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TECHNICAL REPORT SUMMARY

The objective of this project is to combine a number of recent
advances in finite element theory and computer technology for analyz'ng
cavities and structures in rock. This computer program applies to general
three-dimensional structures, considers nonlinear material properties,

time dependent properties, gravity loading and sequence of excavation or

construction.

The final report for this project is in three volumes e¢s follows:

Volume 1 - YAnalytical Modeling of Rock - Structure

Interaction.'” Final Report, April 1973.

Volume 2 - "Users Guide for a Computer Program for Analytic

Modeling of Rock - Structure Interaction.'" Final
Report, April 1973.

Volume 3 - '"Computer Program for Analytic Modeling of Rock -

Structure Interaction.! Final Report, April 1973.

A1l three volumes were prepared by Agbabian Associates, under contract
H0220935 with U. S. Bureau of Mines. The project was sponsored by ARPA under
ARPA Order Number 1579, Amend. No. 3, Program Code 2F10.

During this contract, work has been aimed at producing a user-

oriented computer program. The work of writing the program was Jivided into

three areas:

a. Input
b. Execution and output

c. Material properties




R-7215-1-2701

The Input Section autcmatically generates the continuum part of the finite
element mesh, including joint eleme. *s, allows the user to add other elements
(beam, shell, truss) to the mesh, plots the result, reduces the bandwidth and
reads loads, material properties, and other quantities necessary to the cal-
culation. The Execution Section forms the global stiffness matrix and sclves
equations of equilibrium for displacements by an implicit method. The material
properties are represented hy subroutines within the Execution Section, which
are written in a modular form so that if the general equations of nonlinear
elasticity, viscoelasticity, viscoplasticity, or plasticity do not suit a

particular problem they may be easily modified.

One of the guidelines for this project was to consolidate existing
finite element technology into a single, gereral purpose computer program.
Accordingly, the program uses existing finite elements, a proven form of
the equation of equilibrium, existing material property descriptions, and
an existing bandwidth reducer. However, a small amount of new woik was done .
A new joinc element was developed and an existing concept for automatic mesh
generation was greatly extended. Also, a form of Choleski decomposition was
modified for efficient use of multibuffering, resulting in substantial

improvement in efficiency of solving equations of equilibrium using peripheral

storage.

During this study, some new work was reported by other ARPA/Bureau
of Mines contractors which has been incorporated in the program. Among these
are some creep data obtained by W. A. Wawersik of the University of Utah and
strength/deformability data for faults by R. E. Goodman, F. E. Heuze, and
Y. Ohnishi of the University of California, Berkeley.

The technical work reported in Volume 1 is divided into two main
parts. The first part describes the range of possible application of the
computer program to mining englneering problems and reports an extensive
analytic study of the Caladay Project hoist room with which experimental

data are compared. The second part discusses various aspects of the computer

—_—
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program and its theoretical basis. Attention is given to ihe processing of
input data and to options available to the user for mesh geneiation, sequential
excavation or construction, automatic bandwidth reduction and plotting of the

mesh. Example problems which have been solved during checkout of the program

are described.

Volume 2 explains the overali operation of the computer program,
defines how input should be sukmitted to the program, defines the material
property models in detail, explains the data stored on each tape, and gives
flow charts of some subroutines. This input definition is for the version

of the . rogram which operates on the UNIVAC 1108. This program is the

primary content of Volume 3, and is available on seven track magnetic tape

from DDC-TC, U. S. Department of Commerce, Springfield, Virginia 22151,
telephone AC (703) 321-8517. The tape is unlabeled, even parity, external
BCD and is written at 556 BPi. The tape has constant record sizes, each
record being 1920 characters long (24-80 column card images per record).

An end of file mark follows the last record on the tape.

Arrangements to obtain copies of Volumes 2 and 3 may alsu be made
through Agbabian Associates, 250 North Nash Street, El Segundo, California
90245, telephone AC (213) 640-0576.

This contract was monitored by Dr. William J. Karwoski, Spokane

Mining Research Center, U, S. Bureau of Mines.




R-7215-1-2701

FOREWORD

The principal contributors to the work reported here are listed

below. All are members of the technical staff of Agbabian Associates.

A, K. Bhaumik
K. P. Chuang
J. M, Clark

: K. T. Dili

J. Ghaboussi

J. Isenberg
E. M. Raney
The cooperation of the Callahan Mining Corporation in supplying

engineering data for the study of the Caladay Project Hoist Room is gratefully

acknowledged. A

vi




Ak R-7215-1-2701

CONTENTS
Section Page
1 INTRODUCTION . . . . . . . . . . .. .. : I 1
2 CAPABILITY OF COMPUTER PROGRAM AND ILLUSTRATIVE
CASE HISTORY . . . . . . . . . . ... e 3
2.1  Physical Aspects of Rock and Suppert
Systems Which this Program Represents . . 3
2.2 I1lustrative Case History--Caladzy Hoist
Room . . . . . . . .. : 5
2.3 Three-Dimensional Analysis of Hoist Room ‘
at Caladay Project . . . . . . . .. ... 30 p
2.4 Discussion of Results . . . . ... ... Ly
2.5 Summary and Conclusions . . . . . .. .. L8
REFERENCES . . . . . . . . . . .. .. ..... 51
3 APPLICATION OF FINITE ELEMENT THEORY . . e 52 .
3.1 Solution of Nonlinear Equations of
Equilibrium . . . . . . . . ... L. 52
3.2 Equations of Equilibrium for Large
Deformations . . . . . . . . . . ... .. 55
3.3 Structural Finite Elements . . . . . . . . 59
3.4 Joint Finite Element . . . . . . . . . .. 70
REEERENCES @ s mp s mmm . amm . 1 e e 77
4 REPRESENTATION OF PROPERTIES OF ROCK, INCLUDING
ANISOTROPY, INELASTICITY, RATE EFFECTS AND
PROPERTIES OF FAULTS OR JOINTS . . . . . O 78
b.1  Homogeneous Properties . . . . . . . . . . 79
k.2  Material Properties of Joints T iR GG 119
REFERENCES . . . . . . . . . . . ... .. ... 128

vii




Section

5

Append i x
A

CUNTENTS

DESCRIPTION OF THE COMPUTER PROGRAM

5.1 Processing of Input Data .

5.2 Execution Phase of Program .

REFERENCES .

COMPARISON WITH CLOSED-FORM ANALYTIC SOLUTIONS .

6.1  Sample Problems

6.2 Computing Time Required for Solution .

REFERENCES .

LOGIC DIAGRAMS FOR MATERIAL PROPERTIES .

viit

R-7215-1-2701

Page
131

131
156

173
174

174
189

191




2-7

2-8(a)

2-8(b)
2-8(c)

2-11

ILLUSTRATIONS

Two-Dimensicnal Tunnel with Excavation,
Temporary Bracing and Joints .

Excavation of Bank .
Three-Dimensional Tunnel Analysis with Joints
Fault Locations, Coeur D'Alene District

Plan View of Hoist Room and Connecting Drifts at
Caladay Project Showing Dip of Bedding Fault .

Idealization of Hoist Room Dimensions, Excava-
tion Sequence and In Situ Stresses

Time Variation of Cumulative Displacement
Between Toe and Collar of Each of the Three
Extensometers Installed in the Back of the
Hoist Room (Extension Positive).

An Automatically Generated 2-D Mesh for Caladay
Hoist Room . il o C

Schematic Key Diagram for Mesh Shown in 2-8(c)

Actual Key Diagram with Input Nodal Point
Coordinates for Preliminary Two-Dimensional
Analysis . . . . . . .

Results of Preliminary Two-Dimensional Elastic
Analysis .

Auxiliary Drift in Silver Summit Mine Used to
Determine In Situ Viscoelastic Properties of
A-gillite

Comparison Between Measurements and Computation
of Relative Displacements in Drift in Argillite,
Silver Summit Mine (Compression Positive)

Plane Strain Finite Element Analysis of
Section SS-3 in Argillite

Three-Dimensional Finite Element Mesh with
Original Configuration of Top Slice and First
Bench Followed by Three Stages of Excavation .

R-7215-1-2701

Page

13

14

15

16
17

17

19

25

27

28

31

PR TS TR




A\

Figucg
2-14

2-15

2-16
2-17
2-18

2-19

3-1
3-2
3-3
3-4

3-6

b1

-2

4-3
L-4
4-5

4-6

ILLUSTRATIONS (CONTINUED)

Normal Stresses in Front and Back Layers of
Elements .

Measured and Calculated Relative Displacement
Between Ends of Extensometers Located in Back of
Hoist Room Versus Time (Extension Positive)

Vertical Norma) Stresses (cy) in the Element
Layer Over the Back

Absolute Deflection of Center of Back and First
Bench Floor

Upheaval of First Bench Floor

Authors' Estimate of Results Which Would be
Obtained if Model Were to be Refined and a
Second Aralysis Performed

Truss and Beam Element .

Two-Dimensional lsoparametric Element
Eight-Point Three-Dimensional Element
Three-Dimensional Thick-Shell Element
Geometry of Joint Element

Coordinate Systems for Joint Element .

Typical Laboratory Data on Rock from which
Constitutive Equations are Derived .

Model Bulk Modulus, Hydrostat and Yield Point in
Uniaxial Strain Compared with Data .

Shear Modulus Versus Pressure for NTS Granite
Cap Model

Hydrostatic and Uniaxial Strain Behavior Cap
Model Fit for Granitic Material

Triaxial Stress Behavior, Chamber Pressure = 0,
50, 100, 200 ksi, Cap Model Fit for Granitic
Material 50 6 0o oo ol . .

R-7215-1-2701

38

39

b1
b3

b7
60
62
65
67
72

74

81

84
86

91

92

93




Figure

l’-7

4-8

4-9

k-10

I LLUSTRAT I ONS

Yield Strength Versus Mean Stress for NTS
Granite

Orientation of Planes of Weakness Defining
Anisotropic Behavior According to Jaeger .

Comparison Between Failure Theories and

Experimental Data for Anisotropic Rock
(Reference 2-18)

Stress-Strain Curves for Green River Shale-2
for Various Confining Pressures, £ = 10 Deg
(Reference 2-18) .

Present Model Subjected to Uniaxial Strain at
Various Strain Rates .

Compressive Stress/Strain Relations for Present
Model Subjected to Proportional Loading at
Different Stress Ratios .

Compressive Stress/Strain Relations for Present
Model Subjected to Proportional Loading

Compressive Stress/Strain Relations for Cedar
City junalite at Various Strain Rates

Viscous Models Available in the Present Computer
Program

Experimental Data on Viscoelastic Properties of
Several Rocks

Comparison Between Present Creep Model and
Experimental Data (References 4-30, 4-31)

Normal Stress-Strain Relation for Joints .
Dilatant Joint .

Geometry of Example Problem Using Plane Slip
Element

Vertical Displacements for Example Wedge Problem

xi

R-7215-1-2701

Page

94

102

103

105

m

T

1

112

114

116

117
121

123

124

126

Bl i 4. o o




Figure

4-22

S=al

5-2

5-3

5-4

5-6

577

5-8

5-9

5-10

5-12

ILLUSTRATIONS (CONTINUED)

Finite element Mesh in the Displaced Configura-
tion for Wedge Problem in Final Equilibrium
State

Operations of the Input Portion of the Present
Computer Prcaram .

Quadrilateral Zone, Whose Shape and Coordinates
are Expressed by Parabolic Shape Functions .

Key Diagram and Resulting Finite Element Mesh
for a Dam and Foundation .

Key Diagram and Resulting Fii.ite Element Mesh
for a Quadrant of a Square Plate with a Circular
Hole .

Key Diagram and Resulting Finite Element Mesh
for a Tunnei

Key Diagram and Resulting Finite Element Mesh
for a Dam on Foundation, !llustrating Capability
to Join Any Two Edges in the Key Diagram .

Key Diagram and Resulting Finite Element Mesh
for a Tunnel, Illustrating Capability to Join
Any Two Edges in the Key Diagram .

Three-Dimensional Zone Whose Shape and Coordi-
nates are Expressed by Parabolic Shape Functions

Automatically Generated Three-Dimensional Mesh .
Three-Dimensional Finite Element Mesh Represent-
ing a Tunnel (Preparation Time, Including

Further Refinement of Any Section--About 1 Hour)

Example of Bandwidth Reducer .

Procedure Used in Bandwidth Reducer
(Reference 5-2)

R-7215-1-2701

Page

127

132

134

136

139

140

IE}

142

143
145

146
148

149



Figure

5-13

5-15

5-16

5-20

5-21

5-22

5-23

5-24

5-25

5-26
6-1

ILLUSTRAT I ONS (CONTINUED)

Procedure Used in Bandwidth Reducer
(Reference 5-3)

Operation on Force, Displacement and Incremental
Displacement Arrays

Gereration of Global Stif'ness Matrix from
Element Data .

Program BMCALC--Controls Main Cperations of the
Computation Section

Subroutine KFORM--Calls tubroutines to Compute
the Load Vector and Global Stiffriess

Subroutine BSTIF--Computer Element Stiffness (k]
and Adds to Global (&) . . - asome N, .

Subroutine FWRT--Moves Data from Live Load
Vector (FWORK) to F, u, du Output Buffer and to
u Output File . S e e e e e e,

Subroutine TDRUM--Adds in Element [k] which
Overflowed from Previous Block of [kl

Subroutine FILLFU--Adds Live Loads to Load
Vector, Updates Displacements, Fills Buffer
Area with F, u, du Array

Typical Operation of Multibuffering Technique

Method of Storing Stiffness Matrix Used in
Present Program s mE R

Core Buffers for Stiffness Matrix Decomposition

Schematic Diagram of Stiffness Matrix
Decomposition

Schematic Diagram of Solution Vector Evaluation

Problem 1--Stresses Around a Circular Hole .

xiil

R-7215-1-2701

152

154

157

158

161

162

163

164

166

169
170

171
172
176




s ¥

Figure

6-2

6-3

6-4

6-5

6-6

6-7

ILLUSTRATIONS (CONTINUED)

Finite Element Mesh for Stress Concentration
Around Circular Hole .

Comparison Between Present Finite Element
Solution and Analytic Solution for Problem 1,
Stresses Around a Circular Hole

Problem 2-~Infinitely Long, Thick Elastic
Cylinder Subject to Internal Pressure

Comparison Between Present Finite Element
Solution and Analytic Solution for Problem 2,
Thick Elastic Cylinder Subject to Internal
Pressure "EH § EEEEE [ E

Comparison Between Present Finite Element
Solution and Analytic Solution for Problem 3,
Elastic/Plastic Cylinder Subject to Internal
Pressure . K

Problem 4--Infinitely Long Reinforced Thick
Viscoelastic Cylinder Subjected to Internal
Pressure .

Problem 4--Reinforced Viscoelastic Cylinder
Subjected to Internal Pressure (Reference 6-4) .

Problem 5--Three-Dimensional Stress
Concentration Around a Cylindrical Hole in a
Semiinfinite Elastic Body

Problem 5--Finite Element Mesh (Only First Three
Layers are Shown for Clarity. Complete Mesh
Contains Eight Layers.)

Probiem 5--Three-Dimensional Stress Concentra-
tion (Reference 6-4)

R-7215-1-2701

Page

177

178

179

180

181

183

184

185

186

187

R il L o hi i et obe b S dE gy m o iy

il



Table

2-2

2-3

-1
-2
4-3
-l

6-2

TABLES

Representative Elastic Properties of Pure
Minerals Based on Laboratory Measurements.

Properties of Analysis of Caladay Hoist Room .

Twelve Steps Taken in the Final Three-
Dimensional Calculation

Summary of Available Material Properties .
Summary of Available Material Properties .
Advantages and Disadvantages of Each Model
Summary of Example Calculations

Properties Used in Present Examples

Problems Solved by Finite Element and Closed-
Form Methods .

Computing Time Required for Solutions

XV

R-7215-1-2701

23
24

33
79
9
80
110

110

175

190




R-7215-1-2701

SECTION 1

INTRODUCTION

The purpose of this contract is to combine a number of recent
advances in finite element theory and computer technology into a computer
program for analyzing structures and cavities in rock. This computer program
applies to general three-dimensional structures, considers nonlinear material
properties including homogeneous deformation and inhomogeneous deformation due
to joints, anisotropic and time-dependent material properties, gravity loading,
and sequence of construction or excavation. Since the program is intended for
practical analysis and design, great effort has been made to foresee diffi-
culties in using it. For example, much tedious work, which formerly was done
by the user. has been eliminated by sophisticated mesh generators and a band-
width reducer. Also, since many prospective users may have access to small
or medium-sized computers but may still wish to solve large problems
(4000-6000 equations), the program uses up-to-date multibuffering techniques
for accessing peripheral storage units, thus dramatically reducing computer run
time for out-of-core problems. Finally, an attempt is made to lengthen the
useful life of the program by making it simple to add new elements and to
expaiid the material property description and by making the program efficient

for and compatible with a wide variety of computers.

The capabilities and limitations of the computer program are

summarized as follows:

a. Two- and three-dimensional geometry

b. Small deformations

d. Anisotropy

Inhomogeneous material properties
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e. Material nonlinearity including ideal and strain-hardening

plasticity and variable moduli models
f. Viscoelasticity and viscoplasticity
g. Self-loading due to gravity
h.  Sequence of uxcavation and construction
i. Static live loading

The purpose of this report is to discuss what the computer progr.m
does and to describe its application to a practical problem in mining engineer-
ing. Much of the description of the program is g%ven from the standpoint of
the prospective user. Mesh generation, the tyres of elements available, the
types of loading and construction which inay be done and the properties of
continuous material and joints which are available are described. The theory
underlying the present finite element formulation is described. The structure

of the code is indicate! by logic diagrams.

The application of the program to a practical mining situation is
reported from the standpoint of a user approaching such a probiem for the
first time. The geologic conditions of the area, and the joint and fault
pattern near the cavity which is being excavated are described. The candidate
material properties are discussed. Calculations are made using candidate
stress/strain properties and compared with measurements of wall deflections
in an auxiliary drift. Parameters defining the stress/strain relations are
varied until agreement between calculation and measurement is reached for
the auxiliary drift. The same properties are used to analyze the three-

dimensional response of a cavity in a similar geologic formation to excavation

considering creep of the surrounding rock.
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SECTION 2

CAPABILITY OF COMPUTER PROGRAM AND 1LLUSTRATIVE CASE HISTORY

This section mentions the physical aspects of rock and support
systems which are represented by the computer program and illustrates part
of this capability by analyzing the excavation of a chamber. The main
purpose of this section is to show the scope of problems which the program
is capable of analyzing and to illustrate how various options in the program

are selected to solve a sperific problem.

The main work reported in this section is an analysis of a hoist
room roof at the Caladay project, Osburn, Idaho, which is excavated in
arglllaceous quartzite. Deflections which were measured during part of the
excavation are compared with the results of the analysis. One goal in per-
forming the analysis is to obtain as close an agreement as possible using
the available data on sequence of construction, properties of rock and in
situ stresses. The main benefit of analyses su:zh as these performed for the
Caladay hoist room is the insight which they provide into the pattern of
stress and deformation. This insight, which the present computer program
brings within reach of even modest computing facilities, has a role to play

alongside empirical design, field measurements, and inspection.

2.1 PHYSICAL ASPECTS OF ROCK AND SUPPORT SYSTEMS WHICH THIS PROGRAM REPRESENTS

To illustrate the capability of the program, three hypothetical
problems are described below. These problems have not actually been solved
with the present program, but they could be solved at any time. The first
is illustrated in Figure 2-1. A section of tunnel is to be excavated in a
region containing a major joint. The properties of the joint are assumed to be j

known. The rock adjacent to the joint is assumed to be homogeneous and to

S o= JiaieSie < bt | B
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STEP 5 AAL670

FIGURE 2-1. TWO-DIMENSIONAL TUNNEL WITH EXCAVATION,
TEMPORARY BRACING AND JOINTS
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have viscous properties which can be represented by a visco-plastic model.
In Step 1, the tunnel has not yet been excavated. Stress in the rock is
computed by applying static overburden to the edges of the finite element
mesh. Then the tunnel is excavated by removing appropriate elements. At
each stage of the excavation, the tunnel roof is propped by truss and beam
elements. Eventually, the tunnel is fully open and the final supports are
installed. Each stage is associated with an elapsed time, during which the
rock flows in a visco-plastic manner. At each intermediate stage and at a

stage the user defines to be final, the stresses in the rock and in the support
elements are printed.

The second problem is illustrated in Figure 2-2. A bank is to be
excavated in a rock such as shale having nonlinear, anisotropic stress/strain
properties and an anisotropic fracture criterion. In Step 1, the in situ
states of stress are computed by applying gravitational forces in a step-by-
step fashion throughout the grid. In subsequent steps, elements are removed
in any sequence the user desires. Between excavation steps the remaining
rock will be checked for fracture which would correspond to spalling and

sliding in an actual field situation.

The third example is an extension to three dimensions of the first
example. The final stage in the calculation, at which the section of tunnel
under consideration is fully excavated, is illustrated in Figure 2-3. It
was intended to develop a three-dimensional joint element as part of

the present project. The theoretical aspects of this work are about 50 percent
completed as of the date of this report.

2.2 ILLUSTRATIVE CASE HISTORY--CALADAY HOIST ROOM

An analysis was made of the excavation of a hoist room at the Caladay
Project near Osburn, ldaho. The location of the Caladay project is illustrated

in Figure 2-4, The geology of the area may be described as follows:
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| BEDDING PLANE
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2.2.1 GEOLOGIC DESCRIPTION

Figure 2-4 shows the general location of the Caladay underground

1 hoist room project in the Coeur d'Alene mining district in ldaho. The

Coeur d'Alene mining district (Reference 2-1), one of the preeminent lead-,
l zinc-, and silver-producing areas of the world, is near the base of the
panhandle of northern Idaho. Spokane, Washington, is about 75 miles to the
west, and Missoula, Montana, about 110 miles to the east of the district.
The district lies wholly within the Coeur d'Alene Mountains which are a
] rugged, deeply dissected mountain mass. Rock units of the Coeur d'Alene
L district are metamorphosed sedimentary of the Precambrian Belt Series. This
series consists of six formations. The three of interest are the Revett
Quartzite, St. Regis, and Wallace Formations. They are in a complex anti-
cline-syncline structural system. A very complex geologic history associated
with strike-slip movements along the Osburn fault system has caused individual
beds to be sharply contorted, crumpled, overturned, and faulted. Formation

i contacts are not well defined.

The Revett Quartzite, St. Regis, and Wallace are three of the oldest

formations. The St. Regis forms its contact with the Revett Quartzite Forma-

tion and grades from interbedded quartzite and argillite upward into a dominantely
thin-bedded argillite. The upper several hundred feet of the St. Regis are
characterized by a finely taminated argillite. The Wallace Formation is a
heterogeneous group of rock comprising quartzite, argillite, dolomite, and

limestone.

The rock of the Belt series is fine grained, and the principal

minerals are quartz and sericite with quartz the more abundant mineral.

Faults are the dominant structural features (Figure 2-4) in the
area, and a myriad of them cut the country rock into a complex pattern of
blocks. Hundreds can be seen underground. As a result of the regional
faulting and folding, most of the beds dip greater than 45 deg. The rock

of the district was intensely deformed in a complex pattern which can be
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referred to as a structural knot. Much of this regional geology is similar
to the local geology at the Caladay project site.

The Caladay project (Reference 2-2) was developed by driving an adit

5,200 ft into a mountainside. The adit begins in the Wallace Formation. At

2,900 ft the Wallace/St. Regis contact is found. The adit intersects the

Polaris fault at approximately 3,200 ft where the Wallace Formation
reentered. The Wallace/St.

is
Regis contact is encountered again at 4,800 ft.

The hoist room is about 40O ft from this Wallace/St. Regis contact. Thus,

the hoist room is in the upper several hundred feet of the St. Regis Formation.

Bedding in the hoist room dips nominally 65 deg and strikes normal

to the long axis of the room. Bedding in the hoist room can be classed into

th.ee broad categories based on its mincral composition. Zone A is estimated

to contain 60 percent argillite and 40 percent argillaceous quartzite. It

is thin bedded with beds varying from l=ss than 1 in. up to 6 in. in thickness.
Zone B

is estimated to contain 50 percent arglllaceous guartzite,

4o percent
argillite, and 10 percent quartz,

The quartz content diminishes from bottom

to top of the room. The bedding is 4 to 8 in. in thickness. 2one C is prin-

cipally argillite with minor amounts of argillaceous quartzite, and this
generally thinly bedded.

is

Most of the faults

in the area are slips along bedding planes.

These faults contain a silt or silty clay-like gouge. One predominant fault

(sheave room fault) projects over the top corner of the

the sheave room. This fault is about 2 to 10 in.

hoist room and into

in thickness and does not

appear to have asperities of any consequence. At the other end of the hoist

room exists a large cross-bedding fault. This fault dips 85 deg across the

bedding at 85 deg. Its shear zone is estimated at no less than 50 ft thick.

The gouge material ranges from large chunks of broken rock to sand and silt-
like materials,
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2.2.2 PHYSICAL SITUATION AND MATHEMATICAL MODEL FOR CALADAY HOIST ROOM

Figure 2-5 shows the drift and tunnel complex surrounding the hoist
room at the Caladay project. The figure also shows the local geologic struc-
ture including distribution of different kinds of rocks, location, and
orientation of bedding faults and cross-cutting major faults. The two major
types of rock encountered in the area are argillite and quartzite. These are
found mostiy as argillaceous quartzite. A major cross-bed fault, located
next to the southwest wall of the hoist room, contains soft clay and shattered

argillite.

Some details concerning the hoist room are given in Figure 2-6.
The excavation of the room was started from the top of the room, which was
reached through a raise dug upward from the entry drift. The excavation was
then carried downward by presplitting and mucking horizontal layers of material

until the bottom of the room was reached.

To monitor the response of the back of the hoist room, three exten-
someters of 30-ft length were installed in the back as soon as it was reached
at the top of the access raise. Readings on these meters in the course of
excavation were subsequently taken for a period of approximately seventy days
until access to these meters was lost at the end of the top slice and first
bench excavation. These readings were later processed into the form of strain
rates and cumulative displacements between anchors located along the length
of the extensometers. Figure 2-7 shows the time variation of cumulative dis-
placement between the toe and collar of each one of the extensometers. One
of the objectives of the finite element analyses to be presented herein is

to check on these observed values.

To introduce the modeling procedure, one of the preliminary two-
dimensional finite element meshes which is used only to investigate mesh
fineness, loading and boundary supporting conditions suitable for eventual,
three-dimensional modeling of the hoist room is shown in Figure 2-8(a). This

11 by 11 mesh was automatically generated and plotted by the code from the

12
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IDEALIZATION OF HOIST ROOM DIMENSIONS, EXCAVATION SEQUENCE
AND IN SITU STRESSES
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CONTROLL ING
NODE POINTS

"MIDPOINTS"
FOR GRADING

<
<
¢

FIGURE 2.8 (b) SCHEMATIC KEY DIAGRAM FOR MESH SHOWN IN 2-8 (c)

" ARGILLACEOUS
CQUARTZITE

FIGURE 2-8 (c) ACTUAL KEY DIAGRAM WITH INPUT NODAL POINT COORDINATES
FOR PRELIMINARY TWO-DIMENSIONAL ANALYSIS :
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input key diagram shown in Figure 2-8(b). The so-called 'key diagram" is
discussed in detail in Section 5. Figure 2-8(c) shows the configuration of

the key diagram when the actual coordinates of the controlling nodal points are
taken into account. The key diagram has been so planned that Elements 39, 50,
61, 72, 83, and Elements 40, 51, 62, 73, and 84 outline the top slice and the
first bench, respectively, and can be removed in sequence in the course of

numerical calculation to simulate the actual excavation sequence.

The mathematical model is roller-supported along the left- and
right-hand edges except at Nodal Points 7 and 139 which are hinged. A
uniform unit pressure (1 psi) is applied along the top and bottom edges to
simulate the overburden pressure. Since the model is elastic, the response
to any other vertical pressure can be readily computed by scaling. These
loading and supporting conditions are the result of earlier comparison studies
which show that, for this plane strain idealization, applying the overburden
pressure along two edges (top and bottom) is superior to applying it along
one edge only (say, the top edge) and supporting the other edge (the bottom
edge) as well. However, applying normal pressure to each of three orthogonal
faces to represent in situ stresses is more suitable for the refined three-

dimensional model described below.

Figure 2-9 summarize the distribution of vertical normal stress
determined from the preliminary plane strain analysis with idealized elastic
properties. The narrow layer of argillaceous quartzite is assumed to be
approximately twice as stiff as the argillaceous quartzite on the left and
twenty times as stiff as the argillite on the right. Figure 2-9(a) shows
the stress distribution prior to excavation. Figures 2-9(b) and 2-9(c) show

the distribution following the excavation of the top slice and the first

bench, respectively. The latter solutions are the result of performing four

iterations fullowing the reformulation of the global stiffness matrix to
delete the stiffness of the elements corresponding to the part of the room
newly excavated. Although comparison with a closed form solution cannot
be made ror the case of inhomogeneous rock, the familiar pattern of stress
concentration around a rectangular hole is clearly seen. No attempt is

made to compare the results of this computation with the extensometer

18
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data because (a) the material coefficients used in this early
study differ from those finally adopted, (b) the major fault i

described earlier, which would appear off the left end of the hole in the

[ ——

current, two-dimensional mesh, is not taken into account In this model, and
(c) a two-dimensional, plane strain analysis in this case is not expected to

yield a good solution especially when the plane chosen Is parallel to the

long axis of the hoist room. The solution is presented here as an introduction

to the more complicated analyses which follow.

2.2.3 MATERIAL PROPERTIES FOR ANALYSIS OF CALADAY PROJECT HOIST ROOM

This section describes properties of the St. Regis formation
k. argillaceous quartzite and argillite which are used in computing stresses
. and deformations at the Caladay hoist room. The goal of defining the properties
: is to determine the elastic and inelastic stiffnesses and strengths which
are typical of rock masses In situ. In the analysis it is assumed that these
properties are homogeneous throughout the volume of a finite element, which

in the present case is about 10 to 15 feet on a side.

The material properties are selected from laboratory and in-situ
measurments and by consultation with geologists and mining engineers who are
familiar with the site. Due to wide variations in the types of rock present
and to uncertainty in translating laboratory properties into in-situ properties,
corsultation is considered to be the most important element in selecting

reasonable propertles.

The fundamental decision which was made regarding material properties

is the mathematical idealization within which the properties are represented.
As explained in subsequent sections of this report, the available mecdels

A include such features as anisotropy, plasticity, viscoelasticity, and

' viscoplasticity. The decision to use isotropic viscoelasticity is based
partly on positive factors, such as recommendations from knowledgeable
geologists and laboratory and in situ measurements, and partly on negative
factors such as the absence of sufficient data on which to base an anisotropic

model. Viscoplasticity is an attractive model for argillite and argillaceous

20
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quartzite because both plasticity and time dependence appear to be present.
Precedent for using plasticity to represent these materials is found in
Reference 2-3. Clear evidence of time-dependent deformations is also found
in this and in similar work (Reference 2-4). The viscoplastic model was
rejected primarily for lack of data which is recquired to distinguish the
amount of time-independent inelasticity from time-dependent inelasticity.
Without rational basis for such a distinction it is better to use a simpler
model with only one mechanism for inelasticity. Although an elastic/plastic
model is used for the analyses of Reference 2-3, the present case involves
lower in situ stresses and hence a smaller contribution to displacements from
time-independent plasticity. Based on this reasoning, time-dependent elastic
properties, as are represented by linear viscoelasticity, are assumed to be
the dominant mechanism governing stresses and deformations around the hojst
room. The model of stress/strain properties for argillite is developed

according to this assumption.

In contrast to the argillite and argillaceous quartzite, the cross
bed fault which passes near the hoist room is filled with clay minerals and
fractured argillite. The shear strength of this material has not been
measured due to the difficulty of sampling such an inhomogeneous material.

It is likely, however, that the shear strength of wet fault gouge is very

low. Accordingly, it would be well represented by an elastic/perfectly plastic
model. The principal numerical difficulty in using such a model arises from
applying stress boundary conditions, which in the present analysis represent

in situ stresses. A simple calculation shows why it is not possible to

specify both

a. Shear strength of fault gouge of order 100 psi and
b. In situ stress components of 1200, 3000, and 3500 psi
The maximum shear stress associated with the in situ stresses is (3500 psi -

1200 psi)/2 = 1150 psi, which is much larger than any reasonable shear

strength for the fault gouge. Clearly the values of in situ stress which are

) i e i e Tl L s B R e o - hmam
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shown in Figure 2-6 are average or representative values which do not apply
near the fault. The following are three alternatives in representing the

fault within the capability of the present computer program.

a. Move the boundaries of the mesh far beyond the fault, use

elastic/plastic properties for the fault ani allow

plastic flow to modify the local stress field as occurs

in nature.

b. Use very low elastic moduli for the fault material, thus
allowing the stiffer argillite and argillaceous quartzite
to sense a flexible zone without interfering with the

stress boundary conditions.

c. Omit the fault.

Alternative (a) is rejected on account of cost. Alternative (b) is

superior to Alternative (c), and hence is selected.

2.3.3.1 Viscoelastic Properties of Argillite

The viscoelastic model for argillite (zone c) is based on two

assumptions which are:

The argillite may be represented by three parameter solid
containing a Kelvin element (spring and dashpot in parallel)

in series with a spring.

The elastic bulk and shear moduli of the in situ argillite
rock mass can be found on the basis of laboratory tests

and judgment.

The viscoelastic properties are selected such that analysis of deformation
around an auxiliary shaft matches the field data. |In this way the model

incorporates field and laboratory measurements and engineering judgment.
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TABLE 2-1. REPRESENTATIVE ELASTIC PROPERTIES OF PURE MINERALS
BASED ON LABORATORY MEASUREMENTS

Type In Situ Young's Modulus In Situ Poisson's Ratio
Pure Quartzite 7.0 x 106 psi 0.2
Pure Argillite 0.35 x 106 psi 0.1

E, v in Table 2-2 are converted to K and G as follow::

K = rsy (2-3)

(D] (2-4)

The viscoelastic coefficients to be determined for substitution into
Equations 2-1 and 2-2 are 1/nK, l/nG and the K and G for the Kelvin
element. This is done by parametric variation of these coefficients in a

finite element analysis to match an in situ experiment.

The experiment is illustrated in Figure 2-10 and is described in
Reference 2-3. At a typical station, rock bolts were installed as close to
the advancing face as possible. The distances BB' and CC' were measured. As
excavation of the drift progressed, movements of the rock bolts were monitored
by means of extensometers. The results of these measurements, reproduced from
Reference 2-3, are shown in Figure 2-11. The viscoelastic coefficients were
selected by assuming values for g and g applying the measured values
of in situ stresses shown in Figure 2-12 to the finite element mesh in the
same figure, then changing the values until the agreement between measurement
and calculation is satisfactory. In practice, the argillite in Zone C was
first assumed to be elastic in bulk and viscoelastic in shear. Then it was
assumed to be viscoelastic in bulk and elastic in shear. |t was originally
intended to assume combined viscoelasticity in shear and bulk. However, visco-
elasticity in bulk alone seemed to be adequate. The viscoelastic coefficients
finally selected are shown in Table 2-2. The comparison between in sjtu
measurements and the finite element calcualtions using these properties is

shown in Figure 2-11.

23
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CEILING ‘
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3
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(a) LOCATION OF ROCK BOLTS SERVING AS MEASURING POINTS FOR MEASURING |

RELATIVE DISPLACEMENTS IN DRIFT USING EXTENSOMETER E:

FIGURE 2-10. AUXILIARY DRIFT IN SILVER SUMMIT MINE USED TO DETERMINE
IN SITU VISCOELASTIC PROPERTIES OF ARGILLITE
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CREEP MODEL FOR ARGILLITE

BDD‘
TRANS [T 1 ONAL

TYPE OF ROCK

BEDDING PLANE
FRACTURE

3T0 4 x 106 PSI

HORIZONTAL (B-B') ‘%
DEFORMAT | ON
MEASURING POINT

45° (A-A")
DEFORMATION
MEASURING
POINT

QUARTZITIC
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&

'

(b) A REPRESENTATIVE CROSS-SECTIONAL VIEW AT STATION SS~-3 OF THE
SOUTH EAST LATERAL, 4000 LEVEL, SILVER SUMMIT MINE
(REFERENCE 2-5)

FIGURE 2~10. (CONTINUED)
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- D UTLE

RELATIVE OISPLACEMENT (in.}

i | L i 1 1
i wan 1360 T80 €000 7000
HOURS

(a) RELATIVE DEFORMATION FROM POINTS B-B'

TR

RELATIVE OISPLACEMENT (IN.)

1 1 i [ H 1 L
1000 000 Jooo Looo 5000 6000 1000 800
HOURS

(b) RELATIVE DEFORMATION, AVERAGE FROM POINTS A-A', C-C'

FIGURE 2-11. COGMPARISON BETWEEN MEASUREMENTS AND COMPUTATION OF RELATIVE
DISPLACEMENTS IN DRIFT IN ARGILLITE, SILVER SUMMIT MINE
(COMPRESSION POSITIVE)
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The stress/strain relations for the Kelvin portion of the visco-
elastic model are divided

into two parts.

One part governs volumetric
behavior and a second part governs shear behavior as follows:

€. = Volumetric strain

%Oii = Mean normal stress

Eij = Deviatoric strain component

o;j = Deviatoric stress component

K,G = Elastic bulk and shear moduli

g = Viscous coefficients in bulk and shear, respectively

k, G, Nk and ng are independent coefficients.

Thus, the material may be

elastic in bulk and viscoelastic in shear, or vice versa, or viscoelastic in

both components.

The first step

in developing the model for the argillite is to
determine in situ elastic modul i,

Laboratory measurements of Young's moduli
and Poisson's ratios are available for argillites,

of the two in Reference 2-6.

quartzites and mixtures

Most of these data are for rocks from the St
Regis and Revett Quartzite formations.

The lowest modulus for pure quartzite
is about 4 x 106 psi and the highest is about 13 x 106 psi.

appears to vary from about 0.05 to about 0.24,

Poisson's ratio

Based on these measurements

and suggestions received in Reference 2-7, the properties for pure quartzite

are assumed to be as shown in Table 2-1,
the

Based on suggestions in Reference 2-7

’
in situ moduli of the argillaceous quartzites

in the vicinity of the hoist
room are computed from the fractions of pure argillite and pure quartzite.

These are indicated in Table 2-2.

29
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2.2.3.2 Elastic Properties of Argillaceous Quartzite and Fault Zone

The properties of the argillaceous quartzite in Zones A and B are
assumed to be linearly elastic as shown in Table 2-2. The elastic moduli are
determined from the percentage of quartzite and argillaceous quartzite in
each as described above. The judgment of experienced engineers who are
familiar with the area is the most important factor in selecting these
coefficients. It would have been preferable to include viscoelasticity in
the models of material in Zones A and B. However, it was not possible to
obtain suitable samples of the rock in time for the present analysis. More-
over, measurements on rock which was similar but which contained more quartzite

showed no appreciable creep.

The moduli of material in the fault was arbitrarily assumed to be

very low, as shown in Table 2-2.

2.3 THREE-DIMENSIONAL ANALYSIS OF HOIST ROOM AT CALADAY PROJECT

The physical situation of the hoist room which is shown in Figure 2-6
and the mathematical models for the various types of rocks which are described

above are combined into a three-dimensional finite element analysis.

The finite element mesh for the final three-dimensional analysis of
the hoist room is shown in Figure 2-13. It is an 11 x 11 x 6 mesh with 1008
nodal points and 726 elements. It i5 loaded on three of its six faces to
simulate the in situ stress condition, and simply supported on the remaining
three faces as indicated. Except for points on the simply supported faces,
each point has three translational degrees of freedom so that the simultaneous
solution of 2712 equation is involved in each load step. The four idealized
zones having different materials are shaded in the figure. These are the

same zones as shown in Figure 2-6 and Table 2-2.

For the convenience of creating plane interfaces among the different
material zones, all the mesh lines running in the z-direction have been made

straight and parallel to the z-axis. The mesh has been created in such a
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manner that the rectangular cavity to be created by the excavation of the top
slice and the first bench is represented by two layers of fifteen elements
each. These thirty elements are ''turned off'" in the course of the numerical
calculation in the sequerice illustrated in the detailed drawing to simulate
the actual excavation sequence that took place in the field. The mesh is

made finer around the cavity for better stress definition and the first three
layers of mesh lines over the back are located at 6 ft, 15 ft, and 30 ft above
the back to facilitate the checking of extensometer readings. The mesh as
designed is rather coarse; but it is as fine as is permitted by the computer

budget of the present project.

Computation begins with the mesh representing solid rock except
for a small cavity representing the subdrift which was driven before the
extensometers were installed. The first step of the computation [involves
applying the in situ stresses to the mesh and finding the corresponding stress
and displacement fields. The second step is an iteration ‘o obtain an improved
approximation to equilibrium conditions. In the computation, the end of
Step 2 corresponds to installation of the extensometers, and hence to a zero
value of relative displacement. Between Steps 2 and 3, time is assumed to
elapse and viscoelastic flow occurs in the argillite. Subsequently, elements
are turned of f at appropriate intervals to simulate the progress of the
excavation, and the real time is incremented intermittently to allow creep
to take place in between the excavation steps. The entire sequence of
operations is summarized in Table 2-3. The solution is iterated once follow-
ing each excavation step which involves the reformulation of the global stiff-
ness matrix. Additional iterations would be highly desirable, but were

omi tted to keep within the computer budget.

The result of the run is represented by the displacement components
of all the node points and the stress and strain components in all the elements
for each one of the twelve steps taken. It is of interest to examine the

stress distribution in the mesh at the end of the second step. Since the

hole that exists in the mesh at this time is still small, the stress distribution

e, T
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TWELVE STEPS TAKEN IN THE FINAL
THREE-DIMENSIONAL CALCULATION

Step
Number

Real Time
(Days)

Purpose

1

0
(June 12)

0

18
1)

18

18
33

33

33

49
(August 1)

b9
by

71
(August 22)

To create the in situ stress condition with the
subdrift already in place.

Iterate to stabilize the elastic solution.
To allow creep to take place for 18 days.
Advance top slice excavation by removing six
additional elements.

To perform an iteration.

To allow 15 additional days of creep to take
place.

Remove six more elements to complete the excava-
tion of the top slice.

To perform an iteration.

To allow 16 additional days of creep to take
place.

Excavate the entire first bench in one step.
To perform an iteration.

To allow the final 22 days of creep to take
place.
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created in the mesh should be very nearly the in situ stress condition that
can be realized in the mathematical model under the loading and boundary
conditions adopted. Figure 2-14 summarizes the distribution of the three
normal stresses in the direction of the coordinate axes in the first and the

last layer of elements when the mesh is viewed from the negative z-direction.

It is noted, first of all, that the stress distribution is very
irregular, with the stress values in some portions of the mesh quite unlike
the homogeneous stress condition which is applied to three faces of the mesh.
What is mainly responsible for this dramatic variation in the stresses is
the difference among the stiffnesses of the materials involved in the four
zones. Young's Modulus varies as much as two orders of magnitude from the
softest to the stiffest material. Under these circumstances, there are large
amounts of stress transfer from the softer to the stiffer zones, causing
large shearing stresses at the material interfaces and very uneven reaction

distribution over the three simply supported faces.

It is assumed in the calculation that the extensometers are installed

at the end of the second step so that they are stretched only by the additional

deformation created henceforth. 0On the basis of this assumption, the equival-
ent of two extensometer records have been deduced from the computer run and
are plotted in Figure 2-15., Figure 2-16 shows the variation of the vertical
normal stresses over the back of the room as excavation progresses sidewise
from the subdrift and then downward into the first bench. Figure 2-1] shows

the time history of the downward deflection of the center of the back and the

upheaval of the center of the floor of the first bench during the same period.
In calculating the deflections of the back and the floor during the excava-
tions, the deflected configuration of the mesh at the end of the second step
is considered as the datum. Based on this datum, the upheaval of the entire

first bench floor at the end of 71 days (12th step) is pictured

34
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(AS VIEWED FROM THE NEGATIVE Z-DIRECTION IN
FIGURE 2-13)
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(@) AT TIME = 0 (END OF STEP 2)

(b) AT TIME = 18 DAYS (END OF STEP 5)

FIGURE 2-16. VERTICAL NORMAL STRESSES (0 ) IN THE ELEMENT LAYER
OVER THE BACK
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in Figure 2-18(a). Figure 2-18(b) shows the incremental deflection of the
same floor from 49 to 71 days (11th to 12th step) due entirely to creep.
Figure 2-18(a) is of "nterest only from an applied mechanics point of view,
because it shows the total distortion of the plane corresponding to the first
bench floor due to excavation and creep, including a part which occurred before
the floor is exposed. Figure 2-18(b) is of interest to the designer who is
concerned primarily with the floor heave which occurs after the floor has been
cleared. |f, for example, a concrete foundation were to be laid on the first
bench floor at the end of 49 days, its shape at the end of 71 days would be
similar to that in Figure 2-18(b). This distortion may be too great for
proper operation of the hoists. One alternative would be to wait until the
creep rate has become negligible before laying the foundation. A second
alternative would be to anticipate the eventual shape and to compensate by
digging the floor initially too deep in parts where the floor is expected to
heave, and to lay the foundation when the floor reaches a stable, level

condition.




(a) UPHEAVAL OF FIRST BENCH FLOOR AT THE END OF 71 DAYS (12TH STEP)

0.0 _—%

—_—— AA5074

(b) FLOOR HEAVE DUE TO CREEP FROM 49 TO 71 DAYS (FOLLOWING CLEARING
OF THE FIRST BENCH)

FIGURE 2-18. UPHEAVAL OF FIRST BENCH FLOOR
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2.4 DISCUSSION OF RESULTS

There are three aspects of the analysis of the Caladay Project hoist

room which would be modified if a second calculation were made. These are
a. improving the method of introducing in situ stresses

b. Limiting the region which undergoes time-dependent deformation

to the zone of influence of the hoist room

c. Refining the finite element mesh in the vicinity of the hoist

room

The present method of introducing in situ stresses is illustrated
in Figure 2-13. The result is shown in Figure 2-14 and 2-16 in terms of spatial
distribution of stresses at a selected stage of the calculation. This method
provides that the stresses are equal to the assumed in situ stresses only near
the faces where they are applied as external forces. Throughout the remainder
of the finite element model, stresses are greatly affected by the relative
stiffnesses and Poisson's ratios of the four layers of rock. This nonuniformity,
which probably also occurs in nature but to a lesser degree, produces stress
concentrations which are 1/3 to 1/2 as great as those due to the hole. This
suggests that by applying stresses to three of the six faces of the finite
element model, the user does not obtain the initial stress conditions he
desires. For highly inhomogeneous models, it would be better to introduce
the desired internal stresses directly, rather than attempt to find external
boundary conditions which produce the desired internal stress state. A
slight modification of the computer program is needed to prestress continuum

elements.

There is one definite weakness in the present viscoelastic model and
one possible weakness. The definite weakness is that all of the argillite in
the finite element model undergoes viscoelastic volume strain. Thus, even a

finite element of argillite which is so distant from the hoist room that its

L
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stress is unaffected by the excavation nevertheless undergoes creep. This
creep has no physical counterpart and hence should not be present in the
mathematical model. In contrast, creep which has a physical counterpart occurs
in the vicinity of the excavation. Physically, this creep is related to move-
ment along bedding planes which accompanies changes in the local stress
condition due to excavation. This picture suggests that the physical situation
would be more nearly represented by assigning creep properties to a small zone
of argillite in the immediate vicinity of the hoist room. However, a technique
has not yet been developed for manipulating the finite element computer program
such that creep occurs in this zone only in response to changes in stress from
the in situ condition to a new condition related to a gradually enlarging

cavity.

The possible weakness in the present viscoelastic model is that it
predicts progressive shortening of the extensometers as time elapses. This
is visible in the falling portion of the calculated curves in Figure 2-15.
It is not clear from the measurements whether there is time-dependent extension
or contraction of the extensometers. However, it appears to the present
authors that the measurements indicate time-dependent extension. To change
the viscoelastic model so that.it agrees with the apparent creep measurements
requires replacing the assumption of viscoelastic volume strain. This is
because the mean normal stress in the rock between the ends of the extensometer
is compressive and the viscoelastic volume strain is also required to be com-
pressive. |t appears possible that a different viscoelastic model can be
found to improve agreement. For example, a Kelvin model in shear can probably
be found which predicts extension of the extensometers. However, as is pointed
out above, the calculated response of the Silver Summit Mine drift does not

agree well with measurements when viscoelasticity in shear is assumed.

As to the finite element mesh used in the final three-dimensional
calculation, some auxiliary calculations have shown that the present mesh is

definitely too coarse to calculate accurately the extensometer readings and

the stress concentrations in the immediate vicinity of the cavity in the early

e .
sl sl e, . b
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stages of the analysis. The mesh is adequate for determining the response
(deflection) of the back and the floor during latter stages of excavation. It
has been conclusively shown that the large humps present in the calculated
curves around the 18th day are the results of the relative coarseness of the
mesh over the back in the early stage of the excavation. When Steps L, s,

and 6 are taken, only three rows of elements have been removed so that, as
seen from the z-direction (Figure 2-13), there are only three elements over
the back. As a result, the mesh over the back is too coarse during this

stage of the calculation to represent flexure of the back adequately.

A two-dimensional analysis along the longitudinal axis of the hoist
room Indicates that the calculated extensometer readings are halved by using
twlce as many elements over the back. The present writers consider that
the same order of improvement can be achieved in the corresponding three-

dimensional analysis by a similar refinement in mesh over the back.

To illustrate the effects of including the changes discussed in this
section on the results of analysis, Figure 2-19 has been prepared. The shaded
area shows approximately the extensometer deflections which the present writers
think would be obtained. The reason for indicating a range of results rather
than individual curves is that there is still some uncertainty about the
elastlc stiffnesses of the various rock types. It appears that the values of

Young's moduli, listed in Table 2-2, have been chosen too high.
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2.5 SUMMARY AND CONCLUSIONS

One of the purposes of the analysis, which involves a three-
dimensional viscoelastic model of the hoist room and neighboring rock, is
to compare the measurements with calculations. Another purpose, which is
considered equally important, is to indicate the procedure by which finite
element models are derived from geologic maps, from laboratory and in situ
measurements of rock properties, and from the judgment of geologists and
mining engineers acquainted with the area. Previous comparisons between
measurements and analyses which have been made by Agbabian Associates and
other investigators (Reference 2-8) indicate that disagreement may exceed
factors of 3 or 4. The present analysis of the Caladay Project hoist room
should be evaluated in the light of this experience. As engineers involved
with design and construction of mines become acquainted with the requirements
of analysis, information will be developed which will improve the quality of

future analyses.

There are several ways to evaluate the present study of the Caladay
Project hoist room. One way is to compare the extensometer measurements
in the back with calculated results, as is done in Figure 2-15. Another is
to try to interpret the calculated results according to physical intuition
and to state the implications of this type of analysis for design. Such
evaluation is limited because there are only three extensometer measurements
and because the stiffnesses of the rock types near the hoist room vary so

much that physical intuition is not very helpful in explaining the outcome.

The analytic model also has some shortcomings which make comparison difficult.

These are considered in the following evaluation.

The present analysis of the Caladay Project hoist room involves

the following steps:

a. Represent the hoist room geometry, including idealization of

continuously variable bedding and joint planes, into three or

four beds with average or representative properties.

g
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b. Determine the stress/strain properties of each rock type using
laboratory measurements, in situ measurements, and judgment.
The argillite is assumed to be represented by viscoelastic
properties because this is the simplest mathematical framework

which apparently accounts for the little available data.

c. Estimate the in situ stresses based on judgment and a few
measurements made by the over-coring technique. In situ
stresses are idealized as being uniform on the outer boundaries
of the finite element mesh, but they become non-uniform in the
interior due to variation in the stiffnesses of the various rock

types as well as to the presence of the hoist room.

Each step requires some idealizations to obtain results within a practical
budget and some assumptions to compensate for missing data. However, these
idealizations and assumptions are much less restrictive than those which have
been made by many previous investigators, whose work is often limited to two-

dimensional or three-dimensional elastic analyses.

As shown in Figure 2-15, the analysis overestimates two of the
three extensometer measurements by a factor of three to six, depending on the
stage at which comparison is made. The third extensometer is considered to
be influenced by the rope raises and is not included in the comparison,
Factors of three to six can be attributed to uncertainties in in situ moduli,
Poisson's ratio, and in situ stresses; also, the measurements contain some
uncertainty which has not been evaluated. The fact that these uncertainties

can be overcome to the extent represented by Figure 2-15 is moderately
encouraging.

Suggestions as to how to improve the results both quantitatively
and qualitatively are made in Section 2.4. The main areas in which the
analysis may be improved are application of in situ stresses, definition of

viscoelastic properties and refinement of the finite element mesh. These
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suggestions would be applied to subsequent calculations of the Caladay

Project hoist room. ,

a. Replace the present method of applying boundary conditions
solely by external forces with a procedure whercby elements j
are assigned stresses. The assigned stresses would, of course, i

be in equilibrium with external forces.

b. Reduce the zone of argillite which may undergo viscoelastic
deformation to a region within the zone if influence of the
hoist room excavation. Consider changing the viscoelastic

model such that there is time-dependent extension between nodal

points corresponding to the extensometers.

c. Refine the mesh over the back if the principal objective of the
calculation is to obtain accurate deflections of the back at
early stages of the analysis. The solution at later stages

appears to be satisfactory.

d. Include shotcrete over the back, which acts as a structural

support and reduces deflections.

The purpose of the present project is to bring the most advanced
methods of structural analysis within reach of mining engineers and designers.
The analysis of the Caladay Project hoist room indicates how far the present
computer program will go toward predicting stresses, roof deflections, and
floor heave when used in conjunction with the kind of data which were available
for this study. With more data, the analysis would be better; with less com~
plete data, it would be worse. In any case, there will be some important
aspects of response, such as stability, which must be assessed by noting where
stress, strain and deflections exceed allowable values. The designer may use
the computer program to evaluate several candidate designs on the basis of
deflections and stress concentration, from which he may infer that rockfalls
are more likely with one design than another. However, the final decisions
are still based on the experience of the designer, of which calculations such

as the Caladay Project hoist room may be considered a part.
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SECTION 3

APPLICATION OF FINITE ELEMENT THEORY

This section discusses the present formulation of equations of
equilibritm. The provisions to extend this formulation to large deformations is
also described. Then the types of elements, including truss, beam plane strain
and axisymmetric, three-dimensional and thick shell elements are lescribed. In
addition, a new element for representing slip and debonding along planar joints

is described.

3.1 SOLUTION OF NONLIIEAR EQUATIONS OF EQUILIBRIUM

The matrix equation of equilibrium for a structural system with

material nonlinearity is:
K(w)y = P (3-1)

where the instantaneous stiffness matrix (K) is a nonlinear function of the
displacement vector (u). P is the vector containing external loads. There
exist numerous methods of solving the above system of nonlinear equations. In
general, these methods can be divided into two classes: iterative methods and

incremental methods.

Iterative methods apply the total load initially and approach the
solution by modifying the stiffness matrix and/or modifying the load vector.
Modification of the stiffness matrix in general accelerates the convergence
but is computationally costly. The optimum may be achieved by occasional

stiffness reformulation.
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In incremental methods the loads are applied in severa! steps and an

incremental form of the Equation 3-1 is solved.
Kn “Yn+1 éEn+I (3-2)
where
é9n+l T o thel T g
éEn+I - En+I ) l:-)n

It is important to note that the stiffness matrix Kn can only be formed based
on the displacement vector from the previous step u which creates some
step-wise error. In this simple incremental technique the step-wise errors

can accumulate and lead to considerable total error. To prevent this accumula-

tion ¢f the step-wise error, a modified form of the load vector is used.

.Kn éyn+] = En+] - En (3-3)
where
En+] = Total load vector at the end of the (n+l)th step
En = Vector of the internal resisting forces at the end of the
th

n step

By using this method of load vector correction the equilibrium is satisfied at
the beginning of each incremental step and thereby the accumulation of the
step-wise error is prevented. Satisfaction of equilibrium is assured in spite
of errors or approximations in the stiffness matrix and, therefore, the reformu-
'ation of the stiffness matrix is not 1equired at every step. However, the
error in each step is directly dependent on the approximation of instantaneous

stiffness matrix.
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An alternative method is to apply the total force from the beginning,

in which case the load in Equation 3-3 will be

Po= Piral (n=1,...,H)
tt should be noted that the application of the total loads makes this method
equivalent to an iterative scheme with load vector correction which was
previously discussed. However, the loads in general have a specified history
dictated by the sequence of application, sequence of construction and excava-
tion, and the time phenomenon associated with the viscous material properties.
In most practical problems, the specified history of loading is a series of
step functions. This is true in case of construction and excavation which can
be considered as a discontinuity in force-displacement relation and an abrupt

change in the instantaneous stiffness matrix.

An efficient scheme is to apply the total of the step-wise loading
at each stage and then carry out several iterations with occassional stiffness
reformulation to accelerate the convergence. This scheme is summarized in the

following steps.
For each step:

a. Compute u =u |+ 8u (for first step; u, = 0)

b. Compute the strains (gn) or strain increments (Agn) using the
derivatives of the shape functions for each element which have

been initially computed and stored

c. 1.  For time-independent materials compute the stress (gn) and
the instartaneous stress-strain relations (gn) (see section on

material properties)
2. For visco-elastic elements

i.  Compute stresses g =¢ (g - £ ) where C is

=n  =n-1
the elastic stress-strain matrix, €, is the total strain

and gﬁ_] is the total creep strain
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ii. Using the stresses, compute gg which is the total
creep strain at the end of the time step (see section on

material properties)

iii. Compute effective stress
- _ C
on = E (e - e
d. Compute the internal resisting forces from the stresses (effec-
tive stresses for viscoelastic elements). If it is stiffness

update cycle, compute stiffness matrix.
e. i = ai = || ¢
Solve Equation 3-3 to obtain A9n+l' Compute v II““n+|”'

f. I'f a specified number of iteration has been reached or if
v ce (e is aspecified quantity), go to Step g; otherwise,

go to Step a and repeat the iteration.

g. Apply the next loading step and go to Step a.

3.2 EQUATIONS OF EQUILIBRIUM FOR LARGE DEFORMATIONS

The method of large deformation finite element analysis to be used in
the present computer program was initially introduced by Sharifi and Yates,

Reference 3-1.

The matrix equations of equilibrium (or motion) are derived from an
incremental virtual work expression and the original configuration of the finite
element system is taken as the reference configuration. This choice of the
reference state eliminates the need for updating of the coordinates of the

nodal points which is computationally a costly operation.
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The incremental virtual work expression is

(t + .t ) 640U dA - S.. 86e,.dV_ = S.., 8an,.dv
A n n n o v ] 1y o v 1J 1y o
0]

o o
+ f AS. . Sbeij dV (3-4)
v i) o
o
; where
. u, = Component of displacement vector
Auk = Incremental compcnent of displacement vector
ty = Component of traction vector
br, = Incremental component of traction vector
Sij = Component of Piola stress tensor
Asij = Incremental component of Piola stress tensor
Asij = Linear component of incremental strain tensor
Anij = MNonlinear component of incremental strain tensor

The stresses and traction are referred to the area and the coordinates
of the original configuration:
(3-5a)

Ae,., = Au, + Au, i + u iAu i + u Au

k,jo ki

AT

i}

ij Auk’iAuk’J. (3-5b)
The total and incremental displacements within each element can be
expressed in terms of the nodal point values of the displacements through

shape functions
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u, = H U, (3-6a)

(3-6b)

Au =

tT
>
[y

where H is the vector of the shape functions and yi and 994 are the

vectors of the total and incremental displacements of the element nodes.

Without loss of generality the remaining part of this section will
be devoted to the derivation of the appropriate matrices for the two-

dimensional quadrilateral element.

Substituting the Equation 3-6 into Equation 3-5 will result in
the following expressions for the strain increments in terms of the nodal

point displacements:

be ., = ﬂ’x py+ (U,x Ux) (U,x AQX) + (H,x Uy) (H,x éyy)
Ae = H, AU + (H, U H, AU ) + (H, U H, AU
YY Y Ty (' Vi -x) (' i -x) (' Y 'Y) (' Y ‘—Y)
(3-7)
- = H, aU + H, AU + (H U H, aU ) + (H, U
B,y = M AU HHL AU U)W e) W, )
(H,, Agy) + (H, U) (ﬂ,y M)+ (ﬂ.y Auy)
The above equations can be written as matrix form
be = B(L+E) oy = B oy (3-8)

where 1 is the identity matrix and
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wl

XX Agx
e = J¢ AU = (3-9)
= Yy = AU
e Ty
Xy
]
He, 0
u H, Uy H,y
: Bo= o ow ] o= [0 (3-10)
H H Qx H,Y gy ﬂ’y
_!x _’y

is the usual strain-displacement matrix for infinitesimal deforma-

B
E

tion and is the large deformation contribution.

The linear and geometric stiffness matrices «nd the load correction

vector are

ke = [ 8T ey (3-11)
\
m
ko = fBTSde (3-12)
Kg e ek
Vm
f = f§T§dvm (3-13)
\

3

where V- is the area of each element in original configuration, and C s

the instantaneous stress-strain relation
A = C ¢ (3-14)

Finally, the matrix equation of equilibrium is

(Ke+ Kg) 00 = R - F (3-15)




R-7215-1-2701

I't is important to note that for the computation of the above matrices
only the derivatives of the shape functions H,x and H,y at original geometry
of each element is required. Therefore, these derivatives at integration

points, can be computed in the first part of the program.

3.3 STRUCTURAL FINITE ELEMENTS

A description of the structural elements incorporated in this computer
program are given here. The beam and thick shell elements have linear elastic

properties. All other elements are capable of representing nonlinear properties,

3.3.1 THREE-DIMENSIONAL TRUSS ELEMENTS

The truss element is the conventional space truss member which can
resist compression or tension along its axis. |t can also be used to model
bolts. The truss member is subject to three translations at each end of the
member as shown in Figure 3-la. The member stiffness matrix is of order
6 x 6. The material and geometrical properties are defined by the tangent

Young's modulus, and the cross-sectional area of the element.

3.3.2 THREE-DIMENSIONAL BEAM ELEMENTS

The three-dimensional beam element is subject to three translations
and three rotations at each end of the member. The generalized forces and the
generalized displacements associated with the six-degrees-of-freedom (DOF) at

each end are shown in Figure 3-1b.

The geometrical properties of the beam element are specified by an
axial and two shear areas and three principal moments of inertia, two associated
with bending and one with torsion. Young's modulus and Poisson's ratio are

required to define the material properties of the beam element.

The element stiffness matrix is of order 12 x 12 and is obtained

from the classical beam theory including the effects of the shear deformations.
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It is important to note that for the computation of the above matrices
only the derivatives of the shape functions H,x and H,y at original geometry
of each element is required. Therefore, these derivatives at integration

points, can be computed in the first part of the program.

3.3 STRUCTURAL FINITE ELEMENTS

A description of the structural elements incorporated in this computer
program are given here. The beam and thick shell elements have linear elast|c

properties. All other elements are capable of representing nonlinear properties.

3.3.1 THREE-DIMENSIONAL TRUSS ELEMENTS

The truss element is the conventional space truss member which can
resist compression or tension along its axis. It can also be used to model
bolts. The truss member is subject to three translations at each end of the
member as shown in Figure 3-la. The member stiffness matrix is of order
6 x 6. The material and geometrical properties arc defined by the tangent

Young's modulus, and the cross-sectional area of the element.

3.3.2 THREE-DIMENSIONAL BEAM ELEMENTS

The three-dimensional beam element is subject to three translations
and three rotations at each end of the member. The generalized forces and the
generalized displacements associated with the six-degrees-of-freedom (DOF) at

each end are shown in Figure 3-1b.

The geometrical properties of the beam element are specified by an
axial and two shear areas and three principal moments of inertia, two associated
with bending and one with torsion. Young's modulus and Poisson's ratio are

required to define the material properties of the beam element.

The element stiffness matrix is of order 12 x 12 and is obtained

from the classical beam theory including the effects of the shear deformations.
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A provision for the member end boundary conditions accounts for
hinges and other releases.
3.3.3 TWO-DIMENSIONAL PLANE STRAIN AND AXISYMMETRIC ELEMENTS

Quadrilateral isoparametric elements will be used in the computer

program. For a general quadrilateral element, as shown in Figure 3-2, the

local and global coordinate systems are related by

(1-t)

-t

174 (1+s) (1+t
1/4 (1-s) (1+t)

The same interpolation functions are used in the displacement
approximation.

)
)

u, (s,t) =Zhiug, + hg o + hg o

,t) = I h,
u, (s,t)

1”y1’+h N

5 %3+ hg oy

h (1-s2)

5
he (1-t%)

5 and h6 are the incompatible interpolation functions.
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P <

Xia Y,

a. GLOBAL SYSTEM

P <

b. LOCAL SYSTEM

FIGURE 3-2. TWO~DIMENSIONAL |SOPARAMETRIC ELEMENT
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For two-dimensional analysis the strain-displacement equations are

aux "
= — = + + h (
Exx = Tax L hi,x Ui 5,x 1 6,x "2
au
Eyy = oy T PPy yi t Py 03t Pey
au au
- X4 _Y -
= —— ¢ = . L . .+ H + h + h + h
&y = Ty o T I My U P Iy U s T eyt T s k3 T e x
(3-19)
Or Equation 3-19 can be written in matrix form as
H,x 0 (gx
e = BU = 0 H,y (3-20)
L Lgy
H,y  H,x
In this case the three strains are related to the eight nodal point displace-
ments and four coefficients of incompatible displacement Tunctions by a
3 x 12 matrix. The submatrices in Equation 3-20 are given by
-}i‘x ) [hl WX h2,x h3,x h4,x: hS,x’ h6,x]
-21)
=h,  h, o hy h, »he ,h (3
"',.Y []:.y 2,)' 3,.y 4:)’ 5y’ 6"/]
The element stiffness matrix is given by the following equation:
« = L8 cpa (3-22)
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where C is the stress-strain matrix. The above equation is integrated

numerically

L ‘L; g? CB. (3-23)

This <tiffness matrix which is 12 x 12 is reduced to 8 x 8 by elimination of

the four incompatible modes before assembling in the global stiffness matrix.

3.3.4 THREE-DIMENSIONAL ELEMENT

For an artitrary eight-point brick element shown in Figure 3-3, the

appropriate displacement approximations are

[
n
I & 00

It hg ayy + hygaga ¥ My ay3

| =
!
it o™ O

i=1

[~
]}
o~ o

i1 Ui +hg oy ¥ hgant hyyp 2g3
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>y

FIGURE 3-3. EIGHT-POINT THREE-DIMENSIONAL ELEMENT
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where

hy =1/8 (1 +€) (1 +n) (1 +¢)
hy=1/8 (1 -€) (1 +n) (1 +¢)
hy =1/8 (1 -€) (1 -n) (1 +¢)
hy =1/8 (1 +&) (1 -n) (0 +¢)
=1/8 (1+£) (1 +n) (1 -¢) (3-25)
=1/8 (1 -£€) (1 +n) (1 -¢)
hy=1/8 (1 -¢) (1 -n) (1 -¢)
h8=1/8(1+€) (1 -n) (0 -2)

+

- 2
hg' (] "5)
hg = (1 - n)
by = (1 - &)

The first eight are the standard compatible interpolation functions. The last
three are incompatible and are associated with linear shear and normal strains.
The nine incompatible modes are eliminated at the element stiffness level by

static condensation.

3.3.5 THICK SHELL ELEMENTS

The thick shell element described here was initially developed by

Wilson, et al., Reference 3-3.

This shell element is a 16-node curved solid element shown in
Figure 3-4. Each node has three unknown displacements. Therefore, if the
shell is considered as a two-dimensional surface there are six unknowns per
point. |t is apparent that this type of formulation avoids the problems
asscciated with the sixth degree of freedom--the normal rotation is set to

zero when certain finite elements are used in the idealization of shells.
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FIGURE 3-4., THREE-DIMENSIONAL THICK-SHELL ELEMENT
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The locations of the nodes are defined by the orthogonal, right-
handed coordinate system (x, y, z) which is referred to as a global system.
Within the element a local coordinate system (¢, n, ¢) has been chosen such

that £, n, ¢ vary from -1 to +1; (0, O, 0) is located at the centroid of the

element.

Tne local and global coordinate systems are related through a set

of interpolating functions:

16
x=3% h X;
i=1
16
i=1
16
Z =i§1 hi Z,
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(3-27)

element are assumed to be of the follow-

+ h

19 %x3 *

+ h,

t hyga,g + hygay
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where
_ 2
_ 2
h]8 n (] -n )
2
hyg = (1 -20) (3-29)
~ 2
hyo = &0 (1 - E7)
o =g (1= n)
21
The motivation for addition of the interpolation functions h]7 to
h21 is to increase the capability of the element in producing closer approxi-

mations to the exact displacements under simple loadings, thereby increasing

the convergence to exact solution. The incompatible interpolation functions

have zero values at the nodes and produce incompatibilities in

to h2]

M7
acement field along the interelement boundaries.

displ

3.4 JOINT FINITE ELEMENT

The joint element is intended to represent the rock joints, faults,

interfaces and similar discontinuities in continuum systens. The joint

s the capability of representing the main characteristics of the

element ha

deformation behavior of the rock joints such as debonding and slip. The

g means the ability of separation of the two blocks of continuum

term debondin
in contact. Subsequent

adjacent to the joint surface which were initially

<o develop by the movement of the two blocks towards ea

contact can al
fault when

The term slip means the relative motion along the joint surface or

the shearing force exceeds the shear strength of the joint.

Previous attempts have been made to develop discrete elements to

represent the joint behavior. Goodman, Taylor and Brekke (Reference 3-2)
developed a simple rectangular, two-dimensional element with eight degrees

This element has no thickness, and therefore the adjacent blocks

of freedom.
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of continuum elements can penetrate into each other. Zienkiewicz, et al.,
(Reference 3-4) advocate the use of continuum isoparametric elements with a
simple nonlinear material property for shear and normal stresses, assuming
uniform strain in the thickness direction. MNumerical difficulties may arise
from i1l conditioning of the stiffness matrix due to very large off-diagonal
terms or very small diagonal terms which are generated by these elements in

certain cases.

To avoid such numerical problems a new joint element is developed
below, which uses relative displacements as the independent degrees of freedom.
The displacement degrees of freedom of one side of the slip surface are
transformed into the relative displacements between the two sides of the slip

surface. The transformation relations are as follows:

u = u + Au

X i x| Xi

uT. = uB + Au

yi yl yi 4
uT. = uB + Au

XJ X k xJ

uT = uBk + Au 1
Y) Y YJ

The superscripts T and B refer to the top and bottom elements
with respect to the slip surface respectively. As shown in Figure 3-5, those
degrees of freedom of the upper element which are on the slip surface are
transformed but the degrees of freedom of the lower element are the original

displacement quantities.
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UPPER
CONTINUUM
ELEMENT

LOWER CONTINUUM
ELEMENT

.
(GLOBAL COORDINATES)

uIi - u?l *ouy
uTzi - UZI i Auzi
qu = u?k + AurJ
ulj = u:k + AuZJ

FIGURE 3-5. GEOMETRY OF JOINT ELEMENT

72

aniai Co ¢ gL

A T T




R-7215-1-2701

The joint element is assumed to have the relative displacements as
the degrees of freedom. For example, in a two-dimensional problem the joint
element will have four degrees of freedom (Figure 3-6). The relative normal
and tangential displacements, Aun and Aus, are assumed to vary linearly along

the element as follows

Au_ = h,Au ., + h,Au .,
n imoni J o nj
(3-30)
Au = h,Au_. + h,Au .
s i s i s]
where the hi and hj are the linear interpolation functions
a g =
) no= gl - g)
4 | (3-31)
h,o= g{+e)

and Auni’ Aunj’ AuSi and Ausj are the nodal point values of the relative
displacements. The joint element is assumed to have only two strain com-
ponents; €, = normal strain, and €, = shear strain. These two strain
components are related to the relative displacements through the following

relations.

(3-32)
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FIGURE 3-6. COORDINATE SYSTEMS FOR JOINT ELEMENT
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The substitution of Equations 3-30 and 3-31 into Equation 3-32 results

in the strain-displacement relation for the element

fku .

ni
3 (1 - ¢) 0 (1 + ¢) 0 Au
n 1 si
T (3-33)
£ 0 (1 -¢) 0 (1 + ¢) ’Aunj
\Ausj
e = Bay
The stresses and the strains are related through the following
material property matrix C.
o c €
n nn “nsfyn
- (3-34)
o C €
] sn “ssl\s
g = (e

In general the above stress/strain relationship for rock joints is

nonlinear, the details of which are given in Section 4,

The stiffness matrix for the joint element is formed in n-s

coordinate system;

.
k. = j; B'C B dv (3-35)
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and transformed to the x-y coordinate system as follows

- T (3-36)

where T is the transformation matrix containing the direction cosines.

2(A] - ZB]) 2(A3 + BZ) (A] - ZB]) (A3 + Bz)
il 2(A2 + ZB]) (A3 + Bz) (A2 + ZB])
k = e (3-37)
2(A, - 2B.) 2(A, + B.)
- 1 1 3 2
Symmetric
2(A2 + 282)
where
2 2 L
AI - css H Cnn Bl 3 Cnsab
A B PEBE o BER R 22,
2 Ss nn 2 ns
A3 — (cnn - css) ab
1
a = [-(x - xi)
b = E'(Yj S v,)
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SECTION &

] REPRESENTATION OF PROPERTIES OF ROLK, INCLUDING ANISOTROPY,
- INELASTICITY, RATE EFFECTS AHND
4 PROPERTIES OF FAULTS OR JOINTS

E The first part of this section describes homogeneous properties of
rock which are available in the AA computer program. As used here, ''homogeneous'
refers to properties which can reasonably be averaged over several feet, which
is a typical dimension of a finite element in applications to mining engineer-
ing. Inhomogeneous properties of rock masses, such as those caused by faulting,

are treated by a separate procedure which is described in the second part.

The topics which are covered below inciude the following:

a. Inelasticity

1. Variable modulus

2. Variable modulus with perfect plasticity

3. Variable modulus with perfectly plastic fracture

criterion and strain hardening cap

b. Anisotropy

1. Variable modulus with anisotropic fracture criterion

based on the hypothesis ol Jaeger (plane geometry only)

2, Variable modulus with anisotropic yield criterion based

on tihe hypothesis of Hill

c. Rate Effects (lsotropic Only)

1. Creep (serias of Kelvin elements)

2. Viscoplasticity (based on work of Perzyna)
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d. Joint Properties

1. Dilatant
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