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.A.BSTRACT 

The study of the forces acting on a body due to the body's motion through a fluid is facilitated by 
tbe introduction of a "hydrodynamic" mass, i.e., the mass of fluid that appears to be carried by the 
body as the body accelerates in the fluid. If rhe body's motion is periodic, the relation between the 
hydrodynamic forces acting on the body and the body velocities is described by a mechanical or 
acoustical impedance. 

Hydrodynamic masses have been computed from ideal fluid theory fc, mathematically "~:asy" 
shapes -spheres, circular discs, etc. There are three methods availaa k fr:u the computation of 
hydrodynamic mass: the impedance approach, the kinetic energy •uethod, and Darwin's "drift" 
method. Each of these methods is presented in appendixes. 

Mechanical impedances have been computed for 2 very limiteo number of shapes. The mechanical 
impeilance is computed directly by integration of pressures over the body (the impedanct approach). 
An alternate method of impedance computation is the computation of hydrodynamic mas~ from one 
of the above methods. The computation of damping constanu follows from viscous flow theory. 

Because of the difficulty encountered when the computation of hydrodynamic mass or mechanical 
impedance is attempted for an irregular body, it becomes necessary to determine hydrodynamic 
maues and mechanical impedances experimentally for bodies of irregular shape. This thesis presents 
the resulu of an extensive experimental investigation into hydrodynamic masses and mechanical im
pedances for many bodies of complex shape. 

Three techniques were employed for these measuremenu. The relative meriu of each are dis
cuued. A table that compiles hydrodynamic mass factors from the literature and from this study for 
many different bodies is presented. Other tables included show mechanical impedllnces for different 
bodies. Mechanical impedances are not available in the literature. 

ADMINISTRATIVE INFORMATION 

This study was originally prepared as a thesis submitted in partial fulfillment of the requiremenu 
for the degree of Master of Science in Mechanical Engineering at the University of Rhode Island. 

The writer wishes to express his appreciation to Messrs. Seymour Gross and Fr~nk B. Rakoff,who 
pointed out the need for a study of this nature and prcvided technical assistance throughout the study. 
Professor Warren Hagist and Dr. Donald Bradbury, of the Department of Engineering of the University 
of Rhode Island,are recognized for their invaluable assi~tance with the theoretical aspects of the study. 
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IJ ABSTRACT 

The study of the forces acting on a body due to the body's motion through a 
fluid is facilitated by the introduction of a 1 'hydrodynamic'' mass, i. e ., the mass 
of fluid that appears to be carried by the body as the body accelerate s in the 
fluid. Hydrodynamic masses have been computed from ideal fluid th eory fo r 
mathematically "easy" shapes -spheres, circular discs, etc. The r e are three 
method!> available for the computation of hydrodynamic mass : the impedan ce 

approach, the kinetic energy method, and Darwin 1 s "drift" method. Each of 

these methods is presented in appendixes. Mechanical impedances have b e e n 
computed for a very limited number of shape ~. -

Three techniques were employed for these measure ·nents. The relative 

merits of each are discussed. A table that compiles hy.:!:::'odynamic mass factors 
from the literature and from this study for many different bodies is presented. 
Other tables included show mechanical impedances for different bodies. 
Mechanical impedances are not available in the lite rature. 
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I INTRODUCTION 

When a submerged body is accelerated 
in a fluid. the resulting motion cannot be 
described mathematically unless the errect of 
the fluid acting on the body is taken intc ac
count. In a real fluid , this reaction force 
has two components: a force due to the mass 
of entrained fluid which varies directly with 
acceleration. and a force due to viscosity 
which varies directly with velocity. If the 
body is accelerated and decelerated in simple 
harmonic motion. the forces can be repre
sented by two orthogonal vectors rotating at 
a speect "' , the frequency of the motion. The 
vect<>r sum of the two forces divided by the 
magnitude of the velocity vector is termed the 
acoustic impedance. The reactive component 
of the impedance divided by the angular fre
quency is termed the hydrodynamic mass. 
This represents the mass of fluid carried by 
the body as the body is accelerated. The sum 
of the body's mass and the hydrodynamic mass 
is called the virtual mass. 

There are three methods of computing the 
hydrodynamic mass of a body. One method 
is to integrate the increase in pressure due 
to the motion of the body over the surface of 
the body. Solution of the resuiting force 
integral is accomplished by means of Besse! 
functions. The solution is composed of two 
orthogonal components. Following usual 
mathematical notation. the component in the 
direction of the velocity phasor is termed 
"real"; the component in the direction of the 
acceleration phasor is termed "imaginary ... 
Division of the force by the magnitude of the 
velocity vector yields the acoustic impedance. 
Division of the imaginary component of the 
impedance by the angular frequency yields the 
hydrodynamic mass. This method is commonly 
used by acousticians. See Append!:: B for a 
typical example. 

'fhe "traditional" method of solution for 
hydrodynamic mass has been to compute the 
increase in kinetic energy of an ideal fluid 
due to the motion of the body. This approach 
points out the directional properties of 
hydrodynamic mass. The hydrodynamic mass 

for a body is different for different directions 
of motion. The kinetic energy due to a body 
having six degrees of freedom i£· 

6 6 
T = 1/ 2 I I 

i=l j =l 
A . . ui u. 

lj J 

where Aij · the hydrodynarric masses. are 
given by: 

A .. -' P ( $. n. dS = P ( $. n. dS 
IJ JS I J J S J I 

L j = 1, . •.. ,6 

Thus, it is seen that a complete descr iption 
of the hydrodynamic masses and moments of 
inertia for a body is given by a 6 by 6 matrix. 
See Appendix C for a typical solution ut.lizing 
the kinetic energy approach. 

The most recent interpretation of hydro
dynamic mass has been put forth by Sir 
Charles Darwin in his "drift" concept. An 
infinite thin plane of fluid is assumed to lie 
normal to the direction of motion of the body. 
After the body has passed through this plane, 
the shape of the formerly plane surface is 
described by considering the displace ·.nent or 
drift of each fluid particle. It is shown that 
the mass of fluid enclosed by the original 
?lane and the deformed plane is equal to the 
hydrodynamic mass. ~ee Appendix D for a 
typical solution utilizing the drift concept. 

Although there are three general methods 
of calculating the hydrodynamic mass for a 
body accelerating in a given direction, they 
all becon.e exceedingly difficult as the shape 
of the body deviates from a mathematically 
"easy" shape. For bodies that are mathe
matically difficult, the most practical 
method of obtaining hydrodynamic mass data 
for a given motion :s by experimentation. To 
date, most of the experimental work has been 
done for a relatively limited range of shapes. 



n REVIEW OF LITERATURE 

Th« effect of the fluid medium acting on 
a submerged body was first considered by 
Bessel1' in 1828 while studying the motion of 
pendulums.   He found that if he assumed that 
the mass of the pendulum increased when 
placed in a fluid, the experimental results 
would agree with theory.   Green and Stokes2 

developed an exact mathematical interpreta- 
tion for the hydrodynamlc mass of a sphere 
in 1833. 

The theoretical aspects of hydrodynamlc 
mass have been discussed extensively by 
Lamb3, Munk4, and Birkhoff5.   Exact values 
for a sphere, a sphere in close proximity to 
another sphere, a circular cylinder of infinite 
length, a flat strip of infinite length, a circu- 
lar disc, and an ellipsoid are given by Lamb3. 
Munk4 has also calculated hydrodynamlc 
masses for ellipsolcu and spheres.   Munk con- 
sidered the case of an ellipsoid of negligible 
thickness--i.e. an elliptical disc.   Zahm6 has 
also computed hydrodynamlc masses for ellip- 
soids. 

An excellent discussion is presented by 
Birkhoff5 utilizing tensor notation and the con- 
cept of an inertial Lagrangian system.   Re- 
cently, Sir Charles Darwin7 has suggested the 
drift concept of hydrodynamlc mass. 

Hydrodynamlc masses for two-dimensional 
bodies have been computed by Wendel0 using 
the Schwartz-Christofe!! method.   Bryson^ 
has extended this work using the hodograph 
method. 

BrahmiglO describes the natural fre- 
quency test method which he employed to in- 
vestigate the hydrodynamlc mass of circular 
discs.   Other experimental work, referred to 

by Wendel0 and BrahmiglO, include investiga- 
tions by HirshU for spher'.cal balloons; Cook12 

for spherical mine cases impacting in water; 
Pabstl3 for rectangular plates; Koch14 for 
rectangular sections; LewlslS for ship hull 
sections; Moullin and Browne16 for prismatic 
bars; and Olmpker and Holstein17 for wedges, 
cylinders and cubes at the surface of the fluid. 

Hydrodynamlc masses of bodies oscillat- 
ing at a free surface have been investigated 
theoretically by Landweber and Macagno1^,1^2^ 
Goodman and Sargent21 have set forth a method 
for th? calculation of hydrodynamlc masses of 
three-dimensional bodies. 

Although some of the investigators ref- 
erenced have computed damping characteris- 
tics as well as the hydrodynamlc mass of a 
body, there has been no specific study of the 
mechanical impedance of a body.  The closest 
that one can come to this is to refer to an 
acoustics text, for example Kinsler and 
Frey22. 

Inspection of available material indicates 
that enough hydrodynamlc mass data has been 
obtained to verify the theoretical analysis.   In 
general, hydrodynamlc masses have been ob- 
tained theoretically for mathematically "easy" 
shapes.   Experimental work has also been 
done for these simpler shapes in order to 
verify the theory.   A definite need exists in 
this area of hydrodynamics.   The need is to 
extend the experimental work to Include com- 
plex shapes for which the hydrodynamlc mass 
cannot be calculated.   Also, investigation 
into mechanical impedance for various bodies 
is called for. 

Superscripts refer to Bibliography in 
Section VII. 

Preceding pise blank 



in THE INVESTIGATION 

A. Object 

The object of this thesis Is to present 
the results of an extensive experimental 
program in which the hydrodynamic masses 
and Impedances of several bodies were 
determined.   Other objectives of this study 
were to determine the best method of 
experimentally determining hydrodynamic 
mass; to determine the effect of frequency on 
hydrodynamic mass: and to determine the 
effect of displacement amplitude on hydro- 
dynamic mass. 

B. Test Methods 

At resonance, the driving'orce, F   , bal- 
ances the frictionaLforce, C-x    .Mind the 

^ m 
balances the spring inertia force, m «■ 

force,  kx    .   Thus the hydrodynamic mass 
can be determined by measuring the spring 
constant, the natural frequency with the body 
immersed, and the in vacuo mass of the sys- 
tem.   Hence, 

k 
mt- -a 

and 

"V mt % 

Three methods were employed to exper- 
imentally determine the hydrodynamic mass 
of a body for a given motion.   The most 
obvious method was to give the immersed body 
an acceleration and to measure the force re- 
quired to produce this acceleration.   The 
total mass can be found from 

m. A 

subtracting the mass of the body from  m. 
yields the hydrodynamic mass if the body 
is immersed in an ideal fluid.   However, In 
a real fluid, viscous forces are presen: that 
must be accounted for.   Because a certain 
amount of time Is required for the boundary 
layer to build up • this method should yield 
dependable results if the data arc taken as the 
motion first starts.   Because tins method Is 
non-oscillatory, impedances cannot be 
determined. 

The second ir«tho«i used was the natural 
frequency method.   It Is commrnly known 
that a simple sprmg-m.iss system being 
driven at its natural frequency will show the 
following \ector relations: 

kx 
n     m 

C« x. 
m m 

* 2 
t m 

An alternate set of measurements would be 
to measure the natural frequency of the 
system In a vacuum and in the fluid.   Hence, 

k k 
m.   = 

"l 
The principal advantage of the natural 

frequency method is that the hydrodynamic 
mass can be determined without considering 
the effect of damping.   Also, the damping 
constant can be calculated by equating the 
driving force and the damping force. 

C w x      =  F,,, 
m m 

F 

m 
MTr^- I) 

With both damping and hydrodynamic mass 
available, the Impedance can be calculated. 
The major difficulty associated with the 
natural frequency method Is that for a given 
spring-mass combination, there Is but one 
frequency.   Consequently, a great number of 
springs and masses are required to obtain 
data over a wide range of frequencies. 

The third method employed to measure 
impedance and hydrodynamic masses is 
similar to the first method. In that forces 
and accelerations are measured directly. 
This method Involves measurement of the 

Preceding page blank 



forces and acceleration^ as the test body Is 
mechanically oscillated in the fluid.   A 
phase angle is also observed; thus the force 
can be resolved into its resistive and re- 
active components.   The reactive component 
can be divided by the acceleration yielding 
the total mass below the load sensing element. 
When the mass of the body is subtracted, the 
remainder is the hydrodynamic mass.   The 
impedance is determined by dividing the 
force by the velocity: 

F    F- 

This method allows measurement over a wide 
range of frequencies and amplitudes. 

It is well known that the hydrodynamic 
mass is influenced by the p.-esence of 
boundaries in the fluid medium.   It is not well 
known, however, how to correct for the 
presence of the boundaries.   In principle the 
effect of the boundaries can be accounted for 
by the image method.   An image is placed on 
the "other" side of each boundary and is 
given a motion similar to that of the real body 
In such a way that the normal velocities at 
the boundaries are equal to zero. 

However, if one is capeblc of solvinc this 
problem, the simple problem of computing 
tht hydrodynamic mess of the body could also 
be SOIVMI, and there would be no need for ex- 
perimentation at all!   The boundaries can be 
accounted for approximately by calibrating 
the test tank with a sphere and a disc and 
then applying the correction to bodies of 
similar shape. 

C.   Apparatus 

1.   Design of the Equipment 

The design requirements for the 
experimental apparatus were as 
follows: 

1. The equipment must be capable 
of being used for the three test methods 
discussed. 
2. The frequency range of the 
oscillating equipment should be from 
0.0 to 2.0 ops. 
3. The amplitude range of the 
oscillating equipment sltould allow 
for total displacement to diameter 
ratios from 0 to 1. 
4. As the test body will be mounted 
on the end of a shaft, the effect of the 
shaft on the body's hydrodynamic 
mass is small. 
5. The apparatus should utilise 
available equipment and instru- 
mentation. 

The test tank used had the dimensions 
20 X20 X7 and was filled to a depth of S'. 
It had concrete walls and floor, and was 
located one floor level below the laboratory 
area. 

Three test bodies were available at the 
start of this study: a 12-lnch-dtaiBcter 
sphere, an 18-lnch-diameter sphere, and 
a 12-inch by 24-inch ellipsoid.   These bodies 
were constructed from white pine and were 
designed for mounting on the end of a 1 -inch- 
diameter shaft.   Ideally, the driving stuft 
and test body should have as little mass as 
possible in order to increase the accuracy 
of the determined hydrodynamic mass. 
However, if the mass of the body is less than 
that of an equal volume of water, the body 
and shift are very Difficult to handle If the 
body is being held under the water by the 
sliaft.   (The system's moat unstable posliio« ) 
Also, the coat ■>( csnstrurtlon and avalUbllity 
of material» must be considered.   Wtth these 
requirements in mind. It was decided thai im 
general wooden bodies would be satisfactory. 
If a certain method of testing required a 
neutrall/ buoyant body, a woodsa body could 
be easily drill, .i and filled with lead 



Because the access hole in the test tank 
is 2 ft. square, the maximum model size must 
be 2 ft. The maximum frequency and the 
-1.00 to+ 1. 50 G range of the available 
accelerometer Indicated that the maximum 
vertical dimension of the body should be 6. 1 
Inches. However, at lower frequencies, the 
displacement-to-diameter ratio requirement 
could be met with a larger body. Also, the 
accuracy of the data Increases as the body 
stze Increases; thus, a 12-tnch maximum 
vertical size was decided upon. 

To measure forces at the body, a load 
sensor was designed. The device had tu· 
measure axial loads from -50 to + 50 lbs 
and be capable of supporting the body tf the 
shaft is held horizontally (bending loads). 
The final decision inco1:oorated a 1-1/16'' 
OD. nylon cyltnder with 1/32" walls. A 
four-gage bridge utiltzlng strain gages was 
used. The system is therefore temperature
compens:lted and not influenced by bending 
loads. 

The 6-inch displacement amplttude,along 
with the requirement to make the motion for 
the drf~!.'n mode as close to simple harmonic 
mott• ~ .. · possible, dictated the connecting 
rod lc.-6 h and thus the test frame height. The 
final design is shown tn Ftgs. 1 and 2. 

Since the design power for a 12-tnch
dtameter sphere operated at maximum fre
quency could not be obtained with the larger 
sphere (tr lt were used), a half-horsepower 
electric motor was used. The motor's speed 
was varied with a "variac.'' 

The signals from the accelerometer and 
from the load sensor were recorded on a two 
channel recording osctllograph. Design 
drawings of the apparatus and its component 
parts are on file tn the Mechanical Engineer
ing Department at the University of Rhode 
Island. 

2. Use of the Equipment 

The free translation tests are made by 
allowing th~ body and vertically guided shaft 
to either float to the surface or sink, de
pending on whether or not the body-shaft 
combination was buoyant. 

The natural frequency tests are made by 
·connecting the body-shaft combination to a 
spring, the lower end of whlch is osctllated 
through a 1/2-inch amplttude. The motor's 
speed was varied until resonance occurred. 
When the body-shaft combination was 
buoyant, only one spring was used (Mode I). 
When the body-shaft combination was only 
sltghtly buoyant or non-buoyant, two or more 
springs were used,one being connected to the 
top of the test frame In parallel with the 
driven spring (Mode D). 

The forced osctllatton tests were con
ducted with the connecting rod connected to 
the driving shaft and to one of five possible 
crank-pin locations tn the flywheel. {There 
are five amplttudes avatlable--2, 3, 4, 5 a.-1d 
6 inch.) The motor speed was varied, and 
forces and accelerations were measured. 

D. Test Procedure 

The first series of tests using the free 
translation method were conducted wtth a 
2:1 elltpsold as the test body. The 24-tnch 
by 12-inch wooden body was forced under
water by pushing on the shaft and was released 
suddenly so that it could ''bob" tc.. the surface. 
A "strobotach" ft~shed every tenth of a 
second gtvtng multiple exposures on a time
exposed film. A displacement vs. time 
diagram could be constructed from the 
multiple-exposure photograph. 

The sec\lnd series of tests conducted with 
the free translation method used the strain· 
gaged load sensor and the accelerometer. 
After caltbraUng both Instruments, the body 
and vertically guided shaft were allowed to 
sink or float depending on the buoyancy of the 
body. The forces and acceleration were re
corded. 

The buoyancy of the test body dictated 
whlch spring arrangement would be used for 
the natural frequency test method. If there 
was sufficient buoyant force to give the spring 
a steaay-state displacement greater than the 
displacement amplttude, Mode I of testing was 
utilized. If the body sank or was neutrally 
buoyant, Mode n was used. With the springs 
attached, motor speed was varied until res
onance occurred. At resonance, the natural 
frequency was measured by recording the 
accelerations on the recorder, and the total 

7 



displacement was measured by sighting 
across the top of the guide shaft onto a ruler. 
Other marked data on the strip of recorder 
paper were the weight of the body-shaft-ac
celerometer combination, the submergence 
of tha body, the springs used, the mode of 
spring set-up, and other information per
taining to the particular run. 

The electric motor was reversed on its 
mount, and the sprocket used to chain-drive 
the 5. 8:1 gear reducer was removed. The 
pulley and vee belt were assemhled, and the 
connecting rod was connected to the guide 
shaft. The test frame could then be used for 
the forced oscillation method of testing. The 
amplitude is sel.ected and the crank-pin is 
located in the proper hole. The variac is 
adjusted until lhe motor is at the desired 
speed and the recorder is switched on, 
recording accelerations and forces. Other 
data marked on the recorder paper are the 
body weight, submergence, the gain of the 
preamplifiers, and other pertinent information. 
The gain is needed so that the l Jrrect cali
bration is used to read the ;:ecorded data. 

E. Test Accuracy 

Considering the worst run during the free 
translation tests, it was estimated that the 
force could be read within ± 3. 9% and the 
acceleration within ± 4. 5%. This gives a 
possible error in the experimental hydro
dynamic mass of± 12. 9%. 

The data runs most likely to have large 
errors for the natural frequency method of 
testing occur when the hydrodynamic rmss is 
small in relation to the mass of the tx.dy and 
shaft and when the resonant frequency !s low. 
Run number 124 would yield hydrodynamic 
mass within ± 10. 1% assuming the frequency can 
be read within 1/2 cycle and that the mass of the 
body and shaft can be determined within ±0. 5%. 
The usual data run, with the same input 
accuracy, yields hydrodynamic mass values 
good for ± 3. 1%. The acoustic resistance or 
dampi:lg values are accu!"ate to± 3. 0%. Thus 
mechant....al Impedance values are good to 
± 3. 0%. 

The accuracy of the data obtained during 
the forced oscillation tests is comparable to 
that obtained during the free translation tests. 
This Is so because the readings were made with 
the same devices and with the same accuracy. 
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A signifl-:ant factor influencing the 
accuracy of these tests is the size of the 
testing tank. Boundary effects were accounted 
for by calibrating the tank with a sphere and a 
circular disc. The c~libration for the sphere 
was applied to all ''three-dimensional" bodies 
and the calibration for the circular disc was 
applied to all discs and Ilat plates. HowevP.r, 
the calibration for a sphere is only valid for 
a sphere and is not absolutely correct for a 
body of some other shape. Thus, errors are 
introduced because the boundary effects 
cannot be accounted for exactly. 

F. Results of Tests 

1. Free Translation Tests--The results 
of the free translation hydrodynamic mass 
tests for a 2:1 ellipsoid are shown in Table 
1. The test method used is the first described 
under "Test Procedure. '' Hydrodynamic mass 
factors are based upon the mass of the dis
placed volume filled with water. A sample of 
the graphical data reduction method is shown 
in Fig. 3. 

Table 2 exhibit:1 the results of free trans
lation tests for a sphere. These tests were 
cont:lucted using the second test method. Again, 
the hydrodynamic mass factor ls based upon 
the mass of the displaced volume ftlled with 
water. 

Results of free translation tests using the 
second test method for a circular disc are 
shown in Table 3. The hydrodynamic rr.ass 
factor is based upon the theoretical hydro
dynamic mass, A sample oscillograph trace 
for the disc is shown in Fig. 4. 

2. Natural Frequency Tests--Thirty
three bodies were used for the 160 natural 
frequency, hydrodynamic mass <iata runs. 
These test bodies are described in Table 4. 
The data obtained with these bodies are shown 
in Table 5. 

Tabulated results of the r.:&tural frequency 
tests are shown in Table 6. Hydrodynamic 
mass factors for the various bodies are based 
upon the following: 

ellipsoid--mass of displaced water 
ellipsoid with wings--mass of displaced 

water of ellipsoid only 
sphere--mass of displaced water 



disc and plates--theoretical hydrodyiumlc 
mass at circular discs 

I-beam--mass of displaced water of a 
circular cylinder of the same width 

streamlined bodies (bodies Nus. 23, 24, 
25. and 26)--refer to Appendix G. 

parallelepipeds--mass of displaced water 

Resistance (friction) values have been 
corrected to remove resistance due to the 
driving shaft and friction in the test frame 
assembly.   The resistance for the test frame 
assembly was determined by the lot; decrement 
method after tests without a body and is shown 
in Fig. 5 fur different shafts. 

Displacement-to-diameter ratios are the 
ratios of the total distance traveled in a half 
cycle (twice the displacement amplitude) to 
the minimum horizontal diameter of the 
body.   Submertfence-to-diameter ratios are 
the ratios of •  e distance from the surface of 
the water to the vertical K^nmetric center of 
the body to the minimum horizontal diameter 
of the body. 

The dlmensionless frequency     c     ls 

used in preference to the more common 
hydrodyiumic dtmensirmless frequency   - i/ • 
because the phenomenon involved is acoustic 
in nature.   The characteristic diameter used 
is the minimum diameter in the horizontal 
plane through the body's center of gravity. 
The sound velocity in water has been assumed 
to be 5000 ft/sec for ease of calculation. 

Least mean squares plots of hydrodyiumic 
mass vs   frequency and displacement are 
shown on Figs. 6 and 7 respectively for a 2:1 
ellipsoid with 20. wings (the area of the wings 
Is equal to 20, of the area of the elliptical 
section.)  The mean submergence to diameter 
ratio for these tests was 2. 0. 

The Impedance factor listed in *he tablet 
Is based upon the same characteristic mass 
as the hydrodyiumic mass factor.   To compu*< 
the mechanical impedance, one would multiply 
the Impedance factor by the product of the 
angular frequency and the characteristic mass 
(usually the mass of dlspUced lluld). 

Hydrudviumtc mass factors and mechanical 
(acoustical) impedance (actors are listed in 
Table 7 for a 2:1 ellipsoid with and without 

wings.    The hydrodyiumic mass factors have 
been extrapolated to infinite submergence on the 
assumption that the theoretical hydrodynamic 
mass factor for a 2:1 ellipsoid is correct. 
The phase angle listed In all tables is the angle 
between the resistance (damping) component 
ami the Impedance vector.   Values of hydro- 
dynamic mass factors from Table 7 are plotted 
in Fig. 8. 

Results of the natural frequency tests on 
spheres have been reduced to the mean values 
listed in Table 8.   The mean hydrodynamic 
mass factors at various submergence-to- 
diameter ratios are plotted in Fig. 9.   This 
curve was used to calibrate the tank. 

Figure 10 shows the effect of submergence 
on the hydrodynamic mass factor of 6-inch 
diameter, circular steel discs.   The mean dis- 
placement-to-diameter ratio for these data is 
0. 55.   The mean dlmensionless frequency for 
these data Is 11. 49 X 10   .   A circular disc 
of fir plywood was used to calibrate the tank 
for the other plywood discs and plates.   The 
results of these runs, along «rtth the runs for 
the other discs and plates, are listed in Table 
9.   End effects for rectangular flat plates are 
shown on Fig.   11. 

An I-beam section (body no.  22) was tested. 
Its hydrodynamic mass factor and impedance 
factor are listed in Table 10. 

Four typical towed bodies were tested for 
hydrodynamic mass and mechanical Impedance 
in vertical translation.   These bodies are 
described In Figs.  13 through 13 ir.'luslve. 
The results of these tests are shown In Table 
11.   Appendix C contains the characteristic 
masses to be used with the hydrodynamic mass 
factors and impedance factors listed. 

Table 12 and Fig.  12 display results of 
tests on parallelepipeds. 

3.    Forced Oscillation Tests--Figure 20 
shows typical data from the forced oscillation 
tests of a sphere.   Results of these tests for 
spheres are listed in Table 13. 

A sample data trace for a circular disc is 
shown in Fig. 21. Results for a circular disc 
are listed In Table 14. 



IV   ANALYSIS AND DISCUSSION OF RESULTS 

A.   Hydrodynamic Mass 

The first method used in the free trans- 
lation tests did not give reliable results.   The 
accuracy of the results is poor because the 
graphical differentiation process is inherently 
inaccurate.   The hydrodynamic mass factors 
for a 2:1 ellipsoid as found by this method 
are, on the average, higher than the theoret- 
ical values. 

Free translation tests of a sphere yielded 
hydrodynamic mass factors 310% over theo- 
retical.   This occurred because the acceler- 
ometer did not have the required accuracy at 
low acceleration amplitudes.   The acceler- 
ometer was calibrated at high acceleration 
amplitudes and the calibration was extrap- 
olated to lower acceleration levels.   Evi- 
dently this process was in error. 

Free translation tests of a circular disc, 
however, yielded results within 10.7% of 
theoretical.   Larger forces and accelera- 
tions were experienced on these runs. 

One of the objectives was to determine 
the effect of frequency on hydrodynamic mass. 
Unfortunately, the testing did not cover a 
wide enough frequency range to completely 
fulfill this objective.   The test runs for the 
2:1 ellipsoid with 20% wings cover the widest 
frequency range.   Figure 6 shows a least- 
mean squares plot of these data; this plot 
indicates an increase  in hydrodynamic 
mass with increasing frequency.   The points 
are too scattered to construct any curve other 
than a least mean squares curve.   The in- 
crease with increasing frequency is noted for 
the hydrodynamic masses and, to a lesser 
degree, for the mechanical impedance for all 
other bodies.   This observed increase is con- 
trary to what one expects if the variation of 
hydrodynamic mass with frequency for a cir- 
cular disc is considered.   Theoretically, the 
hydrodynamic mass decreases with increas- 
ing frequency for a circular disc. 

The effect of displacement amplitude on 
hydrodynamic mass is shown in Figure 7. 
Again, the trend is for increased hydrodynam- 
ic mass with increased displacement ampli- 
tude.   This same general trend is observed 
with the other bodies.   A possible explanation 

of this effect is that the increased velocity 
amplitude (if the frequency is the same) for 
a greater amplitude causes an increase in the 
boundary layer thickness on the body.   Be- 
cause the hydrodynamic mass is a function of 
the body size cubed, a small increase in the 
body's effective size will cause a significant 
increase in the body's hydrodynamic mass. 
A very rough calculation, using the mean 
displacement boundary layer thickness for a 
flat plate moving at the root-mean-square 
velocity of the ellipsoid, indicates an increase 
in hydrodynamic mass of 15% for displace- 
ment-to-diameter ratios of 0.4.   This same 
explanation may apply to the increase of hy- 
drodynamic mass with frequency.   Again, 
the velocity amplitude increases with in- 
creasing frequency; thus, the boundary layer 
thickness would increase. 

The increase computed was 15%, the 
increase observed was in the order of 20 to 
30%; thus, the abovi hypothesis is a possible 
explanation of the observed increase. 

Results of tests on an ellipsoid with wings 
yielded reasonable results.   Theory and 
common sense predict an increase in hydro- 
dynamic mass as the wing area increases. 
One would also expect a non-linear curve be- 
cause hydrodynamic mass is not an additive 
property. 

Figure 9, the effect of submergence on 
the hydrodynamic mass of spheres, was used 
to calibrate the test tank.   The free surface 
causes an increase as it is approached.   How- 
ever, as the body begins to emerge from the 
fluid, the hydrodynamic mass decreases. 

The effect of the free surface was seen 
to have different effects on bodies of different 
materials.   This may be explained by the 
following hypothesis: 

The mode of energy transfer involved 
in this process of accelerating a body in 
a fluid is sonic.   A pressure wave is 
created which propagates away from the 
body.   True that the sound is of extreme- 
ly low frequency and intensity, but it is 
sound.   As the body moves toward the 
surface (any surface) it generates a pres- 
sure wave which propagates away from 
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the body at the speed of sound in the 
fluid.   As the sound wave strikes the 
boundary, some of its energy is trans- 
mitted through the boundary, and some 
is reflected depending upon the acoustic 
impedance mismatch at the boundary. 

The reflected wave travels from the 
boundary to the body.   If the acoustic im- 
pedance of the body is close to that of the 
fluid in which it is immersed, the re- 
flected sound wave passes through the 
body with little or no effect on the body. 
(This was observed with the plywood cir- 
cular disc   -- mismatch «»0.10 x 106 
RayLs). If the impedance mismatch is 
great,however, the body "sees" a pres- 
sure increase on the side toward *he bound- 
ary.   This pressure increase is added to 
that due to the body's acceleration.   In 
other words, the acoustic or mechanical 
impedance of the body is increased; thus, 
its hydrodynamic mass is increased. 
(The steel disc at the same submergence- 
to-diameter ratio as the plywood disc 
has a much greater increase in hydro- 
dynamic mass.   Mismatch % 45 x 10^ 
RayLs.) 

This reasoning leads to the conclusion 
that if the test body had the same acoustic 
impedance as the fluid, there would be no 
surface effects.' 

Tests conducted with plywood discs and 
flat plates used the circular disc as a cali- 
bration standard.   The tank surfaces caused 
a 7.9% increase in hydrodynamic mass for 
the disc.   This increase was accounted for to 
obtain hydrodynamic masses at infinite sub- 
mergence for the other bodies.   The hydro- 
dynamic masses for the elliptical discs were 
found to be within 4.0% of their theoretical 
values using this calibration; thus, it is con- 
cluded that these results were quite reliable. 

An I-beam section when tested yielded 
hydrodynamic mass factors of reasonable 
values.   If one extrapolated from the hydro- 
dynamic mass factor of a rectangular section, 
an hydrodynamic mass factor of the observed 
magnitude would be obtained. 

Table 11 lists hydrodynamic mass factors 
for various towed bodies.   These results are 
regarded as significant because hydrodynamic 
mass factors for bodies of this nature cannot 
be found in the literature. 

Table 12 and Fig.  12 show the variation 
of hydrodynamic mass factor with body depth 
to width ratio for parallepipeds.   Again, ;his 
is not available in the literature. 

Forced oscillation test results for 
spheres and circular discs are displayed in 
Tables 13 and 14. respectively.   As with the 
free translation tests, the acceleration 
levels attained were too low to give reliable 
results.   The results can be used compara- 
tively, however, to observe an increase in 
hydrodynamic mass with increasing displace- 
ment amplitude.   This manner of testing 
shows the greatest promise as a test method 
to determine the effects of frequency and 
displacement amplitude on hydrodynamic 
mass and impedance.   With a lower range 
accelerometer, better results would have 
been obtained.   Upon completion of the tests 
with a circular disc, the strain-gaged load 
sensor flooded, and further testing with this 
method could not be undertaken. 

Limits for the Use of Appendix G- - The 
hydrodynamic mass factors found experi- 
mentally during this rtudy, along with hydro- 
dynamic mass computations available in the 
literature, are listed in Appendix G to facili- 
tate usage.   Because many of these factors 
have been obtained from ideal fluid theory, 
and because the testing during this study has 
been done for low frequencies, these hydro- 
dynamic mass factors are only valid for zero 
frequency. Also, the displacement amplitude 
will influence the factors listed.   Other facts 
to be considered when reference is made to 
Appendix G is that the values listed for a 
given body are only valid for vertical motion 
of that body as shown.   Also, one should con- 
sider frictional forces (resistive terms) which 
are not listed. 

B.   Mechanical Impedance 

Because the accuracy of the results for 
mechanical impedances is less than that for 
hydrodynamic masses, the impedances listed 
are to be regarded as order of magnitude 
figures only.   Also, the effects of the free 
surface or of boundaries on mechanical im- 
pedance are not known.   Thus, the mean 
values listed are valid only for the submer- 
gences and frequencies shown. 
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V  CONCLUSIONS AND RECOMMENDATIONS 

A.   Conclualons 

As illustrated In the text of this thesis, 
the major objective of this study has been ac- 
complished.   The hydrodynamic mass of a 
body is a measurable quantity and although 
difficult to measure, can be determined ac- 
curately if the correct experimental tech- 
niques are used.  The natural frequency meth- 
od of testing was found tobe the most reliable. 
The other methods would have been equally 
reliable if the proper instrumentation were 
used.   The natural frequency method was 
used to experimentally determine hydro- 
dynamic masses for many bodies of mathe- 
matically difficult shapes. 

The study has shown a definite effect on 
hydrodynamic irass due to frequency at os- 
cillation and due to displacement amplitude. 
A possible explanation of these effects has 
been presented. 

Mechanical impedances have been in- 
vestigated, but further Investigation is called 

for to extend the scope of these investiga- 
tions. 

B.   Recommendations 

The values listed in Appendix G should 
be added to in order to include, in the table, 
hydrodynamic masses for other directions 
of translation.   Also, a study of rotational 
hydrodynamic masses should be undertaken. 
Finally, the cross-coupled hydrodynamic 
mass factors for motions involving rotation 
and translation should be studied.   Although 
much of this can be approached through the 
use of stability derivatives, stability deriva- 
tives break down when a body undergoes 
gross oscillations with complete cross- 
coupling. 

The effect of frequency on hydrodynamic 
nr-ss and on mechanical impedance should be 
investigated more extensively.   A study of the 
mechanical impedances at various subiaer- 
gences is needed. 

13 



VI SUMMARY 

Th« wajor ob)«ctlvt hu tm* »ccom- 

• ith a rMMMUa d»yM of »ecuner for aaiiy 
bodiM «Min« UM Mtural (r«qu«nc y tm 
ud.   Tiw/ub]Kllv« of (l«t«rmlrun« tht < 
•twy of tiydrodynamtc 0UM on (raquancy WM 
partially fulfUlatf.   0»«r tht narrow frequency 
ranf« In which tlw t*ata wer« eonducfd, UM 
hydraijynaroic maaa tffmmt to mcraaa« with 
(ncraaaiiif (raquoncy.   An «xtanaion of Ulla 
atudy ««Mild »vulva laatln« ovar a (raaur 
rune» of fraquaiwiM. 

AnoUiar object Iva. that of da tar mining 
UM offact of diaplacamant amplttuda on hydro- 
dynamic maaa, haa bean accompltahad.   Tha 

hydrodynamlc maaa appeared to incroaae 
with lacrwaaiOK diapiacemenl.   Tkla effect, 
aloof with the narrow rang» frequency de- 
pendency, la explained by the hypothaata 
preaented. 

Figure« 22 and 23 contain hydridynamic 
maaa factor» ud mechanical inpedance fac- 
tor« for vanoua bodle«.   Some of the«e fac- 
to» cannot be found in UM literature. 

An Appendix la preaented which aum- 
marixe« UM majority of hydrodyaamic maaa 
factor« arailable including the reaulta of 
thla atudy. 
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A - body acceleration 

a - radius of a circular disc, cylinder or a sphere 

Aij - hydrodynamic mass dyadir 

c - velocity of sound in a fluid medium 

C - damping constant 

D - drift volume 

e - 2. 71828 

f - reaction force on a piston 
r 
F - force 

F m - magnitude of a force phasor 

g - gravitation constant, 32. 2ft / sec. 

i, j - direction indices 

j - imaginary number .r-1 
k - spring constant, wave number 

K - hydrodynamic mass factor 

K' - impedance factor 

L - characteristic length 

mb - body mass in vacuum 

mh - hydrodynamic mass 

mt - total mass in motion 

n - unit vector normal to a surface area S 

p - pressure 

P - location of a point in space 

r - spherical radius to a point in space 

r' - spher~cal radius from a point in space to an elemental 
area on the face of a piston 

Rr - radiation resistance 

S - surface area 

t - time 

T - kinetic energy of a fluid field 

Tr - transmissibility, ratio of output displacement amplitude 
to input displacement amplitude 

u - flulrl velocity 

U - body velocity 

U - body velocity amplitude 
0 

V - body velocity 

X - coordinate axis 

xm - magnitude of displacement r"asor 



Xr - radiation reactance 

y - coordinate axis 
y - stream function 

z - coordinate axis 

z - mechanical impedance 
8 - angular dimension 
~ - kinematic viscosity 
.. - 3.1416 

P, P
0 

- mean fluid density 

• - radius of an elemental area on a piston 

• - velocity potential 

+ - angular dimension 

"' - angular frequency of a simple harmonic motion 

"' - natural frequency n 

"'nt - natural frequency in the fluid 

"'ny - natural frequency in a vacuum 
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The following analysis is discussed in 
greater detail in reference 22. Chapter 7. 

Consider a rigid circular piston mounted in an 
infinite baffle. 

To determine the efiect of the medium on the 
piston, consider the pressures acting on the 
face of the piston induced by the motion ol the 
piston. 

Assume that the piston is roovt'ig with simple 
harmonic motion.   The pressure produced at 
any point by the piston is the sum of the 
pressures that would be produced at the point 
by an equivalent assembly of simple sources. 

For a simple source: 

j'ock*   H,   JM-kr * 

Thus each element <d area dS contributes an 
element (d pressure dp (Iven by: 

J# ck    _  _ 

I'f (tT- dS) e^-1 ' ^ r,) 

Strce the motion of erery surface element ts 
normal tqjftejpirface of the piston, the scalar 
product   U    dS is U0d8. 

Thus: 

Let dp be the increment increase in pressure 
that the motion of dS produces in the medium 
at a point adjacent to some other element of 
area at the piston, dS'    The total Increase In 
pressure in the medium adjacent to dS* can 
be found by integrating 

*•!^!-"o"•"-,•"•, 

over the surface (d the piston. 

-//,£V-'" 
where r Is as shown. 

dS 

The total reaction force acting on the pistun 
la 

fr -  JJp «is 

fr- 
J»-«^ ^ ^iMPH 

-jkr 

The reaction force acting on an element 
dS' due to the motion of dS is the same aa the 
force acting on dS due to the motion of dS', 
■o Uut the ultimate result at the double in- 
tegration indicated in the previous equaltoa la 
exactly twice thai which would be obuinad If 



the limits ol integration wer« so chosen AS to 
include the force due to each pair of elements 
only once. 

Let • be the radial distance of element 
dS' from the center of the piston.   Then we 
may ensure that each pair ol elements is used 
only once by integrating with respect to dS' 
only over the arm ol the piston that is includ- 
ed within a concentric circle of radius «. Let 
* be as shown and let rd td r represent an 
element of area dS.   The maximum distance, 
in the direction •, from dS' to any point with- 
in the circle ol radius • is 3«coe t.   The 
entire area within this circle will be covered 
if we integrate r from 0 to 1 «cos », and  » 
from - */> to • »2    The integration of dS' 
is now to be extended over the entire surface 
of the piston.   LetdS' *«d«d» and then in- 
tegrate i from 0 to 2 ■ and • from 0 to a 
Thus: 

^V" t f'f'W |«d«|dHdt  It- 
'COS* 
-jkr dr 

Carrying out the integration: 

'r " *  o6'*1 H»^ [Rl(a,tt) * 'xl {lkMi] 

where: 

The acoustic impedance is the force exerted 
by the piston on the medium divided oy the 
piston velocity;  hence, 

Uce- 

Cunsequently, the radiation resistance is: 

Rr ' 'o c " a    Rl (2,a, 

and the reaitance is 

xr • »o c •»   x, (**) 

The radiation reactance is always posi- 
tive, and its effect is therefore equivalent to 
adding to the actual mass of the piston an 
additional mass (the hydrudynamic mass). 

X j       X   (IM 

>-o. Xj (Ika) — 

Therefore, for low frequencies the hydrody- 
namlc mass of a piston or a circular disc 
U: 
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Consider a circular cylinder traveling to 
the right in the plus x direction.   For a 
velocity of unity, the velocity potential is: 

♦ = x ♦ a2x 

In such a way that the polar coordinate be- 
comes the Independent variable. 

a2 cos 2« d» Ai+Ddt»  f    
a   sin f 

The flow is described by: 

dx 
dt = - 1 ^a ^^f-.'^) 
The integral of these equations is the stream 
function,which may be written: 

'(-•'«)-, 

so that the constant Y corresponds to the ini- 
tial and final position of the streamline with 
reference to the central line of motion. 

The quantity required, the drift, is the 
total displacement of a particle in the x 
direction, referred to axes in which the 
infinite parts of fluid are at rest, transforming 

The drift volume, the volume enclosed by the 
Initial and final positions of an Infinite wall of 
fluid normal to the direction of motion, is 
giver» by: 

£ X dY 

Solving this yields: 

D= »a2 

2 
Thus, the mass of the drift volume, "a , Is 
equal to the hydrodynamic mass of the cylin- 
der as obtained from the kinetic energy 
method (Appendix C). 

Darwin has also used this approach to 
calculate the hydrodynamic mass of a sphere. 
The hydrodynamic mass calculated by means 
of the drift concept is In exact agreement 
with the hydrodynamic mass computed from 
the kinetic energy method. 



Appendix E 

Computer Programs 
For Data Reduction 
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The data taken were reduced by means of computation on an IBM 1620 computer.   The 
following program in FORGO II was used. 

1.    READ, AIRM, S, FREQ, TR, DISPM, DIA 
WN = FREQ* . 10472 
DDRAT = TR/(2.0*DIA) 
HM = (S/WN**2.0) - AIRM 
HMF = HM/DISPM 
C = SQRTF(AIRM*S/(TR* »2.0 - 1.0)) 
Z = HM*WN 
F = FREQ/60.0 
PUNCH, F, DDRAT, HM, HMF 
PUNCH, C, Z 
GO TO 1 
STOP 
END 

total mass of characteristic 
oscillating spring frequency displaced diameter 
mass in air constant in water transmissibility water of body 

The result cards yield the following: 

- on the first card - 

displacement 
to diameter hydrodynamic hydrodynamic 

frequency ratio mass mass factor 

- on second card - 

resistance reactance 

For future use, this program should be rewritten to include computation of the mechanical 
impedance, mechanical impedance factor, dimcnsionless frequency, and phase angle.   If the 
same number of runs were made for each body tested, the program could include a least mean 
squares computation of the curve to fit the data. 
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Appendix F 

Sample Calculations 



Free Translation Tests 

A.   D.iU Uken by multiple-exposure photcf nph of UM free transUtion of a 1:1 ellipsoid. 
(Refer to figure No. 3) 

Static buoyant force  B - 15.65 lb 

When the bodv has moved 5. 0 inches, the velocity U 21.7 In.   »ec and the acceleration 
is 50 in. sec« 

Mass •.< body,   mb . 1 055 lb-sec2 ft 

Mass c< shaft,   m . = 0.524 lb-sec2 ft sn « 
Mass of displaced water, mv4 ■ 2.027 lb- sec    It 

Drag coefficient of ellipsoid CD ■ 0.6 

0 

»    mt 

B-rD",mb*msh"V   A 

«n. Av 

^.i^/Oi. («,.., J 

hydrodynamic mass factor K ■ "V "»-j 

r0....('"'-rV)(1.,^(...^T-)'.,«. 



K^ 

ti».mb«-a.wib»Miüvn _ (1 ^ ^^.a fl + 0 524 ^^i ft) 
M Oln MC1 

2.027 Ib-a^'/ft 

0 723 

B.    OaU Uken from oaciUocnpli recording of forces and accelerations for a 12-inch 
diameter sphere. 

The calculations are made in the same manner as descnued in P^rt A.   However, 
forces and accelerations are taken from the trace at (he start uf the motion to eliminate 
drag forces. 

2.       Natural Frequency Tests 

| Pm COS «f 

The e(|uattan d motion for the system when the body is immersed is: 

""„ -h»^ *C|L*k--f. 

If the system oscillates with simple harmonic motion, at 

'-».♦■WV -n.   ,,.-hE, c V-r. 

^1• 



Consider run no. 41  (SM Table 5) 

Toul oecilUtli« weight    43.80 lb 
Sprli* ConsUnt    7. 758 lb in 
Resonant Frequency   49. SO eye min 
Displacement Amplitude X2    5. 75 in 
Submergence   24.0 in 
Bodjr Diameter    12 0 in 

displacement-to-diameter ratio 

5.75 in.     „ 4- 

submergencs-to-diameter ratio 

24.0 in.      , A 

dimensionless frequency 

(4».5cyc/mtn)(fe^gB) (I ft) 
 M00lt/s«c      -1.0S41.10 

hydrodynamic mass 

7.75(jlbin.                              43.81b m. - . 1 
388 in sec' [«••"••'-» «fcöa»]' 

-  0.17S18 Ib-SM1/!«. 

of displaced water 

mwd. 'J .At2    i ^< » io ^ib-M-c2 u.4» -}- » (11 U») (6 in)1 

• O.ISMlb-s. M'/IB. 

Hydrodynamic maas factor: 

»• _     • —rax -  I.03M 

J^ . «^ • . (. mi« ib-e^'/ut) (M. I nrrnui) ( fe,2^) 

• •.MUllb.MC/la  . 



Resistance--not being able to measure the force directly, cc can use the relation: 

Thus. 

Tr 

-    'tr 

c    a 

Tr   .   f-   - i 
c     > 

- —v ♦ » 
4C1 

ce ■ a/». 

1         4k1 

Tr1 - -?-,- .   I   . 

' (Tr1. 1) 

k 

■.F I 

the lolal dsmpliic d the aysteoi is 

_ T.TMth in. 
C. ■ 

• OMMlb-Mc/la . 

The Im&m <* f» »»*» **«•• »• 

«aayu« of »ifhi—nr * M^l • 0.11T7 ».Mc/te. 

C - 0 MM »-Me/la. •  «tin ».MC/la 

• 0 IMM »-Me/la   . 



Tlw ■ucmitiMle et UM 

i. /■/ ♦ 1/ - /(. imm* ♦ (. •••ti)1 

• «.tieib-Me/ta . 

Thm amgto ttai 11 immt» Uw xloc>ty to: 

taa* >     1^1 •  «11 

• -  W.«0 

T h« uapadMkr« lector is: 

r ..14.  •mm~m*/*  
"•<       («. ft cyc/a*4 ( ^ J g^) ( l^»0 UHMC1 1«) 

• l.«l 

1.       rorc«4 OKtlUiioa Tt 

Pore« *m^ <-v    II.« lb 
Arrctorattaa «juptttud*   0.4ft ( 
rnymmej   ft. I eye/MU. 
Aiupilludt     1   0 l« 

«n«U     10 to0 

s • it 

• t.US».Mc/to. 

X •   .iM»-«K/ta   r~ .M.ftJ • •.•n»-Mr/Mi 

■  •     »Mlb -,   ,,,     .1« 10 •"   •   0 OtW 

• •.•n».«c,/iB 



<4 HydrodjrMMU 

m Factor» 



NOTATION FOR APPENDIX G 

A - arM L2 

a, b, c, d, 1 - dimefulons cf bodies L 

c - distance Iron boundary to bottom of body L 

• • experimental 

F - (ore« F 

1, ) - Indices u»ed In tensor notation 

k - ware number 1 L 

K - bydrodyiwmir mass (actor 

m • mams FT   L 

m - hydrodyrtamic nass Fr /L 

m - vlrtiial naas FT^/L 

N • ratio of wins vra to »rm ol body section 

• • S.H16 

• • density ol fluid in «hieb tbe body is Immersed FT2, L4 

• • velocity potential 

• - normalised velocity potential 

■ - distance Iron Iree surface to center ol body L 

I • tbeoretical 
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TABLE   i 

RESVLrS OF FREE TRANSLATION TESTS 

OF A 2:1 ELLIPSOID 

No. 
DupUcemenl 

1B. 
Hydrutfjriuimc 
MUM Factor 

Hydradynamic • 
M  - - Factor 

Corrvctcd lor 

I 1.7 
S.O 

10.0 

0.990 
0.7J3 
0.3«9 

0.90$ 
0.723 
0.475 

-• 3.5 
5.0 

10.0 

1 35» 
i.no 
0.909 

1.300 
1.290 
1.170 

i 3.9 
50 

10.0 

1 913 
1520 
1.119 

1551 
1.520 
1.439 

Afr*tv Values 

3.03 
5.0 

10.0 

1.252 
1174 
1029 

•Tht.rrtu.il hydrudy lunur BUM Urlur 0.7024 

TABLE   2 

RESULT« OF FREE TRANSLATION 

UMM)»  A SPHIHI 

I 

.' 

3 

4 

awraf* 

Hydrudynamir 
Maas Factor 

Hydrudyttaaiic ||aM • 
F#cti»r Corrvctcd 
tor S«b|MI«MW« 

0.M9 0.93« 

2540 2.350 

3.230 2 990 

2400 2.ni 

3.049 

*1 ttntrrtv*i hydndynamir nua*. lartur - 0.9 

Precciiif put W«k 



TABLE   3 

jw rj»:i 

RESULTS OF FREE TRANSLATION 

TESTS OF A CIRCULAR DISC 

Hydradynamlc 
IfaM Factor 

Hydrodyiumic Mass * 
Factor Corrected 
(or Submergence 

«.TU 0.M9 

' 260 1.170 

1.157 1.071 

0.580 0.540 

1.180 1.095 

0.84* 0.784 

0.893 

'Theorrtiral hydrodyiumic mats (actor - 1.0 



TABLE 4 

DESCRIPTION OF BODIES USED 

IN HYDRODYNAMIC MASS TESTS 

Characteristic Dimensions-inches 

X y z 
Body 
Number Description (horizontal) (horizontal) (vertical) Material 

1 2:1 elllpsoid 24.0 12. 0 12.0 ~;oft pine 

2 sphere 18.0 18. 0 18. 0 soft pine 

3 2:1 ellipsoid with 1" thick pins 36.0 12.0 12.0 soft pine 
"wings" attached to either end 
total "wing" area 20% of .area 
of ellipsoid section 

4 2:1 ellipsoid with "wings" 36.0 12.0 12.0 soft pine 
"wing" area 30% of ellipsoid 
sec tion 

5 2:1 ellipsoid with "wings" 36.0 
"wing" area 40% of ellipsoid 

12. 0 12.0 s oft pine 

section 

6 2:1 elllpsoid with "wings" 
"wing" area 50% of ellipsoid 

36.0 12.0 12.0 s o!t pine 

section 

7 c ircular disc 6.0 6. 0 0.25 steel 

8 circular disc 12.0 12. 0 0.375 fir plywood 

9 square plate 10. 625 10. 625 0.375 fir plywood 

10 t. 5:1 rectangular plate 13. 000 8.75 0.375 !ir plywood 

11 2:1 rectangular plate 15. 00 7. 50 0.375 fir plywood 

12 2. 5:1 rectangular plate 16.75 6.75 0.375 fir plywood 

13 3:1 rectangular plate 18.375 6. 125 0.375 fir plywood 

14 60° -60° -60° triangular plate 16. 1875 14. 0 0. 375 fir plywood 

1~ 45 o -90° -45 o triangular plate 21.25 10. 625 0.375 fir plywood 

16 1. 5:1 elliptical disc 14. 75 9.75 0.375 fir plywood 

17 2:1 elliptical disc 17.0 8.5 0.375 fir plywood 

18 4:1 rectangular plate 20. 0 5. 0 0.375 fir plywood 
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Table 4--Desc riptiun of Bodies Used in Hydrodyna mic Mass T ests 

(continued-2) 

Body 
Numbe r Descript\on (horizonta l) (horizontal ) (v(' r tical ) Mate rial 

19 5:1 rectangular plale 25. 0 5.C 0 . ~; :; fir plywood 

20 sphe r e 12.0 12. 0 12.0 soft pine 

21 sphe re - hollow. fr ~e flooding 4. 0 4. 0 4. 0 soft rubber 
(rubber ba ll) 

22 1- -beam 2" wi~c. 3 1/ 2" deep 24. 0 2. 0 3. 5 soh pine 
web and fl ~:~E,c thic knes s 3/ 4" 

23 Streamlined Body (refe r to figure 14. 25 4. 0 6 . 5 mahogany 
no. 13) 

24 Streamlined Body 20. 75 6.0 7. 0 s oft pine 
(refe r to figure no. 14) 

25 "to rpedo" type body 20. 0 4. 0 4. 0 s oft pine 
(refe r to figure no. 16) 

26 "V" - fin type body 12. 3125 12. 0 5. 625 soft piue 
(r efe r to figure no. 18) 

27 c ube 1:1:1 3 . 5 3. 5 3.5 fi r 

28 par a lle lepiped 1:1:2 3.5 3.5 7. 0 fir 

29 pa r a llelepiped 1:1:3 3.5 3.5 10. 5 fir 

30 pa r a lle lepiped 1:1:4 3.5 3. 5 14. 0 fir 

31 paralle lepiped 1:1:5 3.5 3.5 17. 5 fir 

32 pa r a lle lepiped 1: I :6 3 . 5 3.5 21.0 fir 

33 pa ralle lepiped 1:1 :7 3.5 3.5 24.5 fir 
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TABLE 5 

HYDRODYNAMIC MASS DATA NATURAL FREOUENCY TESTS 
- --- ----

Total 
Spring Suspension ~Natural 

Displacement Submer[.:em.: C' 
Run Body Weight Amplitude to Ce nte 1· 

Number Number Oscillating Cr;nstant Method r requency X2 of 13ody 
lb lblin. eye / min in. in. 

-------- -
1 1 52 . 50 3.2000 l' 32.00 8. 75 12.0 
2 1 52.50 3. 6400 I 35.00 8.00 12.0 
3 1 52 . 50 6.4000 1 43.00 10. 13 12.0 
4 2 87.20 6.3780 I 36.00 6.75 15.0 
5 2 87.20 7. 7580 I 41.00 6.50 15.0 
6 2 87.20 8.2320 I 40. 50 7.00 15.0 
7 2 87.20 8.8070 I 47.50 7.25 15. 0 
8 3 53 . 00 6. 3780 I 42. 00 6. 00 12.0 
9 3 53. 00 3. 2000 I 33.00 3.88 12.0 

10 3 53.00 1. 8850 I 29.50 1. 50 12.0 
11 3 53.00 3.6400 l 34.00 5.25 12.0 
12 3 53 . 00 6.2602 I 45 . 00 6. 75 12. 0 
13 3 53.00 6.3780 l 40.00 5.38 12. 0 
14 3 53 . 00 7. 7580 l 47.00 ~.00 12.0 
15 3 53.00 3.2000 l 31.50 5.25 12. 0 
16 3 53 . 00 6.3780 II 40.00 3.25 12.0 
17 3 53.00 1.8850 1 23 . 50 3.50 12.0 
18 3 53.00 9.4427 11 49.00 4. 50 12.0 
19 4 53.88 6.2602 l 41.00 5.75 12.0 
20 4 53.88 6.3780 l 39.00 5.38 12.0 
21 4 53.88 7.7580 l 44. 00 5. 75 12.0 
22 4 53.88 3.2000 l 29.50 4. 13 12.0 
23 4 53. 88 6. 3780 II 39.00 3. 63 12. 0 
24 4 53.88 9.4427 11 48.00 3.75 12.0 
25 5 54.02 6.2602 l 40.00 4.63 12. 0 
26 5 54. 02 6.3780 l 38.50 4.88 12.0 
27 5 54.02 7.7580 l 42.00 4. 38 ~2.0 

28 5 54.02 3.2000 l 28.00 4. 19 12.0 
29 5 54.02 6.3780 II 38.00 3.00 12.0 
30 5 54.02 9.4427 II 46.50 4. 00 12.0 
31 6 54.29 6.2602 l 38 . 25 4.63 12. 0 . 32 6 ;)4.29 6.3780 l 38.00 4.75 12.0 
33 6 54.29 7.7580 I 40.50 4. 88 12.0 
34 6 54.29 3.2000 l 27. 50 3.69 12.0 
35 6 54.29 6.3780 II 37.25 2.69 12.0 
36 6 54.29 9.4427 11 45. 75 3.88 12.0 
37 1 43.80 6.2602 I 46.rv 7. 50 24.0 
38 1 43 . 80 9.4427 II 57.50 6.88 24.0 
39 I 43.80 3.2000 l 35 . 50 24. 0 
40 1 43. 80 6.3780 l 45.50 8.75 24.0 
41 1 43.80 7.7580 l 49.50 5. 75 24.0 
42 7 18. 70 6.2602 II 95 . 00 2.75 30.0 
43 7 18.70 4.9682 11 92.00 1. 69 30.0 
44 7 18.70 4.9682 II 85. 50 2. 19 24.0 
45 7 18. 70 6.2602 II 92.00 2.81 24. 0 
46 7 18.97 4. 9682 II 91. 00 4. 25 36.0 
47 7 18.97 6.2602 II 94.00 4.56 36.0 
48 7 18.52 6.2602 II 98.00 4. 50 28.3 
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Table 5--Hydrodynamic Mass Data, Natura! Frequency Tests 

(continued -2 ) 

Total Spring Natural 
Displacement Sub-;nergence 

Run Body We1ght Suspension Amplitude t•l Center 
Number Number 0 illat· Constant Method Frequency X2 of Body sc mg lb/ eye/ min lb tn, in, in, 

49 7 25. 06 6. 2602 II 82. 50 3. 75 29.0 
50 7 18.13 6.2602 II 96.50 4.50 20. 5 
51 7 24.82 6.2602 II 86.00 4.38 21.5 
52 7 24.82 4.9682 II 83. 00 2.75 19. 0 
53 7 18. 13 4. 9682 II 86. 00 4. 13 17. 0 
54 7 17.94 6.2602 II 102. 50 2.63 18.0 
55 7 17. 94 6.2602 11 98.00 2.69 12. 0 
56 7 24.58 6.2602 II 86.00 2.63 13. 0 
57 7 24. 58 6.2602 II 88.50 3. 00 9.0 
58 7 17. 94 6.2602 II 101.00 2.25 9. 5 
59 8 22. 76 6.2602 II 69.00 1. 88 23. 5 
60 8 22. 76 4. 9682 II 60. 00 1. 19 24. 0 
61 8 22.76 8. 1452 II 82.00 1. 56 22.0 
62 8 22. 76 9.5550 II 88.00 1. 63 22. 0 
63 9 22. 76 9.5550 II 91.00 1. 38 24.0 
64 9 22.76 6.2602 II 74. 00 1. 63 24.0 
65 9 22.76 4. 9682 II 68. 50 0.94 25. 3 
66 9 22.76 8.1452 II 83. 00 1. 56 23.0 
67 10 22. 76 6. 2602 II 68.50 1. 88 25. 3 
68 10 22. 76 8. 1452 II 76. 00 1. 56 23. 8 
69 10 22.76 4. 9682 II 60. 00 1. 25 26.5 
70 10 22 . 76 9. 5550 II 84. 00 1. 38 24. 3 
71 11 22 . 76 9. 5550 II 87. 00 1. 44 24.3 
72 11 22 . 76 6.2602 II 67. 50 1. 75 24. 0 
73 11 22.76 8.1452 II 86. 50 1. 31 23. 3 
74 11 22 . 76 4.9682 II 66.50 1. 19 26. 0 
75 12 22. 76 4. 9682 II 66.00 1. 19 26. 0 
76 12 22.76 8. 1452 II 76. 00 1. 44 24.3 
77 12 22.76 6. 2602 II 72. 50 1. 63 24.0 
78 12 22. 76 9. 5550 II 83. 00 1. 38 24.0 
79 13 22. 76 9. 5550 II 83.50 1. 31 24.0 
80 13 2~ . 76 6.2602 II 70. 50 1. 69 24.8 
81 13 22. 76 4. 9682 II 64. 00 1. 00 26. 3 
82 13 22.76 8. 1452 II 79.00 ]. 31 23. 4 
83 14 22.76 8. 1452 II 79.00 1. 44 23. 5 
84 14 22.76 6.2602 II 70. 00 1. 75 24.0 
85 14 22. 76 4.9682 II 66. 00 1. 06 26. 4 
86 14 22. 76 9.5550 II 83. 00 1. 25 23. 0 
87 15 22. 76 9. 5550 II 83.00 1. 13 23. 0 
88 15 22 . 76 6.2602 II 72. 10 1. 75 25. 0 
89 15 22 . 76 8. 1452 II 76. (JJ 1. 44 24. 0 
90 15 22 . 76 4.9682 II 63. 00 1. 00 26. 8 
91 16 22 . 76 4. 9682 II 65.00 1. 25 24.0 
92 16 22 . 76 6.2602 II 69. 25 1. 50 24.0 
93 16 22.76 8. 1452 II 77. 70 1. 50 24. 0 
94 16 22.76 9. 5550 II 85. 50 1. 25 24. 0 
95 17 22. 76 4.9682 II 66. 00 1. 13 24. 0 
96 17 22. 76 6.2602 II 69.50 1. 88 24.0 
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Table 5 --Hydrodynamic Mass Data . Natural Frequency Tests 

(continued 3) 

Total Displacement Submergence 
Run Body Weight Spring Suspension Natural Amplitude to Center 

Number Number Oscillating Constant Method Frequency X2 of Body 
lb lb/in. eye/ min in. in. 

97 17 22.76 a. 1452 II 77.25 1. 50 24.0 
9a 17 22.76 9.5550 II aa.50 1. 31 24. 0 
99 1a 22.76 4.96a2 II 71.00 1. 19 24.0 
100 1a 22. 76 6.2602 II 7a.oo 1. 75 24.0 
101 1a 22.76 a.1452 II a2.00 1. 3a 24. 0 
102 1a 22. 76 9.5550 II 91.50 1. 25 24.0 
103 19 22.76 4.96a2 II 69.00 0.94 24.0 
104 19 22.76 6. 2602 II 72.00 1. 50 24.0 
105 19 22.76 a. 1452 II 79.75 1. 25 24.0 
106 19 22.76 9. 5550 II a7.3a 1. 13 24.0 
107 20 3a. 26 6.2602 II 62.00 24. 0 
10a 20 3a.26 6.3595 II 62. 50 a. 50 24. 0 
109 20 3a.26 a.1452 II 6a. oo 24.0 
110 20 3a.26 9.5550 II 76.25 7.3a 24.0 
111 20 3a.26 6.2602 II 62.00 a. 50 1a. o 
112 20 3a. 26 6.3595 II 63.00 a. 63 1a.o 
113 20 3a.26 9.5550 II 76. 50 6.75 1a.o 
1\4 20 3a. 26 6.2602 II 59.75 4. 63 12. 0 
115 20 3a.26 a. 1452 II 69.2~ 5.aa 12.0 
116 20 3a. 26 9.5550 II 77. 75 4.50 12.0 
117 21 20. 17 4. 96a2 II 90. 75 a. 13 14.0 
11a 21 20. 17 6. 2602 II 97.00 4. aa 12.0 
119 21 20.17 9.5550 II 141. 00 10.3 
1:o 22 22.91 4.96a2 II at. 00 1. 63 22.0 
121 22 22.91 6.2602 II a6. 50 2.75 21.0 
122 22 22.91 a. 1452 II 100.00 2. 25 21.0 
123 22 22.91 9.4427 II 10a. oo 0. 94 20.5 
124 23 21.49 4.96a2 II 85 .50 2.25 23.0 
125 23 21.49 6.2602 II 91.00 5. 13 26.0 
126 23 21.49 6.2602 II 90. 50 4.88 22.0 
127 23 21 . 49 a. 1452 II 107.00 4. 25 22 . 0 
1:c.:a 24 25.76 4. 91J82 II 69.50 2.a8 20. 3 
129 24 25.76 6.2602 II 74. 50 4. 13 19. 5 
130 24 25. 76 a. 1452 II 84.50 3.3a 1a. 5 
131 24 25. 76 9.5550 II 93.00 2.3a 17.3 
132 25 22. 16 4.9682 II 77. 50 3.50 22.5 
133 25 22. 16 6.2602 II a8. 00 4.75 22.0 
134 25 22. 16 a. 1452 II 99.00 4. 13 21. 0 
135 25 22. 16 9.5550 II 105.75 3.38 1a.3 
136 26 21.22 4.96a2 II 62.50 !. 50 22.5 
137 26 21.22 6.2602 II 6a.oo 2. 13 21. 5 
13a 26 21.22 a. 1452 II 74.50 1. 75 20. 0 
139 26 21.22 9.5550 II a4.00 1. 3a 17.0 
140 27 19. 90 4.96a2 II 90.00 4. 00 21. a 
141 27 19.90 6.2602 II 96. 50 5. 38 21. 0 
142 27 19.90 a. 1452 II 109.00 3.00 19.5 
143 2a 20. a3 8. 1452 II 111. 01 4. a8 21. 5 
144 2a 20. a3 6. 2602 II 95. '-,0 5.63 21. 5 
---- -· · -.......;=:::--_----· --
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Table 5 -- Hydrodynamic Mass Data, Natural Frequency Tests 

(continued 4) 

Total Displacement Submergence 
Weight Spring Natural Amplitude to Center 

Run Body Oscillating Constant Suspension Frequency X2 of Body 
Number Number lb lb/ ln. Method eye/min ln. ln. 

145 28 20.83 4. 9682 n 87. 75 4. 88 21. 3 
146 29 21.68 4. 9682 n 84. 50 4. 50 25. 8 
147 29 21.68 8.1452 n 108. 00 5.00 23. 0 
148 29 21.68 6.2602 n 94. 00 5. 63 23. 5 
149 30 22.49 6. 2602 II 91.75 5. 63 25. 3 
150 30 22. 49 8. 1452 II 106.00 4. 63 25. 0 
151 30 22.49 4.9682 II 86. 00 4. 50 27. 0 
152 31 23.32 4.9682 II 81.00 4. 38 28. 3 
153 31 23.32 8. 1452 n 104. 00 4.88 26. 3 
154 31 23. 32 6.2602 II 90.00 5. 50 27. 3 
155 32 24.17 6.2602 n 88.7!) 5. 63 27.0 
156 32 ~4 . 17 8.1452 II 102. 00 5. 13 26.5 
157 32 :: 1. 17 4.9682 II 84.00 4.50 28.0 
158 33 24.87 4.9682 II 83.00 4.38 30. 8 
159 33 24.87 8. 1452 n 104.50 5. 25 28. 3 
160 33 24.87 6.2602 II 85. 75 5. 25 29.3 
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TABLE 6 

RESULTS, NATURAL FREQUENCY TESTS 

Displacement Submergence Dimen- Hydrodynamic Hydrodynamic 
Run to Diameter to Diameter sionless Mas2' Resistance Reactance Mass 

Number Ratio Ratio Frequency lb-sec / in. lb-sec/ in . lb sec/ in . Factor-K 

1 0. 73 1. 00 8.03 0.14880 0.05904 0. 49878 0.8799 
2 0.67 1. 00 8.79 0. 13481 0. 07179 0. 49423 0. 7972 
3 0.85 1. 01) 10. 80 0.17945 0.07575 0.80830 1. 0612 
4 0. 37 0. 83 13.55 0.22251 0. 16300 0.83908 0.7796 
5 0.36 0. 83 15.44 0. 19460 0. 18932 0. 83578 0.6819 
6 0.39 0.83 15.25 0.23139 0. 18002 0. 98165 0. 8108 
7 0. 40 0.83 17.90 0.12974 0. 17962 0.64554 0.4546 
8 0.50 1. 00 10.54 0. 19232 0. 14127 0.84610 1. 1373 
9 0.32 1. 00 8. 29 0. 13060 0. 16014 0. 45146 0. 7723 

10 0. 12 1. 00 7. 40 0. 06021 0.43801 0. 18604 0.3560 
11 0.44 1. 00 8.54 0. 14977 0. 12027 0.53340 0.8857 
12 0.56 1. 00 11.30 0.14454 0. 12198 0.68135 0.8548 
13 0.45 1. 00 10.04 0. ?2609 0. 16208 0. 94733 1. 3370 
14 0.50 1. 00 11. 80 0. 18287 0. 15754 0. 90032 1. 0814 
15 0.44 1. 00 7.91 0. 15671 0. 11171 0. 51710 0.9268 
16 0.27 1. 00 10.04 0.22609 0. 15611 0.94733 1. 3370 
17 0.29 1. 00 5.90 0.17388 0. 13477 0. 42802 1. 0282 
18 0.37 1. 00 12.30 0.22122 o. 18309 1. 13550 1.3082 
19 0.48 1. 00 10.30 0.20010 0. 14807 0. 85938 1. 1833 
20 0. 45 1. 00 9.79 0.24286 0. 16163 0.99215 1. 4.362 
21 0.48 1. 00 11. 05 0.22590 o. 16674 1. 0412 1.3359 
22 0.34 1. 00 7.41 0. 19582 0. 14998 0. 60510 1. 1580 
23 0. 30 1. 00 9. 79 0.24286 0. 13593 0.9P215 1.4362 
24 0.31 1. 00 12.05 0.23421 0.23570 1. 1 '1760 1. 3851 
25 0.39 1. 00 10.04 0.21658 0. 19047 0.90748 1. 2808 
26 0. 41 1. 00 9. 67 0.25215 0. 18120 1. 01690 1. 4911 
27 0.36 1. 00 10.54 0.26081 0.22784 1. 1415 1.5424 
28 0. ~5 1. 00 7. 03 0.23199 0. 14775 0.681'11 1.3719 
29 0.25 1. 00 9.55 0.26254 o. 17604 1. 04500 1. 5526 
30 0.33 1. 00 11.69 0.25800 0.21639 1. 25670 1. 5257 
31 0.39 1. 00 9.60 0.24936 G. 19091 0. 99910 1. 4746 
32 0.40 1. 00 9.54 0.26194 o. 18708 1. 04270 1. 5490 
33 0.41 1. 00 10. 18 o. 29045 o. 20204 1.23220 1. 7176 
34 0.31 1. 00 6.90 0.24504 0.17213 0.70585 1. 4491 
35 0. 22 1. 00 99.35 0. 27831 0.20522 1. 08600 1.6458 
36 0.32 1. 00 11.49 o. 27056 0.22647 1.29660 1. 6000 
37 0.63 2.00 11.54 0. 15623 0.09373 0.75278 0.9239 
38 0.57 2.00 14.43 0. 14689 0.09556 0.88472 0.8686 
39 2. 00 8.92 0. 11801 ------- 0.43884 0.6979 
40 0.73 2.00 11. 41 o. 1673'; 0.07822 0. 79772 0.9898 
41 0.48 2.00 12.41 0.17516 o. 14603 0.90821 1. 0358 
42 0. 46 5. 00 11. 91 0. 01482 0. 10935 0. 14715 2.2016 
43 0.28 5.00 11. 53 0.00510 0. 13031 0.04910 0. 7571 
44 0.37 4.00 10.71 0.01354 0.08832 0.12125 2.0116 
45 0. 47 4. 00 11. 53 0. 01901 0. 10719 0.18317 2.8242 
46 o. 71 6. 00 11. 41 0. 00558 0. 11233 0. 05317 0.8287 
47 0.76 6. 00 11.79 0.01547 0.10494 0.15232 2.2985 
48 0. 75 4. 72 12.30 0.01406 0. 10714 0. 11709 1.6948 
49 0.63 4. 83 10.34 0.01883 0. 15850 o. 16268 2. 7971 
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DupUccme« tuflnnn    n DUMB. Hydradymaui 1 Hydradjnaauc 
■MI to OtAmMer lo Diameter UOUTM MÜ* Rr»ut4ac« RmctUK« MMB 

S-::.!» MM» MM» Friüinj f   > mtßAm to-MC   IB W—e/im Fictor-K 

M o.n 3  42 11.10 0.014*7 0. 10741 0.14411 1.1100 
il 0.T3 LM 10.60 0.01274 0.13279 0.11477 1.6091 
« O.U 9.16 10.41 0.00199 0.20502 0 01153 0.1006 
43 o.m 269 10.60 0.01412 0.10599 0.12610 11110 
44 0.44 9.00 1216 0.00700 0.11796 0.06379 1.1S06 
» 0.4S 2.00 1290 0.01201 0.11445 0.19146 1.0176 
46 0.44 2.16 10.60 0.01SS4 0.14101 0.12196 1.0110 
4T O.SO ISO 11.10 0.00024 0.11796 0.06569 1.971S 
4» O.M 1.S6 1266 0 00042 0.15022 U ^76 1.4011 
4» 0. If l.M 17.92 U   .J€J{Mt 0. 22260 0 44006 11100 
60 0.10 2.00 IS. 07 0.0M02 0.26001 0. 41996 1.2996 
61 0.19 1.69 20.60 0.0S14S 0. 22467 0. 44192 0.954S 
62 0.14 1.69 2206 0.05349 O.I7»t9 0.49316 0.9926 
63 0. IS 2.26 20.22 0.04621 0.23206 0. 44046 0.6S79 
64 o.n 2.26 16  46 0.04S24 0. 26950 0.35066 0.6999 
64 0. IS 2.96 15.29 0.037SS 0.46236 0.26941 0.6966 
66 0. IS 2.16 16.46 0  U4881 0.22466 0. 42432 0,9055 
67 0.21 2.66 12.59 0.06264 0.22230 0. 44947 1.1622 
66 0.11 2.72 19.00 0 ^6^47 0. 22445 0. 55374 1.2007 
6V 0.14 9.09 10.99 0.04662 0.24179 0. 41996 1.2996 
70 0.1« 2.76 15.97 0.06446 0.23119 0. 56722 1.1960 
71 0.10 9.24 19.64 0.05610 0.21706 0.51125 1.0406 
72 0.29 9.20 10.59 0.06627 0.25199 0. 46857 1.229S 
73 0.17 3.10 19.56 0.04026 0.30205 0.36460 0.7469 
74 0.16 3.20 10.42 0.C4S44 0.26901 0. 30256 0.6059 
74 0. 10 3.65 9.92 0. 0449» Ü. 26901 0.31107 0. 6946 
76 0.21 3.60 10.72 0. 06957 0.25876 0. 55384 1.2007 
77 0.24 3.56 10.22 0. "■»■<V 0.28V40 0. 37663 0. 9201 
78 0.20 3.55 11.71 0. 06656 0. 23399 0. 57665 1.2946 
7y 0.21 3.92 11.06 0.06596 0.25028 0.57661 1.2295 
M 0.28 4.05 9.Ü3 0. 05584 0. 26904 0.41237 1.0960 
ei 0.16 4.30 8.20 0.05159 0.39777 0. 34588 0.9S72 
H2 0.21 3.82 10.12 0. 05999 0. 30205 0. 49646 1.1190 
83 0.10 1.68 23.14 0.05999 0. 25846 0. 49646 1.1190 
84 0.13 1.72 20.50 0.05749 0.25199 0.42151 1.0665 
84 0.07 1.89 19.32 0. 04499 0.33197 0.31107 0. 8948 
86 0.09 1.72 24.30 0.06747 0.27235 0. 58648 1.2515 
87 0.11 2.16 18.48 0.06746 0. 32722 0. 58648 1.2515 
88 0.16 2.35 16.01 0.05111 0.25177 0. 38544 0. 9482 
8y 0.14 2.26 16.91 0.06957 0.25967 0. 55384 1.2907 
90 0.09 2.52 14.02 0.05519 0. 39772 0. 36382 1.0228 
91 0.13 2.46 13.26 0.04822 0.34166 0. 32830 0. 8046 
92 0.15 2.46 14.11 0. 06002 0. 34075 0. 43539 1.1136 
93 0.15 2.46 15.85 0. 06401 0.23950 0. 52095 1. 1875 
94 0.13 2.46 17.43 0.06017 0.27213 0. 53890 1.1164 
95 0.13 2.82 11.73 0.04499 0. 30032 0.31107 0. 8348 
96 0.22 2.82 12.36 0.05917 0.22260 0. 43074 1.0977 
97 0.18 2.82 13.74 0. 06544 0. 23899 0. 52956 1.2142 
98 0.15 2.82 15.73 0. 05223 0. 25080 0.48421 0.9691 
99 0.24 4.80 7.42 0.03087 0.26472 0. 22959 0.5727 



Til'lr  « TMU 

DupUcemrol    äubmenteace    Dtmn-   Hydrudyntmic Hydixrtynnnjic 
to Diameter     to Dumctcr    sUMÜtM MAM        ft*«uuac« ■—rtiac»       MAM 

Ratio lUtJo frtq^Mfy   ■»-•ec' la      lt>-MC la   ■> aec ta    Factor-K 

100 Ü.35 4.« «15 tLtMtl O.MISt 0.1MM 0.0401 
101 0.29 4.«0 «M 0.0S14S 0.27«25 0.44191 0.0S45 
10: 0.25 4.«0 9.5« 0.0450« 0. 27113 0.43190 0.«3*0 
103 0.1« 4.«0 7.11 ü 0J615 ■<  4826« 0.20130 0*707 
104 0.30 4.«0 7.51 0.05111 0.34075 0. J«544 094*1 
10» 0.25 CM «34 0.05777 0. 3319« 0.4«JtT 1.0717 
li* 0.23 4.«0 «.11 0.05511 0. 31700 0.50443 10115 
107 .... 2.00 1«.»7 0. 04922 0. 31«*7 1.104* 
10t 0.71 2.00 IS. 70 0  04917 0.0314« 0. 321*3 11*11 
109 .... 2.00 17.07 0. 09134 0 43*91 14511 
110 0.«2 200 19.10 0   .^OJB 0.01773 0.4039* 119*1 
111 0.71 150 IS.S7 0 04922 0. 03311 0 319*7 1. 1*4* 
lit o.n 1.50 15. «0 0 046W 0.01935 0.30901 1.107* 
113 0.5« 1.50 1»  20 u ^»i» 0.0307« 0.3974* I.1T14 
114 0.30 1.00 15.00 o.ototi 0.09173 0.37935 1  4319 
us 0.4« 1.00 17.40 0. 05559 0.09100 0 4032« 1.S1S1 
116 0.3« 1.00 1«.S3 0.044*5 0 Ü6IW 0.3*530 10*11 
117 2.03 3.50 7 «0 0.00274 0.01095 0.02604 0.5*34 
HI l.tl 3.00 11.«0 0  0043» 0.0*315 0 0«527 1.7*74 
119 .... IM «.7« 0  00444 0.11471 I  79«5 
120 o.n 11.00 3.* o.oota 0.15090 0.0*155 1  45*3 
121 1.37 10.50 3. a o.oisos 0.1151* 0. 151** 1. 5531 
122 1.11 10.50 4.1« 0.01443 0. 14M1 0. 15537 1.1471 
123 0.47 10.24 4. SI 0.0143« 0.41*1« 0. 1*2** 117«* 
124 0.5« 5.75 7. IS 0 00494 0.0*37« 0 0442J o 54M 
I2S 1.1« «.50 7.«1 0.01««7 0.04» 12 0.11140 1.411* 
134 i.a 5.50 7.57 o.oim 0.05377 0.12001 1.S0I* 
127 1.0« 5.50 «95 0.007M 0.05311 0.0*7*4 0.9297 
12« 0.4« 3.3« «.73 0.01730 0.0731 0. 1««7 O 637 
12» 0.«9 325 9. 35 0 03640 0.07*2 0.1*40 Ü.M9 
130 0.5« 3.0« 10. «0 0.03730 0.0*19 0.3301 0*70 
131 0.40 l.«7 11.«0 0.03410 0.11*4 0.3317 0.70* 
132 O.M 5. «3 «4« 0. 017*0 0 04» I 0.1411 0.750 
133 l.t« 550 7.3« 0.02000 0.05*2 0. 1«00 0.*tl 
134 1.03 5.25 «29 0. 01040 0.0557 0.190« 0.704 
135 0.35 4.5« « «5 t)  ')20<K) 0.0*5« 0.2305 0  «»0 
136 0.13 .«7 15.69 0.0*090 0.1«34 0.3994 0.17« 
137 0.1« 1.79 17.07 o.ototo 0.1771 0.4M2 0.41S 
13« 0.15 l.tl 19.70 0.07900 0. lOM 0.91S« 0.4*0 
139 0.13 142 21 0« 0  0««»0 0.1170 0.6045 0.4^0 
140 114 «11 «59 0  0O4i3 0.0375 0.041« 111« 
141 1.54 «.00 7.0« 0.0099« 0.0437 0.1007 1.4*« 
142 0.75 5.57 7.9« 0. 01101 0.0*94 0. IMO 1.7S1 
143 139 C. 14 «.13 0.00*50 0.041* 0.07S4 0.110 
144 l.tl «.14 7.00 0.00*90 0.0411 0.0«*9 1.110 
145 1.39 «.0« «43 0   OOVX) 0.0191 0.0459 o 62 3 
146 1.29 7.35 «19 0.0073* 0.031« 0.0*50 0.011 
147 1.43 «.57 7.91 0.0074* 0.041« 0.0*45 0.011 
148 1.61 «.71 6. «9 o. oottes 0.037« 0.0*54 0.711 
149 1.61 7.22 6.72 0.000*5 0.0MI 0.0*4* 0*14 
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TABLE 7 

HYDRODYNAMIC MASS AND MECHANICAL IMPEDANCE FOR A 2:1 ELLIPSOID 
WITH AND WITHOUT ''WINGS" 

Mean Displacement To Diameter Ratio - 0. 42 

Mean Dimensionless Frequency - 12.24 x 10-3 

I. Submergence to Diameter Ratio - 1. 0 

Hydrodynamic lmpendance 
Wing Area Mass Factor Factor 

(As A Percentage (Based on Ellipsoid (Based on Ellipsoid 
of Ellipse Section) Without Wings) Without Wings) 

O% 0.892 0. 953 

20% 1. 037 1. 077 

30% 1. 298 1. 346 

40% 1. 461 1.492 

50% 1. 572 1. 604 

II. Submergence to Diameter Ratio - ., 

C% 0 . 702 

20% 0.815 

30% 1. 024 

40% 1.150 

50% 1. 237 

TABLE 8 

Phase 
Angle 

83.20° 

73. 00° 

79.81 ° 

79. 21 ° 

79.22° 

HYDRODYNAMIC MASS AND MECHANICAL IMPEDANCE FOR A SPHERE 

Hydrodynamic 
Mass Factor 

0.632 

Mean Displacement to Diameter Ratio - 0. 67 

Mean Dimensionsless Freqtaency 15. 20 x t0-3 

Mean Submergence to Diameter Ratio - 1. 64 

Impedance 
Factor 

0. 630 

Phase 
Angle 

57 



TABLE 9 

HYDRODYNAMIC MASS AND MECHANICAL IMPEDANCE FOR DISCS AND PLATES 

Body 
Shape 

Circular Disc 

1:5:1 Elliptical Disc 

2:1 Elliptical Disc 

Square Plate 

1. 5:1 Rectangular Plate 

2:1 Rectangular Plate 

2. 5:1 Rectangular Plate 

3: 1 Rectangular Plate 

4:1 Rectangular 'Plate 

5:1 Rectangular Plate 

Mean Displacement to Diameter Ratio - 0. 17 

Me~'l Dimensionless Frequency- 1546 x 1o-3 

Mean Submergence To Diameter Ratto - 2. 83 

Hydrodynamic Impedance 
Mass Factor Factor 

1. 079 1. 218 

0. 841 0.994 

0.922 1. 080 

0. 502 0.687 

0.912 0.977 

0.826 0.988 

1. 035 1. 215 

1.148 1. 422 

1.043 1. 417 

1. 092 1. 524 

60°-60°-60° Triangular Plate 1. 069 1. 277 

45 o -90 o -45 o Triangular Plate 1.130 1. 381 

TABLE 10 

Pbase 
Angle 

63.39° 

58.55° 

59.30° 

51.00° 

'35. 01 ° 

56.85° 

58.63° 

55. 78° 

51.24° 

47. 37° 

57. 48° 

56. 24° 

HYDRODYNAMIC MASS AND MECHANICAL IMPi.J>ANCE FOR AN I-BEAM TYPE SECTION 

58 

Hydrodynamic 
Mass Factor 

2. 110 

Mean Displacement To Diameter Ratio - 0. 945 

Mean Dimensionless Frequency - 3. 93 x 10·3 

Mean ~bmergence To Diameter Ratio- 10. 56 ,. 

Impedance 
Factor 

Pbase 
Angle 

3. 893 36. 25° 



TABLE   11 

HVDHODVNAMU   MASS AND MECHANICAL IMPEDANCE 
FOR FOUR TYPICAL TOWED BODIES 

Bodf 
No. 

Mcu 
DlfcpUi rmrtlt 
To Duawter 

Ratio 

Meaa 

Praqucacy 
XIO3 

Submrrceere 
To Dumrter 

Ratio 
Hydrudyiumu- 
Maaa Factor 

Impt^Umre 
Factor 

Phase 
Ancle 

13 1.03 7.ta S.tl 1.31« I.3TO 54.13* 

24 0.S3 10. M 3.15 .7t7 .827 72.88 

25 0.M 7. TO S.24 .820 852 72.87 

M 0.1S 1114 in .42« .45« 70.12 

TABLE   11 

MYDRODYNAMIC MASS AND MECHANICAL IMPEDANCE 
FOR PARALLELEPIPEDS OF SQUARE SECTION 

Mean DiapUcemenl Tu Dtameter Ratio - 1.4« 

-3 Mean DimenaUMUcu Frequency - 7.99 x 10 

Mean Submeif ence To Dumeter Ratio • 7.54 

ParaUelepiprd 
UalcMto 

WMRhRatu; 
Hydrodynamlc 
Maaa Factor 

Impedance 
Factor 

Phaae 
Ai«le 

1.123 1.461 58.77 

0.848 0.000 «1.38 

0.851 0.714 «4.21 

0.440 0.518 54.23 

0.443 0.494 63.73 

0.180 0 399 43.9« 

0.119 0.191 42.38 



TABLE   13 

RESULTS OF FORCED OSCILLATION TESTS FOR A SPHERE 

Mean Submergence To Diameter Ratio - 2. 208 
.3 

Mean Dimensiunless Frequency - 13. 06 x 1C 

Displacement To Diameter Ratio - . 333 

Hydrodynamic 
Mass Factor 

Impedance 
Factor 

Phase 
Angle 

0.715 1.020 75.06 

TABLE   14 

RESULTS OF FORCED OSCILLATION TESTS FOR A CIRCULAR DISC 

Mean Submergence To Diameter Ratio -2.0 
.3 

Mean Dimensiunless Frequency - 7.09 x 10 

Displacement 
To Diameter 

Ratio 
Hydrodynamic 
Mass Factor 

0.333 1.498 

0.500 1.757 

0.666 2.059 

Mean 
Impedance 

Factor 
Phase 
Angle 

3.333 68.39 
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ig.   17 - Toffx'ü.) Hoj\ (Body No. 2.')) Photograph 
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Fig.  19 -   V-Fin Body (Body No. 26) Photograph 
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Fig. 20 - Oscillograph Trace for Forced Oscillation Tests of a Sphere 
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Fig. 21 - Oscillograph Trace for Forced Oscillation Tests of a Circular Disc 
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SECTION THROUGH BODY 

I—2o—J 

I—2o—»J 

l«-2o—J 

■/b-« 

«/b - 10 

•/b-5 

ab -2 

ab- 1 

•/b - 1/2 

«/b - 1/5 

•/b -1/10 

TRANSLATION AL 
DIRECTION 

Vertical 

Vertical 

Vertical 

HYDROOYNAMIC MASS 
PER UNIT LENGTH 

1 irpa2 

1 n pa 

Vertical 

Vertical 

d/a - .OS 

d/a •-. 10 

d/a-.25 

Vertical 

»   1 IT p a 

1 r p i 

n p i 

-   1.14 T, pt' 

»  1.21 »rpa' 

1.36 irpa' 

1.51 rrpa' 

1.70 ff pa2 

1.98 n p*' 

m     ••  2.23 IT p a 

r   1.61 irpa2 

-   1.72 rrpa' 

iBh   -   2.10 »rpa 

Fig. 22 • Two-Dimensional Bodiei 

SOURCE 

(4)t 

(4) t 

(4)t 

(4) t, 

(6)e 

(4) t 

(4)t 

(4)t 

(4) t 

(4) t 

(4) 

(4) t 

(4)t 

(4) t 

(4)i 

(4)t 
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SECTION THROUGH BODY 
TRANSLATIONAL 

DIRECTION 
HYDRODYNAMIC MASS 

PER UNIT LENGTH 
SOURCE 

Vercical 
i/b = 2 -   .8S npa7 

2b        a/b » 1 =  .76ffpa2 

(4) t 

(4)« 

a/b - 1/2 

a/b = 1/5 

nih   ■  .6? ff p a 

=  .61 »pa' 

(4) t 

(4)t 

Vemcal 
(normal Co free 

surface) 

a/b - 1 -   .75 ff pa2 (4) t 

Horizontal 
(parallel to free 

surface) 

b - 1 .25 npa" (4) t 

2e 

20-^' 

b^tü 

:--- t—-rr^ 

a/b     1; 
e/b - "» 

Vertical 

(normal to free 
surface) 

e/b - 2.6 

e/b"j 1.8 

:— e ■ b - 1.5 

e/b - .5 

AWVAWmW 
e/b-.25 

mh   »   .75 17 p a' 

-    8? rrpa2 

ID     =■  .89 ff p « 

mh        1.00 7 p a 

m     -   1.3) ir p a 

m     •   2.00  n p a' 

(4) t 

(4)-t 

(4) t 

(4) t 

(4) i 

(4) t 

Vertical 

2.11 n p a' (6)  r 

Fig. 22 (Cont'd) - Two-Dimensional Bodies 

83 



lOOYSHAPE 
TRAMSLATIONAL 

MliCTNM 
NYOMOTMAMIC MASS SOU tec 

I.   FLAT PLATEi 
Circulmr Diic 

Vmicai 

T" 
Effect »f Ftc^acacy of 
Otnllal.oa oo 
H>*od>n««ic Mai» of 
a Ciroilat Disc 

(1)1. 

(«i 

-   •   «OgllUl ht^MDcy 
C   ■   vfliX ily of MMBd 

Ul 

NONCMMCNilONAL fRtQUCNCY -u — 

Ellipticol Di»e At Shown 
Kb.2 

-T" (T)i 

b A 

14.) 
I2.7i 
104) 
9.?7 
• 19 
7.00 
6.00 
502 
4.00 
).00 
2.00 
IV) 
1.00 

1.00 
991 
9«' 
9B? 
98) 
.97« 
.972 
.964 
.9^2 
9)) 
.900 
.826 
.748 
.6)7 

Rtttongular Platat 

I Z^Zzr 
Vertical 

b/a 
1.0 
1.5 
2.0 
2.5 
).0 
5.5 
4.0 

K »p-— b 

K 
.478 
680 
.840 
95) 

1.00 
1.00 
1.00 
1.00 

(6)* 

Fig. 83 • Three-Dimeniional Bodiei 
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IODY SHAPE 
TRAMSU TIOMAL HYDRODYNAMIC MASS SOURCE 

DIRECTION 

Tti•tvlor Plofes Vert ical 
(6) r 

f <tC:'b p (TAN 6)1' 2 

mn .. -·J 
,4--o--.y' 3 ( rr) 

z. IODIES OF REVOLUTION Vrnical (I) \, 

s,ltw•• 
(2) t 

at 2 

f 
IDh "'-rrpa3 

2o 3 

~ 

Elllpsollla Venical 4 2 
IDh "' K · - rr pab (I ) t 

3 

L·~·o~ 
K for K for 

l d~ 
al b Axial Lateral - - Motion Motion -- ---

1.00 . 500 .500 
1.50 . 305 .621 

2o- 2.00 . 209 .702 
2. 51 . 156 .763 
2.99 . 122 .803 
3.99 . 082 .860 
4.99 .059 .895 
6.01 .045 .918 
6 .97 .036 .933 

I 8.01 .029 .945 
9.02 .024 .9541 9.97 .021 .: _j 0 

Fig. 23 (Com.'d)- Three·Dimensronal Bootes 
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IODY SHAPE I TIAMSLATIOMALJ HYDIODYMMIIC MASS l SOURCE 
DIIECTIOM I 

where; K, - Hydroclya-ic Mass coefficie;u for uial -lion 

IC - Hydroclya-ic Mass coefficiml for uial -lion • of an ellipsoid of 1he s-e ra1io of a/ b 

v Vol- of body 

c Pri s•alic coefficien1 
4V - ., _ 

p b2 ( 2a) 

X w - Naad-easiaaal absciua--.:! correspaadiaJ 
10 •aai•wa ordiaale 1 

r
0

, r
1 

- Die .. t~sioalns radii of cur•arilre al nose and 1ail 

La1eral 
Mo1ioa 

Rl (2a) 

b2 

Wuak bas shown 1ha1 
die hydrodyn.-ic •ass 

of an elonp1ed body 
of re•olution can be 
reasOI}ably awrosimaled 
by 1he "producl of 1he 
deasity of the 8uid, 1he 
..uh•e nf :he bo>dy and 
l_he k • faclor for an 
ellipsoid of 1he s-e 
a/ b ratio. 

Fig. 2s (Cont'd)- Three-Dimensional Bodl~s 

(7) e 

(7) e 



IODY SHAPE TIANSLA TIOMAL HYDRODYNAMIC MASS SOURCE DIIECnOM 
2 

Vncical .h • r;"T , p •' (6)e ...,_H .. • ,,.. Swt.ce 

.ill!. ~ 
0 -~ 
.5 .88 

1.0 1.08 
1.5 1.1~ 
2.0 1.18 
2.5 1.18 
3.0 1.16 

3.5 1. 12 
4.0 1.04 
4. 5 1.00 

Vnucal 
. K 4 b2 

.h = ·- rrpa (6)e 
3 

alb - 2.00 

.!ill K 

1.00 .913 
2.00 .905 

J. IODflrOF MIITRMY SHAPE 

Elll,•lfl wlflt Attecltefl v~rcica1 
4 2 (6)e 

RecfWitvl• Flet l'lete• 
.h z K•""frrpab 

alb E 2.00; C Z b 

~~ ' c.d •N1rab 
2b 

' N K 

~2o--/f"Y 0 .7024 
.20 .8150 
.30 1.0240 
.40 1. 1500 
.50 1.2370 

Elli,•ltl wlflt Attecltetl v~nical K 
4 

b 2 (6) ~ .h .. · -rrpa 
Rect.teuler Flet Pl.,.. 3 
H ... ,,..s..-. a/ b = 2.00; c = b 

c.d eNrr &b 

N K 

0 .9130 
.20 1.0354 
. 30 1. 3010 
.40 1.4610 
- ~ 1. 5706 

Fig. 23 (Cont'd) • Three-Dimensional Bodies 

87 



88 
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IODY SHAPE 

• b- 2.38 .!. - 2.11 
~ 

t 
2b 

l 

TRANSLATIONAL 
IIRECTIOM 

v~nical 

HY DRODYMAMIC MASS 

d - c + b 
-2-

Ar~a of Horizontal "Tail" = 25" of Ar~a of Body Mnimua Horizontal Secrion. 

....!.... = u 
b 

__!.. = 3.0 
c 

c 2b 

! 

v~nical 

d = c ~ b 
-2-

Ar~a of Horizontal "Tail" ~ 20"-' of Ar~a of Body Maximum Honzontal Section. 

"T orpoJo" T w• Botly v~rtical 

t ~----") l_ 
~ 2o ~ 

D "i - 5.0 

Arc.-e of Horizontal "Tail" = 10,_ of Ar~a of Body Maximum Horizontal S~ction. 

Pig. 23 (Cont'd) - Three-Dimensional Bodies 

SOURCE 

(6) ~ 



IODY SHAPE TRAMSU TIOMAL HYDRODYNAMIC MASS SOURCE DIRECnOM 

v.,,,. r,.llofl., Venical 
• h = . 397S p L 3 (6)e 

1-L •I 
t 
I 

,-
'---;;r__c7 L 
/ ,/' 

L 1.0 L 2.0 b = - = c 

,.,.,.,.;,..,, Venical 

l 
•ti. = K p a2b (6) e 

/ / 1 b/ a K --, 1 2. 32 

Ll+. 
2 .86 
3 .62 
4 . 47 
5 .P 

~o-/ 6 . 29 
-; . 22 

10 .10 

Fig. 23 (Cont'd)- Tlu·ee-Dimensional Bo~es 
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