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ABSTRACT

A semiempirical expression for boundary-layer transition location is developed based
on the concept of a critical ratio of inertial to viscous shearing stresses at laminar
breakdown. Extensive comparisons between predicted and measured transition locations
on a 10deg included-angle cone at transonic speeds are shown with the data predicted
to within 10 percent., Comparisons are also made with low subsonic and supersonic data
which indicate the method is extendible to these flow regimes.
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F(y), G(y) Polynomial functions of y in Pohlhausen boundary-layer velocity profile
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Compressibility correction factor

Constant defined in Section 3.1

Constant defined in Section 3.1

Rp/C

kVReX;

Prandtl mixing length

Characteristic length of transition model, 36 in.
Mach number

Fluctuating Mach number based on root-mean-square fluctuéting velocity
component

Pressure, psfa

Steady-state (time-averaged) static pressure, psfa
Root-mean-square of fluctuating pressure, psf
Root-mean-square of fluctuating acoustic pressure, psf
Root-mean-square of vorticity-induced pressure fluctuation, psf
Free-stream dynamic pressure, psf

Disturbance Reynolds number (Eq. 1)

Critical value of disturbance Reynolds number

Unit Reynolds number, 1/ft

Transition Reynolds number

Transition body wall temperature, °R

Free-stream static temperature, °R
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Root-mean-square of fluctuating velocity, ft/sec
Free-stream velocity, ft/sec

Distance to maximum value of the root-mean-square of the axial pitot
pressure traverse, Fig. 3

Distance to end of transition as defined by the peak in the axial pitot probe
pressure traverse, Fig. 3

Distance to beginning of transition as defined by the rise in the axial pitot
probe pressure traverse, Fig. 3

Axial distance, in.

Transverse boundary-layer coordinate, ft

Boundary-layer acoustic impedance

Dynamic pressure coefficient, p/q..

Boundary-layer thickness, ft

Nondimensional transverse boundary-layer coordinate, y/8
Transverse distance to critical value of disturbance Reynolds number
Pohlhausen shape factor for compressible flow

Acoustic disturbance scale length

Vorticity scale length

Laminar viscosity, ft2/sec

Kinematic viscosity based on free-stream density, ft2 /sec
Fluid density at transition body surface, lbm/ft3
Free-stream static density, lbm/ft3

Disturbance parameter, see Eq. (6a)

Tunnel wall porosity

Scale length for mean pressure gradient
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Root-mean-square of fluctuating velocity, ft/sec
Free-stream velocity, ft/sec

Distance to maximum value of the root-mean-square of the axial pitot
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SECTION 1
INTRODUCTION

A criterion for the onset of laminar breakdown to turbulent flow has becn the goal
of gasdynamists for many years. It was Reynolds who first suggested that this transition
was initiated by an instability in the laminar flow. Since that time stability analysis has
been repeatably applied to the problem. Lord Rayliegh used a linear inviscid analysis to
establish the basic stability criteria for a laminar flow (Ref. 1). Later, Tollmien and
Schlichting (Ref. 1) used stability theory to predict the growth of an infinitesimal
disturbance in a boundary layer on a flat plate. Their analysis showed that above a certain
critical Reynolds number such disturbances would grow. They suggested that once these
instabilities grew sufficiently large, they induced transition. The experiments of Schubauer
and Skramstad (Ref. 2) verified the presence of linear waves in the boundary layer on
a flat plate. In the course of their investigation, they demonstrated that the free-stream
disturbance levels affected the transition location. They speculated that at their lowest
values of the free-stream turbulence intensity (i.e.,'ﬁ'/u,), the velocity fluctuations were
significantly influenced by the acoustic environment established by their test facility.
Recently, Wells (Ref. 3) obtained transition data in an ultraquiet flow facility in which
the acoustic levels were an order of magnitude lower than the acoustic level of Ref. 2.
Wells obtained a zero disturbance level value of approximately 5 x 106 for the transition
Reynolds number as compared to 2.8 x 105 obtained by Schubauer and Skramstad.

Because the linear theory and its nonlinear progeny have not been able to locate
transition explicitly, the exact transition mechanism remains in doubt. However, it has
been suggested for some time, although not experimentally demonstrated, that breakdown
is initiated when the ratio of the inertial shearing stresses to the laminar viscous shearing
stresses reaches some critical value. Liepmann (Ref. 4) first suggested that this ratio becomes
a maximum somewhere in the boundary layer near the "critical layer” of the stability
theory. On this assumption, he developed an expression to predict transition location which
depended upon the linear stability theory amplification factor, the unit Reynolds number,
and the initial magnitude of the free-stream velocity fluctuations. His method gave
moderately good results (Ref. 5). Since then, there have been several prediction techniques
that use either the linear stability theory, Liepmann's hypothesis, or both. Many have
had moderately good agreement with experimental data (Ref. 6).

J.W, Elder obtained a good insight into the basic mechanisms which induce transition
(Ref. 7). His experiments on a flat plate showed that there exists a critical ratio of the
local fluctuating velocity component to the local mean velocity prior to turbulent spot
formation in the boundary layer. This result lends support to the formulation of van
Driest and Blumer (Ref. 8), who postulated that the ratio of the inertial to laminar shearing
stresses reaches a critical value (which is a constant) prior to laminar breakdown. Their
final result is an expression involving the transition Reynolds number and the magnitude
of the free-stream velocity fluctuations only.
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The effect of free-stream disturbances is not restricted to the low subsonic speed
range as the references quoted above may imply. Boltz, et al. (Ref. 9) investigated several
geometries from the low-speed range to the high subsonic. They found that test facility
acoustic levels affected transition location. Pate and Schueler (Ref. 10) and Pate (Ref.
11) have shown that supersonic and hypersonic transition locations are dependent on
acoustic radiation from test section wall turbulent boundary layers. They have developed
a correlation involving only acoustic parameters and tunnel size to predict the transition
Reynolds number on a 10-deg included-angle cone and a flat plate for these flow regimes.
Other extensive work at the Arnold Engineering Development Center (AEDC) by Credle
(Ref. 12), Credle and Carleton (Ref. 13), and Credle and Shadow (Ref. 14) using a 10-deg
included-angle cone has also demonstrated the influence of free-stream acoustic disturbances
in the transonic flow regime.

SECTION 11
ANALYSIS

2.1 THE DISTURBANCES

Before proceeding to the development of the model, it would be well to consider
the characteristics of the disturbances encountered in wind tunnel testing that influence
boundary-layer transition. Schubauer and Skramstad found that the disturbance level in
their tunnel increased with increasing free-stream velocity (Ref. 2). Pate and Schueler
showed that the noise radiated from the turbulent boundary layer on the test section
wall decreased with increasing Reynolds number for a fixed supersonic Mach number (Ref.
10). The transonic flow regime has proven to be considerably more complex. The
investigations of Refs, 12, 13, and 14 have determined that there is no clear-cut dependence
of the disturbance level on flow variables (i.e. Mach number, Reynolds number, etc.) but
rather, that the disturbance level depends very much upon test section wall and tunnel
configurations. The general level of acoustic radiation found in a perforated wall transonic
tunnel is shown in Fig. 1.

One feature is common to all the above studies, regardless of the flow regime: when
the magnitude of the disturbances increases for fixed flow conditions, boundary-layer
transition moves forward. Since the magnitude of the disturbance varies from one facility
to another, the observed variation in the transition data taken on the same model but
in different flow facilities (Refs. 10 through 14) was not totally unexpected. Therefore,
the possibility still exists that all of the transition data described above may be correlated
by a single technique if the interaction between the free-stream disturbances and the model
boundary layer is properly understood.

2.2 ANALYTICAL DEVELOPMENT
The experimental findings of Elder (Ref. 7) and the success of van Driest and Blumer

(Ref. 8) indicate that the assumption of a critical ratio of inertial stress to viscous stress
for laminar breakdown is valid, at least to a first approximation. Such an assumption
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Fig. 1 Variation of Transonic Acoustic Levels with Unit Reynolds Number
(Tunnel 4T)

has the additional feature of being applicable regardless of flow regime. As developed
in Refs. 4 and 8, the shear stress ratio can be written in terms of a disturbance Reynolds
number, Rp, as

Ry = pruj/(,uaufaj-') (N

where puju; is the Reynolds (or inertial) stress and wdu/dy is the laminar shear stress.
The critical value of Rp, Rp, is assumed to attain the same constant value at breakdown
to turbulence. This critical value can be expected to occur in the interior of the boundary
layer near the "critical layer” of stability theory, which is in the neighborhood of the
maximum critical velocity ratio measured by Elder. Since Eq. (1) is not particularly
convenient for estimating the location of transition, it may be put in a more suitable
form by eliminating the inertial stresses in terms of a suitable correlation with the mean
flow. This is done by employing the Prandtl mixing-length hypothysis and the Pohlhausen
velocity profile. Letting the Prandtl mixing length be L, the inertial stress can be expressed as

pupy; = pLHJu/dy)’? (2)
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The velocity profile can be written in terms of the nondimensional distance n = y/8 as

vw/u_ = Fly) + AG(y) ‘ 3)

where F and G are polynominals in 7, A is (p./pw )(82/v_p..u.) dp/ox, the Pohlhausen
shape factor, and the subscript ~ denotes conditions at the boundary-layer edge. Equation
(1) may be rewritten in terms of Egs. (2) and (3) as

Rp = RE(LZ/BF () + AG ()] C)

where F' and G' are the derivatives of F and G with respect to n and Rg is the unit
Reynolds number in appropriate units.

The effects of the free-stream disturbances can now be entered intq the formulation
through the pressure gradient term. It is assumed that the instantaneous pressure, p, is
composed of a mean and a fluctuating part, p and p, respectively. It is further assumed
that the fluctuating pressure can be expressed as a linear combination of two terms: one
caused by acoustic disturbances and one caused by vorticity disturbances. This separation
is expected to be a reasonable approximation up to the low supersonic flow regime (M
< 2.0) at least, and for moderate levels of the pressure field. The shape factor, which
accounts for the effects of pressure gradients, can now be written as

AJ:_BZ_(éi ﬁh"ﬂsz)

Pw VooPoo s ax ¥ ox dx

where the coefficient f is a compressibility correction factor and is given by Hinze (Ref.
15) as (1 + BM5;)3/2 where 8 = 40 and M; = ufa_. Since Ufu., is less than 3 percent
in most wind tunnels, the above correction is small, and f will be taken to be equal
to 1. The coefficient Z is the boundary-layer acoustic impedance.

- A further ipproximation is made on the two fluctuating pressure gradients: aS‘,/ax
~ Py/A, and 3p,/dx ~ Da/A. where A, and A, are appropriate scale lengths. No such
approximation can be made on the mean pressure gradient because the appropriate scale
length, x, depends upon actual flow conditions. However, as long as the boundary-layer
approximations hold, it can be expected that the mean gradient will be negligible over
the scale of the disturbances. The shape factor is

Peo 82 1 BF ?“V ?{a
A= =2 (222, Yf, 22
\ Pw Voopoou::o (x aX ¥ AV' * Aa )

A final approximation can be made to the fluctuating pressures since the acoustic
variations are primarily linear pressure fluctuations and the vorticity variations are primarily
velocity fluctuations (Ref. 16). Taylor (Ref. 17) showed that the latter are related to



AEDC-TR-73-158

the corresponding pressure variations by By & pU2 where U is the root-mean-square (rms)
velocity fluctuation. Incorporating these approximations into the previous expression for
the shape factor gives

P 82 f1ap 2 Ta

"=Eam(za‘x+x *xZ ©)
Substiting Eq. (5) into Eq. (4) and evaluating the result at the point in the boundary

layer where the critical value of Rp occurs (n = 7.) yields

2 T 2
L W ]

where the constants A and B are the values of F'(n) and G'(n) evaluated at n = ..
The function Z is defined as
A

v

29,

>

2:

b

dp Z " TN ?
—,+‘z—aAcp+(u—)

where g is the dynamic pressure in the free stream and AC, = Pa/q... The function
Z gives a mechanism whereby the free-stream disturbances contribute to the ratio of the
Reynolds-to-laminar shearing stresses.

To apply Eq. (6) to a flow where the disturbance magnitudes are known, it is necessary
to estimate the length scales. According to Ref. 8, the appropriate lengths are & for L and
0.68 for Ay. If the boundary-layer thickness, 8, is assumed to vary as

5= Cx4/R)
then Eq. (6), which is the value of Rp where transition begins, can be rewritten to obtain

B.Dc = CG/RgX, (1 + 0.1 CTy/T_vVRgX, 3) €))
where Rg X; is the beginning of transition Reynolds number based on appropriate distance
(e.g., the distance from the cone vertex).. The constants A = 1.10 and B = 0.1 are
approximated by evaluating them at n, = 0.5 (Ref. 8 gives n =~ 0.6).

The behavior of RgX; as the external disturbances vanish (i.e., Z = 0) can be obtained
from Eq. (7) as

lim R
1m Dc

lim lim [CVREX, 0 + 0.1CTy/T, VREX, 2]

CyREX, = constant, by assumption
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which implies that the transition Reynolds number, RgX;, for zero disturbances is a
constant.

Equation (7) can be rearranged slightly by dividing through by the quanﬁty in
brackets. Then, if 0.1C(Tw /TOVRgX; £ < 1, use of the binominal theorem leads to

VREX, = k[1-0.01 CTy/T_yRgX = + 0(22)] (8)

where kK = Rp/C. This gives a correction to the transition Reynolds number for small
values of the free-stream disturbances.

2.3 VALUES OF THE CONSTANTS

Equation (8) will be suitable for calculation of the transition Reynolds number if
all the values of the constants are specified. An estimate of the ratio of Ay/\; can be
obtained by considering that those wavelengths that can most effectively disrupt the
boundary layer are those which impress a shear on the entire layer. This condition would
imply .that A, >> 8. Therefore, it can be expected that Ay/As << 1.0. For convenience
in the calculations, Ay/As = 0.1 will be taken. The value A,/x << 1 is taken as being
appropriate to the 10-deg cone. Since the boundary-layer interaction with the incoming
disturbances is not well known, the boundary-layer impedance, Z, will be taken as 1.
Finally, the boundary-layer thickness proportionality constant, C, is given for a flat plate
in Ref. 1 as C = 5. Correcting this value for axisymmetric flow gives C = 1.67.

The remaining constant can be estimated by evaluating Eq. (8) for available transition
data. However, it is somewhat easier to evaluate Eq. (8) if the square roots are first removed
by squaring both sides. Then, for sufficiently small values of ¥, RgX; is approximately
constant so that, to the first order,

RgX, = kl-kk; T /T %) , k; = kyRgX

As a check, the mean pressure gradient for a 10-deg included-angle cone was calculated
and found to be negligible compared to the measured values of AC,. Further, unpublished
measurements of the fluctuating velocities in the Propulsion Wind Tunnel Facility (PWT)
Propulsion Wind Tunnel (16T) and Aerodynamic Wind Tunnel (4T) were found to
be of the order expected for the measured values of the acoustic disturbances. To illustrate
this point briefly, the measured values of Ufu,_ were found to be approximately from
0.01 to 0.02. The measured fluctuating pressure levels (ACp) were also found to be
approximately from 0.01 to 0.02. If the pressure fluctuation is assumed to be caused
completely by vorticity, then the corresponding pressure levels should vary as the square
root of the measured velocity variation; i.e., Pmeasured ~ (U/u,)2. On the other hand,
the pressure fluctuations should vary linearly with the oscillation velocity if they are
completely acoustic in nature (Ref. 16). Since the measured velocity oscillations are of
the same order as the measured pressure fluctuations, it is assumed that the pressure
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oscillations produced by vorticity in the free stream are negligible compared to the acoustic
pressure oscillations. Therefore, (Ufu_)P << AC, was taken as an additional approximation.

Figure 2 shows the variation of R X, as a function of (TwT.)Z. It should be noted
that the beginning of transition used throughout this paper was defined similarly to that
of Ref. 2 (i.e.. as the axial position where the pitot pressure begins to rise toward a
peak). The various locations are illustrated in Fig. 3. The beginning of the rise was used
rather than the peak of the pressure curve, as in Refs. 10 and 11, because it is closer
to the point of laminar breakdown. The value of RgX; at £ = 0 from Fig. 2 was taken
to be RgX; = 3 x 106,
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Fig. 2 Transition Reynolds Number Variation with Disturbance Function

This 7ero disturbance value can be used to obtain the value of Ry = 2890 from
I-q. (8). Vun Driest and Blumer (Rel’. 8) obtained a vulue of 1690 based on the flat-plate
data of Schubauer and Skramstad (Ref, 2), and Wells (Ref, 3) obtained a value of 2220
in a considerably quieter test tacility. These two values used for comparison are for low
subsonic flows over flat plates. The agreement is reasonable, although not exact, and tends
to lend qualitative support to the critical disturbunce Reynolds number assumption.
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SECTION {II
COMPARISON WITH EXPERIMENT

3.1 FINAL ANALYTICAL EXPRESSION
The most accurate test of the adequacy of the analytical procedure would be a direct

comparison of predicted transition location to the measured value for given flow conditions.
To this end, Eq. (8) was rearranged in the form

6 FrGREIR e o
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where terms of order £2 and higher have been neglected compared to unity. The values
of the constants given in Section 2.3 were altered so that AC; and (ufu.) could be entered
in percent, and Rg could be entered in millions. Equation (9) was then solved using as
values of the constants, £ = 3.0 ft, K; = 1.0, and K, = 0.0577.

32 COMPARISONS IN THE TRANSONIC FLOW REGIME

A considerable quantity of transition data on a 3-ft, 10-deg included-angle cone has
been accumulated by AEDC personnel. This includes extensive data from Tunnels 4T and
16T as well as from a number of other facilities throughout the United States. Therefore,
a range of tunnel sizes, geometries, and test section relief techniques (i.c., slots, porous
walls, etc.) was available for comparison.

Comparisons of the predicted transition location with the measured locations are
shown in Fig. 4. The rms acoustic measurements used in the calculations were taken from
one of two cone-mounted microphones located 18 and 26 in. bchind the cone apex. It
was assumed that thesc measurements were representative of the acoustic environment
of the cone. (See Ref. 18 for a more detailed discussion of this point.) Primarily, the data
from the forward microphone were used in the prediction technique; when transition
occurred over the forward microphone, the aft measurements were used.
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3.3 DISCUSSION OF THE RESULTS

Figure 4 indicates that 60 to 70 percent of the transition data can be predicted
to within 5 percent with reasonable consistency and that 90 percent of the data can
be predicted within 10 percent. Some of the error is attributable to the uncertainty of
locating the transition point from the data. It was found that there was approximately
a 3-percent maximum variation between the values of X, obtained by independent
reduction of the same data. Therefore, the error band observed in the figure can be only
partially ascribed to the data reduction process. Some of the data from Tunnel 4T (Fig.
4a) were obtained with simultaneous velocity fluctuation (hot-wire probe) and noise level
(microphone) measurements, It was found that the hot-wire probe influenced the cone
transition measurements under some conditions.

It is believed that another source of error is the variation of the cone angle of attack
under dynamic loading. The effect of pitch misalignment at two Mach numbers is illustrated
in Fig. 5. As indicated, misalignment of only one degree can easily induce a variation
of as much as 10 percent in transition location. Although the cone was installed with
great care to assure its initial alignment, measurements were not made of the cone
deflections under dynamic loading. Therefore, such effects cannot be removed from the
data.
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An additional factor which could influence the agreement betwecn the predicted and
observed transition is the effect of the cone boundary layer on the free-stream disturbances
passing through it. This aspect is further complicatcd by the observation that the location
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of transition relative to the microphone location influences the noise level observed. Figure
6 illustrates the effect of unit Reynolds number on cone acoustic measurements for two
test section configurations of Tunnel 4T at several Mach numbers. The data peaks observed
are caused by the passage of transition over the microphone location as the Reynolds
number is decreased. The figure indicates that the perforated wall (open symbols) data
were obtained at higher acoustic disturbance levels, and evidence of peaking of the pressure
fluctuations is postponed until lower unit Reynolds numbers.
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Figure 7 gives the variation of the intensity G')z/p,,a,, = p/pM3) of the acoustic
disturbances with measured end of transition location. Mr. O. P. Credle has determined
from the pitot probe data that the ratio of the distance to the rms peak (Fig. 3), X;ms,
to the distance to the end of transition, Xy, is constant explicitly, X7/X;ms = 1.11. Thus,
the maximum rms location noted on the figure is the location where end of transition
must occur for the rms peak to be over the microphone. Therefore, it would appear that
the passage of the rms peak caused the peaks observed in Fig. 6. Further, the acoustic
intensity at the cone appears to be constant for constant Mach number when transition
does not occur near the microphone. Finally, the difference between the forward and
aft microphone measurements is illustrative of the cone boundary-layer effects on the
measured acoustic levels. Unfortunately, there is no method available at present that allows
corrections to the available acoustic data for these effects.
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34 COMPARISONS IN OTHER FLOW REGIMES

In order to determine the extent of the applicability of the present analysis,
comparisons were made with available data in the supersonic and low-speed flow regimes.
The 4-ft long, 10-deg included-angle cone data of Pate (Ref. 11) were used for the
supersonic comparison, Since Pate had measured the end of transition, as defined here,
it was necessary to take the beginning of transition from axial pitot traverses presented
in Ref. 11. A large quantity of this type of data was, understandably, not available;
therefore, the extent of the comparison is not extensive. The noise data for Tunnel A
was taken from Ref. 10, where AC, is given as a function of unit Reynolds number
per inch for Mach numbers 3 and 5. The predicted and measured values of transition
location are shown in Fig. 8. The data are predicted as accurately as the data from the
transonic tunnels.
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Fig. 8 Comparison of Predicted Supersonic Transition Location
with the Measurements of Pate (Ref: 11)

The direct application of the correlation to low-speed transition data was hindered
by the lack of measurements of the associated acoustic levels. The data of Refs. 2 and
3 were considered in detail, and the data of Schubauer and Skramstad (Ref. 2) were
found to be the most similar to the previous data. The reason for this is that the noise
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levels quoted by the authors of Ref. 2 were in the 105- to 110-db range, which corresponds
to the lowest acoustic levels in the previous transonic and supersonic comparisons. The
transition number for zero disturbances in Ref. 2 was approximately 2.85 x 106, which
is in good agreement with the value found from the transonic data. A calculation was
made to predict acoustic levels from the correlation by determining the value of the
disturbance function (Z) required to give a specified transition Reynolds number. If one
assumes that the vorticity level was given by the measured value of U/u,., AC;, can be
found from

ACP =3 - Wy,

and the fluctuating pressure rms level is

'i;'=ACP><q°°

The values calculated for the high and low transition Reynolds numbers (Ref, 2) based
on u_ = 100 ft/sec ranged from 105 to 112 db.

However, such good agreement was not obtained with the data of Ref. 3, which
has a zero disturbance transition Reynolds number of 4.9 x 106 with a noise level of
90 db. This noise level is an order of magnitude lower than that of Ref. 2. In a follow-up
investigation by Spangler and Wells (Ref. 19), the transition process was found to depend
strongly on the frequency spectrum of the free-stream disturbances rather than on
amplitude for very low values of the disturbances. This effect would explain the inadequacy
of the present technique to predict the low disturbance level transition data since frequency
dependency is not accounted for in this method.

SECTION 1V
CONCLUSIONS

The previous section gave a comparison of predicted and measured boundary-layer
transition locations and a brief discussion of the primary factors affecting the data. In
view of the consistency of the results described, it may be concluded that the present
analytical technique is justified, at least for 10-deg included-angle cones. However, it is
desirable to apply these criteria to other geometries to assess their true value as a transition
prediction scheme. ‘Future efforts will be made in this direction. Extensions of the present
method may well await a more detailed modeling of the physical processes involved, which
in turn may be dependent on more extensive experimental studies. Therefore, the present
work is not presented as a final solution, but merely as a useful tool to be used in lieu
of an exact analysis. With this in mind, the following conclusions are drawn from the
present study:

1. The method of predicting transition location proposed in this paper

consistently predicts measured values to within 10 percent in the transonic
flow regime on 10-deg included-angle cones.
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10.

11.

2. Initial comparisons with supersonic, and low subsonic data indicate that the
method is extendible to these flow regimes.

3. Noise appears to be at least as important as vorticity in causing transition,
and in many cases it is more important.
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