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FOREWORD

The work covered in this Technical Report was performed in the
Matnematical Statistice an® Systems Simulation Branch (KCM), Opz2r-

ations Research Division, Warfare Analysis Department, The 4ate of

completion was 4 May 1973,
This report was reviewed by Mr, Carl M, Hynden, Jr.
Released by:

M@W

RALPH A, NIEMANN, Head
Warfare Analysis Department
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ABSTRACT

Tolerance limits are formulated for the Maxwell distribution,
and a table of tolerance limit factors for the upper tolerance
bound is provided as a function of P (percent of the population
belov the bound), vy (confidence level}, and n (sample size).
Values of P, vy, and n considered are P = .50, .75, .90, .95, .99;
Y=,75, .90, .95, .99; n = 2(1)25(5)100(10)200(50)3C0(100)1000,=,

While the formulation is sufficiently general to be of use to
anyone who deals with Maxwell data, examples are restricted to the
area of weapon systems analysis., It is in this area that the
analyst is often confronted with the problem of estimating the
radius of a sphere which will include 100P% of the future burst
points from an air burst weapon. Under the assumption that the
distribution of burst points about the target center is trivariate
normal with common standard deviation o in all three directions,
this development will enable him to attach a confidence statemert
to che percent of the population encompassed. In particular, it
will enable him to determine, on the basis of test firings, the
radius of a sphere which will encompass at least 100PZ of the
future burst points with 100Y7 confidence.
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A measure of dispersion often applied to air burst weapons is the
SEP (Spherical Probable Error). Tniz paxsmeter is the radius of a
m2gn-centered sphere which includes 507 of the trivariate probability,
or in terms of a particular weapon, it is the radius of a sphere
centered on the target center within which 507 of the rounda will burst.
Its bivariate counterpart for ground burst weapons is, of course, the
CEP which is the radius of a mean-centered circle which includes 50%
of the bivariate probability. Estimation of the SEP involves firing a
sample of n independent rounds at a target arbitrarily placed at the
center of the Cartesian coordinate system. The radial burst distances

of these rounds from the target center, denoted by {‘1}1:1* are then

recorded and used to compute an estimate of SEP, say SEP, wnich is
taken as the radius of a sphere within which 50% cf the future rounds
from this weapon will burst,

sBP is only a point estimate of SEP and, as such, it will vary
from sample to sample, To provide a measure of precision concerning
the percent of the population encompassed, the probability that a
sphere of radius SEP will include at least 50% of the future rounds
is considered, Since this probability is found to be quite low, an
alternative procedure is suggested through the development of tolerance
limits for the Maxwell distribution. This alternative procedure enables
one to increase this probability (or confidence) to more resssnsbie
levels not only for 50% of the trivariate probability but also for 75%,
90%, 95%, and 997%. The development is an extension of Thomas et al.
(1973) for the CEP and is sufficiently general to be useful to those
other than the weapon systems anzalyst.

DERIVATION OF THE MAXWELL DISTRIBUTION

The usc of the SEP as a measure of dispersion requires the assump-
tion that the burst points of a weapon about the target center are dis-
tributed according to the uncorrelated trivariate normal distribution

with common variance 02 in all three directions (sometimes referred to
as the spherical normal distribution), If one lets the trivariatc
random varisble (X,Y,Z) designate the miss distance of a burst point
from the target center (arbitravily placed at the origin) in the x, y,
and z directions respectively, this density is glven by

-3/2 -(xz%yg+zz)f2c2
£(x,y,2) = (2nc?) e y RS,z <2, (1)
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Congider now the distribution of the radial burst distance from the

target center, i.e,, the distribution of R = (Xz + Y2 + 22)%. .cans-

forming to spherical coordinates by letting
X =R sin § cos €
Y =R sin ¢ 5in ©
Z=Rcos 0,

it is easy to show that the density of the trivariate random variable
R,9,8) is

2,2
=3/2 ~r"/20" 2 2)

g(r,8,8) = (2ncz) r° gin @

forr >0, G <6 <2, and 0 < § <1, The marginal density of R is
now obtained by integrating g(r,®,€) over the entire range of both 6
and g, It turns out that the density of R is

2 2
h(z) = @/m¥ (2o T /2, r>0. )

This demsity is commonly referred to as the Maxwell density and repre-
sents the distribution of the radial burst distances from the target
center under the spherical normality assumption. (See, for example,
Lindgren (1968).) 1Its counterpart for ground burst weapons is referred
to as the Rayleigh distribution and is the distribution of the radial
miss digtances in the grounmd plane.

Using the density in (3), one can establish the relationship between
SEP and ¢ by solving

SEP
P(R < SEP) = [  h(r)dr = .5 ()
0

for SEP in terms of ¢. Since h(r) is not integrable in closzd fom,
numerical procedures can be employed to show that SEP = 1,5282g5. Hence,
if the population standard deviation ¢ were known for a given weapon-to-
targst range, a sphere of radius 1.53820 centered on the target center
would encompass 3507 of the trivariate probability or 507 of the future
burst points from thisseapon under similar conditions. (In the bivariate
analogy for ground burst weapons, it is well known that EP = 1,17740.)

Unfortunately, o and hence SEP are never knowa and joust be eetimated
from test firings. To estlmate g, n rounds are fired at a target at a
given range and the distances of the burst points from the target center
are recorded. If these distances are designated as Iy it is easy to
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show that the mzximum likelihocd estimste for ¢ is given by

I

; o= [,Z, r/3n) (5)

and thus the maximum likelihood estimate for SEP is given by

»

sEp = 1,53823. ')

Suppose now that cne estimates SEP with SEP as given in (€) above.

One cannot state that a sphere of radius SEP will encompass 507 of the
future pounds from this weapon (under similar conditions) with certainty
since SEP is a continuous random variable which varies from sample to
gample, However, as 2 measure of pregision, one could consider the
probability that a sphere of radius SEP encompasses at least 50% of

the trivariate probability (at least 507 of the future burst points).
This probability will be explored in the next secticn.
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PROBABILISTIC DEVELOPMENT

This section ccncerns the development of an expression for the

probability that a sphers >f radius SEP = 1.5382% encompassing at least
50% of the trivariate probability However, to keep the development
general, this will be accomplisk. by obtaining an expression for the

probability that a sphere of radiss k& encompasses at least 100°% of
the trivarigte probsability, The zathematical expression for this pro-
bability is

K5 . 2,2
Prob {f (2!33% (rzfcs) a7 g » P} =y (7)
o

wicre Y is the quantity sought, Letting y = :"::/c2 in the integral in
{(7), one obtains

2,2, 2
_k c /o _% % ~-y/2
Prob {] em EyT eV 4 gy 2P} =y, (8)
[¢]

The integrand in (8) is recognized ar @ chi-square density with three
degrees of freedom, Heuce (8) can ve written as %
2.2 H
Prob {Ft::*‘—-":’;-) zP}=Y 9) 3
§
E |
=
|
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whers F denctes the cumulative distribution function for the chi-square
with three dagrees of frecdom, Since F is a one-to-one function, ()
can be erpressed by

KWet o1,
Prob (o~ 2 F (B} =y (19)
[
or
"2 c‘?‘;'lgp_)_.
Prob {5 2 =l ey, (11;
k

Note thzt F-l (?) is the 100P percentage peint of the chi-squere density
with three degrees of freedom. Tabular values of F~1 (P) are available
from -zrious sources, most notably from Biometrika Tables for Statisti-
ci ng, Vol, I where they are presented to six significant digits for a
wile range of values of P. For P = ,50, the value of P under prasent

consideration, F-l(.SO) = 2,36597,

Usging the maximum likelihood estimator for & as given in (5), it
is easily shown that the density of W = 6% 1s given by

2
3n/2 wBm*’:z -1 e-3me!20

£(w) = {3n) 3n/2 3n i w20. 2)
i [+]

IF(3n/2) 2

Therefore, equation (11) cazn be expressed by

v
Jf@) dw=1-y (13)
p .
N 2 -1- z 2 -~ -
vhere f(w) i8 given in (12) and v = ¢'F ~(P3}/k”~. It appears from (13)
that vy, the probability ura:r question, is s function of the unknown
parameter g. A simple tre:.3formation reveals that it is not. Letting
z = w/g" 8o that w = g2z and dw = -fzzdz, equation (13) becomes
; i
r" . \3n/2 3n/2 -1 -3
5’{3@“‘{2“/ enzdzal-? )
o I(3n/2) 233;2

where v’/ = ?-1(‘?}1’%2. Equation (14) is free of the unknown parameter ¢
s0 that the probability vy is a function o6f ¢nly P (% of the population),
k (mulciplying constant for G), and n (sample size).

it v i i b e

i e v

I

g O

L Ll e




0 @ g W S

o« B 2 O i

AT, MR e ) et s

thl

i

———— ~ — ’

Recall now the question posed at the end of the last sectioen,
namely, with vwhat probability (or confidence) can one state that a

sphere of radius SEP = 1,5382¢ will encompass at least 50% of the
trivariate probability, This probability can be obtained from
equation (14) by setting k = 1,5382, P = .50, and solving for ¥y

for various values of n, This eguaticn was secived with k azé ¥ set

as above for sample sizas of n = 2(1)25(5)100(10)2C0(50)30G{100)10600,=.
The results are set out in Tabls 1 aid reveal that this prebability or
confidence is quite low, i.e,, less than .50 unless one has an infinite
sample size (tantamount to having complete knowledge about the unknown
paramete- o). To increase this confidence to more reascnable levels,
it is clear thar on2 must increase the multiplying constant zbove
1.5382, This will be discussed next through the development of
tolerance limits for the Maxwell distribution.

UPPER TOLERANCE BOUNRD FOR THE HAXWELL DISTRIBUTI(R

Haking confidence or probability statements concerning the percent
of the population which lies belcw am estimate of tne SEP imvolves the
concept of an upper tolerance bound. In the more general semze, an
upper tolerance bound, U{P,y), is a point defined such that at least
100F% of the population 1lfes below it with 100YZ confidenze. (See,
for example, Bowker and L.zberman (1972), Proschan (1953), or Tnomas,
et al. {1973).). u{P,y) is constructed as z function of thz estimate(s)
of unknown population parameter{s) based on a razndom sazple f£rom the
population in question. For the case at hand in which one is sa=pling
from & trivariate normal distribution with cozsson variance, there is
only one unknown parameter, i.é., ¢, and the upper tolerance bound
will be formulated as a function of the estimste of this parameter,
(Since only the radial distancz between burst point and target is under
congideration, this czn also be viewed as szzpling from the Haxwall
distribution with parameter o. See equation (3).)

The maximum likelihood estimator for ¢ as given in (3) can be
shovn to be a sufficient estimator for ¢, so that the upper tolerance
bound should be ot the form U(P,y) = k(P,y,n)o. The constant k(P,v,n)
(tolerance iimit factor) is to be determined such that one is §;3¥’ con=
fidentr that at least 100PZ of the population lies below U{P,v}). Wwhile a
valuz of P = ,50 ig of primary concern Lere, aother valuss casié well be
of interest so the general notation will be used. Beletisg he argu~
ments for notational simplicity. ¥{P,v,n) is scught such that

“ﬂ'

(e ¥ .2 -r /26 <
Prob 1J 2/=7)* (r ff e dr z Pl =y, (135)
o
This iz, of course, precisely equation {7) of thes last secrion ¥hi
reduced o °quac;cn {1&), ¥hile equation (l4) was originally derived
for the purpose of evaluaring vy for fixed values of P, k, and n, 1
can also be used to evaluate k for fixed values of P, v
value of k sc obtained would be an exact tolerance 1

n -
nd n. ineg

L
imit factor shich,
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Table 1 i
FROBABILITY THAT AT LEAST 50% OF POPULATION LIES WITHIN Shp j
{
k =0 X 2 X |
£ 2 4232 60 4860
E 3 4373 65 .4865 ‘
% 4 4457 70 4870
: 5 4514 75 4875
6 4556 80 L4879
7 4589 85 4882
8 4616 90 .4886
9 4638 95 L4889
10 4656 100 4891
11 4672 110 L4896
£ 12 4686 120 4901
13 4699 130 4905
14 4710 140 .4908
g 15 4720 150 4911 \
z 16 4728 160 4914 .
17 4737 170 4917
b 18 4744 180 L4919
£ 19 4751 190 4921
£ 20 4757 200 4923 1
21 4763 250 L4931
22 4768 300 4937
23 4774 400 4946
24 4770 500 4951
25 4783 600 4956 : {
30 4802 700 4959 ]
35 4816 800 4962 ﬂ
40 .4828 900 4964
45 .4838 10C0 4956
50 4846 ® 1.0000
55 +4854
£ 3
4
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when multiplied times &, would provide the upper- tolerance bound
U(P,y). As aforementioned, the interpretation of U(P,y) is that one
is 100v7 confident that at least 100P% of the population lies within
a r~here of radius U(P,y¥). For a particular weapon at a specified
m-to-target range, this means that one is 100v% confident that
least 100P%Z of the future rounds from this weapon, fired under

simiiar conditions, will burst within a sphere of radius U(P,vy)
centered on the target center,

To utilize the above concept, it is necessary for one to have a
table of tolerance limit factors at his disposal for reasonable
values of P, vy, and n., Hence, equation (14) was solved for k for

.50, .75, .90, .95, .99; y = .75, .90, .95, .99; and n = 2(1)

25(5)100(10\200(50)300(100)1000 ®, The solutions were obtained
using Simpson's integration rule and successive binary cuts begin-
ning with an appropriate starting value for the upper limit v’
The computations were performed on the CDC 6700 at the Naval Weapons
Laboratory. Tolerances were set to provide an accuracy in k of four
decimal digits; the values of k are set out in Table 2 for the above
listed vglues of P, Y, and n.

As an example of employing this procedure, suppose eight rounds
are fired at a target to obtain the radius of a sphere about the target
center within which at least 507 of the future rounds (under similar
conditions) from this weapon will burst with 957 confidence., The

radial miss distances from the target center are shown below, All
measurements are in feet,

r

201,92
52.98
210.10
120.43 :
48.17 T
96.40 :
85.84

104,71

8
It can be verified that i§l riz = 132,169.9603 and hence that

) ¢ o it

o= 74,21

and

SEP = 1,5382% = 114.15




" - , : - , — , . . " , ;.s..,i,.{i_iix%} Ll
.?_, : , " ne Co e
f |
w bl
€Z%9°€  0C€Z0°€ LE0L°T 8161°T  €€99°1 8T16°€  L%16°Z 6809°T €€11°T  8€09°1 0s
[869°€ $9€0°€ 6S1L°T LT0Z°T 80L9'T ¥0ZS'€  8126°7  ICI9°C  SSIL'T  9L09°1 s
f €8L9°€  8ISO°E HOEL'T SEIZ'T  86L9°T GOES € TOE6°T 80T9°T  OWII'E  €T19°1 oY
_ 220L°C  LTLO°E  T8WL L  6LTT°T  L069°T 0EYS°C  50%6°T  00£9°C  1Z€1°C  0819°1 s¢
CZCL°C  8L60°C L0LL°T 19%T°'T  SHOL'T (8SS°E  CES6°T  9TI¥9°Z  SIVIT 16291 0 4
274L°€  80CTI°E C008°C 00LT°t  LTTL'T 2615°C  90L6°7 6959°T 6EST'CT  SYES'T sz
818L°€ LBE1°€  £L08°C 09LZ°CT 0LTL°T IY8S°E  L¥L6'T 9099°T 69S1°Z  89€9°1 92 W
0T6L°C TLYI'E  6%18'T 0782°C  LIEL°T G685°C T6L6°T S%99°T 0091°T  76€9°1 z
0£08°€  ¥9ST°E 0€Z8°C 988Z°C  L9EL'T ZS65°C  8E86°C  [899°T SE9I'Z  BI¥9"1 Zz
6%18°C 7991°¢  61€8°T  LS6Z°C  TIWL'Y €109°C 6886°Z E££49°C T1L91°Z 9%99'1 12 |
LLT8°C  69L1°E  YIM'T WEOE'T  08%L°T 6109°C vw66°C IBL9'T  TTL1°C  9L%9'1 0z “
LT%8°C %881°¢ L168°C SIIE'T ¥%SL°'1 0S19°€  £000°E S€89°C  %§L1°T  6059°1 61 y
6958°C T102°€ 0£98°Z OTZE'Z  €I9L°T 6229°C 8900°C €689°C T081°C  S¥S9°T 81
9€L8°C  6%IZ°€ %SL8'T OIEE'Z  069L°1 ¥1€9°C OWI0°€ 1569°C €581°C  %8S9°I L1 |
0768°C 20€Z°C 1688°C 1ZYE'T  WLLL'T 60%9°¢  8120°€  LZ0L°T OI61°C  LZ99°1 91 :
STI6°€  TLHT'E  EY06°C  WYSE'T  L9BL'T $169°C  S0£0°€ SOTL°Z  €L61°C  SL99°T st _ |
1 ¥GE6°€  T99Z°C €126°C ¢89E°Z  TL6L'I 1€99°€  20W0°E Z61L°C W¥0Z'T  8TLY'T 1
€196°C  Ll8T°€ SO¥6°Z BEBE'Z 0608°T €9/9°€ TISO°E 06ZL°C €T1T°T  68L9°1 €1 | ,
6066°€ TZIE'E 6296°C 910%°C  §ZZ8°1 v169°€  LE£90°€ TOWLT %IZTZ  LS89°1 1 | ;
] 6920°% SOYE'E 8186°C 12Z%°T 18€8°1 980L°€C 08L0°C 0€SL°T 8IEL°T  9669°1 11 |
8990°%  9ELE°T  €LI0°C  T9¥Y°T  €968°T 687L°C 860°€ 089L°Z 6E%T°T  620L°1 01 | |
2211°%  OEIY¥"€  9TSO°E  9wL%°Z  6LL8°1 826L°€C LYI1°E€ 8S8L°T WBSZ'T  BEIL°T 6 |
6691°%7  609%°C  %S60°E  %60S°T  €%06°1 8I8L°C 88€T1°C €L08°C 8SLZ°T 1LTL°T 8 |
: eThZy  L0ZS°E  68%1°E  LISS'T  TLEG'T 6L18°C L89T°C 1%EB'T  SL62°C  SEWL'T L ;
¥SEE'%  286S°C  IBITE  6809°'C  86L6°T €%98°C TLOZ°€ S898°Z  HSIE'T  L¥9L'1 9 !
2Z9%'y  YEOL"E  E€TIEC  TS89°T  8LEO'T [976°€ 06ST°E 8%16°C OE9E°Z  ZE6L°1 S
TLH9°%  OLS8°C  L6W%°C  996L°CT  TTLL'T 9910°% 9€£€°’t  9186°Z TLIY°Z  €vES‘1 y
€6%6°%  LL01'Y  6EL9E  ¥8L6°T  T09Z°Z %091°% O0ESH°E €B8BO°E  9€0S°Z 66681 €
1L6S°S  TTI9'® ISTI'Y IWWE'€  BLES'T 68CY"%  1¥89°C  'S6Z°C ZIL9°C 1420°C z |
66° c6° 06° St* 0s* 66° S6° 06° cL* 0s* a " |
06° = A GL* = A :
AITSNAQ TTGMXVI THL ¥O3 SNOLOVA LIWIT FONVHITOL ,
i 7 °19®L |

oyt gy o
s i

e




T

» —

3 ‘ N
e

6

T8IL°E  SS6L°T  EODSTT  6920°C  TBES'1 Z89E°€  GS6L°T  €00S°T  69T0°T  IBES'1 @
1STY°€  LZ¥B°T  STwS'T  T190°C  TY9S°1 186€°C  €0T8°C  SZTST  6¥H0'T  BISS'1 0001
I8TY'E  ESYB'T  8HHS'T  0€90°C  959S°1 866€°C L128°C  L£2§°C 6§%0°C  9T5S°1 006
0ZEY'€  ¥BY8'T  9L¥S°T  €590°CT  €L9S°1 810%'€  €ETB°T  ISTS'T  1LH0°Z  SESS' 008
S9EX°€  TTEB'T  OISS'T  0890°T  ¥%695'I T70%°€  USZ8°C  6925°C S8%0°T  9%5S°T 004
1Zyw°€  89S8°T  165S°T  ¥1L0°T  6ILS°Y 1L0%°€  £/28°T  16I6°T €0S0O°T  0955°1 009
weyy € BT9B'T  §09S°T  LSL0°T  TSLS'T 60TH°E  6UEB"T  OTES'Z  9ZS0°C  LLSS°1 005
€6S%°€  OTLB°T  6£9S5°T L180°T RALS"T 191%°€ 7S€8°C  B8SES"T  LSSO°T  009S°1 00%
6ELY°E  TE88"T  [BLS'T S060°T  %98S°Y BETY'E 9I¥YB°T  SIYS'Z €090°C  S€9S°1 00€
v4¥8%°C  6168°C  598S°C  8960°C ZI6S°T €6Z%°€ TIYB'T  9S%S°T  9€90°T  199S°T 052
886%°€  BED6°CZ  TL6S°T  SS01°C  BL6S°T 89EY°C  %ZS8°7  TISSZ  IBYD'ZT  S69S°1 002
€20S°€  8906°C 8665°T 9L0T°CT  %66S°T L8EY°C  OYS8°T  9ZS§°T  €690°CT  WOLS'T 061
Z90S°€  0016°C  LZ09°Z 6601°C ¢I09°1 LOYY°E 9SSBT  IY¥SS'T  SOL0°T  E1LS°T 081
%016 € SE16°C  8509°T  STIT'T  1€09°1 62¥%°€  SL§8°T  L§§§°T 61L0°CT  ETLS°1 0L1
0S1S°€  €L16°T T609°Z TSIT°CT  2S09°1 €SYY°E  S6S8°C  SLSS°T  €EL0'T  WELS'I 091
1026°€  S1z6°C  O0€I9°C  €8IT°C  SLO9'1 087%°€  L198°C §655°T  6%.L0°T  9%LiS'1 0S1
LSTSE  T9T6°CT  TLI9ZT  LIZ1°ZT  1019°1 0IS%°€  1%98°T  L19§°C L9L0°CT 09i5°1 oY1
0ZES't  YI€6°CT  6129°C SSTI'¢  OEI9°1 TYSY'E  699B°T  IY9S°T  LBL0°T  WLLS'1 o€t
16€5°€  €LE6°CT  TLT9°T 86Z1°C Z919°1 08S¥°€ 00{8°CT 6995°C 6080°Z Z6L5°1 ozl
TLHSTE  TYY6°T  TEE9'T  9WEI'T  6619°1 TT9Y'E  SEL8'T  00LS°Z  S€80°CT  118S°1 1191
99SG°€  81S6°C  10%9'Z 2OYI'T  T%Z9°1 1L9%°€  SLL8°T  LELS'T  %9B0°T  ££85°1 0071
BI9S €  29S6°T O¥%9°Z  HEWI'T  99C9°1 869Y°€  86/8°C LSLS'T 08BBO°Z  9%8S°I S6
SL9S°€  6096°C 28%9°T 8IYI'T  T6T9°T 8TLY°E  €IBB°CT  6LLE°T 8680°C 6985”1 06
LELG°C  0996°T 8IS9't 90S1°T  OZE9°1 09L%°€ 0S8B°Z° €08S°Z 8160°Z  %L8S°1 S8
S08S°€  LIL6°T 8LS9°T  9yS1'e  TSE9°T 96L%°€  6[88°C 0€8S°T  6£60°C 068S°I 08
088S°€  6L16°CT ¥€99°T TEST'T  9BES'T SE8Y'E  TI6B°T  65S8S°T  €960°Z  BO6S'T L
¥965°E  8¥86°C  9699°C  INII'T  %TH9°I 648%°€ BY68°T 168S'T 6860°C 8T6S'I oL
£509°€  9T66°T  9949°T 8691°T  99%9°1 8Z6%°€ BB68°T  LT6S'T BI0I'T  0S6S°1 S9
£919°€  %100°€  ¥%¥89°T  T9LI°CT  YIS9°1 €86%°€  ¥€06°C 8965°C  ISOL'T  9L65°1 09
¥829°€  YITI0°€ %E€69°C  ¥EBI'T  0L59°T 9%0C°E  9806°T S109°T 0601°Z  %005°1 <S

66° s6° 06° §L* 0s* 66° g6° c6* sL* 05* a :

06" = A gL* = A

ALISNEQ TTAMXVH BHL ¥03 SYOLOVd IIWIT JONVIIIOL

i 1

|
o

i b et

(penutjuos) z ajqer

W

p— é%%%ég%%%%:%ﬁg ;

i ,

it

1
W

B g




01

b o W, 6

o e

$998°¢€  9STZ°€ 0688°CT 8BEE'T  8WLL"1 THYTL'E  0160°€  9%¥9L°Z  TIHT'T  BOOL'I 0s
L816°¢C wI5T°C 6806°T TBSE'T 96811 gsHL € §801°€  SO08L°T  I®SZ°Z  901L°1 Sy
9L66°€ 9%8T°€ BLE6°T  9I8E‘T  £L08°1 9ILL°E  HOETI'E€  L66L°T  9692°C  42Tl'l oY
%600°Y  H%TE°C  £€L6°C  HOIY'T  2T6IB°1 ZEOB'E  S9STI°€ TEIB'T  L8BZ'Z  89EL°1 s¢
v 1990°% L%L€°€  €BI0°E  69Y¥°T  69S8°1 €EY8°E  B6BI°C  6TSB°T  8TIEL'T  18GL°T ot
OLYL°Y  BIYY L ¥BLO°E  9S5%°T  BE68°1 0968°C 9EEZ°€  1I6B°T  SHWE'T  T6LL'1 4
. 9991°%  I8S%'E  6T60°E  LL04°T  8T06°1 8806°¢ TY%Z°€ ST06°T  2ISE"T  0SBL"T vz
SLBT"Y%  HSLw°E€ %80T1°'€ 661S°'CT €TI6°1 HZT6°C  HSST'E  LI16°CT  %09E°Z  EI6L°1 £7
€01Z°%  Hw6%°€  €SZI'E  9EES°T  LT26°1 TLE6°E  929T°€  STT6°T  T69E°T  0B6L'T rA4
8HET Y LYISTL  SEVI'E  YBYS'T  6EE6°T 6256°€ 80BT"€ EYE6'T BBLE'T  TSO0B°1 12
€192°%  L9€S°¢ TE9TI"E  E€%9S°T  09%6°T 00L6°€ 0S6T°E 0L%6'T 168£°C 0€IB°1 0z
€06C°%  L09S°E LYRI°E BIBS'Z  T6S6°T 1886°€ SOIE"E 6096°T EO0O%°T  GI¢8°'1 61
122€°y  TL85°C  HBOZ'E  6009°T  BELE"1 0600°'%  HLZEE 09L6°T STIV'C  80E8”1 81
TLSEY  €919°€  WYET'E  T1TT9°C 8686°1 #1€0°Y  6SYE'E  9T66°T 0929’  OIVB°1 L1
T96€°%  [BY9'C  WEI9T°C  SSH9°T  9L00°T 7950°% S99E°€ OII0°E 60%¥y°'Z E€IS8°1 91
L6EY Y L¥B9'C  9S6T°€  LIL9°T SLT0°'C 8€80°%  H68E°E  YIE0'E  SILSH'T  6%98°1 S1
G88%°%  €STL°C 6ICE"€ 110L°T 86%0°T 9yIT°%  OSIY¥°€  YYS0°€  19Lv°T  0648°1 91
ISy STLL°E  TELE'E  9¥EL'T  TSLO°T 96%1°%  OYY%°€  €080°¢€ 1L6%°CT 0568°1 €1
7809 9%ZB8°C  BOTH'C  TELL°T  HH01°T G681°%  TLLY°E 0011°€ TiTs'T Ie16°1 (At
6289°% 9988°¢C TOLY'E 0BI8'T  9BET"C 8GEZ°Y  9GTIS°E  EWPI"E  06%S°T  YHE61 11
80LL°%  96S6°€  WI¥S'E  60L8°C L8L1°C 006Z°%  S09S°E  SYBI'E  9IBS'T  1686°1 01
* L5(8°%  SLvO0'%  T1029°€  L%wE6°T  1L22°2 6%SE°Y  YYI9°€  LZET'E  L0T9°'T  §886°1 6
0800°S  ¥95T1°% SLIL*E LETO°E 0L82°7 INEYY  T0B9°E  SI6T°E  ¥899°T  0SZ0°'T 8
w, SHLTI'S  9w6Z°% 1I¥8°€ 6EI1°E  0€9E"T 9EES Y LT9L°E  YS9EE  IBIL'T  H0LO°T L
TG6E°S  BLLYY  0S00°%  L9%C°E BLW'T €€399°%  €0L8°E  919%°€ 2908°T 9621°T 9
YHOL°S  YMELTY  wHETTY BTEYTE  0409°7 I8y  08I0°% LEGS'E EEI6°C  BOIL'T S
, 8%L1°9 8YZI'S  9€8S°%  8SIL'E  6618°C GL01°S  19€T°% 888L°C STL0°€E  60EE*L ]
w. 8766°9  LE0B8°S BO61°5 180C"Y  %EGI°E EIHS°S  0665°%H  WETI'Y  9yEE°€  SOES°C €
Y9E8°8  TTEE'L  6LSS°9  E9IE’S  YWEO'Y L1S%°9  L%SE°S  T6BL'H  STBB'E €9W6°T z
k 66° S6° 06" sL’ 0s° 66° S6° 06° A 0s* mu
66° = A 66* = A
ALISNEd TIIMXVH FHL Y04 SHOLOVA IIWIT FONVYAIOL
(penujjuod) z 21qey




-

S————L L
e
11 i .
789t ¢ §56L°T £005°¢ 6920°¢ Z8¢€e°"1 289¢°¢€ €C6L"T €005°¢C 6920°T T8EG°1 o
VAR A 6188°¢C 9LL8°C 9680°7 LS8S°1 H1ivh e 7948°¢ 9486 °¢ 01L0°2 9148"1 0001
8Ly C 8988°T 618S°7C 1€60°¢ 7886°1 §69%°¢ 9658°C 9L685°C Yei0n'e RELS'T 006
(1193 A N A 0.86°¢C el60°C CI66°1 £05H°E 9£98°¢ Z195°¢ £€9L0°¢ 95481 Q0L
7€6Y°f #7668°C CE6S°T ¢201°¢ €56S°1 195%°€ %898°¢ §695°¢C 86L0°C £8L671 0oL ]
8€06° € 0806°¢C 6009°¢ 6801°¢C 1009°1 heov't Yoig°e 60.5°7 ty80°2 91851 ocm w )
€LISf, 616°C 6019°¢ 9911°¢ £€909°1 8LV E (441 A olis e 8680°¢2 65851 00% , _
BGES'E CHE6'T 94%¢9°¢ LLe1e Lv19°1 968H ¢ 62682 %.88°¢ 5L60°¢C BI6S"1 noYy _ ,
1€96"¢ ¢L56°¢C 67%9°¢ (4472 B4 FAXA R ¢ SH0S5°E 9806°¢ $109°¢ 6801°C #0091 00t
8785 € 9€46°¢ 9659°7 0961°¢ 9£9°1 1816°¢ $616°C 9y19°¢ 11T 9909°1 0se i
8609°¢ 09662 9619°¢ €2L1"C G891 LOrS°E Hee6'? Hee9" e £8¢1°¢ 16191 007 ; |
9%19°¢ 9100°€ 9989 ¢ %9L1°C 9169°1 VA 26€6°C 8829°C 11ere ZL191 061 Cy
6¢¢9°¢ LL00° € 1069°¢ 8081°¢ 6%59°1 H9%6°¢ ER6*C GCE9°C I%e1°¢C S619°1 081 A
£1€9°¢ evI0°E 0969°C Ge81°T 9859°1 8166°¢ 6L96°C 99€9°2Z /AN A 0zeo*T 0L L
90%9°¢ €120°¢ HZ0L'T 8061°C 6C99"1 BLGG'E 6256°¢C 0T%9°¢ 0I1°e 84291 091 g
2059°¢ 5620°¢€ 960L°C 9961°C 0499°1 996°¢ 4#856°C 65%9°¢ 0osy1°e 8L29°1 0s1 !
6099°¢ #8€0°¢ GL1L°¢ 0€0T°2 81L9°1 81.6°¢ "996°¢C %159°¢ %64%1°C T1E9°1 on _ u
62.9°¢E €E8H0°¢ woZL T Z012°¢ €LL9°T 0nBs° e T1L6°2 QLy9TT 1227 4 6%t9°1 01 ; N ﬁ
£989°¢ 965N°¢E G9EL"C w812 ¢ GEB9"T 2685°¢ 68L6°C €992 6651°¢ 16£9°1 0zl ! , |
610L°€ 2L0°¢€ (1]:3/7 A Lize e 9069°1 866S° ¢ LL86°C [A44° M4 £981°¢ 6E%9°1 011 ! g
861L°¢€ 2L80°E Z19L°¢ i XA £869°1 0219t 8L66°7 2189°¢ 9EL1°C 564971 001 ,%
86TL°¢€ 9c¢60°¢ L89L°T 1Y a7 A A EEQLT 8819°¢ HE00 L £989°¢ LLL1*e 9Z59°1 119 ot
LowL ¢ 901 °¢ 89LL°7 T182°¢ £80L°1 2929°¢€ 9600°€ 8169°¢ 2281°¢ 09991 Q6
FXAY AR 1T ¢ 188L°1T €8¢ LETL'T EHES°E ©970°¢ 8L69°C 0481°¢ 16%99°1 <8 L
6G9L°¢C GGT1°¢ GG6L°T 2992°2 g61L"1 Zev9°t LETINE WYOL T HI61'C 8EY9*1 og
H08L°E SL€1"E £908°¢ 05LT°'¢ H92L" T 1€59°¢ 61E0°E LITL"2e £861°C e899°1 SL
L96L"f, 1I61°€ £818°C 8Y¥82°¢ gEELT 0%99°¢ 01%0°¢t 86TL°2 6¥¢°¢C ¢el9°1 oL
8HI8°€ 1991°¢ 81€8°¢C 9567°2C Te9L°1 29.9°¢ 1160°¢ 68IL°C (44 YAk 88L9°1 9
7eE8'E ZEBT°E 0Ly8°e 0802 (TN 1069°¢ 9790°¢ Z6EL2C [t YA A A 75891 a@
06587 ¢ 870C°¢ 9%98°¢C I XAA A £29L°1 650L°€ BSLO°E (1] £Y A4 10€2°¢ %2691 cs
66" 56" 06" gL 0s* 66° GS6°" Q6* gL” 0s°* d " _
t
66° = A G6° = A
| ,
ALISNIA TIAMXVH 3FHI ¥0d SH0LOVE IIWIT FONVEIION
(ponuijuod) g ajqelr ,
iR DS B s 2 ggggi§§§§§§§§§§§§§§§§§g§§§§fﬁﬁ&;gégﬁ;%%g

o vy B i e e v e,y




From Table 1, it is seen that one is unly 467% confident that a sphere

of radius SEP = 114,15 will include at least 507 of the future bursts
from tbhZs weapon. To increase the confidence, or probability to 95% as
1 4 specified, one refers to Table 2 under P = ,50, y = ,95, and n = 8 to

= find the tolerance limit factor k (.50, .95, 8) = 2,0250 (vice 1,5382).
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This is then multiplied times G to chtain U(.50, .95) = k(.50, .95, &)

G = (2.02505(74.21) = 150,28, Hence, a sphere of radius 150.28 feet
about the target center will include at least 50% of the future bursts
from thic weapon under similar conditions with 957 confidence. Should
the experimenter want to increase the confidence to 997, he would refer
to Table 2 under P = ,50, y = .99, n = § to find k(.50, .99, 8) =
2,2870. Thie, vhen multiplied cimes &, provides U(.50, .99) = 169,72
feet, Finail,, should one want the radius of a sphere which would
include 95% of the bursts from this weapon (vice 50%) under similar con-
ditions with 95% confidence, he gimpiy refers to Table 2 to find k(.95,

.95, 8) = 3,6802. This is then multiplied times o to obtain U(.95, .95)
= 273,11 feet.
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The tolerance limit factor, k{(P,v,n), derived in this report can
also be expressed as a function of chi-squars percentage points. Refer-

ring to equation (11), it can be shown that 3n32/oé ig digtributed
according to the chi-square distribution wich 3n degrees of freedom,
Hence, one could write equation (11) as

X3n s L=y

12

A
3n6® . 3oF (P) |
Prob {ZH- =z b=y (16)
ol K2 3
% where, as before, the arguments of k have been deleted. In order for :
E equation {16) to be satisfied, one must have 3nF"1(P)/k2 = xén 1y ©F !
= 3
£
=
i L.
£ K = (2L (D)3 an
& 2
§ “n,1-y
= ]
%% where x3n Lev is the 100 (-y) percentage point of a chi-square density £ ;
£ s 27 - i 4
= with 3n degrees of freedom, Utilizing this notation, F 1(P) can be ex- : 4
pressad gs xg P 8o that k{P,y.n) can be written as % ~§i
5 ¥ % i
n ; 1.
k= (2t xa 2 as)y £ !
%
-
-
=
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Hence, should one need a value

of k not tabulated 1

be obtained by referring to a table of chi-gquare p

computing k as in (18) above,

Wﬁ

n this report, it can
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