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Abstract 

In the Design Climatology Branch, Air Force Cambridge Research Laboratories, 

there frequently arises a need for a global presentation of statistics on the climate. 

As in most statistical presentations the favored type of map is equal-area.   But 

previous maps have been neglectful of the north and south polar areas.   It is 

desirable   to have a projection centered on the North Pole, with habitable land 

masses realistically grouped around the central point. 

The construction of the polar equal-area map is relatively simple for the 

Northern Hemisphere,   In the associated representation of the Southern Hemisphere, 

however, several difficulties had to be overcome.   The entire representation of the 

globe fits into a square with a loss of only 10, 5 percent of the space of the square. 

Whereas the meridians in the Northern Hemisphere are represented by straight 

lines radiating from the North Pole, those in the Southern Hemisphere are elliptical 

in shape,  converging from the equator toward the South Pole in four quadrants.   The 

parallels in the Northern Hemisphere are circles centered on the North Pole,   The 

parallels in the Southern Hemisphere follow the curvature of those in the Northern 

Hemisphere without actually being circles.   Begiming with a conformal representa- 

tion at the North Pole,   the distortion increases southward,  but is never unacceptable. 

Except for Antarctica,   the continents are not split or divided in this projection. 
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A Polar Equal-Area Map of the World 

1. INTRODUCTION 

The construction of a new projection (Figure 1) has been undertaken to improve 

the mapping of world-wide climalological statistics. As in other projections 

(Raisz,   1962) the equal-area feature provides the means for comparing the horizon- 

tal extent of a feature like a cold climate in one region of the earth to the horizontal 

extent of the same feature in other regions.   But, while most previous equal-area 

maps have been drawn with the equator as a central straight line, the need has 

been felt for a top-of-the-world configuration, which would group the large land 

masses more realistically with respect to each other.   In the configuration of 

Figure 1 the continents are not split except Antarctica.   The large land masses of 

the Southern Hemisphere are shown in three of four quadrants.   Beginning with 

conformality at the North Pole, the distortion increases southward, but it is never 

felt to be unacceptable. 

In the construction of the map the plotting of parallels and meridians in the 

Northern Hemisphere i* quite simple.   But. the plotting in the Southern Hemisphere 

was a difficult challenge.    A method was devised, however,  to obtain as great a 

degree of accuracy as is permitted by computer technology. 

(Received for publication 1 June 1973) 



Figure 1,   r'he Polar Equal-Area Map of the World.   The circle and square 
on either side of the map are each one percent of the global area 

2. CONSTRUCTION 

Suppose the earth's radius is unity.    Then the total global area is 4IT,  and the 

area of the Northern Hemisphere is 2ff.   Consequently, for the projection (Figure 2) 

we make the radius of the circle depicting the Northern Ile;.iisphere (OT  ) equal 

to ^2 . 



Figure 2.   Diagram to Illustrate the Mapping of the Global Surface 
in Rectangular Coordinates (x, y) with Origin (O) Representing the 
North Pol*;,   The circle representing the Equator has radius equal 
to s/2 Ui.its.   The South Pole is represented by Q,   The curve (QT) 
representing the meridian (A) in the Southern Hemisphere is made 
elliptical in shape 

2.1   Northern Hemisphere 

The area of the northern hemispheric surface from the North Pole down to 

latitude ^ is 2;: (1-sin tf).    The area of the map circle with radius r corresponding 
2 

to latitude ^is fr .   Since these two areas are equal, the radius r, corresponding 

to latitude 4 in the Northern Hemisphere,  is given by 

7 2(1-sin (t>) (1) 

Both the northern hemispheric global area and the map area,   A,(\),  subtended by 

the longitudinal angle \,  from the North Pole down to latitude (jt,   is 

A .(JO = \ (1-sin (2) 

■ 



'2,2  Soulhern liemiHphttn- Mt-ridiuns 

In Figure 2 the point O represents the North Pole, Q represents the South 

Pole.    Line VT is tangent to the equatorial circle at T, which is located on the 

line OT that makes the longitudinal angle \,  measured clockwise, with OQ.   The 

line VC^ is perpendicular to the line VT.   The curve QT represents the meridian 

of longitude \ In the Southern Hemisphere.   The map distance 

OQ     a (3) 

needs to be fixed as determined below. 

At 0     0,   from Eq. (2) 

area ROT - \ . (4) 

In an equal-area projection the area ROT for the Northern Hemisphere must be 

equal to the area RQT for the Southern Hemisphere.   Thus, referring to P'igure 2, 

Area ROT » Area RQT 

= Area VQT - Area VQS + Area OTS - Area ROT ; 

or 

K = A   - 1/2 VQ2tan\ + tan\ - X. , 

where A . = A: ea VQT.   If 

F(\) = 2\ + {VQ2/2 - 1) tan \ , (5) 

then 

Ac = F(\) . (6) 

From Figure 2, 

QV     VQ = acosX - s^2 , (7) 

VT = aslnX , (8) 

where a is defined by Eq, (3). 

At this point a decision is made to make the curve QT elliptical in shape,  and 
to set its analytical equation (Figure 3): 



y/b / 1  - (x'/a)" + c * RX' , (9) 

where the parameters a,   b,  c,  g need to be selected, or determined,  to conserve 

the equal-area characteristic of the map.   The X1 axis is chosen along, and in the 

direction of,  the straight line VT.   The Y' axis is parallel to VQ although not neces- 

sarily chosen along VQ. 

Figure 3,   Diagram to Illustrate Eq.  (9) of Text 

2. 2. 1    DETERMINATION OF a 

Consider the case for \ =  7r/4 (Figure 4).    To make the elliptical curve T Q 

join OTo as a continuation of OTo, and to make angle V QT ,  in the limit, a right- 

angle,  the area V QT   is made one-fourth of an ellipse with axes: 

a       V T   , o        o   o ' 

b    - V Q . o        o 

(10) 

(11) 

For the remaining terms in Eq.  (9) 

c    ^ g    = 0 . o     ''o (12) 

Since the area of an ellipse is n times the product of the semi-axes, 

Area V QT       (A  )       jra b /4 . o      o co o o' (13) 



Figure 4,   Diagram to Illustrate 
the Elliptical Curve ('J„Q)   if the 
Outer Meridian of an Octant 
(QOT0) 

It is also clear (Figure 4) that 

a       b    *   \ 2 and that o       o 

(X^ 2(bo l- s 2) , (14) 

which, together with Eq, (5) and Eq, (6) for V 

which finally gives 

4,   yields an expression for b 

a--2 -    (-2-)  t   V(—-)"    - 
•T - 2 ,7-2 

2. 64999707341»•• (15) 

With the value of a so established, the lengths of VQ, VT and the area A       F(X) 

are given by Eqs.  (5),   ((>),  (7),  (8) for all other values of X (Table 1). 

Let Figure .'j be drawn for a given \ (<- 4),   so that 

a     O'T 

At T,  where x'     a,   y'     0,  Eq.  (!') gives 

c     -ga (16) 
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Differentiating (fl) gives 

1  dx_ 

a   Vi -Jil 
I.   <l   • g '   „2     / V       ' <17) 

a 

whii-li implies that the elliptical curve TCJ meets the tangent VT,  to the fircle 

representing the equator, perpendicularly, and therefore Is a continuation of the 

line OT (Figure 2) 

At Q,  where x'     a - VT,  y'     VQ,  Eq.  (9) gives 

V9_    Vi . (i .XI) " . gvT . (in 

At Q, set 

limiting angle VQT     2^ . 

It was found generally necessary to make V >\,   so that Eq, (9) would have real 

numbers.    From Eq.  (17) 

(1-^) 
-4cot2\'     g-f      . a __ ■; -  . (19) 

a 

Solving Eqs, (18) and (19) for g and b respectively in terms of a. 

b      [vQ-VTcot 2X0.. 
h - cf •' ' U1' 

where 

e VT/a , (22) 

f 1-e, (23) 

h 1-f2, (24) 

j v li . (25) 



For the partial elliptical area VQT (Figure 3) 

A.       / y' dx' , 
f        'a-VT 

which,  with Eq.  (9),  gives 

A    ■- (ab/2) [7r/2 I- gah - I'j - sin"1!' + 2ceJ , (20) 

which,  together with Bqs«  (5) and ((i),   becomes a solution for the parameter a, 

provided a value is selected for \x, 

To make (K'-X.) small but large enough for a real curve (TQ), a formula was 

adopted for X1: 

\ .  exp [l/3 X1^2 (7r/4 - \) ]   . (27) 

The results of (27) for \\  (2()) for a,  (20) for g,   (21) for 1 ,   (16) for c,  are as 

shown (Table 1) corresponding to meridional angles of 0.01    and from 5    to 4;') 

in 10    steps.    The values for the parameters have been cakulatcd to 10-figure 

accuracy.    On a desk computer each set of solutions of a,  b,  c,  g,  for given \, 

were obtained in less than five seconds,  even though the parameter a was obtained 

by trial and error. 

With respect to a common set of (X, V) axes (Figure 2) centered on the North 

Pole,   for given \, 

x - C,-  +Nr2)sinfl+ (x'-a)c(s ), (28) 

y = (y1 + N^2) cos 0 - (x'-a) sin 0 , (29) 

whore f) ■■ (;r/4 + \) . 
Thus any meridian (X.) in one octant of the Southern Hemisphere can be plotted 

as a curve with respect to the (X, V) axes with origin at the North Pole.    Bach 

point (x, y) on the meridional curve (TQ) is obtained for a given x': 

a-VT  < x' < a . 

Conversely,   from (9) and (28) , 

where 

k     cos o + bgsin 0 , 

m     (be + N
A
2) sin n - a cos 0 , 
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p    k2 ¥ b2sin2 0/a2 , 

q    k(m-x), 

r     (ni-x)    - b  sin   ß , 

Then x1 can be given in terms of x : 

x"       (-q ^ vq    - pr )/p . 

2.3  Southt-rn HiMiii-iilicrf I'urulU-ls 

So far, the solution has yielded equations for the plotting of meridians. Since 

the shape of the meridians was assigned, the shape of the parallels must follow as 

a consequence,   subject to the constraint that the map is an equal-area projection. 

Consider the point F (Figure 5) along the elliptical curve TC^ to represent the 

point of latitude (J,  longitude \,   in the Southern Hemisphere.    If an adjacent curve 

T.Q is drawn,  such that the angle subtended by T.T at O is the small increment 

6\,  then the small incremental area F.QF must be made equal to the corresponding 

small incremental area in the Northern Hemisphere,  which is given by Eq. (2): 

A,(6\)     6\(l-sin(J) . (31) 

Figure 5, Diagram to Illustrate 
Two Neighboring Meridians That 
Differ by a Small Angle (6M 
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With respect to the (X, V) axes, therefore, 

6M 
X 

1 -sitKj )        f (Av) • <ix   , 

where 

(32) 

(33) 

v. is the V coordinate of 1". assuming that its X coordinate is the same as for F; 

(34) X, X 

For the elliptical curve T.Q the parameters \\'    I'(v,),  VQ.,  TV,, a., !>., 

c.,  g.] can be determined in the same manner as for the curve TQ,  which was 

done for6\     0.001    (Table 1).    The solutions for (x,   y),  using for (32) the approxi- 

mate relation 

K.Vj-y) Ax     o\-(l-.sin^> 

for    \     0.01°   and 5° to 45° in steps of 10 

(35) 

and for each 4>      80    to 10    by 10   steps and from 10    to 0    by 1    stops arc as 

shown (Table 2). 

The incremental steps on x were made 

Ax      | a/ s2 -  v2(os (-,'4-\)] ,'300 , (36) 

and found to be sufficient for the determination of coordinates (x, y) corresponding 

to (0, \) to .'? decimal-point accuracy (Table 2).    An exception was made on the 

boundary meridian \     45    for 0     HO   and 75 ,   for which the denominator in (36) 

was made fiOOO,   to obtain the coordinates (x, y) with a sufficient degree of 
accuracy. 

*^ilirV*JW~ 
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