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ABSTRACT 

Results are presented of studies of the resistance of reinforced 

and unreinforced structural plastics to static and fatigue failure. 

Attention is devoted to the formation and development of brittle frac¬ 

ture of plexiglás and polystyrene with account for the role of the 

residual stresses, the deformation and fracture of glass reinforced 

plastics under static and low-cycle loads, and also fatigue processes 

in connection with energy dissipation and the fracture condition 

temporal relationships. The use of the relations governing the 

resistance of plastics to deformation and fracture for evaluating the 

strength of structural elements is examined. The book is intended 

for design engineers, factory laboratory personnel, scientific research 

workers, and the design institutes. 
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INTRODUCTION 

The second half of this century has been marked by a rapid growth 

in plastic research and production. The broad use of these materials 

in industry, particularly as structural materials, makes necessary a 

more profound study of the limiting states of the plastics, which fre¬ 

quently cannot be carried out on the basis of the simple classical 

tests for determining mechanical properties. The complex shapes and 

large dimensions of the components of machines and instruments, the 

nature of the loading, the load variation with time, and the long 

loading duration in comparison with the standard tests limit the 

possibility of directly using the results of such tests in evaluating 

the strength and service life of actual parts. However, it is not 

advisable to complicate excessively the test methods and give up 

entirely the cld test methods until better and more modern methods 

have been found for determining the limiting states of the parts under 

various loading conditions. 

We must first of all study the laws governing deformation of the 

materials and fracture of the parts. It has been established that 

material defects, partlcularly^ih .the Surface i^yer, have a decisive 

influence on strain conçeità^foVand onset of damage zones, in which 

the first cracks latertde^lrop. ‘ The growth of these cracks takes 

place differently, depending on whether the loading is static or 

cyclic. Study of fractures during instantaneous, slow, and cyclic 

fatigue failure processes makes it possible to find the bases for 

developing fracture theory. 

FTD-HC-23-lOiJ 14-72 1 



Stress concentration and local material damage lead to crack 

formation. A necessary condition for such damage is localization of 

the strain, whose growth in the material defect zones differs markedly 

in magnitude and distribution of the strains from the deformation of 

the specimen as a whole when subjected to standard tensile testing. 

Even in the case with uniform stress distribution, the material damage 

is distributed nonuniformly in the material volume and is always con¬ 

centrated in zones of small dimensions in the vicinity of surface 

defects. In view of this situation, the possibilities for studying 

and predicting initial crack formation on the basis of the average 

values of the material properties as determined in the standard tests 
are limited. 

Crack formation can be successfully studied on the basis of the 

theory of a quasi-homogeneous medium. Moreover, since we are con¬ 

sidering a process which is not associated with bulk damage accumula¬ 

tion, fracture mechanics can be studied on the basis of linear 

theories. The data available show that the limiting states of the 

materials of the subject class depend to a considerable degree on the 

"structural stiffness,” defined by such material characteristics as 

the elastic modulus E and the specific energy K necessary for the 

development of a new surface in the material. Materials can be divided 

into three groups depending on the value of K. 

Il K < 1, the material can be considered brittle; for 1 < K < 100, 

it is quasi-brittle; and for K > 100, it is plastic. Most widely used* 

in engineering are the materials having high values of /ËK and of 

static strength under short-term loading, characterized by the ultimate 

strength cb. m this connection, we can assume that the future belong- 
t0 composite materials, consisting of a plastic or polymer matrix 

with large values of K and strong fibers which provide high material 

ultimate strength. With the correct relationship between the volumes 

of these component parts and a rational form of the fibers, such mater¬ 

ials will have low sensitivity to stress concentration and internal 

defects, and will also have good resistance to creep and fatigue under 

long-term loading. The development of composite materials is clearly 

a more realistic approach to providing strength of large structures 

FTD-HC-23-1044-72 ? 



than are the attempts to create defect-free homogeneous material. 

However, criteria have not yet been developed for the resistance to 

the appearance and growth of cracks in these materials, which have 

several unusual features in their fracture mechanics. 

K 
kgf*cm/cm2 

E 
kgf/cm2 Materials and Conditions 

To 0.01 104 Perfectly brittle (very low temperature) 

From 0.01 
to 0.1 

From 104 
to 10s 

Glass, ceramics 

From 0.1 
to 1 

104 to 10s Polymers in brittle condition 

From 1 
to 10 

10* to 10* 
Some viscous polymers and crystalline 
synthetic materials, cast 

From 10 
to 100 

Over 10* 
Tempered steels, hard steels at 
temperature below critical 

Over 100 Over 10* Structural steels 

A study of the fracture process and statistical interpretation 

of this process makes it possible to establish governing laws which 

will also be useful in the future development of new synthetic 

materials. 

A large number of studies have now been published on investiga¬ 

tions of the mechanical properties of the homogeneous and reinforced 

polymers in the physical, physical-chemical-mechanical, and mechanical 

aspects. Here the empirical method gives way to a more profound study 

of the composite material formation techniques. The development of 

theoretical and experimental studies of composite material strength 

and stiffness as a function of their structure and structural-fabri¬ 

cation characteristics will provide further progress in this field. 

* The composite materials based on reinforcing fibers and polymer 

matrixes are two-phase heterogeneous systems in which the strength 

and loading of the reinforcing elements have random variations. 

Transition of such a system to the limiting state will be gradual 

through the stage of quasi-equilibrium states. This then defines the 

necessity for a probabilistic approach to examining composite strength 
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in light of their progressive failure, determining the strength distri¬ 

bution functions and their parameters, and also to structural element 

strength calculation based on the failure probability criterion, which 

has not yet been adequately developed for the composite materials. 

Systematization of the experimental data on reinforced composite 

resistance to failure and deformation using governing laws based on 

the classical assumptions of mechanics of a solid deformable body 

shows that several characteristics are structure-sensitive, including 

the size effect, stress gradient influence on the strength, incomplete 

sensitivity to stress concentration, influence of loading conditions 

on the strength, dispersion of the strength and elasticity character¬ 

istics; and to explain the experimental results it is necessary to 

use statistical methods and develop the corresponding similarity 

relationships. 

In order to ensure structural element service life while retaining 

minimal element weight, we must evaluate the allowable stresses for 

the specified degree of discontinuity of the initial structure, which 

can be done by considering the process of monotonie and long-term 

static fracture es a process of progressive damage accumulation in 

connection with variance of the reinforcing element strength. There¬ 

fore, we also need experimental and theoretical Justification for the 

service life distribution function as a function of the stress level, 

and we need to work out the strength temperature-time relationships as 

a function of the fracture probability parameter. 

In many ^loading? and stress distribution cases, fracture dimorphism 

may occur as a'result of low inter-layer shear strength, and the load- 

carrying ability of the structural element is determined by the low 

shear strength of the polymer matrix. 

In this book, we examine basically those questions associated 

with the fracture of both homogeneous and reinforced plastics. In 

Chapter 1, we show the influence of defects on the brittle static 

strength of unreinforced plastics and present the corresponding experi¬ 

mental data. In Chapter 2, we analyze the kinetics of fatigue crack 



growth in homogeneous plastics under static and cyclic loading within 

the framework of the temporal concept of strength. The theoretical 

results are examined in the light of experimental data. Several of 

the relationships obtained are applicable to calculating the strength 

and service life of structural parts. 

In Chapters 4 through 9» we discuss glass reinforced plastic 

(GRP) strength. Results are presented of a study of the strength 

of the reinforcing fibers and the stress-state of the components in 

the regular GRP structures. Static strength is examined on the basis 

of statistical representations of the progressive fracture of fibers 

which are not uniform in strength. The similarity relations applicable 

to glass reinforced plastic fracture for the uniform stress state and 

in stress concentration zones are characterized. Experimental data 

are presented for the GRP failure model and for the statistical 

evaluation of their parameters. These data are used to Justify the 

allowable stresses and evaluate the failure probability. 

The fracture resistance of the glass reinforced plastics under 

long-term loading is treated as a stochastic process, and the cyclic 
i « 

failure characteristics resulting from the dissipative properties of 

the glass reinforced plastics are presented. Examples are given of 

practical strength calculations for the short-term and long-term 

loading cases. 

The publication of the present collection of articles on strength 

of plastics will be of assistance in acquainting the readers with 

several new results obtained in the Soviet Union and in the 
* X 

Czechoslovak SSR in this field. - 
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CHAPTER 1 

INFLUENCE OF MATERIAL DEFECTS ON FRACTURE MECHANICS* 

§1. .jjieory of Brittle Material Strenpi-.h 

The existing theoretical works and experimental studies In the 

field of the strength of detail parts made from brittle materials 

ave made It possible to obtain many valuable data on the strength of 

quasl-homogeneous polymer materials In the glassy hard state. At a 

sufficiently low temperature, these materials have a tendency toward 

btlttle fracture as a result of rapid fracture crack growth. 

In the course of Investigations, we examine the static conditions 

o crack instability In the material as a continuous medium and study 

The TIT" Z raCk Pr0Pagatl0n Untier simplifying assumptions. 
The phenomenological theories which have been developed are useful 

for engineering calculations of the' strength of quasl-homogeneous 

materials. In order to evaluate the Influence of defects and stress 

concentrations on the strength of detail parts, we shall examine the 

known data on this question. 

* (The specimen tests under brittle fracture confnn™* * 

are presented in this chapter were performed Cy iU1Zemarîov?)re8UltS 
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1. Each open defect, which is a free surface of the body and 

leads to local decrease of the stress state potential energy U , may, 

for certain dimensions, become unstable if the growth of such a defect 

is not prevented by the surface tension energy barrier U^. This basic 

hypothesis was formulated for a perfectly brittle homogeneous material 

[1]. For a flat plate of thickness h and width B » h, with a defect 

of the subject type oriented perpendicular to the uniaxial tensile 

stress o, we obtain from the crack propagation energy condition 

0, where U 
dll, 

-Uy + Uv (Figure 1), the expression 

y EU* 
I', (1) 

where U.. — specific surface tension energy in kgf•cm/cm2; 

material elastic modulus under the assumption that the 

material is elastic, isotropic, and homogeneous; 

length of a through crack in the plate. In deriving this 

formula, we take into account the surface tension energy 

2ZhUv on both sides of the crack. 

V 

E 

l — 

Figure 1. Schematic of energy 
balance defining defect growth 
conditions in a plane brittle 
material specimen. 

The energy conditions in this 

form do not take into consideration 

the Instantaneous stress state at 

the edge of the crack, and the 

limiting state is assumed to be 

independent of specimen size. Thus, 

we find that the strength of a 

specimen with a defect depends only 

on the defect size and the material 

properties. Formula (1) can be made 

somewhat more general if we do not 

examine the stress state in the 

entire plate, but rather determine 

the maximum stress at the crack edge in terms of the stress concen¬ 

tration factor and nominal stress o 
'max "n” *1 *-' • In thls way » 

we can find the dependence of the limit stress for a brittle material 

ana [132, 171]. 
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specimen on the stress concentration factor. In the case of a sharp 

crack with minimum radius of curvature at the edge, p * a (for j« 1) 

a % const ] , (2) 

where a — characteristic dimension of an element of the material 

structure. Since for a perfectly elastic material with 
21» 

regular atomic or molecular structure E * — , the above 

formula can be written in the form 

EL 
Up 

(3) 

Consequently, the limit stress = °iim ^or a Per^ec^ly brittle 

material is inversely proportional to the stress concentration factor 

corresponding to the initial defect from which the brittle fracture 

crack develops. In this approach, the stress corresponding to defect 

propagation is identified with the specimen ultimate strength, which 

is equivalent to the determining influence of the strength of the 

weakest part of the specimen on its strength. To obtain a more general 

model, we can broaden the conditions of application of the relation 

(3) with account for the influence of specimen size and shape. For¬ 

mula (2) was derived for a crack of small dimensions in a plate of 

infinite dimensions. Since, in the general case, o depends on the 

crack dimensions, its orientation relative to the edges of the speci¬ 

men, and the nature of the stress state, the specimen strength in the 

brittle fracture case will also depend on these factors. It should 

be noted that, in this case, the maximum stress omax at the crack 

edge [169] will reach a value at the instant of material fracture, 

which is determined by the forces of interatomic or intermolecular 

cohesion. This situation makes it possible to obtain the basic 

condition for brittle body fracture, expressed by the formula 

Pnr» ~ con»l o„uxuA = onrfilh. ( *0 
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2. For real materials at temperatures below the solidification 

point, the properties characteristic for the ideally brittle bodies 

are not observed, i.e., mutual separation of the atoms while retain¬ 

ing the initial structure does not occur in the vicinity of the crack 

edges. The complex molecular structure, the form and bonding of the 

molecular chains, and their orientation with respect to the direction 

of the stresses acting in the most highly stressed zone at the defect 

edge, lead to a different nature of the fracture process in different 

cases for the same defect length and edge rounding radius [1^6]. In 

one case, a new v-shaped crack, oriented perpendicular to the maximum 

tensile stress direction, arises at the defect edge. At the end 

opposite the point of origin, the edges of this crack converge and 

transition into the zone where the material integrity is not yet dis¬ 

rupted, however, the material has already undergone large plastic 

deformations and has acquired — as a result of deformation — a 

clearly oriented structure, and where part of the internal bonds in 

the material are already broken [11]. Near cracks of this sort, the 

described transitional zone is highly localized; in this zone, we 

observe a very high strain rate and the material capability for plas¬ 

tic deformation is rapidly exhausted [I69]. Cracks of the other type 

do not have such a sharp edge on the unfractured material side. This 

crack has the nature of a crack with rounded edge near which, once 

again, there forms a zone of irreversible material deformation which 

is considerably larger in volume than in the sharp crack case. In the 

care of this sort of defect, the material retains adequate capability 

for plastic deformation even with a high deformation rate, which leads 

to crack edge expansion, considerable transverse narrowing, and for¬ 

mation of a plastic deformation zone. As a result of this, the stress 

concetration decreases, and the crack becomes less "sharp." Crack 

growth slows or terminates entirely, and specimen fracture takes place 

as a result of the occurrence of new cracks of the v-shaped type. The 

nonhomogeneous structure, the complex residual stress distribution in 

the microvolumes of the material, and also the nature of the molecular 

chain orientation with respect to the effective stress direction, 

complicate the nature of thermoplastic polymer material fracture in 

the glassy state. The random nature of the distribution of the weak 

places in the material structure at the edge of the macrodefects leads 
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to considerable scatter of the data in determining the Influence of 

defects on the strength of these materials under brittle fracture 

conditions. However, in all cases it is necessary to consider the 

fact that,prior to fracture of a part made from structural materials, 

a zone of large irreversible deformations forms at the edge of the 

defect. Depending on the material structure in the defect zone and 

the type of defect, the size of the plastically deformed region will 

be different and crack growth may be determined by different criteria. 

In one case, the maximum normal stress criterion is controlling; in 

another, the maximum tangential stress criterion is the controlling 

factor. In the following, we examine fracture cases which are charac¬ 

terized by minimum resistance to brittle fracture and by minimum 

duration of loading to fracture. Accordingly, we examine sharp cracks 

of the v-shaped type and conditions when the maximum tensile stress 

is the determining factor. Here we assume the existence at the crack 

edge of a transitional material zone with high local damage level. 

In the transition zone ahead of the crack edge, there is accumu¬ 

lation of the material structure defects as a result of large irre¬ 

versible deformations. In this connection, the energy expended prior 

to reaching the defect propagation conditions is greater than the 

expected quantity U^. We shall assume that, to reach the limiting 

state, it is necessary to supply the specific energy for the formation 

of 1 cm2 of new free surface in the material, determined from the 

formula K ■ Uv + W(T, ve). The quantity W depends on the transition 

zone size and the material capability for local irreversible deforma¬ 

tion without loss of integrity [132]. We shall term this quantity 

the limit local work of deformation. The value of W is determined by 

the density D of the intermolecular defects which form in the material 

structure per unit transition zone volume and the specific energy w 

of these defects: W » Dws. Since this specific energy is a function 

of temperature T and loading rate ve, the over-all energy K required 

for the formation of unit fracture surface also depends on the material 

temperature and loading conditions. Therefore, specimen strength 

under brittle fracture conditions is a function of the material load¬ 

ing conditions and temperature. For a specimen deformation rate at 

the end sections vE, the material deformation rate in the transition 
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zone is determined very approximately 

from the formula (where L 

is the length of the strained volume) 

and can reach very large values. 

Under these conditions, the defor¬ 

mation process can be considered 

adiabatic and therefore, there is 

local material heating (in certain 

cases up to the melting point), 

which also leads to increase of W. 

At low temperatures, the transition 

zone size decreases, the rate of bond 

failure with increase of the stress 

decreases, which leads to decrease of 

W. Usually we can consider the 

following relation to be acceptable 

i 

K - r¥ f AV r. (5) 

where for plastics, with quasi-homogeneous structure in the so-called 

glassy hard state, the second term on the right side is quite large 

in the region of normal or somewhat low temperatures. At high tem¬ 

peratures, the value of K is so large that brittle fracture does not 

take place for a given stress level. Thus, the critical material 

temperature in the defect zone depends on the stress level, the degree 

of stress concentration, and the specimen edge loading conditions. 

In the following, we examine the temperature region in which the crack 

propagation condition is satisfied, i.e., the temperature region con¬ 

siderably below the critical value. Determination of the quantity K 

experimentally permits evaluation of the strength of parts made from 

a material in the glassy hard state in the presence of initial sharp 

defects and the possibility of brittle fracture. The dependence of 

the quantity K on various factors is shown in Figure 2. 

Figure 2. Static material 
strength as a function of 
defect size l and stress 
concentration a: 

: - » - I; / c. 3 — a,. /,: S — a,. 
V «-a,. /,-. S - arlv /b,,, <*, *" a,< 
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3. Crack propagation conditions and brittle fracture mechanics 

are also associated with the level of the elastic deformation energy 

accumulated in the part or in a system of jointly operating parts. 

The larger the part, the smaller the size of the defect which is 

capable of growing for a given stress level and, therefore, the lower 

the resistance of the part to brittle fracture for a given defect 

size. This situation follows from an examination of the energy 

balance with account for the additional term corresponding to the 

stress reduction in the system resulting from a decrease of the part 

stiffness with crack growth [40]. If we denote the system stiffness 

by A, for constant deformation measured at the edges of the subject 

flat plate, we obtain 

dU, d 
~t)l " ' 'of 

hence 

(6) 

It follows from (6) that, the larger the part dimension B, the 

lower is the limit stress • With increase of part size, the sys¬ 

tem of curves shown in Figure 2 shifts into the higher temperature 

region and the material strength decreases. However, this relation 

is valid' only within certain limits, determined by the boundary 

conditions, the part shape, and the means of deformation energy supply 

to the fracture location in the crack growth stage. In studying this 

question, we cannot restrict ourselves to an examination of the quasi- 

static problem. We must consider fracture dynamics, whose nature 

depends on the direction and location of the crack and the technique 

used to apply the loads to the part. The time factor plays an impor¬ 

tant role in questions of the strength of the subject plastics. The 

longer the loading time, the larger is the number of molecular bonds 

which are broken and the larger is the reduction of the main crack 

resistance to growth, which shows up in reduction of K. Conversely, 

12 



with very fast and short-term loading, even a comparatively large 

defect may be quite stable, and at the edge of this defect, deforma¬ 

tion may occur as a result of which the required molecular bond 

orientation blocking is realized. In the present chapter, we examine 

materials for which the relaxation processes do not show up under con¬ 

ventional loading. In all cases we examine fast fracture, in which 

the crack growth process is measured in thousandths of a second. If 

we assume that the average value of the energy K expended in forming 

unit fracture surface is independent of specimen dimensions and load¬ 

ing conditions (which is valid only for certain materials), and if 

the load magnitude does not change during the fracture process, i.e., 

the stresses at the specimen edges maintain constant values, the 

energy balance equation has the form [I69]: 

V - 2KF. 

Hence, for a 
lim 

rK 
-T,— - const. 
<i;d. (7) 

mu EK 
ihe quantity is an important material characteristic in the 

b 
glassy hard state; ob is the material ultimate strength; B is the 

characteristic dimension of the part; V is the volume of the stressed 

material zone. The characteristic defined by (7) is the ratio of the 

brittle material constants to the quantity characterizing the specimen 

volume and stress state. In the case of temperature reduction and 

considerable material damage in the process of preceding long-term 

loading, this characteristic decreases. The larger this quantity, 

the higher is the resistance of the part to brittle fracture. 

4. In the case of different relative defect dimensions, the 

transition zone width s usually does not remain constant. If we 

assume that the quantity K is independent of crack size, it is 

necessary to consider that the amount of energy dissipated depends 
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on the crack length — for example. It is proportional to the quantity 

I . When using this relation under quasi-static conditions, the 

dependence of the material parameters on crack size is taken into 

account. This is confirmed by the experimental data presented below. 

With account for this situation, for the very simple case of a flat 

plate loaded by uniaxial tensile stress, we obtain 

(8) 

where we also have assumed that the crack size is small in comparison 

with the part dimensions. Under the condition * °b» following 

expression characterizing the strength of a brittle material part is 

valid 

S, ï . 
<V = const. (9) 

If geometric similarilty of the local field stress is ensured 

regardless of the absolute crack size and there is constant energy 

input to the edge of an expanding crack, we can take A « 1. We obtain 

the expression for determining the ultimate strength 

o]l const. (10) 

Hie relation (10) is confirmed well by test data for brittle quasi- 

homogeneous materials. 

However, if the width of the transient zone remains constant 

and the stress field at the defect edge is independent of the absolute 

defect size, the exponent A * 0 in (9). This occurs, specifically, 

for cracks with rounded edge, where large shear deformations arise, 

and therefore, the ultimate strength of the part is higher than the 

yield limit. For most plastics at normal temperature 0 < A < 1. The 

ultimate strength also varies as a function of A — for example, for 

A = 2/3 



(11) oj/ -- const. 

For a part of complex shape and loading conditions for which 

crack growth causes intense reduction of the nominal stress — for 

example, loading acrylon plastic tubes with internal pressure, when 

gas leakage through the expanding crack quickly reduces the internal 

pressure the quantity X may exceed one. In this case, X * k/2, 
and we obtain the formula for the ultimate strength 

oj'* = const. (12) 

On the basis of these arguments, we cannot only determine the 

value of the allowable stress for the parts under brittle fracture 

conditions for a given temperature and given loading technique, we can 

also evaluate the permissible defect size [UtO, I69, 172]. However, 

for more detailed and concrete calculations in this field, it is 

necessary to have the values of the basic material constants, which 

cannot be determined from conventional test data. We must also study 

the influence of crack and defect orientation in relation to the 

effective stress direction and the part surface, and also the influ¬ 

ence of the stress state at greater distances from the defect edge. 

——Static Strength of Polymethyl Methacrylate Specimens 

with Artificial Defeats 

In order to verify the influence of sharp cracks on the strength 

of parts under brittle fracture conditions, we made tests at normax 

temperature of flat specimens made from polymethyl methacrylate (plexi¬ 

glas) of the "acrylon" type. This material was selected because of 

the existence of several favorable qualities, including convenience 

in obtaining artificial cracks by means of impact, good visibility of 

the defects which are formed, and the possibility of determining the 

stresses in the vicinity of the defect by the photoelastic method. 

The glass transition temperature (maintenance of the glassy state) is 

quite high — on the order of 80° C — and the mechanical character¬ 

istics of the material in this state are well known. In tests under 
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brittle fracture conditions, the material behavior and data correspond 

to region A (see Figure 2). The nature of the deformation diagram 

indicates the existence in the material of conditions under which only 

V-shaped cracks occur. This means that even less sharp artificial 

defects have an influence similar to that of cracks. The data for 

methyl methacrylate place it at the borderline of the region of plas¬ 

tics with clearly marked brittleness. The material properties are: 

Elastic modulus E - 33,000 kgf/cm2 

Specific weight K . i.xg g/cm* 

Ultimate strength of smooth ,.n . .- 
specimens under static loading °b “ 690 k8f/cm 

The longitudinal elastic wave propagation velocity in the mater¬ 

ial, calculated on the basis of the above values, is ** « jeso 

m/secj the average elastic wave propagation velocity actually'*measured 

is 1560 m/sec. Poisson's ratio at 20° C depends on the stress, and, 

with an increase of the stress from 50 to 100 kgf/cm2, decreases from 

0.32 to 0.305. 

For the first series of tensile tests, the notches (artificial 

defects) on the plane specimens were made by a cutting tool, and 

their width was 0.2 mm and depth Z « 10 - 20 mm. The notches were 

made very carefully and no noticeable residual stresses developed in 

the material. We tested specimens with single notches differing in 

location and magnitude of the ratio 5-¾. of notch depth to specimen 

width, and also with certain simple notch systems. 

For the second series of tests, we used specimens with defects 

in the form of cracks obtained by means of direct impact. Some of 

the cracks had uneven edges; therefore, the results of their tests 

were ignored. However, the exact geometry of the initial crack in 

the case of small plate thickness does not have any significant in¬ 

fluence on the magnitude of the limit stress. The specimen width 

B « 100 mm; thickness was 4 mm. All the specimens were tested at a 

temperature of 30° C, and the strain rate was about 10 mm/min. 
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The following was established in these tests. The strength of 

the acrylon specimens corresponds to (10) with X ■ 1. This means 

that, in the fast-loading case, the transition zone remains geometri¬ 

cally similar and its size is proportional to the defect size. The 

stress concentration does not change for large local deformations. 

During the tests, V-shaped cracks arise whose propagation conditions 

are apparently determined only by the local normal dissipative stress 

level. The discrepancies between the test results and calculation 

using brittle strength theory do not exceed the limits of the experi¬ 

mental data scatter band width. 

The average value K of the specific fracture energy at the 

indicated temperature was determined for specimens with average ini¬ 

tial crack size and with an artificial defect of simple form occupying 

the entire plate width. For an initial defect of dimension 10 mm, the 

scatter of the specific energy values is not excessive, and the dif¬ 

ference between the values found for defects obtained by cutting and 

impact does not exceed 20JÍ. The average value of the specific frac¬ 

ture energy If - 0.3 kgf»cm/cma, i.e., it exceeds by about 50 times 

the value (Uv < 10”2 kgf/cm2), corresponding to the specific surface 

tension energy. For a defect smaller than 10 mm, the quantity K 

Increases. This question is examined in more detail below. 

In all cases, K * U^. This means that the specimen material 

was not perfectly brittle, and the specific fracture energy was 

determined basically by the strain work in the transition zone ahead 

of the expanding crack edge. 

If we do not consider the energy Uv as a quantity of second 

order of smallness, we obtain from (5) a relation for K of the form 
_ * 

X Ÿ, In the following, we present the results of tests at a 

temperature close to normal. On the basis of the known value of K 

for absolute temperatures in the range T - 273 - 313° K, we obtained 

the following average values of the constants in the formula presented 

above: k ■ 1.5*10* and îfo “ 70. 
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a) b) c) 

Figure 3. Basic crack types, differing in direction of the 
relative displacement of the sides. 

a — crack opened by normal forcej b — crack with displacement 
of the sides in the direction of crack propagation under the 
action of tangential stressesj c — crack with displacement of 
the sides under the action of tangential stresses in the 
direction perpendicular to the plane of the specimen. 

For flat acrylon specimens of different shape with defects, the 

constant C in the formula o£l ■ C depends for a given material tem¬ 

perature on the specimen size and defect orientation. Hereafter, 

all the data are presented for the basic case for which (1) is valid. 

Accordingly, the influence of flat specimen shape, relative 

defect size, and loading technique in the general case is character¬ 

ized by the form coefficient ¢, defined from the relation 

(13) 

In the basic case for a central through crack in a specimen of large 

width ( ¿- -0) •> j/ -2. r O.S. 

On the basis of theoretical analysis of the stress state at the 

edge of an elliptic cavity, we can calculate ¢, using the criterion 
of maximum stress at the defect edge [211], Many authors have studied 

in the recent decades the stress state at the edge of cracks oriented 

differently in detail parts. Considerable progress in obtaining the 
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general solution has been achieved as a result of studies by Muskhel- 

ishvlli and Kolosov L62, 75]» and use of functions of a complex 

variable. The stress state at the crack edge changes as a function 

of the possibility of mutual displacement of the crack sides (Figure 

3) and the edge loading conditions. For a given overall strain, the 

stress at the specimen surface above the crack decreases as a result 

of stiffness reduction in this zone of the specimen. Usually we 

examine the case of statically determinate loading of the specimen 

edges without account for the influence of the crack on edge defor¬ 

mation. By superposing the particular cases shown in Figure 3, we 

can determine the stress state for complex forms of loading. The 

final solutions for certain very simple cases have been presented in 

studies by Irwin and Westergaard [150, 211]. For the case shown in 

Figure 3a, the stress state at sufficiently great distance (Figure ^4) 

from the growing crack in the case 

of plane strain of an infinite flat 

plate under uniaxial tension is 

expressed by the following formulas 

in polar coordinates. 

°, = v(o, + o,) ; i# =-■ t„ « 0. v(o, + o,); t, 

Figure iJ. Notations for 
stress components near crack 

The principal displacements are edge in polar coordinates, 

found from the formulas 

(15) 
y “ J oj tm f (2 “ 2v ~ cos*-|- ) ; 
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For growth of a crack of the second type (see Figure 3b) 

•« ~ y y sin (2 + OO -J cos ^) ; 

O, ' C,v ^ n> -J »in -J cus ^ ; 

* C*'« |/A ^ Î *,n • J >,n ?)S 

»--v: «.“*(««+••) 

f • 

* - £ V* «n-Î* (2 - 2* + «**-J-) ; 

F - /icos -J- (l r2y f sin* ■})•, 

(16) 

(17) 

For growth of a crack of the third type (Figure 3c) 

tM - —C,t. |/y sin ; 

*w-C,t./^cos-J; 

o, «■ o# = o, = 0; T* « 0; 

x = y ^ 0; 

* " % /i stn ‘I’ • 

(18) 

(19) 

The values of the constants Ci, C*, and Cs depend on the specimen 

type and geometry and the defect shape, but are independent of the 

variables p and 9. For example, in accordance with the Westergaard 

solution [211] for a flat plate loaded by an axial tensile force and 

having a regular series of cracks spaced at the distance L from one 

another (Figure 5)» we obtain 

i 

V* 
c. 9« C, 

J t t 1» 

* 

0. 

*) C, 
(20) 



I 
where Ç ■ For the limit stress at 

the crack edges <°x),,.0 - °Um - A, 

where A is a constant of the material, 

the limiting nominal stress in the 

plate which causes its failure is 

Figure 5. Series of defects 
in flat specimen loaded by 
tensile stress. 

«W* A jA*-«, 

where •=• 

The constant A depends on the material elastic modulus in 

accordance with the formula A2 - Eb, since the mentioned solution was 

obtained under the assumption that the material remains elastic until 

the limit state is reached. However, we must consider the molecular 

structure of the material and the presence of the transition zone. 

If the material were perfectly homogeneous down to elementary volumes, 

then at the crack edge there would be an infinitely large stress for 

p ■ 0. 

Actually, we must consider the dimensions of the transition zone 

s and the effective crack edge rounding radius pmln - |. Dimensional 

analysis shows that the product sb has dimensions of kgf•cm/cm2, which 

corresponds to the dimensions of the specific strain work necessary 

for the development of surface fracture as a result of growth of a 

crack with transition zone which overtakes the movement of its edge. 

This specific work is greater than that denoted above by the symbol 

K. Thus, 

which agrees with the expression obtained from the energy balance 

conditions. The form factor û depends on the crack shape, part shape, 

and the nature of the stress state. At points between cracks located 

with constant spacing in a single series perpendicular to the direction 
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of the acting stress (Figure 5)» the tangential stress is equal to 

zero by the symmetry conditions, while the stress ox is very small 

for relatively small defects (l « L). This implies that the expression 

for it can also be used for a flat specimen of finite width B ■ L with 

free edges and a defect along the longitudinal axis. 

However, in this case, the solution is approximate, and the 

solution accuracy decreases with decrease of the ratio j. A more 

exact solution was obtained by Isida [152], For Ç ■ | » 0 - 0.6, 

the difference between the Isida solution and that examined here does 

not exceed 7*. The values of the function f(Ç) in the expression for 

the form factor in accordance with the Isida solution and the results 

obtained using the Westergaard formula (20) for a regular series of 

defects are compared in the following table: 

0.074 0.307 0.375 0. U7 0.41 0,466 : 0,535 0.593 

1.0 1,03 1,05 i 1.09 1,13 1.16 1.25 1,33 
_'_* I 1_t_: I 

V \ * . 
, -—:_, 1.0 , l/'2 ' 1.01 1.06 ' 1.09 1,11 1.15 ' 1.22 

These values were used to plot a graph (Figure 6) which shows 

that the two theoretical curves agree well with the results of the 

tests made by the present author. The reason for the discrepancy 

between the values in the region of defects of very small dimensions 

is examined below. 
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Specimen l in cm F* in cm2 

-P- 
min 

in cm2 
P in kgf 

°n 
in kgf/cm2 

1 
* • 
.! 
4 
ft 

r< 
7 
ft 
9 

10 
II 
H 
l.t 
10 
10 
19 
20 

0.9 
0.7 
0.7 
0.0 
0.0¾ 
0.0» 
0.0 
0.9 
0.9 
1.0 
1.0 
1.2 
1.» 
1.4» 
1.0» 
0.4» 
0.0 

0.091 
0.0710 
0.0707 
O.OSIO 
0.0S7 
0.007» 
0(V.I4 
0.0917 
0.0910 
0.102 
0.102 
0.1240 
0.1.404 
0.1404 
0.1710 
0.04S4 
0,001 

3 2!» 
2.04 
3.07 
.1.03 
3.1.2 
2.09 
4311 

.1.7.4 
4.22 
4.0 
4.13 
2.02 
3.07 
3.76 
2.09 
3.17 
4.23 

2.90 
2.M ' 

. 2.»» 
3.13 
4.3 
2.7JI 
2 M 
■i..« 
3.63 
3.0 
3.7 
2.47 
2,Ni 
3.21 
2.4 
3.01 
3.96 

307 
3V..S 
319 
403 
iSH 
343 
412 
2*1 
311 
>0 
373 
206 
2>0 
244 
192 
4*47 
M2 

91.7 
12» 
103.5 
113 
>06 
119 
IV. 

7'.«. 2 
91.5 
99.9 
90.4 
73 
91 
0» 
63 

147 
119 

The table above shows results of tests of specimens of small 

thickness made from acrylon with sharp notches and artificially 

obtained Initial cracks with central location of the cracks. The 

table does not include the test data of those specimens In which the 

plane of the initial crack was not perpendicular to the effective 

stress. Because of the method used to obtain the initial cracks, 

the latter were sometimes located in the depth of the specimen and 

were not perpendicular to the specimen side surfaces. In some 

specimens, the crack plane was Inclined at a 45° angle to the specimen 

surface and the maximum tensile stress perpendicular to the crack 

plane was lower — by a factor of two — than for a crack perpendi¬ 

cular to the specimen's longitudinal axis. If the material strength 

is defined by the value of the maximum tensile stress, the minimum 

fracture stress for such specimens should be higher by a factor of two. 

Figure 7 shows the limit nominal stress for specimens with short 

cracks as a function of relative crack size. 

Since it is not possible, in the impact case, to obtain straight 

and properly oriented cracks of considerable length, in addition to 

the specimens listed, we tested 15 specimens with sharp notches at the 

midpoint of the width. The notch length l for most of the specimens 

was less than 10 mm; however, some of the specimens had notches with 

length I * 10 - 30 mm. The magnitude of the form factor based on 

the test data of these specimens is shown in Figures 6 and 8, which 
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Figure 6. Form factor for 
brittle fracture of flat 
specimen of width B with 
central defect (crack) of 
length l (I is the region 
of small defects). 

1, 2 — Westergaard and 
Isida solutions; 3 — 
present author's 
experiment. 

Figure 7. Static strength of plane 
acrylon specimens with central 
location of small cracks in region 
1 (Figure 6) as function of crack 
size for defect orientation. 

1 — at right angles to the direction 
of the stresses from the external 
load; 2 — at 45° angle to the 
direction of the stress from the 
external loading. 

o 
ffkgf*cm/cm 

Figure 8. Resistance to 
brittle fracture of plane 
acrylon specimens with sharp 
central defects. 

1 — Westergaard theory; 
2 — Isida theory; 3 — 
measurement data. 

Figure 9. Average values of specific 
work necessary for occurrence of 
unit surface fracture in plane 
acrylon specimen. 

1 — specimen with crack; 2 — 
specimen with sharp notch. 

also show for comparison the results of calculation using (20). The 

theoretical and experimental data diverge somewhat for cracks of long 

initial length, which indicates the approximate nature of (20). 



The calculations using the Isida equations agree better with 

the experimental results. 

On the basis of the cited experimental data we can obtain the 

material characteristic K (Figure 9). In the range of Ç values from 

0.05 to 0.1, the quantity K does not remain constant and decreases 

markedly with increase of the initial defect size, which is not in 

agreement with the theoretical data. The reason for this discrepancy 

is that, for small crack length, close to the flat specimen thickness, 

we cannot consider the condition l » h satisfied, which was used as 

an assumption in obtaining the solution. For a short crack length, 

the stress state at the midpoint of the plate thickness differs from 

the stress state at its surface. In the thickness of the plate there 

is a plane strain rather than the plane stress state, in view of 

this, the elastic modulus E' ■ j- vj must be used. However, with 

decrease of the crack size, the resistance to its propagation 

increases. 

For very small cracks (Z0 » 1 mm), we obtain from the solution 

for the limit stress with K ■ 1 kgf*cm/cm2 the value of the material 

ultimate strength ob ■ 700 kgf/cma. Thus, we can assume that the 

specific fracture work K for acrylon varies as a function of the 

stress state, crack dimensions, and rounding radius at the crack ends 

in the limits from 0.1 to 1.0 kgf/cm2. The lower value is obtained in 

only a few cases when residual tensile stresses were created in the 

specimen when obtaining the initial defect. The upper value corres¬ 

ponds to very small cracks whose length does rot exceed 1 mm. For 

defects of moderate dimensions, we can take an average value of K on 

the order of 0.3 - 0.4 kgf•cm/cm2. With oblique positioning of the 

crack, the resistance of the acrylon specimens to brittle fracture, 

as we would expect in accordance with the theory of fracture owing to 

maximum tensile stress in the direction perpendicular to the crack 

plane, is higher (see Figure 7). 
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Figure 10. Coefficient ù' for 
specimen with defect loaded by 
central concentrated force. 

Figure 11. Coefficient * for plane 
specimen of relatively large width 
with two defects on the same line 
(b - a ■ l). 

In subsequent testsf we determined the brittle fracture resistance 

of wide plane specimens with central defect( loaded by concentrated 

forces P ■ ph applied along the specimen axis at a distance L/2 from 

the plane of the defect. The theoretical solution for this case was 

obtained by Barenblatt [9, 10]. If we take p • Bo and L > B, we 

obtain 

If the distance from the point of load application to the crack 

plane is smaller, we can take *c _ where is the correction 

factor (Figure 10). 

If there are — in a wide plane specimen subjected to a tensile 

load — two defects of the same length located on the same line (Fig¬ 

ure 11), in accordance with the Winnie solution [40] for r < 1 
b 

(21) 
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Figure 12. Coefficient i> for 
stretched plane specimen with 
symmetric location of two 
defects along the edges. 

Figure 13* Coefficient & for stretchec 
specimen with one-sided location 
of defect at the edge. 

£ 

Vfhen £ -*• 1, in place of the specimen with two defects, we obtain 

a specimen with a single crack and •-]/?. Figure 11 shows that the 

calculation results agree with the experimental data. 

The solution was obtained by Wigglesworth [212] for the case 

when there are two defects on the sides (Figure 12) of a plane speci¬ 

men of small thickness and finite width B. The theoretical value of 

the form factor 

o , >S 
i¡í(2.;J) (22) 

The measurement results for tests of acrylon specimens of this 

shape are shown in Figure 11. The solutions of several authors for a 

plane specimen with one-sided notch were presented by Irwin [148]. 

The theoretical value of i> as Ç 0 is 

0 = 0,9 
(23) 

where the coefficient 0.9 takes into account the influence of the 

material surface layer. In this case, the difference between the 

theoretical calculations and the experimental values is greater than 

in the preceding case (Figure 13). 
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Crack 

Figure 14. Nonuniform distri- Figure 15. Nature of energy change 
bution of stresses on in plane AU during crack propagation in 

specimen with defect (schematic nonuniformly distributed nominal 
and notations of basic quanti- furesSw^^e^* accordance with 
ties), the scheme of Figure 1). 

In practice, we often encounter cases of nonuniform nominal ten¬ 

sile stress distribution (Figure 14). In these cases, it is important 

to know how wide the zone of action of the maximum tensile stress must 

be in order that we can use the formulas derived under the assumption 

of uniform stress distribution. In [169], the author, on the basis 

of an energy balance, showed that,to reach the unstable crack state 

in accordance with (20) for omax ■ o^m, it is necessary that the 

width of the maximum tensile stress zone be no less than three times 

greater than the crack length (Figure 15). Here it is assumed that 

the magnitude of the nominal stress does not vary along the specimen 

longitudinal axis. 

An important loading mode is bending of plane specimens made 

from brittle materials with defects. The strength condition has the 

form 

(24) 

hence 
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located defect In bending 
in the plane of least 

where Is the form factor, whose stiffness. 

magnitude found from the data of 

acrylon specimen tests is shown in Figure 16. For case a 

where f*m(0 is a function whose values are shown in the table. 

t 0.05 0.1 0.2 0.3 0.4 o.s 

MS> 0. £ 
_ 

0.V» 
_ 

0.6 n.!V0 0.69 0.71 

In the case when plane specimens of small thickness with central 

defect are loaded by a bending moment (Figure 17), the stress o * ^. 

The measurement results are shown in Figure 17. For relatively 

large specimen width £-*•() and where ¿»Is the form factor 

for the case of uniformly distributed tensile stress. With increase 

of specimen thickness, the resistance to brittle fracture decreases. 
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Figure 18. Crack propagation 
from part-through defect in 
plane specimen (initial defect 
shown hatched). 

1 

For real parts of more 

Figure 19. Notations for basic 
quantities in calculation of the 
coefficient í for semi-elliptic 
crack in semi-infinite body. 

complex forms, which cannot be 

simulated with the aid of plane specimens,there may be part-through 

cracks. The surface crack has considerably less influence on the 

strength than does the through crack. The surface crack initially 

develops inside the part wall material and only after this does 

accelerated development of the through crack begin (Figure 18). 

Irwin [151] studied the stress state at the edge of an elliptic crack 

in a semi-infinite body whose plane forms the angle B with the uni¬ 

axial tensile stress (Figure 19) and obtained the following expression 

J I I — (I —»l* (26) 
0 - ,1.1/1. * 

I I - V* » I I - vJ * n ‘/Til1!« 

Sneddon [195] studied the case when plane cracks are oriented 

perpendicular to the tensile stress in an infinite three-dimensional 

brittle body. The limit stress at a crack of this type of circular 

form (e * -j- ■ 1) is determined from the formula 

(27) 
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If we assume that, in the presence of several defects of this type, 

only a single defect has a definitive influence on the strength and 

that is the defect which is most unfavorably oriented with respect 

to the tensile stress direction (defect plane is perpendicular to 

the stress direction), and if we exclude the mutual influence of the 

defects, since the distance between them is large in comparison with 

their dimension (L » 21)t we can calculate the lt corresponding to 

the static strength of the material. For aeryIon with a small initial 

crack we can take If ■ 1 kgf*cm/cm*. Then the limit stress 

anrt4 1 
l/ .i-îTono i 
V T '2 0.9' 690 kgf/cm" 

hence Z* » o.l cm - 1 mm. 

In studying the fracture surface of plane acrylon specimens, 

residual stresses are detected on both surfaces of the crack in a 

material layer of thickness about 1 mm. It has been established by 

the photoelastic method that the stress decreases rapidly in the 

course of time from the moment of fracture occurrence, and as we move 

away from the fracture surface, the stress varies following a wave¬ 

like law. Residual stresses arise within the limits of half the width 

of the transition zone as a result of the large irreversible defor¬ 

mations which precede material fracture. Beyond the limits of the 

transition zone, residual stresses arise as a result of propagation 

of elastic stress waves from the material fracture location. 

S3. Mechanics of Brittle Material Rapid Fracture 

Tests of the static strength of small specimens made from a 

brittle material do not yield the possibility of studying the laws 

governing brittle fracture crack growth from the defect edge nor of 

determining the fundamentals of brittle fracture mechanics, study of 

crack growth and the brittle fracture onset, even with simplifying 

assumptions, is a difficult task and is associated with complex 

theoretical and experimental investigations. Therefore, only a few 

relationships have been obtained from the field of brittle fracture 
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Figure 20. Typical stages of brittle 
fracture crack growth in a plane 
specl.Tien.

f

Figure 21. Influence- of 
local stress on crack 
propagation in acrylon 
specimen.

1 — initial crack; 2, 3

— direction of primary 
and secondary cracks.

kinetics. The study of fast fractures 
is valuable in the aspect that we can 
study tetter than in static tests the
Influence of various factors on the fracture process of a material in 
the glassy state. Study of brittle fracture mechanics makes it possible 
to determine more accurately the material resistance to brittle frac­

ture. The basic hypotheses of the subject problem are as follows:

1. The onset and growth of the fast fracture crack in a flat 
plate made from a brittle material can be subdiviaed into several 
stages whose Importance for the fracture process depends on the stress 
level, nature of the initial cefect, plate dimensions, and the tech­

nique for loading the plate edges. In the macroscopic study case, we 
can identify five fracture growth stages (Figure 20).

The first stage is characterized by the onset of a crack capable 
of propagating from the edge of the initial defect. In the second 
stage, the crack growth accelerates, with the crack propagating along 
the shortest path, determined by the principal tensile stress. The 
Influence of the initial defect and the crack growth initiation con­

ditions weakens and then disappears completely. The third stage is 
deflnec as the stage of crack propagation with practically constant 
velocity in the uniformly distributed nominal stress field. At the 
end of the stage, we observe microbranchlng and then macrobranching 
of the cracn, accompanied by niarked changes of the crack propagation



velocity. In the fourth stage, we see the influence of changes in 

the magnitude and direction of the nominal stress in the section 

through which the primary crack runs as a result of the considerable 

reduction of the section load-bearing area. Finally, the fifth and 

last stage is associated with the slowing or termination of crack 

growth at the free surface of the part. At each stage, there act the 

patterns which are characteristic of this stage with regard to crack 

growth and the criteria for its propagation and development in the 

body of a new free surface. 

2. In the general case, we can assume that the crack velocity 

and edge displacement direction throughout its growth are determined 

basically by the direction and magnitude of the maximum tensile stress. 

This hypothesis is valid when examining the average velocity and 

direction of the macroscopic displacement of the crack edge in material 

zones of large extent. In the microvolumes, the nonhomogeneity of the 

material structure Influences the crack propagation conditions. 

If there are residual stress centers present inside the part, 

characterized by high level of the stress values and large extent of 

their active zones, they combine with the stresses from the external 

loads. In this case, the direction and velocity of the crack edge 

macroscopic advance are determined by the overall stress. In compres¬ 

sion zones, crack growth decelerates, while in tensile tension zones 

it accelerates. Figures 21 and 22 show two causes of crack growth in 

a brittle material. The brittle fracture cracks in plane acrylon 

specimens 12 mm thick were obtained by impact on a wedge introduced 

into the edge of a notch. The specimens were annealed for more com¬ 

plete residual stress elimination. The crack propagated along a 

straight line. The tensile stress from the external load, perpendi¬ 

cular to the section with the notch, was low — on the order of 

10 kgf/cm2. Thus, initial crack propagation took place only under 

the influence of the dynamic local stress which developed in the notch 

root zone after the impact. The variation of the crack propagation 

velocity V is shown in Figure 23. Since the duration of the local 

stress action at the bottom of the notch and the stressed material 

volume are limited, the maximum crack propagation velocity v# for the 
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Figure 22. Form cf crack in 
plane aery Ion '■pecimen with 
presence of compressive stress 
zones.

I

•»

Figure 23. Variation cf crack propa­

gation velocity obtained as result 
of impact for very lov; nominal ten­

sile stress level in the specimen 
(a., < oo).

given material was not reached and crack branching was not observed. 
During subsequent tests, compression stress centers were formed by 
crushing the specimen using a screw clamp with circular inserts. The 
specific pressure on the specimen surface was 50 kgf/cm^. A tangential 
tensile stress field (Figure 2‘i) arises near the compression stress 
center. The influence of the center 1 (see Figure 21), located ahead 
of the initial crack edge leads to a situation in which, after the 
subsequent Impact on the wedge, introduced into the notch, two new 
cracks develop and propagate perpendicular to the direction of the 
initial crack. After this, the clamp was shifted from point I to 
point II. After a new impact on the specimen, a third crack — which 
in tills case again took a position tangent to the compressive stress 
region II — propagated from the smooth crack surface (not from its 
end). At the crack edge we observed a tendency to turn ^45° relative 
to the initial plane. In this region, characterized by very low 
crack propagation velocity, the shear stress apparently plays an im­

portant role and the edge structure has considerable complexity. In 
Figure 22 we see that, in the case of complex local residual stress 
zone distribution in the body volume, the crack may propagate along 
a sinuous path, the tangent to which at each point is perpendicular 
to the direction of the maximum tensile stress at the given point. 
Another example is shown in Figure 25? the crack branches and by-passes 
the compression zone on both sides.
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Figure 24. Principal 
stress variation In 
specimen material 
near compressive 
strass zone.

Figure 25. Form of crack 
by-passing compressive 
stress zone in acrylon 
specimen.

Figure 26. Envelope 
of Instantaneous 
locations of dis­

turbance frcr.t 
propagating from 
edge of crack ad­

vancing with velo­

city v In the 
material of a speci­

men of finite 
thick’ - ss h and 
development of 
relief on the 
fracture surface.

3. If the 
distance from the 
defect edge to the 
specimen free contour
toward which the crack propagates Is small, the 
local specific energy K Increases, which slows 
crack growth. The propagation velocity also
varies from point to point through the thickness of the specimen 
wall, even If the edge of the initial defect Is rectilinear through 
the entire wall thickness. The maximal propagation velocity occurs 
at the midpoint of the wall thickness which is particularly clearly 
seen In tests of plane speclmers of Lhlckness sufficiently great for 
the possibility of parabolic crack front fermatien (Figure 26). The 
angle of Intersection of the parabola and the edge of the fracture 
surface at the lateral edge of the speclmerj deperids on the ci'ack 
propagation velocity In accordance with the formula

ionsl/iKi' const (2d)

The thicker the specimen, the more complex Is the Initial crack 
growth phase. In testing acrylon specimens v.tiose tllckr.ess exceeuto 
considerably the dimension of the Initial defect, it was possible to 
detect several Initial fracture points. One of these points was 
always located at tne midpoint of the wall thickness at the bottom



of the notch; another was at the 

point where the notch reached the 

lateral surface of the specimen. In 

the general case, we can consider 

that the influence of crack geometric 

symmetry and the maximum value of 

the third normal stress in the direc¬ 

tion of the crack edge will show up 

at a point midway through the wail 

thickness. Cracks which develop on 

the lateral surfaces of specimens 

made from the brittle materials 

usually have a characteristic appear¬ 

ance, since the material strength is 

minimal at the edge formed by the 

intersection of the specimen surfaces 

and the notch and defects and microscopic fractures of the intermole¬ 

cular bonds are most often encountered in this zone. In the case of 

fracture on the specimen surface at scratches and micronotches, 

transition zones arise, oriented perpendicular to the defects in 

accordance with the local material strength reduction and the direc¬ 

tion of the principal stresses in the small volumes around the surface 

defects. However, a crack may develop other than along the line of 

the surface defect. The interaction of the stress state disturbance 

accompanying crack growth in the wall thickness and the stress con¬ 

centration in the microvolumes of the material in the vicinity of 

surface scratches and irregularities shows up very weakly. 

In the surface layer of the material there is always quasi-plastic 

fracture at a depth of the order of 0.1 mm if the local deformation 

level is relatively high. As the crack edge approaches the surface, 

the energy level decreases because of the influence of the free surface. 

4. In the first phase of crack growth, the impact energy at 

the defect location influences its propagation velocity (Figure 27). 

The greater the impact energy, the faster the crack grows prior to 

transition to the second stage, and the smaller is the distance x2. 

Figure 27. Influence of impact 
energy and level of nominal 
stress on on brittle fracture 

crack propagation velocity in 
plane acrylon specimens. 

1, 2 — large and small energy 
U; 3» ^ — high and low stress 
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However, upon reaching a certain value of the impact energy, further 

increase of this energy does not lead to significant change of the 

growth process. Experimental data show that when the tensile stress 

exceeds some limiting value, the average crack propagation velocity 

depends very little on the impact energy, i.e., in the general case, 

the propagation velocity depends very little on the crack initiation 

conditions. The crack Initiation conditions play a role only if the 

nominal stress is relatively low. This situation is very important 

in practice, since in the case of high stress from an external load, 

the role of the secondary local stress peaks near the defects becomes 

less Important. 

5. The dynamic effect of impact in the specimen defect region 

shows up, first, in Increase of the local stress level in accordance 

with the relation omax - xaon (where x * f(U) is the coefficient of 

dynamic stress increase), second, in change of the value of the local 

specific energy K. In the brittle materials of the acrylon type, the 

value of K decreases with Increase of the loading rate. In certain 

materials which have — in the glassy state — a clearly defined plas¬ 

tic deformation region, a high loading rate may cause local hardening 

at the crack edge as a result of corresponding orientation of the 

molecular chains and increase the resistance to fast fracture crack 

growth. Such properties are shown, for example, by ductile polystyrene. 

The quantity W, which basically determines the value of K, in 

the general case depends on the crack propagation velocity v. For a 

brittle material, we can take a very simple relativistic dependence 

corresponding to a wave nature of the stress state disturbance as the 

crack edge advances. If we denote by c^ the maximum transverse wave 

propagation velocity in a body of finite dimensions, we can write 

(29) 
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It has not yet been possible to determine the constant m more 

exactly from test data, since measurement of the defect propagation 

velocity and the energy necessary for free surface formation on the 

small crack path segment traveled during the first stage presents 

major difficulties. 

6. If a plane specimen of length L and width B is weakened by 

a defect located in the central part of the specimen, its elastic 

P L 
elongation is defined by the formula pA ■ jjd, where A ■ is the 

specimen compliance and u is a coefficient whose magnitude depends 

on the defect shape and location. For example, for a specimen of 

small thickness with relatively short crack in the central part with 

Ç ■ I « 1 and j » l, we obtain 

It« (30) 

In the dynamic loading case, the specimen elongation velocity is 

found from the formula 

dL d(PA) .dP ,Dtl* 
nr “ - d f- “ A nr+p nr - 

where v} is the velocity of the testing machine grips or the average 

specimen deformation velocity. Upon reaching the load peak corres- 

ponding to the specimen ultimate strength, we have B 0, hence, 

„ n dS „ dS di o d\ „ 
v^P-drasP-sr'ir^pn'9> (31) 

where v is the propagation velocity of the crack which begins at the 

defect, and l is the Instantaneous crack length. On the basis of 

the energy balance for a crack Initiating at a defect edge, we obtain 

for a low initial propagation velocity 
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I JU„ Ã 
h'-¡r = —m (32) 

Substituting (31) into this formula, we find 

V (33) 

The initial crack propagation velocity is proportional to the 

stress magnitude and the loading rate and is Inversely proportional 

to the energy necessary for the development of unit fracture surface. 

In view of this, dynamic loading with an Impact exceeding vj and o, 
which in the case of acrylon also reduces K, has an unfavorable influ¬ 

ence on the specimen strength and leads to increase of the initial 

crack growth rate. Conversely, in a material for which the value of 

K increases with increase of the strain rate, the influence of this 

quantity may be dominant; in this case, dynamic loading does not 

reduce the material strength. 

7. In studying the energy balance, we must consider the kinetic 

energy of the parts of a brittle material specimen which separate 

from one another (Figure 28) [141]. Pressure acts at the crack origin 

on a wedge introduced into the initial notch (in this case, we 

consider a wedge since, first, in some of the experiments described, 

the crack was obtained with the aid of a wedge and, second, the wedge 

simulates the typical v-shaped cracks with wedge-like transitional 

zone), in the case of fracture of actual detail parts made from 

brittle materials, the wedge role may be played by other factors which 

cause local reduction of the potential energy barrier, for example, 

rapid temperature change with large gradient in the vicinity of a 

defect. Hereafter, we shall examine only the stationary stress state 

case and shall not study the dynamic stress field and elastic wave 

propagation. 
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Figure 28. Study of plane 
specimen brittle fracture 
mechanics under the action 
of nominal tensile stress 
and Impact (schematic and 
notations of basic quantities) 

the edge of the initial defect. 

At the edges of a brittle 

material specimen of width B, length 

L ( L < B), and relatively small 

thickness h « L, there acts a constant 

tensile stress perpendicular to the 

crack propagation line, which Is 

oriented parallel to the specimen 

width. This basic assumption on the 

nature of the loading presupposes 

the absence of change of the nominal 

stress at the crack edge as It opens. 

We denote the crack length In the x 

direction by t ■ and for reasons 

of simplification, we shall not con¬ 

sider the Influence of tangential 

stresses. At the distance x from 

there acts the bending moment 

This expression Is obtained from examination of elastic bending of 

the parts of the specimen on both sides of a notch of depth l. We 

denote by P the resultant of the wedge praiaure on the material for 

crack length equal to Z. We find the elastic deformation energy from 

the formula 

-mr+jET- (34) 

After substituting Into this formula the 

specific loading ■ p, we obtain 
expression for the 

(/, « A (2,40^1 + IGp*)- 

40 

(35) 



The maximum crack opening Is 

!tmn - T (36) 

As the crack expands* the mutually separating parts of the 

specimen have the kinetic energy 

(/, - -J- m (-J.)’dr. 

where k Is the density of the material. The crack opening at an 

arbitrary point with the coordinate x Is 

y - *¿ • (6/V - 4/r* f f ¿ p/. (3/x* - r*). 

We obtain the expression for the kinetic energy 

u-* '»(¿r)’'«A 

Hence* we find with account for (35) 

u-a20(7=r),(-r),ü. (37) 

where c_„„ 
max 

This means that the kinetic energy Is proportional to the elastic 

strain energy and varies as the square of the product vl. The total 

energy of the subject specimen Is 

(/, »2/WA-(/, + (/„ 

(38) 
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or 

dU 
From the condition ■ 0 for acceleration of the crack advance 

at the initial instant of time, we calculate for v ■ 0. 

(40) 

Consequently, the higher the specific pressure owing to the 

force P acting on the wedge, the lower is the limit stress ollm 

required for initial crack growth. In the general case, we can assume 

that a local load in the defect zone, which causes its expansion, 

reduces markedly the critical defect dimension and contributes to its 

instability. This situation shows up to a greater degree for a low 

level of the nominal stress from the external load. For p ■ 0, we 

obtain from the preceding formula 

(41) 

If we determine the maximum stress omax ■ 120^)1 the ed8® 

of an expanding crack and take it equal to the local material ultimate 

strength (ob)j in accordance with the brittle material fracture con¬ 

dition, using (41) we obtain 

(42) 
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The left side of (42) is a material characteristic analogous to 

that defined by (7). We note that the dynamic energy required for 

the appearance in the body of unit new surface area is understood here 

to be the average magnitude of the specific energy along the crack 

growth path. Actually, the instantaneous specific energy varies over 

a wide range (Figure 29). Its value 

depends on what crack growth stage 

is being studied. The amount of 

energy required per unit fracture 

area is minimal in the second crack 

growth stage, when the fracture sur¬ 

face is smooth and its shape is 

rectilinear. In the third growth 

stage, macrobranching and micro- 

branching of the crack arise for a 

sufficiently high stress level. The 

propagation velocity varies over wide 

limits and the fracture surface 

becomes branched. We have previously examined the energy balance to 

determine the maximal value of the specific energy per unit frac¬ 

ture surface for the dynamic crack growth process and also high stress 

at the crack edge. Thus, the parameter expressed by (42) has a dynamic 

rather than static nature. The two quantities calculated using (7) 

and (42) are approximately the same order of magnitude, although the 

latter is somewhat lower, since after the initial growth stage, the 

crack encounters a lower energy barrier than that which develops from 

the initial defect. This means, for example, that, on the diagram of 

specimen resistance to brittle fracture versus temperature or loading 

rate, we can differentiate two limit curves, one of which applies to 

the crack initiation conditions, while the second applies to the moment 

when the crack growth rate reaches its maximum. The third limit state 

corresponds to crack growth termination or its last stage when close 

to the free surface of the body. In this stage, the energy expenditure 

is high. 

Figure 29. Deviations of the 
instantaneous value of the 
specific energy expended in 
forming unit fracture surface 
in the case of brittle crack 
propagation for high stress 
level. 
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Figure 30. Growing 
crack length versus 
time. 

or 

In accordance with (37) we have 

U,-9K#-U,-U.-u. »•»(¿r)’ (f)*^ 

Por U < U , crack growth Is possible with 
w y 

velocity determined from the expression 

_e_ 
fmn 

0 * 0,225c,«,, -y- 

(H3) 

The higher the speed of sound c x ■ |/^ and the larger the 

specimen, the higher is the crack growth velocity. In the general 

case, the kinetic energy of the separating parts of the plane speci¬ 

men (Figure 30) can be expressed In the form 

where 

lm * 

jf(p, f)dv4p. 

Hence, we find the condition for crack growth 
i 

(H) 

The coefficient C depends on the stress distribution In the body 

in the vicinity of the crack edge. For &n<* *cr * 

EK 
we determine the dependence of crack propagation velocity on 

n 
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crack length 

t» 

fmM 
const (45) 

In deriving this formula» we did not consider the dependence of 

Kd on V» and thus» the expression obtained best characterizes uniform 

growth of the primary crack. The growth velocity naturally also 

depends on the specimen geometric form and stress state. In the argu¬ 

ments presented above» this relation Is simplified as much as possible. 

Formula (45) can be rewritten as 

(46) 

Integrating this expression, we find for l > l 
cx* 

A plot of this function Is shown In Figure 30. 

Upon substitution of the potential energy U - U , we obtain, 
w y 

from the equations of motion In Lagrange form 

Hence, we find the crack edge acceleration 



At the initial moment (t « lcr, v ■ 0), the acceleration 

(«iV ar ¿aa -i—. (^9) 

For l » lcr and v - v9( we find 

In the second crack growth stage, the acceleration of its edge 

decreases continuously. 

In order to determine the order of magnitude of the crack edge 

acceleration, we take cmax ■ I650 m/sec, L ■ 0.1 m and Zcr ■ ^ - 

3 • 10“* m. 

Then the maximum acceleration will be (o^)* » 1011 m/seca. The 

high acceleration is confirmed by the results of measurements using 

high-speed movie photography with a rate of 240,000 frames per second. 

Since the quantity Tlln is proportional to » the crack propa¬ 

gation velocity in the general case depends on on. In accordance with 

(45) 

(50) v * const VI — consto1. 

Considering the arguments presented on the dependence on various 

factors of the specific energy necessary for the formation of unit 

new surface in the body as the crack grows, we can take 

(51) 



In this case, ths quantity Kd, characterizing the fracture 

resistance of the material, depends on the crack propagation velocity 

and consequently on crack length, which complicates markedly the 

solution of the crack propagation differential equation. In all 

cases, the steady-state crack propagation process rate depends on the 

stress level. When the temperature Is constant, the approximate 

solution has the form 

(52) 

The nature of this relation Is shown In Figure 31. If, in this 

formula, we take the constant having the nature of the lower limit 

stress equal to o« ■ 15 kgf/cml, and if we consider the elastic wave 

propagation velocity in the material to be 600 m/sec, we obtain the 

dependence of the relative crack propagation velocity on the relative 

stress shown in Figure 32. 

Figure 31* Theoretical depen¬ 
dence of crack propagation 
velocity on stress in second 
stage of brittle fracture: 

i 

Figure 32. Data from theoretical 
calculation of crack propagation 
velocity in second stage of brittle 
fracture using (52) and data from 
tests of plane aeryIon specimens: 

X-I/-M kgf*m; •-«/-o.» kgf*m; 
o - j/ - ».o» icgfrrii 



Figure 33* Nature of crack 
growth with branchings. 

1 — primary crack; 2 — micro¬ 
branchings; 3 — crack propaga¬ 
tion velocity after branching. 

Figure 34. Dependence of maximum 
stress directions at the edge of 
crack propagating with velocity v 
on the nominal stress (after Ioffe). 

The value of the specific energy 

Kd under dynamic conditions amounts 

to about 1 kgf*cm/cm* at normal temperature. With Increase of the 

nominal stress above a certain value, the crack propagation velocity 

does not increase, since, at this stress, the maximum possible velo¬ 

city v — defined by the material properties, i.e., the transverse 

elastic wave propagation velocity in both parts of the fracturing 

specimen — is reached. 

8. In the third crack growth stage, crack branching begins in 

the microvolumes, indicated by the nature of the fracture, which is 

no longer a smooth shiny surface. We see on the fracture surface 

individual segments and crack divergence traces at the branching 

points. A schematic of the crack propagation velocity variation in 

the presence of branching is shown in Figure 33. 

After branching,the crack edge again advances at an increasing 

rate with the acceleration reaching values on the order of 1011 m/sec2. 

The crack grows dlscontinuously. The velocity variation cannot be 

recorded by the present measurement methods, and in studying fracture 

mechanics, we usually consider only the average value, which is shown, 

for example, in Figure 20 by the solid curve. In this case, calcula¬ 

tion yields only the apparent value of Kd (Figure 29), and the instan¬ 

taneous value of Kd may differ significantly from this apparent value. 
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However, it Is important to know the true values of Kd in studying 

the fracture process using the theory of elastic wave propagation in 

the material, or when measuring the Instantaneous stress values in 

the vicinity of the crack edge owing to the action of these waves. 

However, if we deal with the apparent (average) resistance of the 

material to fracture and the average crack propagation velocity, the 

maximum crack edge velocity v* is small in comparison with the speed 

of sound (for brittle materials, it is about one-third the speed of 

sound). The maximum crack propagation velocity can be determined by 

studying the Instantaneous stress field near a fast-growing crack 

[213]. The stress components vary so that upon reaching the maximum 

velocity v#, there is a section where the maximum tensile stress acts 

and forms a definite angle with the crack direction in the first and 

second stages of its growth (Figure 3¾). If v < v* « 0.6 c^, the 
d 

maximum tensile stress acts at the section 9 ■ 0, i.e., the crack 

propagates perpendicular to the principal stress trajectories for 

static loading of the part. For a crack propagation velocity v* * 

0.6 cd, the Instantaneous maximum tensile stress acts in oblique 

sections. 

The propagation direction is determined by the direction of the 

maximum stress, therefore, the crack branches. The branching angle 

9V is the larger, the higher the crack propagation velocity. For 

example, for v - 0.8 cd the branching angle will be 60°. Actually, 

the propagation velocity does not exceed the value v*, since there 

is loss of energy with each branching and crack advance slows. 

The maximum velocity varies as a function of the local material 

properties; therefore, we can obtain different values of the branch¬ 

ing angle for very slight deviations from the indicated maximum 

velocity. Ioffe obtained the mentioned solution under the assumption 

that the radius of curvature of the crack edge contour increases with 

increase of the propagation velocity. This assumption, which simpli¬ 

fies the solution, is not Justified in practice. Broberg [117] 

studied an analogous problem under the assumption that the crack edge 
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curvature radius decreases with Increase of the velocity. The solution 

obtained under the assumption that the crack edge curvature radius 

remains constant regardless of the crack propagation velocity yields 

similar results. 

In all cases, a tendency toward crack branching appears upon 

reaching the velocity v*, however, the angles are different. In the 

general case, we can consider that the branching angle will be larger 

the higher the instantaneous value of the velocity. If we consider 

this relationship established, knowing the branching angle, we can 

estimate the crack propagation velocity. 

Thus, the theoretical solution has been obtained under several 

simplifying assumptions. Therefore, we must study the branching 

angle experimentally as a function of crack propagation velocity, 

material temperature and properties, specimen shape, and loading 

scheme. A rectangular specimen with side ratio B/L ^ 0 is more 

properly considered a beam with transverse deformation waves. In 

examining a specimen of square form, we should consider the complex 

wave interaction, then we can expect better agreement with the indi¬ 

cated theoretical solutions. The higher the crack propagation velo¬ 

city v and the larger the value of Kd, the less will be the influence 

of the local barriers and material nonhomogeneity (for example, the 

presence of zones of high strength) on crack propagation. The instan¬ 

taneous stress field in the vicinity of a propagating crack has been 

studied experimentally on optically active materials, including poly¬ 

methyl methacrylate [80, 187]. It has been found that, at the begin¬ 

ning of the third crack growth stage, the stress field changes very 

little (Figures 35 and 36) and displaces along with the crack edge; 

therefore, the crack edge radius of curvature may be considered 

constant. However, upon reaching the zone close to the crack edge, 

the stress field changes rapidly and the local stresses and crack 

propagation velocity decrease, which is an indication of the onset 

of the fifth crack growth stage. In this stage, branching is also 

observed, even with a lower propagation velocity, because of distor¬ 

tion of the stress field. The stress distribution along the advancing 

crack edge for different values of the relative velocity v/c<j from 
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Figure 35. Stress field around uniformly growing brittle fracture 
craci: after Rolf, Lyman, and Hall (o = 13.^ kgf/ram^).

4 V
V

tT ly

Figure 36. Isochroraes of stress Figure 37. Distribution of prln- 
field near edge of growing crack cipal tensile dynamic stress com- 
in plane ebonite specimen for ponent for different values of 
four crack edge locations (after brittle fracture crack propagation 
Wells). velocity.

Smith's data is shown in Figure 37. The crack can branch for a 
propagation velocity greater than 0.6 c^. The stress dynamic com­

ponent decreases with Increasing distance from the maximum point and 
approaches the static value. With increase of the growth rate, the 
Intensity of potential strain energy release at the propagating crack 
decreases while the kinetic energy changes become larger.

To verify all these hypotheses, tests were made of thin plane 
specimens of rectangular form made from acrylon and epoxy resin for 
different stresses, nature of the fracture, and techniques for ob­

taining initial crack. Measurements were made of the average crack



propagation velocity (without account for sharp short-term deviations) 

and the elastic deformations in the material (strain propagation law). 

lib_Measurement of Brittle Fracture Crack Propagation Velocity 

In the beginning of the tests, we verified the possibility of 

measuring crack propagation velocity and the material dynamic defor¬ 

mations. The experiments were made on thin plane acrylon specimens 

cut from large sheets, and all the specimens were oriented similarly 

relative to the sheet edge, and were nearly square in form (300 x 

350 x 3 mm). We verified the specimen loading method for stresses 

on from 5 to 125 kgf/cm* and impact on a wedge Introduced into a 

notch in the specimen (Figure 38) to facilitate formation of the 

initial crack (impact energy was 0.025, 0.05, and 0.5 kgf-m). In 

some cases, the initial crack was obtained by loading (statically) a 

special ledge of a notched specimen with high tensile stress so that 

a sharp crack formed at the bottom of the notch and then propagated 

through the material web between the ledge and the specimen into the 

material of the basic specimen. The tests were conducted at 25° C 

in the glassy hard material state. The crack propagated in the direc¬ 

tion of the specimen width B « 300 mm (in later tests, the specimen 

width was Increased to 600 mm) from the initial 5 mm deep V-shaped 

notch with 60° apex angle. The specimens were clamped in the loading 

frame (Figure 39) and loaded by a tensile force without any noticeable 

bending moment. The uniformity of the tensile stress distribution in 

the crack propagation zone was verified by the photoelastic method. 

The crack propagation velocity was measured with the aid of indicators 

working on the principle of current-carrying wire rupture as the 

crack edge crossed the wires. The current-carrying wires were seg¬ 

ments of 30 micron diameter copper wire bonded by a special technique 

on the prepared specimen surface. The distance between adjacent wires 

in the direction of main crack propagation was normally 30 mm. 

On the basis of detailed study of this measurement method and 

the calibrations which were made, it can be said that the accuracy 

of the average crack propagation velocity determination within the 
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iHi:
Figure 38. Form of notch and
wedge for obtaining initial .
crack in specimen. Figure 39- Frame and loading device

for studying brittle fracture 
mechanics of plane specimens.

limits of the wire spacing was
no lesn than 10?. We could also observe crack advance by continuous 
measurement of the dynamic stress which arises near the edge of the 
propagating crack. For this purpose, we used resistance strain gages 
bonded in regular rows to the specimen surface at a distance of 10 mm 
from the assumed line of main crack propagation. The electrical 
signals obtained during the measurements were recorded on an oscil­

lograph. The wire indicators were connected to a voltage divider 
whose output voltage was recorded by a cathode ray oscillograph in 
the form of a stepped diagram, each step of which corresponded to 

breaking of the next wire.

Synchronization of oscillograph startup with the moment of crack 
onset was provided by a special electronic triggering device. This 
device was controlled from a sensor mounted in the iraiiediate vicinity 
of the notch edge and triggered several oscillographs, eliminating 
the possibility of repeated or improperly timed startup. Some of the 
recording channels were used to record the dynamic strain waves which 
arise as the crack advances, using strain gages as sensors. Prior to 
the measurements, the time scaling was established so that the overall 
diagram length corresponded to 1000 usee, which for the selected 
specimen size corresponds to an average crack propagation velocity 
of no less than 300 m/sec. The ordinate axis scale made it possible 

to record a dynamic stress of about 100 kgf/cm^.



* m/sec The scheme simplifies consider¬ 

ably when measuring only the crack 

propagation velocity. In this case, 

only a single oscillograph was used 

for recording and the voltage divider 

and the break wires were connected 

to this oscillograph. 

The first segment of the speci- 
Figure 40. Average crack . 
propagation velocity in men fracture surface was usually 

plane acrylon specimen as mirror smooth; then, as the propaga- 
function of enerev of 
impact causing crack onset tlon veloclty reaches the order of 

and stress level in specimen. 0.8 v*, the fracture surface became 

rough because of crack microbranching 

and thereafter became stepped, usually in connection with macro¬ 

branchings. Finally, the fracture surface structure then became fine 

in accordance with the large crack propagation velocity reduction. 

In reducing the measurement results, we determined the velocity v 

for the individual crack length segments and the average velocity v 

over the entire specimen width. The measurement results show that 

the impact energy, which facilitates initial crack onset, Influences 

the crack propagation velocity only in the initial crack growth 

stage. The higher the level of the tensile stress on in the specimen, 

the shorter is the duration of the first growth stage and the less Is 

the influence of the impact energy on the average crack propagation 

velocity (Figure 40). If the stress is higher than a certain level, 

we can obtain the initial crack reliably without impact. This state¬ 

ment is valid for a sufficiently great crack depth and a crack form 

which provides stress concentration corresponding to the critical 

concentration factor a , i.e., for the critical notch size for the 
T 

given stress level. 

The maximum crack propagation velocity in acrylon, determined as 

the average velocity in the third growth state, corresponded to the 

value ii.ij ' oro.iuj, ■ O.63 c^. Actually, even with the measurement 

technique used, we noted local values of the velocity prior to crack 



branching exceeding 0.7 c^, which corresponds to the measured 

branching angles. The specimen shape was nearly square and permitted 

the development of a complex system of strain waves and Instantaneous 

stress fields. However, on the whole, the measurement results con¬ 

firmed the theoretical values of the maximum main crack propagation 

velocity. 

Depending on the level of the stress on, crack branching began 

for a length (from the Initial point) on the order of l ■ (0.3 - 0.5)8, 

l.e., upon reaching the required crack edge propagation velocity. 

The cracks which formed as a result of branching usually terminated 

their growth. 

In studying the Influence of the energy accumulated In the system, 

we connected In series with the specimen steel springs In which poten¬ 

tial strain energy exceeding by several fold the acrylon specimen 

strain energy was stored. This stored energy had practically no 

effect. This shows that the fracture process of the very brittle 

materials proceeds so rapidly that only part of the potential strain 

energy near the point of fracture Is released. Significant redistri¬ 

bution of the nominal stress because of crack openings does not occur 

until the crack travels considerable distance from the edge of the 

specimen. 

On the basis of the described preliminary series of tests, we can 

already draw some conclusions relative to crack propagation velocity. 

For a high stress level (over 100 kgf/cm1) the crack propagation 

velocity variation depends very little on the technique for obtaining 

the Initial crack; the crack grows In the same way when It arises as 

a result of Impact or under the action of high local tensile stress. 

Crack growth Is Independent of the amount of potential energy accumu¬ 

lated In the system. The Influence of the specimen absolute dimen¬ 

sions on the material fracture process Is also diminished to a 

considerable degree. For a lower stress level (on the order of 

50 kgf/cm* and lower), the maximum crack propagation velocity In the 

third crack growth stage Is the same as for the higher stress levels; 
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F.gure 41. Crack propagation 
velocity versus crack length 
for different values of the 
Impact energy (on ■ 121 

kgf/cm2; X - U • 0.25 kgf*m; 
e - U = 0.05 kgf*m). 

however; the acceleration in the 

Figure 42. Crack propagation velocity 
versus crack length for different 
crack initiation techniques (on ■ 

30 kgfVcm*): 0 - U - 0.25 kgf-m; 
• - U - 0.25 kgf*m; x — twice the 
static-load tensile stress. 

first stage depends strongly on 

the technique for obtaining the initial crack. The duration of the 

third growth stage is also different. In the case of crack formation 

under the influence of high local static tensile stress, the initial 

propagation velocity is lower; however, the acceleration in the sub¬ 

sequent growth stage is higher than when the crack develops as a result 

of impact. With a still lower stress level (up to 30 kgf/cm1), the 

maximum crack propagation velocity in the third stage,if the crack 

develops as a result of high local stress, generally does not reach 

the value of the maximum crack velocity obtained as a result of impact, 

when the crack usually grows under conditions with the required excess 

energy (Figures 41 and 42). 

Figure 43 shows combined traces of the signals from four strain 

gages located in a row parallel to the fracture plane of one specimen. 

In this case, the initial crack was obtained under the influence of 

local static tensile stress in order to avoid superposing the Impact 

effect on the disturbance from crack edge displacement. 

On the basis of this recording, we can also obtain the dependence 

of the crack length on time and therefore, on the propagation velocity 

(Figure 44). 

•Translator's note: Foreign text Incorrectly uses kg here. 
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Figure i<3. Nature of dynamic Figure 4¾. Crack edge advance for 
strain change during crack 
propagation in plane specimen. 

dynamic (1) and static (2) tech¬ 
niques for obtaining crack (o ■ 
30 kgf/cm*). n 

Comparing the velocities obtained by measuring the dynamic strains 

during crack propagation (dashed curve) and by breaking of the wires 

(solid curve), we see that the measurement results agree quite well. 

The curves also agree well with the nature of the theoretical l ■ f(t) 

curve (see 13). in this case, the crack originated as a result of 

impact. For a temperature of 25°C, the average value of the specific 

energy required for the formation of unit fracture surface is 30> higher 

when the crack arises as a result of the influence of static loading 

than in the Impact case. 

On the basis of the established possibility for objective study 

of brittle fracture mechanics, we undertook a second series of tests 

of plane acrylon and epoxy resin specimens, and studied the influence 

of nonuniform stress distribution along the specimen edges. The 

specimens were nearly square (300 x 350 x 3 mm) and rectangular (640 x 

350 x 3 mm), respectively. Part of the specimens of both materials 

were loaded, as in the first series of tests, by uniformly distributed 

tensile stress.# The remainder were loaded so that the tensile stress 

at the specimen edges was distributed linearly in certain cases, and 

nonlinearly in others. In certain specimens, individual zones of 

secondary biaxial stress state were created to simulate the residual 

stress zones. In the specimens with the secondary local stresses, in 

addition to the tensile stresses applied to the specimen edges by a 
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Figure ^5. Iscchroraes showing 
stress distribution near edge 
of hole in specimen loaded 
radially.

Figure ^46. Poisson's ratio for 
epoxy resin as function of stress 
and temperature.
1 250 c; 2 — 40® C; 3 — 50® C.

lever mechanism, a special loading device was used to create addition­

al biaxial stresses near the assumed fracture surface. This loading 
device consisted of a 36 mm diameter split steel cylinder which could 
be expanded by an Internal conical core. After creating — with the 
aid of this device — a uniformly distributed pressure at the surface 
cf a hole in the specimen, the stress distribution was verified by 
the photoelastic method (Figure 45). It was found to be necessary 
to Introduce a thin rubber ring to equalize the strain distribution 
between the expandable cylinder and the specimen material in order 
to ensure a secondary stress distribution which Is symmetric relative 
to the center. In some cf the specimens, there was only a single 
secondary stress center. In others there was a whole series of such 
centers, located along the assumed crack propagation line. The same 
secondary stress level at all the centers was achieved by tightening 
up the conical cores of the split cylinders and verifying the stress 

magnitude by the photoelastic method.

The tests associated with study of crack propagation In plane 
speclm.ens were conducted at a temperature of about 25® C. The proper­

ties of acrylon under these conditions were described above. The 
epoxy resins were cast into glass for.Tis and then the specimens were 
taken out and cooled slowly. In order to eliminate residual stresses, 
the specimens were annealed several times In a glycerine bath, ihe



properties of the epoxy specimen 

material were verified by repeated 

tests. It was found that the ulti¬ 

mate strength ob • 500 kgf/cm1, the 

longitudinal elastic wave propagation 

velocity In the material cmax ■ 

1100 m/sec. The dependence of the 

Poisson's ratio on the stress Is 

shown In Figure 46. The epoxy resin 

Is Just as brittle a material as 

aeryIon. 

The crack propagation velocity was measured by breaking current- 

carrying wires as described In examining the first series of tests. 

In certain cases, the Instantaneous strain values were measured with 

the aid of strain gagea bonded near the supposed crack line In order 

to check the crack edge displacement velocity. Strain gages were also 

installed at the specimen edges to determine the distribution of the 

nominal stress on during the tests. In most cases, the Initial crack 

was obtained with an Impact of energy 0.25 kgf*m. The specimens were 

mounted in the loading device so that the crack propagation direction 

coincided with the direction of casting. The recording of the dynamic 

strains, measured by strain gages mounted In the immediate vicinity 

of the growing crack, and also by lateral strain gages located at 

considerable distance from the crack, showed that the level of the 

Instantaneous stress values remains practically constant In the third 

growth stage. 

The test results on the square aeryIon specimens confirmed the 

conclusions drawn previously. Figure 47 shows crack propagation 

velocity as a function of crack length for two values of the uniformly 

distributed nominal stress on ■ 41.5 kgf/cm* and on ■ 62.5 kgf/cm*, 

which corresponds to the relative value ' • For these stress 

values, the maximum velocity v* * 650 m/sec required for crack branch¬ 

ing was not reached and the crack propagated along a straight line 

Figure 47. Crack propagation 
velocity In tests of square 
acrylon specimens as function 
of stress level. 

1 — on ■ 62.5 kgf/cm*; 2 — 

on » 41.5 kgf/cm*. 
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Figure »<8. Crack shape In square acrylon specimen tested with uniform 
tensile stress distribution o ■ 62.5 kgf/cm*.

Figure 49. Crack length versus 
time for brittle fracture.

(Figure 48). The crack length as 
a function of time Is shown In 
Figure 49. The nature of the 
curves shown In these figures 
agrees well with the theoretical 
conclusions presented In §3* 
Differentiation of the curves of 
cr«ck propagation velocity vari­

ation with time shows that the 
Initial acceleration of a crack

1 square acrylon specimen arising under the Influence of
(t » 0.9 cm; - 62.5 kgf/cm*); *

local tensile stress depends on'cr n

2 — rectangular epoxy resin 
specimen cm, 0^ ■
40 kgf/cm^); 3 — square acrylon 
specimen ■ 2 cm; ■

41.5 kgf/cm*); 4 — square epoxy 
resin specimen * 15 cm;
0 * 9.8 kgf/cm*).

the magnitude of o for a low stress 

level
I

"I

I

III

The square epoxy resin 
specimen test results permit 
drawing the same conclusions as 

In the acrylon specimen tests. The dependence of crack propagation 
velocity on crack length In the first stages of specimen fracture 
growth for uniformly distributed tensile stress Is shown In Figure 50.
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Fit^ure 50. Crack propagation 
velocity in plane square epoxy 
resin specimens versus level 
of uniformly distributed ten­

sile stress along specimen 
edges (0 Indicates crack 
branching points).
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Figure 51. Crack branching 
during test of square epoxy 
resin specimen with a =

35 kgf/cm^
riature of bi'anching;

b — quar-tiiative data.

With increase of the nominal stress 
level, there is an increase of the 
initial crack edge acceleration and 
of the propagation velocity in the 
third ci'ack growth stage. A tendency 
toward crack branching arises when

/r*
reaching a velocity v* = 0.6/^ =

/ E max
^100 m/sec. This means that crack
branching begins earlier, the higher
the level of the nominal stress o .

n

There is also an increase of the 
number of crack branchings. If

< 38 kgf/cm^, branching does not
°b

occur. At higher stresses (o > »

we note on the specimen fracture sur­

face traces of Intense crack micro- 
branching and tearing out of material 
particles. The nature of the branch­

ing and diagrams of crack propagation 
velocity in these cases are shown in 
Figures 51 through 53. The dependence 
of the angle at the first branch­

ing (angle between the two crack 
branches) and the distance x (from

V’

the initial fracture point to the 
first branching) on the tensile 
stress level in the specimen is 
shown in Figure 5^. The higher the 
nominal stress, the larger is the 
number of crack branchings and tiie 
larger the num.ber of short lateral 
cracks which branch off from the 
main crack. Figures 51 through 53 
also show the main crack propagation 
velocity after branching arid the
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Figure 52. Crack branching 
during test of square epoxy 
resin specimen with nominal 
stress = 67.7 kgf/cm*.

nature of branching;
b — quantitative data.
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Figure 53. Crack branching during 
test of square epoxy resin specimen 
with nominal stress = 75 kgf/cra*.

a — nature of branching; b — 
quantitative data.

velocities Vi and Vz of both crack branches. Some of the diagrams 
show only the velocity of the one branch which propagates with the 
higher velocity (main crack). We note that the initial crack velocity 
at the branching point can be measured only on the basis of dynamic 
strain recording. We can assume that the actua?. velocity values at 
the branching point may be somewhat lower than shown in the figures; 
however, crack growth does not terminate in any of the cases.

For the higher values of the crack propagation velocity, we note 
prior to the branching point traces of tearing out of material par­

ticles and microbranchings, and the surface is reminiscent of a 
chevron fracture. Beyond the branching point, we again note on the
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Figure 5^. Crack branching 
angle (pv and distance from 

crack origin to branching 
point versus nominal stress 
level from data of plane 
epoxy resin specimen tests. 

Figure 55. Crack propagation 
velocity in rectangular epoxy 
resin specimens: 

1 — on * 9.4 kgf/cm2; 2 — 

o„ * 40 kgf/cm*; 3 — o * 
n n 
66 kgf/cm*. 

fracture surface bright smooth areas corresponding to lower crack 

propagation velocity. Thus, we can Judge the magnitude of the instan¬ 

taneous crack propagation velocity on the basis of the nature of the 

fracture. 

With increase of the velocity, there is an increase of the 

overall specific work required for the formation of each running 

centimeter of fracture surface in a specimen of constant thickness, 

since the free surface area F^ which actually arises in this case 

Increases because of the numerous crack direction changes and the 

presence of numerous lateral cracks, which leads to an increase of 

the product Uw - KjFj. In this case, the value of Kd diminishes 

somewhat. After reaching the critical value of this work, crack 

macrobranching becomes more probable with regard to the energy 

conditions. 

In order to determine the influence of specimen shape, we also 

made tests of rectangular epoxy resin specimens with the size of the 

longer side, oriented in the direction of crack propagation, equal 

to 640 mm. The specimens were loaded along the edges by a uniformly 

distributed tensile load. Two specimens were tested at a nominal 
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stress on = 9.¾ kgf/cm2, two at on ■ 40 kgf/cin1, and the last two 

at v>n * 66 kgf/cma. The test results are shown In Figure 55. 

Comparison of these results with those of square specimen tests 

shows that the nature of crack propagation and branching In the rec¬ 

tangular specimens is similar to that observed for square specimens; 

however, the limit state Is reached for a higher stress. Thus, for 

example, for * 5 kgf/cm*, a crack does not develop in the rectangu¬ 
lar specimen, while the square specimen under these conditions falls 

with a smooth fracture. Crack branching In the rectangular and square 

specimens begins at practically the same crack propagation velocity 

v* ■ 400 m/sec; however, a stress of no less than 65 kgf/cm* is nec¬ 

essary to obtain this velocity In the rectangular specimen, while a 

stress of 40 kgf/cm* is sufficient in the square specimen. 

The shorter relative distance from the specimen edge to the 

TT“ TrS“ ^ US) Influences 
T 

both propagation velocity and crack direction. The corresponding 

relative distance for the square specimen Is 77^iTf ^ • Thus, the 
T 

distance from the crack to the specimen edge and the specimen shape 

have a very strong Influence on the nature of crack growth, since 

these factors Influence the Instantaneous stress distribution in the 

specimen. Specifically, for rectangular specimens with high stresses 

In the third stage, we see clearly the wavy crack form and periodic 

change of the propagation velocity, which did not occur in the square 

specimens. Careful study of the nature of the fracture, specifically 

x-ray micrography of the material structure at different distances 

from the fracture surface, showed that the material property changes 

associated with irreversible energy absorption are distributed In 

accordance with a periodic law through the thickness of the surface 

layer. In view of this, the fracture mechanics relations presented 

above are valid only in the second fracture growth stage, with 

accelerated crack edge advance. After increase of the velocity to v#, 

we must study strain wave propagation in the body and consider the 

associated dynamic stresses which arise with rapid advance of the 
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brittle fracture crack in a body of given geometric shape. Nor can 

we ignore the influence of Rayleigh waves. 

The cracks in rectangular epoxy resin specimens at stresses 

above 10 kgf/cm2 have a curvilinear form, and they may extend prema¬ 

turely to the edge of a narrow specimen. The fracture surface has a 

nonuniform nature and in certain places is reminiscent of a pitted sur¬ 

face, since the crack direction frequently changes by a small angle. 

The crack propagation velocity measurement data show a large amount 

of scatter in comparison with the corresponding data for the square 

specimens. Crack branching occurs at a higher stress than for the 

square specimens and the acceleration after branching is higher, but 

is observed in the course of a shorter time interval. Only the single 

main crack branch which is most favorably oriented in relation to the 

nominal tensile stress extends to the specimen edge. In the fracture 

of rectangular specimens, the crack branching point is also preceded 

by a fracture segment with "chevron" structure. The dependence of 

crack length on time is shown in Figure 55» where the corresponding 

data of square specimen tests are also presented for comparison. In 

the accelerated crack propagation region, the results for the two 

specimen types coincide and agree with the theoretical data. 

An important characteristic of the fracture process is the crack 

propagation velocity dependence on the nominal stress level. Figure 

56 shows the average crack propagation velocity v and the velocity 

vmax at the end of the accelerated crack growth state (for example, 

for Z = 80 mm) as a function of the stress level for square and 

rectangular epoxy resin specimens. For theoretical study purposes, 

the vmax curves are of greater interest than the v curves, since they 

agree well with the theoretical conclusions presented in 53. If we 

plot the relation v2ax » f(Z, o2) with account for (J45) for the subject 

fracture growth stage,all the experimental points fall on a single 

curve (Figure 57). The average velocity v naturally depends on the 

specimen dimension in the crack propagation direction. In the general 

case, the crack propagation velocity depends on the product of crack 

length and stress to some power. At the beginning of the second frac¬ 

ture growth stage, the determining parameter for the subject brittle 
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Kl,, re 56. Average and maximum 
íes of crack propagation 

xoclty In square (solid curves) 
and rectangular (dashed curves) 
epoxy resin specimens versus 
stress 0 . 

n 

nominal stress level for square 
(1) and rectangular (2) epoxy 
resin specimens. 

Figure 57. Crack propagation 
velocity at end of second 
brittle fracture growth stage 
for epoxy resin specimens versus 
theoretical parameter Zo*. 

Flgure 59. Nominal stress dis¬ 
tribution In plane specimens 
with constant stress gradient. 

materials Is the parameter la1, which corresponds to the value A ■ 1 

In (9). At the end of this stage and a velocity close to the maximum 

value, the exponent decreases and the parameter Zo becomes determining. 

The dependence of the maximum relative crack propagation velocity 

V 
-yy- on the stress level for epoxy resin specimens Is shown in Figure 

58. 
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Figure 60. Crack propagation 
velocity in specimens with 
linear distribution of nominal 
stress versus stress level 

a 
max 

(: 
Jmin 

-). 

1 — 104/ — 20.8 kgf/cm*; 
2 — 73/ — 14.6 kgf/cm*; 
3 — 31/ — 6.25 kgf/cm*. 

To study the influence of the 

distribution of the stress a along 
n 

the specimen edges on fracture growth 

we tested square specimens loaded by 

a combined tensile and bending load 

whose resultant passed 75 mm from 

the upper edge of the specimen. The 

stress was distributed linearly along 

the specimen edges (Figure 59), with the 

stress reversing direction about 50 

mm from the lower edge of the speci¬ 

men, and the lower part of the speci¬ 

men was compressed. Prior to obtain¬ 

ing the Initial crack, the linearity 

of the nominal stress distribution 

was checked on the acrylon specimens 

by the photoelastic method. Crack propagation in the nonuniform nomi¬ 

nal stress distribution field was studied on five square acrylon and 

four epoxy resin specimens. The values of the maximum nominal tension 

stress (o ) and the maximum compression stress (o ) . for the 
n ma* n min 

Individual specimens are shown in the table. 

Acrylon -t.7y.-M.i1 ! -fry—it.n 4 101/-C1».» -f 101/-..11 

Epoxy resin 4 i>y_ 7.K i 

i 

The results of the acrylon specimen tests show (Figure 60) that, 

in the third and fourth fracture growth stages, the nominal stress 

gradient retards crack advance markedly. The segment of constant 

crack propagation velocity was very short. The average crack propa¬ 

gation velocity V was considerably lower than in the case of uniform 

tensile stress.distribution. If we determine the average value 

°n m X 
—2nominal stress in the tension zone, and then interpolate 

graphically (Figure 40) to find the corresponding value of the average 

crack propagation velocity for uniform stress distribution, we can 
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compare the crack propagation conditions for uniform and nonuniform 

stress distribution. For convenience, the data obtained are summarized 

in the table. 

V in m/sec for 
Stress Distribution 

in kgf/cm* 
n 
*.i 1 u 

Uniform 
Linear 

ro I no 
210 .100 

For the lower stresses, the crack has a wave-like form, as in 

most cases of crack propagation with small excess energy. Similar 

results were obtained in studies of square epoxy resin specimens. 

The values of the average crack propagation velocity are shown in 

the table. 

V in m/sec for 
Stress Distribution 

o„ In kgf/cm* 

M 19.1 

Uniform (from 
interpolation) 250 200 310 

Linear 190 210 270 

It was not possible in any of the tests to localize the crack, 

i.e., to stop Its growth In the low or compressive nominal stress 

zone, since the size of this zone was small and In all cases, the 

crack approached the edge of the specimen under conditions of a quite 

large kinetic energy margin. However, several centimeters ahead of 

the fracture peak along the path, the nature of the fracture surface 

differs from that established in the preceding tests. The fracture 

appearance Indicates oscillations of the crack propagation velocity 

and abrupt and large crack direction changes (Figure 61). 

By analogy with the case of uniform nominal stress distribution, 

we can determine the crack opening y, the energy components U and 
O' 

[see (35) and (37)], and calculate the velocity and acceleration 

of the crack edge in the second fracture growth state with linear 

o - o . 
stress distribution = °v, -- —■*--*—0-51¾. In this fracture 

n n max i 
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Figure 6l. Crack in epoxy resin specimen obtained with linear nominal
13 kgf/cD^; 0 . = -2.6 kgf/cm^).

n
stress distribution (o„ =

n luaX

growth stage, the influence of the constant stress gradient is small
for 0 »

n max n min'

All the studies made of brittle m.aterial fr'acture conditions 
show that the iiiStanlaneous value of the crack prcpagaticn velocity 
depends primarily on the local stress and to a lesser degree on the 
stress gradient, with the magnitude of the stress at a short distance 
from the crack edge being of primary importance. In view of this, we 
also made tests with nonlinear stress distribution and local residual 
stress zones.

In the tests of two square acrylon specimens, the nominal stress 
was distributed in accordance with the aiagrams of Figure 62a, b.

The resulting diagrams of crack propagation velocity variation for 
the two stress levels are shown in Figure 63. Shv...n for comparison 
is the curve (dashed) for a square specimen of the same material 
loaded by a uniformly distributed stress = i)1.5 kgf/cm*. In the

second and third fracture growth stages, the two curves coincide, and 
the crack propagation velocities differ only in the reduced stress 
zone. It is interesting to note the wave-like nature of the curves. 
The edge of the fracture surface has an irregular form.
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Figure 62. Nonuniform nominal 
plane aeryIon specimens. 

CM 

distribution along edges of 

Figure 63. Crack propagation 
velocity In acrylon specimens 
with nonuniform nominal stress 
distribution along specimen 
edges in accordance with the 
diagrams of Figure 61 (solid 
curves). 

Figure 64. Principal stress 
distribution In vicinity of 
hole In two specimens from 
measurement data. 

In addition, we studied brittle material fracture mechanics on 

six epoxy resin specimens with local secondary biaxial stress zones, 

located near the crack propagation path. The distribution of the 

stress 01 ■ >02 In the vicinity of a hole loaded by Internal pressure 
Is shown In Figure 64. In four of the specimens, there was only a 

single local stress zone; In the other two specimens, there were six 

such zones. 

In the first three cases, the crack propagated to the local 

secondary stress field. In the last case, the crack was only deflected 

by this field (Figures 64 and 65). In all the specimens, the nominal 

tensile stress on * 20 kgf/cm2 was distributed uniformly. The maximum 

tensile stress near the edge of the hole at points A was 110 - 120 

kgf/cm2, while at points B it was in the range of 60 - 70 kgf/cm2. 
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Figure 65. Location in specimens 
of holes playing role of local 
stress zones.

Figure 66. Crack in type g 
specimen (Figure 65).

With a nominal stress of = 5 kgf/cm*, considerable disruption of

the initial uniform tensile stress distribution extends to a distance 
on the order of 50 mm from the edge of the hole. If the crack passes 
at a distance of more than 20 mm from the edge of the hole, the crack 
deflection does not bring it to the edge of the hole (Figure 66).
Change of the crack direction is observed for the given type of stress 
state disturbance only to a distance of no more than 50 mm from the 
edge of the crack.

The crack propagates perpendicularly to the direction of the 
maximum tensile stress and its velocity of advance depends on the 
stress level (Figure 67). If there were no secondary stress zone, 
the crack advance acceleration would be zero and the crack would 
propagate as shown by the dashed curve. In this case,the crack does 
not branch, although its propagation velocity reaches a quite high 
local value. The reason for this lies in the fact that the maximum 
tensile stre.~s direction is not distorted significantly by the dynamic 
effects at the propagating crack edge. Under these conditions, 
several equivalent tensile stress directions are not obtained. Further



proof of the single-valued Influence of the local stress field on the 
direction, velocity, and nature of crack propagation In a brittle 
material la given by the results of tests of specimens with a series

of secondary stress zones.

Six secondary stress zones, whose isochromes obtained by the 
photoelastic rethod are shown In Figure 68, were created In a square 
epoxy resin specimen. An example of crack propagation in this com­

plex stress field Is shown In Figure 69- The nominal stress -

20 kgf/cm*. In the material web between the first two holes,^the 
stress from the external load decreased to less than 5 kgf/cra*. In 
addition, a 1 ?h. ronunlfcrmly distributed tensile stress directed 
along the tangent to the hole contour was added; this stress was 
about 30 kgf/cm* at the middle of the web, and 90 kgf/cm* near the 
edge of the hole. In exact correspondence with the resultant stress 
field, the crack suddenly altered Its direction by 90°, without 
branching, however. Conversely, in the material web between the 
first and second holes of one row, there Is a high tensile stress 
from the external load. The second crack, after beginning from the 
surface defect of the first hole, accordingly propagated with high 
velocity on the order of 60 m/sec and branched In the uniformly dis­

tributed tensile stress field between the two holes. In this case, 
the crack oranch growth either quickly terminated or the branches 
quickly altered their direction In accordance with the local stress

distribution.
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Figure 68. Isochromes of stress 
distribution in plane specimen 
with secondary stress zones.

Figure 69. Crack propagation in 
complex stress field with peri­

odic secondary stress distribution.

These data relate to quasi-uniform thermoplastic materials in 
the glassy hard solid, which showed marked brittle material proper­

ties in the tests conducted. For comparison and to clarify the ques­

tion of whether fast-fracture mechanics in the static loading case 
depends on the ductility of the plastic, we made tests of several 
K475 polystyrene specimens (produced by the BACP firm) and determined 
the limit stress values. The polystyrene tested is a ductile material 
whose mechanical properties are covered ii; more detail in the next 
chapter, devoted to fracture mechanics under fatigue conditions (see 
Chapter 2). The material has the following basic properties: ultimate

strength = 200 kgf/cm*; yield limit = 178 kgf/cm*; relative

elongation at failure 6 = 2955; impact toughness of notched specimens 
7 kgf-cm/cm*; impact toughness of smooth specimens 75 kgf-cm/cm*. The 
material tensile diagram is shown in Figure 70. The tensile elastic 
modulus is 24,000 kgf/cm*, the Poisson’s ratio in the stress variation 
range studied depends very little on the stress and is v = 0.34. Tiie

speed of sound in the material c
max

1,200 m/sec.



ft kgf/cm2 

Figure 70. Tensile diagram for Figure 71» Results of tests of 
KÍ75 ductile polystyrene K475 polystyrene specimens with 
specimen. sharp lateral notches subject to 

static loading. 

We first tested nine specimens with lateral notches of the type 

shown in Figure 38 under static loading. The specimen width B ■ 40 mm 

and notch depth were different for the individual specimens and 

corresponded to the ratios £ * g “ 0.075» 0.125» 0.175» 0.225» and, 

0.25. In all cases, the notch bottom rounding radius was p ■ 0.5 mm. 

The test results are shown in Figure 71. Then we tested two square 

specimens for which the initial crack started as a result of impact 

at the location of a 10 mm deep notch. In this case, we measured the 

crack propagation velocity. To obtain a "brittle” crack, it was 

necessary to select a tensile stress no lower than on ■ 85 kgf/cm2 

and provide relatively high impact energy 0.5 kgf-m. As a result of 

the first impact, we obtained cracks 5 and 10 mm long (with account 

for the notch depth 15 and 20 mm, respectively), which did not grow. 

For this stress level and K * 2.5 kgf'cm/cm2, the critical crack 

length is 

With the second impact on the wedge, the crack began to grow and 

propagated through the entire thickness of the specimen under the 

influence of the dynamic load and the 85 kgf/cm2 stress from the 

external load. The nature of the fracture indicated high ductility 

of the material. There was no crack branching and the average propa¬ 

gation velocity was 180 m/sec, which, for the high stress, corresponds 
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to an average K ■ 3 kgf•cm/cm*, and exceeds the value for acrylon or 
the epoxy resin. 

§5. Influence of Material Defects ln Glassy Hard State on 

Strength In Presence of Heat Flu» 

In the preceding sections, we examined the strength of parts with 

defects for the brittle material state and in the presence of stresses 

from external forces and moments. However, the theoretical and experi¬ 

mental data show that material defects have a significant effect on 

the strength in the presence of thermal flux in the wall of the part. 

A crack oriented perpendicular to the temperature gradient offers 

considerable resistance along the heat flux path; in the limit, we can 

consider a crack with surfaces which are completely isolated thermally. 

Let us examine the case when the part dimensions are quite large 

in comparison with the crack dimension. The boundary conditions have 

no influence on the thermal flux near a crack propagating normal to 

its plane. The critical temperature gradient AT deg/cm in an 
Cl* 

idealized plate with centrally located crack can be found from the 

energy balance conditions at the crack edge. Then 

"■■'--srl'-siniw' (53) 

where l is the crack length, KT is the coefficient of thermal expansion 

of the material; E' ■ is the elastic modulus for plane strain; 

k 

K - K0e T is the specific energy required for the formation of unit 

fracture surface. 

In deriving this formula, we assumed that the material temperature 

does not change with displacement in any direction parallel to the 

plane of the crack, i.e., the thermal flux is uniaxial. The crajk 

propagation direction at the initial moment does not lie in the crack 

plane, but forms an angle on the order of 70° with this plane, which 

is confirmed by both theory and experiment. This is explained by the 
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nature of the etresa state at the crack edge, where high shear stresses 

evelop due to the difference of the material elongations on the two 

-Ides of the crack. In contrast with the case when the stress arises 

under the Influence of an external load and the limit »alue Is deter- 
1/ 

mined from the formula o, ■ const i” * *.u . 
j lim const i t with the above simplification 

'lim * const l 
J/i 

Thus, the critical crock length for the same material properties 

Is considerably shorter and Its growth takes place raster. The 

difference between the two cases being considered Increase, with 

increase of the Initial defect site. The crack does not propagate In 

plane of the Initial defect! therefore, for the exact solution, 

we must take Into account the dependence of the variables on the 

orientation of the displacing crack edge, since even In the simplified 

representation of the stress gradient, the crack edge propagates In 

material having different temperatures at different points. However 

the tests of acrylon specimens showed that the final results obtained 

on the basis of the formula given above are sufficiently exact In all 
C€LS6S • 

If we determine the limit stress o<Um i„ a plane specimen with 

ciack along the longitudinal axis, loaded by uniaxial tensile stress 

with uniaxial temperature gradient, then 

ü^íí. \ °KDt» \ toxpti J * (5¾) 

where is the stress for the same specimen without 

gradient. 
the temperature 

It should be noted that KTE'm i o,, and the presence of the 

temperature gradient has an unfavorable influence on the strength of 

parts with defects. These conclusions are also valid for the steady- 

state temperature gradient case, in the case of rapid temperature 
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change., th. Influence of the defect* becomes still more unfavorable. 

However. It 1. difficult to determine sufficiently reliably the maxi¬ 

mum temperature gradient and thermal Insulating properties of th. 

a; r ,PriC PartS are ïery •en*ltl',e temperature gradients 
and the latter must be considered In selecting the material and 
designing the parts. 

On the basis of our test results, we can not. the following 

facts of Interest to designers and engineers: 

1- The quasl-homogeneous thermoplastic materials In the glassy 

hard state when subjected to static loading have marked sensitivity 

:B:arefr <CraC,t■, VOld,)* ^ th* strength reduction 
depend, on the geometric parameter, of the defect and It. orientation 

the T iiTeetioa of the •"•««« stress. Determination of 
the static atrength by mean, of test, of smooth specimen, without 

stress concentration doe. not yield data suitable for use In calcu- 

lating the strength of parts of complex form. 

defee« "’I "r«tlon and velocity of crack propagation from Initial 

rltlll r by the 100,1 t,n8lle “‘•«t- Compression stress 

ir T' ZTrr'*'"'* ^ lea<1 t0 t,raln,tl°" of «» Propagation, 
the specific energy necessary for the development of unit fracture 

surface i < 1 kgf-cm/cm1 termination of crack growth In the tensile 

stress tone of action Is practically Impossible, with the exception 

of the case when the stresses are less than l/100ob. If the values 

of the specific energy are higher, crack growth may terminate even 

with the stresses encountered in practice. 

3. Crack Instability Is determined by the condition o’l - const 
w ere the constant quantity depends on the material, loading technique! 

and geometric factors, with Increase of part site, the value of the 

constant Increases. The tests conducted did not disclose any signi¬ 

ficant Influence of the amount of potential strain energy In the 
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system as a whole on the fracture conditions for the brittle 

materials, since the fracture velocity of such materials is so high 

that the energy supplied to the crack from its vicinity plays the 

dominant role. 

In determining the static strength of parts made from a 

brittle material with defects, the magnitude of the specific energy 

K required for the formation of unit fracture surface plays an important 

role. 

The value of if must be determined experimentally for each 

material for different temperatures and presented as a material 

characteristic along with the other mechanical properties. The most 

important characteristic of a material is the quantity /EK^. The 

larger the value of this characteristic, the higher is the real 

strength of plastic parts in the glassy hard state. 

5. Local residual stresses have a significant influence on 

both crack propagation conditions and fracture process behavior. In 

view of this, the presence in real parts made from the subject materi¬ 

als of residual tensile stresses of processing origin is dangerous, 

while the presence of residual compressive stresses is favorable. 

6. The maximum crack propagation velocity in a specimen loaded 

by uniformly distributed tensile stress is v* » 0,i4cmax* where cmax 

is the speed of sound in the material. In the general case, for 

example, with complex distribution of the residual stresses, higher 

velocities can be reached without crack branching. 

7. The conclusions presented do not extend to the more ductile 

materials with K »1 kgf* cm/cm2 i their strength can be determined by 

testing smooth specimens using static loading, since they have low 

sensitivity to defects. In these materials, the initial cracks may 

not grow. The presence of a filler or reinforcement in the plastic 

will, as a rule, increase the specific work K considerably. Accor¬ 

dingly, materials with filler have lower sensitivity to notches and 
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defects and crack growth cannot be determined using the criterion 

o2Z * const, obtained for the brittle quasl-homogeneous thermoplastic 

materials. 
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CHAPTER 2 

FATIGUE CRACK INITIATION AND GROWTH» 

SI. Theory of Fatigue Crack Growth 

If a plastic specimen Is subjected to the action of a sufficiently 

high stress from a static load, at the locations of specimen surface 

damage and at small defects material damage zones which are detectable 

In the transparent materials by reduction of the transparency begin 

to grow. Initially, the zones are perpendicular to the defect edge; 

however, as specimen exposure to the loading Increases,the zones 

gradually expand and orient themselves perpendicular to the nominal 

tensile stress. The initial zones in which cracks later appear are 

initial damage zones In which the molecular bonds are gradually broken 

and the capability of the material for plastic deformation decreases. 

After some time, a crack forms in the material, the sides of the crack 

separate from one another by a noticeable distance, and form new free 

surfaces in the specimen. The lower the stress and the longer the 

duration of the exposure under load prior to failure, the more clearly 

the local damage shows up in these zones and the more easily the 

cracks are formed with smaller volume of the damaged material. With 

further exposure of the material to the load, the resulting crack 

grows, and according to the experimental studies, the following 

relation is valid for the subject materials [169] 

^Section on damage zones was written by D. Yuraid, and the fatigue 
crack growth measurements were made by K. Bogatets. 
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/ = const /(/). (1) 

The constant in the right side of this formula depends on the 

temperature for a given material and fixed loading. 

If we assume that failure of the specimen material takes place 

because of rupture of the supramolecular formation bonds under the 

influence of thermal fluctuations during exposure to load, then on the 

basis of the general theory of processes with thermal activation, we 

can obtain the following expression for the specimen lifetime [216] 

r-Y*_ 
1, -xe Kr « conste-‘a. (2) 

where v, the frequency factor, is close in magnitude to the molecular 

thermal vibration period (10“»» - 10*12 sec). The stress effect shows 

up in reduction of the activation energy from U to U - yat where y 

depends on the activation volume and therefore on the structure of the 

material, since the product ya corresponds to the work of the stress 

on the molecular bonds in the initial supramolecular structure. 

The material model on the basis of which the above formula was 

obtained, is not applicable in the case of quasi-brittle failure of 

a material in the glassy hard state, since the fracture process is 

concentrated in the zone near the edge of the initial defects and the 

specimen lifetime is not determined by the rate and intensity of the 

fluctuation of the defects distributed randomly in the specimen volume 

[49]. The material fails in zones of limited dimensions and the 

specimen lifetime depends, to a considerable degree, on the crack 

propagation conditions. If these conditions are not connected with 

interaction of individual cracks which are capable of independent 

growth, which is valid for low initial defect density, we can use a 

simplified model to describe the fracture process. 
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The assumption of small dimensions of the zone in which the 

material damage develops and absence of interaction of adjacent 

defects is confirmed by the observations of damage zone growth and 

distribution in the volume of the material. In this fracture model 

for the materials in question, the concept of the process with ther¬ 

mal activation, developing under conditions of one-sided influence of 

the stress, is also Justified. This process reduces to rupture of 

the supramolecular bonds in a limited zone near the defect edge. If 

we assume that the determining factor is the influence of the excess 

energy on rupture of these bonds, then we must take into account the 

stress excess above the minimum limiting stress Go required for 

initiation of the fracture process, Ao - o - a0. The damage zone 

structure also depends on the stress, and in the present case, the 

local level, rather than the nominal value, is Important. If we 

define the maximum local stress in terms of the stress concentration 

factor a, then in the simplest case, the crack propagation velocity 

can be determined from the formula 

y a. ~ = const< ta la — (3) 

Here it is assumed that the transition zone — which precedes 

the crack displaces along with the crack edge. The movement of 

the crack edge and transition zone is not necessarily smooth and the 

two do not necessarily move with the same velocity; however, in 

deriving the above formla, it was assumed that the crack edge motion 

is monotonie. If we assume that transition zone movement always 

leads the crack edge motion, and for the brittle materials a <* const, 

then the preceding formula takes the form 

t> ■ • Cnllst <1 [(o - 0)J T| /. (4) 

This implies that the crack growth conditions are determined by 

the magnitude of the parameter /EK, which, as shown in Chapter 1, is 

equal to c /T. 
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In accordance with these simplified concepts, the specimen 

lifetime is found from the formula tp « or for a a a 

If. - const J 
s (õ~o,r (5) 

If, as the crack grows, the transition zone dimension s varies 

as the crack length 

S -= const /, . 

the stress concentration factor a - 2j/T remains constant during 

the major part of the specimen loading time to failure [170]. In 

view of this, the quantity o in (3) can be included in the constant 

coefficient, and hereafter in the study of lifetime, we work with on 

in place of omax. The nature of the strain concentration variation 

in the transition zone depends on the material properties and defect 

type. However, in all cases, the fracture process rate varies expo¬ 

nentially as a function of the nominal stress. 

The loading time tp to specimen rupture, determined on the basis 

of the arguments presented above, agrees well with the kn,wn experi- 

nental data. This means that, in spite of the complexity of the 

long-term static fracture process, tp is determined basically by the 

process of crack growth prior to reaching the critical dimension. 

Figure 1 shows the values for two materials (metal and nonmetallic), 

which imply a linear dependence of the logarithm lg t of the loading 

time to failure on the nominal tensile stress on in accordance with 

the formula 

Ip • const r -<•. (6) 
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Figure 1. 
a function 
tively hig14 wnoxxe stress 
level. 

1 polymethyl methacrylate; 
2 — aluminum. 

This relation is valid only for 

stresses which exceed markedly the 

minimum limit stress (7(. For lower 

stresses, the relation (Figure 2) has a more complex nature. 

accordance with the arguments presented above, the relation (H) for 

small initial defect size Z0 «cß can be represented in simplified 

form by the formula 

(7) 

in which we use the dimensionless effective stress coefficient 

(excess of actual stress above the limit stress level), i.e., the 

ratio of this stress to the instantaneous value of the ultimate 

strength, determined for the given loading velocity, and the specimen 

lifetime is determined by the crack growth law. However, the crack 

growth time must not exceed the loading duration necessary for 

appearance in the subject materials of initial cracks which are 

capable of further growth. The relationship between the loading time 

to appearance of the initial cracks and the time for their growth up 

to and including failure of the specimen depends on the stress level, 

loading conditions, and specimen dimensions and geometric shape. 



If the specimen lifetime depends on the duration of both damage 

stages (crack development and growth), then in determining the life¬ 

time, we cannot utilize the simple formulas derived with account for 

the ideas on crack growth in the specimen. 

The duration of plastic specimen loading in the rubbery state 

(at a temperature above the point of transition to the glassy state) 

depends on the material properties in the viscoelastic state, which 

are determined by its structure (existence of a network, filler, and 

so on) and by the resistance of the existing defects to growth for 

the given loading conditions, which are characterized by the local 

stress state, the effect of the defect edge zone, temperature, and 

so on. 

In the case of low density of the network formed by the molecular 

chains or unfavorable influence of the external medium, the linear 

part of the limit curve of the diagram shortens and extremes appear. 

The monotonie nature of the diagram is always associated with stress 

concentration at notches and microdefects in the detail. 

In this case, the influence of two opposing factors obviously 

appears as the cracks grow and merge: on the one hand, the retarding 

influence of the large stress gradients and local changes of the bulk 

stress state; on the other hand, the large local strains e near the 

defect edge, which alter the stress concentration in this zone. We 

can consider that the influence of the stress state near the defect 

edge is considerably stronger than the influence of change of the 

average mechanical characteristics of the material as a result of 

elastoplastic strain of the molecular network. 

If the material strength were determined only by its structure 

and change of the molecular chain orientation upon loading, the limit 

stress would be an order of magnitude higher than that actually 

observed for real specimens with sharp defects. In view of this, the 

local strains near the defect edge and the change of the stress con¬ 

centration with defect growth are of decisive importance. In the 

general case, defect growtn is characterized by the equation 
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'g' A -B, +c«-‘, 

in which the last term accounts for the stress 

in the deformation process,* 
concentration change 

There can be extrema of the limiting curve Ig t - 
Uep; only 

for some limlttng value of the constant 0. The larger the actual 

value of C In comparison with this limiting value, the more clearly 

b ! “T °f the limltln8 curve sh0" “P “0 the larger the distance 
between these extrema. 

most cases, the initial defects in a specimen are "blunt" 

notches, Which cause stress concentration but are not capable of fast 

growth. The maximum stress In the peak sone win act for some time 

efore conditions are created for Initiation of a sharp crack at the 

defect edge. In certain cases, relatively large Initial defects of 

the subject type cause such slow damage sone growth that other, small«, 

defects can appear earlier on the specimen surface. 

Hacrocrack growth cannot be Included among the processes 

characterising damage accumulation. However, damage sone Initiation 

and growth Is concentrated In a known volume and therefor. Is a damage 

accumulation process, since, In this case, a continuous free surface 

s not formed In the specimen, rather there Is a random process of 

undeT °LT m0leCUlal• Chaln bond» “ « '•«suit of thermal fluctuation 
under condition, of one-sided action of the stress, If the stress sign 
s reversed, the process may be to a certain degree reversible. In 

view of this, damage sone growth to the critical dimension takes place 

fferently, and the preparatory damage accumulation phase occupies a 

arger part of the overall loading time to fracture than for static 

îustÂïïfîrdS for ? lí îi1»“? shT ln “ lnflnlte 

^0¾^¾¾ ' vÂÎÂaïur, „ - 
a/b decreases, and assimin^thS ïï.' 

obtain ac - const Jla/bHl . .)-¾. Actuall¡r> the materlal voluM 

Ä'm M.ln the general c“e « «•“« u£ , (o)t.0 X (1 , e)“m 
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loading and a constant value of the tensile stress in the most highly 

stressed volume of the material. In this portion of the loading time, 

the linear damage accumulation law is usually not applicable. 

In the general case, crack growth with variable stress takes place 

in stages [170], since the quantity K decreases slowly in the transi¬ 

tion zone ahead of the moving crack edge, particularly for small 

variable stress amplitude. In this connection, fatigue crack growth 

takes place not following the exponential lawbut rather follow¬ 

ing the power law , obtained under the assumption of uniform 

crack growth. The power law corresponds to crack growth by small 

Jumps. However, with a higher stress level, the nature of crack growth 

is more monotonie and the local value of K required for crack growth 

is reached faster. Under these conditions, the exponential relation 

corresponding to the physical bases of the local material damage pro¬ 

cess may be applicable. 

In order to clarify the importance of loading duration prior to 

the appearance of cracks at notches and defects, we made an experi¬ 

mental study of the crack initiation process. The damage zones in 

which cracks later develop are defined differently in the works of 

different investigators [146], for example, "zones of damage under 

the influence of stress," "crack zones," "silver crack zones," and 

so on. In the following, we shall use, as before, the term "damage 
zone." 

All investigators consider that the subject zones grow to a 

definite limiting length, which depends on the nominal stress level, 

and have very little influence on the resistance of the material to 

deformation and the ultimate strength ob under short-term loading. 

Only in certain studies has the connection between the appearance 

of damage zones and increase of the material brittleness because of 

corrosion ander conditions with stress acting been noted [144], The 

views of the investigators on the damage zone structure are different: 
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some consider the observed material structure defects to be cracks in 

the stable state or zones of molecular chain bond rupture; others 

consider that there is a high degree of molecular chain orientation 

under the stress action without rupture of the bonds. Bartenev [15] 

considers that the damage zones have a high degree of oriented material 

structure which has been partly damaged as a result of largo* strain 

at normal temperature. This concept is also confirmed by the results 

of the latest electron microscope studies. One of the reasons for 

the divergent views of the various investigators on the nature of 

these zones,which show up clearly because of change of the material 

optical properties, is the fact that they have examined different 

defects in different materials. The damage zones in the materials 

studied in the present work are characterized by a low local value 

of K but the absence of cracks capable of opening up the newly formed 

continuous free material surface. 

The studies described below were conducted on cast polystyrene 

and polycarbonate specimens with working section of rectangular cross 

section of the type used in conventional tensile tests. The specimens 

were bent in a special loading device which made it possible to observe 

and photograph a considerable portion of the specimen surface [151«]. 

The loading device was mounted directly on a polarizing microscope 

and permitted smooth increase of the specimen deformation up to fail¬ 

ure. The drive was provided from a motor through a flexible shaft. 

A schematic of the experimental set up is shown in Figure 3* For the 

tests with long-term loading, we used an adapter (Figure 4) which per¬ 

mitted simultaneous static loading of 50 specimens by a bending load 

with five selected values of the deformation. The loaded specimens 

were taken at definite intervals of time from the loading device and 

placed in the fixture with the microscope in which they were again 

bent to the same value of the deformation, and then the specimen sur¬ 

face was examined under the microscope. After this, the specimen 

deformation was increased to failure or the specimen was tested in 

tension. The temperature was standard (20 - 22° C). 
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Figure 3. Schematic of experi­

mental set up for studying 
plastic fatigue.
1 — photocamera; 2 — micro­

scope objective; 3 — test 
specimen; 4 — condenser;
5 — dark blue light filter 
with matte surface; 6 — 
lamps placed circumferen­

tially; 7 — gas discharge 
t ube.

Figure Fixture for simultaneous 
testing of a large number of 
specimens with constant deformation.

The basic cnaracteristics of 
the specimen m.aterials are shown in 
the following table:

Material Characteristic Polystyrene 
Edistor FA

Polycarbonate 
Macrclor. 23000

Molecular weight
1

200 (XK)
1

27 IXK)
Elastic modulus E in kgf/cm^ 27 9t)0 lx (XMl
ISpeci’^fn working section in mm 4 ti 4 10

^ 20kMelting point in ° C 200

loimi temperature in ° C r»o 90

Injection pressure when casting »

specim.ens in kgf/cmi^ :io KO
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§2. Study of Fatigue Fracture Process for Static Loading of 

Polystyrene Specimens 

The damage zone growth can be observed beginning with a minimum 

limiting deformation amounting to about 10% of the deformation at 

specimen fracture under short-term loading conditions. If the defor¬ 

mations are equal to about 60Ï of the fracture deformation, we observe 

very fast damage zone growth. The zones show up first of all on the 

faces of the specimen and then propagate along the direction toward 

the neutral line, as shown schematically in Figure 5. 

The transverse dimension of 

1 the damage zones cannot be determined 

with the aid of an optical microscope 
2 

because of the smallness of the zone, 

and the zones have the form of hair¬ 

line shadows. These damage zones 

Figure 5. Growth of damage zone differ from the cracks and wedge-like 
and crack in section of poly¬ 
styrene specimen. zones observed in the polycarbonate 

1 — tension region; 2 — com- specimens, 
pression region. 

Figure i shows damage zone growth 

for the constant deformation case. For this experiment, we selected 

a specimen with defects in the form of longitudinal cracks beneath 

the surface of the material. The damage zones show up not only on 

the faces of the specimen hut also on the crack surfaces, oriented 

approximately parallel to the tensile stress direction. 

The dependence of damage zone length on the exposure time for 

constant deformation is shown in Figure 7. The fresh damage zones 

which form as a result of fast deformation may disappear after several 

hours exposure to a compressive stress approximately equal in absolute 

magnitude to the tensile stress which led to the appearance of these 

zones. The fresh zones expand upon subsequent Increase of deformation 

of the same sign, and in the specimen of small thickness, approach 

the specimen neutral line before cracks appear In the material. The 

damage zones can be differentiated from the cracks, which appear later, 

90 



1
'1

uiiiikr

Fif-:urc 1. Damage zone propagation 
in i-ciystyrene specimen with con- 
etante bending deformation x202.
a — t*0;b — t = ') min; c — 
t = :C min; d — t = ^2 min; 
c — t = 2 hrs; f — t = 2i) hrs.

Figure 7. Crack lengUi in 
polystyrene specimen as 
function of exposure time 
under load.
1 — 0 — speclm.en deflection
y = 0.5 !!im; 2 — • — y =
0.32 mm.

only by means of careful 
observation. In the case of 
small specimen thickness, when 
the damage zone propagates to 
the specimei! neutral axis 
prior to crack initiation, 
the part of thi fracture sur­

face corresponding to damage 
growth will be mirror smooth, 
since as a result of aging, 
the capability of tie material 
for deformation is exhausted.

Under favorable conditions, 
the described experir.ontal 
. ii: nidkes it {ossiLle to

Observe the dam.age zone growth right up till the len.ent whi.h is 
follcv'cd in a small fraction of a second ty fracture. : .e time 
interval from crack initiation in the damage ccno uiitil comply-’e 
fracture of the specimen is very short i.. all cases, and varies in 
the range from 0.1 to 0.01 sec. To study brittle fracture crack



Figure 8. Damage 
zones at notch root 
In polystyrene 
specimcr x 66.S.

initiation we used sjeclnienL 
witii a sharp notch, wi;lcii 
made it possible t^^ focus 
tile micruEcope field of 
view on the crack propaga­

tion zone. Figure 8a shows 
a view of the zone around 
the notch at the beginning 
cf specimen loading. A 
characteristic feature of 
this stage is growth of 
the first damage zones in 
the dli-ection of lower 
stress gradient. Obviously, 
more favorable conditions 
are created for gradual 
rupture of the molecular 
chain bond.*" with a lower 
stress o;iadlet;t. It is

Fig.

Time to 
failure 
in sec .

y
in mm

t in 
min

T °C

a _
0.0 .> 6

b 10

: -5^
8

c 1.0 9 20

d C.6 7
e

■ • • 'l ...0.67 26

p..'" -lLl ’;ha^ th'-- siiear st*' sscs play a significant role. i ^guros 
■i - : .hiv. '.he condition of the different specimens prior to failure. 
ii carnage zrr.er it the r.'-'tch develep in the courr.r- of a short time 
ir.terval. Adjacent senes merge and ’he material transparericy decreases, 
wnl h l.c 1 sui-e Ir.dlcatioi. of "nset of the phase of fas’ apj o.-iranee 
-f a :a.i -.pen crack at the notch root (see figure 8c). Dui-ing the 
P: ajt i-.r a second prior to ccn.piete failure of the specimen, we 
■an r.'’ f- unu'.-r tlie r.lcroscope fast expansion of the fracture zone 
.-rr aping ret.ien, which has, tlic nature cf very intense local deformation, 
•iccc.mpanied hy heating and softening of the material (Flt-ure 8e).



Figure 9. Reduction of fracture 
deformation of polystyrene
cpecln.etis subjected for time t 
to constant deflection y.
1 — y» 0.57 mm; 2 — y*
0.31 mi:; 3 — 'J * 0.21 mm; 

t — notched specimen.

mmrHi-In the case of long-tern 
specimen loading in the course 
of tons ar.u hundreds ol' hours, 
the damage cones do rot expand 
si.,nlflcantay; however, their 
r.aturc cha..ges n.arkedly. In 
this care, there Is material 
brittleness Increase and reduc- 
•lon of the local value of K, 
prlniarlly Ir: those cases when 
th-. spcclmer is s.ubjected to 
SI.all peririanent deformation.
The hardening effect does not show up iecau.se of m.olecular 
orientation as a result of plastic deformat Icn. I'he resist at.. ■ f 
the specimens to brittle fracture decreases to ato's’ rc: of ’ n. 
initial ultimate strength for fast leading. "T.us, in tlie dai.a.-' 
oipcslnr processes take place: orientation of the inoltousar - lain,
(some hardening) and local breaking of the chains (local reauctlot; 
of tie r.at^rial strength and ductility).

Figure 1C. Comparlroi cf fracture 
surfaces ol polystyroio, spccln.ei.s 
tested with strain rate dy/df * 
0.135 mni/min (x 65.5).
a — initial specimen lonly tnlri-cr 
smooth part of fracture surface Is 
shown); b — specimen subjected fei-

300 hours to 
deflection y

strained sta’e 
0.2 mm.



We see from the diagram (Figure 9) that, in the first time period 

of exposure to load, the strength of specimens deformed by preloading 

by a high load increases somewhat. Only with further long-term expo¬ 

sure at a low deformation level does the effect of mater-al damage 

begin to dominate, showing up in reduction of K and increase of the 

material orittleness. However, specimens with a notch do not show 

such clear-cut reduction of resistance to brittle fracture. In the 

loading duration range studied, the material hardening effect shows 

up near the bottom of the notch. This is explained by the fact that 

blunt notches do not cause as rapid damage growth as do sharp surface 

defects. 

In those cases when the test specimen is subjected to long-term 

deformation, the dimension of the mirror smooth part of the fracture 

corresponds to the dimension of the damage zones observed. However, 

the dimension of the smooth part of the fracture on both sides of the 

specimens is about 10 times smaller than on specimens fractured with 

fast loading (initial specimens), while the remaining fracture surface 

is smoother and regular wavy lines are noticeable on the surface (Fig¬ 

ure 10). Microscopic observation of prestrained specimens with 

developed damage zones did not detect any indication of fast fracture 

crack initiation, its growth takes place very rapidly. 

S3. Study of the Fracture Process for Long-Term 

Static Loading of Polycarbonate 

When loading specimens to deformations close to the elastic 

limit, we can observe the formation of a smaller number of minute 

damage zones on the faces of the specimens. In contrast with poly- 

sytrene, the number of zones is considerably less and their further 

growth takes place differently. In the first growth phase, they have 

the form of hairline shadows, and it may be difficult to differentiate 

the damage zone from a crack (Figure 11). The first damage zones 

appear r.?t at the bottom of the notch, but rather on the specimen 

surface which has not been mechanically damaged, in regions remote 

from the notch (Figure 12). In the case when a da*nage zone does 

develop near the bottom of the notch for relatively small deformation. 
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Figure 12. Cracks near notch in specimen 
shown in Figure 11 (x 101).

■M
Figure 11. Damage 
zones in polycar­

bonate specim.en 
tested with constant 
deformation y =
2.21 mm., with an 
exposure in the 
deformed state 
for 2k hours 
(X 202).

I*#

Figure 13. Simultaneous growth of damage 
zones on surface and at bottom of notch 
in polycarbonate specimen (x 66.5) (y = 
1.32 mm; t = 288 hours; T = 21° C).

the zone will not be any 
more marked in comparison 
with the zones on the 
undamaged specimen sur­

face, which is most 
hazardous with respect 
tc subsequent failure 
(Figure 13). The 
orientation of the 
developed dam.age zones 
in the vicinity of the 
notch after Isng-term.
specimen deformation is shown in Figure 14. The growing cracks have 
■ he form of sharp wedges and are definitely open, at least at some 
depth below the m;aterial surface (Figure 15).

Figure 1^. Growing cracks in polycarbonate 
specimen (x 66.5).



Figure 15. Wedge-like cracks outside 
notch zone In specimen shown in 
Figure 1^ (x 133)-

Figure l6. Open cracks with blunt edge 
In polycarbonate specimen (x 66.5)
(y = 0.96 mm; t = 22 hours; T = 22° C).

Figure 17. Open crack with rounded edge 
in polycarbonate specimen (x 66.5) (y = 
1.32 mm; t = 189 hours; T = 22= C).

In addition to the 
filamentary and wedge-like 
cracks, in certain cases, 
we encounter open cracks 
of small length with rounded 
edges as a result of large 
plastic deformations (Fig­

ure 16), which upon further 
loading, behave like an 
artificial notch with 
rounded bottom. Typical 
for the specimens examined 
are easily visible lines 
in the lateral directions 
around the notch, whose 
nature depends on the 
directions of the neighbor­

ing zones, and growth of 
new zones from the rounded 
edge of the old zone 
(Figures 17 and 18). These 
data show that if the 
damage reaches in its 
growth a stronger material 
zone before the critical 
magnitude is reached, its 
nature may change. Hence, 
we also see how Important 
IS the statistical inter­

pretation of the charac­

teristics of resistance to 
orlttle and fatigue fracture 
•-or the subject m,aterials 
[28, 101]. Similar to the 
situation observeo in 
testing specimens with



Flgui-e l8. Appearance of crack shown 
in Figure 21 after increasing 
deflection to the value y = 2.^1 ram 
with velocity dy/dt = 0.135 mm/rain.

Figure 15. Tension diagram of poly­

carbonate specimens recorded on an 
Instron TT-DM machine.
1 — specimen without notch, cross 
section area F = 0.39^ cm^; 2 — 
specimen with notch 0.1 mm deep and 
bottom rounding radius p = 0.001 mm; 
F = 0.392 cm^; 3 — specimen sub­

jected to prestrain for 2H hours 
(y = 1.32 mm; T = 22° C; F =
0.389 cm=^).

artificial notches, with 
the development of defects 
of the type being consid­

ered and further loading 
of the specimen, the speci­

men does not fail in any 
case as a result of crack 
propagation from this 
defect.

The V-sh.aped cracks 
grow fastest and therefore, 
they determine the specimen 
fracture conditions. The 
transition of the open 
crack which arises in the 
damage zone to the wedge- 
like transition zone is a 
gradual process. In view 
of this,the breaking of 
the m.olecular bonds takes 
place gradually, and the 
sharp nature of the defect 
is retained if an obstacle 
in the form of a region of 
high strength material is 
not encountered along the 
defect propagation path.

There is a connection 
between the appearance of 
aan.age zones which are 

visible under the microscope and increase of the material's brittleness. 
In all cases of damage zone appearance in a specimen subjected to 
long-term constant deformation, filamentary or wedge-like cracks 
which are visible under the m.icroscope develop and further deformation 
loads to fracture of the specimen at a stress lower than the value
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Figure 20. Decrease of 
fracture strain of

polycarbonate specimens 
after preliminary expo­

sure in bent condition.

.■ o - " 'J '"'
It - V - o.'.r v«

Figure 21. Surface defects in polycarbonate 
specimen detected with m.axlmum reduction of 
plasticity under the influence of long-term 
exposure in the strained state. (x 66.5)
(y = 0.57 mm; t = 337 hours).

corresponding to the limit o^, which agrees well with brittle fracture

resistance theory. Figure 19 shows the characteristic curves corre­

sponding to the tension diagrams of an undamaged specimen, an initial 
specimen with artificial notch, and a specimen subjected to static 
damage during long-term constant deformation. The notched specimens 
which were subjected to long-term constant deformation did not fall 
along the notch in any of the 60 cases. During the bending tests, 
fracture occurred at a distance of 5 ~ 10 mm from the notch, frequently 
at the location of a processing defect.

The Influence of loading duration and prestrain magnitude on 
reduction of the material ductility shows up very clearly. The 
brittleness Increase and decrease of the local value of K in the case 
of long-term loading tc relatively small deformation are most impor­

tant. Under these conditions, we obtain the lowest value of the 
brittle fracture resistance and material deformation in the fracture 
process (Figure 20). The cracks may not be visibTe to the naked eye 
and are seen only under the microscope (Figure 21.. Local orientation 
of the molecular chains is not observed; however, rupture of the
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molecular chain bonds during long-term loading may be very 

significant. 

The damage zone growth process is very sensitive to changes in 

specimen fabrication technology. For example, even slight variations 

of the procedure used in pressure casting the specimens, which do not 

lead to any change in the tensile diagram of the basic material, have 

a marked Influence on the material structure defect growth duration, 

and consequently, on the local brittleness increase. 

We can draw the following conclusion on the basis of study of 

the conditions for the onset of local material strength disruptions. 

For both materials studied, it was found that small long-term defor¬ 

mations lead to the appearance of damage zones which play an important 

role in the brittle fracture process. The local ductility reduction 

shows up to a greater degree in the polycarbonates than in polystyrene. 

The external appearance and damage zone behavior of polystyrene indi¬ 

cate that, in this case, zones of small extent with large deformation 

develop in the material at low temperature, and in these zones, there 

is orientation and gradual breaking of the overloaded molecular chains. 

The fact that long-term loading at low strain level leads to the 

appearance of damage zones which facilitate the growth of fracture 

macrocracks indicates that the usual laboratory atmosphere should be 

considered an active medium. In the case of long-term specimen 

deformation, there is marked material damage under the influence of 

the thermal activation process taking place primarily on the specimen 

faces. 

In contrast with polystyrene, the damage zones develop more 

slowly in the polycarbonate; however, the stage of their transition 

into cracks takes less time. The wedge-like cracks observed in the 

tests are apparently the result of further damage zone growth. In 

the polycarbonates the influence of local material damage dominates 

over the hardening resulting from local deformation ac low temperature. 

The short cracks with rounded edges, which are observed in certain 

cases in the polycarbonate specimens, appear in those cases when the 

crack runs along the entire damage zone length and its edge enters 
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the region of less damaged material. As a result of the large defor¬ 

mation, there is redistribution of the stress, its peak decreases, 

and crack growth may stop. In view of this, the material resistance 

to brittle fracture depends on the local material properties, namely, 

the local value of K, which characterizes the material ductility. 

The results of the experimental studies conducted show that 

material structure defect growth, which leads to failure of the 

material, is associated with the characteristics of the supramolecular 

structure of the surface material layer of specimens fabricated by 

pressure casting. The Influence of structural notches is secondary. 

It is interesting to note that even small deformations in the case 

of long-term material exposure under a stress exceeding the lower 

limiting value cause a supramolecular structure change which influ¬ 

ences the growth of cracks which develop later. 

Comparing Figures 12 and 13, we see that the specimens held for 

a longer time at a small strain show greater tendency for the appear¬ 

ance of cracks. This latent polymer structure damage is not observed 

in the standard material strength tests under fast loading conditions. 

The damage does not show up in change of the tensile elastic modulus 

or ultimate strength or the limiting strain in the macrovolumes in 

the fracture process. Irreversible changes of the crystalline struc¬ 

ture have also been detected in the crystalline polymers under condi¬ 

tions of small long-term deformations, corresponding to an initial 

stress level on the order of 50 kgf/cma. The data available are not 

yet sufficient to construct a physical model of the material damage 

process. 

A series of comparative tests in a vacuum is necessary to verify 

the Influence of the small amounts of active substance vapors present 

in the air, and also the Influence of air itself. The experimental 

studies in this field are complicated because of the fact that the 

quality of the specimens obtained by pressure casting Is not known, 

and also, because of the residual stresses in the specimen material 

surface layer. When storing specimens, the residual stresses can 

have the same effect as a small long-term deformation. The relaxation 
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processes in the material have also received very little study, and 

this prevents considering that the damage zone growth dependence on 

the stress level, which actually occurred in the described experiments, 

is uniquely established. Further experimental studies are required; 

however, we can already state that the damage of the materials tested 

is a highly localized process and the low strength of materials in 

the glassy condition is associated with the presence of damage zones. 

In those cases when the crack, as it grows, extends beyond the 

limit of the initial zone of maximum material damage in the long-term 

loading process, crack growth may stop. Loading duration plays an 

important role; therefore, in all calculations of the strength of 

detail parts made from the subject materials, we must take into account 

the proposed duration of part exposure to loading. The long-term 

action of low stresses which exceed some limiting value also has a 

significant unfavorable influence. Upon reversal of the stress sign, 

the incompletely developed damage zones may terminate their growth 

and cracks may not appear; or their growth may stop. Therefore, the 

crack growth pattern may be disrupted in the case of low alternating 

stress values. In this case, the difference between the properties 

of the surrounding material and that in the damage zone is particularly 

large. However, the lower the stress, the lower is the crack edge 

acceleration and the higher its resistance to propagation. 

It is important to establish how the crack porpagation process 

depends on the external load variation with time and the geometric 

shape of the detail. Let us examine the case when the material is 

moderately brittle (1 „ <<B), and the stress level is quite high 

o »öo. In studying crack propagation, we can use the simplified 

formula (6). We consider a specimen of simple geometric shape loaded 

by a variacle tensile stress which does not transition into a compres¬ 

sive stress. We assume that, at the high stress level, the material 

damage process takes place uniformly and reverse damage zone develop¬ 

ment does not have a significant influence on the process in question. 

In accordance with the principle of partial damage irreversibility 

under the action of the stress Oi In the course of the time Ati, the 
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corresponding relative shortening of the specimen lifetime is defined 

by the quantity (At/tp)». Similarly, the action of the stress o2 in 

the course of the subsequent time interval Att causes the relative 

lifetime shortening (At/tp)i. 

In the first approximation, the 

individual local material damages are 

summed using a linear law, and rela¬ 

tive damage equal to unity corresponds 

to reaching the limiting state and 

fracture of the specimen. If we 

consider that the stress remains 

constant during the individual time 

Intervals and changes abruptly upon 

transition from one interval to 

Figure 22. Two stages of 
specimen loading to failure 
with constant maximum stress 
level. 

another, the condition for specimen fracture for this simplified 

crack growth model may be expressed by the formula 

§(*)■’ I. 
(8) 

In the general case of continuous stress change in time o * o(t) 

without change of the stress sign, the limiting state with account 

for (6) is defined by the condition 

» .1 C*-* 
0 0 

(9) 

Tests of cellulose acetate film specimens were made for experi¬ 

mental verification of this condition. The specimens were tested 

with two different loading duration values in accordance with the 

scheme of Figure 22 [50]. The test results confirmed the validity 

of simple individual damage summation using the formula At2 + At2 * tp, 
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where t is the duration of specimen loading by constant stress to 
P 

failure. 

In practice, when fatigue loading specimens, there is not a 

discontinuous loading change with very rapid increase to a constant 

maximum value and subsequent sudden decrease to zero. Usually, the 

loading changes more or less smoothly but following a more complex 

law. In order to simplify the problem, we shall first examine the 

case of stress variation in time following a linear law with constant 

stress change rate v0. In this case, the stress at the moment of time 

t is equal to o ■ v0t. Upon substitution of this expression into (9) 

we obtain 

'r dt 
c»V” 

Ce * 

After determining the limiting stress from the condition 

Ce"* - tm (10) 

as a result of integrating the preceding expression, we find 

i i 
U c CVa. 

Since usually tp « C, we can take 

f. s* — 
* rva 

(ID 

Taking the logarithm of (10), we obtain with account for (11) 

In C — co, = in t. — In , 
P I V9 * 

or 

o,= -i-|ln(Cc) + lnp„l. 
(12) 
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We see from this formula that the limiting stress varies 

approximately as the logarithm of the loading rate. We note that 

the resistance to fracture is also expressed in terms of the strain 

rate [86]. This situation is confirmed by the well-known fact of 

increase of resistance to crack initiation at high strain rates. The 

specimen or detail lifetime tp * 1/cv^ is inversely proportional to 

the loading rate 

contl 
do 
w 

(13) 

Actually, the fracture process does not develop monotonically, 

since the material strain is not distributed uniformly but is concen¬ 

trated in zones in which the crack subsequently develops. In these 

zones, the strain rate is significantly higher than the average strain 

rate determined by the rate of displacement of the testing machine 

grips. The ratio of the local strain rate to the average value is 

determined approximately by the ratio of the specimen size to the 

damage zone size. 

We can examine similarly the case of specimen unloading with a 

linear law of stress variation in time. We assume that, at the initial 

time (t ■ 0), the specimen is loaded by the maximum stress o 
max oi 

and is then gradually unloaded to o», at which the specimen lifetime 

is exhausted. Under these conditions, specimen failure takes place 

not at the maximum stress but at a lower stress a* * o» -vt ; in o p 
accordance with (6), the condition Ce"caa « tp2 must be satisfied in 

the unloading process. This example emphasizes once again the prac¬ 

tical Importance of analysis of material damage accumulation under 

static loading. As a result of integrating (9) in application to the 

case of linear stress reduction from the initial value d at the time 

t « 0, we obtain 

o, = <ji — In (I — cv0ißi). 
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where tpi denotes the specimen lifetime when loaded by a constant 

stress equal to the maximum value of the variable stress o 
max Ol 

We see from this formula that, for specimen fracture in the unloading 

process, a definite limiting stress change rate required 

(»«)**# “ c/p, - Ce ***'• (1¾) 

In the case of a higher rate, the specimen will not fail. The 

simplified relation obtained on the basis of (6) is applicable only 

under the condition that the minimum stress in the unloading process, 

reached at the instant of specimen failure, exceeds by a sufficient 

magnitude the lower limiting stress value Go. Otherwise, we must 

use the more complete formula (7) in the integration. The results 

obtained show that the higher the initial stress, the higher the 

stress change rate during unloading (v0)nm may be for which specimen 

failure is still possible. The stress differential Oi - 02 during 

specimen unloading, which characterizes the stress reduction at fail¬ 

ure, increases with reduction of the unloading rate v0. We can examine 

similarly the more general case of load reduction with time in the 

specimen unloading process. Such a study may be of interest, for 

example, in application to the part of the tension diagram beyond the 

maximum load limits. In the case of rapid load change, for example 

in the case of impact or high strain rate within the limits of a small 

volume of the material, fracture is more difficult. If the crack 

growth in the detail takes more time than increase of the load to the 

maximal value omax and the load is rapidly reduced after reaching the 

maximum value, fracture may not occur. However, since there is a 

definite amount of potential strain energy in the detail, the local 

stress change does not follow precisely the external load change and 

the instantaneous dynamic equilibrium conditions differ from the 

equilibrium conditions for static loading. The faster the detail 

fracture process takes place, the more important is the role played 

by the amount of potential strain energy accumulated in the material 

of the detail. 
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In the very high loading rate 

case (Impact conditions), it is 

obvious that the material resistance 

to fracture increases, since the 

crack growth duration exceeds the 

duration of the period of load increase 

to the maximum value. If the stress 

is quickly reduced to the minimum 

limiting value, we again cannot 

expect realization of the process 

leading to specimen fracture. In contrast, repeated loading accom¬ 

plished at high rate leads as a result of local hysteresis in the most 

highly stressed zones to local heating of the material, which acceler¬ 

ates the damage process since in the materials in question, this tem¬ 

perature increase is always associated with thermal activation. 

Accordingly, the dependence of the damage intensity on the frequency 

of repeated loading by a tensile load has the nature shown in Figure 

23; this relationship has an extremum in the region of moderate fre¬ 

quencies. A low loading frequency and extended exposure under load 

are not favorable because of the manifestation of material fatigue at 

the stress corresponaing to the upper limit of the cycle. In view of 

this, the loading frequency must always be specified in material 

tests. Test results at one loading frequency cannot be carried over 

without experimental verification to other frequencies. The use of 

the linear damage summation law in those cases when we must consider 

periods of action of loading of different amplitude and frequency is 

permissible only in a narrow frequency range near the extremum of the 

curve (Figure 23). 

In calculating the strength of details, it is important to know 

the laws governing the material fracture process under cyclic loading. 

If the effective stress is considerably below the ultimate strength 

for short-term loading, the detail will fail as a result of fatigue 

after a large number of loading cycles. For a variable stress ampli¬ 

tude lower than the fatigue limit, the'material damage process takes 

place so slowly that in practice we consider that it is absent 

entirely [170]. In view of this, for a high loading frequency, the 

Figure 23. Material damage 
intensity versus frequency 
f of repeated tensile loading 
of specimen. 
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strength under conditions of cyclic fatigue damage is determined by 

the magnitude of the parameter oef/ob * o - o0/ob. Analysis of experi¬ 

mental results shows that crack length increases exponentially with 

increase of the number of loading cycles. In this case, we need con¬ 

sider only the number of loading cycles during the time of crack 

growth Nef * N - No, without taking into account the number of loading 

cycles No required for the appearance of the initial crack which is 

capable of further growth. In the simplest case, the fatigue crack 

length can be determined from the formula 

/ = const 
(15) 

derived under the assumption of quasi-uniform fatigue crack growth. 

The crack growth by stages actually observed is taken into account 

in this case only by the fact that we use the curve of lg l versus 

Is..Pi rather than the curve of lg l versus ?■ ~ q>. If the variable 
°b °b 

stress amplitude is larger, crack growth is accelerated and becomes 

practically uniform. These conditions correspond to an exponential 

dependence of crack length on relative stress. This situation is 

valid for > à. Actually, plastic details usually work at a 
°b * 

lower stress at which we would expect discontinuous crack growth. 

Summing up the partial damages when study fatigue crack growth 

in the region of small stress amplitudes which do not differ signifi¬ 

cantly in frequency, we can use a linear summation law in accordance 

with (8), which can be rewritten in the form 

( x*sr \ , I \ 
\T, ;i + \ ‘ß /* = 1, (16) 

where (At*)x is the effective duration of detail operation at the 

constant stress o . If we define the effective duration using the 
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formula ♦At » where ♦ Is a coefficient which depends on the shape of 

the loading cycle, the limiting lifetime expressed as the limiting 

number of loading cycles is equal to 

AVWAO \ 

or 

Here, we consider only the number of cycles during the crack 

growth time, including the growth stoppage periods between the fracture 

stages. 

We usually use, as the material fatigue characteristic, the 

limiting stress amplitude as a function of the number of loading 

cycles to fracture, i.e., the classical fatigue curve; we can also 

use the curve for the stage of formation of a crack of critical 

length. An Important role is also played by the number of loading 

cycles No to crack appearance, which essentially determines the number 

of loading changes required for the appearance, which essentially 

determines the number of loading changes required for the appearance 

of the first noticeable crack in the damage zone. Hereafter, we take 

a crack of length Z# ■ 1 mm as this crack (Figure 2¾). 

The experimental data available at the present time show that 

the dependence of the number of loading cycles to the appearance of 

the first crack capable of further growth on the stress amplitude has 

the form of the diagram shown in Figure 25. If rapid material damage 

in the most highly stressed zones is not observed at the loading 

frequencies, the curve of o versus lg N# has a linear nature. On the 

basis of (15)» we can find the number of cycles required to obtain a 

crack of definite length. The corresponding relation in the coordi¬ 

nates Ig o - Nef is also linear. Summing the numbers of cycles in 

both scages, we obtain the total number of cycles to failure. In 

\ IS',A I I* 

\±( ) 

i « 
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Figure 24. Fatigue curves 
based on constant crack 
length parameter. 

1 — specimen fracture 
(I * 2 — I * 

cr 
const; 3 — I m ¿o» 4 — 
appearance of damage 
zones. 

b) 

09 

if"» 
c) 

Figure 25. Fatigue 
diagrams in coor¬ 
dinates o - N. 

a — appearance of 
crack; b — crack 
growth for o » o#; 
c — crack growth 
for o > oo• 

this case, we take the limiting crack length equal to the critical 

length for the given part shape and dimensions. 

Fatigue crack growth in the depth of the detail depends on the 

nominal stress level and on the average mechanical properties of the 

material. In the case of crack growth by stages, it is necessary to 

differentiate the number of loading cycles in the individual crack 

growth stages and the number of cycles in the periods of crack growth 

stoppage, during which local mechanical aging of the material near 

the crack edge takes place. In the beginning of its growth, the crack 

is always relatively stable, as long as its length is considerably 

less than the critical length l « Zcr, and only local overloading of 

the molecular chain bonds leads to damage near the crack edge and 

creation of conditions for further crack growth. The crack growth 

duration in the case of repeat loading propr to reaching the critical 

length depends on the material type, level of the residual stresses 

of the first kind, and the temperature of the part. 

A schematic of fatigue crack growth with Itw variable stress 

amplitude is shown in Figure 26. The number of loading cycles from 

crack appearance to failure is expressed by the difference Nel, * 

is the total number of cycles to failure and No Ncr - N* where N cr 
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b) Is the number of cycles to crack 

appearance. This number of cycles 

Nef is subdivided into n stages, 

igure 27. Strain concentration in 
transition zone near crack edge. 

Figure 26. Schematic of fatigue 
crack growth. each of which corresponds to m 

a — crack propagation diagrams loading cycles in the stoppage period 

in relative coordinates; b — between two stages. During stoppage 
crack growth by stages for low ^ ^ 
stress level; 1. 2, 3 — crack the material is gradually damaged 

growth stages; 4 — crack 8rowthneai, crack edge as a result of 
stoppage. 

repeated loadings and the local value 

of K decreases until the possibility of a new crack "Jump" is reached 

after (m)n cycles. Thus, between the individual crack advance stages, 

a process of volume damage accumulation takes place. Near the crack 

edge, we observe strain concentration in accordance with the scheme 

of Figure 27. The nature of the strain changes as a function of 

crack length and distance from the crack edge to the specimen edge. 

When the material is no longer capable of deforming in the vicinity 

of the crack edge, a new crack growth stage starts and the crack 

length changes abruptly from the value Zn to the value Zn+1* On the 

basis of this, we obtain the following expression for the total 

number of cycles. 

(18) 
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As the crack develops, there Is a gradual decrease of the number 

of loading cycles in the crack growth stoppage periods in the remain¬ 

ing portion of the section in the increasing stress field and the 

crack length increment increases in each jump. As the crack propa¬ 

gates from the bottom of the initial notch, it moves into a region of 

the section with different loading cycle and different value of the 

stress gradient [I63]. If the crack length is small, i.e., the dis¬ 

tance from the bottom of the initial notch to the crack leading edge 

is small, the stress field at the crack edge is determined by the 

notch geometric shape and depth. In the variable loading case, there 

is a symmetric stress cycle near the crack edge. When the crack 

reaches a length of the same order as the notch depth, the influence 

of the initial notch decreases and the strain cycle near the crack 

edge becomes pulsating in the case of sign-alternating external load. 

This is explained by the fact that, under the influence of the tensile 

stress, the crack opens up and the load is transmitted through the 

material near the crack edge. In the course of half the cycle, a 

compressive stress acts, the crack closes up, and the load is trans¬ 

mitted through the crack side contact surface. With increase of the 

crack length in a brittle material, on the one hand, the strain con¬ 

centration near the crack edge Increasesj but at the same time, the 

stress cycle becomes less damaging because of reduction of the effec¬ 

tive stress amplitude. Moreover, in the case of loading of real 

details, the stress in the remaining part of the cross section 

increases with increase of the crack length. Because of this, the 

strain level near the edge of a growing crack is difficult to express 

by a simple formula. The number of crack "Jumps" plays an important 

role in the detail fracture process because of crack propagation into 

the depth of the material. The crack dimension increment in a brittle 

material in each Jump depends on the stress pulse and crack length. 

For the materialr. studied in the glassy condition, the limiting stress 

for which further crack growth is possible is determined from the 

brittle fracture conditions (see Chapter 1) in the form 

a. const Y (19) 



where sn is the dimension of the transition zone near the crack edge 

at the nth growth stage; (emax)n is the average value of the limiting 

deformation in this zone. 

As a result of repeated local deformations, including the 

irreversible component, the dimension s^ increases up to certain 

limits; however, the capability of the material for local deformation 

decreases rapidly at the same time, which leads to progressive decrease 

of the product i8Emax)n near the crack edge as the number of loading 

cycles increases. Upon reaching the limiting stress value determined 

by (19), equal to the stress level in the remaining portion of the 

section, the next crack "Jump” takes place. The higher the stress 

amplitude, the smaller is the number of loading cycles required for 

further crack growth after stopping. In the high stress case (o »o0), 

crack growth takes place practically uniformly. The stages are 

clearly manifested only in the case of low stresses, which exceed only 

slightly the lower limiting value 0(. In practice, the stress ampli¬ 

tude from the basic loading of the detail may be small; however, 

overloads are encountered. Under these conditions, crack growth 

depends specifically on the short-term overloads and the magnitude of 

the corresponding stress impulses. In this case, the number of 

loading cycles to failure is usually very large, since the basic load 

with low stress level causes practically no material damage. 

The stress pulse duration must be sufficiently long for 

realization of the material damage process [169]. When the conditions 

which define the possibility of Jump-like crack propagation are 

satisfied, the crack length is found from the formula 

/„-«inst I (Mn>„ (20) 

In view of this, for the stress level usually encountered, for 

which crack growth by stages is characteriscic, (15) is valid and 

thus, the crack length is a power-law function of the stress. The 

constant in (20) depends on the part dimensions and the elastic 
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Figure 28. Fatigue crack 
propagation conditions as 
function of stress. 

Figure 29» Fatigue crack propagation 
velocity as function of relative 
stress. 

strain wave propagation velocity. If we examine the relation for 

the crack length after n growth stages as a function of the Initial 

length 1%, the corresponding formula will have the form 

(21) 

In the case of a large number of stress pulses, we obtain from 

(21) the relation for crack length as a function of stress In the 

form l ■ ZoGgf» where the exponent k > 1 depends on the rate of 

Increase of the nominal stress level because of progressive weakening 

of the part section by the growing crack. The results of the tests 

conducted show that, for o« < o < 3o0, the exponent may be on the 

order of < ■ 2 - 3« For example, for o« 91 ob/o, the power-law rela¬ 

tion presented above can be used up to a relative stress value 

0.35. For a larger stress amplitude, we must take an expo- 
°b 

nentlal relation of the form ^ *(Figure 28). 
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The crack propagation velocity variation is shown in Figure 29. 

These theoretical studies show that, if the remaining part cross sec¬ 

tion area did not decrease as the crack length increases, and if 

overload periods were not encountered, we would observe a tendency 

toward termination of crack growth. This tendency is particularly 

clearly seen in the bending or torsion of a part, since the nominal 

stress decreases in the direction toward the center of the section. 

Compressive stress stops crack growth. 

The number of loading cycles prior to the appearance of the 

initial fatigue crack is of great importance. The quantity N0 depends 

on the stress amplitude and the material temperature. The higher the 

stress amplitude, the smaller is the ratio Jr— and the larger the por- 
*ef 

tion of the total number of cycles to failure constituted by the 

number of cycles necessary for crack propagation through the entire 

section of the specimen or detail. In actual detail parts, cracks 

develop at defects, particularly in the surface layer — i.e., in 

zones of relatively large value of the local variable stress amplitude. 

Under these conditions, initial cracks may appear early; however, 

further crack growth may take place slowly. As the crack edge moves 

away from the initial defect, the local stress concentration increases, 

however, the shape of the stress cycle becomes more favorable. 

The phenomenological theories of the fatigue process can be used 

only with certain known limitations. The most serious drawback of 

these theories is the fact that the fatigue process is regarded as 

continuous and monotonie, while in reality the individual process 

stages differ significantly. A more complete picture of the subject 

process can be formulated only on the basis of results of experimental 

studies. 

§4. Measurement of Crack Growth Velocity 

When constructional materials are used, the resistance of the 

material to fracture under variable stresses is very important. In 

order to predict the service life of details operating with variable 
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stresses, it is necessary to know the laws governing fatigue crack 

initiation at spots where defects are located and in the stress con¬ 

centration zones on the surface of the details and the conditions for 

growth of these cracks into the depth of the material up to the point 

of part failure. It is particularly Important to know the material 

behavior under variable stresses in the case when it is highly sensi¬ 

tive to notches and has low résistance to fatigue crack growth. 

Numerous examples are known of failure of plastic parts associated 

with the fact that the designer did not know and did not take into 

consideration in the design the fatigue characteristics of the material, 

did not properly evaluate the allowability of defects, and did not 

have data on the Influence of notches on the part service life. On 

the basis of the analysis presented above, we can conclude that we 

cannot restrict ourselves in strength calculations to only the fatigue 

curve obtained by testing conventional smooth specimens. 

We must differentiate at least four stages in the development 

of fatigue fracture: 

1) damage growth at material defect locations or in stress 

concentration zones; 

2) appearance in the damage zone of an initial fatigue crack; 

3) gradual crack growth in the cross section of the detail; 

4) final brittle fracture of the detail. 

Each stage has its own governing laws and occupies a certain 

part of the overall part service life. Nt loading cycles are required 

for the realization of certain irreversible local material damage and 

the appearance of a crack; N* additional cycles are required for the 

formation in the damage zone of a fatigue crack of length 1«. Thus, 

No * Nt + N* loading cycles must be realized prior to the beginning 

of fatigue crack growth into the depth of the material. After this, 

the crack gradually grows to the depth l ■ lQT during the next Nef ■ 

N * No loading cycles (Figure 26a). The final phase is brittle frac¬ 

ture of the remaining part of the section during the last loading cycle. 
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If there are In the detail sharp cracks of dimension on the 

order ot l$ which arise In the surface layer of the material during 
fabrication, then the number of loading cycles required for crack 

growth may be considerably smaller, since In this case, the lifetime 

Is determined essentially only by the period of crack growth to final 

fracture. The required number of loading cycles Is the minimum number 

of cycles which determines the shortest detail lifetime which must be 

taken into account by the designer. The crack which arises as a 

result of nonuniform loading or local overloading during fabrication 

does not have near Its edge the material fatigue damage zone. There¬ 

fore, NJ loading cycles, where N, < N#, must first be accomplished In 

order for such a crack to grow. 

We later studied the possibility of quantitative calculation of 

detail part service life when subjected to variable stresses by using 

(15) to determine fatigue crack growth. Since, in practice cases, In 

which the stress does not have a constant amplitude are encountered 

more frequently (load Is not steady-state), we undertook an experimental 

study of fatigue crack growth with variable stress amplitude. The 

objective of this study was to Investigate the possibility of using 

the superposition principle to analyze crack growth conditions with 

variable stress amplitude and develop a method for calculating the 

lifetime of details under these conditions, when the material temper¬ 

ature Is constant. 

The studies were made with low loading frequency in order to 

maintain reliably the normal specimen temperature and exclude the 

relaxation process influence. The specimens were made from three 

different materials. We took as a relatively ductile material the 

grade K475 polystyrene of the BASF firm, the brittle material was 

"acrylon" PMMA, and che material with intermediate properties was 

"suspension" PVC. 

Using the technique described in Chapter 1, for these materials, 

we determined the critical crack length lcr, which was equal to about 

4 cm for the K475 polystyrene, less than 0.5 cm for acrylon at the 

same temperature, and about 1 cm for the PVC. 
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F'-lgue Crac «í In K^75 Polystyrene with Constant Amplitude of 

Variable Stress 

The basic mechanical properties of this material were determined 

by tensile tests of specimens of section 10 x 8 mm (working section 

length 50 mm); the nature of the resulting tension diagram is shown 

<n Figure 30. The material has a clearly defined yield limit and 

good plastlclclty properties (average elonga¬ 

tion at failure is 30Ï). The average value of 

the yield limit of the specimens tested prac¬ 

tically coincides with the ultimate strength 

178 kgf/cm2, since there is practically no 

hardening of the material during plastic defor¬ 

mation. The tensile tests were conducted at 

a strain rate of 10 mm/min and temperature 20° 

C. For complete elimination of residual stresses 

the specimens were annealed for 16 hours at 

8l° C (3° C below the softening temperature of 

tne material). The remaining properties of 

the material are presented in the following 

table: 

E in kgf/cm* G in kgf/cm* Density 

Thermal 
Conductivity 

in 
kcal/m*hr °C 

Coefficient of 
Thermal Expansion 
in Interval from 
0 to 80° C in 1/°C 

24,000 8,000 1.2 0.145 10"* 

kgf/cm2 

m r—— 

o mujo t % 

Figure 30. Tension 
diagram of annealed 
K475 polystyrene 
specimen. 

In the following, we present data from tests of specimens with a 

symmetric variable-stress cycle, conducted on a special testing 

machine with eccentric drive (Figure 31). The testing machine capa¬ 

city was sufficient to apply a load of ±1000 kgf with frequency from 

300 to 3000 cpm. The specimens were mounted in the machine grips 

with zero eccentricity. The preload which developed as the specimens 

were mounted in the machine was eliminated by changing the dynamometer 

position. An optical microscope was used to read the dynamometer 

indications. During machine operation, the light beam passing through 

the instrument slit forms in the field of view of the optical device 
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a light band whose width is proportional to the load amplitude. The 

load was measured after starting up the machine. During the tests, 

the dynamometer was used to check the load and monitor the symmetry 

of the loading cycle at equal time intervals. In accordance with 

the test objective, it was important to maintain a constant amplitude 

of the load. This condition was satisfied exactly until obtaining a 

crack ¿15 mm long. For a longer crack we observed considerable dis¬ 

tortion of the loading cycle shape as a result of reduction of the 

load amplitude because of reduced stiffness of the specimen. Symmetry 

of the loading cycle was maintained by corresponding adjustment. 

The fatigue crack growth on the smooth specimen surface was 

observed with the aid of a microscope and magnifying glass. A scale 

with 0.1 mm divisions was provided on the specimen surfaces. The 

first readout of the number of loading cycles was made for a crack 

length of 10 mm, and thereafter at 15, 20, 25, 30, 35, and Ho mm. in 

several cases, the interval was still smaller. The tests were made 

at a constant temperature of 21° C and loading frequency 1000 cpm. 

In order to exclude heating of the specimen, the temperature at the 

critical section was monitored by means of a thermocouple. 

A notch whose shape corresponded to a stress concentration factor 

of 1.85 was made in the surrace of the specimen (Figure 32). The 

notch was made very accuvately by machining prior to annealing. Thin 

strips of silver coating with a depth of 1 mm were applied on both 

sides of the specimen below the notch. The conductive layer was con¬ 

nected through a transistor relay with the testing machine shutoff 

switch. The electrical circuit was broken when the crack width 

reached 1 mm, and the test was stopped. Although we were not able 

to obtain a conductive layer through the entire thickness of the 

specimen at the bottom of the notch, the described method provided 

reliable signalling of the appearance of an initial crack of length 

io ■ 1 mm and verified the presence of a crack on both sides of the 

specimen. 
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Figure 31. Schematic of Pulsator-500 
fatigue testing machine.
1 — eccentric; 2 — crank arm; 3 — 
test specimen; ^ — dynamometer;
5 — screw tensioner.

Figure 32. Specimen with notch for 
experimental study of fatigue 
crack propagation.

Figure 33- Initiation of several 
cracks across width of specimen.
a — o = 88 kgf/cm^

= 68,!)00; b —
No = 57,^400; =

; No = '42,200;
= 78.5 kgf/cm*;

844,500.

Fatigue crack growth 
was easily noted. Appear­

ance of the crack was pre­

ceded by the appearance of 
a narrow whitelsh strip 
below the root of the notch.

After growth of this 
strip to a depth of 1 - 1.5 
mm, the Initial crack of 
length 0.5 - 1 mm suddenly 
appeared. In view of this, 
we take hereafter 7o *= 1 mm. 
In spite of the fact that 
the stress at the root of 
the notch was high, the 
crack length found indi­

cates that the local duc­

tility K in the zone in 
question decreased as a 
result of the local fatigue 
process by an order of mag­

nitude in comparison with 
the value obtained in 
strength tests of the basic 
material subjected to fast 
single-cycle loading. In 
all cases, the initial 
crack propagated from the 
root of the notch along 
the white strip perpendi­

cular to the direction of 
the maximum tensile stress. 
Microscopic study shewed 
that a dense system cf 
parallel narrow zones 
arose first at the root

Ik.
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Figure 3^. Fracture surface in the case of fatigue failure of 
ductile polystyrene specimens.
a — o * 78.5 kgf/cm*; b — o = 85 kgf/cm®. 

a “

of the notch, and these zones expanded as the number of leading cycles 
was Increased. At that instant when they merged and the length of 
the whlteish strip reached about 1 mm, a fatigue crack, observed on 
both sides of the specimen, suddenly appeared. Study of the fracture 
type (Figure 33) showed that several parallel cracks developed through 
the thickness of the specimen below the bottom of the notch, and these 
cracks expanded with the formation of a wedge-like zone. At a depth 
on the order of 1 mm, the disruption of material integrity extended 
to the entire specimen thickness, and a single fatigue cracK front 
formed. Of all the initial cracks, those on the specimen faces 

began to grew first of all.

I.i plotting the diagrams presented of crack growth variation in 
the limits It - I with number of loading cycles we used the arith­

metic average value of the crack lengths on both faces of the specimen. 
When studying specimen fracture (Figure 3^)» the traces of crack growth 
by stages were clearly visible. The results of crack edge displacement 
measurement for a low loading frequency also confirm the existence of 
stages. The higher the stress level, the more monotonic and uniform 
is the crack growth and the less marked are the stoppage traces. The 
final failure of the remaining part of the section is characterized 
cy high crack propagation velocity in accordance with brittle 

fracture theory.
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Figure 35. Fatigue crack growth 
in plane ductile polystyrene 
specimens for different values 
of the variable stress amplitude. 

r\j 

from fatigue test data. 

.cm/min 

Figure 37. Fatigue crack propa¬ 
gation velocity in polystyrene 
from data of tests with differ¬ 
ent variable stress amplitudes. 

Fatigue damage development can k 

be traced right up to final failure 

of the specimen from the fracture 

appearance. The traces of the four 

crack growth stages can be identified 

clearly on the fracture surface. The 

nature of the fracture agrees well 

with the scheme of Figure 26. In 

the studies described, each test 

was repeated two or three times. 

The measurement results (Figure 35) 
were averaged; the crack growth curves were analyzed by the least 

squares method. For the first stage of the tests, the stresses were 

selected in the range from ob/1.7 to ob/i», which is most frequently 

encountered in practice: oa * ±110; ±94.5; ±88.2; 78.5 kgf/cma. The 

crack length as a function of the number of loading cycles l ■ f(N ) 

for the Indicated stress levels is shown in Figure 36, and the crack 
growth velocity is shown in Figure 37. In the case shown, the inter¬ 

mittent crack growth nature is not reflected and the experimental 

points are connected by a smooth curve. For the indicated stress 

levels, the fracture growth states have short duration and it is 

difficult to measure them reliably. 
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Figure 38. Crack growth for small 
variable stress amplitudes, close 
to the minimum limiting stress. 

For completeness of the picture, 

we also studied secondary tensile 

Figure 39« Linear dependence 
of logarithm of fatigue crack 
length on number of cycles 
Nef. from data of specimen 

tests with stress amplitude 

°a “ kSf/cm*. 

stress loading; i.e., the influence of loading cycle asymmetry with 

domination of tension. It was found that tension reduces specimen 

life because of reduction of the critical crack size. 

The tests showed that, for a variable stress in the range from 

ti»0 to kgf/cml, the initial crack below the notch did not appear 

even after 10* loading cycles. In this case, we noted limited local 

material damage in the notch zone; however, this was not sufficient 

for crack formation. In those cases in which, after obtaining the 

initial crack under the action of high variable stress, the stress 

level decreased to the value o», crack growth either stopped or slowed 

down markedly and the growth stages became longer. As an example, 

Figure 38 shows the results of specimen testing with the initial stress 
amplitude ±87 kgf/cm2, which is maintained until obtaining a crack of 

length Z ■ 10 mm, with subsequent reduction of the stress amplitude 

to ±45 kgf/cm1. When testing other specimens under these same condi¬ 

tions, we observed complete termination of crack growth upon reduction 

of the stress. Crack growth with a variable stress amplitude close to 

the value a« is characterized by large scatter of the test results as 

a function of the local changes of the material properties from speci¬ 

men to specimen and from point to point. 
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^ cro/min In analyzing the results of the 

first series of tests we plotted 

curves of lg l versus Nef ■ N - N0 

(Figure 39). In all cases, the 

relation is linear with approximately 

the same slope. On this basis, we 

can consider the following relation 

to be valid 

Figure 40. Fatigue crack f-conit*»<#-*•>. 

propagation velocity in 
polystyrene versus relative 
stress for low stress level. For a given material temperature 

and not too high relative stress, the 

constant in the formula is a power function of the stress of the form 

o • Qa . 1 (?. ~ °8)K (Figure 40). For higher stresses, in the 
°b 

range, 

we observe rapid increase of crack growth velocity with increase of 

the stress and the power-law relation presented above cannot be used. 

As a result of analysis of the test results for K475 polystyrene 

specimens with low and moderate variable stress level, we obtained 

the relation 

(V-v.i (22) 

We determine the crack propagation velocity v - by differen¬ 

tiating 

V a const <*-*»>. 

This relation can be used to study fatigue crack growth. If we 

know the crack growth rate and the critical crack size, we can calcu¬ 

late specimen life with stress concentrators and initial defects. 

The critical length of a fatigue crack propagating from one side of 

a plane specimen, in accordance with the test data, is determined by 

the approximate formula 
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(23) 

The resulting quadratic relation agrees with the energy criterion 

for crack growth in a quasi-brittle material. We note that the con¬ 

stant in this formula does not coincide with the corresponding value 

for the case in which the crack is obtained as a result of impact or 

static overload, since for fatigue loading, the specific work K at 

the crack edge is always less than for the initial material. 

Equating the critical crack 

length to the corresponding value as 

the crack develops by stages in the 

process of fatigue failure, we obtain 

the condition for specimen failure 

with constant-amplitude variable 

stress 

Figure »11. Limiting fatigue 
curves for K»»75 polystyrene. 

1 — fatigue failure; 2 — 
appearance of initial crack 
of length l ■ 1 mm capable 
of further growth; 3 — 
initial material damage 
which shows up in the for¬ 
mation of a white zone. 

1.2 (-V)• s i o ( )3 e\ ( 2Ü ) 

Hence, we obtain the number of 

loading cycles from the moment of 

crack appearance at the notch loca¬ 

tion until specimen failure 

•V* = A-.V.3i (25) 

Substituting into this formula ob « 178 kgf/cm2 and o, - Ü5 kgf/ 

cm2, we obtain the values Nef shown in the following table: 
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o in kgf/cm2 ¿110 i»U ±7*.S 

Nef.*10“* cycles 
Calculation 23 29 33 39 

Experiment 
20 

! 
28 33 

1 
39 

The number No of loading cycles prior to the appearance of the 

damage zone at the notch established in the tests, the number Nef, of i 

cycles prior to the appearance of a crack of length lo * 1 mm* and ? 
f 

the number N of cycles to specimen failure are shown as functions of 

o/ob in Figure 41. The values of N0, Nef, N for the variable stress 

amplitudes selected for these tests are presented in the following 

table: 

Stress in 
kgf/cm2 No‘10"* Nef-ICT* N*10~* 

.■*: no 
- !M,3 
¿ K\2 
* 78.5 

12 
31 
51 
71 

1 ¡ i_
 

32 
<*l 
M 
no 

For a large variable stress amplitude, the number of loading 

cycles necessary for crack extension exceeds the number of cycles 

required for unstable crack appearance. For a small variable stress 

amplitude, the number of loading cycles to crack appearance is nearly 

twice the number of loading cycles during the time of crack growth 

to failure of the specimen. Hence, we see how important it is to 

avoid the presence of sharp surface notches of dimension Z 2 l0 in 
ê 

plastic details working under variable stresses. 
i 
i 

Since the critical crack length is independent of the dimensions ( 

and geometric shape of the detail or specimen, for evaluation of the 

material strength, it is insufficient to know the fatigue curve 

(Wohler curve). We need to have the curve of a versus N#, and in 

certain cases, we also need the analogous curve for a definite fatigue 

crack length (see Figure 41). The curve a ■ f(No) depends very weakly 

on the dimensions and shape of the specimen and characterizes the 

local resistance of the material to fatigue failure at the point of 
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stress concentration on the surface of the specimen. The scatter of 

the experimental data used in plotting this curve depends to a 

considerable degree on the local residual stresses of processing 

origin and on the influence of stress concentration. In view of this, 

the curve may vary as a function of specimen fabrication technology 

and the properties of the material surface layer of thickness on the 

order of 1 mm. A high level of residual stresses of the first kind 

throughout the entire specimen volume or detail part volume does not 

have any significant effect on the number of loading cycles prior to 

fhe appearance of the surface crack; however, for a brittle material, 

it has a strong influence on fatigue crack growth and in the tensile 

stress case, reduces the detail part fatigue life. This explains 

the large reduction in the number of loading cycles to failure of 

certain of the specimens tested, which had not been annealed and had 

residual tensile stresses. In plane specimens of small thickness, 

the biaxial residual stresses act analogously to the secondary static 

tensile stress and make the loading asymmetric, which causes reduction 

of the critical crack length. The results of the described tests show 

the importance of eliminating residual stresses in plastic details. 

Fatigue Cracks ln K475 Polystyrene with Variation of Variable 

Stress Amplitude 

A second series of tests was devoted to studying the damage 

accumulation law for fatigue crack growth in polystyrene. If the 

crack growth rate after change of the variable stress amplitude from 

oi to Ot is not dependent on the preceding stress level and is a 

function only of os and crack length, we can take a linear crack 

length Increment summation law and use (17) in studying the failure 

process of a detail with an initial defect. 

The test results confirmed this assumption completely. Figure 

42 shows the fatigue crack growth diagram in the coordinates l - Nef 

for a specimen initially loaded by a variable stress with amplitude 

±94.5 kgf/cm*; after reaching a crack length I ■ 1 cm, the stress 

was reduced to ±56.7 kgf/cma. After this, the crack growth rate 

decreases markedly and corresponds to the new stress level. This 
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Figure 42. Fatigue crack growth 
for constant and variable 
stress amplitude. 

Figure 44. Fatigue crack growth 
rate variation for three dif¬ 
ferent stress levels established 
after initiation of crack with 
I • 1 cm. 

length Increment summation law. 

Figure 43. Fatigue crack growth 
rate in two polystyrene specimens 
as function of variable stress 
amplitude. 

nature of the relationship in ques¬ 

tion is explained by the fact that 

the crack actually propagates in 

material which was not damaged by 

the preliminary loading at the 

higher variable stress level, since 

the damage takes place only in the 

immediate vicinity of the crack 

edge. Since the crack edge con¬ 

stantly extends into new volumes 

of the material, the heredity 

effect is not observed, which makes 

it possible to use the linear crack 

Figure 43 shows the curves l ■ f(Nei.) of crack length as a func¬ 

tion of the number of loading cycles for the cases when the specimen 

was loaded by a variable stress with constant amplitudes 0 » ±85 kgf/ 
cm2 and 0 > 166 kgf/cm2, and when the specimen was first loaded by a 
stress with the amplitude ±85 kgf/cm2 and then after the crack reaches 

the length ¿ ■ 1.5 cm, the amplitude was reduced to the value ±66 kgf/ 

cm2. From the moment of stress reduction, the crack growth takes 

place with the velocity corresponding to the new, reduced stress level 
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Figure ^45. Specimen fracture surfaces after fatigue testing with 
constant and variable stress amplitude.

and crack length 1.5 cm. Figure 44« shows the results of tests of 
three specimens which were first loaded by a stress with amplitude 
♦85 kgf/cm*. After the crack reached the length Z * 1 cm, the stress 
amplitude In one specimen was reduced to the lower limiting value 
oo ■ ±*4M.1 kgf/cm*; In the second specimen, the stress was established 
at 0 ■ ±56.7 kgf/cm*; and In the third. It was increased to ±107 kgf/ 
cm^. In the first case, after a very long Interruption In crack growth, 
unsteady and very slow ci’ack growth analogous to that shown In Figure 
38 again started.

Photographs of the fracture surface obtained In the described 
tests are shown In Figure 45. The fatigue crack growth In the cases 
associated with the curves described above actually takes place non- 
unlforraly, and In the photographs we see clearly the traces of the 
individual stages. For the high stress level (90 - 110 kgf/cm*), the 
traces can be noted only In the beginning of the growth. For the low 
stress level, the crack growth stages last longer and their traces on 
the surface are spaced at larger distances, but the stages shorten



with increase of the stress.
At an average amplitude level 
on the order of 60 kgf/cm^, 
the distance between adjacent 
crack stoppage traces is 
1 - 2 mm. As the crack grows 
into the depth of the specimen 
material, this distance 
increases; however, this does 
not denote a corresponding 
Increase of the crack "Jumps," 
since with Increase of the 
stress the growth stages

become less well defined because of area reduction of the remaining 
portion of the section.

Figure ^6. Propagation of secondary 
cracks from fracture surface in the 
case of fast growth of main fatigue 
crack (x 300).

After reaching a length of about 30 mm, i.e., as the crack edge 
approaches the midpoint of the specimen width, it grows nearly con­

tinuously and the stoppage traces on the fracture surface disappear. 
The existence of secondary cracks (Figure 46) was established in 
studying the fracture surface of specimens with fast fatigue crack 
growth.

Fatigue Cracks in Acrvlon and Suspension PVC Soeclmens

In addition to the tests of specimens made from ductile poly- 
sytrene, we made similar studies of more brittle materials. In 
these tests we noted first of all considerable scatter of the experi­

mental data for the variation of creek length with number of loading 
cycles. Figure 47 shows the results of PVC specimen tests for a 
constant variable stress amplitude ±72.8 kgf/cm^ and loading frequency 
750 cpm. The final brittle fracture of acrylon specimens, for which 
the critical crack length at a stress of 100 kgf/cm^ is only a few 
mlllim.eters, occurred so fast that it was not possible to record the 
fatigue growth stage. The specimen life was essentially defined by 
the number of cycles required for the formation of the material damage 
cone at the edge of the initial notch and the appearance of a crack
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Figure 47. Curves of fatigue 
crack growth in PVC 0 ■ 
72.8 kgf/cm*. a 

Figure 48. Fatigue crack growth in 
PVC for different variable stress 
amplitudes. 

capable of growth. In view of this, the further study was made on 

PVC specimens. Figure 48 shows the averaged curve of crack length 

versus number of loading cycles from data of analysis by statistical 

methods of specimen test results for three values of the stress ampli¬ 

tude 0 ■ ±72.8; ±55; ±39 kgf/cm*. Comparison of the fracture surfaces 

of the specimens tested at high and Intermediate values of the variable 

stress amplitude showed that, in the first case, it is difficult to 

identify the segments of fatigue and final failure, and the entire 

fracture surface is completely smooth. In the second case, the sur¬ 

face corresponding to fatigue failure is more noticeable. The depen¬ 

dence of crack length on number of loading cycles Is the same as in 

the preceding case, and the corresponding diagram in the coordinates 

N - Ig 0 Is a straight line (see Figure 47). Accelerated crack growth 

In accordance with the exponential relation begins at a comparatively 

low value of the relative stress; therefore, the dependence of crack 

length on stress Is somewhat different. In the tests, we determined 

the minimum limiting stress, whose value for the brittle material was 

very low (on the order of 30 kgf/cm*). 

i5. Conclusions from Results of Fatigue Tests 

of Plastics at Normal Temperature 

The tests conducted showed that the materials studied are subject 

to static and fatigue damage at normal temperature. Since real parts 

always work under conditions of long-term static or variable loading. 
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the material strength characteristics associated with long-term 

loading or the number of loading cycles are of decisive importance 

in the question of industrial use of plastics. The tests conducted 

made it possible to establish the following: 

1. In the static loading case, the material strength is defined 

by a diagram of the type shown in Figure 2, and a lower limiting 
stress exists. If the stress is lower than this value, the material 

damage will be negligibly small. 

2. The process of damage accumulation under static loading 

and variable stresses subdivides into individual stages, during the 

course of which different material damage laws act. In both cases, 

we can identify four fracture growth stages: 

a) appearance of damage zones on the surface of the part at 

the locations of defects; 

b) appearance in the damage zone of a crack after exceeding 

the local capability of the material for deformation; 

c) crack growth into the depth of the specimen material until 

reaching the critical crack length, which decreases under fatigue 

conditions; 

d) final brittle fracture of the part. 

3. For fatigue fracture of the part, the stress level must be 

higher than the minimum limiting value which, however, is quite low, 

particularly for the brittle materials. 

4. The linear summation law for the elementary growing-crack 

length increments is maintained quite accurately during fatigue 

crack growth. 

5. The allowable crack length in parts working under variable 

stresses can be determined from the formula 

/(o—oj" 2s const. 
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The exponent k depends on the brittleness of the material. For 

ductile materials we can take k ■ 3 [140], 

6. A more complete physical model of damage accumulation for 

the quasl-brlttle materials Is necessary for studying damage zone 

nature and the conditions for damage zone Initiation [116]. 
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CHAPTER 3 

EXAMPLES OF STATIC STRENGTH CALCULATION OF EPOXY RESIN PARTS 

51. Thln-Wall Tube Loaded by Internal Pressure 

Let us assume that In the tube wall at a considerable distance 

from the closed ends there is a crack of semicircular form whose plane 

is perpendicular to the maximum tangential stress. The stress con¬ 

centration factor at the crack is higher than at the point of transi¬ 

tion from the cylindrical wall to the flat closure, and therefore, 

the tube strength is determined by the strength of the cracked 

cylindrical wall. The material temperature is +10° C. 

The ultimate strength of the epoxy resin under static loading 

is ob ■ 500 kgf/cm2, the elastic modulus E ■ 25,000 kgf/cma. 

In the calculation we shall consider the material to be quasl- 

homogeneous. For the given temperature the epoxy resin behaves like 

a brittle material. In accordance with the data of Chapter 3, the 

average value of the specific work for formation of unit fracture 

surface can be taken equal to K ■ 0.4 kgf*cm/cm2. 

a) In the absence of any significant defect in the wall (Z < Î# * 

1 mm), the static strength would be determined by the maximum stress 

condition omax ■ ollm, since the material is in the glassy state. 
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The maximum stress acts in the circumferential direction, and 

for the elastic material condition is found from the formula 

where l - | - 1.4. Hence, we find the value of the excess 

internal pressure required for tube failure with o,4 ■ ow 

atm. 

Actually, the limit pressure will be somewhat higher because of 

the influence of the large nonlinear deformations prior to wall fail¬ 

ure and the three-dimensional stress state, since the stress distri¬ 

bution in the tube section changes somewhat prior to failure. 

b) In accordance with (27) (Chapter 1), the limit stress for 

a plane specimen with initial crack is determined for a circular 

crack shape by the expression 

Actually, the crack has a semicircular form, but one side of the 

crack extends to the inner surface and therefore, corresponds to a 

circular crack in a solid specimen, which is also confirmed by (26). 

The difference between the stress distribution in the curved tube 

wall and in a flat specimen can be considered with the aid of a correc¬ 

tion factor in accordance with the formula 

The crack length is quite large and exceeds the dimension of the 

transition zone at its edge (l# * 1 mm), which permits use of the 

expression characterizing material strength in the brittle state. 

Then we find the rupture pressure for a tube with defect, examining 
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the average tensile stress In the wall, perpendicular to the defect 

plane 

In the present case. It Is nearly three times smaller than for 

a tube without defect. Upon decrease of the temperature, the static 

strength of a tube without a defect Increases with Increase of aw. 

while for a tube with crack. It decreases In accordance with reduction 

of the quantity 7. 

12. Static Strength of Epoxy Resin Rotating Disk 

Let us examine a rotating disk of constant thickness h ■ 2 cm, 

outer radlous b ■ 20 cm, radius of central shaft hole In the disk 

a ■ 20 cm. On the surface of the central hole, there are radial cracks 

of depth l ■ 0.5 cm through the entire disk thickness. The limiting 

rpm nllm, corresponding to fracture of a disk without cracks, can be 

found on the basis of the epoxy resin ultimate strength ■ 500 kgf/ 

cm2 using the formula 

« const b'n\„, [ I f J + (J.)*] » 

In accordance with (13) (Chapter 1), for a disk with defect, we 

obtain 

r 

The decrease of the limiting disk rpm for a/b ■ 0.1 and Z/b ■ 

0.025, is determined by the ratio 
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"Uff* 0.47. 

§3. Determining Number of Loading Cycles to Failure 

Assume that we are required to determine for the tube examined 

ln 11 the number of loading cycles prior to fatigue failure with 

alternating pressure amplitude p - JJO atm. 

The critical crack length Is found from the expression 

«.--'-i-*'’«i» kef/c"2“H4¡5¡»7 Vfii-îl).- 

Por E ■ 25,000 kgf/cm2, R » 0.4 kgf*cm/cm2, and v ■ 0.35, we 

obtain lcr - 1.2 - 0.5 ■ 0.7 cm - 7 mm. 

If we assume that the fatigue crack growth law In the subject 

material corresponds to the relation derived in Chapter 2, the number 

of cycles to tube failure can be determined from the condition 

A/a 1.2(1^5)2 ,1**. 

For ob - 500 kgf/cm2 and the value of the lower limiting stress 

for the epoxy resin o, - 25 kgf/cm2, we obtain 

A/ a 1.2 (nfisp-)*«*** “ O»?* 

Hence, we find the number of cycles to failure 

AiV -60 000. 
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STRENGTH OF REINFORCED PLASTICS 

CHAPTER M 

STRENGTH OF REINFORCING GLASS FIBERS 

§1. Mechanical Properties of Glass Fibers 

The theoretical strength of solid bodies and polymers in the 

glassy state has been studied in [61, 143» 174, 194]. Kobeko indi¬ 

cates that,if the theoretical strength of glass is calculated on the 

basis of the chemical and electrical interaction forces of the par¬ 

ticles of an amorphous body, the strength amounts to about 0.1X of 

the tension elastic modulus determined experimentally. The relation 

o « 0.IE is applicable for bonds of various types. The strength of 
m 
quartz glass is 1200 kgf/mml, that of soda glass of nonalkali compo¬ 

sition is 700 - 800 kgf/mm2, that of glass of alkali composition is 

400 - 600 kgf/mm1. 

In [174], relations based on the assumption that the work of the 

external forces transitions during fracture into potential energy of 

the newly forming free surfaces were presented for calculating the 

theoretical strength of glass 



where r* le the equilibrium Interparticle distance, a_ Is the free 
sur 

surface energy of the solid body. 

In examining the molecular attraction layer thickness h ■ 2r#, 

a similar relation has been obtained. If E ■ 10* kgf/mm1, the om 

values lie in the range 1000 - 2000 kgf/mm*. The specific surface 

energy necessary for formation of unit surface in crystalline and 

amorphous bodies [19¾] is equal to 10* - 10* erg/cm* and the layer 

thickness — h * 5«10"* cm. 

To evaluate the theoretical strength of glass, Griffith used the 

dependence of glass fiber strength on diameter which he obtained on 

the basis of energy balance conditions, extrapolated Into the region 

of very small transverse fiber dimensions, comparable with the "mole¬ 

cular" dimenbions. According to Griffith, the theoretical strength 

of glass is -1100 kgf/mm*. However, experimental data show that the 

strength of real fibers Is considerably lower than the theoretical 

value. 

The comparatively low strength of glass fibers of different 

diameter has been noted in studies by Griffith, Relnkober, Aslanova, 

Zhurkov, Bartenyev, and Andreyevskly [3, 5, 17, 51, 186]. The basic 

reason for the decrease of their strength lies In the presence of 

numerous defects distributed over the highly developed surface of the 

fibers. 

A high stress concentration arises at the crack tips in the case 

of tensile stresses, and failure occurs when these stresses reach 

some critical value which Is sufficient for crack propagation. 

According to Griffith, a crack oriented perpendicular to the 

tension direction grows If the elastic energy reduction in the specimen 

Is equal to or greater than the potential energy Increase which takes 

place during the formation of new fracture surfaces. The energy of 

a specimen with a crack Is 

r.r.-ügíí+itau. ... 
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where W is the energy of the specimen with crack; W« is the energy 

of the specimen without crack, v is Poisson's ratio; < is the specimen 

thickness; c is the length of an interior crack of elliptic form. 

From the condition dW/dc ■ 0, the nominal critical stress 

(3) 

A refinement of this relation is given in [11]. 

As a rule, glass fiber strength Increases with decrease of the 

diameter. Generalized data of various studies are shown in Figure 1. 

p 
ikgf/mm 

590 . 
« 

Figure 1. Dependence of fiber strength on diameter. 

1, 3, 5, 6 — [3]; 2 — [143]; 7, 8 — [17]; 9 — [161]. 

According to Griffith, the strength Increase with reduction of 

the elementary fiber dimensions is explained by the fact that orien¬ 

tation of the molecules takes place in the surface layer during fabri¬ 

cation of these elementary fibers. The empirical dependence of the 

strength on the fiber diameter is approximated [143] by a function of 

the form 

(4) 

where A and B are constants which are determined from the experimental 

data. Similar arguments were given by Murgotroyd [168], who assumed 
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that, as the fibers are drawn from the melt, the chain structure of 

the glass forms, in which the molecules are arranged parallel to the 

drawing direction. 

In Reinkober’s experiments [186], the fiber surface was treated 

with a 401 hydrofluoric acid solution in order to identify the role 

of the surface layer. The breaking strength Increase in elementary 

fibers of 20 micron diameter was «200S in comparison with a fiber not 

subjected to etching. This marked effect of surface layer removal was 

not manifested when etching and testing the fibers immediately after 

fabrication. 

An experimental evaluation of the fiber surface layer Influence 

on resistance to fracture was made by Zhurkov [1, 51]» who used long¬ 

term annealing of elementary fibers at a temperature of 580° C with 

subsequent slow cooling. In this case, mechanical orientation of the 

molecules should be eliminated, since it leads to difference between 

the strength of the annealed and nonannealed fibers. The experiment 

showed that the monofilament strength is practically the same before 

and after annealing. 

Reinkober's data on fibers tested immediately after production, 

and Zhurkov's results, make it possible to consider that the marked 

Increase of fiber strength when the surface layer is etched is appar¬ 

ently explained by the removal of the most nonhomogeneous and most 

highly damaged layer, i.e., removal of defects on the surface of the 

fibers. 

Later Aleksandrov and Zhurkov [1] showed that the nonhomogeneities 

which create local overstresses are distributed through the volume of 

the specimen¡ however, the surface defects are the most dangerous. 

It was assumed that the probability of nonhomogeneity existence on 

the surface is proportional to the magnitude of the surface area. 

With decrease of the fiber diameter, the probability of the appearance 

of a dangerous nonhomogeneity on the surface diminishes, which leads 

to Increase of the strength in the statistical sense. 



Kontorova [64] developed the statistical concepts of fiber 

strength and attempted to evaluate the strength of glass monofilaments 

as a function of defect (crack) size and orientation. Cracks oriented 

perpendicular to the load are most hazardous. Kontorova suggested a 

relation for calculating the strength In the presence of a crack of 

arbitrary orientation, based on the Griffith criterion 

(5) 

where 0 is the angle between the direction of the force and the long 

axis of the crack. 

When drawing fibers, the cracks are oriented along the drawing 

direction. The larger the degree of drawing, characterized by the 

die and fiber diameter ratio, the greater the number of longitudinally 

oriented cracks and the higher the fiber strength. The function 

representing the probability that in a fiber of diameter d obtained 

by drawing from an initial rod of diameter d« there will be a crack 

of length c oriented perpendicular to the drawing direction, is 

written In the form of the exponential relation 

pdV w*exp[—ê)*]dl\ . (6) 

where 6 Is the most frequently encountered crack dimension; dV Is 

the elementary volume; k and 6 are constants. With decrease of d, 

this function decreases rapidly and the probability of dangerous crack 

occurrence diminishes. 

Bartenyev [17] analyzed the strength of glass fibers and studied 

the strength of real and "defect free" fibers, obtained by etching 

their surface to a depth of 1 - 2 microns. The results showed that, 

with reduction of the fiber diameter, the surface layer becomes less 

defective, since the difference In the strength level before and 

after etching decreases with reduction of the fiber diameter. However, 

in all cases, the strength Increases after removal of the surface 
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layer. The experimental results showed that the dependence of the 

strength on the diameter weakens marked for fibers which have been 

subjected to etching. This must be considered a consequence of elim¬ 

ination of a considerable portion of the defects.* 

The magnitude of the ductile deformation during drawing of glass 

fibers, characterized by the drawing ratio a,has been proposed as the 

physical factor determining fiber strength. According to the experi¬ 

mental data, the fiber strength Is connected with the drawing ratio 

by the empirical relation 

o-A + BVi, (7) 

where a ■ 1 + e; e is the ductile deformation during drawing. If we 

assume that the viscous glass melt is incompressible, then /5 ■ d«/d, 

where d« is the die diameter. Similar results were obtained in 

experiments by other investigators [13» 175» 201]. The ratio d|/d 

is one of the parameters of the relation (6), considered by Kontorova. 

In the expression for the probability of dangerous defect occur¬ 

rence, it is suggested that we consider,in place of the fiber volume 

V, its surface area S, since the influence of surface defects on 

strength is stronger. For a comparatively narrow range of fiber 

diameter variation, the surface area S is replaced by the fiber length 

L, which is considered the basic factor (dimension) defining the glass 

fiber strength scale effect. In this case, the fracture probability 

is connected with L and the strength is determined by the following 

Welbull type equation [206] 

e CL -»/• (8) 

•J. Fischer and J. Hollowman showed [135] that the presence of 10* 
defects per square centimeter is sufficient for the manifestation of 
strength dependence on the dimensions in the statistical sense. 
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where C is a constant which depends on the drawing ratio, glass 

composition, and temperature at the instant of drawing; n is a 

constant accounting for the nature of the defect distribution on the 

surface (homogeneity exponent according to Weibull). According to 

the experimental data for alumoboroslllcate fibers n ■ 4 and C ■ 

a + b /0, where a - AL"*«“ and b - [see (7)], and a depends 

on the chemical composition and temperature of the glass melt, b 

depends only on the chemical composition of the glass. The following 

relations have been obtained for alumoboroslllcate glass monofilaments 

a ~ 1,1 IPc,- 1220; b - 1,15. 

We note that these parameters are associated with crack formation 

on the surface of the fiber, since they determine the fiber production 

conditions. 

In evaluating the functioning of fibers in composites fabricated 

from fibers of a single diameter, the dominant influence of L on the 

strength apparently must be considered well-founded, since crack 

opening from a defect located within the fiber is more difficult than 

from a fiber surface defect which arises during fabrication of the 

fibers and composite. However, the magnitude of the fiber diameter 

influences the strength of the basic fiber bundle and this influence 

depends to a considerable degree on the type of glass (Figure 2). 

For industrial fibers, the strength dependence on diameter shows 

up clearly, although the strength level of fibers of different types 

varies over a wide range [56, I61]. 

The dependence of fiber strenth on length is characterized by 

the data of Table 1 and Figures 3a, b [3, 5, 53], which confirm the 

validity of (8). 
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Figure 2. Fiber 
strength versus 
diameter. 

1 -- quartz; 
2 — fused basalt; 
3 — alumoborosili- 
cate; 4 — Na-Ca-Si 
fibers. 

Figure 3. Average monofilament strength versus 
length. 

a) 1, 2, 3 — E-glass; 4, 5, 6 — 3-994; 
1 — minimally damaged fibers; 2,3 — fibers 
taken from yarn; 4 — monofilament wound on 
cardboard drum during drawing; 5, 6 — fibers 
taken from yarn; b) 1 — 5.2 y diameter; 
2 — 6.3 w diameter; 3 — 12.6 y diameter; 
4 — 23.5 y diameter; 5 — 38 y diameter; 
6 — 120 y diameter. 

Most of the data obtained Indicate a 

linear dependence of strength on length on a 

logarithmic scale. In this case, the strength 

level is determined by the degree of fiber damage (Figure 3a) [65]. 
The series of data for short 3-994 glass fibers (L < 2.5 mm) does not 

confirm the length dependence of the strength. As will be shown later, 

this is due to the difference between the surface defects of the long 

and short fibers. 

TABLE 1 

STRENGTH OF 9 - 10 MICRON DIAMETER FIBER AS FUNCTION OF LENGTH 

Fiber Length 

in mm 

Fiber Diameter 

in y 

°K o ln b a 
kgf/mma 

Fiber Length 

in mm 

Fiber Diameter 

in y 

k 

°b a 
in 

5f/mmJ 

s 
10 
30 
45 

9.0 
9.5 

10.0 
9.0 

ISO 
133 
131 
ns 

90 
105 

1560 

9.7 
9.7 

10.0 

76 
07 
73 



Figure il. Diagram of elementary 
fiber deformation. 

e — $ 100 u; A — 0 54 p; 
X — 19 Ui 0 — $ 6 y. 

kgf/mm 

Figure 5. Influence of temperature 
on strength and elastic modulus 
of E-glass fiber [203], 

The elastic properties of the glass fibers depend on the 

chemical composition. The values of the elastic moduli for the 

most widely used glasses are: quartz fiber E ■ 10,000 - 12,000 ' 

kgf/mm1, alumoborosilicate (low alkali) 7000 - 8000 kgf/mm2, Na-Ca-Si 

(alkali) 4000 - 6500 kgf/mm2. 

In very carefully conducted experiments [1, 3, 51, 52, 161], it 
was found that the elastic modulus is independent of the fiber 

dimensions. Thus, for diameters of 10 - 80 microns [1], the influence 

of fiber dimensions on the elastic characteristics does not show up, 

for diameters of 12 - 250 microns [l6l] E ■ 7600 - 8IOO kgf/mm2, for 

fibers of diameter 6 - 100 microns [52], the modulus remains practically 

constant. 

The strain diagram for glass fibers is linear up to failure, the 

deformations at failure decrease with increase of the fiber diameter. 

The elongation of the 5-20 micron diameter fibers which are used in 

practice amounts to 3 - 1.5Í. The strain diagram for fibers of various 

diameters is shown in Figure 4. A marked reduction of breaking strain 

with increase of the fiber diameter was also obtained by Reinhardt 

[185]. Poisson's ratio for glass fibers is 0.04 - 0.22 [I68]. 

The strength and elastic modulus of the glass fibers decrease 

monotonically with temperature increase (Figure 5) [202]. 
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62* Influence of Glass Fiber Defects on Their Strength 

Defects randomly distributed along the length may appear with 

length Increase of a constant-diameter fiber. In [19* 189] attempts 

were made to Identify the Influence of these defects on the monofila¬ 

ment strength and classify the defects with regard to degree of hazard. 

According to Schmitz [189], the defects encountered In glass 

fibers can be divided into three forms: A are interior submicrocracks 

of dimensions of order 10“* cm, B and C are surface cracks of dif¬ 

ferent size (B are smaller defects, which are frequently encountered; 

C are larger defects, which are rarely encountered). Defects of 

essentially different types show up In strength testing of fibers of 

different length. 

Figure 6a shows the approximate zones of defect occurrence. For 

example, for fibers 10”* cm long. Interior defects A dominate; for 

fibers 10“2 and 10 cm long, defects B are encountered most frequently, 

ahd the presence of defects of types A and C Is possible. For fibers 

of length greater than 10 cm, the strength Is determined by type C 

defects. Each defect type yields a definite strength distribution 

and corresponding Integral curve. » 

Figure 6b shows the influence of defects [189] on the limit strength 

probability density curves of glass fibers from 0.05 to 1.5 cm long. 

In the shorter fibers, there are defects of type B, the density curve 

has a single maximum, and the integral curve 1 (Figure 6c) is a 

straight line without a break. With increase of fiber length type B 

and C defects are encountered on the surface of the fiber. In this 

case, the probability density curve has two maxima and on the integral 

curve, we note a break which depends on the ratio of the number of 

fractures caused by type B and C defects. Thus, with increase of the 

length, part of the glass fibers fail from defects B and part from 

defects C (see Figure 6c, curves 2,3,¾). The strength of the long 

fibers is determined only by C defects, which are most hazardous 

and characteristic for these fibers. The probability density curve 

•Defects of type A were not íound experimentally since it was not 
possible to test very short fibers. 
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has a single maximum, the corresponding Integral curve 5 

(Figure 6c) has no break, and Its slope differs from that of curve 

of lIÍIÍ rrr 0f the length’ the eUr',e‘ ahlft ln the direction 
of lower breaking stresses, and the minimum strength values can be 

found by testing long fibers In accordance with the hypothesis of 

weak-link strength [182, 206]. 

The mixed distributions 2. 3. « (Figure 6c) are easily Identified 

graphically. Figure 7a shows the Integral curve for S-glass fibers 

7 cm long, which has a break. The strength of -30* of the fibers Is 
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Figure 7. Experimental curves of tensile strength limit distribution 
of glass fibers. 

a Integral strength distribution curves of S-glass monofilaments 
U * 7 cm, e • 0.006 min *)i b — curves of strength probability 
density of 10 y diameter monofilaments: 1 — 3 mm: 2 — 10 mm- 
3 — 50 mm; 4 — 150 mm; 5 — 400 mm. 

determined by C defects while that of *70$ is determined by type B 

defects. A similar result was obtained in analyzing the data for 

E-glass [169]. The probability scale along the ordinate axis was 

taken in accordance with the normal distribution law. 

Bartenyev [19] proposed an analytic description for the fiber 

strength distribution functions in the presence of defects of the 

three types. In Figure 7b we see the transition from the distribution 

with a single maximum for short fibers to the analogous distribution 

for long fibers through the mixed distributions. In the presence of 

all three defects, the experimental curve has a single maximum rather 

than three. This A explained by the fact that the strength level of 

the larger portion of the defects is equal to ob, which is reflected 

on the distribution curve in the form of a single maximum corresponding 

to this level. The scatter of the breaking stress magnitudes does 

not permit identifying the other two maxima. 
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Figure 8. Histograms of glass fiber strength limit distribution. 

More reliable statistical data [153, 181] show that the mono¬ 

filament strength distribution curves are, as a rule, asymmetric. 

Testing of fibers of other types (1000 specimens) also yielded an 

asymmetric distribution curve [158]. Figure 8 shows strength distri¬ 

bution histograms of E-glass fibers of diameter 12 microns (0^ ■ 

3^0 kgf/mm1, v * 9Ï) (178 tests) [181] (a)j and 25 microns (0^ ■ 

192 kgf/mm*) (206 tests) [153] (b). 

In analyzing large-scale fiber strength tests, Wollhaus [65] 

found that the experimental data are approximated well by straight 

lines in the coordinates 

In I" rirp 

corresponding to the Weibull distribution, where P(o) is the cumulative 

probability; ou is the minimal strength observed experimentally for 

P(o) * 0. The distribution function slope characterizes the fiber 

strength limit scatter and depends on the fiber surface damage. 

Figure 9 shows monofilament strength distribution curves for ou ■ 0. 

For a sufficient number of tests, the breaks in the curves 

resulting from the presence of defects show up clearly in the Weibull 

coordinates. Figure 10 shows the data from 206 tests of fibers in the 

coordinate grid 
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Figure 9. Statistical Figure 10. Strength distribution curves 
distributions of glass for fibers with various defects whose 
fiber strength corres- histograms are shown in Figure 8. 
ponding to different 
fabrication regimes 
[65]. 

,n,nnrF<sr-,n® 

where defects of two types are seen (exponent m ■ and 2.5). Also 

shown are the analogous data of [181] for which the exponents m are 

equal to 6.7 and 1?. According to the experimental data, the coeffi¬ 

cients of variation of the static strength of industrial glass fibers 

are equal to 10 - 501, depending on the fiber production and treatment 

conditions. 

13. Influence of Time on Qlass Fiber Strength 

The data on time dependence of glass fiber strength and 

deformability are limited. At normal temperatures and normal humidity 

("50%), glass and glass fibers are brittle materials; the Influence 

of time on the strength is slight and is explained primarily by the 

chemical action of the adsorbed moisture. As a rule, in a vacuum, no 

strain rate effect is observed. 

Let us examine the results of studies [190] of the fracture of 

E-glass of diameter 10u and length 25 mm. The equation for the curve 

of long-term glass fiber strength is a power function of the stress 

[16, 190]: 
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o"t const. (9) 

The cracking (loss of specimen load-carrying area) velocity Is 

V - *,o" + p* (10) 

where ki Is a constant; o Is the nominal stress; n Is an exponent; 

v# Is the cracking velocity for zero stress. 

The velocity v Is a function of temperature In accordance with 

fracture process activation theory [121]; the fracture process acti¬ 

vation energy at normal temperature for glass is about 20 kcal/mole. 

Long-term static fracture takes place In two stages. Initially, 

cracks develop from existing defects — this Is the Incubation period, 

which lasts for 90 - 95Ï of the overall life, then fast fracture of 

the glass fibers starts at an increasing rate (Figure 11). The second 

segment is not described by a power 

function with constant exponent n 

with change of the stress level [190]. 

However, correlation analysis of the 
I 

experimental data In constructing the 

relation Ig o - Ig t shows that It 
can be taken to be linear. For fibers 

of different types, n - 16 - 26. For 

such values of n, the difference 

Figure 11. Olass fiber fracture between the power relation and the 

loading f0r long"ter,n statlc exponential relation which followe 

1 - Incubation period; 2 - from facture »«Ivatlon theory [190] 
fast fracture; 3 — theoretical Is not significant, 
relation based on (10). 

The stress level has a marked Influence on the glass fracture 

process [13]. In the case of higher stresses, the crack opening Is 

greater; therefore, moisture penetration Into the depth of the micro¬ 

scopic cracks Is facilitated and the relative influence of the ambient 

medium Increases. Under the action of small loads in atmospheric con¬ 

ditions, the glass fiber breaking energy corresponds approximately to 
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Figure 12. Monofilament life 
distributions for long-term 
static loading. 

the magnitude of the free 

surface formation energy. 

^kjcf/mm1 

Figure 13» Monofilament strength 
as function of strain rate and 
strength limit distributions as 
function of strain rate parameter. 

This confirms the possibility of variation of the exponent n of the 

long-term strength curve. For high stresses, the distribution of 

the logarithms of the life follows the normal law (Figure 12). In 

the region of low and high probabilities for the low stress levels, 

we observe deviations of the points from the straight lines. Indi¬ 

cating the existence of upper and lower life thresholds. 

The scatter of the lifetime depends very weakly on the stress 

level, which Justifies the use of linear correlation analysis for 

analyzing the results of long-term fiber strength tests. 

The Influence of strain rate on the strength of glass fibers 

0.25 to 20 cm long. Is shown In Figure 13» which also shows the 

corresponding strength limit distribution curves for constant strain 

rates; the average value of the stress Is noted and the scales are 

shown along the abscissa axis. Characteristic of these data is 

increase of the scatter with decrease of the strain rate and approach 

to the minimum strength values (appearance of sensitivity threshold 

with respect to stresses). With increase of the length, the strain 

rate effect diminishes, which Is apparently due to defects on the 
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surface of the longer fibers. The available experimental data for 

fibers show (Figure 13) that there Is a linear relationship between 

the strength and the logarithm of the strain rate. 

From the test results for regimes c ■ const and ¿ ■ const, an 

evaluation was made of the lifetime summation condition. Table 2 

shows the calculation sequence for the rate e ■ 0.06 1/mln. Deter¬ 

mination of the sum of the relative lifetimes showed that for glass 

fibers, we can take 

i 

where t 
°1 

Is the time of action of 

the stress o^; ( T_ ). Is the lifetime from the long-term strength 

curve for the given stress level o^. The lifetimes were summed from 

the experimental long-term strength curve and a linear o - e relation 

for the fibers, where c Increases in proportion to the time. 

TABLE 2 

COMPARISON OF OLASS FIBER LIFETIMES IN LONG-TERM STRENGTH REGIME 

AND FOR LOADING WITH CONSTANT STRAIN RATE 

Range of 
o In 
kgf/mm* 

Average 
Fracture 
Time for 
o ■ const 

(t_ ) in sec 
p 

Time i_ 
°1 

In Tension 
Experiment for 
e ■ 0.06 min“1. 

In sec 

-< 

V-.L 
Total Time 

In sec 

0 -TO 
70-140 

140-710 
210 2f<0 
2.«i) -2,M 
2*11 
:min - <22 
.<■22 » <6 

ir 
3--. 10» 
» 10* 

1.2- 10» 
»• 10 
IS 
s 
2.2 

10 
10 
10 
10 
2 
2 
2 
1 

O.nwi 
O.I» oo i 
0.» :20 
O.f > <0 
O.OIIHO 
O.I i»H9 
a.;«*«» 
t.i.Viuo 

n.mnoi 
O.C.KIlt| 

u.niKU 
O.OliCU 
0.10134 
0.3013( 

In all 1.01*134 

Elastic effects are essentially absent for glass fibers at nor¬ 

mal temperature and relative humidity (^501), and the glass fibers 

behave In tension like brittle elastic bodies. The magnitude of the 

inelastic deformations reaches hundredths of a percent. Even In the 
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presence of nonpolar ambient media [3]» the after-effect deformations 

for stresses up to 140 kgf/mm* are completely reversible. The elastic 

aftereffect in glass fibers is explained by the combined action of 

stress and the ambient medium on surface defects in the fibers [3]« 

14. Strength of Glass Fiber Bundles 

A composite consisting of parallel fibers and a matrix can be 

considered a bundle of connected fibers. In the first approximation, 

the strength of such a material is determined by the maximum load 

which the aggregate of reinforcing fibers (disconnected bundle) can 

withstand. Failure of a fiber bundle was apparently first analyzed 

in l130, 182]. 

Equilibrium of the bundle is possible if, for a small load, none 

of the fibers break, or in the process of sequential breaking of the 

weak fibers, a point is reached where the remaining fibers support 

the existing load; otherwise, the redistribution of the load between 

the remaining N - 1 and so on fibers leads to their sequential failure. 

The material of the glass reinforced plastic type is a statically 

indeterminate system of N fibers, whose strengths and loadings are 

characterized by random deviations. Then, the load on the bundle is, 

in general form 

• • 

Q a JV I<fe,J/(t, £)♦(«.. £)*£. (11) 

where N is the initial number of fibers in the bundle; f(E, e) is a 

as as 

function of the load on the fiber; jdr,jf(pM E)dE determines the 

number of fibers remaining at the moment of reaching the quasl- 

equlllbrlum state. 



If the load-deformation curvea for all the fibers are identical 

in form and differ in scale, the ratios between the stress in the 

fiber and its strain correspond to Hooke's law, the probabilities of 

the quantities E and cb are Independent, then in the simplest case 

we can take the stress distribution in the bundle to be uniform, 

considering the variance of the elastic modulus small and the law of 

plane sections valid. 

The connection between the overall load on the bundle and 

the load q1 on the 1th individual fiber, will be 

i 7 
(12) 

I 
I 

where p(q) is the breaking load probability density for the fibers. 

The breaking load Qmax for the fiber bundle with q¿ ■ qcr is 

equal to 

(13) 

Equations (12) and (13) can be solved graphically as follows. 

If the probability of the fiber not exceeding the breaking load q is 

denoted by 

í»W-íí(e)^-«(-}-)-e(m). m) 

where a(w) varies from 1 to 0 upon breaking of the fibers forming the 

bundle and characterises the degree of bundle failure, then the load 

on the bundle is 

Q.Afill-eWI. (15) 

hence, a(w) ■ 1 - (Qw/N), and for a constant force, there will be a 

linear relationship between a(w) and w in the coordinates a(w) - w 

(Figure 14). The line AB intercepts segments on the axes equal to 

1.0 and 0, N/Q or 0, 1/q. The ordinates of the straight line yield 
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-*ykgf 

PbSdî.l<1- load on fiber 

varl.Sor?o,ï,cSÂ1“"Î.|r*ngth 
distribution Si'™' ^ 

the maximum permissible number 

of failed fibers in the bundle 

for a given stress level if we 

assume that condition (Hi) 

holds. 

The conditions for 

determining the maximum load 

can be written in the form 

Q=r 
(16) 

(17) 

(PUurT^^^^l^n-baVo^lbtn:? 
l«d levels ,r Up to tb. point ! for a lo.l IZlli b“ "bV' 

fraction Ka(.I, of tb. fiber, brea*, .„o ,quulbrlun occur8> 

: rrh zitit ni™nt°u - .ubeta^ 
tb tiK Th'ref0«- «d«tloral number NCa(vn, . a(„T)] of 

«; * :: ::: rrH*on ——- 
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Upon additional failure of even a single fiber, complete failure 

of the fiber bundle occurs. The maximum load on the bundle corres¬ 

ponds to the point of tangency of the straight line AB (with Increase 

of the load the line rotates) to the fiber strength distribution 

curve for w ■ wmax. The points Wj, Wjj correspond to (16) and the 

point wmax corr®»ponds to (17). 

In [130] it was shown that, for large N and any fiber strength 

distribution function. If the fiber failure probability P(q) is such 

that I - P(q) approaches zero faster than 1/q, the average bundle 

breaking stress distribution approaches asymptotically the normal 

distribution with the mathematical expectation 

9* ** 9m% |l — P(9mi)l Q8 ) 

and the mean-square deviation 

K » . ( 19) 

The maximum stress in the fiber is obtained by maximizing the 

quantity represented in the form of the product of the force In the 

fiber by the number of unfailed fibers 

(20) 

In determining the breaking load on a small bundle, knowing the 

fiber strength limits, we can — after expanding the breaking loads 

into a variational series In decreasing order: 

•••>*„ (21) 

— write the equilibrium condition in the form Q i q r, where r is 

the sequential number of the filament in the series. Then the maximum 

load will be 



Qm« = mix \rq,\. 
(22) 

An Illustration of this simple rule Is the test results presented 

in [130] (Table 3). 

TABLE 3 

DETERMINING BREAKING LOAD FOR BUNDLE WITH SMALL 

NUMBER OF FIBERS 

Tensile force q in g 8.2 6.1 5.7 5.2 4.4 3.3 

Number of unfalled fibers r 

Load on bundle q r 
r 

1 

8.2 

2 

12.2 

3 

17.1 

4 

20.8 

5 

22.0 

6 

19.2 

The maximum load for the bundle is equal to 22. This rule is 

also valid for quite large numbers of fibers. Data on tests of 

E-glass fibers are presented in [181] (Table 4 and Figure 15). The 

values in Table 4 and Figure 15 agree quite well. 

TABLE 4 

EXAMPLE OF DETERMINING BREAKING LOAD FOR E-GLASS FIBER BUNDLE 

Number of unbroken fibers in bundle 
178 17.7 176 »75 174 172 171 170 

Strength levels in kgf/mm2 IMG I9;i son 214 220 249 256 263 

Load in kgf/mm4*f .V» ion 31200 3*1200 37 ion 38200 42 800 43 700 
_ 

44 700 

Number of unbroken fibers in bundle 169 167 165 164 162 158 149 140 

Strength levels in kgf/mm2 270 276 284 291 298 305 312 319 

Load in kgf/mm2*f 45GOO 46100 46900 47700 48300 48 200 46500 45300 

Number of unbroken fibers in bundle 
no 114 92 52 27 4 

Strength levels in kgf/mm2 
•326 333 310 347 354 361 

Load in kgf/mm2*f 12 lOllj .17 900j 31 3'KI IS 100 9550 
1 

1470 J 

Here f is the area of a single fiber. 

Figure 14 shows curves of the strength distribution of fibers 

with different variance, on the basis of which we can find the maximum 

load which a bundle can support. Curves 1, 2, 3 characterize fibers 
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Figure 15. Graphical deter¬ 
mination of maximum load on 
bundle consisting of 178 E- 
glass fibers. 

Figure 16. Maximum load on fiber 
bundle versus average monofilament 
strength for constant variance 
(v - 20%, a(w)_ - 15%). 

cr 

with the same average strength and coefficients of variation 10, 20, 

and 40$, with normal distribution law; with increase of the fiber 

strength variance, the maximum load on the bundle decreases by 14 and 

25$. Figure 16 shows fiber bundle strength distribution curves for 

average strengths of 200, 300, and 400 kgf/mm2 and 20$ coefficient 

of variation. Analysis of Figures 14 and 15 shows that with increase 

of the variance, the number of damaged fibers Increasesj for constant 

variance, the degree of failure at the moment of reaching the maximum 

load is practically constant. 

Curve ' 
Õ O 

in kgf/mm2 

! # 1 3 
300 
300 
400 

ISO 
230 
on 

The failure of a bundle of 

parallel fibers was analyzed by 

Bartenyev [20] for the normal fiber 

strength distribution. The maximum 

force 

= A '/,, ¡p(q)dq (23) 

and the nominal load on a fiber in the bundle at the moment of fast 

fracture initiation 

‘U - ^ , - =- o., J 

"’p (24) 
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Figure 17. Equilibrium stress 

in glass fibers versus applied 
load Q for different values of 
the variation coefficient v: 

1 — 0*; 2 — 8.8*; 3 — 17.6*; 
** — 31*; 5 — 80*. 

were determined from the 

maximization condition 

J (25) 
*«» 

This equation is an 

implicit function of q and 
c r 

can be solved graphically or 

by trial and error. The 

relation obtained in [20] 

between the nominal stresses 

in the fibers and the effec¬ 

tive stresses 

On = 0 |p(o)<fo. (26) 

is shown in Figure 17 and makes it possible to find the stresses 

corresponding to the moment of maximization of the effective load on 

the bundle as a function of monofilament strength variance. The 

curves 1-5 correspond to the respective coefficients of variation 

0, 10, 18, 30, and 80*. The indices o' and a", show the interval 

of possible equilibrium states and the stress o ov is the breaking K max 

point. Regardless of the magnitude of the variance, the curves 1-5 

cross at the point (c, Õ/2). He.ice, it follows that any bundle will 

withstand the load yielding the nominal stresses ã/2. Thus, the 

minimum load 

where f is the area of a single fiber; o is the average strength of 

the fibers in the bundle. 
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Chapter 5 

STRENGTH OF GLASS REINFORCED PLASTIC AS A REINFORCED COMPOSITE 

SI. Stress State of Components In Regular Glass 

Reinforced Plastic [QRP] Structures 

The basic phenomena which determined the stresses in a reinforced 

polymer matrix will be examined on models with a certain periodic 

arrangement of the fibers. Then we shall analyze the stress state 

of composite material structural elements in connection with external 

loading and thermal and shrinkage phenomena. 

Theoretical and experimental studies [74, 119] have shown that 

stresses arise at the fiber-matrix Interface both during composite 

solidification as a result of difference in glass fiber and matrix 

thermal expansion coefficients, and under the influence of external 

loading because of the different Poisson's ratios of the matrix and 

the fibers. 

Polarization-optical studies of models of glass-fiber composite 

cells made from one, two, and several fibers have made it possible to 

establish that, for an epoxy matrix at the solidification temperature 

130° C, the chemical shrinkage stresses are not large (1.5 - 2.0 

kgf/cm2). The magnitude of the residual shrinkage stresses depends 

on the thermal regimes: heating and cooling rates, polymerization 

temperature, and duration of polymer exposure at this temperature. 
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Slight relaxation (by about 10?) of these stresses can be achieved 
by re-heat-treatment. It has been shown experimentally that the 
basic factor In residual stress formation Is thermal shrinkage In 
the solidification process, and also the mutual Influence of nearby 

fibers.

The stress state of the matrix Is characterized by compressive 
radial stresses and tensile tangential and axial stresses o^, Og, o^.

The residual stresses depend linearly on the difference between

the thermal expansion coefficients of the glass fibers and the polymer 
matrix. Figure 1 shows the Isochromes after solidification of a 
model reinforced by a single rod. For the epoxy matrix, the radial 
stresses are equal to 110 kgf/cm*; the tangential and axial stresses 
•e, respectively, 125 and l85 kgf/cm*. The residual stresses reach 

their maximum values at the fiber-matrix Interface and are close to 

zero at a distance of 3 - ^ radii from the fiber.



-'W:m0 ^

Figure 2. Isochromes 
for two closely posi­

tioned reinforcing 
rods.

iliptiWiI
■ J>‘ -

In the case of 
reinforcing by means 
of two rods, the 
mutual influence 
effect arises, and
the stress state of the matrix between the fibers is determined by 
superposing the diagrams for the case of reinforcing by single fibers 
^Figure 2). With reduction of the distance between the fibers, the 
mutual influence effect increases, which is confirmed by the isochromes 
for a model with four reinforcing element.' (Figure 3).

The model parameters were selected to simulate glass-relnforced- 
plastlcs with 55(a), iiO(b), and 35%(c) fiber content by volume. For 
the model (Figure 3a, b, c) the matrix stress-strain state is charac­

terized by large stress gradients. Most highly stressed is the seg­

ment between the two -eighboring fibers because of stress fields inter­

action at the neighboring fibers. For a distance between the fibers 
corresponding to a reinforcement ratio 80 - 85?, the equivalent (based 
on max elongation theory) residual stresses amount [7^] to 78 - 86? 
of the binder breaking strength. The distribution of the principal 
stresses across the section of the cell is shown in Figure ^4. In 
section CD, the stress Oo changes sign as we approach the center of
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Figure 4. Principal stress 
distribution. 

Figure 5> Variation of axial 
and radial stresses ln ORP as 
a function of the distance 
between fibers. 

the polymer cell, where the 

stresses oA ■ o . Because of 
u r 

the mutual influence, the 

stresses in the section CD also 

depend significantly on the 

fiber packing density. 

Figure 5 [1183 shows the 

axial and radial residual 

stresses versus fiber packing 

a — through section AB; 
b — through section CD of 
elementary cell; c — 01 - 2a ■ 
6 mm; e2 - 2a ■ 4 mm; *2 - 2a ■ 
2 mm for unidirectional glass- 
reinforced-plastic. 

density, defined by the ratio 

b/a, where a Is the fiber radius 

b is the radius of the inscribed 

circle of the matrix for hexa¬ 

gonal positioning of the fibers. 

For b/a • 1, the fibers touch (limiting case of dense packing). For 

typical composites, the glass content amounts to 25 - 65* of the 

volume, and the ratio b/a varies in the range 1.9 - 1.2. Figure 5 

shows curves for two cases? / _ p ~ const 2 - p ~ const \ ~ * -.---I. 
^ l P* ' (2fr — p)1 j 

Case 1 Is characteristic for a fiber surrounded by an infinite 

matrix; case 2 accounts for the influence of adjacent fibers. The 

curves are plotted for a composite using a polyester matrix and 
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polymerization temperature 75° C. Radial residual and axial tensile 

residual stresses in the resin of 210 and 1Ü0 kgf/cm* were obtained 

for the polyester glass-relnforced-plastle with volumetric fiber 

content -501. The initial stress state leads to the appearance of 

tangential stresses at the locations of random fiber failure; however, 

as Sutton [198] has shown, at the fiber ends these stresses do not 

exceed 10* of the axial stresses in the matrix, therefore the tan¬ 
gential stresses in the matrix are small in this case. 

The approximate values of the radial stresses arising upon 

temperature change [119] are found from the formula 

ir—«v-îilgg—, 
(I «J H 

where om and «a are the linear expansion coefficients of the resin 

and fibers; vm and va are the corresponding Poisson's ratios. 

These stresses can be estimated by examining the numerical 

values of the parameters for a polyester binder and glass fiber 

<*. - 10 10 •; «. 0.5 IO-» I’C; I?- 0.059. v, 0,22:^- 0,3^ hence 0 . 
r 

2.9^1 kgf/cm*. it has been shown experimentally [176] that, upon 

heating a reinforced polymer to some temperature, the residual stresses 

or can be reduced to zero; upon cooling they arise again. For the 

epoxy composite, this temperature is 120 - 130° C, and is close to 

the polymerization temperature. The influence of solidification 

temperature on the residual stress magnitude for the polyester com¬ 

posite was characterized in [33]. With an increase of the polymeri¬ 

zation temperature, the stress state in the binder was evaluated from 

the isochromes; tne stress state increased markedly, in this case, 

the condition of the fiber surface also is of definite importance. 

For coated fibers, the stresses in the binder are large [33]; the 

smallest residual stresses arise in models with fibers whose surface 

is coated with a lubricant. 
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Figure 6. Stresses In matrix 
under axial tension of com¬ 
posite for nondense and dense 
fiber packing. 

Figure 7. Radial stresses in matrix 
as a function of Poisson's ratio of 
the material. 

1 — extremely dense packing; 2 — 
hexagonal dense packing; J — non¬ 
dense packing. 

Under the action of the external load, secondary radial stresses 

which depend on the relationship between the coefficients of transverse 

strain of the reinforcement and matrix, which can be calculated approx¬ 

imately [29] for a given axial deformation, arise at the Interface 

between the fiber and the matrix. Borsova [29], studying the tension 

problem for a viscoelastic medium filled with glass-fiber rods, showed 

that In the transverse section plane the stress distribution depends 

only on the reinforcement and matrix Poisson's ratios and the viscosity 

characteristics. 

Two fiber packing cases were analysed In [118, 119]: nondense 

and dense packing, when the binder forms between the contacting fibers 

a closed volume in the form of a triangular curvilinear prism. Positive 

radial stresses, which decay with increase of p (Figure 6), and also 

tangential stresses of reversed sign arise at the interface under the 

action of compressive loading [119] 

Ä (v* — ifg) i® 

‘ T+(i) 

Og * -or, where e is the axial strain; r Is the fiber radius. 
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The maximum values of these stresses can be related with the 

axial stresses In the matrix from the external force 

(*B — fj 

o#- -«n 
(2) 

which yields for the subject polyester composite the quantitative 

relation 
a, » -0,0707o,,. 

In many cases» the occurrence of tensile radial stresses at the 

fiber-matrix Interface during compression (negative axial strain) 

apparently leads to lower values of the strength in comparison with 

tension. Under the action of tensile stresses» a compressive stress 

or arises, which combines with the residual stress to increase the 

pressure of the matrix on the fiber and contributes to better adhesion 

of the fibers. The residual axial tensile stresses combine with the 

stresses from the external force, and in certain cases may cause 

failure of the polymer matrix. 

• 

For dense packing of the fibers in the case of axial elongation, 

we observe triaxial tension at all points of the polymer binder. The 

isochromes are arranged symmetrically relative to the center of the 

prism. The tensile stresses at points A, B, C (see Figure 6) reach 

-350 kgf/cm* in the case of adnesive treatment of the fibers. An 

approximate estimate of the stresses in the matrix [116] can be made 

for a giver, axial strain c from the relation 

0, -a »_tV« — »«) CjC, 

(I T + (1 — ívj) (3) 

The following relation is proposed for intermediate fiber packing 

density cases 

o,-—« _(v«~ v«)f«g«(<— I)_ 
O - V £.» + (I - V. - M) + <f _ I) (, _ y _ 2vJ) £, ' 

(¾) 
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where q * 1.55 for conventional hexagonal packing. 

The radial atreaeea at the fiber-matrix interface for dense and 

nondense packing are shown as a function of the matrix Poisson’s 

ratio in Figure 7, where the ordinate axis Is the ratio of the radial 
stresses to the axial stress in the matrix. The curve for nondense 

packing (b/a > 3) shows that for the typical resin Poisson’s ratio 
('(MU) the radial stresses are equal to -0.1omt, (and the sign of 

°r i» opposite that of omz). Curve 2 corresponds to dense fiber 

packing for the ratio b/a • 1.25, which corresponds to -60* fiber 

volumetric content, in this case, or - 0.05on8. Curve 1 was plotted 

for the limiting dense packing case, when the fibers are in contact 

and the matrix lies in closed regions between the fibers. 

—Strength of Qlass-Relnforced-Plastlc Elements 

as a Regular Structure 

Experimental studies [105] have shown that the polymer matrix 
must provide compatible functioning of the reinforcing fibers in the 

deformation process and monolithicity of the material [3, 103]. The 

limiting states of the glass-reinforced-plastics are determined by 

the stress state and strength of their elements. They depend to a 

considerable degree on the combination of the mechanical properties 

of the fibers and matrix. 

On the basis of the properties of the composite elements, we can 

formulate the following limiting state criteria: 

a) with respect to fiber strength for large matrix elongation 

and high adhesive strength in shear; 

b) with respect to matrix strength (formation of the first 

crack) for small matrix elongation; 

c) with respect to shear resistance of the matrix with pro¬ 

gressive failure of the fibers after preliminary breaking of the 

fibers to an inoperative length, and also as a result of tangential 

stress concentration because of reinforcement imperfection; 
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d) with respect to resistance to progressive crack growth, 

here we must also bear In mind the residual structural stress state 

In the composite. 

Resistance to Interlaminar Shear 

The shearing strength of the adhesive bonds between the fiber 

and the matrix shows up In progressive breaking of the fibers, at 

the ends of which shearing failure of the matrix is possible. 

The resistance to Interlaminar shear depends on several factors 

— first of all, the mechanical characteristics of the matrix. The 

following conclusions can be drawn from the data of [1833, in which 

the Influence of matrix strength on shear resistance was examined. 

For low polymer matrix tensile strength (up to 400 kgf/cm1) the 

resistance to Interlaminar shear Increases linearly with Increase 

of the matrix strength. In this case, other conditions being the 

same, the composite strength Is determined by the tensile strength 

of the matrix. Further Increase of the matrix tensile strength does 

not lead to any significant Increase of the limiting tangential 

stresses, whose growth terminates for a matrix strength of 65O - 800 

kgf/cm*. The maximal value of Tsh is -700 kgf/cm* (Figure 8), 

regardless of fiber type. The 

experimental data were obtained 

for E-glass and S-glass with sur¬ 

face treatment using the HTS pre¬ 

paration for a polymer matrix based 

on a combined epoxy-polyester resin. 

The specimens were fabricated from 

wound rings, and the shear resistance 

was determined In transverse bending 

of a specimen of dimensions l/h ■ 

16/3 with resin weight content -14)(. 

The data on resistance to Interlami¬ 

nar shear for certain fiber and 

matrix combinations are shown In 

Table 1. 

Figure 8. Limit tangential 
stresses of composite versus 
tensile breaking stress of 
epoxy (solid curve) and 
phenol resins. 
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TABLE 1 

INTERLAMINAR SHEAR STRENGTH FOR SQME MATRIX AND FIBER COMBINATIONS 

Matrix 

Matrix 
Tensile 
Strength 

In kgf/ram1 

Type of 
Glass 
Fiber 

Shear 
Resistance 
In kgf/mma 

Resin 
Content 

tj Weight 
In % 

Voids 
In % 

ME I 

MF. 25 

MIM 15 

ME-118 
ME-m 
ME-159 
ME-160 

ME-172 

ME-206 

ME-230 

77 

2.7 

4.5 

2.1 
4.5 
7.0 

10,0 

3.0 

7.7 

12.6 

E-IITS 

1:-(4)1 
E-IITS 
E-fOl 
E-IITS 
E-801 

E-HTS 

TTmT 
E-HTS 

E-801 
E-HTS 

S-HTS 

E-HTS 
E-801 

5.0 
0.0 
5.0 
3.5 
3.1 
4.0 
3.0 

2.4 
4.6 
6.4 
7.2 
0.4 
5.5 

5.1 
4.0 
1.5 
7.0 
6.0 
6.6 
6.0 
5.0 

13.2 
12,0 

I2> 

liio 

IM 

I3Í3 
13 
II 

13.3 
11,8 
12.7 
14.3 
13.8 

14,5 
15.3 

1.8 
2.0 

Ë9 

M 

2I 

2T1 

2.9 

2.8 
2.3 

4.8 
5.0 

The type of fiber surface treatment Influences the Interlaminar 

strength. The reduction of shear strength growth as a function of 

matrix strength Is explained by the presence of voids, whose percen¬ 

tage content determines to a considerable degree the shear resistance 

(see $5). 

Without couching on the physical and chemical processes taking 

place at the fiber-matrix Interface and affecting the adhesion of 

the resins to the fibers, we note that according to the latest studies 

[104] of Trostyanskaya et al. failure of the glass-reinforced plastics 

takes place, not along the glass-resin Interface, but rather In the 

binder layer near the fibers (at a distance of 1 - 2 y), where 

weakening of the binder strength is caused by the Inhibiting action 

of the fibers on the binder solidification process. The fiber surface 

structure and their chemical composition affect the mechanical proper¬ 

ties of the binder around the fibers and thus affect the interlaminar 

shear strength of the composite. 

170 



For the Soviet butvarphenolic binders [3], it has been found 
that with increase of the resin tensile strength in the 340 - 540 - 

570 kgf/cm2 range the adhesive strength increases, taking values of 

100, 210, 240 kgf/cma. 

The data of Table 2 characterize the Influence of glass fiber 

surface modification on the shear adhesion strength and shearing 

strength. The shearing resistance corresponds quite well to the 

adhesive strength. The strength of the composite in bending increases 

markedly with Increase of the shearing resistance; however, the com¬ 

posite tensile strength Increases less sharply, apparently because 

of initial curvature of the glass fibers. 

TABLE 2 

STRENGTH OF GLASS-REINFORCED TEKSTOLITE AS FUNCTION OF TYPE OF 

GLASS CLOTH SURFACE TREA3 WENT 

Strength 
in kgf/cm2 

Paraffin 
Lubricant 

Heat Treated 
to Remove 
Lubricant 

Volan 
Vinyl 
Trieth- 
oxysllane 

Alumino- 
ethoxysllane 

« 

Adhesion in shear 

Shear 

Bending at 20° C 

100° C 

Tension at 20° C 

260 

290 

4800 

2400 

295 

370 

5000 

3000 

3800 

317 

420 

5500 

3800 

4000 

402 

500 

6470 

4300 

4200 

400 

6450 

For oriented composites 

without significant curvature of 

the fibers [38], the tensile strength 
Increases with increase of the adhe¬ 

sion. Figure 9 shows a curve illus¬ 

trating the relationship between the 

tensile strength of the oriented 

glass-reinforced plastics and the 

adhesive strength for different 

polymer matrixes. The magnitude 

of the adhesion of glass fibers 

which have not been treated with 

Figure 9. Adhesive strength 
versus tensile strength for 
composite. 
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finishers depends on the resin type, 

and for the epoxy, epoxy-polyester, 

and phenol matrixes the average 

values of the adhesive strength are 

C1»] 370, 300, and 190 kgf/cm2. 

Glass fibers which differ in chemi¬ 

cal composition have different adhe¬ 

sive strength in shear for the same 

matrix. For example, the alumoboro- 

silicate, quartz, and quartzoid 

glass fibers with phenol-silicone 

matrix of the K-9F type have, respec¬ 

tively, an adhesive strength of 230, 

170, and 136 kgf/cm2, while for the 

phenol-formaldehyde matrix the strengths are 223, 217, and 148 kgf/cm2. 

The polymer film thickness influences the resistance to inter¬ 

laminar shear, since the adhesion is determined by the thickness and 

continuity of the polymer film. Figure 10 shows the film thickness 

in an oriented glass-reinforced plastic as a function of glass fiber 

content and diameter [1053. We note that these values are approximate, 

since in reality there may be various defects and a disordered struc¬ 

ture. For the glass-reinforced plastics with volumetric fiber content 

(-65$) the film thickness is 0.3 - 0.5d. 

The results of bond joint shear tests [33 show that the bond 

strength in shear (in nominal stress units) decreases linearly with 

increase of the epoxy polymer film thickness (Figure 11). 

One of the important factors determining the magnitude of the 

adhesion is the temperature. The temperature dependence of the 

resistance to interlaminar shear is quite marked, and apparently 

leads to the strong temperature sensitivity of reinforced plastic 

strength. The experimental data for an epoxy-polyester glass- 

reinforced plastic [1603 and for adhesion of 10-micron-diameter 

fibers to a butvarphenolic matrix [33 are shown in Figure 12. The 

: U 

Figure 10. Polymer film 
thickness as function of 
fiber diameter and fiber 
content in material. 
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Figure 11. Tangential 
stresses t(1) measured 
optically and shear 
strength Tb(2) as a 

function of polymer 
film thickness. 

Figure 12. a — temperature dependence 
of adhesive strength of BF-4 matrix and 
nonalkali glass fibers for fiber diameter 
10 - 12 microns, bond area l*10_amm2j 1 — 
from [105]; 2 — from [3]; b — temperature 
dependence of shear resistance for epoxy 
resins; 1 — solidification at 155° C for 
3 hours [160]; 2 — at 100° C for 2 hours 
and 150° C for 2 hours [160]. 

weaker temperature dependence for the phenolic binder determines the 

higher thermal stability of the phenolic glass-reinforced plastics. 

The results of tests at high temperatures for an epoxy matrix and 

S-HTS fibers at 150° C, plotted on the curve of interlaminar shear 

resistance as a function of the matrix tensile strength, agree with 

the general relationship (see Figure 8). 

The data characterizing adhesive and shear strength scatter in 

the case of composite delamination are limited. A curve of the 

breaking strength distribution (Figure 13) was presented in [4] for 

the adhesive strength of 10 - 15 u diameter fibers. In laboratory 

tests, the coefficient of variation of the adhesive strength in shear 

for most of the polymer matrixes does not exceed 10 - 15% [4]. 

As a rule, the magnitude of the adhesion decreases with increase 

of the bond area [57]. It is difficult tc evaluate the true stresses 

when testing speciments of existing structures in interlaminar shear; 

therefore, there is definite interest in examining this relationship 

on the basis of experiments with more uniform distribution of the 

stresses. When making bend tests of relatively short specimens 

using the transverse force loading scheme, shear failure takes place 
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kgf/cm2 

Figure 13. Adhesive strength 
probability density curve. 

along a plane near the neutral 

axis. The magnitudes of the 

interlaminar shearing stresses 

as a function of area have been 

obtained for the AG-4c and 

pfi 

Figure 14. Integral curves of 
ultimate shear strength distribu¬ 
tion for glass-reinforced plastic 
33-l8c (F « 48, 20, 10 cm2). 

33-18c composites (Table 3). The ultimate stresses and coefficient 

of variation decrease with increase of the shear area. 

TABLE 3 

RUPTURE STRESSES FOR INTERLAYER SHEAR 

Shear 
Area 

in cm2 

Average 
Stress 

in kgf/mmi 

Coefficients 
of 

Variation 
in % 

7/h b X h Material 

in 

?n 
w 
m 
4H 
I» 
II 

no 

2W) 
210 
200 
180 
100 
no 

1*7 
287 
10.2 
19.0 
19.0 
10 
IS 
10 

5 ' 
10 
5 

10 
10 
12 
5 

11 

20 :10 • 

20~20 ~ 
:»'-j0 

20 - 20 

13-I8c 

m 20 I .. 
20 20 1 AG-4c 

The ultimate shear strength distribution curves (Figure 14) 

show the validity of the Weibull statistical distribution for descri¬ 

bing resistance to fracture in interlaminar shear and its variability. 

The distribution parameters are: m ■ 1.8 xu = 135 kgf/cm2. 
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1 — K-lOOj 2 — LMI-6; 3 — 
K-63j 4 — £-322; 5 — K-35-90; 
6 -- PN-1 (c - O.Ol/min). 

Data were presented in [3] 

showing that upon transition to 

monofilaments the adhesive strength 

increases by 2 - 2.5 times in com¬ 

parison with the adhesive strength 

for macrospecimens, determined 

o., -, c n , . ^or the case of interlaminar shear 
Figure 15. Polymer stress-strain a««*! 
curves. in the presence of tangential stress 

concentration at notch locations. 

The values of the ultimate stresses 

of the butvarphenolic binder for a 

bond area of 1 cm2 are -100 kgf/cm2. The adhesive strength in shear 

of the 33-18 and AG-4 binders [4] is 338 and 210 kgf/cm2, respectively. 

The latter values are close to the shear resistance values obtained 

in bending tests of short specimens. 

Mechanical Characteristics of Certain Polymer Binders 

These arguments show that definite requirements are imposed on 

the mechanical characteristics of the polymer matrixes. The strain 

curves of the polyester, epoxy, and phenolformaldehyde resins are 

shown in Figure 15. According to Polyakov [78], fracture of the 

PN-1 binder is brittle without necking. The temperature dependences 

of the PN-1 polymer binder elastic characteristics are presented in 

Figure 16. 

Strain curves of the epoxy binders were analyzed by Bernatskiy 

[23], who showed that, monotonically increasing curves and curves with 

transition through a load peak are characteristic for polymer matrixes 

of the types studied. In the first case, brittle fracture is observed 

while in the second case, the fracture takes place after necking. 

Brittle fracture becomes dominant with increase of the strain rate. 

The elastic constants and strength characteristics of the polymer 

binders are shown in Tables 4 and 5. The linearity of the relation 

ob - lg E and the weak dependence of the elongation eb corresponding 
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Figure 16. Temperature dependence of elastic characteristics of 

polymer binders. 

a — PN-1; b — 6EI-60 (1 — E; 2 — vj 3 — O* 

TABLE H 

STRENGTH, ELONGATION AT FAILURE, AND VARIATION 

COEFFICIENT OF SOME BINDERS 

Polymer 
Matrix 

°b in 
kgf/mm2 

V cb v emax _ ! 
V 

in % 

LMI-6 

K-156C 

K-63A 

K-100 

K-35-90 

9.17 

9.63 

11.3 

9.38 

11.59 

10.3 

9.9 

i 21.2 

1 l1».? 

1 8;.9_ 

5.82 

5.8H 

6.39 

5.7 

6.87 

7.9 

24.4 

21.1 

23.7 

8.8 

6.26 

7.7 

6.58 

5.86 

7.01 

13 

31 

21 

24.2 

25.6 
i 

in 

.-.—.-.■ tnaanMUKlH 



Figure 17. Influence of resin 
elongation at fracture on fiber 
strength utilization. 

b eQ < e : 
a nr 

9,(0 0,(( 0,1( O.TSfp 

Figure 18. Influence of packing 
density (a) and fiber content 
(b) on required fracture elon¬ 
gation of the matrix. 
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to the stress ot^ on the strain rate have been proved experimentally. 

Evaluation of the scatter of the binder characteristics showed 

that the dispersion of the strength limits increases with increase 

of the deformation rate. For a rate of about 20 min-1, the 

scatter of the ultimate strength nd the strains e. and e 
b max 

(strain at the moment of fracture) is characterized by data 

(Table 4) from which it follows that the dispersion of the binder 

rupture stresses is significantly less than the dispersion of 

the reinforcing fiber strength, which determined the composite 

strength. 

Matrix Elongation at Fracture 

A definite relationship between the fiber and matrix 

fracture elongations is necessary for complete utilization of 

the reinforcing fiber strength. Possible schemes for the case 

of tension along the fibers are shown in Figure 17. The 

fracture elongation of the matrix should be larger than that 

of the fiber e. > eb » since, if a matrix with small elongation 
m a 

fails earlier, the fiber strength cannot be utilized. However, 

this relationship is not sufficient in the presence of 

transverse layers. 

TABLE 5* 

ELASTIC CHARACTERISTICS OF SOME BINDERS 

Binder 
E I 0 

V 
in kgf/mm* 

LMI-6 
K-156C 
K-63A 
K-100 
K-3590 
K-322 
PN-1 
6EI-60 
El8l 

339 129 
326 123 
490 168 
335 123 
346 123 
322 121 
380 120 
410 150 
320 - 

0.31 
0.32 
0.46 
0.36 
0.41 

0.33 
0.30 
0.32 

•The values of the elastic constants were obtained from the resonant 
oscillation frequencies [32]. 
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It has been established [6, 65] for square and hexagonal packing 

of the fibers that under the action of forces perpendicular to the 

fibers, the stresses and deformations in the polymer matrix depend 

on the ratio of the matrix and fiber moduli Em/Ea and the fiber 

packing density in the matrix. For square packing. Figure 18 shows 

the ratio of the matrix deformation in the direction of the y axis 

to the average deformation in this same direction for the element A 

for E /E « 0.05, which may be characterized by the relation 
ma 

r„«r 

I (5) 
'Jr 

» r. h i 

The strain concentration in the polymer matrix increases with 

increase of b/s if b/s - 0, eym/eyc ♦ 20. More exact analysis leads 

to the relation [191] 

_2<r_ , ± i X 

L * 'J 

I . 
Y*»* ” ~2r Ca , * "l'", 

—*■37 + T 
Cu ** *»«• 

(6) 

Figure 18 [191] shows the ratio of the relative matrir elongation 

at fracture and the fracture deformation of the composite necessary 

for monolithicity of the composite versus reinforcement ratio. We 

took Ea/Em * 20; Ga/Gm • 17; vm - 0.1»; va • 0.23; ex - ey. In the 

studied reinforcing density range, the resin elongation should be 

6-15 times greater than the corresponding composite elongation. 

It should be noted that, in the case of inelastic deformation 

of the polymer matrix, the stresses in the matrix are lower, and 

this leads to a still larger value of ^ym^yc- 
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Increase of the load-carrying ability of shells made from 

oriented glass-reinforced plastics as a result of eliminating 

cracking of the binder in layers with transverse fibers has been 

studied by Molodtsov [7¾]. According to his data, the relative 

elongation of a binder with a volumetric fiber content 30 - 701 

should amount to 4 - 26%. For a composite based on the EDT-10 

epoxy binder, failure with loading along the fibers began with 

cracking of the binder resulting from summation of the stresses 

from the external load and the axial residual stresses. 

Analysis of the data of §3 shows that composite strength is 

basically approximately proportional to the number of reinforcing 

fibers (reinforcement ratio). This leads to a tendency to increase 

the reinforcement density when fabricating composites; however, 

when so doing it is not possible to provide uniform packing through 

the entire volume of the composite. 

It follows from (6) that with decrease of E_ for fixed b the m 

required elongation ebm increases. Upon the introduction of plasti- 

flers this characteristic increases, but at the same time there is 

a reduction of the matrix elastic modulus E„ and increase of the 
m 

inelastic deformations, which in turn leads to Increase of the 

required value of ebm. Consequently, the use of nonrigid binders 

is not an effective way to Increase the strength of composites. 

More effective is the provision of an optimum fiber packing 

density parameter b/s. For a square pattern the glass content in 

percent of volume is described approximately by the relation [65] 



According to Figure 18, for * - 0.64 - 0.71 the elongation 
cl 

of a polymer matrix should exceed by a factor of 7 - 10 the elongation 

of the glass fiber b/r ■ 0.22 - 0.11. The requirements on polymer 

matrix on relative elongation at fracture lead to the necessity for 

providing some Interval between the reinforcing fibers and limiting 

the reinforcement ratio. This explains the existence of some optimum 

parameter b/s or reinforcement ratio (see Figure 18). 

The properties of some types of polymer matrices are shown in 

Table 6. We see from these data that the epoxy binders satisfy the 

conditions of monolithicity better; however, it appears that the 

elongations at fracture are not adequate. 

TABLE 6 

MECHANICAL CHARACTERISTICS OF PRIMARY BINDER TYPES 

Binder 
Properties 

Polyester 
Resins 

Phenolfor¬ 
maldehydes 

Epoxides 

obt in kgf/mm2 

obc in kgf/mm* 

obb in kgf/mm* 

E in kgf/mm* 

Y in g/cm* 

eb ln * 

4.00 - 6.60 

16 - 11.0 

7.5 - 9.00 

290 - 320 

1.15 - 1.28 

Up to 4 

2.00 - 5.00 

8.00 - 11 

6 

250 - 350 

1.2 - 1.3 

Up to 2 

5.0 - 6.5 

10 - 12 

14 

460 

1.1 

Up to 5 

If the fiber content is excessive, large shrinkage stresses 

develop, and stresses resulting from the different Poisson ratios of 

the matrix and fibers are created during loading. 

ii Limiting States of Glass-Reinforced Plastic with Respect 

to Fiber and Matrix Strength 

The reinforcing fiber content and orientation basically determine 

the level of the mechanical characteristics of the glass-reinforced 

plastics. The experimental data of various studies [69, 110, 115, 

128, 139, 157, 159] show that the optimum fiber content is different 
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Figure 19. Composite specific 
weight versus reinforcement 
ratio for various fabrication 
techniques. 

a — volume content in 
b — weight content in Jt: 
1 — cloth reinforcement; 
2 — glass mat reinforcement; 
3 — oriented structures; 
■ — manual layup without 
pressure; 0 — vacuum methods; 
• ~— fabrication by bag under 
pressure (molding); A — 
autoclave methods; *— form¬ 
ing by rubber dies; j — fab¬ 
rication in press forms; ♦ — 
drawing of profiles; 0 — 
winding, methods for obtaining 
oriented structures [173]. 

for binder materials of different 

types and depends on the type of 

reinforcing filler. 

The relationship of the glass- 

reinforced plastic components is 

determined both by the requirements 

with regard to strength and stiffness 

and by technological factors. As a 

rule, the fabrication methods with¬ 

out pressure or with low values of 

the pressure yield a glass content 

up to 20t. With moderate pressure 

the glass content will be up to 30¾, 

and with high pressures up to 40¾ 

by volume in the case when an unori¬ 

ented filler is used. 

The use of fillers with organized 

structure (glass cloth and oriented 

fibers) makes it possible to Increase 

the volumetric glass content to 55 - 

80¾ with corresponding increase of 

the strength and stiffness of the 

materials. 

Figure 19 shows how the rein¬ 

forcement ratio (glass fiber content) 

and density of glass-reinforced plastic varies as a function of the 

fabrication method. The calculation was made for a resin with 

specific weight 1.22 g/cm* and glass fiber with specific weight 

2.53 g/cm*. The three basic forms of reinforcing filler make it 

possible to obtain materials with a quite wide range of properties, 

including anisotropic materials. Within the limits of each group, 

the properties of the glass-reinforced plastics may differ as a 

function of number of filaments, filament degree of twist, structure 

(pattern) of the cloth, relationship of warp and woof filaments, etc. 
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kgf/mm2 

Figure 20. Tensile strength 

versus volumetric glass content. 

• — polyester resin reinforced 
randomly with glass mat [lll]j 

X unidirectional prestressed 
fibers [110]; A — unidirec¬ 
tional fibers without tension, 
polyester resin [110]; — 

glass cloth, polyester resin 
[110]; J0 — unidirectional 
fibers, epoxy resin [115]; 
+ — crossed reinforcement, 
epoxy resin [115]; 0 — poly¬ 
ester glass-reinforced plastic 
[157]. 

cf: kgf/mm2 

Figure 21. Compressive strength 
versus volumetric glass content. 

1 — GRP based on ED-6 resin [69]; 
2 — GRP based on BF-4 resin [69]; 
3 ”“ glass cloth plus polyester 
resin [157]; ^ — glass cloth in 
woof direction plus polyester 

resin [157]; 5 — glass cloth 
32/2V19, 110 gf/m? [159]; 6 — 
glass cloth 39/19/12 [159]; 7 — 
glass roving [159]; 8 — epoxy 
resin plus E-801 glass fiber [139]. 

¢: kgf/mm2 

Figure 22. Compressive (loa»), 
tensile (II#n*) and bending 
(III^*) ultimate strength ver¬ 

sus volumetric glass content. 

1 — ED-6; 2 — E-1200; 3 — 
BF-H; i* — glass cloth 181 plus 
epoxy resin [128]. 

The variation of the strength 

in tension, compression, and bending 

is shown in Figures 20 - 22. For 

most cases, the tension strength 

increases nearly linearly with 

increase of the glass filler content; 

however, in structures with inter¬ 

weaving of the filaments we observe 

an optimum, after which the composite 

strength decreases, apparently as 

a result of mechanical damage of the 

glass fibers when forming the material 

or part. 

182 



The tension strength of structures based on oriented filler can 

be Increased by increasing the reinforcement ratio through more dense 

packing of the fibers. 

The strength in compression and bending changes similarly; 

however, the glass filler optimum depends more markedly on the type 

of binder. The optimum glass content is about 60X for polyester, 65£ 

for phenol, and 70JÍ for epoxy resins. 

If we analyze the optimum filler content and the properties in 

tension, compression, and bending, we obtain the curves shown in 

Figure 22. For curves 3» the optimum glass content in bending is 

less than in tension and compression; for curves 4, the optima in 

tension and bending coincide. This is apparently explained by the 

fact that in [69] relatively short specimens (í/h ■ 10) were tested, 

yielding shear fracture along the neutral axis, which leads to a situ¬ 

ation in which the breaking stresses expressed in terms of o are not 

comparable. Tests of specimens with í/h > 16 [128], yielding failure 

from normal stresses, show that the bending strength is approximately 

1.3 times the tensile strength. 

Other conditions being the same, even such factors as the number 

of layers affects the strength characteristics for the relatively 

thin materials. Figure 23 shows experimental data [162] indicating 

the influence of the number of filler layers on material strength in 

tension and compression for flat-plate and tubular specimens. The 

variation of the elastic modulus in tension, compression, and bending 

for loading in the direction of the reinforcement is described by 

curves (Figure 24) constructed from the results of [39* 81, 115, 139» 

173, 184], These curves are close to linear and nearly parallel; 

thus, the form of binder and glass filler has very little effect on 

the nature of the function E ■ fUa), altering only the initial values 

of the elastic properties. This relation has an asymptotic nature 

in the direction perpendicular to the axis of reinforcement (curve 8). 



**, kgf/nun* tc., kgf/mma 

Figure 23. 

a — influence of number of reinforcing cloth layers on tubular 
specimen strength: 1 — 38/19/12, 285 gf/m*, 40Ï glass; 2 — 
32/24/24, 110 gf/m1, 110 gf/m*, 40$ glass (compression); 3 — 
38/19/12, 285 gf/m2,30$ glass (tension); b — influence of tubing 
thickness on tensile strength in circumferential direction (test 
under Internal pressure) [162]. 

Figure 24. Modulus of elasticity in tension, compression, and 
bending versus volumetric glass content. 

1 — epoxy resin with crossed reinforcement (bending) [108]; 
2 — polyester resin (tension) [1731; 3 — SVAM 1:1 (tension) 
[81]; 4 — epoxy resin based on 801 fiber (compression) [139]; 
5 — epoxy resin, winding (bending) [39]; 6 — roving from S-994 
fibers, epoxy resin 826 [184]; 7 — epoxy resin, 12.5-micron 
diameter oriented fibers; 8 — same, tension perpendicular to 
the fibers. 
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An approximate calculation of composite properties was formulated 

in [131]* It was based on the assumption of ideal elasticity of the 

reinforcing fibers and matrix and also uniform loading of the parallel 

reinforcing elements. The composite characteristic has the form 

- I " 

x* ~ £ xi^i- 

(8) 

We see from formula (8) that the determining factor is the 

glass fiber content. A more detailed analysis [71] leads to the 

following relations for calculating composite strength as a function 

of the relative content of the components and their mechanical 

characteristics. 

The cross sections of the composite are considered to consist 

of the regions F . corresponding to the fibers, and the region F , 
» m 

corresponding to the filled polymer matrix. The regions F are 
SI 

considered to be separate, and the characteristics of the components 

are known (fiber diameter d, elastic modulus E , Poisson's ratio v ; a a 
the polymer matrix has the corresponding characteristics E , v , 

m m 

and is considered to be an elastic medium). 

The reinforcing elements are connected with the polymer matrix 

along the interfaces, and there are no initial stresses in the 

composite. 

Analysis of the solution obtained showed that the axial dis¬ 

placements are independent of the x and y coordinates (z axis is 

directed along the filament), and are the same in regions F and F 
a m 

(hypothesis of plane sections). The axial stresses a are the 
z 

largest in magnitude and constant within the limits of the regions 

F& and Fm, but change stepwise at the interface. 
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The average modulus of elasticity is 

(9) 

where <J> is the reinforcement ratio, the volumetric fiber content is 
St 

2(1-:- V,) (I - 2vu) v*> 

B~ (Va - V-) 
fcJi 

The relationship between 

contents has the form 

Ha= • 

the volumetric 

tar*+ 0 -♦«)?«’ 

<|> and weight ij». 
a “ 

fiber 

where Y and y are the specific weights of the reinforcing fibers 
û in 

and the matrix. 

For the ratio Ea/Em +20, lva " vml < 0.2, we obtain the 

approximate relation 

r 1 < 

For deformation ec • ez, the average axial stress in the composite 

is 

[-£-«f.+o-?.)]• (ID 

In the linear stress state case, failure of the composite can 

take place at the moment the deformation ec reaches a value equal to 

the breaking strain for the fibers or matrix. Then we can write the 

approximate values of the composite strength limits (see Figure 17). 
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fa 

Figure 25. Ratio of stresses 
in fibers to stress in compo¬ 
site as a function of elastic 
properties of the matrix and 
fibers. 

For the first case ow * o 
be z 

with ez - eba - oba/Ea, since the 

fibers are elastic 

». - ». [,. (12> 

For the second case (e. > e ) 
ba bm 

the corresponding relation takes the 

form 

0« - 0« [<fa I*- + ( I — q,,) j. (13) 

These relations agree satisfactorily with the experimental data 

for comparatively low (up to 60$) reinforcement ratios. According 

to the experimental data, better agreement for the polyester com¬ 

posites is obtained under the assumption eba > ebm and calculation 

using (13). it follows from these relations that the modulus ratio 

Ea^Em also lni,luences composite strength (Figure 25). 

The behavior of the polymer matrix in composites has not received 

adequate study; it is not clear whether there is pure yield of the 

resin or whether it is accompanied by fracture. As a result of the 

large values of the ratio of resin surface area to composite volume, 

this factor affects the resin yield point. 

The GRP model in the form of two regions (matrix and filler) 

connected in parallel makes it possible to write — on the basis of 

the hypothesis of plane sections and for known properties of the 

components (F&, oya, E.a for the fibers and Fm, oym, Em for the matrix) 

-- the relations between the stresses in the fibers and the matrix 
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(14) 0- = 
E. 
Em 

0J, = 

where oya and oym are the yield limits of the fibers and the matrix. 

In all cases of reinforcement of existing matrices a /a > 
ya ym 

E /E , and yield occurs first in the matrix if we take o * o as 
“i» m ym 

the yield condition. In this case, the nominal stress in the com¬ 

posite reaches magnitudes 

7vr77 - + -&• (-¾ - 0] • (15) 

where ■ P + F . 
cam 

The deformation in the limiting state with regard to yielding 

of the matrix is 

(16) 

The force absorbed by the matrix without account for hardening 

is Sn * Fm * Gym* and the loading on the fibers will increase with 

increase of the load on the composite. The stresses in the fibers 

increase up to oba with increase of Qc 

o. (17) 

and the nominal stress and strain in the composite at the moment of 

material fracture are 

°*«i = — °mM + (0« — 0»ui) = 

= 0*i«(i—<f«) + wv«; 8*'"== • 
(18) 
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Transition of the matrix into the plastic state can be determined 

from the strain diagram, where an inflection point will be observed 

at ec * ayfn/Em, and the slope of the diagram is characterized by the 

modulus 

- n   FgEg 

— F*!/. h F K (19) 

The inflection point is absent for E /E * o. /0 . However, 
am ba ym ’ 

because of nonuniformity of the loading of the individual segments 

and scatter of the matrix yield limits, as a rule the inflection is 

not clearly expressed on the diagram. 

We see from this simple analysis that the matrix strength and 

yield characteristics should be quite high. As a rule, the mechanical 

characteristics of the composites improve with increase of the matrix 

tensile strength. 

Reference 21 presents the results of calculating the effectiveness 

of the utilization of glass-fiber reinforced material strength and a 

comparison of the calculated strength , <f> + 0. <t> and the experi- 
oa a bm m 

mental values for various filler types (Table 7). 

Comparing the calculated and experimental relations (Figure 26) 

from [177], we can conclude that the experimental values are lower. 

We see from these relations that the variation of strength with 

fiber content in percent by volume is linear. However, in this case 

the number of defects in the reinforcing filler increases and the 

fiber working conditions in the matrix degrade. These relations 

yield an estimate of the upper values of the strength without account 

for several of the considerations presented in §1 - 5. The existence 

of peaks on the abc - 4^(^) curves shows that for some reinforcement 

ratio, the experimental curve deviates from the theoretical curve as 

a result of the influence of defects in the fibers and matrix. These 



TABLE 7 

UTILIZATION OF GLASS FIBER STRENGTH IN VARIOUS COMPOSITES 

¡Stress in 
Filler [Fibers in 
Type kgf/nun2 

Utili- ( 
zation 
of Fiber Tmer 
Strength 
in % 

Length 

be 

Theory 
Experi¬ 
ment 

in kgf/mnr 

Iffective- 
ness in 

% 

Filaments 
wound in 
one 
direction 

Fibers in 
two 
direction^ 

Glass 
cloth 

Layer of 
fiber 
mat 

Chopped 
fibers 

Glass 
floe 

16M 

190 

113 

176 

92 

20 

58.5 

68 

40.5 

63 

33 

7.0 

Continu¬ 
ous 

Same 

Same 

Same 

Short 

Same 

217 

138 

138 

138 

42.5 

116 

126 

51 

30 

40 

10.5 

14 

58 

36 

22 

29 

24.1 

12.1 

Figure 26. Calculated and 
experimental curves for 
composite strength versus 
glass weight content in %. 

1 — theory; 2 — reinforced 
in one direction; 3 — cross 
reinforcement. 

Figure 27. Relation o. - ij» . 
be a 

1 — theory; 2 — experiment; 
a,b — theoretical and experimental 
strengths with optimum glass con¬ 
tent; c — limiting value of cor¬ 
respondence between theoretical 
and experimental strength without 
structural damage. 
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deviations have a statistical nature (see §1 - 3). Figure 27 shows 

the nature of the relation obc - t|ia and the optimum values of the 

strength and reinforcement ratio corresponding to composites with 

damaged and undamaged fibers. 

§*>. Limiting States of GRP with Regard to Progressive Fiber Failure 

The basic difference between the process of composite material 

failure and fiber bundle failure is that the failure of a fiber at 

any point of the bundle means weakening of the bundle and leads to 

increase of the effective stress, while failure of individual fibers 

in a composite (combined bundle), taking place at different sections, 

leads to redistribution of the load on the fibers located close to 

the failure zone. It has been proved experimentally that materials 

can be treated on the basis of resins and short parallel reinforcing 

fibers [3]. Final failure of the composite apparently takes place 

at stresses corresponding to the strength of a material based on 

short fibers with ends randomly positioned through the volume of 

the material. 

Let us examine the failure model of a composite consisting of 

a binder strengthened by glass fibers oriented in a single direction. 

The strength of the glass fibers depends basically on the defects 

which are distributed randomly along the length of the fibers, as a 

result of which fiber failure takes place at different stress levels 

at different locations. In the case of tension of composite material 

specimens, the individual fibers fail at the locations of local 

defects, as a result of which shorter and stronger fibers are formed 

which are capable of accepting the load. At the fracture locations, 

the load is transmitted to the fiber by means of tangential stresses 

which arise on the surface between the fiber and binder. At the end 

of the failed fiber, we observe concentration of tangential stresses, 

while the normal stresses are equal to zero. With increase of the 

distance from the end of the fractured fiber, the tangential stresses 

in the polymer matrix decrease, while the normal stresses in the 

fiber increase to the value of the nominal stresses. With load 

increase, the progressive failure of the fibers continues until the 
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Vf» 
1 

Figure 28. Fiber bundle strength 
versus length. 

1 — defect free fibers; 2 — 
fibers with slight defects; 
3 — highly damaged fibers; 
4,5 — bundle strengthen¬ 
ing "force" for small and 
large diameters. 

effective "working" length of the 

fibers becomes so short that further 

increase of the load is not trans¬ 

mitted to the fibers because of 

the tangential stresses in the 

matrix reaching the yield limits 

or shear failure of the matrix. 

After this, final failure of the 

composite material takes place. 

Failure of fiber reinforced 

composites by breakup of the fibers 

was suggested by Parratt [180] and 

confirmed experimentally by Rabino¬ 

vich, Malinskiy, and others [59i 72]. 

Figure 28 shows a qualitative picture of the strengthening effect 

for composites based on bundles with small (2) and large (3) defects 

and defect-free (1) fibers of different diameters (4, 5)' as a function 

of fiber length. 

For the transmission of a (nominal) stress of 140 kgf/mma, it is 

necessary that the critical fiber length be on the order of 400 fiber 

diameters, for 350 kgf/mm2 the length must be 1000 d. 

Malinskiy and Rabinovich [59, 72] studied the elementary acts 

of the GRP failure process. The stress state in the failure zone 

was evaluated using the polarization-optical method with movies taken 

in the process of loading specimens made from reticulate polymer 

binders (of the polyester and polyepoxy type) with 50 - 100-micron 

reinforcing elements. In this case, individual fractures occured, 

whose number gradually increased with load increase, stress concen¬ 

tration was observed in the fracture zone, and a sort of edge effect 

developed. The stress state in the fracture zone had a local nature 

and did not depend on the boundary conditions associated with force 

application. 
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A fiber segment protruding above the fracture surface formed at 

the fracture location, indicating rupture of the adhesive bond as a 

result of shearing failure before the model specimen failed through 

the entire cross section. 

The length of the freed filter segment (failure region) depends 

on the extent of the edge effect zone and its decay rate (gradient). 

The zone of nonuniform tangential stress distribution is restricted 

to the segment whosê relative magnitude is a linear function of 

the ratio of polymer layer thickness to fiber diameter. 

The relative length of the nonworking fiber segment is determined 

[59, 12] as a function, of the mechanical and geometric parameters of 

the components of the^reinforced plate using the relation which 

follows from the conditions of equilibrium and the compatibility of 

the deformations of the fiber and the elasto-viscous matrix 

(20) 

were d is the reinforcing fiber diameter; t „ is the maximum shear 
max 

stress; x is a parameter having the dimensions of a stress; G and 
^ m 

Gm00 are the mociuli of elasticity and Mackian elasticity in shear for 

the matrix; E&, Em are the moduli of elasticity of the reinforcing 

element and matrix; ß is a parameter which depends on the elastic 

constants and volume ratio of the composite components; t is the 

binder layer thickness. 

The linear relationship between l&/d and /t/d is confirmed by 

the experimental data shown in Figure 29. Since specimen failure 

takes place at a section whose location is determined by the boundary 

of the tangential stress concentration zone at the fiber-resin inter¬ 

face, and the relationship between Z /d and ZtTcT is confirmed by 
cl 
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experiment, we can assume that the 

failure is caused by the overstress 

arising in the reinforcing fiber 

fraction zone. A crack develops at 

the fiber-matrix boundary, and in 

the central part of a specimen 

reinforced by a single fiber the 

surface which forms in the first 

fracture stage is mirror smooth, 

while at the peripheral part the 

fracture is rough, characteristic 

for Mprefracture" of the section. 

With decrease of binder shrinkage and weakening of the adhesive bond, 

the overstress decreases. In all the experiments, failure takes 

place at deformations whose magnitude is less than the fracture 

deformation of the unreinforced binder. 

Few experimental data are available on the failure of composites 

with high reinforcement ratio. In order to determine the conditions 

for delamination of a composite, Melvin [65] analyzed a model con¬ 

sisting of parallel rods with the outer rods being initially failed. 

In spite of the large rod diameters (d » 3 nun), the basic results 

characterize qualitatively the matrix operation, force redistribution, 

and the stress state of the neighboring rods in the failure zone. 

The reinforcing rods and matrices were considered elastic, and 

at some distance from the fracture location all the fibers were loaded 

uniformly. The normal stress state of the binding matrix was taken 

equal to zero, since the ratio of the elastic moduli of the rods and 

matrix was 20; however, the matrix transmitted tangential stresses 

from the failed fibers to the unfailed ones. The results showed that 

the tensile and tangential stresses in the rods and in the matrix 

die out at a distance ~5K from the fracture point, where K2 * 

0 t/bE f ; 0 is the shear modulus of the matrix; Ea, f. are the modulus 
m a a m a a 

of elasticity and area of the fiber; t is the thickness of the polymer 

layer in the single-layer model; b is the distance between fibers. 

Figure 29. Curve of nonworking 
segment length as function of 
polymer layer thickness, fiber 
diameter, and tangential 
stresses in the failure zone 
after [59, 72] (PN-1 resin). 
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Figure 30. Model of composite 
reinforced by parallel fibers, two 
of which are fractured (a); vari¬ 
ation of load in rods with distance 
to failed section in units of KZ 
(b) ; tangential stresses in the 
matrix between fibers ^,5 and 5,6 
(c) . 

The curves (Figure 30) 

confirm the assumption that the 

stresses are concentrated in 

the neighboring fibers in the 

zone of the failed fibers, which 

increases the probability of 

Allure of any of the neighbor¬ 

ing fibers. The actual magni¬ 

tude of the concentration in a 

real material is lower than in 

the Melvin single-layer model, 

the concentration also decreases 

as a consequence of incomplete 

elasticity of the properties. 

In this connection, there is 

an increase of the length of 

the segment with high stresses, 

and also by the ratio t/b. basically determined by the modulus Um 

The stress concentration level in the fibers is independent of the 

component properties and model parameters. 

The tangentlal stresses in the polymer matrix depend on K and 

the force acting Q, i.e., on the normal stress, characterizing the 

tendency of the naterial to delaminate. The maximum tangential 

stress is 

Qh 
I (21) 

where C is a constant, equal to 1.27 for six fibers. For composites 

with multi-layer structure with parallel pattern of round fibers 

t « d 

T VtK 
< 22 ) 
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where C « 0.1 - 1.0, depending on the fiber arrangement. The maximum 

tangential stress Increases with Increase of the level of the stresses 

oa, ratio Gra/Ea* and d/b. Creation of composites with high tensile 

strength requires higher shear strength of the polymer matrix with 

lower elastic properties of the resin (Q„). The ratio d/b, charac- 

terlzlng fiber packing geometry, is also of considerable importance. 

The quantity t increases with decrease of the distance between 
max 

fibers. Thus, it is necessary to maintain some finite distance 

between the fibers. For example, for b - O.ld t.„ is twice as large 
max 

as for d * b. The polymer layer thickness t is found on the basis 

of the uniform fiber arrangement (packing) scheme, if we consider 

that the matrix forms a cylindrical tube of thickness t around the 

fibers and fills the entire space between the fibers. For hexagonal 

and square packing schemes (grids), t can be found from the equations 

ldJ - tJI 

4(4-:-01 an“ = 31«» 

where <j>a is the reinforcing fiber volumetric content. 

For the plane stress state, the influence of fiber arrangement 

in the matrix on the tendency to delaminate becomes still more signi¬ 

ficant, since the concentration from the load perpendicular to the 

reinforcing fibers is superposed on the concentration from fracture 

of the fibers. As a result, numerous cracks form in the transverse 

layers and separate the composite into several individual fibers 

coated with binder. 

The data characterizing the strength of fibers in composites 

[105] were obtained in the case in which fiber bundles and glass 

mat Ityers were tested. The number of fibers varied from five to 

several thousand and hardened and unhardened resins were used as 

the matrices. In the absence of matrices, if the binder is hardened 

(curves 1 and 2 in Figure 3D we observe considerable bundle strength 
reduction as a function of the number of fibers (the initial fiber 

strength is shown by the dash-dot lines, and the strength measured 
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Figure 31. Strength of glass fibers in oriented GRP with unidirec¬ 
tional structure. 

a — 10 u diameter fibers; b — 15 - 17 w diameter fibers; c — 50 p 
diameter fibers; 1 — specimens without binders; 2 — based on 
unhardened ED-5; 3 — based on bakelite lacquer; — based on ED-5 
(specimen working length 10 mm (0) and 100 mm (•) . 

Figure 32. Statistical distri¬ 
bution of strength for mono¬ 
filament (2) of E-glass and 
composite (1) based-^n epoxy 
resin reinforced by the same 
E-glass fibers. 

under normal conditions is shown 

by the dashed lines). In the 

ekgf/mm 

Figure 33» Variation of average 
strength of two types of yarn 
fibers and a yarn composite with 
epoxy resin as function of fiber 
length. 

1 — E-glass, yarn in composite; 
2 — S-glass, yarn in composite; 
3 — E-glass yarn; 4 — S-glass 
yarn. 

presence of a hardened binder, this relation weakens somewhat; 

however, the breaking stresses in the fibers are less than the 

initial fiber strength and for a diameter of 10 microns amount to 

-220 kgf/mm2. 



The strength of E-glass monofilaments and epoxy resin composites 

based on these fibers was analyzed by Korten [65]. Figure 32 shows 

that 20¾ of the monofilaments fail at a stress corresponding to the 

average strength of the composite. The distribution curves for the 

monofilaments and the composite cross at a point with -15¾ failure 

(stress ~350 kgf/mm2). If we assume that these fibers (15¾) in the 

composite do not accept load, the average stress in the remaining 

fibers will be -390 kgf/mm2. About 70¾ of all the monofilaments fail 

at this stress, and the composite specimen could scarcely retain its 

load-carrying ability if there were no redistribution of the load at 

the points of fiber failure to the neighboring fibers, whose shorter 

segments are stronger. 

Figure 33 shows the variation of the strength of yarns and yarns 

in a composite with length of the monofilaments comprising glass yarns 

of two types. While the strength of the yarns without resin decreases 

with increase of the fiber length, the strength of the yarns in the 

composite is independent of the length beginning at some value of the 

length. This length can apparently be considered the minimum critical 

length for the transmission of tensile forces to the fibers through the 

shear stresses in the matrix. 

Figure 34 [180] shows the average fiber stresses as functions of 

fiber diameter d and the ratio 7/d (a) for epoxy and polyester GRP with 

50¾ fiber content by weight. 

In [109] results are presented of tests of fiber yarns whose 

strength was calculated on the basis of monofilament strength distri¬ 

bution according to the Daniels scheme. The yarn lengths were 2.5; 

12.5; and 25 cm. We see from these data that the strength of the yarn 

in the composite depends very weakly on length (Figure 35, Table 8). 

The results of the monofilament tests were used to construct the 

deformation diagram for a fiber bundle. Figure 36 shows such a diagram 
for a bundle of 216 monofilaments. Let us examine the tension process 

for a constant strain rate. As the weak fibers break, the load decreases 

since the strain magnitude is fixed, but with increase of the deformation, 
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Figure 3¾. Average fiber stresses versus ratio l/á (a) and fiber 
diameter (b) for epoxy (•) and polyester (o) composites. 

6 s-'kgf/mm2 

Figure 35. Average strength of 
monofilaments versus length. 

A — monofilament; B — Fiber 
bundle (n ■ 112); C — coated 
bundle (n * 216). 

Figure 36. Deformation diagram 
for bundle (1) consisting of 
112 E-glass fibers and yarn 
(2) consisting of 216 fibers 
coated with resin. 

TABLE 8 

STRENGTH OF MONOFILAMENT, BUNDLE OF MONOFILAMENTS, 

AND BUNDLE IN MATRIX AS A FUNCTION OF LENGTH 

Monofilament 
Length 
in cm 

5btof 
Monofilaments 

-----—-,- 
obt (calc) of j obt of 

Monofilament j Bundle 
Bundle | in Matrix 

in kgf/mm2 

2.5 

12.5 

25.0 

326 

287 

298 

271 

228 

231 

294 

295 

296 



Figure 37. Variation of 
strength of 33-l8c epoxy 
GRP with degree of pre¬ 
stressing and subsequent 
water soak (^500 hours). 

because of gradual breaking of 

the load increases until the next 

fibers break, and after reaching the 

peak point the load decreases. Also 

shown is a comparison with the deform¬ 

ation diagram for a bundle in a com¬ 

posite; this curve does not have the 

jumps caused by breaking of the 

fibers, since the load is transferred 

to the other fibers. The curvature 

of the diagram is associated with 

the manifectation of stiffness change 

the fibers. 

These experimental data give a basis for assuming that breaking 

occurs for fiber lengths considerably shorter than the length of the 

fibers tested. 

In view of the variety of the factors affecting the monolithicity 

condition, it is important in practice to establish the crack formation 

bounds. Figure 37 shows the strength of 33-l8c epoxy GRP as a function 

of the degree of prestress and subsequent soak in water for ^500 hours. 

A marked influence of moisture penetrating into the places where 

continuity is disrupted is observed for stresses 2 0.5o.. 

l/kv 

t, 

e: 

t: 

o.: o.* o.f 

:: 

o 

'.it* 

Figure 38 illustrates the breakdown voltage for polyester GRP 
plates 1.1 mm thick as a function of the degree of surface deformation, 

(e = 6/2p ï), which makes it possible 

to establish the crack-formation 

boundary (e * 0.52Ï) [205]. Thus, 

in real composites there is marked 

disruption of the monolithicity of 

the structure at stresses and 

strains which are about half the 

ultimate values. 
• ' • : t r 
7: a* S V F 53 

Figure 38. Breakdown voltage 
for polyester GRP plates as a 
function of degree of surface 
deformation. 
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§5. Limiting States with Regard to Matrix Resistance 

to Crack Growth 

In real composites there are always larger numbers of differently 

oriented cracks. In this connection, the composite strength depends 

on the resistance of the polymer binder to crack growth. Therefore, 

it is of interest to analyze the conditions for transition of a matrix 

with initial cracks into the nonequilibrium state and the kinetics of 

macrofracture crack growth. The current ideas on rigid polymer 

fracture are given in a monograph by Bartenyev [15]* 

According to Griffith (see Si, Chapter 1), the material fracture 

condition leads to the relation oc/c - const, where cc is the nominal 

critical stress; c is the crack length, and we can obviously write 

o/T • const, which defines the existence of cracks of the critica] 
c 

size. A crack of the critical length is unstable; if the crack length 

is greater than the critical value, it will grow spontaneously for a 

fixed stress from an external load. 

f: 

Figure 39. Stresses at tip 
of elliptic crack. 

The submicroscopic cracks which 

arise in deformable specimens in the 

early fracture stages have been 

studied using optical and other 

methods by Zhurkov [M8]. 

Griffith and Smecal examined 

microcracks of elliptic form (Figure 

39). 

The maximum stresses at the tip of an elliptic crack with semi 

axes a and b (b/a « 1) are defined [147] in terms of the principal 

stresses oi and 02 

-- (o, — O|lcos20 f *- H°i f 0.) — lo. — Oj)cos 2»| (23) 

(see Figure 39), or in terms of the nominal stresses on in the crack 

plane far from the crack 
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Om« = (O* - Ol) cos 2o 2 -r- Oh. (2Ü) 

Por a crack oriented perpendicular to the stress o2, so that 

6*0°, for a/b » 1 the primary term in (23) is the second term, and 

the concentration effect for o» ■ 0 and oj * o is evaluated as 

(25) 

(K » 2 a/b). For cracks of nonelliptic form, the quantity 2 a/b is 

replaced by the ratio (2c/p)*, where c - 2a is the crack length and 

P = b2/a is the radius of curvature at the tip of the crack. In this 

case, the stress concentration is evaluated by the quantity K « /2c7p. 

Smecal [19¾] suggested that an elementary volume with an elliptic 

crack fails if the maximum stress o reaches the value of the 
JIlaA 

theoretical strength with the correction /ÏÏTïï • 1.13, » 

For 0*0 

(26) 

The theoretical strength is calculated from the energy balance 

condition for free surface formation as a result of elastic energy 

accumulation in a layer of thickness 2r0, r0 is the equilibrium 

interparticle distance: oy * /5Eã^7?7; r, - 5-10"* cm. The ratio 

oy/o - /xc/2p «*/W2)(c/ro)f if the crack width is 2r0, can be con¬ 

sidered the stress concentration at the tip of a single crack. 

•This coefficient is adopted for agreement with the Griffith criterion. 
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The Griffith fracture mechanism [143] is applicable to the ather- 

mal fracture process, in which the thermal motion of the body particles 

can be neglected. The energy balance condition (il, Chapter 1) is 

valid for the equilibrium state, in which the crack growth rate is 

zero. 

When the crack grows at a certain rate, as a result of inter¬ 

particle bond breaking there is an energy dissipation; moreover, part 

of the energy is necessary for moving the crack walls apart. If the 

fracture energy is referred to a unit fracture surface, the Griffith 

formula will have the form [143] 

= (27) 

where T. 0is the characteristic energy of the fracture process; the 

other notations are the same as before. The magnitude of the charac¬ 

teristic energi exceeds considerably (by nearly four orders) the value 

of a for the polymers. For example, for polymethyl methacrylate 
sur 

and polystyrene at 20° C, this energy amounts to 5*10* and 9'10* 

erg/cm2. 

According to Irwin [149, 207], a crack in a material advances 

by the distance o if the work on crack growth, including plastic 

deformation energy, reaches the value necessary for the formation of 

a new surface. The energy balance condition thus includes the 

plastic deformation energy 

d [■/ 
d. IV '* e :- •• ««))] r" °* (28) 

Assuming that the energy released during crack growth is 

numerically equal to the work to close the crack, we can calculate 

the crack growth energy. 
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The stress distribution in the 

crack vicinity for a point with 

coordinates 8 and p is defined by 

the Westergaard equations 

(l h sin y sin ) ; (29) 

Figure *10. Stresses at crack 
tip [211]. 

where K ■ o/c is a coefficient 

characterizing the stress intensity. 

The displacement along the y axis, which is the crack opening, 

is described by the Equation (Figure 40) 

(30) 

and the energy for a plate of unit thickness is calculated with 

account for (29) and (30) 

ó 

The rate of elastic energy release is defined as dW/dF, where 

F is the crack area in a plate of unit thickness 

(3D dW n/n .toV 
dF ~ C = e 

With increase of o, the quantity dW/dF increases to the critical 

value and a crack develops. Up to this value, each value of a 
corresponds to a definite length of the equilibrium crack. When K 

reaches the value K the crack becomes unstable and grows 
cr 

spontaneously. 
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Figure ill. Basic forms of crack growth. 

The material resistance to crack growth can be determined 

experimentally, since at the moment of crack growth initiation, the 

quantity itK2/E is equal to this resistance in the plane stress state 

case and (1 - v2)irK2 /E ■ dW/dF in the plane strain case. The 

Influence of inelastic deformation, localized in a narrow region at 

the tip of the crack, is accounted for under the assumption that 

Place of the crack of length 2c -- we consider a crack of 

length 2(c + rpl), where rpl « K2/2oJ. 

The nominal stress at fracture is defined by the relation 

o= + ^ 

Direct application of these results to the reinforced materials 

is difficult. The complexity of the composite structure determines 

the great variety of crack forms, which affect differently the capa¬ 

bility of the material to withstand cracking. The question of the 

determination of the crack growth energy magnitude has not received 

adequate study and quantitative data for matrices and composites are 

not available. 
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Figure 42. Schematic of periodic Figure 43. 
crack arrangement. form. 

Crack of irregular 

The basic crack growth modes are shown in Figure 41. The stress 

state for these cases was analyzed in detail in [179]. The values 

of the coefficients Kj, Kn, Km (Figure 41) are 

A‘i -=- C,o| r, 
A'„ = t (ar)'/*; 
Am - T (.V)«/», 

where Ci is a constant, Kn - KI;[I ■ Oj 

Afi Am * 0; 
K, - K„ = 0. 

In the presence of a series of cracks arranged periodically 

(Figure 42), we have 

(4,, ».)«■. 

An « Ahí — 0. 

For a crack of irregular shape (Figure 43), the value of K is 

determined by comparing the quantities 

A, % 0.75o (ac,)1'*; 
K, % 0,85o far 
A, 1,05o (ac,)'/*; 
A, ss 0,75o (ar,)>/*. 
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from which the largest value is taken. All these coefficients can 

be functions of the deformation rate [179]. 

Korten [65] made an approximate evaluation of the dependence of 

K on the matrix and fiber moduli ratio and the crack dimensions for 

the case of a single fiber breaking in a polymer matrix and a crack 

in the form of a disk with radius (r + c), where r is the radius 
3 a 

of the fiber 

(32) 

where oa is the nominal stress in the fibers; r is the radius of the 

crack. 

We have noted previously that the presence of such cracks was 

confirmed by the experiments of S. Zhurkov [48]; moreover, at the 

interface [104] a zone of binder disintegration develops because of 

Incomplete hardening. 

Analysis of (32) shows that, with an increase of the relative 

crack dimension c/r from 0 to 1, the quantity K, /0 /r decreases 
X cr £L 

and is minimum for c/ra ■ 1. In spite of the approximate nature of 

the equation, we can note certain characteristics. 

For a given ratio Em/Ea with an allowable c/ra, some limiting 

value of Kj cr/0a is required. The crack in the matrix around the 

broken fiber will be smaller, the higher the plasticity of the matrix 

and the smaller the product oa/r. Consequently, for a specific value 

of KI cr the allowable stress oa in the fiber is larger, the smaller 

the fiber diameter. Fibers of small diameters thus prevent cracking 
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of the matrix. The use of stronger fibers requires increase of 

finder plasticity to prevent its cracking. 

Data from tests of plane epoxy matrix specimens with side notches 

are presented in [65]. The estimate of Kj was made using the relation 

of [IH9] with account for inelastic deformations (0 - oM was 

assumed) ^ 

(33) 

where om nominal stress in the matrix without account for the 

notch; 

c — half the crack (notch) length; 

b — specimen width; 

rpl " correction for the size of the plastic zone. 

For the DER332 epoxy binder, the quantity KT ■ 56 kg/cm2«cm^. 
JL Cl? 

For the same resin with the introduction of a plasticizer (40Ï x 26732) 

the value of Kj increases and reaches 179 kg/cm2•cm'*. 

Quite high resistance of the matrix binders to crack growth is 

necessary to obtain high-strength composites. 

For the hard polymers, it has been established [14, 43, 46, 47, 

49] that fracture occurs at stresses 0 less than the critical value 
aQ. Observation of crack growth shows that there are two fracture 

stages: the first is associated with slow growth of the initial 

crack, leading to the formation of a smooth, mirror-like surface 

(thermal phase), the second is the athermal phase with growth of the 

initial and secondary cracks with velocity close to the speed of 

sound, accompanied by the formation of a rough zone. In the first 

stage, the crack growth rate depends on the stress, temperature, and 

the medium. » 

•The influence of atmospheric moisture on the hard polymers is not 
great. The temporal relations in air and in a vacuum practically 
coincide for the hard polymers. 
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The most frequently encountered type of hard polymer failure 

[15] Is the growth of the Initial crack from the most critical defect. 

When the stress in the remaining portion of the section exceeds 0 , 
c 

competing secondary cracks develop and cleavage lines form when the 

growth fronts of these secondary cracks meet. The form of these 

lines characterizes the crack growth kinetics. 

In the fast loading case, the elastic strain growth velocity may 

exceed the speed of sound, and the breaking stresses may become higher 

than 0 . Fracture takes place with simultaneous growth throughout 

the volume of a multitude of cracks, since if 0 > <j all defects are 
c 

hazardous and the critical overstress is reached at the tips of many 

of these defects. 

At the temperature of liquid air, the mirror-like portion on 

the fracture surface is absent and the time dependence of the strength 

does not show up. If the load is referred to the area of the rough 

zone, the same value of is obtained. 
c 

Experimental data [14, 42, 43, 46, 4?, 49] have made it possible 

to formulate the basic temperature-time relationships of polymer 

resistance to static failure, based on the physical concept of the 

corresponding molecular mechanism. 

The connection between the time-to-failure t and the magnitude 

of the static stress 0 is expressed by the exponential relation 

.1 exp( --an) -r /Ifxp (34) 

where A and a are constants; K is the Boltzmann constant; T is the 

temperature in °K; U ■ Uo ■ yo is the fracture process activation 

energy, which depends on the stress; U# is the fracture process 

activation energy in the absence of stress, close to the chemical 

bond energy for the polymers; y is the structure coefficient. The 

formula is valid over a wide range of temperatures, and in semilog 
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coordinates o - lg t the straight lines form a bundle originating 

from the point (oc, Ig to). For relatively low temperatures and high 

loading rates, fracture of the hard polymers takes place at stresses 

close to the critical value o„. 
c 

If o ■ const, the temperature dependence of the lifetime is 

defined by the relation 

T = T.exPi^, (35) 

where t# is a constant, numerically close to the thermal vibration 
period of the atoms (IO““ - lO”1* sec). 

Equation (3¾) may be reduced to the form 

Iß t = lg T, -f- j^jrf ((/, - Y"). (36) 

and the constants A and a in (3¾) will be equal to A ■ T| exp x 

Uo/KT, a » y/KT. For a stress o - U#/y ■ o . the life is independent 
% V 

of temperature and equal to t#. 

Thus, the primary factors determining failure of the hard poly¬ 

mers are stress and temperature. On the basis of the molecular 

mechanism for the growth and closure of cracks [15], Bartenyev showed 

the existence of a stress level at which cracks do not grow 

o. (37) 

where k is the coefficient of stress concentration at the crack tipj 

r0 is the equilibrium interparticle distance. 

Examining crack growth rate with account for the actual stress 

at failure of part of the section, he determined the time to failure 

for a given stress as the sum of the time to failure In the first and 

second stages (see S3) 
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(38) T = i V * T« ^ “ fr J-T* -f- Ml 

where cc — critical crack length; 

b — specimen width; 

yc — relative crack length; 

V — crack growth velocity; 

t — specimen failure time with application of the critical 
C 

stress. 

If a crack is present in the material in the original state, 

the integration is performed not from zero but from y0, and the 

actual Initial stress is equal to o/(l - y«) • ko. The scatter of 

the lifetimes for long-term loading is explained by the difference in 

the different specimens of the coefficient k, whose value cannot be 
determined a priori. The random deviations in the crack growth 

process itself also affect this scatter significantly. 

The generalized life curve with account for (3¾) is described 
[58] by the equation 

0-0, (39) 

since the 0 - Ig t curves as functions of the temperature T form a 
bundle with the pole (0 , Ig t0). 

C 

The crack growth phenomenon is also associated with development 

of elasto-viscous polymer deformations, which occur [87] even in the 

case of seemingly pure brittle fracture. The elasto-viscous defor¬ 

mation process accelerates in connection with crack formation, leading 

to further cracking. In the first stage, microcracks develop with 

nearly identical velocity, since the stress changes slowly for con¬ 

stant external load. The macrofracture crack grows with increasing 

velocity, which is facilitated by the growth of the actual stress. 

The formation of a system of microcracks always precedes macrofracture. 

The first stage occupies the majority of the fracture time, and the 
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laws governing strength temperature-time dependence are determined 

basically by this stage. The time dependences show up in resistance 

to fracture with Impact loading. 

According to the data of Perry [77]» during impact loading of 

bonded Joints the adhesive strength increases, following the same 

laws as polymer resistance to normal stresses. 

The laws governing the strength and deformation of certain 

reticulate polymer binders have been examined [36] in connection 
with the deformation rate effect, and a linear dependence of the 

tensile and shear strength on the logarithm of the deformation rate 

has been established. The principal elongations at the Instant of 

shear fracture correspond to the principal elongations in tension. 

Because of the difficulties associated with generalized rheological 

models, we shall examine particular loading regimes 0 - f(d) and 
0 ■ f ( ¿ ). 

The breaking stress is proportional to the logarithm of the 

loading rate 6 for the regime ô ■ const: 

o » JL c’». or «• « (40) 

where A and a are the constants of the temporal strength relation. 

For the constant deformation rate regime, the dependence of 

strength on strain rate t is described by the relation 

o, = 0, -m In 10 (l* £ - Ig-jj.) (41) 

where m is the rate modulus (m « I/o), the slope [37] of the straight 

line in the coordinates ofe - In t or ob - In ê; o# and ¿( are the 

magnitudes of the strength and the standard deformation rate. 
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* « «SNk: ill
Figure ^<1*. Structural voids in GRP. 
a — large voids; b — voids in resin between fibers.

In determining hard polymer lifetime the condition of relative 
lifetime summation is valid

VI.
—

where is the time of action of the stress o^; Is the lifetime

for fixed o^, which indicates the irreversible nature of the failure

Examination of the model of an idealized com.posite material 
consisting of co .tous reinforcing fibers and monolithic polymer 
material showed that material failure takes place as a result of 
fiber breaking and failure of the binder because of local tangential 
stress concentration. Defects cf processing origin have a marked 
Influence on composite strength and its variance.

Among the most frequently encountered matrix defects are voids, 
which have a considerable Influence on composite material strength. 
The void dimensions in glass-fiber composites vary over wide limits. 
Figure Uka shows voids whose dimensions exceed by many fold the fiber 
dimensions; in Figure i^^ib the void dimensions are limited to the 
space between the fibers [Il8]. The void shape is quite varied and 
if they have small radii some of them are sources cf high stress 
concentration, capable of fracturing the matrix or disrupting the 
adhesive bond between the fibers and the matrix.



|jr - 

Figure l»5. Tensile strength 
versus void content} composite 
based on 181-114 glass cloth. 

a — dry material} b — wet 
material} 0 — closed press- 
form} • — open press-form» 
Plaskon resin} o , — same» 
Selektron resin (1 — upper, 
2 — lower strength limit). 

Figure 46. Influence of composite 
voids on strength in interlaminar 
shear. 

0 — specimen thickness 6 mm} • — 
thickness 3 nun* 

Small voids can be eliminated 

by using various additives — fin¬ 

ishers — large voids can be eliminated by increasing the molding 

pressure, using a binder with low release of volatiles during harden¬ 

ing, improving impregpiationof the filler by the binder, etc. 

The volumetric void content is evaluated approximately using 

the formula 

n=l- [-£- + -£] -¾ 100’ (42) 

where II — volumetric pore content in the composite} 

weight contents of the matrix and reinforcing fibers} 

specific weights of the matrix and fibers} 

specific weight of the composite (i|»a is usually determined 

by burning out the matrix). 

m a 

m a 

Y„ —• 

According to the data of Veier and Pons [65], composite tensile 

strength decreases monotonically with variation of the porosity from 

1 to 14*.(Figure 45). The test results average statistically the 

influence of the voids as structure defects. Let us examine the 
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influence of voids on the resistance 

to Interlaminar shear, since the 

tangential stresses in many cases 

are the cause of delamination of 

the composite. 

Figure shows the variation 

of the resistance to interlaminar 

shear for a composite based on S- 

glass fibers and epoxy resin, deter¬ 

mined in bend testing of short beams, 

with void content. The Interlaminar 

shear strength for 3-mm thick speci¬ 

mens varies from 8.¾ to 5.6 kgf/mm2 

with Increase of the void content in the composite to 5Jf. For speci¬ 

men thickness of about 6 mm and variation of the void content from 

0 to 15<, the interlaminar shear strength decreases from 9.0 to 2.0 

kgf/mm2. The lower curve is plotted [137] for epoxy resin and E- 

glass fibers and confirms the previous remarks. Figure 47 compares 

the relations for resistance to interlaminar shear and compression 

as a function of void content. 

86. Characteristics of Structure Defects. Qualitative 

Picture of Composite Fracture 

Two groups of defects are characteristic for real composites 

[65]: defects near the ends of the fibers in materials reinforced 

by short fibers or at the location of breaks which arise after 

failure; disruption of monolithicity of the polymer matrix (surface 

scratches, gaseous inclusions, initial kinking of the fibers, local 

cracks at the ends of the reinforcing fibers, segments with failure 

of the adhesive bond, cracks in the polymer matrix at locations of 

inclusions of spherical, elliptical, cylindrical, and arbitrary 

shape, cracks in the binder resulting from stress concentration in 

the case of dense packing). In many cases, the existence of residual 

stresses in the binder may also lead to cracking of the binder. 

Figure 47. Variation of 
resistance to shear and 
compression with void content 
in composite. 

A — compression; 0 — shear. 
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Local failure resulting from structure defects leads to the 

appearance of cracks which lead to failure of the composite, and 

crack propagation takes place In various ways. 

Microstructural analysis [65] showed that, during fiber fracture, 

délamination along the fiber over a length exceeding by many times 

the fiber diameter is possible, which reduces reinforcement effec¬ 

tiveness; fracture of the polymer binder from the ends of broken 

fibers In the direction toward neighboring fibers was observed. When 

the crack reaches the neighboring fibers, delamination of the binder 

from these fibers is observed, and this delamination either propagates 

to the fiber segment with fracture or is localized. Fracture of the 

fibers as a result of stress concentration at the tip of the crack 

Is also possible. 

Cracking of the polymer binder can take place around the 

neighboring fibers without their failure, as a rule, in materials 

with low fiber content and low binder plasticity. In this case, the 

crack grows perpendicular to the fibers, disrupting fiber adhesion 

in a limited zone. The binder failure is localized if the crack 

encounters segments with high resistance to fracture or segments with 

delamination. The ratio of the adhesive strength in shear to the 

fiber-matrix bond separation strength for the polyester composites 

is 1/5 [118]; for the epoxy composites, this ratio is 1/3 « 1/5. 

If the shearing adhesive strength is higher than the cohesive strength 

along the crack growth path, the fibers deflect the crack, but the 

adhesive bond of the fiber with the matrix outside the crack plane 

is not disturbed (Figure 48a). 

If the shear strength of the glass-matrix bond is lower than 

the cohesive strength, the tensile stresses parallel to the crack 

front will cause disruption of the adhesive bond in the direction 

perpendicular to the crack plane. The growth of this second crack 

also depends on the residual stress at the glass fiber-matrix inter¬ 

face and the free surface formation energy. 
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Figure 
material.

Crack forms In composite

m
a — crack growth In ccmpcolte 
material as a function of ratio 
of adhesive and cohesive resin 
strength; b — crack onset In 
GRP at point of contact of two 
fibers; c — crack In GR? speci­

men, passing through the entire 
section.

Defects of processing origin In the matr:;< are also a source of 
birder failure. For even small stresses cracks develop as a result 
of the high stress concentration at the tips of the defects. The 
experimental data of Feltner [65] shewed that cracks are observed in 
the binder around defects of the structure. The fracture surface 
of a tinder speclnen has a smooth zone around a small defect which 
arises during slow crack growth and a rough zone In the fast growth 
case. The nominal stresses, responsible for transition from slow to 
fast fracture, are Inversely proportional to the area of the fracture 
surface smooth zone. For large defects, the smooth zone Is small or 
disappears entirely If the defect has the critical dimensions (see 
§5).
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Figure ^9. Types of GRP failure.
a — brittle fracture; b — delamlnation In ccmposlt; structure as 
a result of random kinking of fibers; c — fibrous ix’acture.

Fibers which do not coincide in direction with the acting force 
cause significant strain concentration in the binder, whose level Is 
determined by the ratio of the elastic moduli of the fiber and resin 
and the fiber packing density. In this case, the fracture in layers 
with cross reinforcement takes place at deformations significantly 
less than the breaking deformations for the pure binder, since the 
polymer binder volume capaole of localizing large local deformations 
decreases. Figure iJ8b shows how a sharp corner formed when two fibers 
contact can serve as a crack site. The direction of a crack which 
passes through the entire section (Figure 48c) depends on the arrange­

ment of the fibers and weak spots and also disruption of the adhesive 
bond. In the case of a good adhesive bond between the fibers and 
matrix and high fiber stiffness, periodic local stress and strain con­

centration develops through the entire volume of thie composite, which 
is a source for crack formation in the matrix. In the case of a poor 
adhesive bond, concentration takes place at defect locations, sc that 
In both cases, the presence of the reinforcement In composite materials 
reinforced by parallel fibers does not prevent crack propagation 
parallel to the fibers.



As a rule, on microsections of QRP with high fiber content we 

see a large number of cracks oriented parallel to the fibers. They 

open up access for moisture to reach the interior elements or lead to 

disruption of the structure continuity and separate the monolithic 

structure of the QRP into a series of regions made up of the polymer 

binder and fiber yarns. In this case, the material resists stresses 

only along the fibers. 

Délamination of QRP can also take place as a result of random 

curvature of the fibers or of reinforcement consisting of fibrous cloth 

without pretensioning. In the process of loading of such composites 

along the fibers, the latter tend to straighten and stress concentra¬ 

tion arises in the matrix [27]. Then there is failure of the matrix 

between the fibers or delamination of the fibers from the matrix. 

This sort of defect and failure resulting from fiber curvature is 

superposed on the previously described phenomena and complicates the 

fracture picture. 

Two forms of fracture are observed in tensile tests of composite 

models: in specimens with a thick binder layer cracks in the polymer 

matrix lead to fracture of the fibers (the specimen separates into 

two parts), while for specimens with a thin binder layer fast serrated 

(fibrous) fracture resulting from failure of the fibers and delamina¬ 

tion is characteristic. These two cases are also observed in testing 

multilayer composites. Failure of the first form takes place along 

an area oriented normal to the effective stresses, and is character¬ 

istic for materials with relatively brittle matrix and low fiber con¬ 

tent, when fracture occurs prior to disruption of the adhesive bonds. 

In failures of the second form, short segments of the fracture 

surface are also oriented perpendicular to the tensile stresses; 

however, they are Joined with one another by large shear failure 

(delamination) segments. In this case, the binder has high adhesion 

to the fibers, and there is an accumulation of individual failure 

sites in the material; the fiber content will be considerably higher 

than in the first case. 
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The fracture types are shown in Figure J*9a, b, c for phenolic 

and epoxy composites with the same degree of reinforcement and the 

same fiber arrangement. 

In the case when a very thick layer of binder is applied to the 

surface of the specimen or upper layers are applied with transverse 

fibers, it is possible to observe cracking of the binder at'loads and 

deformations considerably below the ultimate values. The network of 

parallel cracks becomes "denser" with load Increase and propagates 

across the entire width of the specimen. The load is taken by the 

glass fibers of the neighboring layer, and their strength determines 

the strength of the entire specimen. 

In the case of fracture of specimens with a thin layer of binder 

on the surface or when testing unidirectional composites, the failure 

of several fibers leads to the onset of longitudinal cracks whose 

length depends on the defect distribution among the neighboring 

fibers. These fibers fall when the stresses with account for concen¬ 

tration in the delamination crack exceed the fiber strength of their 

weak spot. After the failure of one or more fibers, delamination 

again takes place, and as a result of growth of the process a fracture 

of fibrous nature is obtained. As a result of delamination, the 

fracture travels to the other weak spots in the material. 

However, in both cases, the role of binder strength or, more 

precisely, the ratio of tensile strength and adhesive shear strength 

is obvious. In the case of fracture of the binder from normal stresses 

brittle fracture dominates ; in the case of shear failure of the matrix, 

the fracture will be ductile-fibrous. 

Here we should also bear in mind the directional nature of the 

binder. For example, as a rule materials with regular fiber yield 

fibrous fractures, which is explained by shear failure at points when 

the fibers curve. The binder cracks, and on the tension diagram we 
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Figure 50. Deformation diagram 
for material with fibrous 
fracture. 

see a large "pseudo-plasticity" 

segment as a result of spreading 

apart of material, working In the 

last stage as a bundle of separate 

fibers (Figure 50). 



Chapter 6 

STATIC STRENGTH OF GRP AS REINFORCED COMPOSITES 

IN THE STATISTICAL ASPECT 

§1. Statistical Concepts of Progressive Fracture 

The assumption of fibrous material failure upon reaching the 

breaking strain in the individual fibers should be examined in the 

statistical sense, since the breaking deformation is not a deter¬ 

ministic quantity for a bundle of fibers. On the basis of the statis¬ 

tical characteristics of reinforcing fiber strength, the failure of 

a reinforced plastic in tension can be described by successive break¬ 

down of the fibers to the point of formation of fibers of the criti¬ 

cal length, which are not capable of transmitting normal stresses 

because of shear failure of the matrix. 

Let us assume that: 

1) the composite material consists of equally loaded reinforcing 

fibers and a matrix, which are monolithically connected with one 

another; 

2) the fibers contain randomly distributed defects; therefore, 

their fracture takes place at different stress levels; 
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3) the tensile stresses in the matrix are lower than those in 

the reinforcing fibers, and the shear deformations in the fibers are 

negligibly small in comparison with those in the matrix; 

*0 near an internal fiber break in the composite, the axial 

load taken by the fiber is transmitted to the neighboring fibers by 

shear stresses in the matrix; 

5) accumulation of such random fractures in the composite 

materials leads to the appearance of a large number of nonoperating 

fiber segments at one spot and the formation of a weak section, which 

leads to fracture of the composite as a whole. 

At some distance from the point of internal fiber fracture, 

the stress in the fiber constitutes some fraction 0 of the nominal 

stress in a continuous fiber. This fraction of the average stress 

can be determined by assuming that the segment of length 6, within 

the limits of which the stress a < 6oao, can be considered [93] 

(Figure la) ,,nonworking.M 

8 

8 
a) 

Figure 1. Tangential stress concentration and stress trans¬ 
mission during failure of a composite material (a) and the 
material model (b). K denotes the composite; M denotes the 
matrix; and a denotes the fiber. 



Consequently > e reinforced materiel can be considered « cons 

of several layers of thickness 2«. Each fiber which ^18 "lt^"j* 

limits of this layer not only cannot transmit the load to the ne g - 

brolng layers, but even within the layer limits it cannot accept 

stresses larger than eoao. We consider that the applied load is 

uniformly distributed over all the unfr.ctur.d fibers of each layer. 

The segment corresponding to a single layer can e cons 

in the chain forming the fiber. Then each layer Is a bundle links, 

and the composite material la a sequential connection of ^8r8 

(bundles). The composite material fall, as soon as any layralls. 

and the material strength thus depends on the reinforcing fl 

characteristics within the limits of the layer and the matrix 

characteristics. 

The strength of fiber, of length L which reinforce a material 

can be examined as the strength of a chain consisting °f L/ ' 

The length 2Í of the "nonworklng" segment Is determined b, the tan¬ 

gential str... distribution on the fiber-matrix contact surface. 

This model la shown In Figure lb. It consists of a fiber ground 

by matrix, which In turn Interface, with the composite consider d 

an averaged material. If ah axial load acts on he «del the tresses 

are evaluated as follows. Th« streaae. are not tran.mltted in th. 

axial direction from the end of a fiber to the "averaged material. 

The ten.ll. .tree... In th. cmtrlx are neglected. The shear defor¬ 

mation in the fiber and In the "averaged" material decays at a ma 1 

distance from th. corresponding surface, of contact with the matrix 

[102, 176, 210]. 

From the condition of fiber element equilibrium In the axial 

direction, we write the relation 

i (v) 1:- ■■ 
(1) 

a _ 4-v.a matrix i o is the axial stress in 
where t is the shear stress in the matrix, a 

the fiber; r is the radius of the fiber. 
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For the definition of r and r see Figure lb. From the condition cm 

of composite equilibrium In the axial direction we have 

(2) 

where o Is the average axial stress In the composite; o Is the 

uniformly distributed tensile stress (see Figure la). 

We denote displacements In the fiber by u and In the averaged 

material by uc. Then the shear deformations of the matrix are 

«<-«- = (''• — r)?- (3 

Differentiating (3) and using the relation between the stresses 

and strains, we obtain 

I _ daK I dtia rM — r iPx 
hx dt Ea dt G» dt* (4) 

where E_, E_ are the moduli of elasticity of the composite and fibers; 
V a 

G_ is the shear modulus of the matrix. m 

Differentiating (1) and substituting the result Into (2) and (3), 

we obtain 

(5) 

where 
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Equation (5) has a solution in the form 

f 

t /1 sli i|/ !- R ch *|?. 

For the boundary conditions tz-q ■ 0» aa " we obtain the 
z*L 

values B ■ 0 and 
j _ _^M0rl 

V, (% - ') ('; ';) fh ni- ' 

Hence, the tangential stresses 

ï. GJAh* 

According to (2) and (7), the normal stresses 

„ •'V'« ( 'I' H' 
'* ' «.K- I /Vi '* 

For r^ » r 
c m 

||* ¾ Xijrr.* (ra r)\ 

.«/„ I «h »M 11 
' ■ /:. |ci..|/. Vr 

and we define the maximum axial stress as 

«il,//,. o .- /:. /:. 
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Let us estimate the value of the quantity 0 ■ 0(6)/0 The 
ao* 

stress at the distance 6 from the end of the fiber Is 

(12) 

and 

(13) 

For large values of L th nL ■ 1; therefore 

0 I — ch i|6 : <ch*rj6 — l)1*’. (14) 

Hence, ch nó ■ [1 + (1 - e)1]/2(l - 0) and the relative length 

of the nonworking segment Is 

Figure 2 shows the "nonworking" segment iengtns versus the ratio 

of the component moduli for different reinforcement ratios. We write 

the ratio of the tangential stresses to the nominal axial stress in 

the fiber 

■j (16) 

where 
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Figure 2. Length of "nonworking” Figure 3* Maximum tangential 
segment in composite materials stresses at fiber-matrix 
as function of fiber and matrix contact surface, 
properties. 

Figure 3 shows the variation of 

the maximum tangential stresses at 

the surfaces of contact of the fiber 

with the matrix as a function of the 

ratio of the component moduli for 

different reinforcement ratios. Now 

let us examine the fracture conditions 

in connection with variance of the 

_——t—-, fiber strength characteristics. 
„ om e.tn noos * icgf/mm2 

i. k .._The distribution curves of the 
Figure 4. Strength distribution 
of fibers of different length, reciprocal strength for fibers of 

different length are shown in Figure 

4. The values of w correspond to the reciprocal of the maximum 
Cl* 

fiber stress at which fast fracture of the bundle begins. 

Assuming that the strength distribution of fibers of length 6 

is defined by the probability density curve po(o), where p0(o)do is 

the probability that the strength of a given elementary fiber lies 

between o and o + do, the probability that the fiber strength Is 

higher than o is 7pi(o)do, and the probability that the links from 
o 

1 to n ■ L/6 have a strength lying between o and o + do is np0(o)do. 

The probaoility that none of the elementary fibers fail for the stress 

o will be 
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J/»•(") «toj . 

Let us determine the probability that the breaking load for a 

chain consisting of n links lies between o and o + do 

p («) da - npt (o) X 
<1-1 

I da. 
(17) 

With account for the fact that ?p0(o)do - P0(o), we obtain 

/p»(o)do ■ 1 - P0(o) and (17) can be written as 

p (n) da * 

np*(o) (I -- (18) 

Then the statistical fiber strength distribution function in 

integral form is 

P (a) p (o) da “ j ap¥ (o). 11 — P (a) 1"-' da, 

and after integrating 

(19) 

P (°) ’ I - Il -P,(a) K (20) 

Weibull [206] proposed writing the function P#(o) in the form 

of a power-law dependence on the stress 

M«»- (21) 
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where o« is a parameter having dimensions of a stress; ou Is the 

lower breaking strength; m is a parameter characterizing the degree 

of nonuniformity of the properties and in the present case« it defines 

the glass fiber surface defectSt 

Then the fiber strength statistical distribution function 

'-••"-HMvrr (22) 

For small values of (o - ou)/o» the right side of the equation 

is approximated by the expression 

/' I«) I - e (*:•)■ (23) 

Following [188, 28], we define the average strength of mono- 

filaments having such a strength distribution function as 

õ » cvT1 T (~ -) f e,i ( 2 H ) 

and the mean square deviation 

I r(^j-r-Y"rj. (25) 

where r is the gamma function. 

For n • 1, we obtain from (23) - (25) the parameters for the 

strength distribution of a single element (elementary volume) and 

the distribution curve which characterize the microstructure property 

distribution. 
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We can also use the Gauss, Pearson, Maxwell, and other curves 

to describe the strength distributions of the elementary volumes. 

After several simplifications, we calculate in final form the mean 

values and variances of the macrovolumes (Table 1). 

TABLE 1 

Probability 
Density 
Function 

Most 
Probable 
Value 

Mean 
Value 

Mean 
Square 

Deviation 

Laplace 

•> 
x*. 

.i 
-.- 
»Ö 

Gauss 

1 -x 
. 0 1 

y* -1' -!n V. 

Inin.. In 4.1 
* «• 

.y 

- .in, 1 

Weibull 

tri f n \ . 
.-., V I 

-iï-r 
..: e c* 

(here".. 

i 
r, 1 1 <• 

I — - <i, 
L --1 J i V r 

1) 

-(vr- 

i ■(■ d 

' d 

Figure 5 shows the strength distribution curves for the elementary 

volumes and the calculated curves for macrovolumes with ratio V/V® 

up to 1000. 

For the Laplace distribution, the dispersion remains constant, 

the mean value decreases, the curves for V/V® > 0 have left asymmetry, 

the skewness of the distribution is constant. In case b (Gauss 

distribution) the mean value and the dispersion decrease, the curves 

for V/V® > 1 have left asymmetry, which increases with increase of V. 

For the Weibull distribution (Figure 5), depending on the exponent m, 

either left or right asymmetry is possible and for values of m close 

to 3 the distribution is symmetric, close in form to the Gaussian 

distribution. With increase of V/V®, the mean value and variance 

decrease. For m - 3 (Figure 5d), the right asymmetry decreases with 

increase of V. 
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WW It I 

Since there is not adequate 

experimental information on 

defect distribution in materials 

and substantiation of the para¬ 

meters of the material breaking 

strength distribution functions 

in connection with defects in 

the macrovolumes, the macrostruc¬ 

ture probability density curves 

must, generally speaking, be 

taken on the basis of statisti- 

Fí?Ufe 5-./lcr08tr^ture 8tren6th cal analysis of the experimental 
distribution according to Laplace . K 
(a). Gauss (b), Weibull (c) and data* 
(d). 

However, in application to fibers, the available results of 

large-scale tests show (see il. Chapter 5) that we can use the Weibull 

distribution, whose advantage lies in the fact that it permits 

obtaining several estimates of the 

mechanical properties in finite form. 

The presence of three constants makes 

this distribution more flexible and 

acceptable for a wide range of 

materials. The power-law nature of 

the damage accumulation function, 

adopted a priori by Weibull, vari¬ 

ation with Increase of the stress 

has been confirmed by the experiments 

of Rosen (Figure 6). The values 

obtained are approximated by a rela¬ 

tion of the form (0/0»)mj m • 5.25 

Figure 6. Power-law nature of 
damage accumulation function 
for short-term loading of 
fiber-base composite. 

(for simplification ou is taken equal to zero). 

The load on a bundle of fibers of equal diameters with the same 

tensile stress is [65] 

•• ‘Vrr. 
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where Q is the load applied to a bundle of N fibers, r of which 
remain unfalled; or are the stresses in the unfalled fibers, and 

r/N ■ Fr/FN» here Fr is the area of the uni,ailed Part of the section; 

Fn Is the initial section area. 

We then obtain 

V ' / v' (26) 

where the ratio r/N characterizes (for large N) the probability of 

fiber nonfailure. Using (23)» we transform the expression for the 

load • 

(27) 

since for N -*■ «(r/N) “ 1 - P(o). 

From the load maximization condition dQ/do_ ■ 0 and taking o > 0 
r u 

which for a probability close to 0.5 does not affect significantly the 

magnitude of the load, we obtain the following relation for the stress 

in the bundle fibers at the moment of failure 

(28) 

where n ■ L/26. 

The maximum load for the fiber bundle is then determined as 

(29) 

The strength of a bundle of N parallel fibers for ou ■ 0 (in 

nominal stresses) is 
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(30) 

It then follows that the stresses in the fibers at bundle failure 

are higher than the nominal stresses in accordance with the relation 

(3D 

Therefore, the strength of a fiber bundle is directly propor¬ 

tional to the fiber parameter o#, decreases with bundle length as 

“1/m 
, and depends on the exponent m n 

Comparison of the strength of a fiber bundle with the mean 

strength of a group of fibers when tested separately shows that the 

ratio 5b/õa decreases (for ou » 0) with reduction of m according to 

the expression 

(32) 

Thus, tne realisation of the mean fiber strength in a bundle 

is determined by the exponent m, and the strength of nonuniform 

bundles is lower than the strength of bundles of uniform fibers. 

Because of the progressive nature of the failure, the strength of 

a fiber bundle is always lower than the mean strength of the fibers 

forming the bundle. The influence of the parameter m on the realizable 

strength of monofilaments in a bundle, characterized by the ratio 

3b/V 18 8hown ln 7. 

Experimental substantiation of the progressive failure model 

was obtained in a study by Rosen [933. who analyzed composite material 

strength using a function of the type (21) in the form 

P[ot L'iVo* 11*\p (—£ao*). (33) 
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Figure 7. Influence of defect parameter (m) and bundle dimensions 
(V/V0) on bundle strength (a); influence of quantity m on ratio of 
bundle strength to mean strength of group of fibers (b). 

Hence, the microstructure strength distribution 

/Mo) vßtaH 2Óo*|. (jij) 

where 6 - L/n is the specific length, and the constants a and 6 are 

defined on the basis of the length dependence of the glass fiber 

ultimate strength. The average glass fiber strength is described as 

a function of length 

0.,= >op(o)jo = <¿»r,*r(i : J). (35) 

which yields a linear relation in log-log coordinates. The parameter 

•1/0 
a has dimensions of a stress and corresponds to some characteristic 

fiber strength level. 

Daniels showed that for any monofilament strength distribution 

the bundle strength distribution approaches the normal law with 

mathematical expectation 

and mean square deviation 

*' «W/* * |l /»«.. „»i ‘ /4 * •. 

(36) 

(37) 
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as n ♦ - the bundle ultimate strength probability density 

»'•W-Wfi-ri -(3e) 

Bundles with the distribution (38) are considered sequentially 

connected links, and the probability density of the fiber stress o 

corresponding to failure of the material, is 

il"*) '»/•.KMI /’«KM' '• (39) 

The quantity ♦(oa)doa is obtained by multiplying the probability 

of single bundle failure for a stress in the interval from 0 to 

°a + doa* eqUÂl t0 £pn*°a,daa^» by the Probability that the breaking 

stresses of the remaining n - 1 elements exceed 0 ♦ do ([1 - p (a nn-1> 
a a w n a,J 

Here failure is possible in any bundle. 

The most probable breaking stress oj is obtained from the 

condition 

- I»; 

ë.-Milling ' ; » •• 
JI J In itt1'-' 

For n » 1, S *► 0 

(40) 

(41) 

n, • fn/ifii'f 

/(1 • 7,7; « er I,MO*'*; * ' > - 211 kgf/mm2 ). (42) 
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Figure 8. Most probable value 
of GRP breaking strength (a) 
[93]» influence of the coef¬ 
ficient of variation and 
relative fiber length on the 
ratio of composite strength 
to mean strength (b) [188]. 

failure to the mean monofilament 

The breaking stress for the 

composite is found by multiplying 

the value of o* obtained for glass 

fiber volumetric content equal to 1 

by the actual reinforcement ratio 

♦a< Figure 8a shows the calculated 

values of the mrst probable breaking 

stress of a composite material for 

values of the "nonworking" segment 

lengths varying from one to hundreds 

of fiber diameters} also shown Is 

the influence of increase of the 

variance (defined by a 10} change 

in 6) and reduction of the maximum 

strength level (defined by a 10$ 

change in the quantity 

Figure 8b shows the ratio of 

the most probable breaking stress 

in the fibers during composite 

strength 

versus the monofilament strength variation coefficient 

r K1 

’V;) ' ' 

(^3) 

(^) 

for L/Ó « 1 - 1000. 
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Matrix 'Fibers 

Stress transfer from the matrix 

to the fibers for an Ideally plastic 

matrix was examined by Cotrell [127]• 

In this case, the tangential stresses 

are constant along the fiber and 

equal to The normal stress 

Increases linearly to the maximum 

value 

Figure 9> Distributions of 
normal and tangential stresses 
for elastic (1), elastoplastic 
(2), and plastic (3) matrix 
states. 

The presence of plastic defor¬ 

mations of the matrix displaces the 

boundary of shear fracture crack 

formation and tends to Increase the 

length 26 of the "nonworking" fiber 

segments. In this case, a large region of the tangential stress 

diagram develops for transmission of the forces. A comparison of 

the distribution diagrams of the normal and tangential stresses in 

the fiber rupture zone for the elastic, elastoplastic, and plastic 

material states is given in Figure 9» where oa Is the stress in the 

fibers far from the point of failure [93* 83» 119]» 

The stress distribution on the surface of contact of the polymer 

matrix with a fiber with account for elastoviscous deformations of 

the matrix was examined by Rabinovich [83, 84]. The temporal effects 

reduce the tangential stresses; therefore, the normal stresses in 

the fiber increase over a relatively long distance. 

As a consequence of tangential stress relaxation, the length 26 

of the nonworking fiber segments increases, which leads to reduction 

of composite strength, since the probability that random fractures 

will occur in a large volume Increases. 
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i2. Statistical Estimate of the Limiting State 

In the Case of Static TenaIon Failure 

Failure of QRP under short-term static loading was examined In 

[97] on the basis of the dispersion of the properties of elementary 

cells forming the composite. The unidirectional QRP was represented 

In the form of Individual cells consisting of a glass fiber and the 

binder surrounding It. Here It was assumed that the stresses acting 

on each cell are equal In magnitude; the strength of the elementary 

cells In the section Is distributed In accordance with a normal law 

which Is bounded symmetrically on the left and right in the limits 

(H5) a — xs and a {• xi, 

where a Is the average value of the strength of the elementary cells; 

K is a coefficient characterizing the truncation of the distribution 

and is equal to l/v; S Is the mean square deviation. 

When the effective stress exceeds the strength level of the 

elementary cell after cell failure, the load Is redistributed over 

the remaining part of the section and the average stress In the 

unfalled cells Increases 

(46) 

where ox Is the average stress with account for the failed part of 

the section; on is the average initial stress in the section; Dx is 

the relative fraction of the failed part of the section. 

The strength of the elementary cells has a normal distribution 

o—»«» 

if** (47) 
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The relative magnitude of the area remaining unfalled prior to 

the final fast fracture le 

0-M 
/ 

(H8) a I ni _ (»-aj* 

The breaking strength In terms of the nominal stress 

(49) 
«• 1 (‘I».)« (".)«• 

Since the magnitude of the load on the material must be a maximum 

at the moment of fast fracture Initiation, the quantity (*x)c(°x)c 

should also be considered maximal. 

Using (48), we obtain the connection between the breaking 

strength and effective stress In the cells 

•f«» («-a»* 

da 
(50) 

or 

(51) 

Both integrals in the right side of (51) are calculated as 

functions of the Laplace 4 

= (o,>« [^1 —T *!> (*)] • (52) 
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Por the two given stressed areas Pi and Fj» we can write 

o»f, * 

o,r, « (o,r,) 

(53) 

From similarity of the static fracture conditions it follows that 

(Ojf,)« = 
°>F, 

(54) 

characterizes the proportionality between the average strengths of 

the cells and the specimens with sections F» and Fa 

""V. (55) 
°r. -a. 

Assuming that the coefficient of variation depends on the area 

F (which follows from the weak-link hypothesis in the first approxi¬ 

mation), we obtain 

i '>•(«>]• 

ill! | (. il><K)| «i ntltsl 

and 

(56) 
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Denoting the argument of the Laplace function by Xc 

(•„)* 
Ki9 (57) 

we write the magnitude of the effective stresses at the Instant of 

failure as 

i<V). = a, - K'if a, - v\Ku, ■ 
Of (1 — 

(58) 

With account for this expression 

- 0,(] - tl.) Il» (1.) ; <b(x)Y 
(59) 

In order for the load to reach the maximum value, the product 

(1 - vX )[♦(! ) + #(10] must be maximal, 
c c 

For the A0-4c, 33-l8c, 27-63c, and SVAM [anisotropic glass fiber 

material] QRP's, the coefficients of variation were taken equal to 

their values for the specimen strength distribution. This was used 

as the basis for determining the parameters of the elementary cells 

and calculating the degree of damage prior to the beginning of the 

avalanche fracture process (Table 2) 

= 1 - l»D IK) + * '.*J 1 (60) 

TABLE 2 

PARAMETERS CHARACTERIZING PROGRESSIVE FRACTURE OF CERTAIN COMPOSITES 

Material \ m Xc 
V in H <Vc ln * 

E-1200 
27-630 
33-18C 
AG-4C 

its 
a.T 

ï JA 
3.76 

1.0» 
1.09 

1.21 
1.« 

0.2 
0.2 

0.1« 
0.12 

1.1.« 
11.« 

10.9 
«,91 
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Hence it follows that, with decrease of the coefficient of 

variation, the magnitude of the damage prior to fast fracture ini¬ 

tiation decreases. 

To simplify and speed up the calculation of the degree of 

critical damage, the following interpolational relation was proposed 

in [97] 

(Dm), “ 0,437p I- 1,26p*, 

found on the basis of statistical analysis of results of trial and 

error calculations. 

S3. Influence of Stressed Volumes on QRP Strength 

for Uniform Stress State 

The limiting QRP states with regard to fracture as a composite 

reinforced material should be examined in the longitudinal tension 

case in light of the statistical concepts of sequential breaking of 

the glass fibers into segments of minimal length, which depend on 

both the fiber strength characteristics and the matrix shear strength, 

and also on the possible processes of stress relaxation at the ends 

of the broken fibers and crack growth in the matrix. For the forma¬ 

tion of a primary macrofracture crack, it is necessary to have in the 

stressed volume zone — which is on the order of two minimal broken 

fiber lengths —- a concentration of the number of breaks and accompany¬ 

ing microcracks sufficient for fast macrofracture growth with maximal 

value of the load achieved. 

As was shown in 11, statistically the limiting state for a 

bundle fibers which are not bonded by a matrix, corresponding to 

this maximal load, is described with the aid of the parameters of 

the fiber breaking stress distribution density function. The process 

of fiber breaking along their length and disruption of their connec¬ 

tion with the matrix as a result of shear failures, which precede the 

main failure, becomes important for the limiting state of the composite. 

This process is affected by defects which arise in the matrix during 
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composite fornation (§5, Chapter 5). fiber arrangement defects, and 

the residual stresses in the composite (SI, Chapter 5). Thus, the 

crack growth conditions in the matrix, both after partial breaking 

of the fibers and prior to this breaking, are of considerable impor¬ 

tance for composite fracture strength if this breaking of the fibers 

results from a combination of deformations and mechanical properties 

of the fibers and the matrix (82, Chapter 5)» 

The mechanical properties of the matrix are very important in 

determining the magnitude of the composite resistance to interlaminar 

shear. In this case, the fracture conditions are affected by both 

the average values and the random deviations from the average values 

associated with matrix defects (54, Chapter 5). 

As will be shown later in this section, the dispersion of com¬ 

posite static strength in longitudinal tension is determined basically 

by the variation of the fiber breaking strength, since this is appar¬ 

ently the principal factor which determines the equilibrium conditions 

in the initial fracture stages prior to formation of the limiting 

state corresponding to the maximum load, after reaching which fast 

fracture occurs through the entire section. The breaking load dis¬ 

tribution density reflects not only the variance of the fiber 

breaking strength but also the influence on this variance of the 

matrix surrounding the fiber and the matrix defects, which lead to 

both reduction of the average values and increase of the scatter in 

comparison with the variance for bundles with a large number of 

fibers. 

It was shown previously (14, Chapter 5) that fast fracture of a 

fiber bundle occurs upon reaching some critical damage (number of 

broken fibers) a(w)max. Increase of the initial number of fibers in 

the bundle leads to reduction of both the average values of the 

breaking load and reduction of its variance, as follows from the weak 

link hypothesis. The function P.(o), characterizing microstructure 

strength, may be used to evaluate the portion of failed specific 

volumes for the stress o. In this connection, depending on the 

244 



Figure 10. Integral curves of 
breaking strength distribution 
in tension of AQ-Mcia), 33-l8c 
(b) composites for different 
areas. 

stressed volumes, the 

reinforced composite 

strength changes with 

exclusion of all the tech¬ 

nological factors (degree 

of damage, void content, 

polymerization temperature 

and time), which have a 

definite influence on the 

subject effect. 

In order to eliminate 

the influence of proces¬ 

sing, we tested specimens 

of different sections of 

a single plate, which made 

it possible to characterize 

the scale effect and anal¬ 

yze the strength of the 

phenol, epoxy, and epoxy¬ 

phenol composites based 

on nonalkaline 7-10- 

mlcron diameter fibers. 

Figure 11. Tensile breaking 
strength probability density The experimental data 

curves for the AQ-i»c phenol ^q] showed that ORP 
composite. 

static strength depends 

very little on the part (object) size, and is determined by the 

dimensions of the loaded element or specimen. The influence of the 

absolute dimensions on the strength is associated with dispersion of 

the mechanical properties and can be characterized statistically. 

Figure 10 shows the relationship between the breaking strength values 

and failure probability on the normal distribution scale for the 

AQ-iic and 33-l8c materials. Figure 11 shows the probability density 

curves for A0-4c specimens of different areas. Tests of other QRP 

showed the quite general nature of scale effect manifestation [31]. 
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The basic data are summarized In Table 3 [66]. By analyzing the 

data for a volume of 25,000 mm*, we find that for both composites 

(particularly for the same thickness) the strength is practically 

independent of the length and width variation. The influence of 

thickness on the scale effect manifestation is apparently associated 

with the influence of technological factors (degree of hardening, for 

example), since the thickness effect shows up most markedly. For a 

fixed length and no technological effects, we can take as the basic 

dimensional parameter the area of the specimen cross section, in 

light of the statistical concepts concerning the fracture mechanism. 

TABLE 3 

INFLUENCE OF ABSOLUTE DIMENSIONS ON STRENGTH 

OF AG-4b AND À0-4c COMPOSITES 

Composite 

Width X 
Thickness x 
Length of 
Specimen 
Working 
Section 
in mm 

Volume of 
Working 
Section 
in mm 

°b 8 

V in í 
in kgf/mm2 

AG-4b 

MX .'*.'41 
livixmxim 
MMX r* .'41 
Miyr4tx’4t 
IflXAXM 

; r.M 
UH OiM 

4.27 
.l.»l 

.1.41* 
¡I.HTi 

0.M« 
0.:.21 
nt.oi 
o.;:.* 
0.<4I| 

19.1 
ir>.2 
11..9 
21.0 
IS,*» 

i*:. um 

AG-4c 
Equlstrength 

Ml«'.«.’41 
IMI* UIXIIW 
i«i»csw.re 
low Ml*.SMI 
IOX.'*.'4W 

i» r4M 
Mil urn 

2:.,111 
10.21 
22.N» 
17.01 
22.1W 

1. «21. 
2.22« 
2.U2 
.1.012 
2. mu 

1.«.« 
II.« 
10.4 
10.2 
10.'» 

2:. urn 

With increase of the area, we ooserve marked reduction of the 

strength (see Figures 10 and 11). In the phenol GRP, which has a 

typical brittle fracture, the dispersion also decreases with increase 

of the cross section area. For the 33-l8c GRP, the tendency toward 

reduction of the dispersion with Increase of the dimensions is less, 

and apparently the manifestation of the scale factor is also assocl> 

ated with the fracture process, since the fracture of the 33-l8c GRP 

is mixed (brittle and fibrous). 
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An averaged relationship of the form 0^/°^ ■ (F*/Fi)^m 

agrees satisfactorily with the experimental data and can be used for 

approximate evaluation of the absolute dimension effect with use of 

graphs or values of the absolute dimension Influence coefficient 

e0 ■ obF1/obFot where obF* Is the strength of the standard specimen, 

as adopted in design practice. The coefficients e0 have similar 

values for various materials. The exponent m Is determined either 

from the ob /ob - (Ft/Fi)1^® relation or from the Ig ob - lg F plot. 

The resulting values of m show that the GRP are more nonhomogeneous 

materials than the metals. Therefore, in calculating the static 

strength we must consider the Influence of the dimensions on the 

magnitude of the breaking stresses. The exponent m has a statistical 

nature, since the reinforcing glass fibers have considerable scatter 

of their properties. 

In order to obtain the breaking strength distribution parameters, 

we tested a large number of specimens of the same section (100 units). 

Specimens of other sections were tested to verify the agreement between 

the calculated and experimental values. As a rule, it was found that 

the GRP breaking strength distributions were bounded by some stress 

value ou by a minimum strength boundary ob > cu. The data obtained, 

plotted on a probability grid In the coordinates In In 1/1 - P(o) — 

In (o - ou), show that the distribution can be linearized (Figure 12). 

Thus, the GRP can be considered a brittle body with defects 

distributed throughout the volume, which determine the GRP structure 

element strength scatter, which for tension follows the Welbull 

distribution 

(61) 
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It 

Figure 12. Linearization of limit 
tensile strength distribution 
curves of the AGMc composite 
and introduction of the left-hand 
strength bound. 

For uniform stress distri¬ 

bution, it is written as 

P (o) = 1 - exp [- -£ (“"»y"]. ( 62 ) 

where V is the stressed volumei 

V« is a quite small stressed 

volume containing a defect; 

ou is the left-hand strength 

bound; oi is a parameter having 

the dimensions of stress; ro is 

an index of homogeneity, 

characterizing the degree of 

damage and scatter of the local 

material strengths. 

In the first approximation, V# is taken equal to one; however, 

change of this parameter has no effect on the values of m. The 

accumulation of damages which can lead to fracture must take place 

in a thin layer of length 26; therefore, in place of the volume V we 

can examine the cross section area F and the specific area Ft. We 

can assume that Ft is the area bounding a hexagonal cell consisting 

of seven neighboring fibers, since it is the strength of these fibers 

at the break location which determines the growth or retardation of 

the progressive fracture. For the AG-4c and 33~l8c composites the 

cell element size is approximately equal to 0.0033 mm2.* 

*If an experimental strength distribution curve is available, we 
can write for some stress In [1 - P(c, V)] ■ (l/V#)n(o)V, where 
n(o) is a function of the microstructure. For known V for each o, 
we find, without dividing out, n(o)/V#. Then for any V we determine 
for the same a the fracture probability. Thus, the quantity V« 
can be excluded. 
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Thus, 

(63) 

Taking the logarithm of (63), we obtain 

(64) 

which Is the equation of a straight line In the logarithmic coordinates 

In In 1/[1 - P(o)] - In (0 - ou), and m defines the slope of this line. 

With Increase of the stressed volume, the line shifts into the region 

of lower strength values, with all the parameters retaining their 

values. 

The parameters of the composite breaking strength distribution 

function can be determined [101] by solving the system of equations 

(66) 

where o', 0" are the stresses corresponding to two sections and 

fracture probabilities of 5 and 50f; qp ■ is determined 

for the same sections and fracture probabilities. 

The values of the breaking strength distribution function para¬ 

meters are shown In Table 4 for some composites. 

Let us evaluate the microstructure strength distributions 

considering the QRP as a bundle of fibers and establish those elemen¬ 

tary cell strength distributions which correspond to the strength of 

the real composites. We take F« ■ 0.0033 mm2* Then we find that the 

microstructure of the A0-4c composite is described by the strength 

distribution n(o) ■ C* .J-)*’7*; for 33-l8c n(o) ■ y '* • 
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TABLE ¡i 

COMPOSITE BREAKING STRENGTH DISTRIBUTION FUNCTION PARAMETERS 

Composite 

AO-4c 
Equletrength 

AG-4c 
Unidirectional 

33-18 
Equlstrength 

27-63 

E-1200 

AO-4b 

m 

3.76 

7.55 

2.70 

2.90 

2.5 

u 

12 

16 

31.5 

39 

2.1 

°b for 

F# ■ 1 nunä 

17 

50 

103 

74 

13.8 

°b for 

0.0033 mm2 

90 

112 

afwj a(*i 

Figure 13. Welbull tensile 
strength limit distribution 
for 33-18c composite speci¬ 
mens with different areas. 

Figure 14. Welbull tensile strength 
limit distribution for A0-4c GRP 
specimens with different cross- 
section areas. 

Comparing the distribution parameters with the corresponding 

data for glass fibers (12, Chapter 5), we find that the nonuniformity 

of the fiber properties does not Increase In the 33-l8c composite 

(exponent m for the fibers Js 5 - 9), while the value of m for the 

AG-4c composite indicates Increase of the reinforcing fiber nonuni¬ 

formity. Thus, the polymer matrix type has a significant influence 

on the value of m for the real composite. The decrease of m for 

AG-4c shows that the phenol matrix is more brittle, and has a tendency 

toward cracking. The parameter o#, which characterizes indirectly 
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Figure 15. Composite tensile 
strength as a function of area 
in log-log coordinate system 

1 — P-Jliîc (heat treated): 
2 — 33-l8c; 3 — P-*»9c (not 
heat treated); — A0-4c. 

the utilization of the fiber strength 

in the composite, is smaller for the 

phenolic composite. The composite 

strength distribution curves (Figures 

13 and 14) make it possible to char¬ 

acterize the critical degree of 

damage, which depends on the section 

area; this is quite logical since 

the strength dispersion decreases 

with increase of the area. If o * 

0, the coefficient of variation is 

Independent of the stressed volumes, 

and the critical degree of damage is 

constant [97], 

Figure 15 shows GRP tensile strength as a function of specimen 

cross-section area (l - const) in a log-log coordinate system. 

Since the average tensile breaking strength is 

0« 

then 

(67) 

I«(0.-oj = lyour (i f- -i-J — JL |g/.-. (68) 

For the P*49c (heat treated), 33-l8c, and AG-4c (1:1) GRP, 

these functions have the following form, respectively, (the parameter 

ou is taken equal to zero) 

Ifi o, - 1,8050 -0,0952 Ig f ; Ig o, = 1,6980 - 0,0645 lg F; ) 
>Ko. - 1,695 — 0,178 Igf; Ig o, = 1,548 — 0,1509 Igf { ^9) 

and can be used for approximate estimation of the average strength 

values as a function of section area. The experimental data agree 

well with the theory. The quantity qp [197] connects the fracture 
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Figure 16. Criterion qp as a 

function of absolute dimen¬ 
sions and fracture probabil- 

<r. 

« ZOO r Mar« 

probability, stressed material 

volume, and the exponent m, i.e., 

all the factors on which the break¬ 

ing stress depends, and character¬ 

izes the statistical effect of the 

absolute dimensions. The variation 

of the quantity qp ■ (op - ®u)/Oq 

with cross-section area for different 

fracture probabilities Is shown In 

Figure 16. The reduction of the 

slope of the curves for low fracture 

Ity for A0-4c (solid curves) probabilities Indicates weakening of 
and 33-18C »p.claen.: the ,0(lle effect ln thu reglon. 

— P - 95*i 0 — 50Jt; 
X — 5*. 

Equations of the type 

nß --- f \p (tf,), F, ti„ m, tt.l, (70) 

obtained on the basis of the Welbull statistical distribution, can be 

used to construct short-term static strength probability diagrams 

which characterize the breaking strength dependence on the construc¬ 

tional element area F, the fracture probability P(ob), and the material 

constants o«, m, au, determined on the basis of statistical analysis 

of test results. The calculated breaking strength values are shown 

In Figure 10 (denoted by the symbol 0). 

The strength variability and the scale effect are a consequence 

of the material microstructure defect statistical distribution, and 

can be described within the framework of statistical theory [28]. 

For a distribution of the type (61), the mean square deviation 

is defined by the formula 

(71) 
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stress field may be coordinated with the reinforcement in the concen¬ 

tration zone; however, we shall examine the Influence of the usual 

sources of concentration on QRP strength, since highly overstressed 

material volumes may be present in the concentration zones. 

The scale effect and the stress state nonuniformity factor have 

net been separated in the analysis of the results obtained in published 

studies. 

For the experimental studies of stress concentration influence on 

the short-term static strength of the phenolic (AG-l*c) and epoxy 

(33”18c) GRP, we took as the stress concentration source a two-sided 
hyperbolic notch, approximated by a circle and two tangents, which 

makes it possible to vary the magnitude of the theoretical concentra¬ 

tion factor oa over wider limits (than in the hole case). The notch 

parameters were selected so that the relative stress gradient 

a i Urn — -,- • — 
" Jy «BU» (65) 

remained constant for specimen cross section areas of different 

magnitude and different stress concentration factors, which estab¬ 

lishes similarity of the specimen loading in the notch zone. The 

stress gradient varied from 0 to 10. The tests were made on a 

testing machine with mechanical drive at a strain rate of e = 

0.005 1/sec. P 

The specimen area was varied in the range 20 - 200 mm2. The 

number of specimens of each type and size was sufficient for statis¬ 

tical analysis. 

Analysis of the data shows that the increase of GRP sensitivity 

to stress concentration with increase of the dimensions is compara¬ 

tively small (Table 6). 
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TABLE 6 

VALUES FOR EFFECTIVE STRESS CONCENTRATION FACTORS FOR QRP 

Considering the linearity of the QRP strain diagrams, we can 

assume that an elastic stress distribution is maintained up to the 

beginning of fracture at the root of the notch. Depending on the 

stress gradient at the stress concentration location, the over¬ 

stressed material volume in which the stresses are higher than the 

minimum material strength limit ou will vary. Consequently, fracture 

in the concentration zone is determined not only by the maximum 

stress, but also depends on the stress distribution. 

Comparison of the variation of omax with the relative gradient 

SN and section area indicates similarity of the influence of these 

two factors on QRP fracture, and the similarity indices depend on 
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the fracture probability. In this 

connection the subject dependences 

can be written as the product of 

two functions 

- I (G„i s (H- (7¾) 
' t is w ¡5 

Figure 17. Experimental (1) 
and calculated (2) curves of 
maximum breaking stresses 
versus relative stress 
gradient for AG-4c (• — 
80 mm2; a— 200 mm2); and 
33-18c ( o — 25 mm2; A — 
K n mm 2 • • --- inn mm ^ 1 50 mm 

a — 200 mm2) ; and 
o — 25 mm2; A — 

.: — 100 mm2). 

When we divide the effective 

maximum stresses (*a0n) by the 

average breaking strengths of smooth 

phenolic and epoxy material specimens 

we obtain values which agree well. 

The relation * f(SM) makes it 
max n 

possible to separate the concentration effect and the absolute 

dimension effect (Figure 17» curve 1). 

The incomplete sensitivity of oriented GRP to stress concentra¬ 

tion is apparently associated with the statistical nature of the 

fracture process, since individual fibers fail In the concentration 

zone at loads far below the breaking loads, and there is redistribution 

of the stresses (the load at which cracking begins is approximately 

half the breaking load). 

However, even for the very largest gradients, calculating the 

maximum stresses in terms of the theoretical concentration factor and 

the nominal stresses, we obtain the values of smaller than the 
* max 

breaking strength of the glass fibers. 

Linearization of the stress diagram in the concentration zone 

and calculation of the fracture probability integral 

for a^<tu 

(75) 

for 
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for the AG-4c GRP gives the values of the maximum breaking stresses 

in the concentration zone in comparison with the calculated maxima, 

shown in Table 7* 

TABLE 7 

COMPARISON OF EXPERIMENTAL AND CALCULATED VALUES 

(Calculated Values in Numerator) 

FOR THE AG-4c COMPOSITE WITH 200 mm* SECTION 

Relative Gradient 
mm * 

Fracture Probability in % 

5 50 55 

0 
•> “ 
i!o 

ll.S 

1VI2.« 
IS..VW 
19.5/35 

21/55 

ityi5.9 
2&Õ 
24/12 

18/17,9 
29/40 
32/47 
4U/75 

The equation of the tanget to the stress diagram is 

o = oluJ. — Gv — y). 
(76) 

We integrate from ao to a over the area, where 0 °u 

x 1- = -2,31811-^(0)1. 

au 

(77) 

The calculated data are shown in Figure 17 (curve 2). 

Small stress gradients can be obtained in bending. In this case 

the stress diagram is linear. We calculate the probability integral 

directly, and obtain the following relation between the breaking 

stresses in bending and tension [206] 

I 
- (Owi I 2) ". (78) 
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When testing GRP specimens of different dimensions in bending 

and tension, the breaking stresses are different and increase in 

bending with reduction of the thickness, and the quantity increases 

in this case. For AG-^c with SN ■ 2/h » 0.07; 0.1; 0.2; 0.3, the 

ultimate strength in bending is, respectively, 21, 22.5, 25-5, 31 

kgf/mm2. Referring these values to the ultimate strengths in tension 

for equal sections, we obtain 1.51* - 1.60. For m ■ 6.48, the ratio 

is 1.52; thus, the experimental and theoretical values agree quite 

well. 

In determining the ratios (o_/a._) * a (o /o._) for 
max c pr o be b.pr 

different areas, we obtain the same values (with 50Ï probability 

for the AG-4c and 33-l8c materials). A relation of the form (o__v/oK)* 
max o 

1 + B(öjj)k describes satisfactorily the experimental data (B ■ 1.098, 

k ■ 0.487 for phenolic and B ■ 1.32; k * 0.384 for epoxy GRP). From 

analogous relations, we can determine the breaking stresses for 

nonuniform stress states, specifically for bending, if the solution 

of the elastic problem for the corresponding part shape is known. 

For a linear stress distribution with account for the difference 

in the compression and tension elastic moduli for AG-4c, we obtain 

Oiitjn — On 
Í jjt 
a 

where * 

Gxp tip 
I V « 

tin 

(79) 

From the known dimensions of the element being bent, we deter¬ 

mine Ow « with account for the scale factor and then in terms 
b pr max 

of the gradient from the curve (see Figure 17). For example, for a 

beam b x h • 30 x 9 (AG-4c) hp * 4.5 nun; * 0.21; Fp ■ 135 mm2; 

a * 1.15, the nominal breaking stress is (from experiment) on ■ 

27 kgf/mm2. For BN - 0.21 (see Figure 17) (°max)calc * l«1* °b pr» 

where 

o,., «V, ( f-~ - IT kgf/mm2. 
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Then 

Figure 18. Breaking strength 
In torsion of A0-4b GRP as 
function of stressed volume 
V8 for different cumulative 

fracture probabilities 
P(t < Tj)» equal to 

0.95 (•); 0.50 (o); 0.10 (n). 

dispersion with account for the 

. * (.4^7 - 2A kgf/mm2, 

(Wmw * •• TC * /mm2» 

and the agreement of the results is 

satisfactory. 

The Influence of scale factor 

on GRP breaking strength in torsion 

was investigate! In [31]. On the 

basis of the Weibull brittle strength 

theory, formulas were obtained for 

calculating the shear strength and 

left-hand bound 

t. 

V i m J »■ ’< I 

' l’.1 ( •.'•i \ 2*" / ^ •• vi *ii ^ 

xX' • i :)!• 

« 
(80) 

For small volumes, these formulas yield values which are high in 

comparison with the experimental values. 

Figure 18 shows the torsional breaking strength of the AF-iib GRP 

as a function of the stressed volume for various fracture probabilities. 

The theoretical relation was calculated using the formula 

t, - T. 

* ,/ ’ \< - ^ 
H) 

X 111 
i _ : i/-' 

I — Pit V t,l J 

(81) 
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Thus, for small stress gradients, the similarity condition can 

be expressed in terms of the relative stress gradient. For large 

gradients, the similarity condition in the form (77) does not des¬ 

cribe the experimental data because of the progressive nature of the 

fracture in the concentration zone. 

Analysis of the maximum fracture stress distributions for dif¬ 

ferent concentration levels and areas showed that the maximum stresses 

depend more weakly on the gradient in the region of low fracture 

probabilities. 

The concentration effect diminishes with Increase of the 

gradient, and with increase of the temperature the dispersion of the 

breaking stresses also decreases. 

§5. Statistical Characteristics of QRP Mechanical Properties 

As a rule, in testing specimens and components of QRP structures, 

we find considerable scatter of the experimental data. The dispersion 

of the QRP properties is explained, on the one hand, by imperfect 

fabrication technology, variations of the resin and glass fiber 

chemical composition and their chemical and mechanical properties, 

the polymerization chemical reaction process conditions, the preci¬ 

sion in placing the reinforcing fibers, and so on, and, on the other 

hand, by the fact that because of the statistical nature of the frac¬ 

ture process the force transmission and redistribution processes are 

not the same for different specimens. 

Therefore, statistical data analysis methods should be used in 

determining QRP properties. The accumulation and analysis of GRP 

strength data are also of practical importance, since the use of 

materials with significant property variability in structures requires 

a probabilistic approach to determining strength margins and allowable 

stresses. 
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In the statistical treatment of data, it is important to deter¬ 

mine the required number of tests for evaluation of the material 

characteristics with a given degree of reliability, and also the form 

of the distribution curve of the quantity being investigated and its 

parameters on the basis of a comparatively small number of observa¬ 

tions which will be acceptable for practical use. 

Examining a particular type of material as a general population, 

containing an infinite set of specimens and their limited number n 

as a random sample, the number of specimens necessary for determining 

the mechanical property characteristics with the reliability a can 

be found from the formula [99] 

where the parameter z0 is found from the equation 2*<z(x) » a using 

a table of the Laplace functionj vx ■ o/a is the coefficient of 

variation (o is the mean square deviation for the general population); 

Y - Aa/a is the maximum relative error. The reliability a means 

that the inequality |x - a| < Aa is satisfied with probability no 

less than a, x is the arithmetic mean value for a sample of limited 

size; a is the arithmetic mean value for the general population; 

Aa is the upper limit of the error in determining a from x. 

Figure 19 shows the nomogram of sufficiently large numbers, con¬ 

structed using (82), which relates the property variation coefficient 

vx, reliability a, and maximum relative error y with the number n of 

specimens. The nomogram is constructed for y - 0.05 and consists of 

three scales: A is the probability, B defines the number of specimens, 

scale C shows the coefficient of variation vx. If the coefficient of 

variation vx of the material is known, and the reliability a is 

specified or selected, then by connecting the corresponding points 

on the A and C scales by a straight line, we obtain at the point 

where it crosses the B scale the value of n, i.e., the number of 
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Figure 19» Nomogram of sufficiently large number of teats 
<Y ■ 0.05). 

specimens which must be tested to obtain the specified reliability 

In determining a. 

Since It Is difficult to note any pattern In the values of a 

random quantity obtained directly from observation, the test results 

are arranged In an ascending variational series, and we determine 

the sample arithmetic mean value x and the sample mean square devi¬ 

ation s from the formulas 



Figure 20. Histograms of maximum 
tensile strength distribution for 
33-18C (a) and A0-4c 1:0 (b) ORP. 

1 •“ normal distribution curve; 
2 *“ type A distribution curve; 
3 — Sedrakyan (four-parameter) 
curve. 

where xi is any obtained 

value of the random quality 

X; n is the sample size. 

Then we find the 

coefficient of variation 

vx ■ s/x and refine the 

sample size. 

In order to determine 

the type of distribution 

curve, the data obtained 

are represented with the 

aid of a histogram, charac¬ 

terizing the frequency of 

the quantity in question 

in the given interval. 

The range of values 

obtained is usually divided 

into 10 - 12 intervals. 

Figure 20 shows the 33-l8c 

ORP ultimate strength 

histogram (a), which has 

assymetry, and the nearly 

symmetric AO-lJc histogram 

(b). 

Most common is the normal distribution law, according to which 

the probability density is defined as 

n(x. a. exp(8¾) 

where a is the mathematical expectation of the quantity in question; 

o2 is the variance. 
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Th»se parameter* characterize the general population. The mean 

value * and the mean square deviation i are the experimental estimates 

of the parameters. 

Thus, X * a, s* » o*. We make a statistical evaluation of the 

closeness approxlmateness of these equalities by finding the confidence 

intervals for the experimental values of i and s, i.e., the smallest 

intervals in which a and o are defined with the specified reliability. 

We calculate the confidence interval for the mean value of the general 
population as 

x— 
/¿-I •♦•-i 

(85) 

Specifying the confidence coefficient P ■ 1 - q/lOO, we find 

from statistical tables the Student criterion tq#n-1 as a function of 

q and k • n - 1. 

The confidence Interval for the mean square deviation of the 

general population is defined by the inequality 

The values of zi and zt are calculated as functions of the 

specified reliability and sample size using statistical tables. Using 

these characteristics, we find the equalizing frequencies and obtain 

the theoretical distribution curves (Figure 20). We can assume that 

the distribution histograms characterize the sample population patterns, 

and the theoretical curve characterizes the general population. 

The validity of the normal law in the first approximation is 

checked on special probability paper, where the ordinates are the 

cumulated frequencies on the probability scale, and the abscissas are 

the values of the random quantity. For the normal distribution, the 
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PífUre4Í12í In*egral curves of maximum tensile strength 
distribution of AG-4c (a) and 33-l8c (b) ORP. 

points fall on a straight line with slope 1/s, passing through the 

points (X, P - 50*) and <x ♦ 5, P - 84*), and have random deviations 
from this line. Shown as illustrations of such distributions are 

those of the maximum strength of A0-4c (reinforced in one direction) 

and 33-l8c (reinforced in mutually perpendicular directions). The 

values of P were determined from the formula P - (i - 0.5)/n, where 
i is the sequential number of the random quantity in the ascending 

variational series; n is the sample size (Figure 21), and the light 

lines show the 95* confidence region. 

The symmetry of the probability density curves is evaluated by 

the dimensionless index Sk (skewness), which is equal to 0.54? for 

the 33-l8c composite curve; the flatness of the curve is evaluated 

by the index Ek (excess), equal to 0.32 for 33-l8c. The skewness and 

excess of the normal distribution are equal to zero. 

The asymmetric histograms agree poorly with the normal distribu¬ 

tion law. The theoretical distribution curve for such histograms can 

be a type-A distribution curve, which is a generalization of the nor¬ 

mal distribution law. The probability density for the type-A 
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distribution is determined from the formula [73] 

f ' W 1 f <'> - Í ( V) + /«• (V), (86) 

where f(x) is the normal probability density function; f,(3}, r{M are 

its third and fourth derivativas; rt, r, are the third- and fourth- 

order basic moments. 

The first term of this equation yields the normal distribution 

the second term reflects the influence of skewness (asymmetry) of 

the curve, and the third reflects the influence of steepness (excess). 

A four-parameter distribution curve was proposed in [94], whose 
probability density is found as follows 

"Gêr-"«;)'". 
(87) 

Where Rmin and Rmax are the lower an<1 upper values of the random 

sample quantity; R is the current value of the random quantity; y and 

m are constant parameters. 

This distribution curve is defined through the parameters m, 

Y, and the sample span limits. This is important in practical cal¬ 

culations, since the other distributions usually allow strength values 

of ±», which are not physically realistic. 

The correspondence between the theoretical and empirical dis¬ 

tributions is evaluated by the Pearson goodness of fit criterion k2. 

We consider that the empirical curve agrees with the theoretical 

curve, if the agreement probability is greater than O.05. if the 

agreement probability is greater than the adopted level, we assume 

that the empirical distribution agrees with the theoretical distri¬ 

bution. Evaluation of the correspondence of the theoretical curves 

for the 33-18c composite maximum strength histograms (see Figure 19) 
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gave the following results: the probability of experimental distri¬ 

bution agreement with the normal distribution curve is 0.02 (< 0.05). 

The Sedrakyan and type-A distribution curves can be considered to 

correspond to the empirical distribution, since the probability of 

agreement in both cases is 0.1 (> 0.05). For the AG-Kc composite, 

the level of agreement for the normal distribution is characterized 

by the probability 0.47. 

The parameters of the Welbull distribution curve were examined 

previously. We note that the probability density for this distribu¬ 

tion function is written in the form 

*• (88) 

and for the AG-4c and 33-l8c composites the probability of agreement 

is 0.53 and 0.61. 

Most convenient for practical calculations is the normal distri¬ 

bution, which has been tabulated and for which the parameter estimates 

have been worked out. Therefore, we should analyze the possibility 

of "rectifying" the distribution which deviates from the normal form 

by replacing the quantity x by some variable which is associated with 

it by a simple relationship (change of scale along the abscissa axis). 

As such quantities use is made of Ig x, lg(x - x ), (x - x )/(x - x), 

lg (x - xu)/(xn - x), the last being used for distribution which is 

truncated on the left and right. 

For parameters characterizing the GRP, this distribution gives 

results close to the log-normal law. At the same time, the Weibull 

distribution is better Justified physically, since it does not include 

negative strength values nor values smaller than xu< The parameters 

xo, m, xu make this distribution more flexible in comparixon with 

the two-parameter, normal, and log-normal distributions. 
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Figure '22. Curves for determining the left bound of a 
distribution with given reliability. 

In certain cases, it is necessary to determine the minimum 

(left-hand) strength values. In the normal distribution case, we 

can find from the sample characteristics those limits ui - x - ks 

and Uj ■ x + kl within which probability y we can guarantee that a 

fraction of the population no smaller than the given limit P will 

fall. The value of k, which is a function of P and y, is approximately 

[41] 

= *-( 
I + --.i .. 

r*. ■ 
5t; + 10 

12a )• (89) 

where k^ corresponds to the general population characteristics a and 

o and is determined as follows 

*« #• 
r it = 20)(*.) = P; 

** = 0.5-^,)-«-t; 

d» (Xy) T - 0,5. 

(90) 



Figure 23. Results of tensile 
tests. 

1 — M20 bolt: 2 — Ml4 boltj 
3 — tubing; 4 — specimen. 

kgf/mm2, which gives results close 

the Weibull distribution, 

is close to the 

The general population span 

is 2kl and the normed span is 

R = 2k. For the confidence 

level y = 99¾, Figure 22 shows 

the dependence of the normed 

span on sample size n and pro¬ 

bability P. For these curves 

we can determine the span for 

constructing the type-A distri¬ 

bution curve using (86). 

For example, determination 

of the minimum strength values 

for the AG-4c composite with 

probability 0.9973 yields the 

following values of the breaking 

stresses for areas of 200, 78 
and 20 mm2, calculated as 

X - 3s: 12.4; 12.3; 12.0 

to the left strength bound xu in 

since for m » 3.7 the Weibull distribution 

symmetric normal distribution. 

The configuration of a GRP part predetermines the macrostructure 

of the composite, which to a considerable degree determines the 

material strength. Therefore, a strength calculation using the mech¬ 

anical properties presented in handbooks is not always possible, and 

we need data from tests of specimens or detail parts. 

Figure 23 shows the results of tensile tests of specimens cut 

from tubing (AG-4b) and full scale tests of large-diameter tubing 

under internal pressure, and also results of M14 and M20 bolt tests. 

The results of detail part tests are characterized by large scatter, 

and the breaking stresses are distributed following a law which is 

close to the normal law in its parameters. Comparison of the results 

showed that the material strengths in the specimens and parts based 

269 



on their left bounds were similar, although the scale influence does 

show up in the mean. 

Comparison of the data from tests of bolts and tubing indicates 

that their strengths differ markedly, apparently because of glass 

filler orientation during molding of the bolts. 

The agreement in the minimum breaking stresses for tubes of 

small curvature and different sizes, and for bolts of different 

diameter, and the difference in the strength of these different 

types of parts made from GRP shows that we should test typical 

details (cylinder, plate, cone, bolt) and the corresponding process 

samples, since the similarity conditions depend on the shape of the 

part and the stress state. 

§6. Variability of GRP Properties and Allowable Stresses 

The determination of the allowable stresses and stress margins 

when designing GRP parts and the normative requirements on the 

material must be established with account for the scatter of their 

strength characteristics resulting from random deviations, which 

depend on several structural and processing factors. Thus, for 

strength calculations it is not enough to know the average ultimate 

strength, since determination of the allowable stresses on the basis 

of the average value does not ensure integrity of the component if 

there is any variance of the properties. In this case, it is more 

correct to determine the probability with which the subject structural 

component will have an ultimate strength equal to or less than the 

effective stress, i.e., we need to have the integral ultimate strength 

distribution functions of the structural component and the loads 

acting on the component. 

The scatter of the experimental data in the GRP tests corresponds 

to the scatter characteristic for brittle materials. For a first 

estimate of the properties, we can use the normal distribution law. 

Examining the property scatter characteristics (Tables 8 and 9)» we 

see that the variability of the properties varies over a wide range 

even for a single type of composite. 
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TABLE 8 

STRENGTH AND ITS VARIABILITY FOR AG-Hb MOLDING COMPOSITE 
—--— ' 

Part 
Type 

Part 
Wall 

Thickness 
in mm 

Molding 
Temp 
in °C 

Molding 
Time 
in 

min/mm 

Specific 
Molding 
Pressure 
P in 
8p 

kgf/cm2 

Bending 
Ultimate 
Strength 

in 
kgf/cma 

Coefficient 
of 

Variation 
in % 

Cylinder 6 

12 

6 

130 

130 

130 

1.0 
3.0 
1.0 

1.0 
3.0 

300 

150 
200 
300 

13.0 
16.5 
13.0 
13.5 
13.2 
M.2 

31 
29 
23 
30 
21 
18 

Cone 12 130 
V '-o 300 14.0 21 

Plate 6 

12 

130 

130 

1.0 

1.0 

100 
200 
100 
200 

10.5 
22.3 
1 '.5 
16.5 

18.0 
20 
17 
17 

Bolt 
MU 

M-20 

130 

130 

1.0 
1.5 
1.0 

300 

300 
400 

13.2 
10.8 
8.4 
8.2 

16 
17 
29 
23 

Standard - 1 ¡0 1 0 
2.0 

200 22.1 
23,0 

8 
14 

Tubing 
3 
Tubing 
Z 100 w.« ' 

20 

10 - — - 

4.4 

6.0 

II 

Fracture probability is the probability of the existence of 

negative values of the difference between the strength of the 

structural element and the stress acting on the element [91] and can 

be determined by integrating the probability density function of the 

magnitude of this difference over the region of negative values 

V<#» = V (o„ - o* < 0) = J * (R) dR. ( 91 ) 
— • 

For a normal distribution of the breaking and effective 

stresses p(ct^) and p(o ) with the parameters 5. , s .5.5 the 
c d o, e ’ o 

b e 
probability density is 
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TABLE 9 

COMPARISON OF STRENGTH VARIANCE OF GRP COMPOSITES 

AND SOME STRUCTURAL MATERIALS 

Material 
°b 

in kgf/mm2 
V In % 

°b u 
in kgf/mm2 

V in í 
°b c 

in kgf/mm2 
V In 9Í 

AG-4c (1:0) 
33-18c (1:0) 
33-18c (1:1) 
27-63 (1:1) 
27-63 (1:1) 
St. 3. 
St.Oc 
ABT 
ML-12 
ML-5 

60 
«6 

43 

103 
44 

27 

30 
39 

15.6 
10.7 

it 
10 

13 
9 

12 

5.5 
6.C 
0.4 
0.6 

6-6_ 

57 
75 
45 
79 

65 

13 
14 

14 
II 

14 

39 
40 

39 
41 
42.6 

»7 
It 

IÏ 
22 

7 

where 

R — o, — ay. Sg - ^ + — ^r**«*0j • 

(92) 

and we can assume that the strength and the effective load are 

Independent and the correlation coefficient r ■ 0. 

We write the fracture probability in the form 

r, kt 
I 

(93) 

We convert to the normed function 

^ - t4* L "p 
(94) 

•h 
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where (R - ■ t; dt * dR/5R and the value of the probability 

Integral can be calculated from Laplace function tables presented In 

probability theory courses. 

The limit of Integration can be expressed through the charac¬ 

teristics of the strength and load distribution functions 

R 

(95) 

where ñ ■ 5./5 is the average strength margin corresponding to 50% 
D 6 

fracture probability. The fracture probability V thus depends on 

the strength margin ñ, which Is usually used in engineering calcu¬ 

lations, and on the coefficients of variation of the mechanical 

properties v0 and the loading v0 . 

If we initially take v0 ■ 0, the fracture probability integral 

is calculated in terms of the limit of integration for this particular 

case, defined by the coefficient of variation v , and the role of 

material mechanical property nonuniformity becomes obvious. The 

limit of integration 

_R 
*A 

n — 1 

n'Ci 

(96) 

The reliability of a structural element is characterized by the 

safety factor ñ and the corresponding fracture probability. Specifi¬ 

cation of the factor ñ does not yield an estimate of the reliability 

of different parts made from different materials, since for the same 

fracture probability the strength margins are different, depending 

on the relation between the load and strength variance characteristics 

(if the loading scatter is small, then material nonuniformity has a 

narked influence and vice versa). 
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Figure 24. Influence of strength 
variance on fracture probability as 
function of average safety factor. 

Figure 25. Fracture 
probability as 
function of safety 
factor and stressed 
area. 

Figure 24 shows the fracture probability as a function of the 

safety factor ñ for different coefficients of variation which are 

characteristic for the mechanical properties of composites. The 

variation of fracture probability as a function of the safety factor 

for different areas in tension for the AQ-4c material is shown in 

Figure 25. 

A similar approach [95] can be used in calculating the fracture 

probability for long-term loading of components. In this case, we 

need to know the load variation function and the long-term static 

strength limits for a definite time base. 

The fracture probability in the long-term static loading case 

is determined as 

V 
m 

piau)P lo*,)do sfe Ç p(ati) P (o,,). (97) 
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CHAPTER 7 

FRACTURE RESISTANCE UNDER LONG-TERM STATIC AND CYCLIC LOADING 

SI. Statistical Laws Governing Temporal Dependence of Strength 

Stochastic Picture of Fracture Process 

In analyzing the strength of fiber bundles In 54, Chapter 4, 

It was shown that In the case of constant nominal stresses, a stage 

of quasi-equilibrium states is possible in which the number of 

fractured fibers varies from a(wj) to aÎWjj). It was previously 

assumed that the stress increases continuously, and fracture occurs 

at the instant of reaching the maximum magnitude of o7p(o)do for 
o 

some fiber strength distribution function p(o). In the case of a 

fixed load (long-term strength regime) the stress on the fibers can 

increase only as a result of fracture of part of the fibers in the 

long-term static loading process. Failure occurs when the stress 

(1) 

is reached, where a(Wjj) depends on the stress level and the kinetics 

of the long-term static fracture process. With lower initial stress, 

it follows from the bundle fracture scheme that occurrence of the 

condition (°cr)lt > ^°cr^stat i8 P083^!®* Experiment shows, however, 
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that the long-term static 

failure fracture process can 

stagnate In the case of low 

Initial stresses. 

Let us examine how the 

process of transition from the 

state aiwj) Into the state 

a(Wn), whose scheme is shown 

In Figure 1, takes place. We 

assume that the fibers In a 

quite large bundle of N fibers 

are equally loaded, and the tensile stress is the same function of 

time t for all the unfalled fibers. We denote the bundle breaking 

time by tb, the number of unbroken fibers by n(t). The life is 

determined by the time for reduction of n(t) to ncr (the magnitude of 

the life obviously changes only slightly when replacing ncr by 0, since 

the duration of the fast-fracture segment is short in comparison with 

the segment of slowly progressing fracture up to n(t) « n ). The 
cr 

stresses in the fibers are independent of the initial number of 

fibers and at the time t are equal to oN/n(t), since the broken 

fibers do not accept any load. The fiber bundle can be considered 

an assemblage of thin plates (regions 26), whose boundaries are 

planes perpendicular to the bundle axis. When the bundle fails, 

the crack is entirely in an individual layer S1. At the initial 

instant of time, each layer has the same number of fibers (for 

t » 0 « const, Ntl can be determined with account for the initial 

damage which arises at the instant of load application). 

For the sake of simplification, it is advisable to assume [123) 

that the only possible transitions for the given region 26 are the 

transitions 

Figure 1. Scheme of fiber bundle 
failure in the long-term loading 
case. 

*.V. A’-l • •* *A\ A'-t *A. ■.*Af. •• 
(2) 
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where, for example, the constants eN n mean that In the region 

the number of unfailed fibers at the time t is n(t). We can further 

assume that for constant stress the probability of occurrence of the 

transitions fV ll-. eVi,., remains unchanged so long as the region is 

in the condition eN n, regardless of the state of the neighboring 

regions S,*,, S,.,, and so on. Fiber fracture at constant stress obeys 

activation theory, and the probability of the e*., — transition, 

which takes place after short time Intervals, is equal to nkdt, where 

k ■ f[oN/n(t)] is a function which depends only on the stress, 

increasing monotonically with decrease of n(t). We neglect the 

possible stress concentration effects at the fiber fracture location. 

The function k can be taken in the form [122, 123] 

(3) 

where the parameters a and b depend only on the temperature. 

Thus, it is necessary to determine the probability that the 

bundle of fibers will fail after the time interval tb. The probability 

that the region Sj will be the state eN n at the time t for a known 

stress a is denoted by PM (t, o), and the probability of the 
im • n 

transition nk(oN/n)dt is denoted by ndt. These assumptions 

essentially mean that the behavior of the region obeys the laws 

of a stochastic process [68] with the following levels for the partial 

derivatives of the probabilities PN n with respect to time 

(4) 

where for all n and t the following relations are satisfied 

0 .-: ZV, (/. n) - - I. 

for n -h N />>Vi, (0, a) -- 0 and n) = I. 
(5) 
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Recovery of the failed fibers is thus not provided for. 

The quantity 1 - ls the Probablllty that tbe region 

has longer lifetiire than t at the stress o. The number of regions 

in the bundle is M ■ L/26. Then the probability 1 - Q0(bb) that 

the fiber bundle has a life longer than tb corresponds to the 

probability of occurrence of M independent cases of each probability 

I - Q<, (/.) - II -P.S.AI« a)!**- (6) 

Consequently, the fiber bundle fails at that cross section which has 

the shortest lifetime for the load f(o), and kinetic theory is 

compatible with the weak link hypothesis. 

Determination of the mean life [122, 123] and its scatter has 

shown that the lifetime distribution for long-term static loading is 

not normal; the asymmetry approaches a constant magnitude. A bundle 

of N fibers, for which (3) is valid, has the mean life 

which as N » becomes 

(7) /, « M-'i"arxisN-*exp (—ybo) » Ar^, 

where 

It follows from (7) that the logarithm of the life is a linear 

function of the stress o. The variance is described by the relation 

S. « (n//£)N“‘Eh, i.e., the coefficient of variation of the life is 
tw & ub 

constant. 

278 



The distribution of the long-term static strength limits for a 

fixed life is characterized by the mean value 

= (V + In Af)-' fr-W-Info) - A'*1 In AÍJ 

and the variance 

where (8) 

It is noted in [124] that (7) is the solution of a deterministic 

equation of the form 

dn 
HT' ■«m- 

Account for damage accumulation in the long-term static fracture 

case under the assumption of power-law damage accumulation can be 

made using the equation 

= ( 9 ) 

where o - o0/l - wj w is the degree of damage (cracking), character¬ 

ized by the fractured section area [8?, 96]. We write the brittle 

fracture condition in the form [8?] 

J(1 +K)B(fdt — J(1 — to)* (p-9<fur m I, dQ) 

where the limits of integration with respect to w were taken as 0 and 

1 for simplification. According to (10), for a constant stress o„ 

and ß - 0, the life 

*(•.1 1 (11) 
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For variable long-term stress and ß ® 0, (10) expresses the 

linear damage summation condition. 

In the case of damage accumulation at low stress levels, the 

experimental data [96] and the results of life calculation using 

linear and nonlinear damage summation conditions are similar. 

In the case in which the major damage (''TOJ) is accumulated at 

high stress levels during loading with markedly differing stress 

levels, calculation using the nonlinear summation condition gives 

results which are closer to the experimental data. 

For a sinusoidal isothermal stress cycle 

o (0 =* «U + s5n (12) 

where o > o (the fracture processes in compression and tension are 
m a 

not equivalent). Calculation of the life yields the following mag¬ 

nitude of the mean cyclic life [123] 

t(om, o.) a*1 exp (—tom) _ M«m) 
//.(to.) /.(to.)* (13) 

where S(om) is the life with constant stress a « om; Io(boa) is the 

Bessel function of zero order. 

Long-Term Static Strength. Experimental Data 

The time dependences of the fiber and polymer matrix strength 

determine the effect of loading duration during composite fracture. 

The experimental data [100, 103, 1^2] show that significant reduction 

of the strength in the long-term loading process is characteristic 

for the GRP. Thus, in tests lasting for --10* - lO* hours in air and 

at normal temperatures, GRP strength is half that obtained in short¬ 

term tests.* 

•Questions of creep are not considered here. (Table 1). 
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TABLE 1 

LONG-TERM STRENGTH LIMITS OF SOME COMPOSITES 

Epoxy 

Phenolic 

Resin Filler 

Glass cloth 

Test 
Duration 
in Years 

1000» 0.66 

Atlas weave 1000« 23 0.57 

Silicone 

Phenol formaldehyde 

•In hours 

Asbestos 
Paper 
Cloth 
Cotton waste 

5 
5 
5 
5 

23/7^3 

0.50 

3V18.5 
35/21.5 
36/19.5 
6/15.0 

The resistance to long-term static fracture depends on the form 

of glass filler and binder and the type of stress state. The GRP 

based on oriented glass fibers have the highest long-term strength 

limits; the chopped fiber glass mats have the lowest strength (0.33 

for t - 10* hours). As a rule, the time dependence of the strength 

shows up more markedly in compression and bending, which is apparently 

associated with the greater role of the binder shear strength when 

the material works in compression and bending [177]. 

The variance of composite long-term static strength leads to 

scatter of the time required for fracture. Tests under identical 

conditions have shown the validity of the normal distribution law for 

the logarithms of the lifetimes with deviations in the region of low 

fracture probabilities, which indicates the existence of a left-hand 

lifetime bound. We can take as the transform for equalizing the 

distribution the function Ig (t - ti), where to is the left-hand 

life bound (sensitivity threshold). Plotting of the experimental 

points on probability paper corresponding to the Weibull statistical 

distribution shows that this distribution also describes quite well 

the lifetime scatter (Figure 2). However, for parameters character¬ 

istic of the materials studied the two distribution types are close 

in the probability range studied. 
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Figure 2. Long-term loading Figure 3* Long-term strength 
life distribution curves for curves for the 33-l8c composite 
33-l8c composite. (section 25 mm2 t = 20° C): 

1 — P * 95*; 2 — 50*; 3 — 5*. 

According to the experimental data, the lifetime scatter depends 

very weakly on the stress level in the region Ojt > 0.750^ (see 

Figure 2). 

The resistance to long-term static fracture is described by the 

long-term stress-rupture curves in terms of the fracture probability 

parameter (Figure 3)* After specifying the probability, we can 

determine the long-term strength limit corresponding to the base x 

and can obtain the distribution of the long-term static strength 

limits for a fixed time base. 

Figure 3 shows that the long-term strength curve in the 

coordinates o - Ig t for 50* probability is linear in the region of 

stresses higher than 0.6ob, and deviates from the linear dependence 

for lower stresses. The weak dependence of the lifetime variance on 

the stress level makes it possible to use linear correlation analysis 

for statistical processing of the results of long-term static GRP 

tests. The correlation coefficient for stresses olt > O.Co^ and the 

corresponding lifetimes are close to -0.9, i.e., the exponential 

equation for the long-term strength curve, which follows from the 
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stochastic fracture process relations, is valid for these stress 

levels. However, the nature of the experimental relation o - Ig t 

Indicates the existence of some stress level which the material with¬ 

stands infinitely long without fracturing. 

The existence of a long-term strength limit for the composites 

based on glass fiber is associated in [192] with the GRP creep process. 

It was shown experimentally that if the creep has a decaying nature, 

the damage accumulation for ¿ decays without leading to 

fracture. 

Structural analysis [2M] shows that long-term static fracture 

begins at the fiber-matrix interface, and is primarily a disruption 

of the adhesive bond. Damage accumulation leads to the formation of 

the main cracks, and to final failure. 

In analyzing the experimental data, it was found that a power- 

law equation for the long-term strength curve in the form o t * C 

could also be used, particularly for the thermosetting composites 

with high fiber content and in the presence of aggressive media. For 

values of the exponent k characteristic of GRP, the difference in the 

correlation coefficients for the semilogarithmic and power-law rela¬ 

tions is not significant (comparison of the power-law and semi- 
. -ao j . _ -k In o 

logarithmic relations in the form t - Ae and t = Ce 

yields exponents ao and k In o for the GRP which are similar in 

magnitude). 

We note that the power-law equation is more convenient than the 

exponential equation, particularly when summing the lifetimes. For 

glass-fiber-base composites, neglecting inelastic deformations, the 

equation o^t s C can be written in the form 
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From the condition [JL^-\ we obtain, for example, for a 
Î '(•> 

monotonie loading process following the law e ■ e0 + et 

c* V 
-ÇJ (e, + 'ty>dt = I 

0 

and then 

i 

o = [BE () + ft) 

In the case of loading from o0 ■ 0 

= (15) 

where 

0, = lg 1(1 + b) EB\, O, = *rqr* • 

The following values of the exponents k were obtained from the 

composites studied: 19 for AQ-llc reinforced in two directions; 26 for 

AG-4c reinforced in a single direction; 24, 37, 27 respectively for 

33-l8c, E1200, 27-63c, reinforced in two directions. 

Figure 4 shows the long-term strength curves for the A(3-4c and 

33-l8c materials as a function of the cross section area. 

The scale effect also shows up in the long-term static loading 

case (see Table 2). Determination of the breaking stresses corres¬ 

ponding to different fixed failure times t* showed that in the long¬ 

term static loading case, the scale effect can be estimated using 

the relation 

/ ort\ 
\ aF, / ( 16 ) 

i.e., the similarity relation is valid for fracture in the short-term 

loading case. 
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t min 

Figure 4. Curves of long-term strength for: 

1 — unidirectional AG-4c (section 50 mm2)j 2, 3, 4 — 
equistrength 33-l8c (section 25, 50, 100 mm2); 5, 6, 7 — 
equistrength AG-4c (section 25, 50, 120 mm2). 

TABLE 2 

LONG-TERM STRENGTH LIMITS OF 33-l8c AND AG-4c COMPOSITES 

Material Specimen 
ob in 

kgf/mm2 

(short¬ 
term) 

"it ln 

kgf/mm2 

(1000 
hours ) 

ait 

°b 

33-18.- 
loo mm*, arc 
.7) MM* 
23 mu* 
*i * :«r. mo 4»** 
«1 « 43 , 100 m v* 

:uiv 
30 mm*. 1.7)’C 

200° C 
25 mm* 100° C 

42.0 
41.0 
40,0 
10.5 
14 

20 
21.5 
30 

24 
24,8 
20,5 
9.0 
8.4 

12 
10 
18 

0,57 
0.36 
0,57 
0.54 
U.OO 

0.00 
0,46 
0.00 

AG-llc 
120 .V.M*. 20° C 
30 mm*, 20° C 
25 am*. 20° C 
25 JM.M*, 100° C 

16.5 
18.2 
20.0 
13,0 

11.9 
12,8 
14.0 
9.0 

0.72 
0.70 
0.70 
0.09 
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The linearity of the stress depen¬ 

dence on the logarithm of the time makes 

it possible to use parametric relations 

of the Larson-MiHer type with a preci¬ 

sion adequate for practical applications 

o ' - a — bp, (17 ) 

where p -= T(C \ Iß 0. 

for estimating GRP life under operational 

temperature and stress conditions (Figure 

5). Using the parametric relation (C = 

20), we can determine from the results of 

the short-term static tests at different 

temperatures the coefficients of the 

parametric equation and construct the parametric relations for approxi¬ 

mate evaluation of the lifetime. 

Tests at elevated temperatures show that the long-term strength 

curves do not cross at a single point, as follows from the concept of 

time dependence of the strength for the hard polymers. This is 

apparently explained by the marked change of the shear characteristics 

of the polymer matrix when heated, particularly if heated above the 

vitrification temperature of the binding matrix. At temperatures of 

~100°C, the matrix softens to the degree that the glass reinforced 

plastic becomes a weakly bound bundle of parallel glass fibers, for 

which the laws governing static failure differ markedly. 

gkgf/mm2 

• 3 

V * 

f ;s 
h i 6 i » 9pv> 

Figure 5. Parametric 
relations for the 
materials : 

1 — AG-Hc; 2 — 
P-25c; 3 — 33-l8c; 
4 — r-1|9c (r indicate 
points of long-term 
strength curve). 

The static long-term strength limit for a base up to 500 hours 

varies considerably with increase of the temperature and decreases by 

a factor of two at temperatures of 200° C. For temperatures in the 

100 - 300° C range, the inclination to the time axis of the left part 

of the long-term strength curve is steeper and the break in the curves 

occurs at low time values, which is apparently determ'nod by the rate 

of the relaxation processes in the matrix, which increases with 
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n 

n 
n-\ 

a' mln 

Figure 6. Long-term strength curves for the composites: 
E1200 (1 — t - 20° C) and 27-63c (2 — t * 20° C; 3 — 
t » 60° Cj 4 — t ■ 100° C; 5 — 200° Cj 6 — 300° C). 

increase of the temperature (Figure 6a, b), as a result of which the 

stresses are transferred entirely to the glass fibers, and also by 

the possible physical and chemical changes in the material with long¬ 

term heating. 

Results of Tests Under Quasi-Static and Impact Loading 

The time dependence of the strength was studied experimentally 

in the deformation rate range from 2 sec“* to 3*10“8 1/sec. Short¬ 

term loading was accomplished on a hydropneumatic rig, the quasi¬ 

static deformation regime was conducted on a machine with mechanical 

drive, and the low rates were obtained during tests in the long-term 

strength regime [63]. The deformations in the course of the tests 

and at fracture were recorded. 

The variation of the breaking stresses with time is shown in 

Figure 7 for the 27-63c material. Statistical analysis showed that 

the correlation coefficient between the values of a - Ig t Is -0.927, 

i.e., the dependence is linear. 

Also shown is the breaking stress curve for tests in the regime 

a * const, which falls below the curve of strength time dependence 

for the regime e = const, crossing this curve at a point close to 

the composite short-term static strength limit obtained at the 

rate 45*10"4 1/sec (Figure 8). 
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e kgf/min* 

Figure 7. Time dependence of the breaking stresses for the 
composite 27-63c (e * const). 

a 

Figure 8. Time dependence of breaking stresses and deformations 
for 27-63c: 

1 — eb; 2 — t • const; 3 — o * const. 

The resulting dependence of the deformation at composite fracture 

on the rate t (see Figure 8) indicates the weak influence of defor¬ 

mation rate on its magnitude. The breaking deformation for 27-63c 

decreases monotonically, varying from 2.8 to 2.3Ï with increase of 

the rate by 107 times. For a deformation of about 2%, we observed 

cracking of the matrix in the layers with fibers oriented perpendi¬ 

cular to the force. As a rule, with increase of the rate the fracture 

had a fibrous nature. In the case of lower rate and quasi-static 

loading, the magnitude of the fracture deformation increases somewhat 

and the progressive fracture segment is more marked. Generalizing 

the experimental data obtained, we can assume that the magnitude of 

the breaking deformation in uniaxial tension in the first approxima¬ 

tion depends very little on deformation rate. 
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Similar results were noted in [86]. 

The test results show that the breaking stress dependence on 

deformation rate is linear and is described by an equation of the 

form 

o-a. 

where o and ê are the strength and deformation in the test regime 

e ■ const, and oo and eg are the strength and deformation for some 

standard test regime; m» - m In 10 is the rate modulus [8l], charac¬ 

terizing the slope of the curve o - Ig Ê. 

Assuming the breaking deformation to be independent of the rate, 

we can convert to the equation connecting stress and time to fracture 

where t0 is the time to fracture for the standard rate e0> 

For the composite 26-63c a0 - ^3.2 kgf/mm2, e0 - ^S'lO“4 1/sec 

and m* - 109 kgf/cm2. 

Conversion of the results of long-term static loading using the 

regime o - const under the assumption that the longest-duration 

long-term static fracture process takes place at (approximately) 

constant deformation rate (steady-state creep) leads to agreement 

of the data based on the relation o - lg t with the data for the 

regime e ■ const. 

This shows that the relation o — lg e is valid over a wide 

range of time to fracture. 
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§2. GRP Fracture Under Cyclic Loading 

Characteristics of Low-Cycle Fatigue Process 

In the process of QRP cyclic loading with relatively high 

amplitudes, we observe self-heating of the specimens as a result of 

energy dissipation. The nature of the material self-heating can be 

explained by analyzing the strain diagram in the cyclic loading case. 

Figure 9 shows the strain diagrams for the 33-l8c 

(a) and 27-63c (b) composites, characterizing the 

presence of elastic hysteresis and the amount of 

energy absorbed by the material per cycle. As a 

rule, the curves of temperature rise during cyclic 

loading have three zones: initial zone with 

decaying heating rate, which corresponds to 

stabilization of the strain diagram in the first 

loading cycles and of the 

rkgf/mml 

Figure 9. Strain diagram for 
cyclic loading: 

a — 33-l8c; b — 27-63c. 

width of the hysteresis loop; 

zone of steady-state heating 

at a rate which varies little 

(loop width does not change); 

zone of temperature rise of 

increasing rate prior to 

fracture. In this last seg¬ 

ment, the hysteresis loop 

broadens and specimen stiff¬ 

ness decreases markedly. 

For the 33-l8c and 27-63c 

QRP specimens the modulus of 

elasticity changes in the 

cyclic loading process from 

2800 to 1500 kgf/mm2 for a 

maximal cycle stress of 28.2 and 44.6 kgf/mm2 with a lifetime of 200 

cycles. 
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In the sinusoidal load variation case (o ■ a0 sin wt), the 

equation for the deformation of a composite made from elastic fibers 

and the viscoelastic binder takes the form 

(— + Em) e, sin (»/ + Ó) = o, (| -f- wt), (18) 

where t# is the relaxation time; Eg is the Instantaneous modulus of 

elasticity; is the long-term modulus of elasticity; u is the load¬ 

ing frequency; o® and eg are the stress and strain amplitudes; 6 is 

the phase shift angle between the stress and strain. 

The deformation process can be described more exactly with 

introduction of the relaxation time spectrum into the strain equation. 

Depending on the strain rate (frequency), a definite portion of the 

spectrum shows up. In the simplified treatment, we take the relaxa¬ 

tion time Tg as the determining factor for a given test frequency. 

Thus, the strain equation can be written for each frequency u with 

its relaxation time ig^. The connection between the quantities e® 

and o® is written in the form [92] 

(19) 

In this case 

(20) 

Consequently, the strain amplitude e® and the tangent tg 6 of 

the phase shift angle depend on the relaxation time and loading 

frequency. The strain amplitude varies as a function of the para¬ 

meter xu, taking values in the interval (og/EJ - (o0/Eg) (Figure 

10), while the phase shift angle has a maximum for xoi ■ /e^/eo and 
is equal to 

(21) 

291 



It follows from this relation 

that tg 6 is always negative.. For 

the 33-l8c material with E« * 

350,000 and * 210,000 kgf/cm2, 

“F 
the relaxation times are on the 

order of 0.6 sec, characteristic 

for test frequencies of 10 - 400 

i 1 1 ♦ 1 «73 cpm; the maximum of tg 6 is obtained 

at a frequency of 80 cpm and amounts 
Figure 10. Strain amplitude 
versus the parameter Tow: 

to 0.26. 

u “ iigi/miii . An oscillographic record was 

made of the cyclic deformation 

process for an experimental check of the assumed equation. In 

determining the parameters characterizing energy dissipation, the 

cyclic strain resistance can be evaluated by the elastic modulus 

(22) 

where E' is the real modulus, coinciding in phase with the strain; 

E" is the imaginary modulus, 90° out of phase with the strain, or 

in terms of the corresponding compliances 

(23) 

where J' is the elastic compliance; J" is the loss compliance. 

The elastic compliance characterizes the energy accumulation 

and release during unloading, and the loss compliance is associated 

with the energy dissipated in the material. 

From the results of the oscillographic study tg 6 ■ E"/E', and 

for the quantitative estimate of the energy dissipation, we can use 

the magnitude of the specific energy stored per cycle and increasing 

during a quarter period 

L ^ - j E'cJe - 
(24) 
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Thç energy dissipated is measured during the time of a complete 

cycle. Since the stored energy increases during a quarter period« 

it is advisable to compare it with the energy dissipated during a 

quarter period 

-- J 
' M 4 

if 

(25) 

The ratio of the dissipative loss energy to the stored energy is 

a = (26) 

and is proportional to tg 6. 

With increase of the maximum cycle stress« the phase shift 

between the stress and strain Increases and the energy absorption 

intensity Increases. For the same stress, the heating rates of 

different specimens differ significantly, with a shorter life cor¬ 

responding to the higher rate. Characteristic for high stresses is 

less variance of the heating rate. Specimens tested under different 

stresses but with lifetimes which are close in magnitude have similar 

heating curves. Table 3 presents test results for the 33-l8c ORP 

for different loading levels and frequencies of 200 and 400 cpm in 

pulsating tension. 

TABLE 3 

INFLUENCE OF STRESS LEVEL ON TANGENT OF PHASE SHIFT ANGLE AND 

ENERGY ABSORPTION FOR THE 33-l8c MATERIAL 

Maximum Cycle 
Stress in 
kgf/mm2 

Tangent of 
Phase Shift 

Angle 

Ratio of Dissipated 
and Stored 
Energies 

Increase 
of Energy 
Absorption 

in % 

in 
i.» 
:w 

P ill |0,<KC| 
. 0,l?4 |.I.!I'I| 
rt.l.n*o.lli»i 

P.IT4 «#.im 
o.i'i*. ,<u y.i 
P.LHW iP.lM-l 

« iw 
l.’Ot 
JO 1 Ml 

NOTE: Values in parentheses are for 400 cpm frequency. 
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The role of the frequency for a constant pulsating cycle stress 

level (o » 25 kgf/mm2) is characterized by the data shown In Table 4. 

TABLE 4 

INFLUENCE OF LOADING FREQUENCY ON TANGENT OF PHASE SHIFT ANGLE 

AND ENERGY ABSORPTION FOR THE 33-l8c GRP 

Frequency 
in cpm 

Tangent 
of Phase 

Shift 
Angle 

Ratio of 
Dissipated 
and Stored 
Energies 

Change of 
Energy 

Absorption 
in % 

eoo 
»00 

■100 
600 

0.132 
0,128 
0.1 II 
0.089 

0.207 
0.200 
0.174 
0.154 

0 
—3.5 
-16 
-24 

With Increase of the frequency, the values of tg 6 decrease, and 

therefore the ratio of the dissipated energy to the cycle energy 

decreases. The energy release per second can be estimated, consider¬ 

ing heat exchange between the specimen and the surrounding medium, 

by the quantity 

(/=»« 
(27) 

If we take -1, we can determine the heat release dependence 

on frequency. The reduction of tg 6 and J" is offset by the frequency 

effect, as we see from the values of Û/X for frequencies of 200, 300, 

400, and 600 cpm, equal to 0.436; 0.645; 0.735; and 0.910. Conse¬ 

quently, GRP self-heating increases with increase of the frequency 

and its life shortens. Figure 11 shows the results of 33-l8c compos¬ 

ite tests, and also tests of an epoxy GRP [145] at different stress 

levels and different frequencies. 

The coefficient k depends on the specimen shape, conditions of 

heat exchange with the surrounding medium, and so on, and also takes 

into account any possible change of the compliance in the cyclic 

loading process resulting from increase of Ig 6 with increase of the 



re’ 

Figure 11. Curves of dissipative heating in pulsating tension for 
epoxy QRP as function of stress level (a) and loading frequency (b): 

Curve in * 
°b 

•i> in 1/min 

/ 
J 
J 
4 
9 
i 
7 

•I.S 
« 
50 
II.S 
40 
SO 
SO 

1003 

3ÕÜ0 

300 

temperature, reduction of the elastic modulus during heating, and 

damage accumulation. Experimental data have shown that k » 

49/(0 - 24.3) and decreases with Increase of the stress. 

The temperature rise curves also depend on the GRP resin damping 

properties and the loading mode. Figure 12a shows curves of tempera¬ 

ture rise for epoxy and polyester GRP for pulsating tension with 

amplitude 5±5 and for symmetric bending with amplitude ±10 kgf/mm2. 

The data of Figure 12a show that for the same maximum cycle 

stresses, the heating during tension-compression takes place far more 

Intensely than in the bending case, when the high stress zone is 

limited as a result of the stress gradient. 
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Figure 12. Influence of loading mode (a) and damping 
properties (b) of polyester (dashed curves) and epoxy 
(solid curves) resins on temperature rise. 

The results of tests with asymmetry of the loading cycle showed 

that specimen heating decreases markedly. This leads to a notice¬ 

able increase of the lifetime for the same maximum cycle stress. The 

lifetimes in cycles and time for different frequencies and in the 

presence of loading cycle asymmetry are shown for the 33-l8c ORP in 

Table 5. 

TABLE 5 

LIFETIME UNDER DIFFERENT TEST CONDITIONS 

Frequency 
in cpm 

Cycle 
Asymmetry 

•Lifetime at Maximum Stresses in kgf/mm2 

« ! » ¡ a . 2! , a ' M i » 

10 

200 

200 

400 

0.1 

0.1 

0.5 

0.1 

Í900 
TS5 

2JM0 

236 ' 920 3640 i 6460 
• 23.6 92 1 )64 , 640 . 

6620 j . 18 100 ! 55 400 . 700 000 
•H ! 91 ! 1 2,7 ! 3500 

2636 ' . 4000 . 120 000 ' 
'll«* 
2200 
5.5 

7« . ; 200 600 ~ 
3400 1 1 7200 ! 14 000 600 000 
8,5 ! 1* 1 85 1500 

1 i II i 

•Numerator is life in cycles; denominator is life in minutes. 

The cyclic tests of QRP specimens at high temperatures confirm 

indirectly the presence of self-heating. For the phenolic and poly¬ 

ester ORP at temperatures of 23 and 150° C, the fatigue limits based 

on 10* cycles are similar (Figure 13), which apparently indicates the 

existence of a temperature field inside the specimen. 
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Figure 13. Influence of 
temperature on life of 
polyester QRP. 

The results of tests of three 

GRP types at different temperatures 

(stress level 0.4o^, pulsating ten¬ 

sion, frequency 16 Hz) were pre¬ 

sented in [166] (Table 6). 

Thus, the lifetimes differ very 

little, and the imposition of an 

external temperature field in the 

indicated limits does not influence 

the number of cycles to failure. 

TABLE 6 

Temperature in °C 
Life in lO" Cycles for Resin 

Polyester Epoxy Phenolic 

- 20 
20 
M 

:< 
4 
« 

1.1 
1.4 
M 

2 
2 
Ul 

In the theoretical estimation of plastic life, in most studies 

[18, 90] it is considered that the summation condition is valid 

J di 
I (O) I. (28) 

where tb is the lifetime; 0 is the stress, which varies following 

some law. 

If for pulsating tension with constant loading rate (for 

simplification) we take the time dependence of the strength in the 

form 

Í (o) = Aexp(—ao), (29) 



we obtain the relation between the cyclic life and the life under 

long-term static loading 

<wW(o). (30) 

where t(o) is the life under long-term static loading at omax» 

determined from the long-term strength curve; a is a parameter of the 

long-term static strength curve. 

Comparison of the calculated and actual lifetimes without 

account for heating shows a significant difference [18, 90]. If the 

maximum stresses are the same, the lifetime under cyclic loading is 

considerably shorter than in the case of long-term static loading, 

and with increase of the frequency this difference Increases. Thus, 

we can assume that not only the loading time but also the cyclic 

nature of the loading, associated with the heating, affects the 

lifetime. 

Since the temperature changes continuously in the low-cycle 

fracture process, t(o) should be calculated by summing the life¬ 

times for o ■ const and a temperature which is variable through the 

entire cyclic loading process. In the pulsating tension cycle case, 

the temperature field in the specimen working zone is quite uniform. 

In the first approximation, in the calculation we can take the life¬ 

time from the long-term strength curve for some arbitrary average 

temperature, corresponding to the heating process for the given 

stress, considering the thermal state of the specimen to be quasi¬ 

uniform 

/(o) = .4 exp (—»c)r-rt#- (3D 

If there are no long-term strength curves available for the 

limited range of times and temperatures (Figure 14a) characteristic 

for the low-cycle tests, we can use the parametric relation of the 

Larson-Miller type P ■ T(20 + Ig t) for calculating the long-term 

static life, which agrees with the experimental data in the range 

of parameter values p ■ 5000 - 7000. 
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Figure 14. Curves of 33-l8c 
GRP long-term strength for 
different temperatures (a) 
and comparison of the cal¬ 
culated (x) and actual 
('•a) lifetimes (b) for 
frequencies 10(1), 200 
(2), and 400 (3) cpm. 

Figure 14b shows, for the 33-l8c 

material, the calculated and actual 

lifetimes (in terms of time) for 

frequencies of 10, 200, and 400 cpm. 

We see that introduction of the 

temperature correction yields better 

agreement with the experimental data 

than does determination of the life¬ 

time from the long-term strength 

curve without heating. 

In performing the temperature 

correction of the lifetime summation 

condition, we should bear in mind 

that the long-term strength and 

fatigue curves should be statistically 

valid, since an error in determining 

the slope of their left-hand segments 

can lead to errors, since the slope index a appears as a factor in 

(30) and as an exponent in the lifetime formula. 

Linearization of the self-heating curve has been used [76] for 

an approximate estimate of the lifetime under cyclic loading. 

However, the tests were conducted in a narrow range of stress ampli¬ 

tudes, and this apparently led the authors to conclude that the 

temperature was constant at the moment of fracture, while the final 

temperature depends on the magnitude of the variable stresses and 

other factors [25]. 

Thus, internal damping is the primary factor determining GRP 

cyclic life. The decrement depends on the resin type, reinforcement 

type, fiber orientation, loading level, and degree of fatigue 

(damage). Here the temperature dependence of the decrement and the 

presence of maxima (see Figure 13) determine the temperature range of 

GRP operation. The epoxy GRP are used in the range of small decre¬ 

ments (with low stresses). For high stresses, the heat release 
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increases; however, a higher temper¬ 

ature is required to reach the maxi¬ 

mum decrement than for the other 

types of GRP. It was noted in [166] 

that in the case of cyclic loads it 

is preferable to use the epoxy com¬ 

posites at 20 - 30° C and polyester 

resin composites from -10 to -20° C. 

Apparently we should differentiate 

two fatigue fracture mechanisms: at 

high stresses and frequencies the 

fracture process is determined by 

energy dissipation in the material; 

at low stresses and frequencies the 

absorbed energy is not large or is dissipated. In the first case, 

the purely mechanical nature of the fracture may not be manifest. 

Tests at low frequencies made it possible to trace the fracture 

process kinetics. The strain diagrams (see Figure 9) for loading with 

a frequency of 10 cpm for the 27-63c composite show that there is a 

monotonie increase of the maximum cycle deformation in the cyclic 

loading process. The width of the loop (Figure 15) initially 

decreases, then either stabilizes (up to 0.6 ofe) or increases (above 

0.6 ow). At the instant of fracture, the maximum strain differs 
b 

little from the strain for short-term static loading. 

For comparatively low stresses in the fatigue fracture region and 

cycle frequencies >108, the effects associated with dissipative losses 

are not strong, and fracture takes place as a consequence of damage 

accumulation in the cyclic loading process. 

Cyclic Life Scatter and Fatigue Curve Equations 

The results of fatigue testing of a large number of specimens at 

the same stress amplitude show that there is a considerable scatter 

of the GRP cyclic lifetime values. Therefore, it is necessary to 

Figure 15. Kinetics of loop 
width change as function of 
the number of cycles for 
different stress amplitudes 
for the 33-l8c composite. 
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Figure 16. Lifetime 
distribution curves 
for the 33-l8c com¬ 
posite in pulsating 
tension. 

Curve r 

1 
9 
a 
4 

1 
2 
% 
14 

Î.» 
2.0H o.<>» 
l.l 

Figure 17. Lifetime distribu¬ 
tion curves for the AG-4c com¬ 
posite in pulsating tension: 

1,2 — rectified distribution 
curves for 0 * 14 and 12 kgf/ 

3, 4, 5 — lifetime dis¬ 
tribution for stresses 0 = 
16, 14, and 12 kgf/mm2, 
respectively. 

conduct a large number of tests, use 

statistical analysis of the results, 

and establish the shape of the life¬ 

time distribution curve. 

Figures 16 and 17 show lifetime 

distribution curves for the 33-l8c 

and AG-4c GRP at different stress 

levels for pulsating tension. If 

we plot the values of lg (N - N0) 

along the abscissa axis, the dis¬ 

tribution curves linearize (see 

curves 4 and 5 and curves 1 and 2 

in Figure 17). This indicates that 

the lifetime distribution can be 

described with the aid of a Weibull 

function whose parameters are 

selected on the basis of the experimental data 

(32) 

where PN is the probability of failure at the number of cycles N; 

No is the number of cycles corresponding to low fracture probability, 

taken for the probability 0.02J6 ("cycle sensitivity threshold"); N 
St 



íkgf/mm* 

?3 

¿•i 

20 

tS 

-i 
1 

!Ol WJ 10s ¡o* 

is the number of cycles 

corresponding to a proba¬ 

bility of 63.2/5; ß is the 

slope of the lifetime 

distribution curve. 

Statistical analysis 

yields the following 

parameters of the lifetime 

distribution curves for 

the 33-l8c and AG-^c 

materials at a frequency 

of 200 cpm (Table 7). 

After linearization, the 

lifetime distribution 

curves become parallel. 

For distribution parameters characteristic of the GRP data, use of the 

log-normal distribution law with account for ♦■he threshold N0 is 

possible [192]. The sample size does not permit drawing definite 

conclusions on the type of lifetime distribution. From the statis¬ 

tical lifetime distributions for different stress levels, we can 

construct the fatigue curve based on the fracture probability 

parameter (Figures 18 and 19). 

Figure 18. Fatigue curves of 33-l8c 
composite for different probability 
levels for frequencies 10 (A), 200 
(0), and 400 (X) cpm (r » 0.1): 

1 — P » 95ii 2 -- 50*; 3 — 5*. 

TABLE 7 

PARAMETERS OF CYCLIC LIFETIME DISTRIBUTION 

CURVES FOR PULSATING CYCLE 

Maximum 
Cycle 
Stress 

in 
kgf/mm2 

W aterial 
Maximum 
Cycle 
Stress 

in 
kgf/mm2 

Material 

9 A’, I»'* ( a, w* 
f 

0 ! <V v4!0-» 
1 

;»2 
30 
27 
25 

2.18 
2.08 
0.98 
1,10 

1 
2 
5 

14 

90 
95 

400 

16 
14 
12 

j , 
2.2 j 2 ¡8 
0.¾ i 4.5 ! 23.3 
0.50 11.6 j 15.4 

! ! 
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Figure 19. Fatigue curves of AG-4c composite for different proba¬ 
bility levels. 

In analyzing the test results, we usually plot curves of 

o - lg N or Ig o - lg N. If the dependence of the lifetime variance 

on the stress level is weak, we can use correlation analysis to find 

the parameters of the fatigue curve equation. The correlation equa¬ 

tion in semilog coordinates is written in the form 

I« V = ig7v + r,/i (O — Õ), 2) 

where the coefficient of correlation between the quantities 

o, and lg N and is found from the formula 

/Vi 

* 

(1¾ A -l«.V)(n Õ) 
i-l 

' h '|B n*0 
(34) 

Here slg N is the mean square deviation of the quantity lg N; sa is 

the mean square deviation of the quantity cj n is the number of tests 

5, lg N are the average stress and average lifetime. 
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For the logarithmic dependence, we write the analogous equation 

relating the stress and lifetime 

\-A V = íp,V 4- r,, (lu« - 

where slg 0 is the mean square deviation of the quantity Ig o; 

is the correlation coefficient of the quantities Ig o and lg N; 

Ig o is the mean logarithm of the stress. 

Table 8 presents results of the determination of the basic 

parameters characterizing the GRP fatigue curves for various loading 

modes and regimes [79, 126]. Results of statistical analysis are 

given for the power-law and semilog fatigue curve equations. 

We see from Table 8 that we obtain a closer correlation for 

the power-law dependence; therefore, the equation of the fatigue 

curve for the 50% probability level for glass fiber composites should 
be taken in the form oaN * const. 

In many cases for composites with large strength scatter, the 

fatigue curve equation is written for the relative stress amplitudes. 

Statistical analysis of the results of fatigue tests [79] of GRP 

based on the PN-1 polyester resin and the ASTT(b)-C2 glass cloth 

yields a correlation coefficient for the relation lg N - Ig (o /O 

which is close to -1, while for the relation lg N - Ig o, r1/x » 

-0.87. The existence of a fatigue limit for a number of cycles up 

to 107 is observed for pulsating tension, while for tension-compres¬ 

sion and bending the resin shear strength has a higher value, and 

inflection of the fatigue curve is not found for this number of 

cycles. 

Fracture Process with Cyclic Loads 

The results obtained by various investigators make it possible 

to assume that fracture of the filler under cyclic loading occurs 

after failure of the adhesive bonds between the reinforcing fibers 



TABLE 8 

EQUATIONS OF FATIGUE CURVES FOR SOME COMPOSITES 

Loading Mode 
and Regime, 
Material 

Axial Compression 
Pulsating Cycle 

Power 
Relation 
Exponent 

Correlation 
Logarithmic 
Equation 

rõrrêlatlon 
Coefficient 

for 
Logarithmic 
Relation 

le N - Ik o 

uoerricient 
of 

Correlation 
for 

Semilog 
Relation 

i 

Hollow fiber 
+ E787 resin 
Glass roving 
399¾ + E787 
resin 

Glass cloth 
S994 + E787 
resin 

E-glass + 
20* E787 
resin 

Loading of 
Cylinder by 
External Pul¬ 
sating Pressure 

25.0 

11.5 

lit V - 
28.:0110 - 
-u tu« 

lit V 
- 22,0843— 
— 12.2 Ik « 

— 0,51 

--0.894 

15.7 

33,3 

le X 
21.814- 

—10,9 Ik « 

Ik x~ 
47.4- 

-24.7 lg« 

-1.0 

-1.0 

0.70 

- O. lfi 

E-glass + 
20* E787 
resin 

Symmetric tension- 
compression Cycle 

21.8 lg V 23.5- 
-12.34 lg« 

-1.0 

UM31A glass 
+ Epon 828C 
resin 

E-glass + 
1002 epoxy 
resin, layer 
orientation 
0° and 90° 

Symmetric 
Bending 
Cycle 

Glass cloth 

ASTT(b) + 
PN-1 resin 

5,87 

8.0 

I« V- 
12.6832— 

—6.9 Ig 0 

ig .vr 
17.1607— 

-9.6 Ig 0 

10.3 Ig .V -> 
— 33,8540— 
-10.8 Ig a 

-0,795 

-0.940 
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and the matrix. The damage susceptibility of the composites under 

cyclic loading has not received adequate study, and clear-cut cri¬ 

teria for fatigue fracture (Including cases with hard and soft 

loading) are not available. 

Boiler [112], studying the effect of overloads by cyclic pre- 

loading, found that short-term overloads reduce the lifetime (sum of 

the relative lifetimes for different ratios o /0 varied from O.56 
na a 

to 0.8) for a material based on fibers at an angle of ±5° to the 

axis of the specimen, which leads to the appearance of tangential 

stresses at the glass-resin interface. For a QRP based on fibers 

arranged at an angle of 90°, the preliminary overload effect is 

less marked and, moreover, an aging effect is observed. 

Control of the specimen stiffness is accomplished more easily 

in the bending tests; therefore, the damage susceptibility during 

cyclic bending, evaluated on the basis of loss of stiffness, found 

better experimental confirmation. 

Using the hypothesis of plane sections, we write the following 

equations for the stresses in the glass fibers and in the resin [200] 

[h. I (I -*.> £ ] 

(36) 

where is the nominal stress in the QRP; and E are the filler c am 

and binder moduli of elasticity; * is the volumetric glass content. 
cl 

For parallel arrangement of the glass cloth layers, the stresses 

in the fibers and resin during bending are 

M 

" (il »><* ; ¡I j m 

M 
(37) 
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where n is the number of layers; 6 is the thickness of the reinforcing 

layer; 6' is the thickness of the matrix layer; b is the specimen 

width. 

In deriving (37). the section moment of inertia is defined as 

the sum of the moments of inertia of the reinforcing cloth layers 

and the matrix. 

The fracture process (in the macro-sense) in the laminated 

reinforced plastic can be considered to be sequential fracture of the 

cloth layers and resin, developing from an initial crack. The fatigue 

curve equation is written in the form o ■ A + B lg N; the parameters 

A and B are determined from the experimental data. 

Denoting the crack depth after several cycles by Ç, the stresses 

in the reinforcing layer along the crack edge in the case of hard 

loading by a moment in the plane of the layers, when the neutral 

layer is perpendicular to the glass cloth layers, will be 

(38) 

and in the case of hard loading by a moment when the reinforcing 

layers are parallel to the neutral layer 

("jj> 

! Vi ; "* ‘ ! 0 (39) 

where Oç is the bending stress in the glass fiber layer for crack 

depth Ç; Pç is the value of the load when the crack depth is Ç; 

Po is the initial load; t is the specimen thickness 
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Figure 20. Ratio of 
actual and average 
stresses in fibers 
during fatigue crack 
growth. 

Figure 21. Variation of bending stiffness 
of polyester ORP specimens for different 
stress levels in the fatigue process. 

For soft loading, the ratio o^/a& is shown in Figure 20 for 

specimens with 19 and 20 layers as a function of the number of failed 

layers and relative crack depth. The number of cycles to failure 

when testing with constant loading is determined by use of the fatigue 

curve equation and (38) 

(40) 

In the case of volumetric fiber content -40JI and moduli ratio 

E /E ■ 10, the calculated and actual lifetimes agree quite well 
ci m 

for soft loading. 

Failure of the specimen in bending [167] begins from numerous 

cracks which are oriented differently and arise as a result of 

fracture of the adhesive bond at the fiber-resin interface; in this 

case, there is marked Increase of the volume of the material. The 

glass fibers have not yet failed and static strength is retained, 

while the bending stiffness drops off markedly. This can be seen by 

fatigue testing of specimens in bending and hard loading. Figure 21 

shows the variation of the relative stiffness of polyester GRP 
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Figure 22. Beginning and end 
of specimen fracture for 
pulsating tension of poly¬ 
ester QRP. 

Figure 23. Relationship 
between short-term strength 
limit and fatigue limit for 
different reinforcement 
ratios. 

specimens for different stress levels. The period between the instant 

of crack onset and failure for the polyester QRP amounts to 10 - 20% 

of the overall lifetime for hard loading (Figure 22) and is very small 

for soft loading, since the stresses in the remaining layers increase 

rapidly in the soft loading regime. According to the data of Figure 

21» in the hard loading case the tests should be terminated when the 

stiffness decreases by 15 - 20Í. 

The fracture process in the variable loading case takes place 

as follows. In the first stage many fine cracks develop at the 

fiber-resin interface, at small stress concentration sources (voids, 

fiber kinks, failed fiber segments, and so on), and also at places 

where the cloth warp and woof fibers cross. Confirmation of the 

fact that fatigue fracture begins in the binder is given by compari¬ 

son of the strength in short-term and cyclic loading versus degree 

fiber content, shown in Figure 23. The fatigue limit optimum is 

reached with a smaller glass fiber content. This is apparently 

explained by the fact that in the case of more dense packing of the 

fibers, the binder is more highly stressed and fails. In this case, 

the fibers are not broken, and static strength is maintained. 

However, the bending stiffness, characterizing the mutual influence 

of the layers and fibers, shows the presence of damage. After micro- 

crack formation, the individual binder segments separate from the 
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Figure 24. Fatigue curves for composites. 

a — based on 181, 184, 120, and 112 cloths and glass mat 
(frequency 900 cpm, symmetric tension-compression cycle, 
temperature 24° C, humidity 50J)j b — based on 101 cloth 
and different resins (frequency 900 cpm, t - 24° C, 
humidity 50%). 

fibers because of disruption of the adhesive bond, partially break, 

material volume at the damage site increases, and the failed resin 

cannot provide connection between the fibers. After complete dis¬ 

ruption of the adhesive bond, failure of the filler takes place: 

failure of the most highly stressed or most highly damaged fibers. 

The two-phase nature of the GRP structure predetermines their 

behavior in the cyclic deformation process and the characteristics 

of the fracture process. tstimate of the influence of the indi¬ 

vidual structure components was first made by Boiler [113]» who 

studied the influence of the form of the reinforcing glass filler 

and the polymer matrix on the fatigue properties of composites. 

Boiler showed that reinforcement in glass cloth form has very little 

influence on composite strength in the variable stress case, while 

the mechanical characteristics of the matrix have a large influence 

(Figure 24). 

The small Influence of cloth form for the same type of matrix 

crn apparently be explained by the fact that fatigue damage occurs 

and develops at points of reinforcing fiber curvature, since the 

parameters of these kinks are similar for the different cloth types. 

Composites based on fibers have random fiber curvatures. 
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It was later established [126] in the process of studying the 

fatigue resistance of composites based on oriented fibers, hollow 

fibers, and glass cloth made from the same type of glass that the type 

of reinforcing filler also influences the fatigue resistance. The 

amplitude of the variable stresses for any number of cycles is larger 

for the composites based on oriented fibers. 

The filler content has a large influence on the fatigue resistance 

of the composites. The influence of the volumetric glass fiber con¬ 

tent on the fatigue strength of polyester GRP in symmetric bending 

and pulsating tension was investigated in [199, 200]. The satin 

weave glass cloth was treated with a "volan" coating. The experi¬ 

mental data for pulsating tension show that the fatigue limit of the 

composite increases with increase of the glass filler content from 

0 to 5055 by volume. With further glass filler saturation, the fatigue 

characteristics of the material decrease because of reduction of the 

stressed resin volume, which leads to increase of the polymer binder 

stress level. The bending tests were conducted with constant load 

and constant deformation (soft and hard loading), in both cases, the 

fatigue resistance in bending increased with increase of the glass 

volumetric content (Figure 24). Figure 25 shows Boiler's data [113], 

indicating that for a symmetric tension-compression cycle, the optimum 

fatigue properties of a composite based on l8l glass cloth and epoxy 

resin correspond to 60¾ glass content by volume. The cyclic strength 

in axial compression varies similarly (see curves 1 and 2 in Figure 

25 [126]). Increase of the degree of reinforcement has the most 

marked influence in the low-cycle fatigue region. The strength of 

the composite based on E-glass fibers with HTS coating and the 

Scotchply-1002 and 1009 resins increases for 102 cycles by 30¾ with 

increase of the filler content by 15¾ [126], 

Anisotropy of GRP strength also influences its fatigue 

characteristics [8]. Fatigue curves of a polyester GRP based on 

l8l - 112 cloth with symmetric tension-compression cycle are shown 

in Figure 26. The stress amplitudes for the same number of loading 

cycles for specimens cut along the warp are approximately twice as 
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Figure 25. Influence of filler content on fatigue strength of 
composites. 

1, 2 — pulsating compression with glass weight content 80Í (resin 
1009) and 85I (resin 1002) [126]; 3» ^ 5 — symmetric tension- 
compression cycle with glass weight content, respectively, 7^, 68, 
and 80-63Í, epoxy resin [113]» 6, 7, 8 — fatigue curves in bending, 
constant deformation and glass (AN-1 resin) content by volume, 
respectively, 60, 41, and 261 [199]» 9» 10 — fatigue curves in 
bending, constant stress and glass filler (PN-1 resin) content by 
volume 41 and 26* [199]» 11» 12, 13» 14, 15, 16 — pulsating tension 
with glass filler (PN-1 resin) volume content, respectively, 51, 
55, 39, 58, 25, and 0« [200]. 

^kg^mm* 

Figure 26. Influence of 
anisotropy on fatigue strength 
of polyester QRP based on lei 
glass cloth [specimens cut 
along warp (1) and at 45° 
angle to warp (2)]. 

kgf/mmj 

X,C 5,6 a 5,9 _ m 2 
Compression Tension Kgi/mm 

Figure 27. o& — om diagram 

for temperature 260° C 
(frequency 900 cpm). 
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Figure 28. Diagram of maximum stresses for epoxy GRP 
with asymmetric cycle. 

large as for specimens cut at a 45° angle to the warp direction, 

and correspond approximately to the anisotropy of the short-term 

static strength limits. 

Among the other structural and operational factors which deter¬ 

mine fatigue strength, of interest are the influences of cycle 

asymmetry, absolute dimensions, and temperature. According to the 

data of [114], fracture usually takes place during the compression 

cycle from the tangential stresses. The low shear strength influ¬ 

ence is particularly marked with temperature increase (Figure 27). 

Characteristic for the GRP are asymmetric diagrams of the maximum 

variable breaking stresses with a smaller zone in the compression 

region (Figure 28). On the diagram of maximum stresses with account 

for the influence of the time factor, the points and should 

correspond to values of the long-term strength limits in tension and 

compression obtained as a result of long-term tests using the same 

number of cycles as for the fatigue limit [22]. 
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Figure 29. Influence of 
temperature on fatigue limit 
for N - 10J (a) and 107 (b) 
cycles. 

A — phenolic GRP; + — epoxy 
GRP; 0 — polyester GRP; 0 — 
silicone GRP. 

The scale factor influence 

increases with growth of the number 

of test cycles. Determination of 

the exponent m for fixed numbers of 

cycles lO“, 10s, 10* from the data 

of tests [88] for specimens with 

sections 78, II5, and 200 mm2 
yields values of the uniformity 

index 11.25; 3.60; 2.0, 

respectively. The influence of tem¬ 

perature for different binder types 

on the magnitude of the fatigue 

limit decreases with increase of the 

number of cycles (Figure 29). 

If the branches of the maximal stress diagram are represented by 

straight lines, the finite fatigue limit can be found from the 

formula 

the corresponding amplitude in this case will be 

where r is the cycle asymmetry coefficient. 

(ill) 

(42) 

The values of 

the stress rupture 

°max for and 3*10‘ 

limits a' and o'' 
s.r.l s.r. 

cycles are bounded 

1 * 

by 
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CHAPTER 8 

STATIC STRENGTH OF GRP AS A FUNCTION OF STRESS 

STATE AND STRESS CONCENTRATION» 

Hi_Basic Mechanical Properties of the Subject Material 

The GRP based on polyester resins have high strength, but at the 

same time have a relatively low modulus of elasticity. Because of 

this, structures made from these plastics may experience large defor¬ 

mations, and failure as a result of loss of stability occurs more 

frequently than for metal parts. Therefore, the shape of structural 

parts and components made from GRP must be selected with account for 

the maximum stiffness requirement. Favorable in this regard are 

structures in the form of thin-wall hollow profiles of closed cross 

section and thin-wall shells. Consequently, pax’ts made from these 

plastics operate most frequently under biaxial stress state conditions. 

With regard to strength, the GRP are an advanced type of composite 

material with polymer matrix and strong elastic filler fibers. 

Theoretically, for optimum interaction of the components of such a 

material in load transmission, it is necessary that the reinforcing 

fibers occupy a definite portion of the overall cross section area and 

have an adequate length. In the case of either ordered or random 

distribution of the fibers, some strength increase of the composite 

»This chapter was written by I. Kabelka. 



material in the direction of the effective stresses and comparatively 

low sensitivity to temperature and loading conditions are achieved. 

A material of this type has moderate sensitivity to defects and 

stress concentration. Suitable reinforcement provides certain 

additional advantages, particularly in connection with the fact that 

the strength in the complex stress state increases differently in 

the directions of action of the different stress components. A large 

number of small defects are distributed in the reinforced material, 

and under certain deformation conditions they may have a marked 

influence on the strength. In order to determine this influence, we 

need to study the behavior of the reinforced plastics in the complex 

and nonuniform stress state. 

An advantage of the laminated plastics, particularly the QRP, 

is the simplicity of fabrication of parts of large size and complex 

shape, in which however there may be a complex stress state with high 

local stresses. The necessity for joining individual parts of com¬ 

posite structures by bonding or using bolts and rivets leads to the 

appearance of new zones of stress concentration. In view of this, 

along with providing strength in the complex state state, we need 

data on GRP sensitivity to stress concentration. 

The investigations described below were made on a polyester 

plastic whose properties were studied sufficiently completely to permit 

reducing and analyzing the experimental results. The specimens were 

prepared in the GRP contact molding laboratory from glass cloth of 

the Iplast-35 type and the ChS polyester 10¾ resin, produced in 

Czechoslovakia. Iplast-35 is a glass cloth of density 5.8/6, strength 

in the warp direction 276 kgf/5 cm, specific weight 0.387 kgf/m2, 

thickness 0.4 mm, and fiber diameter 9 microns. 

The resin composition included 30* styrene and 70* polyester, 

prepared from 2.5 moles ethylene glycol, 1 mole malein anhydride, 

and 1.5 moles phthalic anhydride. The RU1 catalyzer with cobalt 

naphthanate was prepared in the form of a 10* solution in toluene as 

an accelerator in a ratio 100:2:1. 
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Holding and hardening of the specimens were performed at room 

emperature. Twenty-four hours after molding, the specimens were 

subjected to final hardening for H8 hours at a temperature of 80» c 

followed by hardening under natural conditions for 21 days. The ’ 

glass fiber content in the composite by weight was ¢8 - 5»* The 

basic characteristics of the material in the plane stress'state are 
presented below [155]. 

The glass cloth used gives the ORP orthotropic properties In 

UrTi“68' Th* elaStlC def0rmatlOT8 °f 8 -I«* made from ORP 
depend on three elastic constants: the elastic modulus Ex - E , the 

shear modulus 0^. and Poisson's ratio vJty, referred to x, y axes of 

elastic symmetry of the material, one of which Is aligned In the 

cloth warp direction, the second in the woof direction. We assume 

that the elastic moduli In tension and compression are the same. 

Since the technical literature presents a considerable amount of 

contradictory data, we need to confirm the equality of these moduli, 

he relevant measurements were made on composite beams fabricated by 

building up the ORP on a thin steel plate. The thickness of the 

steel and plastic part, of the section was selected so that the neutr. 

line of the specimen In bending passed through the plate. When loadl, 

the described specimen, by a bending moment In the plane perpendi¬ 

cular to the steel plate, the plastic portion of the beam was loaded 

as a single unit by a tension or compression force. Comparing the 

specimen deflections under bending moments which are the same In 

absolute magnitude and opposite In sign, we can determine the rela- 

iwicci llet',een el?Rtlc “dull In tension and compression (Figure 

, whose magnitude depends on the temperature. Within the 

limits of the temperature range investigate» tb. difference between 

the elastic moduli In tension and compression does not exceed 7* 

Thus in the solution of practical problems, we can consider these 
moduli to be the same. 
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20 30 V0 50 tO t°C 

Figure 1. Glass cloth elastic 
modulus iv. warp direction 
versus temperature: in 
compression (1) and 
tension (2). 

The modulus of elasticity in shear G characterizes the elastic 
xy 

deformations of the GRP plate under the action of paired shear stresses 

acting in the cloth warp and woof directions. The temperature depen¬ 

dence of G from the thin-wall tube test data is shown in Figure 2. 
xy 

The Poisson's ratio was determined using strain gages to measure 

the resistance to deformation of specimens in the form of ribbons made 

up from four layers of glass cloth. The temperature dependence of 

the Poisson's ratio found is shown in Figure 3. The magnitude of 

the deformation of the plastic, 

even in the elastic region, depends 

on the exposure duration under a 

load. In view of this, all the 

measurements made in determining 

the elastic constants were made so 

that readout of the deformation 
Figure 3. Temperature dependence was made at the end of one mlnute 
of Poisson's ratio v . 

after loading the specimen. The 

values obtained were thereafter considered to correspond to short¬ 

loading duration. 

The elastic constants are the components of a fourth-order tensor, 

whose values for an arbitrary system Ç, n of rectangular coordinates, 

whose axes form the angle $ with the axes of the basic x, y 

Figure 2. Shear modulus G 
xy 

versus temperature. 
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Figure 4. Dependence of shear 
modulus and Poisson's ratio 
on loading direction from 
experimental data (solid 
curves) and theory (dashed 
curves). 

coordinate system, can be 

obtained with the aid of equa¬ 

tions of transforming the tensor 

components to a new coordinate 

W 

Figure 5. Creep diagram for tension 
in the glass cloth warp direction. 

a — i or a temperature of 18° C 
and stresses: 1 — 755 kgf/cm2; 

n |c*£<cm. i 3 — 475 kgf/cm2 ; 
— 221 kgf/cm2; b — for a 

temperature of 60° C and stresses: 

Î kgf/cm2; 2 — 600 kgf/cm2; 
3 — 300 kgf/cm2. 

system. Figure 4 shows the variation of the elastic constants Q 

and Vçn as a function of the angle * according to the results of 

calculation using the coordinate transformation formulas and direct 

measurements; the theoretical and experimental data agree quite well. 

The deformation characteristics of a material in the long-term 

loading case are most often presented in the form of creep curves 

for constant load and temperature. Since these characteristics are 

among the basic values of a material, in the following some of them 

are presented to describe the material examined as a representative 

of the laminated plastics in studying strength ar.d sensitivity to 

stress concentration. 

Figure 5 shows the deformation time dependence for temperatures 

of 18 and 60° C for several values of the tensile stress acting in 

the reinforcing glass cloth warp direction. In logarithmic coordinate 
s, 
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Figure 6. Creep deformation 
as function of stress for a 
temperature of lJ5° c. 

Figure 7. Parameters A and 
of creep equation versus 
temperature. 

B 

this dependence is nearly linear, which corresponds to a power-law 

deformation-time dependence. Similar relations were obtained for 

temperatures of 30, 45, and 68« C. Figure 6 she,.- ^he stress-strain 

relation for a temperature of 45° C. In the stress variation range 

studied, this relation is linear. This means that the deformation 

can be represented in the form of the following function of temper¬ 

ature, time, and stress 

e(cr. t.T)~A{T)o(-lr)Btrt. 

where A(T) and B(T) are functions of the temperature T only; the 

quantity t0 is taken equal to one hour, t exceeds one minute. The 

temperature dependence of the parameters A and B is shown in 

Figure 7. 

Although it has been shown that the elastic moduli of the subject 

material in tension and compression are practically the same, the 

deformations as a function of time, determined on the basis of the 

yield rate, can be considered the same only for relatively low 

stresses. The results of the relevant measurements, also performed 

in the warp direction on specimens of tubular form, are shown in 

Figure 8. 
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Figure 9. Shear deformation y versus 
loading time for different values 
of the shear stress acting in the 
glass cloth warp direction: 

1 — 207 kgf/cm2 j 2 100 kgf/cm2: 

I “ Í0ok«f/cm * ^-25 kgf/cm2; 
5 — 8.8 kgf/cm*. 

Figure 8. Creep diagrams of 
polyester GRP in compression 
in the glass cloth warp 
direction. 

When loading the material by 

hrs^*normal stresses in the direction of 

the reinforcing glass-cloth fibers 

the material strength and deformation! 

are determined primarily by the 

characteristics and number of the 

fibers. In contrast, when loading the material by tangential stress 

in the fiber direction, the resin characteristics have a considerable 

Influence on the material properties, and in this case the deforma¬ 

tion changes markedly depending on the loading duration (Figure 9). 

§2. Static Strength of Polyester Resin GRP 

in the Complex Stress State 

The questions of laminated plastic strength in the complex 

stress state have been studied in recent years, and several strength 

criteria have been formulated [7, 35» 54, 55, 165, 193]. However, 

these studies were made from the purely phenomenological viewpoint, 

and they do not yet permit clarification of the physical nature of 

material failure, nor the influence of the structure of the composite 

material and the properties of its component parts. Measurements have 
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been made basically only under short¬ 

term loading, without account for the 

Influence of temperature on strength, 

although In the plastics with ordered 

arrangement of the reinforcing 

elements, the relationship between 

the strength In shear and tension 

(compression) may alter markedly as 

a function of temperature. 

The strength of the laminated 

plastics In the complex stress state 

Figure 10. Schematic of fixture has been studied [21^] on specimens 
for tensile force loading. . , 

made from polyester resin GRP, for 
1 — tank for liquid serving . U4 u , 
as variable weight; 2 — elec- certain mechanical data were 

trie motor for setting system presented In SI. The specimens were 
to equilibrium position; 3 — 
worm drive; 4, 6 — lower and tested under the action of tension 

upper grips; 5 — test sped- and shear on compression and shear 
men; 7 — contactor. 

stresses at temperatures of -20; 

0, 20 and 45° C. In order to investigate the Influence of loading 

duration, the tests at a temperature of 20° C were conducted with 

three values of the loading rate, corresponding to loading durations 

to failure of 1 min, 30 min, and 10 hours. 

A Matra testing machine with 1000 kg maximum force was adapted 

for the tests in simultaneous tension and torsion. This machine 

provides a constant loading rate by means of a tensile load deter¬ 

mined by the weight of water poured at a constant rate into a tank 

hung on the loading arm (Figure 10). The water flow rate entering 

the tank can be varied over a wide range by means of interchangeable 

nozzles. 

Torsion loading is accomplished by means of a cable loading 

device (Figure 11). A reversing device was constructed for combined 

loading by compressive load and twisting moment. 
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li 2 — pair of pulleys on 
common shaftj 3 — strap} 4 _ 
lever; 5 — pulley coupled with 
upper grip; 6 — tank for 
liquid serving as variable 
weight; 7 — pump; Ki, K2, Kj 
— rollers. 

Figure 12. Specimens for 
testing with simultaneous 
loading by tensile force 
and twisting moment (a) and 
by compressive force and 
twisting moment (b). 

Study of strength with simul¬ 

taneous action of shear and tensile 

stresses is most conveniently 

carried out on thin-wall tubes. Such specimens were prepared by 

winding two layers of Iplast-35 glass cloth on a wax mandrel with 

simultaneous impregnation of the cloth with polyester resin and a 

catalyzer; the specimen axis was parallel to the glass cloth woof 

direction. Upon termination of winding, the mandrel with the speci¬ 

men was mounted in a special adapter for hardening under natural 

conditions. After this, the wax mandrel was melted out and the 

specimen was maintained for 48 hours at a temperature of 100° C for 

final hardening. 

Particular attention was devoted to ensuring axial loading of 

the specimens. Conical adapters made from Epoxy 1200 epoxy resin 

were cast on both ends of each specimen for this purpose. After 

hardening, the conical surfaces of both adapters were machined on a 

lathe in a single pass. Then keyways were made in the adapters to 

prevent the possibility of rotation in the testing machine grips when 

loading the specimen in torsion. Specimens with a short working sec¬ 

tion were prepared for determining the strength limit m shear at a 
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kgf/cin* temperature ¿*5° C, since the longer 

specimens failed under these condi¬ 

tions because of wall buckling. 

For the tests with simultaneous 

loading by compressive force and 

twisting moment, specimens were 

Figure 13. Deformation of 
laminated plastic with 
polyester resin in tension 
(1) and shear (2) in the 
warp direction. 

fabricated with larger inside diam¬ 

eter (16 mm), whose wall was obtained 

by winding three layers of glass 

cloth. The ends of the specimens 

were reinforced. After hardening, 

performed Just as in the preceding 

case, both end surfaces of each 

specimen were machined to obtain 
flat and parallel ends (Figure 12). 

In order to provide the required temperature, the specimens were 

placed in a special chamber inside which the specified temperature 

was maintained automatically to within ±0.1° C. 

The influence of specimen temperature and loading rate was studied 

in the tests under the simultaneous action of tensile force and 

twisting moment. The specimen deformations were measured only for 

completeness of the data. We see in Figure 13 that the limit 

deformations of the ORP with polyester resin as binder are very 

small. In view of this, we can neglect the specimen section change 

during deformation and consider that for a constant load variation 

rate the stress variation rate is constant. 

The limiting tensile and shear stresses were calculated on the 

basis of the values of the maximum tensile force P and the maximum 

twisting moment M using the formulas 
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where F is the specimen cross section area; D is the outside diameter; 

Jp is the polar moment of inertia of the section. The limiting 

stresses were determined in all cases in simple tension and simple 

torsion and, in addition, for no less than three different combinations 

of tensile and shear stresses. The ratio of the tensile stress to 

the shear stress was held constant, i.e., the loading trajectory was 

a straight line. Only in certain cases, considered later, was a 

different loading method used. 

The tables present the average values of the limiting stresses 

and the deviation 6 of the measurement results, determined statisti¬ 

cally on the basis of a 95X probability confidence level. If we 

denote the average value of a series of measured values by 5, then 

the probability that falls in the interval õ ± 6 will be 95¾ [34]. 

Consequently, 

where t^ is a coefficient determined by the given 95¾ probability; 

n is the number of measurements; and 52 is a quantity determined 

from the formula 

The results of GRP strength measurements with the simultaneous 

action of tensile and shear stresses at temperatures -20, 0 and 45° C 

are shown in Table 1. The loading rate was selected so that specimen 

failure in pure tension and pure torsion took place approximately 30 

minutes after loading initiation. The table also shows the number of 

specimens and the average value of the loading time to failure. 

Figure 14 shows the dependence of the limit strength in static 

tension on loading duration, determinea in tests of specimens of tne 

strip type with the longitudinal axis oriented in the glass cloth 

warp direction. The dependence of the maximum strength in compression 

325 



TABLE 1 

RESULTS OP QRP TESTS IN SIMULTANEOUS TENSION AND SHEAR 

AS A FUNCTION OF TEMPERATURE 

Temperature 
in 0 C 

Loading Rate in 
kgf/cm2 *sec 

Loading 
Duration 

to 
Failure 
in min 

No. of 
Specimens 
Tested 

Max Stress 
in kgf/cm* 

Deviation 
6 in 

kgf/cm* 
• 
a 

• 
T 0 T 0 T 

0 

0.9W 
0.841 
0.092 
0,074 
0,527 
0.858* 
0.858 • 
0.858 * 

o.m 
0.187 
.CIO 
0,192 
0,174 
0,181 
0.174 
0.206 

40 
35 
32 
39 
41 
43 
43 
41 
39 

7 
6 
9 
6 

10 
5 
5 
6 
10 

2270 
1930 
1791 
1559 
1353 
1200 
800 
400 

253 
385 
501 
496 
453 
473 
426 
462 

125 
92.4 
61,8 

142 
215 

107 
16,4 
36 
66 
33.6 
77.7 
20 
40 

-20 

0.894 
0.828 
0.843 
0.496 

0.7l2 
0,226 
0.208 
0,195 

37 
36 
30 
42 
41 

6 
5 
10 
6 
6 

2045 
1968 
1590 
1204 

267 
427 
530 
500 

184 
155 
48,4 

115 

37 
44 
55 
44,6 

45 

0.843 
0.843 
0.817 
0.494 
0,782 

0,026 
0,106 
0,095 
0,199 
0,186 

39 
41 
39 
55 
29 
28 

6 
6 
6 
6 
5 
7 

1939 
2085 
1918 
1653 
1390 

64 
249 
325 
382 
320 

62 
15.5 
90 
82 
26.5 

5.1 
19.6 
17.7 
68.1 
30.4 

•Tensile force increase was halted after reaching the specified 
tensile stress. 

Figure 14. Dependence of limit tensile strength on 
static load duration (t ■ 20° C). 
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Figure 15. Limit compressive 
strength versus loading 
duration. 

1 — 20° C¡ 2 — 33o C: 
3 — 40° C. 

on loading duration was determined 

by testing specimens in the form 

of tubes with the longitudinal axis 

parallel to the glass cloth warp 

direction at temperatures of 20, 33, 

and 40° C (Figure 15). These data 

show that the maximum strength in 

the uniaxial stress state depends 

significantly on the time of speci¬ 

men exposure to load. However, no 

conclusion can be drawn on the 

basis of these results with regard 

to the Influence of loading duration 

in the case in which the stress acts 

in a different direction, nor in the combined stress state case. 

Some data on this problem were obtained by testing specimens under 

the simultaneous action of tensile and shear stresses for three values 

of the loading rate, selected so that specimen failure occurred 1 

min, 30 min, and 10 hours after loading initiation (Table 2). 

At the present time, the limit strength of the subject GRP 

with the simultaneous action of compression and shear stresses has 

been determined only for a temperature of 20° C and loading rate 

corresponding to specimen failure 30 minutes after loading 
initiation (Table 3). 

The variation of the limit strength as a function of temperature 

for simultaneous tension and shear action is shown in Figure 16. We 

see that the limit strength in shear is considerably lower than in 

simple tension. This is associated with the fact that, for the 

selected glass cloth orientation in the specimens, the resin trans¬ 

mits the tangential stress, while the tensile strength is essentially 

determined by the glass cloth fiber strength, since in the latter 

case the long, effective glass cloth fibers are aligned in the direc¬ 

tion of tensile stress action. In shear, the transmission of the 

stresses to the glass cloth fibers is ineffective. We note that 

for stresses which reach half the value of the limiting strength in 
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TABLE 2 

RESULTS OP QRP TESTS IN SIMULTANEOUS TENSIONN 

AND SHEAR AT t * 20° C 

Loading 
kgf/cm2 

Rate in 
•sec 

No. of 
Specimens 
Tested 

Max Stress in 
kgf/cm2 

Deviation 6 
in kgf/cm2 

* t 0 t « f 

1531.: 
1.5.0t', 
15,0.. 
1.5% 
l> 
0 

7.H • 
7.ft0 

7.* 
7,,s 

*i 
.10 
10 
5 
5 
r. 

2104 
2070 
2043 
IOM) 
1227 

no 
214 
3W4 
542 
513 

72.4 
208 
210 
201 
122 

3 
.53.6 
30 
43.3 
29 

1.125 
1.125 
1.125 
n.oii 
1.125 
1.125 
0.02; 
0 

0 
0.317 * 
0.317 • 
0.317 
0.317 
0.432 
0.317 
0.317 

15 
*4 

10 
10 
0 
0 
7 
5 

21421 
IH!42 
1(13.3 
1079 
1900 
1250 
»I 

159 
242 
383 
399 
503 
408 
404 

187 
122 
121 
79 

100 
61.4 
78.8 

19.0 
13.0 
24 
35 
23.8 
71 
22 

O.ft* 
0.0.3< 
O.OÓh 
0.0..- 
n 

•Twist ini 
shear sti 

0 
0,011 • 
0.011 • 
0.011 
0,011 

S moment ir 
ress value. 

8 
.5 
(4 

10 
7 

icrease was 

2199 
2122 
1875 
1781 

halted a 

124 
241 
321 
433 

fter reac 

214 
217 
105 
172 

hing th< 

5.4 
22.3 
21.3 
57.2 

î specified 

TABLE 3 

RESULTS OP QRP TESTS IN SIMULTANEOUS COMPRESSION 

AND SHEAR AT t ■ 20° C 

Loading Rate in 
kgf/cm2»sec 

Loading 
Duration 

to 
Failure 
in min 

No. of 
Specimens 
Tested 

Max Stress in 
kgf/cm2 

Deviation 6 for 
95¾ Probability 

in kgf/cm2 

o » « T 

0,V) 
0.61 
0.64 
O.JI 

(1,12 
0,2.1 
0.25 
0,2f. 

22 
2.( 

20 
25 
35 

K 
0 
► 
«i 

074 
Sói 
7M 

lóO 
2-v. 

4<V> 
524 

M 
s»:.2 
(*.4 
44,0 

io.r 
3!,S 
4-.3 
44.4 
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Figure 16. Limit stresses for laminated 
plastic with polyester resin in simul¬ 
taneous tension and shear for various 
temperatures: 

20° C; 2 — 0° C; 3 — 20° C: 
45° C. 

kgf/cm!; 

1,06-10-) Figure 17. Limit stresses 
kgf/cm for laminated plastic with 

polyester resin in simul¬ 
taneous compression and 
shear in the warp directior 
(t « 20° C). 

1 
4 

tension, the strength is determined by the limiting tangential stress. 

The tensile stress determines the material strength only in the case 

of higher values. With increase of the tensile stresses, the limiting 

shear stress initially increases somewhat, which is apparently associ¬ 

ated with the different limiting strengths in tension and shear. This 

phenomenon is not observed in the case of the simultaneous action of 

compression and shear (Figure 17). In this case, the limiting shear 

stress decreases monotonically with increase of the compressive stress 

from the axial force. The measurement results agree well with one 

another, and the limiting state diagram is nearly elliptic in form. 

Accordingly, the limiting strength conditions can be defined by a 

quadratic stress function. This condition for anisotropic materials 

was derived by Gol'denblat and Kopnov [35] on the basis of results 
of their studies and measurements performed by Zakharov [54, 55], 
Considering only the quadratic terms, we write the strength condition 

in the form 

HI K^tK " I M rqnPptPn *5» I* 

(1) 

where nik and npqrs are the strength tensor components, which are 

symmetric relative to the indices 1 - k, p - q, r - 3, pq - rs. If 

we denote by otl the absolute value of the strength limit in tension 
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in the direction i. 
by 1 the absolute value of the strength limit 

in compression in the direction i, and by the strength limit in 

shear in the directions i, j, then in the plane 

when the stresses act along the direction of the 

symmetry axes, (1) takes the form 

stress state case, 

material elastic 

//;>i • //"-oj ^ 

"T 1 //inioi “//.'.j.oj-• 2//|i:.0|Oj i-4//"’i;t¡j ., I. 

where and n°qrs are the strength tensor components in the basic 

coordinate system. In view of the material anisotropy, the value of 

the strength limit in shear may depend on the signs of the stresses 

acting, except for the case in which, in accordance with the 

Gol'denblat-Kopnov condition, 

i_1 _ . _ L_ 
"/•I O.-KI »M « « ' ( 3 ) 

ilnce for the glass cloth used In fabricating the specimens the 

strength values are practically the same In the warp and woof dlrec- 

tions, for the GRP studied we can take o 
Pi 

a and c 
P 2 C i oc , wher' 

the subscripts 1 and 2 denote, respectively, the warp and woof 

directions. Then condition (3) is satisfied, and the tensor compon¬ 

ents are expressed by the following formulas 

I/'mi II'j:: 

:.( 
I 
I / I 

• y. 
/ (T?. 

I I 

• * I’ijV ' 

(4) 

where 

forms 

t^5o is the strength limit in shear (the tangential stress 

a ±5° angle with the axes of the basic coordinate system). 
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The equation of the limit curve 

for the case of simultaneous action 

of tension and shear after some 

transformations may be written in 

the form 

(„, _ y 

'15 
ITlTiit' ^ I* 

(5) 

Figure 18. Strength limit 
in compression in warp 
direction versus 
temperature. 

strength limits a. and o . 
61 Ci 

This is the equation of an 

ellipse with the center shifted in 

the direction of the higher of the 

The shift of the center of th? ellipse 

is larger, the larger the difference 
ti “ 0ci* The strength limit 

in t.n.lon In the direction of the glae. cloth fiber, for short-term 

an ong-term loading depend, lea. on temperature [106, 20<l] than on 

compression, as we ... In Figure 18, which shows the corresponding 

relation obtained from teat data of specimens In thln-wall tube form 

The tests were conducted under short-term loading, the machine grip 

.peed was 5 mm/mln. and the loading time to specimen failure was on 

he order of 30 sec. In view of this, the limit strength values 

presented for compression (temperature 20» C) are considerably higher 

than the value, (see Figure 17) corresponding to the long-term loadln 
time to failure of 23 min. 

Comparing the limit curves shown in Figure 19 for different 

loading rates, where the highest rate is three orders of magnitude 

greater than the lowest rate, we find that the nature of the curves 

is the same in all cases. In the tests under simple loading condi¬ 

tions, the loading duration has no influence on the form of the 

limit curve, although the strength limit in shear and long-loading 

duration decreases by nearly 20*. A marked decrease of the strength 
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Figure 19. Limit stresses for simultaneous tension and 
shear (t - 20° C, for rate values see Table 2). 

in shear also occurs in the combined loading case. This leads to a 

situation in which the entire limit curve is located lower for a 

long loading duration. The data presented in Figures 14 and 15 show 

the same Influence of loading duration on the strength limit in ten¬ 

sion and compression. 

On this basis, we can consider that the Ool'denblat-Kopnov 

hypothesis is also valid for long-term loading. In order to use this 

hypothesis for the biaxial stress state, we need to know the six 

constants of the material characterizing the strength in the primary 

directions, which (if we do not take into consideration aging of the 

material and Influence of the ambient medium) depend on the tempera¬ 

ture and loading duration. The dependence of the strength on loading 

duration for static loading can be represented in the form (see 

Chapter 2) 

t'-Ar-'-*. (6) 

where tf is the loading duration to failure, and A and c are 

constants whose values depend on the temperature. Hence it follows 

that, under the given assumptions, for the general study of the 

problem we need to know for each material 12 functions of the 

temperature, whose determination requires considerable time and 

high experimental precision. In view of this, it is advisable to 

study the laminated plastic structure properties, since the well-known 

peculiarities of the interaction between the glass cloth and the 

resin may lead to considerable simplification of the phenomenological 
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Figure 20. Typical specimen 
fracture in compression (a) 
and shear (b).

wnm0
C:S»S;;

iiiinitliyii P

Figure 21. Typical specimen 
fracture in tension (a), 
torsion (b), and simultaneous 
action of tension and shear 
stresses (c).

strength theories. For the ORF 
in question, taking into account 
its equiaxial orthotropy, it 
is necessary to determine four 
strength characteristics. The 
strength limit in tension and 
compression in the warp direc­

tion and the strength limit in 
shear are obtained in the 
measurements described above.
In addition, we also need to 
know the strength limit ti2 when 
the material is loaded by a 
shearing stress acting at a ^5° 
angle to tne basic coordinate 
system. This characteristic 
was determined under the same 
conditions used in testing 
specimens under simultaneous 
compression and torsion (Table 

Figures 20 and 21).

Let us examine the results 
of strength characteristic 
measurements for the laminated 
plastics under combined loading. 
We assume that there were no 
factors causing systematic 
errors in the measurements.
Then the distribution of the 
stress limit values should be 
normal, which makes it possible 
to establish the magnitude of 
the permissible stress which the 
material can withstand with 
given probability.



TABLE 4 

RESULTS OF TESTING IN SHEAR (t^5) AND COMPRESSION 

IN THE DIRECTION ¢-45° 

Loading Mode 

Time of 
Loading 

to 
Failure 
in min 

No. 
of 

Specimens 
Tested 

Limit Stress 
in kgf/cm2 

Deviation for 
95% Probability 

in kgf/cm2 

. • « 0 t 

Compression 
Torsion 

I9.S 
M 

7 
9 

72« 
707 

46.9 
lã.b 

If we evaluate the strength safety factor n using the formula 

n 

where o is the left-hand (minimum) strength bound, determined 
per 

for the required probability, then as a result of calculation using 

the data from tests in tension and shear we obtain 

it, > 2,25. 

This means that the scatter of the limit shear stress values is 

greater than the scatter of the limit tensile stress values, and the 

permissible shear stress will be correspondingly lower. The results 

of the tests conducted show that, in the design of detail parts made 

from the laminated plastics working under short-term loading condi¬ 

tions, the strength safety factor should not be less than 2.5 

S3. Influence of Notches on Strength of Laminated Plastics 

Under Combined Static Loading 

(The test results in this section were obtained by K. Zikesh.) 

In thin-wall GRP units, we often encounter sharp transitions, 

local reinforcements, metallic inserts, holes for bolts or rivets, 

and other stress concentrators. The influence of stress concentra¬ 

tion on the static strength depends on the notch shape and position 
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of the notch root in relation to the 

effective stress direction and the 

reinforcing cloth fiber direction. 

In view of this, the marked influence 

of a notch on specimen strength is 

observed in certain tests and not in 

others. In the general case, with a 

combined stress state the notch 

effect shows up more strongly, since some components always have an 

unfavorable direction. However, large nonlinear resin deformations 

which do not coincide with the glass fiber cloth directions reduce the 

stress concentration in the short-term loading case in comparison with 

the value obtained using linear anisotropic homogeneous medium theory. 

The influence of stress concentration on laminated plastic 

strength has been studied by many authors [101, 133, 13I1, 196]. All 

the known studies were made with uniaxial loading, although in con¬ 

nection with the complex geometric shape of the structures for which 

the laminated plastics are post suitable the most important problem 

is that of the influence of notches on the strength of the plastic 

in the combined stress state. Therefore, in studying laminated plastic 

strength in the combined stress state, we also tested specimens with 

notches. 

As in the preceding cases, we used thin-wall cylindrical speci¬ 

mens (see Figure 12) with round holes and cutouts in figure-eight 

form (Figure 22). This shape was used because of the fact that it 

is possible to obtain high values of the strass concentration and 

reproduce the cutouts exactly in all the specimens by drilling two 

holes at exactly the prescribed distance from one another and then 

cutting the web between them with a jig saw. Two cutouts were made 

in each specimen, located symmetrically relative to the longitudinal 

axis. 

Figure 22. Dimensions of 
figure-eight cutout. 

The specimens were tested in tension, torsion, and two combina¬ 

tions of tensile and shear stresses, with constant loading rate and 

constant ratio of the nominal tensile and shear stresses (no less 
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V 

Figure 23. Different cutout 
orientations in specimen. 

than three specimens for each 

combination). To study the influ¬ 

ence of notch orientation, we pre¬ 

pared three series of specimens in 

which the longitudinal axis of the 

cutouts formed 0, 45, and 90° 

angles with the specimen longitudinal 

axis (Figure 23). The loading rate 

was selected so that fracture occurred 

20 - 40 min after loading initiation, and so that the results could 

be compared with the test data for specimens without cutouts. 

Specimens with two 1-mm diameter round holes located at the 

midpoint of the specimen length and symmetric with respect to the 

longitudinal axis were tested in tension, shear, and the simultaneous 

action of tension and shear stresses (uj ■ o/x * 2.7; 012 * 3.0). In 

all cases, four specimens were tested. 

We shall compare the results of these tests (Table 5) and 

theoretical calculations made under the assumption that the material 

is elastic, homogeneous, and equiaxially orthotropic. For the sake 

of simplicity, we examine the solution for an orthotropic plate with 

a circular hole, i.e., we do not consider the curvature of the hollow 

cylindrical specimen wall. The stress concentration factor for the 

wall of a hollow cylinder with a hole is higher than for a flat plate 

with a hole, and the values of the concentration factor for the two 

cases are connected by the relation acyl ■ apl + f(d//Dh). However, 

since the quantity d//ï)K is close to one, in analyzing the test 

results we can ignore the indicated difference in the values of this 

concentration factor. Far more important is the fact that the hole 

cuts through the glass cloth fibers. Thus, the stress distribution 

near the hole differs from that obtained using continuous anisotropic 

medium theory. The theoretical determination of the actual stress 

concentration in the GRP model presents great difficulty. However, 

there is no need for doing this, since in practical strength studies, 

it is not possible to examine all notch orientations in a material 
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TABLE 5 

TEST RESULTS OP SPECIMENS WITH FIGURE-EIGHT CUTOUTS* 

Cutout 
Orientation 

Loading 
Mode 

Loading 
Duration 

to 
Failure 
in min 

Parallel to 
specimen 
axis 

Tension 
Shear 
w - 2.41 
w ■ 1.36 

to 
2.(.5 

21 
21 

At 45° to 
specimen 
axis 

Tension 
Shear 
b> - 2.2 
« - 1.35 

SO 
10 

10.5 
21.5 

Perpendicular 
to specimen 
axis 

Tension 
Shear 
w - 2.41 
a) ■ I.39 

22 
20 

17.5 
22 

'Nominal Stress aT 
Failure in 
kgf/cm2 

I7M 

m 
521 

hk»s 

WM 
0* 

7*il 

rwii 
•JW 

•Three specimens were tested in each case. 

Hbmlnal Stress at 
Délamination 

Initiation 
_in kgf/cm2 

<nn 
ns 
205 

:mo 

:«m 
;iVi 

:« m 

n 

(71 
:wi 

7n> 

I7Ï 
L’MI 

.121 

rjr> 

27k 

I'f, 
2K»i 

2i<0 

2171 
200 

2K7 

100 
:(0:. 

of complex structure. We need only examine the local stress field, 

and in evaluating the notch effect we start from simplified stress 

distribution concepts. 

Since in the subject case the stresses act in the direction of 

the axes of elastic symmetry, we obtain the stress function F(x, y) 

by solving the differential equation 

J-ii™ W \ ■ t ' 2vl: \ Vf 
f, V «5? ' di?) \ õ|, £-, )~úx*<Íi¿ ~~Q 

with account for the edge conditions. 

(7) 

The characteristic equation has the form 



Figure 2¾. Notation for 
stress at circular hole. 

After substituting the values 

of the elastic moduli Ei * E* ■ 

1.65*10* kgf/cml, Q12 ■ 4.8*10% 

kgf/cm2 and Poisson's ratio vu ■ 

0.135, we obtain the imaginary roots 

ly 

Figure 25. Stress distribution 
at circular hole in laminated 
plastic plate subject to 
tension. 

of the characteristic equation 

^ o,6< and ).. ^ i.67i. 

We take a rectangular coordinate system with the origin at the 

center of the hole and axes parallel to the axes of elastic symmetry 

of the material, and we examine the tensile stress at the edge of 

the hole as a function of the angle £ between the radius vector of a 

contour point and the x-axls (Figure 24). Then the tensile stress in 

the x-axls direction will be expressed by the formula 

o0 <»„ I—Â <W <»-f* ( I • ( 9 ) 

where 

ft m. —).,i, I; M »1^2(1 • V,.) t- Hi - -.27; 

on is the nominal tensile stress; li, X2 are the roots of the 

characteristic equation (8); and E^ is the modulus of elasticity in 

the direction of the tangent to the hole contour at the point in 

question. 
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Figure 26. Limit stresses for simultaneous tension and 
shear: 

1 — specimens without cutouts and holes: 2 — specimens 
with circular holes. 

Taking into account the equiaxial orthotropy of the material 

properties, we find 

¿ ; J-sm’2*]. (io) 

After substituting this expression into (9), we obtain 

_ _ _ -Acn*1»» - (1 J-1») *in*d 
o* = °<i —j~r-5—rn-. 

(11) 

and with account for the numerical values 

„ _ Ä 3 »in* d — co»-1* 

• - ^ I T 0.293 sin* 2<r- 
(12) 

The stress distribution at a circular hole in a flat GRP 

specimen loaded by tensile stress is shown in Figure 25. The 

maximum stress occurs at point B for ÿ ■ $0° and is cB ■ 3.27 o 

Thus, the theoretical stress concentration factor is 3.27. 



Figure 27* Stress distribution 
at circular hole In flat 
laminated plastic plate 
loaded by shear stress. 

Figure 26 shows the limit stress 

curves for specimens with and without 

holes. The ratio of the limit stresses 

for uniaxial tension yields a value 

of the effective concentration fac¬ 

tor of 1.3» which agrees with the 

results of Fel’d's studies [134] 

conducted on flat (strip) specimens. 

In the shear case with stresses 

acting In the directions of the axes 

of elastic symmetry, the normal 

stress at the edge of the hole Is 

determined from the formula 

o# = —T, (I -}* A -f* a) n sin 2ft, (13) 

where xn is the nominal shear stress. After substituting (10) for 

we obtain 

_ _ _ (H-* + n)«sln8ft 
Ol = —T„-TTr---T-T--, 

, + (fc-2v'»-2)T»,n*2* 
(14) 

and with account for the numerical values 

Of = —T„ 
4,85 sin 2ft 

1+0.594 »In1 äft” ’ 
(15) 

The stress variation as a function of the angle ÿ Is shown In 

Figure 27. The maximum value of o^ Is equal In absolute magnitude 

to 3«8 Tn> Theoretically the specimen should fall at a value of 

equal to the limit strength of the material. The maximum stress 

occurs at the point ft ■ 45°, where the material strength in tension 

Is minimum. The weakest point Is located in the compression zone, 

since the strength limit Is considerably lower than In tension. 

The strength limit of the material In compression in the direction 
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forming a 45» angU with the axe. of elastic symmetry 1. equal to 

715 kgf/cm . according to the test data for a loading rate of 0.66 

g /cm -seo. Thus, the theoretical value of the limit .hear .tree. 
I nr ftn as* i m am a «.*4 w u. ^ n « _ . 

2 The specimen 
for specimens with holes is tn - 715/3.8 - 188 kgf/cm 

with holes actually fails at xn - I125 kgf/cm2. 

The effective concentration factor in shear is ß - OB/OBj » 1 1 

(see Figure 26), while the theoretical concentration factor for this 

case 1. 2.26. The difference 1. obviously explained by the fact 

that in this direction («5») the material also has the smallest 

modulus of elasticity In tension, and therefore after partial local 

damage of the material there Is equalization of the stresses with 

the adjacent, less loaded zones. This also explains the fact that 

urlng the tests the fracture surface In some cases bypassed the hole. 

íín h the lnflU'nCe of lnternal '"“erial defects (for example, 
air bubbles) was greater than that of the artificial stress concen- 
trator. 

In studying the complex stress state, we assume that the 

stress o, from the shearing load has no effect on the distribution 

of the stresses from the tensile load and, conversely, that these 

stresses can be summed algebraically. In this case we obtain 

-«<«■ e+»+e _ i n j., +,,, j, 

--—• (16> 

Where » is the ratio of the tensile stress to the shear stress and 

is a constant quantity for the subject tests. 

Figure 28 shows the distribution of the stress for <d * 2.7. 

The action of the shearing stress leads to a shift of the point of 

maximum stress in the direction of the smaller modulus of elasticity 

of the material. This shift is favorable with regard to material 

strength, and therefore, the theoretical value of the stress concen¬ 

tration factor is somewhat lower. However, even in this case, the 

theoretical factor is higher than indicated by the experimental data 
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Figure 28v Variation of
with simultaneous tension 
and shear = 2.7).

If we take as the effective concen­

tration factor the ratio OC/OC’i (see 
Figure 26), we obtain the value 1.21, 
while for the ratio OD/ODj, the 
factor equals 1.1^4. This Implies 
that the secondary shear stress 
reduces the stress concentration 
factor in comparison with the uniaxial 
tension case, foi- which the effec­

tive concentratlot. factor is equal to 
the ratio OA/OAi = 1.31. Character­

istic fractures of specimens with 
circular holes are shown in Figures 
29 and 30.

Figure 29. 
holes.

Typical tension fracture of specimen with circular

Figure 3C. Typical torsion fracture of specimen with circular 
holes.

:,U2



Figure 31. Limit stresses for simultaneous tension and torsion. 

1 — specimen without cutout; 2 — (♦ ■ 0°); 3 — (♦ * ^5°)» 
4 — (<j) * 900) specimens with figure-eight cutouts. 

We see from (11) and (1¾) that the magnitude of the stress 0^ 

at the circular hole is independent of the hole radius. However, 

individual internal defects may have a considerably mere complex 

form, and are characterized by a larger stress concentration factor. • 

Therefore, we also tested specimens with figure-eight cutouts in the 

wall, which cause greater stress concentration. The stress concen¬ 

tration factor at cutouts of this form depends on the orientation of 

the "S" relative to the axes of elastic symmetry of the material. 

The tests were conducted for three different cutout orientations 

(Table 5). The limit stress curves are shown in Figure 31, which also 

shows for comparison the values of the limit nominal stress for 

specimens without holes. The maximum stress values are obtained when 

the cutout is parallel or perpendicular to the specimen axis of 

symmetry. Therefore, we shall examine only two cutout orientations. 

To simplify the calculation, we replace the actual cutout shape 

by an approximate shape given by the equations 

V (»(cos ft — reos .1ft): j 

ti- o (1'sin ft - r sin 1ft). I 
(17) 
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Figure 32. Approximation of cutout contour by analytic curve. 

1 — ellipse; 2 — curve specified by (17); 3 — actual contour. 

We take the equation parameters so that the radii of curvature 

at the point * ■ o of the simplified and actual cutout contour will 
be the same p ■ 0.5 mm. In accordance with the expression for the 

radius of curvature, we have 

= 0,5 for » - o, 
r* T ¿ir : 

<18} 

where x, x, y, and ÿ are, respectively, the first- and second-order 

derivatives of the coordinates x and y with respect to the parameter 

0. 

We substitute into (18) the cutout contour point coordinates 

and their derivatives. Then 

a Q _ .I*»* 

("» — IH< . ■'•'I 
-- 0.5. 

To determine the constants in (17)* we require as additional 

conditions that for * • 0 x ■ 3*5 and for 0 ■ ir/2 y • 0.2. We then 

obtain the following value of the constants: a • 3.7; c ■ 0.108; 

e * 0.054. The actual and approximate cutout contours are shown in 

Figure 32, on the basis of which we can conclude that the calculation 

made for the approximate contour provides a quite correct picture of 

the stress distribution around the contour of the actual cutout. 
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The distribution of the stresses in a flat plate of large 

dimensions with a cutout whose contour is specified by (17), oriented 

parallel or perpendicular to the direction of the uniformly distri¬ 

buted tensile stress, can be determined by an approximate method. 

The distributions of the stress obtained by this method for the 

two cutout orientation cases considered are shown in Figure 33a, b. 

These data show that, for a cutout orientation perpendicular to the 

tensile stress direction, we obtain a very high stress concentration 

factor, equal to a - 9.7 at the point i> - 0°. When the cutout is 

oriented parallel to the tensile stress direction, the maximum stress 

is obtained at point ù ■ 35° and a ■ 2.3. The secondary shear 

stress causes a secondary stress o* which is equal to zero for i> * 

kit/2, where k is an arbitrary Integer. 

As in the case when the hole is circular, the secondary shear 

stress causes a shift of the stress peak. Figure 33c shows the 

distribution of the stress o^ in a flat plate made from the subject 

ORP with an elliptic hole, loaded by shear stress. The maximum value 

of the 00 stress occurs for tf» 18°, and amounts to 3.3 Tn. The 

elliptic hole semiaxis a ■ 3*5 mm; the contour radius of curvature at 

the point tf ■ 0 is 0.5 mm. The contour of the elliptic hole approxi¬ 

mately coincides with the actual hole up to the angle tf * 25°• On 

this basis, we can consider that in the region near the end of the 

cutout, which is of most interest in the present study, the distribu¬ 

tion of the stress o^ for a shearing load does not differ very 

markedly from the stress distribution at the end of an elliptic 

cutout with the same contour radius of curvature. The approximate 

distribution of the stress for the subject case is shown in Figure 

33d. 

Figure 33e, f shows the stress distribution for combined tensile 

and shear loading with stress ratio, respectively, u> - I.36 and w ■ 
2.41. In Figure 33f we see that for u - 2.41 the Influence of shear 

stress on the stress distribution at the cutout perpendicular to the 
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Figure 33. Stress distribution around cutout contour for 
different loading versions. 

specimen longitudinal axis is negligible. The tensile stress concen¬ 

tration factor is several times higher than in shear, and therefore 

the maximum does not shift perceptibly. In the tests, this shows 

up in the fact that the fracture of specimens under the influence of 

tensile loading and combined tensile and shear loading with stress 

ratio u - 2.111 takes place at nearly the same tensile stress, which 

in the present case plays a decisive role (see Figure 32). If the 

stress ratio w ■ 1.36» the shift of the stress peak and the stress 

increase in the tensile zone are more marked, and the limit state is 

reached at a smaller value of the tensile stress. However, the stress 
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peak shift occurs in the direction of a region with lower elastic 

modulus, which leads to equalization of the stress peaks and reduction 

of the resultant stress concentration. 

This phenomenon was observed during combined loading (tension 

and shear) tests of specimens with cutout oriented parallel to the 

specimen longitudinal axis (Figure 33g, h). Since the stress concen¬ 

tration factors in tension and shear are practically the same, the 

Influence of the two loading modes shows up to the same degree. As 

a result of this, the limit stress diagram has the same form as for 

specimens without stress concentrators (see Figure 31, curve 2). 

On the basis of the assumptions adopted, we can expect that speci¬ 

men failure will occur at the nominal stress tn, corresponding to the 

moment when the material strength limit is reached at the most highly 

stressed point. In the present case, the,maximum value of occurs 

at the point i> ■ 18° (see Figure 33f)* The tangent to the cutout 

contour at this point forms an angle of 42° with the x-axls. The 

stresses first reach values equal to the strength limit in the com¬ 

pression zone. For the indicated direction, the strength limit in 

compression is 715 kgf/cm2, and therefore this value corresponds to 

the calculated nominal shear stress xn « 715/3.3 ■ 217 kgf/cm2. 

However, the specimen actually fails in the case in which the cutout 

is oriented parallel to the specimen longitudinal axis at the nominal 

stress 401 kgf/cm2 or for a perpendicular cutout at the stress 335 

kgf/cm2. The theoretical stress concentration factor a * 470/217 ■ 

2.16, while the effective factor from the experimental data in one 

case is ß ■ 1.175 and in the other case 8 ■ 1.4. Thus, the effective 

stress concentration factor is considerably smaller than the theoret¬ 

ical value, particularly if we consider that — when the cutout is 

oriented perpendicular to the specimen longitudinal axis — its 

cross-section area is reduced considerably (by approximately 30¾). 



In the tensile load case, the effective stress concentration 

factor is again considerably smaller than the theoretical value. 

When the cutout is oriented perpendicular to the specimen longitudinal 

axis ß ■ 2.9, while a ■ 9.7. If we take into consideration the 

cross-section area reduction and take as the nominal stress the 

average stress in the weakened section, then ß ■ 1.9, i.e., close to 

the value established in tests of specimens with circular holes. 

If the cutout is oriented parallel to the longitudinal axis of 

a specimen loaded by a tensile load, then from the experimental data 

ß - 1.25, while a - 2.3. 

Comparing the values of the theoretical and effective concentra¬ 

tion factors, we see that notches and initial defects have considerably 

less influence on the strength of the laminated plastics than when 

testing specimens made from the quasi-horaogeneous brittle resins which 

serve as the binder for these plastics (see Chapter 1). This dif¬ 

ference is explained by the presence of the reinforcing glass-cloth 

fibers. Composite materials made from strong filler fibers and a soft 

binding matrix usually have low sensitivity to stress concentration, 

which is an important advantage in their industrial application. 

This is associated with the following factors: 

1. A defect or sharp notch becomes stable if it reaches a 

definite critical value, which for the composite materials is usually 

less than the distance between the reinforcing material fibers. 

2. In the case of relatively small critical defect size and 

propagation in the material of a brittle fracture crack, its growth 

is retarded strongly near the system of fibers. 

3. Local stress concentration at the surface of contact 

between the glass-cloth fibers and the resin under the action of an 

external load usually leads tc reduction of the stress at the edge 

of the defect and reduction of the effective stress concentration 

factor. 
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r
4. Upon failure of part of the reinforcing fibers, the length 

of the latter will usually be sufficient for transmission of the 
stresses to some distance from the location of the failure. This 
condition will not be satisfied only for very short fiber length or 
comparatively high density of the defects or fiber damages.

Results of specimen tests show that the laminated plastics have 
low notch sensitivity. In the process of loading parts made from 
such m.aterials, particularly in the presence of creep, the stress 
peaks rapidly equalize. In a material with a weak bond between the 
filler and the binder, typical representatives being the GRP, there 
is partial or complete delamination in the most highly stressed zone 
prior to failure. In this case the material loses the properties of 
a continuous medium, for which the theoretical formulas were derived. 
The nature of specimen fracture for the different stress state types

is shown in Figures 3^ - 36. In 
accordance with the nature of the 
material behavior prior to fracture, 
the stress in the concentration zones 
Increases to a certain level, at 
which the bond between the glass-cloth 
fibers and resin begins to fail. 
Typically, the m;aterial failure 
process during specimen tests is 
accompanied by characteristic crack­

ing (Tables 5 and 6). At the edge 
of a hole, there can act only a 
normal stress (Table 7), which 
usually corresponds to the material 
strength liiTilt in tension or compres- 
'sion in the corresponding directions. 

Deviation from this relationship was noted only in the case of speci­

mens with figure-eight cutouts oriented perpendicular to the specimen 
longitudinal axis, during the testing of which it was apparently not 
possible to note material fracture initiation. The low values of 
the limit tensile stress for specimens with figure-eight cutouts 
oriented parallel to the specimen longitudinal axis can be explained

Figure 34. Typical fracture of 
specimens with figure-eight 
cutouts ( cp = 0°) in tension 
(a) and torsion (b) and simul­

taneous tension and torsion (c).
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Figure 35. Typical fracture of 
specimens with figure-eight 
cutouts (v ■ ^5°) In tension 
(a), torsion (b) and simul­

taneous tension and torsion 
(c).

Figure 36. Typical fracture of 
specimens with figure-eight 
cutouts («P“ 90°) In tension 
(a), torsion (b) and simul­

taneous tension and torsion 
(c).

TABLE 6
TEST RESULTS OP SPECIMENS WITH CIRCULAR HOLES

!

Loading

Mode

1 Loading 
Duration 

to

Fracture 
In min

Nominal Stress at 
Failure In 
kgf/cm*

1 Nominal Stress at 
Delamination 
Initiation 
In kgf/cm*

‘'b ^b
®n

Tension
46 ti.'j

_ 7-IS

43 1124 3TJ 3i.|

43 9:1 349 494 -

Shear 34 - 423 - 352

by the fact that the approximate cutout contour has a small curvature 
at the critical section, which corresponds to a low value of the 
calculated stress concentration factor.



TABLE 7 

THEORETICAL LIMIT STRESS VALUES AT INITIATION OF 

MATERIAL DELAMINATION 

Stress 
Concen¬ 
trator 

Cutout 
Orien¬ 
tation 

Loading 
Mode 

Maximum 
Theoretical 

Stress 
Concen¬ 
tration 
Factor 

Direction 
of 

Maximum 
Stress 
In Deg 

Limit Stress 
in kgf/cm2 

Tension Compres¬ 
sion 

Circular 
hole 

Tension 
Shear 
U ■ 3 
w ■ 2.7 

3,27 
3.8 
3.7 
3.7 

0 
45 
80 
82 

2440 

1825 
2080 

1300 

Cutouts 
in 
Figure- 
Eight 
Form 

Perpen¬ 
dicular 
to 
specimen 
axis 

Tension 
Shear 
<*> - 2.41 
w - 1.39 

9.7 
3.2 
9.75 
9.8 

0 
48 

3 
5 

3140 

4300 
4000 

920 

Parallel 
to 
specimen 
axis 

Tension 
Shear 
u - 2.41 
« ■ 1.36 

2,33 
3.2 
3.5 
4.3 

0 
48 
16 
14 

1210 

1650 
1665 

890 
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CHAPTER 9 

EXAMPLES OF STRENGTH CALCULATIONS 

§1. Thln-Wall Tube Under Short-Term Internal Pressure 

For several GRP, the limit curve for the positive principal 

stresses and the plane stress state is described satisfactorily by 

and equation of the form [164] 

0» + Kl«; f K/tgO, -h KjOo | (flO, = Itj, Q) 

where are determined by the relationships between the strength 

limits in different directions for the simple loading modes (tension, 

compression, and shear). 

The strength margin can be characterized by the ratio of the 

limit stresses to the working stresses 

„ -3 "u”'?* — -,7,-np-~ 

aoru6 a*i,a6 (2) 

since the stresses oe and oz at each point increase in proportion 

to the same parameter — the internal pressure. However, depending 

on the reinforcement form [85] the relationships between the strength 

limits ob ^and obQ may change, and we can find the strength margins 

n. 
ci naó 

andnu (3) 

? 
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In this case, the limit curve equation, in which the left side 

is numerically equal to the right side if we take oe » oe lim and 

oz ■ oz llm, is written in the form 

n*nW* + iti^nWu f- K^ra./J^n^n, + /cywenjo^ -|- 

+ K,nn¿i«a,, = wW,- 

(4) 

For a thin-wall tube made from the 33-l8c composite with rein¬ 

forcement by an equal number of fibers in the o0 and oz directions, 

the limits ob zand o^g are equal and (4) simplifies to 

« «ï • K|«'»U I K.n‘n.n0 | irnon] |- 

mwl -a 0,87/1½ 

(5) 

In this case, we can determine the individual safety factors if 

we know the working stresses. In the case of plane deformation of 

a tube with restrained ends [2, 70] 

00 s 

l**‘l /jV«-1 
* ; 

Ik* ‘ ' / r \«-l 

b ) 4 

I —r“ 

/if*'* 
:—:sr 

at — 4- aiaau)t 

(6) 

where 

K 1/ allaB~*t» 

I — »«fVff \ 
I — V|0V0f / 

The coefficients defining the stress distribution and the 

limit curve for the composite 33-l8c (1/c ■ b/a ■ 100/55) are 

k - 3.22j kx ■ 1; k2 - -2; k» ■ k4 - -6; k5 » 1600 (Figure 1). 
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Figure 1. Distribution of 
circumferential stresses in 
thin-wall tube for different 
k[(doe/dr)(l/o0 max) « 0.05]. 

The tangential stress diagrams 

are nonuniform, and in calculating 

the short-term strength the breaking 

stresses can be calculated if the 

actual diagrams are replaced by 

linear diagrams (See Figure 1). In 

the present case, linearization 

yields a stressed ring thickness 

~20 mm. For a tube 500 mm long, we 

obtain the stressed area lO* mm2. 

Using the Weibull approach (§3, 

Chapter 6) and relation (66) 

(Chapter 6), we find obe with 

account for the stress distribution 

nonuniformity for m ■ 7.55 

% 
(ir»,l ¡-i»,'“®, 1,45 and 0^=,1.450^ 

We calculate the stresses 0. - and 0. with account for the scale 
be b z 

effect 

«.0 - 15.8 f « 2i».7kgf/mm*(o^ - 45 kgf/mm1); 

O', = 15.8 -I- = 32 kgf/mm2. 

Let the pressure equal 500 at, then 

= 1"00 kgf/cm2; «f Mu, = —500 kgf/cm2; 

«,-- 3 5^-. 0,75-10"*(—400) + 0,572-10 *(1600) = 

= —160 kgf/cm2. 

•Calculating the relative gradient, we obtain 5 = do./dro„ be max 

0.053j ob0 « ilO kgf/mm2 (see Figure 17, Chapter 6). 
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We calculate nz ■ 3200/160 ■ 20 and n0 ■ 4300/1700 »2.53 and 

find the overall safety factor n from (4), n » 2.0. We note that in 

evaluating failure probability we must consider the dispersions of 

the quantities ab z and ob0, which in the general case are not equal 

and have definite confidence limits. 

82. Calculation of Solid Orthotropic Disk 

The basic equations for the stresses in a solid orthotropic 

rotating disk are [96] 

(7) 

The maximum values which the stresses 0^ reach for r 

are determined by the formula 
‘T-Ä. 

(8) 

to 

The maximum 6, stress arises for r - 6 | and is equal 

if .I1'*',..- 

-»v., '.»(K* I .Iv.', I »-3 ;♦ M0 l I) J 

where k ■ Y'è7 * Por the epoxy-phenol composite 27-63c, k « 4.00, 

vo - O.23. With account for this, we obtain for the disk (b = 

ISO mm, h * 7.5 mm) 

(9) 
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= 0.0658,w1/»’ (r =s 0,817b); 

596^«b* (r = 0,8740); 

o0 = 0,555(ho*f>* (r s=» ft). 

Hence it follows that oQ max/or max »9.06 and the tangential 

In the zone of maximum circum¬ 

ferential stresses, the ratio 

Og/Or ■ 13.9. The stress distribu¬ 

tion is shown in Figure 2. The most 

highly stressed part of the disk is 

in the segment r * 0.75 — 1, and 

failure is most probable in this 

zone. The real o0 diagram can be 

replaced by the stress or . In 
eq 

this case, F ■ 0.25, a *“ 

280 mm2, 5. ■ 42.6 kgf/mm2 (see 54, Chapter 4), v -11.0)5. 
ab 

For the probabilities (see Figure 24, Chapter 6) 0.03; 0.003; 

0.0003, and 0.00003 (vQ » 11)5), the required safety factors are 

approximately 1.25, 1.30, 1.50 and 1.80, and therefore o« „ - 34.4, U eq 

32.5, 28.O, 24 kgf/mm2. The limiting speeds for short-term operation 

are 34, 33, 30.7, 28*10* rpm. 

If the disk operates under conditions of steady long-term 

loading (n - const), it is necessary to determine its service life 

or the working stress level (rpm). For example, let the speed of 

the same disk be 32*10* rpm. Then u « 3.3*10* 1/sec and, using the 

equations for determining the stresses, we obtain 

00m, *= 30,3 kgf/mm*; o*«, » 26,2 kgf/mm*. 

stresses are definitive. 

0 C.S if 

Figure 2. Distribution of 
Og stresses in rotating 

disk as fractions of pu2b2. 



We take on the segment 0.75 b — 1.0 b 

"«»«. • .in kgf/mm*. 

From the long-term strength curve, this yields an average life¬ 

time of 60*10* min for m » 25. The possible lifetime scatter zone 

is also evaluated on the basis of the long-term strength curve con¬ 

structed using the failure probability parameter. 

In the case of stepwise long-term static loading with the 

following stress sequence - 5.25 kgiVcm*, 0^ - Ho.4 kgf/mm2, 

and o0j - 30 kgf/mm2 with durations t» - 15 min, t2 ■ 1.6 min, ti - 

600 min, the lifetime determined for the condition 0 s D <1 (see 

12, Chapter 6) amounts to 20 blocks (about 205 hours). Refinement 

of the damage boundaries DJL 1 D s Df yields a lifetime of 16.3 blocks 

(about I65 hours), which is apparently within the limits of the usual 
lifetime scatter in long-term static tests. 

—Calculation of Long-Term Static Failure Probability 

Let us examine the failure probability calculation for components 

which are loaded for long time periods. In this case, we must have 

the load variation and long-term static strength limit functions for 

a definite time base. For example, let us estimate the failure 

probability of a tank made from the 33-l8c composite working under 

pressure for 10s min with an average wall stress of 5e ■ 18 kgf/mm2 

with coefficient of variation 11.0* (Iae - 2.0 kgf/mm2). The distri¬ 

bution curves of the long-term static strength limits as functions 

of loading time correspond (see Figure 3, Chapter 7) to the following 
equations (normal distribution law): 

Base 102 min 

P («U,) = 
i 

rzi 0,91 

«V 

» 

0-33 
0,91 ~ 
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Base 10* min 

Base 10s min 

<1 

( <i 2ii.r» 

The failure probability under long-term static stress (56, 

Chapter 6) is 

••mt * 

T -- f 

where P(ob) is the Integral fracture stress (long-term strength 

limit) probability; p(o ) is the probability density of the effective 

stresses. We calculate the probabilities V using the scheme shown in 

the table. 

K)/’(o.)- 0,f>" 10'* 
i 

Thus, the strength of a tank made from the 33-l8c GRP is 

guaranteed for 108 min for the given failure probability. 
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CALCULATION OF FAILURE PROBABILITY FOR LONG-TERM LOADING 

- ÔQ + 2s. a 
e e De 

Z Pí°e) 
P(ob) 3(0e)*P(0b) 

20 
20.5 
21 
21.5 
22 
22.5 
2).0 
23.5 
24.0 
24.5 
25.0 
25.5 
20.0 
26.5 
27 
27.5 
20 
28.5 

1 
123 
1.50 
1.75 
2.00 
2.25 
2.50 
2.75 
3.0 
3.25 
3.50 
3.75 
4.00 
4.25 
4.50 
4.75 
5,00 
5.25 

0,24197 
0.13265 
0.1297.2 
0,08028 
0.05399 
0,03174 
0.01753 
0,00909 
0.00443 
0,00203 
0,00087 
0.00035 
0.00013 
0.00007 
0,00002 
0.000005 
0.00000 
0.00000 

0.00043 
0.04846 
0.30000 
0,95154 
0,99957 
1,0000 
1,0000 

0.01505-10*» 
0,62900-10 » 
3.5-10» 
1,90308 10*» 
0,49978-10*» 
0,0000 
0,00000 

6.57465-10*» 
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SYMBOL LIST 

Russian Meaning Typed 

OPEA 

A 

3<t> 

M 

A 

B 

CM 

CK 

P 

nor 

K 

c 
M 

OKP 

M 

hpeæ 

DOB 

KP 

X-3 

rui 
T 

A 

rji 
PACM 

3KCR 

H 

limit 

not defined 

dynamic 

effective 

specific 

matrix 

armoring 
(reinforcement) 

breaking 

static 

shear 

tension 

adhesive 

composite 

compression 

bending 

circumferential 

yield 

pre 

surface 

critical 

characteristic 
energy 

plastic 

yield 

armoring (fiber) 

principal 

calculated 

experimental 

stressed 

lim 

d 

dyn 

ef 

sp 

m 

a 

b 

st 

sh 

t 

adh 

c 

c 

b 

cir 

y 

pre 

sur 

cr 

ce 

Pi 

y 

a 

pr 

calc 

exp 

s 
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(Symbol list cont.) 

Russian Meaning Typed 

A 
An 
CTAT 

P 

3Afl 

PAC 

UHICA 

CP 

H-A-C 

OK 

P 

3KB 

H 

K 

/HCK 

effective e 

long-term it 

static stat 

tension t 

stored st0 

dissipated dis 

cyclic eye 

average av 

stress rupture limit srl 

compression c 

failure f 

permissible per 

cylinder cyl 

plate pi 

working WOr 

equivalent eq 

initial i 

final f 

disc disc 




