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ABSTRACT

2 theorelical analyvsis of the load-elongation behavior of idealized
plain-weave fabrics comprised of yarns having a racetrack cross-section
and subjected to biaxial stresses is presented, Fabric strains result-
ing from both crimp interchange and yarn extension are considered.

The analytical expressions derived have been solved with a digital
computer for both extensible and linearly elastic materials. Generalizeg
plots of the results are presented for two extremes of initial fabric
structure: (1) equal crimp distribution in both sets of yarns; (2) one

set of yarns noncrimped -- straight.
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FOREWORD

4 This report was prepared by Fabric Research Laboratories,
Inc. under U.S5, Army Contract No. DAAG 17-70-C~0030. The
work was carried out under the direction of the U.S. Army
Natick Laboratories, with Messrs. Constantin J. Monego and
Robert W. Lauder acting as project engineers.
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STRESS-5TRAIN RESPONSE OF FABRICS UNDER TWO-DIMENSIONAL LOQADING
Part I: RACETRACK YARN CROSS-SECTION

INTRODUCTION

In « previous publicatior [l1] a theoretical analysis of the load-
extension behavior of idealiz:d, plain-weave fabrics woven from round
varns and subjected to biaxial stresses was presented. Fauric strains
resulting from both crimp in.erchange and yarn extension were deter-
mined. The round-yarn geomet:y is a good approximation to reality for
fabrics woven from monofilarents or high-twist yarns [5]. However, it
is not applicable to fabrics comprised of low-twist yarns which flat-
ten during weaving. Since most fabrics for industrial/military appli-
cations are woven from moderate to low-twist yarns, a fabric model is
needed which incorporates a flattened yarn cross-sectional shape and
is amenable to a gecmetrical analysis similar to that for the round-
yarn fabric model.

The analysis developed herein is an initial attempt to overcome
this shortcoming of the previous work. It is particularly applicanle
to calendered fabrics. Analytical expressions are developed describ-
ing the initial geometry and the geometry after biaxial loading of
plain-weave fabrics woven from yvarns of racetrack cross-—sectional
shape. Fabric strains resulting from both crimp interchange and yarn
extension are included. The analytical expressions are solved for
infinitely flexible, inextensible yarn and infinitely flexible,
extensible, linearly elastic yarn. The inclusion of the effects of
fiber and yvarn bending rigidity is left to a future publication.

Generalized plots of the results are presented for two extremes
of initial fabric structure: (1) equal crimp distribution in both
sets of yarns; (2) one set of yarns straight (noncrimped). An equal
number of warp and filling yarns per unit width before loading is
assumed for both extremes. The fabric extension in both the warp and
filling directions is given as a function of the loads applied along
the warp and filling axes, a parameter comprised of the yarn cross-
sectional area and the number of yarns per uni width in the unloaded
fabric, tne ratio of the yarn width-to-thickness, the yarn packing
factor, and the filament tensile properxties. The results for various
loading ratios, fabric constructions and degrees of yarn flattening
are compared,

Preceding page blank
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A procedure for predicting the strength and rupture elongation
of plain~weave fabrics comprised of flattened yarns with a racetrack
cross-section and subjected to biaxial loading is also developed.

The extension of the analysis to other than plain weaves is
discussed.

Assumptions

The analysis developed assumes the following:

1. The fabric is a plain weave,

2. The cross-sectional shape and area of the yarn does not .
vary along its length nor does it vary with increasing applied loads;
the yarns have a racetrack cross-sectional shape.

3. The cross-sectional area of a fiber in the yarn is negligibly
small compared to the yarn cross-sectional area.

4., The fibers are homogeneous and either inextensible or
linearly elastic.

5. The influences of strain rate, creep and stress relaxation
on the response of the fibers are negligible.

6. The yarn twist is sufficiently low that it has a negligible
effect on the yarn load-extension response.

7. The axes of the yarns are combinations of circular arcs
and straight lines prior to loading [3,4}. At yarn crossovers each
crossing yarn conforms to the cross-sectional contour of the other;
between crossovers the axes of the yarns are straight.

8. The warp yarns are initially perpendicular to the filling
yarns and remain so during loading.

9. Orthogonal yarns remain in contact during the loading cycle;
there is no yarn slippage at yarn crossovers.

10. The intrinsic tensile response of the bent yarn is the same
as that of the yarn when straight.

11. The yarns are initially relaxed and contain no residmual
stresses prior to loading.

12, The fabric is loaded in its mid~plane, The loafds are
uniformly distributed along the fabric edges. The load on the
edges parallel to the filling yarns is parallel to the warp yarns,
and the load on the edges parallel to the warp yarng is parallel to
the filling yarns,
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LIST OF SYMBOLS

The following symbols are used in the analysis:

subscript w - wvarp yarn or warp direction in fabric
subscript £ - filling yarn or filling direction in fabric
subsecript 1 -~ value of parameter before application of loads
subscript 2 - value of parameter after application of loads

* No numerical subscript means the parameter has the same value
after application of loads as before. No alphabetic subscript
means the parameter is the same for both the warp and filling

- yarns or in both the warp and £illing directions.

A = yarn cross-sectional area

a = one half the thickness of the yarn as it lies in the fabric

b = cne half the width of the yarn as it lies in the fabric

E = efficiency by which yarn strength is translated into fabric strength
B = fiber modulus of elasticity
Ey = yarn modulus of elasticity

h = distance perpendicular to the fabric plane between yarn

cross-section centers at two successive yarn Crossovers
L = length along yarn between centers of adjacent crossing

yarns

N = number of yarns per unit width of fabric

ne = number of fibers in yarn

p = yarn packing factor: ratio of the sum of the filament

cross—sectional areas to the yarn cross-sectional area

Py = total axial tensile load on a yarn
re = fiber radius

R = yarn radius

S = tensile stress (force per unit area) acting on a fiber
£ = tensile strain in a fiber; fractional fabric extension
ay = yarn tersile strain

® = angle betwzen the yarns and the fabric plane at the mid-
point between yarn cressovers; the angle subteno.d by
one~ialf the length of tvhe cirgular arc over which conract
is made between yarns at yarn crossovers

u = "effective" fabric Poisson's ratio

v = yarn Poisson's ratio

0 = external load on the fabric per unit width of fabric

3
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Pabric Model

The ceometry of the fabric model corresponding to the above
assumptions is illustrated in Figure 1. As shown, a racetrack yarn
cross—-section is a rectangle capped with semicircles. Eight
geometric parameters are required to describe this model: warp
and filling yarn cross~sectional area; rdtio of yarn cross~section
width-to-thickness; number of warp and filling yarns per unit length
of fabric; angle between warp and filling yarns and the fabric plane
at the mid-point between yarn crossovers.

The cross~sectional areas of the warp and filling yarns are

given by:
_ 2
A, = a), (n=-4)+da; b, _ (1)
A, = a, 2(5-4)+la, b (2)
£ LES1E

The equations describing the geometry before loading of plain-weave
fabrics woven from racetrack yarns using the symbols illustrated in
Figure 1 and defined in the list of symbols are:

1}

-2(b )~ 2(a +a )8

JcosB

[Lyg-2(by =2y,

Nin 1£/%1f 1f
(3)
+2(a +alf)51n91f+2(blw—alw)
l = L - -
g = [By,m2(bygmagd-2(ay +a, )6, Jeosd)
1f
(4)
+2(ay ta) ) sing) +2(b) =2, )
hlf = [L1f~2(blw-alw)-2(alw lf) lf]s1nelf
{5)
+2(alw+alf)(l—coself)
hyy = (D=2 (byemage)=2(a) +a, )8, Ising,

(6)
+2(alw+alf)(l-coselw)

4
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hlw+hlf = 2(alw+alf) (7)
Assuming infinitely flexible yarns, these squations also describe
the geometry of the fabric after loading with the subscript "1"
] replaced by the subscript "2", BExcept for the inclusion of the addi-
] tional terms, 2(b-a), representing the length of the rectangular
portion of the yarn cross~section, the equations are identical to
those describing the round-yarn fabriec [1]). If the yarn aspect ratio,
b/a, becomes unity, the equations reduce to those describing a round~
varn fabric of yarn radius, a. It is thus apparen: that the analysis
of racetrack varn fabriec differs from the analysis of the round-yarn
fabric only by the inclusion of terms expressing the degree and char-
acter of yvarn flattening {(b/a > 1).

Specification of Initial Parameters

Those geometric quantities describing a fakrie structure in
the unloaded state that are most easily measured or specified are
the number of warp and filling yarns per unit width, N, and N

1w 1f’
and the yarn aspect ratios,

the
yarn cross-sectional areas, Aw and A
b/ 304 Prp/agg-

The crosc-sactional area of a low-twist yarn can be calculated

from the number of filaments in the yarn n

fl

£ and the filament radius
re (assuming an approximately round filament cross~sectioral contoir)
as follows:

2
nf“rf _ varn denier (“rf)

P ~ fiber denier \ p

A= (8)
For a low-twist varn containing a relatively large number of round
filaments packed in cross—-section into concentric circular rings the
theoretical packing factor p is on the order of 0.750 {2}. In an
aytreme case of varn flattening where the filaments are arranged in a
rectangular cross-—sectional array of dimensions 2rf X 2rfnf the pack-
ing factor iy the same as that of a circle in a square, namely, .
G.785. ince the difference petween the packing faclors for these

two exvreme degrees of yarn flattening is not great (<5%) the cross-
sectional area of the yarn flattened to any degree can be assumed

the same as that of a yarn with a round cross-sectional configuration,
i.e., p = 0,750,

R L L SO N — e [P b —— e e —




'..—,.— T =T T T

The yarn aspect ratio b/a is uniquely determined by the yarn
cross-scctional area and yarn width b. The average yarn width b
can be calculated from the fabric light transmission and expressions
for cover factor; and yarn cross-sectional area can be determined
from the yarn denier (using an appropriate packing factor). With
these two parameters known, the yarn thickness a and aspect ratio

b/a can then be calculated. Thus with specification of Ny and le,

Aw and Af, and blw/alw and b the length of yarn between cross-

1¢/21¢

OVQrS, Llw and Llf' and the initial warp and filling yarn angles,

le and elf' can be determined from Equations 1-7 for the two ex-
tremes of initial fabric geometry: (1} equal crimp distribution in
both sets of yarns; (2) one set of yarns straight (noncrimped).

While the geometry of most real fabrics lies between these two ex-
tremes, their response will be bracketed by the response of these two
cases. For initial fabric geometries between these two extremes, one

additional parameter must be specified, e.g., either the distance be-

tween successive £illing yarn cross-section centers perpendicular to
the plane of the fabric, hlf' the similar distance between yarn cross-
section centers, hlw' the filling yarn crimp, or the warp yarn crimp
as the yarn lies in the fabric. However, these parameters are not
easily determined. One method is to imbed the fabric, section it and

examine the section under a micrcscope.

Fabric Deformation

Referring to Figure 1 and the List of Symbols the equations of
static equilibrium become

P_.cos8 (9)

Og = PgCOsb,ellye

from summing the forces in the filling direction, and

o, = chose 1 (10}

2wJ2w
from summing the forces in the warp directinn Summing the components
of the forces perpendicular to the fabric plane gives

sing = 0 (11)

Pws.1n82w-Pf of
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Combining Equations 8, 10, and 11

0 tanezf(Nzw)

W
LA {12}
O¢ tanezw(szJ

which relates tho final fabric gecmetry to the imposed loading ratio.

If it is assumed that there is n¢ axial yarn extension (L2w = Llw
= Lw' sz = Llf = Lf), that the yarn cross-sectional dimensions do
not change during loading (a2w =a,, =a. b2w = blw = bw), and that
the varns are infinitely flexible; the fabric load-extension behavior
consists entirely of an interchange of crimp between the warp and
filling yarns. The magnitude of this crimp interchange is governed
only by the value of the loading ratio, owfof. and not by the magni-
tudes of the individual loads ow and Opo Therefore, in addition to
the initial parameters already discussed, only the loading ratio need
be specified in this case to characterize the final geometry of the
fabric after loading and hence its load-extension response.

If it is desired to include the effects of axial yarn extension
in characterizing the response of a fabric to loading, Equations 9
and 10 must be used separately and the functional relationship between
the tensile loads Pf and Pw acting on the yarns in the fabric and yarn
construction, filament properties andéd change in yarn length between
crossovers considered.

It is assumed that the load-elongation response of the fabric

" yarns can be represented by

Py = Sp& = c+de {13)
where £ = fiber tensile strain, o = tensile stress (force per un't
area) acting on a fiber, and ¢ and d are constants., Since the fabrics
are assumed to be comprised of flattened yarns, the twist would be low. .
Therefore, it 1s assumed that the effect of twist on the tensile
response of the fabric yarns is negligibly small and hence the fiber
tensile strain is equivalent to the yarn tensile strain, ¢ = ¢_.
If it is further assumed that the yarn cross-sectional area remains
constant during yarn extension (v = 0) and that the yarn material is
linearly elastic, ¢ = 0 and

B A 2
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PY = pEfAey (14)
where Ef is the fiber modulus of elasticity for fabrics woven from
continuous filament varns. (The effects of twist, elastoplastic
stress-strain response, and constant volume extension (v = 1/2) on the
load~extension response of the yarn, are discusscd in reference 1..

The extension of the filling yarns in the fabric is given hy

ty = (sz“Llf)/Llf’ and similarly for the warp yarns by ﬂy = (L2w~Llw/
Liye Utilizing these expressions for the strain in the fabric yarns
and Equation 16, Equations 9 and 10 can he rewritten in the following
form
= - EEE - 15)
% N2wpan2w Llw cos@2w (
Lag
Og = szPEfAzf £ cose2f (16)

1f

From Equation 12 and Equations 3-~7, with the subscript "1"
replaced by the subscript "2", the final warp and filling yarn spacing,

N and N £r and the warp and filling yarn angles, 8 and 9 can be

2w 2 2w 2f
determined for fabrics woven from infinitely flexible, inextensible
(E = =) or extensible yarn. The resulting fabric fractional extiension

in the warp and filling directions is qiven by

E.w = ﬁ . l, {17)
N
1w
e = AW g (18)
£ N2w

Limiting Fabric Geometries-

The foregoing discussion of fabric deformation under biaxial
loading does not take into account the possibility of jeometric
limitations on the final fabric configuration imposed by a combination
of the initial fabric geometry and the loading ratio. Analysis of the
jdealized fabric model being considered suggests that there are three
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possible limiting geumetries. (It is assumed that the load applied to
the fabric in the warp direction is greater than the load applied in
1 the filling direction, a, > Uf).
(1) Warp varns pulled straight - If the length of the filling
i yarns betv2en crossovers is great enough to permit it, the warp
yarns can be pulled straight. When this occurs, l/N2f = L2w' This
limiting geometry, if attained, defines the maximum fabric extension

possible from crimp interchange; any further fabric extension regiires
yarn extension.

(2) Maximum filline contraction ~ The fabric extension in the
warp direction can be limited by the inability of tha fabric to
contract further in the filling direction. The maximum attainable
crimp has been developed in the filling yarns when there are no
straight sections between adjacent warp yarn cro«sovers.

{3) Contact between adjacent warp yarns - Fabric extension in
the warp direction can also be limited by adjacent warp yarns coming
into contact with each other at the fabric mid-plane between cross-
overs {6]. When this occurs l/N2w = 2bw. Detailed discgssion of
these limiting geom=tries is presented in later sections.

ANALYTICAL RESULTS

The analytical expressions derived above for the load-extension
behavior of idealized plain-weave fabrics subjected to biaxial stresses
have been solved for various combinations of initial fabric geometries
‘and filament properites. The Newton-Raphson iterative method for the
solution of simultaneous non-linear algebraic eguations and a digital
computer were used to obtain the solutions (see Appendix, Ref. 7). De-
scriptions of the cases solved and the results obtained are given below.

Solutiuns are given first for the case 0of nc axial yarn extension
(E = w) drring tabric leading. Only the contribution of crimp inter-
change to the load-extension response of the biaxially stressed fabrics
is considered. Results are given for the two extremes of initial
fabric structure: (1) equal crimp distribution in both sets of yarns;
{(2) one set of yarns straight (noncrimped). For both extreme cases, an
egual number of warp and filling yarns per unit width hefore loading
is assumed. As noted previously, the results are a function only of
the loading ratio aw/of and not of the magnitudes of the imposed loads.

10
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I. Square Fabric, Inextensible, Infinitely Flexible Yarn

For an initially square, plain-weave fabric with the same
infinitely flexible and inextensible yarn in both directions

Ny = Mg = Npo
O = %18 = 9y
Liw = D1 = g = Ly = Ly

and assuming the yarn cross—sectional dimensions do not change during
loading

1w “1f 2w 2f
2f

bw/aw = bf/af = b/a,

These assumptions allow considerable simplification of the equa-
tions describing the initial and final fabric geometry. Egquations 1-7
reduce to the following three expressions

A= az(n—4)+4ab {19)
1 2(2cosel—1)cosel

5 = ST5E +431nel+2lb/a—l) (20)
1 1

1 2(2cosﬁl~l)

a " s, +48,+2 (b/a-1) (21)

The dimensionless parameters Nla and L/a are plotted versus 01
for various values of the aspect ratio, b/a, in Figures 2 and 3
respectively; Figure 4 shows L/a as a function of Nla for various
aspect ratios. (The value of L/a for b/a = 10 is so large for all

values of H,a that it was excluded from Figures 3 and 4.) Since both
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"a" and the radius of a round yarn are nmeasures of one-nalf the yarn

thickness, the parameters N.a and L/a are analogous to the guantities

NlR and L/R used in the ana%ysis of the round-yarn fabric {1]). The
curves 1in Figures 2 through 4 are terminated at 61 = 1.047, i.e., 60°,
This is the angle of the yarns in an initially jammed fabric as dis-
cussed in a subsequent section below.

Although Figures 2, 3 and 4 effectively and simply illustrate the
behavior of Equations 20 and 21, they are not satisfactory means for
investigating the interrelationships between the number of yarns per
unit width, the yarn cross-sectional area and the degree of yarn
flattening, as well as the effect of varying these parameters
separately, upon the initial fabric crimp and crimp angles. It
would be desirable, for instance, to see graphically the effects on
fabric structure of varying only the yarn aspect ratio while maintain-
ing a constant yarn cross-sectional area. Since the area does remain
constant for various degrees of yarn flattening, as the aspect
ratio changes, both "a" and "b" obviously must change also. Thus,

in Figure 2 a line of constant N.a cannot imply either a constant

1

value of Nl or of "a" as it intersects b/a curves. Furthermore,

maximum values of N.a indicated in Figure 2 for different aspect

ratios cannot be re;dily related to the maximum achievable number
of yarns per unit width for any particular value of cross-sectional
area. Similar problems arise in the interpretation of Figures 3 and 4.
In an effort to be able to compare the results of the present
"analysis to those for the round-yarn analysis and at the same time
permit a more versatile representation of the information given by
Equations 20 and 21 in terms of initially specified quantities, the
dimensionless parameters NIJE7? and L/V/A/7% are utilized. The basis

of this choice is Equation 19 which can be rearranged to give:
_ , 1/2
vA/T = af4(b/a-1)/1+1]} . (22)

Values relating the two marameters, Nla and N1/A7n, for various

aspect ratios, are given in Table 1.

15
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TABLE 1

AREA NORMALIZING FACTORS FOR RACETRACK YARNS

[4 (b/a~1) /n+1] 172

o
™~
1

|

1.000
1.508
1.883
2,468
3.529

oo

1

Figure 5 shows Nl/37¥ plotted against the erimp angle 81; Figure
6 gives L/V/A/T as a function of Nl/§7?. The curves in Figure 5 may be
interpreted as showing for a range of aspect ratios the way in which
the erimp angle 61 increases with: (1) increasing number of varns
per unit length Nl for any specified yarn cross-—sectional area A or;
(2) increasing cross—sectional area A for any specified number of

varns per unit length. Maximum achievable values of N, for any A or

1
of A for any Nl are readily apparent for various yarn aspect ratios;
alterTnately the maximum amount of yarn flattening which can ocecur for

any combination of values of N, and A can be determined. As would be

expected, the more open fabricé (low values of Nl¢§7?) can accommodate
a greater degree of yarn flattening. One interesting fact shown in
Figure 5 which is not apparent in Figure 2 is that in more open fabries
the crimp angle is greatest when the aspect ratio is lowest; while
above a critical value of tightness, which differs for each aspect
‘ratio, the converse is true. The lower the aspect ratio the thicker
the yarn and thus the greater the angle the yarns make with the plane
of the fabric at their mid~point between yarn crossovers in an open
fabrie. However, in a more tlghtly woven fabric the higher the yarn
aspect ratio the closer to a jammed construction the fabriec is and
thus the greater the angle the yarns must make with the plane of the
fabric at their mid-point between yarn crossovers in order to pass
over one yarn and then under the next in the plain-weave construction
(see Figure 1),

It can be seen from Figure 6 that the length L of yarn between
crossovers is not strongly dependent on the degree of yarn flattening -~
particularly for the more open fabriecs. This length is governed
almost exclusively by the number of ends per unit length in the fabric

16

"} —

s A



D p iy A .

o "

B - e

“u. i . : L e i
D Bl ot 1o o me Tl

—

1

1.0

*

1
i

6

0.4

0.15¢
0,10+

u/ 3ﬁz

Bl (radians)

Ny A/1 vys 91 for Square Fabric
17

Figure 5.



YA/ vs Nl/A7wr for Square Fabric

L/

Figure 6

18



in relation to the yarn cross-—gectional area, i.e., by the tightness
of the fabric construction.

It is interesting to examine graphically the various components
of the length L between crossovers for different degrees of yarn
flattening. These components, normalized for yarn cross-sectinnal
area, are illustrated in Figures 7 through 9 and defined as follows:

(1) The straight length between contact points at adjacent yarn

crossovers inclined at an angle €. to the plane of the fabric,

1

Ly = L—4a81~2(b-a) = L—LII—LIIIr

(23)

L
1 = l (L"'L "'L ) .

VE?ﬁ /K7? IT "I1T

(2) The curved length which wraps around the cirossing yarn
defined by the wrap angle 61,

LII = 4a61,
(24)

L 46

11 _ 1
VAT [4{b/a=-1)/T+1]

(3) The length parallel to the plane of the fabric defined by
the rectangular section of the racetrack contour,

172}y °

LIII = 2{bh=~a),
(25)

Lygr _ 2 (b/a-1)

VE75 4 {b/a~1)/n+1]1V/ 2

As would be anticipated L

Y

111 increases with increasing aspect
ratio. As previously noted L, the total yarn length between yarn
crossovers does not vary greatly with the aspect ratio, therefore, as
shown in the figures, the length of crimped yarn between crossovers,
L~Lygy
aspect. ratio decreases the component Loy becomes ar increasingly

decreases as the yarn aspect ratio increases. Also, as the

greater portion of the total length.
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After loading, assuming infinitely flexible, inextensible yarn,
i.e., only taking into account crimp interchange (Ll = L2 = L), the
varn geometry of the deformed fabric can be found from the following
four egquations derived from Equations 3-7 and 12 after simplification
and replacement of subscripts "1" by subscripts "2":

o cct62w{[L/a—2(b/a—l)-462w]c0502w+451n62w+2(b/anl)}

W
X = e - . (26}
O¢ cot62f{[L/a—2(b/a i) 462f]cosszf+451n62f+2(b/a—;)}
[L/a-2(b/a—l)—462W]51n62w—400562w
(27)
= 4(cosezf-l)-[L/a-Z(b/a—l)-492f]sin62f
l o N . 3 .
N, a = [L/a—a(b/a—l)n462f]c0582f+451n02f+2(b/a—l) (28)
1 n - 1y . . - 29
i (L/a-2(b/a~1)-46, Jcosd, +4sind, +2(b/a-1) (2%)

By solving Equations 26 and 27 simultaneously for a specified loading
ratio Uw/of' the final crimp angles Szw and ezf can be determined.
These values can then be inserted into Equations 28 and 29 to give the
appropriate values o. N2 and N,ea. The resulting fabric strains are
computed from Egquations 17 and 18.

With the aid of a digital computer, the above equations were
solved for various pairs of values of Nla and b/a, for a series of
loading ratios, ow/qfi 1. (The results are also valid for Uw/cf <1 if
the subscripts "w" and “"f" ere everywhere reversed.) The values of Nla
used in the solutions at each value of aspect ratio are equivalent to
the same set of NIWE7T values thal were used in the previous round-yarn
znalysis (b/a = 1}[1].

The results of the computations are presented graphically in
Figures 10 through 27. Fabric extensions in the warp direction and
contractions in the filling direction are plotted versus the loading
ratio, cw/cf, for various degrees of initial fabric tightness, Nlﬁﬁﬁi,
and various amounts of yarn flattening, b/a. The fabric extensions
in both the warp and filling directions are aliso given as a function
of N1/§7F for various loading ratios and yarn aspect ratios.
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Fabric extensions are also given for cw/of = o, j,e.,, for uniaxial
roading. These extension values represent the maximum fabric extensions
possible from crimp interchange. neir derivation is discussed below.

Figures 1U and 11 which show the response of the initially square
round-yarn fabric (b/a = 1} are reprinted from reference 1.

Examination of Figures 10 throush 19 shows that the amount of
extension or contraction achieved in the fabric as the result of
crimp interchange increases with both increasing loading ratio and in
general with increasing le§7f. This latter result is not surprising
because although the length L of yarn betwzen crossovers decreases
with increasing number of ends per unit width Nl, the ratio of L to
the yarn spacing l/Nl increases. However a limiting geometry is
reached at lower levels of the loading ratio for those fabrics
characterized by higher values of Nl A/%, as indicated by the curves
which are terminated at loading ratios lower than 10. (These termi-
nation points represent the largest requested value of ow/af for
which solutions were possible and do not nacessarily represent true
maximum values.)

No fabric extension occurs for a loading ratio of one. Since
the fabric is initially square containing an equal number of ends and
equal crimp in both the warp and f£illing directions, no crimp inter-
change can take place under conditions of equal loading in both
directions. For loading ratios greater than one, the fabric elon-

.gates in the warp Jdirection and contracts in the filling direction.
The magnitudes of thege exiensions increase with increasing values
of the loading ratio, approaching the ow/cf = » extension asymptoti-
cally. Additionally, the fabric contracts more in the £illing
direction than. it extends in the warp direction.

Comparison of Figures 10, 12, 14, 1¢ ard 18 and also Figures 11,
13, 15, 17 and 19 indicate that, generally, as the yarn aspect ratio
increases, the fabric becomes stiffer in tension, i.e., the amount
of extension or contraction resulting from the application of a
particular loading ratio decreases as the degree of yarn flattening
increases. This decrease in crimp interchange is primarily
attributable to the small, but nonetheless significant, decrease in
total yarn length between crcssovers and decreasing level of initial
crimp with increasing aspect ratio for particular values of NIJK7F.
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However, some exceptions to the trend of increasing stiffness with

increasing aspect rativ occur for those fabric constructions initially
near a limiting, or jammed, configuration. For instance, for
Nl#ﬁ7? = 0.150 a higher level of both extension and contraction is
achieved, »>ver the range of lcading ratios shown, by those fabrics
haviny a yarn aspect ratio of 10 than by those whose yarn aspect ratio
is 5.

Limiting Geometries

(1) Warp yarns pulled straight - If the length L of yarn hetween
crossovers is long enough to accommodate this configuration, as the
loading ratio Uw/cf increases eventually all of the crimp will be
pulled out of the warp yarns with an appropriate increase in the
filling yarn crimp. Figure 20 illustrates this limiting configuration

1 " by 5 W
is at a minimum value for which this geometry can be achieved (imply-

for the case in which the filling yarn length L (note L

ing also a minimum yarn spacing l/NZw)' in this case the wrap angle 62f
is at the maximum achievable vali : for racetrack yarns, namely 90°, =/2
radians. (The achievement of a wrap angle greater than 90° would be
incompatible with the equations for static eguilibrium.)

Thus, in order for it to be possible to achieve straight warp
yarns, the length L of filling yarn between crossovers must be equal

to or greater than a minimum value given by

= 2(b-a)tda(n/2},

L/a > 2(b/a-1)+2m.
A list of minimum values of L/YA/% and the associated maximum values of

Nl/A7n for which this type of limiting geometry can be achieved are
given in Table 2 for various yarn aspect ratios.
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TABLE 2

HAXIMUM VALUES OF N1¢A7ﬂ FYOR WHICH WARP YARNS
CANd BE PULLED STRAIGHT - INITIALLY SQUARE FABRIC

Minimuym Maximum
b/a L/ /BT N7
1 6.28 0.169
2 5.49 0.190
3 5.46 0.189
5 5.79 0.177
0 b.88 0.147

If the warp yarns are pulled straight

ﬁ‘L=Land
2f
the maximum fractional warp extension possible from crimp interchange
based on the original yarn spacing is given by

Ew = \N1L~l)

vr, more conveniently by
€, = [(NlJA7n)(L/JA7n)—1].

Values of thir maximum warp extension are tabulated in Table 3 for

- various degrees of initial weave tightness, various aspeoct ratios,
and values of N1J37? less than those 1isted in Table 2, The corre-
sponding filling contraction and fabric effective Poisson's ratio are

alsy given.

(2) Maximum filling yarn contraction - Por those initial fabric
congtructions which cannot accommodate a complete uncrimpina of tie
warp vyarns, a jammed contigaration is reached upon loading such that
the fabric cannot contract further in the fiiling direction. As a
result, the fibric camnot extend further in the warp dire-tion unltess
axial yarn extension is considered. Figure 21 shows the jammed con-
riguratior for racetrack jyaras. Table 2 can also be interpreted as
giviny the minimum values of Nl/37¥ for which this type of jamming

can occuv;s,
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MAXIMUM WARP EXTENSION POSSIBLE F
INITIALLY SGUARE

1 0.050

10

0.100
0.125
0.150
¢.169

0.05¢0
0.100
0.125
0.150
0.1%0

0.050
0.100
0.125
0.150
0.189%

0.050
0.100
0.125
0,150
0.177

0.050
0,100
0.125
0.147

TABLE 3

Meximum
Warp

Extension,

€, (3)

e e, Mg e,

0.2
1.0
1.7
2.5
4.3
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ROM CRIMP INTERCHANGE FQOR

FABRICS

ASsociated
Filling
Contraction,

“€¢ (%)

1.5
6.7
11.3
12,7
32.5

0.7
3.2
5.5
8.9
24.4

0.3
1.5
2.8
5.0
14.0

Zffective
Polisson'sy
Ratio,

3.0
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The distinguishing geomgtrical feature of this jammed state is
that there is no component I.I of the length of yarn between crossovers.
Therefore

L = 2(b—a)+4a62f

or
8, = [L/a=2(b/a-1)]/4.

Since equation 28 after loading becomes

1

Nawa

= 451n62f+2(b/a-1),

the maximum fractional filling yarn contraction is given by

(N1/A7n)[4sin62f+2(N/a-1)]-1
173

£f
[4(b/a=1)/m+1]

Values of this maximum filling contraction are tabulated in
Table 4 for various aspect ratios and values of weave tightness
NI/K7F greater than those listed in Table 2. The corresponding warp
extension and fabric effective Poisson's ratios are also given.

The data given in Tables 3 and 4 are the maximum fabric exten-
sions possible without yarn extension, and are plotted in Figures 10-19
as the fabric extension reached at an infinite loading ratio, i.e.,
0/9 = =. For values of Nlﬁ§7ﬁ less than those given in Table 2 for
each of the values of yarn aspect ratio, b/a, the yarns are pulled
straight as cw/cf + ®y for N1/K7F values greater than those given in
the table, the fabric extension in the warp direction is limited by
the inability of the fabric to contract further in the filling direc-
ticon as ow/cf + » hecause of t.ae development of the maximum possible
crimp in the filling yarns. When Nl/§7ﬁ is equal to the values given
in Table 2, the warp yarns are pulled straight and the maximum crimp
is developed in the filling yarn. The values of illing contraction
given in Table 4 could also be used to extrapolate somewhat approxi-
mately those curves in Figures 11-19 which are terminated at loading
ratios less than 10 to the loading ratio at which the fabric actually
reaches a jammed state.
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TABLE 4

MAYIMUM FILLING CONTRACTION POSSIBLE FROM CRIMP INTERCHANGE
FOR INITIALLY SQUARE FABRICS

3 Masximum Associated Effective
nglmum Filling Waxp Poisson's
e 2f Contraction Extension Ratio
b/a LT (radians) Now A/ TEF (%) €y (%) ' 1]
1 0.169 1.5708 0.250 32.5 6.0 5.4
0.200 1.3581 0.25% 21.8 7.3 3.0
0.220 1.2577 0.263 16.3 7.0 2.3
0.240 1.1774 0.271 11.3 6.0 1.9
2 0.190 1.5708 0.251 24.4 4,3 5.7
0,200 1.4813 0.252 20,6 5.0 4,2
0.220 1.3255 0.256 14,2 5.2 2.8
0.240 1.2013 0.263 8.5 4.4 1.9
k} 0,190 1.5708 0.235 19.7 3.6 5.5
0.200 1.4525 0.236 15.3 4.0 3.9
0.220 1.2612 0.241 8.8 3.8 2.3
10 0.147 1.5708 0.160 8.5 1.5 5.7
0.150 1,4790 0.160 6.6 1.6 4,2

For a specified yarn aspect ratio and yarn cross-sectional area,
the maximum number of ends which can be accommodated in an initially
square fabric can be found by a similar procedvre. When the fabric
is initially "jammed",

L= 2(b-a)+4a91.

Combining this expression with Equation 21

6, = 1,047 radians or 60°

1

independent of the yarn aspect ratic. This value of 81 in combination

with Equatio..s 20 and 21 determines the end points of the curves in
Figures 2 to 9, The values of N1¢A7n in Figure 5 corresponding to
®1
the ow/af = » curves in Figures 10(b) =~ 19(b) intersect the abscissa,

= 60° for the various yarn aspect ratios determine the point where

The maximum Nl/A7n's possible in an initially square fabric are shown
in Pigure 22 as a function of yarn aspect ratio.
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In Figures 14-19, curves are not plotted for the highest values
of N1¢A7w that appear possgible from Figure 22, This is because for
the seemingly missing values of N,vA/T, the fabric extensions attain the

limiting values at loading ratios cw/of less than 2, the lowest value
for which results were computed.

As also shown in Figures 10 and 11, the fabric extension in the
warp direction and contraction in the filling direction increase with
increasing Nlﬁ§7ﬁ up to an N1JE7F between 0.200 - 0,240 and 0.169% ~
b.240, respectively for fabrics with a yarn aspect ratio b/a = 1,
depending on the loading ratio. For greater N1¢K7F values, the fabrics
exhibit decreasing extension in the warp direction and decreasing contrac=-
tion in the £‘lling @irection with increasing N vA77. The value N,/A7W
for which the greatest fabric extensions are obtained decreases with
increasing loading ratio {(see Figures 10(b) and 11 (b)).

A similar trend with increasing Nl¢ﬁ7? is not evident for values
of the yarn aspect ratio greater than b/a = 1 and loading ratios of
10 or less. This may be because such a trend does not exist or because
results were not obtained for sufficiently high values of Nl/ﬁ7? to
make it evident. For ow/of = » the fabric extension in the warp
direction and contraction in the filling direction for all values of
yarn aspect ratio investigated increases with increasing N1/K7? up tc
a certain value of the parameter and then decreases for higher values.
The Nl¢§7? for which the greatest fabric¢c extensions are obtained
increases with increasing yarn aspect ratio up to a b/a = 3 and then
decreases for higher values of b/a.

As would be anticipated the Nl/§7ﬁ values for which the fabric
exhibits the greatest contraction in the filling direction coincide
with the values ¢‘ven in Table 2. Fabrics with greater Nl A/T are
closer to the jammed state initially and therefore reach this
limiting gecmetry sooner upon loading. For b/a =1, 2 and 3, the
maximum warp sextsnsion occurs at N1%K7F values greater than those given
in Table 2. However, for b/a = 5 and 10, the maximum warp extension
occurs at values close to those given in Table 2.

(3) Contact between adjacent warp yarns at the fabric mid-plane -This
type of limiting configuration cannot initially arise in a square fabric com-
posed of racetrack yarns since it would require an impossible solution
to Equation 20. Upon loading the first and second types of limiting
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geometry are reached of values for the f£illing contraction lower
than would be required for the third type of limitation given by

€ = 100[2N1a(b/a) -~ 1].

Effective Fabric Poisson's Ratio

The ratio of the fabric contraction in the filling direction to
the corresponding extension in the warp direction, i.e., the effective
Poisson's ratio, y, of the fabric (p = -sf/ew), is plotted in Figures
23 - 27. 1t is recognized that this is a non~standard definition of
Poisson‘s ratio [1] and shculd be distinguished from the classical
Poisson's ratio.

The Poisson's ratios are given in Figures 23(a), 24(a), 25(a).,
26(a), and 27(a) as a function of Nl¢37ﬁ for various values of ow/af
and b/a. Similarly, they are given in Figures 23(b), 24(b), 25(b),
25(b), 26(b), 27(b) as a function of ow/af for the various values
of NI%K7F and b/a. The Poisson's ratios at an infinite loading ratio
are also noted.

The slopes of the curves giving the fabric extension in the warp
direction and contraction in the £illing direction for cw/of = « appear
to be equal as Nl/ﬁ7ﬁ approaches the values for an initially jammed
construction (see Figures 10{b}, 1ll(b), 12{b), and 13(b), etc.).

This indicates (via L'H6pitai's rule) that the Poisson's ratio for
aw/af = » at the N1%§7F for which the fabric is initially jammed is 1.
Consequently, the aw/of = ®» curves in Figure 23(b), 24(b) =--- 27(b)

_have been extrapolated to this, point.

As shown in Figures 23 through 27, the Poisson's ratio increases
with increasing loading ratie. It a&also increases continuously witn
increasing N1¢ﬁ7ﬁ for b/a > 1 and ow/af < ®», For b/a = 1, p initially
increases with increasing Nl/37¥, but shows evidence of a decrease at
high values of N1/K7?. For ¢ /0. = ® and all values of b/a, the
Poisson's ratio increases with increasing NIJK7F up to the values of
Nl¢ﬁ7ﬁ'given in Table 2. At larger Nl/K7F, ¢ decreases with increasing
Nl/37_. The max. .1 Poisson'’s ratio is roughly the same for all yarn
aspect ratios. Additionally, at the lower values of N1V37E} pis
approximately the same for all b/a’s. At higher NI/K7F'3 differences
are evident,
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II. Filling Yarn Initially Straight, Inextensible, Infinitely Flexible
Yarn

For a plain-~weave fabric with the same number of identical,
infinitely flexible yarns in both the warp and filling directions, and
one set of yarns (filling yarns) initially straight (noncrimped)

H N

1w 1f 1

i}
=

8, =0
Lyg = Log = Ly
Llw = L2w = Lw

and assuming yarn cross-sectional dimensions do not change during
loading

byy = Ppg = Py, = by =b

1w = e T a2w E a2f =

bw/aw = bf/af = b/a

With these assumptions Equations 3-7 reduce to the following three
simplified expressions desciibing the fabric geometry before loading

S +2 (b/a-1) (30)
Nla smnelw
L
£ . §£5 (31)
a 1
Ly 4
— = ta—ne—l; +461w+2 (b/a-l) (32)

N1¢A7n Vs elw' and Lw/¢A7n and Lf//A7n vs Nl/A7ﬂ are plotted in
Figures 28 and 29 respectively. Figure 28 is similar to the comparable
figure for the initially square fabric, Figure 5, and the discussion
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A

or that rigure 1s also aphlicable to rigqure Zy, I'ng curves 1n kFigure

28 were terminated at elw = 1.57, i.e., elw = 90°, Thig is the maximum

achievable angle with the assumed fabric model. Figure 29 shows that
the length of filling yarn between yarn crossovers is less than the
warp yarn length as expected since the warp yarn is crimped and the
filling straight. However, the difference is small at low values of
N1¢K7?, i.e., for open fabric constructions. Also, the lower the varn
aspect ratio, i.e., the more nearly circular the yvarns, the greater the
difference between the warp and £il ‘ng yarn lengths.

For infinitely flexible, inextensible yarn, i.e., only taking
into account crimp interchange (Ll = L2 = L), the geometry of Lhe
deformed fabric is given by the following four equations derived
from Equations 3-7 and 12 after simplification and raplacement of
subscript "1" by subscript "2%.

L
W _- 1y . _
[--3 2(b/a-1) 462W151n62w 4c0582w
(33)
Lf
= R -3y J
= 4 (cosb,¢ 1)~ = (b/a-1) 482f151n92f
Lw .
ZE _ cote2w {[wg *2(b/a~1)-482w]cosezw+451n62w+2(b/a-l)} (30)
Og cotezf Lf _
{[—3-~2(b/a~l)~492f}cosezf+451n82f+2(b/a-l)}
1 Ly - 3
N, 3 = [na-—2(b/awl)~462f]cosezf+431n62f+2(b/a«l) (35)
1 L ' -
= _...'g. -2(b/a-1}-40, jcosb, +4sine, +2(b/a-1) (36)
2f

The final crimp angles 92w and ezf were determined by solving
Equations 33 and 34 simultaneously with specified lvading ratios
ow/of > 1 for various values of Lh/a and Lf/a corresponding to a
series of values of Nja and b/a. (Loading ratios less than one were
not investigated.) N, a and N,.a were then determined from Equa-

tions 35 and 36 and the resulting fabric strains computed from
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Equations 17 and 18. The results of the computations are presented

in Figures 30 through 44. The fabric extension in the warp direction
and contraction in the filling direction are given in Figures 30 (a)

through 39{a; as a function of loading ratioc for a seried of initial
fabric constructions, N1/57F and yarn aspect ratios, bs/a. Similarly,
the fabric deformations are given in Figures 30(b) through 39(b) as

a function of initial construction N1/§7? for a series of loading
ratios and yarn aspect ratios. Figures 30 and 31 showing the response
of fabric with initially straight filling woven from round yarn

{b/a = 1) are reprinted from reference (l]. Addi-‘onally, the fabric
extensions for uniaxial loading, i.e., ow/cf = «, are given for all
cases.

As shown in these figures, the fabric elongates in the warp direc-
tion and contracts in the £illing direction. The magnitude of these
extensions increases with increasing values of the loading ratio,
approdaching the ow/of = « extensions asymptotically. However,
unlike the initially square fabrics, fabrics with initially straight
filling extend at a loading ratio of one. This occurs in fabric
with 1nitially straight filling because, unlike in the inatially
square fabric the crimp is initially unbalanced and therefore crimp
interchange can occur,

The fabric extension in the warp direction increases with increas-
ing N1/37F at all loading ratios. The contraction in the filling
direction also increases with increasing initial fabric tightness for
ow/of £ 10, When ow/of = @, the filling contraction goes through a
turning point with increasing le§75. The loca“-ion of the turning
point, i.e., the value of NlK§7F for which the filling contraction is
a maximum, is the maximum value for which the warp yarns can be pulled
straight. These values of Nl/ﬁ7? are given in Table 5 for the
various yarn aspect ratios, The manner in which the data in Table 5
are calculated is similar to the procedure outlined for the initially
square fabric.
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TABLE 5

MAXIMUM VALUES OF N1¢A7ﬂ FOR WHICH WARP YARNS CAMN
BE PULLED STRAIGHT ~ INITIALLY STRAIGHT FILLING

Minimum Maximum

b/a L /YA/T N, VA7
1 7.606 0.159
2 6.370 0.182
3 6.)l64 0.183
5 6,323 0.173
10 7.256 0.145

For values of Nl¢37F less than those given in Table 5 for each
»f the values of yarn aspect ratic b/a, the yarns ars pulled straight
as ow/of + », However, unlike the case of initially square fabric,
the fabric extension in the warp direction continues to increase with
increasing N1/§7F for NIJK7F values greater than those given in the
table. The fabric extension in the warp direction evidently is not
severely limited by the inability of the fabric to contract further in
the filling direction as ow/af + «, bhecause of the development of the
maximum possible crimp in the f£illing yarn. When N1¢Y7F is equal to
the values given in the table the warp yarns are pulled straight and
the maximum crimp is developed in the f£illing yarn.

The maximum warp extensions possible from crimp interchange are
tabulated in Table 6 for various degrees of initial weave tightness
.and yarn aspect ratios, and values of N1¢§7? less than those listed in
Table 5. Similarly, the maximum filling contractions possible from
crimp interchange are given in Table 7 for values of Nl/K7? greater
than those listed in Table 5. The corresponding fabric extensions in
the orthogonal direction and the effective fabric Poisson's ratice are also
given in the tables. The extensions in Tables 6 and 7 are the data
plotted in Figures 30 through 39 as the fabrics response at an infinite
loading ratio.

A limiting geometry of the third type, i.e., warp yarns touching,
does not occur initially in the fabric model with straight filling since
an equal number of warp and filling yarns per unit width is specified.
Upon loading, the first and second types of limiting geometry are
achieved at contractions lower than would be required to achieve this
third~-type of limitation.
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TABLE 6

k MAXIMUM WARP EXTENSION POSSIBI.. ..OM CRIMP INTERCHANGE
FOR FABRICS WITH INITIALLY STRAIGHT FILLING

Maximum Associated
Warp Filling Poisson's
Extension, Coentraction, Ratio,
b/a YA Cw (%) “EE (%) "

1 0.050 2,0 2.0 1.00
0.100 8.1 8.9 1.10

0.125 12.8 15.2 1.19

0.150 18.6 26,1 1.40

0.159% 21.0 36.3 1.73

2 0.050 0.9 0.9 1.00
0.100 4,1 4.3 1.05

0.125 6.7 7.3 1.09

0.150 10.1 12,0 1.19

0.182 16,0 27.6 1.73

3 0.050 0.6 0.6 1.00
0.100 2.9 3.0 1.03

0.125 4.8 5.2 1.08

0,150 7.6 8.8 1.16

0.183 12.6 22,2 1.72

5 0.050 0.4 0.4 . 1.00
0.100 2.C 2.0 1.00

0.125 3.5 3.7 1.06

0.150 5.8 6.8 1.17

0.173 9.3 l6.0 1.72

10 0.050 0.2 0.2 1.00
0.100 1.3 1.3 1.00

0.125 2.8 3.1 1.11

0.145 5.5 5.4 1.71
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TABLE 7

MAXIMUM FILLING CONTRACTION POSSIBLE FROM CRIMP INTERCHANGE
FOR FABRICS WITH INITIALLY STRAIGHT FILLING YARNS

Maximum Maximum Associated
Filling Warp Poisson's
82f Taptraction Extension Ratio
b/a N, /a7T {radians) N VAT ~eg (%) e, (%) u
1 0.159 1.5708 0.250 36.3 21.90 1.73
0.20C 1.2500 0.263 24,1 31.7 0.76
0.220 1.1364 0.276 20,2 36.9 0.55
0.240 1,0417 0.29C 17.1 42.9 0.40
0.250 1.0000 0.257 15.9 46.6 0.34
2 0.182 1.5708 0.251 27.6 ) 6.0 1.73
0.200 1.3854 0.254 21.3 ' 19.6 1.09
0.220 1.2138 0.262 l6,2 23.5 0.69
0.240 1.0704 0.274 12.3 27.9 0.44
£.251 1.0000 0.281 10.6 31.0 0.34
3 0.183 1.5708 0.235 22.2 12.9 1.72
0.200 1.3541 0.238 16.0 16.0 1,00
0,220 1.1404 0.247 10.8 19.6 0.55
0.235 1.9000 0.256 7.9 23.3 0.34
5 0,173 1.5708 0.206 16.0 9.3 1,72
0.200 1.0864 0.214 6.5 ~4,2 0.46
0.206 1.0000 0,217 5.3 15.5 0.34
10 0,145 1.5708 0.160 9.4 5.5 1.71
0,150 1.3824 N.161 6.8 6.3 1.08
0.160 1.0000 0.165 2.5 8.5 0.34
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For initially square fabrics the filling contraction is signifi-
cantly greater than the warpwise extensiocn. However when the filling
is initially straight, the warp extension is somewhat greater
than the filling contraction. Additionally, a comparison of the
extensions in Figures 10 through 19 and Figures 30 through 39 shows
that for any value of ﬁ1¢§7ﬁ, Uw/Uf and b/a the warp extension is
considerably greater and the filling contraction smnmewhat greater
when the filling yarns are initially straight. The difference
between the extensions decreases as the yarn aspect ratio increases,
The filling contraction is greater because larger changes in filling
crimp can occur when the filling is initially straight. Similarly, :ae
fabric extension in the warp direction is greater because: (1) the
initial crimp in the warp yarns it larger for a given Nl/ﬁ7? when the
filling yarns are initially straight; (2) there is greater crimp
interchange between the warp and filling yarns when the filling yarns
are initially straight. The difference between the extensiors and
contractions for the initially square and filling straight fabrics
decreases with increasing yarn aspect ratio berause the larger b/a
the less the initial yarn crimp.

The effective Polisson's ratio for fabrics with initially
straight filliag is given in Figures 40(a), 41(a}~-~44(a) as a
function of loading ratio for various values of b/a and Nl¢ﬁ7f, and
similarly in Figures 40(b), 41(b)~-~-44 (b) as a functicn of N1¢K7?
for various values of b/a and cwfof. The values for an infinite
loading ratio are also plotted. These latter data were taken from
Tables 6 and 7.

As shown, u increases with increasing loading ratio for all
values of b/a and N1Vﬁ7?. For Uw/Uf < 10 and low values of b/a
the Poisson's ratio decreases with increasing N1/37?; for larger
b/a, v 1is constant for small N1/K7? but decreases moder-
ately at large values of Nl¢E7¥L At ow/of = ®, u increases up to
a maximum at the N1#K7F value given in Table 5 for the appropriate
b/a and then decreases with increasing valucs above those given in
the table.

The Poisson's ratio for ow/of = « does not have a value of one at
that Nl/K7F for wvhich the fabric is initially jammed as was the case
for initially square fabric. In the initially sguare jammed fabric

93

it L,

EF IS



T LW e——

T——

0.050
0.100

0.150 7'
0.200 |

u
-9

Lad
-
mnnwun

10— - s, 0.240 f

~=~Limiting
Poisson's Ratio

s el

Poisson's Ratio,
i

G.E'ahll:..

0.2k

A e o TS

0 2 4 6 8 10

Loading Ratio, cw/cf

Figure 40(a). Poisson's Ratio:(Aspegt-Ratio = 1),
Inextensible Yarn, Initially Straight
Filling

94




o
=
e
u i
(o'} -
i . o
mr i B o 7
: : o
..!.....!Lun-l..:l.-l_i N e
- -
i g
g 1 o
< M
o n A
L. 0
-] 0
el Py
4
g
= o
i
43 A
L W O -
Lol oo
. O,
fm) L0}
= e, o~ {
-~ s
P o "
O m =}
— et
e 4 z 4
- ol < g Q
s s 4+ —t e
g = o * e
= oo gR o e
. A nunwn go ~a
= w] - Qo
: L] L g 03
o - B .MW [
— -l Q
S flw = 0 s ] o
.. 4l o .|_."m o o
. ® @ I By ;
o ~ e I i 2 : o 5
e 2 N M e o
: i i I“ : , w i 2 1
y i ! = i =
- S R M Gl A g PO S ' — IR RERREE M -
i ! i i i § = i
i i 3 L ] i - = e
==Y o =+ o4 = o =] < o~ o= M
1-“ - 1-“ — i [ [ o o n._._-.
1 ‘0T39y S,U0SSTOg (<




ing

on's Ratlo

t

i
iss

im

&

3

Fo

---L

®
3
"

q
1

o ;
Pl . FeC bl

i

=
~

‘oT3ey S,U0SSTCd

"] /cf

Loading Ratio,

W

=2)'
nt

{aspect Ratio

Inextensible Yarn, Initially Straig

Filling

o
+

s Ratio

Poisson

Figure 4l{a)

96

it ik mmorapmmt e, Mok



L e r ks P

D :
o~ .
ot S St R e ey e o H
- H
- N t
W o N i
o ;
1 __.._u. 1
......... o i
o oW !
: .mY i
..... o :
o« e~ :
o~
3 [
h 43 o
(S S]
@ - ¢
w [o R = 1
— a1 H
. &
o -
b = 2
\ : b _N S :
o - < o B i
- e +
+ = Qg ~
m o ~ oo
= s —~ 0
- . vl
mu o - M
imwn uwn g - fodit =3 o)} \
o O o S 1
ey &0 e ]
o = u v X
./W Ew el Qo
Fuar i Q =
=] - O tn [a VI o < B
=" o :
] ® 1 = ] . :
= o I o . i
0 B
S
— H
o i
)] 4
o Lo B
2 X
o i
] 1
(£ 9 f
n ‘ortiey s,UOSSTOJ i
!
i
]
i




e

-

i
i
14
1
!

1
1
3
i
Py
- i
~~ H
[ 0 | M
a .
||| t
4
ow
ol “
10 B
a1 ,
-.Mﬂ 1
kol 3 u
L (438
o . {
= }
- — *
o =]
-ri o 5 i
I o i
.m [+ 4 @ M
5 o &3 |
= = K] o _
! 0
Sk s’ - o m
o= o aASm i
P Q oV
£ 0 | Y .
e 0 X e .
ga et Q=i :
=a 0o
— -
— 1
i

i

'
e
.
]

it

Figqure 42(a}.

fOoT3RY 8,U0SSTO4




o Poisson's Ratiq- Fof—rrrmiinefedierpmatpemioedo
P e s g g , L O
gy IS SR S t, o Eo _i.., B
| EEd A i ]
5 e St S E .' e i S
: 1 S P P | e ..|:r |

Poisson's Ratio,

¥

Figure 42(h).

Poisson's Ratio;i{hspect Ratio

= 3), Inextensible

Yarn, Initially Straight Filling




1.2

1.04— '—f{

1. N_VA/7
2, 1

3.

4. I

---Limiting N = =]
Pcisson's Ratio 77?' L S W&—sz

0.050 }.:biik i
0.100 i g f
0.150 }uy, 4. § ¢ o :
7,200 [ "T'""'"f""f

nuwan

Poisson's

-
e e

Figure 43(a).

Loading Ratio, cw/of

Poisson's Ratio: (Aspect Ratio = §),
Irextensible Yarn, Initially Straight
Filling

100

- © g A A S e v 4 = WmE Ame o & e —




.25

£),
Inextensible Yarn, Initially Strai¢ht

Filling

R,

(Aspect Ratio

101

th'ﬁ

SR e e
l.':l! ' li i
HIE R T .:: '

nwuweHdk

il

H
1+

f

=
~

n/a = 5
w

Poisson's Ratiof"
Poisson's Ratio:

I o
T R T T
L5 FIRN SO T H

.0

~-—=Limiting

!

'R
e
el

‘

B e el

.
— — = o

1 ‘gr3ed S,UO0SSTO4

0
Figure 43(b}.




L S

Q
i
a4
)
=
mw

Poisson

11

‘O0T3ey S,U0SSTOg

. t—

Loading Ratio, cw/cf

10),

Inextensible Yarn, Initially Straight

Filling

(Aspect Ratio =

's Ratio

Poisson

Figure 44 (a)

162

PP =Ch e

e e - e



=
s i
-=-=Limiting o i b
i Poisson's Ratio:V G
= i :
. L2
o '
el i
+
e ‘1
o o)
h 1,04
=
o
[1j]
1]
.g .
& 0.8
0.6p~
0.4}
o
0.2t e e e L L L
] e
. | .
P T 0w o | (1 B [ : L 4y
0 0.05 0.10 0.15 0.20 0.25

Nlﬂljn

Figure 44(b). Poisson's Ratio: (Aspect Ratio = 10),
Inextensible Yarn, Initially Straight
Filling

103

o e b e A S e el R e

b p p— e R S —————————— - S



he filling yarns have already attained maxiium achievable crimp.
However, in the initially jammed fabric with straight filling
{with the same number of yarns per unit width in the warp and fill-

ing directions), as a force is applied in the warpwise direction,
crimp can develop in the filling yarns.

Bs can be seen by comparing the data in Figures 40 through 44,
the Poisson's ratic ~hanges little with yarn aspect ratio.

Comparison of the data in Figures 23-27 and 40-44 shows that
the Poissgon's ratio for fabric with initially straight filling is
roughly one third that for initially squarz fabric.

The maximum number of yarns accommodatable in fabric with
straight filling is given in Figure 45 as & function of yarn
aspect ratio. This curve is determined from Equation 30 letting
elw = 90°, the maximum angle achievable with the assumed initial
fabric geometry,

Comparing Figures 22 and 45, it can be seen that for a given
yarn aspect ratio the maximum N1/K7F is approximately the same
for both initially square fabric and fabric with initially
straight filling at. the larger b/a's. However, as the yarns
become more nearly circular, the maximum permissible Nl A/T is
somewhat larger for the initially square fabric.

TIX. Simplified Procedure; Any Yarn Aspect Ratio

The response %to loading of racetracs-yarn fabrics of any aspect
ratio, b/a, woven from inextensible yarns is identical to that of
round-yarn fabrics of radius"a"with respect to the final yarn angles,
0o and 0.
achieved for any particular loading ratio

 and changes in the yarn spacing A l/Nw and A 1/Nf

Nw N2w le
and A—£ =L _ —L—.

As illustrated in Figure 1l,that portion of the fabric model batween
sections A-A and B-B is the same as that for a fabric woven from
circular yarns of radius a. For b/a > 1 only the straight
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segment of the yarn cross~section is cutside the sections A-A

and B~E, and this port..n of the model does not change with
increasing load.

Letting Nl' and Nz' denote the number of yarns per unit width
4 in a fabric comprised of inextensible eircular varns (b/a = 1)
before and after application of the external. loads respectively,
and Nl and Ny, the number of yarns per unit width in a fabric com-
prised of racetrack yarns of any aspect ratio as before,

it can be seen from Figure 1 that

ﬁi o ﬁl'r + 2(b~z)
D8 (37)
1l . 1 n

== = o+ 2(b-a)

N2 N2

Therefore, the fabric extension € is - iven by

1/N,-1/N :
c = 2 1 _ £
I7Nl 1--2(b/a=3}N,"a

where

Congequently, the response of both initially square fabric
and fabric with initially straight filling woven from inextensible
yarn having any yarn aspect ratio b/a can be determined from the
diagrams giving the response of fabric comprised of circular
yarns (b/a = 1). The procedure is as follows:

Given b/a and Nl/A/n calculate N,a (Equation 22) and Nl'a

1
1 _ 1 _ .
ﬁ;ﬁ; = ﬁ;g 2(b/a-1) (38)

(note: Nl'a = Nl‘/§7?
for round yarns). Obtain e'w and e'f from the load-extension diagrams

for b/a = 1 at the specified leading ratio ow/of and calculated value
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of Nl‘¢A7ﬂ. The actual extensions of the racetrack-yarn fabric

having yarn with b/a > 1 are then determined from the following

expressions
1
e = £ w (39)
w  [1#2(6/a-1) N, "al] ‘
E'
= W
®f T TFIB/a-1) (N, a1 T (40)
Iv. Initially Square Fabric, Infinitely Flexible, Extensible Yarn
o (Linearly Elastic, v = 0), o,/0f 2 1
% Equations 20 and 21 describe the geometry of the fabric in

the unloaded state with L = Ll. Then, assuming that the yarn
cross-sectionil dimensions do not change during loading, i.e.,
that the Poisson's ratio of the yarn is zero

b =blf=b2w=b2f=b

= a

21w 1f - 8oy T @ T 2

The geometry of the deformed fabrie is given by the following

six equations derived from Equations 3~7 after simplification and
replacement. of . subscript."1" by subscript "2", and Equation 2
and Equations 15 and. 16, assuming the fabric is woven from
linearly elastic yarns.

L
T 2w/a
r -
o .—Ezég l]cose2w

% —
2 .
[“5" -2(b/a—l)-462f]c0592f+451ne2f+2(b/a—l)
' Log/2
0 E~EI75 - l]cosezf
T (42)
2w . _
{—5— -2(b/a-l)-492w]cosezw+451n82w+2(b/a 1)
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L
2w .
[-gu 2({b/a-1) 462w] 31n82w~4c0362w
{43)
Lot
= 4(c0382f~1)-[w3— ~2(b/a-l)-482f]sz.n82f
L2w
EE ) cotezw{[~5~ -4(b/a~l)-82w]cosezw+451n82w+2(b/a~l)] aa)
g L
£ 2f .
cotezf{[—g— -2(b/a«l)-ezf]cosezf+451n02f+2(b/a-l)}
1 = Egg -2 (b/a-1)~48._1cnsH ing..+2(b 1 45)
NZwa = ggitos 2f+451n 2f (b/a-1) {
l_ - {sz -2(b/a-1)-46, ] 8, ‘*4sinb, +2(b/a-1 46
N @ Ta 2w COSY 5y 38500 5y /a-1) (46)

where K = pEfA/a.
L2w/a, sz/a, 82w and 62f were obtained from Equations 41 through
12¢ © /0. and ¢ /(N_ a)K. (Although
W L W 1
only values of Uw/cf > 1 were used, the results are also valid for

44 for a series of values of Ll/a, N

ow/of < 1 if the subscripts "w" and "f" are reversed.) N, a and
sza were then computed for each of the sets of values of sz/a,
sz/a, 82w and 82f using Equaticns 45 and 46, and the corresponding
fractional fabric extensions in the warp and filling directions
computed with Equations 17 and 18. The results of the computations
are plotted in Figuras 46 through 70, These results encompass
combinaticns of the following range of values for each of the
parameters: NI/K7F = 0,050 ~ 0.240; applied load ¢ = 10 - 500 lbs/ .
inch width; yarn cross-sectional area A = 0,785 x 10 ° -~ 3.14 x 10 °
square inches (for circular yarns this is a yarn radius of 0.005 -
0.010 inch); fiber modulus E; = 2 x 105 - 30 x lO6 1bs/square inch.
The fabric extensions in the warp and filling direction are
given in Figures 46 through 65 as a function of the load applied in
the warp direction for specific loading ratios and yarn aspect ratios
and various values of Nl/i7F. Similarly, the fabric extensions are
given in Figures 66 through 70 as a function of the load applied
in the warp direction for specific values of b/a and Nl/§7ﬁ]

108

e i T PR

s SR 5 r 4Rl g ap———— e s



| A R s b

I =2/ ‘T = un\Bo ‘oTaqeg aaenbs ATTeTITUI i
uiex oT3SeTd ATIRSUTT :uUOTISUL3IXT O:iaqed ‘gp 2anbig |

() 2 ‘UOTSUaIXI m

0¢ 0T 0 m

TN/NO

109

I

ONTTIII b=t
aNY JuvM €29

s

LA

- A o U B < AL AL A % S A A - L 280




e e sy T

T

o
v/q ‘2 = %0/ ‘oriqes szenbs ATTeTaTur
uIex 5T3seTd A[IPAUTT :uUOTSUIXT OTaqed

() 3 ‘Uorsualxyg

"Ly 9anbTy

ae/yTnMo

1190

N4 A———




o g g™

e at s

1 =%/9 'c = ucxkn ‘otaqed =saenbs ATTETITUI
ulex O5T13seT] ATaesurT :uoTSualxXm OTaqed - gp 2anbirg

(%) 2 "uyorsuzlxNg

0s 0F 113 oz 0T 0 oT- 0=

T T

Tn/%o
1

ALY

11




NPT L TR STRRET P T W

VR M

T

e/q ‘01 = mo\Bo ‘otxqed axenbg AfyeTlTUul
uxex oT3seld ATIRBUTT fUOTSU3lXT dtiaqed

() 2 ‘uoTsusixyg

“6p 2anbtga

ML/¥r TN/

112



M
Z =%®e/qQ ‘1 = mo\ o
io1aqe3 a3enbhg A{IRTITUI ‘uUIex OT3ISETd ATaeauTl :uOTISULLIXE OTIqR3 ‘0¢ 2anbia

(% 3 ‘UuoTsualIxy

0§ 0v 0¢ 0¢ 0T 0 0T- pe-

Mo

N/

7L

p:!

VR ol "3ﬂ-.‘l:.I-MﬁﬁrMHaﬂHHﬁmmw,ur--vﬂ-'dﬂﬂw-m'p-F'm_*TT"J‘"T”
pRMea =
OO

113

I
4




3 »
g =%wv/q'g="0/0 6 h
oTaqeg oaenbs ATTeTr3itul ‘uxex >I3SeTH ATaeautq :uoTsSU23IX7 OTaqed 1§ SAnbld

{g) 3 ‘uorsualxd

\
m

114




ot
7 =®¥/q ‘g = mo\ c
oTtaqeJ dxenbs Aryer3itul ‘uaex OT13seld ATIeauTT tucTSUa3IX3 OTIGRE 7S aanbtg

(%) 3 ‘uoTsulalxxyd

peeepemeperll o4

m_méhﬁ
i

i

|

;

[

1
|
i
T
i

(]

e .--“-:.-.....- e =
-

e
-

o
o

i

i

|

F

I

i

i
L

115

|
|
L/

d97M

~ Mo

i
I
i
|
)
o
p: |

00Z*0 i o L R
0ST 0 i
i 0QT*0
! 0500

nwnu

LAYAN T -0

M I I G, S R 7 = e/q




e T -

z = ®/q ‘0T = 30/

OTaqes aaenbg ATTIBT3TUT ‘ureg oryserm ATxesaur FUOTSUS3Xd otTaqeg

"£5 2anb1g

(8) 3 ‘uoisusaxy

s s ONET TR T

E ¥

116

J L T PR

e mar W



otage3 axenbs ArreTryUul

‘ugex SI3ISeTd ATaeautt

{$) 2 ‘uoTsualixizy

£

T UoO

R/q 1 = ub\3b
Tsuaixyg otaged

*ps 2anbrd

117

b e e dom o

e
b AL it A T AN
e r———— -



J R it

———— e

P
e/q ‘7 = mn\ o

mu
tuUOTSUDIXI oTIged S 2anbty

o1Iqe3 21enbg A{TeriTul ‘uxex oTiseld A{Iedur]

() 3 ‘uoTsualxdg

0s ov 1}3 0e

.
e e e e e e e e e re e e T = )
B T e R O RS e . _
i = E =
= = e =
Lo = e = s il = = ]
Pty o P ey e = — G
e [ — i g g ey £ 1
g = o el e i
— T H
== : e 4 s H
s e e = = £
wrmifas o e el st - ofe et H-I.-u.. .[lr..l.: ,
i e - ~ i Paisy-iis 4
— T i T i
; i
JUTM




——— .

oraqey saxenbg

3
£ = ®/q ‘g = wb\ D
ATTeT3TUI ‘uIex oT3seld ATaesul] uUOTSUSIXE OoTIqRd

() 3 ‘uorsualxi

0z

‘95 sanbta

119

[P



: M
, € =e/q ‘ot = 29/
r o1ageg =axenbg ATTeT3TUI ‘useX ST3serd ATIeaUTT 1UOTSUIIXT OTaqed LS s1nb1Jd

{%) 3 ‘uoTsuaixy

i
|

L m .-.
.
i i 5
- : . i1°0 ]
i g
S I
LU
; m -0 M.
e I__. 1 =

20

i

E
1
1

T ORI Tyl T
...... - m -

| R -
L/Y

I

i

[
|
I

i
m

-

o

A

g ORL D % e
_ 00T°0 = -
T 050°0 = L/¥A'N "1 o

|

|

i

f
L

]

i
Nﬁ
o]

i

[




»
"

S =®r/q'T = ub\xo
otTaqed exenbg ATreT3Tul ‘udex OT3ISeTT ATALSDUTT :UOTSUIIXT oTagqeg g 2anbig

{3} 2 ‘UOTSUIIXT

1

2

a1 L/yATN/Mo
1




W..
4
f
H

s = %¥/q ‘Z = MO\SO

sraiqeg aaenbg X7TeT3TUI ‘ulefl oI13seld ATaeaur] UOTSUSIXH oTaqes ‘65 2aInbrg

() 3 ‘uUoTsualxmg

122

X n/yrln/Mo




g =%e/q ‘g = mo\Bo
oTaqeg aaenbg AYyeIzTul ‘uIBx 213Se(d ATARSBUTT FUOISUIJIXF DOT1aged 09 sanbtg

{$)3 ‘uUuoTsSua3xd

o T
Ju.lllM! e
:
. mow ma PR e akl aiial i i - 4T°0 .
. . : ! T T - e, I e o ORI [ SR CNORN. MR, i
S - e = 17 3 N

123

|
|
|
|
|
:[n__
|
|
¥ 2/uptn/Mo

D e b . — i A — . W 8 E— - = e Eer P na ey am——

0ST*0
00T"0
' . 0S0°0

hononu
L]
[a

s/vrIn T

= W;... e BT e e S i g = B/ .w- AT

aihahat 3 au Paimiibibn




R TWE I

atagqed axenbs ATTer3TuI

s = v/q ‘01 = J0/M0
‘uzex oI3seTd ATIERIUTT UOTSUIIXT DTIgRA

{g) 3 ‘uorsuajzxa

*19 2anbT4

w/yy LMo

A

1414.--: e e . m
00T°0 = ™ . .
|m.|.l..n.l.r e e e e e e e _.-._m.D » nu = I mmx_ z - .H e T T ﬂ_ ...u
¥ . '
: S = ©/q -

124



S B el

0T = ®/9 '1

= ND\.S.D

sTaqeg saenbg ArreriTul ‘Uaei oT3ISEId ATIesUTr] UOTSUSIXIT oTIqR]

(%) 3

‘qotrTsualxyg

*z9 @anbra

< ...M : 2 .H.-ﬂ.
i SR B R B s
=1 ....“ ot it = & .I.m.ﬂmlnlrr..nllul-..l u.. o - -
- .|.m.|....t,.1!. .!1T]|-L|..|r = .|.r.-|i.|.ll."I.1I|.
Sl T LN . S S S B NN - SO SHPCE Svteoes. NSNS M. S LNk SpStast I RN BB
! S ) ! ] : : . i
i ; i i . 2°0
N . : b~ s W B .
S - S = e i i e 5. SO
Iimu.. e - A | - ,_F = .|n HO e — * i
! : A —_— it Im|||_ T
i AR s eSSy - Pk T N T
: . : I i : | : 1
. e e e l—
: b : . P .
m e beeser e ey (AR i BRI
“ m 00T°0 = -
. m 050°0 = &/¥f N °T | i
: ; 5 _
= A cT = B/q _ i
: !
i : i

A /YA TN/

125



=

r c
.c -_:“m
w c m “mc.ﬁ b4 o.ﬂmc .- \
. Q . mvﬁm nm
. ...H . aanbt
f\ -.m.

(%) 3 ‘Uorsualxy




0T = ®/q ‘G = mc\30
o1ageg saenbg ATTeT3iTur ‘Uuaex oT31SETd ATIPSUIT TUOTSUSIXT dTIqed 9 a2anbtyg

{(g) * ‘UOTSUBdIXT

01- 0Z-

-
.

— —— -;I --I o
i £ S
H mm e
- - - Lo e —
B _ mw
. _ 1 _ N
4€°0 =
00T°0 = 1 ‘2z
] 05070 = &/¥r"N °T _dpeo
0T = ©/q J
fg-0




ortagqesd s . nbg

ATIRTaTUI ‘uxei DT3ISRTI ATILDUTT :UOTSUd}IXT DTIqR

Q¢

(%) 3

‘uotTsualxd

114

0T

0T

e/q ‘01T

35,0

"GS9

aanbtd

I-o

T

- _ - ' - .\Hoo

128

|
-
|
l
¥ L/urIn/Mo

y
|
|
I
{
i
I
H
i
!
|
i

.I
!

‘ |

]

-

est available copy.

T “ S © T 00Tr0
o T 050°0

i
-
™~

produced from

Re
b




1

e/q ‘g1°0 = meaaz ‘stageg =3enbs ATTeT3TUI
UIBX OT3SETH ATIPSUTT :UOTSUaIXT DTiIqed

(2) 3

uoTsu=23xd

‘g9

aanbrtg

i T

B

]

M SO N 1

e

L /9 TN/ Mo

129

T T I FRESRIEE, SERSERL Vo) . .
P MR TSN -r-:i.rv..]i.qim.]ul i, RERCTEROE S St S




o1aqe3 axenbs ATreTITUI ‘uIeX 2TISEPTE ATIPIUTT

(s) 3

fuotsuslxg

[4

= ﬂ..\..ﬂ

5T

"0

= W/NATN

fuoIsuazx3 otaqed

*L9 2anb1d

30

1



i i i Sl ke

€ = ®/q 'ST°0 = a/¥r'H
‘uxex oraserd ATIRSUIT :UOCTSUSIXT OTIgey g9 aanbTg

o1aqed saenbs ATTer3aTUul

2
RS
Sy
, ES
{3) 3 ‘uoTsua3xdg .
s
v- ]
- mw
L% Iwa
L
[« Rrry
o @&
a0
T°0
0
¢ Q
= —
S~ ™ 4
TN ~
] ﬂ
=
=




TR WY - T W

¢ = ©/q ‘ST"0 = L/YAN

21agqes aaenbs ATieI3Tul ‘uaex o13seld ATIEDUTT UOTSUDIXT OTaged

{(3) 3 Tuorsualixlm

69 2anb14

YN~

el st e PEE R IL I1

o MW TER [ACE t1 i ol

G0

132




0T = ©/q ‘ST°0 = s/¥p'N .
oiaqed a2aenbg ATTRTITUI ‘uJef OTISEIE ATIPSUTT UOTSUdIXFT OTIACRI 0L aanb1d

{g) = ‘ucTsualxy

(=)
BT B e £
~
2
T-
............. M“
R =3
: =
: i : 1
i 1
B T L S “
1 i
%. ” b =¥ * 0
s + B - '
M s NS O S i
i : t :
i { ! @
. .-m.....-..lu..lulull.ql.||||.m. [R—— J——
{ ~-5°0

133



and various ‘alues of aw/of. all the filling load~extension diagrams
are terminated at the point corresponding to 50% extension in the
warp direction.

The extension at constant radius of a straight, linearly
elastic, twisted yarn is also given in Figure 46 as a function of
the same parameters. This can be done since o/Nl represents the
load applied to each yarn in the fabric and, from Equation 14, the
extension, ey, of a linearly elastic yarn is given by

e = by =9
Yy pEfA NlEfA

where Py is the load applied to the yarn. As shown in Ficure 46,
the fabric is more easily extended than a straight yarn identical
to those from which the fabric is woven. This is because of the
crimp in the fabric yarns.

In Figures 46 through 65, curves are given only for the
lower values of leK7F at the larger yarn aspect ratios, i.e., for
those values of Nl/K7F for which the fabric is neither initially
jammed, nor reaches the jammed state at low levels of load.

All the analytical results were examined to check that none of
the solutions gave a physically impossible rabric deformation,
i.e., a deformation that violated the second or third types of
limiting geometries discussed previously. sz/a was found to be
less than 2b/a-.'-4e2f only over a narrow range of the loading
parameter o/(Nl/x7?)K when Nl¢Z7F = 0,24, Uw/of = 10 and b/a = 1.
The corresponding portions of the N1¢K7F = r,.240 curves in Figure
49 are therefore dotted. Although thes actual deformations must
he less than that predicted by the do:ted curves, the difference
is probabl * small.

No solutions were found where contact between adjacent warp
yarns was indicated, i.e., where l/N2w 5 2b.

As shown in Figures 46 through 66, the fabric load~extension
curves appear to intersect the zero-load axes at finite strains.
'his results Jrom the assumption that the yarns are infinitely flex-
ikle, have zero bending rigidity. The strain values at these
apparent intercepts are roughly the same as those given for initially
square fabrics woven from inextensible yarn at the corresponding
loading ratios (see Figures 10 through 19).
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It can be shown that for any specific load, v, {lDbs,1nch width

of fabric}) applied to the fabric, the fabric extension i1ncreases
with decreasing N1¢ﬁ75. The smaller nl/h/ﬁ, the tewcr are the
number of yarns available for supporting the applied load and
thus, the greater each yarn's share of the total load applicd to
the fabric. Thce fabric extension also 1ncreasces with decreasing
yarn cross-scctional area and aecreasing yarn modulus

The fabrics contract in the filling direction at low tevels
of applied loads; the contraction 1s greater at the higher loading
ratios and lower yarn aspect ratios. However. the fabric extcnds
from the contracted state as the applied load 1s increased. The
level of load that must be applied in the warp direction to
eliminate the filling contraction increases with increasing loadiny
ratio and decreasinc yarn aspect ratio For a given applied lcad
and loading ratio, the magnitude of the fabric extension in the
warp direction is conriderably greater than the extension (or
contraction) in the filling direction; the dirfference increases
with increasing loading ratio and increasing yarn aspect ratio.

The slope of the fabric warp and filling load-extension
curves subsequent to the extension that occurs 1nstantaneously
upon application of infinitesimal loads (when uw/a[ 1) decreases
as the yarn aspoct ratio increases. This occurs because the
initial angulation of the fabric yarns to the fabric mid-plane
decreases, in the cases for which solutions were obtained, with
increasing yarn aspect ratio. Consequently, the component Of the
applied load parallel to the yarn axis at the fabric mid-plane
increaces with increasi.g yarn aspect ratro. Therefore, the yarn
extensiun and resultant fabric extension increases with increasing
varn aspect ratio for a given applied load.

Additionally, the slopes of the fabric load-extens.on curves
increase with increasing loading ratio. The reason for this bend is
not readily apparent.

Figures 66 through 70 show that at low levels of applied
load the fabrics exhibit roughly the same extension 1n the warp
direction at all loading ratios Uw/of * 10. However, the fabraic
contraction in the filling direction does vary significantly
with loading ratio. Additionally, the fabric response in the two
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directions is different for the various loading ratics at the
higher levels of applied load.

As also shown in these figures the initial “i1ustantaneous”
fabric extension in the warp direction increases with i1ncreasing
loading ratio. However, the extension at the lower loading ratios
increases at a faster rate with increasing applied load so that
the curves cross. At load levels resulting in extensions larger
than those at which the curves cross the fabric extension ain the
warp direction increases with decreasing loading ratao; the
loading ratio cw/crf = 1 gives the greatest fabric extension. The
latter evidently is. the result of the greater filling extension
that occurs when the load applied in the filling direction
approaches that applied in the warp direction. Increased filling
varn extension permits a decrease in filling yarn cvimp, and.
consequently, through the balance of the vertical components of
the forces in the two orthogonal systems of yarns, a decrease in
warp yarn crimp, thereby permitting increased fabric extension in
the warp direction.

The effective fabric Poisson's ratio, 1 is gaven in Figures
71 through 99 as a function of the dimensionless loading parameter
ow/(Nl¢K7i)K for various values of initial fabric geometry N1J§7?,
yarn aspect ratio a/b and loading ratio ow/cf. The curves have
been terminated at a fabric warp extension of about 50%. For a
loading ratio of one, p = -1 at all locads and for all initial
fabric geometries, For ow/of > 2 the Poisson's ratio i1s positave
and greater than one at small values of the loading parameter. de-
creases with increasing values of the loading parameter becoming nega-
tive over a large portion of the load-parameter range. Also, b is
slightly larger throughout the load-parameter range for Nl%K7F =
0.240 than for Nl/§7? = 0.050. The Poisson's ratio does not vary
greatly with yarn aspect ratio. However, Figures 71 through 85
show b to increase positively with decreasing yarn aspect ratio.
Additionally, as shown in Figures 86 through 90, u increases
positively with increasing loading ratio.
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A simplified procedure for determining tho load-extension
response of a fabric comprised of linearly elastic yarns with
b/a > 1 analogous to that outlined for fabric comprised ot
inextensible yarn is not possible, This is because 1t 1s assumed
that there is no friction between yarns at crossovers, Thercfore,
the yarn length 2(b-a) 1in contact with the crossing yarn at the
crossovers extends into the region between crossovers. This alters

the response of this region so that 1t is not 1dentical Lo that for
a round-yarn fabric of yarn radius a.

Fabric Strength

The design engineer is usually concerned with predicting not only
the load-extension behavior of the fabric but also the ultimate
strength of the fabric. Assuming the lcad applied in the warp
direction is greater than or eqgual to that applied an the filling
direction G, 2 Ogs the fabric strength is given by the following
expression (see Equation 9).

N.cosb_ (B

where ( )ult is the rupture strength of the yarn from which the

P
y
fabric is woven. If it is assumed that the fabric 1s comprised of
linearly elastic yarns having a modulus Ey and known ruptu' 2 extension
(by)rupt

(P )

ylule {48)

= Ey(E ) = DEfA(a

v rupt ~ y)rupt

The extended length of the yarn between crossovers in the fabric
~an be determined from the following expression

L, = (l+Ly)Ll (49)
For the case of initially sguare fabrics with Oy 2 Og¢ the load
and also the yarn extension are greater in the warp direction. There-

fore, the ultimate strength of the fabric is governed by the load
Gy and the fabric will fail in the warp direction. For this case



L is determined from Equations 20, 21 and 22 for specific
initial parameters Nl/A7ﬂ and b/a. Then o
from Equations 41-44 for a specific loading ratio.

wult) can be found

Although the design engineer may only be interested in the
strength or strength-to-weight ratio of a fabric, industrial
fabrics are often rated by the efficiency with which the yarn
strength is translated into fabric strength. This efficiency,
E . in the warp direction is given by (see Equation 47)

Ew = ﬁg—jﬁ—T———-x 100 == cose2w x 100 (50)

This quantity is plotted for initially square fabric woven from
linearly elastic yarns in Figures 91 through 104 as a function of
yarn rupture strain determined according to Equation 49 for
various initial fabric constructions, degrees of yarn flattening
and loading ratios. Results are not plotted for ow/of = 10 with
b/a = 2 and 3, nor for cw/of = 5 and 10 with b/a = 5 and 10 because
the efficiency in these cases is greater than 99.5% for all values
of Nl/x7ﬁ. as shown, the efficiency increases with increasing
loading ratio, yarn aspect ratio, and yarn rupture strain. Addi-
tionally, the more open the fabric, i.e., the lower N1¢37F, the
higher the efficiency. &All of these trends toward increased

effic ‘ency are the result of decreasing warp yarn crimp - yarn
angulation with the fabric mid-plane -~ with increasing loading

ratio, aspect ratio, yarn rupture strain and decreasing N1¢A7ﬂ.
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CONCLUSIONS

The foregoing investigation shows that the stress-strain
response of plain-weave fabric composed of flattened yarn and
subjected to biaxial loading can be computed theoretically.
Fabrics wouven from yarn having a circular cross~section arc a
special case encompassed by the analysis.

The analysis shows that the maximum number of yarns per
unit width that can be woven into a plain-weave construction
having an equal number of yarns in the warp and filling is
approximately the same for initially square fabric as for fabric
with initially straight f£illing at the larger yarn aspect ratios.
However, as the yarns become more nearly circular, the maximum
number of yvarns that can be accommodated is somewhat larger for
the 1nitially square fabric.

For fabric woven from infinitely flexible, incxtensible yarn,
the amount of warpwise extension and filling contraction - crimp
interchange - resulting from the applicatinn of a particular ratio
of loads in the two directions decreases as the degree of yarn
flattening increases. Additionally, the effective fabric Poisson's
ratio is approximately the same for all yarn aspect ratios.

A comparison of the results for initially square fabric and
fabric with initially straight filling shows that the warpwise
extension is considerably greater and the filling contraction
somewhat greater when the filling yarns are initially straight.
The difference between the extensions decreases as the yarn aspect
ratio increases.

For initially square fabric woven from infinitely flexiblc,
linearly eclastic yarn, thc slope of the fabric warp and filling
load-extension diagrams subsequent to the extension that occurs
inst&ﬁgously upon application of infinitesimal loads (ow/cf > 1)
decreases with increasing yarn aspect ratio,



EXTENSIONS OF THE ANALYSIS

The analysis developed herein can also be used directly to
theoretically compute the load-extension response of basket-
weave fabrics. Since in this weave two or more yarns are woven
as one in a plain-weave pattern, the results for a plain weav:
describe the response of a hasket-weave fabric when an appropri-
ate aspect ratio describing the pair of varns is used (see
Figure 105). The load-extension results for the plain weave are
not, however, directly applicable to othei common weaves such as
twills and sateens. However, the appropriate analytical expres-
sions could be readily derived and solved for such weaves in an
analogous manner to the procedure used for the plain weave.

Investigation ol the yarn cross-section in fabrics woven
from varns twisted to low-to-moderate levels and that have not
been calendered indicates that they are best described by a
lenticular shape. The biaxial load-extension responsz of fabrics
comprised of yarns with this geometry is also being studieéd [7].

As discussed in reference 1, the divergence between the
predicted and measured response of some types of real fabrics
becomes quite large at low levels of applied load when the load-
ing ratio is greater than one. This is because the load-
deformation behavior of fabrics at low-to-moderate loads--in the
crimp-interchange region-—~is strongly dependent upon the yarn
bending rigidity, which has not been included in the analyses
developed to date. However, attempts at doing so should be made
in a continuation of the present work.
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