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The weapon systems analyst is often confronted with the problem of estimatinq the
radius of a mean centered circle which will include 50% of the future rounds from a
particular weapon under specified conditions. If the fall of shot tends to follow a
circular normal distribution with standard deviation a, this Is usually accomplished
by estimating a withifrom the results of test firings and then forming CEP a 1.1774a.
CEP. the parameter estimated, is the radius of a mean centered circle which includes
50% of the bivariate probability which, of course, is taken to mean 50% of the future
rounds from this weapon under similar conditions. While CEP is a valid point estimate
of the radius of the 50% circle (provided a is a valid estimate of c), it does not
provide the analyst with any measure of confidence concerning his statement.

Statements of confidence concerning the pe:-cLnt of a population which lies within
a circle of given radius are formulated in this report through the concept of statisti- J
cal tolerance limits. The results will enable the analyst to ascertain (with the aid
of tables) the confidence with which he can state that a circle of radius CEP contains
at least 50% of the population. This confidence is shown to be quite low (at most .50
unless one has complete knowledge about the population parameter a) and can be 3
increased only by increasing the multiplying constant for ^ above the customary 1,1774.
Tables of such constants (Lolerance limit factors) are provided which will enable the
analyst to obtain more reasonable levels of confidence not only for 50% of the ponula- ¶
tion but also for 75%, 90%, 95%, and 99%.
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ABSTIUCT

The weapon systems analyst Li often confronted with the pro..-Um of
estimating the radius of a mean centered circle which will Incl:ude 50%.
of the future rounds from a particular weapon under specifLed condition1w.
If the fall of shot tends to follow a circular normal diatribution with
standard deviation a, this Lu usually accomplished by eostimating o with

a from the results of test firings and then formLng CEP - 1.1774a,. CEP,
the parameter estimated, L the rad-=, of -mean centered circle which
includam 50% of the bLvariate probability which, of course, is taken ta
mean 507. of the future rounds from this weapon under s Wllr epnditoWas.

While CEP is a valid point estimate of the radius of the 507. circle

(provided & is a valid estimate of a), it does not provLde the. analyst
with any measure of confidence concerning his ctatenient.

Statements of confidence concerning the percent of a population
which l-is within a circle of given radius are formulated in this re-
port through the concept of statistical tolerance limits. The results
vwill enable the analyst to ascertain (with the aid of tables) thu con-

f idenee vich which he can state that a circle of radius Cr contains
at least 50% of the population. This confidence is shown to be quite
low (at most .50' unless one has complete knowledge about the population
paramater a) and can be increased only by increasing the multiplying

constant far l above the customary 1.1774. Tables of such constatnts
(rtolerance limit factors), are! provided which will enable the anaLyst to
obtain more ressionable levels of confidence not only for 50'/, of the
population but also for 75%,, 90%, 95%, and 99%/.
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INTRODUCTION

-The CEP conctpt (Circular Probable Ex-or, Circular 'rror Probable,
Circle of Equal Probability) is well known to the weapon syst-ms analyst.

--- QuLte briefly, this parameter is the radius of a mean-centered circle
S !which includes 507. of rho bivariate probability, or in terms of a panti-

cular weapon, it is the radius of a circle within which 50% of tho rounds
"will fall. To estimate the CEP for a particular weapon (at s. specified

•S weapon to target range), n rounds are fired at a target arbitrarily
aplaced at the center of -the Cartesian coordinate system. The results
of these firings are simply the miss distances of the rounds from the
target center in the x and y directions, usually denoted by

[X pxi) . These n pairs of miss distances are then used Lo compute

4in estimate of the CEP, say CEP, which is taken as the radius of a
circle within which 507 of the future rnunde from this weapon will fall.

L'EP in, of course, only a point estimate of CEP, and it will vary from

sample to sample. Aloe, since CEP is a continuous random variable, the
"A

probability that a circle of radius CEP will encompass exactly 50% of
the future rounds is zero. Hence, if one wishes to measvre the precision
"oef this eatimator, it appears that he should consider the probability

"that a circle of radius CEP will encompass atle.ast 50% of the future
rounds, The purpose of this report in to considec this probability and
show that for any finite n it i.s quite low, about .40 to .50. A pro-
cedure is then suggested which will enable one to increase this
probability (or confidence)to more reasonable levels, say .75,. .90, .95,
or .99. The suggested prucedure invnlvem the formulation of tolerance
limits for the Rayleigh (or radial normal) distribution and is sufficiently
general to be useful to those other than the weapon systems analyst.

RELATIONSHIP BETWEEN CEP AND a

The use of CEP as a measure of weapon accuracy requires thet
assumption that the miss distances (X,Y) are distributed according to
the uncorrelated bivariate normal distribution with mean at the origin

0(target center) and common variance a2 in both directions, Hence, this
assumption will be used throughout this report; that in, it will be
assumed that the density of miss distances about the target is givun by

f(xv) u (2ra2)I (x 2 2 2 9 x, y <cc



LiLng (1), it is easy to derive the density of the radial error (or
wadial miss distance) R X 02+ y2)• hich is

,2 -r 2 /2a2 2 > 0 (2)

Th•,s distribution of the radial errors is referred to as either the
Tadial normal distribution or the Rayleigh dictribution and is the
1,aaLs for the relationship between CEP and c. To explore this fuethar,
arnsider the probability that the radial error R is leas than t which
it exprossed as

t ot 2 /2cr2.

PCR < t} g(r) dr 1-0 (3)

T ftnd the relationship between CEP and a, one merely solve@

PCR < CEP) - .50 (4)

*for CEP in terms of a. It turns out that

CEP a (-2 in .50)0 0 1.1774c (5)

uhtch La a well known relation. Hence, if the population variance 2

.-t.c known for a weapon, a circle oi radluS 1.1774c a CEP uontains ZO.
"oft' he bivariate probability, i.e., 50%. of the future rounds will fall

lit a circle of radius CEP. Unfortunately q2 and hence CEP are never
k-.wn and must be estimated from test firing, As aforementioned, this
"mras that the estimated CE11, CEP, is a random variable which varies
Sfon s.mple to sample and that for any particular sample, the pro-

babiiLty that a circle of radius CEp encompasses exactly 50% of the
biva:tLate probability is mero. However, consider the quuostion of how
ma.ch probability or confidence is afforded with a sample of size n when
ms.al-Lng the statement that at least 50%. of the future (or population)

r'onds will fall within CEP. The answer to this question will be
'riik..Ad in the next two sections.
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UPPER TOLER* CE SO FOR _iE RAYLEIGH DISTRIBUTION

Makina confidence statements concerning the percent of the popul-
ation which lies below in estimate of the CEP involves the concept of an
upper tolerance bound. In che more Seneral sensee an upper tolerance
bound,, 'U(Py) is a point defined such that at least 100K7. of rhe
population lies below it with MOOy% confidence. (See, fur exanple,
Bovket and Lieberman, ('1972) and Proschan (1953).) It is constructed
in the following manner: A random sample of size n is extracted from

a the population, and these sample values are used to compute an estimate(s)
o, the unknown population parameter(&) U(Pjy), is then formulated as
a function of the estimate(a). For the case at hand where one in
sampling from the bialriate normal distribution with cowon variance,
there is only one unknown parameter, namely a, and the upper tolerance
bound will be formulated as a function of the estimate of this Para-
meter. Pence, to explore an upper tolerance bound in this, case will
first require en appropriate estimator for a.

VariouN estimators for a are available, and these are discusaed
In detail by.Moranda (1959). One of the estimators discussed by Moranda
is the maxim=u likelihood estimator which Is the form

a IglX + Y')f2uJ)ý (6)

where X and Y .are random variables designating the ith miss distance
in the and y directions, respectively, It is easily shown that this
estimator is sufficient for q so the upper tolerance bounrd should be of

* the form U(P,y) - k(Py,n)8. The constant k(P,yn) (tolerance limit
factor) is to be determined such that one is 1OW1. confident that at
least LOOP%. of the population lies bolow U(Ppy). Deleting the arguments
for notational simplicity, k(P,y,u) is sought such that

2 2

Straightforward manipulations of (7) loads to

PC.14 2  [-2c 2 In (1-P)j/k 2  , (8),

3



Recalling the form of i in (6), it is easily shown that the density of

W - is given by

h(w) [(a 2/n)nr(n)] vlle-w/O2I V > 0 (9)

where

F(n) - n x a Cx dx . (10)
0

"Hence, equation (8) can be written as

vJ h(w) dw 1 - y (11)

where v * [-2a 2 In (l-P)J/k 2 and h(w) is given in (9). It appears from
(11) above that k is a function of the unknown parameter a. However, a
simple transformation reveals that it is not. Letting

z * w/a 2 in (11), one obtains

S-(n) n z - 1(12)
a 2L

Where v' - [-2 In (L-P)J/k . Hence, the tolerance limit factor k 1.. a
function only of P,y and n. Thus tabular values of k as a function of
these quantities will enable one to make exact tolerance statements con-
cerning the Rayleigh distribution. Before discussing the computation,
tabulation and use of such values of k, it will be instructive to answer
the question posed at the end of the last section, namely, how much con-
fidonce is afforded with a sample of size n when making the statement that
at least 507. of the population lies within a circle of radium CEP.

3
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.11
CONFIDENCE AFFORIDED USI1NG k -1,1774 FM P *.50

Equation (12) in the 13@r seccinaL was cIyeveloped to e.valuate k tor
specified values of P, y and n. -T can a.Lso bc aced to i.-vatuate y for
any P, k, and n. Consider now using it. in the latter .sense to answer
the question posed at the eAd of the last two sections. Assuming thac
a Is estimated by the method of maximum likelihood,, that is, that & has
the form in (6), the the maximum likelihood estimator for CEP would be

sLmply CEP - 1,17740. The confidence afforded using s CE.P estimate of

this form can be ascertained, by usin. k - (-2 ln .30) (-1.1774 to f•ve
signtfiicat~ digita) and P m .50 in equation (12) and solvLng for y for
various values of n. One notes first that using this value of k, the
upper limit of tht integral in (12) is equal to one. Hence, the con'fi-
dence, *y: can be ascertained by solving;

,nn/r(n) (13)-.

0

for y.

Equation (13) weu solved numerically for y for n - 2(1)25(5)100
(L0)200(50)300(100)1,00Q,(.. The results are set out in Table: 1 and
reveal some interestng; 4,,;ult First, the confidence with which a

circle of radius CEP uontaitis at least 50%. of the population lies be-
tween .4.060 and .4958 for all n between 2 and 1000. With n * •, thatt
is, when the parumetor a is known exactly, the confidence Is one. The
reason for this is quite clear if one examines the integrand in (13)1.
It is recognizable as a gamma density with a mean of' one and variance
1/n. Hencia, one is always integrating up to the mean. For small n,
this distribution is skewed to the right, but as n increases, it becomes
symnetrical about the mean so that the integral from zero to one approaches
.510. For n L, the variance of this gamma density is zero, that is, the
entire density is .oncenrrated at the mean which is one. Hence, the
integral from sero to one is suro which results in a gammaequal to
1..0000, This all means that in estimating the CEP with CEP w 1.1770e,
the statement that at least 50% of the population lies within a crcle

of radLus CEP can be made with gconfid3nce between .41060 and .5000
unless one has complete knovledgu about the population parameter as.
To increase this confidence to a more reasonable level, say .75 and
above, one mu.nt increase the, facter k above the customary, 1.1774.

5,



Table 1

CoIIFIDENCE AFFORDED USIXG k , 1,1774 FOR P .5

2 .4060 10 .4028
3 .4232 65 49835
4 .4335 70 .4841
5 .4405 75 .4846
6 ,4457 o0 .48517 .449 7 85 .4856

8 .4530 90 .4860-
9 .4557 95 4864

10 .4579 100 4867
11 425919 110 4873
12 .ý4616 120 .487913 .4631 130 :4883.
14 .,4644 140 .4888 '
ýL5 .4657 150 .4891
16 .41667 160 .4895
17 .4677 170 .4898
18 .46816 180 o4901I
19 .4693 190 .49o4I
20 ,4703 .200 ,4906
21 .47110 2.50 .4916
22 .47116 300 s4923 !
23 .4723 4.00 .4934
24 .4728 500 .4941. I

25 .4734 600 .4946
30 .64757 700 .4950
35 .4775 So00 .4953,
4.0 .47910 9100 .4956

S45 .4802 1000 .4.958
50 .4812 " 1,0000
55 .4821
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This csa be done by fixing y In (12) to the destred c Jn/itd!,nce. set-
tLng P - .50 and solving for k for selected values of n. uf vurse,
equation (12) Ls valid for general P (vice P a .50) whicLh upon solving
for k would enable one to find the radLus of a eir•'ks witch w-suld
include at least 100P% of the population wit.h lOoyT. c.)nIfdence-
"Such tabular values of k for sudluctd, valu.es of P1, V, and n are pro-i
vided Jn the nex:t section.

TABULATIO.0l OF TOLERM¢E LIKIT F&CTOR"
" -. --

In order to obtain a set, of tolerance limiL factors for P ,$0
and other reasonable values of P, equation (12) 'was solved for k for
P - .50, .75, .90, .95, .99; -y .75, .90, .93, .99; and n a 2(1)25(5)
)10(lO)200(50)300(100)1000,e. The solutions were obtained using
Simpson'a integration rule and s\tcceeseive binary cuts begLnning withA an appropriate starting value for the upper limit v1. The computations
were performed on the CDC 6700 at tho Naval Weapons Laboratory. Toter-
anoes were set to provide an ,accuracy in k of four decimal digits; the
val•ues of k are set out itu 'Table 2 for the above listed values of P, y,
and n.

As an example of using this table, suppcte ten rounds are fired
at a target to obtain the radius of a circle about the target center
which will include at least 50% of the future rounds (under similar con-
ditionr) from this weapon with 95. confidence. The miss dist•nices from
the. tar'get in, the x (cross range) and y (range), directions are shownf
belov. All meaurements are in feet.,

54,7 87,8
-20.1 -178.1
-37.3 -3.6

-136,3 -214.1
-8.1 -23.4
95.8 97.5
91.8 -79.1

1.16,3 -52,8
-144.5 94,6

75.9 167.3
10

It can be verified that (x 1
2 + Y2 222337.8 and, hence, thac

7'L.
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:! * "105.4841

and

CZ?. l.l774c - 124.1970

From-Table 1, it Ls seon that one is only 46% confident that a circle

of radius CEP - 124,1970 will include at least 507. of the rounds from
this .eapon under similar conditions. To increase the confidence to
95% as specified, one refers to Table 2 under P a .50, y I .93 and
n - •0 to find the tolerance limit factor k - 1.5985 (vice 1,1774),
This is then multiplied times ý to obtain U(.50, .95) - k(.50, .95,
10) 8 - (1.5985) (105.4841) - 168.6163. Hence, a circle of radius
168.6 feet will include at least 507. of the future ro'rnds from rhlr
weapon under similar conditions w•ih 95% confidence. Should one
want the radius of a circle which will include at least 90% of the
rounds from this weapon (vice 501) under similar conditions with 95%.
confidence he simply refers to Table 2 under P in .90, vy .95. and
n w 10 to find the tolerance limit factor k (.90, j95, 10) a 2.9134.
auThis to then multiplied times ' to obtain U(.90, .95) w 307.3174.
The ten hit points and the above three circles are illustrated in
Figure 1.

CONCLUBIOtN8

The tables contained in this report provide the weapon syiemos
analyst (and others who work with Rayleigh data) with valuable tools
for (1) ascertaining the confidence with which the customary CEP state-
mants are made and for (2) increasing the confidence through tolerancs
limit factors for at least 75, 90, 95, and 99 percent of the population
as wvll as 50%.
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