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AN EMPIRICAL EQUATION FOR PREDICTION OF
1RANSITION LOCMATION ON CONTS IN SUPER-OR HYPERSONIC FLIGHT

Prepared by
Neal Tetervin

ABSTRACT: An empirical equation has been develcped for the prediction
of transition location on blunt and sharp cones. The equation predicts
the transition location fairly well for 48 ballistics range tests

for cones without ablation and for 40 flight tests for cones with
ablation ranging from zero to large. The equation is applicable for
cones in supersonic or hypersonic flight. The experimental data

cover a range of local Mach numbers at transition from 2.8 to 14.7

and a range of the ratio of local wall to local stream temperature

at transition from .074 to 1.43.
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AN EMPIRICAL EQUATION FOR PREDICYTION OF TRANSITION LOCATIGCN
ON CONES IN SUPER-OR HYPEFRSOMNIC FLIGHT

This repor* presents the development of an empirical ecuation
for tne prediction of the location of transition on cones in
supersonic or hypersonic flight. This work was supported by the
Naval Ordnance Systems Command under Task No. ORD 35A-001/UF/32-
322-50C5.
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Symbols

constant
arca of cone cross section at XT
constant
constant

—_—— friction coetficient

a2
U (%%—) ' approximgtion to the rate of diss;pation o
fluctuat lon kinetic energy per unit volume

transition parameter, defined by Equation (34)
transition parameter, defined by Equé¢tion (33)
constant
constant

Mach number

constant
X g
nose P’ ®
5.0 Aoy normalized mass ratio for frustum,
© (same as m of Table 7, Reference 9)
constant
- pu'v! du , approximation to the rate of product;on
Y of fluctuation kinetic energy per unit
volume

Prandtl number

2 2 2
w' + v' + w' ), twice the fluctuation kinetic energy

per unit mass

recovery factor

Deuee

He

, Reynolds number based on momentum thickness 6

peuex

ke

: Reynolds number based on X

surface area

temperature

iv
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Symbols
u X component ol velocity
u_ free stream velocity, far ahead of body
v Yy component of velocity
X distance along surface of cone in plane through axis
of symmetry
y distance perpendicular to surface

v
<

ratio of specific heats

32%" (1 - %—) dy momentum thickness
e e e
°

<

. viscosity
kinematic viscosity
density

- T <

shear stress

Subscrigts

e at outer edge of boundary layer

at value of X at which laminar boundary layer first
becomes unstable

[N

recovery value

at transition

at surface

at reference conditions
far ahead of body

L: g8 * £ ¥ K

uperscripts

J

time average value

.

—

~—
-

fluctuating quantity
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INTRODUCTION i

The object of this investigation is to develop a method for
predicting the location of transition from laminar to turbulent
boundary-layer flow on conical re-entry bodies. Accurate prediction
of the transition location is important because the heat flcw to
a surface is much larger wuen the boundary layer on the surface is
turbulent than when it is laminar. Because of the high heat-transter
rates during re-entry, the difference between turbulent and¢ laminar
heat-transfer rates is so large that the variation of transition
location with altituvde is an important factor in the choice of
surface material and its thickness distribution over the body.
Material that is too thick may fail because of thermal strain.
Material that is too thin may fail by burning through., Moreover,

, the nose shape for an ablaiing body depends on the variation of the
i transition location with altitude and thus so do the aercdynamic
- characteristics of the body.

Attempts to predict transition location began about forty years |
ago aud pertained to wings and bodies. The main parameter was
usually a quantity at the transition point, ordinarily a boundary
layer-thickness Reynolds number. The assumption that transition
occurs at a constant value of a boundary-layer Reynolds number some-
times gave usable results for a more-or-less fixed pressure
distribution. Later, Michel (Ref. (1)) developed a more general
. and seemingly more reliable empirical relation between Rgy and Rey,
s at transition on airfoils. This correlation is claimed to give
sufficiently accurate calculated profile drag coefficients (Ref. (2)).
More complicated methods have also been tried. One is a correlation
of (ReeT - Reei) with the average value of the velocity profile

shape parameter betwcen Xp and Xj (Ref. (3)). Another (Ref. (4)) i
uses a family of similar profiles to represent the velocity profiles i
in a laminar boundary layer. For each of the similar profiles the :
, amplification rate of a small oscillation in the velocity in the :
5 laminar boundary layer is computed as a function of the Reynolds :
number. The amplification rates for the velocity profiles along )
the boundary layer are used to calculate the total amplification of :
a small disturbance that begins at the stagnation point and moves P
downstream. The totul amplification up to the measured transiticn
point was calculal>d for a number of cases. Transiticn usually
occurred for an amplification of between about e’ and e!?, A value
of about e!? secmed to give a good correlation between the measured
- and calculated values of Re, . "his method is complicated and seems

v dmem.

not to be used by smith, its developer. 1In Smith's latest paper

(Ref. (2)) he uses Michel's method. Thus, about forty years after
the first attempts, the preferred method for the prediction of o
transition in incompressible flov scems to be Michel's method, an ‘
empirical relation between ReeT and RexT, whose limits of applicability

<

are indefinite. Moreover, Michel's relation (Ref. (2)) has not been
shown to apply when there is flow through the surface or when the
surface is rough.

i
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For compressible flow it is more difficult to predict the
transition location than it is fcr incompressible flow. “or
incompressible flow over smooth solid surfaces only the pressure
distribution and the Reynolds number matter. For compressible flow
there are also the Mach number and the wall-to-stream temperature
ratio. 1In practical problems, flow through the surface and roughness
are additionul parameters.

As already mentioned, the ooject of the present investigation is
to develop a method for predicting the transition location or conical
re-entry bodies. The method consists of attempting to find variables
that allow a correlation between them and the transition location.
Only flight and ballistics-range data arc used i) order to avoid the
transition-causing-disturbances emitted from wind-tunnel wall
turbulent boundary layers. Althounh some sound disturbances can
be present in a ballistics range, the inference from Reference 5 is
that such disturbances probatkly have even less effect on transition
than those in a wind tunnel whuse walls are covered by laminar layers.

ANALYSIS

A fuggestion for choosinq correlation parametess is sought from
the velocity fluctuation kinetic energy equation (Ref., (5)). An
approximation to the production of fluctuation energy is taken as

2

Py ]
-putv? %% and an approximation to its dissipation as u(%%— .
P

The ratio 5 between production and d. :ipation of fluctuation enerqy
is thus

gi e 9Y (1)

To put P in a more useable form the terms in Equation (1) are
written in non~dimensional form so that Equation (1) becomes

u
'Ge ) avv’'
ay/¢ ue*

P Ve

5~ Rey & — (2)
33—
(ue_
3y/ 0
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which can be written

CTY AN SN, B
[l

ue = —-f_ ‘R .ES (3)
2 Gy ouw

<

A I

. Tl bl

: It 1s now assumed that both —— and
- 2

5. ue 3 *

. TN 8 .

to the maximum valuc of (EE' at a cross secction of the boundary

are proportional

layer aad thus to one another. Then Equation {/) becomes

!
i
}
}
i
c o N
T~y 2(¥8) (28 L (5)
!
{

fad A B MR 1

ey ‘v uw’ 2

The friction coefficient in Equation (5) is approximated by the
reference temperature formula for a laminar boundary layer (Ref. (7)),

;-’3 = ko ey (6) : .

Re9 e’ ‘pe |

The quantity v in Egquation (5) is evaluated at the reference -
temperature. Then Equation (5, becomes . .

P
-D--R

Hey pkyo
ey (m) (E‘:‘;) (7)

The viscosity is assumed to be given with sufficient accuracy by

m -
ue _ Te '
w - L) (8) Y
Then Equation (7) becomes
m 2 e
P 'lle 'l‘e .
b~ Roymd () )
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pf?\ The equation for the rate of change of fluctuation energy is P
' approximated by T
S ! . 9 2 —— Ju au'_i i
R Pelle = ~ = OTTV' x% = ulxr) (10) i
v .
. nr with Eguation (1} %
. | i
. g
¥ Pele Fq_ au [— - 1] (J1) ;
e :
W : when the varjation of ug with X is neglected, Equation (1ll) can

be written as *

-—2 . e et et
ag_ L ] 2
ug? (=) 0% e B~ 1) (12)
3K TRep \5 ¥ b
7]

. The ratio (ﬁa) in Equation (12) is replaced by ( ) and Equation

:\" (9) is used for . Then Equation (12) becomes
2 —c
. 3%-5- (11*) u!
S8 e ue Te M Te, ? -
g W TRes \ 3y [Reo ) &) -1 (L2
f;k, or
PO —-
i 2 ’
.- aL (L‘*) Qu. 2
8 ue? e ‘ue [18 m Te,? 1 ]
R ! ~ = (=) o) - 57 (14)
e aX E] b‘% T Re9
.‘ o - . . . Te Te
. It is assumed that g=— is negligible when compared with (T ) (T*) ;
*7) e
Ty 0
;- Equation (l4) then Lecomes

2 m 7 \2
3%-52 (Te (E" (
| ue' (15)
| 3 5 \

3//n

4 N -
i e Al o Sz ki . a5 e
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The term ue is assumed to be proportional to the magnitude
a¥/ 0
. . a 7 1]
of the fluctuations in velocity and thus to (i-y). Then Equation
(15) becomes ue

o Ly (Te, T
1 Bue . Tw Te'
= =< 5 (16)
)
or
X
—
(%37) ~ exp ./~ = dxX o (17)
(32 (z=)
Te Te

If A(%éy) has to reach some more-or-less fixed value for transition
to occur, Equatiocn (17) implies that

X

X (18)
vy Xy g
Te Te’

For the purpose of this rough analysis the ratio %5 in Eguaticn
dRe

(18) is replaced by ; this neglects the variation with X of

Re
lv]
the local Reynolds number per foot,%%. Then Equation (18) becomes

Re
- “Xp dRe
3 _
] m Tem =K (19)
(Tw) (T*) R
Te Te €9

For cases in which the integrand in Equation (19) varies with Re, in

v 2 -
(2X)

m
roughly the same manner, the quantity [(%g) To

m
Reel should
T
fall in a more or less narrow band when plotted against R87T° That

is, approximately,

A L i il il
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_ Tw. ™ T 7T
Reyy = FUTE) (1) Reg] (20)

T

The value ¢/3 for m in Equation (20) is assumed to be precise
enough for the present analysis. Also, the expression for

(%é) in Equation (20) is taken from Reference (7) and is

I _ 1 Tw Yol e

Te = 3 Fg + 1) + .22x 7~ Me (21)
For the present correlation attempt, the recovery factor r in
Equation (21) is taken as .84 and y is taken as 1.4. Eguation (21)

i then becomes

. T« . 1 ,Tw 2
{ Te = 3 (Te + 1) +,037 Me (22)

The result then is

4 o
Rey = F {(TE 73EEE + 1)+.037 Me?] /3Ree}T (23) |

The data used to test the supposition (Eq. (23)) are those in
References (3) and (9). The data from Reference (8) are for no
ablation., There are three tables of data in Reference (8). The
tables give the values of RexT' Ree and MeT which were used in

Equation (23). The values of (2—) needed in Equation (23) were

T
obtained from the values of (——) given in the tables of Reference (8)
by the expression T

%% = %%(1+/§? 1§£ Me2), (24)

or witan VPr

.84 and vy=1l.4,

%—“é = TT% (1+.168 Mg?) (25)

The first tabie in Reference (8) is headed, "Temperature ratio
investigations." This table contains data for sharp 5~degree half-
angle cones tested through a free-stream Mach range from 2.95 to

8.29. The second table is headed, "Mach number and body geometry
investigations." This table contains data for 37 57 6.35 and 9-degree

o~ ——

(o)}
- e 1*’-'-.- o« ;c;‘-|-“
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half-angle cones with nose-to-base radius ratios from ,.012 to ,10.
The frce-stream Mach numbers varied from 6.7 to 12,8, The thixd
table is headed, "Drayg Mcthod." This table contains data for 6.3-
and 9~degree half-angle cones with nose-to-base radius ratios from
.017 to .12, Th2 free-stream Mach numbers ranged from 9 to 15. The
range in %? covered by the conmplete set of tests listed in the three
takbles was from .026 to .265.

2 4
Tw, /3 1 Tw ‘ 2, /3 -
'-I‘-é) ['2' (-T'z + 1)+,037M,°) Re()] , called

T

The parametes {(

e
O

T is plotted against RCYT in Fiqure 1l(a); each set of data has

its own symbol (see Table 1), The data lie in a fairliy narrow band.
The variation in RQKT for the same Gp is in general no larger than

the variation in RexT in Reference (8) for the same flight conditions.

The data showri in Figure l(a) were fitted by a least-squares
egquation of the type

- P
Pegp = 2 Cp (26)

with the result

2.259 x 10% ¢ 7764
XT T

I

Pe (27)

The plot of this equation is shown in Figure 1l(b). The Equation

(27) is plotted on a separate figure from Figure l(a) so that the
distribution of data in Figure 1l(a) can be observed without the
intrusion of the effect of a curve tirough the data. The dashed
portion of the curve in Figure 1l(b) is an extrapolation beyond the
range of the data. The Equation (27) seems to fit the data with
acceptable closeness. A better representation can probably be
obtained by using a more complicated expression than Equation (26) or
even by drawing in a curve by "eye."

In Figure 2(a) the 40 points of "highe-quality" flight data
from Reference (9) are shown. The identification code for each
point in Figure 2(a) is given in Table II. The data cover a range
of (ree-stream Mach number at transiticn from 3,17 to 23.70. The
data include a ranye of cone angle, nose radius, and various
combinations of materials for the nose and frustum of the cones.
specific information is given in a classified appendix to Reference
(9).

When the puints Gq, RexT were first plotted, those for large
values of ﬁf, the ablation_on the frustum of the cones, fell too
far from those with smali m, for the present method of correlation

i
to be satisfactory. The cuantity me is called m in Table 7
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of Reference (9). 1t was found that a satisfactoury coxrelation for
all the 40 points of Reference (9), both those for high and low
ablation. was obtained when Gr was replaced by G where

Gap = Gp for mg & 1077
and
G -3 I -3
Gep = — x 1077 for mg 2 10 °,
Mg

The correlation shown in Figure 2(a) is Gxq against Reype The values

of &f are those given in Table 7 of Reference (9). The values of

(%ﬁ needed in Equation (23) wcre obtained from the values of (Eﬁ
e,r TNT

given in Table 7 of Reierence (9) by the relation

-1 2

Tw _ Tw 1+ 2 Me (28)
Te To -1 2
1+ Meo

v Tu 52 ey (29)
Te Tw + Mo

A least-squares expression that fits the data of Figure 2(a)
in a satisfactory manner is

4 727¢ .

Re, = 3.120 x 10" Gamp® (30)

X
A plot of this expression is shown in Figure 2(b).

Figure 3!/a) shows all the data, both ballistics range and
flight. A least-squares expression that gives a satisfsctory fit for
all the data in Figure 3(a) is

Rey, = 2932 x 104 Gug * 7370 (31)

A plot of this expression is shown in Figure 3(b).

S A PO

-~ -

"'\‘S\".‘.__ A b

=
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Finally, summing up, the expression which correlates all the
data considered is,

Rogp = 2.932 x 104 Gup* 7370 (32)
- A ) where - -3
E Gy = G for m; X 10
E £ (33)
= and G -3 - -3 N
S Gy = = x 10 for me 2 10 -
I E me ‘
. and 4
2/3 1 Tw k] :
= (I Tw 2 3 ' -
G = (Te IT (Te + 1) +.037 Me®]~ B_ 34) "
! ' The data correlated by Equation (32) cover a range of Meq from _’
2.8 to 14.7, a ranyge of (%%) from .074 to 1.43, and a range of 5
» - T '
3 ablation parameter me from 0 to 17.7 x 10-3. i
_, DISCUSSION .
= It is obvious from the derivation of the relation
.; Reys = F {G*rp) (35)

that many approximations have been made. Consequentiy, although

_ a satisfactory correlation has been obtained for the 88 points in

" Figure 3(a), there is no guarantce that experiments in which some -
. : conditions differ sufficiently from thoss for these 88 points will

yield values of Gxp and RQXT that will cunform to the present
- Tw

correlation. One point that must be stressed is that Reyr Tgv Me,

and Rejy must be calculated by the same procedures used in References

{(8) and (9). The calculation procedures, especially for blunt cones

and for cones whose shapes are changing because of ablation, are :
part of the correlation procedure. If other calculation methods are ¢
used, the user must be prepared to obtain new correlations, hopefully [
involving the same variables used in the present investigation.

In Michel's method (Refs. (1) and (2)) the computed curve of i
Rep versus Re, intersects the correlation curve of Regqp versus Rexr .

value for Resq or RQXT. A trial of the present procedure was made
for sho:t number 5885 and shot number 5874 (Table I), ccies for which

i at a small angle. This often makes it ditficult to obtain a definite }
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Te and Me varied with X, For each of these two cores the intersection
angle between the curve of G against Rey and the correlation curve of
Figure 3 was large enough so that RexT could be read without difficulty.

This is probably A genecral result for the present method. Thus, for

%g and Me independent of X, Equation (32) becomes

.7370
R = 36
exp Co RQUT (36)
For a sharp cone, however,
Rex = Cl Reoz (37)

The difference in tne value of the exponent of Rey in Equations
(36) and (37) probably implies an angle of intersection large enough
to eliminate Jilficulily from this source.

The roughness of the surface does not appear as a parameter in
the expressicn for Gs even though transition is known to be affected
by roughness. Because a correlation of the 88 points is obtained
without a roughness parameter it probably means that the roughnesses
of the various materials were small enough not to exert a noticeable
effect.

p.V
Like the roughness, the blowing or ablation parameter Eﬁaf does
e
not appear explicitly in Gx. The calculated Reynolds number Reg,
PyVw PuVw
however, depends on - and so Gx does depend on .
Pele Pele

Equation (20) was obtained from Equation (19) by limiting the
cases to those for which the integrand in Equation (19) has roughly
the same type of variation with Rg,. All of the data in References
(8) and (9) seem to be for transitlon on the cone frustum. Consequently,
if transition occurs on a blunt nose the variation of the integrand
in Equation (19), which is G-!, with Re, may differ sufficiently from
its variation on the frustum for a pointGwpg, Reyqn to fall too far

from the band of points in Figure 3. Experiments in which transition
occurs naturally on smooth blunt noses are therefore desirable to
test the correlation method's ability to pradict transition on blunt
nosec. Some modification of the courrelation may be necessary.

CONCLUSION

An empirical eguation,

’

4 7370
R = 2,932 x 1 Gaem®
eXT 2 0 *rp

has been developed which predicts the transition location fairly well
for 48 ballistics range tests for cones without ablation ard for

10

—

[ A R e e
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40 flight tests for cones with ablaticn ranging from zero to large.
The cxperimental data cover a range of Mep from 2,8 to 14.7, a

range of (%%) from .074 to 1.43, and a range of abiation parameter
T

ﬁf from 0 to 17.7 x 10-3. Nose tips range from sharp to fairly blunt.
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TABLE I - IDENTIFICATION OF BALLISTICS RANGE DATA POINTS

Temperature Ratio Investigation X

T ! )
Shot No. : Ry X 107¢ | shot wo. Reyy* 10 6
4046 | 277 y 5041 5.25
4047 E I 5042 4.40
4048 L : 5043 9.20
4051 2.35 ] 5049 7.67
4056 6.68 5 5050 5,36
4057 | 6.04 ! 5467 4.98
4058 5.81 | 5468 4.42
4059 | - 3.96 } 569 4,91
4060 3.13 ! 5470 4.69
5036 5.46 ) 5462 9.32
5037 5.25 | 5474 11,56
5039 9,23 ' 5475 | 7.29
5040 8.11 \ ;

| i

Mach Number and Geometry Investigation +

e

5697 8.7 | 5840 1.3
5699 14.2 ! 5343 11.1
5707 11.4 : 5857 12.6
5708 6.0 ; 5874 0.5
5776 0.6 5881 .3
5779 7.0 5885 , 15,2
5802 12,1 5895 , 1.9
" 5836 1.1 i ;
- . = i
Drag Method [
E Dl 6.8 | D5 2.4
b D2 6.8 D6 1.0
i D3 16.3 D7 3.4
| D4 5.6 D8 3.3
|

See Reference (8) for more information for each data point,

Data points that do not appear in Figures 1 or 3 have values of

GT< 1lqo0,

['>
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TABLE Ii ~ IDENTIFICATION OF FLIGHT DATA POINTS

| Body Symbol Reyp X 10”8 Body Symbol Reyyp X 1078
LS
BO1 0 49.4 co5 w) 12.3
B0O2 0 29.1 Co6 o 4,35
BO3 0 21.3 sJl 0 51.8
B04 0 18.8 502 0 86.5
BO5 0 15.6 €03 0 47.4
BO6 0 1.17 S04 0 34.6
BO7 0 10.3 S05 Q 4,78
BOS 0 1.45 507 ¢- 9.50
B10 o) 0.81 s08 QO 17.0
B13 0 2.53 s09 0 1.18
B15 0 2.36 S10 0 29.1
B0O9 o 13.7 TOL 0 11.1
Bll O 0.40 T02 0 41.1
B12 o 0.33 TO2 0 16,5
Bl4 'S 0.44 TO5 0 14.6
Bl6 S 0.47 T06 0 16,1
col v 5.3 TO7 0 15.8
co2 A\ 21.4 TOS 0 15,3
Co3 Q 9,18 TO4 | 24,1
co4 Q 6.32 T10 | 12.5

See Reference {9) for more information for each data point.

Data points that do not appear in Figures 2 or 3 have values of

G*T <100.
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