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ABSTRACT

P TR NG PR

Research Performed by Robert Davison
Under The Supervision of Dr. it. J. lMeilichols

I 4 This paper develops a method to allocate reliability

to system elements where a system reliability roquirement
must be met or a total cost constraint is imposed, Prarallel
and serially arranged elements are considered with each
element's probability density function of time to failure

: being approximated by the two parameter Weibull distribution.
The problen is avproached as a minimization of total system
cost or svstem unrelisbility and Lagrange multipliers prove
to be useful as a solution technique., A cost function is

[ developed to relate the cost of and elemsnt to the rolla-
bility level achieved in that element, Both the element's

cost function and reliability expression must be continuous

TR SRR A

varisbles., lNumerical examples are shown for each allocation

nodel.
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CHAPTER 1

INTRODUCTION TO RELIABILITY ALLOCATION

Duringy several phases of design and development ¢.” syse
tens for Army use, it is necessary to translate the system's
and subsysterms! availability, maintainability and rcadiness
requirenents into quantitative reliability requirements for
the many system sublevels. It is mandatory that both real-
istic and consistent reliability specificatiors be assipned
to all the components and or subsystems that comprise the
desired operational rackage. The process of this assignment
is most cormonly termed reliability apportionrent or relia=
bility allocation.

The prine factor o be considered in any reliability
allocation is that of assuring the total system reliability
requirerent is met once the component reliabilitios are ob-
tained and the system asserbled for operation. lore fre-
quently than not it is a ocumhersome if not impossible task
to exactly ex»ress the reliability of the svystem as a func-
tion of the components' and subsystems' reliabilities in a
nathmatical statement, Several factors contribute to this
difficulty. =Zarly in the desipgn phase some suhsvston de-
si~ns are not "frogon® with respect to confiruration and
corplexity, .ssentiality of compononts to system success is
not well known, Certain subsystems are 0.1’y needod intor=-
~ittantl7 or for a portion of tho mission while others

1
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might be required for the duration. The usapo envirorment
is not always well defined and indeed the system mirht ime
pose addltional stress on its components as a consoequonce of
its operation, Where a system ufilizea state-of-the-art
components, the foregoing problems are compounded by the
lack of lhistorical data concerning reliability. To make the
rellability allocation even more complicated 1s one addition-
al constraint; economy, Today, with the financ..al scruciny
beinz exercised in all categories of governmen* expenditure,
it is important that the most effective asystem possible be
obtained for the resources available,

In the past two decadcs much work has gone into tue
development of mcthods to allosate reliability to systom
sublevels., zavrlier allocation methods concerned themselves
solely with the problom of satisfying a reliability or fail-
ure rate snmecification. 'To swecific consideration for cost
was reflected in the models used to allooate s stem relia-
bility or failure rate, Although design arecirications
:ipght have boen mot, the expenditure in scarce resources was
areater than necessary. As systems bacame more co—olex and
the costs ansociated with supnorting such systems astrenonm-
ical, it was evident that resorce exranditure mst bHe a
varianle included in an allocaticn nodel, Due to the fmpor-
tance of the cost consideration, more and more omnhasis has
been riven to this quantity i: allocation procecdures, This

increased ermphasis has culminated in the use of optiriztion
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techniques for seeking and defining the most resource effec-
tive methods of' designing and developinz a piecce of enuip-
ment. By applyingz optimization, a best alternative can
ofton be found that will save time, effort and monoy in the
lony run, A\ brief description follows of the noT6 popular

optimization methods now in use,

MITHODS 0 OPTIMIZATICN

Of the several technigues used for the ontimization of
reliability constrained by scarce resources %the morc ponular
methods arce Lagrange multipliers, linear rorcramming and
dynamic vrogramming. As would be exvected, each of “hese
methods varies in diffieculty of formulution and solution
according to tho function to be ontimized and tha nature of
the congstraint relationshins. lore an attompt 1'i1ll be made
to give 2 brief explanation of how each method is employed.

The Lagrange multipliocr methed is analytical in that it
atvoampts to simultansously zero all the partial derivatives
of the Lanranzian funstion. A linear combination of the
objective and constraint equations is first formod, then the
partiel derivntive 13 successively takon with resrnect to the
variables of the objective function and the Larrancsian mule
tinliers., The resulting simultaneous equations are solved
in terns of the variahles of interest which :'ill thon onti-
rige the objesctive function. Two principlo difficuliies are
encountered in this method, The [irst is the difficulty

e s S
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asscciated with the differentiability of the objoctive and
FE constraint eauations, while the second is the simultanoous

solution of thé thus obtalned equations.

T R

The linear programming method considers ohjsctive and
] constraint rungtions which are lincar in nature, ‘he lirlear
constraints expressed as inequalities ars nade equations by

the use of slack variables and are arranred in matrix nota-

R

tion. This matrix is then iterated successively (by an
operational algorithm such as the Simplex alseritim) in the

direction whaich tends to optimige the objective function.

T

Other solution techniques are available in linear prosram-
ning suech as ~raphical solutions and the inverse matr'x
techaique. In the graphical solution, for instanse, the
; rogion of feasible solutions (those whioh satisfy t-e re-
source constraints) is first found, then the optirun solu=-
tion(s) for the objective function is exanined in this re-

1 zion, Therc are several drawbacks to the linear program:ing

model, TFirst, the objective and conatraint relationships
must be lincar conbinations of the nroblom variahles unless

2 suitable nonlincar to linear transformation is found.
Secondly,.the casily understood gravhical tec':hique is
1i~ited to three variablas (thrae dimensional renrasenta-
tion)e. Lastly, natrix oporations in more than three or four
varia$les are quite cwbersome for longnani ecommut~tion and |
usually reguire dir~ital computer solution,

In dynesic prosraming a return funetion iz defined as




B A oy G T e MR R MR vt i o aptin A Rt e

B i e TR

the sum of the values of the alternative functions of retum.

The value of each of these alternative functions is detere

Ll

nined by the amount of resource whish is expended on that
particular task, In addition it is nermissible t¢ have
several staces at which portions of the tctal rosourcs can

be expended., Thus, tho total rcturn is the sum of the return
functions at each stape where resources aroc expendcd. The | l'
problen is then to optimi=ze the total return function
subject to the resources available. UImployins oxisicnce and u
uni,queness theroms which have been developed it is possible
to mate successive approximations to the optimum roturn and
approach a desired optimum policy. The main problem with
this technique is that a digital computer is required in all
but the sinmplust cascs., Also, the number of numoric itera-

tivas reoquired in prcblems where an iterative al-orithm is

used is larrelv dependent on the closeness of the initial
approxinations to the optimum policy.

In the cha~ter that follows, a portion of tiie litera-
ture available on solution of the relisbility apportiomment
»roblen is roviewed, The work in these several papers
censiders th.e use of tho aforemontioned tecimiques for var-
tous cases of opiimum apporticnment, Chapter II1 considers
+he optiral allocation for a series systen vhere the systom f

"reliabiliiy or totai coct iu speeifisd. Two casua ero
considored; olenents with a constant fallure rate and ele- l
nents whose failure ratcs can be described by a 'Jeibull dis-

tricution.




CHAPTER I

LITERATURE REVIEW

As was mentioned in the introduction, many allocation

TV RO BT T TR

methods have svolved from wori done in reliability over the
; ) past tvwo decades, The scope of these methods ranges from
: simple to quite complex depending on assumptious made and
é : the variables included in the developmont. With respect to

resources expended in an allocation, the mothods so far

developed can be divided into two distinet cataosories; bdasic

alloostions and optimal allocations,

TR PARET)

BASIC ALLOCATIONS

Basic allocations are so called hecnuse the model used

T TIATTCENOT TTE

to cllocate olement reliabilities or feilure rates only cone
siders the overall system s»necificction to be met; no con-
= sideretion is civen to the resources exncnded in meoting
this snecification,

The most elenentary method used is the equnl allocation
metnod (1)% Assumptions for this method are:
- 1. independently failing ocomponents and

2e serially arranmed comnonents.
T":_

L
?
#;—: 54
i
L
.

cvatom »eliobility gonrl is defined as R and tihls goal

%

Number in parenthesces refers to numbered »cferonsces in

the List of References.
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has not been met, then

n
R* > II Ry
i=1

and the component reliabilities must be set at

Ri=\’r§'—.

Although this method is straightforward and easily arplied,
it is only economically sultable when tho clements are
similar enough that the cost of reliability inercase among
them is nearly equal. If this is not the case, larse sums
of money could be spent in increasing the reliability of a
very complex component when it could be spent more effec-
tively on the lower cost components,

ARIIIC (2), has developed a slirhtly improved allocation
technicue by defining a weiphting factor, Assumptions in
the development of this technique are:

1¢ independently failing, serially arranged components,

2. constant component failure rates and

3. initial failure rate k., is knowm for each come

ponent.

The welpghting factor is defined as

A
SN

!
for n components so that if a system feilure rate of )\ is

(l)“"'-'
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desired, the new fallure rzte of the jth component is

A = CUL)( 5

L
Thus, the decrement (or increment; of each component failure
rate is wroportional to its initial value., Two specific
problems arise from using the ARINC method. First, if a
component faillure rate is unreasonably high or low initially,
tre allocated failure rate will not tend to remedy the situ-
ation. Secondly, no consideration is made for the effort
to decrease & components failure rate. less total effort
could bpe invelved in arriving at the same system failure
rate il other component failure rates werc allocated.

A nethod slightly more complex is ths AGREE (7) allo-
cation technique. The assumptions for the use of this
rrethod are:

1. constant element failure rates,

2. serially arranged components where the ith component
contains ny elements which are required for.time ti
in each mission, and

3, the ith element has conditional probability “3 that
its feilure will result in system failure,

If overall svstem reliability R’ is desired, the mean life

allocated to the ith conponent is

91 - ] g ty
ni(“ln RI)

H %
= n .
£,
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This method is considerably more realistic than the afore-
mentioned techniques, 1t not only conslidors the comnlexity
of the component, but also the essentinlity and mission op=-
erating time., In this sense it does, to a derree, consider
the difficulty involved in reducing a component's failure
rate., The failure rate is in inverse pronortion to the com-
ponent complexity. If, however, the elerients in one com=~
ponent are not similar to the elements in another component,
the complexity is not a good comparative measure of tho
difficulty to decrease failure rate, Additionally, it is
hard to dofine a component's essentiality in the early de~
sinsn phase,

For considering redundancy within subsystems, the
FAVIEP3 (6) allocation is applicable. Assumption for its
use are:

1. subsvstems are serially arranged, esch with constant

failure rate, and

2. the failure probability of each subsystem is inde-

pendent of other subsystems,
The firat ster is to reduce the redundant confisuration(s)
to a series system (i.e., any active element results in

svstem failure). The redundant failure rate is estinated

by

A, =R A,
R (8)

where Rs(t) is the serial system reliability over time ¢,



Rr(t) is the redundant system reliability and )\S is the
sorial system failure rate. If a system roliability of
R'(t) is required the reliability of the 1*? subsystem is
given by )‘i />\o

Ry (t) = R'(t)
where k‘i is either a redundant or series failure rate of
a redundanl or series subsystem and >\° is the sum of all
subsysten failure rates, This 1s the same result as ob-
tained by the ARINC (2) technique.

As with the other basic methods, no consideration is
given to the effort to incroase a susbsystem reliability.
In addition it is necessary to have at loast a good estimate
of the series and redundant reliabilities for a partiocular
tirme as well as seriss failure vrate. The results, as with
some earlier techniques, are directly depondent on prior

xnowledze of corponent!s reliabilities.

OPTINAL ALI.OCATIONS

Up to this point only basic allocation technigques have
been revievied, lothods which will now be discussed are not
pasic allocations in that parameters consicerosd in the allo-
cation are not just those that quantitatively deseribe the
roliability, ossentiality or complexity of the systems ele-
nents. Proccdures have beon developed to not only allocate
in so.:@ —anner to satisfy a reliabllity requircwient, but to

do this while satisfying some constraint on resuurce expen-

10
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ditures, Several of these methods will now be discuased.
One of the earliest attempts at finding an optimum al-

location with a minimum of resource expenditures was devel-

~ oped by Albert (1). An effort function is assumad that

reflects the oxpenditure (of offort, time, money, etc.)
nocessary to increass the reliabllity of a component. The
assumptions in the development aro:
1. serially u-ranged, independently failing components,
2, initial component reliebilities are well established,
3. all components share the sams effort function, and
4. the effort increases monotonically with component
reliatility; an increment in component reliability
requires as much or more effort at higher initiel
reliability levels.
With these restrictions, the minimum effort allocation for

an n component systom is

1/k

where
R= roliability allocated to components with initial
reliability less than \er-ﬁr-.
Rt= syston reliability goal »

m
§§1 4= reliability product over all elements with ini-

m
tial reliability greater than \“/—m (?1513

=

=1 when no components meet this requirsment),

s AR N

s RS e
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k= numbor of componern..s that have reliability less than
N

there a system is encountcred that meets the assumptions of
this model, the alliocation procedure is simple and straighte-
forward., The assumption of o common effort function is
rather restrictive in that this will probably ocour only
when the components aro identisal, wnich is seldom the
case.

For considering redundant confipurations, Drier (3) has
develonrad an optimizaiion nmodel for switched components in
narzcllel standov, The author considers a svstem with N
identical subsysto:is sonneoted in a parallel switching
arranctement. sacn subsvstem is composcd of Il idontical ele=-
ments. The assunptions made in tho develonmont are

1. all elonerts are ldentical and have constant, inde=-

pendent failure rates,

2. eloements do not fail when not energized,

3. successiul operation of one element is adeqguate for

subsystom operation,

L. switches between subsystems are identical with time

indenondent probabilitr of success, and

5. switch failure is duc only to non-switching when

required; prematuro switching is not considered.
‘me svstem boring operation on the first subsystem until all
i7 eloments have falled then switches sequentially until all

J=1 redundancies are failed or a switch fails, in optimum

e e A iﬂl

.
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N and M are round from the Lagran~ian

L=(1-2) £ § = o¥ (14rh)
=1

where P is the switch reliability, o-is a Lagranre multi-
plier, and r is the ratio of element cost to switch cost,
From algebraic rearrangenent the system mean time between

failure can be found fron

. 9 N-1 ¥ 1
“‘LBFaystem = ')-\ (1=P) ?_—.11' ’

where 1/)\ is the ITBF of each eleriont. The total cost is

found fronm the second part of the Larranrian function and 4s

¢ [r(remn) -1

vhere C is the cost of a switch, Sincoc a closed form solu-
tion was not obteinable for the above Lagrancian, the author
provides a di~ital corputer program and shows a table of
optimun redundancies for ranges on the problem variables of
1= =250,12K=250, ,95=P=,99 and .25 = r = 2,00,
The cost model doveloped is a poworful tool to the designer
considering a switched parallel redundancy. Several dravw-
backs exist in this model:

1. Pailure rntes must bo constant,

2. A1l elerments and switches must be identieal.

3. It is necex=sary to have access to the author's com-

puter pro~sram or tables of optimum redundancies.

A Tleld very much akin to reliebility is availability.

Availability considers not only reliability or failure rats

e A RN
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of an equivment, but also thie time recuircd to hring the

aliin e i

cquipment from a falled state to an opcrable state.

Melricehols and iesser { ) have ~ongiderocd &tV diniiitz tilon of

cost to achieve a level of inherent availabliity. Although
not oxpressly deasirned for use as a reliability optinization
technique, a form of the equation i3 prasented that can be
used as a tool for failure rate allocnéion. Tne assumptioas
of the model ars

1. serially arranred components witii independeni fail-

urcs,
2. each componant has a constant fallure rate, and
3. the cost of a decrement Zﬁk.in clement failure rate

-
l L]
is ¢ | - where C iz a constant.
ANDBX T TN A
Innerent availability can be expressed as

1

A:
n

1+ 3 HA

fzq 174

_for n elcnents in serions where Hi is the mean time to repair
the ith item, and kﬁ_is the failure rate of the ith item.
if we let the ¥j ecual unity for nach siement, the inherent

availability reduces to

n

For a series svstem, however, 3 \ i 1s tho system failure
i=1

rate. Usin~ a Larrancian of the form

T Y e Bt A
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L= bt\i CA - K ZA)\ A ~ A'
LAy AN M

where A is the present availability, A! is the desired

availability (determined in this case by 1/(1+ k:}), ;\é being

the dosired system failure rate), and K is the Lagranrian

multiplier, Rearranrine the results of the author, the mine

i cost failure rate allocation for the 1°h element is
x = A; U“Ai

B n
(] J‘%i

This allocation is considerably more fleoxible than that de-
vised by Alvert (1) in that cach element can have a differ-
ent cost function, Two nossible drawbacks are the necessity
of a series assumntion and the accuracy of "fittine' the
cost funetion iven to the actual cost versus failure rate
data. The cost function proposed for tho seriss system in
the next chanter is more powerful in that it is a two para-
meter family of curves and can therefore nore accurately
describe a peneral cost versus failure rate curve.

A paner writte: by USpivey (8) compares and contrasts
the rcsults obtainad by usin~ thrce differot ontinizaotion
ri=thods on a specific svstem confipuration, The nothoda
congsidered arc dyna~ic prorrarming, mathmatical nro~raring
ard Lagran~e multipliors. Duc to the complexity of the

g7ystem considered, a series-parcllel networlz, the aut™or
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elccted te employ a dinital computor solution, The spocific
model usel with each techniquo will not be repeated here,
only the results found, It was determined that the optinmun
soluticn for the system considered was found by dynamic pro=-
gramming., The solutions obtained by mathmatical pro-ramming
and Lasransian multipliers were within .67 and .5 of the
optimum. These errors might be attributible to arithmotiec
operations in the dipgital computer or tho naturs of the
model develcped.

The following chanter will discuss and develon a sories
model and some constraints anplieable to tho allocation
problen, For the series confipguration, two forms of the
cost function are conasidered. The preference of o:e devel-
opment over the other should be based on the adequacy of a
particular cost function in deseribing actual irprovement of
reliability or failure rate with cost., In Chapter IV an

optimum allocation is developed for the parallel system,

16
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CHAPTaR I1I
SHRIES SYSTENMS

TI{RODUCTLON
In this chapter only series systems will be considered.
This configuration is a result of the following assumptions:
1+ The probability of failure of any element is inde-
pendent of failures in any other elemonts.
2es All elements are required to operate for systenm
succoss.
The first two scetions dcal with a series system with one
aiditional assum tion, constant element failure rates, A
svecific cost function ia develonod for which the optimunm
allocation is found for both a total cost constraint asd a
systen failure rate snccification. Constant olemcnt fail-
ure rates are not assumed f'or the second series model con-

sidered,

COUSTATT FAILURS ATUES = TOTAL COST COISTAIAT
A spocial case of the series mudel is where oach ele-~
ment disnlays an exnoncntially distributed time to railure,
Wnon this is true and eac: element failure is indecvendent
of all others, the statement

m
naximize TII Ri

i=1
is ecuivalent to
n
ninimize 3 ©
1= * h
whers 0i is the failure rate of the 1 element and 31 is
17
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the reliability of the 1'D element. In this wodel the ob-
Jeet will be to minimize the system failure rate subjecct to
an overall expenditure in achieving this failure ratve.

Thus, it is necessary to express the cost of cach cloment as
§ o a function of the failure rate achieved in that elenent.

, Swrming over the costs of thess elements, the total system
cost can be determined.

One reasonable assumntion in exprossin~ the cost of an
element as a function of its failure rate is that additione
al expenditures for failure rate improvement result in
diminishing returns of failure rate reduction. One func-

[ tion that displays this characteristic is an exnonontial
1 cost function in which the cost increases exnonentially
; with & reduction in failure rate. Expressed mathematically,

the cost of failure rate °i in eloment 1 is

B; (0.,-6,)
Ai o 1VVoi™Vs

where Ai is the cost of obtaining the lowest nosaible fnile

ure rate Co; in element 1, and By is tho cost gradient. To
conplstely define this cost function, two ostimates are
recuired; 1) the cost A at the min‘mum fallure rate cbtain-
able ~nd 2) a cost C at the present or any) failure rate
level B, For a cost C at fatlure rate level '3, B can be

estimated as

B = 1n(S/A)/ (8 -8)

‘
:
t
_'¥

With a cost function defined for cach elemcnt of the series

T e S iy
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system, the total cost for m elements is
m B; (6,.,+86,)
3 A e i‘Yei 4 .

i=1
If for the development of this systom the upper bound on ¢xe

pendicure is H, the Lagrangian function can Me written
B(e -0,) |
L = g: 1io1™%’ .
1-1 i=1

Talkkine partial derivatives, the equations to satisly are

Bi\ -9‘)
1 +Mi81 =0 151’2’000131 -C:QO 1
n 1 (954=0, )
and 3 o4, ot 0t o, Eq.

i=1
One additional restriction is that
Qi = Goi 131’2,...,13
to insure that a failure rate is not allocated that is bete

ter than can be obtained. Surming isquations 1 over all m

elerments gives

n B.(86_,~9,)
2 - + AE A e i ol ™1 = 0,
j=1 By T im

Substituting Squation 2,

A"“‘m L °
7 i B,

Usin~ this in Squation 1 anc solving for 91, the optimum
failure rate allocation for the 1th element is




PRSP

In the case where this last inequality is not mot by tho
allocation for one or more clements, the failuro rato of
P these clements is set equal to their respective minimum

failure rate. This will occur when the quantity

m 1

AB, 2 B

1°1 5, 1
H

is found to be less than one in a particular elemont, At
this point a reallocation must be mnde to the remaining eole-

ments with the remaining resources available for allocation.

The new maximum expenditure is

X
Hooy = H = 2 Ag

for the remaining olements, where the surmation is over the

e e

Ik elements sct 2t their minimum failure rate.

E BXANPLE 1
Durine ths desipn phase of a vibration recording sys-

tenn it i5 dosired to find the most cost effective gllocation

of failure rate to the system. The system is composed of
acceleroncicr, amplifier snd recorder, LAll elements must
function for system operation (series assumpiion), and ele-~
rient failures are independent. 7he elements are nssumed to
nave a conatant failure rate and the anplicablie cost parae

neters are:

TR PR 2t VW
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Accelerometer(1) Amplifier(2) Recorder(3)

T

o 0001 001 .002
$250 $1600 $14,00
00025 003 .007
3100 $900 »500

0 @) »

TS (R ARSI TN C P

The total expenditure for system development should not o~
ceed 32,500, Uhat failure rates should be allocated to the
system elements?

Using 2 and T for each element, the cost nsradient Bi
{ can te found as B,=6110, B,=346, By=199, Tho inltial allo-
. cation using Zquation 3 is 6,= .000365, e,= «00306 and
93= 00146, At this point the system failuro rate is
.00,905, *owevor,.sinece 8, is less than that obtainable, it

RTINS ST R A

is set to its lowest volue of ,002, This results in an ex-
] penditure of 1,400 on element three. Using the allocation
equation again with H, .= $2,500= 31,400 = 31,100 gives

8,= .000337 and 9= .00258 .

The design coriteria for minimum system failure rate is

TN TS P ATy o AR

Accelerometer Amplifienr [ecorder
e «000337 «00258 .002
Cost 558,60 31,041 .00 31,400

System failure rate = ,004917

COUSTANT WAILURE RATHS « SYSTEM PAILURE RaTS COUSTALUT

The problem considered here is essentially the same as
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the one just presented except that in this cuso allocation
must satisfy some requirement on system failure rate. Stat-
ed mathematically, _ )
: m B; (0 _,=6
mininize 3, Aje © OF
i=1
subject to ;:181 =8, and 8, =e, i=1,2,,.,m.
The Lagrangian function can be written as
n By (e n
L=ZAie °ii->\(2ei-es)
i=9 i=1
where the conditions to satisfy in this casc arc
B; (6 ,=6,)
aBe = L A= 0 12,2, veee,n Zas. U
m
and ;2,__1ei - 8, =0, 4. S

Teking the natural lozarithm of Hguation It and swming over
all 1 yields

n m n 1
;2‘;191 = 3‘11 op - 1n(= X)Z1 12” 3, In(A;B, ).

Substituting iquation 5 into this cquation and solvin: in
terms of the Lagrange multiplier give

m n
Se6.+3% L 1maB) -0
In(=A) = 1= °% 454 et s

m

2
i=1§i
Using Bouation L with this rolationship gives the optimal

failure rate allocation to tne ith eloment as

[h’l(AiBi) L hl(‘xg i=1,2yoo’m L‘:q. 6

o s Arn
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Again, if thig last ineoquality is not nct by the firat allo~
cation, tnen for those elemonts for which it i3 not satis-
fied tho minimum failure rate should be allocated. This
situation will occur whenever the quantity AiBi is less than
- A o With theze elemonts allocated, the new zystom failure

3 . rate to satisfy is

}
Crew = &5 - §i1eoi

L

4 surrmed over all k elements at their minimum failure rate,

SLANPLE 2
For the system presented in mxample 1, it is decided
after furtﬁer'investigation that a system failure rate of
,005 would be adequate to mect desipgn specifications, ‘Mat
1 arount should be spent on saci: ¢lement for develorment and
what failure rates con bo exvected?

Using the A;, By and 6,; as defined in Example 1,

in(-A) = 12,56, This is greater than ln(AzBB) so that 93

is amgain set to ,002. “he ncw failure rate constraint is

B0y = 005 « ,002 = ,003, Allocating .003 between the re-

naininr elements yvields

6, = ,000330 and 8, = (0267,
“he new desipn criteria are
Accelerometor Amplifior ecorder
6; .000330 00267 .02
Cost 361,30 131,010 31,400

R e dehian) 0 i i e SO TR " AR it
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The systom failure rate is now .005 at a total cost of
32,171.30.

Because many systems exist which do not exnibit a con=-
stant failure rato the section which follows will consider
a series systom where the elomonts can have other than a
constant failure rate., It is assumed that each cloments
nrobablility density function can be adequately described by
the Veibull discribution.

A MORE GHENIRAL SHRILS MODEL ~- DISCUSSION

Up ta this point, the only sceries system considered was
one wihich consist~? of elemonts vhich all displ-yed exponen=-
tially distributed times to fallure. The optimum allocation
derived is only valid where the failure rate {or each ele=-
ment is constant and the form of the coat funetion assumod
can adequately describe'the cost of acneiving, a failure rate
for an element. Jven thousa the constant Toilnre rate ase-
sunption ia not too far=fcotehed for most electronic equip-
ments, it is definitely not applicable to cu.tain other
equipnents. In practice it is found that certain cquipment
nar display times to failure that are distributed as a nor-
mal, garrra, chi-aquare or other familiar probability density
funeti~n {p.d.f.). For such equipment, it ic believed ti:at
money and effort spent in design and development will rcsult

in a rorc¢ rcliasble nicce of couinment. This bein~ tho case,

it should be pocsible in certain instances to ind tho basic
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relationsiip between the levol of roliability achieved and
the effort oxpended in the process. In the case of the
exponential p.d.lf, it is possible to relute the reliability
to cost by defining a functional relationship betwoen the
failure rate and its associated cost. Such a funetion was
defined in the allocation method derivod in the first part
of this chapter. Generally, for a p.d.{. other than the
exponential or chi-square, it is necessary to specify more
than one parameter in order to specify the distribution.
The resulting functional relationship between cost and re-
liagbility in an elemont will be more complicated since it
may now be a function of all the distribution narameters,
at this point if the discussion is restricted to the fam-
ily of two parameter p.d.f.'s, a cost function for obtaining
distribution paraneters & and B would be C(O.,B )o 4an
exarple of such parameters might be the mean and standard
deviation of the normal distribution.

Under the assumptions of a series system, the system
roliability is the product of the element reliahilities,
The sysatem reliability is thus

n

Rg(t) = §1Ri(t)
for n elomonts and t hours of oporation, This is equivalent
to the system failure rate bein~ the sum of the eloment

lailurc rates, or

25
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n
(%) = 12=191(t) . Eqe 7

for any p.d.f., tiie reliability can be written

t
Ri(t) = exp -f Oi(u)du 2q. 8
0

where 91(1:) is the fallure rate of the ith eloment. In ore
der to maximize the system reliability at time t it is ne-

cessary to find the minimum value of

ft 8_(u)du It [% e (u)] d Eqe 9
= u Eq.
6 * o Lim? a

for the sysiem elements, To greatly simplify the task of
minimizing Gquation 9 with respect to the distribution par-
anoters of each element, a comrmon and interrable p.d.f.
could be used for each element. A p.d.f. which i3 quite
flexible in its ability to approximate othoer distributions
is the Yeibull distribution which 02? be exprcssed as

- -t/
r(t;a,ﬁ)=(;8/a)t'8 P , t=o0.

For judicious choices of A and 3 s acourate approximations

to tho normal, exponential, gamma, chi-squara, and other
distributions can be obtained. The Appendix considers the
values of A and ﬁ that can vo estimated to desceribe other
Pedefe'8. 3iuce the failure rato of the 'Jeibull distribution

can be expressed as
B B
8(t) = a t

the risht hand side of lquation 9 can be written

4Qe 10

T A e B a: B S
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ft [% ai(u)] du =jt [% @; uBi- 1]du
0 Li=x 0 Li=* a;
which when evaluated yields for the systom
t rn n Bi :
j [Z Oi(u)] qu =3 S— Eq. 11
0 Li= i=n™~i
Now that the integral of tie system failurc rate in the
interval of interest (0,t) has been exnresscd as a function
of the time interval and Weibull parameters for cach ele-
ment, it is of interest to define the costs associated with
designing and developing the Jeibull param~ters A and ,8
into caca element, Althoush there are many mathematical
possibilities for expressing tho cost of achieving parareters
Q@ and Bin an element as a fruction of these narameters, it
mizht be helpful to understand how Q and B affect the moan
and variance of time to fallure for the system., IU can be
secn from Zauation 11 that each element's contribution to
the value of' the integral Increases with increasing ﬂ and
decreases with inereasing @ . QJualitatively then, inereas-
inz G and decreasing Bi‘or any element will result in a
snaller valuc of the integral in squation 11 and thus a
nir-er gsten reliability. .xamination of the eaquations in
the annendix reveals the changes in the distribution mean
and variance with chiancsoes in Cland,a . 1t is intuitive that
for a ~iven elerment the cost of develooment will increase
if Q is increased nnd/orgis decreased in the Joibull den-

sity describing the elements p.d.f. of time to failure,
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A cost relationship which is pronosed for use in the follow-

ing analyses is

ca,B) = aa*B™

where A, a and b are positive constants which anpropriately
doseribe the cost of a particular element. .quation 12 is
flexible enough that a wide wvariety of actusl cost versus
reliability curves could be approximated. The Appendix con=-
siders methods to anproximate parameters in this cost func-
tion for an element. One such set of cost curves for cost
divided by A versus element reliability is snown in Figure 1

for b=1.C and a=,25,

ALLOCATION OF Q@ AMD B TOR A SUHINES SVAT UM ew=
TOTAL CO3T R&QUIRMWILG
Using the cost function proposed in the last section,

the allocation problem for the scries system is to minimize
n tlgi n ay
2 o sub ject to A a ﬂ = ]I, whero H is
O 11 i
the maxirum permissible cost and n is the numbor of systen
elemcnts, The Lagransian function for this problem is

L= 3 “"'oﬂi -)\[ Aiai",(?-'bi :«i] ;

i=1 Q@

Takin~ partial dorivatives, the equations of intercst are

2

i=1 ,2’ . .,n

- xaiAi i Bi

@y

3 ales b o . g

28
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J¢; ~b; =1
é-{ 87 1n(e) + Ao @ t00 2 =0 121,2,u00n

n

a;: .=b
and 51.110.11{?1 tn=o0.

Yquations 13 and 1], can be combined to rive

B, = —
i ai m(to) ¢

Substitution of nquation 15 into 2quation 13 or 1L yiolds

. b 1
1
m a;r
a, = ' ‘1’3‘5 ) *
Aa,a,
b
2 o, ) b3 8
a. &1
or ail =1 = 8;1n i
Aagaq

The cost constraint can now be written:

el 3 ( )ai/(aim [ ( ‘%W')')-bi (bilai) ai}

Squation 17 can be solved for the Lagrange multinlier A by

trial and error choice of the rultiplier. Once a suitable
multinslier is determined it can be used in Zquation 16 to
find the allocation of Q; to the 1th olement,

mont is allocated an Q@ andﬂ which is better than can be

obtained for that element, the (L is set at the hirhest and

ﬂ to the lowest possible values for the elemoent. 1\ now

allocatisn is now made over the remainins olements uith the

remainin~ funds,

If an ele=~

30

sqs. 14

g 15

2q. 17
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To find the appropriate multiplier in .uquati . 17 with any
desreoc of ascuracy would require a dinital compnier gsolu-
tion. 4 situation where the soluticn of iquati n 17 for the
raltiolier is simplified is considered in the follswins

section.

OPTIIUM ALLOCATICH MOR =7UAL 84
inen a situation is encountered in which the a,'s can
be set to a &omon value in the element cost functions,
aquation 17 can be solved explicitly for the multi-iier,

w“ith a; = a i=1,2,,..,n, dquation 17 becomos
a

_(1':;‘1': H

a n -,
(l)m'z [Ai Dy i °bi:|
Y i=1 ay \to

Zgquation 16 can now be written

] B

b, /a

b b, 1
o, g [ et e

a Inltof

. &

Fron ..quation 15 the 'Bi can be written

Q Eq. 16

b
B wwirer - “a. 19
o
Somo mention shoulsd ha =ade of thoe sttuation in wnich the
a;'s are equal, Onc obvious instance is thiere the p.d.f.
of tiro to fallure for all elements is similar cnoush that
the ratio of cost inerenso to increase in Q is approximately

erual, T% is nossible houever for casos to occur hare the

NP e dter WSRO
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aj's are ncarly cqual although the p.d.is of time to failure
‘for olemonts is not the same. 7he exarnle which follows
§ . will illustrate an apnroach to the case w-erc tine p.d.f, of
j clement time to failure is not the same but the a;'s aro

; -
P nearly enual.

SKAMPLE 3
It is desired to find the optimum diztribution naramet-

ers to allocate three elements which comprise n sorics sys-

ten in order to maximige the system reliabilitr for 20 hour:

onoration with the funds available. The p.d.f.'s of time to

e ik

failure for the Tirst, second and third elemcnts are normal,

garma and exponential. Two estimator of cost versus mean
life for the elements are as follovs:

2 2
Tormal T/ M = .04 Yiq = 50 hrs. ¢

/ 1 =:1.000
2 2 CH,=75 " Gy =53,000
Garma T/ M = 0025 L, =20 " G =500
- t PN o
2 2 , “2 30 ! 02 --J;.OO
Zxponen, T/ K/=1.0 M, =100 1y =5200

Mo, = 150 " ¢, =3e20 .
“nat Q and B rakametars shouid be alloeated each element if
total cnst should ba 31,5002
gsin~ the nethods of the Appendix to eatimatec the cost
wargreters, the cost functions for elements one, twe and

three can now be uritten

1647 o220 8,27 £a20 026 =300
L a, '81 ’ “ :

e e 2 2

e
Y
3

AR R s il N
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14.025 a0228 B".bbs

and e 3 3 @
g Using lguation 18, the optimal Cli are found to be
{ 40,35 16415 7137
] a1=e azso a3=o .

? Substituting these into their appropriate coat aquations,
the amount to be s»ent on components one, two and taree is
gy = %202 C, = 3940 8y = 13360 ,
for a total cost of 31,502, The resultant mean life of cach
elerient will be

MK, = 31.2 hrs. Ko = 37 hrs, My = 1,250 hrs.,

The system rcliability can bo written as

so for this alloecation and to = 20 hours, the gvster relia-
bility is .933. 4n inmproved allocation could now be accorp-
lished by making new cost parameter astinates in tha repion
of the initial allocation.

The scetion which follows oconsiders a nroblem very sim-
; 2 ilar to that just discussed, ifow, however, the systom roli-
‘ abiiity will be held constant and minimum coszt found to zat-

isfy this reliability.

CIOTETID GOSN A0 SVATAL WLIADILITY dliwid oo
The lact soction considered maxiricine avstor rolighile

ity subject to a2 total expenditure., A tyiical probl-s anale

arous to this is findinz the minimum desi~n and development i
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cost associated with moeting the system reliability require-
ment., Suprose a system roliability require :ant of Rs(ta) is

specified for operating time t,e Por a scrics system then

Rs

St
Ry(t)) = exp -Ei o

1 Cli
so that
n tﬁgi
(o] =-1nR(t) .
1=17Ct; g ™2

In the following discussion, the term - 1n Rs(to) will be
considered the requirement to meet and will be denoted by
K. Therefore Rs(to) is equal to exn(~X). ior the svstenm

composed of n elements in serics ths lacrancian funetion is

n a. -ob n Bi
L = a. gt -)\[ 8 " - 1]
IR Ay =

i
where the object is now to minimize the total cost torm

n a, "b

A, 1 i

The equations resulting from partinl differe.tiation are
i i

ailliai Bi + A tO = 0 i=1'2,.a’n

a.

+ A% (s

P

a. =b. =1
i i

| od

[N

3

5Q8. 19

Bags. 20

- YR & N : .. " A, . iy G oedn o Rl Nt f o oy
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Solution of ..quaiions 19 and 20 for l%_nﬁvcs
T
i a.i n to

From this it is seen that the optimal lcvel for L?in an cle-

ment is the same whether optimizing in terms of total cost
or system reliability and is only a functicn of the cost
naraneters a and b end the operating time to. squation 19
can be used with the equation for ,81 to find the CL_., as

1
by / aiJ 2

1

‘ bi bi

[}x ailnlfoi 5
ai l’\i

T™e reliability constraint can now e written

-1 ay b, by =1
%i P)J W (ebi/ag CYE [ a{ln(to)) 8+ =k Eq. 21
i='l ai Ai

Pronm this rolationship a trial and error technique ean be
used to find the re~uired multinlicr. As belfore an accurate
allocation would require a di~ital cornutor selution. Once

the multiplier is determined, the Cli can he found from
5y | P bi/ni] Lt
it

am(tyy| °
8 A4

Qe 22

o, = liwl:

The following section doals witn the ocanse of equal 8y and

the resulting straightforward aolution,

- ALLOCATTOW FOX ZOVAL ag
inspection of :quation 21 reveals that when the a; are

equil the Q. can be found directly. Letcins all a; equal

. s ;e - o " R T RE Y
e B ke e R i AP oA s
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the common valuc a, zZquation 21 can be written
-1 =

b b -1
n b,/a+l i i e *
Z_ - . [‘aiTnIEOS) a
i=1 o

The allocation for @ and ,G in the 1*® oloment becomos

b b, b,/a71 b b -1
i i"i b, /a+1 i i
Q. - [(—E'ma TE ) e ]a-l-’i ?-1 o 1 [('—Eﬂ'f_f)a . ]a-i-‘T
a = a Al

Ay

K

WAAMPLE 1':

For the system of Sxample 3 it was found that the allo=-
cation resulted in a system reliability of ,933 for 20 hours
operation at o cost of 31,500. What savin~s could be made
if the srstem reliability requirernient for 20 hours oneration
vas .90 (11=,1052)7?

Using the cost functions as doveloped for clements ons,

36

two and three, IZguation 23 gives the following Q allocations:

40.13 17.73 6.717
e Q, = Q. =e

3 [ 4

These valuos yield a system reliability of .,900. The re-

9 =

sultinm element costs are:

Cy = 161 02 = 3050 (:3 = 3325
The nsw total cost is .31,356; a savings of 31Uk,
Analysis of the tyre just presonted ocould be a valuablo

tool to examine cost effective reliasbility specifications,
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A trade~off could be performed to determine a suttable bal-
ance between cost and achieved reliability. In this way a
more effective systom could be defined,

Chapter 3 has restrictod the discussion to scries sys-
tems, The first part considered the alloscation when the
elements displayed a corstant fallure rate. The second part
of this chapter considered the serles system where the fail-
ure rate of each element was not necessarily constant, but
the distribution of times to failure for <ach elcment could
be adequately described by the Weibull distribution, An
ontinmum allocation for a parallel system will he treated in
the next chapter, The “eibull approximation wfll s3ain be

uged to aid in the mathematical development,

e ! e A et g A
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CHAPTER 1V
PARALLEL SYSTIZHS

INTRODUCTION

This chaptoer will be devoted to the considoration of
parallel systems. TFor the purpose of discusasion, a parallel
system will be defined here as one which requires the suc-
cessful oneration of at least one element of two or more
olements in active redundancy. It is also assumed that the
failure of any element or elerents in the rodundancy nlaces
no additional stress on the remaining elements. With the
restrictions stated above, the system reliability for time

to can be uritten

R (t

m
=1 - I (1=-R,(t.) ),
o) 1L, =Ry %

th s1oment of m

where 1-Ri(to) is the unreliabilivy of the i
in active redundancy. If the object is to maximize system
reliability for time t , then it 1s necessary to minimize

X &~ ~r n -
the quantity 111(1-Ri(tc)} for the system olemcnts.

Since for Yeibull distributed elcments the unreliadbility can
be expresscd as [3
t, /a
1-0 ?

the object is 2§ ninimize

n ty A _ |
I (1= ¢ ) sqe 24 .

1=4
waere, as in tho last chapter, the total exnonditure con- :
3
38 !
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If Zquations 2l and 25 are used to form the Larrancian
function, the equations which result from partial differen-
tiation are simultancous, non-linear in the O-i. These
ecuations are not ameable to closed form solution. One
possibility in reducing the complexity of these cauations is
to make the firat order approximation
exp ~t_/Q = 1- tO/O. 5
Jor element reliabilities greater than .72, this reosults in
less than 57 error. With this approximation the term to
~inirize for the system is
Ly
T
i=1 Eii ¢
roraing tae Lagrange function as
m i
I f_?.... = [z Ai B “ ] ’
i=1 Qs
the cquations to satisfy are
1 2 tBi 8;=1 =By . :
d- jI_E. - ->\niA1CLi Bi =0 i=1,2,40,m sqs. 26
i
il i b, =1
Q4 :
n a wb . f
andc i a :
&
T e RS 3
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Combining igquations 26 and 27 yiolds
B, = o3
ailnztoj
which is a faniliar result. Swming zZquation 26 over all m
elements gives

:81 m n a; ~=b
noog 1P _
[1 1T] [f=1 zi]+ RN Bi= =0

With I Aiaiiﬁi
1=1

replaced by H, the multiplier)\ is

m Bi n
ghs PR

H

Thia multiplicr in dguation 27 yields:

2 'c '81 1 ~b, -1
1n(t,)TT 8 _ -["x Yo 2 = bAai it
i=1Tg; li=rTapdlis 1444y Py

H

o

Rearransing in terms of Cl.i,

b, +17 1
a, = H 1n(t )g CI
i=1 &
3ince 'Gi =by/ a; In(t,) ,

b
o = |1yt

i b, +1 him :,] ’

1=

Aiai i ln(t )

4o
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which is the ontimal Q allocation for each element when m

difforent eloments comprise the system.

UEANPTE
A design is being considered for a programasble elec-
tronic calculator. Because a problem can be prograiyed or
innuted via a manual keyvoard, the prosrammer and lkeryboard
are considered to be parallel elements. Zither clement can
fail and a problem can still be processed using the other
element as an input device. The cost function for the

electronic progravmer has been estimated as

5.0@.256-1.55

C; =0 1 My .

The cost function for the keyboard has simllarly becn osti-

nated as

10 « 30 '*’%-05
@ B, .

G?_ = @
Ir 52,000 is to be spent on the input systom, what G andﬁ
should be allocated to ecch eloment to maxinizo reliability
for 5C0 hours oporation?

Usinm Squation 28 with tho above cost paramoters, the

optinunm ‘Bi Tfor eleoments onc and two are

The optimun O’i can be found by squation 29 and are

8.9 22.65
a,i =0 and aa = @ °

These O and Bsubstituted in their respoctive eost functions

PRV

' AT W g



yicld Cy = 51,070 and C, = 5930,

The system unreliability is m ﬁi or ., 00NT45 for
TL(ty */ Oy)

500 hours opcration.

MININMUM COST #OR RILIABILITY RuUOUINGIEIT
“he object of the following analysis is to minimize
nl a; ~~b
! 12=1 yogt Bt
when a system reliabilitjr requirement must be mot. II the
system reliability requirement is Rs(to) =1 Ii(to) for ty

hours oneration, the obinct is to minimize

n a -b
i i .
izﬁ‘i“i G.i 'Gi , subject to
n tBi
IT "o = i'c(to).
i=1 a’i

Por this case the larran~ian is

a5

]

1= ai
so that the eauations to satisf{y are

ai-1 'bi A D Bi

aiAiai Bi $ o= 1-1 =0 i=1,2,oo,m » EC_S. .

ii=t ai 30

8. b, =1 _ i

biAi aiJ. i + *Alﬂ(to)ﬁ to =0 i=1 ,2,..,!31 ’ Eqa. .

i=1 O.i 3,
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and

tBi

m
II (o] - K(to) = 0.
i=17a;

As before, combining itquations 30 and 31 results in

b,
- X -=__'a
Bi -—E;-—l—n-(-t—o-)- 1 |,2,..,m o
Substituting the reliability constraint in -.nuation 30 and
multiplying by & 181
o}
Sives

- H

[aiAito } s
-
2:(1:0)311

Taking the nroduct of this expression over all m elements

yieids

a (e} ’\ "
Ta = ,.
1 (408,
m
1
or 2 = b.+1 b
=% ,  n |a A tun(s)) 1] 3
VIS e t
I ° i'-"1 i
K(ty) by
The optiru= ruitiplier is thus
1
b,+1 b - T
n i 4 i ita A
“A = “‘1‘%"*‘17 8y Ao tlalt,)) “fod 12;1-“:: Eq. B
s by 32
K(t,) by

Zith this result the o-timum Q for the ith element can dbe

found 2as

B

e e e A .
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Eq. 33
where t_ refers to the time for which the svstem reliability

; 0
' has been specified,

EXAMPLE 6

For the prograrmmable calculator of Examnle 5, what min-
imum cost could be expected to achieve a .99 reliabllity
for 500 hours opsration? What Q and B should be allocated
the two elements?

The ontimum level for the [31 can again ve found from
u Squation 20 and are
E B1 = 1.00 and Be = 2,h2 .
f With a K(500) value of .01, the optimum multislicr - A can
be found in Zguation 32 and is exp 9.575. The resultant
allocation for G, and C12 are exp(5.i.2) and exp(20.38) from

E, Zquation 33. This results in an unrcliasbility of 0046 for

element cnv and 2,22 for element two., In the development of
the alloeation for the parallel system no restriction was
irposed on {he value of unreliability an olenaent could be
ailnocated. Ilovwever a valuc of unrelisbility mreater than one
is nvsically neanin~less. When this occurs a close look
should be talon at the elements envolved to see whether or
not they are actually required in the systom. 1If so, the

lowest rcliability pormissable should be allocatcd those :

Bt e
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elements in order to maximize overall swvsten reliability.
For the example under discussion it is decided that .60 is
the lowest admissible reliability for olement two; it is
necessary for element one to have ,95 reliabilitr at 500
hours to satisfy the system requiremcnt. With the /Gi

helid constcnt the new 0.1 are

7.62 16,00
0-1--0 and CL2=e .

‘"hese (L and ,8 result in element costs of 31,030 for element
one and 3230 for element two for a system cost of %1,260.
For the situation where more than two elemants comprise
the systc.. and one is sllocated an unadmissablc level of
unreliability the analysis would proceecd as follows. The
eloments vhich were allocztod too larre nn unreliability
vould be set to their minimum roliability. The new systom
rcliability requirement could be found by factoring out the
unreliability due to the elements set at their minimum re-
11abilitr. A new sllocation can now be made over the re-

maining elements,

OPTIM.L REDUNDAXNCY FOR IDSHTICAL SLidinHTS
The situatiosn is often oacounterad where identical cle-
rients are arranged in active redundancy to improve the
system reliability, 'hon this is tho case it mizht be ad-
vantaceous to know how m~ny elomonts should be usod to

achieve the most reliable syatem for a fixcd exnendiiure H,

aedmeiy

- Rt i
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If a cost function of the form 2220 is known for
these elenents, it is possible to find the optimum redundane-

¢y ms For m olements comprising the systom, the unreclia-

k bility

m tlgi

‘ ITi ‘o
i=1 a;

TR -

1 for identical elements. The cost associated with this

systen is

mA aaﬁ e .

Thus for this case the Lagrangian may be formed as

[tcf]m . )\(maaﬂ”b -H) .

TR

The simultaneous equations to consider arc

tﬁ "o tB & H=b
Ea AR

=0, 5qe &

a a 3¢
E m a=1 ,=b

;_n_[to] + AarQ =0, Zq.

e la 35

“ge $

3¢

B m a ~=b=1
n ln(t,) [to ] + bmaQ =
a

a ~=b
and maaﬁ -H =0,

Sinultaneous solution of Equations 35 and 36 in terms orB

- e A R B o . _ S,
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yvields B b ’
= TIaTEyT ° #3213F

Zquations 34 and 35 can be combinod to give

tz? 1

1n| "¢ 2 e o~

[a] ¢
or a al? b+1 .
a = ot, = e o Bq. 38

Using the cost constraint with the optimum L and ﬂ » the

expression for the optimum redundancy can be written as
b
Hb "
A B b iq. 39
Ae a ( 1n{t)) )

“here is no guarantee that m will assume an intoger value in
Squation 39 although anything but an integer muiber of re-
dundant elamonts has no physical sipnificance. Unless the
optimum m is found to be and integer, the inteser just small-
cr and just lsrcer should be testod to seoe which is tho true
optimum. This is accomplished by dividing the total exnen-
diture into ocqual parts for each element at each interer
tested, Using Zouation 37 and the cost equation for each
olienent the optimal Q and Bcan be found. Wit those two
parareters !mowm for each eloment the system rellability can

be deternined and the larrest one chosen for the interers

tested.

SXAHPLS 7

A multi-engine, all terrain vehicle is being conaidered

T e e N o B
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where the estimated cost of achieving Woibull parameters Q

and [2 for each power train is expressed as

8. ° "'10.0
C=e S(l 5[3

Por preliminary analysis, one power train operating success-
fully is considered adequate for mission success, If it is
decided that :320,000 should be spent on the power train(s),
what is the optimum number of power trains and what power
train reliability can be expected for 1000 hours operation?

The optimum QL , ,8 and m can be found from Equations 37,
38 and 39 with the cost parametors given above, The re-
quired values are

B= 2.50 Q= 922'0 n= 2,72 .

It is necessary to test integers on both sides of m to see
which yields the lowest value of unrcliability. With m
equal to 2, each element has a roliability of .933 for a
systen reliability of .9955., With m equal to 3, the element
roliability is .84 for & system reliability of .996l.
Therefore tiaree power frains is the optimzl level of redun-
daney from a cost standpoint. TFigure 2 illustrates the var=-
iation in system reliability with the number of redundant

elements when the total expenditure.is 120,000,

48
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3 | CHAPTER V

é SUMMARY AND CONCLUSIONS

i A cost based optimum reliabllity allocation tochnique
has been developed. Two basic confisurations have beon
considered for allocation, 8eries systems and parallel

systems, The technique is based on the minimtzation of

R Sk e

. system unreliability subject to a total expenditure to

: achieve system reliability improvement. The dual of this
problém i3 also considered, namely the minimum expenditure
; ' necessary to achieve a predetermined svstom reliability
requirement, The applicabllity of this techninue is con-
tingent on the accuracy with vhich each elemeni's probabile
ity density funection can be approximated by the two pars=
meter Weibull distribution. In addition it is necessary
that paremeters can be found for the propo. ot function
¢ which discribes the cost associated with achieving a reli-
abllity level in an olemont. A method is outlined in the

Reproduced from
b:f:avu:;hbi;copj

Appendix for estimating parameters for the cost function,

g - The solution to the reliability allocation nroblem is found

by the anplication of the Lagrenge multinlicer method.

Tor the case of the series conlipuration, two snecifiec
systems cre treated, The first is the system where each
elemont has an exponential distribution of time to failure
(constent failure rate), and the second is whore the p.d.f,

of time to fallure for each element can be adeauately

50
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described by the Weibull distribution. ¥Where the elements
have a constoant failure rute, an optimum failure rate allo-
cation is shown whore the total expenditure is specified or
tho system falilure rate is specified. For the c¢239 where
all the elemonts have a Weibull failure rste 2 closocd form
solution 1s not possible with the proposed cost function.
An iterative technique is required to find a suitcble multi-
plier and thus the optimum allocation. A4 modification of
the cost function is presented which allows tho explieit
solution of optimum Weibull parameters for each element and
thus tho moncy to be spont for the imnrovement of each ele=-
ment. To illustrate the use of the allocation technique a
numerical example is shown for each section, JSince the
exponential p.d.f. is a special case of the Weibull p.d.f.,
either svoproach can be employed to allocate to a constant
failure »rate, series system. The choice should denend on
the accuracr of the cost function in defining true cost
versus element failure rate.

For the narallel system a method is developed to
allocrte Weibull narameters to each element to minimize
system unrcliability for a ~iven exnenditure. As with the
series system 1t is assumcd that the p.d.f. of ecach element
can bo adequately deseribed by the Weibull distrilution.

The cost function is the samc as used with the pravious
series nodel, The dunl of the above problem is also con-

sidered where & system reliability requirement must be ret,

-
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; . One additional situation is considered; finding the optimum
. number of identical elements in parallel to maximizc system
I roliability with an imposed expenditure, To allow an analy~
! tical solution of the allocation problem a first order ap-

proximation is made for element reliability., iis approxi-
% : mation results in less than 5% error for element reliabilie

ties greater than .72. Following each developmént is a
muerical example.

] _ One general conclusion that can be made rogarding reli-
| ' ability allocation is that for anything but very simnle
system configurations the mathematics involved becomes quite

complicated. Systems of any complexity (series-parallel,

R o S

dependent element) in most cases require a dynamic program-

LA N T

ning approach and subsequent dipital commuter solution,

aal e

Rellability allocation is an important step in the concep-
tual, develoyment and design phases of a system, As such it

S TR, T

is a task which must be performed. If a model is available

which can be used to treat the specific system under consid-

eration, it should be tested.

SUGGESTIONS FOR FURTHZR RESZARCH
ork on the development of the models presented in this

5 nmaner could he expanded in several directions.
: In the series model using the eibull approximation, it
vas found that explicit analytical solution was not nnssible

for the optimum VWeibull parameters. An iterative technique

e AR - BT T

is required to locate the optimum Lagrange multiplier, A
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digital computer program would enharce the usefulness of the
allosation technique and serve as a iool for sensitivity
analysis and for study of anlternative expanditure nolicies.
Solution is not limited to the digital computer. Tno simule-
taneous equations resulting from the Lasranmian function
could be solved by the use of an analog cormputer and sensi-
tivity of the optimum allocation could be studied by the
variation of problem parameters.

The optimum allocation for the parnllel system was
found only after a first order approximation was medoe on
elenent reliebilitiss. Pcrhaps an aualytical solution exists
for this problem vhich does not necessitate this simplifying
assumption. If not, it would be w:rth while to test the
closoness of the allocation developed in this paper to the
true optimum. This could be done by solving the original
non-linear, simultsneous equations of the Tagrangian by an
iterative technique., Again, a digital computer could be
employed to solve these original simultanoous equations.

One further area of research is in defining suitable
parameters for the proposed cost function. Tho method
presented in the Appendix is very limited in that it is
necossary to assume a fixcd ratio between elerments mean life
end standard deviation of time to failure, This is equivae
lent to holding the beta or shaps parameter in the Veibull
distribution constont., This might not be a realistic cost

Koot =

T S . ;
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valuable contribution to reliability work ‘ould be the re-
search and cataloging of distridbutional forms of various
systom elements and components, and the cost associated with
the reliability levels achieved, Such a listing would
greatly aid in the development of more accurate cost funce

tions for reliabilitr allocation.
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APPENDIX :

SSTIMATION OF WiEIBULL PARAN.ITING

The accuracy of the optimum allocation models that were
presented in Chapters III and IV are stronzly depcndent on
two assumptions. The first is the assumntion that the
ped.Lfo's of the system elemonts can be adoquatoly described
by the ieibull p.d.fs If a Weibull distribution caax be found
it is still necessary to define a cost function which re-
lates the achievement of improved reliability to tho cost for
improvement. The key to overcoming both of theso problems
lies in the accurate estimation of the ieibull parametors,
alpha and beta, for an element's distribution. Several
techniqueé are available for finding suitable ‘eibull para=-
moters to describe a given dictribution. Three possitle
teohniques are 1) equating the mean and variancc of the
Jeibull p.d.f. to the corresponding paremeters of the elc-
nent's distridbution, 2) defining alpha and beta such that ths
arsa under the element's p.d.f. is equivalent to the area
under the i/eibull p.d.f. for some time pericd and 3) use
maxinum liklihood sstimators with points from the elementis
distribution., zZach of thesc methods will be discussed pre-
sently,

A very strairhtforuvard approach to obtainine estimates
of alpiha and beta i3 to equato distribution means and var-

iances., For a Yeidbull distridbution of the form

g% fm e H AR S0 A o e e e S

SN _ .
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r(s;a,0) = g t,G o ’

the mean.(}L) and variance (O ) can be written as

L FF%-‘-]
o A

These equations when rearranged in terms of the eibull para-

meters become

r1: +€] ‘Z =1 + (CT/%L)a
(1)
= offr]

Thus 4f the ratio of standard deviation to mean is known,

g

beta can bs estimated. 'With beta and the distribution mean
the second equation can be used to estimate alpha.

Another possibility for estimating an alpha and beta is
to equatéahrea under the Weibull p.d.f. for a given tine ine
terval ¢o the area under the element's p.d.fs If for time
ti the system element has reliability Ri, an squation of the

form -tf%:
®

:Ri

can be found for all points 3i(t1) along the roliability
curve., At least tuo data points are recuired to fird estie

nates of alpha and beta. For each pair of points the tvo

p—" L SEE R ey i
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simultaneous equations
= 1/0.
] = R,
g
-t/0
and ° = R,

- ape. solved., The result of this solution is

raa waatld Tt

3= 1o ( 1aR,/1nR,)

T In (%,7%;]
and a="% .
Inf

1
If more than two data points are available for parameter
estimation, the points can be taken in all combinations of
two at a time and equations solved for several estinates of
alpha and beta, For n data points it is possible to find
nl/((n=2)1(2)1) estimates of the YWeibull parameters. An
overall ostimate of these parameters can be made from the
averace of the so obtained estimates.
. laximum liklihood ostimators can be used to estimate
alpha and beta if the distribution of the eloment times to
failure is initially assumed to be a Weibull p.d.f, For a
sample of n times to failure (ti) the maxirum likxlihood
estimators for alpha and beta are (i)

nQ- §: ﬁL? = 0

fzq 1

n
nt, -1/ % ¢, Int, =0,
1t fmg + 74
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Solvin~ these caquations for the “eibuvll paramcicrs would of
course require an iterative procedure, To by-pass this

difficulty beta can dbe found by solving the equations

g 1

n

’.fﬁ’ﬂ”m&mu - 1=1
i n
f‘ and St - O_VBF[%H]
! i=

simulteneously. This secon? cquation is an unbiascd csti-
mate of the distribution meazn. Solution of these equations

leads to '3‘: t /3
lig B

rr%j]}ﬁ i—‘l E

From this ennation an estinaete of beta can bve fowide An

estinmate of alpha is then found from

n f
a= g’=1 K .
=

The use of one particular parancior ostimation tech-
nique over another is devendent on several factors, If the
D.8.fe i3 kXnowm for tho element under qucstion, the first
metixod girould be used, s tman and Yariance of the distri-
bution can be equated and the dosired A and ﬁ varancters
determined, 'faen only two points aro availablo on the ele=-
ment reliasbpility curve, the second ostimation method is

easily used and asccurate enough for prelininarvy nllosantion,




- 60

ﬁhen a sufficient volume of data is available and the Woie

e
5
i A f
i

bull p.d.f. is assumed then maximm liklihood ostimators

are the most accurate estimators available,

‘e

SSTINATION OF COST FUNCTION PARANEY IS

Raitan o et S BEh Sk s

| Tﬁe followins is a technique whereby the parameters A,
'a and b can be estimated for the cost function

8 A=b
AQ .

VRTINS

One simplifying assumption oi' this tocimique is that the
ratio of element moan life to standard deviation of times to
” failure is constant. This is equivalent to hol-din~ the

"shape"” of the distribution constant., For a nreliminary

¢ "location this is not considered a serious drawbacic, 1t
soems rnasonavle that even though the moan life of an equip-

mont incresses the meneral shane of its railuro probability

distridbution should not be altered pgreatly. The accuraey of
this simplifying assumption, however, will be horn out by
the .oibulli parameters estimated for the cloment in question.
In addition, at least two cost estimates are recnired for
each elenent on the cost vorsus element reliadbility ocurve.
IZ the precoceding requirements are met the procedurc is as

follouwe, Using 2an ectimating technique mentioned oarlier,

eibull paramctcrs 0.1, 0.2 end B ars found for thc element.
{niy one l?is dcfinod sineco tho ratio of mean life to stane
dard deviation remains oconstant. Associated ulit t{hese two i

. » paliability lovols, R(C11.[3.t) and R(Cla.[?,t), Tor oner-

s i AR i s i . o ARSI JE, i FORUREN S SRl & okt i Pt sk T it i AR




Sinee it was found for the analyses in Chaopters III and IV
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ating time t are two cost estimctes C, and C_. The cost %

i. equations resultine from these points on the reliadility

‘g f , eurve are i

'i_ § by a A=b :
: C1 - A a1 p

13 T " i

, P m‘. :. . . a -b

g waere A is the position parameter and a and b are the slope §

? ) parameters, Takiaz the natural logarithm of both equations

g and somvining violds

:

‘- ~

;E 8= 1n(v1 '/CE) . Eq; *

that the optimal level of beta for all elements will be

b/a 1n(to), b can be estinmnted as

o = Ba 1a(t,), Eq. 2
A
waore as before to is the system operating tirie over which :
reliability is boing optimized. Usinz an cstirmation teche-
nicuo previsusly discussed, aa.ndBcan be dotermined for

two reliability and cost lcvels of the elemcit, ./ith tuo

o Bt e b S e

Q valu~s defined, the slonoe paramster a can be found from
Zquation 1A, (ncc a is deli:.iined, b con be founa {rom
Squetion €A, ‘iith both a cnd b determincd, the oquution lor

t2s pozition parancter A can be written as

s
@
=
3
5
\'3;’\
s

01‘- = 02
a A=t a A=b
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