law takes the form 

'Tu L9.."' without utilization of hypothesis e., = u there is 

examined the particular case of anisotropy arid loading. 
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Pig. 3.3«1.  Diagram of transverse 
loading of a round plate. 

"' i  "   : '•' i .. .." • I  V.HVM,       I  V,«t\«ir 

(3.3.1) 

Proceeding as Is shown during the derivation of equations of 

bending of rectangular plate (3.2.1), and taking Into account 

that 

I   iht    ik<     if ^^ J. '   ''"' • 
'■ M ' 7 " JH • Or ' 7"'   VM: "" 35 ^ r' * ÜÖ' 

(3.3.2) 

Yr*! 
du . du» 

we obtain the system of equations for a round plate [187] 

• (v ^;+G,«)-|-.^+ (^9 + 0,«)-^.^ =0; (3.3.3) 
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Reproduced from 
best «vailable copy^ 

which is the simplified Lame equations for cyllndrically orthotropic 

body: 

\i>r-      r    iir f r    tlniH (km 

11..       .   \ '    '^     , /•    t •    «'^  i /s   •>!" ■ 

I    ()Ju- 1   «*• 
^;";1,i+

(;H.-,,,rK^».- HI.H) - -^ ♦"^-•^V «; 

+(CB,+,.H)i.^.+0^.^+(11,^.1 

Here 

£r £• 

fl 

fl.i-g-d -V,«VM ): 

£, Ett 
«»H-flrt, +  ^(V,« + V,..V..M) = yf (v«, +v#<v,r); 

£. £ 
rt   -". --^(v.v + v.-eVH,) «^-(V.J + V.HV»..); 

£B £. 
"». =rt;l»'»-g-(VH, + VH v,.)= ^r(v,.+ + V:,v,„); a 

/-'   - I — V HV 4r-   V .V., — Va- V.'H  -VH'VJ-; V.-ft— VM- V;r  V,« 

in the case where it is possible to accept the hypothesis about 

absolutely transversal rigidity of the material. 

During the solution of axisymmetric problem, when v = 9u/3( 

3w/3e = 0, system (3.3.3) is simplified: 

IT-H     I du      , M . I ir-u   . 
iir-    r   <)r 

(3.3.4) 
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where 

I»' ■■ a :   '«■   /r II,; f./ 

(3.3.5) 

The course    of the  solution of system  (3.3.^),   (3.3.5)   Is  analogous 

to that  given  earlier   (§  2.2);   in the problem in question  instead 

of trigonometric   functions Bessel  functions  appear in the  solution. 

By direct   substitution it  is  easy  to  check that  the  solution 

of equation   (3.3.^)   is 

N   . 1/.. (/. I >li /.|i: f .1!/«(/.,) ell >.|U +.I;)',,(/.,) >h i.fii f 
f • U'a (/.,) cli >$: f llr* z + lltf T H.r "z f ll,.r «. (3.3.6) 

where A, B, X  are constants: J , I - Bessel function of the first a      a 
and second  type  of order a. 

In the  case  of a  solid plate  in  its  center   (r =  0)  u =  0, 

whence A2  =  A^  =  B2  =  B, =  0.     If the   flat  surfaces of    plate 

z  + H are  free  from tangential  stresses,   i.e.,   3u/3z + dw/dr ■  0 

when z  =  +H,   then  also A,   ■  0.     Consequently, 

M(r. :) -.!/«(/..) sIl/.p^M /W+/V"; 

,'lr I 

X(*) " - .l(ich *F.X'.r)-11;— 4 C. 

(3.3.7) 

(3.3.8) 

where    v-WH, P*{U)* jJ*0.rU\i>t\,    constants   A,   B,   C,   \ are determined 

by  restraint   conditions  of the  edges  of the  plate.     Equation 

(3.3-5)  taking  into  account  the  expression  for displacements 

(3.3.7),   (3.3.8)  takes  the form 

l.irli/Mi*»!»,,!'»)    7. . :;.'n 
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where   o~ •2i:.H3 

:)(i - v.Hvef) 
- the  flexural  rigidity  of the  plate; 

Thus,   as  In  the   case of bending of  beams   (§  2.2),   In  solutions 

(3.3.7),   (3-3.8)   there  are  terms  which  correspond to transverse 

bending   (terms  with  coefficient   A)   and terms which  satisfy 
homogeneous   system of equations   (3.3.4),   (3.3.5),  which  correspond 

to  tension-compression and to pure bending of the  plate   (terms 
with  coefficients  B,  B,,  C). 

3.3.2.     The  effect of  shears.     In the  case of transverse 
load 

V   7,1M>-.M. (3.3.10) 

where  Am -  roots  of equation  <t,a(AR)   =  0,   from  (3.3.9)   follows 

Am" 
Im (3-3.11) 

For  fulfillment  of conditions  w  =   0  when r =  R there  must 
be 

C-O, ;rrr 
where B are constants, the expressions for which under varied 

conditions of restraint of the edges of plate are given In 

Table 3.3-1. 

For plates with cylindrical orthotropy of type Efl = E , 

i.e., when a = 1 (with axisymraetric deformation this case does 

not differ from the case of transversal Isotropy), 

Fxiij)    ■ Jj/.r);    iVa{).r)    /.(/.r). 
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and the problem of transverse bending with arbitrary load can be 

solved by expansion of q(r) into Fourier-Bessel series 

V 
m »I 

(3.3.12) 

where the general term of expansions q Is determined by formula 

In the case of evenly distributed load (with intensity q0) 
2q0 

q = T—B-J—rr  R\  and deflection is determined by expression 
m 

(3.3.13) 

Corresponding solutions for deflection are given by S. P. Timoshenko 

[241], S. A. Ambartsumyan [6], V. I. Korolev [112]. 

The expressions, obtained by different methods for deflections 

in the center of the plate w^ . pertaining to deflection w* v max max 
(here as usual * designates the values obtained with taking into 

account shears, i.e., where G •*■  «), are given in Table 3.3.I. 

w*  , i.e., all the solution; max     ' 

u 
As is easy to check, when ßp -► 0 w 

taking into account shears convert to solutions obtained on the 

basis of the hypothesis of straight normals, when the plate is 

infinitely thin or its material possesses infinite shear rigidity. 

Graphs w ow/w* v (Fig. 3.3-2), constructed by formulas I-X rrictx  max 
of Table 3«3»1| depending on relative thickness 2H/R and the degree 

rr- 

of anisotropy of material $-\rr-—    make it possible to determine 
* rz 

the  correction  from shear and to estimate  the error  introduced by 
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Fig. 3.3.2.  The effect of shears 
on deflection of free (I, III, VI, 

VIII), pliably restrained (||lz,0 ■ 
= 0 when r = R; II, V, VII, IX) and 

rigidity  restrained   (-r- *  0 when 
r =  R;  IV,  IX)   evenly  loaded 
round plates. 

1        cj 

a priori postulatlon of the law f(z) of distribution of tangential 

stresses T,; along the thickness of the plate (see § 3.1.1).  The 

practical coincidence of curves III, VI and VIII, and also the 

relative closeness (with not too large values ßp) of curves IV 

and IX Indicates that during the determination of deflections the 

parabolic law f (z), accepted in [6], is a good approximation of 

the law found from the solution of system of equations (3.3.^), 

(3.3.5). 

The data given on Fig. 3.3-2 attests to the fact that in the 

examined really possible range of changes of parameter 3^ the 

shears strongly affect deflection even for a free plate. The effect 

of shears in the case of a restrained plate, when the vertical 

element of the edge of the plate UTL^Q = ^ when r = R) is fixed, 

is very substantial.   However, in case of the restraint of the 

horizontal element of the middle plane (-*— ■ 0 with r = R) the 

effect of shears can be disregarded.  The large disagreements 

between the two cases of realization of fixing attest to the fact 

that deflection, determined in the experiment, highly depends on 

the realization of conditions of restraint (see Fig. 2.3.^).  In 

this case the sensitivity to variations of boundary conditions Is 

increased with Increase of  the unlsotropy (T material 3. 

li^ 

  ^..—^ ».in    ■ in a^aaaaa ■Maai mam ■MiMM 



Pii» m,ni<mm,mi 

Deflection due to shears for square (a x a) plates of material 

of uniform strength (E ■ E ) with the same relative thickness 
x   y 

^ = ^§ can be both more and less than the deflection due to a  c.t\ 

shears for a round transversally Isotropie plate.  As can be seen 

fror. Fig. 3-3« 3» this depends on the value of shear modulus in the 

plane of the plate G 

Fig. 3.3.3.  The effect of shears 
on deflection of square (a x a x 
x 2H) and round (2R >• 2H) plates. 
KEY:  (1) Square; (2) Round. 

In Table  3.3-2     »■-»,„.   *- „-. ••-,"; 

»(«"«•I ' "'ITT'"    :i.v  '    ' ^.-Kl-..V "     i.v; 

"■ «v.    ,.    J/ir   l-,      n1 

"•    nV:   " 
1 

,II'    11 ,1» 

Jt" n-,>f=,«.;> li   ■.ul,'nvhen r H. 

3.3.3.    The  stressed state of cylindrical   orthotropic plates 

The  distribution of  stresses  in round  solid  or  annular plates 
depends  significantly  on the parameter  of anisotropy a ■  /E0/E   . 

B r 
So, in the solid plate of radius R, compressed by evenly distributed 

radial load with intensity N [123], 
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Table  3-3.2.    Stresses  and  bending moments  In  cyllndrlcally 
orthotroplc round plates. 

rvM« |(l) 
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0 i hi' 
—                             »A»   ' 
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<l»yiiKiiiiii Al, (*)  n % U>   mkifltnTm  MOiioTmntuvii 

KEY:  (1) Diagram of support and loading; (2) When; (3) Functions 
Mr(x) and Mfl(x) are monotonlc. 

-^r^'--4)"- (3.3.14) 

Consequently, the stressed state In the plate Is uniform only 

when a ■ 1.  When a > 1 the stresses decrease In proportion to 

approach to the center (when r = 0 o = o     =  0),  while when 

a < 1, on the contrary, they grow unllmltedly.  A similar pattern 

Is observed during transverse bending - the bending moments, 

both radial .\f,= J -"•'/-- and circular MH~ f  ?,;#,/c In the center 
" 'II 

of  • vnly   Loaded   (q  -   ennst i   plate  an   equal   tu  i^er't)   when  a  >  1, 
art  nonaero,  but   are   finite  when  a ■  1   nni  become  Jni'inlU.   when 

a <  1  [112].     It  should bo noted that case a  < 1 Is  hypothetical. 
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since It Is virtually impossible to manufacture a plate (for 

example, by reinforcing with filaments) of constant thickness with 

anisotropy EQ < E . 
t)   r 

The bending moments also depend on the tangential stresses in 

transverse planes T   (with axisymmetric bending Tfi = 0) and 
1 Z D Z 

normal stresses a .  According to S. A. Ambratsumyan's theory 

[6], these stresses in evenly (a ■ -q when z = -H, a  = 0 when 
£ Z 

z = H) and centrally loaded plates are determined by the formulas 

given in Table 3.3.2.  The bending moment (radial M, or circular 

M0) in any section can be represented as the sum of 

W .W- r.W' + .W. (3.3.15) 

where M* Is the moment determined according to classical theory, 
T        Z 

I.e.. not taking into account t  and a , and M and M are 
rz     z' 

corrections, which consider stresses T  and o .  For freely 
' rz     z ^ 

resting and restrained plates, loaded by evenly distributed load 

with intensity q, or concentrated force P in the center, M*, MT 

and M are determined by the formulas given In Table 3.3.2.  Analysis 

[16^] shows that correction M , just as in beams (see § 2.2.6), 

is negligible.  The effect of shears grows with Increase of 

parameter x (see Table 3.3.2), i.e., with Increase of relative 

thickness H/R and degree of anisotropy S.  With a change of 

parameter x the relationships are changed between the radial and 

circular bending moments in the center of the plate and at its 

edge M (0), M (R), Me(0), MQ(R). The qualitative change of the 

relationships between moments occurs at values of parameter x 

equal to: 

5(«|-V,M> l + v 
«i+l 

z,'"u-(u + :Jr   *J   .. + i*':  *i- ..'z.:   X»" .._,   » 
V H 

U 

v.« -I 
u-l 

X i 

^ via- I» ., 
UMM + VI u-'-v X'N 
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Diagram  4.     Change of the relation- 
ships  between bending moments   in 
restrained centrally  loaded plates 
depending  on parameter  x- 

H'OKHrtto Mr<a>inf<mi 

*,m<n,i9) 

Mr(9<wni 

n,(n>iM,(ni H,(0)<lH,tOll 

lHr(W<*t(n        |       inwMiüiaii       ftjgjjjjjJM 
*,<SI>0 

HfiB»t [ 
J v*«» 

H-.-ao 
*;   x;   v,   r. «i   «; 

Diagram 5.     Change  of the relation- 
ships  between bending moments   in 
restrained evenly  loaded plates 
depending on parameter  x« 

,•. •«   •« 'i   't  

The form of these relationships with given x can be 

established by Diagrams 4 and 5.  Thus,  for instance, when 

Xi, < X < X5 f^om the first line of Diagram 4 it is evident 

that Mr(0) > |Mr(R)|; from the following lines it follows that 

•MH (0)>|.WH (Wj|. |.\I,(«)|>|.\IH(/0|. .««(/?)>(). A».(/?)<(). 

Graphs on Figs. 3.3.4 and 3.3.5 illustrate the change of 

bending moments (M = —^-FM) along the radius r depending on 
5q0R 

parameters  a  •>   1 and x-     As  is  evident,  with increase of  a    points 

x     (see  also Table 3-3.2)   and x   ,  which  correspond    to  extrema and 

zero values  of  functions     Mr and MQ,  are displaced toward larger 

values  of the   coordinate. 

LI   ahouJ-J   be  uoLud tjuit   In  t\y  case  -r   ['j-ee  uupporl   the 

shears   (parameter x)  clo not   affect  the distribution and   1 he 
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Flg. 3.3.^.  Change of the bending 
moments along the radius of free 
round plates depending on the degree 

of anlsotropy a (v'Q ■ 0.^). 

— » • 
—-• t 

» 

V 
\ 

Fig. 3.3.5.  Change of circular (a) and radial (b) bending 
moments along the radius of restrained round plates.  0 - x 
1 - X " -O.lJ 2 - x = 0.1. 

•   0; 

amount  of bending moments;   in  the  case  of restrained  edge  the effect 

of  shears  is  considered by   coefficient   C   (see Table   3.3.2): 
3 0 coordinates x    and  x    are  changed  C times,  and moments  at  points 

3 2 x    -  C    times  In comparison with  the corresponding  values, 

calculated taking Into  account  the  hypothesis  of  straight  normals. 
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The effect of shears shows up not only on the distribution 

of bending moments - consequently, and the stresses o and afl - 

along tne radius.  Stresses x  can significantly change the 

diagrams of distribution of o and afl along the thickness of 

the plate.  According to S. A. Ambartsumyan's theory, these 

stresses along coordinate z are changed according to the law of 

cubic parabola 

nuiz^ + he + c (3.3.16) 

(as is shown, the classical theory gives the linear law of 

distribution of these stresses, whereupon a = 0 when z = 0).  The 

basic correction to the classical solution is introduced by the 

account of shears.  The effect of o  is considered constant c. z 
By practically important cases it does not exceed 3% [16^]. 

Disregarding o , for evenly loaded plates we obtain 

««-.'A.W; * 4^7{2W :iAf); cA I//- 
(3-3.17) 

When determining the radial deformations Alr--- 

determining peripheral stresses Äff'Afr., 

f.     «/JZ-VU+v)/-. when 

Thus,   stresses  a 

and a«  can be  expressed by  the  appropriate  bending moments  and 
sup{ 

Mn : 
supplementary     correction,  which is   considered by  parameters  M   , 

(3.3.18) 

The comparison of the maximum stresses max o with their correspond- 

ing values In the center of Isotropie plate, determined according 

to classical theory max a*, is plven on Figs. 3.3.6, 3.3.7. 

Cur"1:; I (iorrespejnd t ■; :;alüu.l.ii).lon not taking into account ilitjctr; 

(bui i.aklng Into account anlsotropy Ep/E ), and ;' and 3 - tu thi 

case whore HE /R G „ ■ 0.5.  As can be seen from Figs. 3.3.^, r   rz o  -    > 
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3.3.5j the maximum bending moments in terms of absolute value can 

appear when x = 0, x = x or x = 1.  Taking this into account 

max a and max ae for the cases of free and pliably restrained 

(9u/8z = 0 when x = 1, z = 0) plates are determined when x^ x ,9\ 

and in the case of rigid fixing (dw/dr = 0 when x = 1) - when 

x - 1. 

Fig. 3.3.6.  The effect of 
anisotropy on the maximum 
normal stresses in free 
plates (vre = 0.^).  1 - 

X = 0; 2 - x = 0.1. 

Fig. 3.3.8. 

Fig. 3.3.7. The effect of anisotropy on the maximum 
radial stresses for restrained plates.  1 - not taking 
into account shears; 2 - dw/dr = 0 when r = R; 3 - 
3u/3z \zsQ -  0 when r = R. 

Fig. 3.3.8.  The effect of anisotropy on the maximum 
peripheral stresses for restrained plates.  Designations 
are the same as on Fig. 3.3.7. 
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It should be noted that cases are theoretically possible where 

the stresses a and a- reach extreme values Inside the plate, and 

not when z = +H, as follows from classical theory.  This phenomenon 

is illustrated by Pig. 3.3.9, on which the change of the character 

of diagrams of normal stresses is shown depending on parameter 

M, with the aid of which shears are considered (3-3.17). 

Fig. 3.3.9.  The effect of shears 
on the diagrams of normal stresses 
a . 

§ 3.^.  THE EFFECT OF SHEARS ON THE 
MAGNITUDE OF CRITICAL FORCES AND 
NATURAL VIBRATION FREQUENCY 

3.4.1.  The stability of rectangular plates. The equations 

of stability of a rectangular orthotropic plate, compressed 

along axes x and y by evenly distributed forces with Intensity 

N and N  (Fig. 3.^.1)> can be obtained from system of equations 

(3.2.5), (3.2.7), If we replace q by fictlcious load q = 

d2w    d2 = "Nx7T + Nv—I (see, for exaf"Ple, [^3]).  Consequently, 
dx    ^ dy 

i,  , „••rG,l„ ■.- -Ml.,,   ,-.• + 

(fiv 
IIMJlf 

■= ifiv     r    iPv     r    (7-v        - r \   'Plt     ft. 

,2//G...-.VT):,* + (2//CM..-A'M) ^- + 

(3.^.1) 

(3.^.2) 

(3.4.3) 
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Flg.   3.^.1.      Diagram of evenly 
compressed  rectangular plate. 

iy 

*. - 

la M 1,1 

i*. 

T'lTTTT 

•. 

For the     case  of free  support   the  solutions  of equations 

(3.^.1),   (3.^.2)   are  given  in   §   3.2.     By  substituting them  in 
(3.^.3)>  we   find the  critical  values   N    and N   .     The  value   of the x y 
critical   load  depends  on many  Independent  geometric  and  physical 
quantities,   therefore  in the  most  general  case  the  complete 
analysis   of the  behavior of critical   load  depending on  the 

indicated  factors  is  difficult.     If  the plate  is  transversally 
Isotropie   (§   3.2.2)  and  the  relationship  between  compressive 

forces   :J     and  N    is  kept   constant   (N     =  N,  N    =  cN).   then x y ^ x '     y ' 

0.:..- + /.n-)S 

IfmuD- (3.4.^) 

If we disregard shears, then xmR--(W + Än-)^// 0, qw- ^OlBüCÜlügal -1 

and formula (3.^.^) changes into the formula obtained on the 

basis of Kirchoff-Love hypothesis [123].  In the case of 

compression only In direction x (N  = 0) from (3.4.^) follows 
y 

l* 1 |i niM "' '(  " ••'  I |> '• •• (3.^.5) 

(A 2 + A 2)2 ;iÜr. rr^  "  gj    n   D - critical 1 oad determined not taking n p rnn        -, <—— ■- — i —— «- 

Am 
into account shears [123].  Consequently, in this case the connec- 

tion between the critical load, determined taking into account 

shears N   ^ and not taking into account shears N*   , is the 
H p mn G H p mn * 

same as in the case of rods (formula (2.5.8)).  The solution, 
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which considers  transverse shears,  but  which  a priori  assumes 

that  they  are distributed according to the  law of quadratic 

parabola,   leads to formula [6,  1^]: 

I n-U.-IXni'i" 

Consequently, the accuracy of approximation of the actual law 

of distribution of transverse shears f(0) (see Table 3.2.1) by 

quadratic parabola is equal to the accuracy of approximation of 

function 4) „ by function  = -,     The error introduced by mn 1+0.4K 2" 
mn 

such replacement can be judged from Table 2.2.1.  The decrease 

2 2  H       2 
of critical  load depending on parameter h*  ■   O.^TT    —5- ß    is 

b 
characterized by stability curves depicted on Fig. 3.^.2, borrowed 

from S. A. Ambartsumyan's book [6].  As is evident, shears 

substantially lower the critical load for plates of materials 
2 

reinforced by filaments, for which large values of ß are 

characteristic (see 

Table 1.1.1). The noted 

feature is frequently over- 

looked (see, for example, 

source [125], in which the 

stability of plates of glass 

fiber-reinforced plastics Is 
Fig. 3.^.2.  Stability curves for   pvflminprn 
different values of parameters      examined;. 
[6]. 

During the action of 

complex contour loads, for example concentrated forces, on the 

plate the problem of stability is conveniently solved by using 

the energy criterion proposed by N. A. Alfutov and L. I. Balabukh 

[3], which does not contain initial (subcrltical) stresses. The 

determination of these stresses in the case of complex loads 

presents significant difficulties. 
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Following the line of reasoning of the authors of the mentioned 

work [3], the crlteron proposed by them can be spread also to 

anlsotropic plates.  In the case of    orthotropy the critical 

values of external loads, applied to the outline of the plate 

In Its plane, can be found from equation 

.9.4 "//[ (^^-'^F^ *;^h 
•2"ff{h^ 11 . . «IT 7J-OKONT^I+ 

I'M 

+ i(r; - 7;,;T)('T>'',ni" ♦ "v'"..) Wv 0.     (3.4.6) 

Here  integrals   are  taken  along the   area  of the middle  plane; 
3,   -  the  potential  energy  of the  bending of the plate;  o        , 

o  Q   ,   t     Q     -  the  system of statically  possible  Initial  stresses, 
i.e.,   stresses  which satisfy  the  equation  of equilibrium of two- 
dimensional  problem and  conditions  on  the  sections  of the  boundary 

2 2 3 4)        3 <()- 
where external loads are prescribed; a , =  i-; a , =  =■ - 

xl   -v 2' yl   .2 
3u   ^    3x 

secondary stresses in the middle plane  of the plate, which appear 

at the moment of loss of stability and are determined by the 

function of stresses (j),, which satisfies the Karman equation of 

orthotropic plate 

l:y dx>'*'\axv    E, JdJcWfi^EtW     \dx0y}    Ox* <)y* 

Set) 
and boundary conditions A, = —T—- J Tl   an 
which is n. 

= 0 on the contour, normal to 

The effect of transverse shears shows up on the amount of 

potential energy of bending 3  .     If deflection w of free 

rectangular plate is predetermined in the form (3.2.9), then 

in the case of transversal isotropy from formula (3.2.2) taking 

Into account (3.2.15) It follows that 3, ■ 3*4)  , where 
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3l  = T"Dw n   ^      +  ^     )     - the potential energy  of bending, 

determined not  taking  Into  account  transverse  shears.    In the  case 

where all external   forces,   and also  the  Integral  terms of 

expression  (3.^.6)   (for example,  as  In the  case  of  loading by 

concentrated forces,   examined in  [3])  are proportional to one 

parameter N,  the  critical  value  of the  latter  Is  determined by 

formula N      = N     ^     J   I.e.,  the  correction  from transverse np np     mn 
shears,  as  In the  case  of plates  evenly  loaded  In  the middle plane. 

Is   determined by  multiplier d) ^     y Ymn 

3.4.2.  Flexural vibrations of rectangular plates. Using 

the estimations obtained In the examination of flexural vibrations 

of beams (§ 2.6), let us examine the effect of shears on the natural 

vibration frequency of plates without taking Into account inertia 

in the directions parallel to the middle plane and the compress- 

ibility of normals (e = 0). Under these assumptions the system 

of equations of free vibrations can be obtained from system 

of equations (3•2.5)-(3•2.7), by replacing in it, taking into 

account the d'Alembert principle, the transverse load by inertia 

term 

By representing the displacements in tne form of periodic functions 

of time 

u i'ix.ij.i) siiUt.i/ + A): 

;•« \'{X,IJ.Z) sin (wf + ft); 

»* ■» U'(.v,//) sin (oiZ + A), 

from  (3.2.5)-(3.2.7)  we will obtain  the  system of equations  for 

amplitudes  of vibrations  U,  V, W: 
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■BfJL+o  ^-va £u- + iG a.,. E)^-~o (3.^.7) 

J.v2 <>//-      .' I      dvJr       ^ ü.vd< / 

-   2//owltt". (3.4.9) 

The  solution  of  system  of equations   (3.^.7),   (3.^.8)  for the  case 
of a  free  plate   is   known.     Values   of natural   frequencies  OJ are 

clearly  determined by   equation   (3.^•9).     Upon  consideration of the 
Inertia  in  directions   x  and y  the   right   sides   of  equations   (3.^.7) 

2       2 (3.4.8) are equal to pco U and pw V respectively.  This leads 

to the need for the solution of transcendental equations (see 

§ 2.6.3)j i.e., to considerable complication of the problem. 

For clarity let us give the estimation of the effect of 

shears on an example of a transversally Isotropie plate.  Using 

results of § 3-2.2, from (3.4.7)-(3.^•9) we find 

U»™«2 = ••'*»>« »«fwn (3.^.10) 

oj* - the frequency determined not taking into account transverse 

shears [123]: 

«••„-(w+x,1-//!''; (3.4.11) 

Approximate replacement   (see Table  2.2.1) 

•»».' 
:Mxw.   thxwn)     I 

•/■mn* I r•>,l»miii (3.4.12) 

turns   (3.4.10)   into  the  expression obtained by  the postulation 

of the parabolic   law  of distribution f(z)   of tangential  stresses 
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T       and T       [6,  14],     Consequently,  in this  case  the  error xz yz       ' 
introduced by postulatlon f(z)  is the same as   in the  case of 

vibration of a rod   (§   2.6). 

3.4.3.     The  stability of  a  round  plate.     During the 

compression of a round plate by  evenly distributed  load N 

(Fig.   3.^.3)  the equations  of stability  with    axisymmetric buckling 
can be obtained by  substitution of fictlcious  transverse load 

q  =  N (d w  ,   1 dw \ 

9r
2       ?**) 

[187] 

d-u     \   du      . H     I    d!M    ft. (3.^.13) 

(m..-A-.>(^+f^+a1/(.0i4.^--..a       (^.w 

It should be noted that such an approach is strict only in the 

case of a = 1 (EQ = E ), when the initial stressed state caused 0 r 
by  compressive  stresses  N    is 
uniform.     In the  case  a  ^  1  the 

initial  stressed state  is   changed 

depending on  coordinate   r - 
distance from the  center of the 

plate   (see  (3.3.1^)).l       For 
values of a, close to one, 

the stressed state is close 

to uniform, therefore system 

of equations (3.^.13), 

(3.^.1^), at least for the 

qualitative evaluation of the magnitude of critical forces, can be 

used also with a ^ 1.  The error Introduced by the assumption about 

Fig. 3.^.3.  Diagram of compressed 
round plate. 

'N. A. Alfutov and L. I. Ralabukh proposed the method [3], which 
makes; it possible to solve auch a problem without determination of 
the subcritical stressed state.  The stability of transversally 
Isotropie round plate is investigated by A. P. Melkonyan, 
A. A. Khachatryan [137] and A. Sh. Petoyan [163]. 
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1 
the homogeneity  of the  Initial  stressed state  with  a /  1  can be 
estimated by  Fig.   3.^.4,   on which  solid  lines   depict   curves 
N      =  f(a),  obtained taking into account  the  heterogeneity  of 

Kp 
stressed state [305, 320] (not taking into account shears), and 

broken lines - not taking into account heterogeneity (also 

not taking into account shears). 

Fig. 3.^.^.  The effect of heterogeneity 
of subcritical stressed .state on the 
magnitude of critical force of round 
cylindrlcally orthotropic plates (v Q = r o 
=   0.3):     1  -  restrained  plate;   2  -  free 
plate. 

».ft» 
1            7 

a 
/: 

4 C ** 
/             ' . /          s '/         ' /       ' /     s             ^ 

f    ' ^^ ■ 

irftf-** 

Using solution (3.3.7), equation (3.^.13), from (3.^.1^) we 

obtain 

.MM/. /)D/ ■lUiix. (f,.-.^ßj-^Oi+l)^ ' 0.     (3.4.15) 

This equation will be fulfilled if B = 0 and 

S,-)..rf)i\n. (3.^.16) 

Critical  values  of parameter  A are  determined   from conditions Hp m 
at the edge of the plate r = R.  These conditions form a system 

of two homogeneous equations, the determinant of which in the 

case of nontrivial solution must be equal to zero (see also § 2.5) 

Thus, for free plate A  „is determined from equation '        t     up m ' 

•IV/./?) 0, (3.4.17) 
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dw and In  the case of restraint   (w = g-jr 

equation 

■ 0 when r =  R)  - from 

J%iKft)   n. (3.^.18) 

When <  -»•  0    N      ■* N*       ,  where N*        Is the  critical  force up Hp m np m 
determined without  taking into account transverse  shears   [96]. 

The  effect of transverse shears on N is  determined by 
Hp m '•' 

multiplier 0  , which is  the monotonically decreasing function of m en 

parameter K    = A 8H.     Consequently, the  effect   of shears is m        np m *i * i 
greater  for restrained plates and  for materials  with  large  a  (in 
these cases larger than  A ).     Figure  3.^.5 illustrates  this 

K p m 
phenomenon, on which there is shown the change of critical 

force for free (solid lines) and restrained (dotted lines) plates 

at different values of parameter a depending on the parameter 
ii 

3«.  As is evident, transverse shears substantially decrease 
H the critical force.  With an increase of parameter S^ the effect 

of the method of restraint of the plate and parameter a fades 

away. This indicates that the stability of plates weakly resisting 

shear cannot be radically raised only due to more rigid fixing 

of edges and Increase of Young's modulus of material.  In the 

limiting case, when E or Eg become infinite or TJ ■*  0,  i.e., 

when K -> 0, as for a rod (§ 2.5), N  -*■ 2HG  .  Consequently, the m np     rz       ■»    * > 

Fig. 3.^.5. The effect of 
shears on the critical force 
of round plates.   restrain- 
ed plate;   free plate. 
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compresslve stress, which the plate can perceive, not having lost 

stability, is equal to the shear modulus of the material: 

'•f 

v 
•» I!»     /» (3.^.19) 

3.4.4.     The  stability of  annular plates.     During compression 

by  outside  and  internal   pressure q  and p   (Fig.   3.4.6)   in  a round 

annular plate  "here   appear radial and peripheral  normal  stresses 

[123] 

«V .?«-''«. T»»a(/?• + *.), 

where 

It» 

h^f) ~P^£\***X»'*i 

a r 

(3.4.20) 

With  axisymmetric buckling the  equations  of stability  can be 

obtained from system  of equations   (3.3.4),   (3.3.5),  after placing 

in it   ficticious  transverse  load  [75].* 

JT-Je I   dJi 
'        Jr-      9 r    dr (3.4.21) 

If the  initial  subcritical  stressed state  can  be   considered 

uniform  (this condition  is  satisfied exactly when  a =   1, p = q = 

=  PH") ,   then the  equations   of stability have the   form   (3.4.13), 

(3.4.14).     Using  solution   (3.3.6),  equation     (3.4.13),   equation 

(3.4.15)   can be given the   form 

A.,n-jichxm(.V-4:U„.'O)M/,a,./)^.42K,(^,/)j4-2Ä.V-0. (3.4.22) 

This equation is fulfilled if B = 0 and 
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Flg.   3.^.6.     Annular plate 
loaded by evenly  distribut- 
ed pressure. 

■'  — •' K|l in "*■ If »r.'l |l m'O. (3.4.23) 

Constant \    is determined by the conditions of restraint of np m 
the edges of plate r = a and r = b.  These conditions form the 

system of homogeneous equations, the equating of the determinant 

of which to zero gives the equation for finding \ .     These 

equations for a number of versions are given in Table 3.^.1 [189]. 

It is easy to check that when <  -»-0 they all change to the 

appropriate expressions obtained without taking into account 

shears [l8l]. 

Solutions of equations (Table 3.4.1), obtained on BESM-2 

[l89], make it possible to Investigate the effect of shears (with 
2H a respect to parameter B-s") and the relationship of radii c = r- on 

the magnitude of critical force.  Results for the plate, supported 

when r = a, r = b, are given on Figs. 3.4.7, 3.4.8 (for v „ = 0.3). 

As  computations showed, the effect of change of Polsson 

ratio v . within from 0 to 0.5 can be disregarded.  As can be 
r 0 

seen from Fig. 3.4.7, the effect of shears on the amount of 

In the case of both 

critical forces is decreased with decrease of the Inside radius 

of the plate a, i.e., relationship c = r-. 

restrained edges (Table 3.4.1) parameter A    does net depend 
K p   rn 

on  shears.     In    other  cases   (see,   for example.  Fig.   3.4.8)   the 

effect  of she?rs on pjirameter  X Is small,  consequently,   th« up rn        '     -i    ^ > 

bade correction from Lhem is contained in parameter di  ^see F        Tm 
exfresslon (3.4.23)). This makes it possible to use the values 
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N*    obtained not taking Into  account  shears   [l8l] with  correction 
Kp 

only   for parameter  4   . 

Table   3.^.1.     Dependences  for determining 
A     . 

Kp 

Diagram of 
support 

Ü FTH 

L-CTVi^l 

-' i'V^ 

u    .\f, ■ 0 

a* —- 0 

13    M, >0 

t    H 

\\.    0 

ilr 

FquatlonE 

ilr ! </,)'., -/»V.) IiiC"0 

IM» » • 

c/r 

\/M., -V,) I XJl/L-Z^f 

^l        Q,:-.W,=0|   - - U =0 /i»,-)^-! )',(/,,-/,)-d 

L. 

la Table   3.4.1  Z-^f[/.^jT~^/.(;.u>]: 

/,  i./,t,/.a); A/=-/g(>.6>-M dV.    remaining  functions 

can be  obtained after  substituting J   for 
Y and a  for b. 

Fig.   3.^.7.     The  effect 
of  shears  on critical 
force for annular 
plates with different 
relationship of outside 
and Inside diameters. 
KEY:     (1)   Curve. 

></P        0.1    0 4    06    c%     09 

163 



With Increase of relationship c = ^ the conditions In which 

the annular plate Is located approach conditions of elongated 

rectangular plate with distance between the long sides Z = b - a, 

The critical load for such a plate 

\... -/•! ■V)<p. (3.4.2^) 

.■.(Km  tllX.J   -  .-  ,,/; where fm     ---■-: ■/.*   K*-. n,\>i' 

Parameter Ä  ^ is determined by formula: 
Kp m ^ 

Anp n. T j-  ^ 

(/.•,,.., - Eulerian values of the critical parameter of longitudinally 

compressed rod with the appropriate boundary conditions). 

Fig. 3.^.8.  The effect of 
shear.3 on the magnitude of 
critical parameter X 1 m np 
for  free   annular plate 
(when  r =   a,   r =  b). 
Designations are the same 
as on Fig. 3.^.7. 

w 

«•» 

**.,l 

M n» 

'«a 

The comparison of the critical loads, calculated by 

formula (3.^.23) and simplified formula (3.^.24), showed [189] 

that even with relatJvuly small c the approximate replacement of 

f!  , ^ H  , was permissible.  This gets rid of the need for the 
Kp 1     Hp 1      r 0 

solution of the  transcendental  equations  given in Table  j.4.1. 
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FOURTH   CHAPTER 

RINGS   OF   TRANSVERSALLY   WEAK   MATERIALS 

§   k.l.     THE  TECHNICAL THEORY  OF  WINDING 

4.1.1.     The anisotropy  of material   in the state  of treatment. 

Winding with   filament  or  fabric  is   one  of the most   rational   methods 
of the  manufacture  of parts,  which  have the  shape  of solids   of 
revolution,   from materials   reinforced by   fibers.     The  possibility 
of  change   of the winding angle  makes   it possible  to easily   control 
the  anisotropy of the  strength  and  deformation properties   of the 
part  being made.     For this   very   reason winding Is   the basic  method 
of treatment  of glass   fiber-reinforced plastics,   reinforced by 
continuous   filaments.     The   treatment by  the winding method  is 
developed  faster than other methods  of forming articles   from 
composite  materials.     According to  Rosato  [312],   in  the  USA  in 
19G6 by   this  method  ^5,000   t  of parts  were produced  from glass 
fiber-reinforced plastics. 

The  most investigated is   the  geometric  side  of winding - 
optimization  in terms   of the   angle  of winding  (see,   for example, 
[113,   262,   311].     A survey   of  the works  of scientists   of the 
USA  on  the  geometric optimization  of winding is  given  in   [289]). 
In  the works  dedicated to   the   Investigation of the winding of 
glass   fiber-reinforced plastics,   the nonunlformlty  of the   distri- 
bution  of  tension in  the  turns   of wound articles   is   at  best  only 
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mentioned   (for example  [295,   316]).     In works  on the calculation 
of constructions  made by  this  method  [258,   272,   285],   the  power 
side  of  the  process  of winding and  the  effects  determined by  it 
are  not  examined  at all.    However,   this  question has  great 
practical  interest  during the  development  of the mechanics   of 
winding parts   from materials   reinforced by   fibers   (as  a result 
of the strong anisotropy  of the   latter in  the state  of  treatment). 

The  anisotropy  of materials  when winding can be  characterized 
by   the  relationship  of Young's  modulus   in  the  direction of winding 
E.   and in  transversal   (radial)   direction  E   .     It  is  natural  that 
the  examination  of  the mechanics   of winding in an elastic   setting 
is   only   the   first   approximation,  however,   such an approach  makes 
it  possible  to  determine and Investigate  the basic   features   of 
this  process.     The  materials  in question,   esrocially  reinforced 
plastics,   in  the  state  of treatment  combine  comparatively  high 
rigidity  in  the   direction of winding with   large pliability  in 
perpendicular  direction.     This  is   explained by the  fact  that  In 
the  direction  of winding the  deformatlng properties   are  virtually 
completely  determined by  the  reinforcing  fibers,  and in  trans- 
versal  -  by  pliable  matrix  (for example,  by  polymer    binder). 

The  properties  of material  in  transversal  direction  are 
absolutely  insufficiently  studied.     However the  experimental 
data appearing recently   [167»   296]  make  it  possible,  at  least 
qualitatively,  on  an example  of glass   fiber-reinforced plastics 
to  evaluate  relation a    = EQ/E   . 1     In  the  practically  used 

Hör 

range  of compacting pressure pn  dependence E    =  ^(Po)   for  glass 
fiber-reinforced plastics,   reinforced by  rove  and  fabric,   is 
represented on  Figs.   'I.l.l.     and   4.1.2.     These uata are  obtained 
with  compression  of a pile,   collected  from layers  of rove  or 

'Subsequently   for the sake  of simplicity of recording index H 
Iropped   In   r  i-mula;:;   1t   Is   retained on the graphs. with   %.  1 
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cloth  pre-lmpregnated with  polymer binder by  uniform pressure  p0 

In  a  closed mold.     As  Is  evident,   dependence E    =   ^(PQ)   I
S 

virtually   linear both  for  unidirectional  glass   fiber-reinforced 
plastics   and  for glass   laminates,   however,   the  rigidity  of the 
latter is   considerably  higher,  which  is  explained by  the presence 
of cross-links. 

«; 

:; 

&*%•« 
.... _ .., 

***  I 
Fig. ^.1.1.  The dependence of 
transversal modulus E  of uni- r 
directional  glass   fiber-reinforced 
plastics   in the  state  of  treatment 
on  the  compacting pressure p„ 
during compression  of  a pile  of 
n  layers  [ 60 ].      l,;r.'B-F; 
 AG-^. 

p 
Designation:     Hrc/cn     =  kgf/cm   . 

Fig.   4.1.2.     The effect  of compacting 
pressure pA   on  transversal  modulus  E 
on woven  glass   flber-relnforeed plastics 
in  the state  of  treatment  [167]:     1   -  rein- 
forcing  fabric  of  satin weave.  Impregnated 
with polyester bonding agent;   2  -  reinforcing 
fabric  of linen weave,   impregnated with 
polyester bonding agent. 

The   given  experimental  data make   it  possible  to evaluate 
the boundaries   cf change  of the  parameter of the  anisotropy  of 
material  in  the state of treatment   a = VET/E   .     For oriented ~   9    r 
glass   fiber-reinforced plastics  E     can be  changed within  from 

2 20   to   800  kgf/cm   ,   and the  elastic  modulus  in the direction  of 
fibers   Ee  - within  (0 . 25-0.80).106  kgf/cm2.     Consequently,  E     and 
Efl  In  the  state  of treatment   can  differ by  three  orders.     Precisely 
this   forces   us   to  turn the most  serious   attention  to  the  force 
optimization  of the process  of winding. 
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Pressure between layers when winding depends on the force of 

winding,the geometric dimensions of the part being wound and the 

properties of material. The enumerated parameters can be changed 

within rather wide limits, which leads to change of value E 

(Figs. 4.1.1, 4.1.2) and, consequently, the parameter of anisotropy 

a.  Therefore all the numerical results are given for a rather 

wide range of values of a(30 < a  <   70), which encompasses the 

majority of practically real cases.  When winding one particular 

part the pressure between turns (regardless of their arrangement) 

Is comparatively constant.  This makes it possible to disregard 

the change of parameter a over the height of the part being wound. 

4.1.2.  The force features of winding.  High pliability in 

the transverse direction of materials reinforced with fibers 

leads to the fact that under the action of tensionlng force each 

subsequent turn strongly deforms the layers lying below in 

radial direction.  In spite of the Insignificance of radial 

stresses (a  ^ —rr  an where Hn and R - the thickness and radius r   R  ö      U 
of the part being wound), they can cause large deformations: 

r,~ //.. £ e 
R      Er *«. 

(4.1.1.) 

For Isotropie  materials E    = Efi,   consequently,  e    <<   e«.     This 
makes  it  possible  to  use the hypothesis  of noncompressible 
standards,   accepting in the practical  calculations of thin-walled 
rings  E     =  oo.     During the  calculation  of Isotropie rings   for 
the  action  of external or internal  pressure   these parts   are 
calculated as   thin-walled to  the  ratio  of radii equal  to  1.4 
[247].     For rings  of materials  reinforced by   fibers  as  a result 
of large  values  of parameter a in  the  state  of treatment  it  is 
necessary  to  consider the  compressibility  of standards  even  for 
very  thin  rings   (with ratio  of radii   less   than 1.01). 

The  most   visual   Illustration  of the differences between  the 
winding of isol ropic  and anisotrop!.c materials  can be pressure 
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on  the  part  being wound.     Figure   4.1.3  shows   change  of pressure 
p  on  the   force-measuring mandrel   depending on number of turns  n 
during winding of Isotropie   (nickel  strip,   curve   1)   and  essentially 
anisotropic   (strip  of glass   fiber-reinforced plastic,   curve   2) 
materials.     When winding Isotropie  materials  the  drop  of initial 
fcenslonlng   force   In   turns,   assigned  by   the winding device, 
virtually   does   not  occur,   therefore   the  pressure  on  the   mandrel 
increases   in proportion  to  the  number of layers.     When winding 

materials   reinforced by   fibers,   dependence  p  =  f(n)  becomes 
nonlinear  already   at  small  n.     For  these  materials  it  Is  necessary 

to  get   rid   of  the  hypothesis   about   the   incompresslbillty   of  the 
standard  even with  comparatively  small  thicknesses  of the  parts 
being wound. 

to 

20 

p-'/cHt Fig.   4.1.3.     Pressure  change  on 
mandrel  p with winding  of strip 
1  -   Isotropie material   (nickel 
strip);   2  - essentially   aniso- 
tropic  material   (glass   fiber- 
reinforced plastic  LSE-F). 

4.1.3.     Calculated dependences.1 

The  small  thickness  of the  strip being wound makes   it 
possible  to  disregard the  spiral  arrangement of turns   and  to 

represent   the  process  of winding in  the   form of the successive 

^he problem,  similar to  the examined,  appears  during the 
determination  of pressure  on  a drum with  multi-layer winding of 
rope   [105»   111].     Hov/ever,  the  proposed method of solution  is 
simpler  than  that  given in the  indicated works. 
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application of thin annular anlsotropic  layers  on each other with 
thickness h  = h •   + h"   (Pig.   4.1.^).     The  original  tensioning 
in each  layer  TL   is   created by  the wincing device and it  can be 
changed according to  a certain law.     With  the application of i-th 
layer on radius   r.   pressure  appears  on  the  layers  lying below 

T 0 qn  ■ —-.     If the  mandrel is  absolutely   rigid it  is possible  to u       ri 

consider  that   the  layers  lying below  form a uniform anisotropic 
ring with  inside  radius  R    and outside  radius  r.,  then application 
of the next   layer,  which  creates  pressure  q0  ■ Tn/r. ,   causes 
radial  displacement  at radius  r  [123]: 

.\u{r,)' rfi.* - o") 

where 

(4.1.2) 

*"& o-if: 

The importance  of anisotropy  makes  it possible  to disregard  the 

Poisson effect  if a  change of tensioning in turns occurs   only 

because  of the  settling of underlayers.     This   assumption is 
equipollent  to  the  disregarding of v«       in  comparison with  a, 
since  Vg       <<   a.     Consequently,  expression   (4.1.2)   assumes  the 
form 

(4.1.3) 

The  total  radial  displacement  u(r)   in  the ring being wound 

on radius  r is   equal  to the settling from the  a: plication of all 
the subsequent   rings   from r.   = r to  r.   =  R     (r is  the  fixed 

1 1 H 

radius,  on which  the  displacements  are  determined; R    is  the  out- » c '        H 

side radius   of the prepared ring): 

"('') --W/.) i A«(f( | /«) +... K\H(Ä..   /«). .l.'i 
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A3  a «su» of the thinness of eXe^ntary layer h with a 

ufflclently s.ooth chan6e of tensioning    or e T    the 
(4 i.K)   can be  approximately replaced by Integral 

(M.1.5) 

One ought to consider that such a replacement gives considerable 

error when determining the displacements near the inside surface 

of the ring being wound, where the number of terms of sum (4.1.4) 

Is small. 

Pig. 4.1.4.  Model of winding. 
KEY:  (1) glass (h'); 
(2) polymer (h"). 

^   th   i   ^     as a rule, Is cumbersome. 
The computation of Integral ^■1^'^ for the 

Tn the case of constant tcnslonlng force of the strip i0 
Verier calculations of the constructions, which have 1.0. <_ 

< !« < 1 10 and 10 < c < 60, it is possibie to recommend the 

-KB"       ' a 

approximation formula 

''r".l(l4v,'-(l-v)-'lIilrct,Mliv11|'-..al.fjlI<v)"l. (4.1.6) 

where *"?:-** ****'&   ," 
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The difference between the results   calculated by  formula 

(^.1.5)   (on BESM-2)   and by  approximation  formula  (^.1.6)   does 
R R 

not exceed 3% with ^ _<  1.05 and  10% - with «^ <  1.1. 
B B 

If we  consider the  pliability of the  mandrel,   then  the  radial 
displacement 

(4.1.7) 

where 

1    a-\ua 

The mandrel  and rings have  identical width.1     The outside  radius 
of the mandrel R. R 

1       --B 
material with Young's  modulus E 

inside radius  R5.     It is  made of Isotropie '2' 
„ and Poisson ratio v on ' on 

Y.n = 

-  the parameter which  characterizes  the  rigidity  of the r  '.'■=■]. 

When the  mandrel  Is   absolutely rigid,  y       =0   and  formula  ^'.1.7) 
changes into  (4.1.3) . 

Table 4.1.1  depicts   the  value of parameter v     , which charac- 
on 

terizes  the pliability of steel mandrels  in  the  form of rings with 
different  thickness   during winding of glass   fiber-reinforced 

plastics   on them  (it  is   accepted that  v       =  0.3,  E       ■ 2.1.10 
P /- p on 'on 

kgf/cm  ,  Efi = 0.4-10° kgf/cm ). 

Change of the  tensioning force as  a result of bending of 
generatrix, when  the width of the mandrel  is   greater than the 
width of the wound strip  of noncompresslble  material,  is  examined 
by  V.  L.   Blderman  [28]. 
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Table  ^4.1.1.     The radial pliability  of 
thln-walled steel mandrels. 
Iff kt I    I.M    1.0.»    l.r'.'l   l.ul    l.o'i   l.«»"i   l/t7    l.fW»    I."«   I.I« 

\„   I I'M»    '».•"»    M     I.'»    3.'»    3.1    .'.H     2,1     2.1     1.9 

§   1.2.     FORCE  EFFECTS  WHEN WINDING 
WITH  CONSTANT TENSIONING  FORCE 

4.2.1.    A drop  in original   tensioning. As  a result of 

the high pliability  of the  material being wound In radial direction 

there appear large  radial  displacements   (settling)   u of the  turns 

of the strip.     As   can be  seen from Fig.   4.2.1,   the  amount  of 

these displacements   rapidly  grows with  Increase of the parameter 

of anlsotropy   a   (initial  section  of curves   Is  marked by  dotted 

line,  since   (4,1.6)   gives   too rough  an  approximation in the  area 

of small  thicknesses,  when  the thickness   of  the  ring is   commensur- 

able with  the  amount  of displacements). 

As  a result   of the  large settling of turns  the  original 

tensioning Tn   created in them by  the  force  of winding considerably 

decreases.     Lowering of tensioning T"  is   directly proportional 

to settling u: 

T-~E9y. (4.2.1) 

consequently,   residual tensioning 

T~Tt~T- (4.2.2) 

The total drop of tensioning in all turns. I.e., drop of tensioning 

along the section of the rings, 

vr-=£e / .£</,. (1.2.3) 
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In this case the total residual tenslonlng 

sr-sft-sr-. (^.2.M 

In the  case   of thln-walled rings,  when it  is  possible  to disregard 
the  change  of radius  along its   thickness, 

(4.2.5) 

With  accuracy  to  5%  in the  range of  change  of parameters 
R 

1'01 1 JT 1  1'1»   10  <  a   <   80  integrand  (^.1.6)  of integral   (4.2.5) 
can be  replaced by  expression 

2//r, 
(4.2.6) 

which  leads   to 

rr «-r« «.^(j-2«nl«.-.)j. (4.2.7) 

Fig.   4.2.1.      The  effect  of the 
degree  of anisotropy  on  the 
amount   of radial  displacements 

Al 

e.) 

in urns   of  UK   n ugi 

Fig.   4.2.2.     The effect  of the 
degree  of  anisotropy  on  the 
total  drop of tensioning force, 
ii   -  H    -   thickness  of the  rings 
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In formula (4.2,7) parameter <    = a^— characterizes the anlsotropy 
H    n 

B 
of the deformatlng properties of the material being wound and the 

relationship of the geometric dimensions of the turn of material 

and the Investigated construction. 

As can be seen from Fig. J4.2.2, the total drop of tenslonlng 

grows faster with an Increase in the number of turns, the larger 

the parameter of anlsotropy a.     During winding of radially incom- 

pressible turns on absolutely rigid mandrel the total tenslonlng 

ZT  Increases in proportion to the number of turns: 

2T=nTo. (4.2.8> 

As   can be  seen   from Fig.   4.2.3»   dependence  IT  =  f(n)   for  Isotr;; 
materials   is   also  virtually   linear.     However,   for  the materials 
reinforced by   fibers,   for which  In  the  state  of winding a  >   30 

(see   §   4.1.1),   the nonlinearity  of dependence  ET =   f(n)   is 

manifested with  n <  10,  which  attests   to Intense  lowering of 
initially   created tenslonlng Tn. 

Fig.   4.2.3.     The effect   of the  degree 
of anlsotropy  on the  value  of  total 
tensloning  force in  the section of 
rings. 
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4.2.2.  Pressure on absolutely rigid mandrel.  For a series 

of problems, especially during the manufacture of different types 

of constructions with guaranteed tightness,1 the total pressure p, 

transmitted to the working mandrel or the part being wound,Is of 

the greatest Interest.  It Is determined by the preserved tension- 

Ing In turns £T. 

(^.2.9) 

If the  ring Is   thln-walled  and it  is   possible  to  disregard  the 
change  of radius   along its   thickness,   then p is  directly 
proportional  to  the total preserved  tensioning ET.     Consequently, 
the  growth  of pressure  on the mandrel with  an increase  in  the 
number of  turns  n   can be judged by  Fig.   ^.2,3.     The  character of 
the   calculated  curves   (Fig.   4.2.3)   for Isotropie  material   (a X  1) 
and  glass   fiber-reinforced plastic   (a 
experimental   curves Fig.   ^.1.3. 

0)   agrees well with 

When winding thln-walled rings with mean radius  R from 
illy  Incompressible  turns   (E    ■ «)   to 2 

the  pressure   transmitted by  it  is   equal  to 
radially  incompressible  turns   (E    ■  0o)   to  absolutely  rigid mandrel 

/»'. 
«r» (4.2.10) 

With  the winding of radially  compressible  turm 

r 
(4.2.11) 

Ratio depending on  the   thickness  of the  article being 

wound  and  anisotropy is  shown  on  Fig.   4 . 2 . ;-l.     The  given data 
visually  illustrate  the need  for not  using the hypothesis  of 

^or example  the shrouds   of electric motors  [62,   265],  high 
pressure   cylinders   and others. 
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Incompressible  standards   for the predominant majority  of practical 
problems   about winding of materials  reinforced by   fibers. 

Pig.   4.2.4.     The effect  of  the 
degree of anisotropy  and  thickness 
of  the  article being wound  on  the 
pressure  transmitted to absolutely 
rigid mandrel. 

4.2.3.     Limiting number of turns when winding on absolutely 
rigid  mandrel.     The  consideration  of the  compressibility  of 

materials  when winding makes  It  possible  to establish the  existence 

of limiting number of turns  n     ,   above which pressure  on  the 

mandrel  or  the part being wound virtually ceases   to grow.     This 
fact was   established experimentally when winding on mandrels, 
which  It   Is  possible  to   consider  absolutely  rigid   (see,   for example, 

Fig.   ^,1.3).     The  same  conclusion   follows  from the  given  theory. 

Actually,   from expression  (4.2.4)   taking Into account   (4.2.7)   It 
Is  evident   that  the total  residual  tenslcnlng in  turns,  which 

determines   the pressure  created by  the wound rings  on the  mandrel. 

Is  limited  value - when   «-♦(» IT—£-—.     Limiting value  limüT 

is     determined by the  tensloning  force  and by parameter  K   , 
H 

characterizing anisotropy  and  geometry.     It  is  obvious   that  such 
Increase  in the  number of turns   for obtaining maximum pressure 

max on  the part being wound Is  senseless.    Therefore,for 

obtaining  the  calculated  dependence  it   is  advantageous   to pause 
on a certain part  of the    maximum  force,   created by  finite 

number of turns.     The number of turns  n     , which  corresponds  to 
D np 

prescribed  fraction üI »  (1 - ^~~)   of maximally possible  pressure 
pmax 

on the  mandrel,   is  determined  from  the  following expression: 
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If we  examine   the  area of pressures  p.   close  to p 

limiting number of turns  can be  determined by   forSa 

\      P ,/ 4 
«ii|i= ■ -i 

(^.2.12) 

then  the 

('1.2.13) 

The  dependences   of limiting number n    of turns  on  the 
anlsotropy  of material with  assigned  magnitude ID are given  on 

Fig.   4.2.5»  which  Illustrates   the  effect   of the degree  of anlsotropy 
and the  required pressure on the mandrel with  fixed ratio  of  the 
thickness  of strip  to  the radius  of the  ring being wound. 

Figure   4.2.6  shows   the  connection between  the parameters  of 

winding <   ,   assigned by ratio p/p and   limiting number of turns. H max 

Fig.   4.2.5.     Limiting number of 
turns with fixed  ratio  of the 
thickness  of the  strip  being 
wound  to  radius OJ -  1  - p/p 

Fig.   4.2.6.     Limiting number of 
turns  with prescribed  ratio 
P/Pr max 

max 
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As   can be  seen  from the presented data,   as  a result  of the 
transversal weakness  of wound  materials   the  pressure  on  rigid 
mandrel  rapidly   ceases  to  rise.     For oriented glass  fiber-reinforced 
plastics   (30  _>   a _>   70)   this  is   already  observed with number  of 
turns   25-50,  which,   specifically,   indicates  the  uselessness   of 
the tendency   to  attain a substantial  Increase  of pressure  on  the 
part  being wound by  means   of a  further  increase of the  number 
of wound  turns. 

4.2.4.     The  account of pliability  of  the mandrel.     The 

winding of the  investigated materials   is   performed on  the working 
mandrels,  which  reproduce  the   configuration  of the  article being 
made.     During the  manufacture  of biconstructlons  or when using 
reinforced  materials   for banding parts  being wound  serve 
as   the  mandrel.     Depending on  the  relationships  of the  pliabilities 
of the wound  constructions  and wound parts   the  rigid and pliable 
mandrels   can be  separated.     When winding  thin-walled  constructions 
of large  diameter made  of glass   fiber-reinforced plastics   to 
thick-walled  metal  mandrels  of high  rigidity   the pliability  of 
the  mandrel   can  naturally  be  disregarded.     During the  manufacture 
of a number of other articles   (winding  on  Investment patterns 
[290],   the winding of thin-walled  metal   shells   [18^,   301],   the 
winding of engine  block on solid-propellant  grain,   the winding 
of thick-walled  constructions  of glass   fiber-reinforced plastic  to 
thin-walled metal  mandrels   [310]  and others)   the pliability  of 
the wound article  in  radial  direction  can be   commensurable with 
the pliability   of  the working mandrel  or  the wound  construction. 
In  this   case  the   account  of deformation  of the  mandrel  is 
necessary. 

The  effect  of the  pliability   of the  mandrel  on  a  change   of 
the  tenslonlng  force  is  investigated in   [310].     Typical  results 
are  given  on  Fig.   ^.2.7,   on which  there   Is   shown change  of pressure 
transmitted to  thin-walled metal  mandrel with winding of compara- 
tively  thick-walled shells  of glass   fiber-reinforced plastics  with 
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ratio of outside  and    Inside radius   up  to  1.5.     When winding on 
steel mandrels  the  pliability of the mandrel  can be disregarded, 

whereas  for aluminum mandrels  of the same  thickness  a pressure 
drop  can reach  50%.     The  given results   are  obtained on the 
assumption  that  the  properties  of the wound  material  are  close  to 
Isotropie.     With  such  an  approach the basic  reason  for change  of 

the tension along the section of the wound part  Is  missed -  the 
compressibility  of material In  radial  direction.     This   feature 

can be taken Into  account  on the basis   of the  theory given  In 

§   ^.1  and 4.2.     On  the basis  of (4.2.9),   (4.2.2),   (4.2.3),   (4.1.5) 
and  (4.1.7)   the pressure transmitted to the mandrel  (for the  case 
where y       <   a;   see  Table   4.1.1), 

__Jp!«    |nrclg ,,(l+x„)«-arctg4 (4.2.14) 

When the  rigidity  of  the mandrel becomes   Infinite  v      -»-0,   the on 
obtained expression changes Into dependence (4.2.11), which deter- 

mines the pressure on absolutely rigid mandrel. 

Fig. 4.2.7. The effect of pliabil- 
ity of the mandrel and thickness of 
rings Hn on the pressure transmitted 

to the mandrel (diameter of mandrel 
152 cm) [310]:  1 - winding on 
absolutely rigid mandrel; 2 - 
winding on steel mandrel; 3 - wind- 
ing on aluminum mandrel; 4 - wind- 
ing on gypsum mandrel (P/Tn - the 

contact pressure on the mandrel, 
pertaining to tensionlng force when 
winding). 
KEY:  (1) Glass fiber-reinforced 
plastic; (2) Mandrel. 
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The  effect  of the pliability of the mandrel on the value 
of contact  pressure  Is   characterized by   Fig.   ^.2.8.     From the 

presented data It  Is  evident  that  the pliability of the mandrel 
substantially   affects   the drop of contact  pressure; however, 
with  an increase  In  the  degree  of anlsotropy  of the wound strip 
the effect  of  the  pliability  of mandrel   on  the  value  of the 

pressure  transmitted  to  it weakens.     Thus,   neglecting the   com- 
pressibility  of material when winding  (as   this   is  done  in  [310]) 
when evaluating the  pliability of mandrel   can  lead to incorrect 
results,  where   the  error grows with  an  increase  of the  thickness 
of the part  being wound. 

Fig. 4.2,8. The effect of pliabil- 
ity of the mandrel on the magnitude 
of  contact pressure. 

4.2.5.     Experimental   data.     Pressure  on  the mandrel  in  the 
process  of winding and  limiting number of turns   are most easily 
amenable  to experimental  check.     The  measurement  of these  values 

has  Independent  Interest,  especially   for  calculating so-called 
constructions  with  guaranteed negative  allowance.     The  typical 

experimental  data,   obtained when winding unidirectional  glass 

fiber-reinforced plastic,  are  given  on  Fig.   4.2.9.     In this 
figure  the  pressure  is   shown  at  the  end  of winding p  on  a  force- 
measuring mandrel   depending on  the  number of turns with  different 

tension;! ng  forces   T,    ~   i;oust   (solid  line   marks   th«   mean  value  of 

the  value being determined;  brolcen  line  shows   the boundaries   of 
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confidence intervals with the confidence probability equal to 

0.8).  Relative pressure on the mandrel at the end of the stage 

of winding p/p* is presented on Fig. 4.2.10. 
Hi 

Detailed description of the  experiment,   carried  out on an 
arrangement,   the  general  view  of which  is  shown  on  Pig.   1.2.6, 
is   given in  [60].     As   a mandrel  thin-walled steel rings  are used. 

The  thickness  of the  rings  is  selected by  dependence   (4.2.14)   so 

that  the pliability  of  the    mandrel would not  have  a substantial 
effect  on the    magnitude  of the pressure  acting on  it.     Thus, 
although the mandrel was   the  force-measuring part.   It was possible 
to   consider It  absolutely  rigid in comparison with  the ring being 
wound and to  disseminate  the  conclusions  obtained as   a result 
of  experiments   to  absolutely  rigid mandrels.     Pressure  on the 

mandrel  is   changed  after  the  process  of imposition  of turns  on 
the  remaining stages   of winding.     The diagrams   of pressure during 

the  entire  technological  cycle when winding glass   fiber-reinforced 

plastics  are  given in   [59»   60].     The  analysis   of these  diagrams 
falls   outside  the  scope  of this work. 

j   x" wi 
Fig. 4. 
measurl 
winding 
of the 
4 mm, w 
shown o 
is LSB- 
16 mm, 
in  the 

2.9.     Pressure  on   force- 
ng mandrel   at  the  end of 
[60].     The  outside  diameter 

mandrel  295  mm,   thickness 
idth  100 mm  (mandrel  is 
n Fig.   1.2.7).     The  material 

(a =  70,  width  of strip 
thickness   0.2  mm,   strength 
state  of winding 125  kgf). 

t. 
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Fig. 4.2.10.  Relative drop of the 
tenslonlng force when winding on 
rigid mandrel.  Material LSB-F, 
curves are constructed with T^ ■ 
= const for different relations 
T0/nM: 1 - 0.7; 2 - 0.57; 3 - 

- 0.^5; 4 - 0.32; 5 - 0.20. 

The comparison of the experimental data on determining the 

value of p/p*, given on Fig. ^.2.10, with theoretical (Fig. 4.2.4) 
Hi 

reveals good qualitative coincidence.  The data presented in 

Fig. ^.2.9 attest to the existence of limiting number of turns. 

During the solution of the problem in linear elastic statement 

the relative drop of the tenslonlng force ET - and limiting 

number of turns do not depend on the tenslonlng force Tn.  The 

dependence of n  on T« (Fig. 4.2.9) revealed in experiments 

can be given simple qualitative explanation, if one considers 

that the degree of anisotropy of the material being wound a is 

connected with p0 (see § 4.1).  The growth of tenslonlng force 

caused seemingly ruggedlzlng of the material in radial direction, 

therefore n„ is increased with increase of a.  Thus, the results np ' 
obtained during the solution of the problem of winding of elastic 

anlsotropic strip, at least qualitatively, describe the available 

experimental data.  This opens the possibility of utilization of 

the obtained dependences during the development of the mechanics 

of the winding of the materials reinforced by fibers. 

§4.3.  THE OPTIMIZATION OF THE LAW 
OF CHANGE OP THE FORCE OF WINDING 

4.3.1.  The possibility of bending of the reinforcing layers. 

As a result of severe drop of tenslonlng during winding there 

appears the danger of local bending of reinforcing fibers. 

Tenslonlng force T, which is retained in the turns of the reinforced 

plastics after winding, can be insufficient in order to avoid 

the danger of bending of the reinforcing fibers in the polymeriza- 

tion process of the bonding agent. When winding woven materials, 
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whose  fibers  are  already  Initially bent,  the  danger of Increase 
in  the bending appears.     (For the negative   consequences,  caused 
by  the bonding of fibers,  see  Chap.   I.)     For elimination of the 
danger of the bending of fibers  the minimum tenslonlng force Tmin 

before polymerization  in  any  turn along the height of the part 
must  be more  than  a  certain  value  of T     .     Critical  tenslonlng 

Kp 
T  depends on the material used and forming conditions.  For Kp 0 

example,   for material  AQ-4S  it  must be more   than   (0.1-0.2)   fl. 

[72,   215]   (nM -  the  strength  of material  in  the state of treat- 
ment).     For the materials,   the bonding agents  of which possess 
large shrinkage   (for  example,  polyester glass   fiber-reinforced 

plastics),  T      is  considerably higher [293]. 
Kp 

The  greatest  radial  displacements when winding with  constant 
force  T    are  obtained  by   the  middle  turns   (see  Fig.   ^.2.1),   there- 
fore, the drop  of tenslonlng in them is  the  greatest.     The rein- 

forcing fibers  precisely  in these turns  are  most  prone  to bending 

during polymerization   (Fig.   ^.3.1).     The residual  tenslonlng T is 

determined by  the  formulas  given in  §  4,1  and  4.2.     As  can be 

seen  from Fig.   4.3.2,   it  decreases with an Increase  of the parameter 

of anisotropy  a.     With  an increase of relative  thickness  R /R 
H        B 

a  decrease  of  the  minimum  tenslonlng force   virtually  does  not  occur, 

but  the number of turns,  encompassed by it,   is   considerably 

increased.     The physical sense  of this  phenomenon becomes  clear. 

If one  considers   that   tnere is   a limiting number of turns  n np 
(see   §   4.2),   upon  reaching which  the  pressure   virtually  ceases 

to  grow.     Obviously,  with  an Increase in  the   number of turns 
above  n      there  appears  a  zone  of turns  In which Interlayer pressure 

barely  changes.     This   leads   to  the invariability of tenslonlng 
force  in this   zone. 
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Flg. ^.3.1.  The diagram of cutout (a) and 
macrosectlon of part of a ring (b), wound 
from woven fiberglass strip with tenslon- 
Ing force T- < T  . &       0 -  np 
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Fig. 4.3.2.  The diagrams of 
retained tensions T after 
winding with T0 = const to an 

absolutely rigid mandrel. 

In order to evaluate the 

possibilities of the bending of 

reinforcing fibers, it is neces- 

sary to know the minimum value 

of T . , to which the tensioning min' B 

force drops In turns with real 

parameters of winding (30 £ a £ 

< 70; 1.01 < R /R < 1.2). Depen- 
"■■' hi B     m*' 

dence  T ,   /Tn   =  f(R  /R  ).   calcu- 
min     0 H     B   ' 

lated on BESM-2,  with different 
degree  of anlsotropy  of the wound 
strip, a is   shown  on  Fig.   4.3.3. 

The  curves  presented  in the  figure 

attest  to the   fact  that  T  . min 
asymptotically  approaches  zero. 

The noted effect   follows   from 
simple  formula 

ma ,,e -0,50», (4.3.1) 
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which Is obtained taking Into  account that values   T  .     approximately 
correspond to coordinate  x = 0.5  x  ,  I.e.,  are  found In the middle 

H 

of the height  of thln-walled rings.     It Is  natural  that  the  force 
of winding Tn  < nM,  and since  T  ,     > 0.1  fl,.   for the materials  In 0 -    M' min M 
question, which have 30 _< a _< 70, the danger of the bending of 
fibers appears already during the winding of thln-walled rings 
with  R /R    <  1.2   (see Fig.   4.3.3). H B    — -»     -»/ 

Pig.   4.3.3.     Minimum tensionlng 
T  .     In  the  section  of the ring, min ^ 
wound with Tn  =  const  on abso- 
lutely rigid mandrel. 

. «» 

4.3.2.    The programming of winding.     For the elimination of 

the  danger of the bending of fibers it  is  necessary  to perform 
winding In such  a way  that   a certain minimum,  preassigned  tension- 

lng force Trnin  > T      would be retained after finishing winding in 
all  turns.     The program,   according to which the tensionlng force 
of  fibers  must be  changed in the   tightener Tn(r),  In  order to 

obtain  the assigned diagram of tensionlng T(r)   in the wound ring,1 

is   determined by expression   (4.2.2)   (diagram of residual   forces 

can be  any).     The simplest  program consists  of providing  constant 
tensionlng force T ■  const  In all  turns  after the  completion of 
winding.     It is  natural  that  this   minimum force  must be  greater 

than T Hp Subsequently by  programmed winding there  is meant 

winding with T0 / const  in  all  turns,  then winding should be 
conducted according to the  program 

'Tin!  program Investigated further does  not  consider the change 
of  Die  parameter uf anlsotrupy In the polymerization process of 
the  bonding agent.     This  effect when winding reinforced plastics 
can be  taken into account with  the aid of the method proposed by 
V.   L.  Biderman  [31]. 
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To(r)~T\ 1 + .(.--•)£$]. (^.3.2) 

In the range of relative thicknesses 1.05 < R^/R« I-IO when 
winding on absolutely rigid mandrel expression (^.3.2) can be 
simplified: 

r.,rv)-r (^.3.3) 
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Fig.   4,3,4.    Programs  of change 
of  the force of winding T0(r) 
for the creation of constant 
tension T ■ const In all turns 
(mandrel Is  absolutely  rigid). 

<i w 

Fig. 4.3.5.  Programs of the 
change of the tenslonlng force 
T0(r) for creation of T = const 

In all turns when winding on 
pliable mandrel (y on 10). 

Figure 4.3.4  glvei;  the  programs,  acoordlnr to which the 

tenslonlng Force should be  changed during the winding of rings 

of three different  thicknesses    on a rigid maiidre.l   (with Y„P1 
B
 0)» 

on 
on  Fig.   4.3.5 - when winding on pliable mandrel   (y       = 10, which 
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corresponds  to the winding of fiberglass  strip with E.  = 0.^-10 
2 kgf/cm    to  a steel  ring with  ratio  of radii  1.02).     The presented 

data  attest to the  fact  that   to provide  for uniform tensloning 

T.     = const on the entire height  of the ring the winding of the 
middle turns must be  accomplished with tensloning force Tn       , u max 
considerably exceeding T  .   .     Taking into account  that maximum 

value  IV,   ^ is  reached when  x ^ 0.5  x   ,   from  (^.3.3)   follows 
the simple   formula: 

7"oh..n -/"ihiuil ♦O.Siu,,). (4.3.4) 

Relation Tomax/'Tmln dePendin£ on  the thickness  of the  wound ring 
and the degree of anisotropy   for case y      = 0  Is presented  on 
Fig.   4.3.6.     As is  evident,   in  certain cases with  large  a and 
R /R     it  is  Impossible to wind  the   ring in  order to  create 

H B 

T  >  T      in  all turns.     This pertains  to materials   for which  T 
KP ^ Hp 

composes   a  significant portion  of the strength  of material  n   . 
In this  case TQ >  n^,  which,  of  course,  is  unattainable. 

Fig.   4.3.6.     Change of the 
maximum force with programmed 
winding Tn     with increase omax 
of the   thickness  of the wound 
ring. 

4.3.3.     Experimental   data.    Experimental determination of 
the diagram of residual tensions  T along the height  of the  ring 

is  very difficult.    The total  residual tensloning with  different 
programs of winding (investigated programs  are shown on Fig.   4.3.7) 

can be  experimentally evaluated by  the pressure on force-measuring 

mandrel.    During winding depending on the predetermined program 

there  is  changed the pressure,   transmitted to the mandrel.     This 

change  is  characterized by  the   coefficient of transmission of 
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pressure k    = p/p    (p - pressure on mandrel when winding according 
H W 

to the predetermined program, p* - pressure when winding with 
Hi 

constant tenslonlng force,  equal to maximum with programmed 
winding)  on the assumption that  the turns  of material are 
noncompresslble. 

so 

30 

10 

-^ 

..V     ! ^ 

% 
V 4« 

Fig. 4.3,7.  Programs of the 
change of tenslonlng force in 
the process of winding. 

The programmed winding is completely insufficiently studied. 

In [60] an attempt is made at the estimation of pressure on the 

mandrel during the preparation of rings according to different 

programs; four programs are experimentally realized (Pig. 4.3.7). 

They are selected in such a way that it would be possible to 

compare the programmed winding, optimized according to the 

assigned tenslonlng force along the height of the ring (program 3), 

and program close to it (program 4), which is technically more 

easily realized when winding with constant tenslonlng force: 

maximum TQ (program 1) and given - T« (program 2).  Program 3 is 

constructed according to expression (4.3,3) when T  (r) = Tn. 
m max u 

For program 2 TQ  is   calculated  from the  condition of equality of 
the  total forces when winding according to programs  2 and 3, 

ET^Cr)  ■ nT0, I.e., In such a way that the areas limited by 
JJ.nt;»  2 and   ] would be equal.    When wlndJnr; according to program 4 

the  force in the tightener is  changed aJong the broken line.    And 
In  llil;;    ;as"  lh<-: total   forces   (according 1 .  prugruirnj  J and -i     i ■ 
virtually equal to each other. 
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In the process  of winding according to the Indicated programs 

on  the  device  described earlier  the pressure was  measured on a 

force-measuring mandrel  at  the  end of the winding stage.     By each 

program not   less  than  five  rings   are wound  (material  LSB-F,number 

of turns  n  =  50).     The obtained experimental data  (Fig.   4.3.8) 

were   used  to  evaluate  the pressure  transmission  factor and ratio 

of the  total  pressure  on  the mandrel,   measured with programmed 

winding A     ,   to pressure  on  the  mandrel when winding with   constant 

tenslonlng  force As    along the height.     In this  case  the   total 

force,   applied In the process  of programmed winding ZT.(r.),  Is 

equal   to  total  force  nT0   for  the   case where  tenslonlng In  all 

turns   is  identical and Is  equal  to  Tn   ■  const. 

Fig.   4.3.8.     Pressure  on  the 
mandrel p*  (kgf/cm2)   in  the 
process  of winding with  increase 
of number of turns.     Every 
point  in the  figure  is   con- 
structed according to the 
results  of tests  of  five  samples 
on  the average:     • - program 1; 
A - program 2;  0 - program 3; 
x - program 4. 

0       <o 

Experiments  confirmed that  a drop  of pressure,  transmitted 

to the  mandrel,  is  considerably  less with programmed winding, 

providing the  retaining of T  =  const  in  all turns,  than when 

winding according to  the  law T0  =   const.     The transmission  factor 

♦' 01 J; .: ure  1:     when t/lndlag ficcording  to   bhest;  p] •( I:;I ;IITI:.   prov* 

tc    t  hi ;her  than when winding  for case  T    = ron:3l .     Win line 

accoraing to  the  optimal program provides  considerably better 

utilization  of the total  force  applied  in the process   of winding. 
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Under experimental conditions it turned out that for programs 2 

and 3 relations AQ/Aa and Ah/A» comprise ^1.20.  The realization 
^ ^0        0 

of programs 3 and k  gives approximately the same contact pressure 

on the mandrel (points which correspond to n = 50 on Fig. 4.3.8) 

as program 2, providing in this case a more uniform diagram of 

the initial stresses along the section of the ring.  It is espe- 

cially important that with programmed winding there is no overstress 

of outer layers, which, as will be shown further, provides reduc- 

tion of the danger of "unwinding" under pressure. 

The given data characterize only the process of winding 

itself.  It is necessary to note that for constructions of 

reinforced plastics the diagram of residual stresses is changed 

in the process of heating, polymerization, cooling'and removal 

from the mandrel.  For these materials the proposed program 

provides only the elimination of the danger of the bending of 

fibers in the process of winding.  Creation of the assigned diagram 

of residual stresses in articles of glass fiber-reinforced 

plastics requires the consideration of a change of the assigned 

stress force at all remaining stages of the production process. 

§ 4.4.  THE LIMITING THICKNESS OF RINGS 
WHICH WORK UNDER PRESSURE 

4.4.1.  Thick walls.  It is necessary to consider the 

anisotropy of the properties of materials reinforced by fibers 

not only during the development of the mechanics of winding (as is 

shown in § 4.1-4.3), but also when designing the winding articles. 

In a number of cases it limits the useful thickness of these 

constructions. 

The accumulated experience of calculation, construction and 

the testing of articles made of reinforced plastics, in particular 

glass fiber-reinforced plastics, by the method of winding is 

obtained on comparatively thln-walled constructions - with the 
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ratio  of thickness  HQ  to radius  R equal  to 1/50  and  less. 
Recently  in a number of branches   there was  outlined  the  transition 
to  comparatively   large relative  thicknesses,  there  are developed 
the  constructions  of shells which work  under external or internal 
pressure with HQ/R ■ 0.1,  there  are  tested rings with HQ/R =0.5 
[310].     The  growth of the relative  thickness  of articles which 
work under pressure  does  not  only  lead  to  the need  for the  account 
of the   features   of the mechanics  of winding noted In the preceding 
paragraphs,   the  effect of which sharply  rises with increase  of 
HQ/R.     It  Is  established that  the   failure  of rings made  of the 
investigated materials  occurs  earlier than  the strength  is 
exhausted  in     the  direction of  fibers.     T'he supporting power of 
Isotropie   rings   (in the  range  of thicknesses  in question)   increases 
virtually   in proportion  to  thickness. 

The macrostructure  and  the weak  compresslve strength  deter- 
mined by  It when  loading perpendicular to  the  fibers  place  a 
limitation  on  the useful thickness   of rings  of materials  reinforced 
by   fibers   (Fig.   ^.^l.l).     The  graph presented in the  figure  describes 
the  dependence   of the  value  of the   destructive  internal  pressure  p 
on  the  structure  and    the  relative  thickness  of the tested ring 
FL/R,     In  this   figure is  given the  loading  diagram;   tests  were 
conducted with   the aid of a rubber ring and on half-disks.1 

Data presented  in the  figure are  obtained when testing rings   of 
materials which  have  fibrous  structure   (LSB-F,  -^sr5,-y—~ 12)   and 
laminated  (reinforced by glass   cloth of satin weave - VPS-7, 
■jr-X-TT-z^'i)-    These materials  are  close  in  elastic properties,  but 
sharply  differ In  compresslve  strength  perpendicular to  the   fibers. 

'cumparison  of the curves  given on Fig.   hji.i   attests  to  the 
Inadequacy  of half-disks  (NOL-ring method)   for testing thick- 
wall. e(.i  rings  of reinforced plastics.     With  an increase of the 
thickness  of the  tested rings  the  effect  of the bending stresses 
at  the Joint places  of half-disks  is  intensified  [148],     The 
consideration of these stresses  during the  examination of the 
results   of tests   presents  considerable  diffioully. 
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Pig.   ^.^.1.     The dependence  of bursting 
pressure  on  the relative  thick less  of 
the  rings   and structure of material. 
Unidirectional material:     x -  rings 
126  mm In  diameter,  material  LSB-F; 
A -  rings   200  mm In diameter,   material 
LSB-P;  f  -  rings   300  mm In diameter, 
material   LSB-F.     Laminated material: 
o -  rings   200  mm In diameter,  material 
VPS-7. 

Pig.   ^.^.2.     The  types  of failure of rings 
with Internal pressure:     a)   thln-walled 
rings H0/R = 0.05,   material VPS-7; b)     thlck- 
walled rings HQ/R =  0.15,  material LSB-F. 

The presented data attest  to  the  fact that  the  supporting 

power of rings  made  of unidirectional  materials  rapidly  ceases  to 
Increase with  an increase in the number of turns.     This  phenomenon 

Is  accompanied also by  a change In  the  character of the  fracture. 
With  the small  thickness  of the  sample  the  character of  fracture 

Is  analogous   to  that  observed with  the stretching of thin  flat 

samples   (Fig.   4.4.2a).     The  failure   of thick samples  occurs  In 

the direction of the  action of the  maximum tangential stresses 

(Fig.   ^.^.2b ) .1     When testing rings   of woven materials  In the 

Investigated  range ol" 1 hi.:knes:.i .;  nu  limitation of supporting 

power Is  observed,  although the  dependence of bursting pressure 
on the number oi   burns becomes  more   r^enl l\   .; I  plug, 

lDetalled data on this  question  are presented in  [61]. 

193 

fci 11        i        . .  _._ '-   - .. — -■- 

II II II i llfMilM-' 



I «PIPWIJIIIWIIIII I "Nil 

The raaorostructure of articles   made by winding Is  such 
that  the  reinforcing fibers In the plane perpendicular to  the axis 
of the  article  are  placed on  a spiral with   very  small  spacing. 
The weak shear strength of polymer bonding  agent  combined with 
the spiral  arrangement  of fibers   leads  to  the danger of a special 
type  of failure     of  the winding constructions, which work  under 
pressure,  by  means   of "unwinding"   [166].     Overstresses  at places 
of attachment  of  fibers  and  tangential  stresses, which  appear 
under the action of internal  or external pressure near cracks 
on the  surfaces   of the article,   can  serve  as   the reason  for 
spontaneous   structural  failure.     The  appearing fracture will be 
continuously  propagated along the  spiral,   formed by  the rein- 
forcing fibers.     Failure by  "unwinding"   can  also limit  the useful 
thickness  of articles  of reinforced plastics   and prevent  the 
complete  utilization  of potential possibilities  of the material 
in the  direction  of  fibers. 

Thus,  when evaluating the supporting power of the  construc- 
tlons  made by   the method of winding it  Is   necessary  to estimate 
the effect  of the  anisotropy of properties   a"   = Efl/E     (one  ought 
to emphasize  that  it  is  substantially   less   than in the  state 
of winding:     see  Table  1.1.1),   the weak  compresslve  strength when 
loading perpendicular to fibers   j*     and the  danger of "unwinding" 
on the  limiting thickness  of rings   of the Investigated materials, 
which work  under pressure.     Let   us  note  that   during the  testing 
of thin rings   (NOL-ring type)   further  effects   in question  simply 
could  not be  revealed,   since they  are   developed only with  an 
Increase  of the  thickness  of articles. 

4.4,2.     Anisotropy of deformating  properties.     It is known 
[123,   315]  that  the  anisotropy  of elastic properties  along and 
across  the  fibers   leads  to an increase  in  the nonuniformity of 
the  distribution of  circumferential stresses  afl  along the 
thickness  of the  rings.     VJith an increase  of parameter a part of 
the load received by   layers near the surface,   on which the pressure 
acts,   is   increased.     For Isotropie  thick-walled rings   (see, 
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for example [2^7]) with the ratio of outside and inside radii 

R /R  > ^ further increase of the outside radius virtually does 
H B    ~~ 

not  decrease   the   value of the  maximum  circumferential  stresses 

Og near the  internal surface of the   ring, which works  under 

pressure.     Substantial elastic  anisotropy  a can  transfer the noted 

effect  into  the   area of much  less   thicknesses. 

The  effect   of    relation EQ/E     on   the  value of the  maximum o     r 
stresses  aQmax>   anci consequently  also  on  the  limiting thickness 

of  the  ring  can  be  evaluated with   the   aid of the  expression 

given  in S.   G.   Lekhnitskiy's  book   [123]: 

I 
"H     .1      11/'»- 

I 

where  p     is   internal  pressure. 

Fig.   4.^.3.     The effect  of the 
degree  of anisotropy  on the 
limiting thickness  of ring. 
  is  decrease of a^ as   a ömax 
result   of the  growth  of thickness 
of ring  5%',  -.-•-•-  is  decrease 
of aa„r.„  10^.     Pointers  show ornax 
limiting thicknesses with 
assigned  anisotropy. 

The  effect  of the degree  of anisotropy  on  the  limiting 

relative  thickness  of rings   (R./R  )       is  shown on Fig.   4.4.3; 0 H     B   Hp D ' 
curves   are  constructed when  a  further  increase of    the    thickness 

of rings  virtually  does  not  lead  to  decrease of erg    x when p     ■ 
=   ;:oiit;t.      Fn  the  area of weak  anlsol ropy,   i.e.,  with    a    <  5, 

which  1c   characteristlu  for the maj   rity   jf  Mi    ■ xl.lirig r« ii.- 

forced plastics   after polymerization,   the  limiting thickness   lies 
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within   (R /R )       ■   1.^-1.8.     However the  growth  of parameter a 
H     B   np 

for new materials  with  increased elastic  modulus   in the  direction 
of  fibers  E0,  made  on   the same bonding  agents,   can  lead to 

further decrease  of  the   limiting thickness   of  ring. 

4.4.3.    Low strength  during compression  perpendicular to 
fibers.     Condition  of  strength.     The weak  compressive strength 

when  loading perpendicular to  the  reinforcing  fibers   for materials 
with  fibrous  structure   leads  to  the   fact   that with  an Increase 
of the  relative  thickness  of the  rings,   loaded by  internal pressure, 
in  the  interior  layers   the  compressive  strength  is  exhausted 

earlier than the  ultimate  strength  in  the  direction  of the grain. 
n + For  these  materials  n., •    and  n,     sharply  differ, ■J4  .-10     (see 

diagram 1  and  Fig.   1.1.3),   this   relation  increases with  an  increase 
of strength  and  the  percentage  of  fibers   [280].     The weak  compres- 

sive  strength  is   the   reason which  limits   the  supporting power of 
rings  made  of materials  with  fibrous  structure.     The  fact  that 

the bursting pressure   is   identical when  testing sufficiently  thick 
rings  with  identical   relative  thickness  H-/R,  but   different 

diameter  (Fig.   4,4,1),   attests   to  this.     In  this   case  the 

maximum compressive  stresses  afi are  equal   to  each other,   and 

the maximum circumferential stresses  are  Inversely proportional 
to  the  radiuc   of rings.     Under  conditions   of  the  experiment 

an differed  1.6   times,   and the  value  of bursting pressure was 
Ü Uici A 

virtually  identical. 

For the problem in  question,   taking into  account  the 
importance  of the  anisotropy  of strength  properties,   it  is 

natural  to  assume  that   the stresses which  act  in  the direction 
of reinforcement  do  not   affect  the  strength  in  perpendicular 

direction.     V.   L.   Biderman  [29.1   came  to  such  a  conclusion as   a 

result  of the processing of the  data of tensile  tests  of samples 

cut  out  at  different  angles   from material  reinforced by braided 
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glass  cloth.     In  this   case  the  condition  of strength1   is written 

in the following form: 

For  the  establishment  of the boundary  of transition  from one 

type  of failure  to  another it  is  possible  to  use  the method applied 

during the  study  of the bending strength   (see   §   2.h).     For this 

the obtained experimental  data are presented In  coordinates 

aa and a .     In  these  axes  the  course  of loading is  described emax rmax & 

by  a ray  proceeding  from the origin of coordinates,   the inclina- 

tion of the  ray   depends  on  relation Hn/R  and parameter  a.     On 

Fig.   ^.4,^   the  rays   are  constructed  for Hn/R =  3^0-1/5,  investl- 
u 9 

gated experimentally,  and two  values  of parameter a,     a    =  i 
2 

(Isotropie  material)   and a    =  5  (the  extreme  value of the parameter 

of anisotropy   for LSB-F).     In  the  area of the investigated rela- 
2 

tlons  HQ/R in the   case  a    <_ 3  the  parameter of anisotropy  a 

virtually  does  not   affect  the transition   from one type  of failure 

to  another.     For  these  relative tnlcknesses   the  rays   for a =  1 
2 

and a    =  5  virtually   flow  into one  line. 

The plotting of limiting straight  lines II»+   and   llf~ ,  obtained 

during independent  tensile  and  compression  tests  along and across 

the  reinforcing  fibers,  makes  it possible  to judge the expected 

character of fracture.     The presented  data attest  to  the fact  that 

the  transversal weakness  of the materials   reinforced by  fibers 

considerably  "lowers"  the boundary  of  the   failure of unidirectional 

materials  from compression under the  action  of Internal  pressure 

'Survey of the  existing strength  criterion  for anisotropic 
materials  Is  given in book  [23]  and in  the  review papers  of 
I.   I.   Goldenblat  and V.   A.   Kopnov [85]   and A.  K.  Malmeyster [131]. 
The  use  of the  existing strength  conditions   to evaluate  the 
supporting power of parts  from glass  flber-relnforced plastics  Is 
gj ven In book  [227 I.     Lei   us  notv.  that  the experimental evaluation 
of these criterion   ir   realized  011 thin  pip'.";  of glass  flbtT- 
relnforced plastics,   i.e.,  under conditions when radial  sti-esuou 
could be disregarded. 
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In the area of comparatively small thicknesses (for Isotropie 

materials the boundary of failure Is moved far upward along the 

axis a 
rmax 

5 

ü 36        50        70   n; 

Fig. 4.4. ij.  The character of frac- 
ture of rings of different thick- 
ness under the action of Internal 
pressure.  x is diameter 200 mm; 
f Is diameter 126 mm (material 
LSB-F). 

For the class of materials In question the limitation of the 

relative thickness of rings, which work under pressure, can be 

obtained when the bursting pressure must not exceed the strength 

of material during compression perpendicular to the reinforcing 

fibers.  Hence H-VR = n0/n".  For the investigated materials this 

is approximately 0.08-0.10.  If one considers that an increase of 

the strength reinforcing fibers and their percentage barely affects 

the transversal properties of the reinforced plastics (see, for 

example, Fig. 1.1.3)» since the properties of polymer matrix 

remain without changes, the creation on the basis of existing 

bonding agents of unidirectional fibrous material with Increasingly 

higher tensile strength will be connected with decrease of the 

maximum possible thicknesses of winding articles, which work 

under pressure.  In a number of cases an increase in n~ to the 

detriment of rig, i.e., the use in thick-walled constructions of 
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less strong woven materials in the direction of the grain, for 

which strength fl Is greater. 

4.4.4.  Failure by "unwinding." The low pitch of the 

spiral, formed by fibers during winding, makes It possible to 

replace the turns with concentrically arranged rings.  The large 

number of rings and their insignificant relative thickness make 

it possible to complete the limiting change to quasi-homogeneous 

medium.  Such an approach, valid when determining the appearing 

stresses and deformations, is not exhausting, since it eliminates 

from examination the possibility of the special type of failure - 

"unwinding."  The feature of the problem consists of the fact 

that the limiting transition must not be propagated to the boundary 

(Internal or outside) layer of the ring. 

To evaluate the danger of "unwinding" under pressure it is 

necessary to investigate the stressed state in the area which 

includes the end of the strip, which forms the ring (or shell). 

Analogous stressed state appears at places of breaks of fibers 

or notches on the surface of the article.  The calculation 

diagram is shown on Fig. 4,^.5.  The end of the reinforcement strip 

is a long strip with thickness h' (elastic modulus E'), fixed 

by a layer of polymer with thickness h".  The elastic modulus of 

composite material in circumferential direction is Eß.  The 

pliable matrix is considered ideally eiastoplastic (Fig. h,k,6). 

For the problem in question the overall height of the ring 

considerably exceeds the thickness of the strip being wound, i.e., 

Hn >> h' + h".  Therefore it is possible to consider that the 

normal stresses in the glued reinforcing layer a' and the 

tangential stresses in the interlayer of polymer T'i are constant 

along the thickness of the layers.  The equation of equilibrium 

for the reinforcing layer, attached to the ring, with outside 

radius R is written in  the following form (Fig. iJ.^,5): 

T"«,/WO /Ün'e 0. (Ol.l) 
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Flg. ^4.4.5.  The calculation 
diagram. 

I 

Fig. HA.S.     The accepted diagram 
of deformation of bonding agent. 

Both stresses can be expressed by displacement  of the layer of 

reinforcement In circumferential v and radial u directions: 

."-.^"; '-¥{» (H.H.2) 

Having substituted {H.H.2)   In (H.H.l),  we obtain the equation of 

equilibrium In displacements: 

(Pit 
de* -X

!^0; 

/«=- 
/?=«" «r 

x "" W'fe ' 

(4.4.3) 

Boundary conditions of equation {H.H.3) 

when 6 = 0 oo-O; lfö+„J„0; 

when e = Oj te, =0; i,' = 0. {H.H.H) 

With  sufficient  distance   from  the  end of the  strip  the  normal 

stresses  In It  are  equal  to the  stresses In the ring OQ,   since 

according to  conditions   of the  problem Hn  >> h'   + h".     The 
solution of equation  (4.4.3)   In boundary conditions  (H.H.H) 

has   the  form 

"^ |/~''5^(th xeoch x9 -shxft). (4.4.5) 
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Since  x is   great,   th  X9Q %  1  and  the expression  for  tangential 
stresses  in polymer interlayer is  equal  to: 

(il.il.6) 

As can be seen from (4.4.6), as a result of large value of x the 

tangential stresses are rapidly damped In proportion to the 

distance from the end of the  strip. 

The maximum tangential stress 

 -tf^- (^-7) 
which corresponds to the value of Internal pressure p., , at 
which (in elastic setting) the fall.ire of thin-walled ring of 
radius   R begins: 

Turn//o£f« 
/»'Vnp- nJnTTi- (4.4.8) w 

If the thickness of the reinforcing layers and Interlayers of 

polymer bonding agent is constant on the entire height of the 

shell and near the end of the wound strip, then, by accepting 

on the basis of the method of summation E^^jy—r^E'   and O^i—--—?-0", 

expression (4.4.8) can be rewritten in the fallowing form: 

The value of -W1]/^*- characterizes the geometry of the part and 

anisotropy of its elastic properties.  It is ai alogous to the 

criterion used earlier (Second and Third Chapters) in the 

examination of problems of the calculation of parts from essentially 

anisoLroplc materials. 
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Pz > up = (il . i4.10 ) 

For a thlck-walled ring the value of Internal pressure at 

the moment of the beginning of the failure of polymer Interlayer 

will comprise 

The Golutlon of the same problem on the assumption that the 

polymer layer behaves as an ideal elastoplastic body with elastic 

shear deformations y* and limiting deformations v   (Fig. ^.4.6). 

makes it possible to establish that with the same value of T ^ max 
the  failure  of polymer interlayer will  occur  for thin-walled shell 
with  internal  pressure p,        equal  to 

P\ n.1 = 1 + ll/2(^ (^.^.11) 

For  thlck-walled  ring 

Pi n.T = 

Tmax£e^ >[(!)"-■ 

2uRna   '1 
Ih'E'G" 

h" 

{k.l\,12) 

The dependence of critical pressure p,   on the properties of 

polymer matrix is shown on Fig. 4.^.7.  During calculation there 

are used typical parameters of epoxy glass fiber-reinforced 

plastics.  Numerical values of these parameters are given in the 

caption under the figure. 

The failure of the Interlayer, which began in a small section 

near the notch or the end of the strip, will be continuously 

propagated along the spiral formed by the strip.  Such a failure - 

"unwinding" - will be continued until the shell will be destroyed 

by normal stresses Increasing in view of decrease in its thickness, 

As an example Fig. 4.4.7 shows the failure of rings of glass 

fiber-reinforced plastic VPS-7 by "unwinding" when loading by 

internal pressure.  It was observed for a number of rings during 
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Fig.   4.4.7.     The  dependence  of  critical pressure  on  the plastlcity^- 
and shear rigidity  of the  polymer bonding agent:     1  -  G"  = 0.01«10° 
kgf/üm2;   2 - G"  -  0.02.106  kgf/cm2;   3 -  G"  = 0.03-106  kgf/cm2; 
4  -  G"  «  0.04-10    kgf/cm   .     During calculation  there  is   accepted: 
H  /R = 0.1;  E'   =  0.6-106  kgf/cm2,   h'/h"   =  2,   T =  500  kgf/cm2, u 6 ? max 
EQ   =  0.4«10    kgf/cm   .     In  the  upper corner is  shown  the  failure 
of  rings   of material  VPS-7 by  "unwinding  ." 

tin;   study   of the effect  of tensioning on strength   (the  installation 
and   the  results  were  examined in   §   1.3).     The  reason   for the 

failure  can also be  any  discontinuities  of reinforcement   (for 
example,   cracks  on the outside  or internal  surface  of ring or 

shell, parallel  to their axis,  notches,   etc.).     "Unwinding"   can 
begin not   only on  the  outside,  but  also  from the Inside both with 

external  and internal pressure.     Let us  note  that  the  appearance 

of a  crack on the  surface,   on which pressure  does  not  act,  is 

more  dangerous,  since  in  this   case  there  are  no  forces  which would 

press  the wound  layer to  the  shell  and contribute  to  the appearance 
of  frictlonal forces,  preventing unwinding.     For reinforced 

plastics   as  a result  of the  fact  that the pliable  matrix is   a 
viscoelastic material,   the  danger of "unwinding"  Increases 

with  an increase  in the  rate  of  loading - with increase of the 

rate   Ü"  is   Increased.     As   can be  seen from the given  formulas, 

thin   leads   tn decr'.ase  of  ühu pressure at which "unwinding"  begins. 
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The analysis carried out above makes it possible to establish 

the reasons and to give the explanation of the experimentally 

observed cases of "unwinding" of articles, described in [276, 277], 

to Indicate the ways which make it possible to avoid the failures 

of this type.  These ways include, for example, decrease of the 

rigidity and increase of the limiting deformation of polymer matrix, 

increase of the thickness of polymer layer in the last turn, the 

creation of favorable diagram of residual stresses.1 The described 

type of failure is possible not only in articles of oriented glass 

flbor-relnforced plastics, but also in wound articles from other 

materials reinforced by floors. 

Naturally the application of materials for constructions, 

■which work under pressure, that are stronger in the direction of 
reinforcing (for example boron plastics) without an increase in 

the shear strength of the polymer layer, increases the danger 

of the appearance of the described type of failure.  "Unwinding" 

can be the reason, which prevents the complete utilization of the 

potential posoibilities of material in the direction of winding. 

§ 4.5.  THE INITIAL STRESSES IN RINGS 
OF GLASS FIBER-REINFORCED PLASTICS, 
MANUFACTURED WITH NEGATIVE ALLOWANCE 

4.5.1.     The   reasons   for the  appearance of initial   stresses. 

In  the  preceding paragraph when  evaluating the  supporting power 
of  rings,  which work  under pressure,   the  initial  stresses  were 
not   taken  into  account.     The process   of manufacture  of articles 
from reinforced plastics  by  the  method  of winding is   accompanied 

lFor shells   of glass   fiber-reinforced plastics   the winding  of 
the  last  layers  of strip without   tenslonlng makes   it  possible 
after polymerization of bonding agent   and  removal   from the mandrel 
to   create   compressive  stresses   in  the  outer layers.     In  this   case 
in  the  layer of polymer near the  end  of the strip  there will 
appear  tangential  stresses   reverse   in  sign to  the  Internal  pressure 
appearing with  the  loading of the  shell.     This  makes   it  possible 
to  raise  the  supporting power of polymer  interlayer. 
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by the appearance of initial (they are still called residual) 

stresses - circumferential ae and radial a  ,     As an example 

Fig. ^.5.1 shows characteristic diagrams On and a  acting in 

the section of thick-walled ring (Fig. 4.5.2).  The ring is 

equipped with strain gauges on the end and internal surfaces. 

The gauges, stuck on the inside radius, are necessary for determin- 

ing the diagrams of initial stresses.  Gauges on the butt end 

serve to evaluate a change in the elastic properties along the 

height of the ring1 (as a result of a change in the tensionlng 

force; see 5 1.4).  The ring is made from glass laminate on bonding 

agent EDT-10 with small negative allowance of strip, equal to 

1-3 kgf/cm.  As can be seen from the given experimental data, the 

Initial stresses can be very considerable.  So, aQ   comprises J '     6max * 
approximately   a  third of  the  tensile  strength  of material  In 
the  direction  of base. 

Of special  danger are  radial  stresses.     The  tensile  strength 
of reinforced plastics  perpendicular to  the reinforcing  fibers 

n     is  small,   therefore  the  Initial   stresses  a     in  spite  of their 
relative  smallness,   can be  the  reason  for the  failure.     For 

example,   they  are  the  reason   for  the  appearance  of thermal 

cracks   (Fig.   4.5.8)   in the process   of heating of the  ring,  made 
with  large  negative  allowance.     Such   cracks  are  frequently 

encountered in the practice  of manufacture of shells  of glass 

fiber-reinforced plastics,  especially  in thick-walled articles. 

In this   case  there is  manifested transversal weakness  of the 

materials   reinforced by  fibers.     The  danger of residual  stresses 
is   aggravated by  the  large  scattering of strength  n   ,  especially 

for thick-walled articles.     For  conditions  in the  described 

^nder  conditions  of the  described experiment  the gauges, 
stuck on  the butt surface,  revealed  a change  of the  elastic 
properties   through the thickness   of rings.     This  required  during 
the examination  of the  results  of experiments  the   consideration 
of change  EQ  along the  radius, 

ö 
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experiment   (Figs,   ü.5.1  and  4.5.2)   it  turned 
of residual  stresses   1 
(Table  4.3.1). 

out  that  the value 
s   covered by  the scattering; of strength 

Fig.   4.5.1.     The  diagram of the   initial 
stresses   in  thick-walled  ring of glass 
fiber-reinforced plastic   (R /R     =1.5, 

Ra 2;  30 0  mm): 1 - 0 

Fig. 4.5.2.  The ring equipped with strain 
gauges on inside and side surfaces.  2R. = 

= 595 mm, 2R ■ 906 mm, thickness 50 mm.  The 
removal of layers along the outside diameter. 

206 

■ ■-- -- ■  ----■ 
■ - -..--..—.-^—^^M 



Table 4.5.1.  The tensile strength of thlck-walled ring perpendic- 
ular to fibers. 

Radius   on 
n-   2 

r mln 
Quantity Coefficient 

which  the of samples of variation 
middle  of kgf/cm^ n+ v,   % 
the sample r max 
falls,1   cm 

41.0 178 28.3 
262 

12 41.6 

33.5 312 265 
347 

10 8.94 

Samples had the shape of a blade 80 mm long and 5 mm thick, 
were cut from a thlck-walled ring (Fig. 4.5.2) with Inside diameter 
595 mm and outside 906 mm. 

The reasons for the appearance of the initial stresses consist 

of the nonunlformity of tensloning force along the height of the 

part, the difference of coefficients of thermal expansion for the 

wound material and mandrel, the shrinkage processes, which accompany 

the polymerization of bonding agent.1  All these reasons are 

examined in detail in [168].  One additional reason for the 

appearance of initial stresses is the nonhomogeneity of elastic 

and thermophysical properties over the section of thlck-walled 

parts (for example, for articles of reinforced plastics due to 

the different conditions of polymerization along the thickness, 

different content of reinforcement, etc.).  As shown in [51]s 

already the very anisotropy of elastic and thermophysical 

properties can be the reason for the appearance of initial 

stresses even during uniform heating or cooling of the article. 

The effect of initial stresses much depends on the tensloning 

force, relative thickness of part (number of turns) and shop 

Shrinkage stresses play a significant role on the boundary 
of reinforcement and polymer matrix [114, 283]. 
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characteristics.     For  the winding of reinforced plastics  the 
difficulty  of the  analytical determination  of initial stresses 
consists  of the  account  of processes  which  proceed during the 
heating and subsequent  hardening of bonding agent.     During the 
initial  period of heat  treatment  the bonding agent  is  softened. 
This   leads   to  change   of E   ,   and  consequently   also  the diagram of 
tensloning force  in  the  turns  of the  ring,   preset when winding. 
After the  solidification of bonding  agent   the  rigidity  of the 
material In  radial  direction sharply   rises   and with subsequent 
cooling  (heating)   of  the  article  together with  the  mandrel,   the 
further redistribution  of  circumferential   and  radial  stresses 
occurs   in  it.     As   a  result   the  diagrams   of  residual   forces   after 
the preparation  of the   article   differ significantly   from those 
initially  predetermined when winding.     After  removal  from the 
mandrel  the  obtained  diagram Is   summarized with   the stresses 
which  act  due  to   contact  pressure.     For  comparatively  thin-walled 
rings   It  Is   possible   to  consider that  these   stresses  are  not 
changed  along the height.     The  process  of  change  of the  diagram 
of  forces  in   ehe  sections   of the  ring  for  two  principally 
differing programs   of winding is  shown  schematically  on Figs.   4.5.3 
and  '♦. 5 •'■f.     Let   us   note  that V.   L.   Blderman   [31]  proposed the 
method  of solution  of  the  problem which  makes   it  possible  to 
consider  the   change   of the  elastic properties   in  the process 
of softening of the  bonding agent. 

[\ L 
b) c) 

Fig. 4.5.3.  The diagram of 
circumferential stresses in the 
sections of ring when winding 
with T 0 const:  a) after wind- 

ing; b)  after polymerization; 
c)  after removal from the man- 
drel. 

□ W\ 
H) b) c) 

Fig. 4.5.4.  The diagram of 
circumferential stresses in the 
sections of ring when winding 
according to the program calcu- 
lated by (4.3.3):  a)  after 
winding; b)  after polymeriza- 
tion; c)  after removal from 
the mandrel. 
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4.5.2.     The  methods of determination  of initial   stresses. 

The  initial   stresses   in rings  are  determined with the  aid of 
two most widespread  methods:     cuts   along  the  radius with  measure- 
ment  of the   convergence or divergence  of ends   (sides  of  cut) 
[236]  and  the   laminar boring or  turning  of  the  rinp; with  measure- 

ment  of deformations   on  the  opposite  side   (Sachse  method)   [33»   110] 
The  last  method  is   the  most   convenient   during  the  study  of 

initial  stresses   in  rings  of materials   reinforced by   fibers, 
especially   for  laminar structure  [167].     In  this   case boring or 
turning can be  replaced with   laminar  unwinding of the  layers   of 
strip  or cloth with  measuring of deformations   on the  opposite  side 

of the   ring  through   a  certain quantity   of  removed  turns.     This 

sharply   decreases   the  labor expense  of  the  "Sachse method"   and 

raises   the  accuracy   of determination  of  the  stresses;  however, 
high  accuracy   can  be  obtained only   during  the  investigation  of 
sufficiently   thick  rings. 

When  using  the   cut  method  for  determining  the absolute  value 

of initial  stresses   there  is  necessary   the hypothesis   about   the 
character of  their  distribution  over  the  section  of the  ring  (see, 

for example,   [236]).     Assuming that   the  stress   distribution  is 
linear,   then  the  initial stresses   in  the   rings,  whose  thickness 
is  small  in   comparison with  the  radius,   are  equal to 

0e 2.^7^~A*, (^5.1) 

where  R is   the  mean  radius   of the  ring;   Ah  -   convergence   (or 

divergence)   of the  ends  of the  ring with  its   cutting.     Figure  4.5.5 

for Illustration  shows   the  dependence  of Ah  on  tensloning  force 

(rings of material  VPS-7,  diameter 200   mm,   thickness  5.5  mm, wound 

with  different  tensloning force,   but   constant   along the  height, 

are  tested.     Straight  line is  drawn by   the  least squares  method. 

Recalculation  of  the  shown diagram into  stresses  gave a0 on 

the  order of  1000   kgf/cm  . 
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'":"i"n Pig. ^.5.5. The dependence of conver- 

gence of end? after cutting of ring on 
the  tencJonlng force when winding. 

;•■>'   CD    1.»     W    i>J     W 

The method of laminar unwinding,   unfortunately,   is  much 

more  work  consuming;   however,   it  makes   it  possible  to   determine 

not  only  the value,but   also  the  character of distribution of the 

initial  stresses.     For  thick-walled rings  of materials  with 

cylindrical  orthotropy  with  the  utilization  of  the  idea of   "the 

Sachse  method the  expressions   for circumferential  and  radial 

stresses  are  obtained  in   [168], 

With  unwinding along  the   outside  diameter   (i.e.,   with 

"turning"): 

E0      /?„!«-,!<• 
ar   2ä'7?>v-Tr£e(0. 

(^.5.2) 

(4.5.3) 

where  r is  the  current  radius,   at which  the  removal  of the  layer 

occurs;   c8(r)   -   jlrcumferential  deformation  on  inside   radius 

during the  removal  of  layers   to  radius   r.     With  unwinding along 

the  inside  diameter  (i.e.,  with  "boring") 

c» ZT,     (VVW  .17»If)       P,r'rr''r „.1. (H   *   h) 

ee(r)   -  circumferential  deformation on outside  radius  during the 

removal of layers  to radius  r. 
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Fig.   ^.3.6.     Deformation  curves 
with  "bering"   (R    =  100 mm,  n = 

B 

=  80  turns:   1-Tn=0;2-Tn= 0 0 
=  30 kgf/cm  =   const;   3 - T0(r) 

according to  the program shown  on 
Fig.   4.5.9a. 

*       <>       m       w «• 

With  laminar   "unwinding"  of deformation  on  the  inside  or 

outside  surface   the   rings   are  measured with  the  aid  of resistance 

strain gauges.     From  the  readings   of gauges   are   constructed the 

deformation  curves   £n  =   f(r).     The  typical   curves,   obtained with 
the  "unwinding"   of  thlck-walled rings,   are   shown  on Fig.   4.5.6. 
They  are   constructed with   "unwinding"   from  the  internal   surface 
of rings  manufactured according to  different  programs.     Deforma- 

tions were  measured  on  the  outside  surface;   along  the axis 
of abscissas   there   is  plotted an Increase  In  the  Inside  diameter 
of the  ring In  the  process   of removing the   layers.     The  graphic 
differentiation of deformation curves  makes   It  possible  to 

determine  the  derivatives   of corresponding  deformation along the 
radius.     By knowing  EgCr)   and  c0(r),  putting  to  use  dependences 
(4 . 5.2)-(4.5.5),   It   is  possible  to   construct   diagrams  oQ(r)   and 

0 a   (r).     The  results   obtained by  the  method  of  laminar unwinding 
are  represented  on  Fig.   4.5.7,  on which  there   are  shown the 

diagrams  of initial  stresses  cf6(r)   in the  section  of thlck-walled 
rings  of glass-reinforced plastics   (material  VPS-7,  inside 
diameter 200  mm,   number  of turns   70   and 90,   TV/n    -  0.625).     As 

Is  evident,   the   character of the diagram differs  significantly 

from linear,  which  places   in  doubt  the possibility  of applying 

the method  of cutting  for investigation  of  the  initial  stresses 

in rings  made  of materials   reinforced with   fibers.     The assump- 
tion about  the  linear  law  of distribution of stresses  along the 
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section turned out to be unjustified, the deviation from linearity 

can be very substantial. 

ir>..,v- 

,.—t^--- 

Fig.   ^.5.7.     The diagram of 
initial  stresses  in rings   of 
different  relative  thickness. 
O >   D > x   -  different  samples. 

Designation:     KTC/MM    =  kgf/mm' 

4.5.3.     The effect of tensioning  force.     The  cutting of 
glass  fiber-reinforced plastics,  manufactured with  different, 

but   constant  tensioning force,  attests  to the   fact  that with an 

increase of tensioning force  the value of initial stresses 
sharply riser..     The  dependence  of initial stresses  afl  and a    on 
the  value ard the law  of change of tensioning  force when winding 

is   studied In  [168].     The investigation is performed on rings  of 

material VPS-7,  manufactured with Tn  =  const   and  according to 

the program shown on  Fig.   4.5.9.    When winding with   conatanl 

tensioning  force 
0 

.1 
0 ■() 

was   changed  from 0  to 0.62 

i' 
Cor i.1! 

Diagrams 

TlM,y 

depending 
on  tensioning force when winding.    The  values   of the maximum 

1  t'-rr;' ■ inr   'jre  pi'i, t-ente 

attest to the systematic growth of cJemax and ar!i!;iK 

n   l'nlr:.   'I.'),8 
(J 
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stresses o- as   a  function of tenslonlng  force  are  given In 
Table  4.5.2, The  maximum tensile stresses   act  on  the  Inside 
surfaces,  and compresslve  act  on the outside  surfaces  of the 
ring. 

■\o     -10 i)      y«      1.0      40 

C£~~!— 1       r- ■ 

Fig.   4.5.8.     The  dependence  of initial  stresses   on 
tenslonlng force.     Relative  tenslonlng  force when 
winding TQ/T^:      1-0;   2-0.1;   3-0.2;   4-0.4; 

5-0.62.     In  the  figure  are visible  thermal  cracks 
(ring of glass   fiber-reinforced plastic  VPS-7,  R /Rn 

: 
H        B 

=  1.2;  T /n    =  n.62,   crack  appeared during heating to 
120on). U-    M 
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Fig.   ^.5.9.     Comparison  of diagrams  of initial stresses when wind- 
ing with  T0  = const  and programmed winding.     1 - Tn/n    =0.1; 
2 -  T0/nM = 0.62;   3 - T0(r)   Is  changed according to  the program 
given  above. 

Table ^.5.2. Change of the value of maximum 
and minimum Initial stresses with a change In 
the tenslonlng force   (n  =  80). 

Tensioning 
TQ. kgf/om 

0 

10 
20 

40 

i;2.5 

r. 
If" 

0 

d.l 

0.2 

0.4 

0.Ö 

Initial   stresses,   kgf/crrr' 

.01 •! M    » 
'Mltl.iv 

318 -23J 

500 -290 

G10 -31) 

775 -380 

|L>00 -4)0 

gf/om2 

_0 
..•uantity 
of 
samples 

n.o 
|-).0 

ir...> 

20.7 1 

31.0 

The transition to programmed winding leads to a change of 

the diagram of Initial stresses In  the finished product.  On 

Pig. ^4.5.9 there are compared ae and a , obtained in rings when 

winding with Tn = const,and the Investigated case, where force 

in the tightener is changed according to linear law (Pig. ^.5.9). 

Curves 1 and 2 are obtained with tensioning force equal to 0.1 

and 0.62 fl.. respectively; curve 3 - when winding with tensioning 

force, which was changed according to linear law from T-, .  = 

0.1 n.. to T,. ■ 0.62 n...  The presented data attest to the fact 

that even with transition to such a simple program it is possible 
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to  considerably  decrease  the  value of the initial  stresses in 

the sections  of the  ring.     The   dependence  of the  initial  stresses 

on  tensioning force makes   it possible to raise  the  question 

concerning the optimization of  this  force when winding with respect 

to  the  diagram of residual   stresses.     Selection  of T0(r)   can 

be  realized in such a way   that   taking into  account   the process 

of polymerization On  and o     would be minimum or subordinate to 

preasslgned  law,   providing  the  optimization  of the  properties  of 

the  articles being wound. 

Table  4.5.3-     Change   of the  value  of maximum 
and minimum initial  stresses with  an  Increase 
of number of turns   (tensioning TQ/n     =  0.62).1 

" Jumber 
Of  turn;; 

Initial   £ 

nHtr*\ 

tresr.es,   k s'f/cm'-'  
Quantity 
of 
samples 

40 1.00 510 ll't 1L>.3 i 

f.0 I.U -to •.>7-| 22.7 1 

W) I.IA ll'flO IV) U.O 4 

Material  VPS-7,   R    = 100  mm. 
B 

The  change of diagrams   of residual  forces   depending on the 

relative  thickness   of  ring  is  insufficiently  studied.     It  is 

possible  to assume  that when winding with Tn  =  const with an 

Increase  of the   thickness   of ring the initial  stresses   are Increased. 

This  can be explained by  an increase in the nonunlformlty of the 

tension  of the  top  and bottom layers.     The  experimental  data, 

presented in Table  ^.5.3,   attest  to growth  of an and a 
* to 6max rmax 

with increase of the  relative thickness  of the  ring  (with  constant 

T0  =  const for all rings). 

Thus,  the tensioning 00 fibers is  one  of the basic  sources 

of initial stresses when winding.     Winding with  constant   tensioning 

force  increases  the initial  stresses.    By  a change  in the tensioning 
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force It   Is  possible  to  a  considerable degree  to regulate   the 
value  and  the character of  the  distribution  of these   stresses.1 

Program yr)   taking into  account a change  of the  deformative 

rization is  given 

winding of glass  fiber-reinforced plastics."^-TchanJcs^60 
polymers,   1970, No.   1. necnanics  of 
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