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The effects of long range potentials on the threshold behavior of
elastic scattering cross sections were studied some time ago, princirally
by 0'Malley, Spruch and Rosenburg1 and by Levy and Keller.2 However,
there has been little analysis of the elfects of such potentials on inelastic
collisions. The purpose of this paper 1s to extend the analysis of Levy
and K'.eller2 to inelastic scattering, and to relate the results to recent
experiments involving alkall atoms. One particular feature that we will
examine 1s the appearance of Wigner cusps at excitation threshclds. Our
analysis 111 be applicable to any atom except hydrogen, for which special
problems arisc due to the %-degeneracy. These special problems have been
studied by Gailitis and Dnmburg3 and clners.

The analysis of Levy and Keller2 1s based on the variable phase
method, which has been extended to multi-channel problems by several

autnors. For each channel o, the associated sin:le-particle function

¢a8(r) is written

¢>a8(r) = w(,a(r)émB ¥ wla(r)tas(r) - (1)

The index f denotes the incident channel; woa(r) and wla(r) are independent
functions which have the asymptotic form appropriate for the channel a.
If there is no unscreened Coulomb interaction in the asyrptotic region, thece

can be expressed in term of spherical Bessel functions. For open channels

we take

Yoo (*) = “akrjla(kar) :




wla(r) = - k(:irng (kar) = (3)

o
The scattering information 1s contained in the matrdx rtaBQr). The limit
of taB(r), as r » =, is the reactance matrix, KaB’ whose eigenvalues are
are the tangents of the eigenphases.

By substitution in the Schrodinger equation we obtadu an integral

equation for tuB(r)’ of the form4

taB(r) = - ZC;I ZY: 52 (GanoY(r') + tay(r')wly(r'))vyﬁ'(r")

’(“os(r")ﬁas + wthB(r'))dr' ! (4).

where Vyﬁ(r) is the interaction potential, expressed in matrix form.
The K-watrix Born Approximation6 can be obtained by neglecting the terms
involving t(r') on the RHS of Eq. (4). Substituting for WOB(r)’ we

obtain

= LB b 3 : . 2
KGB = taB( ) = - kOl k8 ./.2Va8(r)32u(kar)J2P(kﬂr)x qr . (5)
0

As shown for single channel scattering by Levy and Keller,” the dominant
term in the threshold behavior is giver by Egq. (5).

Let us suppose that we h:se one or more vld channels labelled a,

f, ..., and one or more new cl nnels laEelled P, 9, ... We will assume

rhat the new channels share a common threshold so that kq = kp’ and

+14 to determine the dependence of the elements of the reactance matrix




upon k . Let us first consider qu which corresponds to elastic scattering
P
in the new channels. For any short range interaction the integral is
dominated, as kp + 0, by small r and we find
=

L 4L 41 L+ 42 :
P9 J.ZV (o)r P9 4r + 0(kD)

Pq P

p
0

-8
However, 1if the interaction contains a long range component, say Gr %

this leads to a contribution of the rorm

L ( 2-s
i k k r)dr .
qu 2Ckp } IR Y ( p‘)jz ( pr) r

0 P q

If s < (lp + lq + 3), this integral is well defined and gives

I'(s-1)T )
2 +2 +st+l L ~% +s
S T p g, T q 2P

Since, given the inequality above, (s=2) < (lp + lq 4+ 1), this term is

L+ -s+3)

dominant for small k. Thus we confirm the conclusion of Levy and Keller
that the threshold behavior of the matrix elements qu can be changed
by the presence of long range forces. If, Lowever, s 2 (Ep + lq + 3) the
potential must be modified at small r, and the dominant term remains

L+ +1
k 1 , since the integral is made finite by the short range behavior of
the potential.

Let us next consider the term Kap’ correspording to inelastic

scattering. For any short range interaction we obtain a result similar to




L+

Eq. (6) with a dominant term proportional to kpp . From our long range

component, Cr-s. we find that if s < (la + EP + 3)

o0
L . '5'2." 2-5. -
K, = - kKE J o ;,',y‘(l\.(it)jmp(kpr)dr
0

l°+£ -s+3
2 - --u."-'—. B k P ——— 2
23"] i lu-l +8
r+ %) r{-2=P—
p 2
|
k™
x fr+0 -% i ()
k

For small kp this has the same form as Kgp. Thus we conclude that the
long range interactions do not change the power of the dominant term for

K-matrix elements in which the {nitial and final wave numbers are different.

7 ;
In this conclusion we contirm the analveis ot Gelioan,  but differ from
a 5 '
the result of Mott and Massey who stite that K« & ¢ when s < Q,p + 2.
' "
In order to examine the physical crosi coct. s we mast construct

the T-matrix, given by K(1 - IK)"'. By analytic continuation of the

T-matrix, the behavior of the K-matrix below the threshold can be deduced.9’lo

9,10

1
It is well known that f an element K = is proportional to k;, then

P
the elastic scattering T-matrix element Taa will, 1i.. general, have
infinite slope at the threshold. This can lead to a cusp in T o and in

the corresponding partial wave cross section B’ From our previous

analysis we see that Kup « k: if, and only if, Qp = 0, that is, if the

angular momentum of the scatteecd electron is zero.
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Let us apply these ideas to electron scattering by alkalis in the

ground 2S state, at energies close to the threshold for excitation of the

lowest 2? state. For collisiong in which the 2P state is exc’ted the
initial and final values of the electronic angular m.mentum, la and Ep.

are linked through the selection rule

g = g +.3 . (10)

Thus EP can be zeru only 1if Ea = 1, so that cusps can appear ac the
excitation threshold only for incident p-waves.

Although through this type of analysis we can show that cusps may
exist, we are unable to predict their magnitude except through an explicit
calculation. We hn, therefore, performed numerical computations of the

reactance matrix and partial wave cross sections for electron scattering

by lithium. We have used a variational method, used previously by

n and by Oberoi and Nenbet,lz which has been

Sinfailam and Nesbet
x described in detail by Lyons et al.!? The basis set of square integrable

functions included 8 s-wave functions, 7 p-wave functions, 5 d-wave functions

T T
R A S RS S A B N

and & f-wave functions, supplemented by continuum functions with asymptotic

forms given by Eq. (2).

i

At energies just above the inelastic threshold each of the elements
of the reactance matrix varied with energy in a manner consistent with

our previous analysis. However, some of the element: ~ouid be i’cted by
-3

i S R e e

a simple power law only over a very small range of -nerpies (~10 ~ eV).

The calenlated partial wave cross sections for ciast < Wtlering are

o T A

Shrwa’ ‘:) 1 . ™. s- and d-wave contributions pass smoothly through




the threshold energy. There ia a very clear cusp in the “P contribution,
which falls from 19 ﬂaoz at threshold to 9.5 ﬂaoz at an energy 0.02 eV

above tnreshold. The total cross section decreases by approximately 6%

over this energy range. The lP ontribution should have an infinite

slope on boih sides of the threchold energy. The finite slope that we

find at eunergies halow thieshnid is probably due to an inadequacy in our

{4 set does not include any terms which have

rryal wave functdon.’ The bas

ser asvmptotic form vequired for closed channels. We do,

sxactiy the pEppsr asyuy

bave continsum functions with the proper asymptotic form for the

open channels, and so obtain the correct analytic form of the cross

gections just above threshoid.
The 3? contribution to elastic scattering also has an infinite slope
af the threshold energy. However, the cross section derivative (do/dE)

{s negative on both sides of the threshold, so there is not a cusp, but

i O

a point of iatlexion. In spite of the infinite derivative the magnitude

ke §
of the change in the “P contribution near threshold is negligible. This

iz because the =lastic scattering phase shift, Nai? is very close to

ta %) (we find sinn. . =0.939)., In this situation a change of 10%

in th matrix element K_. leads to a change of only 0.04% in the cross

section.
e : e : 11,146 .
From compsrison with previovs calculations of elastic electron-
alkaii scattering at lower euvergiles and from exploratory calculations at
1

higher energies 1t is clear that there are resonances in the P and D

o b T ang ‘ : o2 1
cross sections These are presumably associated with the (1s) (2s8)(2p) P

Z 23 - ; ¥

and (1s)“(2p) D atates of 1.1 . The effect of the resonances can be

1

i 4 : 1
gseen, for exemple, in the fact that the “P and "D contributions to

i
i
|
4

el e o gt i S SO

R T

sy



inelastic scattering are considerably greater than the 3P and 3D contribu-
tions. The presence of the ]P resonance enhances the effect of the cusp

in that channel, and the maximum value of the lP partial cross section occurs
at the threshold energy. The lD resonance causes the lD partial cross
gection also to peak at an enery; very close to the threshold.

The existence of these resvnances was previously noted by Burke and
Taylor.15 These authors also studied the sum of the scattering elgen-
phases, and found a discontinuity of slope at the threshold energy in each
partial wave. We have confirmed this feature aqd find that for s-waves
and d-waves this discontinuity is consistent with a smooth variation of
the elastic scattering partial cross section.

Observations of cusps in e-Na differential scattering éfoss sections
have been reported by Andrick g&_gl.l6 and by Gehera and Reichert.l7
The structure observed by Andrick gg_gl,ls is weak near 60°, and strong
near 90°. However, the threshold cusps should vanish at 90°, since they
are confined to incident p-waves. Since the qualitative features of e-L1

11,14 it seems plausible

scattering and e-Na scattering are very similar
that the observed structure is due predominantly to a lD resonance of Na .
For many scattering angles the p-wave cusps should be masked by the lD_
resonance. However, the fact that there is no observed structure near
60° must still be explained.

The effects of the cusps may be more easily observed in photodetach-

ment of the alkali negative ions, since the final state must have 1P

gsymmetry. From the calculations of Moores and Norcr09518 it 1s clear

that the detachment cross section peaks very close to the threshold
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energy for the production of excited neutral atoms. Using Na~ and K,

Patterson et &19 have observed such peaks and from their observations

have derived accurate values for the electron affinities of these alkalis.
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Figure 1. Partial wave contributions to the elastic scattering cross section in
electron collisions with lithium atoms at energies close to the excitation threshold,

By which is calculated to be 1.8411 eV,




