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STIMULATED AMPLIFICATION OF VLr AND ULF WAVES
IN THE MAGNETOSPHERE BY LOCALIZED INJECTIONS
OF PLASMA CLOUDS AND PARTICLE BEAMS

by
Harold B. Liemohn

SUMMARY

The geomagnetic cavity surrounding the earth, called the magneto-
sphere, contains an enormous amount o7 energy in the form of electro-
magnetic waves, trapped onergetic particles, and the static magnetic
field. The waves and particles are in a state of dynamic equilibrium
as they interact with each other through various plasma instabilities.

Our understanding of this equilibrium state has progressed to the point
where it may be possible to stimulate wave amplification at ULF (~9.1-10 Hz)
and VLF (~1-100 kHz) by disturbing the equilibrium through catalytic
injections of plasma clouds or particle beams. Such a prospect has great
significance. First, it offers a direct test of the fundamental physical
processes that are believed to control the state of the magnetosphere.
Second, controlled injections might be used to stimulate artificial
amplification of VLF or ULF emissions on command and allow them to be used
as a wide-area communication system.

One of the dominant plasma instabilities in the magnetosphere is the
cyclotron-resonance interaction between energetic particles and electro-
magnetic waves. The condition for the interaction to occur is that the
motion of the particle Doppler shifts the wave frequency to its local
cyclotron frequency. The net exchange of energy between a band of waves
and a group of particles depends upon the shape of the phase-space dis-
tribution of the particles and the local frequency parameters of the plasma

medium. The interaction is undoubtedly responsible for significart wave
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amplification and particle precipitation in certain circumstances zand
appears to be the process responsible for maintenance ¢f an equilibrium
configuration of waves and particles in the magnetosphere.

These qualities make this interaction a logical first choice for
investigation as a means of stimulating artifical amplification of VLF
and ULF waves in the magnetosphere. The interaction is sensitive to
both the background magnetoplasma parameters and the hot energetic particle
distribution. Modification of the interaction can be achieved by the
introduction of localized clouds of plasma that reduce the phase velocity
of the waves and cause enhanced amplification by lowering the resonance
velocity. Alternatively, direct injection of hot energetic particle beams
can alsu appreciably alter the local amplification characteristics of the
beam. These two methods of modifying the cyclotron-resonance interaction
are explord in this document for a variety of cases.

Many different methods for injecting plasma clouds or particle beams

have been modelled quantitatively to assess their relative merits as

a means of inducing strong wave amplification. The injection of a dense

Jet of barium that travels upward along the geomagnetic field toward the
equatorial region produces significant amounts of enhanced VLF amplifica-
tion when the jet is within 30° of the geomagnetic equator some thirty
minutes after injection. Injection of a geosynchronous lithium cloud
stimulates amplification of both VLF and ULF waves  but the latter are
limited to frequencies below the equatorial lithium gyrofrequency
@JO.:‘Hz). The extent of the Tithium amplification effect depends criti-
cally on the the natural conditions in the magnetosphere, particularly the
intensity of the proton ring current. Amplifications of many tens of

decibels appear to be feasible with injections of only 1-2 kgm of material.
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Beam injections were included in the study because they offer the
opportunity for prompt localized interactions with the waves that can
produce readily identifiable signatures of the amplified signal. Electron
beams amplify VLF whereas proton beams amplify ULF signals. Unfortunately,
the beam diameter from a conventional particle gun on board a satellite
or rocket is too small for effective amplification. An adequate interaction
of the beam with a wave front requires a cross section comparable to several
wave lengths. Nevertheless, if such a broad beam is achievable in the
near future, appreciable amounts of amplification are possible and their
natural frequency signature is quite distinct. Furthermore, modulation
of such beams offers the opportunity to transmit information instead of
merely enhancing background noise.

Injection of low-energy beams of heavy ions appears to be practical for
stimulation of VLF amplification. For example, a beam of 43 eV cesium
jons has a gyroradius that is comparable to a VLF wave front. When such
a beam travels up a field line it drags along a neutralizing low-energy
electron beam which changes the local propagation conditions. The ampli-
fication of VLF by such a beam appears to be on the order of tens of
decibels at frequencies near tie local electron gyrofrequency. Again
the characteristic freiuercy signature is present and beam modulatiun
can further enhance t' ¢ detectability of induced amplification.

Several conclusions can be drawn from the study. Amplifications

of 40-60 decibels are indicated for several cases of interest. Such

vii
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enhancements of VLF or ULF noise levels are easilv detectable with
ground or satellite receivers located along the injection field lines.
One of the most promising cases is lithium injection at geosynchronous
altitude where broad regions at the surface of the earth would be
il1luminated by ULF noise in the band 0.4 - 0.5 Hz. At VLF the low-
energy cesium-electron beam works well as an amplifier and also pro-
vides a fluxtube waveguide for the electromagnetic energy. Al though
the electron and proton beams appear to generate amplification, the
interaction region is severely limited with present particle gun tech-
nology and the total energy transferred to the waves is quite small.
Plasma injections into the more dense inner magnetosphere are relatively
ineffective due to the local propagation characteristics.

The study is based on the linear theory for the cyclotron-resonance
interaction. Since some of the linearity assumptions are not vaiid in the
injection region, the quantitative results are open to question. Never-
theless, the linear results are believed to provide a reasonable basis
for selecting injecticn methods that appear to be effective for stimu-
lating amplification. As might be anticipated, the application of the
nonlinear theory is much more involved and requires extensive computer
time.  Nevertheless, a thorough nonlinear study of promising cases is

recommen-ied.
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STIMULATED AMPLIFICATION CF VLF AND ULF WAVES
IN THE MAGNETOSPHERE BY LOCALIZED INJECTIONS
OF PLASMA CLOUDS AND PARTICLE BEAMS

INTRODUCTION

There is an ongoing military and civilian reguirement to improve
the reliability of global radio communications. Long distance transmis-
sion of information is interrupted frequently by the diurnal excursions
of ionospheric propagation conditions and occasionally by strong geo-
magnetic disturbances that cause exceptionally intense ionization. To
some extent these vagaries are overcome at VLF (3-30 kHz) where the long
wavelengths are less affected by changing conditions in the ionosphere.
At lower frequencies, notably ELF (3-3000 Hz) and ULF (below 3 Hz), the
signals readily propagate on a global scale with relatively negligible
attenuation. At these latter frequencies, of course, the information
band width is severely limited. Furthermore, efficient generation of
such signals is exceedingly difficult due to the extremely long free-
space wavelengths.

Since VLF, ELF, and ULF noise bands occur naturally in the mag-
netosphere surrounding earth, it is appropriate to inquire about ways of
exciting this energy on command. The e1ectﬁomagnetic waves are apparently
quided by the geomagnetic field to ionospheric alitudes where they subse-
quently illuminate wide surface areas around the base of the field line.
In the magnetosphere VLF and ULF noise is believed to be caused by the
cyclotron-resonance interation uﬁth,gngrgetic (1100, keV) electrons and

protons. In fact, the dynamic equilibrium state between waves and



2.

energetic particles in the magnetosphere is believed to be controlled
by this dominant interaction (Kennel and Petschek, 1966). Furthermore,
observed amplification of VLF and ULF whistiers is explained by this inter-
action (e.g., Cornwall, 1966; and Liemohn, 1967). The amount of energy
exchange that may occur depends critically on such parameters as the
local ambient plasma density, the local geomagnetic field strength, and
the shape of the energetic particle distribution. Thus, it is appropriate
to explore ways of altering some of these parameters which might catalytically
enhance the amplification process. Such experiments would be valuable as
d quantitative test of the cyclotron-resonance interaction theory and subse-
quently provide a basis for an operational communications system.

The physics of the cyclotron-resonance interaction is really
simple to understand, although its mathematical description in magneto-
spheric applications is relatively complicated. In essence, it is a simple
resonance trapping of selected charged particles in the electromagnetic
potential of the wave. Although all particles are perturbed by the circu-
larly polarized wave fields, there is a select group of particles with
velocities that Doppler shift the propagation frequency to the vicinity of
their local gyrofrequency. The electromagnetic forces slow down some of these
particles and speed up others to bring them closer to the resonance fre-
quency and a net exchange of energy occurs between each monochromatic wave
and the relevant particles. If more particles give up energy than gain, the
wave is amplified and otherwise, attenuated. The amount of energy ex-

change depends on the shape of the particle distribution in the vicinity
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of the resonance velocity band. The local parameters of the medium which
prescribe the phase velocity of the wave also influence the extent of the
interaction by establishing minimum resonance energies for the particles.

In order to estimate its effect in the magnetosphere, the inter-
action must be evaluated for a wide range of propagation frequencies,
field-1line paths, and particle distributions. Several cases that are
typical of magnetospheric conditions have been investigated (e.g., Cocke and
Cornwall, 1967; Liemohn, 1967 and Ho and Liemohn, 1972) for a wide range
of conditions. It was concluded that the magnetosphere behaves like a
« snvective traveling-wave amplifier at both VLF and ULF, and that observable
amounts of VLF and ULF amplification occurred over a wide range of fre-
quencies but varied appreciably with geomagnetic activity. A considerable
body of indirect evidence has been gathered in support of the cyclotron-
resonance amplification theory (Cocke and Cornwall, 1967; Liemohn, 1969;
Cornwall et al., 1971; Thorne and Kennel, 1971; Rosenberg et al., 1977).
Unfortunately, there have been no direct experimental observations to verify
the quantitative aspects of the cyclotro~-resonance theory.

Thus the possibility of a controlled expoeriment to enhance VLF
or ULF amplification by a known amount has a two-fold purpose. First,
it can be used to test the quantitative conclusions that have been drawn
from the theoretical analyses. Second, successful artificial simulation
of wave amplification in the magnetosphere is an essential step toward
its ulilization in communication systems.

There are essentially two known methods for artificial stimulation of



the cyclotron-resonance interaction ir the magnetosphere. The first
method involves injection of dense plasma clouds of low-energy electrons

or ions (Brice, 1970; and Lornwall & Schulz, 1971) into regions of the
magnetosphere where the ambient plasma density is Tow but energetic
particles abound. Selective placement of these clouds reduces the phase
velocity of the VLF or ULF waves and thereby reduces the minimum particle
energy necessary for resonance. Gernerally there are many more hot particles
at the reduced resonance energy so that appreciable amplification enhance-
ments are anticipated. Since the plasma clouds do not enter directly into
the amplification, their injection is viewed as a catalytic process whereby
the increased wave energy is derived from the natural energetic particle
population.

The second method of artificially stimulating the amplification
involves direct injection of hot plasma beams by rocket or satellite
particle guns. Beam densities comparable to the ambient natural particle
densities along the flux tube are apparently achievable with current
technology (Hendrickson et al., 1970; Hess et al., 1971; and Cartwright
& Kellogg, 1971). In this case the particle beam merely adds a known
distortion in the energetic particle distribution along the field line,
and the enhanced wave amplification is derived entirely from the energy

of the injected beam. This method of stimulation is severely limited by

the low energy-conversion efficiency and the relatively small beam diameter.

Beams are attractive, however, because they do not rely significantly on
the ambient conditions in the magnetosphere, and their injections can be

modulated to transmit information.



In this document selected cases of plasma cloud and beam in-
Jections are analyzed quanticatively using the Tinear theory for the
cyclotron-resonance interaction. The linear theory has several advan-
tages for an initial investigation but it suffers certain inadequacies
that necessitate non Tinear investigations to corroborate the results.
The principle advantage of the linear expressions is that their computer
evaluation along magnetospheric propagation paths is relatively inex-
pensive. Furthermore, the computer program was generated some years

ago (Liemohn, 1967). Computer programs for the complete non linear

olutions have been prepared (Ossakow et al., 1972; Cuperman and Salu, 1972,

Denavit, private communication), but they currently require about 100
times more computer time for each uniform element of the magnetospheric
path. Thus, the linear theory provides a useful means of exploring a
variety of parameter regimes to optimize promising injection schemes
before they are subjected to a detailed non Tinear investigation.

The next section of the paper summarizes the Tinear theory for
the cyclotron-resonance interaction and introduces relevant propagation
properties of the magnetosphere. Specific injection schemes for stimu-
Tating amplification of VLF and ULF are treated separataly in the follow-
ing two sections. The final section summarizes the important results of

the study and draws specific conclusions about future research.



CYCLOTRON-RESONANCE THEORY

The fundamental 1inear theory for the cyclotron-resonance inter-
action and its application to VLF and ULF propagation in the magneto-
sphere is summarized in this section. Only the key equations are presented
here; for a complete derivation of the theoretical expressions, the reader
is referred to the early literature (e.g., Scarf, 1962; Kennel and Petschek,
1966). The solutions of the dispersion equation for circularly polarized
VLF and ULF waves lead naturally to a discussion of the propagation
characteristics in the magnetosphere. Some subtle aspects of the matha-
matical solutions are described in order to alert the reader to the
Timitations of the theoretical expressions. Finally, models of the
plasma medium encountered in the magnetosphere during disturbed
and quiescent conditions are described. These models provide a quanti-
tative basis for estimating the effectiveness of various methods of
stimulating the interaction.

Dispersion Equatton. In order to allow tractible mathematical
expressions, several assumptions are built into the theoretical dascrip-
tion presented here. First, it is assumed that the wavelengths are suf-
ficiently small that the propagation can be described in a localized
region where the magnetoplasma has a uniform static field B and a
homogeneous particle density N. Second, the analysis is restricted to
the special case where the propagation vector k is parallel to B so that
the waves are necessarily circularly polarized. When k is not parallel
to B, Landau damping is introduced by the presence of a longitudinal

electric field componert (Kennel and Thorne, 1967; and Kennel and Wong,



1967). Third, the transfer of energy between the waves and particles
is assumed to be sufficiently small and localized that non-linear effects
can be ignored. Implications of these specific assumptions will be dis-
cussed below.

Circularly polarized moncchromatic waves are described by tiie Fourier
component form exp (ikz-iwt) where w is the propagation frequency of
interest. For the foregoing conditions, the dispersion equation for the
wave characteristics’in the cyclotron-resonance interaction may be derived

from the coupled Vlasov and Maxwell equations (e.g. Montgomery and Tidman,

1964)
242 w P o dv
E“%"= L =b j. av, j. vy -V (1)
w i,e ko 0 - "
where =2 L k2 oF of
’ L vpsvy) i avJ__+ v (vllayL 1av“) . (2)
and Ve = (0 * w)/k (3)

Fi’e (Vl.’ V”) are the phase-space distributions of the charged particles
with velocity components perpendicular and parallel to B. The quantities
mpi,e = (4nNi’e ez/m 1"e)l/2 and wci,e = (+ e) B/mi’e c are the plasma
and cyclotron frequencies of the medium. The particle labels for the ions
(i) and electrons (e) are generally suppressed throughout the remainder

of the paper to simplify notation.

The resonance speed Ve is the particle velocity component necessary to

Doppler shift the wave frequency to the local cyclotron frequency.
Only those particles with V| near Ve participate in the energy exchange.

The plus and minus signs in Ve refer to right-hand and left-hand



circularly polarized modes, respectively. Clearly, there are four

possible combinations of interactions between waves and particles. By
convention the right-hand electron VLF and the left-hand ion ULF reson-
ance which require the wave and resonance particles to rotate in the same
sense and travel in opposite directions are termed normal interactions.

The right-hand ion and left-hand electron resonances, which require the
particles to overtake the wave, thus reversing their apparent sense of
rotations as required for resonance, are called anomalous. In the analyses
presented subsequently, only the normal interactions are considered be-
cause they occur at much lower erergies (0.1-100 keV) than the anomalous
interactions (above 1 meV). At anomalous interaction energies, there simply
are an insufficient number of particles to warrant investigation. Thus,
there is only one plasma component that contributes to the summations in

equation (1), depending on the mode of interest.

The dispersion equation (1) determines the propagation characteristics
k(w) or w(k) for the electromagnetic wave. In general it has several
solution trajectories in the complex hyperspace (wr + imi, kr + iki),
depending on the form of F. The space-time conditions in a given
problem determine the appropriate locus of acceptable solutions. For an
initial-value problem, k must be real and w is allowed to be complex,
whereas a boundary-value problem requires real w and complex k. Instab-
ilities inherent in the system are prescribed by characteristic roots
of equation (1) that have w; greater than 0 or ki less than 0 corresponding
to wave amplitude growth in the representation used here (with Wes kr

greater than 0). When such roots are present, they norinally dominate the

solution. In some applications, however, these roots may be suppressed by



imposed space-time conditions on the system,

In many cases of physical interest such as those presented here,
the local boundary conditions remain unspecified, and the dispersion
equation alone is the only information available about the nature of the
wave-particle system. When instabilities occur in this circumstance, it
is .mportant to ascertain whether an unstable system is inherently a non-
convective runaway oscillator described by wi:>0 and k real, or a convective
traveling-wave amplifier described by w reé] and ki'< 0. The answer is
found in a sophisticated mathematical criterion for hot plasma instabilities
(Derfler, 1967 and 1970).  The criterion has been applied to several cases
of interest in the magnetosphere (Ho and Liemohn, 1972) and it has been
concluded that instabilities in the magnetosphere are generally convective.
The specific cases presented below have not been investigated on the basis
of the instability criterion, but they generally fall into the class of
interactions which are deemed to be convective.

Before deriving solutions of equation (1) for complex k and reatl
w, it is necessary to define the form of the distribution function F,
Experimental observations of particles in the magnetosphere reveal that F
can be divided into a very low energy cold plasma part FCOLD for particles
below 10 eV, and a hot plasma part FHOT which describes all the energetic
particles above 10 eV. The sum of these two distributions is normalized
to unity so that the total plasma density N is explicitly included in wp

In order to solve the integral dispersion equation, it is necessary
to make an additional assumption that the amplitude changes slowly with

wavelength, which can be expressed in the form lki|<s:kr. Such a condition
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usually applies in the quiescent magnetosphere, but may be violated during
artificial stimulation of the interaction by plasma injections. When the
condition applies, the imaginary part of Ve is very small and equation (1)
may be expanded in a Taylor series in the complex Vi plane (Jackson,
1960). By equating real and imaginary parts, the propagation characteristics

to Towest order in ki /kr are given by

2

2k2
e . 1 - ‘;1 % (4)
w2 f-:é ) (w + wc)
ck ﬂz Z o
i . 2
= w dv, I (vy, v,) (5)
w 2c2k$_ ,e P j; HOT ¢

In the latter expression only FHOT is substituted in equaticn (2) to
obtain IHOT’ and Ve is the real part of equation (3). Expressions (4)
and (5) describe the local phase velocity (refractive index n) and amplitude

exponent for VLF or ULF waves in the magnetosphere.

In some applications where wave growth is extremely rapid, lk{l Z k.
and a proper description requires, the nonlinear theory (Cuperman, 1972;:
Bud'ko, et al., 1972). If Ik{l>=>kr, then the propagation charadteristics
may be described by asymptotic expansions (e.g., Jackson, 1960) of the
integral. It is important to emphasize that these analyses are not the
same as quasi-linear theory (Kennel and Petschek, 1966; Gendrin, 1968)
where repeated interaction with the same particles distorts FHOT' Such

distortion is only important for extended interaction regions, where
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the 1longitudinai drift in one bounce period, 4 v/w::'e "+ 3mall compared
to the characteristic wavelength, 2n/k_ (evaluated at 0.5 wggg). For
magnetospheric conditions of interest here, these quantities are comparable
for 10 keV electrons and protons (3 km and 150 km, respectively). However,
in the applications only narrow meridian wedges several wavelenqths across
are stimulated by injection. Thus quasi-linear theory is not applicable
near the edge of the injection region where the particles enter, but may

be significant where they exit.

Physical Interpretation. Certain physical attributes of the char-
a-teristics deserve further elaboration. First, they can be 2xpressed in
much simpler form where their physical interpretation is more transparent.
Second, the effects of introducing a plasma cloud or a stream of hot
particles are readily evident from the analytical form of tiic expressions.
Finally, the effect of off-axis propagation (k not pa-allel to B) is ex-
amined qualitatively to assess its effect on stimulated amplification and
the energy budget of the magnetosphere.

The expression fo, the phase velocity in equation (4) can be simpli-
fied considerably for frequencies just below the »lectron gyrofrequency
(VLF) and the ion gyrofrequency (ULF). By neglecting terms of order me/mi

the index of refraction has the two forms

()’
P - 2 2 = 5/
nt =k fl =)+ —PB for w=|uf) (6)
ol ug|-u) ¢
i
(p)? 1
“ ( for @< o (7)
mc mc-u)
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These are well-known expressions for VLF and ULF whistler-mode propa-
gation which display the characteristic frequency dispersion that is
observed experimentally in the magnetosphere.

Regimes of wave growth (k1<0) and decay (ki >0) for anisotropic
distributions can be formally derived from equation (5). For this purpose
it is necessary to introduce the concept of a particle gitch angle a

between the velocity and the magnetic field,
-1
a = tan ('VJ_ /V;;) (8)

Then equation 5 can be expressed in the form

22
ck T w W
i
T=Zm§- []«r(]; -—::,-)a]b (9)
i,e r t .
- aF
1 HOT
where a = 3% f dvy vy [tana —ao—] v (10)
0 - “c
b =/ vy v Fuor (Vi v) ()
(o]

For an isotropic distribution, a = 0 so that its summation term in
equation (9) is always positive and the wave is attenuated by that temm.
The special class of anisotropies FHOT « sin" a gives a particularly
simple result. In this case, a = m/2 and the normal interaction terms
yield amplification when u/ | W, |<m/(m + 2). This latter anisotropic
behavior is characteristic of natural distributions in the magnetosphere

at VLF and ULF.
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The physics of the interaction may be explained in terms of particle
trapping in the apparent potential well of the wave fie]&s. Although all
the particles in the plasma are subjected to the electromagnetic wave
fields, only those particles with v, sufficiently close to Ve actually
participate in the exchange of energy. The fcrces tend to drive Vi
toward Ve but because the circularly polarized wave has a hclical electro-
magnetic potential well, the vxB forces also change the perpendicular
particle velocity v, . The velocity vector of each particle is shifted
slightly to bring the particle into phase with the potential well and
this process leads to a net exchange of particle kinetic energy and electro-
magnetic energy. As noted above, the net exchange depends rather critically
on the shape of the phase-space distributicn, particularly the pitch angle
distribution. The question of whether more particles lose or gain energy
is prescribed by the derivatives in the integrands of equations (5) or (10)
which are evaluated at v, = Ve- In other words, the slope of the distri-
bution function is a measure of the number of particles that are giving up
energy compared to those that are gaining it,as they shift their velocity
to follow the helical potential well. The distortion of FHOT by this
process is ignored in the linear theory for reasons which were discussed
at the end of the preceding sub-section.

Possible ways to enhance VLF or ULF wave amplification in the
magnetosphere are now readily identifiable in the foregoing theoretical
equations. The expression for the amplitude exponent ki depends

on a variety of parameters and distributions, which might be modified
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locally to enhance the cyclotron-resonance interaction. The most obvious
means of stimulating the interaction is to change the hot plasma dis-
tribution FHOT' Amplification is achieved by dumping a large amount of
energetic parfic]es near the equator so that sin"a pitch angle dis-
tributions are formed. This type of injection is feasible by nuclear
bursts. The early tests which were detonated in the upper atmosphere
created pitch angle distributions of the form cos"a that strongly absorb
VLF and ULF energy. In fact, the only signals detected from these tests
were apparently the initial electromagnetic pulse generated by the local
current system at the source. A second method for causing substantial
amplification is particle beam injection. Such a beam would be additive
to the hot plasma distribution FHOT' Its contribution would only occur
when the parallel component of the beam velocity is near Ve so that the
beam can participate in the resonance interaction. In the following
sections electron beams are investigated as a source of VLF amplification
and proton beams are considered at ULF.

Another relatively simple procedure for stimulating amplification
is to enhance the background plasma density in a local region where
natural amplification is occurring (Brice, 1970; Cornwall and Schulz,
1971). Such an enhancement alters the index of refraction (see equations
6 and 7) for the modes, reduzing the phase ve]ocities appreciably. Since
the resonance speed v, in equation (3) is proportional to N'l/z, this
increase in density allows lower energy particles to participate in the
resonance interaction. If the hot plasma distribution has more particles

ai these lower energies, the resonance interaction is sharply stimulated,
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and considerable amplification jg anticipated from catalytic injections of
cold plasma. Several specific cases of plasma injections are modeled in
the following sections to i1lustrate these possibilities.

These foregoing theoretical expressions are strictly valid only
for propagation vectors k parallel to the lTocal magnetic field. But their
applicability to Propagation conditions in the magnetosphere is expected
L0 extend far beyond this narrow subclass of propagation conditions.

Since vaves that are not parallel to the local field are subject to con-

ventional Landay damping (Kennel, 1966), only those signals with wave

rormals near the local magnetic field actually syryiyve propagation

through the Mmagnetosphere. Consequently, those VLF and ULF whistler
signals that are detected by ground stations and satellites are likely

to be contained in the class of Propagation vectors inciuded in the
foregoing theoretical description. In this sense the theory of circularly
polarized waves is quite useful. On the otler hand, it must be recallad
that the wave normals change their direction as they traverse the mag-
netosphere (Kitamura and Jacobs, 1967) so that much of the wave energy

actually is ultimately lost through the Landay process. An estimate of the

of the magnetosphere and lost by this attenuation elsewhere has not been
calculated. Undoubtedly, this energy transfer process plays an important
role in the redistribution of energy throughout the magnetosphere during
periods of strong disturbance. It must also play a significant role in
the quasi-steady-state conditions that describe the dynamic equilibrium
between waves and particles during geomagnetically quiet periods. This

difficult problem needs further study.
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Magnetospheric Models. The magnetosphere consists of a neutral
(hydrogen) plasma imbedded in the geomagnetic field. The field is approxi-
mately a dipole subject to minor internal distortions and a major
boundary distortion due to the solar wind. The cold hydrogen plasma is
distributed throughout this geomagnetic cavity but it has a distinctive
spatial distribution and is subject to considerable fluctuations with geo-
magnetic activity. In addition there is a hot plasma component of con-
siderably lower density that consists of energetic (1-100 keV) electrons and
protons that follow trapped orbits along the geomagnetic field 1ines.

Above the ionosphere the medium is assumed to be slowly varying electro-

magnetically in the sense that the wave length A satisfies the condition

| val= 2nc)on| /rfw <<1 (12)

for all frequencies of interest. On this basis, the propagation character-
istics of a uniform medium that are given in the preceding section are
generally applicable locally in the magnetosphere. The theory of VLF

and ULF whistler propagation through the magnetosphere is based on the
condition (12). At VLF the whistler wave packet propagates along the

flux tube field 1ine from one hemisphere to the other in the right-hand
mode of circular polarization (e.g., Helliwell, 1965). Similarly, the ULF
waves propanate katween hemispheres in the left-hand mode (Jacobs and
Watanabe, 1964). Much of the whistler guidance along the flux tubes is

attributed to field-aligned columns of enhanced ionization (Smith et ai.,



17.
1960; Smith, 1961). The time delay between successive hons of a whistler
signal between hemispheres and its characteristic frequency dispersion are
described very accurately by path integrals of the electromagnetic group
velocity for a locally uniform medium.

Similarly, the amplitude exponent ki for a uniform homogeneous
medium is assumed to describe thewave growth or decay along the propa-
gation path. The net path amplification or absorption of power in a

wave that propagates through the slowly varying magnetosphere is

given by

A (decibels) = -10 1oglo[expf 2 ki (w,s) ds] (13)
path

where the path is along a dipole field 1ine segment from the interaction
region to the receivers on the ground, and ki is defined by the integral in
equation 5. Evaluation of the double integral contained in expression (12)
for a variety of injection models is the primary objective of this research.
Without significant loss of quantitative accuracy the geomagnetic
field may be approximated by a pure dipole in this application. Thus the

signal path is defined by the equation for a field line

R=1 coszx (14)
where R is the radial distance in earth radii, L is the geomagnetic equatorial
intercept in earth radii and A is geomagnetic latitude. The electron-cyclotron

frequency along this path has the form

“5 - “so (1 + 3 sin2))V/2 /hoseh (15)
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where w€ is its equatorial value (-5.5 x 106 L'Sradians/sec).
At L=4 this corresponds to an electron gyrofrequency of 13.7 kHz and a
proto1 cyrofrequency of 7.5 Hz.

The thermal background plasma is relatively slowly varying along a
given field 1ine but is subject to a large discontinuity across the plasma-
pause in the vicinity of L = 3-5 (Carpenter 1966, Carpenteret al.,

1969). Inside the plasmapause the thermal plasma is in hydrostatic equil-
ibrium whereas outside the density varies approximately as the geomagnetic

field. For the analyses presented here, the plasma frequency is modeled

by the following expressions,

wg 3 wgo exp (3/R - 3/L) in plasmasphere (18)
= wgo (L/R)3 in plasmatrough (15)

1/2
where wgc is its equatorial value (5.65 x 10" No/

radians/sec)
and the hydrostatic model has a temperature of 1250° K. For modeling
purposes, the equatorial density is assumed to be N0 = 232 partic]es/cm3
in the plasmasphere which gives an electron plasma frequency of 137 kHz.
In the plasmatrough N0 = partic]e/cm3 which corresponds to a frequency
of 9 kHz.

In order to separate the distribution function into a cold com-
ponent and a hot component, the frequency band of interest must be

somewhat below the local gyrofrequency for the resonant particles. In

practice this requires w=0.9 |m§ | for resonance energies above 10 eV.

For the applications presented here, this arbitrary energy limit establishes



19.

the division between FCOLD and FHOT’ At these energies the mean
free path of the hot plasma particles are so long that they follow
cosventional first-order trapped orbits in the magnetosphere. The
cold plasma, however, behaves 1ike a Maxwellian gas similar to its
diffusive source, the ionosphere.

According to Liouville's theorem, the hot plasma distribution,
FHOT’ is prescribed everywhere in terms of its equatorial distribution
Since trapped-particle data is generally in the form of separate pitch-
angle and energy distributions, the models for FHOT are assumed to have

‘he form

FroT = G(v) H(a) (16)
Along the flux tube G is obviously invarient because particle energy
is conserved in the geomagnetic field, but H is not constant. Using

the Liouvilie theorem and the conservation of magnetic moment, it is

easily proved that

H(a)

n

1, (sin”} [(BO/B)]/Z sin o]) (17)

where Ho is the equatorial distribution.
FHOT is normalized to the experimental data in the following manner.

The pitch-angle distribution is arbitrarily normalized to unity,

/2
4 f H (a) sinad a =1 (18)
o 0
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and the speed distribution is based on experimental differential density

spectra, dN/dE, which are related as follows:

diyt dF = 6 v2 dv/dE (19)

The experimental data for energy and pi.ch angle distributions of interest
in this application are introduced in the following sections of the
document.

A computer program for evaluation of the cyclotron-resonance inter-
action has been prepared based on the foregoing theoretical expressions.
A conplete listing of the program and its sub-routines is included in
an Appendix. The program is designed to handle both electron interactions
with VLF and proton interactions with ULF separately. The output of the
program includes listings of the amplification exponent ki as a function of
geomagnetic latitude along the propagation path and the net path amplifi-
cation A for a range of frequencies. In general, these two quantities
completely specify the quantitative characteristics of the interaction.

A variety of quantitative models for stimulation of wave amplification

are treated in the following sections.



21,

VLF AIPPLIFICATION

The artificial stirulation of VLF amplification in the magnetosph:re
is relatively easy to aciiieve because of the variety of injection matérials
and conditions that are available. llowever, the energetic electron
distribution that is responsible for amplification changes its shape
(Frank, 1967, 1968) depending upon the state of disturbance in the
magnetosphere. Thus, it is important to choose the proper time for injection
of plasma clouds that can induce amplification via the cyclotron-resonance
interaction. Several cases of interest are modelled quantitatively in
the following subsections.

Cefore discussing specific cases it is necessary to introduce the
models for the energetic electron pitch angle and energy distributions.

The pitch angle distributions, ”o' are assumed to be of tae form ~ sin"a
which are typical of experimental observations in the magnetosphere
(0'Brien, 1963). In practice the model distributions are distorted at

small pitch angles in order to introduce an atmospheric loss-cone cutoff

at an equatorial pitch angle of 10°. Some cases of interest are illustrated
in Fiqure 1 where the isotropic distribution corresponds to m = 0 and

the two anisotropic cases, m =1 and m = 2, are typicaT of the energetic
electrons in the magnetosphere.

As indicated in the preceding theoretical discussion, the enerqy
distribution may be subdivided into a cold and a hot cormponent. The
cold background plasma is relatively more dense and is assumecd to have

a "laxwellian energy distribution with a riean enerqy on the order of 0.1 eV.
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Fig. 1 Pitch Angle distribution models H, at the geomagnetic equator.
These anisotropic models including a loss cone cutoff are used
for both electrons and protons in the magnetosphere.
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Fig. 2 Typical electron energy distributions in the magnetosprere.
Both the cold backgiound Plasma and the hot energetic
particles are illustrated to show their relative magnitudes
and locations on the energy scale. Some of the calculations
are performed for energy distributions of the form E-N that
are typical of many observations. The substorm distribution
‘A' was measured on the ATS-5 satellite at geosynchronous
orbit (DeForest and McITwain, 1971),
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It controls the propagation characteristics of VLF waves but transfers
neqliqible energy to the waves, The hot electrons in the energy range

from 0.1 to 100 keV are responsible for the rr.sonance energy exchange

at VLF in the magnetosphere. Typical electron distributions which are

used here are illustrated in Figure 2. The substorm distribution "A"

is based on satellite observations (DeForest and Mcllwain, 1971) located

at L = 6.6 in a geosynchronous orbit. The distributions E™" where n = 1 or 2
are fairly qood approximations to conditions throughout the region inside

the necosynchronous orbit, including the transition across the plasmapause.

“atural Density Enhancements. During disturbed conditions in the

magnetosphere the location of the plasmapause can shift appreciably in its
L-shell location causing local density variations of 1-2 orders of magnitude.
Such changes can cause major modifications in the energy exchange between
VLF waves and energetic electrons which results in a major revision ¢f the
dynamic equilibrium state of the magnetosphere (Brice and Lucas, 1971).

The specific case chosen for analysis is assumed to occur inside the
plasmasphere where the plasma density is assumed to increase by a relatively
small amount., However, the increase in amplification may account for the
VLF emission and whistler activity that is observed in the plasmasphere.

The cold plasma is modeled by the hydrostatic equilibrium described by
equation (14). A propagation path along L = 4 is assumed for illustration

3

with an ambient plasma density of "o = 232 em ~ and an inhancement to

0, = 733 em™3,
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The hot electron distribution is assumed to have the form E']'S sin a
corresponding to the models qiven in Figures 1 and 2. The chanqe in the
amplification exponent due the density enhancement is illustrated in
Fiqure 3 for two frequencies of interest, Although the change in the
amplification exponent appears relatively small, the net path amplification
is increased by ahout 5 db (decibels) as shown in Figure 4,

These figures illustrate some important features of the amplification
exponent and the net path arplification at VLF. First, the exponent, ki'
varies rapidly with geomagnetic latitude and depends strongly on the
Tocal plasma and cyclotron freguency parameters as well as the propanation
frequency. Its value at the geomagnetic equator is not a good indicator
of its overall average throughout the region of interaction. The
amplification actually peaks sharply some 10° to 20° from the qeomagnetic
equator, t the hinher frequencies the signal is sharply attenuated near
uie geomagnetic equator due to the interaction with lower enerqgy particles
vhich can enter the rcsonance band. The interaction decreases sharply
at sorie 30° to 40° from the qeomagnetic equator because the Doppler shift
becomes too large for even very energetic particles to contribute
appreciably to the amplification.

The shape of the net path amplification depicted in Fiqure 4 is
typical of the natural growth that can be expected at VLF., The location
of the frequency at which maximum amplification occurs and the location
of the upper cutoff where amplification ceases depends primarily on the

shape of the pitch angle distribution, i.e., exponent m. The relationship
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Fig. 3 Increased amplification exponent for VLF waves due to a natural

enhancement in the cold plasma density. The propagation at

L =4 is assumed to be inside the plasmasphere where the cold
plasma is in hydrostatic equilibrium. For this case, the hot
plasma is assumed to have an energy and pitch angle distribution
of the form E-1.5 sin a (see Figures 1 and 2).
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Fig. 4 Increased net path amplification of VLF waves due to a natural
enhancement in the cold plasma density. The propagation path
at L = 4 is assumed to be inside the plasmasphere where the
cold plasma is in hydrostatic equilibrium. For this case,
the hot plasma is assumed to have an energy and pitch angle
distribution of the form E-1.5 sin « (see Figures 1 and 2).
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between the upper cutoff frequency and this anisotropy index m was
discussed following equation (9) above. The cutoff location is shifted
sometiiat in the inhomogeneous magnetosphere where the effect is smeared
out by the variable parameters of the background medium. The magnitude

of the amplification in qeneral depends on the density of the energetic
particles available to exchange energy with the wave at the resonance
velocity. The shape of the curve for amplification depends on the

shape of the energy distribution, that is, the value of n. As n increases
the bandwidth of amplification tends to increase with it. 0f course

all of these characteristic variations depend on both m and n in a
complicated way which is difficult to separate. More complete discussions
of these dependencies on the shape of the distribution function can be
found in the earlier literature (e.g., Liemohn, 1967).

Barium Jet in the Plasmatrough. The technology for rocket injection

of barium has progressed to the point where jets can oe propelled along
the geomagnetic field 1ines by shaped charges located in the nose cone of
the rocket pay]oad.] Weight limitations on the launch vehicle limits the
amount of barium to approximately one kgm which corresponds to 5 x 1024
barium atoms. Energy from the shaped charge as well as the sunlight
rapidly ionizec this harium so that the ions and electrons are trapped

along the geomagnetic field. Apparently plasma instabilities occur in the

Shaped charge injections of barium were carried out in a series of
experiments from Alaska and Hawaii in March and October, 1972, by

Dr. Milton Peek of the Los Alamos Scientific Laboratories. The Jet
of neutral barium was quickly ionized and followed the geormaqnetic
field line to the opposite hemisphere from its injection region., The
purpose of these experiments was to map the geomagnetic field by
following the optical emission from the cloud of barium ions.

1
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charqed cloud and cause striations that reduce the effective density of
the beam. ‘levertheless tests have shown that an appreciable fraction of
the injected barium does progress up the field line toward the other
hemisphere,

The leading edge of the barium Jet travels at about 14 km/sec and
the trailing edge at 9 km/sec. Thus, at the geomagnetic equator along
the field line at L = 4, the equatorial enhancement is approximately
15,000 km long and about 15 km in diameter., This corresponds to a volume
of approximately 3 x 102] cm3. From the intensity of the optical emission,
the equatorial density is approximately 2-3 barium ions/cm3. Approximately
40-50 minutes is required for the jet to reach the geomagnetic equator
along L = 4,

On the basis of the foregoing parameters and experimental evidence,
a model of the barium injection has been constructed to evaluate its effect
on the cyclotron resonance interaction. Some 15 minutes after the release
along L = 4 the primary jet is bounded between 30° and 38° from the
geomagnetic equator and has a density of approximately 30 ions/cm3. At
30 minutes, the jet is bounded by 8° and 25° from the geomagnetic equator,
and the density has reduced to 5 ions/cm3. The reduction in density is
due to the increased diameter of the jet as well as its elongation. In
order for these enhancements to be significant relative to tiie natural
plasma background, the injection must occur during a mild geomagnetic

substorm when the plasmapause is inside L = 4. The ambient natural density

in the p*asmatrough is assumed to be 1 electron/cm3 and vary radiaily as

as N7, These properties of the barium shaped-charge injection model

are illustrated in Figure 5,
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BARIUM SHAPED -
CHARGE INJECTION
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AMBIENT N=1.0(4/R)® (cm-)

Fig. 5 Rocket injection of a barium shaped-charge along the L = 4
field Tine. The barium jet is assumed to consist of 1 kgm of
fully ionized gas. The trajectory ic assumed to be in the
plasmatrough, where N0 = 1 electron/¢m-3 and N varies as R-3.
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An important aspect of the problem that is not included explicitly
in the amplification calculation is the diameter of the barium ion jet
relative to the size of the VLF wave front. As noted in the theoretical
section, it is important that any enhancement be comparable to or larger
than a wavelenqth in all of its dimensions, Using tfre experimental
observation of 15 km as the diameter of the barium ion jet at the equator,
the diameter at 15 minutes is approximately 7.5 km and at 30 minutes,

11 km. For a propaqation frequency of 6 kHz, which is approximately

half of the quatorial electron gyrofrequency at L = 4, the free space
vavelenqgth is about 50 km. However, the index of refraction within the
barium cloud enhancement is approximately 10 in both cases so that the
effective wavelength is somewhat less than the actual diameter of the
cloud. Thus, to a first approximation, the cyclotron resonance interaction
should not be limited by the width of the jet.

The amplification exponent for the interaction of VLF waves within
the barium jet at 15 and 30 minutes is illustrated in Figure 6. Evidently
the interaction is strongly enhanced as the jet approaches the geomagnetic
equator, which (s not unexpected due to the smalier Doppler shift that is
required. Furthermore, the expenent is strongly enhanced only in the local
reqion of the barium jet. MNote the opposite behavior of the exponent,
ki' for the propagation frequencies 0.3 and 0.5 fso at 15 and 30 minutes,
respectively, This is readily explained by chanaes in the relative
magnitudes of the growth and decay terms in expression (2). The hot plasra

which provides the energy for the amplification is arbitrarily assumed to
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2 sinza which is a reasonable approximation for the

have the form E~

electron energy distribution in the plasmatrough during a geomagnetic storm.
The net power that can be transferred from the energetic electron

distribution to VLF waves Ly the barium shaped-charge enhancement is

illustrated in Fig.re 7. Evidently the amplification some 15 minutes

after the injection is still negligible below fgo' but after 30 minutes

the amplification has increased 20-30 db and the bandwidth has been

expanded somewhat. At L = 4, it has been noted that fgo = 13.6 kHz, so

that the 30 minute amplification band is between 4 and 8 kHz,

Geosynchronous Lithiwm Clouds. One of the more promising methods

for inducing strong amplification of waves in the magnetosphere is by
injection of a cloud of lithium at the geosynchronous orbit. Lithium has

a relatively slow rate of ijonization in solar ui. 'violet so that the

cloud of neutral atoms can diffuse radially for approximately an hour

before most of it is ionized and trapped by the geomagnetic field. Although
this slow rate of lithium-ion generation does not permit its application as

a comunication method, the diameter of the cloud makes it a strong contender
for a quantitative test of the theory. Furthermore, the large area that
would be illuminated with VLF noise at the ground makes it attractive from

an observational standpoint.

The distribution of the geosynchronous 1lithium injection has been
modeled by the solution of the diffusion equation for a point source of
particles. The density, N, is given as a function of radial distance, r,
(from the source roint) and time, t (measured from an arbitrary instant

of the release), by the equation,
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N = Ny exp (-rZ/a0%t2); (4x0?t2)3/2 (20)

where N] is the number of 1ithium ions injected and D is the diffusion
coefficient for the cloud of particles. In such a solution no attempt
is made to include the dynamic process for ionization of the Tithium
atoms; instead, it is assumed that N describes the current number of
ions in the cloud at time t.

For this application the value of N] is assumed to be 8.5 x 1025
molecules corresponding to 1 kgm of fully ionized lithium. The diffusion
coefficient, D, is assumed to be 1 kmz/sec, which gives cloud diffusion
rates in good agreement with ooservations. The induced amplification
has been evaluated for distributions corresponding to 10 minutes after
rzlease and 50 minutes after release of the 1ithium charge. The electron
density enhancements corresponding to these release times are illustrated
in Fig. 8 as a function of geomagnetic latitude. The natural background
density is arbitrarily assumed to be 1 e]ectron/cm3 which is a reasonable
limit at the geosynchronous orbit (L = 6.6). Since it requires approxi-
mately one hour for sunlight to fully ionize the lithium atoms in the
Cloud, it requires at least five times as much lithium to achieve one
kilogram of ionization in 10 minutes as it does in 50 minutes. If the
Tithium release from the canister is only 10 percent efficient, as some
researchers have suggested (Cornwall private communication), then the
amplification enhancement at 10 minutes requires a lithium payload of
50 kgm plus a detonating charge whereas the amplification at 50 minutes

requires only 10 kgm of 1ithium plus charge.
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The effect of this geosynchronous 1ithium injection on VLF wave
amplification is illustrated for two hot plasma distributions in
Figures 9-12. For one case, the hot electron distribution is assumed

1.5 sin a (see Fig. 2) which is taken te represent

to have the form E~
conditions at the geosynchronous altitude during geomagnetically
quiescent conditions. The second case is modelled after experimental
observations of a typical substorm (DeForest and McIlwain, 1971) and
is denoted by the functional form (dN/dE)"A" sin a (see Fig. 2). The
VLF amplification results for these two distributions are discussed
together in order to emphasize the physical aspects of the interaction.
The first and most obvious effect of the lithium injection is
the concentrated enhancement of the amplification exponent, ki’ in
the vicinity of the geomagnetic equator (see Figures 9 and 11), which
is entirely attributable to the geometry of the enhancement. The
second point of interest is the similar magnitudes of ki for the two hot
electron distributions, but note, however, that the frequencies are
significantly lower for the distribution E']'S. Outside the frequency
bands shown, the enhancement in the amplification is relatively
negiigible. Since all other parameters are held constant, the entire
effect is attributable to the shape of the energy distribution, and
points out the need for detailed observations of the phase-space
distribution for an adequate quantitative test of the cyclotron
resonance amplification.
The net path amplification from these twc hot electron distributions
1.5

are illustrated in Figures 10 and 12. The distribution, E*'*°, provides

strong amplification at frequencies below 0.35 féz. After 10 minutes
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the injection does provide about 30 db of enhanced amplification at

0.1 - 0.2 fgo, but after 50 minutes no appreciable enhancement is
discernible. This is to be contrasted with the amplification for the
substorm "A" where the ambient amplification is shifted to the frequency
band 0.4 - 0,55 fgo' This frequency shift and the reduction in ambient
amplification by a factor of 20 is attributable to the depletion of
low-energy particles in FHOT for distribution "A". For this substorm,

the amplification after 10 minutes is extremely high, on the order of

200 db. Such an amplification level could only be realized if the VLF
source is low-power incoherent particle emissions; normal VLF emissions
subject to this much amplification would become nonlinear and distort

the hot plasma phase-space distribution suppressing the net amplification,
From practical considerations, the most important result i5 the
amplification obtained 50 minutes after injection during a substorm.

For this case, the amplification has been enhanced some 40 db at a
frequency around 1.5 kliz, Such an effect should be readily discernible
from ground-based observations of VLF in the vicinity of the geosynchronous

conjugate points.
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Energetic Electron Beanms. The“prospgpt_gj,Qmp]ifyinngLE"waves-~-~

by direct injection of hot electron beams is attractive because the

net amplification is relatively insensitive to the state of geomagnetic
activity, The state of the natural background plasma is relatively
unimportant since the energy for wave growth is to be derived entirely
from the injected beam of particles. Thus, the process is no longer
catalytic in the sense of utilizing the hot electrons that are trapped
in the geomagnetic field, but rather is a direct stimulation of the
cyclotron rescnance interaction. The entire process is quite analogous to
transmitting waves from an antenna on board a spacecraft. The amount
of amplification is obviously proportional to the intensity of the
beam.

In the analysis presented here, the beam is assumed to be launched
by a spacecraft along the geomagnetic field line at L = 4 which is
assumed to be inside the plasmasphere where No = 232 electrons/cm3.

The natural hot plasma background is assumed to have a distribution of

the form E1 -5

sin a. These quantities merely serve to define the local
propagation conditions and the natural amplification along the propagation
path.

The electron gun is assumed to have a power level of 0.5 kilowatts.
For definiteness, the gun is assumed to generate 100 millisecond pulses
of electron current with a beam energy of 10 keV. At this energy,
the electrons have a speed of 6 x 104 km/sec and an equatorial gyro
radius (at L = 4} of approximately 1 km, depending of course on the
lTocal pitch angle. Initially, such a beam would appear to be a helix

that is wrapped around the injection field line at the appropriate pitch

angle. However, electrostatic forces and plasma instabilities are
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expected to smear ou’ this gecmetrical form within 100 km or so from the
injection point (Pellat, private communication), and the beam is more

appropriately described as a flux-tube-column of electrons. Pssuming an
order of magnitude inflation in the cross section of the beam, the volume

5 km3. Since 0.8 x 10]8 electrons are contained in

of the column is 2 x 10
the pulse, the density of the beam is 0.004 e]ectrons/cm3. If the beam has
an effective spread of 2 keV, this density corresponds to a differential
energy spectrum of 0.002 e]ectrons/cm3 keV.,

The foregoing considerations were employed to derive the electron
beam model shown in Figure 13. The pitch angle distribution Ho is normalized
to unity and has a pitch angle spread of 10° corresponding a limited amount
of scattering. The energy distribution, dN/dE, has been normalized
to the value derived above with an approp'iate energy spread which is
attributable to scattering. In order to assess the effect of injection
lTocation and injection pitch angle, three values of the equatorial pitch
angle are arbitrarily assumed for the beam model. For ay = 85° the beanm
mirrors at a latitude of + 3°, for 55° the latitude is + 18°, and for
25° the latitude is + 37°. Of course the beams must be injected above
these corresponding mirror point latitudes in order to achieve the model
parameters.

The size of the beam cross section relative to the wavelengths of
interest determines the effectiveness of the interaction. Near the
jeomagnetic equator at L = 4, the electron gyro frequency is 13.7 kHz
and for a plasma density No = 232 electrons/cm3. The corresponding
plasma frequency is 137 kHz. For a propagation frequency at half the

gyro frequency, 7 kHz, the index of refraction is approximately 20,
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and the wavelength is 2.5 km. This is to be compared with a beam injection
diameter of about 2 km. If the beam cross section expands by a factor

of 10, as assumed, the cyclo’ron-resonance interaction between the beam

and ambient VLF signals could be quite effective. However, it must be
remembered that the interaction flux tube maps onto a very small region

in the ionosphere so that the actual VLF energy flux may still be

extremely small.

As noted in the introduction, electron beams with the foregoing
properties have been generated experimentally (Hendrickson et al, 1971;
Cartwright and Kellogg, 1971; and Hess et al, 1971). These beam experi-
ments behaved qualitatively as expected, but many questions remain about
the the quantitative aspects of their behavior. One important conclusion
is that the well-known two-stream plasma instability does not effectively
break up the beam as might be expected. Evidently there is enough
spread in the thermal energy of the beam to quench the electrostatic
waves that are predicted on the basis of delta-function beam distributions.
These experiments and their analyses are continuing.

The cyclotron-resonance interaction between electron beams and
VLF waves has some unusual properties due to the shape of the phase-space
distribution. Adjacent to the central pitch angle and energy values of
the beam, the distribution has exceedingly large derivatives which play
a dominant role in the integrand of the amplification exponent, ki’
displayed in equation (2). Thus, in the vicinity of the resonance, there
is strong absorption on one side and strong amplification on the other
due to the change in sign of the derivative. This behavior is clearly

illustrated in Fig. 14 for the case oy = 55° and E, = 10 keV. For a
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given frequency the interaction is confined to a narrow band of geo-
magnetic latitude where the paraliel component of the beam velocity
matches the resonance velocity given by equation (3). The fact that
the absorption occurs on the equatorward side and the amplification
on the earthvard side of the interaction region is simply due to

the values of the derivatives in ki at the local resonance velocity.
The location of the resonance region is further from the equator at
the higher frequencies; this is wholly attributable to a reduction
in the parallel velocity component of the beam as it progresses
toward its mirror point and necessitates frequencies closer to the
local gyrofrequencies to achieve resonance.

For the beam energy chosen in this analysis, the pitch angle
distributions centered at 85° and 25° do not contribute significant
effects. At 85° the entire interaction is extremely close to the
geomagnetic equator and the parallel velocity component is relatively
small demanding a frequency very close tc the local cyclotron frequency
where the amplification is also small. At 25° the beam has more
parallel than perpendicular energy in the region of interaction so that
the wave energy is absorbed by the particles, but again the interaction
is relatively small.

The net path amplification for the three cases is illusirated in
Fig. 15. Evidently, the interaction at 25° and 85° is essentially
neutralized, that is, the absorption of VLF energy just balances the

amplification. However, at 55° the absorption is clearly significant

above 0.3 fc%' For this pitch angle the interaction is strongly dominated

by the equatorward absorption.
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These foregoing properties of the beam amplification provide an
unusual method for generation of narrow band VLF noise pulses. If the
beam is launched from its mirror point toward the equator, it is possible
for VLF noise to build up on the earthward side of the interaction
region and subsequently propagate toward the ionosphere. Since the
equatorward side of the interaction region is absorbing energy more
strongly, no signals from the equatorial region can penetrate through
the beam. Consequently, for any signals to be available for amplification
the electron beam and the natural background plasma must be spontaneously
emitting copious amounts of incoherent VLF noise. Our current under-
standing of this inchoherent noise source (Liemohn, 1965; and Trulsen
and Fejer, 1970) suggests that it is wholly inadequate. For example,
in Fig. 14 the amplification region alone can provide about 35 db but

30 watts/Hz from each electron,

the incoherent VLF signal is only 10~
Nevertheless, it is intriguing to consider the possibility of generating

a succession of descending tone pulses with an electron beam.
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Low-Energy Ion Beams. For this case, the attractive feature of

injecting cold plasma to stimulate amplification by catalytic means
is coupled with the advantages for direct control that are offered by
the beam concept. In the magnetosphere a low-energy (eV) ion is subject
to the forces of both gravity and geomagnetic gradients. The individual
ions are reflected at low altitude by the geomagnetic gradient and driven
toward the equator where gravitational forces take over and pull them
earthvard again, Thus, these ions are caught in intra hemisphere orbits
which are nonlinear but quite repetitive. Such an orbit is illustrated
in Figure 16 for a proton with energy 0.32 eV, and argon ion with energy
13 eV, or a cesium ion with encrgy 43 eV,

Such a beam does not interact with VLF waves, but it is accompanied
by a cloud of neutralizing electrons that stimulate
strong amplification by the hot (keV) electron plasma. The generation of
such an ion heam by a particle gur on board a satellite or rocket requires
a neutralizing source of negative charge such as a hot cathode emitting an
electron current, If the ions follow a well-established trajectory, the
electron gas will be dragged along with the icns by the ambipolar electric
field. It is this cloud of electrons that actually enhances the cold
plasma density and induces catalytic amplification of VLF waves along the
field-line trajectory of the ions. The shape of the electron cloud is
assumed to emulate that of the jon beam since the ambipolar field is localized
and the ions are so much more massive.

Before undertaking a discussion of the beam interaction vith VLF

waves, the details of the individual ion motion in the gravitational and
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Fig. 16 Schematic diagram of magnetic-gravitational trapping of low
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these low-energy ions above the ionosphere can produce a
sharp density enhancement along a portion of the flux tube.
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manqnetic field must be considered. The important forces acting on the
ion are the gravitational component parallel to the local geomagnetic

field and the field-aligned geomagnetic gradient force,

Fapay =™ @ sin /& (21)
1@ V" B v 2

fng =~ 7 1 = (22)
(of

vhere g is the acceleration of gravity at the surface of the earth, ¢ is
the angle between the radial direction and the field-1ine normal, and %
is the gradient operator along the local geomagnetic field direction.
These force components coupled with the first adiabatic invariant,

yi/B = constant, and the geometry of the geomagnetic field are sufficient
to fully identify the fon trajectories. However, since the forces are
conservative, it is entirely permissible to use the conservation of total
energy to arrive at the end points of the orbit without deriving the full

solution for the trajectory. The energy equation has the simple form

2 . 2 2
Var * Yy - 20/Rp = vy - 29/Ry (23)
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where subscript 1 refers to the injection location and M refers to the
mirror or turning points of the trajectory along the flux tube. This
formulation of the problem follows that used previously (Eviatar et al,
1964; and LeMarie and Scherer, 1970), but the results are displayed in
an entirely different manner.

The solution for the mirror points of typical inn trajectories are
illustrated in Fig. 17. The injection level is specified at 1600 km
(R = 1.25) along the geomagntic field line L = 4. The mirror point,
Rys» is plotted as a function of ion energy for hydrogen, argon, and
cesium with the injection pitch angle a as a parameter. For example,
an argon ion with an energy of 13 ev and an injection pitch angle of
90° bounches back and forth between R = 1.25 and R = 3 as shown in
Fig. 1€ as well. An extreme example is a 4 eV argon ion injected
upward parallel to the local field (a = 0°) which is reflected at
R = 1.6 by gravity and falls directly back into the atmosphere at
R=1. Similar cases have been worked out for a variety of injection
levels and geomagnetic field lines; all of them have very similar curves
and nearly identical energy regimes. The presence of a natural electric
field parallel to the local geomagnetic field can seriously distort the
shape of the trapping region, however, and it may play a significant role
during disturbed conditions, but it must be ignored here due to lack of
evidence.

In order to illustrate the effectiveness of these low-energy ion
beams to stimulate V' wave amplification, the specific case of 43 eV

cesium ions with an injection pitch angle of 90° at the rocket altitude of
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1600 km will be considered explicitly. At the injection location these
ions have a speed of 7.5 km/sec and a gyro radius of 0.2 km. Due to
scattering mechanisms, the beam helix is expected to expand into

a column about 1 km2

in cross-sectional area which is 10 times the gyro-area.
If the beam runs continuously for 100 seconds, an initial column length

of 50-100 km might be anticipated since most of ine particle speed is
perpendicular to the field 1ine. Thus, an initial plasma density enhance-
ment of 500 cesium ions/cm3 may be achieved with a beam current of only

0.05 amps which corresponds to a gun power of just 2 watts.

Such an enhancement of cesium ions and cold electrons drawn up by
ambipolar diffusion is not particularly effective inside the plasmasphere
but is a remarkably strong enhancement in the plasmatrough. The effect
is graphically illustrated in Fig. 18 along the geomagnetic field 1ine
L = 4 where the ambient plasma density is normalized to unity at the
equator and varies as R'3. Such a natural density corresponds to conditions
during and immediately following a geomagnetic substorm. Since the ion
beam is confined to a geomagnetic flux tube, its density falls off only

3/2. Consequently, the enhancement is even more effective at the

as R
higher altitudes.

Such a beam enhancement stimulates amplification of VLF waves along
its field-line path at frequencies near the Tocal electron gyrofrequency.
The local amplification exponent for selected frequencies is displayed in
Fig. 19 along the field 1ine L = 4. The hot electron plasma that supplies

the energy for wave amplification is assumed to have the form E'z sinzu

(see Figs. 1 and 2). As noted in the figure, the region of enhancement
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covers the geomagnetic latitude band from 25° to 56°. The amplitude
exponent, ki’ has been evaluated for frequencies above the equatoriai
electron gyro frequency fgz but the actual energy exchange between the
hot electrons and VLF waves takes place below the local electron gyro
frequency. Since fgz = 13.7 kHz, the amplification actually occurs
in the LF band over most of the interaction region.

The net amplification induced by the cesium-electron beam along
the field line path L = 4 is displayed in Fig. 20. Amplifications of
30-40 db may be expected at frequencies betwcen 60 and 150 kHz. Near
the equatorial zone where the cyclotron resonance interaction is very
strong, amplifications of 100 db or more apparently can be expected for
frequencies in the range 20-30 kHz. One should be reminded that this
amplification power is derived catalytically from the natural hot
electron plasma in the energy range 10-100 keV; it is not derived from
the 2 watts of beam power.

Certain properties of the cesium beam make i%{ rather attractive as
a stimulator of VLF and LF radio noise. The size of the beam column is
adequate to interact with an appreciable wave front of VLF-LF energy.
At 50 kHz the free space wave length is 6 km and the index of refraction
1s 10-30 so that the effective wavelength is significantly less than
1 km. The gyroradius for cesium ions at R = 2-3 is 0.6-1.0 km and
any scattcring that occurs will expand tiie beam column well beyond these
values. Since a column of 50-100 kilometers in length can be anticipated
for 100 second bursts from the ion gun, there is an adequate interaction

zone extending over many wavelengths. A single plasma beam generates a
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rclatively narrow band VLF-LF descending noise tone as it proceeds up
the field line to its mirror point and an ascending noise tone as it
returns toward the injection psint. Similar tone patterns might be
generated on adjacent field lines by the release of other beam columns.
The bandwidth and noise amplitude obviously depends on the geomagnetic
field line and altitude of the injection as well as the natural hot

electron plasma that is available to interact with the waves.
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ULF AMPLIFICATION

Stimulated amplification of ULF waves in the magnetosphere is more
difficult than its VLF counterpart for two reasons. First, the cyclotron
resonance interaction is inherently weaker at ULF because the index of
refraction for the medium is relatively smaller requiring a relatively
higher value of the resonance velocity (see Eq. (3)). Second, the
injection of clouds of proton plasma which would provide the most
efficient means for catalytic stimulation of the interaction are simply
not feasible; less convenient types of ion injection must be substituted.
Despite these Timitations, significant amounts of amplification can be
stimulated by the techniques that will be described in the following
subsections.

For ULF wave amplification the critical consideration is the pitch
angle and energy distributions of the hot protons (1-100 keV). Pitch
angle distributions of the form sin"a are quite applicable to the proton
plasma as well. Distributions withm = 1 or 2 are frequently encountered
in the magnetosphere and will be used in the analyses that follow.

As in the preceding electron cases, the energy distributions of the
protons may be subdivided into a cod plasma and a hot plasma. The cold
plasma contains most of the charge density and its distribution defines
the propagation characteristics of ULF waves. The cold protons are
assumed to have energies on the order of 0.1 eV. The main source of the
hot proton plasma is the ring current that waxes and wanes with geo-
magnetic activity. Some typical hot proton distributions as well as

the cold plasma distr‘bution are displayed in Fig. 21. The ring
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Fig. 21 Typical proton energy distributions in the magnetosphere.
The calculations are based on distributions of the form
E-N which are commonly encountered by spacecraft. The
ring current distribution 'B* is based on 0G0-5 observa-
tions (Pizzella and Frank, 1971},
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current distribution "B" is based on data derived from several satellite
observations (Pizzella and Frank, 1971) beyond the plasmapause. The
distributions E”" have also been used extensively for quiet periods in
the magnetosphere. The excessively high values of these distributions
below 1 keV does not play a significant role in the cyclotron resonance
interaction since the resonance energy at frequencies of interest is well
above this level,

Lithium Jet in the Plasmatrough. During strong geomagnetic storms

the plasmapause frequently comes inside L = 3.5 and the proton ring
current develops a strong maximum at L = 3.5 - 4.5 which might be tapped
for ULF amplification. In this case, the plasmatrough has an unusually
Tow density (al proton/cm3) and the hot proton ring current is exceptionally
dense (> 0.02 protons/cm3). Such conditions allow artificial stimulation
of ULF amplification by injection of a cloud of lithium ions (Cornwall
and Schulz, 1971). One source for lithium clouds at L = 3 - 4 (Hoch,
private communication) is a shaped-charge injectien of a neutral lithium
jet from a low altitude rocket. By choosing a launch time and location
that avoids sunlight for part of the ballistic trajectory to the equatorial
region at L = 3.5, an appreciable fraction of the initial jet might be
deposited as an ion cloud in the plasmatrough near the ring current maximum.
The process is illustrated schematically in Figure 22. Owing to the ballistic
trajectories there is a moderate amount of focusing that can be achieved
by proper injection velocities and orientation of the jet.

A detailed model of the injection characteristics has been developed
in order to assess its amplification potential., A jet velocity band of

10-15 km/sec may be assumed at the source (experimentale observed for
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Shaped-charge injection of 1ithium to the equatorial region

at L = 3.5. The neutral lithium jet of approximately 1 kgm

is expected to follow a ballistic trajectory across the
magnetic field until solar radiation ionizes it_and deposits
approximately 10 lithium-ion electron pairs/cm‘3. The ambient
background plasma is assumed to_be in the plasmatrough where

N0 = 1 proton-electron pair/cm=3.



66.

barium injections by Peek, private communication). Since the jet is
slowed by the gravitational forces on the neutral atoms, it is estimated
to require 30-40 minutes for the lithium cloud to travel about 2.5 earth
radii from the injection point to the equatorial region at L = 3.5,
The velocity spread of 5 km/sec corresponds to a radial dispersion of
about 6,000 km. If the jet is sprayed in a narrow range of latitudes
and is carefully columnated along the geomagnetic meridian plane, the
lithium ions at L = 3.5 can be confined to a latitude band of 10,000 km
across the geomagnetic equator and perhaps only 2,000 km spread in
longitude. This corresponds to a volume of 1026 cm3.

Since the ionization of 1ithium atoms by solar ultraviolet is a
continuous process with a characteristic ionization time of 60 minutes,
perhaps only 10% of the initial jet is available in the Tithium ion

cloud. Only 1026

ions of 1ithium are available in 1 kgm so that 100 kgm
of lithium is required to deposit a density of 10 1ithium ions/cm3 in
the enhancement region. These numbers are obviously debatable, but they
serve as a basis for judging the usefulness of this method. Obviously,
a total payluad weight of 1,000 kgm including the explosive charge is
not out of the question with certain rockets that might be considered for
this experiment.

According to equation {4), ULF propagation characteristics
are sharply modified in a lithium jon cloud. Below the 1ithium gyro-
frequency the phase velocity is reduced appreciably whereas above it,

the propagation is evanescent. This alteration from the normal proton

plasma propagation characteristics allows the cyclotron resonance
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interaction to proceed with lower energy particles which are normally
more numerous and consequently the interaction is appreciably enhanced.
In accordance with Fig. 22 the 1ithium injection at L = 3.5 is
assumed to have a density of 10 1ithium ions/cm3 and the ambient
plasmatrough is assumed to have a density N = No (3.S/R)3 where Nn =

-3

1 cm ~, The amplification exponent, ki’ for ULF waves propagating through

this Tithium fon cloud is illustrated in Fig. 23. The hot proton plasma

2 <in? o which

for the ring current is assumed to have the distribution E_
is consistent with experimental observations at these relatively low

L shells. The curves for the exponent are entirely attributable to the
lithium cloud; the ambient (cold) proton plasma causes a nagligible amount
of natural amplification at these frequencies. The sharp cutoff in the
exponent at 5° and 15° is due to the propagation cutoff above the local
lithium gyro frequency. Evidently, there is significan® non-equatorial
amplification that allows strong enhancements at frequencies above the
equatorial lithium gyro frequency ftg = 0.143 fg;. This is more vividly
illustrated in Fig. 24 where the net path amplification actually has its
maximum above ft;. Obviously ULF waves above ft; cannot penetrate the
evanescent zone at the geomagnetic equator, so that the ULF band from
0.143-0.22 fg; is restricted to intrahemisphere propagation. Despite the
high lithium jon density that is proposed for injection, the net amplifica-
t'on is only a few decibels. Consequently, this method for stimulation

of ULF amplification is not particularly effec“ive.
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Fig. 23 Amplification exponent for ULF waves propagating through the
1ithium shaped-charga injection along L = 3.5. The hot protons
ure assumed to have the distribution E-2 sina (see Figs. 1
and 21).



69.

10"
a LITHIUM INJECT
. L=35 EQTRL
g 10°
> Fuor ~ E sin® a
O
m -1
510 F
Q.
= INJECTION
S AMBIENT
I 02t
& cLi
- co
2 |
< |()‘3 1 1 1 |

o0 02 03 04 05
f/feo

Fig. 24 Net path amplification for ULF waves propagating through the
Tithium shaped-charge injection along L = 3.5. The hot protons
are as;umed to have the distribution E-2 sin2a (-ee Figs. 1
and 21).



70,

Geosynchronous Lithium Clouds. The injection of 1ithium ion

clouds from satellites at geosynchronous altitudes has already been
discussed by others (Cornwall and Shultz, 1971; and Cornwall, 1972),
but it is included here in order to corroborate their findings and
perhaps elaborzce upon them. The amplification analysis performed
here is based on the two cloud models depicted in Fig. 8. Details of
the injection requirements and diffusion properties are described in
the section on VLF amplification. In one case the 1 kgm cloud of
lithium jons is confined to a radius of 0.1 Re which corresponds to
10 minutes of diffusion from a point source, whereas the other case
has a radius 0.5 Re corresponding to 50 minutes of diffusion.

As before, it is important to recognize that the 1ithium
injection alters the local propagation characteristics. Above the
lithium gyrofrequency, ULF waves are evanesceni whereas below the phase
velocity is strongly reduced. The latter effect gives rise ¢ the
enhanced cyclotron resonance interaction.

The ULF amplification that is stimulated by these two injection
models is illustrated in Figs. 25-28 for two models of the hot proton

15 in a represents quiescent

distribution function. The model E
conditions in the magnetosphere when the proton rirg current is very
weak. The second case is the ring current model "B" which has been
experimentally observed during geomugnetic storm conditions; it is
denoted by the functional form (dN/dE)«B" sin a (see Fig. 21).

As expected, the ULF amplification enhancement is restricted to

the narrow equatorial region where the lithium injection dominates the

total plasma density. The injection region is restricted to

S _ T N



n,

GEOSYNCHRONOUS
LITHIUM
INJECTION

0.015

Fuor"'E %in' a

5

0.010
5. (5P
f‘O-'Ofco
----f=0.14

0.005

/Dt =0.IR,
(10 min)

05R
'(SOmm)

AMPLIFICATION EXPONENT

5 U _AMBIENT |\ _ W\ _ ol

0 2 4 6 8
LATITUDE {deg)
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based on Model 'B' for the ring current of a typical geomagnetic
substorm (see Fig. 21).
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+ 3° geomagnetic for the 10 minute case and + 5° for the 50 minute case.
Since the interaction is dominated by the 1ithium gyrofrequency cutoff in
the propagation, ULF frequencies above 0.143 fgo simply do not get
amplified significantly. An important distinction between the results

in Figures 25 and 27 is the order of magnitude increase in the value of
ki during disturbed conditions.

The dependence on the shape of the energetic particle distribution
nanifests itself more explicitly in the net path amplification i1lustrated
in Fiqures 26 and 28. The quiescent conditions yield an amplification of
-6 db whereas the ring current conditions provide 35-55 db. This remarkable
difference is attritutable to the higher value of the ring current density
(Figure 21) at those energies where the rescnance enargy exchange is most
effective (2 - 200 keV). Another important conclusion is that the
amplification is stronger at 50 minutes after injection than at 10 minutes.
This is attributable to the longer cropagation path over which amplification
is enhznced.

The amplification achieved by injection of a lithium ion cloud at
jeosynchronous altitude is comparable to the earlier predictions ( Cornwall
and Schultz, 1971). Perhaps what has not veen emphasized as strongly by
previous research is the relatively sharp amplification maximum that is
nearly centered on the equatorial lithium gyrofrequency ft; which has
the value 0.88 ﬁ;/at L = 6.6. The duration of the lithium-ion cloud
depends of course on the strength of the local electric fields in the
magnetosphere, but it is expected to survive for several hours as a
discernible entity. The ULF noise generated bv the clcud will also have

¢ distinctive characteristic. According to the results in Figure 28,
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the noise consists of an ascending tone of increasing amplitude
maximizing at fE; along the injection field 1ine and subsequently
broadering over a narrow range of frequencies corresponding to the
L shells covered by the 1ithium cloud. If a convective electric
field is present, the cloud may drift radially causing a change

in the frequency corresponding to the change in the local gyrofrequercy.

Energetic Proton Beams. Amplification of ULF waves by direct

injection of energetic proton beams is obviously more desirable than
the preceding methods because it is not subject to the vagaries of
jeomagnetic activity. The wave growth that is achieved by beam
injection is derived entirely from the energy of the beam particles.
The process is not catalytic in the sense that the natural background
of hot protons in the magnetosphere has a negligible effect. The
amount of amplification is proportioral to the intensity of the beam
as expected and the frequency band depends on the beam pitch angle at
the injection location.

The beam is assumed to be launched during geomagnetically quiet
conditions along the field Tine at L = 4 which is assumed to ta inside
the plasmasphere where N0 = 232 protons/cm3. For completeness, the
natural hot proton distribution is assumed to have the form E']'S sin a,
although it does not contribute appreciable amplification.

The proton gun is arbitrarily assumed to have a power level of
10 kilowatts, and the beam current consists of 100 millisecond pulses
of 10 keV protons. In so far as the author is aware, no ane has developed

a proton gun for use on spacecraft. The foregoing gun characteristics
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are probably very difficult to achieve due to the high current level
(10 amps). These beam parameters were chosen intentionally so that the
proton beam could be modclled quantitatively by the same pitch angle and
energy distritutions that are used for the electron beam (see Fig. 13).
The protons have a speed of 1.5 x 103 km/sec and an equatorial gyro-
radivs of apprcvimately 30 km, depending as before on the local pitch
angle. Electrostatic forces and plasma instabilities undoubtedly break
up the initial helix trajectory so that the beam is smeared into a
plasma column. Assumi.j an order of magnitude inflation in the cross
section of the beam, the column volume is ~ 4 x 106 km3. In each

puise there are 1.6 x 10]9 protons, so that the density of the beam is
0.004 protons/cm3. Thus, for an effective beam energy spread of 2 keV,
the differential energy spectrum is 0.002 protons/cm3 keV (as shown

in Fig. 13).

The pitch angle distrioution H, s normalized to unity with a
spread of 10° corresponding to a limited amount of scattering. As in
the electron case, the pitch angle distributions are centered on 85
55° and 25° corresponding to mirror points at f3°, 118°, and 137°,
respectively.

The effectiveness of the beam for stimulation of the cyclotron
resonance interaction depends on its diameter and length relative to
the ULF wavelengths involved in the inter.ction. Near the geomagnetic
equator at L = 4 the ULF index of refraction is 500-600 for propagation
frequencies around 3Hz which corresponds to 0.5 fgo. The corresponding
wavelength at 3 Hz is 160-200 km which is comparable to the dimensions

of the plasma beam column. Since the beam should be several wavelengths
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in each dimension, its effectiveness as an amplifier is very questionable
even at the large beam power levels proposed. Nevertheless, it is worth-
while to investigate the amplification potential assuming that ways may

be found to increase the size of the beam while maintaining its internal

density.

STREAM

The amplification exponent for a beam with o = 567 is shown

in Fig. 29. The sharp peaks in k1 are due to the large gradients in the
proton beam energy and pitch angle distributions which cause strong
interactions in limited regions where the beam energy happens to match
the local cyclotron-resonance interaction energy. On the earthward

side of the interaction region, the beam strongly amplifies ULF waves
whereas on the equatorward side it strongly absorbs. Curiously the
frequency at 0.4 fg: is strongly amplified around the geomagnetic
equatorial region; evidently, the resonance energy never gets low enough
to permit significant absorp*ion.

This result is more clearly demonstrated in Fig. 30 where the net
path amplification at 0.4 fJZ has a sharp peak of 50-60 db for the stream
at 55°. There are other unexpected results as well. The 55° has another
maximum around 0.9 fgz which must be attributed to the local interaction
characteristics at a geomagnetic latitude around 20°. The Leam with
agTREAM= 85o has a sharp maximum at 0.7 fgz which is attributable to a
narrow equatorial band interaction where the absorption portion of the
distribution never has an opportunity to enter the interaction. Finally,

the beam at 25° is simply too weakly interacting in the equatorial region



9.

0™
PROTON BEAM

L=4 &

y~ Ck; Aw
Ei
4]

)

= 5| 04\l |oe|[ |os
Z 107 -
wi
=
o
%
L -
N 0° | :#-—"4{ I 1'
- -
:i_’ AMBIENT P T
S
& 107 |
- |
Q.
2
STREAM =
ol % 95 )
STREAM
Eo =10keV \j
~ LS Ny = 232
FHOT E ““sin'a o
_|()" 1 l ]
5 10 15

LATITUDE (deg)

Fig. 29 Amplification exponent for ULF waves propigating through a
proton beam along the field line at L = 4 inside the plasma-
pause. The beam model has the same distributions as for
electrons (gee Fig. 13). The beam has an equatorial pitch
angle of 55 and a particle beam energy of 10 keV.



NET PATH AMPLIFICATION (db)

Fig. 30

80.

10°
PROTON BEAM
[-\ L=4 Ny=232
o'l Eo ) =l0kev (
ugTRElH= 5511 Bﬁn 55:
10°
AMBIENT
25°
0™ | | |
0.1 0.3 0.5 07 09
p
f/8c,

Net path amplification for ULF wave. propagating through a
proton beam along the field line at L = 4 inside the plasma-
pause. Equatorial pitch angles for the beam are 25°, 55°,
and 85° and the beam energy is 10 keV.
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to provide much net exchange of energy. The reader is referred to the
section on the electron beam anplification of VLF waves for more details
about the general physics of the interaction.

If proton beams of sufficient energy can be generated from rocket
or satellite plaiforms, they may prove to be useful generators of ULF
noise. From the cursory results displayed in Figs. 29 and 30, it seems
clear that certain noise frequencies will be si~ongly amplified depending
on the source location and injection pitch angle. Unlike the electron
beam-VLF noise interaction which provided little net amplification,
the proton beam ULF noise interaction yields a net amplification that
may produce a recognizable signature. Much more research is needed to

verify these results.
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CONCLUSIONS

The foregoing methods for enhancement of the cyclotron-resonance
interaction to amplify VLF and ULF waves in the magnetosphere were chosen
for analysis because they showed potential for stimulation of amplification.
Generally the models for the interaction are based on current state-of-the-
art knowledge about injection mathods and charged particle guns. Conditions
in the magnetosphere were arbitrarily chosen to represent either a disturbed
or a quiescent state with an arbitrary ambient plasma density. The parameters
are not necessarily the most 1ikely conditions that will be encountered,
but they are typical and provide a uniform basis for comparison of the
different methods for stimulation of the cyclotron resonance instability.

A much more thorough investigation of those methcds that show promise is
advisable in order to assess the variety of results that can be anticipated
for a wide range of conditions.
Perhaps the most immediate question concerns the validity of
the linear theory in these applications. It clearly is a useful start-
ing point for these investigations because a wide variety of injection
methods may be studied parametrically for a relatively small expend-
iture of computer time. However, most of the useful results do
penetrate the bounds of linear validity in some way. There are at
least three levels of nonlinear sophistication that may be applied.
First, the Taylor series expansion used to derive equations (4) and
(5) requires |ki| <<k, which is frequently violated in the foregoing
applications. An asymptotic solution for |ki| >> k. is readily derived
and numerical solutions of (1) are possible when |k;| = k.. MNumerical

r
solutions for the acoustic mode {(Liemohn and Scarf, 1964) suggest that
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the qualitative behavior for |k1| =k is described by the 1inear

r
expressions above, but the quantitative results are open to question.

Second, the linear theory is based on the ascumption that the
phase space distribution FHOT is not perturbed significantly by the
electromagnetic fields. The extent of this distortion depends on the
magnitude of the fields and the repetitive interaction rate. These
effects are difficult to estimate quantitatively, because the field
amplitudes are nct well known and the repetition depends on the size of
the injsction and the local resonance energy. The quasi-linear theory
describes the equilibrium distortion of FHOT rather well for the natural
conditions in the magnetosphere, but it is inappropriate fer these
transient applications. The conclusion is that a full-blown nonlinear
solution is needed to properly assess the linear results. Hopefully,
existing nonlinear theory (Roux and Solomon, 1971; Bud'ko et al., 1972;
Istomin and Karpman, 1972 a, b; and Brinca, 1972) can be adapted to
these applications.

Rased on the linear analysis, a few cases show considerable
promise for stimulation of significant amplification; one or two may
be appropriate for further study if a breakthrough in injection methods
can be achieved, and some cases simply did not have the desired proper-
ties. For example, at VLF the barium shaped-charge injection gave
a moderate mount of amplification only after 30 minutes had passed and
its effectiveness was further limited by the experimentally observed

striations that separated the jet of particles. Consequently, it appears
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to be a relatively weak candidate using the current technology that was
modeled in the case presented above. However, the advent of a larger
payload at higher injection velocities which may produce a denser cloud,
does offer real promise of strong amplification.

The geosynchronous lithium injection is currently the most premising
method for stimulating either WLF or ULF radio noise. The conditions
modeled some t0-minutes after injection are unrealistic at the present
time due to the large payload required to achieve the plasma density;
however, the conditions modeled at £C minutes after injection appear
to be readily achievable with current technology and a modest payload.
These cases do require a nonlinear investigation, however, because

ki 2 kr when amplification is appreciable (above 20-30 db).

The electron and proton beams have attractive characteristics
for communication applications. But they do not appear to be feasible
due to beam-current limitations. At VLF the electron beam has the
property that it produces as much absorption as amplification so net
wave growth s negligible. At ULF the net amplification appears to
be much stronger, but for significant amplification a major breakthrough
is required for the proton gun. Thus neither type of beam looks promising.
Furthermore, no other parameter regimes look hopeful.

The Tow-energy cesium beam shows considerable potenti-1 both for
stimulation of amplification and as a flux tube for earthward propagation.
This somewhat radical concept should not be difficult to test because the
technology is well established in Taboratory plasma systems. The beam

of electrons that is assumed to follow the cesium is of course somewhat
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uncertain, but ambipolar diffusion in the plasma media is well recognized.
An interesting sidelight is that the amplification exponent in Fig. 19
satisfies the requirements for application of the 1inear theory. The
only remaining question is whether the helical beam expands into a larger
plasma column as assumed in the analysis.

The 1ithium injection at L = 3.5 that is proposed to s.imulate
ULF waves fails miserably but it has important consequences for under-
standing the natural interaction at the plasmapause. Ignoring the injection
for the moment, the important quantity is the index of refraction just
inside and outside the plasmapause. Inside the index is at least an
order of magnitude greater than outside because the plasma density is
correspondingly lower in the plasmatrough. Thus the resonance speed for
the cyclotron resonanc. interaction (equation (7) is an order of magni tude
larger outside than inside the plasmapause, and the resonance energy is
two orders of magnitude greater. Consequently, there is no appreciable
amplification in the plasmatrough immediately outside the plasmapause and
the proton ring current is relatively unaffected until it diffuses
radially inward across this discontinuity (Cornwall et al., 1971). Returning
to the Tithium injection, it is now clear that huge densities of 1ithium are
necessary to induce significant cyclotron resonance interactions below
the local lithium gyro frequency just outside the plasmapause. The best
place to inject lithium ion clouds for stimulation of amplification is
at geosynchronous altitudes where only modest amounts of lithium are
required and the proton ring current is still adequate.

Future studies must investigate the nonlinear aspects of the
cyclotron resonance interaction for those cases that show promise of

stimulating significant amplification. At VLF, improvements in the
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shaped-charge barium jet must be investigated theoretically for its
nonlinear limitations, and the low-energy cesium beam results should be
independently corroborated. At ULF the only case that appears realisti-
cally feasible is geosynchronous iniection of a lithium cloud. While
these cases may not fulfill the immediate objective for communications,
they do represent demonstrable ways to test the cyclotron-resonance
interaction quantitatively. When this has been verified more exotic

means of transmitting information can be explored.
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Cyclotron Resonance Amplification of ULF and VLF Whistler-Mode Waves in the
Magnetosphere.

Mathematical Models

Net Amplitude Exponent (dimensionless)

XNIXY = nimag = cki/w

For other models, sce text.



LYCLlOLIUN ROSONANCe API1I1Cdallon O ULk and vur wahistler-Mode waves 1n the

Magnetosphere.
INPUT VALUES
Card No. Colums Formmat Symbol Definition

1 1-2 12 MONTH Mcnth, i.e., February enter 02.

1 3-4 I2 NDAY Day of month.

1 5-6 12 NYR Year, i.e., 1972 enter 72

2 1-80 80H -- Identification title for the data set
immediately following.

3 1-10 F10.1 THO Surface latitude (deg).

3 11-20 F10.0 XNO Equatorial density (cm™?).

3 21-25 IS NTYPEQ Indicator for cold plasma density
model. See text for list of
available models.

3 26-30 F5.0 YS Lower band limit of range of propagation
frequency/equatorial cyclotron frequency.

3 31-35 FS.0 YE Upper band limit (as above).

3 36-40 F5.0 DELY Step size (as above).

3 41-45 IS NALPHA Number of integration steps over pitch
angle range.

3 46-50 IS NX Number of integration steps over
latitude range.

3 51-55 I5 NBETAP Number of integration steps over per-
pendicular velocity range.

3 56-50 FR.0 PORE Indicator PORE = 1 Zor electron plasma
particles. PORE = 1836 for ion plasma
particles.

4 1-5 IS NMQ Nuber of cards to be read for the
quiescent pitch angle and distribution
values.

4 6-10 IS NUMNQ Number of cards to be read for the
quiescent normal energy and distribution
values.

4 11-15 IS NUMHS Number of cards to be read for the

streaming normal energy and distribu-
tion values.



Hagnetospnere.

Input Values, cont.

Card No. Colums Format  Symbol
2| 10-20 IS NUMNS
3 1-10  F10.3 ALPHAQ )
5 11-25  F15.3 I-Q(l)
I+ \NUMKQ 1-10 F10.3 ALPHA%‘JLM-Q
)
I+ NIMQ 11-25 F15.3 HQ(NUM-!Q)
5+ NIMIQ  1-10  F10.3 MO 4
5+ NUMMQ 11-25 F15.3 XNQ(I)
4+ NMQ 1-10  F10.3 mcq(mq)
+ NUMNQ
4 + NMHQ 11-25  F15.3 N vavg)

+ NUMNQ

Number of cards to be read for the
streaming normal energy and distribution
values.

First value of quiescent pitch angle
array (deg).

First value of distribution array
(relative).

NUMHQ value of quiescent pitch angle
array.

NUMHQ value of quiescent distribution
array.

First value of quiescent normal energy
array (LOG10 (keV).

First value of distribution array
(LlZ)G10 (em™3).

NUMNQ value of quiescent normal energy
array.

NUMNQ value of quiescent distribution
array.

If values for streaming arrays are to be read, they are punched in the same
manner as given for the quiescent arrays and follow immediately behind. Values
for pitch angle and normalized energy must be in ascending order.

To run morc than one set of data, repeat instructions starting at Card #2.
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PRIPAGATIIN FRLQe/LQUATORIAL CYGLUTRON FReQe (OELY) = .100

JAND LIMITS (YS) = o144 (vyt) = 900
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INTEGRATION STEPS  PITCH ANGLE (NALPRAT

PLTCH AnGLe
(ALPHAS)

5us0ul
210000
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564000
554040
564 040
57.040
584000
59,039
bue 024

97.

ELECTRON BEAM
@ = 55° E_ =10 keV

2l
. 11)
5¢

. LATITUDE (NX)_
PcRPLNOICULAR VELOCITY (NBETAP)

STREAMING JISTRIBUTIIONS

DISTRIBUTIUN  NORMe cNERGY  DISTRIBUTION

(HQ) (LOG(E/MCS))  (LOG(ONS/ (DE/MCS)))
Ue aud =2,000 "000 uiad
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1.2004 =1.700 0.360 __ I
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1e2du ol
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Cyclotrorn Resonance Amplification of ULF and VLF Whistler-Mode Waves in the

Magnetospheie.

Flow Diagram

- P'"-i
;.’-'T ’
L3 |
:!‘i e

= -

LAt TN S
e PR T o

i
i;t
3
;

[}
i
[}
k
—

CouPTE BT e =
FATAWYT-E4 #illET

HHD PEREE T iedn

o
[~ LA - T L

OWER B TE PEsFgmiiiCui, 4=
L

i

raianrt
sEPL T §elarhi BT

S

5
EEF T T I

Bi s Pl wil

A

L

rE \
& Tinm

u

o,

T |

[ R

ARG TR ML L

WhEls oL

-f:ir'ﬂ]

[

b

(LR I
i .'I'I f ;‘: :: i
- H
LA} |H'||ll-IT'£ LT
RiETE EESELE PiA BETR Spaagaliile. AN
a0 =
L
kBl Tani
Ewhlicd™ oW oo
Pghusy T
LR 2 L]

SO g
u

)

]
-~ el 1]
i) (4 )48
- e
-/ S |-
" j_.-'
-
- |
7
e el | <o
11z --g'.*fw- FieE
iz u:l -3 |
b b u:' ]




L VRV NN NI TN

(9]

<

(%]

Cs¢Co

[

16,

PROGRAM CYLLRES (INPUT,OJ[’UT.TA9513INPU"T‘P53'OUTPUT)

JIMENSTION A(iﬂﬂ).R(lOO).XSAVE(iOO)

DIMENSION HQ(bU)9HS(50),XNQ(SD),XNS(SO,,‘LPH‘O(sﬂ,p
lﬁLDHﬁS(sﬁ)pEHLQ(so)oEHCS(SU,QSPLCNS(SU’QSPLCHQ(QQBU’QSPLCHS(“QSD)’
2SPLCNQ(4,50)

COMM(CN HQ,HS'XNQQXHSQALPHAQ9ALPN‘SQEHCQQE"CSOSPLCNQOSPLCHSQSPLCNQQ
1 SPLCNS,RAD,FI,THU,XNC,CQ,CS,HPO;THOR,COSTH,SINT“,“CO’V,YZ,HCOZc
2 QZ,XNZ.B.XN.OFG,BETAS'nBETaSZQPOREQNU"HC'NU"HSQNU"NQ'NUHNS'

3 NTYPEQ,NTYPE.JBETAP,PpAGE'HONTH'NDAY,NYR .

PROGRAM FOR HARGLD LiEMOMN ACT 16465 TPG1233
PROGRAM MODIFIED 2/28/72 ROBERTA KERR

WHISTLER MUDE AMPLIFICATION

NPAGF =1
RAD= , (174532925
PI=2,141592654
DEG=57,2957795

REAN (1,2000) MONTH,NODAY yNYR
F{TLE CARD
5 READ (1,1039)
IF(ENF,1) 5000,6
6 CALL SPRINT
WRITF (3,1030)
INITI&L VALUES AND CONTROL PARAMETERS
READ (1’10“0)THO’XNO’NTYPEQ’YS’VE'DELY'N‘LF"‘.NxQNBET.P'PORE
WRITF(3,1050) THO.PORE.NALPHA.XND.N!YPEO.hx.DELY.NBETAP.VS.YE

READ PITCH ANGLE DISTRIB(HQG,HS) AND LOG10 OF ENERGY DISTRIB(XNQ,XNS)
READ (1.1000)NUMHQ.NUHHQ.NUHHS,NUNNS
IF (NUMHQ.LE.0) GO TO 20
REAN (1'1010)(ALPHAQ(I)'HQ(I),I=1pNUHHO)
CaLt SPLICN(ALPHAQ'HQoNUMHQ'SPLCHQ)
20 IF(MUMNQ,LE.G) GO TO 21
ReAD (1.1010)(ENCQ(I),XNQ(I),I=10NUHNQ)
CAaLL SPLICN(EHCQ,XhO,NUNNQ:SPLCNQ)
21 IF(NUMHS.LE.D) GO 10 22
READ (1.1010)(ALPHAS(I)oHS(I).I=1.NUHHS)
CALL SPLICN(&LPHAS,HS,NUHHS,SPLCHS)
22 IFCNUMNS.LELD) GO 70 ¢3
READ (1,1010)(nHCS(I)'XNS(I).Ill.NUHNS)
CALL SPLICN(;HCS,XNS'NUﬁNS,SPLCNS)
23 WRITF(3,1020)
MHAX=HAXO(NUHHQ,NUHHS,NUHNQ,NUHNS)
00 25 I=1,MMAX
IF(T. LEJNUMNQ) WRITE (3,1001) ALPHAQ(I) (MG (])
IF(I.LE.NUMNQ) WRITE(3,1002? EMCQ(I)y XNG(])
IF(T «LE +NUMHS) WRITE(3,1503) ALPHAS(T) 4HS (1)
IFCT.LEJNUMNS) WRITE (3,1004) EMCS(I) 4XNS(I)
25 CONTINUE
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CJI .

> FIELN LImMF PARAMETERS
THYP=THJI*RAD
COSTH = COS(THOR)
SINTH = SIN(THOR)
WPY = S5 . hSC+)L* SORT(XND)
HCY1= %, 5C+06° L 0STH *p
WC YO -HL 9982
IF(NMUMNS.LELD) GO TO 26
T 1=S0RT(1e=14/70010,**2MCS (1) /PORL ¢1.) *%2))
HTTECT 50T (1e=10 /0010, EMCS (NUMNS) /PORE +1,) **2))

NURMAUT b FITCH ANGLE UISTRISJTIONS

Cr v

2% Nlvii=1
LALL SIMP(0e4PL/2. yNALPHALC Q)
cA=Cn*,.*Pl
Cq':’ :/bo
IFErUMHS.LELY) GO TO 160
NTYFF =
caLt SINP(ALPHAS(1)'RAO,ALPHAS(NUHHS)'RAC.BALPHA.CS)
C3z=Ce*y,*P]
rS=¢ /¢35

2 SELT P27 AGLATION FRECUENCY

160 NUMv:r

Ysvy<¢

COMPUTE CYCLUTRON PESONANCE AMPLLAFICATION AT v

) (ows

L70 Y2=v*y
CALL SPRINT
WRTTF (S,1210) v
WRITF (3,1164)
«10 CALL SIMPX(0s,SINTHoNX,FI)
NUMY=NUMY+ 1
AINUMY) 2«2, 03E ¢06°Y* LOSTH®®4*F ]
XSAVE (NUMY) =Y
Y=VeDELY
IF tYeYE)170,170, 160

EVALUAYF MINIMUM RESONANCE VE.OCITY COPPONENT

Coeo

18C YA=YVY"
IF(PPREL0T4134) GO TO 362
ZAz=vye
GO0 1O 363

32 ZA=1

163 AN2=1,+WPD*% 2/ (NCJ2%ZA% (1.=YA))
XN= SQRT(XN2)
YO&2=YA*Y,
C1=1 7/ (XN2*YA2)
BETAZ=1.- SART(Le=(1,¢51)%(1.~1,/YAZ)}
BFTLE =3ETAR/ (XN®(1.¢C1))

> NCRMALT7Z7E nOT PLASMA DI15TRIBUTIONS

NTYF =5
ifF (PLTO~=-,001)500,502,501
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500 LALL SIMP(BETAR,.J01,NBETAP,,EPSLQL)
502 STRT=,001
GO 10 503
501 STRT=BETAR
EPSLO1=0.0
503 CALL SIMP(STRT,.939,NEETAP,EPSLQR)
EPSLNQ=EPSLQL+EPSLQR
IFCNUMHS.GT.J) GO TO St

EPSLNS=0.
cs=0.,
GO TO 505

304 NTYP =6

CALL SIMP(BETAS1,B8ETAS2 ,HBETAP ,EPSLNS)
205 CALL SPRINT

WRITE(3,103C)

WRITF(3,1060)

WRIT  (3,1070) (XSAVE(LI)sA(]) 121 ,NUMY)

WRITE(3,1121) EPSLNG,CQ,EPSLNS,CS

GO 70 S

5700 SYOP

1300 FORMAT (LIS)

1)01 FORMAT(FL10.3,F15.3)

1)92 FORMAT (1He 25X 2F15.3)

1303 FORMAT (1He 65X 2F15.3)

1004 FORMAT (1H¢ 95X 2F15,3)

1310 FORMIT (2F10.0)

1220 FORMAT(LHO 18X ®*QUIESCENT DISTRIBUTIONS® 42X *STREAMING DISTRIBUTI
«JONS®*//* PITCH ANGLE DISTKIBUTICN NORM. ENERGY DISTRIBUTIO
=N® 11X SPITCH ANGLE OISTRIBUTION NORM. ENERGY DISTRIBUTION®
= /7 XX C(ALPHAQ)® 10X “(HQ)® 7 *(LOGCE/NCA).* 2X ®*(LOG(DNQ/(DE/NC
=Q)))* 5x S(ALPHAS)® 10X *(HO)* 7X S(LOG(E/MCS))® 2X * (LOG(ONS/ (DE/
-MCS)))e* ¢ )

1)30 FOPMAT (oM
| )

1J60 FOOMLY (2F10.04I503F5:0,315,F5,0)

1150 FOOMAT (44 2X *SURFACE LATITUULE (THO) =* FBe.2.6X *PLASMA PARTICLE (
~PO%F) =* F5,0, 10X *INTESRATION STEFS® SX ®PITCH ANGLE (NALPMA), =*
=15/ * EQUATORIAL DENSITY (XNO) =® FH.2-4X SDENSITY MODEL (NTYPEQ)
“2® I165,39x *LATYITUDE (NK) =* 5 / 10X ¢ RUPAGATION FREQ./EQUATORIAL
= CYCLOTRON FREQs (DELY) =°* FS5,3,21X SPERFENDICULAR VELOCITY (NBETA
=P) =* IS5 /7 10X *BAND LIMITS® 2X ®(YS) =* FBe3gbX ®(YE) =* F8.3)

1160 FOIMET(LHOD *PROFAG, FREG.ZEQTRL CYCLOTRON FREGC.® SX ®NET AMPLIFICA
*TION (DZCIBELS)®* i

L1370 FOIMET( 15X £B.3, 25X E1bke.d )

1100 FOPMAT(1HO * LOCAL B/EQTXL B* 2X *REFRACTIVE® 68X *LOCAL AMPLITUDE
~LXPONEMT® $11X ®SINL®/ 19X BHINDEX®®*2 5x *STREAMING® &X ®QUIESCENT®
= 8X ®NET® 5xX ®(LATITUDE)®*/ B8X *(B)* 8X PUXNZ)®L1iX *(XJS)* 8X ®*(XJQ
=)® TX ®(XNIXY)® BX *(X)* )

1119 FORMAT (4HC ®PROPAG. FREQ./EQTRL., CYCLOTRON FREQ. (LOCAL) =* F7,.4;

1121 FOIMAT(1HD ® PLASHA DENSITY® 7X *PITCH ANGLE® 7X ®PLASMA DENSITY®
= 7X *PITCH ANGLE® / * QUIESCENT/COLD® SX SCUIESCENT NORM.® SX *S7T
“REAMING/COLD® 5. °STREAMINS NORM.® // €E15.4,3E20.4)

2300 FORMAY (312)

£N)
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SURRNUTINE SIMPX(A4ByNeFI)
LANTLGOPTION OF AMPLITUDc EXPONENT ALONG FIELO LINE

IF(L.G..1eE=2) GO TO 3
AUQF = 106'5
60 TO &
AUSF = &
IF () 40410,20
FI=¢
RETUPN
23J FN=N
DX = (83-4USK)/FN
T0x=2,%0x
HT = XNIxyY(4auSgE)
al=C.,
31=r.
« = LUS:I-0X
AATRUISE
=M/ 2
UN T JF1 4NN
X=(eTNX
XAzXL ¢T10x
A=A ¢ XNIKY (X)
IF(U. cGetiN) O TU 3G
BI=0T+xNIXY(£A)
50 CONTTNUE
FI = XNIxXY(B) ¢+ HI
FI=DX®*(FIeLs®A,+2,*81)/3,
RETUFN
END

(= 2 ¥ |
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FUNLTLUN ANLAY LX) "

REAL LANMGUA

VIME NOLOK HJ(5d) yHS(SU) s XNQ(S5U), XNS(50) s ALPHAQ(20)
LALPHAS(50) yeMCQESY) ycMUS(500 3 SPLUNS (500 5 SPLCHQ(4350) 3SPLCHO(4,50),
2SPLGO NIl 9 450)

COMMON HUpHS 9 XNW yXNS yALPHAW)ALPHAS £ MCW 9 EMCS yoPLCHQ s SPLCHS 9 3PLCNuUy
1 JPLCN>yRAD,LPI, IHu,xNO,LQ,CS,NPU.THOR,C_OSIH.SINIH.HCO.V,V&.NCOZ,
€ dly XANC sy XN UELUETASL yBETAS 2y PORE 9 NUMHUW 9 NUMHS y NUMNQ, NUMNS,

3 ‘tVP;U,N‘YPL’NUEIAP,NPAGE’ﬂONIH’NDA',NYR

AMPLITUuc cXPONENT

cV

ol

-

ALUATE LOCAL FlelD LINE PARAMCTERS

X2=X*X

B2 SURT (le¢3e¥Xc)/(1,-X2)*%3)
4e=3%*3

IFINTYPruWeNceb) GO TU 00U
CAMBUA= ASINCKX)
LOSLLSCOSILANBDA) *&y

S0 06 = 5236 RAUIANS

XKASS IN(LAMBDA=bH230) #%2
KP2=HPU*WPU®*LIX2 9 XA CUSTHyCOSLLINTYPEQ)
IF (PORc=104)142,2

L=y

WO TO $

l=3

XNC=1let WP/ (HCO2*L* (B~-Y) ) *PURE

L

LITHIUM SHAPeU CHARGE INJECTION
IFbASE ? - For 1ithium injection only
(X2.0T14Ue808) GO 5 _ _ .

IF(YeLToB/7e) GU TO & aty Dt = 0.5 R, (t = 50 minutes)
ANIXY=0, Delete for other models.

ReTUKN

ANZ=S XNC+ 1(1e06® (L XP(~(X2/(s10*COSTH®**4) N ) ) ) * (HPO/WNCO)I**2)% (7 .*PORE
= )/02.*Y*(B=7,%Y))

-

5
IN

9
14

AN= SQRT (XN2)

FcGRATE BeTA PERPLNULUULAR OVER DISTRIBUTIONS
e TAPM= SURT (14=V2/B2¢Y2/7(U82% (14827 (XN2*Y2))))
NTYPE=S

IF{PORELTe18:2 GO TO 8

CALL SIMF(O,,0eTAFPM, NIeTAP,XJG )
60 10 9

CALL SIMP(Ue 9e01 4 MBETAPyXJUL)
GALL DIHMP(oULlyBe IRPMINGETAP,XJGE)
XJA=XJuiexJud

IFENUMIISeuTo0) GO TO 20

XJa= Qe
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U TG ou

lu u:IAP1=GLIAN(BET951,d,Y,XNZ[
Bl AP2=o L TANCOBET 4325 dy Y9 XN2)
lF(dEIAPl.cu.-lo.0R.ddlAP2.th°1.) G0 TO 10
NTYPe=qy
VALL SIMP(3CLTAPL,ccTAP2yNBETAP, XJS)

3o NIAYZ4 o 934 P NP/ (KiN2*YL*N(02) * (XudtXJW)

ANIXYSZNIXY

i Tolo,y, 100U By AN g Kd3 s XJU 9 NIXY 5 X
Lovu fFurdallcldel 1Ci0e493cl3euyFl044)

TR RVEX

tNJ
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SUBROUTING 51 4y
INTEGRATION OVER SETA PERPENDICULAR FOR AMPLITUDE EXPONENT

IF(R.GEs1eE~7) GO TO 3
AUSE = 1.E-S
GO 10 &
3 AUSE = A
4 IF (N) 10,10,20

10 FI=¢
RETURN

20 IF (ABS(A) + ABS{(D)) 30,1i0,30

30 FN=N
0X = (B-AUSE)/FN
TOX=2,*0X
FI = GRANF (AUSE) +GRANF(8)
“I:Ul
BI=0.
X = AUSE-DX
NN=N/2
DO 4% J=1,NN
X=X+T0X

40 AI=AT+GRANF (X))
X = AUSE
NM=NN=-1
DO SN J=1,NH
X=X+T0X

50 BI=BI+GRANF (X}
FI=OX*(FI+4,*AL+2.%R1)/3,
RETUPN
END
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NT
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G

100

120

130

133
134

140

113.

FUNCTION GRANF (X)

DIMEMNSION HQ(50) yHS(50) ; KNQ(50)  XNS(50) yALPHAQ(SO) ,
1ALPHAS (50) 4 £MCQ(50) y=MCS{50) ySPLCNS(508) ySPLCHG(4450) ySPLCHS (4 450) ,
2SPLCNG(4,50)

COMMON HQyHSy XNQy XNS»ALPHAQ,ALPHAS yEMCQyEMCS y SPLCHQySPLCHSySPLCNQ,
1 QPLCNS’RAD’PI ’THO"XNO ’CQ, CS’“PO’T"ORoCOSTH’SINTH’HCUQY’YZ'NCOZ’
2 329XN2yByXNyDEGyBETASLBETAS2,PORE yNUMHQ y NUMHS y NU"INQ 9 NUMNS ,

3 NTYPEQWNTYPE,NBETAPNPAGZ yMONTHyNDAY,NYR

ALUATION CF VARIOUS INTEGRANDS
GO TO (10420 9y40940451804190) ¢NTYPE
YPE 1 OR 2 PITCH ANGLE DISTRIB INTEGRAND

CALL SPLINE(ALPHAQ,HQ,NUM4QySPLCHQyX*DEG,YY,DX)
G0 T0 319

CALL SPLINE(ALPHASyHSyNUMAS ySPLCHS y X*DEGy YY,0X)
GRANF=YY* SIN(X) ~

RETUBN

YPE T OR 4 AMPLITUDE EXPONENT) INTEGRAND
N=NTYPE -2

X2 = X*X

Ci1=1 =(1.4B2/7(XN2*Y2))*(Lle~(1e=X2)/(Y2/E2))
IF(C1.LT.0.) Ci=0.

BETAR=(1,~ SQRT(C1) )/ (XN* (1. +B2/(XN2*Y2)))
BETA= SQRT(X2+BETAR**2)

Ci1=1,-BETA**?2

IF (C1)90,100,200

WRTTE (341010 X4C1,BLTA,BETAR,yB2,4XN2

Ci==-C1

GAMMA=1,/7 SQRTI(C1)

ALPHA= ATAN(=-X/BETAR)

ALPHA = ABS(ALPHA)

XX=(GAMMA=1,) *PORE

IF(X.6T.0s) GO TO 120

WRITE (3,1020)X4C1,GAMMA, XX

GRANF=0.0

RETUPN

XX = ALIG1O(XX)

BSAR=1,/ SGRT(R)

U=9SOR* SIN(ALPHA)

Ci= ASIN(U)
60 TO (1304140) 4N

CALL SPLINE (EMCQ,XNQyNUMNQ,SPLCNQ XX ¥YY,22)
IF(YYeGTe=10.) GO TO 133

GRANF= (.0

RETURN

CALL SPLINE(ALPHAQyHQyNUMHQ ySPLCHQ,C1*DEG 4H,0H)
C=CO

GO TO 150

CALL SPLINE ‘E"CS’XNS’NUMNS’SPLCNS’XX’YY’ZZ)
CALL SPLINEUALPHAS ¢yHS yNUMHS ySPLCHS yC1*DEG4H,CH)
C=CS
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150
160

170

114,

G=(1r,**YY)/ (XNO*GAMMA**2%3ETA)* PORE
IF (C1*DEG-1U.)160,170,170

H=1,

OH=¢

F=G*C*H

DF=G*C*0OH*DEG

GAMMAL=GAMMA** 4

GRANF = GAMMAL®* (2.*X-X2%X)*F=-GAMMA4® (1,=B/ (GAHMA®Y) ) *X2/BETAR*DF

RETURN

NTYPE S OR 6 ENERGY OISTRIB INTEGRAND

180

190

200

1300
1710
1320

GAMME=1./ SQRT(1,=X*X)

XX = ALOG10((GAMMA~-1.)*PORE)

CALL SPLINE(EMCQ, XNQyNUMNQ)SPLCNGy XXy YY,0H)
GO TO 200

GAMMA = 1./ SQRT(1.-X*X)

XX = ALOG10((GAMMA=-1,)*PORE)

CALL SPLINE(EMCSyXNSyNUMNSySPLCNS XX YY,0H)
GRANF= 10.%*YY * GAMMA®*3 * X / XNO* PORE
RETURN

FORMAT (2HO015E15.6)

FORMAT (2H026E15.6)

FORMAT (2HO34EL15.6)

END
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SUIFPUTINE SPLICN(X o oMyi)

DIMFNSION X(50)4Y(50) ,0(50) 4P(50) ,E(50),8(50)4,2(50),

- C(t ,‘:'O)’A(5093)

CULRVE FIT COLFFICLENT RUUTINE

‘10

20

30

49

MMzM-1
D0 17 K=1,MM

D(K)=X(K+1)=X(K)

P(K)=0(K) /6,
E(K)=(Y(K+1) =Y (K))/0(K)

DO 27 K=2,MM

B(K) ZE(K) = (K=1)
A(1,2)==1,=-0(1)/70(2)
A(1,2)=0(1)/0(2)
A(242)=P(2)=P(1)*A(1,3)
A(242)=2.%(P(1)+P(2))=P(1)*A(1,2)
A(?243)=8(2,3)/7A(2,2)
B(2)=8B(2)/A(2,2)

00 30 K=3,MM
A(K92)=2.%(P(K=1) +P(K)) =P (K=1)*A(K=1,3)
B(K)=B(K)=P(K=1)%*8(K=1)
A(K93)=P(K)/A(K92)
G=7(M=2)/0(M=-1)

BIK) =B(K)/A(K,y2)
A(M91)=10+Q+A(M'293)
A(My2)==Q=A(My1)*A(M=1,3)
B(M)=B(M=2)=A(My1)*B(M=-1)
Z(M)=B(M)/A(M,2)

MN=M=2

DO 4" [=14MN

K=M=T

Z(<)=B(K)=A(K,)3)*Z2(K+1)
Z(1)==A(1,2)*2(2)=A(1,3)*2(3)
D0 Sf K=1,MM

0=1./(6.*0(K))

C1,K)=2(K)*Q

Ct2,K)=Z(K+1) *Q
C34K)=Y(K)/ZD(K)=Z(K)*P (K)
ClayK)=Y(K#1) /D(K)=Z(K+1)*P(K)
RETURN

END
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116.

SUBPOUTINE SPLINE(XsY Myl XINT4YINT, OT )
DIMENSION X(50),Y(50) 4C(4,450)

CURVF FIT ROUTINE
THIS SUBROUTINE USES SPLINZ COEFFICIENTS FROM SPLICON
FIND WHAT TWO VALUES OF XINT IS BETWEEN

IF(XINT.GEeX(1)) GO TO 50
YINT=Y(1)

0T=C.

RETURN

IF(XINT.LE.X(M)) GO TO 60
YINT=Y (M)

0T=0.

RETUPN

00 12C J=2,M
IF(XINT.LE.X(-J“i) oOR:XINToGT.X(J,) G0 7O 100
MU=J

ML=J=1

GO T0 110

CONTINUE

WRITE(3,1000)

stTop

SOLVE FUNGIION FOR DEPENDENT VARIABLE (VINT)
OT IS THE DERIVATIVE OF Y =.F(XINT)

X1=(X(MU)=XINT) *+2

X2= (XINT=X(ML))**2
YINT=(X(MU)=XINT)*(C(L1y ML) *X1+C (3, ML) )
YINT=YINTH(XINT=X(ML))*(C(24ML) *X2+C(L4yML))
DT==3.*CU1yML)*X1+34*C(2yML)*X2=C(34ML) +C (&4, ML)
RETURN

FORMAT (13H10UT OF RANGEE15.6)

END
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FUNCTIUN Q(x29XAyCOSTHyCISLLNTYPEQ)

CCLD PLASMA DENSITY MODELS

REAL LAMBOA
GO TO (10,204+30+40+509003,70430) HNTYPEQ

B-FIELC MODEL

10

O=1./((1.-X2)“3)
RETURN

HYDROSTATIC EQUILIB MUDEL

20

Q=( EXP(X2/(1.-X2)))**(3.*COSTH**2)
RETURN

£GTRL INJECTION MOODEL

39
Lo

519

61

74

30

021 ¢/ ((1e=X2)%%3) +68 0¥ (EXP(=(X2/((1*COSTH**4))))
RETURN
Q21e/((1.-X2)**3) +8,55*% (. XP(=(X2/(.04*COSTH**4))))
RETU®N

Q=147 ((1e=X2)**3) +1. ¥ (EXP(~(X2/(«16*COSTH**4))))
RETURPN

NONENUATORIAL BURST

U=1e7 ((1.-X2)%%3) +8455% (L XP(~COSLU*XA/ (. 0U*CCSTH**4)))
RETUPN .

BARIUM SHAPED CHARGE MUDEL = FIELO ALIGNEU STEP FUNCTION
N DFG = x = 38 DEG SeT XN9=1,

Q=17 ((1.=X2)%*3)

IF(X?2e0Eee25¢ANDeX2elLEae37304) Q=Q+30,

RETUFRN
BA®TUM SHAPED CHARGE MODCL = FIELDO ALIGNED STEP FUNCTION
8 NEG - X = 25 DEG SET XNO=1.

Q=1./((1.-X2)**3)
IF(X2eGEee01337.ANDeX2eLE«e17861) Q=Q+5.
RETURN

. END
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FUNCTION BETAN(BETA +B,Y,XN2)
INTEGRATION LIMITS FOR BETA PERPENDICULAR

BSM2=BETA*#*2
C1= SQRT(1.,=-BSM2)
FACT= BSM2=(41,-C1*B/Y)**2/XN2
IF(FACT.LTe0soORsFACT«GE.14) GO TO &
BETAN=SQRT(FACT)
RETURN
5 BETAN=-{1,
RETURN
END

SUBROUTINE SPRINT

OIMENSION HQ(50) yHS(50) s XNQ(50) 4 XNS(50)  ALPHAG(S0) ,
1ALPHDS(50).EMCQ(50)oEHCS(SU)|SPLCNS(50)oSPLCHO(k,SU),SPLCHS(#,SO),
2SPLCNQ(4,50)

COMMDIN HQ'HSQXNQ'XNSQALPHAQ’ALPHASQEHCQQEHCSQSPLCHQQSPLCHSQSPLCNQo
| SPLCNS'RAD'PI'THO'XNO'CQ’CS'“Po.TH“R’CGSTH’SINTH’"C“’Y'Yz,“coz.
2 BZ,XNZsB'XN,DEG.BETASiQBETASZQPORE,NUHHQ,NUHHS,NUHNO.NUHNS’

3 NTYPEQy TYPE,NBETAPNPASE MONTH,NDAY,NYR

DATE,MONTH,YEAR AND PAGE NO

WRIT® (3,1000)MONTHoNDAY,NYR,NPAGE
NPAGE=NPAGE+1
RETURN

1000 FORMAT (1H1I2,41H/T12,1H/I12,40X8HPAGE NOeI&/)
END



