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ABSTRACT

Tolerance limits are formulated for the Maxwell distribution,
and a table of tolerance limit factors for the upper tolerance
bo-.nd is provided as a function of P (percent of the population
below the bound), y (confidence level), and n (sample size).
Values of P, y, and n considered are P - .50, .75, .90, .95, .99;
Y - .75, .90, .95, .99; n - 2(1)25(5)100(10)200(50)30O(00)1000,-.

1While the formulation is sufficiently general to be of use to
anyone who deals with Maxwell data, examples are restricted to the
area of weapon systems analysis. It is in this area that the
analyst is often confronted with the problem of estimating the
radius of a sph6re which will include I0OP7L of the future burst
points from an air burst weapon. Under the assumption that the
distribution of burst points about the target center is trivariate
rnrmal with common standard deviation a in all three directions,
this development will enable him to attach a confidence statemert
to 6e percent of the population encompassed. In particular, it
will enable him to determine, on the basis of test firings, the
radius of a sphere which will encompass at least 100P% of the
future burst points with. lO0Y% confidence.
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rNTRODUCTION

_A measure of dispersion often applied to air burst weapons is the
SEP (Spherical Probable Error). This parameter is the radius of a

-_ m-san-centered sphere which includes 507. of the trivariate probability,
or in terms of a particular weapon, it is the radius of a sphere
centered on the target center within which 507 of the rounds will burst.
Its bivariate counterpart for ground burst weapons is, of course, the
CEP which is the radius of a mean-centered circle which includes 50%
of the bivariate probability. Estimation of the SEP involves firing a
sample of n independent rounds at a target arbitrarily placed at the

t center of the Cartesian coordinate system. The radial burst distances
r n

__ of these rounds from the target center, denoted by (ri~i, are then

recorded and used to compute an estimate of SEP, say SEP, which is
taken as the radius of a sphere within which 50% of the future rounds
from this weapon will burst.

SRP is only a point estimate of SEP and, as such, it will vary
from sample to sample. To provide a measure of precision concerning
the percent of the population encompassed, the probability that a
sphere of radius SVP will include at least 507 of the future ronds
is considered. Since this probability is found to be quite low, an
alternative procedure is suggested through the development of tolerance

_limits for the Maxwrell distribution. This alternative procedure enables
one to increase this probability (or confidence) to more reasonable
levels not only for 50. of the trivariate probability but also for 75%,
90%, 957.1 and 99%. The development is an extension of Thomas et a!.

__ (1973) for the CEP and is sufficiently general to be useful to those
other than the weapon systems analyst.

DERIVATION OF THE MAXWELL DISTRIBbTON

The use of the SEP as a measure of dispersion requires the assump-
tion that the burst points of a weapon about the target center are dis-
tributed according to the uncorrelated trivariate normal distribution

common in all three directions (sometimes referred to
as the spherical normal distribution). If one lets the trivariate.
random variable (X,Y,Z) designate the miss distance of a burst point
from the target center (arbitrarily placed at the origin) in the x, y.
and z directions respectively, this density is given by

-3/2 2 2 +z 2 2 2- -3/2 -(x +y 2I
f(x,y,z) - (2nT2 ) e , - < x ,yz < . (I)

I is
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pmoi..lr -. .- l .... .Consider now the distribution of the radial burst distance from the
target center, i.e., the distribution of R (X 2 + Y2 + z2) .2:ans-

forming to spherical coordinates by letting

X = R sin o cos e

Y - R sin 0 sinG
i Z =R cos ,

it is easy to show that the density of the trivariate random variable

ro g(r,0 ,0) =(2nd2'/ e'r r2 ain 0 (2) i

for r > 0, 0 <<2 , and 0<0 < 0 .T. The marginal density of R is
now obtained by integrating g(r,0,0) over the entire range of both 8
and 0. It turns out that the density of R is

2 2
_oa h(r) -(2h) (r2/I3) er r 2 / 2 s2  r > 0 a b(3)

X",,,A density is commonly referred to as the Maxwell density and repre-
sents the distribution of the radial burst distances from the target
center under the spherical normality assumption. (See, for example,
Lindgren (1968).) Its counterpart for ground burst weapons is referred
to as the Rayleigh distribution and is the distribution of the radial
miss distances in the ground plane.

Using the density in (3), one can establish the relationship between
SEP and a by solving

SEP
P(R < SEP) h(r)dr = .5 06)

~0

for SEP in terms of a. Since h(r) is not integrable in closed form,
numerical procedures can be employed to show that SEP = 1.5382a. Hence,
if the population standard deviation a were known for a given weapon-to-
targ'.t range, a sphere of radius 1.5382a centered on the target center
would encompass 50% of the trivariate probability or 507. of the future
burst points from thisseapon under similar conditions. (In the bivariate

_ analogy for ground burst weapons, it is well known that .ZEP 1.1774a.)

Unfortunately, a and hence SEP are never known and toust be oetimated
from test firings. To estimate a, n rounds are fired at a target at a
given range and the distances of the burst points frox the target center
are recorded. f these distances are designated as r1 , :'t is easy to

2



show that the maximum likelihacd esti~eate for a is Siven by

= ~~r/3n]~ (5)

and thus the maximum likelihood estimate for SEP is given by

SEP l .5382^G.(

Suppose now that one estimates SEP with A~P as given in (6) above.
One cannot state that a sphere of radius SR?~ vill encompass 507% of the
future rounds from this weapon (under similar conditions) with certainty
since SEP is a continuous random variable which varies from sample to
sample. However, as a measure of preqision., one could consider the
probability that a sphere of radius SEP encompasses at least 50% of

N ~the trivariate probability (at least 507. of the ftture burst points).
This probability will be explored in the next section.

PROABLISICDEVELOPIIEN

This section concerns the development of an expression for the

probability that a sphere af radiua SEP -I.5382a anconmpassing at least
50%. of the trivariate probability H~owever, to keep the development

general, this will be accomplish. by obtaining an expression for the
probability that a sphere of radias 14c encompasse3 at least lOOP% of
the trivariate probability. The mathematical expression fo-, this pro-
bability is

(2/ 2 3 Z 2
Prob IJ 2/) (rla) a dr 2t P) (7)

__whcre Y is the quantity sought. Letting y r- a in the integral in
(7), one obtains

2.2 2

Prob U~ a(2v) yi e-Y/2 dy 2!P)i . (8
0

The integrand in (8) is :.ecognized a.- a chi-square density with three
degrees of freedom. Hence (8) car, cc written as

Prob (FK2"2  ) (9)

3



where F denotes the cumulative distribution function for the chi-square
with three degrees of freedom. Since F is a one-to-one function, (9)
can be ernressed by

Prob -Z (

X_ or

2
iK j

-Prob 2t I Y

Note the F"  (P) is the lOOP percentage point of the chi-squcre density
with three degrees of freedom. Tabular values of F-1 (P) are available
from -irious sources, most notably from Biometrika Tables for S atisti-
cisVol. I where they are presented to six significant digits for a
wi.[e xmge of values of P. For P = .50, the value of P under prasent

V consideration, F (.50) - 2.36597.

Using the maximum likelihood estimator for & as given in (5), it
.2is easily shm that the density of W s a is given by

3n/2 3nI2 -1 -3nw/2a 2

f(w) n w 3 e 0w>O . (12)
F(3n12) 2 a

Therefore, equation (11) can be expressed by

vj f(w) d- = - y (13)
0

2 -1 7
where flw) is given in (12) and v aF (P)/ik. It appears from (13)
that y, the probability urji7r question, is a function of the unknown

parameter a. A simple tri$.formation reveals that it 15 not. Letting

z= w/a 2 so that w "- z ad dw 2 dz, equation (13) becomes

v 3n/2 3n/2 -1 -3nzr vQ) z e
3n 2 dz ,,1 - Y (14)

0 r(3n/2) 2 3n/2

where v F(/k?. Equation (14) is free of the unknown parameter a
so that the probability y is a function Of only P (% of the population),
k (multiplying constant for ^), and n (sample size).

4



Recall now the qutstion posed at the end of the last section,
namely, with what probability (or confidence) can one state that a
sphere of radius SEP = l.382& will encompass at least 50A of the
trivariate probabilitv. This probability can be obtained from

equation (14) by setting k = 1.5382, P = .50, and solving for y
for various values of n. This eq-ati . was selved with k and P set
as above for swmd.e sizes of n - 2(1)25(5)l00(l0)20(50)300(00)O0tO.
The results are set out in Tabla I a-.d reveal that this probability or
confidence is quite low, i.e., less than ,.50 unless one has an infintte
sample size (tantamount to having complete knowledge about the unknown
parametr" a). To increase this confidence to .- re reasonable levels,
it is clear that one must increase the multiplying constant bove
1.5382. This will be discussed next through te development of
tolerance li.mits for the Maxwell distribution.

UPPER TOLERANCE BOU N FOR THE aAXU- L DISTaIEBUTIW

Making confidence or probability statements concerning the percent
of the population w.hich lies belo- an estimate of the SEP involves the
concept of an upper tolerance bound. In the core general sense, an
upper tolerance bound. U(P,y), is a point defined such that at least

OOPF% of the population lVes below it with 100j% confidence. (See,
for example, Bovker and L .aberman (1972), Proschan (1953), or Thomas,
et al. (1973).). U(P,y) is constructed as a function of ee- estimate(s)
of unkmown population parameter(s) based on a random sample from the
population in question. For the case at hand in which one is sa:apling
from a trivariate norm-al distribution with co =-n variance, there is
only one unknown paraeter, i.e., C, and the upper tolerance bound
will be formulated as a function of the estimate of this parameter.
(Since only the radial distance between burst point and target is under

- consideration, this can also be viewm-ed as sampling from &-e Maxwall
distribution with parameter a. See equation (3).)

The maximum likelihood estimator fot a as given in (5) can be
sho(n to be a sufficient estimator for a, so that the upper tolerance
bouad should be ot the form U(Py) - k(?,y,n)V. The constant k(P,y,n)
(tolerance limit factor) is to be determined such that one is IONI% con-
fident that at least lOOP% of the ropulation lies below U(Pv). J-nil aa
value of P - .50 is of primary concern here, other values could well be
of interest so the zenreral notation will be used. Deleting the argu-
ments for notational simplicity, kf(P-,n) is sought such that

2
Prob j" (2/n) (r 2 I3) e-r /2 drz'J y. (15)

0

This is, of course, precisely equation (7) of he last sectin which
reduced to equation (iL). Thile equation (14) was originally derived
for the purpose of evaluating y for fixed values of P, k, and n, it
can also be used to evaluate k for fixed values of P , y, and n. -e
value of k so obtained would be an exact: tolerance limit factr tbch,

=*



Table 1

PROBABILITY THAT AT LEAST 50% OF POPULATION LIES WITHIN SEP

2 .4232 60 .48603 .4373 65 .48654 .4457 70 .48705 .4514 75 .48756 .4556 80 .48797 .4589 85 .48828 .4616 90 .48869 .4638 95 .488910 .4656 100 .4891

11 .4672 110 489612 .4686 120 .490113 .4699 130 .490514 .4710 140 .490815 .4720 150 .491116 .4728 160 .491417 .4737 170 .491718 .4744 180 .491919 .4751 190 .492120 .4757 200 .4923

21 .4763 250 .4931
22 .4768 300 .493723 .4774 400 .494624 .477 500 .495125 .4783 600 .4956

30 .4802 700 .495935 .4816 
800 .496240 .4828 900 .4964

45 .4838 1000 .496650 .4846 0 1.0000
55 .4854
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when multiplied times ", would provide the upper-tolerance bound
U(P,y). As aforementioned, the interpretation of U(P,y) is that one
is l00*o confident that at least 1OOP7. of the population lies within
a P-here of radius U(P,.y). For a particular weapon at a specified

3n-to-target range, this means that one is 00-/o. confident that
least 10OP7. of the future rounds from this weapon, fired under

simiiar conditions, will burst within a sphere of radius U(P,y)
_centered on the target center.

To utilize the above concept, it is necessary for one to have a
__ table of tolerance limit factors at his disposal for reasonable
_values of P, y, and n. Hence, equation (14) was solved for k for

P = .50, .75, .90, .95, .99; y - .75, .90, .95, .99; and r ,- 2(1)
25(5)I00(I0)200(50)300(00)I000,0. The solutions were obtained
using Simpson's integration rule and successive binary cuts begin-
ning with an appropriate starting value for the upper limit v'.
The computations were performed on the CDC 6700 at the Naval Weapons
Laboratory. Tolerances were set to provide an accuracy in k of four

• decimal digits; the values of k are set out in Table 2 for the above
listed values of P, y, and n.

As an example of employing this procedure, suppose eight rounds
are fired at a target to obtain the radius of a sphere about the target
center within which, at least 507. of the future rounds (under similar
conditions) from this weapon will burst with 957. confidence. The

__ radial miss distances from the target center are shown below. All
__ measurements are in feet.

r

201.92
_52.98

210.10
120.43
48.17
96.40
85.84
104.71

8 2
It can be verified that E r - 132,169.9603 and hence that

& -74.21

and

S^EP 1 1.5382a- 114.15

_7
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From Table 1, it is seen that one is unly 46% confident that a sphere

of radius QP - 114.15 will include at least 50% of the futur6 bursts
from tb's weapon. To increase the confidence or probability to 95% as

Especilied, one refers to Table 2 under P = .50, y - .95, and n = 8 to
find the tolerance limit factor k (.50, .95, 8) - 2.0250 (vice 1.5382).

This is then multiplied times a to cbtain U(.50, .95) k(.50, .95, 8)
a (2.0250)(74.21) - 150.28. Hence, a sphere of radius 150.28 feet
about the target center will include at least 50% of the future bursts
from this weapon under similar conditions with 95% confidence. Should
the experimenter want to increase the confidence to 99%, he would refer

R to Table 2 under P - .50, y - .99, n- 8 to find k(.50, .99, 8) -I2.2870. This, when multiplied times 4a, provides U(.50, .99) - 169.72
feet. FinalU), should one want the radius of a sphere which would
include 95% of the bursts from this weapon (vice 50%) under similar con-
ditions with 95% confidence, he simply refers to Table 2 to find k(.95,
.95, 8) a 3.6802. This is then multiplied times 4 to obtain U(.95, .95)
- 273.11 feet.

CONCLUSIONS

The tolerance limit factor, k(P,v,n), derived in this report can
also be expressed as a function of chi-square percentage points. Refer-

rin toeqatin (1) itcanbeshown that 3~W7i diptributed 4
according to the chi-square distribution with 3n degrees of freedom.

Hnce, one could write equation (11) as)

3na~- 3F aa2  k2  (16)

I where, as before, the arguments of k have been deleted. In order for- -3F()/2  2
equation (16) to be satisfied, one must have 3nFn ()/- or

.1

k- 1 (17)

Y-3n,l-y

2where n,l-y is the 100 C-y) percentage point of a chi-square density

-with 3n degrees of freed-m. Utilizing this notation, F (P) can be ex- A
F-lt 2

prested as X3, so that k(P,Y,n) can be written as

23nx I -km = (18) '
"in,1-y

12--



NEW.

Hence, should one need a value of k not tabulated in this report, it can
be obtained by reforring to a table of cht-square percent.age points andcomputing h as in (18) above.
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