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ABSTRACT 

Airflow through the test section of a 1- by 1 -ft transonic wind tun- 
nel under subsonic flow conditions was measured by an acoustic method 
to evaluate the feasibility of the method.    The method was based on 
measuring the time of travel of an acoustic signal between a trans- 
mitter and a receiver which were located on opposite walls of the tun- 
nel on a line perpendicular to the direction of airflow.   Attempts to use 
pulsed ultrasonic transducers were not successful because of the char- 
acteristic time constant of a pulsed transducer and because of tunnel 
noise.   An electrical discharge arc-gap transmitter was developed 
which emits a single pressure wave with an output intensity signifi- 
cantly greater than that of the tunnel noise.    The velocity of the pres- 
sure wave is greater than the local speed of sound by an increment 
which arises from the overpressure caused by the arc discharge. 
Calibration of the wave velocity increment under quiescent conditions 
demonstrated very good repeatability.    Correlation of mass flow ob- 
tained by the acoustic method with mass flow values obtained by con- 
sidering the test section as a one-dimensional nozzle was excellent 
for a wave velocity increment value somewhat less than the calibrated 
value.    The relationship between the quiescent wave velocity incre- 
ment and the value required for good mass flow correlation was not 
found,   and it remains to be defined. 

ill 
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NOMENCLATURE 

A Area, ft2 

a Speed of sound at static temperature,  ft/sec 

a^ Speed of sound at total temperature,  ft/sec 

aw Wave velocity,  ft/sec 

äw Average wave velocity,  ft/sec 
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SECTION I 
INTRODUCTION 

The 16-ft Transonic Wind Tunnel of the Arnold Engineering Devel- 
opment Center (AEDC) has a potential capability for testing large turbo- 
fan engines under free-jet conditions.    Evaluation of the internal per- 
formance of engines requires an accurate measurement of engine air- 
flow,   and methods for this measurement have not been available in the 
past.    This report describes analytical and experimental work perform- 
ed to evaluate the feasibility of a particular acoustic method for meas- 
uring engine airflow under free-jet conditions.    It should be noted that 
the flight regime of interest is subsonic for turbofan engines,  and that, 
in general,  acoustic methods are not feasible for supersonic flows. 

SECTION II 
BACKGROUND 

McShane    gives an excellent summary of the historical background 
of the development of acoustic methods for measuring fluid flow.    In 
the period from 1919 to 1960, the three basic techniques were developed 
which govern all acoustic flow-measuring devices and systems.    These 
techniques are referred to in the literature as (1) the time of travel dif- 
ference,   (2) Doppler phase shift,   and (3) beam deflection.    Early de- 
velopments were hampered by the inadequacies of current state-of-the- 
art transducers and electronics,  but in the 1950's,  practical devices 
began to appear in the literature and on the market.    Thereafter,  many 
devices and systems were developed for both industrial and'nonindus- 
trial applications in the United States,  in England,  and in Russia. 
Those applications included velocity and flow measurements in liquids, 
gases,   and slurries. 

The axial cross-section of the inlet cowl of a turbofan engine in- 
cludes a contracting section to a minimum area (throat),  a short dis- 
tance from the leading edge of the cowl,  followed by an expanding sec- 
tion to the fan inlet.    The three techniques of the preceding paragraph. 

McShane, J. L.    "Ultrasonic Flowmeters. "   Scientific Paper 71- 
1C6-FLOME-P1,   Westinghouse Research Laboratories,   Pittsburg, 

iPenna.,  August 13,   1971. 
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as applied to flow in ducts of constant cross-section,  are dependent on 
upstream and downstream locations for the two transducers,  transmit- 
ter and receiver,  and therefore, they are not applicable to the inlet 
cowl of a turbofan engine.    As described here, the technique investi- 
gated involved the direct measurement of the time of travel of the 
acoustic pulse from the transmitter to the receiver which were located 
in a plane normal to the flow.    As applied to a turbofan engine,  trans- 
ducer pairs would be located at the throat station of the inlet cowl. 

SECTION III 
ANALYTICAL MODEL 

The basic analytical model is illustrated by Fig.   1 (Appendix I) 
which represents a cross section through the axis of a cylindrical duct 
with flow from left to right.    Assuming uniform flow,  the velocity is 
equal and constant at all points in the flow.    Similarly,  pressure and 
temperature are constant and equal at all points in the flow. 

At time zero,  an acoustic pulse is emitted by a point source trans- 
mitter at B.    Assuming this pulse is a single pressure wave,  the wave 
expands spherically with time as it moves downstream with the flow, 
as indicated by the semicircles of increasing radius and displaced cen- 
ters,  0.    A point F on the surface of the wave will travel along the line 
B-G,  and in some time interval after time zero,  the point F is detected 
by a receiver at G.    The velocity of F,  designated as the signal velocity, 
is 

U = D/At (1) 

where the time of travel, At,   is measured by circuitry not shown in 
Fig.   1.    The relationship between the flow velocity,  the signal velocity, 
and the speed of sound is given by the vector diagram in the lower half 
of Fig.   1.    Analytically, 

V2=[a2-U2] (2) 

The speed of sound is a function of temperature 

a2 =  [gkRT] (3) 

In a uniform flow field,   Eq.  (3) applies to the static (free-stream) tem- 
perature.   An accurate measure of static temperature is extremely 
difficult,  but total temperature can be measured with comparative ease. 
It can be shown from the energy equation that 
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a2 -?[-?$] 
where 

at
2 = [gkRTj (5) 

Combining Eqs.  (2) and (5) 

v2 = [w][«.2-u2] <6> 
or 

Mass flow is equal to the product of volume flow and density 

m = KPAV)'(RT)] (8) 

Total and static temperatures can be equated by 

T-T.t-w^J 
Combining Eqs. (8) and (9) 

[PAV] 
m" >».{ -m)] 

Combining (6) and (10) 

m   = 

-■1'-[S]['-©]| 

(9) 

(10) 

(11) 
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Combining (1) and (11) 

™ z^n=  U (12) 
IRT  ijl -te-OE-^l 

Combining (5) and (12) 

(13) 

Equation (13) is a basic form of the mass flow equation.    It is ex- 
pressed in terms of the measured parameters which include area,  di- 
ameter,   static pressure,  total temperature,   and the time of flight of 
the acoustic pulse between the transmitter and the receiver,  and it 
illustrates the fundamental aspects of the acoustic method.    In practice, 
however,   it may be more convenient to use other forms such as Eq. (10) 
in conjunction with Eqs.  (7) and (1).    The time of travel, At,  in Eq. (13) 
is equal to the measured value corrected for circuit and wave shape ef- 
fects as identified and defined in Appendix III. 

The preceding development was based on two fundamental assump- 
tions:   (1) uniform flow and   (2) the velocity of the pressure wave is 
equal in magnitude to the speed of sound at static temperature as given 
by Eq.  (4).   Nearly uniform flow occurs in direct-connect testing,   in 
free-jet testing,  and in flight testing of turbofan engines which are im- 
portant areas of interest with regard to mass flow measurements. 
The velocity of the pressure wave is actually equal to the temperature 
dependent speed of sound plus an increment which is dependent on the 
magnitude of the overpressure; overpressure is defined here as the 
difference between the peak wave pressure and the ambient pressure 
of the medium.    An example of this effect in another field is the shock 
wave standing off of the leading edge of the wing of an aircraft in super- 
sonic flight.    The shock wave is a pressure wave with a velocity equal 
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to the velocity of the aircraft.    In some,  if not in most applications, 
background noise will dictate an acoustic energy output by the trans- 
mitter of sufficient magnitude to include a significant overpressure 
effect.    The corresponding analytical model with the wave velocity in- 
crement included is given in Appendix IV. 

SECTION IV 
TEST APPARATUS 

The experimental work was conducted in the test section of the 
Aerodynamic Wind Tunnel (IT) of the Propulsion Wind Tunnel Facility. 
Tunnel IT is a continuous flow nonreturn wind tunnel which can be op- 
erated at Mach numbers from 0. 2 to 1.5, using variable nozzle con- 
tours above Mach 1. 1.    The test section is 1. 0 ft square and 37. 5 in. 
long.    For the experimental work of this report, the nozzle was fixed 
on the sonic contour,  and the walls were solid.    Total pressure control 
is not available in Tunnel IT,  and the tunnel is operated at a stilling 
chamber pressure of about 2850 psfa with a ±5-percent variation de- 
pending on tunnel resistance and ambient atmospheric conditions.    The 
stagnation temperature can be varied from 80 to 120°F above ambient 
atmospheric temperature. 

The acoustic transmitter and receiver were installed on the centers 
of the floor and ceiling of the test section,   respectively,  as shown by 
the isometric illustration in Fig.  2.    The line between the transmitter 
and the receiver was perpendicular to the floor and ceiling and,  there- 
fore,  perpendicular to the flow.    Mounting brackets on the backside of 
the walls positioned the transmitter and receiver so that the exposed 
surfaces were flush with the flow-side surfaces of the walls.    Holes 
drilled in the walls for mounting screws and for penetration of the 
transmitter and receiver were filled and sanded to maintain the smooth 
flow surface. 

Air mass flow through the test section was computed using the tun- 
nel nozzle as the primary flow measuring device'for comparison with 
the mass flows obtained by the acoustic method. 
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4.1   GENERAL 

The circuitry of the system for acoustic mass flow measurement 
is illustrated by the line diagram of Fig.  3.    Components of the basic 
system included the power supply, transmitter,  counter,  amplifier, 
filter,  and receiver as shown.    In operation,  the transmitter was ener- 
gized by a pulse from the power supply at time zero.    Simultaneously, 
a signal pulse was sent to the counter which triggered the counter to 
start, and on arrival of the acoustic pulse, the output of the receiver 
triggered the counter to stop.    Thus,  the time of travel of the acoustic 
pulse between the transmitter and receiver was measured by the coun- 
ter and then recorded from the counter display.    A resistor-capacitor 
(R-C) filter followed the receiver to remove low-frequency tunnel 
noise components.    The filtered receiver output was then amplified to 
increase the output voltage to the level required by the triggering cir- 
cuit of the counter. 

Two types of transmitters were evaluated:   ultrasonic transducers 
and arc-gaps.    Those transmitters,  their characteristics,   and differ- 
ences in circuitry are described in the following sections. 

4.2   TRANSDUCER TRANSMITTER 

Ultrasonic transducers were evaluated initially.    This type of 
transducer is basically a damped spring mass system.    A stiff dia- 
phragm on the end of a cylindrical barrel is excited by a piezoelectric 
crystal attached to the underside of the diaphragm.    An oscillating 
voltage applied to the crystal causes the crystal to expand and contract, 
thus providing mechanical excitation for the diaphragm.    Although ex- 
citation frequencies may be varied,  the acoustic output is maximum 
when the excitation frequency is equal to the resonant frequency of the 
diaphragm. 

A typical response of a transducer to a pulse input is shown by the 
oscillogram in Fig.  4.    The lower trace is the electrical input which 
consisted of eight cycles at constant peak voltage and a frequency of 
40 kHz.    Amplitude is given by the ordinate,   and elapsed time is given 
by the abscissa.   The time scale in Fig. 4 is 200 jusec/cm with the dis- 
tance between grid lines being 1 cm.    Displacement to the right of the 
first cycle of the output with reference to the first cycle of the input 
corresponds to the time of travel of the acoustic output across the dis- 
tance between the transmitter and receiver,  approximately 1 ft in this 
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instance.    Whereas the amplitude of the first cycle of the input pulse 
is maximum,  the output amplitude increases with each cycle to a maxi- 
mum on the fifteenth cycle.    The time interval from the first to the 
fifteenth cycle represents the time constant of the transducer,  the time 
for the output to reach maximum.    The time constant is a character- 
istic of damped spring mass systems,  and for the transducer of Fig. 
4,  it is approximately 380 jusec.    The significance of the time constant 
with regard to time of travel measurements is discussed in the follow- 
ing. 

The circuitry for the system with a transducer transmitter is 
shown in Fig.  5.    The oscillator was used to generate a continuous 
oscillating, voltage of a given frequency and amplitude which was direct- 
ed to the tone burst generator.    The tone burst generator acted as a 
switching device with regard to the input from the oscillator.   The out- 
put of the generator could be set for a given number of cycles for each 
burst from one to 128 cycles with variation in multiples of two.    Thus, 
the input trace in Fig.. 4 is a burst of eight cycles.    The burst repeti- 
tion rate could be varied also to provide an adequate time interval be- 
tween successive bursts.    The generator output also includes a syn- 
chronizing pulse which coincides in time with the leading edge of the 
first cycle of the burst output.    This synchronizing pulse was used as 
a trigger signal to start the counter.    The signal burst from the tone 
burst generator was processed by the power amplifier which duplicated 
the burst in frequency and duration, but it increased the voltage to pro- 
vide the desired power input to the transducer. 

Other components in Fig.  5 which are common to Fig.   3 are as 
follows.    The receiver included a mounting adapter which contained a 
preamplifier not shown in Figs.  3 and 5.    This receiver was selected 
for the Aerodynamic Wind Tunnel (IT) installation because of its small 
size; the diameter of the microphone is 1/8 in.    Also,  its frequency 
response is very flat in the range from 0 to 100 kHz,   which included 
the frequency region of interest.   The filter included a 1000-ohm re- 
sistor and a 0. 001-juf capacitor.    The amplifier increased the voltage 
of the receiver output after filtering to the triggering level of the 
counter to stop the counter which measured the time of travel of the 
acoustic pulse as previously mentioned.    An oscilloscope was connected 
in parallel.with the counter as shown,  and it was used to monitor trans- 
mission and reception of the acoustic signal for assistance in operation 
and maintenance of the system. 



AEDC-TR-73-140 

A listing of system components with identification by manufacturer 
and model number is given in Table I (Appendix II). 

4.3  ARC-GAP TRANSMITTER 

The arc-gap transmitter generates an acoustic pulse by an elec- 
trical arc across two exposed electrodes which are connected to a pre- 
charged capacitor.    Energy stored in the capacitor is discharged in a 
single arc which has a very brief duration.    The result is a miniature 
explosion,  and the acoustic output is a single pressure wave which has 
an excellent signature for time of travel measurements. 

An oscillogram of the first derivative of the arc-gap output is 
given by Fig. 6; the derivative appears instead of the amplitude be- 
cause of the R-C filter.    The spike on the left represents the rising 
side of the positive pressure half cycle of the pressure wave,  and the 
second spike represents the rising side of the negative pressure half 
cycle.    The time scale of Fig. 6 is lO^sec/cm,  and the trace shows 
that the equivalent time constant of the arc-gap is 2 jisec. 

The arc-gap transmitter is illustrated schematically in Fig. 7. 
Two primary electrodes are connected to a charged capacitor,  and the 
air-gap resistance of the electrodes prevents discharge of the capacitor. 
A trigger electrode is used to fire the arc-gap as follows.   On receipt 
of an input signal,  the trigger module acts as a switch to apply over 
30, 000 v to the trigger electrode.    This applied voltage exceeds the 
breakdown voltage of the air-gap of the trigger to primary electrodes, 
and a weak arc jumps from the trigger electrode to the primary elec- 
trodes.    This weak arc ionizes the air-gap of the primary electrodes, 
permitting the capacitor to discharge across the primary electrodes. 
Thus, the trigger electrode and trigger module collectively function 
as an instantaneous switch for discharging the high energy arc-gap on 
demand.    The capacitor was recharged from a power supply as indi- 
cated. 

The circuitry of the acoustic system with the arc-gap transmitter 
is given in Fig.  8.    The arc-gap,   arc-gap power supply and trigger 
module are shown as described in the preceding paragraph.    The syn- 
chronizing pulse of the tone burst generator was used as the start sig- 
nal for the trigger module and for the counter as shown.   All other 
components are the same as described for the circuitry with the trans- 
ducer of Fig.  5. 

8 
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A listing of system components with identification by manufacturer 
and model number is given in Table II (Appendix II). 

SECTION V 
TEST RESULTS 

Testing in Tunnel IT was performed with continuously operating 
transducers, pulsed transducers,  and arc-gap transmitters.    Results 
and other aspects are discussed in the following. 

5.1   CONTINUOUS TRANSDUCERS 

Initial testing in Tunnel IT was accomplished with a continuous 
ultrasonic transducer which was taken from a liquid-level-indicating 
system previously used in a cryogenic tank.    The transducer had a 
time constant of 3000 Msec,  and since the time of travel of the acoustic 
signal across the 1-ft dimension of the test section was less than 1000 
Aisec,  the transducer could not be reasonably pulsed.    The principal 
purpose of the tests was to obtain an early qualitative indication of the 
possibility of signal discrimination in the presence of tunnel noise. 

Two transducers were installed in the test section as indicated in 
Fig.  2.    One transducer was used as the transmitter and the other as 
the receiver.    The output of the receiver was displayed by an oscillo- 
scope which gave a visual comparison of signal and noise intensities. 
Signal-to-noise ratios of two or greater were observed at all tunnel 
Mach numbers up to 0. 8. 

A rough measure of mass flow rate was obtained with the contin- 
uous transducer from the phase shift of the acoustic signal.    With no 
flow in the tunnel, the oscilloscope sweep rate was adjusted with re- 
gard to the frequency of the acoustic signal (40 kHz) to give a station- 
ary wave form on the oscilloscope display.    With flow then admitted 
to the test section, the display shifted (phase shift) by an amount pro- 
portional to the change in the time of travel of the acoustic signal from 
transmitter to receiver with reference to the time of travel with no 
flow.    The change in time of travel is related to the flow velocity which 
was computed from the measured phase shift.    Mass flow computed 
from that velocity measurement was comparable to mass flow com- 
puted from tunnel data within the accuracy of the phase shift measure- 
ment of approximately plus or minus 5 percent. 
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5.2   PULSED TRANSDUCER TRANSMITTER 

Direct measurement of the time of flight is not feasible with a 
continuous signal,  and for that purpose,  a pulsed transducer with a 
very short time constant is required.    The best transducer available 
from commercial sources had a time constant of 380 jusec.    That trans- 
ducer,  previously mentioned with regard to Fig.  4,   was used for the 
pulse tests in Tunnel IT. 

A typical oscillogram of the pulsed transducer is given by Fig.  9 
for a tunnel Mach number of 0. 3.    The portion of the trace on the left 
of approximately constant amplitude,  high solidity,  and irregular 
boundary represents tunnel noise,  and the oscillating trace on the right 
represents the transducer output which exceeds the noise.    The elec- 
trical signal from the tone burst generator (see Fig.  5) was applied to 
the transmitter at time zero which corresponds to first vertical line 
on the left of the display grid.    The time scale is 200 jusec/cm.    Thus, 
Fig.  5 indicates a time of travel of approximately 850 /usec. 

Accuracy requirements for time of travel measurement demand 
the timewise location of the first quarter of the first cycle of the acous- 
tic pulse arriving at the receiver.    Inspection of Fig.  9 shows that the 
first three or more cycles of the received pulse are masked by tunnel 
noise.    Therefore,  if the counter is started at time zero by the syn- 
chronizing pulse from the tone burst generator,  as discussed pre- 
viously,  the triggering voltage for stopping the counter must be set at 
a value greater than the maximum voltage level of the noise component 
of the receiver output.    Assuming the triggering voltage should be 
twice greater than the noise component voltage,   Fig.  9 indicates that 
the measured time of travel will be greater than the true time of 
travel by an amount equal to the time interval of ten cycles.    The 
transducer frequency of Fig.  9 was 40 kHz, and therefore,  the meas- 
ured time of travel would be in error by 250 jusec from that source 
alone.    A correction could be applied if the number of cycles between 
the first cycle and the cycle on which triggering occurs is known. 
However, the location of the first cycle is unavailable,  as previously 
mentioned.    Also,  the relatively small difference between peak ampli- 
tude values of successive cycles in the receiver output would permit 
triggering by one or the other of two adjacent cycles because of peak 
value variation from noise fluctuations.    Therefore, the minimum 
error in measured time of travel of a pulsed transducer pulse would 
be two cycle periods.    For a 40-kHz transducer,  as was used to obtain 
the output shown in Fig.  9,  that two-cycle uncertainty would be 50 jusec. 

10 
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The two-cycle uncertainty defined by the preceding paragraph is 
inherent in transducers.    It applies in any instance in which the peak 
amplitude of the first cycle is less than the amplitude of the noise com- 
ponent.    Attempts to increase the peak amplitude of the first cycle of 
the transducer output by increasing the voltage input to the transducer 
by two orders of magnitude above its steady-state rating were not suf- 
ficient to overcome the problem.    In all cases,  the first cycle of the 
signal was masked by noise. 

5.3  ARC-GAP TRANSMITTER 

Development of the arc-gap transmitter was motivated by the two- 
cycle uncertainty of pulsed transducers as described in the preceding 
sub-section.   The discharge of a capacitor across an arc-gap in the 
absence of inductive elements in the circuit occurs in a single burst 
and over a very small time interval.    The resulting acoustic output is 
a one-cycle pulse with an equivalent time constant of small magnitude. 
The acoustic intensity of the output is dependent on the electrical 
energy discharged which can be varied as desired by the charging 
voltage and by the size of the capacitor. 

5.3.1   Geometry 

A photograph of the assembled arc-gap transmitter is shown in 
Fig.   10.    The body of the assembly is cylindrical,  and the material is 
lava.    Lava is an insulator,  and it was selected because it can be ma- 
chined;  other insulating materials could be used as well.    The two pri- 
mary electrodes are visible;  the .discharge heads are on the left,  and 
the terminal ends are on the right.    The arc discharges in a cavity be- 
tween the heads.    The dark lead in the foreground that penetrates the 
cylindrical surface is connected to the triggering electrode which is 
not visible. 

Figure 11 is a cross-sectional view of the arc-gap showing the 
geometrical relationship of the trigger electrode to the primary elec- 
trodes.   Although the sketch is not to scale,  the small size of the trig- 
ger electrode relative to the primary electrodes is indicated.    The trig- 
ger electrode was made from single strand 22-gage copper wire with 
the insulation removed from the exposed end.    The gap dimension of 
the primary electrodes was 0. 120 in. 

11 
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5.3.2 Operation 

The arc-gap and the capacitor were connected in a closed circuit 
as shown by Fig.  7.    Power was fed into the circuit from, a variable 
voltage transformer (not shown) through the diode.    Thus, the capacitor 
could be charged to any desired voltage level by manually setting the 
output of the variable voltage transformer.    The operating voltage 
range was between 1500 and 3000 v; the arc-gap would not discharge 
the capacitor below 1500 v,  and the capacitor was limited to a maxi- 
mum of 3000 v. 

Discharge was initiated by a manual switch on the tone burst gen- 
erator in the circuitry shown in Fig.  8.   The synchronizing pulse out- 
put of the tone burst generator triggered the counter and the arc-gap 
as described in Section IV.    Recharging of the capacitor began auto- 
matically on completion of discharge. 

Energy stored in the capacitor varies directly with the square of 
the voltage and with the capacitance.    Thus,  the charge on the capacitor 
could be varied by a factor of 4. 0 by varying the charging voltage be- 
tween the lower and upper limits given previously.    Two capacitors 
were available,  one with a capacitance of 2. 0 juf and the other with 25,0 
juf.    The acoustic output with the small capacitor was adequate to pene- 
trate tunnel noise,  and it was used for most of the tests in Tunnel IT. 
The charging voltage was measured by a voltmeter which is not shown 
in Fig.  7. 

5.3.3 Bench Tests 

Discharge of the stored energy across the arc-gap is a miniature 
explosion in effect, and in the region of the arc, the peak pressure of 
the resulting pressure wave is greater than ambient pressure as pre- 
viously mentioned. The velocity of the pressure wave is greater than 
the temperature dependent speed of sound by an increment which is de- 
pendent on the overpressure. This velocity, referred to hereafter as 
the wave velocity,  may be written 

aw  =   a  +   Aa (14) 

where 

a = [gkRT]* (15) 
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is the speed of sound and Aa is the incremental velocity resulting from 
the overpressure. 

The magnitude of the velocity increment varies with the overpres- 
sure which decreases with increasing distance from the arc-gap,  and 
the wave velocity,  as given by Eq. (14),  also decreases with increasing 
distance.    Thus,  the time of travel of the pressure wave to a point at 
some distance, x, from the arc-gap is a measure of the average wave 
velocity 

äw = a + Äa"w (16) 

where 

^w=lAa
wWdx (17) 

x o 

is the average value of the velocity increment. 

The average wave velocity was measured at various distances 
from the arc-gap.    Results are shown in Fig.  12 in which the average 
wave velocity is plotted against distance with electrical energy per dis- 
charge as a parameter.    The discharged energy was equal to the stored 
energy 

Q = E2C (18) 

which has the units of joules when voltage is introduced in volts and 
capacitance in farads.    Thus,   with a capacitance of 2. 0 juf,  the dis- 
charge energy was varied from 2. 25 joules to 9. 0 joules by varying 
the charging voltage from 1500 to 3000 v.    Figure 13 shows the average 
wave velocity for the arc-gap with a larger capacitor of 25. 0 juf.   Am- 
bient temperature was 70°F at the time the data were taken,  giving a 
speed of sound of 1128 ft/sec from Eq.  (15) as indicated in Figs.   12 
and 13.    The value of the average velocity increment for a given dis- 
charge energy is equal to the difference between the corresponding 
curve and the given speed of sound,  and it varies over a relatively 
wide range in the distance interval shown. 

Measurements of the average wave velocity were repeatable within 
0. 5 percent for a given discharge energy level.    That repeatability is" 
a qualitative measure of the constancy of the efficiency of the arc-gap 
in converting electrical energy to acoustic energy at a given energy in- 
put.    The results Of Figs.  12 and 13 indicated that the efficiency 
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decreases with increasing input energy as evidenced by the relatively 
small change in the average velocity increment for large changes in 
the input energy,  but at each input energy level,  the data were repeat- 
able.    The significance of the repeatability is that it permits calibra- 
tion of the arc-gap for the average wave velocity increment. 

The previous remarks on calibration of the arc-gap for the average 
wave velocity increment were made primarily with reference to the data 
and results obtained.    It should be noted however,  that the efficiency of 
the arc-gap will be affected by the pressure and temperature of the 
medium.   Obviously, the acoustic output would be zero in a vacuum, 
and a corresponding decrease in the output would occur with decreasing 
pressure of the medium as under altitude conditions.    Therefore,  cali- 
brations of the arc-gap in the general case would include the density of 
the medium as a parameter in addition to the energy input. 

An additional qualification on calibration of the arc-gap is related 
to the circuit elements which transfer energy from the capacitor to the 
arc-gap.    One joule is equal to one watt-second and since the discharge 
occurs within a 5-jusec interval, as previously mentioned, the average 
discharge rate is equal roughly to 200 kw/joule stored in the capacitor. 
Thus,  current flow through the circuit elements is quite high.    For ex- 
ample, the discharge energy for the upper curve of Fig.   12 was 9. 0 
joules,  with a charging voltage of 3000 v giving an average discharge 
rate of 1800 kw and an average current of 600 amp.    It is evident that 
the resistance values of circuit elements can affect the acoustic output 
significantly by the dissipation of electrical energy in those elements. 
Also,  the ionized resistance of the arc-gap is very small,  which mag- 
nifies the influence of the transfer circuit resistance in that regard. 
Therefore, the calibration results in Figs.   12 and 13 represent the 
average wave velocity characteristics of the arc-gap and the energy 
transfer circuit elements as configured during the bench tests.   Alter- 
ing the transfer circuit with the same arc-gap would give different wave 
velocity values.    The essence of the preceding discussion is that the 
acoustic output is dependent on the electrical energy delivered to the 
arc-gap which is equal to the stored energy minus circuit losses.   This 
would not alter the value of a set of calibration curves, but it would 
limit the use of the curves to the specific transfer circuit and arc-gap 
configuration for which calibration data were taken. 
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5.3.4  Arc-Gap Transmitter Tests in Tunnel IT 

5.3.4.1 General 

The arc-gap transmitter was installed in the solid wall test section 
of Tunnel IT as illustrated in Fig.  2.    The arc-gap was flush mounted 
in the floor,  and the receiver was flush mounted in the ceiling.    The 
capacitor was located in the plenum chamber underneath the floor with- 
in 1 ft of the arc-gap.    Other components including the power supply, 
amplifier, filter,  trigger module,  and tone burst generator were lo- 
cated external to the plenum chamber. 

Tests were performed by setting tunnel conditions for the desired 
Mach number.    The arc-gap was fired by depressing a manual switch 
on the tone burst generator as previously mentioned.    Time of travel 
as measured by the counter and tunnel pressure and temperature data 
were manually recorded.    The charged condenser voltage was 3000 v 
for all test points.    Condenser voltage was monitored by a voltmeter 
(not shown in Fig.  8) and a manually positioned variac (also not shown) 
was used on the input voltage to the power supply to set the condenser 
charging voltage. 

5.3.4.2 Results 

Results for a particular test run are shown in Fig.   14,   in which 
mass..flow is given versus test section Mach number.    Mass flow was 
computed by the two methods of Appendix III,  and the results are iden- 
tified by the circular symbols for the acoustic method and the triangular 
symbols for the fluid flow method.    Prior to the test run and immediately 
thereafter,  the average wave velocity increment, Äaw was measured 
with no flow in the test section.    The condenser size was 2. 0 /jf and it 
was charged to 3000 v (9. 0 joules).    The measured value before and 
after the tests was 117 ft/sec,  which is considerably higher than the 
corresponding value in Fig.   12 at a distance of 1. 0 ft.    The resistance 
of the transfer circuit was less in the tunnel installation than for the 
bench tests,  and energy losses in the transfer circuit were less.    There- 
fore,  energy delivered to the arc-gap was greater,  giving a higher 
wave-velocity increment. 

Mass flow computed by the acoustic method and for the measured 
wave velocity increment of 117. 0 ft/sec are given by the solid circular 
symbols.    Those values are considerably higher than the fluid flow re- 
sults,  on the order of 18 percent at Mach 0. 3 and 4 percent at Mach 0.6. 
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Using the data for the test point at Mach 0. 28,  a wave velocity incre- 
ment was found analytically by trial and error which gave the same 
mass flow as the fluid flow method.    That value of the wave velocity 
increment,  98 ft/sec,  applied to the other test points in Fig.   14 gave 
mass flow values,  open circular symbols,  which correlate very well 
with the fluid flow results.    The difference between the two values of 
the average wave velocity increment is obviously significant,   and it is 
discussed in the following section. 

An additional notation in Fig.   14 pertains to the direction of the 
arc with reference to the flow.    The arc jumps from one electrode to 
the other,  and its direction relative to flow direction is fixed by the 
rotational alignment of the electrodes.    With regard to the results of 
Fig.   14,  the direction of the arc in the tests was parallel to the direc- 
tion of the flow in the test section of Tunnel IT. 

Figure 15 gives mass flow results for a test configuration which 
was the same as that for Fig.   14 with the exception that a 25. 0-/jf con- 
denser was used.    That change increased the stored energy from 9. 0 
to 112. 5 joules,  giving a larger wave velocity increment.    The meas- 
ured wave velocity increment was 188 ft/sec,  which gave mass flow 
values greater than the corresponding values obtained by the fluid flow 
method.   Good correlation was obtained with a velocity increment of 
167 ft/sec,  which was defined analytically by trial and error as de- 
scribed previously for Fig.   14. 

The test configuration for the results in Fig.   16 was the same as 
that for the results in Fig.   14; the small condenser was reinstalled. 
The measured wave velocity increment was 107 ft/sec,  and the re- 
quired value for flow correlation was 92 ft/sec,  as given in Fig.   16. 
The results in Figs.   14 and 16 are comparable with no significant dif- 
ferences being apparent.    The smaller value of the measured wave 
velocity increment of Fig.   16 was probably caused by an increase in 
the electrical resistance of the transfer circuit.    Exchanging the large 
and small condensers involved breaking the circuit at the condenser 
terminals.    The terminal connections were made by pressure-type 
connectors,  and the contact resistance can vary significantly as the 
connectors are broken and remade with particular regard to the large 
instantaneous magnitude of the current pulse. 

The test configuration for the results in Fig.  17 was the same as 
that used to obtain the results given in Figs.   14 and 16 except that the 
arc-gap was rotated so that the arc direction was perpendicular to the 
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■flow.    Rotation of the arc-gap was accomplished without breaking the 
transfer circuit.    The measured wave velocity increment was 107 ft/sec, 
the same as in Fig.   16.    An assumed velocity increment of 92 ft/sec 
was used,  as in Fig,   16,  to compute the mass flow for the open circu- 
lar symbols.    Those mass flow values are slightly higher thamthe cor- 
responding fluid flow values,  whereas in Fig.   16 the mass flow values 
from the acoustic method are essentially equal to those from the fluid 
flow method.    That difference suggests that the wave velocity incre- 
ment may be slightly higher when the flow is in the direction perpen- 
dicular to the arc. 

SECTION VI 
DISCUSSION 

6.1   WAVE VELOCITY 

The wave velocity,  has been shown to be equal to the speed of 
sound plus an increment dependent on the initial strength of the signal 
and the distance from the source.    In application,  the wave velocity 
increment is not a measurable quantity,  and a prior calibration will be 
required such as that given in Figs.   12 and 13. 

Repeatability of the data was very good for Figs.  12 and 13,  which 
implies that calibration data can be obtained to a high degree of accu- 
racy.   Average wave velocities given in Figs.  12 and 13 follow a sim- 
ple power function.    For a given condenser input energy 

äw   =   a  +  Äa~wl(x)-2''3 (19) (19) 

where 

x =   distance from source in feet 

Aa   .   =   average wave velocity increment at a 
distance of 1.0 ft 

Values computed by Eq.  (19) deviate from the curve values by less than 
0. 5 percent.    It should be noted,  however, that Eq.  (19) does not apply 
at distances very close to the source.    As the variable x approaches 
zero,  the wave velocity would increase to infinity,  which is impossible. 

17 



AEDC-TR-73-140 

The density of the medium will affect the wave velocity increment. 
Attenuation in air increases with decreasing density.    Also,  the acous- 
tic output for a given electrical input energy will decrease,  and this 
implies a corresponding decrease in the initial value of the velocity 
increment.    Therefore,  calibration would be required under the same 
density conditions which would occur in use,  and the complete calibra- 
tion may include the pressure and temperature of the medium as param- 
eters.    The results in Figs.   12 and 13 were obtained under ground level 
ambient conditions,  and project resources did not permit an investigation 
of density effects. 

The use of the word "calibration" in the preceding remarks is per- 
haps misleading.    Calibration normally refers to a comparison of the 
measure of a value by an instrument with the measure of the same value 
by a standard.    Calibration for the average velocity,  as described 
above,  does not involve a standard,  and it requires the velocity meas- 
urement by the instrument at a known distance under quiescent condi- 
tions.    The variation of the wave velocity is a function of distance and 
the properties of the medium independently of the instrument.    There- 
fore, calibration could be accomplished in place at any time that qui- 
escent conditions exist or can be established.    This will be true of 
course only if a definite relationship can be developed for the variation 
with density as with distance. 

6.2   MASS FLOW 

Test results show that the accuracy of the acoustic method in 
measuring mass flow will depend in large part on the accuracy to 
which the variation of the wave velocity increment can be predicted. 
Calibration of the wave velocity increment,  as discussed in the pre- 
ceding subsection,  will be essential,  but calibration data will only pro- 
vide the basis on which to account for the variation of the velocity in- 
crement. 

Correlation of the mass flow values computed with a wave velocity 
increment determined from Eq.  (IV-25) and the data of a test point 
(open circular symbols in Figs.   14 through 17) with mass flows com- 
puted by the fluid flow method is very good,  as previously mentioned. 
Using the calibrated wave velocity increment for a distance of 1. 0 ft 
gave considerably higher mass flow values (the solid circular symbols) 
but the difference between the mass flows given by the solid and open 
circular symbols is essentially the same in Figs.   14 through 17.   Since 
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the wave velocity increment values differ except in Figs.  16 and 17, 
the flow correspondence suggests the existence of an explicit relation- 
ship between the calibrated velocity increment,  and the velocity incre- 
ment required in Eq.  (IV-25) for the correct mass flow. 

The vector diagram of Fig.  1 gives the relationship between the 
acoustic velocity,  a,   the flow velocity,   V,  and the signal velocity,  U, 
for the case in which the wave velocity increment is zero.    A similar 
diagram can be drawn with the velocity increment present by replacing 
the acoustic velocity,  a,  with the average wave velocity,  äw, and the 
signal velocity,  U,  with the average signal velocity,  U.    Considering 
the vector diagram applied at the receiver,  the distance traveled by 
the pressure wave to the receiver from the transmitter is 

S = -2, (20) 
cnsy 

Combining Eqs.  (19) and (20), the average wave velocity increment at 
the receiver is then 

^w = Eml (^f3 (21) 

Using Eq. (21) to obtain the velocity increment for use in Eq. (IV-25) 
does not resolve the discrepancy.    With reference to the calibrated 
velocity increment at a distance of 1.0 ft, Aä^,  Fig.   14, for example, 
requires a reduction of 19 percent in the average wave velocity from 
117 ft/sec to 98 ft/sec for good correlation.    The corresponding re- 
duction by Eq.  (21) is on the order of 3 percent at a Mach number of 
0. 3 and 14 percent at 0. 6. 

Although Eq.   (21) may be involved in the application of calibration 
data to mass flow computations by Eq.  (IV-25),   it does not stand alone. 
The complete relationship,  was not determined,  and it remains as an 
unresolved question for priority assessment in following efforts. 

6.3  NONUNIFORM FLOW 

Any flow situation in which the velocity is not equal and constant 
at all points in a plane perpendicular to the direction of flow is non- 
uniform.    The principal output of the acoustic system is the average 
velocity along the line between the transmitter and receiver, but an 
area weighted average velocity is required to compute mass flow.   By 
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definition,  line and area weighted average values are the same in uni- 
form flow.    In nonuniform flow,  line and area average velocities are 
not equal,  and the system as described herein must be altered.    Con- 
sidering the circular cross section of the duct at the measuring station, 
line average velocities along a number of chords on both sides of the 
diameter would provide sufficient information with which to character- 
ize the flow and from which the area weighted average flow velocity 
could be extracted.    That approach was beyond the scope of this re- 
port,  and it represents a second priority area for investigation in con- 
tinuing efforts. 

6.4   UPPER FLOW VELOCITY LIMIT 

Inspection of Fig.   1 shows that the method of this report is limited 
to flow Mach numbers less than unity.   As the flow velocity, V,  ap- 
proaches the local speed of sound,  a,  the Mach angle,  0,  approaches 
90 deg,  and the signal velocity, U,  approaches zero.    Therefore,  the 
time of travel increases to infinity for Mach numbers of unity or great- 
er.    With regard to the time of travel,  the upper Mach number limit 
may be very close to unity.    In a 10-ft-diam duct,  for example,  the 
time of travel for a Mach number of 0. 99 would be approximately 0.08 
sec,  which would support an ample sampling rate.    However,  the ef- 
fective path length in the moving airstream increases with Mach num- 
ber, and attenuation of the signal strength increases with the square of 
the path length.    Therefore,  the upper limit will probably be determined 
by the background noise of each installation with regard to the initial 
signal strength at zero flow and attenuation with increasing Mach num- 
ber.    At a Mach number of 0. 99,  for example,  the attenuation is ap- 
proximately 17 db. 

The upper limit also appears in Eq.  (Ill-3),  which defines the in- 
fluence of Mach number on the rise time of the received acoustic pulse. 
At zero Mach number,  the rise time of the pulse was 2. 0 fj,sec as given 
in Appendix III.   At unity Mach number,  the rise time becomes infinite, 
which tends to imply the invalidity of Eq.  (Ill-3).    However,  the equa- 
tion is valid below unity Mach number,  and at 0. 99, for example, the 
rise time would be approximately 100 jusec.    Thus,   Eq.  (Ill-3) is valid 
within the operating range of the method as described in the preceding 
paragraph. 
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SECTION VII 
CONCLUDING REMARKS 

An acoustic method for measuring gas mass flow was investigated 
in Tunnel IT under nearly uniform-flow conditions.    The fundamental 
aspects of the method included the direct measurement of the time of 
travel of an acoustic pulse between a transmitter and a receiver which 
were installed in opposite walls of the wind tunnel and on a line per- 
pendicular to the flow.   Acoustic transducers were found to be inade- 
quate because of tunnel noise which masked the leading edge of the 
received pulse.    An electrical discharge transmitter was developed 
which emits a single cycle pulse with a very steep leading edge,  and 
which provides sufficient acoustic power to penetrate tunnel noise. 
The velocity of the output pressure wave includes an increment,  wave 
velocity increment,  which decreases in magnitude with distance tra- 
veled from the source.   This velocity increment is caused by the over- 
pressure of the transmitter output,  and although it was encountered 
with the electrical discharge transmitter,   it can occur also with any 
type of transmitter.    The effect of the velocity increment may be nil 
in those cases where low level background noise permits low power 
transmitters, but in the general case,  it is a significant factor.    Val- 
ues for the velocity increment measured under quiescent conditions 
gave large errors in the computed mass flow,  and methods and techni- 
ques to account for this variable remain to be determined.    Thus, the 
feasibility of the method was not well established.    However,  excellent 
correlation obtained with arbitrary values for the velocity increment 
suggests that such methods and techniques may in fact exist although 
as yet undetermined.    Nonuniform flow conditions were not investigated. 
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TABLE I 
MAJOR COMPONENTS, ACOUSTIC SYSTEM, TRANSDUCER CIRCUITRY 

Component 

Receiver 

Amplifier 

Counter 

Oscilloscope 

Transducer 

Power Amplifier 

Tone Burst Generator 

Oscillator 

Manufacturer 

B and K Instrument Co. 

Preston Scientific,  Inc. 

Hewlett-Packard 

Hewlett-Packard 

MASA 

Bogen 

Generator Radio 

Hewlett-Packard 

Model No. 

4138 

8300 XWB Model A 

5233L 

141A 

89G     89G 

JX30 

1396B 

200CD 

TABLE II 
MAJOR COMPONENTS, ACOUSTIC SYSTEM, ARC-GAP TRANSMITTER CIRCUITRY 

Component 

Receiver 

Amplifier 

Counter 

Oscilloscope 

Trigger Module 

Tone Burst Generator 

Manufacturer 

B and K Instrument Co. 

Preston Scientific,  Inc. 

Hewlett-Packard 

Hewlett-Packard 

EG &G 

Generator Radio 

Model No. 

4138 

8300 XWB Model A 

5233L 

141A 

TM-11 

1396B 
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APPENDIX III 
TIME OF TRAVEL MEASUREMENT 

The acoustic method of this report for measuring mass flow is 
based on the measurement of the time of travel of an acoustic signal 
over a known distance between a transmitter and a receiver.    This 
Appendix describes the manner in which the time of travel was obtained 
with regard to the measured time interval and corrections. 

The measuring instrument was an electronic counter which in- 
cludes triggering circuits to start and stop the counter with succes- 
sive input signals.    Input signals are voltage pulses,  and the triggering 
circuits are activated when the rising input voltage reaches the value 
of the triggering voltage.    Each triggering circuit includes a manual 
adjustment with which the triggering voltage can be set to any value 
between zero and the maximum value.    Thus,  when the maximum value 
of the input voltage is less than the set triggering voltage (set point), 
the triggering circuit will not respond.    The output of the receiver in- 
cludes acoustic noise in addition to the signal,  and assuming a signal- 
to-noise ratio greater than unity,  the set point adjustment is used to 
prevent noise interference.    The set point voltage is adjusted to a 
value greater than the maximum noise component in the receiver out- 
put but less than the maximum value of the acoustic signal,   and the 
triggering circuit then responds only to the acoustic signal to stop the 
counter.    The starting triggering circuit is activated by the synchroniz- 
ing pulse from the tone burst generator as previously mentioned,  but 
that pulse does not include acoustic noise components and electrical 
noise is essentially nil. 

The sequence of events is illustrated by Fig.  Ill-1 in which the 
synchronizing pulse and the acoustic signal pulse are shown on a time 
base.    The counter is started at time tQ when the rising voltage of the 
synchronizing pulse equals the set point as shown.    However, the lead- 
ing edge of the synchronizing pulse arrives at time tQ preceding time 
t0 by an interval Atf which is related to the slope of the forward face 
of the pulse.    As previously mentioned,  the rise time of the synchro- 
nizing pulse from zero to peak voltage is 2. 0 Msec,  which is indicated 
as Ats in Fig. Ill-1,    The value of the time interval Atf is therefore 
equal to 

At{ = Ats(Esp/Es) (III-l) 

43 



AEDC-TR-73-140 

where 

E       =   set point voltage 

Es  =   synchronizing pulse peak voltage 

The counter is stopped by the arrival of the acoustic signal pulse from 
the receiver when the rising signal voltage equals the set point at time 
t2,  and the measured time of travel is thus Atm.    However,  the leading 
edge of the signal pulse arrives at time tj,  and the measured time of 
travel includes an error Atg which is equal to 

At„ = <Esp/Ea)Ata (III-2) 

where 

Al     =   rise time of acoustic pulse 

E     =   acoustic pulse peak voltage 

As previously mentioned,  the rise time of the acoustic pulse from zero 
to peak voltage is 2. 0 jusec as measured under quiescent conditions. 
It can be shown that the rise time, Ata,  increases with flow velocity 
as given by 

Ai' 
At    = — (III-3) 

3       [l-M2] 

where 

Atg =  2.0 fisec 

M  =  flow Mach number 

Therefore, 

E     At' 
Atg = -2_=- (III-4) 

E [l - M2] 

Although not shown in Fig.  Ill-1, other events occur which contri- 
bute an additional error to the measured time of travel.    That error is 
caused by transmission delay of electrical signals throughout the cir- 
cuitry of the system shown in Fig.  8.    The events depicted by Fig. Ill-1 
include the assumptions that the arc-gap discharges simultaneously with 
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__ ü—/ 
Synchronizing Pulse At„—- 

Set Point  v 
Voltages        ■*■ 

r. •7- /-Amplified Receiver 
Output 

Time 
I—to 

Fig. 111-1   Time of Travel Sequence 

the arrival at the counter of the leading edge of the synchronizing pulse 
at time t^, and that the leading edge of the signal pulse arrives at the 
counter simultaneously with the arrival of the leading edge of the acous- 
tic pulse at the diaphragm of the receiver at tj.    Because of trans- 
mission delays, those assumptions are not valid,  and the measured 
time of travel includes an error from that source.    The transmission 
delay error was measured by a technique which,   in effect, placed the 
arc in physical contact with the diaphragm of the receiver to insure 
simultaneous motion of the receiver diaphragm with the discharge of 
the arc-gap.    That arrangement eliminated Atf and Atg of Fig. III-l, 
and it also eliminated the time of travel between the arc-gap and the 
receiver.    In the absence of transmission delay factors,  a counter 
reading of zero would have been obtained on discharge of the arc-gap. 
Instead,  a value of 22. 0 usec was recorded from numerous readings. 
That transmission delay error as designated and used in all computa- 
tions is 

Atd   =   22.0 /zsec (III-5) 
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As described in Section II and in Appendix IV,  the actual time of 
travel, At,  of the acoustic signal from transmitter to receiver is re- 
lated to the flow velocity.    The actual time of travel from the pre- 
ceding,  is 

At = Atm + At, - Atg - Atd (III-6) 

The time of travel measuring system in Fig.  8 and as used for the 
Tunnel IT tests did not include provisions for measuring peak signal 
voltages,  and therefore,  the time intervals Atf and Atg as given by 
Eqs.  (Ill-1) and (III-4),  respectively,  could be evaluated.    However, 
the maximum possible value of Atf was 2. 0 jusec,   as previously men- 
tioned,   and its contribution to At,   Eq.  (Ill-6),  would be negligible in 
any case; time of travel values in Tunnel IT were greater than 800 
Msec.    Therefore, Atf was ignored in Eq.  (Ill-6).    The maximum pos- 
sible values of Atg were 2, 0 Msec for a tunnel Mach number of 0 and 
4. 0 jusec at the highest test Mach number of 0. 7.    In the application of 
Eq. (Ill-6) in data reduction,  a value of 2. 0 Msec for Atg was used 
throughout,  and this introduced a corresponding error in the actual 
time of travel from Eq.  (Ill-6) of 1. 0 Msec or less. 

It should be noted that instrumentation for measuring peak voltages 
and the set point voltage for use in Eqs.  (Ill-1) and (III-4) was not pro- 
vided because the project objective to demonstrate feasibility did not 
require the relatively small improvement in accuracy.    From a tech- 
nical point of view, those parameters can be measured and the inclu- 
sion of the necessary instrumentation in another system would pre- 
sent no problems. 
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APPENDIX IV 
ANALYTICAL PROCEDURES 

The analytical model of Section II was based on the assumption that 
the wave velocity was equal to the temperature dependent sonic velocity. 
Results of the bench tests showed that the wave velocity is significantly 
greater because of the overpressure effect of the high energy arc dis- 
charge.    The analysis for mass flow with the overpressure effect is 
given in this Appendix.    Equations for computing mass flow from tun- 
nel pressure and temperature data on the basis of fluid flow are also 
given. 

ACOUSTIC METHOD 

From the vector diagram of Fig.  1,  and replacing a by äw and U 
by U 

where 

V2 = ä.! - U (IV-1) 

aw =   a  +   Aa (IV-2) 

a =  (gkRT)1/2 (IV-3) 

Aa =   average wave velocity increment (IV-4) 

U = (D/At), average signal velocity (IV-5) 

Combining Eqs.   (IV-1) and (IV-2) 

T-,2 7T 
2 

V2 = (a + Aa)    - U (IV-6) 

         _2 _2 
V2   =   a2  +  2aAa +  Aa    -  U (IV-7) 

From the energy equation 

T = T 
i ]-&>$ (IV-8) 
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where 

at
2 = gkRTt (IV-9) 

From Eqs.  (IV-3) and (IV-8) 

a2 --«[»-^ «nr-i,r 

Combining Eqs. (IV-7) and (IV-10) 

V2 -  «,2h - P=±)-£|  ♦  2a.ll  - (i^)4lV.+ S2 - V        (IV-11) H-E-M^l^E-^"- 

[-(V)^] 
Defining a function 

G2 . |i -(^Ll) Jl\ (IV-12) 

From Eq.  (IV-12) 

V2 = ulL-J[i-G2] (IV-13) 

Substituting Eqs.  (IV-12) and (IV-13) into Eq.  (IV-11) 

U!l_j[i_G2]  =  at
2G2 + 2at5^G T SS* - U2 (IV-14) 

at2 §+ Grh^2 + 2at^G + H* - ü2 - (rh) = ° (IV"15) 

'2 * ■&#*) ■ * (^){^f) - (vfi) = • (iv-is) 
Solving Eq.  (IV-16) as a quadratic in G 
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The radical term in Eq.  (IV-17) may be given either positive or nega- 
tive signs.    However,   it can be shown that only the positive sign is 
valid.    Therefore, 

Substituting Eqs.  (IV-17) in (IV-13) 

«n 

(IV-18) 
and 

v - '.t^O [.(. k- ]     Aa 
k -  1     a. 

X     2~ 

(IV-19) 

Equation (IV-19) gives the flow velocity,  as a function of the sonic ve- 
locity at total temperature,  a^-, the average wave velocity increment, 
Aä,  and the average signal velocity,  U.    Mass flow is given by 

= VAd 

where 

(IV-20) 

d = P/RT 

A  =   flow area 
(IV-21) 

Therefore 

-Gff) 
and since [Eq.  (IV-8)] 

■4-<&>ri 

(IV-22) 
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then 

[VAP] 

or 

m 

■+W5I 
[-,2][VAP] 

"•'p-C-i-^l 
Substituting Eq.  (IV-9) into Eq.  (IV-24) for a2, 

[gk     VAP] 

[BkRTt- <*-'>   V2 

(IV-23) 

(IV-24) 

(IV-25) 

The mass flow is obtained from Eq.   (IV-25) in conjunction with Eqs. 
(IV-5),  (IV-18),  and (IV-19). 

FLUID FLOW METHOD 

The mass flow computed from fluid flow data is given by [Eq. 
(IV-22)] 

/VAP\ 
m " V*T) 

Since   [Eq.   (IV-8)] 

Assuming isentropic expansion 

k-i 

H-r 
(IV-26) 

(IV-27) 
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Combining Eqs.   (IV-26) and (IV-27) 

2a. 
vz = 

k- 1 

k-l-l 

£-ß'J (IV-28) 

-■•(^T'-(0 
k-l-f 

(IV-29) 

Substituting Eqs.   (IV-27) and (IV-29) into Eq.   (IV-22), 

I« IJC-l   f 

/p\ k 

AP -^-j'lj-yy. 
"■[« 

k-2 
k 

(IV-30) 
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