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* An account is given in the.boeok of the
variational method of the solution of
physlcally and geometrically nonlinear problems
of the theory of heterogeneous slightly curved
shells, Examined are the bending and super-
critical behavior of plates and conical and
spherical cupclas of variable thickness in a
temperature field, taking into account the
dependence of the elastic parameters on tem-
perature. The bending, stability in general
and load~bearing capacity of flexible isotropic
elastic-plastic shells with different criteria
of plasticity, taking into account / compres-
sibility and hardening are studied. The effect
of the plastic heterogeneity caused by heat
treatment, surface work hardening and irradia-
tion by fast neutron flux is investigated.

Some problems of the dynamic behavior of
flexible shells are solvéed. Calculations are

performed in high approximations. Considerable -

attention 1is given to the construction of a
machine algorithm znd to the checking of the
convergence of lterative processes. .

The book is intended for sclentific and
technical personnel who are engaged in. the
problems of the theory of shells. It can be
useful to instructors, graduate students and
the students of colleges.
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EDITOR'S COMMENTS

Research on the effect of the physical and geometric non-
linearity on the behavior of slightly curved shells 1s a current
and sufficiently complex theoretical problem. Recently con-~
siderable attention has been given to the development of
different methods of calculation which, in supplementing each
other, make it possible to satisf{y completely the demands of
practice.

In the book proposed to the reader an account is given of
the variational method of the solution of nonlinear problems
of the theory of sligntly curved shells, especlally convenient
in cases of elastic and plastic heterogenelties whlcn appear
as a result of those or other physical effects on the material.
Starting points in the construction of this method were works
on the varliation equations of the mixed type of N, A. Alumyae,
Kh. M, Mushtari, K. Z, Galimov and according to the method of the
varlabie paremeters of elasticity of I. A, Birger. Largely

é used ls the experience accumulated in the Kharkov branch of

? the Institute of Mechanics of the Academy of Sciences of the
Uxrainian SSR (now the branch of the Institute of Technical
Thermcphysics of the Academy of Sciences of the Ukrainian SSR)
of the use of variational methods for the solution of linear

problems of the applied theory of elasticity. The construction

PTD-MT-24-~220-73 vi
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- of an effective algorithm and the implementation of calcuvlation
on a computer are examined The work carried out by the author
in ¢his direction made it possible to calculate in high
approximations, This again made 1t possible to be convinced of
the fact that the varlational methods can give nct only
qualitative but also good quantitative results.

Considerable attention is gliven 1n the book to the direct
study of the bending of slightly curved shells of rotation
and circular plates with a separate and jJoint account of the
geometric and physical nonlinearities. An analysis of the
effect of the variabll!t: of thickness, plastic heterogenelty,
temperature field and eias lc heterogeneity caused by them is
given., By she method of direct determination of critical states
new data on the stability of shells in general are obtained.
Investigated are the greatest lcads which the flexlble elasto-
plastic slightly curved shell can receive, The nonlinear
problem of the behavior of a shell under the action of a dynamic
load is examined,

The data presented by the author develop the nonlinear theory
of shells and can be used in the practice cf design.

. FTD-MT-24-220-73 . vii
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CHAPTER I
STATE OF THE PROBLEM

The rapid development of the nonlinear theory cf hetero-
geneous shells 1s caused by the urgent necessitles of practilce.
The wlde apnlication of new materials and the use of shells
in unusual conditions with a great intensity of external actions
urgently require the further perfection of methods of calculation.

In the book geometrically and physically nonlinear problems
for homogereous and heterogeneous isotropic shells within
limits of the accuracy of the technical theory are examined.
This direction covers a wide range of questions connected
with the strength, stability and load~bearing capacity of
slightly curved shells and plates,

Calculation of the geometric nonlinearity is necessary not
only for the search of critical loads which determine the
boundary of the stabllity of the structural element, but also
for the precise calculation of stresses in the subcritical area.
The Jolnt calculation of the geometric and physical nonlinearity
makes it possible, without introducing the concept of a plastic-
rigid body, in more detail to study the interconnection of
load-bearing capacity and stability. The development of methods
of calculation of heterogenecus flexible shells makes 1t possible
to establish the features of thelr behavior and utilize the
obtained information in the designing.

b
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The brief survey given below 1s not meant to be complete,
and a number of trends is not reflected in it. Specificaily,
the studies of the nonlinear concentration developed by the
school of G. N. Savin, thermoplastic probiems, and problems of
stability in particular are not dealt with, The selection of
the materizl 1s dictated by its connection with the basic
content of the book uznd the method developed in it. Thus, the
known methods of the solution of problems are estimated from the
viewpoint of their use in the case of a heterogeneous body.

1. The Methods of the Solutiocn
of Geometrically Nonlinear Probiems

An outline on the history of development of the theory of
flexible plates and shells is given in A. S, Vol'mir's work
[22], and therefore let us note only the main development stages
of this theory.

The bases of the theory of flexible plates were laid by
the well-known Russian Scientist I, G, Bubnov, T. Karman gave
the general equations for the plates, In 1949 V. Z, Vlasov
obtained the system of differential equations of the theory of
flexible slightly curved shells. Nonlinear equations of the
cxisymmetric deformation of the flexible slightly curved shells
of rotation were derived by D, Yu. Panov and V., I. Feodos'yev.
The system of differential equations for flexible slightly
curved heterogeneous anisotropic shells was obtained in Cartesian
coordlnates by I, Stavskiy [135], and for plates of small
deflection - N, A. Lobkove and L. A, Il'in [74]., A great con-
tribution to the substantiatlon and development of the
geometrically nonlinear theory was made by S. A. Alekseyev,

A. S. Vol'mir, I, I. Vorovich, K, Z. Galimov, Kh. M. Mushtari,
V. V. Novozhilov, A, V. Pogorelov, and V. I, Feodos'yev.

FTD-MT-24-220~73 2
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In the initial period of development of the nonlinear theory,
the basic method of the solution of the problems, just as in
other fields of nonlinear mechanics, was the small parameter
method. However, it was soon clarified taat the region of its
use was limited, Over a prolonged period of time a large part
of the problems was solved by P. F, Papkovich's method. According
to this method the deflection should be searched in the form of
the sum of the products of the coordinate functions, which
satisfy all the boundary conditions, by the indefinite parameters.
By substituting such a sum into the equation of the compatibility
of deformations in the middle surface (linear ~elative ¢o the
function of stresses) and integrating it analytically, we find
the expression of the function of stresses in terms of the
unknown parameters. This makes 1t possible further by the
Bubnov-Galerkin method to solve the equation of equilibrium
in the projection on the ncrmal to the middle surface. By
precisely this way (and, for the most part, in first approxima-
tions) many problems were solved by A, S. Vol'mir,

V. I. Fecdos'yev, E, I. Grigolyuk, 4. A, Koltunov and other
researchers. According to P. F. Papkovich's method, in general
1t is possible to ob:ain the system of algebraic equations of
the third power. The use of a computer permitted using

P. F. Papkovich's method in high approximations.

K. Z. Galimov [26] proposed the method opposite to
P. F. Papkovich's method. By varying only the function of
stresses and assigning it in serles after substitution of the
function into the =quation of equilibrium we obtain the
expresslon of deflecticn by ¢. This makes it possible further
by the Bubnov~Galerkin method to solve the equation of com-
patibility. By using for calculating one obje:t the methods
of P. F. Papkovich and K. Z. Galimov, it is possible to obtain
a two-sided estimate of the solution,

B
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It should be noted that in the case of the heterogenelty
of the material or nonuniform shell, the equations of equili-
brium and compatibility will include the first and second
derivatives of rigidities -~ functions of the coordinates ~ and
the structure of these equations will be noticeably complicated.
This will make the aralytical solution of the equation of com-
patibility (equilibrium) impossible and will make the numerical
solution of the equation of equilibrium (compatibility) by
Bubnov~Galerkin method difficult.

Having somewhat greater possibilities is the direct use of
the Galerkin method to the system of equations of flexible
slightly curved shells at which the deflection w and function
of stresses ¢ are assigned independently in the form of a
serles with undetermined coefficlents. This makes it possible
to reduce the problem to the system of quadratic algebraic
equations, A certain inconvenlence of this method is the need
for the assignment of coordinate functions which accurately
satisfy all the boundary conditlons and the algorithmic
difficulties in the case of the heterogeneity of the material,

Among the methods of algebraization (reduction of
differential equations to algebraic) of geometrically nonlinear
problems, the net-point method occupies an important place.
The basic results of appl:i*ng thls method belong to M, S. Kornishin
[63]. Numerical data for diverse cases of the bending of the
plates and slightly curved shells of constant thickness,
calculated by the net-polnt method, are given in a monograph
[64]. The net-point method is widely used also in works of
American sclentists [7, 83, 115] and others.

The net-point method reduces to systems of quadratic
algebraic equations with slightly filled matrices of coefficients.
The automation of the composition and solution of such systems
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is difficult. Just as wnen using the method of Bubnov-Galerkin,
calculation of the heterogeneity of the material complicates
the algorithm.

Diverse variants of methods of the Bubnev-~Galerkin type
and successive approximations are develored in I, V. Svirskiy's
work [971. Some results for plates and panels of rectangular
form are obtainea when using the methoc of V. Z, Vlasov, which
consists in the reductlion of partial differential equaticns to
the system of ordinary diffential equations [91].

A unique means of the solution of nonlinear boundary vslue
prcblems for systems of ordinary differential equations was
proposed by N. V. Valishvili [16, 17]. Its method does not
require the approximate transition to algebralc equations but
consists of the combination of the usual iterative method of
the :.olution of systems of transcendental equations with the
repeated solution to the Cauchy protlem., This made it possible
to consider the axisymmetric deformation of spherical slightly
curved shells whose charactericcic, the load-deflection, has
a complex form. Earlier load - deflection graph with loops was
obtained by Meskoll [78], Similar dependences appear under the
assumption of axial symmetry in shells with the 1ift above the
plane of approximately more than five thicknesses., However, such
shells lecse stability In axlally nonsymmetric forms [22]. The
value of N. V., Valishvili's method consists in the fact that the
atcuracy of the results is determined only by the accuracy of
the solution of the Cauchy problem.

The method of calculation of the knocking of shells, based
on the geometric analysis of the bending of surfaces, was pro-

posed by A. V. Pogorelov [92].

Ritz's method, which is rather widely used for the solution
of linear problems, is hardly used for geometrically nonlinear

Nty
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problems. The solution by this method of nonlinear problems,
formulated by means of a mixed type of the variation equation,
comprises the baslic contents of the book. Some basic information
about this approach i1s given in Section 4 of this chapter.

Without discussing the methods of the solution of the systems
of algebraic equations of geometrically nonlinear problems
(a survey of these methods is given in work [97]), let us note |
that the effect of great deflections 1s investigated mainly for
plates and slightly curved shelis of constant thickness with
a uniform lsotropic material.

Devoted to an account of the temperature fleld, heterogeneity, :
anisotropy and varlability of the thickness in a nonlinear f
formulation are the single works fulfilled for the most part |
in the first approximation.

2. Physically Nonlinear Plates
and Slightly Curved Shells

[PV

Surveys of the examinations of the bending of uniform plates
and shells with nonlinear connections between the deformations
and stresses [71, 103] attest to the fact that in the majority
of the cases the doformation theory of plasticity is used. This
theory is comparatively simple, and although it is precise only
for the direct weans of loading, recently it was possible to
Justify 1ts use in a wider region (see Chapter VI). Furthermore,
it 1s necessary to consider that at present still there are no
theories which are more reliably checked than the deformation
theory [(57].

4 For calculating the plates is widely utilized the net-point
' mcthod 1n conjunction with the method of elastic solutions [104].
A large role in the develcpment of the theory of elasto-plastic
plates is played by works of A, S. Grigor'yev [32-361.
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Numerical results or. the bending of slightly curved
elasto-plastic shells (rven in a geometrically linear formulation)
are hardly obtained. Interesting is M. S. Ganeyeva's work [27],
where by the net-point method with small nonlinearity (after

. Kauderer) circular plates and slightly curved spherical shells ‘
: under di‘ferent loads and conditions of the attachment are |
] . calculated.

BT

The equations of physically nonlinear sligh%ly curved shells
of constant thickness, according to the method of supplementary
loads, were derived by I. A. Tsurpal and N. A. Shul'ga [116].
However, in derivation it i1s assumed that Poisson's ratio does i
not depend on state of the strain at the point. Used is the
physically nonline..- theory of Kauderer [54], the relations
of which are fulfilled in the narrow zone of deformations.

L e A On

St Sl R B

A numerical experiment in the analysis of the different means
of linearization was conducted by Ye. M. Kuznetsova [65].

Ir the example of cylindrical bending of the plate, she !
eztablished that, although the Newton's method leads to a more
rapid convergence than do the methods of secants and chords,

i for it the best initlal approximation is necessary. For the
implementation of calculation by a computer, the most con- :
venlent is the method of variable parameters of elasticity. %

The theory of the plasticity of heterogeneous bodies is
developed basically in the works of V. Ol'shak [132] and his
students. A survey on this problem can be found in works [87, |
88]. For the first time the study of the bending of plastically
heterogeneous circular and circular plates is conducted in

L T

works [133]. A number of problems of the bending of plastically i
heterogeneous circular plates was solved by A. S. Grigoryev
[34, 36]. The method of the elastic solutions in conjuncticn

T
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with finite-difference method 1s used for calculating a square
heterogeneous plate in work [105].

3. Flexible Nonlinear Elastic
Plates and Slightly Curved Shells

In order to explain at which relative thickness it is
necessary to consider the effect of plastic deformations on
atability, let us assume that os/E = 2~10"3 and use formula
(16.9) [22] for the breaking stress of the complete spherical
shell R 0.6Eh/R. When Oyp > Tg We have h/R > 1/300. Since
the upper critical loads of the slightly curved shells are of
the order q, of the complete spherical shell, the obtalned
estimate can also be attributed to the slightly curved shells,
Shells of this thickness are widely utilized in practice, and
therefore in many instances in the calculation for starility it
is necessary to have solutions of the physically and geometrically
nonlinear problem. It is shown below that if with plastic
deformations the geometric nonlinearity is not considered, it 1s
possible to draw false (not only guantitatively, but also
qualitatively) conclusions relative to the behavior of the shell
under a load.

The physically nonlinear problems with the deflection
comparable with the thickness have sattracted the attention of
researchers for a long time, but a large part of the works
appeared after 1960, The summer school  on this problem conducted
in the clty of Tartu (19€6) showed the importance of the subject
and made 1t possiblie to reveal the problems least studied.
Specifically, it has been established that considerable atten-
tion should be given to the development of methods of calculation
and to the analysis of the behavior of elasto-plastic flexible
slightly curved shells,! Differential equations of such shells

'In not one of the 32 works mentioned in Yu. R. Lepik's
survey [72] 1s the calculation of the flexible elasto-plastic
slightly curved shell reduced to a number,

8




of constant thiclkness with the incompressible (not only in the
plastic but also the elastic region) mater.’ al were obtained by

N. F. Yershov [38]. Using the principle of possible displacements,
N. F. Yershov examined a flexible rectangular plate [39]. Some-
what earlier P. A, Lukash [75] proposed the energy method of the
calculation of shells c¢ an incompressible material,

By the Ritz method, in the first approximation. B. V,
Ponomarev [93] calculated a square plate of an incompressible
material. The potential of the elastic body was assigned ir
the form of a polynomial according to even degrees of deforma-
tion intensity. This made it possible to compute accurately
the coefficle' .ts of the resolving algebraic equation.

The finite-~difference method with a large quantity of points
(approsimately 100) and the process of interations accordin’,
to Newton-Rafson are used in work [106]; as a condition of
plasticity Tresca's criterion witi. strengthening is accepted.
For calculating slightly curved panels rectangular in design,
K. Soonets [101] used the method of elastic solutions in con-
Junction with the net-point method and the condition of
incompressibility only in the plastic regilon,

V. V. Sorokin [102] combines the methods of variable
parameters of elasticity and Bubnov-Galerkin, solving at each
stage the problem of the loading of a linearly elastic nonuniform
shell. 1In the algorithm the rigidities are approximate by the
sum of the products of orthogonal functions, The calculation
of a circular cylindrical shell is given. Deflection is
represen.~d by three terms of the series,

The step-by~step method [125] is used by V. I. Feodos'yev
and S, M. Chernyakov [112] for calculating an uncurved spherical
nonuniform shell of an incompressible materizl with the retention
of three terms of the series for deflection and meridional
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¢isplacement. The leading paremeter is taken as the deflection
uvnder the force applied in the center,

An analysis of tie literature on the examination of geo~-
metrically and physically nonlinear plates and shells showed the
need for the development of the theory of heterogeneous slightly
curved shells in a nonlinear formulation. Of interest is the
construction of method and algorithm convenlent for implementation
by the computers, which will make 1t possible to obtain in high
approximations solutions to the problems with elastic and plastic
heterogeneity, vhe complete calculation of the compressibility,
the variabllity of the thickness, and the assigned form of the
connection between “he intensities of deformations and stresses.
Presconted below 1s one of the possible ways for achieving this
goal: the use of a variational equation of the mixed type, the
method of variable parameters of elasticity and methods of
Ritz and Newton-Kantorovich,

4, Mixed-Type Variational Equation
in the Nonlinear Theory of Shells

The possibilllity of the direct use Ritz's method for the
solution of nonlinear problems of the theory of slightly curved
shells 1s c¢losely connected with the construction of functionals
or variational equations in which all the unknown functions
should undergc variation., Various forms of variational equations,
based on the variational principles of mechanics which differ
mainly by the selection of thz varied functions, are obtained
in the works of L. Ya. Aynola [3], K. Z. Gelimov [25],

Kh. M. Mushtari, K. Z. Galimov [81], Reissner [134], R. Z.
Murtazin, I. G. Teregulov [82], and others.

The type of variational equation convenient for applications
is of the mixed-type equation relative to the deflection and
function of the stresses. Apparently, for the first time such




an equation for the nonlinear problem is given by N, A. Alumyae
[4]. For flexible plates it was constructed by L. I. Ealabukh,
and for slightly curved shells it is given in work [81]. The
generalization of thils equation, connected with an account of

the initial chamber and different external actions is glven in
works [45, U47]. These equations correspond to the variation
principle, which 1s intermediate between the principles of
Lagrange and Castigliano, since in them the displacement and
strasses in median surface are varied. A feature of such
equations consists in the fact that the functional, which 1is
under the sign of the variation, is not equal to the total

energy of system, although a variation in the functional coincides
with a variation in the total energy. To solve the physically
nonlinear problems it s especially important that in the
construction of the mixed-type equation it is not necessary to
vary the integrals in terms of the thickness of mechanical
parameters oS the material determined by the state of strain at
the point, l1.e., in the final analysis - depending on the unknown
functions,

The irndicated and other positive properties of mixed-type
equations became clear when using Ritz's method in linear
problems [44, 46, 113]. The experience obtained in their
solution made the assumption plausible about the fact that in
noniinear cases the use of Ritz's method is effective. I this
connection let us gilve L. M. Kachanov's proposition [58]: "At
one time 1t seemed that the development of ele-tronic digital
computers will make it possible %o be limited by the structurally
simplest computing methods, in particular, will make it possible
to solve boundary value problems by the net-point method.
However, the experience accumulated did not confirm this for
equations 1n partial derivatives and showed that oth:re methods,
variational, are more effective."

By
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The comparative estimate of the Ritz andé net-point methods
[80] is constantly being reexamined, and final judgment on this
qucstion is hardly possible; however, it is clear that the
development and use of variational methods, just as the nete-point
method, is useful.

The theoretical cubstantliation of the use of variational
methods in nor.linear problems is most fully given 1In S. G. Mikhlin's
work [79], where questions of the selection of coordinate ;
functions, connected with stability of Ritz's algebraic systems
and some methods of their solution are examined,

One of the basic conditlons in the effective use nf the t
Ritz's methcd for obtalning wesults in high approximacions is f
the complete automation of tne calculations, which include the
construction and sclutira of the Ritz's systems. The
appearance of a diglital computer and the machine implementation
of these processes made it possible to obtain results acceptable
in accuracy by the Ri‘z's method. The importance of the calcula-
tion of coefficients of algebralc equations by the computer was
noted in the article of A, S, Vol'mir [21]. The first in this
field were c.urces [44, 99], The means uiilized in the cal-
culation of coefficients of the equations [44] (precise calcula-
tion of the integrands in nodes and the numerical integration
over the region) makes it possible to solve the heterogeneous
and physically nonlinear problems simply. The polynomial
representation of all the values entering into the calculation
[99] is not always convenient and frequently 1s also inexpedient.

Experience showed that in the calculation of plates and shells
by the computer, it is possible to obtain solutions with the .o
necessary degree of accuracy [20]. The execution of calculations
of flexible shells 1n high approximations is caused, in
particular, by the growing interest in the pattern of the stressed
state in the supercritical region [15].

12




The use of variational methods has obtained wide promise
in connection with the appearance of the R-function theory
created by V. L., Rvachev [95]. The use of these functions makes
it possible to construct a solution in the form of a series which
accurately satisfies all the boundary conditions on the boundary
of a region of complex form.

The method of calculation proposed in this book is con-
vernient for casculating the physical nonlinearity and
heterogeneity of a material and from a systematic point of view
is the single method of the solution of the geometrically and
physically nonlinear problems.
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CHAPTER 11

THEORY OF FLEXIBLE PHYSICALLY
NONLINEAR HETEROGENEOUS SLIGHTLY
CURVED SHELLS

1. Statement of the Problem,
Assumptlions

Let us consider the shell (Fig. 1) the middle surface of
which is limited by the clcsed line I'. Let us refer the middle
surface to the orthogonal system of curvilinear coordinates a, B,
without requiring the agreement of coordinate lines with lines
of the principal curvatures. Let us assume that Lamé's
parameters A and B and the radil of curvature RJ, Rys and Rj
cf the middle surface are continuous together with thelr first-order
derivatives of function o, 8. Unlike the main radiil Rl and Ry

the prime denotes radii of curvature in directions o, 8.

Let us deslgnate the coore-
dinate normal to the mliddle sure
face by the letter y. Positive
directions of the coordinates
are shown on Fig, 2. - plotting

Uisota

a=a,

in positive and negative direc- /o=p

1
tions of th. 7-coordinate on r/
half-thick.ess n/2, we form the

body of the shell. We consider Fig. 1.

14




that the function h(a, B) does not have discontinuities of the
first kind, and the maximum thickness hmax £ ho 1s considerably
less than the smallest main
radius of curvature Rmin‘ With-
out determining more accurately
the possible values of hO/Rmin’
c we assume that thls ratio can
be disregarded in comparison
with unity. Shells with such
a ratio hO/Rmin are called thir.
Let us designate displace-
ments in directions a, B8, and y

respectively by u, v, and w, By
p virtue of a comparative flex- Fig. 2.

ibility of the shell in direc-

tion vy, the deflection w is commensurable with the thickness h, so

that the relation w/h << 1 1is not fulfilled., This fact leads

to the so-called geometric nonlinearity of the resolving equations.
However, as will be shown below, rot the value w/h but derivatives

of deflection in terms of the cocrdinates enters directly into

the nonlinear terms. Therefore the relation w ~ h only iridirectly

determines the consequences of the different rigidity of the shell

in different directions. The shells, with the calculation of which
cons!der the geometric nonlinearity, are called flexible.

We take all components of the displacement considerably less
than the characteristic dimensicn of the shell in the middle
surface. Let us introduce the initial chamber wo(a, B). This
function assigns the inadequacies of the initial form of the
middle surface before deformation. Let us assume that it is
continuous, together with its first and second derivatives in
terms of a, B and 1s commensurable with the thickness.

15




Deformations in the middle surface €15 €5, €15 are assumed
to be negligible in comparison with unity. However, this does
not mean that the connection between the stresses and strains
should be linear. We characterize the changes in the curvatures

by the parameters Kys Koy and Kipe

Used in this work is the technical theory of shells based on .
assumptions about the fact that the effect of displacements u
and v on parameters of the change in the curvature and firste-
ocrder derivatives of deflectlon and function of stresses with

factor ﬁég— can be disregarded in comparison with higher
172
derivatives.

The materiai from which the shell is made 1s considered to be
isotropic (resistance to deformation in any direction equally),
but heterogeneous so that the modull of expansion E, shear G,
volume strain K, coefficient of lateral deformation v, yileld
point Og»s and coefficient of linear expansion t are functions of
o, 8, and y. For an account of the theory the very fact of the
heterogeneity of the material is especially important. The
methods of its assignment and the possibllity of a change in
the heterogeneity in the process of deformation will be discussed
further.

The strength of a material is characterized by the form of
the connections between the strains and stresses G1s Ops and SEPE
We assume in general that these connections are nonlinear. The
problems in which considered is the indicated phenomenon are
called physically nonlinear. Nonlinear properties with small
elastic deformations are possessed, for example, by high-alloy

steels, cast 1ron and a number of cther materials.

Further everywhere it 1s assumed that physical parameters
of the material £, G, X, and v are single~valued lunctions of the
point and stezte of strain in it. Such a position always takes




place when using the nonlinear theory of elastic (reversible)
deformations or, coinciding with it in the absence unloading,
the theory of small elasto-plastic deformations. We will
characterize the state of strain of the point as the volume
strain €5 and strain intensity €y

The theory given below 1s based on the hypothesis of direct
normals, according to whicl the points, which were located before
deformation on the normal to the middle surface, remain on it
after deformation. Actually, his hypothesis requires neglecting
the shears in normal sections in comparison with the angles of
turn of the normals.

In the usual formulation of the hypothesls of direct normals,

thls denotes also the retention of length of the normal element,
which 1s equivalent to the neglecting of deformations t-:YY in
comparison wich unity. Hc.ever, entering into expressions for
€ and €4 is this component of the vector of deformations along
with the others commensurable with i1t, and in these expressions
the value EYY cannot be disregarded, For determining EYY (in
the calculation of €g and ei), we use the condition of plane
stressed state OYY = 0,

The shell can be loaded by forces distributed on the edge
which are transverse ¢, normal Tg and tangent to the edge Tg
in the middle surface and by the bending moment Mg. The load 2
distributed on the surface 1is considered to be normal to the
middle surface., 1In the case h # const we disregard the tangential |
components of the pressure normal to surfaces y = i%h(a, B),
since derivatives %'%%5 %-%% are considered to be small in com-

parison with unity. We will consider also body forces in the

middle surface with the potential U and temperature field T,
which depends on the three coordinates.
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2. Pundamental Principles

A detalled account of the theory of sheils is the subject
of many monographs and enormous periodical literature, and
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