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The weapon systems analyst is often confronted with the problem of estimating the
radius of a mean centered circle which will include 50% of the future rounds from a :
particular weapon under specifiaed conditions. If the fall of shot tends to follow a !
circular normal distribution with standard deviation o, this 1s usually accomplished
by estimating o withofrom the results of test firings and then forming CEP = 1,1774¢*
CEP, the parameter estimated, is the radius of a mean centered circle which includes
50% of the bivarijate probability which, of course, is taken to mean 50% of the future
rounds from this weapon under similar conditions. While CEP is a valid point estimate
of the radius of the 50% circle (provided o is a valid estimate of ¢), it does not
provide the analyst with any measure of confidence concerning his statement.
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Statements of confidence concerning the pe:-cent of a population which lies within
a circle of given radius are formulated in this report through the concept of statisti-
cal tolerance limits. The results will enable the analyst to ascertain (with the aid
of tables) the confidence with which he can state that a circle of radius CEP contains
at least 50% of the population. This confidence is shown to be quite low (at most .50
unless one has compiete knowledge about the population paraneter o) and can be
increased only by increasing the multiplying constant for o above the customary 1.1774.
Tables of such constants (lolerance 1imit factors) are provided which will enable the
analyst to obtain more reascnable levels of confidence not only for 50% of the ponula-
tion but also for 75%, 9N%, 95%, and 99%.
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' FOREWORD

The work coverad in this Technical Report was performed in the
Mathematical Statistics and Systems Simulstior Branch (KCM), Oper-
atione Research Division, Warfare Analysis Department. The date of

complotion was 26 March 1973,

This report was reviewed by Mr, Carl M. Hynden, Jr,

Roleala& by:
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ABSTRACT

- The weapon syatems analyst is often confronted with the prorl-m of

- egtimating the radius of a mean centered circle which will includc 50%
of the future rounds from a particular weapon under specified conditione.

If the fall of shot tends to follow a circular normal distribution with

- standard deviation o, this is usually accomplished by estimating ¢ with

& from the results of test firings and then forming CEP = 1,1774%. CEP,
the paramater estimated, is the radius of a mean canterad circle which

includes 507% of the bivariate probability which, of course, 1s taken to
mean 507 of the future rounds from this weapon under similar conditions.

while CEP is a valid point estimate of the radius of the 30% circle

(provided & is a valid estimate of o), it does not provide the aualyat
with any measure of confidence concerning his ctatement.

=
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H Statements of confidence concerning the percent of a population
; which lics within a eircle of given radius are formulated in this re-
port through the concept of statistical tolerance limits, The results - ;
will enable the arialyst to ascertain (with the aild of tables) thu con- L

¥ fidance with which he can state that a circle of radius CEP contains

: at least 50% of the population., This confidence {s shown to be quite

- low (at most .50 unless one has complete knowledge about the population
parameter ¢) and can be increased only by increasing the multiplying

conatant for ¢ above the custcwnary 1.1774., Tables of such constants ,
T (rolerance limit factors) are provided which will enable the analyst to '
obcain more reasonable levels of confidence not only for 50/ of the
population but also for 75%, 90%, 95%, and 99%.
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INTRODUCTION

1The CEP concept (Circular Probable Ei-or, Circular Error Probable,

Circle of Equal Probsbility) is well known to the weapon systems analyst,
Quite briefly, this parameter is the radius of a mean-centered circle
which includes 507 of tho bivariate probability, or in terms of a parti-
cular weapon, it is the radius of a circle within which 50% of the rounde
will fall, To estimate the CEP for a particular weapon (at e specified
wegpon to target range), n rounds are fired at a target. arbitrarily
:placed at the center of the Cartesian coordinate system, The results

of these firings are simply the miss distances of the rounds frum the
‘target center in the x and y directions, usually denoted by

O e e o s o= s

B R L L W R . o R

L n - .
[xi’yt}L-l‘ These n pairs of miss distances are thon used to compute

«n cstimate of the CEP, say CEP, which is taken as the radius of u
circle within which 50% of the future rounds from this weapon will fall.

CEP is, of course, only a point astimate of CEP, and it will vary from
sample to sample. Aloo, since CEP is a continuous random variable, the

probability that a eircle of radius CEP will encompase exactly 507 of
the future rounds is zero, Hence, if one wishes to measuvre the precision
w{ this eatimator, it appears that he should consider the probability

that a circle of radius CEP will encompass at least 507% of the future
rounds. The purpose of this report ism to consider this probability and
show that for any finite n it is quite low, about .40 to .50. A pro-
codure is then suggested which will enable one to increase this

orobability (or confidence) tv more reasonable levels, say .75,..90, .95,

or .99, The suggested prucedure invnlves the formulation of tolerance
limies for the Rayleigh (or radial normal) distribution and is sufticfently
general to be useful to those other than the weapon systems analyst.,

T T ErYe Fe

RELATIONSHIP BETWEEN CEP AND O

The use of CEP as a measure of weapon accuracy requires the
assumption that the miss distances (X,Y) are distributed according to
the uncorrelated bivariate normal distribution with mean at the origin

(targuet center) and common variance 02 in both directions. Hence, this
asgumpt:ion will be used throughout this report; that is, it will be
assumed that the density of miss distances about the target {s givon by

R P NP - _ i
f(x.v)-(Zﬂcz)la(’”‘YV“- W< xRy, y<e®, (1) .
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Using (1), it {s .casy to derive the density of the radial error (or
radial migs distancea) R » (xz + Yz)k vhich 1a

2,,.2
glr) = (r/az) Pt 2", v > 0 .

Tt.is distribution of the vradial arrors is referred to as either the
radial normal diatributlon or the Rayleigh dictribution and 1is the
l.asie for the relationship between CEP and o, To explore thia fuzthar,

consider the probability that the radial errer R is less than t which
18 exprusged as

PR<t} = J’: g(r) dr = 1-."2’”2.
To rind the relationship betwsen CEP and 0, one mersly solves
P{R < CEP} = .50
for CEP in terms of o. It turns out that
CEP = (-2 1n .50)¥ G = 117740

which is a wall known relation., Hence, Lf the population variance a2

_vwze known fur a weapon, a circle o: radlus 1,1774c = CCP contains 507%

of' the bivariate probability, i.e., 50% of ths future rounds will fall

fn a circle of radius CEP. Unfortunately 02 and hence CEP are never
krivwm and must be estimated from test firing, As aforementioned, this

means that the sstimated CEP, CEP, is a random varisble which varies
feom sample to sample and that for any particular sample, the pro-

btability that a circle of radius cEp encompasses exactly 50% of the
bivariate probability is zero., Howeaver, consider the quustion of how
mich praobability or confidence is afforded with a ssmpla of size n when
muking the statement that at lesst 30% of the future {or population)

rounds will fall within CEP. The anawer to this question will be
p 'ewied in the next two saections,

2)

(3)

(4)

(5
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Making confidence statements concerning the percent of the popul-
ation which lies below an astimate of the CEP involves the concept of an
upper tolarance bound, In cthe more general sense, an upper tolerance
bound, U(P,y) is & point defined such that at least 100F7 of the
population lies below it with 100y% confidence, (See, [ur example,
Bowvker and Lieberman (1972) and Proschan (1953),) It is constructed
in the following manner: A random sample of size n is extracted from
the population, and these sample values are used to compute an estimate(s)
of the unknown population parameter(s); U(P,y), is then formulated as
a function of the estimate(s). For the case at hand where one is
sampling from the bivariate normal distribution with common variance,
there is only one unknown parameter, namely ¢, and the upper tolerance
bound will be formulated as a function of the estimate of this para-
mater, Hence, to explore an upper tolerance bound in thil case will
first raquire sn sppropriate estimator for ¢.

Varioun estimators for g are available, and these are discussed
in detail by Moranda (1959)., One of the estimators discussed by Moranda
i{s tha maximum likelihood estimator which is the form

& - {121(xi‘+ Yi)/zn]* (6)

where x* and Y, are random variables designating the ith miss distance

in the % and y directions, respectively, It is easily shown that this
¢stimator is sufficlent for ¢ so the upper tolerance bound should be of
the form U(P,y) = k(P,v,n)%, The constant k(P,v,n) (tolerance limit
factor) is to be datermined such that one is 100v% confident that at
legst 100P% of the population lies below U(P,¥). Deleting the arguments
for notational simplicity, k(P,y,n) is sought such that

P{J (e/e?) o°F 2fag? dr % P} = v, 7y

Straightforward manipulations of (7) lcads tc

p{3 = [-20% 1n (1-P)]/k%} = v. (8)




Recalling the form of & in (6), it is easily shown that the dersity of

a2

W e g~ is given by

- 2
h(w) = [(crzln)“l‘(n)]'1 wi-lemmw/o®, w >0

9
vhere
® 1 -
T(m) = | e X dx . (10)
[« ]
- Hence, equation (8) can be written as
v
J h@) dw=1 -y (11)
Q
vhare v = [-202 1n (l-P)]/k2 and h(w) is glven in (9). It appears from
(11) above that k is a function of the unknown parameter o, However, a
simple transformation reveals that it is not. Letting
z= w/c2 in (11), one obtains
lv’ V =]l -
[ a™T) 2™ e™ dz w1 -y (12)

0

where v/ = [-2 In (l-P)JIkz. Hence, the tulerance limit facter k is a
function only of P,y and n, Thus tabular values of k as a function of
these quantities will enable one to make exact tolerance statements con-
cerning the Rayleigh distribution, DBefore discussing the computatlon,
tabulation and use of such values of k, it will be instructive to answer
the quoestion posed at the end of the last section, namely, how much con-
fidonce is afforded with a sample of size n when making the stapement that
at least 50% of the populatlon lies within a circle of radius CEP.,
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CONFIDENCE AFFORDED USINGC k = 1,1774 FOR P = .50

 } Equaticn (12) in the last zectiou was developed to cvaluate k tor

| . specified values of P, y and n, 1t can a.e0 be uned to evaluate y fur
any P, k, and n, Consider now using it in the latter scnme to answer
the question posed at the ead of the last two sections. Assuming that

. ¢ is estimated by the method of maximum likelihood, that is, that & has
the form in (6), then thc maximum likelihood ulcimntor tor CEP would be

-
o . . sl AT

LIRS
L3 et

'uinply cEp = 1, 17748. The confidence afforded using a CEP e.:imnte of

-
-k,

this form can be ancertnined by using k = (=2 1In .SO)B (=1,1774 to five
significant digita) and P = .50 in equation (12) and solving for y for
various values of n. One notes first that using this value of k, the

upner limit of the integral in (12) is equal to one, Mence, the confi-

-
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kb dence, Y, can bo ascertained by solving ; ;
| . 1
ol n n-l -nz ' '

J niln) e e dg w 1 « vy (13) B

$ o ' i ) ‘i
for v. j

Equation {13) wau solved numerically for v for n = 2(1)25(5)100 ;
(10)200(50)300(100)100C,», The results are sat out in Table 1 and
reveal some {nteresting .<sults., First, the confidence with which a

circle of radius CEP contaius at least 50% of the population lies be-
tween 4060 and ,4958 for all n batween 2 gnd 1000, With n = @, that

is, whea the parametor o is known exactly, the confidence is one, The
reason for this is quite clear if one examines the integrand in (13).

It is recognizable as & gamma density with a mean of one and varfance
1/n, Hence, one is always integrating up to the mean. For small n,

this distribution is swkewed to the right, but as n increases, it becomes
sywmmetrical about the meéan so that the integral from zero to one approaches
+»50, TFor n » @, the variance of this gamma density is zero, that is, the
entirc density 1ims concenrrated at the mean which is one. Hence, the
integral from szero to one is zero which results in a gamma, equal to
1.0000, This all means that in estimating the CEP with CEP = 1.17748,
the statement that at least 507 of the population lics within a circle

SaE.T Y. 58 ._H. it 4

of radius CEP can be made with confidince between ,4060 and ,5000
unless one has complete knowledgu about the population parameter o
To iacrease this confidence to & mora reasonable lavel, say .75 and
ebove, one myst increase the facter k above the customary 1.1774.
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This can be done by fixing v In (12) to {he desired contidence, sete
ting P » ,50 and solving for k for selected values of n, uf course,
equation (12) is valid for general P (vice P = ,50) which upon solving
for k wuld enable one to find the radlus of 2 clrcle which wiield |
include at least 100P% of the population with 100v% conflidence.

Buch tebular values of k fur selucted valaes of P, v, and 1 are pro-
vided in the next section,

TABULATION OF TOLERANCE LIMIT FACTORS

1n order to obtain & set of tolerance limit factors for P e 30
and othsr reasonable values of P, equation (12) was solved for k for
Pw,50, .75, .90, .95, .99; vy = .75, .90, ,95, .99; and n = 2(1)25(5)
100(10)200(50)300(100)1000,#. The solutions were obtained using
Simpson's integration rule and siiccessive binary cuts beginning with
at appropriate starting value for the upper limit v'. The computations
were performed on the CDC 6700 at the Naval Weapons Laboratory, Toler-
snces were set to provide an uccuracy in k of four decimpl digits; the
values of k ars set out in Table 2 for the gbove listed values of P, v,
and n, :

As an example of using this table, suppcse ten rounds are fired
at a target to obtuin the radius of a circle about the target center
which will include at least 50% of the future rounds (under similar con-
ditions) from this weapon with 93% confidence. The miss distances from
the target in the x (cross range) and y (range) directions are shown
below., All measurcments are in feet,

x_ X
54,7 87.8
-20,1 -178.1
'37.3 '5-6
~«136,3 -214.1
"8.1 '23.&
95.8 97.5
91-8 .7911
11603 '5203
~144.5 94,6
75.9 167,3
10 2

It ¢an be verified that igl Cx‘ ‘+‘yi2) = 222537.8 and, honce, that
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& = 105.4841
and

CEPe 1.17743 = 124,1970 .

From Tabls 1, it is seen that one is only 467 confident that a circle

of radius CEP » 124,1970 will include at least 50% of the rounds from
this weapon under similar conditions, To increase the confidence to
95% ae specified, one refers to Table 2 under P = .50, vy = ,93 and

n = 10 to £ind the tolarance limit factor k = 1,5985 (vice 1,1774),
This is then multiplied times & to obtain U(.50, .93) = k(.50, .95,

10) & = (1,5985) (103.4841) = 168,6163, Hence, a circle of radius

168,6 feet will include at least 30% of the future rounds from thic
weapon under similar conditions with 93% confidence., Should oue
wvant the radius of a circle which will include at least 90% of tha
rounds from this weapon (vice 50%) under similar conditions with 95%.
confidence he simply refers to Tabla 2 under P = ,90, Y = ,95, and

n =10 to £find the tolerance limit factor k (.90, 95, 10) = 2.913,
This is then multiplied times & to obtain U(,90, .95) = 307,3174,
The ten hit points and the above three circles are {Ilustrated in
rtzurn 1,

CONCLUSIONG

The tables contained in this report provide the weapon systems
analyst (and others who work with Reyleigh data) with valuable tools
for (1) ascertaining the confidence with which tha customary CEP state-
ments are made and for (2) increasing the confidence through tolerancas
1imit factors for at least 75, 90, 95, lnd 99 p.zcent of the population
a8 well as 50%.

12






—_——— -

L A T T R T e P T

T M T

1,
2,

3

Bowker, A, H, and G, J, Lieberman, 1972, Engineering Statistice,

Prentice-Hall, Inc., Englewocod Cliffs, N, J, .

Moranda, P. B,, 1959. Comparison of estimates of citculcﬁ probable
Jeuznal of the American Btatistical Asgocisticn, 54, 794,
proachan, ¥., 1§53..“cqntidcnei and tolerance intervals for the

~uornal distribueien. Journal of the Americap Statistical Associsticm,
&8, 350, | B ' -

srTOT.




