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ABSTRACT

A review is piven of theoretical studies con infrasound peneration and
propagation through the atmosphere which were carried out under the contract.
These studies include (1) further development and application of o computer
program for the prediction of pressure signatures at larpe distances from
nuclear explosions, (2) development of an alternative approximate model for
waveform synthesis based on Lamb's edge mode, (3) development of a geometrical
acoust ics' theory incorporating nenlinear effects, dispersion, and wave
distortion at austics, and (4) a theoretical model for the prediction of
acoustic gsravity wave generation by rising and oscillating fireballs.
Numerical studies are reviewed which indicate the dependence of far field
waveforms on en2rgy yleld and burst height. Implications of the Lamb edge
mode theory include a new method for estimating enerpy yield from waveforms
and an explanation of amplitude anomalies in terms of focusiny or defocusing
of horizontal ray paths.
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Chapter I
INTRODUCTION

1.1 SCOPE OF THE REPORT

The present report summarizes investigations carried out by
the authors during the years 1970-1972 on the propagation of low
frequency pressure disturbances under Air Force Contract No.
F190.8-70-C--0008 with the Air Force Cambridge Research Lahorato:ies,
Bedford, Massachusetts, The study perform:d was theoretical in
nature.

The central toplc of this study was the generation and
propagation of infrasonic waves in the atmosphere, The principal
emphasis was on waves from man made nuclear explosions although
certain aspects of the study pertain to waves generated by natural
phenomena including, in particular, severe weather.

Specific topics considered during the study include the
following:

1,) The further development and application of a computer program
INFRASONIC WAVEFORM3 for the prediction of pressure signatures as

would be detected at large horizental distances followilng the detonation
of a nuclear de*ice in the atmosphere. The original version of this
program was developed by two of the authors [Pierce and Posey, 1970}
under a previons Air Force Contract (F19628-67-C-0217).

2.) The development of an alternative and considerably simpler
theoretical model for waveform synthesis based on the hypothesis that
dominant features of the early arriving low frequency part of the
pressure wave are carried by the real atmosphere's counterpart of
Lamh's edge mode.

3.) The development of a preliminary theoretical model applicable to
the prediction of shorter period pressure disturbances at intermediate
tec moderate distamces from lower vield (1 to 300 kT) nuclear explosions.

4.) The yource mechanisms by which fireball rise and subsequent near
field phenomena may excite acoustic-gravity waves,

5.) The pr.liminary development of a theoretical model for the generation
of acocustic-gravity waves by severe weather.

6.) The effects of atmospheric turbulence on guided infrasound propagation.

=13~
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Durinpg the course of the research reported here, the study of
some of the above topics reached the point where a definable phase
of the research was sufiiciently complete that it was logical tc
summarize the resuits in a form appropriate for publication. Such
results have b=en given in seven published papers, in one M.5. thesis
and in oue Ph.D. thesis. The abstracts of these are ligted in Chapter II
of the present report,

In subsequent chapters, a brief summary of the accomplishments
under the contract are given. These include what the authors belicve
to be the principal highlights of the work already published under
the contract plus & somewhat more detailed description of the work,
some of which 1s only partially complete, not previously reported. In
Chapter VII, some recommendations are made for future work in this trield,

1.2 BACKGROUND OF THE REPORT

The general topics of infrasonic wave propagation, generation,
and detection have been of considerable interest to a large segment
of the scientific and defense communities for some time., A recently
published bibliography (the existence of which allows us to omit
extensive citations here) lists [Thomas, Pierce, Flinn, and Craine, 1971}
over 600 titles, most of which are directly concerned with infrasound.
Lireraturs pertaining to the Infrasonic detection of nuclear explosicus .
constitutes a considerable portion of these. Earlier work by Rayleigh [1890J,
Lamb [1908,19101, G. I. Taylor [1929,1936], Pekeris [1939,1938] and
Scorer [1950], among others, which was concerned with waves from the
Krakatoa eruption [Symond, 1883} and from the great Siberian meteorite
{whipple, 1930] is also directly applicable to the understanding and

interpretation of nuclear explosion waves.

The present report thus merely sumsarizes a continuation of a small
number of facets of a lengthy pattern of research wnich has been carried
on by a large number of investigators in the past. In a more restricted
senge, the work reported here represents a continuation of work done in
two previous studies performed under contract for Air Force Cambridge
Research Laborateries. The first of these was Air Force Contract
No. AF19(628)-3891 with Avceo Corporation during 1964-1966; the second was
Air Force Contract No. AF19628-67-C-0217 with the Massachusetts Institute
of Technology during 1967-1969. Summaries of this earlier work may be
found in the appropriate final reports by Pierce and Moo [196f] and by
Pierce and Posey [1970].

One of the principal reswlits of the two aforementioned previous
contracts was a computer program INFRASONIC WAVEFORMS; the deck listing
of the then current version of which is given in the report by Pierce and
Pogey [1970]. This program enables one to compute the pressure waveform

14—




at a distant point followinp the detonation of a nuclear explosion

in the atmosphere. The primary limitation on the program's applicability
to realistic situations is that the atmospheres ie agsumed to be perfectly
stratified, However, the temperature and wind profiles may be a. bitrarily
specified. The general theory underlying this program is somewhat similar
to that developed by Harkrider {1964] but differs from his in that it
incorporates background winds ard in that it has a different source model
for a nuclear explosion.

15~




Chapter I1
PAPERS AND THESES

2.1 CONTENTS OF PAPERS WRITTEN DURING THE CONTRACT

A, D, Plerce, J. W. Pogey, and E. F, I11iff, variotion of Nuclear
Explosion Generated Acvoustic-Gravity Wave Forms with Burst Height
and with Eunergy Yield, J. Geophys. Res. /i , 5025-5042 (1971) .

A formulation of a method for synthesizing theoretical infrasonlec
far-field pressure wave forms generated by nuclear explosious is
described which differe from that described by Harkrider in 1964
primarily in the method by hich the source presence is incorporated.
The rationale of the model Js described ¢nd a number of predicted
wave forms created by the detconation of nuclear explosions in
temperature-stratifded and wind-stratified atmospheres are

presented to illustrate the effects of winds and the effect of the L
varying energy yield and of the height of burst. Theoretical

wvave forms are compared with a number of observed wave forms
previously exhibited by Harkrider. Discrepancles are pointed ocut
am” 1g the predictions of Scorer, of Weston, of Hunt, Palmer, and

Penney, and of Harkrider as to the effects of height of burst.

Our formulation predicts the early por ion of wave forms received

on the groumrli 1o be uearly proportional to yield and to iIncrease F
slowly with height of burst up to a height of the order of 40 km

(which depends on yield) and then to decrease rapidly with further
increasing height. These predictions are explained in simpler terms
if the early portion of the wave form is assumed to be carried in

a single composite guided mode analogous to that predicted by Lamb
for the isothermal atmosphere.

A. D. Pierce and J. W. Posey, Theuory of the Excitation and Propagation
of Lamb‘s Atmospheric Edge Mode from Nuclear Explosions, Geophys. J. R. astr.
Soc, 26 , 341-368 (1971) .

A relatively simple theoretical model of near-surface pressure

pulse propagatrion from nuclear explosions is developed from the
hypothesis that the early portion of the pulse travels in the real
atmosphere's counterpart of Lamb's edge mode. Various concepts of
peometrical acoustics are used in the construction of the model. The
pulse travels along horizontal ray paths which may be refracted by
horizontal variations in the height-averaged effectfve soumnd speed
and wind relocity. The lispersion of the pulse as it propagates
along such paths is governed bv a one-dimensional wave equation
similar to that derived by Kortewegandfde Vries in 1895, Coefficients
are found by comparison with the dispersion relation derived ty
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Garrett in 1969 as an expansion in terms of a parameter ¢ describing
deviations of the atmospheric¢ profile from isothermal. The method

of incorporation of terms governing accumulative far-field noun-linear
efferts 1is indicated. Height variations in propagating variables are
approximated to zeroth order in ¢ . Variations along horizontal

ray puths are governed by the principle of conservatior of modai

wave action, ~he excitation of the edge mode is found by matching
the general form of the far-field quasi-geometrical solution to the
near-{ield solution for a point energy source in an isothermal
atmosphere. Explicit expressions are given for the far-field pressure
disturbance. Computations agree favourably with those based on a
rmultimode theory for the first few cycles of the waveform. The edge
mode theory leads to a number of implications, which may be compared
with existing data. These include the prediction that the energy

of the explosion yield may be estimated fiom a knowledge of the first
peak~to-peak period and first peak-to-trouph pressure amplitude in
far-field records with very little information concerning atmospheric
structure, and the prediction that anomalous azimuthal varjetions in
wavefurm amplitudes may be caused by focusing or defocusing of
horizontal ray paths for the edge mode.

J, E., Thomas, A. D. Plerce, E. A. Flinn, and L. B. Craine, Bibliography
on Infrasonic Waves, Geophys. J. R. Astr. Soc. 26, 399-426 (1971),

This bibliography 1s curren. through 1970 and is composed of references
related to the generation, nropagatior, and detcction of scund
radiacion at ground level aud fonospteric heights. The frequency

range of the pressure signals considered here encompassses those
normally associated with acoustics, infraaonic, acoustic-gravity

and gravity waves.

C. A. Moo and A, D. Plerce, Generation of Anomalous Ionospheric Oscillations
by Thunderstorms, in Effects of Atmospheric Acov:tic Gravity Waves on
Electromagnetic Propagation, AGARD Conference Proceedings No. 115

(Harford House, London, 1972) pp. 17-1 to 17-6.

Recent experimental evidence, based on radio HF Doppler sounding

of the ionosphere, shows osciliations of the upper atmosphere

during periods of thunderstorm activity. These oscillations have
periods in the range of 2 min to 5 min, frequently for many hours
duration. The coherence of the oscillacions {s consistant with

the interpretation generally given that they are caused by the
prassage of long wavelength infrasonic waves. There are apparently

no similar distinct oscillations with the same pe- 5d range assoclated
with air motion in the troposphere during severe weather. However,
convective activity is known to generate fluctuations and internal
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waves with periods near and above Brunt-Vaisala periods. The
present paper proposes a theory for the generation of these
ionospheric 2-5 min reriod waves, bhased on concepts simflar te
those used by Lipghthill in the theory of acrodynamic sound.

That the periods of the ionospheric vwscillations are substantially
lower than tropespheric Brunt-Vaisili weriods is explained as being
due te the fact that the predominant radiated frequencies are
obtaiced ag a summation, via non-linear processes, of the
frequencies of the interacting velocity fields generated by the
weather system. Thes2 radiated frequencies are not necessarily
observed in the near field.

A. D. Fierce, A Model for Acoustic-Gravity Wave Excitatlon by Buoyantly
Rising and Oscillating Alr Masses, in Effects of Atmospheric Acoustic
Gravity Waves sn Flectromagne:ic Wave Propagation, AGARD Conference
Praceedings No. 115 (Harford House, London, 1972), pp. 4-6 to 4-10,

A somewhat peneral mathematical model is developed for the study

of the excitation of acoustic-gravity waves by rising and oscillating
air masses. Sources are initially described by distributions of
fluld dynamic quantities over a moving closed surface. Analysis

then indicates that insofar as wave generation is concerned, such
surface distributions are equivalent to concentrated point sources

at the center of the volume. The resulting linearized inhomogeneous
wave equations are derived and solved in terms of Green's functions.

The cage of an isvcthermal atmosphere is discussed in some derail.

J. W. Posey and A, D. Pilerce, Explosive Excitation of Lamb's Atmospheric

Edge Mode, in Effects of Atmospheric Acoustic Gravity Waves on Electromagnetic
Wave Propagation, AGARD Conference Procecedings No. 115 (Harford House,
London, 1972), pp. 12-1 to 12-8,

It has been previocusly demonstrated that far-field ground-level prossure
observations of explosively generated acoustic-gravity waves are often
doninated by the Lamb atmospheric edge mode for the first cycle cr two,
Ia this paper, particular attention is given to the excitation of this
mode by a blast wave from a larpe atmospheric explosion. It is found
that the strength of the excitation is strongly dependent upon the tail
of the blast wave. However, information on the precise form of the blast
wave tail is unavailable, so that any analytical representation must be
somewhat arbitrary,

A theoretical development shows that,for the pure Lamb mode, a simple
analytical relation exists between the energy of the source and the
init{ial amplitude and period of the far-fiel! pressure waveform. This
rclation 1s compared with some empirical data and appears to be in fair
agreement with yield estimates based on seismic observations.




J, W. Posey and A. D. Plerce, Estimation cf RNuclear Explosion Energiles
from Microbarograph Recordg, Nature 232 , 253 (1971)

A theoretical relation derived from the edge mode theory developed
by the authors 1s ~ompared with microbarograms published by Donn
and Shaw and by Harkrider. Fnergy wields are taken as estimated
by Bath, The comparison of thecry and data indicates the energy
yield may be estimated from a knowledge of the first peak to peak
amplitude and from the pericd between the first two successive
positive peaks.

2,2 CONTENTS OF THESES WRITTEN DURING THE CONTRACT

J. W. Posey, Application of Lamb Fdge Mode ThLeory in .he Analysis of
Explosively Generated Infrasound, Ph.,D. thesis, Department of Mechanical
Enpineering, Massachusetts Institute of Technology, August 1971 ,

The propagatinn theory for Lamb's atmospheric edge mode of acoustic-
rravity waves is presented. The excitatiosn of this mode by lar -
atmospheric explosiors is investipated and obser-aticns of exylosively
generated infrasound obtained from the literature are examined for the
presence of the edge mode. The theory utilizes Bretherton's and Gar-
rett's previous results for the phase velocity and dispersion of this
mode and incorporates various techniques from geometrical acoustics

and gulded wave theory. The result is a two dimensional model for
itansieul pulse propagacion over the surface of a curved earth through
an atmosphere which is not necessarily perfectly stratified. It is
found that the excitation of acoustic-gravity waves by the blast wave
from a nuclear exp-osion is primarily governed by the tail of the

blast wave. The analytical ayproximation introduced by Glasstone is
selected to represent the pulsae primarily because of its mathematical
simplicity, although its limitations are discussed in some detail. The
form of the far fieid edge mode pressure waveform is examined, and the
effects of some possible variations in parameters of the medium and of
the source are investigated. An approximate relation giving t™e source
yield YKT (in equivalent killotons of TNT) in terms of the first peak-
to-trough ampligude pFPT’ and the time hetween the first two peaks Tl.2'
of the ground level Lamb mode pressure wavefoirm is

3/2

1/2 )
Y 0.034 sin (R/xe) T“2 Popr

KT

which is derived for bursts in the troposphere , Here PepT is in Ubars




and T1 2 in sec. Comparisen of the theory with experiment suggests

that the first cycle or two in each of the relevant emrirical
microbarograms, althouph not necessarily the part of the record with
the largest amplitude, 158 often domi.ated by the Lamb mode.

L. Tang, Propagation of Guided Acoustic Gravity Waves in a Turbulent
Atmogphere, M.S. thesis, Department of Mechanical Engineering, Massachuset s
Institue of Technology, .June, 1971.

The effects of atmospheric turbulence on the propagation of Lamb
mode acoustic gravity waves are studied. A general variational
principle for acoustic pravity waves fs first derived and then

used to obtain the set of approximate partial differential equations
for the propagation of guided Lanb mode waves in an inhomogenous
atmosphere. Thi: set of equations is then solved for the scattering
of waves by turbulence using the Born approximation, A stochastic
integral is subsequently derived to describe the random behavior

of the scattered wave, With the assvmption that the correlation
function of temperature fluctuations obeys the Kolmogorcv two-thirds
law, the effective cross sectional lenpth of scattering is obtained.
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Chapter 111

THE MODAL SYNTHES1S OF

INFRASONTC WAVEFORMS

3.1 STATUS OF INFRASONIC WAVEFORMS

INFRASONIC WAVEFORMS is a digital computer program, the first version
of which was written by Plerce and Posey [1970} under Air Force Contract
AF19628-67-C~0217. The nature of the program 1s such that it produces,
among, other quantities, a synthesized plot of pressure versus time (Fig. 1)
which would correspond to the infrasonic waveform gsignature expected at
a given far field point in the atmosphere following the detonation of a
nuclear device in the atmosphere. Input presupposes the atmosphere to be
approximated by a sequence of horizontal layers of constant temperature
and wind velocity.

In the time following its original writinpg, INFRASONIC WAVEFORMS has
been adapted for use at a number of research laboratoriles. These include
the following:

1. Air Force Cambridge Research Laboratories
(Mrs, E. F. I1iff)

2., National Oceans and Atmospheres Administration
(Dr. J. M. Young)

3. Lamont-Doherty Geological Observatory of Columbia University
(br. W, L. Donu and Dr. N, K. Balachandran)

4, University of Idaho (Dr. J. F. Thomas)

5. Avco Everett Research Laboratory
(Mr, G. M. Danlels)

The various versions of the program in operation at these laboratories differ
primarily in the manner in which the computer interfaces with the plotter
for the plotting of waveforms,

In the present section, we describe some minor modifications which
have been made to the program during the past three years. We also pive
some additional guidelines to the program’s use.

3.1.,1 Farth Curvature Effects

In the deck listing of the subroutine TMPT which 1is gilven on pages
287-290 of the report by Plerce and Posey [1070J,we have made one minor
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change to take into account the curvature of the earth. On pape 288
following the statement NOFN = KFIN{N) which follows FORTRAN statement 11
we have added the following cards

[

C DETERMINE THE EARTH CURVATURE CORRECTION TIMES ROBS*#(-0,5)
RAD = ROBS / 6374,
CF = (1. / ( 6374. * SIN(RAD) ) )**0,9

The program then resumes with Lhe COMMENT card '"'THE MODE N RESPONSE IS
FOUND...". Then FORTRAN statement 51 1is changed to read

51 TNINT(N,IT) = CF * TNINT(N,IT)

such that the factor (ROBS)#*(-0.5) in the previous version is replaced by CF.

The change just described thus replaces the amplitude factor (1/11')”2
appropriate to cylindrical spreading by a factor [resin(r/rs)]~1/2 appropriate
to cdrcular spreading of waves over a surface of a sphere of radius r» .

Hlerc r = 6374 km 18 the radius of the earth and r 18 the great cirgle

distance of the observation point from the source. The theory underlying

the lncorporation of this earth curvature correctjion has been described

previously by WeSton{IQGIj ard by Harkrider 11064], among otheirs. One may -
note that the correction is minor if r <<y ., It corrects the amplitude

upwards by about 7% at a distance of 5600 km®. At the antipode where

r = nr, the theory underlying the approximat{on breaks down and we have

not yvet modified the program to take this case into account.

The program, however, with relatively minor changes can still he
used to estimate pressure waveforms of -waves which have traveled over half
wvay around the globe, 1.e. past the antipode, providing the wave has
traveled at least, say, 1000 km past the antipode. Following the theoretical
development of Brune, Nafe, and Alsop [1961], one finds that the appropriate
modifications needed are (1) to replace sin (r/re) by its absoluie magnitude:
(2) to shift the Fourler transforms of each moda! waveform by s phase of «/)2
radians; and (3) to reinterpret r (ROBS in the program) as the iotal
distance the wave has traveled (which in this cage would be letween 7r and
anc). These modifications can be accomplished by replacing the above definition
of CF in subroutine TMPT by

CF = (1. / ( 6374, * ABS(SIN(RAD ) **0,5

Then, also in the deck listing of TMPT, between lines TMPT 149 and TMPT 150




as given on page 289 of the report by Plerce and Poscy [1970], one
should insert a card

YH2 = PH2 + 1,57079¢

An identical ~ard should also be inc-rted between linea TMPT 166 and
TMPT 167. The input valuc of ROBS should also be selected to correspond
to the longer propagation path.

One should note that, Iin regard to the above suggested modifications
fcr antipodal arrivals, the underlying theoretical basis presumes the
atmosphere to be cylindrically symmetric about an axis passing through
the point of detonation, Since this is a rather stringent idealizationm,
considerable caution should be used in the interpretation of the results
of the computations.

3.1.2 Other Modifications in the Program

Alsc, in regards to subroutine TMPT, a minor change in the FORMAT
statement 104 was to change the FORMAT specification F12.2 to Fl12.4 to
allow more significant fipgures to be printed {n the output tabulation of
TNINT (JOPT,IT).

One minor error in the deck listing of the subroutine NXTPNT was
pointed out to the authorsby T. H., Kuckertz of the University of ldaho. In
FORTRAN staiement 26 of this subroutine, the number - should have heen
punched +5. As best we can tell, this error will never affect the output
of the program gince, for any concetvable atmosphere model, IDR can never

be 5 at a point when statement 26 is reached.

In subroutine SOURCE, the present version at M.1.T. has set TAS = (0,33
instead of 0.48 as was done in the original listing. The revised source _
model theory described here iu Sec. 3.2 and by Plerce, Posey, and 111ff (1971]
suggests that this should be the appropriate choice 1f the source is
sufficiently high that there i1s no appreciable nonlinear interaction between
the incident shock an- the ground reflected shock.

If the explosion is relatively close to the ground, the subroutine
SOURCE should be medified following a supgestion made to the authors by
J. Reed. In accordance with the theory outlined in the next section, one
should replace the statement compuiing the quantity PAS in the subroutine
by

PAS = ((21.4E43)/1.0)%(1.61)
and the statement defining TAS by

TAS = 0.416
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Just when a given explosion should be clasgsified as near ground
or above gpround depends primarily on the raiio of the helght of burst h
to the explosion characteristic lenpth (B/pg)i/3 where F  is the energv
vyield and p, is the atmespheric presasure. 1f the ratio {8 greater than,
say 3, the above ground source model would appear to he more appropriate.
If 1t is less than 1, the near ground source model would appear appropriate.
For intermediate ranges of altitude, just which choice 18 better remains
a toplc of investigation. (Mr. B. L. Murphy and his colleagues at Mt.
Auburr Rescarch Assoclstes are cuirrently developing an improved source
model which takes the nonlinear interaction between incident and reflected
shocks into account.)

We would suggest for the present that one take

1/3

z, < 500 (\KT) ft

as defining a surface burst, where YKT is the yield in KT,

3.1.3 Further Suggestions for Program Users

In the usage of the program hy ourselves and by our colleagues in
other laboratories we have bhecome aware of a number of possible pitfalls
in 1ts use., In order to increase the effectivensas of futuve use of the
profram it would seem appropriate to mention these here. The present
discussion amends that of Chapter 111 in the previous report by Plerce
and Posey [1970].

While, apriori, omne should not expect the temperature in the uppermost
layer (a halfspace in the thcory) to affect waveforms ohserved ncar the
sround, the actual computations may indicate otherwise. This would appear
to be due to the neplect of leaking modes in the theoretical formulation.
Any mode or portion of a mode which leaks energy into the upper halfspace
is assoclated with a complex wavenumber and appears formally to be damped
with propagation in the horizontal direction. The posailtle values of
phase velocity Vp and angular frequency w which could in principle
correspond to a nonleaking mode is limited primarily by the choice of
tcmperature in the uppermost halfspace. The forbidden regions where all
concelvable modes must be leaky correspond to values of w and v for
which the normal mode dispersion function does not exist. Such domains
in the w vs v_ plane correspond to the regions containing X's in
computer generated plots,of normal mode dispersion waves such as shown in
Fig. 3,3 and 3.4 of the previous report by Pierce and Posey. Interestingly,
if onc takes the atmosphere to be of some very large but finite height h
terminated by elther a rigid surface or a free surface, the modes are all
non leaky (there's nowhere to leak) and the dispersion curves and height




profiles for modes which propagate primarily in the lower atmosphere

are nearly the same in both cases. If, however, one terminates the
atmosphere by an isothermal halfspace extending above h, certain portions

of the lower atmosphere modes will become leaky. Since the computer program
discards such modes, regardless of how small the leakage way actually be,

it is difficult to say whether more nearly correct results will be obtained
with the unbounded atmosphere modal than with one terminated above by either
a free surface or a half space.

A specific suggestion for circumventing this problem without actually
revising the computational procedure to include leaky modes is that one
always choose the temperature of the upper halfspace to be sufficiently high
that wg -0-1)1/Zg/c for the upper halfspace is smaller than any
frequency one suspects should be dominant in the synthesized waveform. Also,
one should want the sound speed in the upper half space to exceed the
horizontal phase velocity of any wavelet which contributes substantially
to the overall waveforr:.. We suggest that one check his output after the
computation to sece 1f his choice of a model atmosphere satisfies these
criteria. If not, he should either revise his model to accomplish this,
subject to whatever constraints one imposeas on the relation of the model
to reality, or else he should be very careful in the interpretation of
his computational results.

Other problems which arise in the use of the program are associlated
with the truncation of the integration over frequency in the synthesis of
individual modal waveforms, When one chooses his input parameters OMI.
oM2, V1, and V2,he implicitly Jimits the frequency range for the Fourier
inversions to an interval contained between OM1 and OM2 radians. The
interval is also limited by the fact that the dispersion curve f¢ the non-
leaking pertion of any given mode may not exist for all frequenc.es between
OM1 and OM2 and also by the fact that its phase velocities may not fall
between V1 and V2 km/sec. Thus the integration represents an approximation
and one should make some assessment as to whether the app oximation has
any validity.

One possible simple means of checking whether the truncation
approximation is applicable i3 to examine the range of group velocities
printed out by the program for the individual modes, Suppose the group
velocitiese vary in magnitude between Vv and Vv for an

g,min g ,max
individual mode. Then one would expect the contribution from that mode

to he of significant magnitude at best only for times between r/Vg max and

r/vg min with a possible extension of perhaps one or two cycles on either

side of this interval, 1If this 1s not the case, then the approximation is

probably {nsufficient, If one suspects it to be insufficient, then he¢ should next
check to gee if the mode in question gives a substantial contribution to

the overall waveform for the time interval of interest. If it doesn't, then

one probably need not worry about the error introduced by truncation in as far as




that mode's contribution is concerned. If it does, then one should alter
his input parameters to improve the situation either by extending the range
of frecuencies and phase velocities considered or else by changing the
assumed form of the upper atmosphere to make the mode nor ‘akir, over a
wider frequency interval.

Anyone who has attempted to use the program to synthesize waveforms
at relatively close in distances may have noted that the individual modal
waveforms may not be causal, i.e., the program may formally predict a
disturbance %efore the time of detonation, which, of course, is meaningless.
In principle, the superpositionof all the modes should result in a causal
waveform,hut there is no apriori reason in the mathematical theory why
any given individual waveform should so bke. At larger distances, this lack
of modal causality 1s not a significant factor since the noncausal portions
of the synthesized waveform tend to be of negligible amplitude compared
to the portions which arrive at times corresponding to the ;roup velocity.

Another question one shoul'd consider is whether one has incorporated
enough modes in his synthesis. If one 1is seeking to descrihe the disturbance
in a piven time interval at range r then he probably need only consider
those modes and frequency intervals which correspond to group velocities
r/t where t falls within the desired time interval. In general, modal
contributions tend to decrease with increasing mode number, so if, for

example, one has convinced himself that contributicns from the 84, SS’ S6
modes are all negligible, then the same shouid be true for the S7, 58’ etc.

3.2 SOURCE MODELS

The source model for INFRASONIC MODES has been somewhat modified since
the writing of the report by Pierce and Posey [1970]. Here we outline the
revised theory for the present source model. The first part of the_discussion
follows that outlined in the paper by Pisrce, Posey and Iliff [1971].

3.2.1 Above Ground Explosions

The basic mathematical model is the lirearized equations of hydrodynamics
for a temparature-stratified and wind-stratified compressible atmosphere. The
geometry is sketched in Fig.2. The presence of the source 1s assumed to
te taken into account by the addition of a source term to that equation
corresponding to energy conserva“‘on. Thus, the governing equations for
acoustic pressure deviation p ¢{:om ambient pressure p,, acoustic density
deviation p, and fluid velocity deviation‘ﬁ, are taken as

< -
PoIDpu + @ 0 = -p - LEL (3.1a)
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Figure 2. Sketch illustrating the various idealizations incorporated
in the mathematical formulation of the problem of acoustic—gravity wave
propagation from a nuclear blast.
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v. =0
b.e+ (DOU) (3.1n)

> 2 *
[Dtp + 4 VpO] - ¢ [Dtp + u Vpo]
~ lo'n(‘?'fE(t) 5 - T) (3.ic)

where

Dt = (3/3t) + '\7-v

is the time derivative corresponding to an observer moving with the
amblent wind velocity v. The quantity eup is the unit v 'ctor in the
Y
vertical direction, while r, denotes the source location; c = [YPOIDO]I/Z
is the speed of sound. The source term (and, in particular, the form of the
function f£_(t) on the right-hand side of Eq. (3.1c)) ts chosen with
the objective of insuring that, at larger distances, the solution of Egs.
(3.1a, b, c¢)should agree with what might be expected if the nonlinear terms
were retained and a more realistic source model were used.

To explain our choice for the energy source function fE(t), the basic

nonlinear hydrodynamic model for a nuclear explosion [Taylor, 1950; Brode,
1955, 1968] is reviewed, which consists of an initially isothermal sphere
of very small radius in an unbounded isothermal atmosphere with negligible
gravity. The initial sphere has ambient density and fluild velocity, but is
assumed to have very high temperature and pressure., The total initial
potential energy (the specific heat of air is assumed indepandent of
temperature) inside the sphere is assumed to be some fixed fraction of the
total energy YKT (in kilotons of TNT, where 1 KT = 4,2 % 1019 ergs)

released by the explosion. According to The Effects of Nuclear Weapons (ENW)
[Glasstone, 1957, 1962}, this initial potential energy (which should be
the same as the total hydrodynamic energy) is roughly one-~half of YKT .

assume this proportionality factor does not vary with vield or with height
of burst, It would appear from comments in sections 2.119, 7.25, and from
Figure 1.22 in ENW[Glasstono, 1962] that this 1is a good approximation for
bursts below 100,000 feet (30 km) and a falr approximation at altitudes up
to 350,000 feet (100 km), although no quantitative description of the
variation of this fractlon is given, (In any event, the results of this
study will not be invalidated by such a variation, provided energy yield
is always interpreted as twice the hydrodynamic energy of the explosion.)

We

The pressure wave form in this idealized basic nonlinear model corresponds




to hydrodynamic scaling, 1.e., at distance R ,

P = poF(R/cT . t/TY) 3.2)

wvhere F 18 a universal function of two dimensionless quantities and
where T, 1s a charactei}gtic time that may he defined as any convenient
constant times (YKT/po) /c. We choose TY to be defined such that,

when 1L and ¢ corrzspond to a standard reference pressure (pref = 1 atm)

and sound speed (cre = 331 m/sec) and when Y ™ is8 1 KT, then TY is ¢q 1

f K

to the time duration t_ . of the blast wave at a distance R (which we
ref ref

take as 1 mile) from a 1-KT explosion. (As explained later, the appropria.e

numerical choice of tref would appear to be 0.33 sec.) Thus,

/3(c /3t

ref (3.3

1 1
TY (pref/po) ref/g)YKT

{where, io maintain dimensional purity, Y _._ 1is here interpreted as the ratio
of the explosion's energy to a ceference energy of 4,2%1019 erge).

Since, in the homogeneous atmosphere case currently being considered,
the amplitude of F wmay be expected to fall off nearly inversely with R

(spherical spreading in linear acoustics), Eq.(3.2) should be rewritten
in the form g
F= (Ap)tef(Po/pref)[crYl(creft!ef)](Rref/R)
Yedt - R/c]/TY,R/(cTY)) (3.4)

where, at large distances R, ¢ should be a relatively slowly varying function
of 1ts second argument., Here (Ap)ref is the shock overpressure at the

reference distance Rref(l mile) from a 1-KT air burst in a standard reference

atmosphere, (Ap)ref is taken to be 34 mbar; the function ¢ is dimensionless

and is normalized such that it has a value of unity immediately behind the
shock.




With reference to the mynlinear model described above, a suitable

choice for fF(t) woula appear to be that furction which would lead to

& solution of Eqs.(3.1a, b, ¢) which agrees with Eq- (3.4) at
moderate distarces from the source when gravity 1s neglected and when

the atmosphere is assumed to be homogeneous. The ambient atmosphere for
this matching proceas fs taken as that characteristic of the burst location.
The distance selected for the matching 1is {cTY/kreftref]} (i.e., the scaled

counterpart of 1 mile from 1 KT in the reference atmosphere), such that

cTY/R is identically equal :o creftref/Rref .

Since the linearized equations, vith the neglect of gravity and
inhomogei 2ities, give

p = R_le'(t - R/c) (3.5)

the matching of the two solutions under the circumstances described
above gives

- 2
fE(t) Bopoc'[‘Y Q(t/TY) (3.6)
where the dimensionless constant Bo is given by

- Y r. 1 PPN
5 [(AV’S'pref}{Rref/‘Lreftref]’ 3.7

(Its value for the choice of numerics! values described rrevivusly is
0.47.) The function Q(t/TY) is simply the integral of ¢, i.e.,

£
QE) = J W(E, &) dE (3.8)

where the integration constant is such that fE(t) vanishes at sufficiently

early times. The quantity A is just [Rref/ ] (which turns

[ t
ref ref
out to have a numerical value of 14).

The apparent arbitrariness in the selection of the distance Rtef is

largely immaterial insofar as the prediction of the far-field wave form
is concerned. It turns out that the low-frequency pulse predicted at large




distances (as well might be expected for any lew-frequency pulse) f{s
largely governed by the first few terms in the power series expansion in
angular frequency ® of the Fourier transform (over time) of fE(t) .

Thua, a key parameter (which may be considered as proportional to the
zeroth order term in this expansion} would be

4w f fE(t) dt = (v - 1)(K/c2)E 3.9)

19
where E 4,2 % 10 Y,“

and where K 1s a dimensionless constant given by

ergs is the total energy released by the explosion

-1 2
K= 4mly = D77(Ap) (R e (E ce o)

XI QCE) AE/(4.2%10°° ergs) (3.10)

It is assumed here that fE(t) is integrable, and, in particular, that

it vanishes as t + =« . This would seem tc be a necessary requirement
since (at least in the acoustic limir dmplied by E5- ¢{2.5) the particle
displacement is proportional to fE/R. If fE(t) were to approach a non-

zero limit as t + = , this would tend to imply that the net amount of work
done in expanding or compressing the gas behind the shock diverges (rather
than approaches a limit) as the shock radius increases without limit, which
in turn implies that the energy associated with the source is unlimited.

The actual near-field blast form can be inferred from Brode's [1955])

calculations with the hydrodynamic energy (which Brode denotes as Etot)

interpreted as one-half the total energy released by the explosfon. Brode's
calculations show the blast beginning with a shock whose overpressure
decreases faster than 1/R, followed by a positive phase whose duration is
nearly constant with R and equal to 1.22 (Etot,po)1/3lc .  Although

very little iInformation can be inferred from Brode's paper concerning the

wave form after the negative phase, it seems (from extrapolation of the
calculated wave form) that there is a very amall oscillation whose period is
roughly of the order of twice the negative phase and whose amplitude decreases
fairly rapidly. The energy feeding this oscillation 18 the energy dissipated
at the start of the positive phase. On this basis, one can argue that the
value of the constant K, as computed from Eq. (3.10) should be independent

of the choice of R providing that (Ap) t*ef' and Q(£) correspond

ref’ ref?




to whatever choice is made. The rationale cf this conclusion is that
the internal energry relative to ambient 1s p/(y - 1) per unit volume;
if p 1is taken as given by Eq .(3.4), and 1if R/c'rY in the second

argument of ¢ 1s approximated by Rref/(CTY)' and if the total internal

enerpy ( a spatial Integral) is evaluated at the instant the shock radius
is the scaled counterpart of Rref' one finds, after an integration by

parts, that this energy at large t approaches (K)(E) where K is
defined in Eq. ( 3.10), The fact that the major contribution to the
integral comes at larger R justifies one setting R = Rref in the

second argument of ¢ .

Since we would expect this limit to exist (even the dissipated energy
must eventually be transformed into internal energy) we must conclude that
K 1is independent of Rref at sufficiently large Rref' Another conclusion

vhich seems warranted 1s that K should not exceed one-half since the increase
in internal energy cannot exceed the total hydrodynamic energy released by
the explosion.

Concerning the choices of Rref’ t s ¥, (Ap)ref’ we take Rref = 1 mile,

ref
since this seems amply large for a 1-KT explosion, the overpressure being of
the order of 3% ambient at this distance. The actual value of (Ap)ref can

then be determined from Brode's calculations to be 34 mbar. The same number
can alsc be linferied from Figure 3.946 in the 1957 edition of ENVW [Glasstone,
1°77), (The figure gives the overpressure at the ground at a distance of

e from a 1-KT air burst as 1.00 psi. Since nonlinear effects are small

a. »1g distance, we expect the overpressure, 1f the presence of the ground
ws  eplected, to be one-half of this or 0.50 psi = 34 mbar.) The choice
of as inferred from Brode's results (with an extrapolation based on

the tﬁggry of weak spherically diverging shocks [Bethe and Fuychs, 1947;

Landas 1945; Whitham, 1950)) is found to be 0.33 sec, On the other hand,
Figure ;.96 in the 1957 edition of ENW, with an appropriate extrapolation,
gives t = 0,48 sec. Since the latter is not documented and hardly

cons. 1fés an adequately reported piece of research, we prefer to adopt

the number based on Brode's computations of tef ™ 0.33 sec. In addition, as

discussed below, energy considerations would tend to sugpest that the ENW
figure is fnappropriate.

With regard to the functional form of ¢ , it would appear adequate to
use a fairly simple analytic approximation, represented by the function
[Ciasstone, 1962]

v(E, A = (1 - £ye " u(e) (3.11)

when U(£) is the Heaviside step function and f  1s measured from the onset




of the shock. While this function has the disadvantapes of giving more
'sag' to the positive phase decay than implied by Brode's fit as represented
by kis equations 22 and 23 and of hiving a negative phase of unlimited
duration, it does have the desired features of leading to an fE(t), which

vanishes at sufficiently large t, and of giving a finite value to K in

Eq- (3.10}. although it is not clear to what extent its nredicted integral
over Q, which turns out to be 1, would agree with that for the true wave
form. Considering the fact that the integral simply denotes the center
of gravity of the wave form (£, A ) with respect to the start of the
blast wave, one would doubt that thls center of gravity would fall too far
from the location of the end of the positive phase (which is at £ = 1),
One ancillary reason for adopting Eq- (3.1D is that the same function
has been vsed previously by Harkrider, and we wish to compare our results
with his,

With y§ given by Eq. (3.1D, the source function becomes

f() = (e Ny - D ErED)
cerr e Mue) (3.12)

where (with toaf ” 0.33 sec) the value of K in Eq.- (3.10) is taken
as 0,50, In contrast, if we used toef ™ 0.48 sec, we would have found

K= 1.1. Since, as peinted out previously, there are strong theoretical
grounds for supposing K to be less than one-half, the choice of

t = 0.33 sec based on Brode's calculations appears preferable. The time
origin in Eq. (3.12 was chesen so that the shock would arrive at the
matching distance at a time equal to this distance divided by the ambient
sound speed. While this dces not necessarily coincide with the time of
detonation (due to finite amplitude effects), the choice of origin is
{mmaterial insofar as the amplitude and relative shape of the recvived

wave form are concerned.

A shortcoming of the source model described above is Lts neglect of
gravitational effects and of sound speed aud density gradients during the
early history of the blast. Apart from the desire for a rélatively simple
model, the justification for this neglect 1is that the influence of these
effects accumulates at a relatively slow rate and does not become appreciable
until relatively late during the history of the formation of the blast wave.
Since we are interested primarily in the earliest portion (say, the first
15 to 30 minutes) of the pressure pulse which propagates through the lower
atmosphere (which is fiequently all that 1s detected by ground-level
microbarographs), we may view the early portion of the blast wave (including
the first positive and negative phases) as the source of the pulse,
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It would appear that waves generated by fireball rise due to buoyancy
may be excluded on the basis that they would arrive too late.

From the discussion accompanying Eq. (3.9), it would also appear
that, insofar as tie low-frequency far-field pulse is concerned, the only
critical assumptions are (1) that the enerpgy radiated by the near-field
blast be radiated isotropically and (i1) that the total additional internal
energy in the atmosphere caused by the explosion be of the order of one~
half the total energy yleld. It would appear that these assumptions would
be valid provided the format lon of the positive phase (which spreads
isotropically and which includes the bulk of the hydrodynamic energy at
very early times) should not be alterea significantly {in terms of energy
content) by gravity and inhomogeneities. A possible quantitative criterion
is that the time for the positive phase to form (which may be taken as being
of the order T,) be less than one-fourth (since the positive phase resembles
one-fourth of a8 full cycle of a sine wave) of the characteristic period for
acoustic-gravity waves in the atmosphere. This period [Vaisala, 1925;
Brunt, 1927] 1is pgenerally greater than 5 minutes. Thus, we could take

TY < 1 minute as a possible restriction. This would restrict the model to

vields of less than about 106 MT at sea level and to yields of less than
1 MT at 65 km. We should emphasize that the prominence of periods of the
order of the brunt-Vaisala perifod in the far-field wave forms does not
necessarily indicate the inappropriateness of the model, as these periods
can arise through the accumulative long-range dispersion of the early
portion of the blast wave torm.

3.2,2 Near Surface Explosions

The following describes the appropriate source model for near surface
explosions which was developed following a suggestion by J. Reed of Sandia
Corporation. Suppose Y 18 the total energy yileld of a near ground
explosion. Then the blast wave at moderate distances might appear (from
symmetry considerations) to be the same as from an air burst of yleld 2Y
vhen the presence of the ground is neglected. On the basis of this assertion
and the reasoning outlined in the previous section, we would infer that

the blast overpressure (Ap):ef and positive phase duration tref of

the blast wave waveform on the ground at a distance of Rref from the

explosion should be jointly taken as (for YKT = 1 KT)

R - 21/3 miles
ref

*
Apref = 34 mbar

t = 0,33 '&21/3 3ec

ref
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If we wish to have a linear source model such as ig implicit fn the

existing theories, we would have to interpret Ap:ef to be twice that

overpressure which would be observed 1f the ground were not present. This
means we would want Apref = 17 whar. If, in addition, we were to agsume

that spherical spreading holds reasonably well between 1 and 2”3 miles, then
one would take Apref = 17%21/3  yhen onc backs vp to Rref = 1 mile.

All this sugpests that the program’'s output should be more satisfactory
for near surface bursts were one to jointly set

R = 1 mile
ref

/3

dp_ e = 17%2% = 21,4 mhar

/3

€ g = 0.32%x2Y3 « 0.42 sec

TEe

in the existing computer program, The method in which this 18 done is
as described in Sec. 3.1,2.

3.3 VARIATION OF WAVEFORMS WITH ENERGY YIELD AND WITH BURST HEIGHT

One of thie prinedpal results obtained with the use of the modal
synthesis program during the past reporting period was a clarification
of the effects of burst height &nd energy yleld on the-waveforms generated
by nuclear explesions [Pilerce, Posey, and I11ff, 1971]. Literature
published previous to this had certain discrepancies which were apparently
not well understood. Scorer's and Hunt, Palmer, and Penney's results would
indicate that the earliest portion of the pulse received at luarge distances
(2000 km or greater) should have amplitudes directly proportional to
energy yield. On the other hand, a plot {( which we omit here for brevity)
of the anplitudes computed numerically by Harkrider {Figure 15 in his paper)
would suggest that these should vary with yield Y as y0. for yields
above 5 MT.

The two relevant sets of calculations on burct height effects exhibited
by Weston [1962] indicate that the amplitudes decrease drastically as burst
height is increased (although this fact is net noted explicitly 1in Weston's
text). His fipures indicate the amplitudes of the earlier portion of the
pulse to be down by factors of about 1/60 and 1/300 for bursts at 39 km and
76 km, respectively, from the amplitudes for a burst at ground level. In
contrast, Harkrider's altitude effect prediction as exhibited in Figure 17
of his paper (with the correction suggested by Pilerce [1965 ]) indicates that,




for altitudes up to 17 km, the decrease in amplitude with burst lelght
is much smaller than one would expect from an extrapolation of Wesaton's
results., Harkrider's results would suppgest the net decresse to only

be of the order of 30% when the explosion is raised from 2 to 17 km,

Our findings by use of INFRASONIC WAVEFORMS tend to more nearly
support the predictions of Scorer and of Hunt, Falmer, &nd Penney as

regprds yleld-amplitude proportionality than the predictions of Harkrider's

o,
Y 6 dependence. As regards the height of burst dependence, we agree

neither with Harkrider nor with Weston. We find a small increase of
amplitude with increasing height up to an altitude of the order of 40 km
followed by a decrease with increasing altitude.

In Fig. 3, a number of waveforms computed for fixed height of burst
ard fixed observer location, but for variable energy yield, are
simultaneously plotted. In each case, the overpressure divided by the
vield (in megatons) is plotted rather than the overpressure. Thus, the
near coincidence of the curves during the early portion of the wave form
indicates that this portion of the wave form is necarly directly proportional
to energy yield.

That this proportionality should hold in the range of lower yields
is evident from the general theoretical formulation. If, during the early
portion of the wave form, the bulk of the contribution 6o the dominant
modes comes primarily from lower frequencies where mTv <¢ 1, then the

sum of the modal waveforms will appear proportional to T; (and hence to F)

at tl:se times.

An estimate of the range of yfelds over which this proportionality
should hold may be obtained if one takes w 1n the condition mTY << ]

to be the frequency corresponding to the period between the first two prominent
peaks in the wave form. Since this period is typically about 4 minutes
(see, for crample, the data exhibited by Donn and Shaw [1967]) one requires

TY << 40 sec, or, for sea-~level bursts, F << 500 MT, The condition hecomes

much more stringent when the heig’ of burst 1is raised.

It is supgested that some slight improvement over the yleld-amplitude
proportionality law might be obtalned if ome took the amplitude to vary
with yield YKT as

/3
pamp - nYKT/{l + (YKT/YO) ] (3.13)

where D 1is independent of yield and where Yo is given by (units in
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Figure 3. Acoustic pressure per megaton of the source yleld for ground
bursts of 1, 10, and 100 megatons as a function of time. The observer
is on the ground 10,000 kmwnorth of the source in a subtrdpical summer
atmosphere, )




kilotons of TNT)

3

3,
Yo - (Polprcf)(C/crcf) '(mchartrcf) (3.14)

where p and ¢ are evaluated at z_ and where w is a characteristic
Q 0 char

frequency designating the early pgrtion of the wave form. Typically, Y
should be of the order of 5 % 10° KT for sea-level explosions. For °
the amplitudes (firsi principal peak to trough) of the computed wave forums
shown in Fig, 3, we find that the best fit to Eq. (3.13) pgives D = 0.0075
dynes/cm2 KT and Y = 4.4 X 106 KT. The degree of fit is indicated in

© 0.6
KT
computations) is also plotted, where D' is selected such that the curve
agrees with (3.13) at a yield of 5 MT. The discrepancy shows that this
model more necarly exhibits yield-amplitude -~roportionality than does
Harkrider's. For reasons discussed during the derivaticn nf({12) we are
not sure that our source model is adequate in the quantitative descrintion
of the deviation from yield-amplitude proportionality. However,the fact
that the computed wave forms conform to this proportionality over such a
wide range of yields tends to support our thesis that the model is insensi-
tive to the choice of Rref provided that the constant K 1in #£q.(3.10) s
correct.

Fig. 4. For contrast, the line p = D' Y (derived from Harkrider's

In ¥ig. 5, three computed waveforms are shown for a given yileld, a
given observer location, and a ¢iven model atmoaphere, but {or a variabie
helight of burst. The amplitude of the entire wave train is scen to incrzase
with height of burst below some altitude (seen in Fig., 6 te be a fuuction
of yield), above which the amplitude decreases. The decizzie in amplitude
is preater for the later arriving high-frequency 'acoustic’ portion of
the wave form.

in Fig. 6, the normalized amplitude p_ /Y (sce ‘g. 5) is platied
versus helght of burst for a number of yief Y. Al aough the deisils
vary, the general shape of all such curves 1s similar. At lower sltitudes,
the ampli.ude Increases slowly wiih height of burst, reaches a maximum st
a height somewhere between 25 and 50 km, then decreases at a relatively
rapid rate with subsequent increasing height,

The general shape of the amplitude-burst height curves may be interpreted
with the aid of the general formulation and a few additiowal considerations.
For the most part, we expect that the earlier low-frequency portion may be
considered as carried by a single composite mode [Bretherton, 1969; Garrett,
1969a, %) which is the real atmosphere's counterpart of the edse mode discoverad ;
by Lamb [1910]} for the isothermal atmosphere. That the numerical computations
of dispersion curves suggest the existence of such a mode has been polinted
out by Pregs and Harkrider [1962], who use the descriptive phcase 'pseudo
mode' to denote the fact that its dispersion curve coincides with thote
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Figure 4. Plot of zhe amplitude dependerce on yleld -found in the present

caliulations and a curve shoving the Y0"6 dependence derived from Havkrider's
computations and made to agree with the first curve at 5 MT,
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Figure 5. Time variation of ground-level acoustic pressure 10,000 km
north of 1 MT explosions at altitudss of 0, 50, and 70 km in a subtropical
surmmer atmosphere,
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Figure 6. Height of burst dependence of the pressure amplitude per
megaton of the source as found in the theoretical syntheses of ground-level
wave forms for yields of 1, 10, 100 MT.




of mathematically distinct modes over different frequency ranges,

In the paper by Pierce, Posey, and I1iff [1971] it is argued on this
basis that the lower frequency portion of the waveform should vary with
height of burst z, as

(y-1)/v 2
Pamp ™ JYKT[pref/PO(ZO)] L+ (o T 7] (3.15)

where J 1s a constant, independent of burst height and of yield. Note
that TY does, however, depend on height.

The factor [llpc.](Y_l)/Y in (3.15) increases monotonically with height,
although at a relatively slow rate compared with 1/po since (v - 1)/y s

only 2/7 . Thus, were it not for the denominator [1 + (wTY)zl, the quantity

(Eq. 3,15) would increase indefinitely with height. As it is, the expression
reaches a maximum at some finite height, then decreases due to the increase
of 'I'Y with height of burst as 1/p°1 3 . The altitude at which this maximum

is obtained depends on yield and clearly decreases with increasing yield. This
is in accord with the results showm in Fig. 6.

To check to what extent Eq. (3.15)quantjitatively accounts for the
variation exhibited in Fig., 6, we plot a selected porticn of these curves

[ in Fig. 7 along with corresponding plots of Eq.(3,15) The values @ har = 0.018:
' 3

set-1 and J =~ 390 uybars/MT were determined taking Yo = 4,4%10° MT

and D = 7.5 ybars/MT for a ground-level burst. Considering the limitations
of the approximation, we consider the agreement to be relatively pood.

In effect, a good prediction of amplitude-=heipght dependence was made using
only a knowledge of amplitude-yield dependence for a ground-level burst.

; It should be pointed out that the validity of the source model is apen
to question (more so than for low-yield low-altitude bursts) when wcharTY

: becomes comparable to ). Nevertheless, it is gmatifying that the model

] does predict the amplitude to eventually decrease when the burst height is
; raised beyomd a certain point. Any other behavior would certainly be

| unacceptable on physical grounds.

We are unable to explain the discrepancy between our derived height of
burst effect and those presented in the figures in Weston's [1562] paper.
We have not found any errors in Weston's formulation which might account
for this, However, in view of the fact that we can quantitatively account
for discrepancies between our results and those obtained independently by
Harkrvider [1964], we are of the opinion that there was a coding error in
the computation of Weston's wave forms,
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Chapter 1V

AN APPROXIMATE THEORY BASED ON

LAMB'S ATMOSPHERIC EDGE MODE

4.1 INTRODUCTION

The Lamb» edge mode theory has previously been described in some
detail in the papers by Pierce and Posey [1971], Posey and Plerce [1971j,
Fosey and Plerce {1972], and in the doctoral thesis by Posey [1971]. 7The
present chapter summarizes some of the salient aspects of this theory
and its implications.

The basic idea of the theory, in somewhat simplified termg, is that
the wave may be regarded as traveling along the ground rather than through
the atmosphere. The situation is analogous to water waves, which one
regards as waves on the surface of water even though there is in principle
some water movement at arbitrary depths below the surface, That such a
description is possible for pressure pulses in the atmeosphere was demon-—
strated for the specizl case of a constant temperature atmosphere by Lamb
in 1910.

However, the counterpart of this tvpe of motion for realistic
(nonisothermal) atmospheres was not clearly recognizahle in thesries of
wave propagation until Bretherton (1969) and Garrett (1969a,b) derived
formulag governing the propapation of constant frequency (sinuscidal) waves
of this type. Of key importance in this respect is the wave dispersion,
whereby waves of lower frequency travel faster than waves of higher
frequency. The Lanb type of wave (called Lamh's mode) does not exhibit
any dispersion for the isothermal atmosphere and this would clearly bhe
inadequate to explain the data since the shape of the waveform chanpes
radically with increasing distance from the explosion. Bretherton and
Garrett's contribution was to show how one might derive formulas govern-
ing this dispersion in a fairly simple manner.

Civen the basic idea that the wave is propapgating as a surface wave
in the real atmosphere's counterpart of Lamh's guided mode, one can
consider the wave arriving at a given point to have travelled along a
curved path (horizontal ray path) which connects the explosion and the
recording site, [See Fig. 8] The determination of these paths may he
made using the same principles which explain why light rays are bent when
they pasc from air to water. The speed of waves in traveling along these
pathe 1s an average of the sound speed and wind velocity profiles above
the path., The distortion of the waveform as it moves along the pach is
poverned by an equation similar to that used in the study of sonic boom
shock waves In the atmoaphere and to that derived bv Korteweg and de Vries
in 1895 to e¥)lain why water waves do not necessarily break. As the wave
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Figure 8. Model of edge mode prop.agation from an explosive source 1in an
almost-stratified atmosphere above a spherical earth.
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moves from point to point along the path, its amplitude continuously
adjusts itself such that wave action (a quantity similar to energy)

is conserved. The pertinent formulas representing just how this puided
wave 18 excited by the detonation of a nuclear explosion are derived

by matching the puided wave onto a selution valid at close-in distances.

An important result of the theory is that the shape of the waveform
recorded at any given point (providing the clock recording the wave is
speeded up or slowed down just the right amount) depends on just one
numher, the ratlo of a characteristic time for the explosion itself to
a quantity (also having the units of time) which is an average of the
properties of the atmosphere over the range of profiles above the path.
The amplitude of the waveform depends on a number of quantities, the most
important probably being the spread of the ray paths, If a number of
paths should be caused to focus (just as light is focused by a magnifying
rlass) larger amplitudes may be expected, This appears to be the explantion
of the data reported by Wexler and Hass [1962].

In regards to the relation of che Lamb mode theory to the multimode
theory on which INFRASONTC WAVEFORMS is based, a principal virtue of the
Lamb mode theory is its simplicity. One may note that the development of
the theory of long-range atmospheric pressure pulse prcpagation since the
early pioneering work of Rayleigh {1890], Lamb [1910], Taylor [1929],
Solbers [1936], Pekeris [1939,1948] and Scorer [1' 30] has largely been
towards progressively more complicated, albeit realistic, models fe.g.
Yamamoto 1957: Hunt, Palme aud Penney 1960; Gazaryan 1961; V. H. Weston 1961,
15625 Pfefferax Zavichny 1962: Press and Harkrider 1562; Westonand Van Hulsteyn
1962: Clarke 1963; Harkrider 1964: Van Hulstevn 1965; Plerce 1965 , 1967 ;
MacKinnon 1967, 19€8 ; Balachandranand Donn-1968; Nelson, Singhaus and
McNiel 1968; Bal)--~handran 1968, 1970; Pierce, Poseyand I11ff 1971.] Notable
exceptions to t. s general trend are the works of Rcw [1967]), Hines [1967]
and Tolstoyand Herron [1970], although these are concerned with waves which

are propagating primarily in the ionosphere rather than near the Farth's
surface.

Even with the aid of a larpe digital computer, apreement with data
of multimodal calculations tends to be spasmodic. The reasons for this
are not entirely clear: it may be due ito incorrect assumptions concerning
the atmospheric profiles or concerning the source mechanisms, to the neplect
of horlzontal variations in the atmosphere, or of dissipative processes in
the upper atmosr’™ -&, ¢ " accumulative far-field non-linear effects. Since
the implicati. .o of e.ustinp multi-mode theories such as those of Harkrider
[1964]), MacKinnon [1967] or Pierce and Posey [1970] are difficult to explore
without the aid of a larpe digital computer, the inverse problem of determining
imperfectly known aggregate properties of the source or atmosphere from
empirical waveforms appears formidable. FEven 1if the computer-assisted
golution of the inverse r.: .1em were feasible, one's confidence in its
predictions should be at best marginal in view of the inherent meagre insight




affor. 'd by & theory which relies on a lengthy sequence of computations,
which tends to obscure the causal relationships between input and output
variables. One does not know, in addition, just what a priori realistic
extensions toc the existing simplified model are necessary, without first
making such extensions and then exploring their conrequences by numerical
experiment. A possible trend could be towards an overly detailed model,
rather than towards the achievement of the simplest possible model adequate
to explain the existing data. That the latter is & desirable goal is a
premise which with we believe most investipators will agree,

Cne theme which has pervaded much of the discussions of the empirical
data [see, for example, Dommand Fwing 1962]) 1s that the early portion of
the waveform may be considered as being that of a single composite mode.
Press and Harkrider [1962] noted that the phase velocity versus period curves
for a realistic atmospheric profile tend to be arranged such that a single
curve of nearly constant phase velocity extending over a wide range of
periods way be constructed by the connection of the horizontal segments
of a number of individual modal dispersion curves. This composite mode
is evidently the real stimgphere's counterpart of the edge mode (with
constant phase velocity equal to the mound spead) predicted by Lamb [1910]
for the isothermal atmosphere model. The fact that Scorer [1950] found
only one mode for a profile with the atmosphere above the tropopause
idealized by an isothermal halfspace supgests that the other portions of
the Pregsamd Harkrider dispersion curves correspond to waves guided at
relatively high altitudes. This has been supported by various numerical
experiments [see, for example, Harkrider and Wells 1968) as well as hy
examination oi the height profiles associated with different trequencies
and different modes [Pfefferand Zarichmy 1963].

As mentioned above, the development of an analytical theory for the
| ropagation of Lamb's edge mode in realistic atmospheres was initiated only
relatively recently by Bretherton [1969] and by Garrett [196%a, b]).
Bretherton showed how the mode's phase velocity may be found to first order
in deviations of the sound speed profile from that of an isothermal atmosphere
and to first order in the wind velocity, while Garrett extended the method
to higher orders and thus succeeded in finding the dispersion of the mode.
The latter paper by Garrett [1969b] gives a detailed discussion of the
applications of the theory based on the edge mode to the analvsis of empirical
waveforms, as well as of the limitations of the theory. In spite of the
relative simplicigy of the Bretherton-Garrett model, it appears to be
adequate for the explanation of the gross propagation speeds and dispersive
characteristics of empirical waveforms, although it does not (at least to
the extent which the perturbation series has yet been carried) explain
more Bubtle features such as the inverse dispersion suggested by the data
analysis of Domad Ewing [1962]. .

The work by the present authors in regards to the edge mode theory has
concentrated on the development of a relatively sinple model for theoretical
synthesis of transient waveforms recorded at large distances from nuclear




explosions. The model devecloped would appear to pive a relatively simple
explanat{on of (1) the magnitude of the amplitudes of the first few peaks,
(11) the perlods between the first few peaks, (111) the fact that records
almost always begin with a positive pressure rise, and (iv) the anomalies

in the spatial distribution of recorded peak overpressures that have been
reported by Wexlerad Hass {1962]. (Item (ii1i) above is unfortunately not
widely ayrreciated, due to the fact that noise often cbscures the early

part of the record and that some of the published records have inadvertently
been published with the positive pressure axis extending downwards.

The f{rst three items are also explained by the more elaborate multimode
theories {see, for example, Harkrider 1964] and we accordingly demonstrate
that the edge mode model gives results similar to the multimode calculations

of Plerce, Pogey, and I11ff [1971] for the first few cycles. The advantage of the

edge mode model ig its simplicity, which allows an exploration ot effects
whose consideration may have been prohibitively difficult within the context
of existing multimode theories. Such effects include accumulative far-field

non-linear effects, the effects of terrain variations and the effects of
horizontal atmospheric variations.

4.2 DISPERSION OF LAMB'S MODE

In our development of a theory for the propagation of Lamb's edge mode,
we considered a sequence of idealized models, The wode's dispersion reiation

was taken for a temperature and wind-stratified atmosphere above a rigid flat
ground at z = zg » Wwith only slight and unimportant modifications from that

previously derived by Garrett {[1969a, b}]. The re{ulting expression relating
angular frequency « and horizontal wave number as given by Plerce and
Posey [1971] is to first order In € given by

= (e, + v Ok + 0(e?), (.1

Here ¢ 1s any convenient parameter characterizing the order of magnitude
of [ec(z) - CI]/CI where c(z) 1s the height dependent sound speed and N

(L for Lamb) is some constant value representstive of the lower atmosphere.
One may choose < and also a mean wind velocity VL in such a manner that

they are given by the equations

1/e,2 = {1/e?: 3, =SS, 4.2)
vhere, for any f(z),

£ - [gm/ I dz %.3)
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with
2
€ -0, re () (6.4)

representing the height profile of what, in the isothermal case, may be
construed as the 'netic energy density for Lamb's edge wave. Here p (z)
and pg(z) represent the ambient pressure and density of the actual
atmosphere. The integration limits should bLe zg and some ;elgtively larpe

value of z , In Eq. (4.1), ik i1s an abbreviation for Vi . where

-+ .
Ck is the vnit vector pointing in the direction of the liorizontal wave

->
number k. Thus, to first order in ¢ , the dispersion relation is that
appropriate to an 1isothermal atmosphere (sound speed cl) with constant

horizontal wind velocity :a.

-
The definitions one may adopt for <y and v, are restricted only
to first order in . There is no a priori reason for preferrine any one
of alternate definitions which differ in second order. The definitions we
took were chosen such that the resulting second order terms (which actually
govern the dispersion) are of relatively simple form.

To second order in ¢ , the dispersion relation ohtained by Garrett
{1969a] may be vewritten (albeit with some lengthy manipulation) in the
form

@ = ke b v+ )k - kBLz)hkk’ (4.5)
where
ag = W IGEE - ) L e 1) (4. 6a)
h - c 5<?C + 2??5* 3]2:>
ke T2 \! “CL/CL (4.6b)
with ?
c(z) =& () IS(:)(cL‘Z -z (4. 6c)
e
z
D(z) -g'l(z) [&z)w - ‘31 )dz. (4.64)
. .

It should be noted that the latter two quantities both remain bounded at
high altitudes by virtue of the definitions in Eqs, (4.2-4). The q¥?gt1ty
kg, which appears in Eq. (4.5) is mBL/cl’ where wp, = (v - 1) g/cL is

-52-




the Brunt-Vazisala frequency for an isothermal atmospherc with sound

speed ¢, . The form of the sccond-order terms in the disperaion relation
would tend to suggest that the approximation is best for frequencies of

the order of the Brunt-Vaisala frequency, rather than in the limit of low
frequency. Fortunately, the dominant frequencles in pressure waveforms

at large distances from nuclear explosions are of the same order of magnitude.
(A detailed derivation of the above equations is glven by Poscy (1971)]

One may note that Eq. (4.5) may also be vritten in the form

3
- - I/
w cEk hkkk (4.7)

where

gt oL + Vik + a1 + hkkkBL (4.8)

In order to facilitate comparison of Eq. (4.7) with the numcrically
determined multi-mode dispersion curves, it may lLie expressed ir a form
expressing frequency « as a function of phase velocity vp = w/k.

1/2

0= v [ -c)h,) (.9)

Figure 9 is a representative comparison between this relation and the
multi-mode curves for the same atmosphere. The lower 225 km of the model
atmosphere used, as listed 1in Tabhle ' , was selected to represent average
conditions between Johnston Island ancd Berkeley, California for the month
of October, based on data from the Handbook of Geaphysics and _Space
Environments [Valley, 1965) and from the 1965 COSPAR International Reference
Atmosphere [COSPAR, 1965]. The direction of propapation is along the preat
circle path from Johnston Island to Berkeley, 35° north of east. Since the
Lamb mode dispersion is only weakly affected by conditions above 115 km
[Posey, 1971], the computation of Fq. (4.9) uses only the model atmosphere
below this altitude. The edge mode propagation parametcrs are found to

be cp = 0.318 km/sec and hkk = 0,132 xm3/sec. Notice that the agreement

is within 0.2% in the flat portions of GR,, $. and S, for frequencies
up to 0.07 sec™] (periods down to ahcut 90 sec), which, as discussed by
Posey [1971],are relatively insensitive to the atmosphere above 110 km.

Garrett [1969b] has discussed the effect of imposing an arbitrary
boundary Impedance at a given altitude =z = "o . Ne finds that the relative

e*l{KZHS)

variation in the phase velocity of the edpe mode 1s cf the order
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NODLL ATMUSPHERE OF 34 LAYERS

LAYER 18 fa) H C V& vy
3s 22%00 INFINITL INFINITE 0.80) 4 0.0 0.0
33 205. 00 22% 00 2000 Je 7055 0.0 060
32 19%.00 20500 aleul Ue 1409 0.0 0.0
31 18%00 19%.00 10«0y 0.72719 0.0 Ve 0
30 17%.00 185,00 10.00 07097 0.0 0.0
év 1¢5.00 17% 00 10. 00 0. 6882 0.0 0.0
28 15%.00 165,00 10.00 0+ 6584 0.0 0.0
27 145,00 15%.00 10s00 0.6093 [PV Vel
20 132,00 14%. 00 10.00 Qe 5413 0.0 040
2% 125,09 135.00 10.00 0.4TH) 00103 0.0
24 11% 00 12%.00 10.00 0.4007 040206 0.0
23 105,00 11%.00 1000 Je 3168 0. 0309 Q.0
22 Sh.00 105.00 10.00 0.2833 00103 0. 0
21 85,00 95, CO 10.00 0.2718 -0.0051 0.0200
2u 75.00 85.00 10.00 062725 0.00177 Ce 0
19 6he QU 7500 1G.00 0.2869 00,0200 0.0
18 5%.00 65. G0 10. 00 0s 3104 Ve0216 Ve0
17 45,00 55.00 10.00 0.,3230 0.0216 0.0
lo LYV IV 4%« U0 500 03261 00175 0.0
i 3% 00 40,00 5. 00 Os3i61 0.0082 Cl.0
la 3u.00 35.00 Seuu 0.3084 0.0021 Q.0
13 P4-TN V] 30.00 5000 063019 -0.0021 00000
12 20,00 2% LU 5400 00,2938 -0.0072 0, 0000
il 13,00 20.00 2400 0.2869 =-0.0058 -0.0021
10 16400 18. 00 2400 0.2819 00055 0.00%5%

9 14,00 16.C0 2600 00,2869 Je 0100 0. 0040

-] 126000 l42 00 204 0.2938 0.ul 39 0.0

7 104L0 1200 2,00 0.3005 Ve 0154 0.0

o 8.00 L0e.vy 200 Co3078 0.0129 2,0 -
> ¢ 00 He O0 2.00 Ce3ldl 040090 0a0

“ “.00 6,00 2400 0.3230 0. 0046 0.0

3 24 OO 4o LI 2.00 0e3292 00040 0.0

2 1600 2..0\) 1,00 0..3‘00 0.0011 ‘0.0011

1l 0.0 1,00 1,90 0.3‘24 Q,0011 ‘Occoll

YB=rt IGHNT OF LAYER HUTIOM IN KM
IT=HEIGHYT OF LAYER TOP IN KM

H xW1DTH OF LAYER IN KM

C =S50UND SPELD IN KM/SEC

VXsX CCMP, OF WIND VELe IN KM/SEC
VY=Y (OMP, UF wIND VEL. IN KM/SEC

Table J. Representative wind and sound speed profiles above 3OON, 140°
for October. This model is based on Valley's [1965) Figs. 2.2, 2.4, 2.5
and 4.11 and table 4.21 and on the data on p. 46 1n COSPAR [1965].
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Flgure 9. Comparison of approximate edge mode dispersion curve (dashed
line) with guided mode dispersion curves obtained by numerical solution
of the acoustic-gravity wave eigenvalue problen (solid lines). The

nomenclature labelling the acoustic-gravity wave modes is that of Press and
Harkrider (1962). :
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(where H is a scale height) for plausible variations in the boundary
impedance. The agreeuwent between the independently derived dispersion
relations showi in Fig. 9 seems to substantiate this.

A relation for the group velocity, v? = dw/dk, can also be found
from Eq. (4.7), ’

. 2
vg =cp - 3hkk(w/cE) (4.10)

and a comparison of this with the multi-mode curves for the same model
as described above 1s shown in Fig. 10.

A FORTRAN computer program which, among other quantities, evaluates
the various Lamb mode propagation constants Cs Vv L’ hkk’ Cp» etc., for

an arbitrary multilayered atmosphere was writtén during the contract and
is given in Posey's doctoral thesis [ Posey, 1971 ).

4.3 THEORETICAL EXPRESSIONS FOR EDGE MODE WAVEFORMS

Tte general results of the theoretical development by Pierce and
Posey [1971]of the excitation and propagation of Lamb's atmospheric edge
mode from nuclear explosions is summarized here. , The general expression
for the acoustic pressure signature at a point x at times t 1s given by

. DV(;?.;c‘O)gs:
p{x,t) = (C 372
Loly?

v(t,s,0), (4.11)
cLoz(dh/d9)1/2

vhere D 1s a numerical constant given by (K&0,50)

D= Kf(y - 1)(2 ~ y)4n& 0.013 (4.12)

while ch','{O) s a dimensionless quantity given by

ADARYe, Y2 + v )
V(-. '.) - 07710 L 1k’0 ([' 13)
XiXg s 1/2, = = 1/2 1/2 .
polxgdey " Tleje, +w |7 e, + Vi)

with

A = b T, Gy M) - 7D (4.14)
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Figuve 10,

Comparison of multi-mode and edge mode group velocity curves.

These curves are appropriate for propagation 35° north of east in the
atmosphere of Table I.




»
Here X denotes the observation location, ;? the source location,
xg(or xog) the point on the ground directly below the observer (or

source). The subscript 0 implies the corresponding quantity is evaluated
for the atmosphere at the source location. The quantity g 1in Fq. (4.11)
is the acceleration of gravity, E is the total energy released bv the

explosion, TY is the source characteristic time defined by Eq. (3.3) in P

the pregsent report. The quantity dr/d® 1is a parameter which allows for

focusing [Fig. 8] or defecusing of horizontal ray paths caused by

departures of the atmospheie from perfect stratification (i.e,, horizontal

variations) and formally is defined as the ray channel width per unit

angle 9 with which horizontal ray paths exit from the source location. .
For a perfectly stratified atmosphere but with the earth curvature correction *
(see Sec. 3.1.1 of the present report) included, it is given by

db/do = T, sin(r/'e) (4.15)

The function ¢(s,t,8) which appears in Eq. (4.11) 1is given by

'l‘Y ra -t TY
v(=,t,0) = J- Al | ——— + y —IM(u)dy  (4.16)
T o | n p

where Ai(x) is the Airy function, defined by

AL(x) = —- fo cos(v3/3 + xv)dv 4.17)
and where
u
M(u) = Io(l - Edexp(~ £){u - £} 1/2 df U(n)
"7 (4.18)

- EJT‘ +(1 - 2u)exp(- 1) fo exp(yz)dySU(u)

gives the characteristic waveform time dependence for the Lamb edge mode
in the intermediate field (before dispersion has had an apprecilable
accumulative effect). A plot of this function is given in Fig. 11 .,

In Eq. (4.11), we have also made the abbreviations
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Edge mode source function, M (
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Figure 11. Source fuaction, M(u), describing the time variation of the: i

effective source for Lamb mode excitation by nuclear explosions., Here
u = t/TY . Where 'I‘Y is a characteristic time for the explosion.
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8
T, -fo (llce)da (4.19a)
]
4 1/3 (4.19b)
T 3 Io(hkk/ce )ds 3
for the two characteristic functions s which appear in the integral.

Both of these quantities have the uni of time and are here referred to
as the wvaveform arrival time and the characteristic dispersion time,
respectively, The parameter s 1s related to distance 2 along a
horizontal ray path (see Fig. 8) by the equation

c. +v c., +v

ds _ Lt Vi Lt Vik . 20)
Ao EFV T e Z4 e v 2 '
: L ik ¥ VL

For typical winds in the atmosphere it would appear sufficient to take
s = LR ,

in the often realized iimit oi propagaiion distances suffiicientiy
large that TY /TD << 1 and for arrivals sufficiently early that
L -1y << TD2/T ,» Plerce and Posey [l97i] argue that the function @
may be suitably approximated by

3/2
v= 2/% (Ty/t0

vhere PP(x) is the function

PP([t - ra]/rD) (4.21)

PP(x) = IO Ai‘(u2 - x)do . (4.22)

In the limit represented by Eq. (4.21), the acoustic overpressure p,
as given by Eq. (4.11), i{s directly proportional to the energy release E ,
This is clear since the only other parameter jin the fcrmulation which varies

with energy yield is TY and since the TY factor in Eq. (4.21)

cancels the corresponding factor in the denominator in Eq. (4.11). Note
that this 1s in accord with the nuwerical study of Pierce, ®osey, anid I1iff
[1971]), the results of which are summarized in Sec. 3.3 of the preseat
report. The result quoted there that, for smaller yilelds or lower heights
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of burst, the amplitude of the ftirst fer peaks varies with source height

(v=1)/v

zZ. as [l/po(zo)] is also indicated by Eq. (4.11).

a

The value 0.50 of the dimensionless constant K quoted in Eq. (4.12)
turns out to be applicable to both above ground and aear surface explosions

since the alternative choices of Apref and treF discussed in Secs, 3.2.1

and 3.2.2 are such that is the same in both cases. [See Eq.(3.10)]

2
Apreftref

However, in the computation of TY as given by Eq. (3.3), one should use

t = 0,33 sec and Cef ™ 0.416 sec for above ground and near surface

ref
explosions, respectively.

The general shape of the Lamb mode waveform is fully described apart
from a multiplicative time incepeadent quantity by the function ¢ . The
numerical plots in Figs, 12 and 13 should give a general indication of the
predictions of Eq. (4.16) for various TY/TD . The TY/TD = 0.1 curve in Fig.]12 is close

to the limiting case cepresented by Eq.(4.21). It maybe noted from Fig- 13  that the theory
predicts the first peak to be smaller than the second as long as TY/TD < 0.34,

The ratios of the periods to in the first few cycles would appear from

1
D
Fig. 12 to be relatively insensitive to the value of 'I'Y/TD . Thus the

neriod, firet peak to scecond peak, is aboui 6.01D wniie the period, second

peak to third peak, is about 2.6rD .

4.4 COMPARISON WITH MULTIMODAL COMPUTATIONS

A computer program encompassing the edge mode theory was written during
the reporting period by Posey {1971 . The program is, strictly speaking,
in its present form only applicable to atmospheresw .thout horizontal
variations, although it allows the user the option of specifying three
separate model atmospheres for the computation. One atmosphere, the ''source
atmosphere" could be utilized in computing all quantities (0 subscript) in
the coefficient of ¢y 1in Eq. (4.11) which correspond to the atmosphere near
the source and in the computation of T, . Another atmosphere (the ‘''propagation
atmosphere") could be utilized in finding those quantities appropriate to the
atmosphere near and above the observer location. Finally, a third atmosphere

could be utilized in the computation of T and Ta and in the computation

of y(s,t,8). The quantity db/d® would either have to be estimated independently
or taken to be given by Eq. (4.15) or by r if r << LI

The computer program mentioned above enabled us to check, for the case of
a stratified atmosphere, the extent of validity of the single mode hypothesis
(where all modes other than the Lamb edge mode are neglected) by comparison
>f waveforms calculated according to the Lanb edge mode theory with those
computed by the multimode theory as represented by the computer program




(r=14)/7,

Figure 12. Variation of the waveform factor ¢ (t) with the parameter
TY/TD . Here ¢ 1: normalized with respect to TY/'tD and the time

is plotted relative to T in units of L




PEAK-TO-TROUGH RATIOS

5
: o] .2 4 8 .8 L
Ty / Tp

Figure 13. Predicted ratlos a Bkil and 32/31 of successive peak to
trough amplitudes a . 32, and ay in far-field edge mode waveforms

t produced by nuclear explosions.
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INFRASONIC WAVEFORMS. An example we chose for comparison is that where the
source was a hypothetical 10MT burst at 3 km above Johnson Island and the
observer was at ground level at r = 5600 km at Berkeley, California,

The model atmosphere is as described previcusly, corresponding to the
dispersion curvef shown in Fig. 9. Ihe numerical calculations give

c, - 0.312 km 87, Vi = 0-005 km 8”" , the source characteristic time

T, as 12 s, the eifective low-frequency sound speed C, as 0.318 km 8

Y
the dispersion constaut hkk as 0,13 km33-1 , the arrival time 1 as

1

a

17600 s (4.9 hr), while the characteristic dispersion time T is
60 s. Thus TY/TD is 0.2,

In Fig. 14, the first 15 min of (1) an experimental waveform, (2) a
waveform computed according to the multimode theory, and (3) a waveform
computed according to the edge mode theory are simultaneously plotted.

The experimental waveform is that recorded at Berkeley, California following
the megaton class Housatonic shot of 1962 October 30 and which is given

by Donn aud Sgyaw 11967] in an inverted form (Professor Donn has informed

us that the maximum peak-to-trough amplitude of this record is about

350 pbar), The second waveform, based on the multimode theory, has what

we regard, alieit subjiectively, as a relatively good agreement in waveform
shape and period-time vaiiation with the experimental record. The comparison
of central concern here, however, is that between the second and third
records. One should note that over the first three cycles the agreement

is substantial, The zero crossings coinéide almast exactly while the heights
of individuasl pesks or depihs of individual troughs agree well except for

a discrepancy of 30 per cent in the first peak and first trough. The

greater disagreement at later times is to he expected, in view of the fact
that the higher frequencies arriving at these times may be carried in other
modes corresponding to natural channeling within an altitude region of

lower effective sound speed.

As for those discrepancies which do exist at earlier times, particularly
the 'precursor' dip in the wultimode synthesis, it is difficult a priori
to say which theory gives the more nearly correct prediction. The edge
mode theory presented here is sufficiently simple that negligible numerical
err ‘s arise in the computation. On the other hand, the multimode synthesis
is based on numerical computatiors of inverse Fourier transforms (the
integration varlable being frequency), where the limits of integration are
truncated. The truncations l.aving the most significant effect are those at
the low frequency cut-offs shown in Fig. 9 which correspond to_the transition
from fully-ducted modes to leaky modes [Harkrider & Wells 1968]. The neglect
of these leaky modes may place spurious precursors in the synthesized waveforms
with periods of the order of the lower cutoff frequency, although hopefully
this neglect will have negligible effegt on the dominant portion of the
waveform (the high--frequency part of the apparent precursor is due to the
choi :e of upper integration limit)., In contrast, within the context of the
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Figure 14. Observed and theoretical pressure waveforms at Berkeley,
California, following the Housatonic detonation at Johnson Island on
October 30, 1962, The observed waveform is taken from Donn and Shaw {1967].
The energy yleld assumed in the thecretical computations was 10 MI. The

maximum peak to trough amplitude of the experimental waveform is about
350 ubar. ’
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edge mode theory presented here, the edge mode is formally fully ducting
down to zero frequency, and there is ne occasion to decide whether or
not one should include leaky modes in his ceomputation scheme.

4.5 IMPLICATIONS OF THE EDGE MODE THEORY

The edge mode model, being a simplified approximate model, certainly
cannot give a detalled explauation of the existing data, and in many
instances may lead to predict.ons which disagree significantly with the
data. ilowever, if one adopts the view that the edge mode model provides
a iramework for discussion of the data, then there is perhaps scme merit
in listing a number of the implications of the model, with various
idealizations as to the atmospheric structure. If the predictions do
not agrce with the data in some respect, then we may seek to find what
modifications or extensions are necessary to the theory, rather than to
abandon the edge mode model completely.

4.5.1 Variation of waveform period with distance

The theory, in the normal limit when TY/ID<l.predicts that the

period, first pef§3to second peak, should increase with distance r from
the source as r for the stratified atmosphere model. This follows from
Fig. 12 and Eq. (4.19b). The data does show some trend towards longer
periods at greatar distances, hut the spatial variations with azimuthal
angle are substantial. Since this is a relatively weak dependence on r,

it is difficult to check quantitatively.

4.5.2 Ratios of successive periods

The waveform factors plotted in Fig. 12 suggest that the ratio of the
first two periods (first peak to second peak, second peak to third peak)
should be 4/2.6%1:5. On the whole, the agreement with data of this
prediction 1s fair. Periods tend to decrease with increasing time within
a wvaveform, and in those instances where the peaks may be clearly identified,
the ratio varies between 1.3 and 1,8, For example the New Orlea ,LLa.,
record of 1961 October 30, the ratio (depending on what one interprets as
the first and third peaks) might be evaluated as 1.5.

4.5.3 Record begins with pressure rise

That the theory predicts this 1s clear from the curves in Fig. 12. This,
while admittedly a qualitative rather than quantitative prediction, is
reasonably well supported by the data. For example, in those cecords
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given by Donn et al. [1963] where the positive pressure dircction is
indicated, and where one can dlstinguish the sipnal onset from the noise,
the first pesitive pressure peak precedes the first trough.

4.5.4 Ratic of successive peaks

1f TY/tD is small (which, as may be noted from the numerical example

in the preceding section, is the ncrmal case) then the first peak should be
lower than the second peak and the ratio, first trough to second peak
divided by first peak to first trough, should be about 1.2. The agreement

of this prediction with the data is negligible. On many records the second
peak is actually -maller, and the ratios of the two seem random, The
disagreement may be due to a varlety of causes: instrument response,
interference from other modes, higher-order terms in the dispersion relation,
interference from ambient noise, etc,

4.5.5 Variation of waveform amplitude with distance

In the case when there 1s negligible focusing of horizontal edge mode
rays, the theory, Eqs. (4.11) and (4.15) , pi991cts that wave amplitude varies
with preat circle distance r as [sin(r/re)] ¢, while individual peaks of

the waveform factor ¢, for the stratifjied atmospherg mode, decrease with
r in the iimic of smail T /1. A8 T _ “'* or as r +/¢ trom Eqe. {(4.19)

oo ~1/2 -1
and (4.21). Thus amplitude varies in the idealized case as r [sin(r/re)]
This variation, as previously discussed by Harkrider [196&}, agrees

relatively well with the data of Wexler and Hrss [1962], although there are
substantial variations of amplitude with azimuth angle. In Fig. 15, maximum
amplitudes of synthesized Lamb mode waveforms [Posey, 1971] are compared

with similar results presented by Harkrider [1964] for syntheslzed multi-

mode waveforms [multiplied by po(zo)/po(zg) as suggested by Plerce, 1965 ]

and with the empirical data presented by Wexler and Hass. The atmospheric
model and the source parameters used in the Lamb mode syntheses are the

same as used by Harkrider; i.e., a 58 MT explosion at an altitude of 3.66 km
in the ARDC standard atmosphere, as shown in Harkrider's Fig. 1, with no
winds,

4.5.6 Determination of Explosion Energy from Pressure Javeforms

One of the more intriguing consequences of the Lamb edge mode theory is
that it affords a simple method which is relatively insensitive to
atmospheric structure for estimating an aexplosion's energy yleld from
expcrimental pressure records. As noted in Sec. 4.3, the shape of the
waveform factor ¢ 1is determined solely by the value of TY/ID .
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Figure 15, Comparison of observed and theoretical variation of maximum
amplitude with distance from the source. The results of a series of
Lamb mode syntheses are compared with ohservations reported by Wexler
and Hass [1962] and with the results of waveform syntheses performed

by Harkrider [1964) using a multi-mode formulation. (Harkrider's re-
ported amplitudes are here corrected by the factor po(zo)/pc(zg) sug—

gested by Pierce [1965]), which in this case is about 0.76.)
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Morcover, the ratios of the periods to L in the first few cycles would

appear trom Fig. 12 to be relatively insensitive to this ratio, One tinds,
in particular, the period Tl 2 between first and sccond peake is piven
,

by 4.0 T Thus one can replace the largely ajpriori unknown quantity W

in the theoretical expressions by T1 /4 . The plots in Fig., 12 alsc show
that the quantity ., represeuting t%e first peak to {irst trough amplitude
of ¢, 18 a slowly varying function of TY/TD « A rvelatively pood approwimation

(within 10%) for most cases of interest is to set

n.,

3
nll(TY/TD) 0.9 (4.23)

With the above approximations in mind,one may note that if Eq. (4.11} is
written

p = Gy (4.24)

where G 1is an abbreviation for the quantity im braces in Eg. (4.11), then
the absolute pressure variation - from the first peak to the firsc

trough should be given by

Pepr = € &) {6.25)

or , from Eq. (4.23) and the approximation L T] 2/&, as
¥

. y3/2
Pppp = (6) (0.9 4Ty /T, ,) (4.26)

When the expression for G 1is inserted and one solves for E, one
finds

/2

07/2(db/d9)1

‘L
7.2 D Vg

3/2
Pepr Ty 5 / (4.27)

where the various quantities are as defined in Sec. 4.3,

This can be further simplified if a number of plausible assumptions
are nade: (1) the atmosphere is assumed to be horizontally stratified;
(2) the ground level pressure at source and observer is takem to be one
atmosphere; (3) the observer is considered to be on the ground; and (4) wind




velocicies are considered small compared tu the sound speed. 1In this
event, one finds the encegy yield to be given by (in equivalent kilotons
of TNT)

3/2

Pppr (4.28)

Y =B m”‘?(r/re)[po(io)ll‘“’”(c(?o) T, ]

where K = 0,199 if P, is measured in atmospheres, PrpT is measured in

wbar, ¢ in km/sec, , in seconds, and Y in KT,

T

.-l,i.
Equation (4.28) would enable onre to estimate the yield Y 4if the

height of burst were known., Usuwally, this is not the case. However, the

dependence o amblent pressure or burst iizight is relatively weak. The

variation only amounts to 30% even for hecights as great as 10 km. The speed

of egound at the source can alse vary, but generally stays within 15% of

310 m/sec for the first 60 km. 7Thus, {t would appear expedient and not

toc gross sn approximation to sct po(xo) equal to 1 atm and to set

c(;c) equal to 310 m/sec. VWhen this is done opn~ finds

I 1/2 .32
Y BY sin (r/re) 11,2 Pppr (4.29)
wherc B’ has & value of
B' = 0,036 wbar ! sac 3/ k1 (4.30)

Because of the nature of the approximation outliined gsbove, this prediction
of energy yield may be too large for high altitude explosions or for vecords
at long ranges from swmall yield explosions (i.e., TY/TD < 0.2) and too

snall for recurds at short ranges from large yield sources (i.e.,
TY/1D> 0.2},

The waveform parameters T and p read from zn observed
1,2 FPT

microbarogram should properly be used in the above yield esztimation formula
only when the racord prior to the secend peak represents almost solely the
Lart mode pressure perturbation., In principle, this can only be the case
vhen there is negligible background noise, when there is not yet appreciatle
contribut’on to the record from other modes, and when there is negligible
phase shiit due to instrument response,

In order to check the agreement between the approximate Lamb mode
relation and the empirical waveforms, the quantities PrpT and T1 2
v

measured on a nurber of records presented by Harkrider [1964]) and by Donn
and Shaw [1967]. The explosion scurces for the records (penerally recorded
at more than one geongraphic location) are labeled a through n (see Table II).

were
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g&;h's Yield T, z(sec) pyom(ubar) Source of

event date Estimate (MT) R(km) , FPT Microbarogram
a 9/10/61 10 3676 193 100 DS
6644 280 70 DS
b 9/11/61 9 8000 229 125 H
9/14/61 6569 258 61 DS
d 10/4/61 8 8000 220 80 H
e 10/6/61 11 6674 300 59 Ds
8000 390 45 il
f 10/20/61 5 8000 310 21 H
g 10/23/61 25 6677 376 280 DS
h 10/30/61 58 6688 400 500 DS
5631 540 133 DS
8000 690 140 H
i 10/31/61 g 5717 386 25 ns
h] 5/4/62 3 5375 200 36 DS
k 6/10/62 9 2177 187 125 DS
1 6/12/62 6 2172 200 85 DS
m 6/27/62 24 2192 187 264 DS
5393 433 83 DS
9307 500 90 DS
9350 467 90 DS
12 2185 200 180 DS

n 7/11/62

Table II. Observed amplitudes and periods.

This data corresponds to

empirical microbarographs published by Donn and Shaw [1967] and by

Harkrider [1964], refered to as

DS

explosions; j-n, U.S. explosions).
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The recgrds used include all of those in these two data collections for
which Bath [1962] gives a source yield estimate, for which the pressure

scale could be determined and for which the first cycle of the signal is
recognizable above the background noise. Pressure amplitudes for Harkrider's
records were computed using his microbarograph response data. Pressure
amplitudes for the Donn and Shaw records were determined according to the
premises (W. Donn, private communication) that (a) all records recorded

by Lamont type A microbarographs are to the same scale and (b) the clip

to clip amplitude of off sc317 oscillations was 350 _pbars. The ordinate

in Fig. 16 gives %qutYsin'l 2(r/re)] in uwbar MT"1 where Y is the

explosion yield in MT. The abscissa gives the period T1,2 in s . Note

that the plot is full logarithmic., The solid live represents the
theoretical relation of Eqs. (4.29) and (4.30).

Although Posey and Pierce {1972] have demonstrated that the value
of the constant B' in Eq. (4.29) is somewhat sensitive to the assumed
form of the negative phase of the blast wave at close-in distances, it
:ppears that the value actually derived gives the optimum fit to the data.
The scatter about the theoretical curve could be due to various causes
other than interference with the Lamb mode by other modes and by noise.
One possibility which seems especially likely is the variation in amplitude
due to the horizontal refraction and subsequent focusing and defocusing
caused by departures of the atmousphere from perfect stratification.

One may properly argue that the plot in Fig. 16 at best only demonstrates
that egtimaces of vield based on the theory outlined here are consistent
with Bath's estimates.

, Thus it may be of some interest here to briefly
review the basis for Bath's estimates.

According to Bgth, the yields of the U.S.5.R. atmospheric tests of
Octobgt 23 and October 30, 1961, were announced as 25 and 58 MT, respectively,
and Bath says that American estimates set the height of burs. for each at
about 3600 meters. By ignoring height of burst effects and assuming a
linear relation between yield and amplitude of the seismic surface wave as
recorded at any given statjon in Sweden for all air blasts above the
Novaya Zemlya test site, Bath estimates the yields of the remaining
atmospheric explosions in the fall, 1961, Soviet test series, Each estimate
is an average based on from 3 to 11 observations. Ba.h feels that these
estimates (shown in his Table XII) are "fairly reliable”". He also gives
estimates for the yields of some of the atmosphieric tests conducted by the
U.S. near Christmas Island in 1962, apparently hased on seismic energy
estimates from seismic surface waves recorded at Uppsala, Sweden, and
assuming a constant seismic coupling factor a [seismic energy/yield] of

2)‘10_5. One might tend to believe that Bgth's yield estimates for the

Novaya Zemlya shots are probably more reliable than for the Pacific shots
because results from several observations were averaged to get the former
and because the latter were much further from Sweden. One may note also
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Figure 16, Comparison of data with the theoretical relation between
amplitude and pe-iod of infrasonic waveforms generated by nuclear explosions.
The data points are lettered a to n corresponding to particular events
defined in the text.
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that Bath's estimates are based on the following general relation
betweer the yield and the Richter scale magnitude M:

M=51+0,7 logay

where a 1s the seismic coupling factor.

4,5,7 The anomalous spatial variations in amplitude may be explained
in terms of focusing or defocusing of horizontal ray paths

This prediction is based on the presence of the factor (db/dQ)-l/2
in the denominator of Eq. (4.11) where (db/d8)d® is the ray channel width
separating rays @ and 8 + d68. Such anomalous amplitude variations have been
reported in some detail for pressure waves recorded following the Sovizt
explosion of 1961 October 30, by Wexler and Hams [1962]. For example. the
amplitudes recorded in Illinois tended to be 2 to 4 times larger tgan'those
re~orded in Nebraska or Kansas. The ray equations suggest that,
if IVLI << ¢ ., the ray paths are nearly perpendicular to lines connecting
stations whi%h receive the pressure wave simultaneosusly. Thus the model
would suggest that one might be able to predict regions where anomalously
high or low amplitude waveforms are recorded from an examin~tion of lines ‘
of constant arrival time. This is in fair accord with the data exhibited
by Wexler & Hass.

Wealer and liass {1962] give lines of consrant arrival times over the
entire globe and lines of constant amplitude over the northern hemisphere
for the wave generated by the Soviet explosion of October 30, 1961, at
Novaya Zemlya. Records from about 1000 barographs were used in determiniag
these lines. They also show a plot of average amplitude vs. colatitude
from the source. For the most part, these were meteorological barographs
designed to record much slower pressure variations than the 1 to 10 minute
periods characteristic of the strongest portion of the explosively generated
acoustic-gravity waves. Wexler and Hass also state that most of the charts
had a recording speed of only 9 hour/in. This suggests that they might
be relatively insensitive to the details of oscillations with periods of
15 minutes or less such as are of interest here and that one could introduce
significant time errors through inaccurate mounting of the paper (15 min
is only 1/36 inch on the chart). While the above considerations suggest
that one not place too great a reliance on the quantitative results presented,
some valuable qualitative information on large scale anomalies in waveform
arrival time and amplitude is certainly present, (One may note that the
greatest rippling in the lines of constant arrival occur in the U.S. and
Western Europe, where the density of reporting stations is large.)

For the reasons discussed above, we decided for the present that
detailed or elaborate computations of Lamb mode propagation parameters from

" 7.




existing atmospheric data were not warranted by the accuracy of Wexler
and Hass' arrival time and amplitude daca ( a portion of which is
reproduced in Figs. 17 and 18 here). Instead, it seemed appropriate

to conduct a simple qualitative comparison between the Wexler and Hass
data and the portions of the sea level and 500 mb (about 6 km) northern
hemisphere weather maps for 1200 GMT, October 30, 1961, which are
reproduced in Figs. 19 and 20, respectively. That is, by an examination
of the weather maps, assuming that the average L is about the same for

rays which are never separated by more than a few hundred kilometers, and
taking winds to be geostrophic (parallel to the isobars, clockwise around
a high pressure area and counterclockwise around a low in the northern
hemisphere, and monotonically increasing in strength with the pressure
gradient), one should be able to judge qualitatively how ¢, which is

approximately <L + Vik? varies and whether or not the undulations in the

lines of constant arrival and/or the amplitude anomalies reported by Wexler
and Hass are due to this variation. Of course, implicit in such a comparison
is the assumption, which is not necessarily true, that both the earliest
observation ard the wave's largest amplitude are due to the Lamb edge mode.
The former is more likely true than the second.

For the sake of simplicity, it is assumed that the general atmospheric
circulation pattern, i,e., tha variation of Vi is qualitatively represented

by the winds at 500 mh. 1In Fig, 21, the maier centers of 1ow oi high ambient
pressure indicated in Fig. 20 are shown and numbered (L1 through L6 for the

lows, and "1' H2 and H3 for the highs). At each location the direction of

the geostrophic wind is indicated by the arrows. The location of the 58 MT
blast at Novaya Zemlya (73.820N, 53.570E according to Donn and Shaw [1962})

is shown by a star, As a ray propagates through the center of a low pressure
system, the rays to its right should propagate more rapidly and those to

its left more slowly because of the counterclockwise circulation. The opposite
is true at the center of a high,

An unrefracted ray (great circle path from source) through low pressure
center L, would pass through Alaska, so that che Lamb wave should be retarded
in its arrival along the northern coast of Alaska and western Canada relative
to its arrival just to the west. The presence of the high H, indicates a
retarded c. over the northern Canadian islands relative to the western
coast of Greenland and an increased ¢ down the eastern coast. All of these
contentions are supported by the undufations of the 1200 GMT arrival line
shown 1in Fig. 17.

The low pressure center L, is just about on the 1300 GMT line, so
that its effect should be evident in the changes from 1200 to 1400 GMT, and,
indeed, while the former is fairly straight north of L,, the latter displays
a wiggle coansistent with increasing Cp from east to west just below LA‘




Fig. 17. Obtserved Arrival Time of an Infrasonic Wave. The source of

the wave is the Soviet thermonuclear blast over Novaya Zemlya, October 30,
1961, at about 0830 GMT, and the recording instruments are barographs at
weather stations or on ships. The dashed rectangle indicates the portion
of the northern hemispheric map shown in Figs. 19-21 . (Extracted from
paper by Waxler and Hass [1962].)
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Fig. 18, Maximum Observed Amplitude of an Infrasonic Wave. This

map 18 for the same disturbance as in Fig. 17, and 1s derived from the
same records, The amplitude is given in wbars. (Extracted from paper
by Wexler and Hass [1962].)
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Similarly, the effect of L, 1is seen to be consistent with expectation
from a comparison of tne 1200 and 1400 GMY lines in its vicinity. The
effect of L. can be seen by comparing the 1400 and 1600 GMT lines between
about 150°E and 1700W. Changes in p due to winds about H2’ LS’ H3 and

L6 are not as clear, but, as can be seen in Fig. 20, each of these except

L is a weak pressure center surrounded by relatively small pressure
gradients and winds, In the portion of the northern hemisphere not shown

in the 500 mbar map of Fig. 20, there were only three strong pressure systems,
of which two, a low just east of Iceland ard a high over the Caspian Sea,

seem to produge undulations in the time lines consistent with the assumed

variation of VL'

The above comparison shows that many of the irregularities of the
order of 1000 km in the lines of constant arrival time can be qualitatcively

attributed to the variation of Ve Some other large scale irregularities

cannot be explained by the assumed circulation pattern and are probably due
to strong wirds above the 500 mb level which do not conform to that pattern
or to variations in ¢, , which are ignored. A portion of the smaller scale
irregularities could ke due to instrumentation errors.

While the earliest portion of an explosively generated acoustic-gravity
wavetrain is most likely due to the Lamb mode, the largest amplitude may
or may not be due solely to the Lamb mode, depending primarily upon ducting
conditions above the observer, Thus, it would not be suprising should the
amplitude anomaliles of Fig. 13 noi be as easily expiained by the Lamb mode
theory as are the arrival time irregularities.

In order to determnine whether the observed large scale variations in
overpressure amplitude (of the order of 1000 km) are the result of
horizontal refraction due to variations in c_. , the e¢mpirical lines of
constant arvival are assumed to be lines of fonstant phase for the Lamb
mode. That is, rays should be nearly perpendicular to these lines, so
that a concave line would lead to focusing of the Lamb mode vays while
a convex line would lead to deferusing. This effect is witnessed in some
instances, such as in the Atlantic, where the convex lines of constant
pl:ase in the east are accompanied by small observed amplitudes and the
concave lines in the middle Atlantic are accompanied by larger amplitudes,
However, some of the pronounced amplitude variations, such as the increase
over Indochina, cannot be explained by the assumed Lamb mode refraction
pattern.
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Fig. 19. Sea Level Synoptic Weather Map for the Northern Pacific Ocesn
and North America. The portion of the morthern hemispheric map indicated
by the dashed box in Fig. 17 is shown here,
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Fig. 20. 500 mbar Synoptic Weather Map for the Northerwn Pacific Ocean
and North America. The portion of the northern hemigpheric map indicated
by the dashed box in Fig. 17 is shown here.
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CHAPTER V

A SHORT PER1OD MODEL FOR

WAVES GENERATED BY EXPLOSIONS

3.1 INTRODUCTION

The theories and computational techniques described In the previous
two chapters apply best for interpretation of the lower frequency (2 to
15 minute periods) recorded at very large distance from megaton class
nuclear esxplosions. We have receutly started to develop an alternative
theory applicable to shorter period signals generated by lower yield
explosions or observed at closer-in distances. In the present chapter,
the salient features of this theory sre briefly reviewed,

3.2 RAY PATHS

The basic mathematical model presumes that the pressure wave
disturbance at any given point somewhat removed from the immediate vicinity
of the point of detonation can be expressed in the form

;-t) - 1; P

™
1

H
-

rr
~
-
1
-

[
S ?

where the sum includes one term for each of the geometric acoustic ray
paths which connect the point of detonation with the observer location,
including those rays which may have been reflected one or more times at
the ground. (In order to facilitate bookkeeping, it is assumed that the
obse. ration point is never identically on the ground, although it may be
a very small distance above it.)

In the simpler version ¢f the theory, presently under study, it is
presumed that these ray paths may be taken to be those appropriate for
higher frequency low amplitude disturbances. 1In the limit, the paths are
independent of frequency and wave amplitude. This approximation does not
necessarily imply a neglect of nonlinecar effects or of frequency dispersion
and has some precedence in the contemporary theories of sonic boom propagation
[Vhitham, 1956; Hayes, Haefell, and Kulsrud 1969] where nonlinear affects
are neglected in the determination of ray paths but included in the
consideration of propagation along rey tubes,

The method of determinaticn of such ray paths for a temperature and
wind stratified atmosphere has previously been described by one of the
authors in some detail [Pierce, 1966] and a computer program based on that
nethod is presently in use by W. Donn and coworkers at Lamont-Doherty
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Geological Observatory. (see, for example, Donn and Rind [1971]). A sample
plot of such ray paths is shown in Fig. Z2. The appropriate ray tracing
equations on which such plots are based are

dx -+ -+

-a-T— - ex + v R (5.2&)
d+ -+ - -+ -

—Jls = —Ve=(k'V)v = k x(Vxv) (5.2b)

where, for variable <, ;(T) traces oug the ray path. Here the ambient
sound spced ¢ and the wind,velocity v are considered as functions of
position x, The quantity « 1is an auxiliary quantity termed the wave
slowness vector (units of reciprocal velc 'ity) which also is a function
of the ray time parameter v . At all points « 1s related to ¥ by the
equation

(1 - %92 - 22 (5.3)

In Eq. (5.2a) , ;N is the unit vector in the direction of Y. Note

that in the absence of winds, « = 1/c and Ex is the ray direction.

Initial conditions on the integration of Eq. (5.2) are thar X at T =0
represent the point of detonation and that the ray direction point in some
given direction specified by parameters (0°,¢o)wh1ch give the polar and

azimuthal angles which d;/dw initially makes in a coordinate system
with the 2z axis passing vertically through the point of detonation. Thus
90 and ¢0 form a means of labeling all rays which emanate from the source.

When a ray meets the ground it is assumed that it reflects specularly
such that incident and reflected rays locally near the ground make the same
angle with the ground. The horizontal components of % do not change on
reflection but the vertical component changes sign. It is of course assumed
that there is no vertical component of wind velocity at the ground.

In the computation scheme we envision, one of the initial steps would
be to find all initial ray parameter pairs (Oo,¢o) which correspond to rays

which are governed by the equations described above and which connect the
source and observer positions. Each such ray would then correspond to a term
in Eq. (5.1).
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Figure 22, Computer generated plots of ray paths from a point source to
the east in summer. (Extracted from paper by Donn ari Rind [1971].)




5.3 [PROPAGATION ALONG A RAY SEGMENT

For simplicity in the description of the overall computation scheme
we speak of a ray sagment as a portion of a ray path which contains no
ground reflection aud =2iong which the ray does not intersect any of 1its
neighboring rays (i.e., the ray does not touch a caustic or, equivalently,
the ray tube area does not vanish). While the existence of caustics (i.e.,
the surfaces in space composed of points at which such intersections occur)
must be taken into account in any theory seeking to describe waveforms
at all but very close-in distances, the consideration of these is
postponed until Sec. 5.5.

Along a given segment, the pressure contribution due to that ray is
taken to be of the following form

P = J(8)¥(c,8) (5.4)

ray

where ¢ 18 a parameter characterizing distance along a ray path, specifically
related to distance ¢ along the path by a reiation analogous to that of
Eq. (4.20) , 1i,e.

c + v
at "
ST (5.5)
tce + v!
[ 4

such that o = 2 for 3 windless atmosphere. The parameter s 1s defined
such that it is zero at the point of detonation. Thus any given ray segment {
will in general correspond to & finite range of s .

The parameter J(s) in Eq. (5.4) 1is independent of time and defined
to vary with s in such a manner that wave acticn [Bretherton and Garrett, 1968]
or, equivalently, the Blokhintzev invariant [Biokhintzes, 1946 ) is conserved.
Thus

_a(s%1a%sax]a

de oocz(l -% .V

= 0 (5.6)

where G is ambient density, ld;/dtl iz the ray speed of Eq.(>..a)

and A 1is ray tube area. Here A 1s defined as the (s variable)
cross-sectional area of any given (small) fixed be of rays which includes
the ray in question. Note that the quantity in braces in Eq. (5.6) is



independent of s . Thus, if J 1is known at any given value of # | it
can be found easily for any other value of 8.

In the simplest limit of geometrical acoustics with nonlinear effects
neglected, with the neglect of dissipation and with the neglect of any
dispersion induced by the effects of gravity, the remaining factor ¢ in
Eq. (5.4) satisfies the one dimensional wave equation

w’w
[ e =3

+ (c + :,.;_‘) _g.S!' =0 (5.7)

which has the general solution

S
v o= £(t - f %5 ) (5.8)
o eq

where f(t) is any arbitrary function and where we have abbreviated

+—>+
<:&q c v-e (5.9)

as the effective wave speed. However, the approximation represented
by the above equations may not be entirely sufficient, so we have sought
a generallzation of the Eq. (5.7) which incorporates other effects,

5.3.1 Dispersion Effects
To incorporate dispersion into Eq. (5.7) we recall that acoustic-gravity

waves in an isothermal atmosphere with constant winds [Pierce, 1966]
satisfy a dispersion relation of the general form

2 2 2 2 2 2 2 2 2
kz Q" - wA)/C - [{a -~ wB)/Q ](kx + ky) (5.10)
wvhere Q = w - i.z is the Doppler shifted angular frequency; kx’ ky' kz
are the components of the wave propagation vector. Here wy and wp are the

we!l known characteristic atmospheric frequencies given by
wy = (y/2)g/c (5.11a)

wy = (-1 2g/c (5.11b)

-87-




1f this above dispersion relation is solved for w , one finds to
lowest order in 1/k that o = ceqk , corresponding to nondispersive

propagation. If the next nonzero term is included, one finds

1 2
w ceqk + 5 mO/m (5.12)
where

2
“o

2

2 2 2 2 2 2
-y - {(kx + ky)/(kx + ky + kz)} wg (5.13)

is a positive quantigy which depends on the direction of the wave
propagation vector k, but not on its magnitude.

Suppose now that ¥(s,t) in Eq. (5.4) 1s specified as a function of t at
some point s on a ray segment . Then 1f ¢ propagates according to the
dispersion refation (5.12) , its time variation at any other point & on
the same ray segaent should be given by

-, 1
¥(t,s) = Re [ v (e 11T + 2Q/w]de (5.14)
[v]
vhere
S
T et - [ ds (5.15)
s, eq
s
J wods
Q= J; < (5.16)
o eq

and where the Fourier transforwu "o () Re defderd suck That

v(t,8 ) = Re r ;o (e 1%y (5.17)
[+]
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Note that the resulting expression for ¢(t,5) represented by Eq. (5.14)
would reduce to Eq. (5.8) were it not for the factor exp[-i(1/2 Q/w] in the
Fourier transtorm. It should be understood, of course, that io(w) is

considered to be largest for higher frequencies than W o Consistent with
this, one may rewrite (5.14) in the form

2 2 \1/2
- it (" - w_ -2)
v(t,s) = R, Im b (@) T o PTOP o 4w (5.18)
(]
where
S ds
t - J AL (5.19a)
prop s ceq
o
W, =/t (5.19b)
eff prop '

may be interpreted as the propagation time and an averaged value of ug
along the ray segment, respectively.

One may next reexprass Eg. (5,18) as s convolutlon integral in the form
t
W(t,s) - G(t - tos s .So)w(to.ﬁ 1)dt0 (5.20)
-m

where the Green's function is given by
© 1/2
Aule-r) 1o’ Wl )
[ e e duw (5.21)

L] L
b |

G(c - to,s,so) -

Here the integration contour extends slightly above the real axis and

the branch cut extends from Wogg to + Wogs along the real axis. The

integral with some effort may be evaluated as

G = §(t-t -t )

o prop - meff(w

efftpmp){.ilio)/n} (5.22)

X H(t-t -t )

o prop




where Jl(D) is the Bessel function of first order and where we have
abbreviated D as the positive square root of
2 2

2 2
D" = Werg [(t~r0) - tprop] (5.23)

The symbols ¢ and H in the above formulas represent the familiar
Dirac delta function and Heaviside step function, respectively.

With the substitution of Eq. (5.22) intv Zq. (5.20) one finds that
the dispersed waveform is given by

- wz t
eff prop

t-tprop
I {Jl(D)/D]w(to,sa)dto (5.24)

-0

y(t,s) = y (t-tprop,so)

One may also show that the quantity D may be further approximated as

1/2

¢ 1/2
prop

t ) (5.25)

D= w (2 t-t -
prop o

eff

for all practical purposes if § 1s composed primarily of higher

frequencies than Woeg *

Although we have at present no computations of Eq. (5.24) to
exhibit, it would appear (see rfig. 23} that what is being described by the
mathematics in the case of, say, a N shaped wave is the development of
an oscitlatory tail whose amplitude and length increase with propagation
distance and whose period at any given point tends to increase with time
at any given point. The latter follows since the zeros of J (D) occur

at successively larger intervals of t for fixed tprop and o Also,

it follows from the fact that the group velocity according to the dispersion
relation of Eq. (5.12) tends to decrease with increasing period (decreasing w).

5.3.2 Nonlinear Effects

If Eq. (5.7) were to be modified to incorporate nonlinear effects, a
simple approach (which we in essence adopt here ) would be for one to utilize
Whitham's rule [Whitham, 1952, 1956] and to replace the travel speed

c + 3.$K by that characteristic of the perturbed rather than the ambient

medium, such that Eq. (5.7) becomes

(%%) + ooy (;*) = 0 (5.26)
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u Fig. 23. Sketch of the effacts of gravitetionally iunducad dispersion on

% an originally N-shaped waveform. Successive plots correspond to later
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MULTI-VALUED
WAVEFORM

Fig. 24, Sketch of the spplicstion of the equal area rule to conmstruct
shock locations from a multi-valued vavefors,




with the corrected wave speed

gL = € * Vee, + c[(VH/(2V) )l (5.27)

The third term represents the first order correction to the sum of the
sound speed and the fluid velocity for the case of a plane wave propagating

in a homogeneous ideal gas. Here p 1s the acoustic pressure, Pray in

Eq. (5.4) , and p_ is the ambient pressure. Equation (5.26) is sometimes
referred to as the inviscid Burger's equation.

The above derived nonlinear equation for ¢ has the approximate
solution which can be given in a parametric form as

V(s,t) = v () (5.28)
t = ¢+ tprop - us,s ) (4) (5.29)
where s
W= LORI@N] | /e (e, )ds (5.30)
-
]

Here ¢ 1is an auxiliary parameter defined such rthat it equals tire
t when s=s_ . The function wo(t) gives y(s,t) when $§ =S,

Thus, were s specified, one could let ¢ run through a sequence of
values and list corresponding values of ¢ and t computed from the
Eqs. (5.28) and (5.29). 1If these values wcre plotted to give y versus
t, one would have a plot of y(s,t) for fixed s and variable t . [The
complication of shocks is consideced below. ]

In the event that the quantity ¢ constructed for given S becomes
multiple valued, it is postulated that discontinuities in the actual waveform
(i.e., shocks) ferm. In the time interval between shocks, ¢ versus t is
still described parametrically by the above equations, only with a restricted
range of ¢. The approximate waveform which incorporates weak shocks may
be found graphically by first plotting the multivalued function described
parametrically by lw0(¢),t(¢)] for variable ¢ and then placing shocks
(vertical lines on a Y versus ¢t graph) in such a way that the equal
area rule is satisfied. Each such shock hits the graph at three points
and delimits an upper loop on its left and a lower loop on its right (we
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assume time runs to the right). The location of the shock 1is such that
the area of the upper locp just equals that of the lower loop (sec Fig. 24)
and the shock replaces the two loops in the approximate waveform.

One may show, albeit with some effort, that tre scheme described above
is consistent with the Rankine-Hugoniot relations [see, for example, Landau
and Lifshitz, 1959] in the limit of sufficiently weak shocks. Also, if the
above method is used twice in succession; waveform at S determined from
waveform at s; which was previously found from waveform ~"at Syt then one

can show that the resulting waveform is just the same as that which would be

found if the waveform at 52 were determined directly from that at SO.

5.3.3 Composite Numerical Method

In order to take nonlinear effects and dispersion effects into account
simultaneously, one may adopt the following method. Let a given ray segment
be divided into a small number of segments, the length of which may be of
the order of 100 km or less. The optimal length remains a topic for analytical
investigation, although we doubt that one need take it less than 25 km, Let
the distance parameter at the a1ear end of one of these segments be s _ , that

at the further end be Sl. Given w(t,so) as &8 function of time, oné seeks

to determine ¢(t,s;) as a function of time,
Ths fivaet oth a functdan dfer & Y wieh th
The first sta s function ¢{f,s,) with th

nonlinear effects, but with the c¢ensideration of dispersion. This

intermediate waveform is found from Eqs, (5.24) and (5.25), as is discussed

in Sec, 5.3.1., Next one defines

n 1e tn datoaymina
F A8 IO olotmmainc

V(t,s ) = Vot +t ) (5.31)

prop’sl
#s that waveform which would have resulted in y(i,s,) were the propagation
from s, to s, to take place without dispersion., This dispersed but time
shifted waveform is then used to define ¢5(¢) in Eq. (5.28). The nonlipear
propagation equations (5.28) and (5.29), along with the method for constructing
shocks described in Sec. 5.3.2, are then used to find the function ¥(t,s).

Alternately, one could consider nonlinear effects first, then time
shift back, and construct the dispersed waveform from the nonlinearly distorted
waveform, Both methods should give virtually the same result if the distance
from s, to 1 is sufficiently short, What is assumed ig that over short

distances the two forms of distort n, nonlinear and dispersive, are additive.
Over large distances the distortiun due to either may be large, but the
distortion 18 an accumulative effect which {s small over short distances.
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The above scheme can be used repeatedly over a sequence of subsegments
sucli that one can in principle with, hopefully, only a wodest amount of
computing find the waveform at the further end of a chain of subsegments
from a knowledge of the wavelorm at the nearer end,

Similar considerations may be employed to incorporate viscous and
thermal dissipation into the calculation, although we have not yet derived
the appropriate waveform distortion equations.

o OFIRATIOR €Y ATV TW R, TH e

5.4 INIT1AL CONDITIONS

We here consider that ray scgment of a given ray which begins at
the point of detonation. It should be clear from the general formulation
given in the preceding sections that one needs to know the waveform factor
¢(t,s) at some relatively close~in value of g in order to find the
waveform at all larger values of s . 7This should in principle be accompiished
by matcling Eq. (5.4) to the blast wave at some relatively close-in distance
yet sufficiently far out that the weak shock theory should be applicable.

Since this leaves considerable lattitude in the starting value 8 tart of g

che initial conditions are not completely clear. The situation is further

complicated by the fact that, if the explosion is moderately strong or if

it takes place a+ higher altitudes, then one may expect the effects of the
atmosphere's density stratification to be appreciable before the shock has
become a weak shock (say, less than 10X ambient pressure). This would

imply that one might not be able to use calculations orf data which peritain
or conform to the idecalized case of a blast wave propagating with spherical
symmetry in a homogeneous atmosphere.

N L SR R P SR

TR R

In order to circumvent such difficulties, we scught to find just what
properties of the blast wave were at least asymptotically independent of
distance g along a ray path. In this regard.one may note that, among other
quantities, the blast wave passing a given point may be characterized by an
overpressure Ps and a positive phase derivation Ts . Both L3 and Ts

vary with s, Ps decreasing and Ts increasing with distance from the

explosion, but two aggregate quantities, even with nonlinear effects taken
into eccount, tend to remain invariant., These are

Il = Ps TS/J (5.32a)
-4
I, = TsJ/Ps -[{v+1)/(2v)] L[J/(ceqpo)]ds (5.32b)

RAAMARE abinii, ot Doy L il P BRI TR PR

where J 1is the quantity ratisfying Eq. (5.6) and where a 1is any convenient
nonzero constant. Although J {is arbitrary to the extent of a constant

3
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maltiplicative factor, the choice of that facter will not affect the

invariance of 11 and 12 with 8. (The prooi of the invariance of the

two quantities 11 and 12 is based on the idealization that, in the

positive phase of the blast wave, the plot of pressure versus time at
a fixed point is a straight line which goea from Ps to 0 in a time

interval Ts. For brevity, the proof is omitted here.)

It is possib, to choosc a such that 12 is identically zero. If this

is done for some value of s, then I2 will be zero for all s for the

samc choice of 8 , Let us denote this choice of a big a*. Then a* may
also be regarded as an invariant.

Once a* and I1 are known, then the positive phase durvation T8
and the shock ovaipressure Pa at any value of 8 (assumed sufficiently large
tnat the weak shock theory is applicable) may be found from the relations

Ts - {[(Y+1)/(27)]11 I [J/(ceqpo)]dt}llz (5.33a)
ak
Ps 111/2 X ]
3— - m (5.33b)
Y+1 1/2
(57— I . [J/(po(ceq)]ds)
a

Thus 4% may be considered as that point on the ray where the weak snock
theory formally predicts Ts to be rero and Ps to be infinite. Even though

the weak shock theory is clearly not applicable for s near a*, we may
still regard a* as a convenient parameter charscterizing the 2xplosion.

The values of at and I1 {or a given nuclear explosion may be estimated

from Brode's (1954] compurations of the blast wave generated by a point
energy source in a homogeneous atmosphere., From examination of Lis
figures which show the blast wave at larger distances from the source we
estimate (taking Y = 1.4 and requiring that J = 1/= at sufficiently
smsll values of sg)

1/3

ak = 0.7 (EH/po) (5.348)

2/3
I, = 1.0 (E“/po) p lc (5.34b)

1 o
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Here E“ is the total hydrodynamic energy (taken to be half the total

enerpy E released) and P, and ¢ are the ambient pressure and sound
speed at the source.

The above assumes the explosion to be some distance above the ground.
For an explosion very close to the ground, it would appear to be more
accurate to replace E“ by ZEH in the above and to only consider rays

which propagate initially horizontally or obliquely upwards.

In so far as the source model is concerned, our choice for the present
is that: (1° J as a function of g be computed from Eq. (5.6) subject to
the requirement that J reduce to 1/s 1in the limit of small s, an
initial y at 8=S_rart = S5a* be taken of the general form of a '"Glasstone
pulse” ’

~At/T

W(t,s ) = (1/3s )P, (L-AL/T )e SH(AL) (5.35)

start

where P_  and T, are found from Lkgs. (5.33) and where At is

t-t Here ¢t is the time that the blast wave first arrives

start”’ start

at the point S cart °M the ray in question. A suicable approximate

expression fur ihis quantity would appear to be

-] 8

. . startgi ) start(y+l) _l Ps i (5. 36)

stcart c 2y ) ¢ r *
2a% €q 2a% €q °

wherc Ps is given as a function of s by Eq. (5.33b). Note that the

time origin (t = 0) corresponds to the time the blast first reaches the
point 2a* . It is tacitly assumed that departures of the blast from
spherical symmetry are negligible before thar time.

5.5 PROPAGATION PAST CAUSTICS AND GRCUND REFLECTION
Let us suppose that a given ray under consideration touches a caustic
(see Fig. 25) at a point where $=3.. The computational procedure described

in the previous sections is assumed to have been carried to the point where
at some value of S sglightly less that 8_» say 8 -¢ , one knows that the

two factors J(sc—e) and w(t,sc-c) which, according to Eq. (5.4), describe

the waveform shortly before it reaches the caustic. The task which now
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CAUSTIC

Fig. 25. Sketch of reye in the vicinity of a caustic (which forms i
, tha locus of pointe of intersection of adjacent rays). Here, 6 for
| simplicizy, the radius of curvature of the caustic is congidered to be

substant ially less than cthat of the rays, although this is not alwaye the
caas.




presents itself is the determination of J and ¢ at some point, say
8 +c, ona the ray past the caustic.
C

As is well known [see, for example, Maglieri, Hilton, Huckel, Henderson,
and McLeod, 1970), waveforms on passing caustics undergo a considerable
alteration in shape. This alteration takes place within a relatively
short distance of several wavelengths; and subsequently the waveform
propapates along the ray with relatively little additional distortion.

Thus we can adopt the ijdealization that the aiteration is abrupt and
the choice of € becomes largely immaterial.

For simplicity, we ignore nonlinear effects in the vicinity of the
caustic and take the alteration of wavefoim to be as predicted by linear
acoustics, The linear acoustic theory which includes diffraction effects
of waveform alteration at a caustic is now relatively well known and has
been discussed in the literature by, among others, Friedlander [1958],
Tolstoy [1965, 1968}, Ludwig [1966] and by Sachs and Silbiger [1971].

The general prediction of the linear theory as applied to the problem
at hand is that J at SC+E may be found by requiring that the quantity

in braces in Eq. (5.6) is the same at SC+E and s-€ . The choice of

J is understood to be a positive quantity. Thep the function ¢(t, sc+r)

is predicted to be the Hilbert transform of w(t"cprop,sc-c) such that
had 4 -
wi{L ~C . B =€)
p(t, 8 +) =lp{ —C Prop € g (5.37)
c LI o
t -t
-0 o
where s +e
c
. - J ds (5.18)
prop c
8 —-¢ eq
c

is the small increment of time required for a wave to propagate from
5 -¢ to 5c+c . In Eq. (5.37),the capital P implies that the principal value

should be taken, i.e., for any function f(t)

-}
£(t )
1, 0gr = 1 r ( LCete) - £(r=8) 4 4 (5.39)
L t -t o n £
(8] [o]
-0

Note that,as long as f(t) is continuous, the integrand on the right hand
side remains bounded, even in the limit of small £
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In order to give the reader some additional insight into the waveform
alteration represented by a Hilbert transform, we show in Fig. 26 some
plots of functionsand their transforms which we: - extracted from the paper
by Sachs and Silbiger [1971].

One of the complications which must be considered in reference to
the above described theory is that, if tne incident waveform has any
discontinuities (corresponding to weak shocks), then its lilbert transform
will have a logarithmic singularity. The existenoe of such singularities should be evident in g
plots intg-26. Inparticular, if the function f(t) in Eq. (5.39) has a
positive jump upwards of A at a value tj of t, then the Hilbert transform

(i.e., the integral) will be dominated at times near tj by a term of the form

log sing. &2 %- n {1/|t—tj|} (5.40)

While the presence of such singularities would add a certain unreclism

to the tleory, a formal application of the nonlinear propapation theory
described in Sec. (5.32) using the equal area rule to locate and define
shocks would indicate that each such singularity is immediately transformed
into a finite strength shock as it propagates past the caustic.

A given logarithmic singularity described by, say, Eq. (5.40) after
propagating some distance according to Egqs. (5.28) and (5.29) will be
described locally by the two lines

t-t, - se”"V/B

j tprop uy (5.41)

obtained by eliminating ¢ from Egs. (5.28) and (5.29). These two lines
describe a drooped singularity such as sketched in Fig. 27a. The multivalued
configuration is reduced to a finite amplitude single valued waveform by

placing a snock at t, which intersects the unmodified waveform in Fig., 27a
at wa‘ wb' and wc, such as 1s sketched. The equal area rule requires areas

A1 and Az sketched in the figure to equal area A3. One may easilw
check that, even though the unmodified waveform is singular, the area A is

finite and, moreover, given by !

A =

(5.42)

Once one works out expressions for the other areas, he finds the equal
area rule implies that

V- b, = (1.20)(28/7) (5.43)

=100~
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Figure 26. Three simple pulse shapes and their Hilbert transforms,
(Extracted from paper by Sachs and Silbiger [1971].) °
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Fig. 27. Sketch of how nonlinear effects reduce a lcgarithmic
singblarity to & shock of finite amplitude. (a) Unmodified multivalued
wsvetorm, illustrating spplication of equal area rule. (b) NModified
waveform with constructed shock.

-102-



L Ll PO R O

A E L P AT SR B

ot

where the factor 1.20 representy the root of the trancendental equation
x = coth x (H.44)

Thus, in so far as the singularity dominates the Hilbert trans: ormed
waveform, the net discontinuity is independent of 1+ and hence of
propagation distance. The peak value w‘ of ¢ depends, however, an
i, being piven by )

207
A

.
¥ =

A tn(*

A Y
; ) (5.45%

which reduces rapidly as 1 increases.

I{f we use the prescription outlined above, we may take the waveform
which is received just past the caustic to he finite and we may therefore
analyze its subsequent propagation on the ray seguweat beyond the caustic
according to the mecthod outlined in Sec. 5.3.

The only other casc which requires special consideration is reflection
of a wave at the pround. Consistent with the other approximations we have
made it would appear thet we should take J and ¢(s,t) to be the same for
both incident and reflected rays on the grouund.

5.6 REMARKS

The peneral method for finding a given ray's contiibution to the
overall pressure waveform is to take pray in the form Jy as in Eq. (5.4)

where the values of J(s) and ¢(t,s} at a relatively close—-in value of

g are found according Lo the procedure outlined in Sec. 5.4. The distortion
of the waveform propagating along the ray is then cowmputed, ray segment

by ray segment, with suitable alterations at caustics and upon ground
reflection, according to the method outlined in Secs. 5.3 and 5.3 . The
total wavetorm is then found by & summation of all such ray waveforms which
correspond to ray paths which connect the point of detonation with the
obsarvation point.

The method has a number of limitations which should be pointed out.
First we are tacitly ignoring all nonlinear interactions between rays which
pass through the same point. In particular, unonlinear interaction between
incident and ground reflected waves is ignored. Also, we have not taken
intv account any nonlinear centributions to ray refraction since ray paths
are taken from linear acoustics. Diffraction, which, among other things,
iz largely responsible for the excitation of the Lamb edgc mode discussed
in Chapter 4, is handled only in a gross way with its effects consildered
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only when we take Into account the distortion at a caustic. The general
method breaks down when the observation point is very near a caustic since
the nonlinear effects at a caustic have been neglected. Also, the method

of incorporating frequency dispersion into the theory is such that one

cannot have any confidence in the lower frequency contribution to the
overall waveform, especially for frequencies much less than a representative
lower atmosphere wp (corresponding to a period of the order of 4 minutes),

Nevertheless, if one specifically wishes to consider the higher frequency
portion of the wavetorm corresponding to periods less than, say, two minutes,
the method outlined -bove could very possibly give theoretical waveforms
which have more than token resemblance to actual waveforms recorded in the
field, The overall method would appear tc be somewhat more sophisticated
than any existing computational scheme based primarily on geometrical acoustic
concepts in that it considers frequency dispersion and distortion at caustics
in addition to nonlinear ¢ffects. It does seem feasible, however, to develop
a geaeral computer program encompassing the method which could complement
the program INFRASONIC WAVEFORMS described in Chapter 3 in regards to the
domain of applicaticn.
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Chapter V1

A MODFEL FOR ACOUSTIC-GRAVITY

EXCITATION BY FIREBALL R1SE

v.1  INTRODUCTION

The madels of acoustic-pravity wave cxcitation bv nuclear explesicns
discussed in the preceding chapters of this report are based on the peneral
tenct that the near field blast wave is the source of acoustic pravity waves
vbserved at large distances. The authors believe, however, that the preocesses
assoclated with the rise of the fireball subsecquent to the ypencration of
the blast wave may be an importan. source of waves In some instances. These
instances include the later arriving lower frequency waves which might be
observed directly below the source or at high alticudes, Fireball rise is
probably not a significant soorce of the earlicr arrivine vaves observed at
pround Tevel at large horizontal distances, hovever.

We may note that fireball rise was previously considered and subsequently

dismissed as a significant source of far fiel radiation by Hunt, Palmer,

and Penney [19060]. We believe, however, that these authors' argsuments in
support of this tenet are fallacious since thevy are based on the assumption
that the wave amplitudes generated by fireball risc should fall off with
increasing distance faster than those generated !y the blast wave and since
theve ds nwo apriovri jeason to helieve tone tireball rise generated waves to

be less susceptible Lo channeling or pulding by the inhomogeneous atmosphere
than those arising from the blast wave. Thev vould, howvever, arrive later,

More recently, the question of fireball rise as a possible source mechanism
was reopened by Tolstoy and Lau [1971]. These authors argued that the rise
mechanilsm may well bLe the dominant source of wave seneration, espeelally at
larper periods, 1f the fireball is of substantially large radius. The present
authors found Tolstoy and Lau's excellent discussion of this topic to be
most intriguing and consequently soupht to refine the Tolstoy-Lau wmodel o
include a more realistic and less phenomenologpical source mechanism, The
source model used by Tolstoy and lLau consisted, amonp other features, of a
point vertical force term on the ripht hand side of the Fuler's equation
(i.e., Newton's second law for a fluid) in its lincarized form. The point
of application of the farce was presumed to be rising at constant speed
throupgh the atmosphere. The magnitude of the force was Inferrad from Warren's
[19060] calculations of the wave drag on a rigid sphere rising at constant
spred in a density stratified medium, Thus the force depended, among other
quantities, on the radius of the sphere, the density of the fluid, and the
velocity. The radius of the spiere and its velocity were estimated independently
from other known features of a nuclear explosion.




In the present chapter, we propose a somevhat different model which
takes into account the entrvafnment of air by the rising {ireball and which
incorporates a dynamical madel of fiveball ri:e {nto the formulat fon. We
do not explicitly use Warren's [1900] wave diap expression as it is Jdiffjicalt
to ascertain the extent to which a rising turbulent {treball may be simulated
by a ripld sphere. An ecarlier version of the theory piven here is reported
in t' - paper by Picrce [1972

It should be noted that a somevhat similar model of wave peneration
by fireball rise is presented in the recent paper by Murphy and Kahalas [1972],
[Unfortunately, at the time of this writing we hav not yet had sufficient
time to make a detailed comparison of the two models, )

6.2 DYNAMICAL MODEL OF FIREBALL RISE

According to the computations of Brode [1955], tlie bLlast wave propagating
out from the point of detonation carvies away a finite amount of mass, such
that, in the absence of pravitational effects, there remains a spherically
shaped repfon of neplipible density.  The radius of this region appears
[Pierce, 1968) to be ot the general order of mapnitude of

. 1/3
R = O.G(EH/po) (6.1)

where HH is the hydrodynamic energy release (taken as one half of the total

enerpgy rc‘ivascl_i) and P is
) o

the amblent pressure at the source location.

! We may expect that such a bubble will rise under the influence of gravity
; in such a manner that it retains its identity, i1f not its spherical shape.
; Taylor [1950] argues on the basis of potential flow in the air directly

above the hubble and assuming constant pressure within the bubhle that the
init {al rate of rise should be

1/2
- o y h)
vinit (2/3) (g RJ (6.2)

Scorer (1957], on the basis of similitude considerations and from experimental
data on the motion of globular masses of different dengity under the influence
of buoyancy in a incompressible fluid, finds that the velocity of '"bubble"
rise may be represented by the semi-empirical equation

v = L2l - 0 )10 102 6.3)
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where RO s a length analopous to radlus whifch may be {nterpreted as the
tadius of a sphere of the same volume and where "y is the densfty of the

substance inside the "bubble”., This agrees with Taylov's formula except
for the mapnitude of the coctticicent, Since some definite chofee should bLe
made at this polut, we choose to use Lg. (0,3) in the discussion that
tollows.

Cne may note that Lq. (6.3) may bo interpreted as the velocity of a :
bubble rising with neplipgible acceleration such that the net buoyancy force ‘
txerted on 1t {s counterbalanced by o dray force, i.e.

. 4 3
; F.o= - —nR 6.4
p = alogmn)GERY) (6.4)
: The relation of this dray force to the velocity may be 1nferred trom an
4 elimination of Ny from iigqs. (6,3) and (6.4) with the net result that
£
r _ 4/3)n 2 2 1
. 1.]) - -(.‘/_)i. R ﬂo v ((,_5)
: (1.2)
"
E (ne may note that this dray force 1s proportional to the square of ;
: the velocity, to the apparent surface area of the bubble, and to the density ‘
s of the surrounding medium. Apart from the numericai coefficient, this
Y formula might also be inferred from similitude considerations.
&
- Given an cxprossicn for the drap force, vue may conjeciure that a
suitable form of Newton's sccond law for the motion of the fireball mipht be

|
£ !
§ d_ {(M+ KM ) ii}= (M - Mp = F (6.0) i
% dt aisp’ dt’ " disp + D

where fthe sign of FD is opposite to that of the velocity and where It is

the mass of gas within the fireball, Md[sp is the mass displaced,
M = (4/3)n R3 0 (6.7) !
disp o
and K has a magnitude such that K Mii p represents the effective Inertia
dis

|
of the surrounding air, Alternately, one may interpret K 10 be of the
magnitude such that !
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. 2 .
K Mdiﬁp(dz/dl) = (KL) (b.8)

1
2 outside
cquials the kinetic encergy of the airv exterior to the fireball, Ope possible
choice for K 1s the value of 1/2 which would be applicable to the case where
the firceball is a rigid sphere ond the surrounding medium {s focompressible
and homogencous.  (See, tor example, Lambh {1879, 1945], p. 1245, Our present
opluion {s that, for the actual inhomogencous and compressible atwosphere,

K may vary from 0 to 1/2. s value during the carly stapes of fiiveball rise
and pgrowtl would probably be more nearly 1/2, while that at the later stages
is conjectured to be closer to zero,  (These remarks are, however, largely
unsubstant{ated at present.)  In order to have a detinitive model, we take

K= 1/2 1in what follows.

The entrafnment of mass by the rvising fireball may be formally taken
into account by considering M as well at z  to be a dependent vaviable in
Eq. (6.0). An additional equation describling the eatrainment of mass may
be taken as

dM 2y pdz
dr al4nR )noldtl (6.9)

where the entraiument constant a 1s inferred from Scorer's [1957] experiments
to have a value of 1/4. Note that the above assumes the entrainment rate

to be proportional to the area, the velocity,. and the densiry of the outeide
medium,

To complete the dynamical wodel, a third equation is needed, since R
ey caanot be apriori specified as functions of time. For this purpose,

a sultable approximate equation may be devived by considering the net change

in density Py in some time interval At as formally equivalent to a two

step process. Flrst R expands by (AR)a with no net change in density

and

distribution such that a net mass increment

2
AM = (47R )ooARa (6,10)

is added. This mass then mixes irreversibly with the mass inside to give
3 new averaged density

3(AR)B
+ 8o, = ng + ~—§-~(oo- °1) (6.11)

Py




Thus the contiribution ot the entralnment process to the nwet rate of
change of density is

dn
(gr-) = (Pu‘ $,)

l
Y
oentrainment . d

=
bes

l

(6.12)

=

vhere Vo iy the volume cenclosed,  Throughoost the process just desciibed

it is presumed that the presssre inside the bublle rematlus always equal

to that of the surrounding medium, Whea the bubble rises to a layer of
difterent amblent pressure, the deasity {s assumed to reasdjust itgelf
adiatat{cally, such that the contribution ot the external pressure variatfon
to the net rate of change of fnternal density is

ap 1
(o I S (6.13)
at ) i Yp de
pressurg 0
Thus, after adding Fgs. (6.12) and (0.13), we find
dp p, dp
i 1 4V
— — + - = (6.14)
di Ypoodi (Ou ni) Vot * /
(%)
or, with the use of ﬂiv = M and UUV - Mdivp and, after some alvebra, we fijnd

d Yy W Y dM
dt [Q“("ov )} p Vot

4

(6.15)

Let us next note that Egs. (6.6), (6.9), and (6.15) may be'considered as
three simultancous ordinary differential equations for z, M, and V (or R) as
functions of time, Suitable inftial cond{tions would appear to be that,
at t = 0:(1) R equil the R) piven by Eq. (0.1); (2) 2 cqual the heipht of

4
1/2 .
detonation 20; (3) dJds/de be piven by 1,2(p Ro) / and {4) the initial mass
M he zero. Once the ambient pressure and density are specified as functions
of z, it would appecar to be a strafphtforvard matter to nun rically {ntegrate
these equations on a computer and thus fully describe M, V, R, or =& as
a function of time t.
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0.3 APPLOXTMATL SOLUTTON OF FIREBALL R1S8E EQUATTONS

Some remarhs may be fn order at this point concerntng the nature ot
the solution of the cquations presented {n the previous section. Uy o
a time somewhat before the velocity first becomes zero, {6 would appear that

a reasonable approximation mipght be to neplect the fnertial term 1o Lg. (60.6).

Tn this event, it is convenient to consfder ¢ rather than t as the
fudependent variable, such that lq. (6.0) becomes

di 1 M - 12

—_— ——— 1 = =] (6. 16)

dz (1.2 ¢ R)I/Z t‘nv
where

3

Ve (4/3)0R (6.17)
Equation (6.9) may also be rewritten as

dM ?

4 " (4R )po (6,18)
while Fq. (6.15) becomes

d ; Y M .

_— - Yo 22 6.19

sz)(pov,) n V dz (6.19)

(o]

1f one ellminates dM/dz  from the latter  two of the above equations,
he finds after some alpebra that

d o 1/(3y) 1(3Y)
3z [ R Po ] =a P, (6.20)
which integrates to
4
R=R 41 p_l/(:’Y) I P 1/ ) dz (6.21)
o o o
z
o

-110-




This may in turn be inserted into Eq. {6.18), yielding M as the integral
over 2 from ZO tc z of the right hand side. Then Eq. 0.16 mcy be

integrated directly. Although the integrations are cumbersome, they are
straightforward.

In the case of an isothermal atmosphere, Eq. (6.21) integrates to

¢A3YH) _

R= Ro +vY3YH[e 1) (6.22)

where

M= c’/Yg) (6.23)

is the £cale height and we have abbreviated ¢ for 2z - 20 . Thus, R

tends to first increase linearly with 2 but, once L becomes comparable to
several scale heights (if the sphere actually rises that far), the growth is
exponential.

An estimate of the peak heipght of rise may be taken as that value of z
for which dt/dz in Eq. (6.16) becomes singular, i.e. where M = Py vV, or

equivalently; where

z
2 . 3
3a [ 0, R” dz = poR (6.24)

z
e}

In the case of an isothermal atmosphere, this requires that Ro and =z
jointly satisfy the transcendental equation

YIB+N -1 - (-1 - - -1

6 YB 3Y _ _ Y w2y o
-—3~—YT'1— i N) -——-3 T2 (N NT) 0 (6.25)
where we have abbreviated
B = (RO/H)/(3 Ya) {6.26a)

(Z-zo)/(3 Y H)

Nee (6.26b)
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In the nominal limit (which is not necessarily of greatest interest) of
l vecy small explosions at lower altitudes, where R0 << H, the solution of ‘
i Eq. (6.25) 1s found to be '

! zZ - zo = yH 33 (6.27)

Since R_ 16 proportional to the cube root of yield, this would suggest
that the net rise is proportional to the yield for smaller yield bursts. We

at present have no information as to whether this is consistent with what
has been observed.

The presence of the inertia term in Eq. (6.6) implies that the fireball
does not simply rise to the equilibrium altitude, but, instead, overshoots
and then oscillates, such as is sketched in Fig. 28, with a period of
roughly the Brunt-Vaisala period at the stabilization altitude. The oscillatory
i phase of the motion may be described approximately if one formally considers

z - ZM = Az to be small, where Zoy is the stabilization altitude or,

equivalently, that where M first equals poV « Thus, we set M ‘-HM + AM ‘

and V = VM + AV, where MM and VH are the corresponding values of mass i

and volume when this altitude is reached. The "linearired" versions of
Eqs. (6.9) and (6.15) then require

3 2 d 3
2 ) = (s al,lsS (a2)] (6.28) :
|
i Mg |
{ d - -4 o d |
4 o GV = (M + = Folee) (6.29)

Note that the ascumed nature of the entrainment process is such that the mass
continues to grow. However ooAV - AM 1is 1independent of entraimment.

In Eq. (6.6), if we disrard terms of higher than first order (with the
exception of the drag force, which we retain), we find that

N L RN RL IS R

R

[

, d a4 2 - J
T —— —_ 3 - i
Ic {1+ x)uo dt(Az,} + Moun Az = + FD (6.30) 1
K
¥ where

dp
: 2, _ 1 "o &
i mB po Tz 3 {6.31)

should be positive and 1s recognized as the square of the Brunt-Vaisala
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ALTITUDE OF BUBBLE

STABILIZATION
ALTITUDE

»—PERIOD ) 2w/wg

RISE OSCILLATION

mAss“ﬁPﬂAoE

TIME

Fig. 28. Sketch of the predi.ction of the theory outlined in the text
in regards to the height of a rising fireball (or hot gaseous bubble) as
a function of time.
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frequency at the stabilization altitude. It is interesting that ¥q, (6.30)
is independent of the entrainment coefficient.

Preparatocy to solving Eq. (6.30), it is convenient to rewrite it in the
form

2

d 2 - -1 2
(1 +K )MO ::2 (az) + HowBA z = + MO(R.D) (d(az)/dt] (6.32)

where from the expression, Eq. (6.5), for FD’ we identify the constant RD as

2 .
RD = (1.2) RM (6.373)
Next, one may note that Eq. (6.32) has the energy integral

+
2 1,2 2. = -2(az)/R
{1+ KV - 7Ry wgli + 2(s2)/R ) }e D (6.34)

where the upper or lower signs are to be used depending on whether the

“bubble” is rising or descending. This quantity should remain constant for

any phage of the motion during which the sign of v remains unchanged.

During the initial rise phase, it is clear that the constant must be identically
zero since, otherwise, the solution would not match on to that represented

by Eq. (6.16). Thus, up until v first becomes zero, we have

1/2 w RI
1 B 1/2
. _ [R. - 2(az)] (6.35)
; 4(1 + K) L

For Az negative #nd IAZ|>> RD this should reduce to Eq. (6,.16).
Note that the net amount of overshoot is RD/2.

After v first reverses sign, one finds in a similar fashion that

1/2
7— wgRp ! (6.36)

1/2
1 -2

where we have abbreviated

y =exp [ -1 + ZAZI%] (6.37

The above expression for v indicates a secoud turning point ( such that
rise recosmmences) when

Az = - .39 RD (6.33)
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Expressions describing subsequent oscillations of the fireball can be
worked out in analogous fashion. The above would indicate that tle
amplitude of the oscillation is iunitially of the same order of wagnitude
as the fireball radius. The period would appear also (taking K to be
between O and 1/2) to be of the order, but slightly in excess of , the
Brunt-Vaisala period.

6.4 DERIVATION OF SOURCE TERMS

The presence of the rising and subsequently oscillating fireball in
the atmosphere can be formally taken into account in so far as wave
generation is concerned by adding socurce terms to the right hand sides of
the linearized equations of atwospheric fluid dyaamics. For simplicity,
in the present discussion we neglect winds, such that these equations .

become v
Ip
1 -+
at + V. (poul) = SM (6.39a) f
-+ >
P du /3t + Vp +gpe = § (6.39h)
-+
Ipyfat + vV - (p u,) + (v - De gy, = (v - 1S, (6.39c¢)
where the zeroth order equations regquire
dpoldz =-ge _ - . {(6.40)

Here Pys :1. and ?; are the acoustic perturbations (first order quantities)

-? . J

tc density, fluid velocity, and pressure. The quantities SH’ va and SE .
are source terms, whose detailed forms are discussed below.

In the paper by Fierce [1972], a general derivation is given for these

source terms which may be applied heiv. Let rc(t) be the position of the

center of the rising fireball which is specified as a function of time, such
as would be obtained from a solution of the ecquations presented in the previous
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gections. Then one may formally consider each source term to be formally
expandable as a sum gf wmonopoles, dipoles, quadrupoles, etc., where each
is centered at x = L Thus, for example,

-+ -+ __.3_ > -
sM = sHD 6(x - rc) * sm ; §(x rc) L (6.41)

where the first term is identified as the mass monopole source and the
second term as the mass dipole source. (Note that we have here defined
our symbols somewhat differently from that of the paper by Picrce [1972].)
The reason that the mass dipole source term involves only a z derivative
is because of the assumed axial symmetry of the fireball.

6.4.1 Monopole Source Terms

As long as we restrict ourselves to the consideration of acoustic-
gravity radiation with wavelengths somewhat larger than the diameter of
the rising fireball, the importance of the source terms should diminish
rapidly with increasing order. Thus, a first approximation would be to
take just the monopole terms(i.e., those containing a delta function rather
than a derivative of a delta function) as sources. The corresponding coefficients
for these monopole sources turn out to be

d

sHo TS 0 - Mdisp) (6.42a)

-+ -+ -+ >

Sm = - (d/dL) (% - “disp) - (M- Hdisp)g e, (6.42b)

- - _ 'Y _ -+ - - . -»> PURY

SEo d/de) (€ (;disp) g(rn "dxsp) e, (6.42¢)

where M, ’:r, and e are the mass, mom:ntum, and energy of vhe fireball,
1

while Mdisp' "isp® and ésdisp are the corresponding quantities which would

hold for a volume of the same size of the ambient atmosphere which would
occupy the same region of space if the fireball were not present. Since the

ambient atmosphere 1is quiescent, “disp is zero, although Mdisp is not.
The quantity é%iisp may be considered as just the thermal e: rgy of the

ambient air. However, since the fireball is assumed to have the same pressure
as the ambient air, the thermal energy of the fireball per unit volume (not
per unit mass) will be the same as that of the air. Thus the difference

6.' edisp should be the kinetic energy of the gas inside the fireball. [Note




that in the aforementioned paper by Pierce {1972], there are some olLvious
misprints and that the correction of the scurce terms to account for the
presence of th2 ambient atmosphere was erroneously omitted in Eqs. (18)
of that paper.]

Since the fireball is rising vertically, the only nonzero component

of Sno is the vertical component, which, with reference to Eq. (6.6),1s
just
d dzc
S - 4 - = — .
T 02z - FD dt (KMdisp dt ) (6.43)

Also, Eq. (6.9) allows us to write the mass source coefficient in the form

dz dp dz
. 2 dR c [ c
Sho 4nR% (3 - “I?i—t [} + v rralii (6.464)
The remaining source term coefficient § may be estimated by taking

the kinetic energy of the gas inside the ®fireball to be the same as that
for a Hill spherical vertex [Lamb, 1879, 1945], which turns out to be just
twice that for a rigid sphere of the same mass rising at speed dZC/dt. Thus

2
£- E‘disp = Mg (97 /d) (6.45)

and one accordingly obtains

d 2
SEO - i { M(dzc/dt) } - g M dzc/dt (6.46)

In order to find these three coefficients S, , S s, S explicitly
Mo noz Fo

as functions of time, one must in principle first find M, P R, and V

from the solution of the fireball rise equations, then insert these into
the equations derived above,

It mav Le of some interest at this point to compare our expression,

Eq. G.43, for S vith that used in the aforementioned paper by Tolstoy
and Lau [1971]). ° %% Mese authors in effect take
S = 4 F (6.47)
n ooz 2
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tor a rising fircball where Fz is approximated by

F. o= YZJ.‘,[. R(‘“ﬂ (6.48
2" 74 2 1. 48)
e (dzc/dt)

lere we have made appropriate Insertions into Tolstoy and Lau's Eqs. (38)

and (71) to put it into the notation of the present report. The above
expression should be contrasted with the Eq. (6.5) given previously which was
extracted from Scorer's experiments. The discrepancy appears to be
considerable when one considers the disparate velocity dependences of the drag
forces in the two expressions. There seems at present to be no clear cut
means of deciding which of the two is more nearly correct, although a force
which increases with increasing velocity would seem to be more physically
plausible.

6.4.2 Mass Dipole Source

Although we do expect the influence of higher order multipole source terms
to diminish rapidly as the miltipole order increase=, the possibility may be
considered that the mass dipole term may lead to significant wave gencration.
Here we estimate the mapgnitude of the mass dipole source term following the
gerieral formulation of Pierce [1972].

The coefficient S which appears in Fq. (6.41) for the mass dipole
coefficient is given by = an integral of the form
t
SHl = - }{ (dJM ) (z - zc) d A (6.49)

where the integration is over an area A enclosing the fireball and where
v

pH . given by,

-+ >
u

Vy=Pyuy o (6.50)

represents the mass flowing out through the bounding surface per unit time
per unit area to first order. As a rough approximation to this, we let

u,.n= £ e.n {6.51)
1 c z
and disregard the =z dependence of Py Doing this gives
Sa < -0, ‘z’c I R cos® 0 d A
- %C Mi1ep (6.52)
wherc Hdilp is the mass idsplaced by the rising fireball.
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6.5 REMARKS

The solution of Eqs. (0.39) for the special @ ase of an {sothermal
atmosphere 1s easily derived [Liu and Yeh, 1972 Pierce, 1972] and may
be used to gain insipht into the gencration of waves in more reallstic
atmospheres.  For bLrevity, this solution is not reproduced here althoupgh
some of its features should be evident without reference to the detailed
derivacion.

One may note that, during the rise phase of the fireball motion, the time
dependence of the varlous source terms is not oscillatory. The dominant
property of the source terms (other than magnitude) 1s that their point of
application is rising. Thus one would expect a wave wake trailing the
fireball vhich is composed primarily of waves wvhose phase velocity is less
than the vertical source velocity. Since lower frequency waves (depending
on their frequency) may have phase velocities considerably less than the
sound spend, it 1s not necessary that the source rise at supersonic specds
in order to have appreciable wave generation. Howvever, a subsonic source will
predominantly excite waves of frequency less than the Brunt-Vaisala frequency.

A second feature of interest is the fact that, after the rise phase,
the analysis indicates that the fireball, and hence the source term point of
application should oscillate with a frequency somewhat less than w, . To
first order in =z , the mass dipole source term would appear to be “equivalent
to a srationary sburce whose strenpth is oscillating in the same manner as the
velocity. Since the poverninp equations are limaar one would expect a radiated
wave which oscillates with the same period as the [ireball itself, Source
terms which are of sccond order in  z may he cxpected te penerate waves of
twice the frequency or half the pcrioﬁ. Since waves with periods near the Rrunt
period travel extremely slowly (the group velocity is nearly zero) one mipht
expect that at larger distances and earlier times the dominant frequency of the
wave generated by the fireball oscillatiuvn 1s more nearly twice the Brunt-Vailsala
frequency.

At larger distances, it may be more nearly appropriate to solve FEqs. (6.39)
by the puided mode method. In this event, it would appear to be a straightforvard
task to cxtend the existinpg program INFRASONIC WAVEFORMS discussed in Chapter 3
of the present report to include risinp and oscillating sources, and to include
the source model introduced here in particular. Additional comments concerning the
implementation of the theory may be found in Sec. 7.4.
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Chapter VIl

CONCLUSIONS AND RECOMMENDAT1ONS

7.1 MULTIMODE SYNTHESIS

The computer program iNFRASONIC WAVEFORMS appears to be a relatively
useful tonl for the analysis and interpretation of infrasonic pressure
signatures detected at larpe distances frem nuclear explosions. The program
is now in use in a number of laboratories and has already given us some
interesting insights into the dependawe of waveforms on atmospheric temperature
and wind profiles, and on energy yield and height of burst.

The limitations of the present program are, nevertheless, somewhat
stringent and it is to be hoped that future work may be devoted to removing
these limitactions. It would appear entirely feasible, for example, to modify |
the program such as to include leaking modes in the synthesis. Also, the i
method of integration over frequency might be improved such that analytic
asymptotic expressions for the Fourier transforms are utilized to extend ]
the range of integration over a wider range of frequencies, especially higher
frequencies and very low frequencies.,

!
One also should be able to extend the model such that it would be ‘
applicable to atmospheres where the temperature and wind-velocity profiles i
vary with horizontal coordinates. 1
|

b
nro

The present source model might also be ifmproved. In the present version,
a distinction must be made hetween near surface bursts and air bursts., It i
would secem feasible to have a somewhat generalized model which takes the
nonlinear reflectlion of shocks at the ground into account and which gives a
| source model whose parameters depend continuously on the helght of burst. ’

The development of a source model which adequately describes higher
altitude bursts appears to be a relatively difficult problem, and it is
clear that additional efforts are required to devise such a model. TPerhaps }
the departures from spherical symmetry of shocks generated by high altitude |
bursts may be taken into account with the incorporation of dipole and higher 1
order multipole terms in the source term expressions which we add to the *
lincarized equations of atmospheric fluid dynamics.

Finally, we may note that the wide 1latitude in cheice of input parameters i
¢ (number of modes, range of frequencies and phase velocities, etc.) in the

present version of the program may lead to some ambiguities in {ts numerical

predictions of waveforms. It would appear feasible to modify the program

such that the user not be forced to make too many seemingly arbitrary
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decisions regarding input parameters. Thus, for example, the computer
may decide internally, subject to requirements of numerical accuracy, just
how many and which modes are required for an adequate synthesis and over
just which renges of frequencies the integration should extend.

In this
manner, the output of the program will become more standardized.

7.2 LAMB EDCL MODE SYNTHESIS

The hypothesis that the dominant pertion of the early arriving lower
frequency parts of the waveforms observed at large distances 1is carried
by the real atmosphere's counterpart of Lamb's edge mode for the Isothermal
atmosphere scems to be amply substantiated by the numerical studies carried
out during the centract. The hypothesis leads to a number of interesting
implications which are mentioned in Sec. 4.5 of the present report. One
of the most intriguing of these 1s that an cstimate of cnerpy yield which
15 relatively insensitve to details of atmospheric structuisd may be obtained
from the period and amplitude of the earlier portion of the waveform., Our

analysis indicates that such yleld estimates agree fairly well with Bath's
estimates based on seismic records.

The principal advantage of the edge mode theory 1s its simplicity,
Numerical synthesis based on this theory requires only a small fraction of
the computer time required by the multimode synthesis program INFRASONIC

WAVEFORMS, Also, this simplicity makes the theory much more readily amenable to
the consideration of horizontal variatione in gt

_________ in atwwspheric sirungure.

The present edge mode synthesls program, written by Posey [1371],
as mentioned in Chapter 4, strictly holds only for perfectly stratified
atmosplieres. However, the incorporation of horizontal variations into
the program seems to be a.task of considerably smaller magnitude than that
required for the present multimode synthesis program, Thus, one would

recommend that a suitable modification to the Lamb edge mode program be made
within the near future.

A possible improvement to the edge mode model might be the inclusion
of the next higher order term in the dispersion relation. Also, the question

of the truncatlon of intepration over helght discussed in Sec. 4.2 might
be examined in gsome more depth.

Undoubtedly, any theory based on the propagation of just one mode, even
though it may be a composite mode, is going to have considerable limitations.
Thus it would appear to be of interest to investigate ways in which the model
might be augmented to iuclude waves other than the edge mode. There are two
ways in which this might be dome. One s simply to identify one or more other
guided modes which may contribute to the waveform and to develop a theory

of comparable simplicity for their excitation and propagation., 1% other way
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would bLe to add on a higher frequency wave which propagates out from the
burst according to a gpeometrical acoustics' theory. Thus one might, for
cxample, simply add the wave given by the edge mode theory to that which
would be found by the method outliped in Chapter V.,

7.3 HIGHER FREQUENCY MODEL

The theoretical model discussed iu Chapter V of the present report
appears to have some promise for the interpretation of portions of wave
trains which have perilods somewhat lcss than 2 minutes. The question of
the range of frequencies whose propapation i1s adequately described by this
model rewains somewhat open, but It would appear that the range should extend
up to periods as long as 30 sec. and perhaps as long as 2 minutes. Numerical
experimentation would undoubtedly help in resolving rhis question.

The model contains three principal innovations wuich should help to
offset the limitations which one normally associates with a ray theory
computation. Oune of these is the incorporation of nonlinear effects in
the propagation along ray paths, similar to what 18 currently done in sonic
boom propapation compurtations. Ancther is the incorporation of gravitationally
induced dispersion into the propagation. The third innovation is the use
of the Hilbert transform to describe the alteration in shape of the waveform
when 1t passes a caustic. [Although the use of such a technique appears to
be relatively well known to workers in underwater acoustics, 1t has evidently
noi ver been 1ncorporated in a general purpoge computer preopram for arbitrarily
stratified oceaus.]

The method we supggest for incorporation of the source into the higher
frequency. propagation model appears to be somewhat more satisfactory than
those presently used for the multimode and edge mode syntheses in that it
takes into account the interaction of near field nonlinear effects with the
variation of atmospheric density. Thus the model may be applicable for a
somewhat higher range of burst altitudes.

While there are a number of limitations to the model, teowards the
removal of which future theoretical efforts might be directed, our present
view is that the model is sufficiently promising in Its present form to
warrant its implementation in the form of a digital computer program. Ounce
such a propgram is written, it would anpear to be of consideralle interest to
compare its predictions with data. In this respect, one might note that the
data for such a comparison neced not be restricted to just nuclear explosions,
but could include high energy (lIF) explosion data or data taken following
accidental natural ges explosions.

7.4 WAVES EXCITED BY FIREBALL RISE

The model described in Chapter VI for the gemneration of acoustic-gravity
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waves by rising and subscquently oscillating fiveballs has two principal
features.  First, one has a wodel for the dynamics of the fireball motion

which tacitly ignores wave gencration. Next, one has a scheme [Plerce, 1972]
for derviving effective source terms for the lircarized equations of

atmospheric fluid mechanics {rom the previously derived properties of the
fireball. The actual solution of the resu!ting liucarized cquations can,

ut least for larger horizontal distances, be found by using a multimode
synthesis program only slightly different from the present INFRASONIC WAVEFORMS.

The model sugpested for the fireball dynamics {s probably still too
slmplistic for actual events, although there appears to be very ifttle
Information in this regard pertaining dircetly to nuclear explosions in the
open literature. The model supgested here has the one principal advantage
that it relics on a minimum of empirical parameters. Given the yield and
height of burst, the model will give a relatively complete (albeit, perhaps
not entirely correct) description of the fireball motion,

It 1s important that one realize that the technique for extracting
source terms from properties of fireball dynamics &s described here and in
the paper by Pierce [1972] is not necessarily restricted to the particular
model of fireball dynamics described in Secs. 6.2 and 6.3 of the present
report. Thus, should one devise a more accurate or detailed model of fireball
rise, he still should be able to use the same technique.

As yet, we bave not carried the fireball rise wave gencrution model to
the point of making detuiled numerical predictions, While this wouid appear
to be a relatively wncomplicaced task, it might be appropriace te tirst review
all other sources of information pertinent to the phenomenclogy of fireball
rise. 1In the absence of one's finding any more reallstic model in the near
future which is not so complicated as to be excessively difficult to use in
the source term formulation, the implications of the present model should
be explored, if only to plve some clearer indication of the magnitude and
general qualitative nature of the contribution of fireball rise to the
far field waveforams., In particular, one might examine some of the assertions
made in the article by Tolstoy and lgu [1972].

7.5 OTHER TOPICS

The work done under the contract on the generation of infrasound by
naturgl sources (such as turbuleunce and severe weather) is only briefly
described in the present report. The paper by Moo and Plerce [1972], the
abstract of which is included in Chapter II of the present report, gives
the status of this research as of April 1972. Further work has since been
done towards the prediction of the frequency spectra of infrasonic waves
propagated at large distances from localized tropospheric disturbances with
given statistical properties. Since this work ig still in progress and will
shortly be described in gome depth in a doctoral thesis by C. A, Moo, it was
decided that a detalfled description of the work accomplished to date in the




present report would be unwarranted.  Some further {undication of the work
done {n this vespect may be found fun the following abstract of a paper
currently in preparation tor presentation at the April 1973 meeting of the
Acoustical Soclety »of America.

Nonlincar Theory of Infrasovic Fluctuation Spectra. C. A. Moo and
A, D. Picrce, Massachusetts Institute of Technolopy, Canbridge, Mass., 02139,
In a previvus paper [ACARD Conference Proccedings No. 115 (1972)] the authors
have suppested that the 2-5 minute period oscillations observed in the
ionosphere during periods of thunderstorm activity in the tropospliere may
be explained in terms of the Interaction of the velocity fluctuation {ields
in thunderstorm regions. This analysis 1s here extended to the {nvestipgation
of the nonlineav interactions of a system of propapating and evanescent internal
acoustic-pravity waves. The developuent rests on Hamilton's principle for
nonlincar acoustic-gravity waves with the Lagrangian approximated to third
order.  The coherent nonlincar interaction problem is discussed with the
artifice of two primary waves which interact in a restricted region of upace.
Although two 1nteracting pgravity waves cannot produce a third propagating
pravity wave of second order they may produce an acoustic wave in the
atmosphere. The general problem of interacting random wave fields s
formulated and the evolution of an initf{ally monotoulc gravity wave spectrum
due to nonlinear interactions is discussed. In addition to affording a
possible explanation of the anomalous ionospheric oscillations, the nonlincar
interaction theory may explaln the well known spectral pap which is found
in the kinetic energy spectrum of atmospherie turbulence durdng periods of
cuiivective acitivivy,

7.6 CONCLUDING REMARKS

The subject matter of the present report has primarily been concerned
with the prediction of acoustic-gravity waveforms at larpe distances fellowing
a nuclear explosion in the atmosphere, The emphasis of this research has
essentially been on the development of one or more theoretical models which
nive a sufficiently detailed numerical prediction to enable either a qualitative
or quantative comparigson with data. Our development of such models has been
pulded largely by what has been done by other workers in rthe past, by a
consideration of those physical phenomena which appear most important, and by
a desire that the model be the simplest possible (at least in conceptual terms)
to explain or interpret those features of the data which appear pertinent.

Since the atmosphere is always changing, it is always imperfectly knowm
at any plven instant. Since the waveform one recelves at a given point
is a functional of this atmosphere, it appears that detailed agreement of theory
with experiment will never be possible. However, what does appear to be the
case 1s that certain features of the waveform may be less sensitive to small
details of atmospheric structuve than others. This became vividly apparent
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to the authors when they found that the l.amb edge mode modal predicted

the product of period to the three-halves power and amplitude to

correlate better with energy yield than either period or amplitude, separately,
for the case of the early arriving low frequency signal. This type of

result exemplifies what we hope should emerge from further studies of this
type. Computer programs such as INFRASONIC WAVEFORMS may be useful in thts
respect primarily because they allow one to carry out numerical experimentation,
from which simple trends (such as yield-amplitude proportionality) might be
discovered. Once such trends are discovered, they may guide one in the
development of gimpler models which emphasize the essential physics of the
phenomena without unnecessary complications.
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