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STRESS-STRAIN RESPONSE OF FABRICS UNDER TWO-DIMENSIONAL LOADING 

Part I:  RACETRACK YARN CROSS-SECTION 

INTRODUCTION 

In a previous publicatior [1] a theoretical analysis of the load- 

extension behavior of idealized, plain-weave fabrics woven from round 

yarns and subjected to biaxial stresses was presented. Fabric strains 

resulting from both crimp interchange and yarn extension were deter- 

mined. The round-yarn geometry is a good approximation to reality for 

fabrics woven from monofilarents or high-twist yarns [5], However, it 

is not applicable to fabrics comprised of low-twist yarns which flat- 

ten during weaving. Since most fabrics for industrial/military appli- 

cations are woven from moderate to low-twist yarns, a fabric model is 

needed which incorporates a flattened yarn cross-sectional shape and 

is amenable to a geometrical analysis similar to that for the round- 

yarn fabric model. 

The analysis developed herein is an initial attempt to overcome 

this shortcoming of the previous work. It is particularly applicaole 

to calendered fabrics. Analytical expressions are developed describ- 

ing the initial geometry and the geometry after biaxial loading of 

plain-weave fabrics woven from yarns of racetrack cross-sectional 

shape. Fabric strains resulting from both crimp interchange and yarn 

extension are included. The analytical expressions are solved for 

infinitely flexible, inextensible yarn and infinitely flexible, 

extensible, linearly elastic yarn. The inclusion of the effects of 

fiber and yarn bending rigidity is left to a future publication» 

Generalized plots of the results are presented for two extremes 

of initial fabric structure: (1) equal crimp distribution in both 

sets of yarns; (2) one set of yarns straight (noncrimpe^l) . An equal 

number of warp and filling yarns per unit width before loading is 

assumed for both extremes. The fabric extension in both the warp and 

filling directions is given as a function of the loads applied along 

the warp and filling axes, a parameter comprised of the yarn cross- 

sectional area and the number of yarns per uni width in the unloaded 

fabxic, tne ratio of the yarn width-to-thickness, the yarn packing 

factor, and the filament tensile properties. The results for various 

loading ratios, fabric constructions and degrees of yarn flattening 

are compared. 

Preceding page blank 
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A procedure for predicting the strength and rupture elongation 

of plain-weave fabrics comprised of flattened yarns v/ith a racetrack 

cross-section and subjected to biaxial loading is also developed. 

The extension of the analysis to other than plain weaves is 

discussed. 

Assumptions 

The analysis developed assumes the following: 

1. The fabric is a plain weave. 

2. The cross-sectional shape and area of the yarn does not 

vary along its length nor does it vary with increasing applied loads; 

the yarns have a racetrack cross-sectional shape. 

3. The cross-sectional area of a fiber in the yarn is negligibly 

small compared to the yarn cross-sectional area. 

4. The fibers are homogeneous and either inextensible or 

linearly elastic. 

5. The influences of strain rate, creep and stress relaxation 

on the response of the fibers are negligible. 

6. The yarn twist is sufficiently low that it has a negligible 

effect on the yarn load-extension response. 

7. The axes of the yarns are combinations of circular arcs 

and straight lines prior to loading [3,4].  At yarn crossovers each 

crossing yarn conforms to the cross-sectional contour of the other; 

between crossovers the axes of the yarns are straight, 

8. The warp yarns are initially perpendicular to the filling 

yarns and remain so during loading. 

9. Orthogonal yarns remain in contact during the loading cycle; 

there is no yarn slippage at yarn crossovers. 

10. The intrinsic tensile response of the bent yarn is the same 

as that of the yarn when straight. 

11. The yarns are initially relaxed and contain no residua.', 

stresses prior to loading. 

12. The fabric is loaded in its mid-plane.  The loada are 

uniformly distributed along the fabric edges,  The load on the 

edges parallel to the filling yarns is parallel to the warp yarns, 

and the load on the edges parallel to the warp yarns is parallel to 

the filling yarns. 



LIST OF SYMBOLS 

The following symbols are used in the analysis: 

subscript w - varp yarn or warp direction in fabric 
subscript f - filling yarn or filling direction in fabric 
subscript 1 - value of parameter before application of loads 
subscript 2 - value of parameter after application of loads 

No numerical subscript means the parameter has the same value 
after application of loads as before.  No alphabetic subscript 
means the parameter is the same for both the warp and filling 
yarns or in both the warp and filling directions. 

A = yarn cross-sectional area 

a = one half the thickness of the yarn as it lies in the fabric 

b = one half the width of the yarn as it lies in the fabric 
E = efficiency by which yarn strength is translated into fabric strength 

Ef = fiber modulus of elasticity 
E« = yarn modulus of elasticity ty 
h = distance perpendicular to the fabric plane between yarn 

cross-section centers at two successive yarn crossovers 

L = length along yarn between centers of adjacent crossing 
yarns 

N = number of yarns per unit width of fabric 

nf = number of fibers in yarn 

p = yarn packing factor:  ratio of the sum of the filament 
cross-sectional areas to the yarn cross-sectional area 

P = total axial tensile load on a yarn 
y 

rf = fiber radius 

R = yarn radius 
5 = tensile stress (force per unit area) acting on a fiber 

z  -  tensile strain in a fiber; fractional fabric extension 

e = yarn tensile strain 
y 
6 = angle between the yarns and the fabric plane at *-he mid- 

point between yarn crossovers; the angle subten&..*d by 
one-half the length of the circular arc over which contact 
is made between yarns at yarn crossovers 

y = "effective" fabric Poisson's ratio 

v = yarn Poisson's ratio 

a = external load on the fabric per unit width of fabric 

3 
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Fabric Model 

The geometry of the fabric model corresponding to the above 

assumptions is illustrated in Figure 1«  As shown, a racetrack yarn 

cross-section is a rectangle capped with semicircles.  Eight 

geometric parameters are required to describe this model: warp 

and filling yarn cross-sectional area; ratio of yarn cross-section 

width-to-thickness; number of warp and filling yarns per unit length 

of fabric; angle between warp and filling yarns and the fabric plane 

at the mid-point between yarn crossovers. 

The cross-sectional areas of the warp and filling yarns are 

given by: 

A = a_  (ir-4)+4a, b. . w   lw       lw lw 

Af = alf (t-4)+4alfb1£ 

(1) 

(2) 

The equations describing the geometry before loading of plain-weave 

fabrics woven from racetrack yarns using the symbols illustrated in 

Figure 3 and defined in the list of symbols are: 

jji- = Il.lf-2(blw-alw)-2Ulw+alf)81£Jco.8lf 

(3) 

+2<alw+alf)sin6lf+2(blw-alw> 

N^ =  Illir-2(blf-alf>-a(aiir+Blf)eiwIoo"eiii 

+2(alw+alf)sin9lw+2(blf-alf) 
(4 

hlf = Ihf-2<bl«-Blw,-2(ali»+»lf)eM1*1,ielf 

+2(alw+alf)(l-coseif) 

hlw "  thw-2(blf-alf,-2(alw+alf)9lwlsineiw 

+2(alw+alf)(l-coS6lw) 

4 

16) 
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Figure 1.  Fabric Model with Racetrack Yarns 



hlw+hlf " 2<alw+alf> (7) 

Assuming infinitely flexible yarns, these equations also describe 

the geometry of the fabric after loading with the subscript "1" 

replaced by the subscript "2".  Except for the inclusion of the addi- 

tional terms, 2(b-a), representing the length of the rectangular 

portion of the yarn cross-section, the equations are identical to 

those describing the round-yarn fabric [1]„  If the yarn aspect ratio, 

b/a, becomes unity, the equations reduce to those describing a round- 

yarn fabric of yarn radius, a.  It is thus apparent that the analysis 

of racetrack yarn fabric differs from the analysis of the round-yarn 

fabric only by the inclusion of terms expressing the degree and char- 

acter of yarn flattening (b/a > 1). 

Specification of Initial Parameters 

Those geometric quantities describing a fabric structure in 

the unloaded state that are most easily measured or specified are 

the number of warp and filling yarns per unit width, N,  and N,f, the 

yarn cross-sectional areas, At and h~,  and the yarn aspect ratios, 

biw/aiw 
and bif/aif; 

The crost-sectional area of a low-twist yarn can be calculated 

from the number of filaments in the yarn nf and the filament radius 

rf (assuming an approximately round filament cross-sectional conto*c) 

as follows: 

2 2 

(8) 
p     fiber denier 

For a low-twist yarn containing a relatively large number of round 

filaments packed in cross-section into concentric circular rings the 

theoretical packing factor p is on the order of 0.750 [2j.  In an 

extreme case of yarn flattening where the filaments are arranged in a 

rectangular cross-sectional array of dimensions 2r^ x 2r^n^ the pack- 

ing factor is the same as that of a circle in a square, namely, 

C.78b.  Since the difference between the packing factors for these 

two extreme degrees of yarn flattening is not great (<5%) the cross- 

sectional area of the yarn flattened to any degree can be assumed 

the same as that of a yarn with a round cross-sectional configuration, 

i.e., p = 0,750. 



ONBMlMMjmiPMaBwviupw 

The yarn aspect ratio b/a is uniquely determined by the yarn 

cross-sectional area and yarn width b.  The average yarn width b 

c^n be calculated from the fabric light transmission  and expressions 

for cover factor; and yarn cross-sectional area can be determined 

from the yarn denier (using an appropriate packing factor).  With 

these two parameters known, the yarn thickness a and aspect ratio 

b/a can then be calculated.  Thus with specification of N.  and N._, 
*• JLW       11 

A and A,., and b, /a,  and b.-/an ,. the length of yarn between cross- w     f     lw' lw     lr If       r     J 
overs, L,  and L.. f, and the initial warp and filling yarn angles, 

6,  and 0,f, can be determined from Equations 1-7 for the two ex- 

tremes of initial fabric geometry: (1) equal crimp distribution in 

Loth sets of yarns; (2) one set of yarns straight (noncrimped). 

While the geometry of most real fabrics lies between these two ex- 

tremes, their response will be bracketed by the response of these two 

cases.  For initial fabric geometries between these two extremes, one 

additional parameter must be specified, e.g., either the distance be- 

tween successive filling yarn cross-section centers perpendicular to 

the plane of the fabric, h,,-, the similar distance between yarn cross- 

section centers, h.. , the filling yarn crimp, or the warp yarn crimp 

as the yarn lies in the fabric.  However, these parameters are not 

easily determined. One method is to imbed the fabric, section it and 

examine the section under a microscope. 

Fabric Deformation 

Referring to Figure 1 and the List of Symbols the equations of 

static equilibrium become 

°f "- PfCOSe2f"2f 
(9) 

from summing the forces in the filling direction, and 

o - P cos0o W0 (10) w   w   2w 2w 

from summing the forces in the warp direction  Summing the components 

of the forces perpendicular to the fabric plane gives 

PwSin92vfPfsin92f = ° U1) 



Combining Equations  9,   10,   and 11 

JL.    tan92f(N2w> 
°f   "  'tan62w{N2fT 

12) 

which relates tho final fabric geometry to the imposed loading ratio. 

If it is assumed that there is n«: axial yarn extension (L0 = L, * 2w   lw 
= L , L2- = L.... = L_), that the yarn cross-sectional dimensions do 

not change during loading (a„ , = a.  = a , bn = b.  = b ), and that 3   2w   lw   w  2w   lw   w 
the yarns are infinitely flexible; the fabric load-extension behavior 

consists entirely of an interchange of crimp between the warp and 

filling yarns.  The magnitude of this crimp interchange is governed 

only by the value of the loading ratio, a /a-, and not by the magni- 

tudes of the individual loads o and 0-o  Therefore, in addition to w     f ' 
the initial parameters already discussed, only the loading ratio need 

be specified in this case to characterize the final geometry of the 

fabric after loading and hence its load-extension response6 
If it is desired to include the effects of axial yarn extension 

in characterizing the response of a fabric to loading, Equations 9 

and 10 must be used separately and the functional relationship between 

thu tensile loads P and P acting on the yarns in the fabric and yarn 

construction, filament properties and change in yarn length between 

crossovers considered. 

It is assumed that the load-elongation response of the fabric 

yarns can be represented by 

P = spA = c+de 
y 

(13 

where e = fiber tensile strain, a  = tensile stress (force per un:t 

area) acting on a fiber, and c and d are constants«  Since the fabrics 

are assumed to be comprised of flattened yarns, the twist would be low. 

Therefore, it is assumed that the effect of twist on the tensile 

response of the fabric yarns is negligibly small and hence the fiber 

tensile strain is equivalent to the yarn tensile strain, t = e . 

If it is further assumed that the yarn cross-sectional area remains 

constant during yarn extension (v =-* 0) and that the yarn material is 

linearly elastic, c = 0 and 



r~ ■ ■ _ -■' 

P  = pE.Ae 
V  r f 

(14) 

where Ef is the fiber modulus of elasticity for fabrics woven from 

continuous filament yarns»  (The effects of twist, elastoplastic 

stress-strain response, and constant volume extension (v = 1/2) on the 

load-extension response of the yarn, are discussed in reference 1.. 

The extension of the filling yarns in the fabric is given by 

t , = (L- _-L. -)/L. c,   and similarlv for the warp yarns by K     - (L_ -L, / y    2f  If   if l J     y 2w  lw 
L, .  Utilizing these expressions for the strain in the fabric yarns 

and Equation 16, Equations 9 and 10 can be rewritten in the following 

form 

II. 

w    2w^ f 2w 
2w 

'lw 
cos8 2w (15) 

°f  '  N2fpEfA2f 
'2f_ 

If 
- i cose 

2f 
(16 

From Equation 12 and Equations 3-7, with the subscript "1" 

replaced by the subscript "2", the final warp and filling yarn spacing, 

N2 and N?f, and the warp and filling yarn angles, 0«  and Q^f  can ke 

determined for fabrics woven from infinitely flexible, inextensible 

(E = ») or extensible yarn»  The resulting fabric fractional extension 

in the warp and filling directions is aiven by 

'w ~ N2f " 
(17) 

N, lw  , 
r   w2w 

(13) 

Limiting Fabric Geometries 

The foregoing discussion of fabric deformation under biaxial 

loading does not take into account the possibility of jeometric 

limitations on the final fabric configuration imposed by a combination 

of the initial fabric geometry and the loading ratio.  Analysis of the 

idealized fabric model being considered suggests that there are three 



L     possible limiting geometries.  (It is assumed that the load applied to 

[      the fabric in the warp direction is greater than the load applied in 

\ the filling direction, o  > af) . 

(1) Warp yarns pulled straight - If the length of the filling 

yarns between crossovers in great enough to permit it, the warp 

yarns can be pulled straight« When this occurs, 1/Nn£ - L_ .  This 
iSl     4W 

limiting geometry, if attained, defines the maximum fabric extension 

possible from crimp interchange; any further fabric extension requires 

yarn extension. 

(2) Maximum fillinc contraction - The fabric extension in the 

warp direction can be limited by the inability of the fabric to 

contract further in the filling direction«  The maximum attainable 

crimp has been developed in the filling yarns when there are no 

straight sections between adjacent warp yarn crc-sovers. 

(3) Contact between adjacent warp yarns - Fabric extension in 

the warp direction can also be limited by adjacent warp yarns coming 

into contact with each other at the fabric mid-plane between cross- 

overs [6].  When this occurs 1/N~ = 2b .  Detailed discussion of 2w    w 
these limiting geometries is presented in later sections. 

ANALYTICAL RESULTS 

The analytical expressions derived above for the load-extension 

behavior of idealized plain-weave fabrics subjected to biaxial stresses 

have been solved for various combinations of initial fabric geometries 

and filament properites.  The Newton-Raphson iterative method for the 

solution of simultaneous non-linear algebraic equations and a digital 
computer were used to obtain the solutions (see Appendix, Ref. 7).  De- 

scriptions of the cases solved and the results obtained are given below. 

Solutiuns are given first for the case of no axial yarn extension 

(E = ») during fabric loading. Only the contribution of crimp inter- 

change to the load-extension response of the biaxially stressed fabrics 

is considered.  Results are given for the two extremes of initial 

fabric structure:  (1) equal crimp distribution in both sets of yarns; 

(2) one set of yarns straight (noncrimped). For both extreme cases, an 

equal number of warp and filling yarns per unit width before loading 

i& assumed. As noted previously, the results are a function only of 

the loading ratio a /af and not of the magnitudes of the imposed loads. 

i 
10 
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I.   Square Fabric, Inextensible, Infinitely Flexible Yarn 

For an initially square, plain-weave fabric with the same 

infinitely flexible and inextensible yarn in both directions 

Niw = Nif ■ Nr 

iw = eif = V 

Llw " Llf - L2f - L2w ~ L' 

and assuming the yarn cross-sectional dimensions do not change during 

loading 

blw " blf ■ b2w " b2f ■ b' 

a ■•  ■" a.. .- — a.«  — a „ _ — a # 
lw    If    2w    2f    ' 

Vaw ■ bf/af = b/a- 

These assumptions allow considerable simplification of the equa- 

tions describing the initial and final fabric geometry.  Equations 1-7 

reduce to the following three expressions 

A = a   (ir-4)+4ab (19) 

N,a 

2(2cos01-l)cos91 

sin8. +4sin91+2(b/a-l) 20 

_   2(20036,-1) 

a" "   sine, +461+2(b/a-l) (21) 

The dimensionless parameters N.a and L/a are plotted versus 6, 

for various values of the aspect ratio, b/a, in Figures 2 and 3 

respectively; Figure 4 shows L/a as a function of N,a for various 

aspect ratios.  (The value of L/a for b/a = 10 is so large for all 

values of N,a that it was excluded from Figures 3 and 4.)  Since both 

11 
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Figure 2.  N,a vs 6. for Square Fabric 
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"a" and the radius of a round yarn are measures of one-naif the yarn 

thickness, the parameters N,a and L/a are analogous to the quantities 

N,R and L/R used in the analysis of the round-yarn fabric [1].  The 

curves in Figures 2 through 4 are terminated at 0. = 1.047, i.e., 60°. 

This is the angle of the yarns in an initially jammed fabric as dis- 

cussed in a subsequent section below* 

Although Figures 2, 3 and 4 effectively and simply illustrate the 

behavior of Equations 20 and 21, they are not satisfactory means for 

investigating the interrelationships between the number of yarns per 

unit width, the yarn cross-sectional area and the degree of yarn 

flattening, as well as the effect of varying these parameters 

separately, upon the initial fabric crimp and crimp angles.  It 

would be desirable, for instance, to see graphically the effects on 

fabric structure of varying only the yarn aspect ratio while maintain- 

ing a constant yarn cross-sectional area.  Since the area does remain 

constant for various degrees of yarn flattening, as the aspect 

ratio changes, both "a" and "b" obviously must change also.  Thus, 

in Figure 2 a line of constant N a cannot imply either a constant 

value of N, or of "a" as it intersects b/a curves.  Furthermore, 

maximum values of N,a indicated in Figure 2 for different aspect 

ratios cannot be readily related to the maximum achievable number 

of yarns per unit width for any particular value of cross-sectional 

area.  Similar problems arise in the interpretation of Figures 3 and 4 

In an effort to be able to compare the results of the present 

'analysis to those for the round-yarn analysis and at the same time 

permit a more versatile representation of the information given by 

Equations 20 and 21 in terms of initially specified quantities, the 

dimensionless parameters N, /A/7T and L//A/ir are utilized.  The basis 

of this choice is Equation 19 which can be rearranged to give: 

JKJH = a[4(b/a-l)/ir+l]1/2. (22) 

Values relating the two parameters, N,a and N,/A/TT, for various 

aspect ratios, are given in Table 1. 

15 
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TABLE 1 

AREA NORMALIZING FACTORS FOR RACETRACK YARNS 

b/a [4(b/a-l)/7T+l] 1/2 

1 loOOO 
2 1.508 
3 1.883 
5 2.468 

10 3.529 

Figure 5 shows N, /A/TT plotted against the crimp angle 8,; Figure 

6 gives L//A/TT as a function of N-A/TT.  The curves in Figure 5 may be 

interpreted as showing for a range of aspect ratios the way in which 

the crimp angle 8. increases with:  (1) increasing number of yarns 

per unit length N.. for any specified yarn cross-sectional area A or; 

(2) increasing cross-sectional area A for any specified number of 

yarns per unit length.  Maximum achievable values of N, for any A or 

of A for any N, are readily apparent for various yarn aspect ratios; 

alternately the maximum amount of yarn flattening which can occur for 

any combination of values of N, and A can be determined.  As would be 

expected, the more open fabrics (low values of N, A/TT) can accommodate 

a greater degree of yarn flattening.  One interesting fact shown in 

Figure 5 which is not apparent in Figure 2 is that in more open fabrics 

the crimp angle is greatest when the aspect ratio is lowest; while 

above a critical value of tightness, which differs for each aspect 

•ratio, the converse is true.  The lower the aspect ratio the thicker 

the yarn and thus the greater the angle the yarns make with the plane 

of the fabric at their mid-point between yarn crossovers in an open 

fabric.  However, in a more tightly woven fabric the higher the yarn 

aspect ratio the closer to a jammed construction the fabric is and 

thus the greater the angle the yarns must make with the plane of the 

fabric at their mid-point between yarn crossovers in order to pass 

over one yarn and then under the next in the plain-weave construction 

(see Figure 1). 

It can be seen from Figure 6 that the length L of yarn between 

crossovers is not strongly dependent on the degree of yarn flattening - 

particularly for the more open fabrics.  This length is governed 

almost exclusively by the number of ends per unit length in the fabric 

16 
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17 



Figure 6.     L//A/7T vs N, /A/TT for  Square Fabri« 
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in relation to the yarn cross-sectional area, i.e., by the tightness 

of the fabric construction. 

It is interesting to examine graphically the various components 

of the length L between crossovers for different degrees of yarn 

flattening.  These components, normalized for yarn cross-sectional 

area, are illustrated in Figures 7 through 9 and defined as follows: 

(1)  The straight length between contact points at adjacent yarn 

crossovers inclined at an angle 0. to the plane of the fabric, 

Lj  - L-4a01-2(b-a)   = L-L^-L^, 

23) 

•<L-L    -L       ). 
/A/IT        /A/TT 

(2)  The curved length which wraps around the c;;ossing yarn 

defined by the wrap angle 0,, 

LII = 4aV 

40 

24) 

JII     =        1 

/Kfl [4(b/a-l)/TT+l]1/2]   ' 

(3)     The   length parallel  to  the  plane of  the   fabric  defined by 

the  rectangular section of  the racetrack contour, 

UIXL 

/A/TT 

L
XII - 2(b~a>' 

2(b/a-l) 

[4(b/a-l)/ir+l] 

25) 

Tfl' 

As would be anticipated L-..-. increases with increasing aspect 

ratio.  As previously noted L, the total yarn length between yarn 

crossovers does not vary greatly with the aspect ratio, therefore, as 

shown in the figures, the length of crimped yarn between crossovers, 

L-LTTT, decreases as the yarn aspect ratio increases.  Also, as the 

aspect.ratio decreases the component LT_ becomes an increasingly 

greater portion of the total length. 

19 
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After loading, assuming infinitely flexible, inextensible yarn, 

i.e., only taking into account crimp interchange (L. = L- = L), the 

yarn geometry of the deformed fabric can be found from the following 

four equations derived from Equations 3-7 and 12 after simplification 

and replacement of subscripts "1" by subscripts "2": 

cw  ccte2w{[L/a"2 <b/a-l)-462w]cose2w+4sin82w+2(b/a-1)} 

öj ~ cote2fi[L/a-2(b/a-l)~4e2fJcos02f+4sin82f+2(b/a-TTy 

[L/a-2(b/a-l)-4e2w]sin62w-4cose2w 

= 4(cos82f-l)-[L/a-2(b/a-l)-482f]sin62f 

(26 

(27 

jj—- = [L/a-2(b/a-l)»482f]cos92f+4sinG2f+2(b/a-l)        (28) 

_}„ « (L/a-2(b/a-l)-482w]cos82w+4sin82w+2(b/a-l)        (29) 

By solving Equations 26 and 27 simultaneously for a specified loading 

ratio öT/of, the final crimp angles 89. and 8^^ can be determined. 

These values can then be inserted into Equations 28 and 29 to give the 

appropriate values Ot N2 a and N2fa.  The resulting fabric strains are 

computed from Equations 17 and 18. 

With the aid of a digital computer, the above equations were 

solved for various pairs of values of N,a and b/a, for a series of 

loading ratios, o /<£.>_ 1. (The results are also valid for a /a- < 1 if 

the subscripts "w" and "f" ere everywhere reversed.) The values of N,a 

used in the solutions at each value of aspect ratio are equivalent to 

the same set of N, /A/!i values that were used in the previous round-yarn 

analysis (b/a -  1) [1] . 

The results of the computations are presented graphically in 

Figures 10 through 27.  Fabric extensions in the warp direction and 

contractions in the filling direction are plotted versus the loading 

ratio, o  /o-, for various degrees of initial fabric tightness, N.. /A/it', 

and various amounts of yarn flattening, b/a.  The fabric extensions 

in both the warp and filling directions are also given as a function 

of N, /A/ir for various loading ratios and yarn aspect ratios. 

23 



Fabric extensions are also given for c*/af = °°, i.e., for uniaxial 

loading.  These extension values represent the maximum fabric extensions 

possible from crimp interchange,  ineir derivation is discussed below. 

Figures 10 and 11 which show the response of the initially square 

round-yarn fabric (b/a = 1) are reprinted from reference 1. 

Examination of Figures 10 through 19 shows that the amount of 

extension or contraction achieved in the fabric as the result of 

crimp interchange increases with both increasing loading ratio and in 

general with increasing W^/A/ir.  This latter result is not surprising 

because although the length L of yarn between crossovers decreases 

with increasing number of ends per unit width N., the ratio of L to 

the yarn spacing 1/N. increases.  However a limiting geometry is 

reached at lower levels of the loading ratio for those fabrics 

characterized by higher values of N. /A/ir, as indicated by the curves 

which are terminated at loading ratios lower than 10.  (These termi- 

nation points represent the largest requested value of tf/crf ^or 

which solutions were possible and do not necessarily represent true 

maximum values.) 

No fabric extension occurs for a loading ratio of one.  Since 

the fabric is initially square containing an equal number of ends and 

equal crimp in both the warp and filling directions, no crimp inter- 

change can take place under conditions of equal loading in both 

directions.  For loading ratios greater than one, the fabric elon- 

.gates in the warp direction and contracts in the filling direction. 

The magnitudes of these extensions increase with increasing values 

of the loading ratio, approaching the or /a- = • extension asymptoti- 

cally.  Additionally, the fabric- contracts more in the filling 

direction than, it extends in the warp direction. 

Comparison of Figures 10, 12, 14, 1* and 18 and also Figures 11, 

13, 15, 17 and 19 indicate that, generally, as the yarn aspect ratio 

increases, the fabric becomes stiffer in tension, i.e., the amount 

of extension or contraction resulting from the application of a 

particular loading ratio decreases as the degree of yarn flattening 

increases.  This decrease in crimp interchange is primarily 

attributable to the sit-all, but nonetheless significant, decrease in 

total yarn length between crossovers and decreasing level of initial 

crimp with increasing aspect ratio for particular values of N. /A/TT. 
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However, some exceptions to the trend of increasing stiffness with 

increasing aspect ratio occur for those fabric constructions initially 

near a limiting, or jammed, configuration.  For instance, for 

N^/A/TT » 0.150 a higher level of both extension and contraction is 

achieved, >ver the range of leading ratios shown, by those fabrics 

having a yarn aspect ratio of 10 than by those whose yarn aspect ratio 

is 5. 

Limiting Geometries 

(1)  Warp yarns pulled straight - If the length L of yarn between 

crossovers is long enough to accommodate this configuration, as the 

loading ratio a ./a. increases eventually all of the crimp will be 

pulled out of the warp yarns with an appropriate increase in the 

filling yarn crimp.  Figure 20 illustrates this limiting configuration 

for the case in which the filling yarn length L (note L,f = L,  = L) 

is at a minimum value for which this geometry can be achieved (imply- 

ing also a minimum yarn spacing 1/H 2w* In this case the wrap angle 6 
2f 

is at the maximum achievable vali 3 for racetrack yarns, namely 90°, TT/2 

radians.  (The achievement of a wrap angle greater than 90° would be 

incompatible with the equations for static equilibrium.) 

Thus, in order for it to be possible to achieve straight warp 

yarns, the length L of filling yarn between crossovers must be equal 

to or greater than a minimum value given by 

T, = 2(b-a)+4a(iT/2), 

i.e. 

L/a > 2(b/a-l)+2TT 

A list of minimum values of L/ZA/TT and the associated maximum values of 

N. /A/TT for which this type of limiting geometry can be achieved are 

given in Table 2 for various yarn aspect ratios. 
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TABLE 2 

MAXIMUM VALUES OF N./Ä/TT FOR WHICH WARP YARNS 

CA;J BE PULLED STRAIGHT - INITIALLY SQUARE FABRIC 

b/a 

1 
2 
3 
5 

10 

Minimum 

6.28 
5.49 
5.46 
5.79 
6.88 

Maximum 
N,/A/7T 

0.169 
0.190 
0.189 
0.177 
0.147 

If the warp yarns are pulled straight 

N = L and 
2f 

the maximum fractional warp extension possible from crimp interchange 

based on the original yarn spacing is given by 

*w = «x^-D 

or,   more  conveniently  by 

ew -   [(N1/Ä7TF) (L/v^7?)-l3 

Values of thir maximum v/nrp extension are tabulated in Table 3 for 

various degrees of initial weave tightness, various aspect ratios, 

and values of N, /A/TT less than those listed Ln Table 2.    The corre- 

sponding filling contraction and fabric effective Poisson's ratio are 

also given. 

(2)  Maximum filling yarn contraction - For those initial fabric 

constructions which cannot accommodate a complete uncrimpinct of the 

warp yarns, a jammed configuration is reached upon loading such that 

the fabric cannot contract further in the filling direction.  As a 

result, the fabric cannot extend i'urther :n the. warp direction unless 

axial yarn extension is considered.  Figure 21 shows the jammed con- 

iiguratior for racetrack >arns.  Table 2 can also be interpreted as 

giving the minimum values of N, /h/"r~  for which this type of jamming 

can occur, 
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*ABUB 3 

MAXIMUM WARP EXTENSION POSSIBLE FROM CRIMP INTERCHANGE FOR 
INITIALLY SQUARE FABRICS 

b/a ^/AT? 

Maxi mum 
Warp 

Extension, 
(%) 'w 

Associated 
Filling 

Contraction, 

Effective 
Poisson's 
Ratio, 

5 

10 

0.050 

0.100 

0.125 

0.150 

0.169 

0.050 

0.100 

0.125 

0.150 

0.190 

0.050 

0.100 

0.125 

0.150 

0.189 

0.050 

0.100 

0.125 

0,150 

0.177 

0.050 

0.100 

0.125 

0.147 

0.5 

2.0 

3.2 

4.7 

6.0 

0.2 

1.0 

1.7 

2.5 

4.3 

0.2 

0.7 

1.2 

1.9 

3,6 

0.1 

0.5 

0.9 

1.5 

2.6 

0.1 

0.3 

0.7 

1.5 

1.5 

6.7 

11.3 

12.7 

32.5 

0.7 

3.2 

5.5 

8.9 

24.4 

0.5 

2.3 

3.9 

6.5 

19.7 

0.3 

1.5 

2.8 

5.0 

14.0 

0.2 

1.0 

2.3 

8.5 

3.0 
3 3 

3,5 

4.0 

5.4 

3.0 

3.2 

3.3 

3.5 

5.7 

3.0 

3.1 

3.2 

3.4 

5.5 

3,0 

3,1 

3.2 

3.< 

5.5 

3.0 
3.1 

3.3 

5.7 
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The distinguishing geometrical feature of this jammed state is 

that there is no component L_ of the length of yarn between crossovers. 

Therefore 

L = 2(b-a)+4a02f 
or 

62f - [L/a-2(b/a-l)J/4. 

Since equation 28 after loading becomes 

NTT= 4sin82f+2(b/a-l), 
•w 

the maximum fractional filling yarn contraction is given by 

mx/K/Ti) [4sin02f+2(N/a-l)]-l 
f       [4(b/a-l)/7r+l]1/2 

Values of this maximum filling contraction are tabulated in 

Table 4 for various aspect ratios and values of weave tightness 

N, V^A/TT greater than those listed in Table 2.  The corresponding warp 

extension and fabric effective Poisson's ratios are also given. 

The data given in Tables 3 and 4 are the maximum fabric exten- 

sions possible without yarn extension, and are plotted in Figures 10-19 

as the fabric extension reached at an infinite loading ratio, i.e., 

o /Or,  = «>.  For values of N, /A/TT less than those aiven in Table 2 for 
w f 1 
each of the values of yarn aspect ratio, b/a, the yarns are pulled 

straight as o /o-  ■*■ °°f  for N, /A7TT values greater than those given in 

the table, the fabric extension in the warp direction is limited by 

the inability of the fabric to contract further in the filling direc- 

tion as a /af •*■ °° because of t.ie development of the maximum possible 

crimp in the filling yarns.  When N^/A/TT is equal to the values given 

in Table 2, the warp yarns are pulled straight and the maximum crimp 

is developed in the filling yarn.  The values of Tilling contraction 

given in Table 4 could also be used to extrapolate somewhat approxi- 

mately those curves in Figures 11-19 which are terminated at loading 

ratios less than 10 to the loading ratio at which the fabric actually 

reaches a jammed state. 
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TABLE 4 

MAXIMUM FILLING CONTRACTION POSSIBLE FROM CRIMP INTERCHANGE 
FOR INITIALLY SQUARE FABRICS 

b/a N V^A/TT" 

0.169 
0.200 
0.220 
0.240 

Maximum 
92f 

(radians) 

1.5708 
1.3581 
1.2577 
1.1774 

N2w^7? 

0.250 
0.25S 
0.263 
0.271 

Maximum 
Filling 

Contraction 
-£f (%) 

Associated 
Warp 

Extension, 
ew (%) 

Effective 
Poisson's 

Ratio 

1 32.5 
21.8 
16.3 
11.3 

6.0 
7.3 
7.0 
6.0 

5.4 
3.0 
2.3 
1.9 

2 0.190 
0.200 
0.220 
0.240 

1.5708 
1.4813 
1.3255 
1.2013 

0.251 
0.252 
0.256 
0.263 

24.4 
20.6 
14.2 
8.5 

4.3 
5.0 
5.2 
4.4 

5.7 
4.2 
2.8 
1.9 

3 0.190 
0.200 
0.220 

1.5708 
1.4525 
1.2612 

0.235 
0.236 
0.241 

19.7 
15.3 
8.8 

3.6 
4.0 
3.8 

5,5 
3.9 
2.3 

10 0.147 
0.150 

1.5708 
1.4790 

0.160 
0.160 

8.5 
6.6 

1.5 
1.6 

5.7 
4.2 

For a specified yarn aspect ratio and yarn cross-sectional area, 

the maximum number of ends which can be accommodated in an initially 

square fabric can be found by a similar procedure.  When the fabric 

is initially "jammed", 

L = 2 (b-a)+4a6 . 

Combining this expression with Equation 21 

0 = 1.047 radians or 60° 

independent of the yarn aspect ratio.  This value of 6. in combination 

with Equations 20 and 21 determines the end points of the curves in 

Figures 2 to 9.  The values of N,/A/?r in Figure 5 corresponding to 

9, - 60° for the various yarn aspect ratios determine the point where 

the a /a- = °° curves in Figures 10(b) - 19(b) intersect the abscissa. 

The maximum N-, /A/TT*S possible in an initially square fabric are shown 

in Figure 22 as a function of yarn aspect ratio. 

51 



V" 

0.25 0.30 

N1»/A7rF 

Figure 22.  Maximum Number of Yarns Accomrnodatable In Initially 
f ;uare Fabrics as a Function of Yarn Aspect Ratio 

~Rcoroducc<J Tron>        #*Ä 
E^V^hle COPY. %..# 52 



I 

In Figures 14-19, curves are not plotted for the highest values 

of N^/A/TT that appear possible from Figure 22.  This is because for 

the seemingly missing values of N, SK/H,   the fabric extensions attain the 

limiting values at loading ratios a /a    less than 2, the lowest value 
w  I 

for which results were computed. 

As also shown in Figures 10 and 11, the fabric extension in the 

warp direction and contraction in the filling direction increase with 

increasing N^A/TT up to an N., A/71 between 0.200 - 0.240 and 0,169 - 

0.240, respectively for fabrics with a yarn aspect ratio b/a = 1, 

depending on the loading ratio.  For greater N.^ATTT values, the fabrics 

exhibit decreasing extension in the warp direction and decreasing contrac- 

tion in the f -' Hing direction with increasing N, /A/7T.  The value N, /A/TT 

for which the greatest fabric extensions are obtained decreases with 

increasing loading ratio (see Figures 10(b) and 11(b)). 

A similar trend with increasing N, /A/TT is not evident for values 

of the yarn aspect ratio greater than b/a = 1 and loading ratios of 

10 or less.  This may be because such a trend does not exist or because 

results were not obtained for sufficiently high values of N.. •A-/^ to 

make it evident.  For a Jo. -  « the fabric extension in the warp 
\r   f r 

direction and contraction in the filling direction for all values of 

yarn aspect ratio investigated increases with increasing N /A/TT up to 

a certain value of the parameter and chen decreases for higher values. 

The N,/A/TT for which the greatest fabric extensions are obtained 

increases with increasing yarn aspect ratio up to a b/a = 3 and then 

decreases for higher values of b/a. 

As would be anticipated the N, /A/TT values for which the fabric 

exhibits the greatest contraction in the filling direction coincide 

with the values g-'.ven in Table 2.  Fabrics with greater N, /A/TT are 

closer to the jammed state initially and therefore reach this 

limiting geometry sooner upon loading.  For b/a = 1, 2 and 3, the 

maximum warp extension occurs at N, /A/7T values greater than those given 

in Table 2.  However, for b/a = 5 and 10, the maximum warp extension 

occurs at values close to those given in Table 2. 

(3) Contact between adjacent warp yarns at the fabric mid-plane -This 

type of limiting configuration cannot initially arise in a square fabric com- 
posed of racetrack yarns since it would require an impossible solution 

to Equation 20. Upon loading the first and second types of limiting 
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geometry are reached of values for the filling contraction lower 

than would be required for the third type of limitation given by 

e = 100[2N1a(b/a) - 1]. 

Effective Fabric Poisson's Ratio 

The ratio of the fabric contraction in the filling direction to 

the corresponding extension in the warp direction, i.e., the effective 

Poisson's ratio, y, of the fabric (u *  -ef/e   ), is plotted in Figures 

23 - 27.  It is recognized that this is a non-standard definition of 

Poisson's ratio [1] and should be distinguished from the classical 

Poisson's ratio. 

The Poisson's ratios are given in Figures 23(a), 24(a), 25(a), 

26(a), and 27(a) as a function of N.. /A/TT for various values of o/a. 

and b/a.  Similarly, they are given in Figures 23(b), 24(b), 25(b), 

25(b), 26(b), 27(b) as a function of cr/af for the various values 

of N,/A/TT and b/a.  The Poisson's ratios at an infinite loading ratio 

are also noted. 

The slopes of the curves giving the fabric extension in the warp 

direction and contraction in the filling direction for o /a- = » appear 

to be equal as N, v'A/'rr approaches the values for an initially jammed 

construction (see Figures 10(b), 11(b), 12(b), and 13(b), etc.). 

This indicates (via L'HÖpitai's rule) that the Poisson's ratio for 

o^Jo^  = » at the N- /A/IT for which the fabric is initially jammed is 1. 

Consequently, the o /a.  = ~ curves in Figure 23(b), 24 (b) 27(b) 
W   X. 

have been extrapolated to this, point. 

As shown in Figures 23 through 27, the Poisson's ratio increases 

with increasing loading ratio.  It also increases continuously with 

increasing N,/A/7T for b/a > 1 and o/af < «>. For b/a = 1, u initially 

increases with increasing N. /A/TT, but shows evidence of a decrease at 

high values of N,/A/7r. For o/o.  = *> and all values of b/a, the 

Poisson's ratio increases with increasing U^T/TJ  up to the values of 

W./K/TI  given in Table 2. At larger N^/A/IT, U decreases with increasing 

£1, SK7H.    The max A  Poisson's ratio is roughly the same for all yarn 

aspect ratios.  Additionally, at the lower values of N,/A/IT, U is 

approximately the same for all b/a's. At higher N^/A/TT'S differences 

are evident. 
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<W*F 

1J• Filling Yarn Initially Straight, Inextensible, Infinitely Flexible 
Yarn 

For a plain-weave fabric with the same number of identical, 

infinitely flexible yarns in both the warp and filling directions, and 

one set of yarns (filling yarns) initially straight (noncrimped) 

»lw = Nlf = Nl 

elf-o 

Llf ~ L2f " Lf 

Llw "" L2w " Lw 

and assuming yarn cross-sectional dimensions do not change during 

loading 

blw = blf = b2w = b2f = b 

alw ~ alf ~ a2w " a2f " a 

Vaw = Vaf = b/a 

With these assumptions Equations 3-7 reduce to the following three 

simplified expressions desciibing the fabric geometry before loading 

N,a sTH6 +2 (b/a-1 (30) 
lw 

a  N1a 
(31) 

lw 
(32) 

N, /A/TT vs 9, , and L/VA/TT and L./VA/TT VS N, /A/IT are plotted in 

Figures 28 and 29 respectively.  Figure 28 is similar to the comparable 

figure for the initially square fabric, Figure 5, and the discussion 
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'•y"\s- 

or tnat rigure is aiso applicable to Figure ^tf. 'me curves in Figure 

28 v;ere terminated at 0_  = 1.57, i.e., 0,  = 90°. This is the maximum 
lw lw 

achievable angle with the assumed fabric model.  Figure 29 shows that 

the length of filling yarn between yarn crossovers is less than the 

warp yarn length as expected since the warp yarn is crimped and the 

filling straight.  However, the difference is small at low values of 

N^/A/TT, i.e., for open fabric constructions.  Also, the lower the yarn 

aspect ratio, i.e., the more nearly circular the yarns, the greater the 

difference between the warp and fil ;ng yarn length?• 

For infinitely flexible, inextensible yarn, i.e., only taking 

into account crimp interchange (L1 - l»7  ~  L), the geometry of Che 

deformed fabric is given by the following four equations derived 

from Equations 3-7 and 12 after simplification and replacement of 

subscript "1" by subscript "2". 

w [JO.  -2 (b/a-1)-48. ]sin6. -4cos6 2w" 2w 2w 

4(cos82f-D-[-| -2(b/a-l)-482f]sin62f 

(33) 

ow      cot92w {t-| -2 (b/a-l)-4e2w]cos69w+4sineOM+2(b/a-1)} 

o7 "" cotÜTT " L ~~ 
2w 

{[JL -2 (b/a-l)-482f]cos62f+4sin62f+2 (b/a-1)} 

(34) 

_L-_ a [JL -2(b/a-l)-4e2f]cos02f+4sine2f+2(b/a-l) 
2w 

35) 

■£ff * Hf -2(b/a-l)-402w]cos82w+4sine2w+2(b/a-l) (36 

The final crimp angles 8. and 82f were determined by solving 

Equations 33 and 34 simultaneously with specified leading ratios 

a /Or;  >  1 for various values of L /a  and L-/a corresponding to a 

series of values of N-,a and b/a.  (Loading ratios less than one were 

not investigated.)  N? a and N2fa were then determined from Equa- 

tions 35 and 36 and the resulting fabric stains computed from 
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Equations 17 and 18.  The results of the computations are presented 

in Figures 30 through 44.  The fabric extension in the warp direction 

and contraction in the filling direction are given in Figures 30(a) 

through 39 (a; as a function of loading ratio for a series" of initial 

fabric constructions, N^/A/TT and yarn aspect ratios, b/a.  Similarly, 

the fabric deformations are given in Figures 30(b) through 39(b) as 

a function of initial construction N, /A/TT for a series of loading 

ratios and yarn aspect ratios.  Figures 30 and 31 showing the response 

of fabric with initially straight filling woven from round yarn 

(b/a = 1) are reprinted from reference [1] . Addi \onally, the fabric 

extensions for uniaxial loading, i.e., a /af  = w, are given for all 

cases. 

As shown in these figures, the fabric elongates in the warp direc- 

tion and contracts in the filling direction.  The magnitude of these 

extensions increases with increasing values of the loading ratio, 

approaching the o /o^  ~ °° extensions asymptotically.  However, 

unlike the initially square fabrics, fabrics with initially straight 

filling extend at a loading ratio of one.  This occurs in fabric 

with initially straight filling because, unlike in the initially 

square fabric the crimp is initially unbalanced and therefore crimp 

interchange can occur. 

The fabric extension in the warp direction increases with increas- 

ing N, /A/TT at ail loading ratios.  The contraction in the filling 

direction also increases with increasing initial fabric tightness for 

o  /o- < 10.  When a /o~  = °°, the filling contraction goes through a 
w f ~~ w r ___ 
turning point with increasing N, /A/IT.  The loca "ion of the turning 

point, i.e., the value of N, /A/TT for which the filling contraction is 

a maximum, is the maximum value for which the warp yarns can be pulled 

straight.  These values of N, /A/TT are given in Table 5 for the 

various yarn aspect ratios.  The manner in which the data in Table 5 

are calculated is similar to the procedure outlined for the initially 

square fabric. 
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(Aspect Ratio = 1), Inextensible Yarn, 
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Figure 31(b) Fabric Contraction in the Filling Direction 
(Aspect Ratio =1), Inextensible Yarn, 
Initially Straight Filling 
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Figure 33(b).  Fabric Contraction in the Filling Direction 
(Aspect Ratio = 2), Inextensible Yarn, 
Initially Straight Filling 
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Figure 34(b) Fabric Extension in the Warp Direction 
(Aspect Ratio =3), Inextensible Yarn, 
Initialxy Straight Filling 

79 

3=r J  ,B .I,,1;.-! »ora ur^T-s* 



mm ■WP T ^r 

ro 

at» 

*u 

0 
•H 
4J 

s 
u 

8. 
Ifl 
< •—» 

•• ß 
C-H 
OH 

M H#H 

c 8*- 
§ 3S 

2   -H4J 

c 
o 
u 
Cn 
C 

•H 

•H 
fa 

V« 'OT^BH   ßUTp'BO'I 

■A  >, 
fa H 

«H 

X:-H 

■H 
c S 
•^ H 

C    " o c 
•H U 
■P ITJ 
U X 
ItJ 
U 0) 
4JIH 

o-H u w 
c 

t> 0) 
•H -P 
M X 
XI 0) 
«J C 
fa H 

in 
ro 

(U 

P 
en 

•H 
fa 

80 



0.25 

NJ^/STTF 

Figure 35(b). Fabric Contraction in the Filling Direction 
(Aspect Ratio = 3), Inextensible Yarn, 
Initially Straight Filling 
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Figure 37(b).  Fabric Contraction in the Filling Direction 
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Ma Kimum 
Ni 

/A/TT 

0 .159 
0 .182 
0 .183 
0 .173 
0 .145 

TABLE 5 

MAXIMUM VALUES OP N.,/Ä77r FOR WHICH WARP YARNS CAN 

BE PULLED STRAIGHT - INITIALLY STRAIGHT FILLING 

Minimum 

b/a w/ ' 

1 7.606 
2 6.370 
3 6.164 
5 6.323 

10 7.256 

For values of N. A/TT less than those given in Table 5 for each 

of the values of yarn aspect ratio b/a, the yarns are pulled straight 

as er /ö •*•  oo.  However, unlike the case of initially square fabric, 
the fabric extension in the warp direction continues to increase with 

increasing N. /A/TT for N.. /A/7r values greater than those given in the 

table.  The fabric extension in the warp direction evidently is not 

severely limited by the inability of the fabric to contract further in 

the filling direction as a /af ■*• <», because of the development of the 

maximum possible crimp in the filling yarn.  When N1 /\/it  is equal to 
the values given in the table the warp yarns are pulled straight and 

the maximum crimp is developed in the filling yarn. 

The maximum warp extensions possible from crimp interchange are 

tabulated in Table 6 for various degrees of initial weave tightness 

and yarn aspect ratios, and values of N.. /A/ff less than those listed in 

Table 5.  Similarly, the maximum filling contractions possible from 

crimp interchange are given in Table 7 for values of N.. /A/TT greater 

than those listed in Table 5.  The corresponding fabric extensions in 

the orthogonal direction and the effective fabric Poisson's ratios are also 

given in the tables.  The extensions in Tables 6 and 7 are the data 

plotted in Figures 30 through 39 as the fabrics response at an infinite 

loading ratio. 
A limiting geometry of the third type, i.e., warp yarns touching, 

does not occur initially in the fabric model with straight filling since 

an equal number of warp and filling yarns per unit width is specified. 

Upon loading, the first and second types of limiting geometry are 

achieved at contractions lower than would be required to achieve this 

third-type of limitation. 
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TABLE 6 

MAXIMUM WARP EXTENSION POSSIBL. .. xiOM CRIMP INTERCHANGE 
FOR FABRICS WITH INITIALLY STRAIGHT FILLING 

b/a N /A7* 

0.050 

Maximum 
Warp 

Extension, 
ew (%) 

2.0 

Associated 
Filling 

Contraction, 

~ef (%) 

Poisson's 
Rativ>, 

1 2.0 1.00 

0.100 8.1 8.9 1.10 

0.125 12.8 15.2 1.19 

0.150 18.6 26.1 1.40 

0.159 21.0 36.3 1.73 

2 0.050 0.9 0.9 1.00 

0.100 4.1 4.3 1.05 

0.125 6.7 7.3 1.09 

0.150 10.1 12.0 1.19 

0.182 16.0 27.6 1.73 

3 0.050 0.6 0.6 1.00 

0.100 2.9 3.0 1.03 

0.125 4.8 5.2 1.08 

0.150 7.6 8.8 1.16 

0.183 12.9 22.2 1.72 

5 0.050 0.4 0.4 1.00 

0.100 2.0 2.0 1.00 

0.125 3.5 3.7 1.06 

0.150 5.8 6.8 1.17 

0.173 9.3 16.0 1.72 

10 0.050 0.2 0.2 1.00 

0.100 1.3 1.3 1.00 

0.125 2.8 3.1 1.11 

0,145 5.5 9.4 1.71 

I 
91 



<*   

TABLE 7 

MAXIMUM FILLING CONTRACTION POSSIBLE FROM CRIMP INTERCHANGE 
FOR FABRICS WITH INITIALLY STRAIGHT FILLING YARNS 

b/a 

1 

N1»^7? 

0.159 

Maximum 

(radians) 

1.5708 

N2W^7* 

0.250 

Maximum 
Filling 

Contraction 
-ef (%) 

36.3 

Associated 
Warp 

Extension 
Poisson's 

Ratio 

21.0 1.73 

! 0.20C 1.2500 0.263 24,1 31.7 0.76 
! 0.220 1.1364 0.276 20.2 36.9 0.55 

0.240 1.0417 0.290 17.1 42.9 0.40 

0.250 1.0000 0.297 15.9 46.6 0.34 

2 0.182 1.5708 0.251 27.6 16.0 1.73 

0.200 1.3854 0.254 21.3 19.6 1.09 

0.220 1.2135 0.262 16.2 23.5 0.69 

0.240 1.0704 0.274 12.3 27.9 0.44 

■ 

0.251 1.0000 0.281 10.6 31.0 0.34 

3 0.183 1.5708 0.235 22.2 12.9 1.72 

0.200 1.3541 0.238 16.0 16.0 1.00 

0.220 1.1404 0.247 10.8 19.6 0.55 

0.235 1.0000 0.256 7.9 23.3 0.34 

5 0.173 1.5708 0.206 16.0 9.3 1.72 

0.200 1.0864 0.214 6.5 14.2 0.46 

0.206 1.0000 0.217 5.3 15.5 0.34 

10 0.145 1.5708 0.160 9.4 5.5 1.71 

0.150 1.3824 0.161 6.8 6.3 1.08 

t 
0.160 1.0000 0.165 2.9 8.5 0.34 
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For initially square fabrics the filling contraction is signifi- 

cantly greater than the warpwise extension.  However when the filling 

is initially straight, the warp extension is somewhat greater 

than the filling contraction.  Additionally, a comparison of the 

extensions in Figures 10 through 19 and Figures 30 through 39 shows 

that for any value of N,/A/Tr, o/o.  and b/a the warp extension is 

considerably greater and the filling contraction somewhat greater 

when the filling yarns are initially straight.  The difference 

between the extensions decreases as the yarn aspect ratio increases. 

The filling contraction is greater because larger changes in filling 

crimp can occur when the filling is initially straight.  Similarly, -..:ie 

fabric extension in the warp direction is greater because:  (1) the 

initial crimp in the warp yarns is larger for a given N, /A/TI when the 

filling yarns are initially straight; (2) there is greater crimp 

interchange between the warp and filling yarns when the filling yarns 

are initially straight.  The difference between the extensions and 

contractions for the initially square and filling straight fabrics 

decreases with increasing yarn aspect ratio because the larger b/a 

the less the initial yarn crimp. 

The effective Poisson's ratio for fabrics with initially 

straight filling is given in Figures 40(a), 41(a) 44(a) as a 

function of loading ratio for various values of b/a and N../AA, and 

similarly in Figures 40(b), 41(b) 44(b) as a function of N, /A/7T 

for various values of b/a and o/o~.    The values for an infinite 

loading ratio are also plotted.  These latter data were taken from 

Tables 6 and 7. 

As shown, \i  increases with increasing loading ratio fox all 

values of b/a and N,/A/TT. For tf/tff < 10 and low values of b/a 

the Poisson.'s ratio decreases with increasing N, /A/IT; for larger 

b/a, y  is constant for small N,/A/TT but decreases moder- 

ately at large values of N /A/TT". At a /o,. = co, p increases up to 
    x W  IT 

a maximum at the N, /A/ir value given in Table 5 for the appropriate 

b/a and then decreases with increasing value3 above those given in 

the table. 

The Poisson?s ratio for o /a,. = «> does not have a value of one at 
W   L 

that N, /A/7T for which the fabric is initially jammed as was the case 

for initially square fabric.  In the initially square jammed fabric 
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Figure 40(a). Poisson's Ratio:(Aspact Ratio = 1), 
Inextensible Yarn, Initially Straight 
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uhe filling yarns have already attained maximum achievable crimp. 

However, in the initially jammed fabric with straight filling 

(with the same number of yarns per unit width in the warp and fill- 

ing directions)r  as a force is applied in the warpwise direction, 

crimp can develop in the filling yarns. 

äS can be seen by comparing the data in Figures 40 through 44, 

the Poisson's ratio changes little with yarn aspect ratio. 

Comparison of the data in Figures 23-27 and 40-44 shows that 

the Poisson's ratio for fabric with initially straight filling is 

roughly one third that for initially square fabric. 

The maximum number of yarns accommodatable in fabric with 

straight filling is given in Figure 45 as a function of yarn 

aspect ratio. This curve is determined from Equation 30 letting 

0.  = 90°, the maximum angle achievable with the assumed initial 

fabric geometry. 

Comparing Figures 22 and 45, it can be seen that for a given 

yarn aspect ratio the maximum N, ^A/TT is approximately the same 

for both initially square fabric and fabric with initially 

straight filling at. the larger b/a's.  However, as the yarns 

become more nearly circular, the maximum permissible N-V^äT^ is 

somewhat larger for the initially square fabric. 

III.  Simplified Procedure; Any Yarn Aspect Ratio 

The response to loading of racetrac*-yarn fabrics of any aspect 

ratio, b/a, woven from inextensible yarns is identical to that of 

round-yarn fabrics of radius"a"with respect to the final yarn angles, 

90 and 0.J-, and changes in the yarn spacing A 1/N and A 1/N- 

achieved for any particular loading ratio 

.11    1 
where ü

N~ 
= N N~~ Nw  N2w  Nlw 

A 1 _ 1    1 and Ar= r=~ - -—. 
Nf  N2f  Nlf 

As illustrated in Figure l,that portion of the fabric model between 

sections A-A and B-B is the same as that for a fabric woven from 

circular yarns of radius a* For b/a > 1 only the straight 
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Figure 45. Maximum Number of Yarns Accommodatable in Fabric tfith 
Initially Straight Filling as a Function of Yarn 
Aspect Ratio 
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segment of the yarn cross-section is outside the sections A-A 

and B-E, and this portion of the model does not change with 

increasing load. 

Letting N.' and N^1 denote the number of yarns per unit width 

in a fabric comprised of inextensible circular yarns (b/a « 1) 

before and after application of the external loads respectively, 

and N, and N2, the number of yarns per unit, width in a fabric com- 

prised of racetrack yarns of any aspect ratio as before, 

it can be seen from Figure 1 that 

N. N, + 2(b-a! 
'2 "2 

Therefore, the fabric extension e is ' tven by 

1/N0-1/N. 
e = 2 -'"l _ 

l-2(b/a»:)N1'a 

:37) 

where 

N • 

N2 

Consequently, the response of both initially square fabric 

and fabric with initially straight filling woven from inextensible 

yarn having any yarn aspect ratio b/a can be determined from the 

diagrams giving the response of fabric comprised of circular 

yarns (b/a =1). The procedure is as follows: 

Given b/a and ft-SK/v  calculate KLa (Equation 22) and N^a 

^=^-2(b/a-l) (38) 

(note:  N 'a = N* /£7* 

for round yarns). Obtain e'  and e1- from the load-extension diagrams 
W i 

for b/a « 1 at the specified loading ratio cy /a. and calculated value 
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of N, ' ^A/ir, The actual extensions of the racetrack-yarn fabric 

having yarn with b/a > 1 are then determined from the followinq 

expressions 

e = w 
w  [l+2(b/a-l) (N^a)] (39) 

ef - [l+2(b/a-l)(N1'a)] 
(40) 

IV Initially Square Fabric, Infinitely Flexible, Extensi 
(Linearly Elastic, v = 0), aZ/of  >. 1 

ble Yarn 

Equations 20 and 21 describe the geometry of the fabric in 

the unloaded state with L = L,.  Then, assuming that the yarn 

cross-sectional dimensions do not change during loading, i.e., 

that the Poisson's ratio of the yarn is zero 

blw " blf = b2w " b2f - b 

alw = alf = a2w - a2f = a 

The geometry of the deformed fabric is given by the following 

six equations derived from Equations 3-7 after simplification and 

replacement, of.subscript."1" by subscript "2", and Equation 2 

and Equations 15 and. 16, assuming the fabric is woven from 

linearly elastic yarns. 

w 
K 

i-P& " Uoo-e^ 7a 2w 

2f [_±±. -2(b/a-l)-462fJcose2f+4sine2f+2(b/a-l) 

(41) 

L?f/a 
[-LT7a- - 13c0s62f 

[-|w -2(b/a-l)-492w]cos02w+4sine2w+2(b/a-l) 

(42) 
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[-Ä- 2(b/a-l)-490,.]   sine. -4cos 2W 2w 2w 

'2f = 4(cos82f-l)-t-|
±- ~2(b/a-l)-402f]sin62f 

43) 

,w  cot92w{[^ -.2(b/a-l)-e2w]cose2w+4sine2w+2(b/a-l)} 

cot62f{[-—- -2 (b/a-l)-e2f]cos62f+4sin02f+2(b/a-1)} 

(44) 

1  = f^2f 
N2wa "  a 

•2(b/a-l)-492f3cos82f+4sin82f+2(b/a-1) (45) 

N2fa -   [• 
2w -2 (b/a-1)-460t lcos80t,Msin80  +2 (b/a-1) 

•SW      l\J zw 
(46) 

//here K = pEfA/a. 

L~ /a, L?-/a, 8-  and 0«f were obtained from Equations 41 through 

44 for a series of values of L,/a> N,a, a /a,, and o /(N-a)K. (Although 
X      x     W  JL       W   x 

only values of a /a^ > 1 were used, the results are also valid for 

a /a,. < 1 if the subscripts •w" and "f" are reversed.) Nn a and 2w 
N~fa were then computed for each of the sets of values of L2 /a, 

L2f/a, and 8  using Equations 45 and 46, and the corresponding 

fractional fabric extensions in the warp and filling directions 

computed with Equations 17 and 18.  The results of the computations 

are plotted in Figures 46 through 70. These results encompass 

combinations of the following range of values for each of the 

parameters: N-./Ä7? = 0.050 - 0.240; applied load a = 10 - 500 lbs/ 

inch width; yarn cross-sectional area A = 0.785 x 10  - 3.14 x 10 

square inches (for circular yarns this is a yarn radius of 0.005 - 

0.010 inch); fiber modulus Ef = 2 x 10 - 30 x 10 lbs/square inch. 

The fabric extensions in the warp and filling direction are 

given in Figures 46 through 65 as a function of the load applied in 

the warp direction for specific loading ratios and yarn aspect ratios 

and various values of N^/A'/TT.  Similarly, the fabric extensions are 

given in Figures 66 through 70 as a function of the load applied 

in the warp direction for specific values of b/a and N./A/TT, 
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and various "alues of a  /af.  All the filling load-extension diagrams 

are terminated at the point corresponding to 50% extension in the 

warp direction. 

The extension at constant radius of a straight, linearly 

elastic, twisted yarn is also given in Figure 46 as a function of 

the same parameters.  This can be done since a/N, represents the 

load applied to each yarn in the fabric and, from Equation 14, the 

extension, e , of a linearly elastic yarn is given by 

P y  _   a 
£y - pEfA ~ N.EfA 

where P is the load applied to the yarn.  As shown in Figure 46, 
J 

the fabric is more easily extended than a straight yarn identical 

to those from which the fabric is woven.  This is because of the 

crimp in the fabric yarns. 

In Figures 46 through 65, curves are given only for the 

lower values of N./A/IT at the larger yarn aspect ratios, i.e., for 

those values of N1 /A/TT for which the fabric is neither initially 

jammed, nor reaches the jammed state at low levels of load. 

All the analytical results were examined to check that none of 

the solutions gave a physically impossible rabric deformation, 

i.e., a deformation that violated the second or third types of 

limiting geometries discussed previously.  L0f/a was found to be 

less than 2b/a-:-46„f only over a narrow range of the loading 

parameter a/(N, /A/TT)K when N, JK/l = 0.24, o Ja*  = 10 and b/a = 1. 
J. i          w  r 

The corresponding portions of the N, /A/IT = ^.240 curves in Figure 

49 are therefore dotted. Although the actual deformations must 

be less than that predicted by the dotted curves, the difference 

is probabl • jmall. 

No solutions were found where contact between adjacent warp 

yarns was indicated, i.e., where 1/N2w £- 2b. 

As shown in Figures 46 through 66, the fabric load-extension 

curves appeal to intersect the zero-load axes at finite strains. 

This results .'rrom the assumption that the yarns are infinitely flex- 

ible, have zero bending rigidity.  The strain values at these 

apparent intercepts are roughly the same as those given for initially 

square fabrics woven from inextensible yarn at the corresponding 

loading ratios (see Figures 10 through 19). 
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It can be shown that for any specific load, o, (lbs, inch width 

of fabric) applied to the fabric, the fabric extension increases 

with decreasing N- v^K/'H,     The smaller U-/A/nf the iewer tire the 

number of yarns available for supporting the applied load and 

thus, the greater each yarn's share of the total load applied to 

the fabric.  The fabric extension also increases with (\ecr r.isi n<j 

yarn cross-sectional area and aecreasing yarn modulus 

The fabrics contract in the filling direction at low levels 

of applied loads; the contraction is greater at the higher loading 

ratios and lower yarn aspect ratios*.  However, the fabric extends 

from the contracted state as the applied load is increased.  The 

level of load that must be applied in the warp direction to 

eliminate the filling contraction increases with increasing loading 

ratio and decreasing yarn aspect ratio  For d given applied load 

and loading ratio, the magnitude of the fabric extension in the 

warp direction is considerably greater than the extension (or 

contraction) in the filling direction; the difference increases 

with increasing loading ratio and increasing yarn aspect ratio. 

The slope of the fabric warp and filling load-extension 

corves subsequent to the extension that occurs instantaneously 

upon application of infinitesimal loads (when u /o- "• 1) decreases 

as the yarn aspect ratio increases.  This occurs because the 

initial angulation of the fabric yarns to the fabric mid-plane 

decreases, in the cases for which solutions were obtained, with 

increasing yarn aspect ratio.  Consequently, the component of the 

applied load parallel to the yarn axis at the fabric mid-plane 

increases with increasing yarn aspect ratio-  Therefore, the yarn 

extension and resultant fabric extension increases with increasing 

yarn aspect ratio for a given applied load. 

Additionally, the slopes of the fabric load-extensLon curves 

increase with increasing loading ratio.  The reason for this bend is 

not readily apparent» 

Figures 66 through 70 show that at low levels of applied 

load the fabrics exhibit roughly the same extension in the warp 

direction at all loading ratios a /o  ' 10.  However, the fabric 

contraction in the filling direction does vary significantly 

with loading ratio.  Additionally, the fabric response in the two 
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directions is different for the various loading ratios at the 

higher levels of applied load0 

As also shown in these figures the initial "instantaneous" 

fabric extension in the warp direction increases with increasing 

loading ratio,.  However, the extension at the lower loading ratios 

increases at a faster rate with increasing applied load so that 

the curves cross.  At load levels resulting in extensions larger 

than those at which the curves cross the fabric extension in the 

warp direction increases with decreasing loading ratio,- the 

loading ratio o /o,   - 1 gives the greatest fabric extension«  The 

latter evidently is. the result of the greater filling extension 

that occurs when the load applied in the filling direction 

approaches that applied in the warp direction..  Increased filling 

yarn extension permits a decrease m filling yarn crimp, and. 

consequently, through the balance of the vertical components of 

the forces in the two orthogonal systems of yarns» a decrease in 

warp yarn crimp, thereby permitting increased fabric extension in 

the warp direction. 

The effective fabric Poisson's ratio, \j   is given in Figures 

71 through 90 as a function of the dimensionless loading parameter 

o / (N.. /A/JT)K for various values of initial fabiic geometry N./ÄZn, 

yarn aspect ratio a/b and loading ratio o  /o.•  The curves have 

been terminated at a fabric warp extension of about 50%. For a 

loading ratio of one, p = -1 at all loads and for all initial 

fabric geometries.  For o /o~  * 2 the Poisson's ratio is positive 

and greater than one at small values of the loading parameter, de- 

creases with increasing values of the loading parameter becoming nega- 

tive over a large portion of the load-parameter range. Also, u is 

slightly larger throughout the load-parameter range for N,/A/n = 

0.240 than for N, /A/TT =■ 0„050«.  The Poisson's ratio does not vary 
greatly with yarn aspect ratio.  However, Figures 71 through 85 

show \J  to increase positively with decreasing yarn aspect ratio. 

Additionally, as shown in Figures 86 through 90, p increases 

positively with increasing loading ratio. 

136 



I  «' P'f'    I   ' *FIU ' 

2.5 

o 
■H 
4-> 

«0 
OS 

0 
<Si 
in 

•r>, 

0 

-0.5 

-1.0 
0.4 

Figure 71.  Poisson's Ratio (Aspect Ratio = .1) : 
Linearly Elastic Yarn, 
Initially Square Fabric, o/ö. ~  2, 
b/a = 1 " 
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Figure 72 Poisson's Ratio (Aspect Ratio = 1) 
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Figure 74. Fabric Poisson's Ratio: Linearly 
Elastic Yarn, Initially Square Fabric 
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Figure 75 Fabric Poisson's Ratio: Linearly Elastic 
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Figure 76.  Fabric Poisson's Ratio: Linearly 
Elastic Yarn, Initially Square Fabric 
a /c.  = 10, b/a - 2 w' f      ' 
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Figure 77.  Fabric Poisson's Ratio: Linearly 
Elastic Yarn, Initially Square Fabric 
o /a-  -  2, b/a = 3 
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Figure 78.  Fabric Poisson's Ratio: Linearly 
Elastic Yarn, Initially Square Fabric 
av/°f = 5' b/^a = 3 
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Figure 79.  Fabric Poisson's Ratio: Linearly 
Elastic Yarn, Initially Square Fabric 
a /oe  = 10, b/a = 3 
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Figure 80.  Fabric Poisson's Ratio: Linearly 
Elastic Yarn, Initially Square Fabric 
av/af ~ 2' /*  = 5 

146 



'< ■ w 

0.1      0.2     0.3 

aw/*l1/S7i K 

0.4 

Figure 81.  Fabric Poisson's Ratio: Linearly Elastic 
Yarn, Initially Square Fabric 
av/öf = 5' b/a = 5 
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Figure 82.  Fabric Poissonls Ratio: Linearly 
Elasuic Yarn, Initially Square Fabric 
QJQ f = 10, b/a = 5 
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Figure 83.  Fabric Poisson's Ratio: Linearly 
ßlastic Yarn, Initially Square Fabric 
a  /a- = 2, b/a = 10 v; r 
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Figure 84. FLoric  Poisson's Ratio; Linearly Elastic 
Yarn, Initially Square Fabric 
a /a- = 5, b/a = 10 
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Figure 85.  Fabric Poisson's Ratio, Linearly Elastic 
Yarn, Initially Square Fabric 
ow/o£  = 10, b/a = 10 
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Figure 86 Poisson's Ratio (Aspect Ratio = 1): 
Linearly Elastic Yarn, Initially 
Square Fabric, 1^/57* = 0.15, b/a = 1 
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Figure  87.     Fabric  Poisson's  Ratio:   Linearly  Elastic 
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Figure 89.  Fabric Poisson's Ratio: Linearly Elastic 
Yarn, Initially Square Fabric 
N /ATiT = 0.15, b/a = 5 
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Figure 90.  Fabric Poisson's Ratio: Linearly Elastic 
Yarn, Initially Square Fabric 
t^/A/W = 0.15, b/a = 10 
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A simplified procedure for determining the load-extension 

response of a fabric comprised of linearly elastic yarns with 

b/a >   1 analogous to that outlined for fabric comprised ot 

inextensible yarn is not possible.  This is because it is assumed 

that there is no friction between yarns at crossovers.  Therefore, 

the yarn length 2(b~a) in contact with the crossing yarn at th*i 

crossovers extends into the region between crossovers.  This alters 

the response of this region so that it is not identical to that for 

a round-yarn fabric of yarn radius a. 

v* Fabric Strength 

The design engineer is usually concerned with predicting not only 

the load-extension behavior of the fabric but also the ultimate 

strength of the fabric.  Assuming the load applied in the warp 

direction is greater than or equal to that applied in the filling 

direction a     >_ a   ,   the fabric strength is given by the following 

expression (see Equation 9). 

(a).)lf = N_costf (P ) •lit   2   2 y ult 
47) 

where (P ) , . is the rupture strength of the yarn from which the 

fabric is woven.  If it is assumed that the fabric is comprised of 

linearly elastic yarns having a modulus E and known ruptu* = extension 

Vrupt 

(P ) , ^ = E (e )   . = PErA(i. ) y ult   y  y rupt    f   y rupt 
(48 

The extended length of the yarn between crossovers in the fabric 

:an be determined from the following expression 

L2 = (1+t )LX (49 

For the case of initially square fabrics with o     > öf the l°3d 

and also the yarn extension are greater in the warp direction.  There 

fore, the ultimate strength of the fabric is governed by the load 

a     and the fabric will fail in the warp direction.  For this case 
w 
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L,  is determined from Equations 20, 21 and 22 for specific 

initial parameters N../A/7T and b/a.  Then a , ,.» can be found 

from Equations 41-44 for a specific loading ratio. 

Although the design engineer may only be interested in the 

strength or strength-to-weight ratio of a fabric, industrial 

fabrics are often rated by the efficiency with which the yarn 

strength is translated into fabric strength.  This efficiency, 

E , in the warp direction is given by (see Equation 47) 

(a  )   -. 
E  = -—.y ylt: x loo * cos> 

W       N2w(Py}ult 2w x  100 (50) 

This quantity is plotted for initially square fabric woven from 

linearly elastic yarns in Figures 91 through 104 as a function of 

yarn rupture strain determined according to Equation 49 for 

various initial fabric constructions, degrees of yarn flattening 

and loading ratios.  Results are not plotted for o /a- = 10 with 

b/a - 2 and 3, nor for cf /cr. = 5 and 10 with b/a = 5 and 10 because 

the efficiency in these cases is greater than 99.5% for all values 

of N, /A/7T.  As shown, the efficiency increases with increasing 

loading ratio, yarn aspect ratio, and yarn rupture strain.  Addi- 

tionally, the more open the fabric, i.e., the lower N1 /A/ir, the 

higher the efficiency.  All of these trends toward increased 

effielency are the result of decreasing warp yarn crimp - yarn 

angulation with the fabric mid-plane - with increasing loading 

ratio, aspect ratio, yarn rupture strain and decreasing N, /A/TT 
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Figure 91 . Yarn Translation Efficiency (Aspect Ratio = 1) 
Linearly Elastic Yarn, Initially Square Fabric 
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Figure 92,  Yarn Translational Efficiency (Aspect P,atio = 1); 
Linearly Elastic Yarn, Initially Square Fabric 
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Figure 93. Yarn Translational Efficiency (Aspect Ratio - 1): 
Linearly Elastic Yarn, Initially Square Fabric 
W 5, b/a = 1 
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Figure 95.  Yarn Translational Efficiency: Li., .arly Elastic Yarn, 
Initially Square Fabric, o /af « lr b/a = 2 
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Figure 96.  Yarn Translational Efficiency: Linearly Elastic Yarn, 
Initially Square Fabric, o Ja£  = 2, b/a = 2 
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Figure 97 
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Yarn Translational Efficiency: Linearly Elastic Yarn, 
Initially Square Fabric, a /af - 5, b/a = 2 
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Yarn Rupture Strain, e  (%) 

Figure 98.  Yarn Translations1 Efficiency: Linearly Elastic Yarn, 
Initially Square Fabric, a

w/
af = 1* b/a ~ 3 
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Yarn Rupture Strain, c  (%) 

Figure 101.  Yarn Translational Efficiency: Linearly Elastic Yarn, 
Initially Square Fabric, a /a = 1, b/a = 5 
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Figure 104 

Yarn Rupture Strain, e  (%) 

Yarn Translatxonal Efficiency: Linearly Elastic Yarn, 
Initially Square Fabric, o ./a. ■ 2, b/a = 10 
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The foregoing investigation shows that the stress-strain 

response of plain-weave fabric composed of flattened yarn and 

subjected to biaxial loading can be computed theoretically. 

Fabrics woven from yarn having a circular cross-section are a 

special case encompassed by the analysis. 

The analysis shows that the maximum number of yarns per 

unit width that can be woven into a plain-weave construction 

having an equal number of yarns in the warp and filling is 

approximately the same for initially square fabric as for fabric 

with initially straight filling at the larger yarn aspect ratios. 

However, as the yarns become more nearly circular, the maximum 

number of yarns that can be accommodated is somewhat larger for 

the initially square fabric. 

For fabric woven from infinitely flexible, inextensible yarn, 

the amount of warpwise extension and filling contraction - crimp 

interchange - resulting from the application of a particular ratio 

of loads in the two directions decreases as the degree of yarn 

flattening increases.  Additionally, the effective fabric Poisson's 

ratio is approximately the same for all yarn aspect ratios. 

A comparison of the results for initially square fabric and 

fabric with initially straight filling shows that the warpwise 

extension is considerably greater and the filling contraction 

somewhat greater when the filling yarns are initially straight. 

The difference between the extensions decreases as the yarn aspect 

ratio increases. 

For initially square fabric woven from infinitely flexible, 

linearly elastic yarn, the slope of the fabric warp and filling 

load-extension diagrams subsequent to the extension that occurs 

instaneously upon application of infinitesimal loads (a /af > 1) 

decreases with increasing yarn aspect ratio. 
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EXTENSIONS OF THE ANALYSIS 

The analysis developed herein can also be used directly to 

theoretically compute the load-extension response of basket- 

weave fabrics.  Since in this weave two or more yarns are woven 

as one in a plain-weave pattern, the results for a plain weav* 

describe the response of a basket-weave fabric when an appropri- 

ate aspect ratio describing the pair of yarns is used (see 

Figure 105) .  The load-extension results for the plain weave are 

not, however, directly applicable to othei common weaves such as 

twills and sateens.  However, the appropriate analytical expres- 

sions could be readily derived and solved for such weaves in an 

analogous manner to the procedure used for the plain weave. 

Investigation ol the yarn cross-section in fabrics woven 

from yarns twisted to low-to-moderate levels and that have not 

been calendered indicates that they are best described by a 

lenticular shape.  The biaxial load-extension response of fabrics 

comprised of yarns with this geometry is also being studied [71. 

As discussed in reference 1, the divergence between the 

predicted and measured response of some types of real fabrics 

becomes quite large at low levels of applied load when the load- 

ing ratio is greater than one.  This is because the load- 

deformation behavior of fabrics at low-to-moderate loads—in the 

crimp-interchange region—is strongly dependent upon the yarn 

bending rigidity, which has not been included in the analyses 

developed to date.  However, attempts at doing so should be made 

in a continuation of the present work. 
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