AD-759 714

NOTES ON A PROBLEM INVOLVING PERMUTATIONS
AS SUBSEQUENCES

Malcolm Newey

Stanford University

Prepared for: |

National Aeronautics and Space Administration
Advanced Research Projects Agency

March 1975

A e

DISTRISUTED BY:

e

National Technical Information Service

U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va. 22151 :




: STAN-CS-73-340

i
|

NOTES ON A PROBLEM INVOLVING
PERMUTATIONS AS SUBSEQUENCES

o

BY

MALCOLM NEWEY RELh

MAY 15 1973

b n Y
N VT

Reproduced by

NATIONAL TECHNICAL
INFORMATION SERVICE

U S Deportment of Commerce
Springfield VA 2215}

AD 759714
O
W)

SUPPORTED BY

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
CONTRACT NiﬁDOS-O2O-5OO
ADVANCED RESEARCH PROJECTS AGENCY

ARPA ORDER NO. 457

MARCH 1973

School of Humanities and Sciences
STANFORD UNIVERSITY

S 4ﬂ DISTRIBUTICN STATEMENT A

COMPUTER SCIENCE DEPARTMENT
4
{

s = i
\Ig ;g?f’ @ Approved f=r -li- rzlease;
i1 P ——F Distribuion REREES




STANFORD ARTIFICIAL INTELLIGENCE LABORATORY MARCH 1973

‘ 4 MEMO AIM-138

b COMPUTER SCIENCE DEPARTMENT

; e REPORT CS-348
i

T

2

¥ & NOTES ON A PROBLEM INVOLVING

| f PERMUTATIONS AS SUBSEQUENCES.
. by

Malcolm Neuwey.

? ABSTRACT:
i The problem {attributed to R. M. Karp by Knuth ( see #36 of (11)) is to

describe the sequences of minimum length which contain, as subsequences, all the
- permutations of an alphabet of n symbols.  This paper catalogs some of the easy
observations on the problem and proves that the minimum lengths for n=b, n=b &
n=7 are 19, 28 and 39 respectively. Also presented is a construction which
yields (for n>2) many appropriate sequences of length n®-2n+4 so giving an
upper bound on length of minimum strings which matches exactly all known values.

This research was supported in part by the Advanced Research Projects
Agency of the Office of the Secretary of Defence under Contract SD-183 and in
part by the National Aeronautics and Space Administration under Contract
NSR ©5-8208-588.

The views and conclusions contained in this document are those of the
author and should not be interpreted as nscessarily representing the official
policies, either expressed or implied, of the Advanced Research Projects Agenmcy,
the National Aeronautics and Space Admin.stration, or the U.S. Government.

Reproduced in the USA. Avaiiable from the National Technical Information
Service, Springfield, Virginia 22151, Price: full size copy $3.38; microfiche
copy $8.392.

i




i

DOCUMENT COXTROL'DATA-R&D

y classilication of title, body of abstract and indexing annotation muxt be enter

ccurity Classification

ed when the overall report is classilied)

(Securit
| ONIGINATING ACTIVITY (Corporate author) 28. REPORT SECURITY CLASSIFICATION
Stanford University, Computer Science Department Unclagsified
2b. GROUP

Stanford, California 94305

3 REPORT TITLE

NOTES ON A PROBLEM INVOLVING PERMUTATIONS AS SUBSEQUENCES

4 DESCRIPTIVE NOTES (Type of report end inclusive detes)

technical, March 1973

5. AU THORIS! (First name, middle initial, last neme)

Malcolmm Newey

6 REPORT OATE 7¢. TOTAL NO. OF PAGES 7b, NO. OF REFS
March 1973 29 il:
9a. ORIGINATOR'S REPORT NUMBERI(S)

Ba. CONTRACT OR GRANT NO.

§p-183 and NSR 05-020-500 STAN-CS-73-340

b. PROJECT NO.

c. 9b. OTHER REPORT NOIS) (Any other numbers thet may be assigned
this report)

AIM-190

d.
10 DISTRIBUTION STATEMENT

pistribution Unlimited

11. SUPPLEMENTARY NOTES 12, SPONSORING MILITARY ACTIVITY

‘f:3 ABSTRALT

The problem (attributed to R. M. Karp by Knuth is
length which contain, as subsequences, all the permutations of an alphabet of n

symbols. Ihéhjpaper catalogs some of the easy observations on the problem and proves
that the minimum lengths for n=5 , n=6 and n=7 are 19, 28 and 39 respectively.
Also presented is a construction which yields (for n>2 ) many appropriate sequences O]

to describe the sequences of minimum

length 'n2-2n+4 so giving an upper bound on length ol minimum strings which matches

exactly all known values.

FORM ¢
D 1 NOV 63 i 473 PG St Unclasgsified |
11 Sec' rity lass:fication ‘

S/N 0101.807.6801

e e It Bl s i e




1a. ~ LINK A LINK ® LINK €
KEY WORDS

RO.E WwT ROLE wTY ROLEK wWT

DD "°™.1473 )

(PAGE 2) . Security Clsssification




T

1 NOTATION.

a)

b)

c)

d)

e)

f)

g)

Let S be a sequence of symbols. |S| will be used to denote the total
number of symbols in S and so we observe, for example, |x y x z| = &,

We say xcy in the case where x is a subsequence of y and We say "x is
equivalent to y" if x can be obtained from y by a simple change of
alphabet; we denote this equivalence by ‘a’.
(e.g. xyexyyx, xyzxesl23l)

P(A) is used to denote the set of sequences which are permutations of

an alphabet A. Cardinality of P(A) will be (JA}])!. Also, P (A,n) is

is the set of permutations of all sub-alphabets of A of size n ( where
s |Al ). Clearly, P(A)=P" (A, |A]). '

If A is an alphabet then Q(A)={ x | x¢A” A Vy.(yeP(A) 2 ycx)} uhere A’
is the set of sequences over alphabet A. For example , abcacba ¢ Qlabce).
Also, Q" (A,n) is taken to be the set { x|xcA” A Vy. (yeP(A,n) > yex)}.
So, for example,  zyxwxyz ¢ Q° (uxyz,2) .

Now, the LENGTHS of the shortest sequences in Q(A) and Q’ (A,n) depend
only on the SIZE of the alphabet A. Hence, take M(n) to be the length
of the shortest sequence in O{1 2 3...n) and M (n,m) to be the length
of the shortest sequence in Q°(1 23 ... n, m .

So, for example, M(l)=l, M(2)e3 and M (n,1)=n .

S(n) denotes the n-th symbol of sequence S.

S{n:m) denotes that contiguous subsequence of sequence .S which is the
symbols from position number n in S to position number m.

#{S,x) denotes the number of ocurrence: of the symbol x in sequence S.

“CPAF X" is just an abbreviation for “Consider the Permutations of the

current Alphabet of the Form X" ,  The gresk letters which appear in X.

denote arbltrary sequences of symbols.

For example, if the alphabet under discussion were abcde. the command
"CPAF bxc" would mean "Consider Permutations of abcde which start with
b and end with c".

e




2 SOME EASY OBSERVATIONS.

E EEER BEES IS IZREIEZE

2.1 M(l)=1.

e ey, ] T el e . e B o s

2.3 M (n,2)={2n-1) can be seen as follous:
l M (n,2) s 2n-1 since if A is an alphabet of length n, then “the
_ sequence AA(2:2n) is a member of Q7 (A,2).
_ M (n.2) 2 2n-1 since if A is an aiphabet of size n, S ie a member of
1 0’ (A,2) and |S|<2n-1 then at least iwo of the symbols of A (x and g.

say) only appear once in S; hence 1 of the sequences “xy’ and ‘yx’
are not eubsequences of S,

2.6 M’ (n,m)2(m. (2n-m+1) /2) {n2m, of course)

This result is more easily remembered as
Win,m) 2 n+n-1 +n-2 +.000. + n-m+l

Suppose A is an alphabet of size n and S is a sequence from Q’ (A, m)
of minimum length (i.e. [S}|=M"(n,m} ). It is noted in (2.4) that
M (n,1)=n so take m22. Segment S as TxU where the sequences T,U and
the symbol x are chosen so that x does not appear in T but all the
other symbols of A do. Clearly, |[T|2(n-1). Now note that all
permutations of subalphabets of A of size m which start with x are
subsequences of xU. Hence all permutations of subalphabets of A\x
of size (m-1) are subsequences of U ( A\x is A without x and
[A\x|=(n-1) ). |U] 2 M (n-1,n-1), therefore, and so M (n,m) (which
is simply (S|) Is at least (n-1) +1 + M’ (n-1, m-l). This recurrence
relation is readily solved to give the reesult.

2.7 Min}z(n. (n+1)/2).
Simple corollary of 2.6 wusing M(n)=M’ (n,n).

2
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2'9

2.18

2.11

2.12

M (n,m)s(m. (n=1)+1)

Given an alphabet, A, of size n, the fol lowing construction gives an
element of Q” (A,m) of length mx(n-1)+1 :-

Cenerate m permutations of the alphabet Al, A2, A3, ... Am such that
Al(n}=A2(1), A2(n)=A2(1) etc. Now, B = Al AZ2(2:n) A3(2:n)...Am(2:n)
is in Q”(A,m) since if C is any permutation of any subalphabet of A
of size. m, C(j) is elther in the j-th component of B or IS the last
symbol of the (j-1)th component (for j>1).

M{n)s(n.n-n+l1)

A simple corollary oi 2.8.

M {n,3)=(3n-2) (n23).

From 2.6 we get M (n,3)2(3n-3).

From 2.8 we get M (n,3)<(3n-2).

Suppose the lower value is obtalned for an alphabet A (|A|=n) and S
is a sequence of length 3n-3 which is in Q" (n,3). Now no symbol can
appear nnly once in 5 for then He wWould have
1912 (2.M(n-1,2)+1) = (4n-5) which is a contradiction for n23. Hence
there must be at least 3 symbols which occur just 2 times each for a
total of 6 times. However M(3)=7 80 there must be some permutation of
these three eymbols which is not a subsequence of S, This
contradiction gives us the result.

Members of Q(1 2 3) of Length 7.
The following is an exhaustive |ist of minimum solutions for a 3

symbol alphabet. We consider, of course, only equivalence classes
(with respect to the operator = }.

1231213 1231231 1231321
1232123 1232132
1213121 1213212

VSeQ(A). JacA. #(S,a)2|A|.

Use induction on the alphabet size. The case |Al=1 is trivial so
suppose the result holds for all alphabets of size less than n, |A]=n
and SeQ(A)., Segment S as TxU where sequences T,U and symbol x are
Chosen so that x does not appear in T but every other symbol of A
does. Use A\x to denote A minus symbel x, and we get UeQ(A\x). Nou

[AMx| = n-1 and so we can find Yy such that #(U,y)2(n-1). Clearly
#(S,y)2n.
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2.13

-

2.14

2.15

-

2.16

V¥SeQ” (A,m). Card({ a2 | acA A #(5,2a)2m }) 2 (n-m+l)

Let A be any alphabet, m be any integer such that |A|2m and S be some
member of Q° (A,m}). Select sequence B - a permutation of A such tnat
the symbols of B are in order of decreasing frequency in S.

Nou take sequence S’ to be the sequence formed by deleting those
symbols from S which are in B{l:n-m). § is a member of
Q(B(n-m+l:n)) and so some symbol must appear at least m times in S’
and hence in S.

Therefore, #(S,B(1)) 2 #(5,B(2)) 2 .....2 #(5,B(n-m+l)) 2 m which
gives the quoted result.

Hf(n.m) 2 mi{n-m)+M{m)

A corollary of 2.13 .

M(4) =12,

‘Take A to be the alphabet (sequence) 1234 .

123412314213 ¢ QA and so Mi4)si2 .

Suppose S ¢ Q(A) and |[S]|<l12. :

Compute the least integer j such that S(lij) contains each symbol
of A, Note j24 and S(j) is not in S(1:j-1).

Considering permutations of A which start with S(j), we get that
1S] 2 3 + #(5,S(j)) + M(3) =18 + #(S,5(j); .

Using |Sf<12 we get ;=4 and #(S,5(j))=l.

Therefore, S(4) appears only at position 4 of S. Now consider the
pernmutations of A that end With S(4) and get that 42M(3) which
is a contradiction.

From *his contradiction we see that M(4)212.

YA. VxeA. 3Scl(A). #(S5,x)=l

Suppose uWe are given ar alphabet A and x is some symbol of A. We
take the subalphabet A\x and find some member T from Q{A/x),
Clearly TxT ¢ Q(A) and also #(TxT,x}=l.

This is quite a useful result to keep in mind when pondering what
properties members of Q(A) might have.




3 M(5)=19.

Take A to be the alphabet (sequence) 12345

i) 1234512341523145213 ¢ QA
so we have. M(5)<19 .

ii) Suppose SeO(A) and |S|«<19 .
Break up S as T ylU (uhere T and U are segments of S and
y is a single symbol) such that Ty is the shortest initial
segment of S which is in 0”(A,2) so |Ty|zM’ (5,2)«9,
Choose x in T such that xy is not a subsequence of T (this
is possible otherwise S was not segmented as prescribed).

i
i
i
I
]

Considering members of P(A) starting with xy, get
S| 29 + M(3) + #(U,x) + #U,y) = 16 + #(U,x} + #(U,u).

F- = '4

Now, supposing x does not appear in U, consider subsequences

of S that end with x and derive the contradiction
|S|2M(4)+2+4M(3) =21,

Conclude #(U,x)21 (and similarly #(U,y)21).

o]

Reconciling inequalities, we get #(U,x)=1, #(U,y)=l, |T|=8,
|Uj=9 and |S|=18.

In U, x and y appear just once each and so one sequence of

xy and yx , call it Z, 1is not a subsequence of U.

Consider, then, psrmutations of A of the form oZ and get
IT| 2 M(3) + #(T,x) + #(T,y) 29 ~-- a contradiction!

We therefore conclude that M(S5)219.

iii) From i) and ii) deduce M(S)=1S.

e
o

0 T CF ol
_—

P 4
g




W—_ - i

Pon—

4 M(B)=28 and M(7)=33. ‘
i) Take A to be the alphabet (sequence) 1234 56 .

‘1234581‘234518234158231458213
is in OQ{A) so we have {6) <28 . ' ‘

The proof of M(B)228 is given as Appendix 1 because it is.
long and uninformative. ‘

These two facts give the result - M(E)=28.

massy  pEag ey RO e

ii) Take A to be the alphabet 123 45867,

]
.

1234567123456172345
1672341E5672314567213

is in OQ(A) so we have M(7) s 39.

M(7)233 ( proved as appendix 2 ) and so ke have M(7)=33.

3
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Lemma:

Lemma:

Minimum Length Solutions for Alphabets of Size 4.

SESEEEE EESEZE SESEESEELE BES SEEEEEESE EE EIEN =a

Let A be the alphabet abcd.
We wish to enumerate the equivalence classes in Q(A)
of the minimum length (ie 12). Suppose SeQ(A) and |S|=12.

YpeA. H#(S,p)22

peA A #(S,p)=8 is absurd.

Suppose  p¢A A H(S,p)=l We have that S has the form UpV.
CPAF ap to get [U[2M(3)=7 ; CPAF px to get |V|2M(3)=7 .
We immediately have the contradiction |S| = |UpY| 2 15.

3p. #(5,p)=2
Suppose not. In view of above lemma, YpeA. #(S,p)23 which
is a violation of the result 2.12 {page 3).

Supposing #(S,p)=2, choose 1,U,V such that S = TpUpV.
CPAF px to get |UV])27; CPAF ap to get | TU}27.

Now [U] = |UJ+(|S]|-12) = (JU]+|T|+|U|+]V[+2)-12 2 &,
Also |T| = |S|-2-]U|-|V|] 3 and simitarly |V|s3.

Suppose |T|<3. 'Thus 3xeA, = (xeTIA~(x=p).

CPAF xpx to give [V]2M (25 +#(V,x) =3+#(V,x). So #(V,x) =8,
CPAF apx to give the contradiction | T|2M(2) =3.

Hence |T|=3 and similarly |V[=3 giving |U|=4.

Suppose qeA and  —(g=p) A #(T,q) =08,

CPAF qpx to get #(V,q)=8. Hence by a lemma above, #(U,q)22.
CPAF gqap to get the contradiction {U]2M(2) +#(U, q) 25.
Hence Va. qeA 2 (g=p v #(T,q)=#(V,q)=1).

From this discussion we get that there are representatives of
all the equivalence classes of the form
abcdUdV where |U]=4, |V|s3, aeV, beV, ceV.

CPAF «d we get abcU is inQlabc) and is of min. length.
Using result (2.11) we get 5 possibilities for U; namely:
(1) abac (2) abca (3) acba (4) babc (5) bacb.

Similarly UV is in Q(a bc) and is of minimum length,
Per forming a small amount of hand checking and using 2.11
again ue get that there are exactly 9 equivalence classes:-

abed abca dbac abcd acba dbca abcd bacbh dabc
abcd abca dbca abed acba dcab abed bacb dacb
abecd abca dcbha abcd acha dcba abcd bacbh dcab




An  n® -2n +4 Construction for Alphabet of size n.

Given an alphabet sequence, A, of length at least three, it

is assarted that the following recipe gives a sequance in Q(A).

Set the sequence variable B « A(2:n):

Write(A):

D0 (n-2) TIMES { UritelA(1)); Write( B(1:n-2) );
B « (B(n-1) B(1:n-2)); 1};

Write(A(1)): Urite(B(1));

The total number of symbols uritten = n+ (n-2}%x(1+n-2) +2
= n2-2n+4

We now verify that the sequence proziiced is Indeed in Q(A).

First note that the operation " B « B(n-1)B(1:n-2) " simply
rotates the sequence of n-1 symbols in B.

Next note that the first symbol of A (e will call it a) is
written exactly n times, Letting C be the result of the above
construction, We segment C as fol lows:

C = aJaKala...aYaZab where the (n-1) sequences
J,K,L,...Y,Z do not contain the symbol a.
For convenience we will use call J,K,L,..0..Y,Z units and will
refer to them as U[1l]l, U2], ... Uln-11.

Now J contains all symbols A(2:n) but K,L,...¥,Z each contain
just n-2 of the symbols of A(2:n). However the symbol of A(Z:n)
that does not appear in some unit Ulk] is both the last symbol
of Ulk-1] and follous the a that follows Ulk] in C.

Let P be a permutation of A4, We will show that P must be a
subsequence of C,

Suppose a appears in the jth position of P. We %irst shou that
the string P(l:j) (simply a if j=1) can be matched to the
the head of C adaKal...Ulj-1Ja . Trivially true if j=1.

If j>1 then P(1) is in J, clearly. Also if j>k>1 then P(k) can
be matched to Uk] if it is in that unit or else the last
symbo! of Ulk-1].

Similarly the n-j symbols of P(j+l:n) can be matched to
Uljlallj+lla...alln-1lab . If j<ksn then PIk] will either
match something in Ulk-11 or the symbol which fo'lows the a

Wt ich follows Ulk-11.

W i T




7. A More General n2-2n+4 Construction.

It is asserted that the following algorithm, regardless of which
internal choices are made, also produces a member of Q(A) of length n2-2n+4.
The proof of membership in Q(A) follows by the same method used in proving the
validity of the simpler “program”. It is also readily seen that the previous
construction is a special case of this more general one.

SUBROUTINE SR1:
Write the symbol [x];
Write the symbol [yl;

SUBROUTINE SR2:
SR1;
Write in any order the [n-3] symbols of A which do not include
[x] or [yl or [z].
D0 yez AND set z to the last symbol uritten.

SUBROUTINE SR3: -
D0 SR2 I[n-2] TIMES;
SR1;

SUBROUTINE SR4:
DO SR2 [n-3] TIMES;
SRl
Write in any order the [n-2] symbols of A uhich are not [xJ, [y);
Write the symbo! [x];

MAIN ROUTINE:
Write doun the alphabet (A);
DO EITHER { xeA(1); y « any symbol of A(2:n-1); zeA(n); }
OR {x « A(2); y e All}; z « Aln); 33
DO EITHER SR3 OR 9R4;

SYMBOL COUNT.
If M symbols are writter sach time a certain routine is obeyed {

then we say that the SYMBOL COUNT for that routine is M. 1
Symbol Count for SRl = 2 ; {
Sympol Count for SR2 ~ n-1 ; J
Symbol Count for SR3 = {n-2)%(n-1)42 = n® -3n +43
Symbo! Count for SR4 = (n-3)%(n-1)+(n+l) = n® -3n +4.
Hence Symbol Count for total algorithm = n® - 2n + 4 .

Note that no distinct sequences produced by this algorithm are
equivalent since all such begin with a copy of the alphabet.

9
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Note also that every sequence so produced ends wuith some permutation
of the alphabet.

FE

«

Given an alphabet A, the reversal of any sequence which is a member of
Q(A) is also a member of Q(A), 1t should be noted that the the reverse of any
sequence generated according to this construction is equivalent to some other
sequence given by the construction.
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8. Constructing Elemesnts of u’(A,m).

Saction 6 contained a simple construction for generating elements of
Q(A) (for given alphabet A of size n>2) which were of length n2-2n+4 . This
algorithm is now modified to generata members of Q° (A,m) (uhere 2<msn) of

length mn-2m+4.

Set the sequence variable B « Aln-m+2:n);
Write(A)s
D0 m-2 TIMES MWrite( All:n-m+l) )
Write( B(l:m-2) );
B « Bim-1)B(1:m-2);
Write( A{lin-m+l) )3
Write( B(1) );

The total number of suymbols written is easily seen to be
n+ (m-2) {n-m+1 + m-2) + (n-m+l) + 1 = mn-2m+d .

Just as this algorithm is a modification of the one in section 6, the
proof of the correctness of the construction is an extension of the previous

proof.

This construction gives an upper bound on I (n,m) for n2m>2 of mn-2m+4
and so using this kiouledge, ihe proposition 2.14 and the various values of
M(4), M(5), M(B) & M(7) we already know, He compute the new results:-

M (n,4) = 4n-4
M’ (n,5) = 5n-6
M (n,B) = 6n-8
M (n,7) = 7n-18

11
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' 9. Discussion.
| EEREEREERMREER
The construction of section 7 gives many sequences of the desired
length, [t cives all nine equivalence classes of sequences in Q{a b ¢ d) of
length 12, 128 classes in Q(a b ¢ d e) which may or may not be all of them,
and 32,400 classss from Q{a b c d s f), It does NOT get all the sequencss of
O(a b ¢ d e f) since all the ones produced start with one copy of the
alphaoet however the following sequences from (a bc de f):
abcdebfdcabedcfbadecbdfacebd
1 abcdeafdchaedcfabdezafdbcead
(among others known) DO NOT! In fact, the second of these examples does not
even end With a permutation of the alphabet.
An easy to derive lower bound on the numcer of classes is ( (n-3): )%(n-1).
] He now tabulate the known valuves of the functions M & I .
, m M) mE-2m+& M (n,n)
1 i1 3 n
2 3 4 2n~1
{ 3 7 7 3n-2
4 12 12 4n-4
5 19 19 5n-6
6 28 28 6n-8
7 39 39 7n-18

The fact that the actual values of M(n) exactly match the n%-2n+4
figure for 2 < n S 7 make tne construction relatively important. It also
suggests the obvious conjecture that M(n) is exactly n%-2n+4 for all n>2.
Hoiiever, there is another competing conjecture which gives exact fit at n=1,2
as well as the other known values of M(n) but is more complicated: -

] l M{n) = n? for n=i
n%-n+l for 25ns3
nZ-2n+4 for 4sns?

I l- n%-3n+il for 8snslS

i n«min+F (i) for 2™ sns 2.2™-1

uhere F{21=B A F(n)=n+2sF (n-1),

l —

Of course, knowing whether the value for M(8) is 51 or 52 would help by
eliminating one of these postulates.
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It is surprising that the best lower bound we have on M{n) is n&./2
since it would appear that it is of order n®, This conjecture is readily
stated formally as:-

Yk. k<l 2 3N, nsN o (M{n)- > kan®)

It should be noted that just the mechanical checking of the
membershlp of a esquence (over alphabet A) in Q(A) ls quite time- consuming.
A program is available in ALGOL but {although it includes some means for
pruning the tree of permutations) takes a long time to check that all
permutations of the alphabet are subsequences of the given sequence. The
actual times on a PDP1Z are 3, 17 and 68 seconds for alphabets of sizes 8, 9
& 18 respectively.
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APPENDIX 1. Proof of M(6)228.

Take A to be an alphabet of size 6 ( |A|=6 ).
Moreover, suppose Se¢Q(A) and |S|<28 .
Now choose sequences T, Y and symbols x,y such that
a) Tx is the shortest head of S that is in 0 (A,2);
b) yV is the shortest tail of S that is in 0 (A,1);
i Choose weT such that wwx A -(uxcT),
We have immediately that |T|218 , |V|25 and from consid-
eration of ths sisments of P(A) of the forme wxx & [y
[ get |S|2|T|+1 (&), |[S|2|V|+1#1(5), |T|s14, |V|s7, |S]|225.
Hence we can segment S as the sequence TxUyV ard note
18s |T| s14, 25 |U| s18, 5s |V| s7, 25¢ |S| s27.

e e raRETEtT

Again CPAF uxx and get |[UyV|2M(4)+2«14. Hence (using |S5|<27 )
i{T|<12 and (using |V|s7 )} |U|26 . Also CPAF a«y again to

deduce |TxU|2M(5)+1=28. Therefore, |S| 2 2B+1+|V| 2 Zb . and
(using |T|s12 ) |U|27. Lastly (using |S|s27 and |TxU|228), |V|<S .

Suppose #(U,u)«B8. Since |yY| s 7 but contains all of A,
there must be S symbols of yV which appear just once.
Therefore we choose p,q such that p,q,x,n are distinct,
~{pq < yV} and p,q both appear twice in T. We can do this

| since only one symbol of Tx can appear only once. Now CPAF
oupqg to get |T| 2 M(3) + #(T,u) + #(T,p) + #(T,q) 2 12.

So |T|=12 and #(T,u)=1. Segment S as LuMxUyV noting that since
Lulx is in P(A,2) and #(L,w =8, |M|24. This gives that |L|s7
and #(MxU,w)aB ., M(5,2)=3 so we pick p,q such that -~{pg < L)
and p,q,w distinct. Now CPAF pqux to get |yV|2M(3)+#(yV,u)28.
This contradiction glves #(U,u)2l .

Again CPAF wuxa and get |.gV] 2 M(4)+#(UyY,wl+#(yV,x) 215,
Use |S|s27 to get |T|sll and use |V|sE to get |U|28.

i . Now let teA be such that #(U,t)=8. As above we choose p,q

so that t,p,q are distinct, =(pq c y¥) and p,q both appear

at least tuwice in T. CPAF «tpq to deduce the contradiction
[Tx] 2 M(3) + #(Tx,t) + #(Tx,p) + #(Tx,q) 2 12 1!

Hence all symbols appear at least once in U.

Yet again CPAF uxx to get |[UuV] 2 M(&4)+#(Uyv)+#(UyV) 2 16.
As before deduce |T|sl8 and |Uj29 . Also CPAF ay to
give |Tx!!| 2 M(S)+#(TxU,y) 2 21 and then |S|=27, |V|=5

We algo have |T|=18, |U|=18 and VYt. teA > tel.

The proof is concluded by deriving contradictions in the .
various possible cases of equality among W,x,y.

CASE 1. xey, and 8o S = TxUxY,
We know #(T,x)21 and #(U,x)2]1 so CPAF ax and get the
contradiction 21 = |[TxU] 2 M(S) + #(TxU,x) 2 22 .

14.
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CASE 2.
CASE 2a.

CASE 2b.

X#Y.,
wey (i.e. w,x,y all distinct).

CPAF uxcy to get [U| 2 M(3)+#(U, ) +#(U,x)+#(U,y) 2 10
Therefore #({U,u) = #(U,x) = #({U,y) = 1.

Nou this gives that one of wx or xu, call it Z, is such that
-(Z ¢ U). CPAF «Zy and get |T| 2 M(3)+#(T,W)+#(T,x)+#(T,y)
But #(T,w+#(T,y) 2 3 and 80 |T| 211 =-- contradiction!!

W=y.
Find the first symbol of YV which is not x 3 call it z.
Note that since uVeP(A) A |yV]=|A|, z appears just once in V.
CPAF yxxz to deduce |U] 2 M(I)+#(U,y)+#(U,x)}+#(U,2) 2 10.
Immediately we see #(U,x) = #(U,2) = 1 and so one of xz,zx
(call itZ) is not a subsequence of U.

CPAF «Zy to get |T| 2 M)+#(T,x)+#(T,y)+#(T,2).

‘Use H#(T,y)+#(T,2)23 for the contradiction |T| 2 11.
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¥ APPENDIX 2. Proof of M(7)233.

ERERBEZ AN IE SEEER == EEZERESEE

Take A to be an alphabet of size 7 ( |A|=7 ).
- Moreover, suppose ScQ(A) and |S}<33 .

Choose sequences T,U,lM and symbols a,b,c such that
a) Ta is the shortest head of S that is in O (A,1)
b) cl is the shortest tail of S that is in Q" (A,1)
c) Talb is the shortest head of S that is in Q’(A,2)

Kle segment S as TaUbVcl and readily prove:
B<|T|<8, B5g|U|<8, 8s<|V|<18, 6<|W|<8, 365|S|s38;
as well as |T|+]U|s1S,

Suppose for some p in A, #(V,p)=0.

1f n is the symdo!l b, M (6,3)+#(TalUb,p) 2 18 > |Talb| so we
can choose q,r,s such that .istinct(p,q,r,8) A -~{grscTalb)
so that -(grsp ¢ TaUbV). CPAF qrspx we get & contradiction

|eV]244M(3),

Otheruise p,b are distinct and M”(5,3)+#(Tal) 2 17 2 |Tal| so
we rechoose q,r,s such that distinct{p,q,r,s) A ~(grscTal)
wuhich means -~{(qrsp ¢ TaUbV). As before get a contradiction.

Lemma 1: VxcA. #(V,x)21 follows from these contradictions.

Suppose pe¢A A distinct(a,p). We know #(T,p)21 and #(Ub,p)21

and #(V,p)21 and #(cld,p)2] so conclude #(5,p)24. Also we

have #(V,a)21 and #(cl,al2l so that #(S,a)23.

We sharpen our inequalities now. CPAF ax to get |T|<7, |S[237:

CPAF abax to get |T|+|U|s13; CPAF ob .to get |[W|s7. Hence
Bs|T|<7, 5s|U|s7, 135|V|s18, 6s|U|s7, 37s|S|s38.

Suppose, in fact, #(S5,a)=3,
We re-segnent S as TaJaKaL where #(TJKL a)=B and Lcl.
There is at most one repeated symbol in T since |Ta|<|A|+l.
Let 2z denote this symbol if it exists else any symbol of T,
Choose p,q such that distinct(p,q,a,2) A =(pg < T).
CPAF pqzax to deduce that some subsequence G of Kal belongs
to Q(Al) uhere Al is obtained from A by deleting p,q,a,2.
|G|2M(3)=7 so some symbol of G appears at least 3 times.
So we choose y to be such a symbol and note
distinct(a,y) A #(T,y)=1 A #(Kal,y)23.
Nou one of py and yp (call it Z) is not a subsequence of T.
CPAF Zzax to show we can choose x uith the properties
distinct(x,y,a) A #(T,x)=1 A #(Kal)23.

16
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1 New, one of the sequences xy and yx is not a subsequence
of T (call it Y) and CFAP Yax to get
|KaL| = M(4) + #(Kal,a) + #(KalL,x) + #(KalL,y) =2 18.
By summetry |TaJ|219 to give the contradiction |S|213+19+1,
Lemma 2: VxeA. #(5,x)24 is immediate.

Again CPAF ax to get |T|=6, |S|=38, #(S,a)=4;

Also CPAF «c to derive |W|=B, |U|+|V|=23, #(S,c)=4.

Then CPAF abx to get |Vcl| 2 M(B)+#/VcU,a)+# (Vcl,b) 2 23
| uhich leads to 1Bs|V[<18 ané Gs|U|s7. -

) Suppose that p,q are such that -(pgcV). UWe have that
#(TaUb,p) +#(TaUb,q)23 . Now |TaUb|<lS and so

| TaUb| < M’ (5,3)+#(TaUb,p)+#(Talb,q) . Hence we
choose j,k,! such that distinct(j,k,!,p,q) A =(jkl < Talb),
CPAF jkipgx so |cW| 2 M(2)+5 =8 > |cl| -~ 3 contradiction!
Thus VYpc¢A, YgeA, #(V,p)+#(V,q)23. :
In particular, letting z.be the first symbol of cl which is not
one of ~a,b, #(V,a)+#(V,b)+#(V,2) 2 5,
CPAF acxz to get |V| 2 M&)+#(V,a)+#(V,b)+#(V,2) 2 17
Thus we have new bounds for U,V:- 5<|U|sB, 175|V|<18 .

We nou choose sequence H and symbol d such that

dHcl is the shortest tail of S in Q{A).
By symmetry uith ine results for U ue have that 5<|H|<6
and so ue re-segment 5 as TaUbGdHcld where
|T|=B6, S5s|U|sB, 18s|G|s12, 5Ss|H|s6, [W]|=6, |S|=38,
#(S,al=4, #(S,c)=4,

Suppose x is such that x»a A xec A =(e¢(C).
I xub then CPAF abex to get

|dHcW| 2 M(4)+(#(dHcl, a) +# (dHcl, bi ) +# (dHcl,e) 2 1243+2

- a contradiction,
If x»d then CPAF cedc to get

[Talb| 2 M(4)+(#(Talb,c)+#(TaUb,d) ) +#(TaUb,e) 2 12+3+2

- also a contradiction.
The remaining case |ls x=b=d. Lemma 1 (Wwith #(S,c)=4 ) gives
that #(TaUb,c)s2 and since there is at most one symbol in Talb
appearing 3 times, we choose p,q {not c or b) so that #(TaUb,p)s2
and #(TaUb,q)s2. Since M(3)=7 there is some permutation Z of
c.p.q that is not a subsequence of TaUb. CPAF Zbx to get
[HeW| 2 M(3)+# (Hcl, b)+# (Hcl, c) +# (Hel, p) +# (Hel, q) 2 741424242 = 14,
- a contradiction.
From these 3 contradictions we get (xeA A xma A xec) o #(G,x) 21,
Now suppose -~(aeG). Chnose p,q,r so that distinct(a,p,q,r) and
~(par < dHcW). CPAF aapgr. Clearly acU [else |T|2M(4) ] and so
#(Talb,a)22. Hence

|Talb] 2 M(3)+#(Talb,a)+....+#(Talb,r) 2 742424242 = 15
From this contradiction ue get #(G,al2l and by symmetry #(G,c)2l.
Lemma 3: VYxeA. #(G,x)21  follous,

o
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Suppose xcA A xwa A xwc, #(T,x)=#(d,x)=1, #(Uo,x)}21, #idH,x)2l
and #°G,x)2l to yield
Lemma 4: VxeA. (x#a A xmc) > #(S, x)25.

i Suppose distinct(a,b,c).

We first choose z to be the first symbol of W which is not a,b.
bza A bzc so we have beG, bedH giving #(GdH,b)22.

Zwa A z#c 8o we have z¢G, zedH giving #(GdH,z)22.

Also arc so aedH and we have aeG giving #(GdH,a)22.

CPAF abxz to derive |GdH| 2 M(4)+#(GdH, a)+#(GdH,b)+#(GdH, z) 2 18.
We get from this that |U|=5 and also #(GdH,b) = 2 = #(GdH, z).
This then gives that #(S5,z)s5 and #(S,b)=5 .

Let p,q,r be the 3 sumbols of the A which are not a,b,c,2.
#(S,a) + H(S,b) + #(S,c) + #(S,2) = 4444545 = 18
so H#(S,p) + #(S,q) + #(S,r) = 20,
Since no symbol appears tuice in TaUb, can choose a permutation
Z of pgr so that ~(ZcTalb).
CPAF  Z« to get 206=|GaHcW|2M(4)+(28-6)=26 - a contradiction,
Similarly “distinct(a,d,c}’ glves a contradiction.

Lemma 5: ~distinct(a,b,c) A ~distinct(a,d,c).

In view of lemma 5, tuwo important cases are a=c and -({a=c).

CASE 1. as=c.

Suppose first that acU, Clearly |U|=6 and |TaUb|=14.
Letting z be the first symbol of W not a,b CPAF abxz to
get |GdH| 2 12+#{CdH, a) +#(GdH, b) +# (GdH, 2) 217.
But |GdH|=17 so we see #(GdH,b) = 2 = #(GdH,z}.
Thus #(S,a)+#(S,b)+#(S, z) =14,
Now choose p,q,r,s such that pgrsabz is a permutation of A and
#(S,p) 2 #(S,q) 2 #(S,r) 2 #(S,8). Now since some symbol appears
at least 7 times in S, #(S,p)27 and #(S,q)+#(S,r)+#(S,8)sl7.
Hence #(S,s)<S and so #(S,p)+#(S,q)+#(S,r)213,
Now each of p,q,r appears exactly tuwice in Talb and so

i) H#(GdHal,p) +#(GdHall, q) +# (GaHall,r) 2 13

ii) since M(3)=7 there ie a permutation of pgr

(call 1t Z) such that =(Z ¢ Talbl.

CPAF Zo to get 24 =|Gdal| 2 M(4)+13 = 25.
This contradiction gives us #(U,a) =0,

Again letting z be the first symbol of W not a,b uWe have
#(GdH,a)22, #(GdH,b)22, #(Gdh,z)22 so CPAF abxz to
decduce |GdH|218 and hence |U|=5 and #(S,b)=#(S,z)=5
Similarly, #(5,d)=S5 and |H|=5.

|G|=12 and #(G,a) = #(G,b)=2 so the other 5 symbols appear
a total of 8 times in G. Hence choose p,q so that -{(pgcG)
and distinct(a,b,p,q}. -(abpg ¢ TaUbG) so CPAF abpqu
to derive a contradiction |dHal| 27 + 3%2 + 1 = 14,

18




CASE 2. -(a=c), [
We have awb and cwd so Lemma 5 glives both bec and dsc,
Hence S looks like TaUbGaHbW with |T|sB, 6s|U|<6, 1B8s|G|sl2,
- 5<|H|s6, [W[=B, #(G,a)=#(G,b)=l, H(T,b)=#(l,a)=1.
Clearly #(TUH,a) '= 8 = #{UH,b).

e can urite the alphabet in order of decreasing frequency in
'S as pgrstab where all except a,b occur at least 5 times and
#(S,p)27. Hence, as p,q,r,s,t appear a total of 38 times
#(S,t)=5 and #(S,s)s6 and #(S,p)+#(S,q)+#(S,r) 2 183,

CASE 2a: |U|=5 .

Some permutation, Z, of par wlll not be a subsequence of Talb
so CPAF Zx to get |GaHbl| 2 12+413-6 = 25.

This gives us that #(S,p) +#(S,q)+#(S,r) = 13 and #(S,s)=6.
We- then deduce #(S,p)a7, H(S,q) = H(S,r) = 6.

Now if 2z denotes the last symbol of T then CPAF 2« to get
32 = |aUbGaHbM| 2 M(B) + H(§,2) - 1 or #(5,2)$5

But zea so #(5,2)25 so we deduce zst, -

Similarly the first symbol of W is t.

Recal| that =(7 ¢ Talb), #(G,a)=#(G,b}=l and note #(G,t)=l.
CPAF Zabx to deduce that ab < G.

CPAF Ztbx to deduce that tb < G.

Similarly deduce that -at cG. i

-8 a precedes t precedes b (in G).

Suppose t is not the last symbol of U. We find y,z such that
-(yzt ¢ Talb) and so -(yztab ¢ TaUbGard). CPAF yztab for
the contradiction by which we can conclude US)=t.

e have that S has the form T’tal’ ftbGaHbtW® where 17 t=T,

U ft=U and tW sl (this defines .17, U", f, W).

Clearly fra, fub, fxt and so #(S, f)26.

Now =(tf < TaUb) so CPAF tfaab to get |G| 27+3+# (G, f).
Suppose #(G, f)=1., From #(S,f)26 ueduce #(H,f)=2, '
Nou one of tf,ft is not inG - call it Z. : |
CPAF abZx to get |aHbW|27+1+2+2+3=15 - a contradiction !

Hence we have #(G,f)=2 and |G|=12 so [H|=5. !

Now let the last symbol of T be g and suppose brg.

-(gh ¢ Tal) and ~(ta ¢ G} 8o ~-(gbtac TaUbG) .

CPAF gbtax to get a contradiction. |
Hence the last symbol of T is b. J

Now =-{bf ¢ T”tal’) but we have =-(ta < bl) so ~(bfta ¢ TaUbG).
CPAF bftax to get 12 = [HbM| 2 7+1+14+2+2 = 13. i
This last contradiction dispenses with CASE 2a. : a
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CASE 2b: |i4]=5 .
a The elimination of this case is sim’'lar to CASE 2a.

CASE 2c:  |U|»5 A |H|#5.
We have so far that S = TalUbGaHbl with |T|=|U|=|H|=|W|=6
g |G|=18, #(G,a)=#(G,b)al, #(TUH,a) = #(UHA,b) = 8.

Suppose first that #(5,s)s5.

Without loss of generality suppose s precedes t inG.

~(abts ¢ TaUbGa). Moreover if any p,qor r precedes s inH
then CPAF abtsx to get jHbW|>7+1+1+4=13 ~ a contradiction.
Hence only t may precede & in H. .
Similarly only s may follow t inU.

Now CPAF atxsb to get |G|2M(7)+#(G,a)+#(C,b}+#(G,s)+#(G,t)=1],
The contradiction serves to give us #(S,s)»5.

Hence #(S,s)=6 and #(S5,p)=7, #(5,q)=#(5,r)=6.

Letting x be tha dupllicated symbol in U and y the duplicated
symbol in H, #(U,x)=2, #(H,y)=2.
1f x=y then #(S,x)27 so x=p and thus #(G,x)=1.

One of yt,ty (call it Z) is not a subsequence of G.

CPAF ablx to get |HoW|27+1+14243s14 - contradiction,
Else if ysp then #(S,y)s6 (note ywa, ywb, ywt) and H(C,y)sl

One of uyt,ty (call it Z) is not a subsequence of G.

CPAF abZx to get |HbW|27+1+1+4Z+3=14 - contradiction.
Else xwy A ysp so xep and H(35,x)«6,

One of xt,tx (call It Z) |s not a subsequence of G.

CPAF oZab to get |[TalU!27+1+41+2+3=14 -~ contradiction.

This trio of contradictions completely eliminates CASE 2c.

CASES 2a, 2b, 2c all provided contradictions as did CASE 1
so the assumption that |5|<33 is proved impossible,

Q.E.D.
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