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ABSTRACT

PVerformnnce equations ,-ro dovel.oped for the cryptostendy-

flow unergy sopr~irtor ini its mia~st yencral form and over tho

widest range of operatinq conditions considered so far, including

bearing friction j., other rotor torque, and unequal dischax.qc

pressures, peripheral velocities, flow losses, prerotation

velocities, and discharge angles.

Equations are also developed for the prol uitioning of

rotor nozzles in accordance with .erfor,,ance specifications.

Convenient performance and design charts are also presented,
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NOMElNCLATURE

c .uid particle velocity in F

Fs frame of ruference in which the flow is steady

Fu -frame of referonce in which the onergy separation is
utilized

h specific static enthalpy

hO = specific stagnation enthalpy in Fu

h* - specific stagnation enthalpy irn Fs

L = externally-applicd rotor torque (positive if driving
torque)

-imass fl.ow rate

M = Mach number

p = static pressure

pO stagnation pressure in r
u

u = fluid narticle velocity in F
U

U "prerotation" velocity

V velocity of F" relative to F

a ratio of total nozzle exit area on b side to total
nozzle exit area on a side

inclination of nozzle axis to normal to ý in external-
separation devices (see Fig. 2)

ratio of specific heats

6 = cos 0 (negative on a side)
t

1 = (h* - hd)/(hi - h ) (nozzle efficiency)

0 = angle (V,c)

tNote thac. this definition differs from thor used in previous

papers on this subject.
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K = i~ h ~ /III' (Cool ing Cap-lacit Cy ooff~ici nt)

Ami P*I,

1= .bl (iumass flow rt10o)

III 1iai (cold fraction)

p = density

W = angular v•locity of tho rotor

Subscripts

a i flow discharged with 6 < 0

b = flow discharged with 6 > 0

d rotor nozzle discharge

rotor nozz.o 1clta"11ltCc

i = energy separator input flow

o conditions resulting from isentropic discharge from
ri 4- vd" v-v

2= 2ho '
2hd ['-(PdalPiO) Y

Superscripts

o stagnation quantities in Fu

= stagnation quantities in Fs

Assumptions

(1) The fluid, when compressible, is ass-mied to be a calorically
perfect gas.

(2) In external-separation configurations, the radial distance
between rotor and stator is small comparod to thr! rotor rad ,

(3) Ileat exchanges with the surroundings, in the energy scparator,
are negligible. .

(4) Prerotation velocities are everywhere parallel to V.

*1



]i N'['|OIE'CT IOI'• ¶
Cryptostu1dy enerJgy separation is a process wheoeby the

total head or total specific llthalpy of a portion or a flow is

increased at the exponso of the corresponding quan-ities in the

romaindlr of the sainc flow, throut.h direct and cssontially non-

dissi;ta.c exchangecs of energy.

It is known that ra-vorsible transfers of mechanical onercTy *1
in flow systecm! arc possible only whore the interacting flows

a-'a nonst-ady [1] . Indeud, in the only known steady-flow

mechanism of red-istribution of energy within an initially homo-

geneous flow--that of the Ranque-|ilsch tube [2,31--the transfer

of energy is effoctud, rather inefficiently, through the action

of viscous str1ess. On the other hand, considerably better

performance has been shown to be possiblo when the energy trans-

fer JIS cffct-QUI "prossure xli..ang.," i.e., through the wo h

of interface prossure forces; and prcssvre eochancjo is always

a nonstoady process, bocaose no work is done by pretsure forces

acting on a stationary interface.

In an effort to improve energy separator performance through

the utilization of pressure exchange, some attention ),as been

given during the last decade to devices called "dividers," which

operate on the basis of wave processes [4,5]. There is reason

to believe, however, that tiie development of practical and ef-

ficient dividers would be very difficult, because of the sensi-

tivity of these devices to such factors as imperfect timing of

moving i;mechanical parts to wave and flow processes, diffusion of

Numbeors in hrackt ts dceiginate Icfei'unces at end of paper.



interf..,e.t , noninstv ntanc ouv Opclinj an|d c.]ontivj ,3f ,l ,.;, di!. .-

tortion of shock froilnts, etc. , not to mcn-tion the utua] InaIlyticalI

complexitics of ionstcJ.,,• low p1OCO.r~cr:.

Thi.s paper doals with a nonf-toady-flow ntiLhod of Uneruy

separation in which the difficultieu Just montiorned are overcoma

through tnc utilization of "cryptostoady" pressure exchange--a

cryptontoady process being defined ae one thna is nonsteady but

admits a frame of roferenco in which it is steady. The spacial

merit of cryptostuady processes is that they can bo gcnorated,

controllud, Ocad analyzed as steady-flow proccsscs in this unique

frame of referonceo, while rctaii Ing all the potential advantages

of nonsteady flows in the frame of reference in which they are

,It L 11 70-d.

A simple interaction of this type is shown in Fig. 1. Here

two flows deflect each other to a common orientation in a frame

of reference FP in which thcy are both steady. Apart fromn trans-

port processes, no energy is exchanged betweon the two flows in

this frame of reference. A transfer of energy does, howevor,.

take placu--by pressure exchange--in the frame of reference P of

an observer 0 moving at an arbitrary velocity 0 relative to Fs.

The energy so transferred is equal to the work done by the pres-

sure forces which the interacting flows exert on one another at

their interface. This work is zero in rs, where the interface

is stationary, but not in F, where the interface moves. Since

changes of the frame of observation are reversible, these energy

exch-nngjs arc essentially nondissipat-ivc. huto that, becaub•

. 1



of tllhy vxjitLencc fl .1 1 dQ or* u~jc I 1~t u i j , it vii ~.-t tit ru x i

Stecady (firA1ne V S. thnr fjlOW 3l I' ij vi:-iMdy Aitil y,.ao of

cryp sta LuG' i ntLraicL ions an J C i , cti•t i or r n of t I, 1.ir appi -

CMiVoilo-hav )ILV CC been pLQvcikLCd ill p.1e-ViOUS popOVr- K .7,8,9,1 U).

The op-ration of the cryl-tosteafy eneorqy oVcpirator niny be

utxplaincd in a similar maiincr 1)311 t-irouqh cons;ideratien of a

sim|ple Lwo-dimonsional situation, such au that Wio.wn in Pig. 2.

flero a plane and initially hapiogoncous stream i is seen issuing

from a lozzlo as a jet and Impinging on a will W. Tho flov field

is atntionary in a frame of roforence F, F which is tho coordinisto

systcm fixod to tihe noz3le. Body forccs arc asn-umed to be absent,

and viscous stresses and hoat exchanges with the surroundingof are

assumed to be neyliqiblu.

Tile impinc•nlyon'. causes the j-t to divido into two separate

streaws a and b, interfacing with one another at the stagnation

stream surface s. For examplo, if the discharge pr]esiurn is thu

sama on the two sides, the ratio of the mass flow rotfli in the

two streams is ji - (1- sin 0)/(1+ sin 3).

The specific stagnation onthalpv (or the total head, if the

fluid is incompressible) is, In framo F., the same in the deflected

flows as in the oritlinal strea•s. This, however, is not tcuo in any

other fra£ie c'f refe-cn(.. In particular, letting c and u donote

fluid particle vulocition relative to Fs and to the frame of

reference ru of tin observer moving relative to V a at an arbitrary

velocity V rolativo to the wall, respectively, one has u - c + V,

honce 4



(U - a) b v

So iE'q V / V , rhc tv, ih -( c -'. V j, ver ,anni.,fher.,

W it, u)y~~ (cp ri')*nd r-dnco th ho thariodynand~tci r ~Las

cronco, therv f olilow

b i b

i'L(' Lh\.kliS tl WiC ) h .h-*,h'C hO Si-ll cc• OL ho ori':tal at' Of ti [ i-

toIvn cis it hoogctlo, uowi stre.am, ill ovry coOydiiiato - •ynLoill, it mllUst

be COVI•eM O•d LIht uwurqly in tra ••lfric-. , in Pr from one portion

to the othor of thin nLrvam, aq thore two port ions are dcklfoctd

to (afro.rent :1;itnitLoivje.U. Thin. fact can also 1• F pl•t~inod on

t-hu bani--, of tho observation that in framo lFt1 the iiterftace s

im ,ovinci tad ihino ioi ,i•, Fao 1, !rur,- forcein •.re therufore dcling

work. The (ernegjy that Is transferred fropi a to b is, of coursaO,

the worn doiie by a on b itl this piesauio•| xchaaig, interaction.

As pointed out In rofreonccs 1llj and 112), a situation

approxii,|atinJ that of Fiq. 2 may be obtainod, with a atreant of

finite traiic\,urse dimensionjs, throuqh Iatoral Coiifiiieiieint of

Uhu doflucztion rojion 1y itutanun of ond plates or vatmea. Those

vantsl must bo ashaped to lead the deflectod f..ows into separate

Spai•eS. AS a coliS'aoloncct, the flow call be •tIC]1y cs'tric tly"

only if the confining \',Ine:; are stationary ill r

A. ..,. 1



Th i-lft i-v of I.On I~f~ 121 ý1 u io I - I I i t ! for rI i Li c .l j tia tj

), i t i - '~ 'u ~.~ of-cc P.- U' V11 i Chii CU1- '.lit Lr~ i 0~q Mon t 0

inturxiaiJ 'quy1.-L' or an Ow -Orokci.'inq w,11 I . Thii d43d)9vmc1iut apj)

prom ila t or 014L of rhit. 2, s~o 1ione nn the radinIi (frpt~h of tha

Tn c'-tro!!rt toi tho ct'n1 t~.ir , itn" jtfiu--I t n Of,

Fi 3 (Mio cc Lhu ic-pai it Oron, Lilt, th No plo; vekz~ ' qi! on 1-

t.iio U rotior) , v iq 4 vh)iw~n .~an " intet ita irwp.uwt ion"~&nie

11C11 Lt. I : hf lit iol% or t f wo f low". pak litcu 1i13tcde

the~ rutor. P1-oe 0,1. rioien *Ire dis~charirucd 11 nIn. - 'Orl*l~.h

of Which )"lly t.wo t~ e lcvý-!. A !.Chnv1-l i - V t,.- ol. ali 101.11(2 i I~t. a1

sevwdthi ion Ii~~f9.e~ . rinjitq ihoiq of dhe non~ivncl atUrý luled

in thint l ,•' r, J.3 i ,ho i,'i iln igi• 5. In v- ' it her ct'. , :;,Iv ti .o

s Iimp ic it v O:iti. )-cŽAr.nii fricjcri~ 14 * lc(Jlic ibhe, the disc halrcjo

PJ^ C- .9 LI)-Lw• is uniforia, the Lo the Iucli W, iA to t.i. rotor uurf.cc-

iara c-plat and Oppo'dic- t aw ol t he intot- ( fi'~1of~w a~I~rv tile r-.1'90

for isuot r. i 'v e n o , if i. ncw*!uDO ,, d r duC U ua., tile rotor

wi 1 rol. atr i ta. threL w,. .l-t I-s; floqtiichrui for the

coJ e r'ation of the tot(l a-nO:v O o or L io to;r c fow ill tile

laboi, "ory frati.w of 0 }forencr\ (l fi.alaae V u ihunj ploucing Otwu

)olJui 10 -o) t () F 1 r u. 1a i o to I k l l , I

l~rh•ur J.' u•Jfo~aLh nzze lilia~on, L L,• r~o orfc,



_-• _ •..._ypci: .,- , d , n~ toyI voi.' ,a I. . . . .-iv

in (.fI, n: c 11 1) , whi _ h :%1 'r ) , . -.i,. '-, .. n -I c",7 ||,[: 1 , r soiu* o tlhe

oc)prinmunts ill wh~ioh the v, lidity or th,1 conrid' wns .firrt: te-'stet!

and ofid

Thu dhL:lyn.3.:; of rcf..r'iict [111 Atc'tuntn Lor manoL of the

pertincnt paraiz L:ttLe, inc¢luidhg rotor torque andi flow Ioinrn,

bUt COVers on1y 1 i t tiations in which (h) i-cvi 1 hr, 1 yel,,ci y, th1

plkV'.Alrv', alld th,, Ci'-It roly r it!. ;ILy. tihl .41hu. Oni the 1.

ab on thu sait,, thc lnIwi! t•rn: iof ie C i'l,'t e.locJti-I oil

the two vidt,; ,srt cqtl 1 and opl-uoite, ,n1 d1 prorot tinin of the tiput

C•.lrw i ' 41 JeflIl, mi, t .c"t 'i or cie'o-I ila.run frti-i riich .-,-mmi oLricr ;

h~I\,u re- vt=-i ', I- I 2. ti vcu 1 y I it L I ( :t t t eliI im, unt.l c cI t--,c o':ccII i

for ai St(uy by Jlanhorm (131 on the cffectl of prl-rotctiLun and for

a : 0- ~ Q. '-Ihd;, h IJIn] yses of Ila i1-Soara; loll devicv .7e,

wuhich the f cff.ct-I of pr-ruuLafion (al:;tii, to bo ilnifortl th'oti-h)

out th• inp't floW) and of difforunies(i of noz.zl inclination,

1'Yil.,iX] 1 veloi. ty, anl diccharqle prv.utiru Oln t0he two .iden

have bollol individally v~xlid•A-, by Lhiu writor.

A more co:.*rliennivo study of thlu silije:t Ii-:- rocuntly bufn

c, ted by ilalhli 114], as part of a c.,'pa rat.ivu anlysi., of

tlie three claL.-un of cnor(l)y separat on tUcniniquou--stoady, lion-

si•--,t ;ii.2 a j c L) L %;t (l * ill &ic 1 inq %,illtl the tLitltr teclliiqiur ,

theO1 GO•jhiai paper anayi-i, in dot ail the effeci of unecual pres- J
nurt' on thiev Ilhlavi-or of the 0r';'crii v j" ln extorla !1.-'d , ' -on

/.4
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lcvicls an, also e.inc: twi;) output flo;.; coleloction effects

wldch are critical with these dcviccs. ViScous i"eattachment of

the doflucteo< jots to the collector walls is found to be poten-

tially beneficial, whereas flow pulsati.ons--a.e., departures

f-om cryptesteadiness--an the collection process, rcsulting

from the use of confininq vanes stationary in Fu, are found to

be detri mental. The latter determination is of particular

ini-.ortance, in that it provides, for the first time, a firr-:

rationale "or focussing attention on those devices of this class

in which the flow is truly cryptosteady.

For such devices, whether they be of the internal- er of

the extcrnal-separaLion variety, the Graham analysis develops

"fcre : perlcrmance" equations in which the most important design

and opcrational parameters appear simultancously, with full

account of thcir nonlincoar inte:-ractions. .. O..-•.v.r., th"csa . qua-

tions require iterative solution in most cases, and their use

is again lim.ited in practice, because of their great complexity,

to the individual eValtuation of the separate effects of pre-

rotation (again assumed to be uniform) , rotor torque, and unequal

back pressures, nozzle efficiencies, and exit flow orientations.

Ti, prescnt analysis approaches the same problem, for strictly

cryptosteady situations, by a different route, which leads to

simple, closed-form solutions in all cases. The analysis accounts

for all design and operational parameters so far identified, as

well as for their conceivable asymmetries (including unequal pre-

rotations) and nonlinear interactions. Equations are also

1/
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develo':pcd for thc design of cxyptestccdy-f],i'." nergy separators

in accordance with any given sot of feasible performance speci-

fications.

GENERALTMED PFl FORT11A1',E ANALYSTS

The following equations apply to both flows a and b:

2

h = h? ---- + (u'-V) 2

d 1 2 2

V2
= h? + --- u'V (1)

i 2

and

' 2 (h hd)

d i 2

with
U

U2  = 2h? [1 -Pd ](3)0 1PI

Equation (3) is plotted, for y = 1.40, in Figure 6.

From Equations (1) and (2) there follows

e 2 11(V 2 - 2u'V + u 2 ) (4)
0

Equation (4) is plotted in Figure 7.

Also,

Ud2 = 2 + V2 + 2cdV6 (5)

d dd

and, by definition,

- (U2 C1
d d 2 d~~c 6

8- r



Equations (1), (4), (5), and (6) yield

h- h? V2 + 6V[ij(u? + V2 - 2u'V) 1/ 2 _ u'V (7)d 0

Thus,

ia a a U'. 1 2 (8)l
V2 a 2

a a

ob % 11/2
vb

.The use of V as an independent variable i s analytically

convonir. (as shown by the development above) and is justified

by tiie specik" constraints to which the selection of this paramr-

eter is subjected in practice (constraints of rotor size and

structural strength, of bearing characteristics, etc.).

Equations (8) an ') cover the greatest variety of con-

figurations and ope' .,g conditions so far , ',sidered, includ--

ing such asynmuer .et E nequal peripheral velocities, discharge

pressures, fl1, preroLation velocities, and discharge

angles. Ru. is implicitly accounted for through the

mass flow ratio, as will be seen below and under DESIGN EQUATIONS.

The mass flow ratio is related to the specific enthalpy

increments through the energy equation

I- + h'• h? + Lwmaha +bb ' ii

whc ce Lw
hio_• + mi

=---(10)

9-)
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The "ccld fraction" is

V(

and the "cooling capacity coefficient" is, by definition,

K (1? _11,,/V 2  (12)

Equations (8) and (9) are plotted, for y 1.40, in

Figs. 8(a) through 8(p). These two equations are uincoupled, -

in the sense that the stagnation enthalpy increments on the

a and b sides can be obtained separately from them or from the

charts. Fig 8 (a) illustrates the use of the charts for a case

in which the two stagnation enthalpy incremcnts can be read on

the samune chart because 6 - 6 and n = The example
b a an b ~a rhoxme

chosen is that of an energy separator- in which 6 b = -6a 0.95

and ra = = 0.90, operatinq at prescribed nozzle-exit p"oripheral

velocities Va and Vb, with prerotation velocities u= 0.5Va and

uL= - 0. 4 3 , and under such pressures pi? da dbhat

Uoa and uob -- as obtained from Eq. (3) or from Fig. 6 -- are

equal to 4 V a and 4Vb, respectively, To obtain the stagnation

enthalpy drop on the a side, enter the prescribed value of ua/Va

on the pertinent scale (point A), read down vertically to the

curve for Uoa/Va = 4 (point B) and then horizontally to the

(h0-ha)/V 2 scale for the sought information (point C). The
Sa C.

stagnation enthalpy rise on the b side is similarly obtained by

entering the known value of u•/Vb on the pertinent scale (point

D), and proceeding from there horizontally to the curve for the

10-r
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appropriate value of uob Vb (point E), and the'-ce vei-tically for

thce sought zading at F. If 6b / -6a and,/Lr lib • na, the read-

ings C and . must be obtained separately, each from the appropriatO

chart. The correspondinq value of 11 3s obtained from 'Eq. (10).

If rotor torque is absent or negligible, and if the two reacings
L

C and F are transposed to the seine chart, the value of )i is that

which pertains to the radial I~ne through point G, whose coordi-

nates arc the two rueadings C and F. I., the case of the illustra-

tive example of Fig. 8(a) 11 = 0.6 Va/Vba
a b* Fg sacnein

chart for the compa~rative ovaluation of solutions from the stand-

point oi cooling capacity, for situations in which rotor torque

is negligible and Va = Vb.

Figs. 6 through 9 can be used, of course, also in the solution

of the reverse problems resulting from interchanges of dependent =

and indapendent variables (e.g. , in the determination of the

rotor speei and input and discharge pressures that are required

to produce a specified cooling capacity coefficient), Further-

mnore, visual inspection of these charts readily uncovers a good

deal of useful information on the magnitude, sizes, and relative

importance of changes of various parameters in relation to their

separate or combined effects on performance. Thus, for example,

the charts confirm the existence of an optimum positive pre-

rotation on the a side when the pressure ratio on that side is low;

they reveal that opposite prerotations--positive on the a side

and negative. on the b side--can be remarkably beneficial from the

standpoint of cooling -.apacity for any given rotor Teed; and

ll-r



they proviida a tool for Lhje q1iVIcJr sc.vicctJon of the opucrational

parameLores that will beLst covih3ii to produce any desired result.

Di,..cI LEQUATI ONS

The equations doveloped in the preceding section apply, of

course, to both internal- a'nd ornal-soparotion dor-,vcer. Thus,

once a satisfactory solution has been identified, the determination

oL Liiu uombination of operational parameters (rotor speed, mass

flow ratio, ctc.) that will prncucu this solution is the same

for both subgroups. The same cannot be said, howcver, of the

manner in which the selected comibination can be implemented. In

the first place, in into rnal-suparation devices the controlling

design pr-rametor is the nozzlc area ratio a, whorens in ext.ernal

separation dovic. z it is the impingement anqi g[. in the scaond

place, the effect of unequal discharge pressures on rotor sp)eed

and ma-Q flow, ratio is maikuX6y different in thc two subgr.ouups

[14]. Finally, impingement wall bounddry layer effects on per-

formance, absent in internal separation, are believed to be

potentially significant in external separatiorn, although very

little is yet known about them. The latter point is particularly

important, in that it points to residual uncertainties that still

make the correlation of design to performance a good deal less

reliable with external than with internal separation. For this

reason, only the internal-separation version will be considered

here.

Two cases will be discussed:.

(a) the case in which the two flows a and b are both
fully expanded, within the rotor-nozzlis, to their
respective discharge pressures pa and P., and

I~=.



(b) the caio in which the rotor nozzlen arce under-
expan1dud and both flows aroe sonic at the nozzle

Casec (&).

If the auzzle flows are fully expanded, c, = c[ on both

sit-IQo. TZii.e velocities cai be obtained froip Eq. (4) or front

Pig. 7.

From tho equation of state,
PI

Pdb Pdb da

Pda Pda hdb
, da

Pala ',Ia - ---2- (11
(13)

pda Pdch •-uV

1-*-db
Cib

aind, from the dofinition of i'1

C p

""da dda

Finally, L'qs. (1) , (13) ,and (14) yieold

Cdad 2h? + V2 -2uvip _C
b bPda I(b5)

C db 'd b 211? + V2 -2u!
I a 4ta -' Ia

p is calculated froom Eq. (10) , and it is through LUiL puraiaetur

that r,1tor torque is accounted for.

Case (b)

Since 14 = iiLb the miass flow rvtio is [151

p~eb (h(l )1/2
r(16)

Pea' db

13-r



Now, on oalch sido, p* )fp? I Thus,

p %2 2YT (17)
4b dca

Lqs. (1) and (17) yield, for y 1.40,

Aa ,2i1 + V2 -2u'V i3 V
a= (i 1 - -a ) (18) t

b 20 +V2 -2-~V

whoreo, ns beCoro, pi Is obLainod from J:q. (]0) and acicounts

for L.

SYMMETRI (AL CASES

For those cases in which 6 - 6a' nb "a (or A b a 3)

U01) Vb it Va =V, ub' 0u1' r , nd,-0, 'qs. (8)

through (12), and (15) or (18), yioldc

"hb i ] li ha°0 + 2V" (19)

and

(hi° h1 V" -(h hi 0 ) (20)

hencO

h°? h ° = V• (21)

1.=-a (22)

and

2 -(23)

1 

-

S=

14 - r

t,4
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